Numerical Methods for Stochastic

Stokes and Navier-Stokes Equations

A Dissertation Presented for the
Doctor of Philosophy
Degree

The University of Tennessee, Knoxville

Liet Vo
May 2022



©) by Liet Vo, 2022
All Rights Reserved.

i



I dedicate this dissertation to my family and many friends. A special feeling of gratitude to
my loving parents, Lam Vo and Thu Nguyen, whose words of encouragement and push for
tenacity ring i my ears. My younger brother, Sang Vo, has always stood by me and is very

special.

il



Acknowledgments

First and foremost I am extremely grateful to my supervisor, Professor Xiaobing Feng for
his invaluable advice, continuous support, and patience during my PhD study. He has
introduced to me the topics of this research and guided me to overcome difficulties that
appeared during my study. His immense knowledge and plentiful experience have inspired
me not only on my research but also in my life. I could not go this far without his guidance
and encouragement.

I would like to thank Professors Ohannes Karakashian, Xia Chen, Tuoc Phan, Cory
Hauck, Devina Sanjaya for serving on my doctoral committee. They have been very
helpful on my research and in giving me valuable comments and suggestions to improve
my dissertation.

I would like to thank the Mathematics Department of UTK for supporting me to finish
this dissertation and for providing me the opportunity to earn a PhD degree.

I would like to thank Professor Tuoc Phan for answering many my questions about both
my research and personal life.

I would like to thank Professor Abner Salgado for serving on my oral examination
committee and helping to answer many my questions.

I would like to thank my collaborators, Professors Andrea Prohl and Zhu Wang for their
teachings and stimulating discussions.

I would like to thank many of my friends and classmates who have supported me
throughout the journey.

Finally, T would like to acknowledge the support of the NSF grants DMS-1620168 and
DMS-2012414 for my research from August of 2019 to May of 2022.

v



Abstract

This dissertation consists of three main parts with each part focusing on numerical
approximations of the stochastic Stokes and Navier-Stokes equations.

Part One concerns the mixed finite element methods and Chorin projection methods
for solving the stochastic Stokes equations with general multiplicative noise. We propose a
modified mixed finite element method for solving the Stokes equations and show that the
numerical solutions converge optimally to the PDE solutions. The convergence is under
energy norms (strong convergence) for the velocity and in a time-averaged norm (weak
convergence) for the pressure. In addition, after establishing the error estimates in second
moment, high moment estimates are also established which serve as a bridge for deriving
pathwise error estimates. The second portion of Part One focuses on Chorin projection
methods for solving the stochastic Stokes equation with general multiplicative noise. Two
types of the Chorin projection methods, the standard Chorin and modified Chorin projection
methods, are considered. We establish sub-optimal order error estimates for the velocity
and pressure approximations of the standard Chorin projection method, and optimal order
estimates for the modified Chorin method Numerical experiments are also provided to verify
the proved theoretical results.

Part Two studies the mixed finite element methods for solving the stochastic Navier-
Stokes equations with general additive noise. We establish the strong convergence for the
velocity and pressure approximations. In addition, high moment error estimates are also
established which serve as a bridge for deriving pathwise error estimates for both the velocity
and pressure approximations.

Part Three develops an iterative framework for parameter-dependent and random

convection-diffusion problems which arise from many engineering and scientific applications.



The main idea of the framework is to reformulate the underlying PDE problem into another
problem with a parameter-independent convection-diffusion coefficient and a parameter-
dependent (and solution-dependent) right-hand side, a fixed-point iteration is then employed
to compute the solution of the reformulated problem. The computational saving is achieved
at the solver level by using the LU direct method or block Krylov subspace methods as
linear solvers so many computations can be reused. Numerical experiments are presented to

validate the efficiency of the iterative method.
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Chapter 1

Introduction

1.1 Background

In this chapter, we introduce some background materials related to mathematical models

(i.e. partial differential equations) that are studied in this dissertation.

1.1.1 Stochastic Navier-Stokes equations

This dissertation focuses on developing and analyzing numerical methods for stochastic
Stokes and Navier-Stokes equations. These equations are well-known in fluid mechanics
because they describe many phenomena of scientific and engineering interests. The
deterministic Navier-Stokes equations have been used to model the weather, ocean currents,
water flow in a pipe and air flow around an airfoil while the stochastic counterparts are used
to model turbulence and large-scale fluid flows with some uncertainty. First, we recall that

the deterministic Navier-Stokes equations for incompressible and viscous fluids are given by

[65]
du :
E:I/Au—u-Vu—Vp—i—f in Dy := (0,T) x D, (1.1a)
divu=0 in Drp, (1.1b)



where D is a bounded domain in R¢ for d = 2,3. u and p, respectively, denote the velocity
field and the pressure of fluid. v > 0 is the viscosity constant.

The system (1.1) with v = 0 was proposed by Leonhard Euler in 1757 that was used to
describe the flow of incompressible and inviscid fluids. Later on, French engineer Claude-
Louis Navier introduced the viscosity term for more practical and more challenging problems
of viscous fluids in 1821. During the 50’s of the 19th century, British physicist and
mathematician Sir George Gabriel Stokes further developed the system and found exact
solutions of the system in the case of two-dimensional fluids. Physically, equations (1.1) are
the mathematical descriptions of the conservation of momentum and conservation of mass
for fluids. The momentum equation is an application of Newton’s second law of motion to
the fluid, together with the constitutive relation that says the stress in the fluid is the sum
of a diffusing viscous term (proportional to the gradient of velocity) and a pressure term
describing incompressibility of the fluid [56].

The Navier—Stokes equations are important since they describe many physical phenomena
of scientific and engineering interest. =~ The Navier-Stokes equations also have many
applications in the automobile and airspace industry as well as in medical science for modeling
blood flow in human body. Moreover, (1.1) are also of great interest in pure mathematics.
Even though the equations have vast applications in real world, the existence of smooth
solutions is still an open problem in the case of three-dimension, which is one of the seven
millennium problems in mathematics.

To obtain the stochastic counterpart of (1.1), we replace the body force f in (1.1a) by

dw

a stochastic perturbation noise term f + B(u)%;- and then obtain the following stochastic

Navier-Stokes equations

du = [Au—u-Vu— Vp+ f]dt + B(u)dW (t) in Dy := (0,T) x D, (1.2a)
divu =10 in Dy, (1.2b)

u(0) = uy inD, (1.2¢)

In this work we mainly seek periodic-in-space solutions (u,p) with period L, for both

equations (1.2a) and (1.2b) that is, u(t,x + Le;) = u(t,x) and p(t,x + Le;) = p(t,x) almost



surely and for any (¢,x) € (0,7) x R? and 1 < i < d, where {e;}{; denotes the canonical
basis of R?. The functional B is called as diffusion coefficient and it determines noise types
of (1.2). The noise is said to be additive if B(u) is independent of u and multiplicative
otherwise. In addition, the dependence of B on u may be linear or non-linear. The later
case makes (1.2) intrinsically non-linear even after we drop the nonlinear term u - Vu in

(1.2a) to obtain the following stochastic Stokes equations:

du = [Au — Vp + f]dt + B(u)dW (t) in Dy := (0,T) x D, (1.3a)
divu=20 in Dy, (1.3b)
u(0) = uy inD, (1.3¢)

{W(t);t > 0} denotes an L?*(D)-valued or L*(D)-valued Q-Wiener process (Brownian
motion) which is not differentiable for all ¢ > 0 (see Section 1.2 for precise definition). Due
to the lack of differentiability of W (), all the solutions u and p are nowhere differentiable

in time.

1.1.2 Notations

Standard function and space notation will be adopted in this dissertation. For example,
H‘(D) (¢ > 0) denotes the Sobolev spaces. In addition, Hf,.(D) is the subspace of H'(D)
consisting of R?-valued periodic functions with period L in each spatial coordinate direction,
and (-,-) := (-,-)p denote the standard L*-inner product, with induced norm || - ||z2. Let
(Q, F,{F:},P) be afiltered probability space with the probability measure P, the o-algebra F
and the continuous filtration {F;} C F. For a random variable v defined on (2, F,{F:},P),
let E[v] denote the expected value of v. For a vector space X with norm || - ||x, and 1 <
p < 0o, we define the Bochner space (LP(€2, X); [|v]| e o,x)) , where [|[v]| 1o (0, x) == (E[||v||§(])%
Throughout this dissertation, unless it is stated otherwise, we shall use C' to denote a generic

positive constant which may depend on 7T, the datum functions ug and f, and the domain

D but is independent of the mesh parameters.



We also define

H:={vel, (D);divv=0in D},

per
V:={veH,,(D);divv=0in D}.

We recall from [37] that the (orthogonal) Helmholtz projection Py : L2, (D) — H is
defined by Pyv =7 for every v € L2 (D), where (,£) € H x H,,.(D)/R is a unique tuple
such that

v =1+ V¢,

and ¢ € H),.(D)/R solves the following Poisson problem (cf. [2]):
(VE,Vg) = (v,Vq)  Vge Hy (D). (1.4)

In this paper we denote by A := PyA : H?(D) — H the Stokes operator.
We assume that B : L?(Q;H,,.(D)) — L*(Q;H,,,.(D)) is Lipschitz continuous and has

linear growth, i.e., there exists a constant C' > 0 such that for all v,w & LgeT(D),

IB(v) = B(w)[| < Cllv —wl, (1.5a)
B[ <C+|vl), (1.5b)
HDBH* < C, (1.5(3)
where DB denotes the Gateaux derivative of B, and || - ||, is its operator norm.

1.2 Wiener process

In this section, we recall the definition of an L?(D)-valued Q-Wiener process (Brownian

motion) {W(t);t > 0}.

Definition 1.2.1 ([51]). An L?*(D)-valued stochastic process {W(t) t > 0} is called a Q-

Wiener process if

e W(0)=0 a.s.,



e W (t) is a continuous function from RT — L?(D) for each w € Q,
o W(t) is Fi-adapted and W (t) — W (s) is independent of Fs for s <t, and
o W(t)—W(s)~ N(0,(t—s)Q) for all 0 < s <t.

Where @ is the covariance operator of {W (t);t > 0} which is symmetric and non-negative

definite, hence, self-adjoint on L*(D).

Furthermore, a ()-Wiener process can be presented as a linear combination of the
eigenvalues and eigenfunctions {(\;,¢;)} of @, which is the well-known Karhunen-Loéve

expansion.

Theorem 1.2.2 ([51]). Let Q be a self-adjoint covariance operator of W (t). Then, W(t) is

a Q-Wiener process if and only if

W(t) = \/Ad;B(t), a.s., (1.6)
j=1
where {B;(t)} are identically independent distributed, Fi-adapted and real-valued Wiener
processes. Moreover, the series converges in L*(Q, C([0,T], L*(D))) for any T > 0.

Remark 1.2.1. Throughout this dissertation, we focus on the case that B(u) is a vector-
valued and W (t) is a scalar-valued and remark that all analysis results still hold for the

opposite case, namely, B(u) is a scalar-valued and W (t) is a vector-valued.

1.3 Scope of the dissertation research

This dissertation focuses on design, analysis and implementation of numerical methods for
solving the stochastic Stokes and Navier-Stokes equations with multiplicative and additive
noise. The Navier-Stokes equations are one of the best known systems of equations from fluid
mechanics. However, it is nearly impossible to obtain their analytic solutions (velocity and
pressure), seeking approximate numerical solutions is only way to solve them. The situation
is even worse for their stochastic counterparts due to the contribution of the noise and the

goal to obtain quantities of stochastic interests such as expected value and variance as well

5



as high moments. Therefore, it is imperative to develop efficient numerical methods to seek
approximate numerical solutions. Below we shall outline the main issues to be addressed in
this dissertation.

Firstly, this dissertation focuses on numerical analysis of the mixed finite element
method (FEM) for solving the stochastic Stokes and Navier-Stokes equations with general
multiplicative noise (or solution-dependent random external force) which have applications
in simulating turbulence and ocean flows. Due to the noise, the PDE solutions (velocity
and pressure) are not differentiable in time (i.e., no time derivative), that causes the
major difficulty in analyzing rates of convergence for the numerical methods in terms of
quantities of stochastic interests (instead of the numerical solution itself). Moreover, in
order to compute those quantities, the stochastic Stokes and Navier-Stokes equations must
be solved numerically hundreds even thousands of times, which is computationally daunting
and requires efficient solvers to solve the resulting algebraic problems from the discretization.
Although the PDE theory for these equations has been well-known in the 2D case, the
numerical methods and analysis results were fewer and incomplete, especially in the case of
non-divergence-free noise. About ten years ago, Carelli and Prohl [17] established the rates of
convergence for the mixed finite element method for the stochastic Navier-Stokes equations,
a sub-optimal convergence in probability for the velocity approximation was proved, but
no convergence result for the pressure approximation was obtained. Thus, several natural
questions have arisen: (1) How good is the mixed finite element method for those stochastic
PDEs? (2) Can we achieve optimal rate of convergence with or without modifications?
(3) How to measure and analyze the pressure approximation error? (4) Is the convergence
in strong norms (including path-wise estimates) possible for the numerical solutions? In
[34], Feng and Qiu gave the answers to the first and third questions for the mixed finite
element method approximation of the stochastic Stokes equations. They proved, unlike in
the deterministic case, the standard mixed FEM is not an optimal method and proposed
an idea of using the stochastic inf-sup condition to obtain error estimates for the pressure
approximation in a time-averaged norm. Their numerical tests show that their conclusions
are sharp. Motivated by those developments, the first goal of this dissertation is to address

the second and fourth questions above.



Secondly, this dissertation studies the time splitting methods for solving the stochastic
Stokes equations with general multiplicative noise. About nine years ago, Carelli, Hausenblas
and Prohl [16] proposed two Chorin time-splitting schemes for stochastic Stokes equations
which include the standard Chorin projection method, adapted from its deterministic
counterpart [65], for divergence-free multiplicative noise and a modified Chorin method for
general noise. They proved the error estimates for the velocity approximations of both
schemes. However, no error estimate for the pressure approximations was established in
the both cases. In addition, a qualitative understanding of the standard Chorin projection
method in the case of general noise has been an open question. Therefore, the next primary
goals of this dissertation are to provide definite answers to these two issues and to provide
numerical test results to validate the proved theoretical results.

After a stochastic PDE is discretized in time, regardless which time-stepping method is
used, the resulting problem at each time step is a random PDE (i.e., its coefficients and
source terms are random variables). A standard and brute force approach is to solve the
random PDE using a Monte Carlo method. However, such an approach is computationally
very expensive because it requires solving the underlying deterministic PDE problem (such as
the Navier-Stokes) hundreds even thousands of times. Solving the resulting random PDEs is
the bottle-neck of the overall numerical solution method for stochastic PDEs. Motivated by
the above challenge, another goal of this dissertation is to develop and analyze a general
iterative algorithm/framework for solving parameter-dependent and random convection-
diffusion problems which arise from many engineering and scientific applications. It is
inspired by the multi-modes method of [27, 28] and the ensemble method of [52] and extends

those methods into a more general and unified framework.

1.4 Summary of main contributions

This dissertation is comprised of several research projects in the areas of numerical PDEs
and organized into three integral parts.
Part One (including Chapters 2-4) of the dissertation focuses on numerical analysis of

the mixed finite element method for solving the stochastic Stokes equations with general



multiplicative noise. In Chapter 2, we consider a modified mixed finite element method for
solving the stochastic Stokes equations (1.3) with general multiplicative noise. As mentioned
earlier, in [34] sub-optimal convergence orders O(k% + k_%h) have been established for the
standard mixed finite element approximations (velocity and pressure approximations) of the
Stokes equations with multiplicative noise, where k£ denotes the time step size and h is the
spatial mesh size. The bad factor k=2 is caused by the non-divergence-free multiplicative
noise and a consequence of the following nonuniform stability estimate for the pressure
approximates {p"}Y_:

Bley vt < €. (17)

=~ Q

This blow-up estimate is the main reason only to get a sub-optimal error estimates of order
O(k2 + k’%h) for the standard mixed finite element method. To circumvent this problem, in
this dissertation (also see [33]), we propose a modified mixed finite element method and are
able to obtain the optimal error estimates of order O(/{:% + h) for the velocity and pressure
approximations. Our main idea, which is partly borrowed from [16], is first to perform the
Helmholtz decomposition for the noise term at each time step and then to approximate the
velocity and a pseudo pressure simultaneously via the mixed finite element method.
Chapter 3 of this dissertation derives high moment and pathwise error estimates for
the standard mixed finite element method and the modified mixed finite element method
that were introduced in Chapter 2. High moment and pathwise estimates are often
needed to measure approximations of numerical methods for stochastic models because
they are commonly used quantities of stochastic interests. Moreover, in practice, numerical
simulations for the approximate solutions are done for sample paths when the Monte Carlo
method is used to compute quantities of stochastic interests, which requires to use a large
number of samples. However, to the best of our knowledge, no pathwise error estimate was
known in the literature for the stochastic Stokes (and stochastic Navier-Stokes) equations.
The pathwise error estimates would provide valuable information about the quality of each
computed sample path. Our main idea for deriving the high moment error estimates for

the velocity approximations is to use a bootstrap technique, adapted from [13], starting



from the second moment error estimate. The pathwise error estimate is obtained by using
Kolmogorov’s Theorem [19] based on the high moment error estimates. Moreover, the high
moment and pathwise error estimates for the pressure approximations in the time-averaged
norm are obtained with a help of the stochastic inf-sup condition.

Chapter 4 is concerned with the time-splitting projection method for the stochastic Stokes
equations. As mentioned above, Carelli, Hausenblas and Prohl [16] considered the standard
Chorin projection method in the case of a divergence-free multiplicative noise. They obtained
the error estimate for the velocity approximation in the energy norm but did not address the
pressure approximation. Hence, two natural questions immediately arise: Does the standard
Chorin projection method still perform well in the case of general non-divergence-free noise?
Is it possible to obtain error estimates for the pressure approximation? In this chapter, we
provide positive answers to both questions and obtain error estimates for both the velocity
and pressure approximations. We prove that the standard Chorin projection method for (1.3)
with general non-divergence-free noise converges in strong norms with order O(/’{:i + k_%h).
Moreover, our numerical tests suggest that the convergence orders are sharp, even they are
not optimal. In order to obtain optimal convergence, we modify the standard Chorin scheme
by using the idea of Helmholtz decomposition of the noise as used in the modified mixed
finite element method in Chapter 2. We are able to show the optimal convergence of order
O(k% + k:_%h2) for both velocity and pressure approximations by the modified scheme. Like
in the deterministic case, Chorin method has been popular because it separates the velocity
and pressure approximations at each time step by solving two Poisson problems. Chorin
method for (1.3) has the same advantage.

Part Two of this dissertation (consisting of Chapter 5) studies strong convergence of
the standard mixed finite element method for the stochastic Navier-Stokes equations with
additive noise (i.e. B(u) = B). As mentioned earlier, Carelli and Prohl [17] proved the rates
of convergence in probability for the mixed finite approximations of (1.2). The main difficulty
for establishing a strong convergence for any numerical method is the interplay between the
nonlinearity of the Navier-Stokes equations and its stochastic noise term. To estimate the
expectation of the error, another layer of integration much be evaluated, which is the main

reason why the classical Gronwall inequality argument fails. To overcome this difficulty, they



defined a sequence of sub-sample spaces which converges to 1 under the probability measure.
However, the error estimates on these sub-sample spaces are only partial expectations which
therefore only gives a weak convergence. Recently, Bessaih and Millet [5, 6] proved the
strong L?-convergence of the mixed finite element method by estimating the error on the
complement of these sub-sample spaces, but only a very weak logarithmic convergence rate
was proved. Very recently, Bessaih and Millet [7] were able to establish a strong polynomial
rate convergence for the mixed finite element method in the case of divergence-free additive
noise by using exponential stability estimates. Their idea is to use Gronwall inequality
first to derive a pathwise ‘master’ error inequality and then to take the expectation to the
inequality and to estimate the right-hand side. This idea was used earlier in [15, Section
5.3.3] to overcome the same difficulty. In this chapter, we consider a general additive noise
and adapt and refine the idea of [15, 7] to derive high moment error estimates for both the
velocity and pressure approximations by the mixed finite element method. We then derive
their pathwise error estimates using the Kolmogorov Theorem [19].

Part Three (consisting of Chapter 6) of this dissertation studies the parameter-dependent

and random variational problem:

Alw;u,v) = F(w;v) Yv eV, (1.8)

where V' is a Banach space contained in a Hilbert space H. F(w;-) € V* and A(w;-,-) :
V xV — R represents a bilinear form which depends on a parameter w € €2 and satisfies three
basic conditions to ensure the well-posedness, namely, bi-linearity, boundedness, coercivity.
Q) denotes a general parameter space which can be a deterministic or probability space, in
the latter case, equation (1.8) becomes a random problem. As mentioned earlier, our goal is
to develop efficient algorithms for solving (1.8).

Our main idea is to reformulate parameter-dependent problem (1.8) into another
problem with parameter-independent coefficients and a parameter-dependent (and solution-
dependent) right-hand side, its solution is then computed using a fixed-point iteration
algorithm. Since the coefficients are parameter-independent and iterate-independent and the

right-hand side is parameter-dependent and iterate-dependent, this presents an ideal set-up

10



for us to employ an efficient LU direct solver and/or a block Krylov subspace iterative solver
at each iteration for solving a linear system with multiple right-hand vectors. It is the reuse
of the LU matrix factorization and efficiently to compute matrix-matrix multiplication for all
parameters that result in significant computation saving, hence, leads to an efficient overall
numerical method.

The dissertation is completed with a list of future research projects in Chapter 7.
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Chapter 2

Mixed finite element methods for

stochastic Stokes equations

2.1 Introduction

In this chapter, we consider the fully discrete mixed finite element methods for the time-
dependent stochastic Stokes equations (1.3) with general non-divergence-free multiplicative
noise and the domain D = (0, L)?. A periodic boundary condition with period L > 0 in each
coordinate direction is considered in this part. uy and f denote respectively the prescribed
initial velocity and body force which are spatially periodic. For the sake of simplicity and
ease of presentation, we assume {W(t);¢t > 0} to be an R-valued Wiener process; see section
1.2 for further details.

