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Abstract

The isoscalar monopole and quadrupole and isovector dipole giant resonance
modes for the nuclei of even-even Argon isotopes 3 Ar through “6 Ar are calculated.
The ground state properties of the nuclei are calculated in the Hartree-Fock ap-
proximation with BCS pairing added in a deformed oscillator basis. Then the
single particle states are evolved in time using the time dependent Hartree-Fock
equations. A time dependant perturbation of the appropriate multi-polarity is
added and the strength function of the vibrations is calculated. The form and
validity of the resulting giant resonances is discussed.
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Chapter 1

Introduction

1.1 Nuclear Structure

The study of nuclear structure started with Rutherford’s famous scattering ex-
periment in 1911 [1], which demonstrated the existence of a very small nucleus at
the center of atoms, less than 107!3m in diameter, in which all the positive charge
of an atom is concentrated. Rutherford again showed strong evidence that nuclei
contained protons [2] by bombarding heavy nuclei with energetic a-particles and
observing the emission of hydrogen nuclei. The observation that there exist nu-
clei from the same atom (characterized by the atomic number Z, the number of
electrons orbiting the nucleus) but with different masses led to the postulate that
there exists a second type of particle in the nucleus, with a similar mass to that
of a proton, but electrically neutral. Such a particle, the neutron, was discovered
in 1932 by Chadwick (3] and Curie and Joliot [4].

Since these discoveries, an enormous number of phenomena of the nucleus have
been observed: the size, shape and mass of the nucleus; the rich spectra of excited
states with excitation energies which may be well defined or broad resonances; a
variety of radioactive phenomena; cross sections and lifetimes in nuclear reactions;
and exotic phenomena such as neutron and proton skins. Each new phenomenon
observed challenges us to devise and revise theoretical models of the nucleus,
and in turn our models predict phenomena that must be tested by experiment.
Through this interplay of theory and experiment, we build up a picture of the
structure of the nucleus.

The nucleus of even a light atom is an extremely complicated system. To
describe the force between just two nucleons at the most fundamental level, one
must describe the interactions between the constituent quarks and gluons - an
enormously complicated task in itself. Such calculations are called ab initio cal-
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culations, and much progress has been made on them recently. However, due to
the complexity of these calculations, only a few of the lightest nuclei have been
examined at present.

The usual way to treat the nuclear system is to use a model that is in some
part phenomenological - that is, contains parameters that can be set to make the
model fit experimental data.

There are many theoretical models of the nucleus, but they can be broadly
categorized in two ways: as collective and microscopic models. Collective models
attempt to describe the nucleus in terms of global properties, such as its shape
and total binding energy. Microscopic models describe the nucleus in terms of
the degrees of freedom of its microscopic constituents - the nucleons. Some of the
important models that we will need to consider in this thesis are as follows:

1) The Liquid Drop Model: A Geometric Collective Model. This
model was historically the first to be proposed as an explanation for properties
of the nucleus. This model takes as its starting point the assumption that the
nucleus behaves like a charged drop of liquid - that it is made up of a continuous
nuclear matter which, in the simplest case, is assumed to be incompressible. It
is essentially classical model of the nucleus (although more advanced versions
quantize its motion to reproduce nuclear properties more accurately).

The model was later refined by taking into account interactions between va-
lence nucleons and core nucleons, which successfully explained deviations in the
nuclear charge distribution from spherical symmetry, as well as vibrational and
rotational effects of the nuclear surface. This model is called the Bohr-Mottelson
model [5].

Although the assumptions of these models neglect some important properties of
the nuclear system (such as the Pauli exclusion principle making nucleon-nucleon
scattering events extremely rare as compared to scattering events in a classical
liquid), they prove very useful in describing bulk properties of the nucleus and
in introducing concepts such as collective motion and nuclear deformations in a
simple way. The liquid drop model also gives us the semi-empirical mass formula
for the binding energy of the nucleus.

2) The Interacting Boson Model (IBM): An Algebraic Collective
Model. The IBM takes into account internal nuclear structure. As described in
Appendix B, it is observed experimentally that nucleons tend to couple together
to a total angular momentum of zero or two (corresponding to a monopole or
quadrupole coupling interaction in the IBM), forming pairs. These pairs can be
said to approximately act like bosons. The IBM treats collective low lying states
of even-even nuclei as the collective motion of such bosons. It has simple solutions



that correspond to the shape vibration solutions of the liquid drop model. Indeed,
the Bohr-Mottelson model can be shown to correspond to a classical limit of the
IBM (6], [7], (8] :

3) The Shell Model: A Microscopic Model The shell model takes its cue
from the similar model of the atom, motivated experimentally by the observation
of so called magic numbers of nuclei at proton and neutron numbers of 2,8,20,28,
and so on, which exhibit shell closure effects like those observed in atomic physics.

The Shell model assumes that all the particles in the nucleus move indepen-
dently of each other in an average potential. This assumption is reasonable given
that the Pauli exclusion principle prevents nucleons from often approaching close
to each other in normal (low energy) circumstances. Solving the Schrédinger
equation for the system in the average potential then gives the energy levels and
angular momentum shells within each level the nucleons occupy.

There are two ways to obtain this average potential. The simplest way is just
to assume the form of the potential and calculate the structure by directly solving
the Schrédinger equation. The simplest potential to reproduce basic features of
nuclear structure is the Nilsson potential: a flat bottomed harmonic oscillator
potential with a spin-orbit interaction.

Another way, and the one which is used in this thesis, is to derive the aver-
age potential from a phenomenological microscopic interaction between nucleons.
The interaction is assumed to be a two body one for simplicity, though three body
interactions and higher may be included. To solve the Schrodinger equation for
this interaction, operating on all nucleons, is unfeasible, so we must introduce an
approximation. The approximation we use, and indeed the most common approx-
imation in many-body physics, is called the Hartree-Fock approximation. This, as
explained in more detail in Appendix A, involves restricting the many body wave
function to a specific form called a Slater determinant, and minimizing the energy
expectation value with respect to this wave function to obtain the ground state
energy and one body Hartree-Fock potential. This model is a relatively simple
approximation of the exact many body solution and by no means describes all
aspects of nuclear structure. However, it serves as a good base on which to build
more elaborate, realistic theories.

1.2 Nuclear Reactions

Nuclear structure is examined by probing nuclei with particle beams of some kind
in a scattering experiment. Different types of probes will interact with the nucleus
through different forces (e.g. a-particles probe with the strong force, photons
and electrons probe through the electro-weak interaction), and will be useful in
studying different phenomena. We will consider inelastic scattering experiments,



in which beam’s particles impart some energy to the nucleus and excite various
states.

The most important quantity measured in such scattering experiments is the
cross-section: the probability of detecting a scattered particle at an angle 6 and
energy E. This in turn allows the determination of the nuclear response (or
strength) function, which gives the strength of the nuclear response to the probes
at different energies - and thus shows up the excited states and resonances. This
quantity can then be compared with a theoretically calculated strength function.

To illustrate how we compare experimental results to theory, consider the
derivation of the total cross section for the absorption of dipole radiation (see
[31]). Theoretically, this is derived from quantum field theory using a hamiltonian
that describes the interaction between the external field and the nucleus:

By s f juAtdr (11)

The initial state |) of the system is given by the product of the initial nuclear
state |¥;) and the initial EM field state, an eigenfunction of the field Hamiltonian
Hie14, given in the occupation number representation as |...nxkJjm...). Here A labels
the type of photon (magnetic or electric), k the energy and J and m the angular
momentum. The final state |f) of the system is given by a similar product, this
time of the final nuclear ground state |¥;) and the final field state |...nxksm —1...).

First order perturbation theory gives the transition probability between these
two states as

Tys = 221 el () (12)

where g(Ey) is the number of final states per unit of energy. The cross section
of this transition is then

01(B) = 2 (2m)*|( | Hiel)6(E — Ey + o) (13)

where Ej is the initial (in our case ground state) energy of the nucleus. Using
the occupation number representation of A*:

e q-r
A= Z/ T ““ [eq Gqu + h.c.] (1.4)

We take the long wavelength limit (which is good in the case of dipole radiation
on the nucleus) and replace all r; with r; — R. This has no effect on the dipole
matrix elements if |¥;) and |¥;) are eigenfunctions of linear momentum since then
(Us|R|¥;) = 0. We then finally obtain the cross section
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o1(B) = Z(By - B)KU/DN)'S(E ~ By +By) (1)

where D is the dipole operator

D=- Z ti(r; — R), (1.6)

where t3 is the z component of isopsin.

In our case, the initial state |¥;) is the nuclear ground state |0) and the final
state |Us) is an excited nuclear state |v) - an eigenstate of the full many body
hamiltonian.

The total cross section is given by integrating o, (E) over all possible energies
FE and summing over all final states |v):

2me?

Ototal = /0 ” 0u(E)dE = = > (B, — e0)|(v|D|0)? (1.7)

This is proportional to a quantity called the Energy Weighted Sum Rule
(EWSR), which in turn depends on the Strength function. This is a model in-
dependent quantity that gives very simple properties of the system. It allows
one to determine, among other things, the collectivity of a given excitation (the
number of nucleons participating in the motion). The ESWR of use here is the
first moment of the distribution of excitation strength produced by the dipole
operator:

Sewsr = »_(E. — Eo)|(v|D|0)[?

v

= 3(0|[D, [H, D]}|0) (1.8)

where the last equality is easily shown by expanding out the commutators. We
can see the total cross-section is proportional to Sgwsgr. Assuming the two body
potential has no velocity dependence and no exchange mixtures, this can easily
be evaluated as

101D, 18, D)jo) = 2% (1.9)

and finally

Tond 0.06%5 (1.10)



which is known as the Thomas-Reiche-Kuhn sum rule. Here N is the neutron
number, Z the proton number and A the sum of the two.

Equation (1.10) gives an estimate of the cross section of an excitation in which
all the nucleons participate - in which all the excited states |v) are important.
Comparison of experimental cross sections with this one will tell us how collective
the excitations observed are. For example, in 0 about 3 percent of the dipole
sum rule is exhausted by low lying 1~ states below 20MeV, whereas at just beyond
20MeV lies a broad resonant peak (the giant dipole resonance, as we shall see)
that contains about 50 percent, reflecting the peak’s collective character.

1.3 Giant Resonances

We mention briefly the notation used: it is conventional in nuclear physics to label
states which are occupied by particles in the ground state configuration of nuclei
as hole (h) states, as when the particles become excited out of this state they
leave behind a hole. Similarly, states above the fermi energy are labelled particle
(p) states even though they are uninhabited in the ground state, since they are
the states that particles jump to when they are excited.

The variety of excited states observed in experiment is not accounted for by
simple one particle-one hole (1p — 1h) excitations in the shell model. For example,
in 160 the experimental energy gap between the 1p and 2s,1d shells is about
11.5MeV [32]. In the shell model, we would expect to see a number of excited
states at this energy, all with roughly the same probability for excitation. Instead,
we see a concentration of excitation probability in two states: one near 6MeV (a
3~ state) and two broad resonance states at much higher energies of 22MeV and
25MeV. All other states of negative parity (corresponding to excitations up one
oscillator level) are only excited with small probability.

These states are explained if we assume coherent participation by many nucle-
ons takes place - a collective motion. In the liquid drop model, it is easy to visualize
the meaning of collective motion - all nucleons move together as though part of
some continuous nuclear matter. To understand what it means in a quantum
mechanical sense, one must look to theories such as the Random Phase Approxi-
mation (RPA), explained in Chapter 2.

In the case of 10 the collective motion leads to the two types of states observed:
the low lying (6MeV) state, which in the liquid drop model is seen as multipole
vibrations of the sharply defined surface, and the Giant Resonance (GR) (in this
case Giant Dipole Resonance, GDR) at 22 and 25MeV. GRs have been observed
throughout the periodic table, and are distinguished by their large cross sections
that come close to the maximum allowed by the appropriate sum rules. This
thesis will be concerned with the calculation of such giant resonances.
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1.3.1 Classification of Giant Resonances
Classification by Quantum Numbers

Giant resonances can be classified by their quantum numbers S, T and J” -
spin, isospin, angular momentum and parity. The quantum numbers of a giant
resonance are relative to the ground state of the nucleus. If we have a 0% ground
state, then the quantum numbers are simply those of the resonant state. Also,
experimentally, the quantum numbers of a resonant state will be determined by
those of the probe used to excite it.

Spin Giant resonances in which there is no overall change in spin between the
ground state and the vibration - AS = 0 - are termed electric (E) vibrations
because they are characteristic of excitation by an electric field (although they
may be excited by other means). Physically, the spin up nucleons are oscillating
in phase with the spin down nucleons.

When there is an overall change in spin of AS = 1, then we have a magnetic
(M) vibration, characteristic of excitation by a magnetic field. Now, the spin up
nucleons are oscillating against the spin down nucleons.

