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Abstract

The Catalan numbers form one of the more frequently encountered counting
sequences in combinatorics. In this thesis, the Catalan numbers are developed in the
context of their roots in two historical problems: the problem of determining the
number of ways in which an n-gon can be divided into triangular regions by means of
non-intefsecting diagonals, and the problem of determining the number of ways in
which parentheses can be inserted into a product of n factors. Several structures
which are counted by the Catalan sequence are then discussed, including sub-diagonal

lattice paths and trivalent trees. Finally, two q-analogues of the Catalan numbers are

presented.
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1. INTRODUCTION

| In how many ways can a convex polygon of n sides be dissected into triangles
by means of nonintersecting diagonals? According to Brown [2] this problem was
first posed to Segner by Euler. Euler gave a solution without proof, which was later

‘ provided by Segner, along with a recurrence for the resulting sequence, in a paper in

the Petersburg Transactions in 1759. The problem was next taken up in a series of
four papers in Liouville’s Journal for 1838-9, in which it was discussed by Lame’,

Rodrigues, Binet, and Catalan.

Catalan was the first to observe that the problem of counting the triangulations
of the n-gon is equivalent to the problem of counting the number of ways to insert
parentheses in a product of n factors to create a unique pairwise association. It is for
his work that the integer sequence which provides the solution to both problems,

1,1,2,5, 14, 42, 132, 429, 1430, 4862,
takes its name as the Catalan sequence.

The sequence of Catalan numbers is one of the most frequently appearing
sequences in combinatorics, having upwards of fifty distinct interpretations. We shall
first derive an explicit formula for the n Catalan number, then consider some of the
different counting problems whose solutions are given by the Catalan sequence, and {

|
|
l

finally discuss two g-analogues of the Catalan numbers.



2. PARENTHESIZATIONS OF A PRODUCT

We will first consider the problem of determining the number of ways in
which parentheses can be inserted to create a unique pairwise association of a product

of n factors. Call this number f(n). Then

n f(n) Parenthesizations of x, ---x
1 1 X,

2 1 XX,

3 2 xl(xzxs); (xlxz)xs

4 3 xl(xz(x3x4)); xl((x2x3)x4)§

(xlx2 Xx3x4 ); (xl (x2x3 ))"4 >
«xlxz )x3 )x4

provides a partial table for the values of f(n).

This problem was solved by Catalan in 1838 [4] and it is the values of (n)

which form the sequence that bears his name.- Thus it is in the context of this problem

that we derive an expression for the n Catalan pumber. Consider the product
‘ Xy Xg Xy Xy * " Xyp -
’ By our definition of f (n) the number of parenthesizations of the first k factors is
given by f (k) while the number of parenthesizations of the remaining n—k factors is

f(n—k). Letting k range between 1 and n—1 we then have that

£n)=3 r)f (k). @.1)

k=1



Set

F(x)=F(U)x+ F(2)x? +---=nZ;f(n)x“. 2.2)
Then
F?(x)=[f(F )k +[F@E)+ £ ) (O]
+eee+ [ff (0 —1)+--- +£ (-1 )k +---
=f(2)x* +£f(3)x> +---+f(n)x® +---
=F(x)-f (x= F(x)— X,
by (2.1), so

F*(x)-F(x)+x =0.

Using the quadratic formula, regarding F(x) as the unknown, we then have

From (2.2), we see that F(0)= 0, so

:

F(X)= 1- 12—4X

and now by Newton’s generalization of the binomial theorem,

F(x)=%—%(1—4x)%

- (1
Z[ Cor

S

(2.3)




Comparing coefficients of x" in (2.2) and (2.3) yields

1 2n-2
“nln-1 [

For all n>0 we define the n'® Catalan number, denoted c(n), by

°(“)=ﬁ[23-

Then for all n>1, f(n)=c(n-1) .
- This result can also be obtained without the use of generating functions. Let

h(n) denote the number of ways to add x,,x,,...,x, in ahy order. Clearly

n

h(n)=n!f(n) and h(1)=1. Consider the map from ways to add x,,X,,...,X, to

ways to add x,,X,,...,x, , that simply deletes the x, term. A summation of the
terms x,,X,,...,X,, involves n—2 additions, a typical one of which can arise under

the deletion map from any addition of the form

‘ (o +()+()
()+x)+()
O+ ()

or,

O+()+x,).