The numerical analysis of the deterministic Stokes problem is well-established in the
literature, see [10, 37, 44]. Well-known numerical methods include ezactly divergence-free
methods, which approximate the velocity in exactly divergence-free finite element spaces;
mized finite element methods, where the (discrete) inf-sup condition is the key criterion
that distinguishes stable pairings of finite element ansatz spaces for the velocity (with more
degrees of freedom) and the pressure (with less degrees of freedom); mixed methods allow a
more flexible, broader application compared to exactly divergence-free methods, thus putting
them in the center of research on numerical methods for saddle point problems in the last

decades. Another class of related numerical methods are stabilization methods which were
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initiated in [45], where the incompressibility constraint (1.3) is relaxed into
divu—eAp=0 in Drp, (2.1)

This relaxation allows for stable pairings of equal order (nodal-based) finite element ansatz
spaces for both, velocity and pressure (putting ¢ = O(h?), where h > 0 is the spatial mesh
size). We remark that optimal order error estimates had been obtained for all three classes

of finite element methods in the deterministic setting (cf. [37, 10]), where

e inf-sup stable mixed finite element methods require the H'-regularity of the pressure
in order to optimally bound the best-approximation error for the pressure, which leads

to optimal order convergence; cf. [10, 37, 44],

e stabilization methods require the H'-regularity of the pressure for convergence; cf. [45,

53).

This chapter contributes to the numerical analysis of the stochastic Stokes problem (1.3)
(i.e., B # 0). By [50], even for smooth datum functions uy and f, the (temporal) regularity
of the pressure p € L'(Q; W=5(0,T; H'(D)/R)) is limited in general due to the driving
noise. In order to motivate its impact onto the pressure, we here discuss the related question
regarding k-independent stability estimates for the pair of random variables (u™*!, p"™1) of
the following time-implicit discretization of (1.3) on a uniform mesh of [0, 7] with the mesh

size k > 0:

u"tt — kAU + kYt = " + kT 4 B(u") AW,y in D, (2.2a)

divu™t =0 in D, (2.2b)

where AW, 1= W(tyy1) — W(t,) ~ N(0,k) = VEN(0,1) and £+ = f(t,1,) €
L*(Q,L2,.(D)). A crucial observation for the motivation of this chapter is that the pressure
gradient on the left-hand side is scaled by k, while the noise term is of order O(k;%). Let
us assume that the estimate (2.22) in Lemma 2.2.1 for {Au"},, taking values in L?*(D) is

already shown, and we now look for a uniform bound for {Vp"}, taking values in L*(D).
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The strategy for deriving such a stability estimate is to fix one w € 2, and to multiply (2.2)
with Vp"t!(w): all the terms that involve the velocity vanish due to the incompressibility

property and the periodic boundary condition, and we end up with
k
SIVP @R < K + (B (@) AW, (@), Vi) . (23)

Note that the term on the right-hand side does not vanish since divB(u") # 0 for a
general (Lipschitz) nonlinear mapping B. We now take expectations E[-] on both sides,
sum over all time steps, and use (2.22), the facts that B(u™) and AW,,, are independent
and E[|AW,,11]*] < Ck, and Young’s inequality (with a > 0) to obtain the estimate

k‘N_l N-1
5 2 E[IVP ] < kYD E[IE ] +ZE[( ") AW, Vp )|
n=0 n=0
N-1 N-1 1 N-1
<EY CE[IE3] + ak > E[IBu")|7:] EZE IVp 3] -
n=0 n=0 n=0

Taking o = % allows to absorb the last term on the right-hand side to the one on the left-

hand side, but the remaining term is Zg;olE[HB(u”)HQ} o O(k™1), therefore, we end up

with the following k-dependent estimate:

N—

2

g
??lQ

E[IVp L] Z " IE:] - (2:4)

n=0 n=0

The above consideration crucially affects the error analysis of a space-time discretization

of (1.3):

o Ezactly divergence-free methods require restricted settings of data, including the
dimension, topology, and regularity of the spatial domain D. However, an optimal
order error estimate can be proved for the velocity approximation, see [17], which uses

the fact that no pressure is involved in the analysis.

e The error estimate for the velocity approximation of inf-sup stable mixed finite element
methods in [34] was obtained based on a stability bound of type (2.4) to bound the

related best-approximation error for the pressure that appears in (an auxiliary temporal
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discretization of) (1.3), thus leading to a sub-optimal error estimate for the velocity of
order O(k2 4+ hk~2). The computational studies in [34] suggest that this error bound

is sharp.

The first goal of the chapter is to construct optimally convergent inf-sup stable mixed
finite element methods, with “minimum” extra effort. Our main idea, which is partly
borrowed from [16], is to perform the Helmholtz decomposition for the noise term at each
time step first, and then to determine the new velocity and pressure iterates simultaneously
via the mixed finite element method. Below we shall use the semi-discrete time-stepping
scheme (2.2) to motivate our strategy. Introducing the Helmholtz decomposition of B as
follows

B(u") = V¢ +9" where divyp" =0, (2.5)

and setting r"*1 = p"tt — ETLAW,, €™ then (2.2) can be rewritten as

kAU RV = ut R " AW, in D, (2.6a)

divu"™ =0 inD. (2.6b)

In contrast to estimate (2.4) for p"*!, it can be shown that the pseudo pressure r"*! satisfies

the following improved stability estimate (see Lemma 2.2.1):

N—

N-1
EY E[IVertz] < Z [IE 2] (2.7)
n=0

n=0

which is a consequence of the divergence-free property of the modified noise term (i.e., the
last term on the right-hand side of (2.6a)). Conceptually, this improved stability for the
pseudo pressure 7! is obtained by removing the stochastic pressure £" from the driving
noise in (2.2a). As it will be detailed in Section 2.2, any inf-sup stable mixed finite element
discretization of (2.6) then gives optimally convergent velocity approximations (see Theorem
2.3.4), whose proof essentially relies on (2.7). We also present optimal error estimates for
(temporal averages of) the pressure approximations in L?, which improve corresponding

suboptimal estimates in [34].
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We therefore conclude by saying that it is essential to identify the proper role of the
semi-discrete pressures, namely, {p"}, in (2.2) vs. {r"} in (2.6), for inf-sup stable mixed
finite element methods for (1.3) in order to construct optimally convergent mixed methods.
Moreover, this insight also suggests how to construct optimally convergent stabilization
methods for (1.3) which circumvent the inf-sup stability criterion for mixed element methods,
and hence allow a more efficient discretization such as

u'tt — EAUMT 4 kT = a + R AW, in D, (2.8a)

divu™™! — A" =0 in D, (2.8b)

()

for which ¢ = O(h?) will be shown to be the optimal choice in section 2.3. The error analysis

in section 2.3 verifies optimal order convergence for a standard finite element discretization

n+1

T and

of (2.8) which employs the same finite element space for approximating both, u

n+1.

e

see Theorem 2.4.3. Corresponding computational studies in section 2.5 support the
conclusion that the choice of pressure in the stabilization is crucial for achieving an optimally
convergent stabilization method for (1.3).

The remainder of this chapter is organized as follows. In section 2.1, we give exact
assumptions on the data in (1.3), and recall the definition and known properties of the
(strong) variational solution for problem (1.3). In section 2.2, we analyze the Helmholtz
decomposition enhanced Euler-Maruyama time-stepping scheme (2.5)—(2.6) and its mixed
finite element approximations, and establish the optimal convergence for both. section 2.3
establishes optimal convergence for the stabilized scheme (2.8) and its equal-order finite
element approximations. Two-dimensional numerical experiments and computational studies
are given in section 2.5 to validate the theoretical error bounds, and to computationally

evidence that a proper selection of the pressure for the construction of optimally convergent

mixed methods is indeed necessary.
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2.1.1 Variational formulation of the stochastic Stokes equations

In this section, we shall give weak formulations of (1.2) and (1.3). We consider (1.2), (1.3)
with periodic boundary condition with period L > 0 on the domain D = (0, L)% We first

recall the solution concept for (1.3), and refer to [18, 19] for its existence and uniqueness.

Definition 2.1.1. Given (2, F,{F;},P), let W be an R-valued Wiener process on it.
Suppose ug € L*(Q,V) and £ € L*(Q; L*((0,T); L2,.(D))). An {F}-adapted stochastic
process {u(t);0 < t < T} is called a variational solution of (1.2) if u € L*(Q;C([0,T];V))N
L2(0,T;H2,.(D)), and satisfies P-a.s. for all t € (0,7

per

(u(t),v) + y/ot(Vu(s), Vv)ds + /Ot (u(s) - Vu(s),v) ds (2.9)
= (ug,v) + /Ot (f(s),v) ds + /0t<B(u(s)),v> dW(s) VveV.

Similarly, an {F;}-adapted stochastic process {u(t);0 < t < T} is called a variational
solution of (1.3) if u € L*(Q;C([0,T};V)) N L2(0,T;H2,,(D)), and satisfies P-a.s. for all
te (0,77
¢ ¢
(u(t),v) + I// (Vu(s), Vv) ds = (ug,v) +/ (f(s),v) ds (2.10)
0 o
+/ (B(u(s)),v)aw(s) ¥vev.
0

The following estimates from [16, 34] establish the Holder continuity in time of the

variational solution in various spatial norms.

Theorem 2.1.2. Additionally suppose ug € L(Q; VNHZ,, (D)) and f € L*(Q, C2([0,T)); H.,.(D)).

per per

There ezists a constant C > 0, such that the variational solution to problem (1.2) satisfies

for s, t € [0,T]

]E[Hu(t) - u(s)Hé] +]E[/ HV(u(T) —u(s))|fe dT:| < C|t —s|, (2.11a)

E[|IV (u(t) - u(s))|[2] +E[/ |A(u(r) = u(s)) 2 dr] < Clt = 5] (2.11b)
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Remark 2.1.1. To avoid the technicality of tracking the required “minimum” assumptions
on ug and f for each stability and/or error estimate, unless it is stated otherwise, we
shall implicitly make the “mazimum” assumption uy € LQ(Q;V N Hf,e,,(D)) and £ €
LA(Q,C2([0,T)); HE, (D)) in the rest of this chapter-.

per

2.1.2 Definition and role of the pressure

The Definition 2.1.1 only addresses the velocity u in the stochastic PDEs (1.2), (1.3); a
corresponding pressure which satisfies a proper formulation (see Theorem 2.1.3 below) may
be constructed after the existence of a velocity field u has been established. We therefore

consider processes

U(t) ::/0 u(s)ds, F(t) ::/O f(s)ds and G(t) ::/0 B(u(s)) dW(s).

Evidently, U € L*(Q,L*(0,T;H2,(D))) and G € L?(Q, L*(0,T;L2,.(D))), and (2.11a)

per per

therefore implies
(u(t) — AU(t) —uo — F(t) — G(t),v) =0 VveV, te(0,T), Pas. (2.12)

By the Helmholtz decomposition [50, Theorem 4.1 and Remark 4.3], there exists a unique

P e L*(Q,L*0,T; Hy,(D))/R) such that

VP(t) = —[u(t) - AU(t) —uy — F(t) = G(t)] Vi€ (0,T), P-as. (2.13)

in the distributional sense. It is shown in [50, Section 5], that its distributional time derivative

p=0,P € L' (Q;W=1(0,T; H,.(D)/R)). As a consequence, we have the following result.

per

Theorem 2.1.3. Let {u(t);0 <t < T} be the variational solution of (1.3). There exists a
unique adapted process P € L? (Q,LQ(O,T; H! (D)/R) such that (u, P) satisfies P-a.s. for

per
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allt € (0,7

(u(t),v) +/0 (Vu(s), Vv)ds — (divv, P(t)) (2.14a)

:(uo,v)—i—/ot (£(s),v) ds+/0t(B(u(s)),v> dW(s) VveH., (D),

(divu,q) =0  Vgqe L,.(D). (2.14b)

per

System (2.14) can be regarded as a mixed formulation for the stochastic Stokes system
(1.3), where the (time-averaged) pressure P is defined. Below, we also define another time-

averaged “pressure”

R(t) == P(t) — /0 tg(s) AW (s), (2.15)

where we use the Helmholtz decomposition B(u(t)) = n(t) + V&(t), where £ € H,,.(D)/R
P-a.s. such that

(VE(t), Vo) = (B(u(t)), Vo) Voe H;BT(D). (2.16)

Then, (2.13) can be rewritten as
VR(t) = — [u(t) —AU(t) —uy— F(t) — /tn(s) dW(s)] Vte (0,T), P-as. (2.17)

The time averaged pseudo pressure {R(t);0 < ¢ < T'} will also be a target process to be

approximated in our numerical methods.

2.2 Semi-discretization in time

In this section we study the stability and convergence properties of a Helmholtz decomposi-
tion enhanced Euler-Maruyama time discretization scheme that is based on (2.6), where the
stochastic pressure is removed from the noise term via the Helmholtz decomposition; but its
V-valued velocity approximation {u"'}, still solves the original Euler-Maruyama scheme

(2.2).
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2.2.1 Formulation of the time-stepping scheme

In the following, let N be a positive integer, k = %, and t, = nk forn =0,1,...,N be a

uniform mesh that covers [0, 7.

Algorithm 1
Let u® = uy. For n =0,1,..., N — 1 do the following steps:
Step 1: Find " € L*(Q, H},.(D)/R) by solving

(VE", Vo) = (B(u"), Vo) VoeH,, (D). (2.18)

Step 2: Set 9™ := B(u") — V¢, and find (u"™,r"*!) € L*(Q,V x L2, (D)/R) by solving

per

(0", v)+k(Vu", V) — k(divv,r™) (2.19a)
= (u",v) + k(f""" V) + (0" AW,4a,v) Vv eH) (D),

per

(divu™t',q) =0 Vqe L2, (D). (2.19b)

per
Step 3: Define p"*! =y 4 E=1EnAW,, 1.

Remark 2.2.1. By the elliptic reqularity theory, see [37, p. 13], the solution of (2.18) is in
¢ e L*(Q, HZ,(D)/R), and satisfies Lebesgue-a.e.

per
—AL" = —divB(u") in D. (2.20a)
Moreover there exists a constant C > 0 such that

The solvability of Algorithm 1 is clear because a linear coercive elliptic PDE problem is
solved at each step. Step 1 in Algorithm 1 requires to solve a Poisson problem (2.18), which

only slightly increases the computational cost if a fast solver is used to solve them. The
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iterates {(u,, )}, and {p,}, defined in Step 2 and 3 aim to approximate {(u(t),r(t));0 <
t < T} and {p(t);0 <t < T}, respectively. See subsection 2.2.4 for details.

2.2.2 Stability estimates

In this subsection we present some stability estimates for the time-stepping scheme given
in Algorithm 1. All these estimates, in particular the estimate for {Vr"*t'}, will play an
important role in establishing optimal order error estimates for the fully mixed finite element

discretization to be given in the next section.

Lemma 2.2.1. Let {(u"™,r"™1)}, be generated by Algorithm 1. There exists a constant

C >0, such that

N N
1r§r;;g§VE[||Vu”||iz] + E[; IV (u" - u”‘l)lliz} + E[k’; |Au"|f] < C,(2:22)
N
E[E> (Vi) < C. (2.23)
n=1

Proof. See Lemma 3.1 from [17] and Lemma 2.1 from [34] for a proof of estimate (2.22).
We just need to give a sketch of proof for estimate (2.23). To do that, multiply (2.6a) with

Vr™* and integration in space together with using (2.6b) and divn™ = 0 then lead to
n+11|2 n+1 n+1 k n+11|2 k n+11|2
E|Vr . = k(£ vt < SIE e + IV I, (2.24)

which gives us k|Vr*tH2, < E||f**!||Z,. Then, taking the expectation and summation

operator fo;ol gives the desired estimate. O

2.2.3 Error estimate for the velocity approximation

Since the velocity approximation {u"*!}, generated by Algorithm 1 also solves the original
Euler-Maruyama time-stepping scheme (2.2), the following optimal order error estimate for

{u™*1}, was established in [17, 34].
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Theorem 2.2.2. Let {(u",7"*1)},, be generated by Algorithm 1. There exists a constant
C > 0, such that

1

o (E[fu(e,) 7))+ ( {kZHv ) - )l

) < Cke. (2.25)

We note that the proof of the above error estimate crucially uses the fact that u” is

exactly divergence-free for each 0 < n < N.

2.2.4 FError estimates for the pressure approximation

An optimal order error estimate was obtained in [34] for {P(t,)}, via the Euler-Maruyama

time-stepping scheme (2.2). For the reader’s convenience, we give its proof here.

Theorem 2.2.3. Let {p";1 < n < N} be the pressure in (2.2), and {P(t);0 <t < T} be
defined in Theorem 2.1.3. There exists a constant C > 0, such that

m\»—\

(EIP(n) kzp||L2)s . m=12,-,N. (2.26)

Proof. Consider (2.2a), and take the sum over steps 0 < n < m — 1. We denote U™ :=

S utt and P™ = kY7 ptY and therefore obtain

m—1 m—1
u" —u’ — AU+ VP =k > "4 Bu") AW, . (2.27)
n=0 n=0

We subtract this equation from (2.13) at time ¢t = t,,, and denote EY} := U(t,,,) — U™ €
L*(;HL, (D)), and EF := P(t,,) — P™ € L*(Q; L2,,.(D)). By the stability of the divergence

per per
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operator, there exists 5 > 0, such that

1 (Ew, divv)
—|[E¥ |12 < sup —
BH P ||L (D) ||VV||L2

veHL

per

< Jult) — s+ [VEG s + |3 (Blu,) - Bw) AW,

+Hmzl /tt+ B(u(s)) — B(u(ta)) dW(S)‘ L (2.28)
* mz_:l/tw (F(s) = £(tasa)) ds|| =T+ 4V,

Taking squares on both sides, and then applying expectations, Theorem 2.2.2 in combination

with Holder’s inequality leads to

1
@E[IIE}?IIH < Ck+E[|1IT)L] + E[I1V]L.] + E[|IV]-]

By Ito’s isometry, and (1.5a), as well as (2.11a), and Theorem 2.2.2, we find the bounds

m—1
E[|III)|E: + [1V]F.] < CE[k Y |[u(t,) — u"|f.] + Ck < Ck,

n=0

and by using Cauchy-Schwarz inequality, we get

m—1 b1
E[IVZ.] < E[Z [ 186 = R as] < o
n=0 tn

which lead to the desired estimate (2.26). O

We now consider the pressure R™ := k Z;nz_ol r"*1 where {r"}, is defined by Algorithm

1. Using the new notation (2.27) can be written as

m—1 m—1
u" -’ — AU+ VR™ =k Y 7 4 " (B(u") = V&) AW, . (2.29)
n=0 n=0
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We again subtract this equation from (2.17) at time ¢ = ¢,,,, and adapt the error notation in
(2.28),

Ly (B, divv)
—Efle < sup —=——-<I+...+IV+V+VI,
B veH] (D) HVVHL2

where V is the same as above, hence, E[||V[|3.] < Ck, and

tn+1

VE(tn)) dW(s)HL2 =: VI, +VI,.

V1 _HZV €AW, | +HZ/

By a stability result for the Poisson problems (2.16), (2.18), and property (1.5a), we easily
obtain, thanks to Theorem 2.2.2,

m—1

E[IVE ] < CE[k 3 ) - 'l < O,
n=0

Similarly, we get E[||[VI,|2.] < Ck. We collect this result below.

Corollary 2.2.4. Let {r";1 < n < N} be the discrete process from Algorithm 1. There

exists a constant C' > 0 such that

( [l Bt er”HLg) < Ck* m=1,2-- N. (2.30)

2.3 Fully discrete, inf-sup stable mixed finite element
method

In this section, we discretize Algorithm 1 in space via an inf-sup stable mixed finite element
method. We choose the prototypical Taylor-Hood mixed finite element (see, e.g., [37, 10])
as an example and give a detailed error analysis for the resulted fully discrete method, but
we remark that the convergence analysis below also applies to general inf-sup stable mixed

finite elements.
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2.3.1 Preliminaries
Let 75 be a quasi-uniform triangular or rectangular mesh of D C R¢ with mesh size 0 <
h << 1. We define the following finite element spaces:

Xy = {v), € H...(D); vi|x € Po(K) VK € T},

per

Wi, = {aqn € HL.(D)/R; gi|x € P(K) VK € Ty},

p

Sp={¢n € Hy . (D)/R; ¢y|x € P(K)VK € Tp},

per

where P;(K) (¢ > 1) denotes the set of R%-valued polynomials of degree less than or equal
to £ over the element K € 7Tj. In general, we require that S, C W), in particular, we choose
¢ =1 so that S;, = W), in this section.

We recall that the pair (X, W},) satisfies the (discrete) inf-sup condition: there exists an
h-independent constant v > 0 such that

sup (le Vi, qh)

o vahHLQ Z fYHQhHLQ VQh € Wh . (231)
Vh h

Next, let p, : L2,,.(D) — W) resp. Ry, : HL (D)/R — S, denote the L3-resp. the

per per

Ritz-projection operators which are defined by

(¢ —pndyxn) =0 Vo e L (D), xn € Wi, (2.32)
(VI = Rat],V¢) =0 V¢ € H).(D)/R, ¢ € S (2.33)

Then, the following approximation properties are well known (cf. [24, 37, 25]):

¢ — prdll2 + R||V (¢ — prod)|lL: < Ch?|| 9|
| — Rutb||2 + RV (Y — Rpy)||e < CR¥||¢)|ws Vo € Hy,.(D)/R, (2.35)

we Vo€l (D), (2.34)

for s = 1,2. Here, C' is a positive constant independent of h.
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We also consider the space V;, C X, of discretely divergence-free functions,
Vy, = {Vh € Xp; (divvp,qn) =0 Vg, € Wh},
and define the L2, (D)-projection operator Py, : Ly, (D) — V,, by
(v—Puv,w;) =0 VveL,(D;RY), w,€V,.

per

The following approximation properties are well-known (cf. [44]):

|lv — Ppvllre + 2[|V(Vv = Ppv)|L2 < Ch®||v|

e VvevVnH, (D) (2.36)

per

for s = 1,2. Here, C' is again a positive constant independent of h.