Isospin We will concern ourselves with excitations in the same nucleus (AT, =
0). In this case we can have a change in total isospin of 0 or 1. When there
is no overall change in the isospin of the resonance in relation to the ground
state (AT = 0), then the vibration is termed isoscalar. The protons and neutrons
oscillate in phase with each other. When AT = 1, we have an isovector resonance,
with the protons oscillating against the neutrons. The isovector modes lie at a
higher excitation energy than the isoscalar modes, because of the extra energy
needed to separate the protons from the neutrons.

Angular momentum The giant resonances are labelled according to their an-
gular momenta as monopole for L = 0, dipole for L = 1, quadrupole for L = 2,
etc. Experimentally, these correspond to the multipolarity of the probe used to
excite the resonance.

Parity This is easiest explained with reference to the shell model structure, as
follows.
Classification Based on the Shell Model

As explained shortly, the simplest theories of collective vibrations and resonances
treat the phenomena as the correlated vibrations of particle - hole pairs in config-
uration (shell model) space. Since these pairs vibrate between shells and within
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shells in the nucleus, it is useful to consider a classification of GRs based on
the shell model. Choosing the harmonic oscillator for simplicity, and considering
electric resonances for now, we have the following picture:

For a closed shell nucleus, the Fermi surface lies between the closed shell and
the next empty shell. Beyond the closed shell, shells exist of alternating parities
separated by an energy of the order hw. We therefore find ph pairs of a 1hw
excitation with negative parity, or a 2hw excitation with positive parity, or a 3hw
excitation with negative parity, and so on. Using the principle quantum number
N, these excitations are denoted AN = 1,2, 3, etc. For nuclei between closed
shells, we also find positive parity Ofw excitations (AN = 0).

There are many complications to this picture. For example, when the spin-
orbit force is added, the degenerate oscillator shells split and some of the sub-shells
of the opposite parity are shifted into a lower shell. However, the basic elements
of this picture hold in realistic cases.

Although the collective modes are superpositions of many ph-pairs, and observe
large energy shifts due to these correlations, the gross structure is conserved to a
large extent.

For high lying states, the energy between major shells varies smoothly over
the periodic table as fuw oc A=1/3, so we expect a similarly smooth A-dependence
of the resonance energy for GRs.

Classification in terms of Spatial Degrees of Freedom

A third way to classify giant resonances is by the actual shapes and classically re-
alized motion of the nuclei - vibrations in coordinate space. This is a classification
in terms of the Liquid Drop model.

Constant Density Vibrations. We first consider vibrations of the local den-
sity p(7) of the nucleus in space. The angular dependance of such vibrations is
completely determined by the angular momentum, so we are left to consider only
different radial shapes. The simplest vibrations in this case are the surface vibra-
tions of a sphere with a sharply defined surface. In the Liquid Drop model, these
vibrations are found to keep the density in the nuclear interior constant.

Breathing Modes We can also imagine radial dependences of the local density
in which the density in the nuclear interior changes. These excitations are called
Breathing Modes, and the study of them allows for the determination of the
nuclear incompressibility [9], [10], [11].

Twist Modes A different type of motion which also involves the spatial de-
grees of freedom comprises vibrations in the nonlocal part of the density matrix,
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p(7,7). An example is the twist mode in which the local density of the nucleus
remains unchanged and only the intrinsic velocity distribution oscillates (becomes
‘twisted’).

1.3.2 Experimental Evidence for Giant Resonances

Here we review the experimentally detected giant resonances:

The Giant Dipole Resonance

This is the most extensively studied giant resonance experimentally. The first
evidence for a simple vibratory motion in nuclei came in 1937 in measurements
of the radioactivity produced in a variety of targets by a source of 14MeV pho-
tons. It was found that several of the targets’ photo-absorption cross sections
displayed resonant behavior. This was confirmed in 1975 with improved data
using bremsstrahlung photon beams from electron accelerators [12].

The resonant energy, about 15MeV, corresponds to photons with wavelengths
of about 100fm, which is much larger than the nuclear radius (~ 10 fm). Thus,
when a beam of such photons is aimed at the nucleus, the nucleus is exposed to a
uniform time dependent electric field. This causes all the protons to move in the
same direction. Since the center of mass remains either at rest or in uniform mo-
tion in such an experiment, the neutrons must all move in the opposite direction.
The strong force between the protons and neutrons acts as a restoring force. This
is the Isovector Giant Dipole Resonance (IVGDR).

Over the last couple of decades the IVGDR has been studied extensively us-
ing mono-energetic beams of photons. The techniques employed to produce such
beams are mainly two: a) positron production followed by annihilation in a sec-
ondary target, b) selection of brehmsstrahlung radiation produced in the slowing
down of electrons by the protons of the target nucleus, leading to particular ki-
netic energies of the outgoing electrons from which the photon energies are inferred
(tagged photon methods). For more information on the second technique, see [15].
For an example of this method used to study the IVGDR in '®0, see [16].

Another method used to excite the IVGDR is Coulomb excitation: heavy
ions are fired at the nucleus, and the resonance is excited by Coulomb repulsion
between the protons in the respective nuclei [17].

Recently there has been some evidence for the Isoscalar Giant Dipole Reso-
nance (ISGDR) [18]. This resonance is actually a second order effect, since to
first order the ISGDR corresponds to a spurious center of mass shift of the whole
nucleus. This mode can be visualized as a compression wave analogous to a
sound wave oscillating back and forth through the nucleus. It is referred to as the
'squeezing mode.’ As an example of an experimental observation of the ISGDR,
see [19)].



Monopole and Quadrupole Vibrations

Photons are an accurate probe of nuclear structure, but they excite only the giant
dipole resonance. This is because even the most energetic of photons we can aim
at the nucleus have a long wavelength compared to the radius of the nucleus,
and so expose all the nucleons to a roughly constant field. However, to excite
monopole and quadrupole vibrations, it is not only necessary to impart a given
energy to the nucleus, but to distribute it in such a way that the nucleons are set
in motion in different directions. To study these GR modes we must therefore use
strong or weak probes rather than EM probes. Such probes include a-particles,
protons and neutrons, and electrons.

The first resonance discovered using hadron scattering was the Isoscalar Giant
Quadrupole Resonance (ISGQR) [13]. This resonance is an example of a shape
vibration. The nucleus is distorted from a spherical shape into an ellipsoidal shape,
before moving back through a spherical shape and on to an ellipsoidal shape of a
different orientation.

Good examples of the study of GRs using inelastic scattering of a-particles
can be found in the experiments of Youngblood et al [20], [21], [22], [23], [24].
Inelastic scattering of protons and neutrons is also often used [25],(26],(27].

Another experimental method used is the coincidence experiment, in which
the beam excites resonance and decay of nuclear modes simultaneously - see [29]
for an example using electron and proton scattering.

Magnetic (spin flip) resonances of various multi-polarities have also been stud-
ied thoroughly in experiments - see [30] for an example using electron scattering.

1.3.3 Theoretical Description of GRs

There are two main ways to describe collective resonances theoretically, and they
basically come down to a description of stationary resonant states in configuration
space and a description of dynamic resonant states in space and time. They can
be shown to be equivalent descriptions.

The first description is given in RPA theory. At the microscopic level, giant
resonances are viewed as correlated particle-hole excitations: collections of single
particles excited to higher levels in a coordinated way. RPA theory attempts to
describe single p — h excitations, and the observed collective behavior is found to
emerge naturally.

Linear response theory describes GRs in the second way: the mean field system
is evolved in time and a time dependent perturbation of some multipolarity is
added, corresponding to some probe on the nucleus. One then can calculate the
excitations of the system.

These methods, together with their advantages and disadvantages, are de-
scribed in Chapter 2.
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1.3.4 GRs in Deformed Nuclei

Most nuclei do not possess a purely spherical shape: they are said to be deformed.
The Bohr-Mottelson model describes such deformations as excitations of the nu-
clear surface. The deformations can be parameterized by writing an expression
for the radius with an expansion in spherical harmonics:

00 A
RO.6.0=Fo14 Y 3 atu015,(69)) (111

A=0 p=-X

where R(6, ¢,t) is the nuclear radius in the direction (6, ¢) at time ¢, and Rq
is the radius of the spherical nucleus. The a,(t) are shape parameters describing
the vibration of the surface and thus serve as collective coordinates. Using the
model of a charged liquid drop, the energies of surface vibrations can be calculated.
When quantized, these vibrations are described in terms of phonons - quanta of
vibration. This treatment is given in many textbooks - see for example [31] or
(32].

Microscopically, nuclear deformations arise out of the complex interaction of
the single particle motion of valence nucleons and the collective multipole vibra-
tions of the surface [34]. As an example of the effects of deformations on nuclei,
see [35].

Deformation of nuclei has a significant effect on the strength functions of GRs,
and it is part of the aim of this thesis to examine this. If a nucleus becomes
deformed, the radius will be different along the three principle axes, and the
resonance may split into three peaks, with, in the simplest model, the energy
separation of the peaks determined by the axis ratios. If there is axial symmetry,
two of these peaks will combine and become one higher peak.

Another interesting effect in nuclei is that of shape mixing - the co-existence of
two different deformations in the same nucleus. Experiment and theory suggest
[36] that transition strengths of electric giant resonances are particularly strong
in such nuclei.

Computationally, calculation of the properties of deformed nuclei is much
harder than that of spherical nuclei, and there have been far fewer attempts to
calculate GRs in deformed nuclei. This is a large motivation for this thesis.

1.3.5 Proposal to study GRs in Argon Isotopes

Another motivation for this thesis is a proposal to study the giant resonances of
argon isotopes experimentally [28]. The goal of the experiment is to determine
the photo-absorption cross section as a function of energy for the giant dipole
resonance - the GDR strength function - in 3 Ar or #46Ar. In this thesis we will
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calculate the isoscalar monopole and quadrupole, and isovector dipole strength
functions for the even-even isotopes 3Ar to “Ar.

The thesis is arranged as follows: Chapter 2 deals with the theory of collective
motion - RPA and linear response - the connection between the two, and discusses
their physical meaning. Chapter 3 describes the program we used to simulate the
resonances. and tests used to confirm the validity of the results. Then chapter 4
describes the tests used to confirm the validity of the our method and gives the
results and analysis.
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Chapter 2

The Theory of Collective Motion

There are two commonly used ways of calculating the properties of collective
vibrations and giant resonances theoretically, as mentioned in the introduction:
using a configuration space basis (Tamm-Dancoff and RPA theory) and using a
space-time basis (linear response). RPA and linear response have been shown to
be equivalent, and in this thesis we use the method of linear response. However,
we will start by giving a quick synopsis of RPA as it useful to see what assumptions
are made and how it is equivalent to linear response. We follow similar derivations
in [31] and [32].

First, we must define the ground state upon which we build these theories. It
is a solution to the Hartree-Fock (HF) equations derived in Appendix A, and has
the form of a Slater determinant - a product of single particle states with energies
up to the Fermi energy. Particles in such states move in the HF mean field.

2.1 Tamm-Dancoff theory

In this theory we seek stationary excited states in configuration space presum-
ing that the only important excitations of the nucleus are 1p — 1h excitations.
Throughout we use the the particle-hole notation of second quantization, in which
indices ¢, 7 denote hole states, m, n denote particle states and k, [ denote arbitrary
states. The Hartree-Fock ground state |[HF) is treated as the vacuum state in
which we create and destroy 1p — 1h excitations.

Tamm-Dancoff theory assumes that the excited states are represented by 1p —
1h states written

|mi) = &} a;|HF) (2.1)
We represent the excited state wave functions as
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@) =3 cmilma) (2.2)

Just as in Hartree-Fock theory, we use a variational principle to find the opti-
mum 1p — 1A excited state:

5((<1>|m<1>) = E(<I>|<I>)) =0 (2.3)

Where we have added the constraint that the wave functions be normalized,
with the associated Lagrange multiplier E.
The general two body hamiltonian is given by

H=) thkdhdn +3 D Vakkkdl i, — (HFIHIHF)  (24)
kika kikakakq

where we have subtracted the Hartree-Fock ground state energy as we are only
interested in the excitation energies.
Performing the variation with respect to c};:

Y 8Chicni(milHIng) — E D 6hicnj(milng) =0 (2.5)

minj minj

This must hold true for any éc? ;, and we obtain

) cnj({HF|alamBata; | HF) — E(HF|alamala; | HF)) =0 (2.6)
nj

The matrix elements may be evaluated:

(mil H|mi) = tmm =t + _((milo|mg) — (ig|olig) + (malolma)  (2.7)

= €m — € + (mi|v|im)
(milo|nj) = (mjlolin) (2.8)
(mi|jn) = 6:ij0mn (2.9)
where the €;’s are the single particle energies and (mj|v)in) = Tmjin = Umjin —
Umjni-
Inserting these into equation (2.6) yields the Tamm-Dancoff equations.