In addition, the pre-image of a given summation of the terms x,,x,,...,X__, contains

the sums obtained by adding the term x_ as the first summand or as the last
summand. Therefore our map is a 4(n —2)+2 = (4n —6)-to-one surjection and we
have the recurrence relation

h(1)=1

h(n)= (4n - 6)h(n-1) forall n>2. (24)

By iterating this relation, we obtain

h(n) = (4n - 6){4(n - 1)- 6){4(n — 2)-6)---
=(4n-6)(4n-10)4n -14)---6.2-1
R (2n—2)!

(-

Thus,

f(a)= h(n) _(2n-2) 1 (211—2]: ofa-1)

nl  nln-1) “n{n-1



3. TRIANGULATIONS OF THE N-GON

N

We now turn our attention to the Euler-Segner problerﬁ df counting the
number of ways in which we may triangulate an n-gon.l Let 'f (n) denote the number
of ways in which a convex polygon of n sides can be dissected into tn'anéula: regions
by meeJ;ns of non-interse&ing diagonals. Then the first few values of f (n) are given
by figure 3.1.

Our claim is that f(n) =A c(n —2) for all n >3 . The proof we give.is due to 5L
G. Forder [5]. Let us consider a triangulation of an n-sided pblygon. Label the sides

(excluding the base) in a clockwise fashion as x,,x,,. Ifa dlagonal spans

*> n—l
adjacent sides x; and x,,,, label it with the product, (x;x,,,). Label the remaining.
diagonals with the product of the labels of the other two sides of the triangle above,

each time enclosing the product in parentheses.

n f (n) - triangulations

N

@@@
Qo

Figure 3. 1

(¥}




The base is labeled last and its expression is uniquely determined by the fﬁangulation
with which we began; moreover, this expression is a unique parenthesization of the

n -1 factors which comprise the original labels of the sides of our polygon. Notice
that the process is completely reversible.

Given a parenthesization of n-1factors x,,x,,...,X, , We may construct an
n-sided convex polygon and label the sides as before. Diagonals are then drawn so as
to complete the triangles which have sides with pairwise-associated factors as labels,
labeling the diagonals af)propriately as we proceed. The resulting tﬁaﬁgulation is
uniquely determined by the association with which we began. Thus there is a one-to-
one correspondence between the set of triangﬁlations of a convex n-gon and the set of
parenthesizations ofa product of n -1 factors and our claim is established.

As an example of the process used to establish the correspondence, consider

the triangulated octagon in figure 3.2.

(x,((XZXJX(x4x5Xx6x7))))

Figure 3. 2 7




4. SUB-DIAGONAL LATTICE PATHS

Let (m, n) be a point in &% with m and n nonnegative integers. A lattice path
from (0,0) to (m, n) is a sequence of horizontal and vertical moves, each of unit
length, by which one moves from (0,0) to (m,n). Obviously each such path consists
of m horizontal moves (denote these by h’s) and n vertical moves (denote these by
v’s) and the set of all lattice paths from (0,0) to (m, n) is in one-to-one

correspondence with the set of sequential arrangements of m h’s and n v’s, from

which it follows that there are

(m+n m+n (m+n)!
(a0 “
such lattice paths.
There is also a one-to-one correspondence between the set of all lattice paths
from (0,0) to (m, n) and the set
Sma:={20,2,5..-,2,):2; € N and 0<a, <a, <+ < a,=n }. 4.2)
Associated with a given lattice path is the sequence (ao, a,,... ,'am) , Where, for each
i=0,...,m, a; is the largest y-coordinate of those points on the lattice path with x-
coordinate equal to i. For example, associated with the lattice path from (0,0) to
(5,4) given in figure 4.1 is the sequence (2,2,3,3,4,4).
We now restrict our attention to the case m >n and the problem of

enumerating the lattice paths from (0,0) to (m,n) that never rise above the diagonal




(2,2,3,3,4,4)

Figure 4. 1

line y =x, i.e., which contain no point with y-coordinate strictly greater than its x-

coordinate. Thus, we are counting sequences of m h’s and n v’s, no initial segment

of which contains strictly more v’s than h’s. Equivalently, we are enumerating the set
Son = {a,,a,,...,a, ):a, € ¥, with a, <i,and 0= a,<a;<--<a, = n} 4.3)
Represent a lattice path from (0,0) to (m,n) as a sequential arrangement of m

h’s and n v’s. We shall count the paths that violate the sub-diagonality condition.