2.3.2 Formulation of the fully discrete mixed finite element
method

The fully discrete, inf-sup stable finite element below is a spatial discretization of Algorithm

1. We note that since V;, ¢ V, in general, the mixed finite element discretization requires

improved stability estimates for the semi-discrete pressure {r"™'}, as given in Lemma 2.2.1

in order to ensure optimal convergence properties.

Algorithm 2
Let u) € L?(;X},). Forn=0,1,...,N — 1, we do the following steps:

Step 1: Determine &' € L?(€2; Sy,) by solving

(VR Von) = (B(up),Vén) Ve € Sh. (2.37)

Step 2: Set iy := B(uy) — V& Find (upt',rii*') € L*(Q, V), x W},) by solving
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(uZH, Vh) —l—k:(VuZ“, Vvh) — k;(div Vi, TZH) (2.38a)
= (uZ, Vh) + k(fn+1, Vh) + (nZAWn+1, Vh) Vv, € X,

(divup*t,gn) =0 Vg, € Wy. (2.38Db)

Step 3: Define the Wj,-valued random variable p} ™ = v + k=AW, .

Remark 2.3.1. Because of (2.37), we have (}, V) =0 for all ¢, € Sy, P-a.s. We also
note that each of Step 1 and Step 2 solves a linear problem which is clearly well-posed; in
particular, the well-posedness of (2.38) is ensured by the inf-sup property (2.31) of the mized

finite element spaces X, and W,.

2.3.3 Error estimate for the velocity approximation

The main result of this section is to prove the following optimal estimate for the velocity

error u" — uy.

Theorem 2.3.1. Suppose that
E[Huo — u2||%2} < Ch%

Let {(u",r");1 < n < N} and {(u},r});1 < n < N} be respectively the solutions of
Algorithm 1 and 2. Then there exists a constant C' > 0 such that

1

max (E[Ju” - ug2:])" + (E|k ) v -w)g]) <cn (23
- n=1

Proof. Define €, = u™ —uj and €' = r" — rj. It is easy to check that {(el,e)}, satisfies

the following error equations P-a.s. for all tuple (vp, qn) € Xp, x W,

(et —el vy,) + k(Vel™ Vv,) — k(e divvy) (2.40)
= ([nn - nZ]AWnJrluvh) )
(divel ™, g,) =0. (2.41)
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Now for any fixed w € €, setting v;, = Ppe’(w) € V}, in (2.40) yields

(et — e Pre™™) + k(Ve'™ VPLe ™) — k(e divPe ) (2.42)

= (0" = ] AW,i1, Pre™).

We now estimate each term on the left-hand side of (2.42) from below. First, by the

definition of P, we get

(ent — el Preit™) = (Pulel™ —ell], Prei™) (2.43)
1 1
= 3 |IPret 2 = [Preilita| + 5 IPalent — etlie
Next, using again the fact that Ppu}™ = u}*! and Schwarz inequality, we obtain
k(Vert!, VPel™) = k| Vel ||i. — k(Vel, Vu"*! — Ppu™')) (2.44)

k k
e T R
k
> Vet G - O R .
where we have used (2.36) to get the last inequality.

For the next term in (2.42), using the fact that Ppe?*! takes values in V},, and estimates

(2.34), (2.35), and (2.36), we get

—k(ert divPrelt!) = —k(r"™, divPet!) (2.45)

o n+1 n+1 : n+1
——k:(r — ppr" T, divPrey )

> —k[|r"t — ppr™ ||| div Pyep |
2 —CthVT”HHLzHVeﬁ“HLz
k
> = IVe e — CoRPRIVI g
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Finally, we bound the only term on the right-hand side of (2.42) from above. By the

independence of the increments {AW,,;1},, and its distribution, we get

E[([n" — n]AW,i1, Pret™) ] = E[([n" — nZ]AWnH, Pulept —en™])] (2.46)

< KE[n" —myllL-] + IE[IIP (e —enlLa] .

and because of (1.5) and (2.36), there holds

In" —mille < 2[Bu") — Bup)llL. + 2/ V(€" = &)L (2.47)
< 2C]eyllt: + 2IV(€" — &)IIL
=20 (u" — Pyu") + Prej[ + 2 V(" - &)L

< Ch*|[u" iz + 4C|Prellize + 2V (E" — &)L -
To control ||V(£" — &}')||12, we recall the definitions of £” and &} to get
(V[fn - €Z]>V¢h) = (B(un) — B(u}), V¢h) Von € S .
Setting ¢p, = Ru[€" — & = (€™ — &) — (" — Ri&™), properties (1.5a) and (2.35) yield

IV(E" = &DIIE: < (VIE" = &1 VIE" = Ra"]) + ClledlIV(E" — &)l

IV(E" = &n)llz. + CR?|1E" HHQ/R—i_OHeuHL2'

l\')lr—t

Hence, by (2.21) in Remark 2.2.1, (2.36), and (1.5¢c), we get

IV(&" = &> < ChIIE" [z + ClledliLe (2.48)
< Ch?||div B(u")[|E> + Cllel L

S ChQHVUnHiQ + Ch4||u”||%12 + CHP}ZGEH%‘z
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Therefore,
I = njlE < O (W IV + W0 [ + [Prell2) (2.9

We insert estimates (2.43)-(2.49) into (2.42), take the expectation, and apply the

summation operator Z?:O for any 0 < m < N — 1 to conclude

m

1 1 1 e
SEPel 5] + 1 D E[IPa(ert —eD)llfa] + (B[R [Ver i) (2:50)
n=0 n=0
N-—1

< Ok Y E[|Pyelll2.] + CHE[k Y |V,
n=0 n=0
N-1 N-1

FORER Y V™ 2] + CHE[R Y [[u %]

< Ck Y E[[Prellf2] + C 12,
n=0

where the last inequality was obtained by using estimates (2.22), (2.23) from Lemma 2.2.1.
Applying the discrete Gronwall inequality to (2.50) then leads to

EIIPel 1)+ § DS E(IPue! —eDlfs] + EF L IVe ] @5

< exp(CT)Ch? (1<m<N).

Finally, the desired estimate (2.39) follows from an application of the triangle inequality
one?t = (u"t—Ppu" ) +PLe’ ™ and using (2.51) and (2.36). The proof is complete. [J

2.3.4 Error estimates for the pressure approximation

In this subsection, we derive some error estimates for both, " — r} and p" — pj. The
argumentation parallels the one in section 2.2.4, and uses the inf-sup condition (2.31), in

particular.
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Theorem 2.3.2. Suppose that
E[lu’ —uj|f2] < CR*

Let {(u™,7");1 < n < N} and {(u},7r});1 < n < N} be respectively the solutions of

Algorithm 1 and 2. There exists a constant C' > 0, such that

1

HkZ Ik

Ch.

IN

Proof. Summing (2.40) (after lowering the index by one) over 1 <n <m < N leads to

(eﬁ‘, vh) + k Z(Veﬁ, Vvh) —k Z(div Vi, ef)
n=1 n=1
= (g, vn) + Z([’?nil - nZ’I]AWn,vh) Vv € Xy
n=1

By (2.31), we conclude (compare with (2.28))

1 = n m = m = n— n—
5I|/’<?z:6,«IIL2 < [leg il + ledllee + [k Y Vel flp. + 1D —np AW, | .-
n=1 n=1 n=1
Taking expectations after squaring both sides, using estimates (2.47), (2.48), (2.49), and
Theorem 2.3.1 yield the desired result. [
The following result now is a simply corollary of Theorem 2.3.2.

Corollary 2.3.3. Let {p}'}, be the solution in Algorithm 2. Then there exists a constant
C >0, such that

(e \kz ) <o,

2.3.5 Space-time error estimates for Algorithm 2

Theorems 2.2.2, 2.2.3, 2.3.1, 2.3.2, and Corollaries 2.2.4, 2.3.3 now provide the following

global error estimates.
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Theorem 2.3.4. Let (u, P) solve (1.3), and {(u},r},p});1 < n < N} solves Algorithm 2.

There exists a constant C > 0,

() mas, (E[Ju(t,) - ugla]) + (B [kZHV ()~ ]) ' < Ct ),

(i) (B[Rt kzmup) + (B[P, kzthLz )* <o +n,

foralll1<m < N.

2.4 Stabilization methods for the stochastic Stokes
equations

The scheme in section 2.3 requires inf-sup stable pairings (X, W), for which the Taylor-
Hood mixed finite element is one example. By recalling its definition in subsection 2.3.1, we
observe that the dimension of X} exceeds that of WW),. The motivation for the stabilization
methods in [45] is to relax the inf-sup stability criterion for pairings of ansatz spaces in
order to allow for equal-order ansatz spaces for both velocity and pressure approximates; see
[45, 10, 37, 24] for further details.

Below we replace X, defined in subsection 2.3.1 by

Yn = {vin € H,.(D); vi|x € P1(K) VK € Ty},

to which we associate the Lger—prOJectlon operator Qy, :

(D) — Y}, by

per
(v —Qpv,w,) =0 Vv el? (D), w, €Yy,

per

which satisfies the following approximation property (cf. [24]):

v = Quvlle + AV(v = Quv)l[L < CR*|[V[ms Vv € H, (D) (2.52)

per
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for s = 1,2. Here, C' > 0 is a constant independent of h. Moreover, let W) be the same as
in section 2.3, and R denote the Ritz projection from H;ET,(D) /R to W),. Again, we take
Sy, = Wy, in this section.

In this section, we consider the equal-order pairing (Yj, W},) to discretize (1.3) based on
(2.8a)—(2.8b), which violates the inf-sup condition; in fact, the following estimate is known
to hold (cf. [45]): there exists § > 0 independent of A > 0, such that

1

2
= lqn||” < sup
2 H hH vreYy, vahH%P

@ Vi)l oG 2, g, e W, (2.53)
Equation (2.53) can be regarded as the reason why this pairing still performs optimally
when applied to the Stokes problem, where ¢ = O(h?). Below we show that such a strategy
can be again successful for the stochastic Stokes problem (1.3), if the proper pressure is
chosen for the perturbation, and that using the Helmholtz projection of the noise provides
such an approach.
To prepare for the analysis, we start with a modification of Algorithm 1 that perturbs

the incompressibility constraint.
Algorithm 3
Let 0 <e < 1and u? =uy. Forn=0,1,...,N —1, do the following steps:

Step 1: Find & € L*(Q2, H,,.(D)/R) by solving

(VEr. Vo) = (B(ul), Vo) Yo e HL (D). (2.54)

Step 2: Set n” := B(u”) — V&, and find (u?™,r*™) € L?(Q, H,(D) x H},(D)/R) by

per per

solving

(u?“, v) + k(VuQH, VV) — k(div v, 7“?“) (2.55a)
= (ul,v) + k(£ v) + (AW, v) Vv eH,., (D),
(divul*, q) +(Vri*t,Vq) =0  Vge H,,, (D). (2.55b)

Step 3: Define pt*tt = it 4+ L=1EPAW,, 4.
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Because each step involves a coercive linear problem, Algorithm 3 has a unique solution.

The first energy estimate can be obtained as follow:

Lemma 2.4.1. Let {(uZ,r7)}, be the solution of Algorithm 3. Then there exists a constant
C >0, such that

N—-1

1 n+1y2 n+1y2 n+l12
pams | GBI+ 3BV o] 2 ] (256)
N-1
< C(E[luol?] + & Y E[IE7]) .
n=0

Proof. By fixing one w €  and choosing (v,q) = (u?*'(w), 7" (w)) in (2.55a), we then

rh e

obtain the identity

1 n n n n
5 (e = a2l + ™ — a2l (2.57)
Ck

k n n n n n
T ke O e = S+ (AW, w ).

£

Taking expectations, applying the summation operator y - for any 0 < m < N — 1, and

using the independence of the increments {AW,,;1}, yield

E[(m: AW, ul™)] = E[(nZAW,p, it —ul])] (2.58)

(3 €

n 1 n n
< FE[[m2[ge] + B[l —uZ{lze] -
Because of (2.54) and (1.5b), we have
E[IVE (-] < E[IBuI)llL:] < C(1+E[JuZ]lL:]).

and therefore E[|[n”(]7.] < C(1+E[||uZ||2,]) in (2.58). We insert these auxiliary estimates into
(2.57), take expectations, sum over all time steps, and use the discrete Gronwall inequality

to get the desired estimate. O

Note that the estimate for {Vr"™} is scaled by € > 0, which is too weak in the following

to verify optimal error estimates for a spatial discretization of Algorithm 3. The following
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stability result therefore sharpens the estimate (2.56); its proof crucially exploits again the

fact that each n” is a H-valued random variable.

Lemma 2.4.2. Let {(uZ,r7)}, be the solution of Algorithm 3. Then there exists a constant
C >0, such that

N N
max E[[|Vul|f.] + &) E[|Au?|3:] + kY E[|Vrrfi.] < C (2.59)
n=1 n=1

1<n<N

Proof. Step 1: We adapt the argumentation from [16, Thm. 3.1], and interpret problem
(2.8) — with 9™ being replaced by n2 — as perturbation of problem (2.6) Subtracting the

+1 .

n+l .__ un+1 _ u7€1+1 resp. en =

corresponding equations of both systems and denoting e

Tn+1 _ n+1 yleld

el — kAelt + kVert = el + " —nt]AW,y1  in D, (2.60a)

divel™ —eAett = —cArmt! inD. (2.60b)

Now fix one w € Q, test (2.60a) with v = e"!(w), and (2.60b) with ¢ = e"*!(w), and

afterwards sum both equations, we then conclude

1 n n n n n n
5 (llent IR — lleallzs + et — eblifs) + kI Ver | + kel Ver . (2.61)

— ([n" — N2 AW, 11, eﬁ“) + ks(VT”H, Vef“) )

Using Young’s inequality, hiding one part of the last term into the corresponding term on
the left-hand side, using the independence of AW,,;; and e}, AW, as well as of [n™ —n?],

and utilizing (1.5), we obtain

E[([n _HE]AWn+17 ?1+1):| _E[([n _ns]AWn+17 7111+1 eﬁ)}
< KE[|n" —nZE] + §E[Heﬁ“ — elllE]

1
< Ch(EIelliz] + E[IV(E" ~&)IE:]) + 3E(llel™ — elli]
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Subtracting (2.54) from (2.18) and using (1.5), we get
IV(E" = &)lle> < [[B(u") = B(u)[[L2 < Clley]lrz .

Hence, we then conclude from (2.61) with the help of the discrete Gronwall inequality,
and (2.23) that

m m

1
SE[lle ™ IE] + > E[lel™ —ellliz] + %Y _E[IVer™ |L: + el VerIt:]

n=0 n=0

< CekZE[HV?’”“Hig] < Ce (0<m<N).

n=0

Consequently, by (2.23) we conclude that

N N
EY E[IVe 7] <€ implies kY E[|VrrtE.] < C
n=0 n=0

n

Step 2: Fix one w € Q in (2.8a), multiply the equation with —Au”"!(w), integrate,

n+1

perform an integration by parts on the last term, and use the periodicity of n! and u!

, We

get

1
SE[IVUE e — [Vaz e + IV —u)lE + klAwr g (2.62)

< KE[| V2] + E[/ AW, Va2 - V(w2 = u?) dx]
D

To bound the last term above, we use Schwarz inequality, the fact that 9 = B(u?)—VEz,
(1.5), and (2.21) to get

1
B[ [ AWoavar Vit —ux] < BV —w)l]  (263)

+ CKE[[|[Vu|2].

Substituting (2.63) into (2.62), summing over all time steps, and using (2.56) and the result
of Step 1, we get the desired estimate (2.59). The proof is complete. n
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From Step 1 of the above proof, we also obtain the following result.

Theorem 2.4.3. Let {(u™ r"™1)}, and {(u?,r?)}, be the solutions of Algorithm 1 and 3,

respectively. Then there exists a constant C > 0, such that

N
s, Bl —utia] + 0 D B[V (" - ub)ls (2.64)

+e||V(r" — r?)”ia} < Ce.

We are ready to bound the error between the pressures {r"}, and {r’},; the proof of it
uses (2.60a) after summation in time, and follows along the lines of the proof of Theorem

2.2.3, using the stability of the divergence operator (cf. estimate (2.28)), and Theorem 2.4.3.

Theorem 2.4.4. Let {r";1 <n < N} be generated by Algorithm 1 and {r?;1 <n < N} by
Algorithm 3. There exists a constant C' > 0, such that form=1,2,--- | N,

1

(IE[Her" — kY e 4 Ik D pt - knguigD <
n=1 n=1 n=1 n=1

Next, we present the following modification of Algorithm 2.

Algorithm 4
Let 0 < e < 1 and ugyh € L*(Q;Y}). Forn=0,1,...,N — 1, do the following steps:

Step 1: Determine £7), € L*($2; Sy,) from
(V€L Ven) = (B(uly), Vo) Vou € Sh. (2.65)
Step 2: Set %), == B(u?),) — V&, Find (ul}', 7} € L*(Q, Y, x W,) by solving

(ul Vi) +k(Val;t, Vvy) — E(divvy, 20t (2.66a)
= (ug,h’ Vh) + k(fn-i-l’ Vh) -+ (’l’]?ﬁAWn_,_l, Vh) Vv, €Yy,

(divul}tgn) +e(Vuli' Vg,) =0 Vg, € W, (2.66b)

Step 3: Define the W),-valued random variable p?f = TZ’,:l + kTN AW,
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The main result of this section is the following estimate for the velocity error uy —uZ,,.

Theorem 2.4.5. Suppose

Ellu® - ul, J2.] < CH2.

Let {(ul,77);1 <n < N} and {(ul),,77,); 1 <n < N} be the solutions of Algorithm 3 and

4, respectively. Then there exists a constant C' > 0, such that

=

e (B[ — w2, )" + (8 [kZHVu — )] ) (2.67)
§C<h+3_2€>

This estimate suggests that ¢ = O(h?) is the optimal choice of €.

Proof. Let eg™ := uft! —ul;! and et = 2t —r7f Then {(el, €])}, satisfies the

l.l7 7")

following error equations P-a.s. for all tuple (v, q,) € Y, X Wy,

(e — el vi) + (Ve Vvi) + k(Ver ™, vi) = (Inf — 02\ ]AWns1, va), (2.68)

u

(divel, qn) +e(Ver™, Vg,) = 0. (2.69)
Now consider (2.68)—(2.69) for w € {2 fixed, and choose
(Vh, qn) = (Qheﬁ“(w),féhe:}“(w)) €Yy X Wy
we then deduce

(eq™ — el Quey™) + k(Vey ™, VQue™) — k(ef ™, div Quey™) (2.70)

= (2 =W AW,i1, Quel™) .

We can adopt the corresponding arguments in (2.43) and (2.44), and use Lemma 2.4.2 to
treat the first two terms in (2.70), and also the argument around (2.46) may easily be adopted
to the present setting. But a different treatment is required to deal with the last term on the

left-hand side of (2.70) because it involves the error in the pressure. We rewrite this term as
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follows:

IT:= (e div [ + (Quuit! — )] )

= (ﬁhef’q, divelt!) + (ri+! — Rur™ 1, div ert!) + (eft div[Quult! — ul )

=11, + II,+ II;.
We estimate II, with the help of (2.52) and using Lemma 2.4.2,
B(115a]] < CREIVr 3] + {E[I Vel 2]
Integrating by parts in I3, using (2.52) and again Lemma 2.4.2 yield

T3] = ’(’ﬁ,hemrl div [Qhun+1 —ut )‘ 4 ’ R, P div [Quutt! — u?+1])|

Ch*

< —HVR e e + — A ge + CR*[Vrz ™ e [ Auz ™ e

Because of (2.69), we have

1T, = —€(Vef+la V[ﬁhefﬂ]) = _5||V7€h6?+1”i2 :

Putting the above auxiliary estimates together, we obtain that there exists some h- and

e-independent constant C' > 0 such that

1 m
SE[|Qrer ™ Izz] + ZZ [1Qn (el — eb)lz-] (2.71)
n=0
1 i Hven+1H +8HVR en+1H ] < C(h2 h4)
4 L 4 L2 €

n=0

for every 0 < m < N. The desired estimates (2.67) then follows from an application of the

discrete Gronwall inequality. The proof is complete.

The last result gives an estimate for the pressure approximation error. Using (2.53),

equation (2.68) after taking a summation in n, and Lemma 2.4.2, we obtain
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Theorem 2.4.6. Let {r[';1 < n < N} be the pressure in Algorithm 3, and {rl,;1 <n < N}

be the pressure in Algorithm 4. There exists a constant C' > 0, such that for all1 <m < N

(B[R D re = k3 vl + 16D pt — kzpahuy}) ch+z)
n=1 n=1 n=1
To sum up the results in this section, we have shown the following error estimates for
Algorithm 4.

Theorem 2.4.7. Let (u, P) be the solution of (1.3) and {(ul,,72;,pL,);1 <n < N} be the

solution of Algorithm 4. There exists a constant C' > 0, such that

[un

(i) 19185%(15[”11(%) —uylze > ( [kz IV (u ?h)HiQ])a

C(k2 +h+\}}—2_)

(i) (E[]| R(tw) kzrahnﬂ) + (E[[|P(tn) knghny)

h2
<C(kz+h+
(+W€>

2.5 Computational experiments

We present computational results to validate the theoretical error estimates in Theorem
2.3.4, and evidence how crucial the numerical treatment of the pressure part in the noise
is to obtain an optimally convergent mixed method for (1.3). Our computations are done
using the software packages FreeFem++ [42] and Matlab, and the physical domain of all
experiments is taken to be D = (0,1)%, i.e., L = 1.
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Specifically, we use Algorithm 2 to compute the solution of the following initial-(Dirichlet)

boundary value problem:

du = [Au — Vp + f]dt + B(u)dW(t) in Dy := (0,T) x D, (2.72a)
divu=20 in Dy, (2.72b)
u=20 ondDr := (0,T) x 0D, (2.72¢)
u(0) =uy inD, (2.72d)

Test 1. Let ug = (0,0), and B(u) = 5(u2 +u2+1)2, which is non-solenoidal. We choose

W in (1.3) to be a R/-valued Wiener process, with increment

W (tni1,%) = W (1, %) = \/_Z Z V 121,32 (X)E], sy » (2.73)

Ji=1j1=1
where x = (z,y) € D, & 5, ~ N(0,1), Aj, j, = m, and
€, (X) = (Sin(jlmv) sin(jomy), sin(j1mx) sin(jgwy)) ) (2.74)

We use the following parameters: J =4 and T = 1, and take N, = 400 to be the number
of realizations in this test. In addition, the body force is f = (f1, f2) with

fi(z,y) = mcos(t) sin(2my) sin(rz) sin(7z) — 27° sin(t) sin(27y) (2 cos(2mx) — 1) (2.75)
— msin(t) sin(mz) sin(7y),
fo(z,y) = —m cos(t) sin(27z) sin(7y) sin(7y) — 27° sin(t) sin(272) (1 — 2 cos(27y))

+ 7 sin(t) cos(mx) cos(my).