Z[ €i)0mn0ij + (m]|v|zn)] = Eycoi (2.10)
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where v labels the eigenstates of the Hamiltonian and E, = F — Eyp are
the excitation energies above the ground state. Solving these equations gives the
excited states and their energies.

Now, to illustrate the appearance of collective motion in this theory, we con-
sider a simplification called the schematic model. Here we assume the two body
interaction is separable in the particle-hole direction:

(mj|olin) ~ ADmiDn; (2.11)

A is a strength parameter and the D,,; are one particle matrix elements of a
multipole operator. The multipolarity represents the angular momentum to which
the particle-hole pair is coupled.

A potential problem with this is this representation of (mj|V'|in) is not an-
tisymmetric. It is assumed that the anti-symmetrizing exchange term is small,
which turns out to be a good approximation.

With this approximation, the Tamm-Dancoff equations become

(B — €m + €:)cl = ADmi 3 _ Dnjct; (2.12)
nj

The sum on the right hand side is just a constant, so we can solve for cy,;:

” '
B em T e o D (213)
multiplying by D},; and summing over m, ¢ yields an equation for the energies
m1| 1
= - 2.14
Z B by A ( )

To simplify matters further, let us assume all the p — h pair energies are equal,
ém — € = € Then all eigenenergies F, are the same (E, = €) except one state
which is shifted up to a energy

E=e+)» DI, (2.15)
The coefficients of this state are given by
Dmi

Cmi = =
V an Dnj

This demonstrates that the state is formed by a coherent superposition of all
matrix elements of the separable two body interaction. (By coherent we mean

(2.16)
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that all the matrix elements contribute with the same sign). It is a collective
state, and if A is positive it has an energy that is much higher than those of the
single p — h states, and for A\ negative the energy is shifted lower.

2.2 RPA

The Tamm-Dancoff theory assumes that the ground state is the HF ground state,
which is not a good approximation: a more realistic ground state would include
some p—h states. Then as well as p— h states being created with operators such as
al a;, excited states can be created which take p — h excitations out of the ground
state with operators of the form &Idm. The resulting theory goes under the name
of the Random Phase Approrimation (RPA) which comes from an approximation
made in the original derivation as seen in [14].

We define an operator for generating excitations:

QY= aaha— ) yhblim (2.17)

This operator should fulfil the conditions
Q.|RPA) =0 (2.18)
QIRPA) = |v) (2.19)

where |v) is an excited state.
As in the Tamm-Dancoff method, we employ the variational principle with
respect to the excited states:

0=6(v|H|v) — E(v|v) (2.20)
= 6(RPA|Q,HQ}|RPA) — E,(RPA|Q.QLRPA)

Where the hamiltonian is the same one we used in the previous section. We
can vary over both the z,,; and y,,;, which leads to two equations:

(RPA|[alam, [H,QY))|RPA) = (E, — Eo)(RPAl|alam, QI]|IRPA)  (2.21)

(RPA|[at,a;, [H, Q})[RPA) = (E, — Eo)(RPA|[a},a;, Q}]|RPA)  (2.22)

The commutators on the RHS of these equations can be evaluated:
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[6}ém, G18;] = Omnbij — Omndijal — 6;6]am (2.23)

Now we make an approximation in the matrix elements of this commutator:
The last term should be small as the number of particles above the fermi energy
is small. In the same way, the second term should be small, being produced by
the small presence of holes in the | RPA) state. Thus our approximation is

(RPA|[@}am, aL8;]|RPA) ~ 6:i0mn = (HF|[a}dm, a%a;])|HF) (2.24)

We can now see clearly that this approximation implies that the |RPA) state
does not differ much from the |HF) state.
Now, defining abbreviations for the matrix elements:

Ami,"j = (HFI [dI&m, [f{’ &LdJ]”HF) = (Gm - 6i)‘smn(s'ij + ijin (225)
Bminj = —(HF|[a}am, [H, 816.])| HF) = Vo (2.26)

We obtain the RPA equations

E(Ami,njm;j + Bmi,nijj) = Ellx:lm' (227)
nj

Z(B;ti,njx:j o A:ni,njy'r'ij) = —E,y,; (2-28)
nj

which may be written in matrix notation as

(A 2E)-2EYE)  ew

The amplitudes z,; and y%,; have a direct meaning: their absolute squares give
the probability of finding the states a},a;|HF) and &} am|H F) in the excited state
|v). Overall normalization of the excited states requires

Z(|”3;u|2 = lymil®) =1 (2.30)

mi

There are several things to note:

e We retrieve the TDA equations by putting y,,; = 0.

e The schematic model can also be used here to simplify the equations [32].
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e We approximated the commutation relations for the p — h pair operators to

a;] = 6:16mm (2.31)

which is a commutation relation for bosons. RPA is thus also known as
the Quasi-Boson Approrimation. As a consequence, the Pauli principle is
violated for p — h excitations.

e Following on from the Quasi-boson approximation we define can define boson

operators
3 =
B = dlé, (2.32)
and
Qf = Z(mfmé:m = YniBrrs) (2.33)

mi
Using this we can express the Hamiltonian, keeping up to quadratic terms
in B, as

Hp = Eppa + Z E,Q!Q. (2.34)

where Egpp4 is the energy of the ground state |[RPA). This is an harmonic
oscillator Hamiltonian, and because of this the RPA is also called the har-
monic approximation.

2.3 Linear Response

An alternative way to obtain the response of the nuclear system is to evolve the
wave functions in time under an external perturbation H... From this, we obtain
the strength, or response function which gives the frequencies at which the system
resonates and the strengths of those resonances.
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2.3.1 Linear Response from the Schrodinger Equation

As a demonstration of the method used, we look at linear response using the
exact Schrodinger equation [33], which gives the exact many body wave function
as follows:

H|¥,(0)) = E|¥,(0)) (2.35)

where the subscript s refers to the Schrodinger picture.
We now add a time dependent perturbing function to the static Hamiltonian:

Hi:= H+ H..(t) (2.36)

where we define the external piece to be

He.(t) = F f(t)
- | [ #=ote0F@) 100 2.3

where F(z) corresponds to some particular collective mode. z labels coordi-
nates - spatial, spin and isospin. Physically, the operator ' simulates the action
on the nucleus of some probe of the appropriate multipolarity, distributed over
the whole nucleus. This is then multiplied by a function f(¢) which determines
how the perturbation varies over time. The exact forms of F(z) and f(t) will be
chosen later.

p(z,t) is the number density operator:

(Ws(2)15(z, )| Ts(2)) = plz,1) (2.38)

We can write the number density p(z,t) in terms of the single particle wave
functions ¢;(z, t)

ple,t) = D Igi(z )P (2.39)

and from the initial normalization of these states,

/dax p(z,0)=A (2.40)

where A is the total number of nucleons.
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At the time ¢t = 0 the external piece of the Hamiltonian is turned on. We now
seek a solution to the time dependent Schrédinger equation,

g 0,(0)) = (A + Ha())0.(0) (2.41)
of the form
T,(2)) = e HYRA(1)|8,(0)) (2.42)

where A(t) = 1 for ¢t < 0. Inserting equation (2.42) into equation (2.41) yields

ihe_im/ﬁ%fl(t)hl!s(o)) — AL (H)e= B A1) T,(0)

= ihg-/i(t)|\bs(0)) = e Bh L, (t)e YR A(L)|W,(0))

ot
= H(H)A(8)|2,(0) (2.43)

where "H’ refers to the fact that we have written the perturbing Hamiltonian

in the Heisenberg picture, evolved in time using the operator e'At/% This must
hold for all |¥,(0)) , so

25 s ——
zh&A(t) = HA(1)A(t) (2.44)

Finally, from this we can write the operator fi(t) as

. t
At)=1—< | dBEW) + ... (2.45)
h tO

Inserting this into equation (2.42):

1T,(t)) = e~ Ht/h [1 - % /t t dHE () + ] |¥,(0)) (2.46)

0
This equation determines how the exact many body wave functions evolve in
time. The operators A(t) and e~*H*/? are unitary, and thus preserve the norm of
the wave functions (and thus equation (2.40) is valid for all t). Note also that
these operators are equivalent to the operators Up(t) and Uj(t) of the interaction
picture: the operator A(t) evolves the wave functions in time and corresponds to
Ui(t), and e~ *H¥/" = [y(t) evolves operators in time and corresponds to U;(t).

From equation (2.46), we can immediately define linear response approxima-
tion: If we make the perturbation small enough, we only need to keep the first
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order - linear - term in A(t). This leads us to linear response.

The expectation value of any operator O(t) in this approximation is equal to

(T,(1)|O() T, (2)) = (T,(0) [1 -3 / Ca B @) + ] UM B(0) M
X [1 . %/, dt' B () + ] 1T4(0)) + ...

= (T,(0)|eF*/*O(0)e~#¥/"|w,,(0))
’ i td ' "eli ' if{t/hé —ift/h o,
+ O3 [ BE®]mro@e My, o)
_ (‘I’s( )l ;Ht/ho( ) —th/h[ / dt HH t/)Jl\ps(O)) (2.47)

keeping only linear terms in fIa. For the first term we choose the Schrédinger
picture: the operator O(0) — Os(t) does not evolve in time. The operators can
only be evolved with the operator e*ft=tt/% so here the two exponentials cancel
For the next terms we choose the interaction picture: O(0) is evolved in time by

Uo(t) such that U (¢)0(0)To(t) = O(t). Then we get

(T5(8)|0() (1)) = (¥,(0)|O(2)|¥,(0))
t)l% /0 dt'[H.. (), Or(2)]|Ts(2)) + ... (2.48)

We now choose the operator O(t) to be the density operator p(z,t). We can
calculate the fluctuation in the density, which is given by

5 < Bz, t) > = (Ty(8)| s (2, ) Tat)) — (Xa(0)|Bs(z, 1) T4(0))
o) / dt [ &5 F@))pr(a, ), il W 0) (249

using equation (2.37).
§ < p(z,t) >= %/ dt'/dsz'DR(a:,t;x’,t’)F(z')f(t’) (2.50)
where
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(Yol [pr(2, t), pr(a’, )] | Yo)

iDR(z,t:2' ) = O(t — t') (Wo|Wo)

(2.51)

is the retarded density correlation function. R
Now, the expectation value of the perturbation operator F' is given by

<F>(t)= /d3x < F(z)p(z,t) >

= /da.’L‘F(.’L‘) < p(z,t) > (2.52)

and the fluctuation in this operator is given by

S<B>@)= / FTF(2)6 < p(z,1) > (2.53)

This equation gives the response of the system to the perturbation. We define
the linear response strength function S(w) as the Fourier transform of this:

f(w)Sw) = /d3xF(:r)5 < n(z,w) > (2.54)
where we have factored out the function f(w), the Fourier transform of f(t).

The strength function gives the frequencies at which the system responds to
the perturbation, and the strengths of those responses.

2.3.2 Linear Response in the Hartree-Fock Approximation

The Time Dependant Hartree-Fock approximation restricts the form of the wave
functions to Slater determinants |®) at every instant in time. The system will
still evolve by the time dependent Schrodinger equation

i B -
thos |B(1)) = Hiot| 2(2)) (2.55)

but now the wave function is not an eigenfunction of the total many body
Hamiltonian. We see in Appendix A that in the TDHF approximation the indi-
vidual single particle wave functions evolve in time by

i 7 tot
th=-16:(t)) = h"|¢i(2)) (2.56)

Where A®* is the total single particle hamiltonian, which in our case consists
of the Hartree-Fock hamiltonian plus a single particle perturbing hamiltonian:
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ibtot = iLHF s ﬁez (257)

he= is calculated from H.,, given in equation (2.37), according to the variational
principle that was used in Appendix A to calculate hf'F: the matrix element of
H., with respect to the Slater determinant is

H..(t) = (B|F f(2)|®)
[ & @ista, t)lcb)F(m)] i)

= [/d% /dri¢Z(I‘)ﬁi($at)¢i(1‘)F(x)} f(?)
=3 [ =F@s@)¢i@s@) (2.58)

i=1

using the form for the density operator j(z) = Zf;l 0k = Ef;l d(x—r;). Then
from the variational principle,

. R
6 = gy O [ 4eF @0 @)

= F(z)f(t)¢:(z) (2.59)

The road to calculating the strength function used in the last section is much
more complicated here, since instead of one many body wave function being
evolved in time we have many single particle wave functions, all being evolved
in time with different, non-orthogonal frequencies

¢i(t) = e Jo #h* ,(0) (2.60)
related to the many body wave function by
O(t) = ) (~1)7¢p(r1)...dpa(ra) (2.61)
P

Different treatments of this problem can be found in the literature. For ex-
ample, the problem becomes much simpler if, instead of evolving the spatial wave
functions in time, one evolves the configuration space density matrix in time [31],
[32]. In this case the linear response approximation amounts to keeping only linear
terms in the particle-hole operators.
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However, in our case we do not need to calculate explicit expressions for equa-
tions (2.53) and (2.54) since we may write equation (2.53) as

§<F>(t)=<F>(t)-<F>(0) (2.62)

where < F' > (0) may be taken as the average of F over time. Then to obtain
the strength function we just Fourier transform this quantity. Writing

<F>(t)= / dBzF(z) < pz,t) >

= / 2P (2)p(z, 1) (2.63)

we get an expression for the strength function

Flw)S(w) = /m dte“[< F' > (t)— < F' > (0)]

—00

= /_oo dte“‘"/d%[p(w, t) — p(z,0)]F () (2.64)

where we have factored out the Fourier transform of the function f(t) which
is given by

f) =¢ [ dretrerte-or

00

- E711\/7—]_6“,2712/4eimto (2.65)

As a final note, if one lets the perturbation go to zero in the linear response
equations, one gets back equations which have the same form as the RPA equa-
tions. That these equations can be interpreted in the same way as the RPA
equations is not obvious, as is discussed in the following section.