Such a path rises above the diagonal for the first time, reaching, say, the point

(k, k+ 1), where 0<k <n-1. In the h,v-sequence representing this path, change the
remaining m—k h’sto v’s and the remaining n—k—1 v’s to h’s. This yields a
sequence of n—1 h’s and m+1 v’s, defining a lattice path from (0,0) to

(n-1,m+ 1). It is easy to see that this procedure defines a one-to-one correspondence
from the set of all lattice paths from (0,0) to (m,n) that violate sub-diagonality to the

set of all lattice paths from (0,0) to (n—1,m+ 1). Since by (4.1) there are

(: ’ ;1 J B (ﬁi‘f) ) (1% @.49)

of the latter, there are



+ + - m+n
m+n) fm+n) m-n+l @5)
m n-1 m+1 n
sub-diagonal lattice paths from (0,0) to (m,n) where m >n. Thus,

_m-n+l{m+n
m+1 m

in particular,

:;f:[zn“]:c(n).

Since, as shown in chapter two, c¢(n)also enumerates the parenthesizations of
a product x,,X,,...,X,,, of n+1 factors, it is of interest to exhibit a bijection from
the set of such pal:énthesizatioris to the set of sub-‘diagona.l lattice paths from (0,0) to
(n, n), here represented by sequential arrangements of n h’s and n v’s, no initial

segment of which contains strictly more v’s than h’s. A natural such bijection may be
constructed as follows: Write the parenthesized product including the multiplication
symbols and enclose it in an extra pair of parentheses.» Now replace each “o” by an h,
each “)” by a v, and remove everything else. The result is clearly a uniquely
determined sequence of n h’s and n v’s which satisfies our restriction that each initial
segment must contain strictly more h’s than v’s. For example, via our construction,

the parenthesization (x, ((x,x, }x, (x,x ) corresponds to the lattice path

represented by the sequence (h, h,v,h,h,h,v,v,v, v).

10



5. MOUNTAIN RANGES, THE BALLOT PROBLEM, RANDOM

WALKS, AND BINARY NUMBERS

Numerous incarnations of the lattice path problem appear throughout the

literature on the Catalan numbers. Some of these include the problems of counting

the number of’

i)

ii)

mountain ranges which can be drawn using n upstrokes and n
downstrokes.

ways in which the ballots can be counted in an election race between
two candidates subject to the restrictions that each candidate receives
exactly n votes and at no time during the tabulation does the first
candidate trail the second.

ways in which a person can take 2n steps, each of equal length either
straight forward or backward, beginning and ending with his/her back
against a wall.

binary numbers of length 2n, comprised of exactly n zeros and n ones,
such that, from left to right, the number of zeros encountered is always

less than, or equal to, the number of ones.

Let us first consider the problem of determining the number of mountain

ranges which can be drawn using n upstrokes and n downstrokes of equal length with

the restriction that we never pass below the horizon. Let f(n) be the number of

acceptable mountain ranges for a given n. Then for n =123 the values of f (n),

11



along with the corresponding ranges, are illustrated in figure 5.1.

There is an obvious bijection @ between the set of acceptable mountain
ranges and the set of sub-diagonal lattice paths from (0,0) to (n,n) which associates an
upstroke with a move from (x,,x,) to (x, +1,x, ) and a downstroke with a move
from (x,,x,) to (x,,x, +1). Thus f(n)=c(n) for all n>0. The bijections from the
underlying sets involved in (ii)-(iv) are all analogous. For example, to verify the fact

that the solution to (ii) is also given by the nth Catalan number we modify ¢ so as to
associate a vote for the first candidate with a move in the lattice from (x,,x, ) to

(x, +1,x, ) and a vote for the second candidate with a move from (x,,x,) to

(x,,x2 +1).
n f(n) ranges
S A
A VAN

7 /\/\/\/\/\/\/\

SN

Figure 5. 1
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6. PLANAR PLANTED TRIVALENT TREES AND NORMAL

PLANAR TREES

A planar tree is a connected graph drawn in the plane which contains no
circuits. By a planted tree we mean a tree which has a solitary vertex identified as the
root vertex from which extends a lone edge called the “trunk”. The valence of a
vertex is defined to be the number of edges which emanate from it. Thus, by a
trivalent tree we mean a tree whose vertices are all of valence three or one. Let f(n)
be the number of planar planted trivalent trees with n endpoints (excluding the root
vertex). We claim that f(n)=c(n—1) for all n greater than one.