Let kg and k denote the fine and regular time step sizes which are used to generate the
numerical true solution and a computed solution, clearly ko << k. Moreover, (u}(7), pi' (7))

denote the numerical solution at the time step ¢, using the time step size 7; below, 7 = kg
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or k. For any 1 <n < N, we use the following numerical integration formulas:

Z
=

£ (B[t —wwlE]) ~ (o 3 Ih o) — i) )

=
=

£1, = (E[Iv Gt —winIz)) ~ (5 anh ko, we) — ik, we))122)

/N /N
3
Il
—_

and

1

gz = (E[I0(t) ~ 01]) = (o 3 IR — i 012

pel

The definitions of EN

rap and EN -0 are similar.

We then implement Algorithm 2 and verify the convergence orders of the time and spatial
discretizations proved in Theorem 2.3.4.
To generate a numerical exact solution for computing the orders of convergence, we use

ko =

ﬁ and h = = as fine mesh sizes to compute such a solution. Then, to compute the

convergence order of the time discretization for the velocity, we fix h = ;5 and then compute

O

1 1

2, 81 108 256 The errors in the

the numerical solution with following time mesh sizes: k =
L?-norm (€7 ) and H'-norm (€}, }) are shown in Table 2.1. The numerical results verify the
convergence order O(kz) which is stated in Theorem 2.3.4.

Tables 2.2 and 2.3 display respectively the L*norm errors (€),,) and (€);) (o = r
and p) of the time-averaged pressure approximations using different time mesh sizes. The
numerical results indicate the convergence rate O(k%) which is predicted in Theorem 2.3.4.
We also present the standard L2-norm errors 7 o and SZJ)YO in Table 2.2 and 2.3 respectively
for comparison purposes, for which we observe a significantly slower rate. It should be noted

that our convergence theory does not conclude such a convergence behavior.
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To verify the spatial convergence order for the velocity approximation, we fix k = 5% and

11 1 1

use different spatial mesh sizes h = 7,5, 15, 35 to compute the errors £} and £ ;. Table

2.4 contains the computational results which verify first order convergence rate for £ ; as

stated in Theorem 2.3.4 and second order convergence for £}, .

To verify the convergence rate for the pressure approximation, we fix k = 5Tl2 and use

11 1 1

: N
15160 35- Lables 2.5 displays the error £, of the pressure

different spatial mesh sizes: h = v

approximation. It suggests that £Y,,, &), converge with an order slightly better than O(h)
as stated in Theorem 2.3.4.
Test 2. In this test, we use Algorithm 2 to solve the driven cavity problem with stochastic

forcing, which is described by system (1.3) with the following non-homogeneous boundary

condition:

(1,0), ro=10<2 <1,
u(‘rth) =

0, otherwise.

Let W be the Wiener process as in (2.73), and B = 1, i.e., the noise is additive. We use the

1

550 k = 0.01, and the number of the realizations

following parameters in the test: T'=1, h =
is N, = 1001.

Figure 2.1 displays the expected values of the computed stochastic velocity uj and
pressure py ; expectedly, they behave similarly as their deterministic counterparts do. On the

other hand, individual realizations of the computed stochastic velocity ul and pressure pi

given in Figures 2.2-2.4 show quite different behaviors from their deterministic counterparts.
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Table 2.1: Algorithm 2: Time discretization errors for the velocity {u}},.

k Eno order Ena order
1/32 | 0.0298875 0.479939
1/64 | 0.0238283 | 0.3269 | 0.406732 | 0.2388

1/128 | 0.016284 | 0.5490 | 0.0300667 | 0.4359
1/256 | 0.00969576 | 0.7482 | 0.197304 | 0.6078

Table 2.2: Algorithm 2: Time discretization errors for the pressure {r} },.

k N order EN order
1/32 | 0.0258463 1.27249
1/64 | 0.0167279 | 0.6277 | 1.1632 | 0.1296
1/128 | 0.0117858 | 0.5052 | 0.974548 | 0.2553

1/256 | 0.00972497 | 0.2773 | 0.755733 | 0.3669

Table 2.3: Algorithm 2: Time discretization errors for the pressure approximation {p} },.

k Epan order £, order
1/32 | 0.139535 18.2813
1/64 | 0.0818481 | 0.7696 | 17.9973 | 0.0226
1/128 | 0.056455 | 0.5358 | 17.0739 | 0.0760

1/256 | 0.036139 | 0.6435 | 15.527 | 0.1370
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Table 2.4: Algorithm 2: Spatial discretization errors for the velocity approximation {uj},,.

h Eno order Enq order
1/4 0.484335 5.64812
1/8 0.141512 | 1.7751 | 2.98187 | 0.9216
1/16 | 0.0352466 | 2.0054 | 1.48554 | 1.0052
1/32 | 0.00786841 | 2.1633 | 0.804592 | 0.8847

Table 2.5: Algorithm 2: Spatial discretization errors for the pressure approximation.

h EN order Eun order
1/4 | 7.55676 7.61385
1/8 | 2.44124 | 1.7751 | 2.45072 | 1.6354
1/16 | 0.764419 | 1.6779 | 0.765958 | 1.6779

1/32 | 0.251246 | 1.6053 | 0.251472 | 1.6069
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&

Figure 2.1: Test 2: (a) The expected value of {u} },,. (b) Level-lines of the expected value
of {pN},. (c) The streamlines of the expected value of {u} },,.

Figure 2.2: First realization of (a) the velocity {ul},; (b) the pressure {p)}.; (c) the
streamline of {u}’},.
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Figure 2.3: Second realization of (a) the velocity {ul},; (b) the pressure {py },; (c) the
streamline of {u}’},.

Figure 2.4: Third realization of (a) the velocity {u},; (b) the pressure {pi},; (c) the
streamline of {ul'},.
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Chapter 3

High moment and pathwise error
estimates for fully discrete mixed
finite element approximations of

stochastic Stokes equations

3.1 Introduction

In this chapter, we establish high moment and pathwise error estimates for fully discrete
mixed finite element approximations of the following time-dependent stochastic Stokes (1.3)
on D = (0, L)?> C R? represents a period of the periodic domain in R

Unlike in the deterministic case, the primary goal of the numerical analysis of SPDEs
is to derive error estimates for quantities of stochastic interests of the error functions. The
best known such quantities are the pth moment, E[||u — U||P] for 2 < p < oo as well as the
variance Var|[||lu—U]||], where E[-] and Var|-] stand for the expectation and variance operators,
u and U denote respectively the exact and numerical solutions and || - || denotes some space-
time norm. We note that when p = oo, such an estimate is often called a pathwise error
estimate. As expected, among these quantities of stochastic interests, the easiest one is the

second moment E[||u — U||?]. This is indeed what was done in Chapter 2. Moreover, in
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practice, numerical simulations for the approximate solution U are done for sample paths
when the Monte Carlo method is used to compute the quantities of stochastic interests,
which requires to use a large number of samples. However, to the best of our knowledge, no
qualitative estimate was known for esssup,co maxj<,<n [|u(t,,w) — U™(w)]| in the literature
for the stochastic Stokes (and stochastic Navier-Stokes) equations. Such error estimates
would provide valuable information about the quality of each computed sample path U(w).

The goal of this chapter is to fill this gap by establishing arbitrarily high order moment
and pathwise error estimates for both velocity and pressure approximations of the stochastic
Stokes problem (1.3) discretized by two fully discrete mixed finite element methods. This
chapter extends the results of Chapter 2 where the second moment error estimates were
obtained for those mixed finite element methods.

The remainder of this chapter is organized as follows. In section 3.2, we introduce useful
facts and inequalities which will be used in the entire chapter. In section 3.3, we first recall the
Euler-Maruyama time-stepping scheme for problem (1.3) and then derive high moment and
pathwise error estimates for the velocity and pressure approximations of the time-stepping
scheme. In section 3.4, the standard mixed finite element method is introduced for the
spatial discretization. The stable Taylor-Hood mixed element is chosen as a prototypical
example for analysis. The highlight of this section is to derive high moment and pathwise
error estimates for the velocity and pressure approximations of the mixed finite element
method. In section 3.5, we consider the modified mixed method in section 2.2, Chapter 2
and obtain high moment and pathwise error estimates for this non-standard mixed finite
method as well. Finally, numerical experiments are provided in section 3.6 to verify the
proved error estimates and to examine the dependence/growth of the error constants on the

moment order p.
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3.2 Preliminaries

3.2.1 Some useful facts and inequalities

In this subsection, we collect some well-known theorems and useful facts which will be used
in the later sections.
First of all, we recall the following Kolmogorov Theorem for a path-wise continuity of

stochastic processes, its proof can be found in [19, Theorem 3.3] and [49, Lemma 2.1].

Theorem 3.2.1. Let X(t),t € [0,T], be a stochastic process with values in a separable

Banach space E such that, for some positive constant C >0, « > 0,3 > 0 and allt, s € [0,T],
E[HX(t) — X(S)HB] < Ot — st (3.1)

Then for each T > 0, almost every w and each 0 < v < % there exists a constant K =
K(w,v,T) such that

1X(t,w) — X(s,w)|| < K|t —s|” for all t,s € [0,T]. (3.2)

Moreover, E[|K|°] < oo for all 8> 0.

Next, we recall a useful inequality for martingale processes. This inequality is often
referred to as the Burkholder-Davis-Gundy inequality in the literature, see [12, Theorem

2.4].

Lemma 3.2.2. Let ¢(t) € L*(D) be a random field for all t € [0,T]. For any q > 0, there
exists a positive constant C, = Cy(T,q) > 0 such that

<a]([ @) 53

The next lemma recalls the well-known It6 isometry and introduces a related inequality

E[max

0<t<T

/O S W (©)

for stochastic processes.

¢
Lemma 3.2.3. Let ¢(t) be a stochastic process on [0,T]. Define X; = / d(&)dWV (€). We
0

have
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(i) If ¢ € L*(Q; L*(0,T;L*(D))), then
B[] ~ | [ 1801 ] (3.4
(ii) If ¢ € L9(QY; L9(0,T; L2(D))), for q > 2, then

E[IX,]2.] < c<t,q>E[ [ sl dg], (3.5)

C g
where C(t,q) = Tb(q —1)(g—2)t2 4+ (¢ — 1)Cb.

Proof. The proof of (3.4) can be found in [19]. Below we only give a proof for (3.5), which
is based on the It6 formula and Burkholder-Davis-Gundy inequality.

By Ito’s formula, we have

E[IX]7.] < E [ / X102 (X, 6(r) dwm} (3.6)

ota = VE| [ IX- 152160 dr]

The expectation of the first term on the right-hand side of (3.6) vanishes due to the

martingale property of It integrals. Therefore, we obtain

B[IX4.) < 3a(a— 1 / B 1)
~Lita-1 H/ s aw©| o] o
<Lp-1 / (2| [ s0amee )D EleOIE) o (1)
< gata =) [ (E|ma / s ave| 2)})2‘( () 122])* ar.

We have used Hélder’s inequality with + + % =1 to obtain the second inequality.
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Next, applying the Burkholder-Davis-Gundy inequality to the last line of (3.7), we get

B[] < gata -1 [ (] ( [ 16013 ac)

Setting o = q_%, = 1 and using Young’s inequality with the conjugate pair % and %,

a(g—2)
2

D (E[I¢(r)[23])* dr.

we obtain

q—2

(i) < Gata = [ (e]( [ 1eteis ds)g})q(ﬁ[nm MEs])? dr
§<q—10th[(/ oI dr) ]%

1 "E[llg(7)II]
-+ §q(q — 1)Cb/0 q/2 dr

< (3a-a-21 + - 1) e[ [ 19l ar]

The proof is complete. O

Finally, we recall the following property of the R-valued Wiener process:
E(W () —W(s)P™| < Cult—s|™ VmeN. (3.8)

When m = 1, the inequality becomes an equality with C,, = 1. We refer the reader to [46]
for its generalization to infinite-dimensional Wiener processes.
We recall the following high moment stability estimate for the velocity u was proved in

8, 17].

Lemma 3.2.4. Let u be solution defined in (2.9). Assume that uy € L" (Q;V) for some

r > 2. Then we have

T r
E[( sup \|vu<t>\|i2+/ V| V2u(t)||2, dt> ] SCT]E[HVuOH{z]. (3.9)
0<t<T 0

Next, we introduce a high moment Holder continuity estimates for the variational solution
u, a similar proof can be found in [8, 17] for the stochastic Navier-Stokes equations. we

provide a proof below for completeness.
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Lemma 3.2.5. Suppose uy € L(Q;V) and f € LY(Q;C2(0,T;H-Y(D))), Vg > 2. For
0<y< %, there exists a constant C = C(Dp,ug) > 0, such that the variational solution to

problem (1.3) satisfies for s,t € [0,T]
E[[lu(t) - u(s)ll§] < CJt — . (3.10)
Proof. Following [17, 8], we have that the mild solution of (1.3) can be represented as follow:
t
uft) = ey + / e=IAP. B (u(s)) dIV (s). (3.11)
0
For ty < t1, write u(t;) — u(ty) = I + IT where

= (eitlA — €7t2A> Uy, (312)

17— /0 " -9AP L B(u(s)) AW (s) /0 ? - IAP B (u(s)) dVV (5).
By the standard estimates of semigroup theory, we have
|Ate™ | <Ct™, AT (I =R < O
Thus,

[Tl = [le A (e~ B2 —T)Aug|pe (3.13)

S C(tl - tg)’y”Vll()HLL

Therefore, E[|| T[] < C'(t: — t2)"E||uol|4].

Next, we can write

II = /Ot2 (6_(“_8)A — e_(tQ_s)A)B(u(s)) dW (s) (3.14)

t1
+ / e~ IAB(u(s)) IV (s) = TT, + TT,.

t2
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By the Burkholder-Davis-Gundy inequality and the fact that |||y = |[A2 -||2, we obtain

i)’ <o [ (i —cmpaep]) o) s
= C(/o HA(I_E)G_(tQ_S)AHc(L2)

X A0 (A |2 <E[||u(s)||§,])a ds)

() =)

1=

Q|
=

< Ot~ 1) sup (E[Ju(s)]4])

0<s<T

<Ot —ty)' e

Y

where < e < 1, and (IE[HU(S)H%,DE < C, by Lemma 3.2.4.

To estimate II,, we use Lemma 3.2.3 (ii) and then also apply Lemma 3.2.4 to obtain:

Bllenlt) < ¢, [ B[l A B[] as (3.16)

< Cyts — t2) sup E[[lu(s)|[9].
0<s<T

Finally, combining (3.13), (3.15) and (3.16) we obtain

Effu(t) —u(t2)[|§] < Ot — t2)™, (3.17)

where 0 < v < % The proof is complete. O

Remark 3.2.1. We note that due to the obstruction of nonlinearity, the estimate obtained

in [8] requires higher reqularity of ug and B € L(L2,.,H2,.) to obtain the optimal order .

per’ ~*per

On the other hand, the estimate of [17] is limited to the order 3 under the same assumptions

as in Lemma 3.2.5 above.
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3.3 Semi-discretization in time

In this section, we reconsider the implicit Euler-Maruyama scheme (2.2) for the time
discretization of (1.3) which has been introduced in Section 2.1, Chapter 2. For the sake of

completeness, we also state it below.

3.3.1 Formulation of the scheme and stability estimates

Let Ij, := {t,}2L, be a uniform mesh of the interval [0,7] with the time step-size k = L.
Note that to = 0 and £y, = T.

Algorithm 1

2

Let u’ = ug be a given V-valued random variable. Find the pair {u"*!, p"™'} € V x L2 |

recursively such that P-a.s.

(u"+1 — u”,¢) + l/k(Vu"+1, V¢) — k(p”“, div¢) (3.18a)
=k(f"",¢) + (B(u") AW, 41, 0),
(divu™,¢) =0 (3.18b)

for all ¢ € H..(D) and ¢ € L2, (D). Where £ := f(t,,41).

The following high moment stability estimates for the velocity approximation {u™} of

Algorithm 1 were proved in in [17, Lemma 3.1].

Lemma 3.3.1. Let ug € L*'(Q; V) for an integer 1 < q < 0o be given, such that E|[||uo||F'] <

C. Then there exists a constant Cr, = C (T, q,ug) such that the following estimations hold:

_ M
() E| max Hu"||%i+uk2||u“||%f2|!Au”||iz] < Cry.
n=1

1<n<M

S CT,(] ‘

M q M q
G E (Zuun—u"lH%) +(ukZHAu"H%,)
L “n=1 n=1

Next, we want to derive some high moment stability estimates for the pressure

approximation {p"} of Algorithm 1, which plays a crucial role in the error analysis of the

full-discrete scheme later.
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Lemma 3.3.2. Let {(u™" p™t1)},, be generated by in Algorithm 1. Assume that uy €
LI(Q; V) for 1 < q < oo. Then, there exists a constant C' > 0 such that

(i) if B:L* =V, then

M q
EK’CZHW’”‘H%) } < Crg; (3.19)
n=1

(ii) if B:L* — H!_, then

per’?

M O\ Cr
n q
E[(k’ZHVP HL2> } <=t (3.20)
n=1
Proof. When ¢ = 1, both (3.19), (5.13) were already shown [17, Lemma 3.2]. Thus, it

remains to prove them for g > 1.

(i) We first multiply the strong form of (3.18a) by Vp™*! and use the fact that B(u) € V,
so (B(u")AW,41, Vp™*') = 0 to conclude that

VP < CEIE™ L. (3.21)

Next, taking the summation over the index n followed by taking the ¢th power and

expectation on both sides of (3.21) leads to the desired estimate.

(i) Let B € L>(0,T;H!, (D)), then (B(u")AW, 1, Vp"™') # 0. Hence,

per

T n C n
FIVP™ Ee < CRIE L + B AW ||ga. (3.22)
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Taking the summation over the index n followed by taking the ¢th power and
expectation on both sides of (3.22), we get

E[(ki viz:) | < [( f !\f”\li2)q] (3.23)
ol

We now bound the last term on the right-hand side of (3.23). By the discrete Holder

inequality for summation and (1.5b), we obtain

EKi B )aw ) | < ch{(f NS N CEY

< C,M9~ 11@{2 a2 AW, |2q}

n=1

Using the tower property of the conditional expectation, the independence of the increments

of the Wiener process and (3.8), we obtain
E |24 AW, 1] < C bR [u~ 24]. (3.25)

Substitute (3.24), (3.25) into (3.23) we obtain

M q
B[ (v Vi) | <c E[(kz Ieiz:) |+ QE[kZ ] BECED
n=1
Finally, the proof is complete by using the assertion (i) of Lemma 3.3.1. [

3.3.2 High moment and pathwise error estimates for the velocity

approximation

In this subsection, we present the first main result of this chapter which establishes the

optimal order high moment error estimates for the velocity approximation by Algorithm 1
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and the sub-optimal order pathwise error estimate for the velocity approximation with the

help of Theorem 3.2.1.

Theorem 3.3.3. Let u be the variational solution to (1.3) and {u"} .| be generated by
Algorithm 1. Assume that ug € L*(; V). Then there exists Cy; = C1(T,q,uq,f) > 0 for

any integer 1 < g < oo and real number 0 < v < % such that

E[ max |[u(t,) —u"|i2] < C1 k>, (3.27)

1<n<M

Proof. When g = 1, the estimate was already proved in [34, 33]. Thus, it remains to show
(3.27) for ¢ > 2. We start with ¢ = 2.

Let €" = u(t,) — u™. Integrating (2.14a) from ¢, to t,,; and choosing ¢ € V, we obtain

(Wltnsr) — ultn) @) + /t T (Vuls), Ve) ds = /t Tk (s), ) ds (3.28)
+ /t "(B(uls)),¢) AW (s).

Subtracting (3.28) from (3.18a), we obtain the following error equation for the velocity:

("1 — &, ¢) + vk(Ve™™, V) — v /t " (V(uls) - ultun)), Vo) ds (3.29)
+ /t "B (s) - £(tunr), ) ds
= [ (BluGs) = B(),¢) W (s),

Choosing ¢ = €"*! in (3.29) and using the identity 2(a — b)a = a® — b* + (a — b)?, then
the left-hand side (LHS) and right-hand side (RHS) of (3.29) become

1
[le™ Lz — lle”llT=] + S lle™ — e"[|L. + vk[[Ve™ L. (3.30)

LHS =
2

N | —
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s — v | (V(u(s) — ultnr)), Vo) ds
+ / (£(5) — £(tusr) ) ds
([ B - B . - o)
([ B - B ave,e )

Next, multiplying (3.30) and (3.31) by ||e"™||2, yields

1 1 2
LS = " s — lle"lla] + 3 (e 5. — lle"2)
1
+ 5”6"“ — e"[[Ta[le" 1T + vE[ Ve T2 le" Iz

RHS — / " (V(u(s) = utu), Ve dsfle 2,
+ / T E(5) — E(tnpn), € dsllen 2,
([ @) - B ave.e - e ) e
([ ) - B . ek,

= I+ II+III+1IV.

Now, we estimate terms of I, II, III, IV below.