2.4 Discussion of the Theories

Experimentally and theoretically, anharmonic deviations from the predictions of
RPA and linear response have been observed [42], [43]. They arise from the ap-
proximations used in both theories, which we shall now discuss.

Firstly, the matrix RPA equation involves non-Hermitian matrices, so the
eigenfrequences may be complex. This often happens in deformed nuclei.
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Next, the violation of the Pauli principle in the quasi-boson approximation
should be cause for concern. However, for very collective states we have many
zv;'s of the same order of magnitude. Then each p — h component has only a
small probability of being excited, and Pauli principle violation is relatively unim-
portant. Also, the quasi-boson approximation is equivalent to the approximation
that the |RPA) state is close to the |HF') state, which is good if the y%,’s are
small compared to the z%,;’s.

The quasi boson approximation is not good for 2p — 2h states and higher. The
operator )_ . Tmidl d; does not exactly represent a boson and application of it
twice does not produce two uncoupled bosons since the Pauli principle excludes
the occupation of any one level by 2 or more particles or holes.

Finally, the Hamiltonian we have been using includes no interactions of higher
order than two body. The higher order terms will couple together different col-
lective modes and couple collective modes to non-collective modes.

Another important aspect arises from symmetry violation of the mean field
used in both RPA and linear response. The exact many body Hamiltonian is
invariant under a number of symmetry operations - that is, it commutes with the
corresponding symmetry operators: 2[H ,S] = 0, where S could represent linear
momentum P, angular momentum J*, J, or particle number N.

However, the Hartree-Fock Hamiltonian describes a localized mean field, and
thus immediately breaks translational invariance. A deformed mean field violates
rotational invariance, while the BCS pairing formalism we use (see Appendix B)
violates particle number invariance. Thus RPA and linear response start out with
wave functions that violate a number of symmetries.

The effect of these symmetry violations on giant resonances is to create spuri-
ous modes of resonance: modes that do not correspond to physical vibrations of
the nucleus. For example, violation of translational invariance leads to a spurious
center of mass motion in the dipole resonances that corresponds to the nucleus as
a whole moving back and forth.

To restore the broken symmetries one can use projection methods, which are
fully described in [31]. Here, projection operators are defined which project the
wave function onto eigenstates of the corresponding symmetry operators. There
are two ways to do this.

The simpler method, Variation Before Projection (VBP), involves solving the
variational equations for the wave functions and then projecting these solutions
onto eigenstates of a good symmetry. This method has the advantage that the
variational equations only have to be solved once, but it violates the variational
principle. For example, if we project onto states of good angular momentum,
we create a rotational spectrum, but because we solved the variational equations
before doing this, we do not allow for variations of the mean field within the

25



rotational bands.

The second way is Variation After Projection (VAP), in which we project the
wave functions before solving the variational equations. Although this is better
than VBP, it means we must solve the variational equations for each projection
operator, and is much more complicated.

In this thesis we will not be worried with carrying out these projections, but
must be aware of the consequences of the symmetry violations for our results. The
spurious center of mass motion will be our main concern, and corrections to it are
discussed in [45].

The theory of linear response produces equations of exactly the same form as
those of RPA. But can we interpret them in the same way? Both theories begin
with an ansatz for the ground state wave function and use a variational principle
to determine the equations of motion in their respective bases. Then they lin-
earize the equation of motions - keeping only terms linear in the p — h creation
operators - and end up with an harmonic approximation. The assumption of small
amplitude oscillations in linear response is equivalent to the assumption that the
RPA ground state does not differ much from the HF ground state. The linear
approximation physically corresponds to ignoring modifications to the single par-
ticle density by ground state correlations.

Thus we may conclude that the theories of linear response and RPA are entirely
equivalent. However, one must still be careful in the interpretation of the two the-
ories. For example, it is unclear what the wave function means physically in linear
response. It does not describe a single stationary state of the system, since its
constituent single particle wave functions evolve in time at different frequencies.
The frequencies are non-orthogonal, so the state cannot be a superposition of sta-
tionary states.

Such problems are often attributed to the TDHF theory being semi classical:
we follow the wave function ® and its time derivative ® as they evolve in a multi
dimensional energy surface - the TDHF manifold - which includes all possible
configurations representable by Slater determinants. We can identify canonical
co-ordinates for this system [41] and the time evolution looks like a classical tra-
jectory.

Also, the TDHF equations are non-linear, which means the principle of su-
perposition no longer works: a linear combination of two slater determinants is
usually not another slater determinant. As a result of this, the probability distri-
butions do not exhibit quantum mechanical dispersion, so the Slater determinants
explore only a tiny part of the full Hilbert space.

Finally, although the time dependant variational principle guarantees the time
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derivative will be approximated in the optimum way possible, as it moves on the
multi dimensional energy surface there is no guarantee it will not stray far from
the true solution after a certain amount of time.

A treatment of these problems through an alternative interpretation of the
TDHF theory can be found in [37]. Here, TDHF theory is developed in terms of
the classical harmonic oscillator, but expressed entirely in the language of quan-
tum mechanics, with no semi-classical approximation.

In conclusion, we note that the theories of RPA and linear response give a
reasonable description of nuclear spectra, especially for collective p — h states, but
contain significant approximations of which we must be aware when interpreting
the results.
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Chapter 3

Computational Implementation

The program we used to carry out the giant resonance calculations was an axially
symmetric Hartree-Fock code with the Skyrme force, called skyax. With the
axial symmetry, the code uses a two dimensional uniform grid with cylindrical
co-ordinates 7 and z on which to calculate the wave functions. The grid size and
spacing could be altered. Derivatives are represented by matrices using either a
Fourier definition or a finite difference method.

skyaz has two parts: the first solves the static Hartree-Fock equations to obtain
the single particle wave functions ¢'F and the ground state properties of the
nucleus. The second part evolves the single particle wave functions in time with
a perturbation added to the Hamiltonian, and outputs the expectation value of
the perturbation operator versus time.

3.1 The Static Hartree-Fock Iteration

Appendix A derives the Hartree-Fock equations, which give the one body mean
field in which the single particle wave functions move. These equations must be
solved self consistently since the wave functions enter into the expression for the
mean field (A.49) - (A.53) which in turn determines the wave functions. This
suggests an iterative procedure to solve for the wave functions. The iteration in
skyazx consists of three parts:

3.1.1 The Damped Gradient Iteration

The Damped Gradient Step [40] consists of iterating each single particle wave
function according to the formula

¢+ = O[gF — zoD(eo)(hfir — € )o}] (3.1)

where the damping operator in two dimensions is given by
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: [1 g _] [1 s —} (32)
€9 €9

i labels the wave function, ¢ is the kinetic energy operator, zo and e, are
adjustable parameters, and O denotes a Gram-Schmidt orthonormalization of the
states.

We need to start with a guess of the wave functions. In skyex the initial
wave functions are chosen to be deformed cylindrical harmonic oscillator wave
functions. The deformation is parameterized by the quadrupole deformation pa-
rameter 3 which is related to the parameters oy, given by the Bohr-Mottelson
model (equation (1.11)).

3.1.2 The Newton-Raphson Method

The damped gradient iteration achieves convergence in the total energy Egr to
machine accuracy (log(E%t — Efp) = —15). However, to obtain good results in
the time iteration, one must also achieve good convergences of the single particle
wave functions. The single particle convergences are given by

v = (g7 |harldi ") — (&7 |haelgi )] (3.3)

The dynamic iteration does not achieve a good convergence in v;, so we must
supplement it with another iteration scheme. The scheme we use is the Newton-
Raphson (NR) iteration. In the code there is a switch between this iteration and
the Damped gradient step: after a certain number of iterations Nyg, or after Eyp
has been solved to a certain accuracy, we switch to the NR iteration.

The NR iteration solves the wave functions exactly for a given hamiltonian.
On its own, this method is not self-consistent, since the hamiltonian itself depends
on the wave functions. One must therefore perform several sets of NR iterations,
recalculating the hamiltonian from the wave functions at the end of each set. In
this way, the hamiltonian (and thus total energy) converges as well as the wave
functions.

The method proceeds as follows: We wish to solve the Schrédinger equation
(h — €)z = 0 exactly in the wave function z for a given hamiltonian h. We start
with a guess wave function zg, and write

I =2Io+ ox
€ =€ + 0¢ (3.4)
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where € = (zo|h|zo). Inserting this in the Schrodinger equation, and keeping
first order terms, we get

(h — €0)zo + (h — €)dz — bexo =0 (3.5)

Now if zo has N components then dz has N components and h is an N x N
matrix. de is also unknown. Thus in equation (3.5) we have N equations but N+1
unknowns.

To solve these equations, we keep one component of z constant. In our case,
we set % = z§ where a labels some component. This reduces the number of
unknowns to N, and allows us to solve equation (3.5) which we write as the
matrix equation:

(h“ p12 . ple-l gl pletl th\ (5331\ /[_(h_€0)$0]1\
h21 H :

o1

de =

5$a+1
AL SR v AT \[=(h — eo)zo]"/

Writing (h — €0)zo = —b, this is written

A-y=b (3.6)

The component « is chosen to be the one at which the value of the wave func-
tion ¢ is at its largest. If the wave function is well behaved, this will correspond
to a region in where the wave function varies slowly. The only potential problem
is if the maximum occurs at a boundary. In order to avoid this, skyaz calculates
a as the component at which the value of 72¢* = (r? + 22)¢* is a maximum.

3.1.3 BCS iteration

In order to more accurately represent the properties of the nucleus in our code, we
include a pairing formalism, added on top of the Hartree-Fock iteration. Appendix
B gives the motivation for including a pairing force and derives the equations of
the BCS model of pairing.

In many cases the BCS force used causes the pairing energy to depend on
the wave functions. Then the HF and BCS equations become one set that must
be solved self-consistently. However, this is not the case for the delta function
force we use, and the HFBCS equations separate [44]. Then the HF equations
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determine the single particle wave functions and the BCS equations determine the
occupation probabilities.

We can conveniently express the BCS equations in the co-ordinate space used
in the program using an energy functional formalism [45], [46]. Our pairing force
in co-ordinate space takes the form of the zero range delta function force:

Vy(r,v') = Vo, d(r — 1) (3.7)

where g represents protons ¢ = p or neutrons ¢ = n. Then the pairing-energy
functional is written

1%
&= —Zﬂ/dr Xa(r) (3.8)
where the pairing density x(r) is given by
Xa(r) = =2 ) uxve| e (r)[? (3.9)
k>0

where u;, and vy, are the occupation probabilities.

In principle we must now derive a set of coupled equations for the mean field
(Hartree-Fock) plus pairing system by varying the Hartree-Fock energy functional
and the pairing-energy functional together with the constraints on the particle
number and orthonormalization of the single particle wave functions with respect
to the single particle wave functions and the occupation probabilities. This is
known as the Hartree-Fock-Bogoliubov method.

Here we make an approximation: the pairing term in the mean field equa-
tion obtained in the above method is omitted. The 2 sets of equations become
decoupled: one is the Hartree-Fock equation and the other is the pairing equa-
tion (B.22). This approximation is fair for nuclei away from the neutron drip line
(47).

If we define a local pairing potential

8€,
AQ(r) S 5Xq(l')

we can express the pairing gap (B.23) as the single particle expectation value
of the pairing potential:

= Hoaxq() (3.10)

8= [ aral(r)ag(r)a(r) (3.11)

One final matter to consider is as follows: the zero range pairing force we
use tends to over-estimate the coupling of the bound states to the continuum
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(positive energy) states. Thus our BCS scheme as it is will scatter particles to
the continuum. Finite range forces can suppress this effect but are cumbersome
to deal with.