Suppose that we are given such a tree. We then wish to label the endpoints of
the branches (excluding the root vertex) from left to right as x,,x,,...,x,. Using
these labels, form the product x,x, ---x, and associate the terms in the natural way.
That is to say, if two factors label the endpoints of branches emanating from the same
vertex, enclose them in parentheses. In this way each such tree corresponds to
exactly one parenthesization of a product of n factors. Moreover, given a particular
parenthesization of the product x,x, :-+x_, we can recover exactly one
corresponding tree by reversing the process. Thus the planar trees having n endpoints
which are rooted and trivalent are in one-to-one correspondence with the
parenthesizations of a product of n factors and our claim is established. The trees and

the corresponding parenthesizations for n= 1, 2, 3 are illustrated in figure 6.1.

13



n f(n) Trivalent trees

N

(x,x,)

. VY

eobaxs)) (Geoxa xs)

YYY

((*lxzxxsx‘t ) (((xlxz’)xs)x‘z) (xl(x:(x3x4)))

(e e) (6 oo )

Figure 6. 1
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Now let us turn our attention to normal planar trees. We shall define a normal

planar tree as a planted planar tree of n edges whose vertices (other than the root
vertex) can have any valence. Let f(n) denote the number of normal planar trees of n
edges. Then the first few values of f(n), along with the corresponding trees, are

given in figure 6.2. In his article [7] Gardner attributes the following method to
Frank Bernhart.

For a fixed value of n, draw the set of planted planar trivalent trees with n
endpoints so that at each vertex the edges point up, down, and to the right. Each
horizontal edge is then removed. If there is a trivalent vertex at the right end of the

edge it is merged with the vertex at the left end, keeping all the vertical edges distinct.

n f{n) normal planar trees

)
Ly

Ed

., Iy
%

15

Figure 6. 2



The result of the transformation applied to a trivalent tree is a normal planar tree with
n edges. This process is reversible so the set of normal planar trees is in one-to-one
correspondence with the set of planted planar trivalent trees with n endpoints.

Thusf(n)=c(n—1) forall n>1. The transformation is illustrated in figure 6.3.

16
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7. The Handshake Problem

We now wish to consider another problem treated in Gardner’s article.
Namely, the problem of determining the number of ways in which 2n people seated
about a circular table can shake hands without crossing arms? Equivalently, if we fix
2n points on a circle, we wish to count the number of ways in which we can pair the
points by means of nonintersecting chords. Call this number f{n). Then figure 7.1
gives the first values of f{n).

Given such a pairing, form a binary number in the following manner.

Beginning at the base, transverse the circle in a clockwise fashion recording a 1

n f(n) pairings

QU
OO
W&

N
N

Figure 7. 1
18



whenever a chord is encountered for tﬁe first time, and a 0 when it encountered the
second time. The result is clearly a binary number of length 2n which is comprised of
exactly n 1’s and n 0’s and is such that none of its initial segments contain more 0’s
than i’s. Moreover, if we begin with any such binary number and 2n fixed points on
a circle, we may déterrnine a unique pairing of these points by connecting the points
corresponding to the first 1 from the end of the binary number and the first 0 to its
right with a chord, connecting the points corresponding to the second 1 from the end

and the first unpaired 0 to its right with a chord, etc. Thus f(n)=c(n) forall n>1.

An example of the binary numbers associated with the possible pairings for n=3 is
given in figure 7.2. |

We may also easily show that the pairings enumerated by f{n) are in one-to-
one correspondence with the normal planar trees with n+1 edges. Given a 'pairing,
place a dot in each of the n+1 subregions into which the circle is divided by its
chords. Also, place a dot beneath the circle. Now con,struct a normal planar tree by
using the dots as its vertices, the exterior dot serving as the root vertex. Draw the
branches so that each cho_rd is grossed by exactly one branch. The result is a unique
normal planar tree of n+1 edges. Since the correspondence is reversible, we have an

alternative proof that £(n)=c(n). The construction is illustrated in figure 7.3.

ORONONOCE=

110100 - 101010 110010 101100 - 111000

Fgure 7.2
19






8. Sequences of +1’s and —1’s

Consider the set of sequences (a,,a,,...,a,,) of +1 ’sv and —1’s such that
a,+a, +---+a,, =0.