59

(3.31)

(3.32)

(3.33)



tn+1
ISu/ 19 (@ltnss) — u(s) e Ve fozle” ez ds (3.34)
tn
o 2 12
sV/ IV (ultasr) — u(s))|Zalle™ |2 ds
tn
vk " "
+ 2 Ve e
tn+1
=5/ IV (@ltars) — u(s)[2 ds(le™ 22 — [le”|2)
tn
lnt1
+v/ IV (ultars) — u(s) 122 dslle™| 2
tn
vk " "
e e
b1 2 ? 1 1912 2 \2
< (v [ 19t — w6 )+ g5 e s ~ eI
tn
v? o[ 4 nid
*“z/ I (ulturs) — u(s))llEa ds + Kl [1
tn

vk " "
+ v 2 e
By using (3.10), we obtain

1 n n 2
E[1) < Ok + SE[(le" Iz — lle"|Z2)] (3.35)

Vk: n n n
+ T EIIVe  ealle™ L] + KE [fle”|L:]

lnt1
Ir< / 1£(s) = £(tns) [l [V |2 le"]|Fs ds (3.36)
tn
frtd 2 n1 2 vk N2 ([ anbl )2
<C [£(s) = £(tnso)llg-2[l€" [Tz ds + IHVG [Lelle" [z
tn
ft1 4 1 n+1(2 nn2 \2
<C 1£(s) — £(tns1) |- ds + 3—2(||e 122 — lle"ll2)
tn

vk
+ Cklle"|g2 + ZIIVG"“HizHe"“HiQ-
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Since £ € L¥ (Q;C2(0, T;H (D)) for ¢ = 2, we have

1 n n 2
E[1I] < Ok* + 3—2E[(||e 32 — lle™2)] (3.37)

k
+ CRE[le" 1] + TE[IVe ! [l 2],

tr= ([ (Bluls) - B as). e - et o (3.38)
< /t " (Blu(s)) - B) aw(s)| ez

1
+ et — e a2

/j+ (B(u(s)) — B(u")) dW(s)H;(He”“Hig — le2.)

2 n||2
L2||e L2

+

tnt1
/ (B(u(s)) — B(u")) dW/(s)
tn
1 n n n
bl el 2

<8

[ ) - B aves)| -+ e - o)

+

[ ) - B av )| e

1
+ e — ezl I

oo </ (B(u(s) ~B(w")) dW(s»e") (e e — le"2:)  (3:39)
" (/ (B(u(s)) ~ B(u")) W (s). ) e 2

<3

[ Bt - B )|l

2
(lle™ HILs — lle™[Iz2)

tn41

D

([ Bas) - B dw<s>,e”) e 2.

/’—“\\C°|FAS

tn
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We note that the last term on the right-hand side of (3.39) has zero expected value because
of the martingale property of the Ito integrals.

Now, substituting the above estimates for terms I, II, III, IV into RHS in (3.33) and
taking expectation on both LHS and RHS, followed by absorbing the like terms of LHS in
(3.32) into those of RHS in (3.33), we obtain

1 1
ZE[le™ s = lle” 2] + ZE[le™* = e"[Ealle™ 2] (3.0

vk " "
+ 7E[||Ve Tz lle IR
< Ck"™ + CKE[|e"|12] + CK?

4 CE U /tt+ (B(u(s)) — B(u")) dW(s)‘

4
1.2

2 n||2
el

+CE U /tt+ (B(u(s)) — B(u")) dW(s)

< CK™™ + CKE[||e"||12] + V + VI,
where

V= C’]E“

/t " (B(us)) - B(u")) dw(s)

4
2|’

v ca[| [ Bt - ) av o)l

To estimate V, we first use (3.5) and then use (3.10) to get

' ] (3.41)

L2

tnt1
< C’/ E[llu(s) — u"||1:] ds

IN
Q

| Blluts) = u(e)ls] ds + CHE [ )

< CE'™ + CKE[||e"(|g:]-
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To estimate VI, we use the It6 isometry given in (3.4) and (3.10) to get

VI = CE ‘

/ (B(u(s)) ~ B dw(s)|| ||e”||i2} (3.42)

2
L2

:OE’

/t " (B(u(s)) - Bu")) [le” 2 W (s)

r tn+1
= CE[ [ IB(u(s) - Ba)lfalle" - ds]
LSt

IN

tn1
c / E[[[u(s) — w2 ]le" 2] ds

IN

tni1
c / E[[[u(s) — u(ta)[2a]le"|2] ds + CKE[[|e"[14]
tn

tnit1
<C [ Bllue) - ut)li:] ds-+ CHE[le" 2]

< CE"™ + CKE[||e”||1z]-

Bounding V, VI by (3.41) and (3.42) in (3.40), we obtain

1B e = lle™lze] + SE[(le™ 2= — lle"llz2)"] (3.43)
7B [llem - e"Zallem 2] + LR Ve s e 2]

< CE"™ + CEE[||e"(|12]-

Next, lowering the index n in (3.43) by 1 and applying the summation Zflzl for any 1 <

¢ < M, we have

l )4
E[lle‘llt2] + Y E[lle" —e" ' |alle”Ifz] +2vk Y E[|[Ve"||zalle"|2:] (3.44)

n=1 n=1

4
< CEY +Ck Y E[[le"|1]

n=1

< C«k4'y€Ctg ’

where we have used the discrete Gronwall inequality to get the last inequality.
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Taking maximum over all 1 < ¢ < M to (3.44), we conclude that

max E[|ef|{2] < CEY. (3.45)

1<0<M

Since the maximum is taken outside of E[-], hence, (3.45) is weaker than the desired
estimate for ¢ = 2. To show the stronger estimate, we follow the technique of Lemma 3.1
proof [14] which uses the estimate (3.45) as a bridge to obtain the desired estimate.

To the end, substituting (3.34)—(3.39) into RHS in (3.33) and equating it with LHS in
(3.32) (without taking expectation), we obtain

21 s — e 1Ea] + < (e 122 — e 32) (3.46)
+llemt — e 2+ Ver e s

tni1
< Cklle" ||tz + C/ IV (u(tni1) —u(s))llge ds
tn

tni1
€ [ = Bt ds
tn

4

+C‘

/t " (B(u(s)) — B(u") dW (s)

L2

+

/tt+ (B(u(s)) — B(u")) dW(s)H; le™ 32
N (/tt+ (B(u(s)) — B(u™) diW(s), e”) [

Applying the summation operator Zizl followed by max; <<, and taking expectation on
both sides, on noting that the last term on the right side of (3.46) would not vanish anymore
(which is the main difference of this new process compared with the proof of (3.45)), and by
using (3.45), we have

(14
E[@% le”]L:] (3.47)
¢ tn
o n—1 n—1 n—112 4y
< CE Lgﬁﬁ;(/ﬁnl(mu(s)) B(u"™)) dW(s),e )He HLQ} + CkY.
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To bound the first term on the right side of (3.47), we appeal to Burkholder-Davis-Gundy

inequality to obtain
tTL
/ (B(u(s)) — B(u"—l)) dW (s), e”_l) ||e”_1||%2} (3.48)
tn—1
M tn
SE[(Z / ||B<u<s>>—B(u”-1>||iz||e”-1||%2ds) }
tn—1
M tn %
S ) e ds) }
n=1 tn—1
A n—1 n—1
mas e |\L2(Z [ s - w ez as) }
1

n—1(2 n—1|2
< B[ max [ef|] +CE{Z [ ) = wte s

N

| /\

1 n—
SB[ mas '] wE[Z / fu(s) = ult,)]iElle 1||L2ds]
tn—1

1<e<M

+CE {Z/ e i, ds]
tn 1

M
SELmax [eIL] + Ok SB[l 1]

2 Mi<e<M

IN

n=1

N Cz/t E[u(s) — u(tu-1)l12])

1 4
2]E[1r<rﬁx le‘||f] + CkY.

N[
D=

ds

(E[lle""[1£2])

| /\

Here, we have used (3.10) and (3.45) to obtain the last inequality of (3.48).

Combining (3.48) and (3.47) yields the desired estimate for the case ¢ = 2.

To prove the general case 3 < g < oo, for the sake of notation brevity but without loss of
the generality, we let f = 0. Our first task is to show the following inequality by induction

for any 1 < ¢ < oo: there exists a constant ¢, > 0 such that holds P-a.s.
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1 n q n 1129 n 1129 bnt1 q
50 e Ee = lle™[E] < eqklle”||zz + Cq/ IV (u(s) = utoe))|> ds (3.49)
tn

q

+cqz

j=1

+ (/tt+ (B(u(s)) — B(u")) dW(s),e") le™ |22,

/tu (B(u(s)) — B(u")) dW(s)Hi“ennzq 0i

which has been proved to hold for ¢ = 2, 3.

Suppose that (3.49) holds for any fixed integer ¢(> 3) and we want to show it also
holds for ¢ + 1. To the end, multiplying (3.49) by [e"™||?, and use again the identity
2a(a — b) = a* — b* + (a — b)? we obtain

1 e +1 n1124+1 1 n n1129\2
e Lle™ e = lle™lEe ] + o (lle™ 1Tz — lle™22) (3.50)

tn+1
< coklle" | le" g + Cq/ IV (u(s) = u(tuss))lIE> dslle™ g
tn
q
T
j=1

+([fﬂﬁﬂwﬁ>—Bmﬂ»mv@»dﬂwfﬁ?wd”W%

=I4+II+III+1IV.

/:ﬁ (B(u(s)) — B(u")) dW(S)”ZHeanq 2 e 2,

For some 41,9, > 0, we have

n n n n +1
I:ch||e 12 (lle™ T — le™[IE2) + coklle” | (3.51)

S || e"72" + a ([l 12 — llemlIFz)” + coklle™IFa"
2

C n +1 n n 2
=(M—HQM|wq+wmm+w$—mn£»
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tn+1
11— ¢, [ IV (a(s) — uta I ds(le 2 ~ e32) (352
tn

+%[“vau—umﬂw dsle” 24

1 e n+1(29 n(129 \ 2
= 4—52(6(1 IV (u(s) = u(tnir))llf2 ds) + 8o ([le" 3% — [le]132)
tn

tnt1 29+1 n2¢+1
+ ¢ IV(u(s) —altn))llse ds + coklle” |t

tn
Zk (2}

q n a n| 27 \2
<= [ IV —ut ) E ds+ (e — fle”2)
tn

tnt1 29+1 29+1
+%/ 19 (uls) — ultas )25 ds + coklle™|25
tn

CZk ft1 9a+1
= (S wa) [ 19 0a) = utta)IEE ds
tn
n n e’ a+1
+ 0 (fle" 13 — lle™132)” + coklle™|F
For ay, -+, a4 > 0 we have

|| e[ (lle" g — lle”lIg2)  (3.53)

? 299 24
el lle” I

e

/W B(u(s)) — B(u")) diV'(s)

+Z%wW@—W@f
j=1

+%§Néf¥mwm—BmWJW@Hn”W“”.
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Similarly, for some d3 > 0 we have

= ([ (BluGe) ~ B awe),e) e (e g - eI (350
(T B - Bt aw).e) e e

< 4%3 ntl (B(u(s)) — B(u")) dW(S)H e 2.l 25
sl ~ e 13’
+ (/t ntl (B(U(S)) —B(u")) dW( ) )H anqul _9

= 4i55 ntl (B(U(S)) —B(u”)) ( )H || n||2q+1 _9

+ 05 ([lem |2 — [le”]|22)

+ (/:“ (B(u(s)) — B(u")) dW(s),e )|| o2

Substitute the estimates from (3.51)—(3.54) into (3.50) we obtain

1 o q+1 n(122+1 1 n q n1129 \ 2
s [l 3 = e 2] + (g — 61— 02— 6 — o) (e 5 — le"%2)°  (3.55)
ch 2k‘ tnt1
n Qq+1 2q+1
< (G52 rleE+ (G +a) [ IV — el ds
: Cg fott n n|29t1—27+1
=3 [T B - B av )] el
j=1 4a.7 tn
- fotd n n| 2¢+1—27
co Y| Bt - B awes)| el
j=1 "ln
1 f+1 n n|27t1—2
b [ B - B aw )| ez
404

+ (/t:n+1 (B(u<3)) - B(u”)) dW (s), e >“ nH2q+1 9

q
where o = Zozj > 0.
j=1
Now, we choose 91, 09, 03, & > 0 such that Qq% — 01 — 09 — 03 — a > 0 so that the second

term on the left-hand side of (3.55) is positive and can be dropped at the end. Next, after
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rearranging terms on the right-hand side, (3.55) infers that

1
Qa+1

1 +1 +1
s Ll IE" = e 5] + (5o
2

Ck n q+1 Czk bnt1 2q+1
< (G5 +2e) W+ (G5 +e) [ IV — it s

Cg q tnt1 B B n dW n124+t1 _9i+1
+1IE?<)§IE 2 /tn (B(u(s)) — B(u")) (5) || 52

tn+1

(5)) ~ Bw)) dw ()| ez

+ (e 453>
+ (/:L+1 (B<u<8)) — B(u”)) W(s), e )” n||2q+1_2
< <Z(5k + 20q>k|| n||2q+1 C%: + Cq) /:H |V (u(s) —u(t n+1))||2q+1

2 q+1 tni1 X
S B(u(s)) — B "dW‘H A
e 2 / (B(u(s)) = B(u") dW(s)| ,lle"

j=1
qt+1

+ (cﬁﬁ) ;‘

+ (/t:"“ (B(u(s)) — B(u")) dW(s),e )” o[22

C k n 2q+1 2k bt 2q+1
(m +%QM|H (@ +%)l; IV (u(s) = ultnn))fz

(e g+ e 1) Z! [ ) - By )|

H”W“”

/t " (B(us)) - Bu") i (s)

n124+1_9J
H [

+ (/t:n+1 (B(U(S)) - B(u”)) ( ) >“ nH2q+1 9

n|29t1 fot1 2H1
< cgriklle|: + g [V (u(s) —ultni1))llre
tn

. /t:"“(B<u<s>>—B<u“>) W)

J=1

e

4 / (B(u(s)) ~ B(u)) dW(s). e") " [25"

where
{98 a2t a2
C = ma C, Cqy, C — max —— .
arl T AN g5, T s, 0 T s TS Ao,
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Hence, the proof of (3.49) is complete.

Next, we prove the statement of the theorem for the general case 3 < ¢ < oo, which will
be carried out using the same technique as that in the proof of the 4th moment (i.e. ¢ = 2).
Taking the expectation on (3.49) and using the martingale property of Itd integrals and the

Holder continuity in Lemma 3.2.5, we obtain

1 n q n |29 n q
ﬁE[Ile HEe — llet(IFe] < quE[lle [F2] + ek (3.57)

" (B(a(s) - B aw (o) et 22

+cq

< quE[HenHLZ} + quHQqﬂ{

o 3R] [ Bt - B e ]

where the last inequality of (3.57) is obtained by using (ii) of Lemma 3.2.3. The last term
on the right-hand side of (3.57) cab be bounded as follows

o[ [ Btaton - B e @
< cqujE[/t:Hl\\B(u(s)) — B(u(t,)) [ dslle" 757 |
co 3 eE] [ B - B ez

q tngt
<e > B[ Iuts)  uit) [ dsller
j=1 n

q tni1
e CE[ [ et s dslen 2]
i=1 tn
q_l tn+1
Y CE[[ " fuls) ~ ulta) |2 dsle” 257
=1 tn

tn41
+¢,E [/ lu(s) — u(t,)|3: ds} + G kE[||e” |7 ]
t

q—1 g1
<c > CE[ [ ) — (eI dsllenE ] + 6k + SB[ en ]
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In addition, for each 1 < j < ¢, using Young’s inequality with the conjugates a = 2977 and

b= 23qjj - to the first term on the right side of (3.58), we get

a—1 tnt1
o2 GB[ [ 7 o) a1 (359

i%[fwwﬂ a2 a5+ e, 3 e ")

< Gk 4+ G RE||l€172]

I/\

Finally, substituting (3.59) to (3.58) and then combining it with (3.57) yield

1 n n |24 ~ n 1124 ~ q
s Ellle™ Mgz — llel[] < EohE [JlemlITz] + &gk 1. (3.60)

Summing (3.60) in n and then using the discrete Gronwall inequality, we get

1 q ~ ‘ n— q ~ q
SEllelE] <k Efle" IE] + & Ci k" (3.61)

n=1

~ q C
< G,Cy K7 el
Thus,

E 249 < 2q’y.
max Ef[le|z:] < Ok

Repeating the last part of the proof of the case ¢ = 2 we subsequently obtain
E[ max |le‘|f2] < CE*.

1<U<M

The proof is complete. O
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Corollary 3.3.4. Under the assumptions of Theorem 3.3.3. For any real numbers 2 < q <

oo and 0 < v < %, there holds

B[ max [u(t,) — ] < 0k, (3.6
where Cy = C1(T, q,uo, ).
Proof. The proof follows from using Holder inequality and Theorem 3.3.3. O

Theorem 3.3.5. Under the assumptions of Theorem 3.3.3, there holds for 2 < q < oo and

?

0<vy<42

q

} < 1k, (3.63)

L2

vk Z V(u(t,) —u")

where Cy = C1(T, q,ug, ).

Proof. For the sake of notational brevity, we set v = 1. Applying the summation operator

271\14:1 to (3.29), we obtain

(e, (kZVe v¢> = (i /t V(u(s) —u(t,)) ds,Vqs) (3.64)

n=1 -
M tn
() @ (»@@
n=1"tn-
M tn
+ (Z/ (B(u(s)) —B(u"™)) dW(s),¢>.
n=17tn-1
Setting ¢ = k 27]\1/[:1 e”, and using Schwarz, Young, Poincaré inequalities, we obtain
M 2 2
Hk Z Ve" <CleM|i +C (tn)) ds (3.65)
n=1 L2 tn—1 L2
M, 2
+o> / (F(s) — £(t,)) ds
n=1 tnfl H71
2
— B(u”_l)) dW (s)
n=1 tn—l L2
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Taking the Z-power followed by expectation on both sides of (3.65), we get

E[Hknﬁ;Ve” ij < CE[lleM|,] (3.66)
+Cq]E: é /t::V(u(s) ~u(t,)) ds i}

L oE| Z/t (£(s) — £(t,)) ds

q
H—1:|

+e|[S [T (Bt - B ) aws

tn—1

q
L2:|

= I+ 1II+III+IV.
By using (3.27), (3.10), and the assumption on f, we get
I+ II+4III<Ck™ (3.67)

To bound IV, by (3.5) we have

IV < C,E {é / ; IB(u(s)) — B(u" )|, ds} (3.68)

tn—1

M, Mt
<CES [ )~ utta g ds| +CE[S [ e lzaas
n=1 n=1“tn-1

tn—1

< C k",

Here, we have used (3.10) and (3.27) to obtain the last inequality of (3.68). The proof is
complete. O

Remark 3.3.1. The second-moment (i.e., p = 2) error estimate in the H'-norm was
obtained for the wvelocity approximation in Chapter 2. Theorem 3.3.5 proves a weak
convergence of the high moments of the error in H-norm. The difficulty of obtaining the
strong convergence of the high moments of the error in H'-norm is explained below. After

setting ¢ = e in (3.29), using the binomial formula and summing over all 0 < n < M,
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we obtain a similar inequality as that in (3.66) but in strong form, namely,
M 3
E[[le™]|{.] +EK1«Z |\Ve”||i2) ] (3.69)

n=1
N
L2
q

<l (3"
)]

/t " (B(u(s)) - Bu")) W (s)

/t "V (u(s) — u(t,)) ds

ce(S

n=1

ce(s

n=1

| (et as

il

It is unclear how to bound the noise term on the right-hand side of (3.69).

Finally, we are ready to state our first pathwise error estimate for the velocity

approximation, such an estimate has not been obtained before in the literature.

Theorem 3.3.6. Assume that the assumptions of Theorem 3.5.3 hold. Let 2 < q < oo and

0<y< % such that v — % > 0. Then, for 0 <y <~ — %, there exists a random variable
K = Ki(w; C1) with E[|K1]7] < oo such that there holds P-a.s.

max |[u(t,) — u"||p: + < Kk (3.70)

1<n<M

vk Z V(u(t,) —u")

L2

Proof. (3.70) is an immediate consequence of Corollary 3.3.4, Theorem 3.3.5 and Kolmogorov

Theorem 3.2.1. 0

3.3.3 High moment and pathwise error estimates for the pressure

approximation

In this subsection we derive high moment and pathwise error estimates for the pressure
approximation generated by Algorithm 1. Once again, the pathwise error estimate is

obtained by using the Kolmogorov Theorem 3.2.1 and the high moment error estimates.

n=

Theorem 3.3.7. Let P(t) be the pressure process defined in Theorem 2.1.5 and {p"} ., be

the pressure approximation generated by Algorithm 1. Assume that ug € L9(Q; V). Then,
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for real number 0 < v < % and any integer 2 < q < oo, there exists a posiltive constant

Cy = Cy(Cy, By) such that for all1 < ¢ < M

4

EH‘P(Q) k> p"

n=1

q

] < Ok, (3.71)

L2

Proof. The proof is based on the well-known inf-sup condition associated with the Stokes
problem. First, let us recall the inf-sup condition at the differential level, it says that there

exists By > 0 such that

(w, div ¢)

sup  —r=—— 2> fol|lw|| 2 Yw € L2

(D). 3.72
s ) Vel per (D) (3.72)

Now, integrating (2.14a) in ¢ from 0 to t, for 1 < ¢ < M, we obtain

(u(tg),qb) + 1//:/Z (Vu(s), V(b) ds — (div¢, P(tg)) (3.73)
— (w0, ) + / ' (£(s).0) ds + / (B(u(s)),4) dW(s) e € HL, (D),

and applying Zfz:l to (3.18a), we get

l l
(u', ) + vk > (Vu", Vo) — k> (p",dive) (3.74)
L

= (u,¢) +k> (f.¢) +> (B )AW,,¢) V¢ eH. (D).

n=1

Let EF := P(t,,)—k Y., p" and recall that €™ := u(t,,) —u™ from the proof of Theorem
3.3.3. Subtracting (3.73) from (3.74) yields
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(Ep,dive) = (e, ) + V(i: /ttn V(u(s) —u")ds, V¢> (3.75)
i /t )~ £) ds,¢)

l

(X / (Blu(s)) ~ Bu")) iV (s).6).

n=1"tn-1

Applying Schwarz and Poincare’s inequality to the right side of (3.75), we obtain

(EP, d1v¢)
< Clle||gs + v / ") ds (3.76)
Vel : Z - ).
— ")
tn H-!
+C —B(u"™")) dW (s)
tn— 1 L2
Then, it follows from applying (4.53) to the left-hand side of (3.76) that
V4 tn
all Bl < Clellua 403 [ V(ats) - w)ds (3.77)
n=1 tn—l L2
V4 tn
+ Z/ (£(s) — £") ds
=1 tn—1 H-!
+C —B(u"™")) dW (s)
tn— 1 L2

Next, taking the gth power followed by taking expectation on both sides of (3.77) yields
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AEIES %) < CE[le1:] + G|

[ vt -y as

tn—1

q ] (3.78)

L2

y4
n=1

AL oo,
| Z/ (B(us) ~ B ) ()| |
=ra+b+c+d

We now estimate four terms on the right-side of (3.78). Using the estimates of Corollary

3.3.4, (3.63), (3.10) and the assumption f € L4(Q; C2(0,T;H}(D))), we obtain

a+b+c< CqE[HQEH%J + CE {Z/ " IV (u(s) —u(ta)) 1. ds]

tn—1

¢ ¢ ”
el roely [ i)
n=1 n=1Ytn-1

< Ck.