To cure this, we add smooth energy dependent cutoff weights that simulate
the effect of a finite range force [45], [46]:

1
= 3.12
fr 1+exp(e) — A\ — AE,)/uq 612)
These are inserted into the expression for the local pair density:
Xq(r) = —2 Z Fewrve|dr(r)[? (3.13)

k>0

The effect of the weights is to confine the active paring space to the vicinity
of the Fermi surface. To this end the cutoff parameter A, is chosen such that the
sum of the cutoff weights is equal to the number of single particle states up to the
Fermi level plus one additional shell above [46]

> fi =N, + 165N/ (3.14)
k
and the spread py = AE,/10.

The procedure to solve the BCS equation is now as follows: Equations (3.12)
and (3.14) are solved iteratively. Then starting with the input strengths of the
pairing force Vp, and V4 ,, we calculate the pairing potential and gaps according
to equations (3.10) and (3.11).

Next we solve iteratively for the Fermi energy A, using the particle number
condition

2 =N (3.15)

k>0

together with the expression for v which, from equations (B.24) and (B.25) is

given by
0 _
= (1 i) (3.16)

CETREEY
And finally the occupation probabilities v and u; are calculated from (B.25).
This procedure is performed after every damped gradient or Newton-Raphson
step.

Figure (3.1) shows a basic flow chart for the program.
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Figure 3.1: Flowchart for the Static Iteration
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3.2 The Dynamic Iteration

First we note that to be rigorous we ought to include a time development of the
BCS states. However, to simplify the code we take as an ansatz the BCS states
to remain constant in time: they are effectively frozen at time ¢ = 0 and only the
single particle HF' wave functions are evolved in time.

We start with the wave functions ¢’¥ and hamiltonian h#¥ from the static
iteration. We add the perturbation term

h*ot = hHE 4 he (3.17)

where h®® is given by equation (2.59). Then we need to evolve the wave
functions in time according to equations (A.38) and (A.40):

ihdn(r,t) = h%¢n(r, 1) (3.18)

which can be written

$a(r,t) = ¥ (r) (3.19)

In order to implement this in our program, we must discretize timet — t;, At =
t; — t;i—1. Then the method we use is as follows: we evolve the wave functions one
time step by

Gl (r,t + At) = e, (r, 1) (3.20)
Then we calculate the densities at half time step as
t)+ o (t+ At

where the p/(t+ At) is calculated from the ¢/(r, ¢+ At). Then the hamiltonian
at half time step is

he = h*(p1/2) (3.22)
Then we take as our actual wave function at time t + At as
On(r,t + At) = eM72%%g, (1, 1) (3.23)

To calculate the exponential operator, we simply expand it out to enough terms
to preserve the normalization of the wave functions:

oo

ihtot A 1 5 o)
P Ve zk: E!-[zAt yAk (3.24)
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We now need to choose the perturbation functions functions F(z) and f(¢).
We set them to be:

F(z) = Fy(r) = e+ 1)) . QL(1) (3.25)
f(t) = ge=(t-wl/T* (3.26)
where
1, A=0
I\) = { R (3.27)

Qr(r) is a multipole moment, angular momentum L. 7 labels the isospin of
the state being acted on: 1 for protons and 0 for neutrons. The factor I gives
the phase difference between the vibrations protons and neutrons: when A = 0
the nucleons oscillate in phase (the isoscalar mode) and when A = 1 the protons
oscillate out of phase with the neutrons (the isovector phase). T,a, £ and to are
parameters. £ gives the strength of the perturbation and should be small enough
that the linear approximation is good, yet large enough that any noise effects are
drowned out. f(t) is given a gaussian form, and causes the perturbation to peak
in time at t = tg.

The @ for L=0, 1 and 2 are given in our cylindrical coordinates as

Qo(r, 2) =r? + 22
Qi(r,2) =2
Qs(r, 2) = 22% — 7* (3.28)

The function e~*+2")/%” j5 a screening function designed to remove effects of
the box: as r or z approach the edge of the box, this factor becomes very small.

With this perturbation we evolve the system in time as previously outlined. We
output to screen the expectation value of the perturbation operator < F' > (t)

every 20 time steps and from this data set we can calculate the average value
< F > (0):

<13‘>(0)=%2n:<13‘>(t,-) (3.29)

where n is the number of times we output < £ > (t). Then we Fourier
transform to obtain our strength function
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Suw) = f@)Buw) = 3 /_ " dtet / dr [pa(r,£) — pu(r, )] Fas(r)  (3.30)

In our calculations we use the function Syr,(w) rather than Sxp(w).
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Chapter 4

Results

We begin with a few notes on the running of the code and the way we analyze
the results.

The grid size we use in all our runs is 15 by 15, spacing 0.9fm, resulting in a
box size of 13.5fm.

The parameters for the perturbation given in table (4.1) were used in all runs
of the code, both in the testing and the collection of the main data. Here At is
the time step used in the dynamic iteration.

The program outputs the average of the multipole moment used < Fy.(t) >
every 1fm/c (20 time steps). This forms the raw data. After the run, a simple
program calculates the mean of this data set < F,(0) > and subtracts it to form
< F)‘L(t) > - F,\L(O) >.

This data is then imported into a data analysis program and graphs of this
response of the multipole moments to the perturbations are formed. Then a Fast
Fourier Transform (FFT) is taken to give the Strength function S(E) as a function
of energy.

We must be careful when interpreting the strength functions produced. There
are two important factors to bear in mind:
In experiment we do not obtain resolution of resonance peaks less than widths

Table 4.1: Parameters for the dynamic iteration
Parameter | Value
a (fm) 1
T (fm/c) 3
to (fm/c) 75
At (fm/c) | 0.05
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of about 5MeV. Thus the fine structure seen in the raw FFTs is not useful. This is
why we choose to treat the data with some kind of smoothing. At the same time,
we do not wish to wash out all detail. We have therefore used the simplest kind
of smoothing, based on an averaging procedure. 3 point averaging takes every
point on the plot and replaces it with the average itself and the point either side.
5 point averaging takes 2 points either side. Generally this is sufficient to smooth
out all the fine detail.

A second aspect to consider about these results is that our code conducts linear
response that corresponds to discrete RPA rather than continuum RPA. This is
because we are conducting the calculation in a finite box. The giant resonances
we study are excitations of particles into continuum states. The density of these
states depends on the size of the box, so the resonances will depend on the box’s
size too. The boundary conditions are that the wave functions go to zero at the
edges of the box - so we get standing waves, with discrete energies. The density
of states goes as b2, where b is the box size. As the box size increases, there are
more available continuum states with energies that are closer together. Eventually
we tend towards continuum RPA, in which the box size is effectively infinite and
the energies are continuous. This would most closely represent experimental data.

How does this affect our results for giant resonances? A study [52] shows that
the discreteness of the energies for a finite box translates into a discrete spectrum
for the giant resonances. For small box sizes, only a single mode may be present.
More and more modes appear as the box size is increased, with the modes finally
converging to a spectrum that resembles the experimental spectrum of a giant
resonance, with a broad width. However, the average energy remains more or less
constant - fully converged - regardless of box size.

So when studying the following results, we must be aware that since we are
using a relatively small box, the structures we observe may not be fully converged
in their widths. However, we can assume that their average energies are good.

4.1 Tests of the Program

In order to validate our method we conducted some tests of the program. We
took as our test nucleus the doubly magic, spherical *0O whose resonances have
been widely studied. First we used the Skyrme force called SkM* [49], whose
parameters are given in table (4.2) together with the pairing force parameters
Vops Vo In the static part of the code, the single particle variances converged
to values of ~ 10~7. The dynamic iteration was carried out to a time of t =
8,000fm/c (160,000 time steps) for the isoscalar monopole and quadrupole forces
with a perturbation strength of £ = 1.

Figures (4.1) and (4.2) give the raw data obtained < F\r(t) > — < Fy.(0) >
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Table 4.2: SkM* parameters
Parameter Value | Parameter | Value
to (MeV fm®) | -2645.0 | xo 0.09
t; (MeV fm°) 4100 | xy 0.0
ty (MeV fm°) | -135.0 | xo 0.0
ts (MeV fm®) | 15595.0 | x3 0.0
Vo,p(MeV fm°) | 279.082 | x4 32.5
Vo,n(MeV fm?®) | 258.962

for the isoscalar monopole and quadrupole moments, and Figures (4.3) and (4.4)
show the strength functions, both raw and smoothed with 5 point averaging.

The average energies of the two resonances are 25.1 MeV for the monopole and
20.4 MeV for the quadrupole. The Widths are 5.1 MeV and 1.6 MeV respectively.
Also in evidence is low lying activity, demonstrating that not only giant resonances
show up in our calculations. These low energy peaks are probably caused by single
p — h excitations. One would expect these to be weak in 60 since it is a doubly
magic nucleus. Any p — h excitations would have to be from the filled proton and
neutron 1p;; shells up to the vacant 1ds/, shell.

An alternative calculation of the strength function of the isoscalar quadrupole
resonance is given in [50]. Our strength function is in excellent agreement with it.
For the high energy giant resonance peak, the alternative calculation obtains an
average energy of 20.7MeV compared to our 20.4MeV. The low energy activity is
also generated in this paper.

Our isoscalar monopole strength function may be compared to one calculated
in [51]. This paper obtains an average energy of 24.5MeV, as compared to our
25.1MeV.

Table 4.3: SkO* Parameters

Parameter Value Parameter Value
to (MeV fm®) | -2103.653 | xo -0.210701
t; (MeV fmd) 303.352 | x3 -2.810752
ta (MeV fm°) 791.674 | Xg -1.461595
ts (MeV fm°) | 13553.252 | x3 -0.429881
Vop(MeV fm?) | 253.771 | x4 88.289
Von(MeV fm®) | 269.942
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Figure 4.1: Response of the O1€ isoscalar monopole moment < Fyo(t) > to the pertur-
bation with time for the SkM* force
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Figure 4.2: Response of the O'€ isoscalar quadrupole moment < Fy(t) > to the per-
turbation with time for the SkM* force
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Figure 4.3: Top: raw FFT for the isoscalar monopole response of 06 with the SkM*
force. Bottom: smoothed version.
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Figure 4.4: Top: raw FFT of the isoscalar quadrupole Response of O'6 with the SkM*
force. Bottom: smoothed version.
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Figure 4.5: Response of the O'6 isoscalar monopole moment < F(t)go > to the pertur-
bation with time for the SkO* force
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Our results are in good agreement with these, so we are confident the method
we used and its implementation are valid.

We will use a Skyrme force called SkO* [48] in our calculations of argon res-
onances. Its parameters are given in table (4.3). To test any dependance of our

results on the force used, we calculate the above oxygen strength functions using
the SkO* force.

Figures (4.5) and (4.6) show the raw data, and figures (4.7) and (4.8) show the
strength functions, raw and smoothed with 5 point averaging. The mean energy
of the isoscalar monopole resonance is now 25.1 MeV and the width 6.0 MeV.
The isoscalar quadrupole results show a giant resonance at an average energy of
20.1MeV and width of 2.6MeV, and a low lying peak at the energy of around
6MeV and the width 2MeV

These results show no strong force dependance for the resonances calculated:
although the amplitudes of the strength functions are slightly smaller for the SkO*
calculations, the structure of the strength functions are very similar. However,
that is not to say there is no force dependance. In fact many calculations show
strong dependance of the giant resonances on the force used [53).
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Finally, we checked that the perturbation strength (¢ = 1) left us in the linear
response regime. If we are, the amplitude of the resonances should scale linearly
with £&. When we ran the isoscalar monopole with strength £ = 0.5, we found the
amplitude of the resonance was approximately 0.6 of what it was before.

Figure 4.6: Response of the 06 isoscalar quadrupole moment < F'(t)p > to the per-
turbation with time for the SkO* force
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Figure 4.7: Top: raw FFT for the isoscalar monopole response of O¢ with the SkO*

force. Bottom: smoothed version.
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Figure 4.8: Top: raw FFT for the isoscalar quadrupole response of O'6 with the SkO*
force. Bottom: smoothed version.
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Table 4.4: Binding energies and quadrupole deformations 3 for the argon isotopes

Isotope | Total Energy (MeV) | Binding Energy Per Nucleon (MeV) I}
34 -288.0 -8.47 -0.003
36 -341.1 -8.73 -0.001
38 -338.0 -8.89 0.000
40 -354.7 -8.87 0.005
42 -369.4 -8.80 -0.089
44 -382.9 -8.70 -0.163
46 -395.0 -8.59 -0.200

4.2 Results for Argon Isotopes

Our results for argon consist of the response of the isotopes 34, 36, 38, 40, 42, 44,
and 46 to isoscalar monopole and quadrupole and isovector dipole perturbations.

To obtain our results for argon we used the SkO* given before. Again we used
a perturbation strength & = 1.

The static part of the code converged to machine accuracy in the total energy
and to single particle variances of ~ 107 and better.