We wish to count the number of such sequences which have all nonnegative partial
sums. Denote the number of such sequences by f(n). The values of f(n) for
n=12,3 and the acceptable sequences are given in figure 8.1. Clearly any such
sequence must consist of exactly n +1°s and n -1°s. Moreover, any such‘ sequence
gives a sub-diagonal lattice path from (0, 0) to (n, n) if we interpref atlasa
horizontal move in the lattice and a -1 as a vertical move. Thus, f(n)=c(n).

Eollowing the method of Graham et al [8], let us now consider the problem of

counting the number of sequences (ao I P P az,,) of +1’s and —1°s which have

n f(n) acceptable sequences
1 1 (+1,-1)
2 2 (+1+1,-1,-1), (+1,-1,+41,-1)

(FL+L+L-1,-1,-1), (+L+1,-1+1,-1,-1),
3 5 (G LAL-L-141,-1), (P L-L4L -1 1),
(+1,-141,-1,41,-1)
Figure 8. 1

21



the property that
a,+a, +a, +--a, =1

and which have all positive partial sums. Obviously, this number is what we have

called f (n), for these sequences are merely our original sequences with the additional
element a, =+1. We wish to make use of a fact discovered by George Raney [9] in

1959.

Raney’s lemma: ¥f (x,,x,,...,x_ ) is any sequence of integers whose sum is +1,

exactly one of the cyclic shifts

(xl,xz,...,xm), (xz,...,xm,xl), ...,(xm,xl,...,xm_l)

has all its partial sums positive.

Let o= (x,,xz,...,xm) be a sequence composed of r a’s.and s b’s, wherer -
and s are relatively prime. Let y(c)=(x,,...,x,,,, x,). We claim that
v°(6)=0,v'(6),w*(0)....,y™* (o) are all distinct. If not, there exist i and i
0<i<j<r+s-1, such thaty'(c)=yi(c). Since v is clearly invertible, y* (6)=0,
where k= j—i, sothat 0<k <r+s. This implies that o consists of a sequence of
p=(r+s)/k identical blocks of length k. If each block has u a’s and v b’s, then
r=upand s=vp. Since p > 1, this contradicts the relative primality of r and s.

Consider the map ¢ from the set of all sequences of n+1 +1°s and n ~1’s to the

set of all sequences of n+1 +1’s and n —1’s having all positive partial sums, where ¢

22



acts by mapping a sequence to its unique cyclic shift with all partial sums positive.

By Raney’s lemma, ¢ is well defined. Since the pre-image of each sequence in the

range of o consists of all of the cyclic shifts of that sequence, and (n +1, n) =1,pisa
.. ) 2n+1 ]
2n+1- to - one surjection. Since there are sequences with n+1 +1°s and n -
n

1’s, we have that

f(n)=(2n+1j 1 _(211)_1_:6(11)_

n J2n+1
By an m-Raney sequence we shall mean a sequence (a0 I PU am) of +1°s
and (l ~ m) ’s whose partial sums are all positive and whose total sum is +1. Let
C(“‘)(n) denote the number of m-Raney sequences of length mn +1. The number of

sequences with n (l —m) ’sand mn+1—n +1’s is given by

[n+(mr;+l—n))=(mr;+l)

Since (n,mn +1— n)=1,by Raney’s lemma exactly

1
" of these sequences have

all of their partial sums positive. Thus,

) =[’“’L+ l)ﬁ:(TJ—(m—:h+l '

The numbers C™)(n) are the so-called Fuss-Catalan numbers, treated first by

N. L Fuss in 1791. . Obviously, C?(n)= c(n), the ordinary n® Catalan number.

23



9. Sequences of Positive Integers

Let
P, ={a,,a,,...a,):a, € P,a, <i,and 1= a, <a, <---<a_}

Q, ={a,.2,,....2,):3, €P,a,>a,,,,and 3,<n+1-i}

i+l>
R, = {(a,,az,...,an_,): a;eN,a;>a,,  and 0<a,<n-i} (n>2)
S, = {(al,ﬁz,...an+,):aie 9,a; <i;and l=a,<a, <---<a_, =n+1}
Figure 9.1 lists the elements of these sets for n=1,2,3. We noted in chapter 4 that
the cardinality of S_ is exactly c(n). As we shall see, each of the sets P,, Q_, and
R, also have cardinality c(n).

= cfn).

There is a one-to-one correspondence between the set of sub-diagonal lattice

i) [P,

paths from (0,0) to (n,n) and P,. Given such a lattice path, we associate
with each horizontal segment the integer k+1 where k is the y-coordinate of its

endpoints. When read from left to right, we get a unique element of P,.

i) |Q.|=c).
Consider the function ¢:Q, — P, given by

oe1-2;,-.2,)=(0,,2,0,8,,3,).