Finally, to estimate term d, using (3.5), Corollary 3.3.4 and (3.10), we get

< CE [Z [ i) - B, s

tn—1

4 tn Y4 tn
< C,E [Z/ lu(s) — u(tn_1)lfe ds} + C,E {Z/t le™ 12, ds]
n=1 n=1 n—1

tn—1

< Ck".

The desired estimate follows from substituting the above estimates for terms a,b,c,d into

(3.78) and dividing the inequality by 53. The proof is complete. ]
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Next, we state the pathwise error estimate for the pressure approximation. For the best

of our knowledge, this is the first pathwise convergence result for the pressure approximation.

Theorem 3.3.8. Assume the assumptions of Theorem 3.3.7 hold. Let 2 < q < oo and
0<y< % such that v — % > 0. Then, for0 <y <~y — %, there exists a random variable
Ky = Ki(w; Cs) with E[|K1|1] < oo such that for all 1 < ¢ < M, there holds P-a.s.

lr) -3

n=1

< Kk, (3.79)

L2

Proof. The assertion follows immediately from an application of Theorem 3.2.1 based on the

high moment error estimates of Theorem 3.3.7. O]

3.4 Fully discrete mixed finite element discretization

In this section, we formulate and analyze the spatial approximations of Algorithm 1 by using

the mixed finite element method.

3.4.1 Formulation of the mixed finite element method

Let 7, be a quasi-uniform mesh of the domain D C R? with mesh size h > 0. We introduce

the following finite element spaces:

H, = {vs € C(D)NH.,.(D); vi, € [P(K)]? VYK € Ty},

per

Ly={¢yp e C(D)N€eL2,; ¥, € Pi(K) VKET,},

where P;(K) denotes the space of all polynomials on K of degree at most . It is well-
known that the mixed finite element space pair Hj, and L, must satisfies the Ladyzhénskaja-

Babuska-Brezzi (LBB) (or inf-sup condition) which is now quoted: there exists §; > 0 such
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that

div @y, ¥
sup M > Bul[¢on]| 2 Yy, € Ly, (3.80)
énct, || VOn||L

where the constant (; is independent of h (and k).

Algorithm 2
Let u) be a given Hj-valued random variable. Find (uj™, pp*') € L*(Q,Hj, x Ly,) such

that P-a.s.

(u ™! = ) + vk (V™! V) — k(pp ™ div ) (381)
= k("7 ¢n) + (B(uj)AWr1, ),
(divuy, i) =0, (3.82)

for all ¢, € Hj, and vy, € Ly,

Next, we define V;, C H, as the following space of discretely divergent-free vector fields:

Vi = {én € Hys (divgn,an) =0 Van € Ly ).

We notice that in general, V}, is not a subspace of V.

Let Qp : L2, — Vj, denote the L*-orthogonal projection, which is defined by
(V — QhV7¢h) =0 Vo, € V. (383)
In addition, we recall the following well-known interpolation estimates:

v — Quviz +R|V(V — Qpv) |2 < Ch?||Av||L: Vv € VN H?*(D), (3.84)
|[v—Quv|r: < Ch|VV|r:  ¥veVNHY(D). (3.85)

We also let P, : L?

per

— Ly, denote the L?-orthogonal projection defined by
(= Puib,qn) =0 Ygu € L. (3.86)
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It is well-known that there holds

[ = Pl < ChVY|le Yo € Ly, (D) N H' (D). (3.87)

per

For the sake of notation brevity, in the rest of this section, we set f = 0.
We conclude this subsection by stating the following stability estimates for {u}} which

were proved in [14, Lemma 3.1].
Lemma 3.4.1. Let 1 < ¢ < oo and uf), € L*(Q; H,,) satisfying E[||uf)|[fz] < C. Then, there

exists a pair {qupZ}iil C L¥(Q;Hy, x Ly,) that solves Algorithm 2 and satisfies

_ M
. -1
(i) E| max [up||f: + vk uplis [Vaplia| < Crg,
- n=1

_ M 2q71
(i) E (kZHVuZHia) ] < Cra,
- n=1

where CT,q — CT,q(DTa q, u?L)

3.4.2 High moment and pathwise error estimates for the fully

discrete velocity approximation

The goal of this subsection is to establish high moment and pathwise error estimates for the

fully discrete velocity approximation generated by Algorithm 2.

Theorem 3.4.2. Let 2 < q < oo and u) = Quug. Assume that ug € LY V). Let
{(u™,p™)} and {u},p}} be the velocity and pressure approzimations generated by Algorithm

1 and Algorithm 2, respectively. Then there holds

s I ] + 5[ (3 19 - i)' (389
- n=1
<c(meams](x3 1971:) ] )

n=1

where C3 = C3(T, q,ug,f) > 0 is independent of k and h.
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Proof. Let E" =u™ —u} for 0 <n < M — 1. Subtracting (3.18a) from (3.81) we obtain the

following error equation:

(B — E", ¢3) + vk(VE™ Ve,) — k(p™' — ppt!, divey) (3.80)
= ((B<un> - B(“Z))AWn+17¢h) Vo, € Hy,.

Since ¢, = Q,E"! = E"™ — (u"™! — Quut!) € V,, then (pit!, divQ,E"!) = 0.
Thus, (3.89) becomes

(En+1 _ En’ QhEn+l) + VkHVEn—HHQ (390)
= vk(VE"™, V(u"" — Quu™™)) — k(p™*, divQ,E")
+ ((B(u") = B(u})) AW,41, QLE™).

Using the orthogonality of the L2-projection and the binomial 2(a, a —b) = ||a||* —||0]|* +
la — b]|?, the left-hand side of (3.90) can written as follows:

1
LHS =2 IQLE™ |32 — |QLE"[I32] (3.91)
1
+ §HQh(EnH —E")|2, + vk|VE"" |7, =: RHS,
and
RHS = vk(VE™, V("™ — Quu™)) + k(p", divQ,E") (3.92)

+ ((B(u") — B(u})) AW,.11, Q.E")

= vk(VE"™, V(u" — Qu"™)) + k(p"*, div Q,E")
+ ((B(u") = B(up)) AW, 11, QuE™ — Q,E")
+ ((B(u") — B(u})) AW,.11, Q,E")

=I+II+III+1IV.
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Using Cauchy-Schwarz’s inequality and Young’s inequality, we obtain

vk
I< ZHVE”“Hiz + vk V(" — Quu™t)|2s, (3.93)

2
< E\VE 2, + CkR2| Au |2

where the first term on the right-hand side of (3.93) will be absorbed to the left-hand side
of (3.90) later. In addition,

1
ITI < [|(B(u") — B(up)) AW, [[72 + QB — E")|f- (3.94)
Moreover, using the fact that (P,p™™, div Q,E"!) = 0, we have

II = k(p"™, div Q,E") (3.95)
= k(p"t — P, div QE™)

yk n 7 7
< T IVE™HE: + CRlIp™ = Pup™

IN

vk n n
- IVE" e + CRR? [V 1.
Substituting (3.91)—(3.95) into (3.90) yields

SLIQUE™ 2 — [QuE" 2] + 1 IQu(E™ — B[ + A [VEE (396)
< CkR?|Au™ 32 + CER? || V™ 172 4 [[(B(u™) — B(u)) AW, |32
+ ((B(u”) — B(uZ))AWnH, QhE”).
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Lowering one index of (3.96) and applying the summation operator Zflzl for 1 < ¢ < M,

we get

Y4 l J4
IQUE!|F: + vk Y IVE"[f. < CRPk Y [|Au"([3. + CR*E Y V"3 (3.97)

n=1 n=1 n=1

+2) I(B(u"") = B(uj ) AW, |

¢

> (B = B(up ) AW, QE)|.

n=1

+2

Next, taking maximum over all 1 </ < M and followed by taking the Z-power for any

2 < ¢ < oo and the expectation to (3.97), we obtain

1<e<M

M q M q
< thqEKk:Z ||Au"||i2>2} +thqE{(kZ ||Vp"||%2>2}
n=1 n=1

+CE [(i |(Bu) — Bluy ™) AW, 2. g]

14

> (B —B(up ) AW,, QE")

n=1

M q
Bl o, QUL + E| (v 2 IVE" )| (3.98)
n=1

b

+C,E [ max

1<0<M

2}
We can use stability estimate (ii) in Lemma 3.3.1 to control the first term on the right-

hand side of (3.98) and Lemma 3.3.2 to bound the second term. Hence, it remains to bound

the last two terms on the right-hand side of (3.98). Proceeding similarly as in (3.24) and
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(3.25), we obtain

E[(i [COE TN (3.99)

q
2

—E {(f B Bl (AW )

M q
< CE[ (S 1B o)
n=1

M
< C,M*'E {Z ||E"1||‘1LQ|AWn+1I"]
n=1
M

< CeMETER Y CE[I[E]]
n=1
M M
< Cok Y E[QUE"MIL.] + Cok Y E[u" — Quu L,
n=1 n=1
M M
< Cok > E[|QUE" L] + Cohk Y E[|[Va L],
n=1 n=1

To bound the second term on the right-hand side of (3.98), we use the Burkholder-Davis-

Gundy and Holder inequalities to obtain

g

Z ] (3.100)

Z((B(u"—l) —B(u} ™)) AW,, Q.E" )

n=1

E{ max

1<<M

Q

M g
< | (X IBa) = Bl A Qe ) |

n=1

M q
<CE {(Z 1B e QUE" [ AW, ?) ]
n=1

M
< Cy MY Y B[ QuE )

n=1

M M
< Cok Y E[IQUE" 1] + Cok D E[u"" — Quu |2, | QuE" 7]
n=1

n=1

M M
< chZE[HQhE"—1||qL2] + quZE[Hu”‘l —QuuY|4,]

n=1 n=1
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M M
< Cok Y E[|QuE™ L] + Cohk Y E[||Var|L.].
n=1 n=1

Substituting (3.99) and (3.100) to the right-hand side of (3.98) yields

M q
J4 n|2 2
Ly IQBIE] 3| (4191 (3.101)

q
2

M M
< (k3 1awlz) "] + s (k3 1vri) ]
n=1 n=1

M M
+ Coh Y B[ Vur L] + Cok S E[IQuE™ ]
n=1

n=1

M g
< Cyh +cqth[(k; \|Vp“y|i2)2]
1

n—

M-1
+ Cyh ) Ef max [|QuE"|.]
n=1 -

M q
< ((thq + C,h'E {(k: > ||Vp"\|iQ) } ) et
n=1

where the discrete Gronwall inequality is used to obtain the last inequality.
The proof is now completed by using the triangular inequality ||E"||p: < [|QrE"||L2 +
" — Qe m

We conclude this subsection by stating a pathwise error estimate for the velocity
approximation by Algorithm 2 which is a direct corollary of the Kolmogorov Theorem (cf.

Theorem 3.2.1) and the high moment error estimates of Theorem 3.4.2.

Theorem 3.4.3. Assume that the assumptions of Theorem 3.4.2 hold. Let 2 < g < oo and
0<y<l-— %. Then, there exists a random variable Ky = Ka(w; Cs) with E[|K5|1] < oo
such that there holds P-a.s.

M 1/2 h o\ 2
mae " — s + (v V(0" — ) 22 §K2(h”+(ﬁ) ) (3.102)
- n=1
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3.4.3 High moment and pathwise error estimates for the fully

discrete pressure approximation

In this subsection, we establish high moment and pathwise error estimates for the pressure

approximation generated by Algorithm 2.

Theorem 3.4.4. Let 2 < q < oo, under the assumptions of Theorem 3.4.2, there holds

gl

where Cy = Cy(P1,Cs) and independent of k, h.

M

£ (p"—pp) i] <, (hq + thka: ||Vp"||i2>g] ) (3.103)

n=1 n=1

Proof. The proof of (3.103) mimics that of Theorem 3.3.7. Let £ = p"—pj; and E" = u"—uj,
be the same as in Theorem 3.4.2. Applying the summation operator Zanl to the pressure

error equation, we obtain

(k Z &, div¢h> = (EM —E°, ¢p) + vk Z(VE", Vér) (3.104)
— 3B = Bup ) AW, é).

Using Schwarz inequality, we get

(/{;Zn L p,d1V¢h> M
< C EM 2 + EO o) + vk VE"||;2 3.105
o (1B o+ ) 40k 3D IR s (3109

M
+CY (B = B(uy ) AW, [|r..
n=1
Next, applying the discrete inf-sup condition (3.80) on the left-hand side yields

< O(||EM||g2 + || E%||2) + ukz IVE" |12 (3.106)

n=1

e,

+CY (B = B(up ™)) AW, e
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Taking the g-power to (3.106) followed by taking the expectations, we obtain

;IE[Hknﬁsg

q
"] < crfiE + e (3.107)

M 2
+C,E [(yk > ||VE”||i2) }
n=1

+CE [(f (B )~ Blug ) amu ) |

The first three terms on the right side of (3.107) can be controlled by Theorem 3.4.2, and
the noise term can be bounded similarly as in (3.24) and (3.25) and using Theorem 3.4.2.

In summary, we obtain

1)

E[Hkié’; ‘Z] gﬁng(hquhq]E[(kiHVp”HiQ)Q} ) (3.108)
n=1 n=1

Hence, the proof is complete. O

An immediate consequence of the above high moment error estimates is the following
pathwise error estimate for the pressure approximation {p}}, its proof follows from an

application of Theorem 3.2.1.

Theorem 3.4.5. Assume that the assumptions of Theorem 3.4.4 hold. Let 2 < g < oo and
0<m<l1l-— %. Then, there exists a random variable Ky = Ko(w; Cy) with EUKQP] < 00
such that there holds P-a.s.

M
Hk > (0" —1h)
n=1

(L2 < K, (m? n (%)7) (3.109)

We conclude this section by stating the global error estimates for our fully discrete
numerical solution generated by Algorithm 2 by combining the above temporal and spatial

error estimates.
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1

5, under the assumptions of Theorem 3.3.3

Theorem 3.4.6. Let 2 < g < oo and 0 < v <
and Theorem 3.4.2, there exists a constant Cy = C(Dr,ug,q,f) > 0 such that

(]E [12%4 lu(t,) — u;;||‘1LQ]>; + (E[ ;D; (3.110)

ng(lﬂJthr%).

vk V(u(t,) —uy)

In addition, let 2 < ¢ < 00 and 0 < v < % such that v — % >0 and1— % > 0. Then, for
any 0 <y <7y — % and 0 < vy < 1— %, there exists a random variable K with E[|K |7 < oo
such that there holds P — a.s.

vk Z V(u(t,) — uy)

n=1
< K(k’“ R (%)7)

Theorem 3.4.7. Let 2 < g < oo and 0 < v < % Under the assumptions of Theorem 3.53.7

max ||u(t,) — up|Le + (3.111)

1<n<M

L2

and Theorem 3.4.4, there exists a constant C, = C(Dp,ug,q,£f, 8o, /1) > 0 such that for
1<i<M

;D; gcq<kﬂ+h+%). (3.112)

In addition, let 2 < ¢ < o0 and 0 < v < % such that ~v — é >0 and 1 — % > 0. Then, for

(el

any 0 <y <7y — % and 0 < 5 < 1— %, there exists a random variable K with E[| K9] < oo
such that there holds P — a.s.

|Pteo - e

n=1

5 K(kvl ey (%)”) (3.113)

Remark 3.4.1. The error bounds for the velocity and pressure approximations contain a
“bad” factor k’%, however, the numerical tests of [3/] showed that this dependence is sharp
when q = 2 for the standard mized finite element method in the case of general multiplicative

noises. Recently, a modified mized method was proposed in [33] which eliminates the k3
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factor in (3.110)—(3.113) when ¢ = 2 and hence achieve optimal order error estimates. In the
last section, we shall also drive high moment and pathwise error estimates for that modified

maized method.

3.5 Extension to a modified mixed finite element

method

In this section, we reconsider the modified mixed formulations/methods Algorithms 1 and 2
in Chapter 2. Our goal is to obtain improved high moment and pathwise error estimates for

both modified algorithms as alluded in Remark 3.4.1.

Lemma 3.5.1. Let {(u™™, 7"}, be generated in (2.19) by Algorithm 1, Section 2.2. Let
1 < ¢ < oo and assume that ug € L*(Q;V). Then, there exists C = C(T,q) > 0 such that

1<n<M

_ M
@ B Vel (Y Al <c,
n=1

DR[O SILETAN FES

Proof. We refer to [17, Lemma 3.1] for a proof of (a). The proof of (b) follows the same lines
as the proof of (3.19) in Lemma 3.3.2. O

It turns out that the improved stability estimate for the pseudo pressure approximation
in Lemma 3.5.1 (b) is crucial for obtaining the optimal order high moment error estimates for
{u}, pi'} generated in (2.38), Algorithm 2, Chapter 2. We end this section by the following

theorem which establishes those optimal estimates.

Theorem 3.5.2. Let 2 < g < o0 and 0 < v < 3. Assume that uy € L1(Q;V) and
u) € LYQ;H,) such that Ef|lug — u|f.] < Chi. Let (u,P,R) be solution defined
by (2.9), Theorem 2.1.3 and (2.17), respectively. Let {u},py,ri'} be the velocity and

pressure approzimation generated by Algorithm 4. Then, there exists a constant C, =
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C(Dr,uy,q,f) > 0 such that

(B[ s, e - “Z"?ﬁ]); + (e| q D < Gk +h).

L2

vk Z V(u(t,) — u})

(3.114)

N
:|) S O‘I(k’y_}_h)u
L2

(3.115)

g RGO

n=1

(-

where 1 < ¢ < M.
In addition, let 2 < g < 00 and 0 < v < % such that v — é >0 andl—% > 0. Then, for
any 0 < v <y — é and 0 < v < 1— é, there exists a random variable K with E[|K |7 < oo

such that there holds P — a.s.

M
max [[u(ty) — wfle + VkZIV(u(tn) —up) 3 < K(KM + 1), (3.116)
¢ l
Hp(tf) k> phll o+ HR(tg) — kY il < K(K" 4R, (3.117)
n=1 L2 n=1 L2

Proof. The proof of (3.114) follows the same lines as in the proofs of Theorem 3.3.3 and
Theorem 3.4.2 but using instead the improved stability estimate for the pseudo pressure
approximation given in Lemma 3.5.1 (b). (3.115) with ¢ = 2 was proved in Theorem 2.2.2.
Again, by mimicking the proofs of Theorems 3.3.7 and 3.4.4 we can obtain the desired
high moment error estimates. Finally, estimates (3.116) and (3.117) are direct corollaries of

Komogorov Theorem 3.2.1. [

3.6 Computational experiments

In this section, we present numerical tests to validate our error estimates (3.110) and (3.112).
In all the tests, we set D = (0,1)> C R?, T = 1,v = 1, f given as in (2.75). In addition,

we use the Taylor-Hood mixed finite element method for the spatial discretization and the
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homogeneous Dirichlet boundary condition is imposed on u. We reconsider the ()-Wiener
process W given as in (2.73) and take B(u) = 5(u2 + u2 + 1)2.

Moreover, we choose J = 4 and N, = 300 number of samples in our Monte Carlo
simulations to compute the expectations in each test. We implement Algorithm 2 and
evaluate the errors between the computed velocity (resp. pressure) and the reference velocity
(resp. pressure) which are generated by performing Algorithm 2 on a very fine mesh with
mesh sizes ko = Tlﬂ,h = %.

Furthermore, to evaluate errors in strong norms, we use the following numerical

integration formulas: for any 0 < m < M and any integer 2 < ¢ < 00,

£, (Bt w15 )~ (o Sl w0 - alf,) . G

P oy=1
1
q q
L2]

ko Y b (ko we) =k D ik wo) |

. <IE [HP(tm) iy ip;;(k)‘

Q
VR
=z =
=
~
&
3
X
3
I,
£}
[ V]
~——
~
Q|

Test 1. In this test, we verify the convergence rates in the error estimates (3.110),
(3.112) of Theorem 3.4.6 and 3.4.7. To the end, we compute the high moment errors £},
and £ %q with ¢ = 2,4, 8 of the velocity and pressure approximations generated by Algorithm
2. Table 3.1 and 3.2 display the errors of the velocity and pressure approximations for the
time discretization using different time step size k. The numerical results verify almost a
half order convergence rate as predicted by our error estimate results.

Test 2. In this test, we would like to check numerically how the error constant Cj in
Theorem 3.4.6 and 3.4.7 depends on ¢. To the end, we fix h = % and choose the time step
k = 15 to compute the errors £} and £ for different values of ¢. The numerical results
are given in Figure 3.1 and 3.2 (left ones). We observe that the numerical results suggest
the constant C, increases (and blows up) in ¢. For a close-up view, we zoom in at large ¢ to
see the behaviors of both velocity and pressure errors in Figure 3.1 and 3.2 (right ones). We

still see the increasing of the errors in ¢ although the growth becomes slower for large q. A

consequence of this analysis also shows that we can not simply take limit as p — oo in the
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high moment error estimates of Theorem 3.4.6 and 3.4.7 to derive pathwise error estimates
(3.111) and (3.113), and using Kolmogorov’s Theorem is still the only viable approach for
the job.