The number of time steps for which we could run the dynamic code depended
on the type of response being calculated. For the monopole responses we ran the
code to 8,000-10,000fm/c (160,000 - 200,000 time steps) before iteration became
unstable. For the dipole and quadrupole responses, we reached 6,000-8,000fm/c
(120,000-160,000 time steps). As an example of the raw data obtained, Fig-
ures (4.9), (4.10) and (4.11) show the response of 3¥Ar to the isoscalar monopole
and quadrupole and isovector dipole perturbations.

The Strength functions obtained were smoothed using 3 point and 5 point
averaging. These results are displayed in Figures (4.12) through (4.20).

In order to analyze the strength functions we obtained, we must first examine
the properties of the isotopes as calculated in the static part of the code.
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Figure 4.9: Response of the Ar® isoscalar monopole moment < F(t)go > to the pertur-
bation with time.
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4.2.1 Ground State Properties of the Argon Isotopes

The ground state properties may be compared to similar calculations in [54]

Table (4.4) lists some relevant parameters for the argon isotopes: the total
ground state energy, the binding energy per nucleon, and the quadrupole defor-
mation parameter .

From this table we note that the most negative binding energy per nucleon is
for 3 Ar, which makes it the most tightly bound of the isotopes. It is also closest
to spherical in shape, having a quadrupole deformation of 0.0. The first four
isotopes are all close to spherical, with only the last three exhibiting significant
deformation.

To account for these observations and gain real insight into the structure of
these nuclei, it is useful to look at the single particle energies of both proton and
neutron states as calculated by the program. These are the energies of hole states,
and are therefore of great interest when examining the giant resonances, which
we have assumed to be made up of just 1p — 1h excitations. The p states are
mostly continuum states - positive energy states. The code gives single particle
states, which may be occupied by two nucleons coupled to zero angular momentum
(see Appendix B), together with their occupation probabilities. For example an
occupation probability of 1.0 means a pair of nucleons occupy the state, while an
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Figure 4.10: Response of the Ar®® isovector dipole moment < F(t);; > to the pertur-
bation with time.
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Figure 4.11: Response of the Ar3® isoscalar quadrupole moment < F(t)s0 > to the
perturbation with time.
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Figure 4.12:

Raw FFT for the isoscalar monopole response of the argon isotopes
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Figure 4.13: Smoothed FFT using 3 point averaging for the isoscalar monopole response

of the argon isotopes
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Figure 4.14: Smoothed FFT using 5 point averaging for the isoscalar Monopole response
of the argon isotopes
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Figure 4.15: Raw FFT for the isovector dipole response of the argon isotopes
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Figure 4.16: Smoothed FFT using 3 point averaging for the isovector dipole response
of the argon isotopes
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Figure 4.17: Smoothed FFT using 5 point averaging for the isovector dipole response

of the argon isotopes

0.10 1 T T T T T T 0.10 T T T T T T 1

0.08 34 B 0.08 4 36 -
~ 006 4 ~ 006 4
> >
2 £
E o004 - E o004~ 4
728 @

0.02 4 0.02 4

000 4—1—_—,——;—4—.——,——. 0.00 4

o B 10 16 20 2% % © ] 5 10 15 2 2% 0 38 ©
Energy (MeV) Energy (MeV)

.10 T o T 0.10 T S S i e

008 - 38 e 40 |
~ 008 | - ~ 008 -
2 >
2 3
E oo- E oo 4
@ 73

0.02 - 4 002 .

0.00 4 ] 0.00

a 5 10 16 2 2 % © 0 5 10 15 20 % 0 % «©
Energy (MeV) Energy (MeV)
0.10 T T T gyl T T 0.10 T T gy] T T T
42 |

008 - 1 0.08 - 44 4
~ 0.8 | ~ 008 -
> >
k- S
E o004 - E 004 4
2] a

0.02 4 E 0.02 - -

000 J.L,_,_M_ﬁﬁ_. 000 .‘L_,ﬁ_,_*“q_,_,_.‘

Energy (MeV)

0.08 -|

0.08 |

004

S(fm MaV )

0.00 -

10 16 20 26 0
Energy (MeV)

55

46

3% 40



Figure 4.18:
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Figure 4.19: Smoothed FFT using 3 point averaging for the isoscalar quadrupole re-

sponse of the argon isotopes
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Figure 4.20: Smoothed FFT using 5 point averaging for the isoscalar quadrupole re-
sponse of the argon isotopes
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Table 4.5: Energies of the top 4 proton

states in MeV

Isotope | 2s 1d3/2 1d3/o Fermi Energy
Jor=3/2 | I =142
34| -6.8 -4.4 -4.4 -4.3
36 | -8.6 -6.6 -6.6 -6.5
38 | -10.2 -8.6 -8.6 -8.6
40 | -12.1 -10.9 -10.8 -10.7
42 | -14.1 -13.3 -12.1 -12.6
44 | -159 | -154 -13.0 -14.1
46 | -175 | -17.1 -14.0 -15.6

occupation probability of 0.5 means that, on average, the state is occupied by a
single unpaired nucleon.

The single particle states reproduce the structure described by the shell model
with a Nilsson potential. The shells and sub-shells occupied by the proton and
neutron states in argon nuclei, in order of increasing energy, are the first shell
(1s1/2), the second shell (1ps/3 and 1p; /o sub-shells), the third shell (1ds/2, 25 and
1d3/, sub-shells) and the lowest sub-shell of the fourth shell, 1f7/,.

Tables (4.5) and (4.6) give the highest energy occupied proton states in each
isotope, together with their energies and occupation probabilities.

The argons have eighteen protons, the first sixteen of which completely fill the
first two shells and the 1ds/, and 2s sub-shells of the third shell. The remaining
two occupy positions in the 1ds/; sub-shell. As can be seen in table (4.6), in *Ar
to “°Ar the protons are unpaired, on average occupying two different states - one
occupying a state with z component of angular momentum J, = 3/2, the other
in a J, = 1/2 state. These two levels are almost degenerate in energy, which is

Table 4.6: Occupation probabilities of the top 4 proton states

Isotope | 2s 1d3/9 1d3/o
do=3) 2 oT, =12

34 (1.0 0.5 0.5
36 | 1.0 0.5 0.5
38109 0.5 0.5
40 | 0.9 0.5 0.6
42109 0.8 0.3
44 | 1.0 1.0 0.1
46 | 1.0 1.0 0.0
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Table 4.7: Energies of the top neutron states in MeV

Isotope | 2s 1d3/; 1d3/7 1f7/2 1f7/2 1f7/2 1f7/2
J.=3/2|J,=1/2|J,=7/2| J.=5/2 | J.,=3/2 | J,=1/2 | Fermi Energy
34 | -15.1 -13.0 -13.0 -14.2
36 | -15.0 -13.1 -13.1 -13.0
38 | -15.0 -13.1 -13.1 -10.5
40 | -15.0 -13.0 -13.0 -7.6 -7.6 -7.6 -7.5 -8.3
42 | -14.8 -13.2 -12.3 -8.1 -76 -7.3 -7.1 -7.5
44 | -14.5 -13.4 -11.5 -8.6 -7.7 -7.3 -7.1 -6.9
46 | -14.2 -13.4 -11.1 -89 -7.7 -7.4 -7.0 -5.8

consistent with the fact that these particular isotopes are nearly spherical. In
42Ar, the first deformed isotope, these levels start to split in energy, and it is more
probable that the two protons occupy the lower energy state J, = 3/2. Finally,
in 4*Ar and “6Ar, we see that the two protons are fully paired up and occupy the
lower energy state J, = 3/2.

The root mean square (rms) radius of the protons remains more or less con-
stant at 3.3fm.

We now move on to the neutron states. Our starting point is **Ar, with
sixteen neutrons. We add two neutrons each time. Tables (4.7) and (4.8) show
the energies and occupation probabilities of the highest energy neutron states, on
top of a central core of fourteen neutrons which fill the first and second shell and
the 1ds/2 sub-shell.

3 Ar fills the 2s level, though there is some slight filling of the two 1d3/; states
above it. These states are filled up in 3¢Ar and 8 Ar, completing the Third shell.
The extra stability gained from the filling of the shell in *3Ar is consistent with

Table 4.8: Occupation probabilities of top neutron states

Isotope | 2s | 1d3/s ldg/s 1f7/2 1f7/2 1f7/2 1f7/2
J.=3/2|J,=1/2| =12 | =572 | J, =32 | J, =1/2

34 | 0.8 0.1 0.1
36| 1.0 0.5 0.5
38 | 1.0 1.0 1.0
40 | 1.0 1.0 1.0 0.27 0.27 0.26 0.25
42 [ 1.0 1.0 1.0 0.7 0.5 0.4 0.3
44 | 1.0 1.0 1.0 0.9 0.8 0.7 0.6
46 | 1.0 1.0 1.0 1.0 1.0 1.0 1.0

60



the fact that it has the most negative binding energy per nucleon and has no
deformation.

“0Ar to “6Ar fill up the shell 1f7/5, with the most probable states being the
lowest lying, highest angular momentum states.

The rms radius of the neutrons increases as we would expect, starting at 3.1fm
for 34Ar and increasing uniformly to 3.7 fm for “6Ar.

We must check that our BCS pairing scheme does not scatter particles to the
continuum - that our pairing space is confined to the vicinity of the Fermi surface.
Tables (4.5) and (4.7) show the Fermi energies. The occupation numbers of levels
below those shown in the tables are 1.0 and the occupation numbers of the states
above those shown are 0.0. Thus the desired effect of our cutoff distribution (3.12)
is realized.

4.2.2 Analysis of Results
Isoscalar Monopole Resonance

Throughout this discussion we refer to Figure (4.14).

All the isotopes exhibit a giant resonance. In calculating their average energies
and widths, we have presumed that in each case the resonance is a single structure
- that where two peaks are visible in the high energy range, the discreteness of
the continuum states is responsible.

Table 4.9 shows the average energies and the widths of the resonances, together
with the window in which the calculations were performed. We see that the
resonance energy varies slowly up from about 22MeV for 6 Ar to about 23MeV for
40Ar |, then drops slightly for 42Ar, “*Ar and “¢Ar. The strength of the resonance
increases steadily over the first 4 isotopes before dropping at “?Ar and rising
slowly again. We can account for these observations by supposing the significant
deformations in the last 3 isotopes suppress the resonance strength since it is
spread over more than one symmetry axis.

Since the results are not fully converged we cannot read too much into the
differences in widths.

In “Ar and “6 Ar we see a small amount of low lying strength at around 4MeV.
It cannot be caused by collective motion at this low energy, so it must be a results
of single p — h excitations. The obvious cause are the neutrons occupying the
1ds/2 sub shell being excited to the nearby 2s shell (written 2s(1ds/2)™!).

Isovector Dipole Resonance

We reference Figure (4.15) for the dipole results. These results are somewhat
harder to interpret than the monopole and quadrupole results since the structure
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Table 4.9: Average energies < F > and widths o for the isoscalar giant monopole
resonances

Isotope | Energy Window (MeV) | < E>(MeV) | o
34 10 - 30 22.1 4.6
36 12-29 22.6 3.7
38 13-29 22.5 3.5
40 15 - 28 22.9 2.8
42 14 - 28 21.9 4.3
44 12 - 28 21.3 3.5
46 12 - 28 21.1 3.2

of the strength function has some ambiguous features. For example, are there are
two separate peaks observed throughout the isotopes or are they part of the same
structure and their discreteness is a result of the discrete spectrum of continuum
energies? We simply do not have enough information to know.

Table (4.10) shows the average energies and widths obtained assuming that
there is a single giant resonance peak.

Two main features appear in the giant resonance region: a peak around 17-
18MeV appears prominently in 3Ar and %6, but is extremely weak elsewhere.
A second structure at around 24-26MeV appears in all the isotopes. It starts
off weak in 3*Ar and increases significantly up to the singly closed shell nucleus
38 Ar, before dropping in strength in “°Ar. The deformed nuclei once again show
significantly suppressed strength for this resonance. This structure itself shows
some ambiguities, splitting into two peaks from 32 Ar onwards.

In addition to these giant resonances, some low lying activity around 4MeV
is observed. The strength of this activity is generally small, apart from in 3¢Ar,
which has an anomalously high strength.

Table 4.10: Average energies < E' > and widths o for the low lying and giant isoscalar
dipole resonances

Low Lying Giant
Isotope | Energy Window (MeV) | < E >(MeV) | o | Energy Window (MeV) | < E>(MeV) | o
34 1-8 4.3 1.6 12 - 32 243 4.0
36 1-8 4.3 152 12 - 32 2.7 4.3
38 1-8 34 1.3 12 - 32 24.8 3.0
40 1-8 34 14 12 - 32 24.0 3.6
42 1-8 3.6 li:2 12 - 32 23.3 4.0
44 1-8 4.1 1:3 12 - 32 224 3.7
46 1-8 4.3 1.5 12 - 32 20.5 3.5
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Table 4.11: Dipole Energy Weighted Sum Rule

Isotope | % of theoretical value
34 69
36 136
38 122
40 102
42 54
44 58
46 84

These low energy structures may be explained by p — h excitations of the
highest energy neutrons, which are stated in the next section. However, another
possibility exists: that some spurious motion as explained in chapter 2 is respon-
sible. This motion would shift the energies of the peaks up in energy about 4 -
5MeV. Then these low lying resonances would actually be at 0MeV, and would
just be numerical effects. In addition, the 24MeV giant resonance would be shifted
down to around 19MeV, in agreement with previous calculations (see the next sec-
tion). To examine this possibility one should carry out momentum and angular
momentum projections as previously outlined. Such an operation is beyond the
scope of this thesis, but should be kept in mind for future calculations.