¢ is obviously a well defined bijection of the sets.

24



n P Q, R S

1 1) M L2)

2 (), (12 L), @1) 1. ) (12.3), (L13)
wLLy), 12), @L), @), @), (20), (,23.4), (1,1,3,4),
30013, 022), GL), @21), @), 1) 11.2:4), (L114),
(1,2,3) (3.2.) ©00) (1,2,2,4)
Figure 9. 1
iii) [R,|=c(n).

There is also a one-to-one correspondence between the set of sub-diagonal
lattice paths from (0,0) to (n,n) and R, forall n>2. Given such a lattice
path, each horizontal segment is assigned the integer k where k is the y-
coordinate of its endpoints. When read from right to left, omitting the last 0

?

the resulting sequence is a uniquely determined element of R _ .

The correspondences outlined in (i) and (iii) are illustrated for n =3 in figures 9.2

and 9.3, respectively.

25
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Figure 9. 2

Figure 9. 3
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10. g-Analogues of the Catalan Numbers

First, let us establish some preliminary results associated with the g-binomial
(or Gaussian binomial) coefficient [10, pp. 25-28]. We begin by defining the q-

binomial coefficient

o] _ [l -1}-[a~k+1)]
H = KIk-)F] (10.1)

where

[il=1+q+--+¢ (10.2)
for all positive integers j and we take [O] :=0. Notice that [z] = (zj when q=1.

It can be shown that q-analogues of many of the familiar results for the

ordinary binomial coefficients are true. For example:

[EH,,:J (0<k<n)
MRS |

HES e |

Using the identity [11]

and

(1 +x)1+gx)-- -(1 + q""x): gq@ [n]xk (10.4)

k

27




we may prove the q-Vandermonde theorem [11] which states that for all nonnegative

integers m, n, and r

i b g B

By (10.4)

k
(1+xX1 +qx)-- -(1 + q“‘"x)= Zq(ZJ T
k>0 k
and
j
(1+xX1+qx)-- -(1 + q“"x)= qu [n]x’
720 ]
Substitute q™x for x in (10.7), getting

(1+qux1+qm+nx)..(1+qm—lx):gq@*‘“"{‘f]xa

J

Multiply (10.6) and (10.8) to obtain

(@+x)1+gx)-(1+q™'x)= Zq(;}@mj {m}[r.l]xi*

k,j20 k ]

sy q(i}‘(';"]*m"““’m{rfk}

20 k20

But (10.4) also yields

20 r

@1+ x )i +qx)--(1+q™1x)= qu[m * n:lx'.

Comparing coefficients of x" in (10.9) and (10.10) we then have

(10.5)

(10.6)

(10.7)

(10.8)

(10.9)

(10.10)
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[')[m“‘] Zq[ M )*““’""[k}[:k]. (10.11)

Divide by q[z] and the result follows.

We may further define the g-analog of the multinomial coefficient by

[ n nk]:zl_‘:‘%_ where n} = [n](n -1} --[1].

n,n,,... n,} n,! et 7
We shall say a sequence of integers a,a, ---a, has an inversion whenever a, >a ;

with i <j. Let §, be the symmetric group on n letters and for ne$_, let i(r) denote
the number of inversions in the sequence m(l)n(2)---n(n). Then it can be shown [10,

p. 21] that

m%qi(") =(1X1+qX1+q+q2)---(1+q+---+q“’l)=n‘{ 10.12)

which may be generalized as follows [10, p.27]: Let M be the multiset

2t } with n, +n, +---+n_=n (where n, denotes the number of
occurrences of an element in the set) and let $(M) be the set of all sequential
arrangements of the elements of M. For ¢ € $(M), let i(c) be the number of
inversions in the sequence 6. Consider the map ¢ : $(M)x On, X8y, X*22X8, —§,
given by (o, 7,,7,,...,7, ) mproduced by taking the sequence o(1)---o(n)e s(M)
and first replacing the n, 1’s in this sequence by 1,2,.. ..,0,, ordered as specified by