Test 3. In this test, we verify the pathwise error estimates (3.111) and (3.113). To
the end, we select five sample paths and compute their L2-norm errors for both velocity
and pressure approximations. The computed results are given in Figure 3.3. The numerical
results indicate that the pathwise convergence of the velocity and pressure approximations

is almost of order O(k:%), which matches the theoretical predication.
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Table 3.1: Algorithm 2: Time discretization errors of the computed velocity {u}},

k

M
gu,Q

order

M
8u,4

order

M
gu,8

order

1/32

0.0303112

0.0423472

0.0621948

1/64

0.0241111

0.3302

0.0339389

0.3193

0.0511043

0.2833

1/128

0.016392

0.5567

0.0245307

0.4684

0.0409417

0.3200

1/256

0.00953818

0.7812

0.0135834

0.8527

0.0198862

1.0417

Table 3.2: Algorithm 2: Time discretization errors of the computed pressure {p}},

k

g
Epy

order

7
Epa

order

7
Eps

order

1/32

0.132024

0.138083

0.146199

1/64

0.081971

0.6876

0.0870388

0.6658

0.0927044

0.6573

1/128

0.0542874

0.5945

0.0591613

0.5570

0.0642976

0.5278

1/256

0.0344033

0.6581

0.0370825

0.6739

0.0398915

0.6887
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Figure 3.1: Errors of the velocity approximation (left) in SuMg norm and its behavior (right)
for large q.

0.32 T T T T T 0.304

0.302

0.3f

0.298

0.296

0.294

‘ ‘ ‘ ‘ ‘ 0.292 : : :
0 50 100 150 200 250 300 100 150 200 250 300

Figure 3.2: Errors of the pressure approximation (left) in Sﬁf’q norm and its behavior (right)
for large q.
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Figure 3.3: Five sample pathwise errors of the velocity (left) and pressure approximation
(right) with different time steps.
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Chapter 4

Chorin projection methods for

stochastic Stokes equations

4.1 Introduction

This chapter is concerned with developing and analyzing Chorin-type projection finite
element methods for the time-dependent stochastic Stokes equations (1.3) where D =
(0, L)?> C R? represents a period of the periodic domain in R

In [16] the authors proposed a Chorin time-splitting finite element method for problem
(1.3) and proved a suboptimal convergence rate in strong norm for the velocity approximation
in the case of divergence-free noises. In [4] the authors proposed an iterative splitting
scheme for stochastic Navier-Stokes equations and a strong convergence in probability was
established in the 2-D case for the velocity approximation. In a recent work [5], the authors
proposed another time-splitting scheme and proved its strong L? convergence for the velocity
approximation.

Compared to the recent advances on mixed finite element methods [17, 34, 33|, the
numerical analysis of the well-known Chorin projection/splitting scheme for the stochastic
Stokes equations lags behind. To the best of our knowledge, the only analysis result obtained
in [16] is the optimal convergence in the energy norm for the velocity approximation in the
case of divergence-free noises (i.e., B(u) is divergence-free). Several natural and important

questions arise and must be addressed for a better understanding of the Chorin projection
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scheme for problem (1.3). Among them are (i) Does the pressure approximation converge
even when the noise is divergence-free? If so, in what sense and what rate? (ii) Does the
Chorin projection scheme converge (for both the velocity and pressure approximations) for
general noises? If so, in what sense and what rate? (iii) Could the performance of the
standard Chorin projection scheme be improved one way or another in the case of general
noises? The primary objective this chapter is to provide a positive answer to each of the
above questions.

As it was shown in [16], the adaptation of the standard deterministic Chorin projection
scheme to problem (1.3) is straightforward (see Algorithm 1 of Section 4.2). The idea of the
Chorin scheme is to separate the computation of the velocity and pressure at each time step
which is done by solving two decoupled Poisson problems and the divergence-free constraint
for the velocity approximation is enforced by a Helmholtz projection technique which can
be easily obtained using the solutions of the two Poisson problems. The Chorin scheme also

can be compactly rewritten as a pressure stabilization scheme at each time step as follows

(cf. [16]):

o't —a" — kvAQT + k" = kfPT 4 B@Y)AW,,1 as. in Dr, (4.1a)
diva™™ — kAp"™ =0 a.s. in Dr, (4.1b)
Onp" Tt =0 a.s. on 0D, (4.1c)

"t1 and k is the time step size. One of

where O,p"*! denotes the normal derivative of p
advantages of the above Chorin scheme is that the spatial approximation spaces for u"*!
and p"*! can be chosen independently, so unlike in the mixed finite element method, they
are not required to satisfy an inf-sup condition. Notice that a time lag on pressure appears
in equation (4.1a) which causes most of difficulties in the convergence analysis (cf. [60, 38,
58, 16]). We also note that the term —kAp"*™! in equation (4.1b) is known as a pressure
stabilization term.

To improve the convergence of the standard Chorin scheme, we adopt a Helmholtz

projection technique as used in [33] (also see [8, 16]). At each time step we first perform the
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Helmholtz decomposition B(u") =n" 4+ V&™ and then rewrite (4.1a) as
"t — A" — kvATT BV = kT 49" AW,1 as. in Dy, (4.2)

where " = p" — k7'¢"AW, ;. Our modified Chorin scheme consists of (4.2), (4.1b)-
(4.1c) and the Helmholtz decomposition B(u") = 9™ + V&™. Since 0" is divergence-free, it
turns out that the finite element approximation of the modified Chorin scheme has better
convergence properties. Notice that p™ can be recovered from r" via the simple algebraic
relation p* = r™ + k7LE"AW 4.

We establish some stability estimates for the velocity u and the pressure P in the following

lemma.

Lemma 4.1.1. Suppose that ug € L*(Q;V). Let (u, P) solve (2.14). Then there exists a
constant C = C(Dr,ug, f) such that

T
B[ sw IVul:] +E| [ A o] <c (13)
0<t<T 0
sup B[|[VP(H)[3:] < C. (4.4)
0<t<T

Proof. The proof of (4.3) is standard by using It6’s formula and can be found in [16, Theorem
4.4 and Section 5|. To prove (4.4), using (2.13) can easily get

BIVP0I) < ¢ (Elu@l] + 2| [ 1auwra] v [uelke] o9

+E[ [ le)lEas) )

Then, the desired estimate from immediately after taking supreme over all ¢t € [0,7] and

using (4.3). O

Next, we establishing the following Holder continuity result for P, which is used for the

error analysis in later sections.
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Lemma 4.1.2. Suppose that u € L*(Q;C([0,T};V)) N L*(Q;0,T;H. (D)), f € L*(;
0,7;L2,,.(D)) and P € L*(; L*(0,T; H),.(D/R))). Then, there holds

E[|V(P(s) — P(t)|lfz] <Cls—t| Vs, t€0,T], (4.6)

where the constant C' > 0 depends on Dr, uy and f.

Proof. From its definition of P(t), we get

VP(t) = —u(t) + /O Au(s) ds + /0 £(s) ds + /0 B(u(s)) dW(s) (4.7)

Therefore, for any s,t € [0, 7], we have

V(P(t) — P(s)) :—(u(t)—u(s))+/ Au(r) dr+/ f(r)dr (4.8)
+/ B(u(r))dW (1)
Thus,
E[IV(P(t) — P(s))|f2] <4E[|lu(t) — u(s)||f2] + H’/ Au(7)dr LJ (4.9)

Wi(r)

t 2
+4EH‘/ f(r dT ]
S L2

=I1+4+1II+III+IV.

The first term I can be controlled by using (2.11a). For IT and III, by Schwarz inequality,

we have

t t
IT+III< 4E{/ |Au(7) |32 dr} it —s| + 4E{/ 1£(7)]I32 dr} [t — 5. (4.10)

In addition, using It6 isometry and (1.5b), we obtain

Iv_4EU IB(u(r)|% dT} < C’E[/ ()2 dT} (4.11)
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In summary, we have

B[V (PO - PO < Cle— ol + 42| | NN i (1.12)
+42] [ drit— sl +C [ )l ar]
< (C’+4E{/:|]Au(7)||ig d7+/:||f(r)||i2 df}

C E 2] It =sl.
+ € mx E[Ja(r) ] e~ o

Finally, the desired estimate follows from the assumptions on u and f. O

The remainder of this chapter is organized as follows. In section 4.2, we define the
standard Chorin projection scheme as Algorithm 1 for problem (1.3) in subsection 4.2.1
and the modified Chorin scheme as Algorithm 2 in subsection 4.2.2. The highlights of this
section are to prove some uniform (in k) stability estimates which are very useful for error
analysis later. In section 4.3, we formulate the finite element spatial discretization for both
the standard Chorin and modified Chorin schemes in Algorithm 3 and 4, respectively and
prove the quasi-optimal error estimates for both algorithms as summarized above. In section
4.4, we present several numerical experiments to gauge the performance of the proposed

numerical methods and to validate the sharpness of the proved error estimates.

4.2 Two Chorin-type time-stepping schemes

In this section, we first formulate two Chorin-type semi-discrete-in-time schemes for
problem (1.3). The first scheme is the standard Chorin scheme and the second one is a
Helmholtz decomposition enhanced nonstandard Chorin scheme. We then present a complete
convergence analysis for each scheme which include establishing their stability and error

estimates in strong norms for both velocity and pressure approximations.
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4.2.1 Standard Chorin projection scheme

We first consider the standard Chorin scheme for (1.3), its formulation is a straightforward
adaptation of the well-known scheme for the deterministic Stokes problem and is given in
Algorithm 1 below. As mentioned earlier, the standard Chorin scheme for (1.3) was already
studied in [16] in the special case when the noise is divergence-free and error estimates were
only obtained for the velocity approximation. In contrast, here we consider the Chorin
scheme for general multiplicative noise and to derive error estimates in strong norms not
only for the velocity but also for pressure approximations and to achieve a full understanding
about the scheme.

Let M be a (large) positive integer and k := T'/M be the time step size. Set t; = jk
for j =0,1,2,---, M, then {tj}j]\io forms a uniform mesh for (0,7"). The standard Chorin

projection scheme is given as follows (cf. [16, 65, 37]):

Algorithm 1
Let i° =u’ =uy. Forn=0,1,2,---, M — 1, do the following three steps.
Step 1: Given u” € L?(Q; V) and u" € L*(Q; H._ (D)), find u"™ € L*(Q; H!_ (D)) such

per per

that P-a.s.
ﬁn-‘rl . kAﬂn+1 - + kfn+1 + B(ﬁn)AWn-‘rl in D. (413)

Step 2: Find p"*! € L*(Q; H! . (D)/R) such that P-a.s.

p
—Ap"t = —%div a"™' in D. (4.14)

Step 3: Define u"™! € L*(Q; V) by
utt =o't — kvpttt (4.15)

Remark 4.2.1. (a) The above formulation is written in the way in which the scheme is
implemented, it is slightly different from the traditional writing which combines Step 2 and

3 together.
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(b) It is easy to check (W™ u"™! p"*t1) satisfies the following system.:

"t — @t - EATTT 4 V" = kT B(@) AW,y in D, (4.16a)
diva™™ — kAp"™ =0 in D, (4.16b)

where @° = ug.

First, we introduce some stability estimates for Algorithm 1 in strong norms as below.

Lemma 4.2.1. The discrete processes {(a", p™)}M., defined in (4.16) satisfy

max B3 +E{Zuu w1 +E[k2;||wnm <c (@im)
n||2 | C
E kZHVp |\L2 <o (4.17D)
max E[[| V|2 k:z Iaa2,| < € (4.17¢)
0<n<M 2] L2l =5 '

where C' > 0 depends only on Dr, ug, f.

Proof. We first prove (4.17a) and (4.17b). Testing (4.16a) by @"™! and (4.16b) by p", and

integrating by parts, we obtain

(ﬁn-‘rl _ ﬁn’ﬁn+1) + k"Vﬁn+1"%2 + k(vpn’ﬁnﬁ-l) (418)
= k(" 0" + (BU")AW,4q, u"),
(@, vp") — k(Vp"t, Vp") = 0. (4.19)

Substituting (4.19) into (4.18) yields

(@ — @, @) + k[ Va2 + k2(Vpt, V) (4.20)
= k(" 0" + (B@")AW, 1, "),
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Using the identity 2a(a — b) = a* — b* 4+ (a — b)? and the following identity from (4.16b)
(T, T — ) = (1 — 0,9,
and taking expectations on both sides of (4.20), we get

SEHIL: = [1afze + [0 = a7[ge] + BIR[ VO™ |g. + KVp ] - (4.21)
= KE[(a"*! —a", Vp" )] + KE[(f"*, 0")]
+E[(B")AW, 1, 0")].

Next, we bound each term on the right-hand side of (4.21). First, by Schwarz and Young’s

inequalities, we have

FE[("H —ar, vprth)] < 130 [la" ™ —ar|z.] + ngE[HVp"“lliz}, (4.22)
KE[(£1, ")) < CKE[||£"™3.] + EE[HWWH%Q]. (4.23)

In addition, by Ito isometry, we have

E{(BG)AW,r, 7] = B[ (B(A )] 4.2)
< 2E[|B(u )AWnHHLzH E[H”“‘+1 u"|z:]
E[[|B(u")[-] + E[IIN’”1 u"|z:]

< CHR[Ja"] + Gl - 1]

Substituting (4.22)—(4.24) into (4.21) gives

3

" ~n ~n k ~n
SE L = 0] + 5 E[H ] + E{IVETT (4.25)

1
+ ZRE[IV 2] < CRE[IE™12:] + CRE[a"12].
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Applying the summation operator Y ", to (4.25) for any 0 < m < M — 1 yields

1 m ) m .
SE[am g, — [[a°)7] + %Z &t —am|[3.] + &> B[ Vart|z.] (4.26)
n=0

n=0

1, N - ,
N ngZE[van-HHiQ} < CkZE[Hu 1%2] +CkZIE[Hf 3]

n=0 n=0 n=0

Finally, by the discrete Gronwall’s inequality we obtain

1 3k U
- max E[|la"|f.] + ZE "] + S Y CE[Var|3]
20 4

2 1<n<M

1 m
- LS RO < (Bl + £ 3B )
n=1

n=0

which implies the desired estimate (4.17a) and (4.17b).
It remains to show (4.17c). To the end, testing (4.16a) by —Au"*! we get

1 ~n ~n ~n ~n ~n
UV L = VAt e + V@ = a")[lge] + k[l Aam |z (4.27)

= k(Vpn’ Aﬁn-H) _ k’(fn—H, Aﬁn+1> + (VB(ﬁn)AWTH_l, vﬁn—i-l).

Proceeding with similar arguments as used above yields
~m 1 - ~n
—E[|Va™ ] + 5k:ZIE[HAu 3] (4.28)

n=0

1 “ n T ~ N
< SE[[Vuollz=] + ZEHW L2 + [T + O Var|L: |-
n=0

Then by the discrete Gronwall inequality we get

m

SE[|Vamt2.] + %k Z]E[HAﬁnHH%Z]
n=0

1 m m
< (SENIVuollzal + & Y E[[VP 7] + kY E[IF[F2] ) exp(Ctn),
2 n=0 n=0

which and (4.17b) immediately infer (4.17c). The proof is complete. O
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Next, we shall derive some error estimates for the time-discrete processes generated by
Algorithm 1. To the best of our knowledge, these are the first error estimate results for the
standard Chorin scheme in the case general multiplicative noises. For the sake of brevity,
but without loss of the generality, we set f = 0 in this subsection.

First, we state the following error estimate result for the velocity.

Theorem 4.2.2. Let {(0",p")}M, be generated by Algorithm 1, then there exists a positive

constant C' which depends on Dr,ug, and f such that

(e [k:f Jut,) - N””iQD% (429)

+02%>A<4(EU(/€§V(11(15 — @ iD < Okt

Proof. Let e = u(t,,) —u™ and & = P(t,) — kZp". Obviously, ef' € L?(Q; H., (D))

[

N

n=0
and &" € L*(Q; H,,,(D)/R). In addition, from (2.14), we have
m tn+1
(u(tms1),v) + Z/ (Vu(s), Vv)ds+ (v, VP(tin41)) (4.30)
tn

— (10, ) ( /tt+ )Y dv (s), ) W e H. (D) a.s.

Applying the summation operator ) ", to (4.16a) yields

(@™ v) + ki(Vﬁ”“ vv) (k‘ZVp ) (4.31)

)+ (3 [ mwanne).

Subtracting (4.31) from (4.30) we get
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(et v) + k(i Vet vv) + (Ve v) (4.32)
-y / T (V(ultar) — u(s)), Vv) ds — (V(P(twsr) — Pltn),v)

+ (Z " (B(u(s)) - B(@")) dW(s),v) vv € H,. (D).

Setting v = e2'"! in (4.32) we obtain

m+1

ez s+ (Y Ve Vep) + (Ve et (133
n=0
m tn+1
=2 / u(tns1) = u(s), Vet ds
=0
— (V(P(tms1) = Plt)), et
tn+1
( / B(ﬁ”))dW(s),egH).
tn

Similarly, by (2.14b) and (4.16b) we get
divel + kAp" = 0. (4.34)

Applying the summation ZmH (4.34) and then adding AP (t,,,1) yield

m+1
div (Z eg) — AEMH = —AP(ty11).

n=0

Therefore,

divef ™ — A& — &) = —A(P(tms1) — Pltm))- (4.35)
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Testing (4.35) by any q € L*(Q; H',.(D)/R), we have

per

(e, Vq) = (V& = &M),Vq) — (V(P(tms1) — P(tm)), Va).

Choosing ¢ = & in (4.36) gives

(ent', V&) = (V& =), VE) = (V(P(tms1) — P(tm)), VE))
(VT =), VE™) = IV(E = M1

— (V(P(tms1) — P(tm)), VE)).

Substituting (4.37) into (4.33) we obtain

m—+1
I m+1||i2 + k(z Veﬁ,VemH) + (V(S;’“rl _ 8;”), Vé’;}”ﬂ)

tn+1
/ n+1 u(s)), Ve?:—i_l) ds
tn

+ ||V<6;"“ —EMEs + (V(P(tmsr) — Pltm)), VED)

(V(Ptsr) — Plta)), ")
(i Bt - B ). )
/th (tnt1) —u(s)), Ver) ds

+||V(5£” —5;”)|!L2+(V(P(tm+1)—P( m)), VE)
+||V( (tmy1) = P(t ))IIL2+—|| i L

> [ o) B v |

1 m
+ el

L2
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Therefore,

m+1
||em—|r1||L2 + k(z Ver, Vem—i-l) + (V(S;”H _ 8;”), ng’)”ﬂ)

n=0

<3 [ (Fluttarn)  uio), e s

+ IV(P(tmi1) = P(tw)lf2 + IVET = EM)IIT
+ (V(P(tms1) — Pltn)), VEN)

m tnt1 2

(B(u(s)) — B(u")) dW (s)

LQ

n=0"tn

Using the identity 2a(a —b) = a* — b* + (a — b)? in (4.38) yields

m+1

ZVe~ ZVe~
L2 p—0

S (IVEF B — IVET I3 + Hwem“ &I

L+

ey E HVei?“Hia]

+ V(P (tmsr) = Pt + IVE = EMIL

+ (V(P(tms1) = P(tm)), VET)

IS [ B - By ave

n=0"v?t

(4.38)

(4.39)

Next, we apply the summation operator k anzo for 0 < ¢ < M —1, followed by applying

the expectation operator E[-], to (4.39) to obtain
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l+1

kY Vep
m=0

VA
+KE[|VES 5] + kD E[IVE — &M)17:]

m=0

ng[kiz / ) = u(), Ve s

m=0 n=0

2

} + k? Z]E [IVert|z] (4.40)

L2

Y/
kS E[ler 2] +E[
m=0

42 k;ZHV i) <>>|ri2]

+2E kZ V(&M — Sm)||L2}

m=0

-
+2E |k Z(V(P(tm—i—l) - P(tm)),Vf‘/’S’)}

L oE k: [ /t:"*kB(u(s)) — B(@")) d (s)

=14+ II+III+IV+V.

Now we estimate each term on the right-hand side of (4.40) as follows.

By using (4.6) we have

[kZHv ) — P[] < Ck. (a41)

By using the discrete and continuous Hélder inequality estimates, (2.11b), (4.3) and
(4.17a), we obtain
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1= QE i: /t twv (U(tnsr) — u(s)) ds, vem+1)] (4.42)

Z/v vir) — u(s)) ds

tnt1
V(u(t,+1) —u(s))ds

-0

7o
et L2
_ Y, 2 1 ¢ 1
<2m Z [ BEONICTNY
<CE[(/<; /t"“ IV (utas1) = u(s)) [ ds ) (/{;ZHVeuHLz)]

i > [ Ittt - el ] (6 [k:ZHVeuan])

I/\

D=

IN

Ck>.

By using (4.6) and the stability estimate (4.17b) we obtain

l
I1I = 2E {k doIvEytt - E;n)|’%2:| (4.43)

m=0

[k;ZHV tet) = Pltn) — KV

e
< celi S V(P (tr) — Pl | + CE |1 3 195

< Ck.

It follows from the It6 isometry and (2.11a) that

2 ] (4.44)

L2
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< CkZZ/ Ellju(s) — 2] ds

m=0 n=0

75n+1

<Ck;Zk:ZIE llen]|2.] +0k22/ Elllu(s) — u(t,)|f.] ds

m=0 n=0 m=0 n=0

< Ck Z k ZE[HeﬁHiz] + Ck.

m=0 n=0
To bound term IV, we first derive its rewriting as follows:
¢

IV = 2F {k > (V(P(tmsr) = P(tm)), ng)]

=0

~

— 2R [k (V(P(tmi1) = P(tm)), Vf;"“)]

m=0

0
+ 2B |k (V(Ptmsr) — P(tm)), V(E) — 5;@“))}.

1

By using the summation by parts, the first term above can be rewritten as

[k i (tmi1) — P(tn)), vs;”b“)]

m=0

= 2kE[(VP(te1), VES )] — 2kE {Z(VP(tm), v(EM! — 5;“))} :

m=0

Substituting (4.46) into (4.45) yields

IV = 2kE[(VP(tey1), VELS)] — 2kE [Z (VP(tn), V(ESH — 5;1))}

+2E[kz () = Pltn), V(€7 = 5°1)]

= IV1 + IV2 + IV3
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We now bound each term above. Using the stability (4.4) we get

k
IV, < CRE[||VP(tesr)||72] + ZE[vag“uiQ] (4.48)
k
< ok + SR[ver).
Expectedly, the term %E[HV&}{“H%Q} will be absorbed to the left side of (4.40) later.