An additional check we can perform is the energy weighted sum rule: we sum
up the strength function over the giant resonance region and compare to the
predicted value given in equation (1.10). These provide a test of convergence: if
the ESWR is close to 100% the predicted value then the resonance is near full
convergence.

The results are shown in table (4.11). These seem to indicate that isotopes
34,42,44,46 are not fully converged.

Isoscalar Quadrupole Resonance

Here we refer to Figure (4.20). We note two main features of the strength function:
A giant resonance and some low lying excitations can be seen in all the isotopes.
The average energy and widths of these structures are given in Table (4.12).

The giant resonance energy remains fairly stable around 18 MeV. Its strength
increases slowly from 3*Ar to “°Ar, before dipping slightly at “2Ar. We should
expect that the deformations of isotopes “2Ar onwards suppress the strength, but
that it continues to increase slowly. However, the strength all but disappears in
“ Ar before returning strongly in “Ar. The *Ar result is anomalous.
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There are low lying states observed too, much like the ones in the dipole
results except with much larger strengths. These may be explained by single p — h
excitations. In 3*Ar and 3®Ar, the most probable excitations are 1ds/5(2s)~!. *¥Ar
has a completely filled neutron shell, so should have very little low lying strength.
What there is may be caused by 1ds/5(2s)~! proton excitations. “°Ar to *é Ar have
likely 2ps/o(1f7/2)~! excitations causing the broad low lying features seen.

4.3 Comparison of Results

There exists a previous study of the resonances in the argon isotopes [55].

This earlier paper calculates the resonances using the RPA method with fi-
nite rank separable interaction (a p — h interaction which is a sum of N separable
terms, where N is much smaller than the dimension of the p—h space). It assumes
spherical symmetry for the HF ground states, so is not equipped to deal with de-
formations. The isovector dipole and isoscalar quadrupole strength functions are
studied.

The dipole results show a giant resonance that starts at about 18MeV in 34Ar,
and increases slowly in strength and decreases slowly in energy to about 17MeV in
40Ar. The strength then decreases slowly as does the energy, ending up at around
16MeV in “éAr. No low lying states are observed.

This appears to be at odds with our results, though it is hard to be certain
due to the ambiguity of our dipole results.

The quadrupole results closely match ours. In [55], the giant resonance states
are fairly stable at around 17MeV, compared with our stable resonances at about
18MeV. The small strength in **Ar does not show up. Since the code used in [55]
assumes spherical Hartree Fock ground states, the results in that paper do not

Table 4.12: Average energies < E > and widths o for the low lying and giant isoscalar
quadrupole resonances

Low Lying Giant
Isotope | Energy Window (MeV) | < E >(MeV) | o | Energy Window (MeV) | < E >(MeV) | @
34 1-8 4.0 13 15 - 23 18.7 17
36 1-8 4.0 1.2 14 - 23 18.0 1.7
38 1-8 4.0 1.5 14 - 23 18.4 2.4
40 1-8 3:3 1.4 14 - 23 17.7 1.7
42 1-8 3.7 14 14 - 23 17.7 1.6
44 1-8 4.0 1.5 14 - 23 18.0 2.0
46 1-8 4.2 1.5 14 - 23 18.1 1.6
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show the reduced strength in the deformed nuclei ?Ar to ‘6 Ar. The paper [55]
also shows the low lying states at around 4MeV.

4.4 Summary

We have calculated the isoscalar monopole and quadrupole and isovector dipole
responses of even-even argon nuclei for N = 34 to N = 46. To the best of our
knowledge, our calculation is the first fully deformed calculation of these responses.

The quadrupole results were similar to those of a previous calculation, and
in addition exhibited effects caused by deformation such as the suppression of
resonance strength. The dipole results were somewhat ambiguous, and might
benefit from calculating them again using different forces and box sizes. The
monopole results are the first of their kind, and demonstrated a stable giant
resonance at around 22MeV.
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Appendix A

Hartree Fock Theory

A.1 The Hartree-Fock Approximation

The set of wave functions that exactly describe all possible states of a nucleus are
given by the solutions to the many body Schrodédinger equation

A A
HU = (Zf(ri) + ) o(rs, rj)) U =FEU (A1)
i=1 i<j
where A is the number of nucleons and (r;) = (7, s;, t;) represents all co-

ordinates of the 7th nucleon - spatial, spin and isospin. We have included one and
two body interactions in the many body Hamiltonian, and may include higher
orders. The many body wave function solutions are in general given by a sum
over states which are a product of single particle wave functions occupying the
available states in all possible combinations. Since we are dealing with fermions,
only one single particle wave function can occupy each state, and each product
of the single particle wave functions must be anti-symmetrized to obey the Pauli
principle. Such a product is called a Slater Determinant, written

1

Gk (r1) .. Pri(ra)
(pkL..kA(rl, ...I‘A) = —\/T : .

: : (A2)
d)kA(rl) ¢kA(rA)

¢k(r;) is the single particle wave function of the the ith nucleon in state k.
The labels k;....ks represent the states that the nucleons occupy, selected from
the infinite available states.

Then the solution to equation (A.1) is given by the sum of all possible Slater
determinants:
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\Il(rl) "'rA) = Z ckl...kA(I)kl...kA (rl) ...I'A) (A3)
ki..ka

The states k provide an orthogonal basis for an occupation number represen-
tation in the framework of second quantization. In other words, we define cre-
ation and annihilation operators a}:, ax which create or annihilate particles with
a wave function ¢x. Now the Pauli principle, which was encoded in the anti-
symmetrization of the Slater determinant, is encoded by the anti-commutation of
the creation and annihilation operators. The Slater determinant now assumes the

simpler form

|(bk1---kA) =~ d;fc a’kAl()) (A-4)

where |0) is the vacuum state, and the solution (A.4) is written
1O) = )" chykeal hyoks) (A.5)

ki..ka
In the notation of second quantization, the many body Hamiltonian is written
A
Z t,Jd*&, +3 Z Uijkl&:-r ”;&zlfk (A.6)
ij=1 i3k, =1

where now ¢;; and v;;x are one and two body matrix elements.

The number of states in the sum of (A.5) is enormous, and the problem is
generally intractable. To solve it, some approximation must be made.

In the shell model, the assumption is made that the interaction term in the
Hamiltonian can be treated as a one body interaction - an average potential in
which the nucleons move independently of each other: then

HoU = Z(rl +vr,) (ZA: )w EV (A7)

Writing this in second quantized form,
A
Fo= 3 tyala, (A8)
i,5=1

The eigenfunctions of this Hamiltonian are the Slater determinants, |®k, ,),
with eigenvalues

A A
Biyka = 3 g = D6 (A.9)
i=1

i=1
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where ¢; is the energy of a particle in the state 3.

The success of the shell model in describing properties of the nucleus justifies
the assumption of an average potential that operates on single particles only. We
thus look for an approximation to the many body problem that allows us to ex-
tract a one body potential from the the two (or more) body potential.

The form of the wave functions in the shell model suggests an approximation.
The eigenfunctions are Slater determinants, so the ground state of the shell model
is given by a Slater determinant:

H|®,. k40) = Eol®,..x40) (A.10)

whereas the exact solution of the ground state of the many body problem is a
linear combination of all possible Slater determinants.

We then formulate the Hartree-Fock approximation as follows: we restrict the
form of the ground state wave function of the nucleus to a Slater determinant. To
determine the exact form of this wavefunction and the ground state energy, we
must use a variational principle.

The ground state Slater determinant that we take as our ansatz is

|Pky...k4,0) = Z wkl akA (A.11)

ki...ka<es

i.e. the nucleons occupy all the available states up to the fermi energy.

A.2 The Variational Principle

As an example of the use of the variational principle, we show that the exact
Schrodinger equation may be written as a variational equation

SE[Y] =0 (A.12)
where the energy expectation value in ¥ is given by
(V|H|T)
EV] = ~—=——- (A.13

Carrying out the variation:

(UHIY) _ (GVIH)  (UIHISY) | (UHY)  (@H),
Sy ) oy Oy T e 0 =0
(60|H — E|T) + (U|H — E|6T) =0 (A.14)
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In general, |¥) is a complex function, and we carry out the variation over the

real and imaginary parts separately. To obtain the variation over the imaginary
parts, replace | V) with i|U) in (A.14):

—i(6Y|H — E|¥) +i(V|H — E|6¥) =0 (A.15)
Multiplying equation (A.14) by i and combining it with (A.15) yields

(§U|H — E|T) =0 (A.16)

together with its complex conjugate. Since |§W) is arbitrary, we can write

H|V) = E|T) (A.17)

which is the Schrodinger equation. We have obtained it by minimizing the
energy expectation value with respect to the wave functions.

In the Hartree-Fock approximation, we wich to restrict the form of the many
body wave functions, which means they will no longer be exact eigenvalues of the
many body Hamiltonian, and |§¥) is no longer arbitrary. To examine this further,
consider the Schrodinger equation for the exact many body problem HY; = EV;,
where i labels the different eigenfunctions. Since this equation is exact, the eigen-
functions span the entire Hilbert space.

We seek a solution in the from of a wave function ® that is restricted in form,
so that all possible ®s span only a subset of Hilbert space. Whatever the form of
®, it can be expanded in the ¥;s:

P = Z C,"I’,‘ (A18)

with the condition Y, |¢?| = 1. The indices i are ordered in increasing energy
of the eigenvalues, such that ¢ = 0 denotes the ground state of the Hamiltonian.
The expectation value of the Hamiltonian in ® will then be

E[@] = (2|H|®) = ZIC2IE |31 Eo + ) _ |}

>0
=(1-)_|c¢|Eo) + ) _|I|E:
>0 i>0
=Eo+ Y |c}|(Ei — Eo) > Eq (A.19)

i>0

This equals Fq only if co =1 and ¢; = 0 for all i > 0, i.e. if ® = ¥y. This is
of course not possible if we restrict the form of the wave function. Thus we must
instead minimize the extra terms. The variational principle then states that The

74



best approzimation to the ground state for the Hamiltonian H is obtained for that
wave function ® whose energy expectation value is minimal. Mathematically, we
write

SE[®] = 6(D|H|®) =0 (A.20)

This way, we expect to obtain a one body hamiltonian that describes the mean
field in which the nucleons move in the shell model.

A.3 Matrix Elements

In order to proceed further we must be able to calculate matrix elements of the
general one and two body operators u(r;) and v(r;, r;) with respect to the Slater
determinants. Here we calculate (@]}, u(r;)|®) and (@], ; v(ri, 1;)|®).

To start with, we write the Slater determinant (A.2) in a more convenient
form:

Py ks (T1--T4) \/—Z ) p,(r1)...0p, (ra) (A.21)

where P stands for a certain permutation of the particles among the available
states and P, is a certain number within that permutation. For example, a two
particle Slater determinant would be written as 1/sqrt2 times

¢1(r1) P2 (r2) (P=0,PL=1P=2)
—¢2(I‘1)¢1(I‘2) (P = 1, P1 = 2, Pg = l) (A.22)

Let us first calculate the expectation value of a single body operator:

(9| Zt [®) = /dr1 drAZ (P+P’)¢ r1)...9p, (ra) (Zu(rl)) ¢py(r1)--

i=1 ‘B:P! 1
(A23)

Now wu(r;) operates on the wave function ¢p;(r;) and all other wave functions
move behind. Using

/ dridp, (1) by (rs) = Op,py (A.24)
We get
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1 ’
Efdn Z(—l)(P+P)5192192'---<51!9AP;1¢’)31 (r1) u(r1) ¢py(r1) (A.25)
* PP’ .