T, , then replacing the n, 2’s in the sequence by n, +1,n, +2,...,n, + n,, ordered as
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specified by =,, and so forth. Then clearly ¢ is a bijection, and since
i(n)=i(c)+ilx, )+---+ifr, ), we have

n}=>q®™= 3 g oHitm)eite)
nes, (00130 JEB (M8 x-x8,

_ N i) B ilm) N i)
>4 >q >4

ce8(M)  mes, Te8,,

=( Zqi«ﬂ}ll! ol
oecs(M) © !

and so,

!
y qi(c)=_|_“q_={ 1 } (10.13)

!
oes(M) nl; "'nr; n;,Ny,...,0,

Let £, be the set of all lattice paths from (0,0) to (m,n) and let a(?») be the
area under the path A € £ . Represent A by a sequence ¢ withm 0’s and n 1’s,

where a 0 represents a horizontal move in the lattice and a 1 represents a vertical
move. Notice that a(?») = i(c) so by (10.13) we have the result of Pdlya,

T g (m+n)) m+n

& min) [ n }

We wish to first consider a g-analogue of the Catalan numbers which appears
in the paper of Fiirlinger and Hofbauer [6]. By a Catalan word of length 2n we shall
mean a word comprised of n 0’s and n 1’s, no initial segment of which contains more
1’s than 0’s. Such words naturally correspond to subdiagonal lattice paths from (0,0)
to (n,n) with (as noted above) the number of inversions in a Catalan word being equal

to the area under the lattice path corresponding to that word. Let C, be the set of
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Catalan words of length 2n and let £, be the set of all subdiagonal lattice paths from

(0,0) to (n,n). Define

= 0 gi®) = § gel)
c,\n)=)>» q""'= > q*".
.(0) é 5 (10.14)

Each word w in €,,; may be written uniquely in the form w =0w,lw, with w, €@,

and w, €€ _, for some 0<k <n, the 1 in the representation being the first 1 in the

word ending an initial segment that contains an equal number of 1°s and 0’s. Clearly,

i(w)=i(w,)+i(w,)+(k+1)}n-k) (10.15)

c, (n+])= Zqi(w) = Z Zqi(w) — Z Zqi(wl)ﬁ(wzﬁ(kﬂ)(n-k)

web, k=0 we({i : k=0 w,ez
Wy El waelh

W2EG x

=3 et 3 i) 3 i)
k=0

wie& w26, « (10'16)
=3¢, (kk, (a-K)®e0, 550
k=0

with ¢, (0)=1.

In particular, for q =1 we obtain the Catalan recurrence

c(n+1)= i c(k)e(n — k).

k=0

The polynomials for n=1,2,3,4 are

n cy(n)

1
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3 qQ>+2q*> +q+1

4 q° +3q° +3q* +3q° +2q* +q+1

Although the polynomials c, (n) satisfy the Catalan-like recurrence (10.16),

they do not appear to have a simple closed form representation analogous to

c(n)=L(2"). (10.17)

n+li n

Another g-analogue of _c(n), which we shall denote by C_ (n), does have such a
representation, although it does not appear to satisfy any recurrence of the type
(10.16). The polynomials C_ (n) are due to Carlitz, Roselle, and Scoville [3].

For mne ¥ with m>n>1,let £ be the set of all subdiagonal lattice

paths from (0,0) to (m,n), and, as in chapter 4, let S. . be the set of all sequences

(ao,...,am) in # such that 0=a,<a, <---<a_ =n and a, <iforall i=0,....m. As

=|San

we noted, l.ﬁ;n

. If 6=(a,,2,,...,a,)€ 8., , o is said to have arise at i >1

if a,, <a;. Ifc hasrises at i,i,,...,i,, we define statistics p and & by

plo)=r (10.18)

and

8(0')=(r+l)n+rm—§(ais +is). , - (10.19)

32



Notice that for the lattice path A € £, , corresponding to o, 8(0) is just the sum of

the distances (along A) from (m,n) to those points on A at which the path makes a
right angle turn from horizontal to vertical. F or example, with m=6,n=4, and
6=(0,1,12,33,4), p(c)=4 and 8(c)=20+24—-2—5-7-10=20 while in the lattice

path corresponding to ¢

|

the sum of the distances along the path from (6,4) to the turning points is
9+6+4+1=20.