Since A — 1 of the indices are the same, so must the Ath be, thus P, = P| and
P = P, and we get

%/dr@},(rl) u(ry) ¢pi(r1) (A.26)

Repeating this procedure for all u(r;) gives the result

1A
(2] Zu(ri)|‘1>> = Z/dri¢;;(ri) u(r;) ¢p,(r:) (A.27)

i<es

and relabelling the dummy indices

1 A
(@Y u(r)|®) =3 / drig (r:) u(r:) i(r:) (A-28)
ti=1

‘l'<€f

For the two body force Zi,j <es v(r;,r;), we proceed as above. The v(ry,r2)
matrix element is

1 4 * *
il / drdr, Z(—l)(P+P )6 pypy...0p, P, &P, (T1) B, (T2) v(ri, T5) dpr(r1)dpy(r2)
PP
(A.29)
Only two of the permutation indices remain undetermined, and there are two
possibilities, resulting in

%/dndrzﬁ(rl)‘b;(m) v(ri, ;) [B1(r1)P2(r2) — d2(r1)é(r2)] (A.30)

Then the matrix elements of a two body force is

A A
1 Xk *
(D Z v(r;, 15)|@) = ZAI Z /dridrj¢i (r:)#;(r5) v(ri, ;) [di(ri)B;(r;)—;(r:)di(r;)]
i,j<ef i,j=1
(A.31)
Where the extra factor of one half comes in because the matrix element of
v(r;,r;) gives the same result as the matrix element of v(r;, r;).
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A.4 The Time Dependant Hartree Fock Approximation

In order to describe the resonant states we are interested in, we need a theory
that allows time evolution of the system. The Time Dependant Hartree-Fock
approximation is used - a generalization of the time independent approxiamtion
which supposes that The many body wave function at every instant in time is a

Slater Determinant.
We need also to generalize the variational principle. Following the prescription

given in [41], we define the Lagrangian of the system as

L[®, 8] = (q>|m% — H|®)

= /(d’r‘)A@*(’l‘l, ...’I'A,t) (Zhgz - H)\II(Tla T A t)

_ / (dr)Ad)*(rl,...rA,t)(z'hg-i)d)(rl,...rA,t)+'H[<I>,<I>*] (A32)

With & a Slater determinant, we can work out the matrix elements using the
formulas derived above. Noting that ih% is a one body operator,

A
£]0,0") = Ll{gn}, {8} = b3 / dro: (r,)di(r,t) + H[{dn}, {82)]  (A.39)

i=1

where, using equations (A.28) and (A.31),

M6} (81 = 3 [ drdi(r, 0200

A
+ 3 Z / drdr' ¢} (r, )¢5 (r', t)v(rir;) (@i (r, £)d; (r', t) — b5(r, t) di(r', 1)]

i,5=1

(A.34)
We then define the action to be
t2
Stsab 6N = | decl{an), (6n (35)
t1
and the variational principle we use is
oS 4S
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using the result from functional calculus

/drnzgj,: g - = dyd(r — 1)

7

we obtain (for the variation over ¢ or ¢, respectively)

ihida(r, ) = EZ
ihds(r, 6 =~

The one body Hartree-Fock Hamiltonian is then defined to be

oH

_ L HF
agr

with ptHF — pHF

We write the solutions in time as

d’n (I‘, t) = e—ientQSfF (l‘)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

where ¢, are the single particle energies. Then equation (A.38) becomes

oH

HF __ HF _ HF __
6¢n n¢n (h )¢n =0

These are the static Hartree-Fock equations, with solutions ¢ (r).

A.5 Derivation of the Hartree-Fock Equations

Now we are ready to calculate h#F from equations (A.34) and (A.38).

equation (A.37) we get
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0= Fe ) = (Z/ A i)

(Y [ et 0652 v e (e

1]_

Y [ b)) vl e

1,7=1

= t(r;) (T, +Z / drip;(r;) 52?“ ] @i (r:)
+1 Z/drjgb;(rj) v(Tk, T5) Gk (Tn)d;(r;)

22 [ i) oz me) 8irgutrn

+3 Z [ s 06505 Gzt e

Z/dl‘J(b I'J 'U(rk,rj) ¢J(rn)¢k(r1)

_1-—1

Z [ it (0) virw me) dur)entra)

3 I‘ : 5'0(1‘,',1‘_7') (1) (1
Z/dr,d 85 (r:) 85 (r5) 5 (rs) ¢;(r:)#i(r;)

1,j=1

(A.43)

We can see that, under a simple relabelling of dummy variables, the third and
fourth, and the sixth and seventh terms are equal. If we define the one and two

particle density matrices as

A
DIACTAE (A.44)
1—A
e, ¥) = 3 @) (A.45)
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Then equation (A.43) becomes

ebi(x) = (u(r’) + [ dr'p(r)v(r,r'>¢,~(r>) - [ arete ot )0
ot 1 / ’ J'Ul'j
+ /drp(r) —5¢,‘;(l‘n) + 5 [ drdr'p(r)p(r’) —5¢}‘;(rn)
6’0,']'

-3 / drdr’p(r, r')p(r, 1') 5o (A.46)

The Hartree-Fock potential is defined from the first line of this equation:

Unr(r)i(r) = (u(r’)+ [ axotent, r')qs,-(r))— [ et o ) (a7

The other terms are zero unless the one and two body interactions depend on
the wave functions (and consequently the densities).

A.6 The Skyrme Interaction

Now all that remains to be done is choose the form of our two body interaction.
In our treatment we use the widely studied Skyrme interaction, an effective force
which is zero range and density and momentum dependant, and has the form:

‘/skyrme = tO(l + -TOPO)(S(ﬁ = 7_‘3)
+3t1(1 + 215%) PR, 0(7 — 75) + 0(7 — 7;)P5o)
+ to(1 + 2o Py )Pz - O(7; — 75)P12
]. Q= — —
+ 6153(1 + z3B,)p®(7)d(7; — 75)
+ itap120(7i — 75) (i + G) X P12 (A.48)

where p12 = p;—pj is the relative momentum, P, is the space exchange operator
T; & 7j, & is the vector of Pauli spin matrices and ¥ = (7; + 7;)/2. The five
parameters %o, t1, to, t3 and t4 are adjusted to fit the experimental binding energies
and radii.

Then the Hartree-Fock potential is calculated to be [39]
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Unr = to(1 + 320)p — to(3 + Zo)pq
ppr + pne

+ %tap [(2+ a)(1+ 3z3)p — 2(3 + x3)pg — (3 + z3) -

+ Z[tl(l + 31) + ta(1 + 3z2)]7 — Z[tl(% +z1) — t2(3 + 22)]7,
1 1
- §[3t1(1 + 321) — tao(1 + 322)]Ap + §[3t1(§ + 1) + t2(3 + 22))Ap,
— L (VI + VT) + Usou (A.49)

with the following densities and currents:

Ew, (r0)gi(r (A.50)
dalr) = gzwz[w (r0)éi(r) = 61 (r)V:(r) (A.51)
= zw,-w):(r) - Vi(r) (A.52)
—A
r)=—i Zw,.vqs;(r) -V x &i(r) (A.53)

where g is an isospin label € { pr,ne }, and w; is the occupation probability of
each state (1 or 0 in a pure Hartree Fock basis).
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Appendix B

BCS Pairing

It is observed in experiment that for even-even nuclei the ground state always has
zero angular momentum, even when they contain a partially filled j shell, indicat-
ing that there is some residual interaction which makes it energetically favorable
for the nucleons in the unfilled shell to couple to zero angular momentum rather
than any other value. The simplest way to model this behavior is to assume an
attractive interaction that aligns nucleon spins in the same orbit anti-parallel,
forming a pair with zero angular momentum. This behavior is not described by
basic Hartree-Fock theory. There are several methods of describing the pairing
interaction, and here we present the model used in our code, that of BCS pair-
ing, which was originally introduced in 1957 in the theory of superconductivity [56]

BCS theory introduces correlations between particles into the ground state
wave function. We begin with the ansatz that the ground state wave function has
the form

|BCS) = [ [(u +veafal)|o) (B.1)

k>0

{k, k} generate the complete single particle space. k¥ > 0,k < 0 and |k| = |k|.
The states |k) and |k) correspond to the spherical harmonics |nijm) and |nlj —m)
for m > 0. The state |0) can be taken to the Hartree-Fock ground state.

In this state each pair of single particle levels (k, —k) is occupied with proba-
bility |uk|? and remains empty with probability |vi|?. We assume the parameters
ug, and vy, are real, which is still sufficiently general for most problems.

Let us examine the properties of this state:

We gain insight by expressing |BCS) in the following way: dividing equa-
tion (B.1) by ux and expanding out the product yields
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|BCS) o |0) +Z”" at+ Y E¥atatatal 4 . (B.2)

k>0 k,k’>0

which shows that it is the HF ground state plus a sum over all pairs plus a
sum over all sets of two pairs, and so on.
The norm of the state is given by

(BCSIBCS) = <0| H(uk + 'Uk&E&k) H(uk' + vkrak,a )lO) (B.3)

k>0 k'>0

All the terms with different values of their indices commute, so we must only
calculate

(ur + vkagax) (ux + vid L %) = ul + upvi(a L&;fc + agax) + viagaraLa

From this, we note

(0latal|0) = (0lagax|0) = 0 (B.5)

since both of these matrix elements include annihilation of a pair on the vac-
uum, and

(Olagaxalat|o) = 1 (B.6)
Thus we have
(BCS|BCS) = [ [ (uf +v}) (B.7)
k>0

and for the normalization requirement (BCS|BCS) to be fulfilled,

luk|® + |vk]? = 1 (B.8)

We can also calculate the particle number expectation value using the number
operator N

= (BCS|N|BCS)
= (BCS|> (ala + alaz)| BCS) (B.9)

k
k>0

For each value of k, N projects out the component proportional to v, multiplied
by its particle number 2:

83



N|BCS) = 2uialat|o) (B.10)
k>0

This also shows that N is not a good quantum number. Then from equa-
tion( B.9) we get

= (0207 ) dpawaLat|o)
k,k'>0

=) "2} (B.11)

k>0

This fits the interpretation of v as the probability of having the state (k, (k))
occupied.

Now let us calculate the particle number uncertainty:

(AN)? = (BCS|N? BCS) — (BCS|N|BCS)? (B.12)
where
N? =) "(alax + afar) (@haw + afap) (B.13)
k>0

Each term produces a factor of 2v% x 2v?, except the k = k' term which gives
a factor of 4v2. Then

(ANY? =4 Y old+4> -4 v

k£k k,k’>0 k>0 k,k' >0
SO ED B
k>0 k>0
= 4211%0,% (B.14)
k>0

where the last result comes using v? = 1—u}. Again, this shows that in general
particle number is not conserved in the BCS model.

The program uses the simplest case of BCS pairing. We take the pairing
Hamiltonian to be:

kaakak iis Z Vitwip @ I‘caE (B.15)
k,k'>0
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which includes a pure (diagonal) single particle part , with €2 the single particle
energies, and a residual interaction that operates only on pairs. We take the
simplest case of a constant pairing force G:

H= Zekakak—(}' Z ala ;r-c& (B.16)

To calculate the matrix elements of this Hamiltonian, we work out the follow-
ing:
(BCS|alax| BCS) = v} (B.17)

and

<BCSI&I:6’)T}EJ‘E’&HIBCS) {U:'Ukuk/’l)k/ for k ?é k

B.18
Vi, for k=F' ( )

using arguments already given in calculating N and (AN)2. Then

(BCS|G Z &};&;ﬁc&g/dkdBCS) = G Z Uk Uk Up Vg + GZ’U;:

k,k'>0 k! e, k'>0 k>0
=G(Zukvk)2+GZvﬁ (B.19)
k>0 k>0

So the full matrix element is

(BCS|H — AN|BCS) =2 (& — Nvi — G( S wwr)’+GY v (B.20)

k>0 k>0 k>0

where we have added the constraint that equation (B.11) is satisfied, with the
lagrange multiplier )\, called the chemical potential or fermi energy.

To calculate the parameters v and u, we use a variational principle. We vary
the matrix element (B.20) with respect to one of those parameters, and set the
variation to zero. Since vy and uy are related through the normalization condition,
differentiating with respect to one of them (say vy) is given by:

RSV P N W
ovy, iy Oug " Ov, Ouy v

thus differentiating (B.20), using dux/Ovk = —vk/uk, and setting the result to
zero, we get:

(B.21)

2exvrty + A(vE +ul) =0 (B.22)
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where

A= GZukvk (B.23)
k>0
& = €2 — A — Gu? (B.24)

Squaring equation (B.22) and replacing u2 by v? yields

2_1 1i€—‘°) B.25
Yk 2< \/EE+A2 ( )

and inserting this back in (B.22) yields

€
k

Now we know that as A — 0,v; — 1 and u; — 0 so v takes the positive sign
and uy takes the negative sign.
Putting u; and v; back into the equation for A gives us the gap equation:

G A
A=) s B.27
2 g; GZ + A? ( )

We get A by simultaneously fulfilling the condition

2 vi=N (B.28)

k>0

from before. In doing this we ignore the term —Gv? from the expression for e.
This is ok - it corresponds only to a renormalization of the single particle energies.

Finally, we note that the expressions for the gap and fermi energy are isospin
independent. Experimentally, it is observed that this is not the case, so we ex-
plicitly break isospin symmetry by introducing a separate pairing strength for
protons and neutrons: G — G4, A — Ay and A — \; where ¢ = p for protons, n
for neutrons.
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