Carlitz, Roselle, and Scoville now define

G(m,n;p,q) = % pPg*)  m>n>, (10.20)
and prove that
G 1a)= 8(0) _ ,,[m—n+1] m+n
(m,m;1,q) Ug;;aq S ey o I B (10.21)
and hence
o » 1 |2n
C,(n)=G(n,n;1,q)= U%.‘,mqs‘ )=q - +1][ . } , (10.22)

which reduces to (10.17) for q=1. The details of their analysis follow.
Ifo= (ao,a,,...,am)e Sunslet o= (ao,a,,...,am_,). It is easy to check that if

a,,=a_,then
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p(o)=p(c")

10.23
5(c) = 8(c")+ p(o") (10.23)
and thatif a_ , =j<a_, then

p(e)=p(c")+1
8(0)=8(6)+(n - j+1)p(c")+ (). (10.24)
So

G(m,n;p,q)= Y pPlg®) + 3" pellgse
ce‘%.l.n UE‘{I.II

3q-178m 3m-1 <8y

= 3 pPgHeRel) +“Z"' 3 poAe R Hla-i ol )

oeSman 0 oeSyy

ﬂ—l . - 2
=G(m-1,n;pq, Q)+pD. q""G(m -1,j;pq" ’”,q)

0

] (10.25)
=(1-p)G(m -1n;pq,q)+p> q*G(m-1,;;pq"*,q)
=0

In interpreting the above relations, G(m,n;p,q) is assigned the value 0 whenever
m<n.

It follows from (10.25) that if m>n|>2,

G(m,n;p,q)= G(m,n -1;pq,q)+G(m —1,n;pq,q)

10.26
~(1-pa)Glm-1n-1Lpg?,q). (1026)

Write

G(m,n;p, Q) = Z c(nil,n,j)pj > (10.27)
J \
where c(m,n, j) is a polynomial in q. It is cliear from (10.20) that c(m,n, j) =0 if

j<lor j>n. By (10.26) and (10.27), if m2n2>2,
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C(m, n, j)= qjc(m,n—l,j)+qjC(m—1,n, J)
-q¥e(m-1,n-1j)+q* e(m-1,n-1,j-1),

(10.28)
where ¢(m,n, j)=0if m <n.
We wish to prove that for m >n >1, and for every j,
. -n+1] ;;pinf m
c(m,n,j)=¢" Mq’(ﬂ’[ }{ . } (10.29)
[n] jli-1

Note first that the right hand side of (10.29) takes the value 0 if j<lor j>n, and so

agrees with the value of c(m,n, j) in those cases. Furthermore, it is easy to see from
(10.20) that for all m>1

G(m,%;p,q)=[mkp, | . (10.30)
and so

c(m,1,]) = [m]y, | (10.31)
in accord with the right hand side of (10.29) for n=j=1.
We may now establish (10.29) by induction on m+n. We have already

verified that the result holds for m+n =23 so suppose that m+n>4. If n=1, the

result follows from (10.30), so assume that m>n >2. Then (10.28) and the

induction hypothesis gives us

c(m,n, j)=qiq™" [m[_:”]‘ J(H){ Jl][ }

el )

10.32
qsige [m[-n+]11q,-<,--,>[ ] -
n -1 j] j-1
_ - VS -1|fm-1
+q2igqn! [m Il+1] (3-1Xi-2) n
S Y I i-1]j-2]
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It is only a matter of straightforward but tedious algebra to verify that the right hand

side of (10.32) is equal to

2 m—n+1] j(j-n[n][ m }
R - . 10.33
: [n] ! 1j-1 (1039
From (10.27) and (10.29), we then have thatif m>n>1
G(m,n;p,q)=q" MZp iqlit [ ][ " ] (10.34)
[n] 1 J -1
Hence,
Glm,n;Lq)= Y g =q ofmon+ I]Z ’(""[ J{ } (10.35)
oeSs [ ] j=1 -1
But using the q-Vandermonde Theorem we obtain after two changes of variables
Z ,-1) m+n [n] [m+n 1036
¢ i-1] [ n-1] [m+1] (10.36)
SO
G(m,n;l,q)= n“[m—nﬂ] m+n
=4 [m +1]
and

C,()=G,nL,q)=q" [ﬁllﬁ"] .

For n=1,2,3,4 we have

n C, ()
1 q
2 q* +q°
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q9+q7+q6+q5+q3

q16+q14+q13 +2q12+q11 +2q10+q9 +2q8+q7+q6 +q4

Interestingly, it appears that as late as 1987 there was no widely known g-
analogue of the Catalan numbers which both satisfied an exact g-analogue of the

Catalan recurrence and had a simple closed form expression like (10.17). The first

such g-analogue was introduced by Andrews [1] using hypergeometric series.
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