To bound term IV,, we reuse the estimation from IITI in (4.43) together with the stability

of P given in (4.4) to get

l
1v, < 28|k 3 VPl IV (6 - &) (1.19)

m=0

< ce[ (1 Z VP (k Z v 5;">Hi2>;]

< o(B[r Y 19PEI]) (kD 1wy - )

Ckz2.

D=

IN

Using again (4.43) and (4.6) we have

14 4
Vs < Ck Y [V(P(tmr1) — P(tn))|2: + CE [k S IvEm — ez, (4.50)

m=0 m=0

< Ck.
Substituting estimates (4.48)—(4.50) into (4.47) yields

k
IV < Ckz + ZE[HV@{“H@] (4.51)
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Now, substituting the estimates for I, II, III, IV, V into (4.40) and using the notation
X' =k E[le2]?,] we obtain

/+1 l
XA 4R [Hk S Ve i] + 123 E[[[Vert 2]
m=0 m=0
3k !
+ TEIVEIZ] + k> E[IVE™ - &M:]

m=0

l
< Ck: + Ck S xm,
m=0

Thus, it follows from the discrete Gronwall inequality that

(+1 5 d
xS0 ver| ]+ 42 S0 BlIver it
m=0

m=0

3k -
+ TEIVEIZ:] + kD E[IVE™ - &)

m=0
< Ck= exp(Cty),
which yields the desired error estimate for the velocity approximation. O

Next, we derive an error estimate for the pressure approximation. Our main idea is to

estimate the pressure error in a time averaged fashion.

Theorem 4.2.3. Let {(0™,p™)}M_, be generated by Algorithm 1. Then, there exists a

positive constant C' which depends on Dr,ug, f, and B such that

s TNE
) s
L2

where 5 denotes the stochastic inf-sup constant (see below).

(4.52)

<E [k néHP(tm) —k épn

Proof. We first recall the following inf-sup condition (cf. [9]):

(q, div v)

> Bl Vg € Ly, (D)/R, (4.53)
) IVl g

Sup per

veHl

per

113



where 3 is a positive constant.

Below we reuse all the notations from Theorem 4.2.2. From the error equation (4.32) we

obtain for all v.e H. (D)

per

(& divv) = (ef*!,v) + (kiVegH, VV) (4.54)
_ (Z t "V (ult ) - u(s))ds,Vv)
+ (V(P(tms1) = P(tn)), V)

(Z / " Bluls)) — B@E") div(s). v>.

By using Schwarz and Poincaré inequalities on the right side of (4.54), we get

(&, divv) < Clled Vv +

k ven—H
Z |
tn+1
/ (tasr) — u(s)) ds
tn L2

+ C'HV(P(th) = P(tm))||e2 Vvl

V|2 (4.55)

Vvl

m tn+1
+C|> (B(u(s)) = B(a"))dW(s)|| [[Vv]re
n=0 " tn L2
Applying (4.53) yields
Bl < (& divv) (4.56)
2 su ~— - )
P e [V
< Olle g + Hk:ZVe"Jrl
n=0 L2
(29}
V(u(tps1) —u(s))ds
— Jtn L2
+C||V( (tms1) — P(tm)) |22
tn+1
— B(a")) dW (s)
L2
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Next, squaring both sides of (4.56) followed by applying operators kan:O and E[-], we

obtain

Dy Z 1€ ] < c {kz o | + ZE[HkZVe"“
+C/<:Z { LJ

+Ck Z E[|[V(P(tms1) = Pt))lI72]

+Ckz {

=I+II+IITI+IV+V.

} (4.57)

t'n+1

V(u(tni1) —u(s)) ds

tn

2
L2:|

/ B ()

We now bound each term above as follows. Using Theorem 4.2.2 we get

2 } (4.58)

L2

I+1I=CE [/{: Z ||e7~”+1HL2} + Ck ZE[HkZ%”H

m=0

M\»—\

< Ck>.

By the Holder continuities given in (2.11b) and (4.6), we have

75n+1

III—l—IV—C’kZE[ (tni1) —u(s))ds

LQ] (4.59)

tn

+Ck Z E[[[V(P(tms1) = Ptm))lIZ2]

m=0

L

< OkZELZE [ 19 - w1 i

m=0

4
+Ck Y E[[V(P(tmia) = P(tw)|72]

m=0

< Ck.
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By using the It6 isometry and Theorem 4.2.2 and (2.11a), we conclude that

J4 Fipom b1 2
v=ck S E||S /1t (B(u(s)) — B(&")) dIV'(s) LJ (4.60)
m;O : m:O -
SO [ Bt — B o
y4 rom b1
<Ck) E Z/t |u(s) — a2, ds}
A ¢
<Ck) E Z/t u(s) — u(t,)]2 ds} +CkY E {k D ||eg||i2}
< Ck2

Finally, substituting (4.58)—(4.60) into (4.57) yields

l
B2E [k; 3 ||5;1\|§2] <Ck: forl<(<M. (4.61)

m=0
The proof is complete. O

Remark 4.2.2. [t is interesting to point out that the above proof uses the technique from the

(non-splitting) mized method error analysis although Chorin scheme is a splitting scheme.

We conclude this subsection by stating two stability estimates for (@™, p™) in high norms
as immediate corollaries of the above error estimates, they will be used in the next section in
deriving error estimates for a fully discrete finite element Chorin method. We note that these
stability estimates improve those given in Lemma 4.2.1 and may not be obtained directly

without using the above error estimates.

Corollary 4.2.4. Under the assumptions of Theorem 4.2.2, there exists a positive constant

C which depends on Dr,ug and f such that

M m 2
E [k SOIES  vpr } <C, (4.62)
m=0 n=0 L2
m 2 M m 2
~n ~n <
Ogla%XMEH k:nZ:OVu Lz] +]E[k:mzzo k;m LJ <C. (4.63)
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Proof. (4.62) follows immediately from estimates (4.4) and (4.52) and (4.63), follows
straightforwardly from the discrete Jensen inequality and (4.17a),. It remains to prove

(4.63),. To that end, testing (4.31) by —k >, Au"*!, we obtain

_ (ﬁm+1 ~ g,k i Aﬁ”“) (4.64)

n=0
+ (kzm:Vp”,kiAﬁ”H)
n=0 n=0
- (Zm: / B v (s), i Aﬁ"“)
n=0 " tn n=0
kiAﬁ"H
n=0
C L k Y Aa"tt
(DS

2

1 m
+ - ]i] AﬁnJrl
>

2
L2

Hk i AN
n=0

- 1

< flam™*t —u||fe + —‘

4

+ Hk E vp"
n=0

nzz; /t ” B(@") I (s)

2
L2

2
L2

2
_'_
L2

After an rearrangement, applying operators k>.1_ and E[] to (4.64) we obtain

M m 2 M m 2
1
—IEI{:E k§ A" <Ek§ ﬁm—u°22+‘k§ V" )} 4.65
4 |: m=0 n=0 L2:| B |: sz(H HL n=0 ! L2 ( )

]

m=0

2
L2:|

The first two terms can be bounded by using (4.17a) and (4.62). The third term can be

g /;+ B(@") v (s)

controlled by using the It isometry and (4.17a) as follows:

2
L2:|

kiE{ g/thB(ﬁ") dW (s)

ln

M m—1 tni1 3 )
P B[S [ B o
m=0 =0 /in
m—1

M
< CkZE{kZ a2, ds} <C.
m=0 n=0

The proof is complete. O
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4.2.2 A modified Chorin projection scheme

In this subsection, we consider a modification of Algorithm 1 which was already pointed out in
[16] but did not analyze there. The modification is to perform a Helmholtz decomposition of
B(u™) at each time step which allows us to eliminate the curl-free part in Step 1 of Algorithm
1, this then results in a divergent-free Helmholtz projected noise. The goal of this subsection
is to present a complete convergence analysis for the modified Chorin scheme which includes
deriving stronger error estimates for both velocity and pressure approximations than those
for the standard Chorin scheme. We note that this Helmholtz decomposition enhancing
technique was also used in Chapter 2 to improve the standard mixed finite element method
for (1.3).

For ease of the presentation, we assume W (t) is a real-valued Wiener process and
independent of the spatial variable. The case of more general W (t) can be dealt with

similarly. The modified Chorin scheme is given as follows.

Algorithm 2

0

Set 1° = u’ = uy. For m =0,1,--- , M — 1, do the following five steps.

Step 1: Given @™ € L2(Q,H._(D)), find £™ € L2(Q, H

per per

(D)/R) such that P-a.s.
AE™ = div B@™)  in D. (4.66)

Step 2: Set nf = B(a™) — VE™. Given u™ € L*(Q,V) and u™ € L*(Q,H}, (D)), find
u™tt e L*(Q,H!, (D)) such that P-a.s.

per

ﬁm+1 . kAﬁm+1 —u™ 4+ kferl + nglAWm+1 in D. (467>

Step 3: Find r"™*! € L*(Q, H',.(D)/R) such that P-a.s.

per

1
—Armtt = —Ediv "t in D. (4.68a)
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Step 4: Define u™*! € L?(Q,V) as

m+1

u™t ="t — gvrmtt in D, (4.69)

Step 5: Define the pressure approximation p™*! as

1
Pt = pmtl g %gmAWmH in D. (4.70)

Remark 4.2.3. It follows from (1.5a) and (4.66) that the Helmholtz projection 9% can be

bounded in terms of U™ as follows:
I3 [lee < [B@™)|[Lz + IVEF L2 < 2([Ba™)]lr> < Cf[a™ || (4.71)

We first state some stability estimates for Algorithm 2. We then recall the Euler-
Maruyama scheme for (1.3) and its stability and error estimates from Chapter 2, which
will be utilized as a tool in the stability and error analysis of the modified Chorin scheme in

the next subsection.

Lemma 4.2.5. The discrete processes {(a™,r™)}M_, defined by Algorithm 2 satisfy

s, Bl )+ 3 - a1 +E[k20||wmum} <o @

[kQ Z wam] <C (4.72D)

where C'is a positive constant which depends on Dr,uqy and f.

Since the proof of this lemma follows the same lines as those of Lemma 4.2.1. We omit
the proof to save space.

Next, we recall the Helmholtz enhanced Euler-Maruyama scheme for (1.3) which was
proposed and analyzed in Chapter 2. This scheme will be used as an auxiliary scheme in

our error estimates for the velocity and pressure approximations of Algorithm 2 in the next
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subsection. The Euler-Maruyama scheme reads as

(v =V — KAV 4 RV = BT AW, in D, (4.73a)
div v — in D, (4.73h)

where 9" = B(v™) — V& denotes the Helmholtz projection of B(v™).
For the sake of completeness and also for new notations, we recall the following stability
and error estimates from Lemma 2.2.1 and Theorem 2.2.2, Corollary 2.2.4 in Chapter 2 as

follows.

Lemma 4.2.6. The discrete processes {(v™, q¢™)}M_, defined by (4.73) satisfy

M -

e, B[V 2] +E[Z v i BRIV <0 @
M -

oo, E[IVV7IE:] + B[ (V0 = vl + AV )| <00 (@47
M -

E[k Y IVe ] <€ (@4740)

where C' 1s a positive constant which depends on Dr,ug and f.

Lemma 4.2.7. There hold the the following error estimates for the discrete processes

{(v™, d™) o

[N

max (E[Hu(tm) - Vm“%ﬂ})

- +(]E {kﬁj{) IV (u(ty,) — v’”)Hiz} )é < OVk,

SIERED:

R(t)) = k> q"
for 0 << M. Where C is a positive constant which depends on Dr,uy and f.

(4.75a)

2

Dé < cVk (4.75b)

m=0 L?

Next, we derive error estimates for both the velocity and pressure approximations

generated by Algorithm 2. The anticipated error estimates are stronger than those for the
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standard Chorin scheme proved in the previous subsection. We note that our error estimate
for the velocity approximation recovers the same estimate obtained in [16, Theorem 3.1]
although the analysis given here is a lot simpler. On the other hand, the error estimate for
the pressure approximation is apparently new. The main idea of the proofs of this subsection
is to use the Euler-Maruyama scheme analyzed in Chapter 2 as an auxiliary scheme which
bridges the exact solution of (1.3) and the discrete solution of Algorithm 2.

The following theorem gives an error estimate in strong norms for the velocity

approximation.

Theorem 4.2.8. Let {(u™,p™)}M_, be the solution of Algorithm 2 and {(u(t), P(t)); 0 <
t < T} be the solution of (1.3). Then there holds the following estimate:

max (E{Hu(tm) — ﬁm||iz}>é (4.76)

. + (e [kmf [V (ult,,) - ﬁm)uizDé < OVE

where C' is a positive constant which depends on Dy, ug and f.

— r™. Then, e € L*(Q,H. (D)) and €™ €

m m - 102 —
Proof. Let e! = v —u™, €' = ¢ ver

L*(Q, HL, (D)/R). Subtracting (4.16) from (4.73) yields

per

(el —el) — kAel ! + kVe” = —k(V(¢"™ — ¢™)) (4.77a)
+ Y —ng)AWnpn onD,
divel ™t — kAe ™ = —kAg™ ! onD, (4.77b)

One™ = Opg™ ondD. (4.77¢)

Testing (4.77a) with e”™ and integrating by parts, we obtain

a

(eg ™ — el eq ™) + k[ Veg IL: + k(Ve, eg™) (4.78)

= —k(V(q™" = ™), el + (0 —nZ)AWoi, €5,

a
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Using the algebraic identity 2ab = (a® — b*) + (a — b)* in the first term gives

(leg ™ lILe — lleg i) + —||e’”+1 ei L. (4.79)

N —

+ k[ VeZ 3, + k(Vel, et

= —k(V(g""" =), eg™) + (' — 0§ AWini1, €5 ).

Next, we derive a reformulation for each of the last term on the left-hand side and the
first term on the right-hand side of (4.79) with a help of (4.77b). Testing (4.77b) by any
q € L*(Q, H'. .(D)/R) and using (4.77c), we obtain

per

(e, Vq) — k(Ver™,Vq) = —k(Vqg™, Vq) (4.80a)
(ep™ — e, Va) —k(V(e] ™ =€), Va) = =k(V(¢™ = ¢™), V). (4.80b)

Setting ¢ = e} in (4.80a), we obtain

(em !, Ver) = k(Ver™, Ver) — k(Vg™, Ver), (4.81)
= k|Vel 7. — k(V(elt —e), Vert) — k(Vg™, ver).

and choosing ¢ = ¢! in (4.80b), we have

k(V(e™ —e), Ver™) = (e — e, Vet (4.82)

Substituting (4.82) to (4.81) yields

(e?f“,Ve;”) = k|| Ver 2, — ( ml _ em“) (4.83)

T

. k(v(qm-i-l qm)’vem—i-l) k,(vqm-i-l’veznn)'
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Alternatively, setting ¢ = ¢"" — ¢™ in (4.80a), we obtain

(€2 Vg™ — ") = K(Ver ™, V(g™ —¢")) (1.8

u

. k(vqm—l-l7 V(qm—l-l - qm))
Substituting (4.83) and (4.84) into (4.79) and rearranging terms, we get

1
(oG IEe = lleglite) + S llef™ — edllze + kI Ver ™ lge + K[ Vel Iz (4.85)

=k(er™ —el, Ve + K*(Vq"+', Vel)

a>

N| —

+ (VgY@ = q™) 4 (07— 0 AW, €.

Finally, we bound each term on the right-hand side of (4.85). By Young’s inequality, for

01, 09,03 > 0 we obtain

1
k(™ —ef, Vel ™) < 4—51||e.~2”+1 — ey [lfz + 0k Ve 72 (4.86a)
1
(Vg™ ver) < Eﬁnvqm“n; + o2 Ve ||2,. (4.86b)
2
1

RV V(g = ™) < EIVETT|E + ;ll<¢2||V(qm+1 —q")|I72 (4.86¢)

Rewriting
(07 = 0g) AW, e5™t) = (7 — 0g) AW, et — ef) (4.87)

+ (7 —03) AWpin, €}).

Since the expectation of the second term on the right-hand side of (4.87) vanishes due to
the martingale property of It6’s integral, we only need to estimate the first term. Again,
rewriting

(@7 = 05) A Weeg ™ —ef) = —(V(E& — &) Amn W, g™ —ef) (4.88)

+((BOY™) ~ BE™)AW, 1, ei* o).

u
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Then we have

E[(V(ER — &AW, 4, e —em)] (4.89)

< AE[|V(EL — &)I%:] + SE ey — e:)
< HE[|(B(v") ~ B3] + LE[leg™ — 3]
< CKE[Jeg 2] + SE[leg™ — o],
E[((B(v™) —B@@"™)AW,41, €5t (4.89Db)

<—I<:E[||(( ™~ B(@™))|22] + GE[[lert! — el|[3.]
Ch

< 25 ELIRIE:] + SsE[lle ™ — eF]

Now, substituting (4.86) and (4.89) into (4.85) and taking expectation on both sides, we

obtain

LE[lem 1z, — femiz] + (2 - & — 6, )E[flertt — e, (4.90)
8 44
L RE[[ Vel 2] + K2 (1 — 6, — &) E[[ Vet 2]

T+ CHE[le]2:].

1 1
= SEE[IVe 5] + GRENIVE )] +

2 2

Choosing §; = i §, = L 63 = L taking the summation for 0 < m < ¢ < M — 1, and using

20’ 10’ 16’

(4.74¢) and the discrete Gronwall’s inequality, we get

0
L et +ﬁ1@[z”emﬂ an;%E[kZHv@ﬁmHH%Z} (4.91)

m=0

+ QO]E[HZ:OHVe:”HH%Q} < exp(4CT)C k.

which and (4.75a) infer the desired estimate. The proof is complete. O

An immediate corollary of the above error estimate is the following stronger stability
estimates for {(u™, ™)}, which may not be obtainable directly and will play an important

role in the error analysis of fully discrete counterpart of Algorithm 2 in the next section.
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Corollary 4.2.9. There exists C' > 0 which depends on Dr,ug and f such that

s, BV [ jaarl] < (4520)

[k Z HVT"‘HB} <C (4.92D)

Proof. The estimate (4.92b) follows immediately from (4.91) and the triangular inequality.
To prove (4.92a), testing (4.16a) by —Au™"!, we obtain

~m ~m 1 ~m ~m 1 ~m
SEUVA™ g — [Vam ] + ZE[[ V@ —a™)ga] + JFE[JAa™ L] (4.93)

< KE[[Vr™|[72] + KE[IE7 L] + KE[I VR L2

Here we have used the periodic boundary condition for 9’ to kill the boundary term which
arises from integration by parts.

Finally, applying the operator an:o to (4.93) and using the discrete Gronwall inequality
and (4.92a)3, we obtain the desired estimate. The proof is complete. O

Similarly, the following estimate holds for {u™}.

Corollary 4.2.10. There exists C' > 0 which depends on Dp,uqy and f such that

1

mas (E[u(t) — ")) + ({anu —umniz])éscﬁ. (4.99)

0<m<M

The proof of (4.94) readily follows from (4.69) and Theorem (4.2.8) as well as the estimate
(4.92D).

Next, we derive error estimates for the pressure approximations ™ and p™ generated by

Algorithm 2. First, we state the following lemma.

Lemma 4.2.11. Let {r"™}.'_, be generated by Algorithm 2. Then, there exists a constant
C > 0 depending on Dr,ug, f and B such that for 0 < ¢ < M

Dé < CVE. (4.95)
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Proof. The idea of the proof is to utilize the inf-sup condition (4.53). Testing (4.69) by any
v e L*(Q;H!_ (D)), we obtain

per

k(Tm+1, div V) — (um+1 - ﬁm-i-l’ V),

k(rm,divv) = (um — ﬁm,v).
Then, subtracting the above equations yields
k(rmt =™ divy) = (0™ —u™) — (@™ —a™),v). (4.96)
Applying the summation operator an:O for 0 < /¢ < M —1 to (4.96), we get

(k Z mEl ) div v) = (0 —u’) — @ -a°,v) (4.97)

( 1z+1’ V)

< C(lleg flee + lleg™ L) IV Ve,

where e and el are the same as defined in the preceding subsection and we have used the
fact that u® —a° = 0.

Finally, by using the inf-sup condition (4.53) and then taking the expectation we get

¢ 2
sl -]
m=0

| = o(ener e + sz,

which and the estimates for e’t! and e4™ infer the desired estimate (4.95). The proof is

complete. O
We then are ready to state the following error estimate result for ™.

Theorem 4.2.12. Let {r™}M_ be generated by Algorithm 2 and R(t) be defined in (2.15).
Then there exists a constant C' > 0 depending on Dr,ug, f and B such hat for 0 < { < M

N

(E H’R(u) —k i P iD < CVk. (4.98)

m=0
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Proof. Subtracting (4.73) from (4.16a) and then testing the resulting equation by v €
L*(;HL,.(D)), we obtain

per

(™ — e, v) + k(Vey !, Vv) — k(g™ — 1™ divv) (4.99)

= ((77? - ngl)AWm-Ha V) .

Applying the summation operator an:() to (4.99) for 0 < ¢ < M — 1 yields

¢
(kz m+l leV) _ (e{ﬂ e%,v) 4 <k Z VegnJrl’vV) (4.100)

m=0
l
- (Z ("7:7 _n?)AWm-i-laV)
m=0
=I1+II+T1I1.

Now, we bound each term on the right-hand side of (4.100) as follows. By Schwarz and

Poincaré inequalities, we get
¢
7|+ [11] < Clleg e [ VViie + kY IVer ™| - [V Ve,
m=0
I11] < || Z M) AWt || 1o - 1VV |2

<| Z<B<vm> = B(") AW,z - [ V]

+ || Z N AW i1 ||ge - VY|

= (III; + IIL,) |VV]|r:.
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By Ito isometry, the assumptions on B and Theorem 4.2.8, we obtain
¢
E[II1}] = kY E[|B(v™) - B(@")[|f:] < CkZE leg']z2] < Ck.
=0
¢
E[I15) =k Y E[[V(E — &Iz
m=0
Moreover, using the Poisson equation as defined in Step 1 of Algorithm 1, we have

V(&Y = &)lle < [[B(v™) —B(a™)]|r2.

Thus,

14 14

E[1113] <k > E[|B(v ME) < kY Ellle ]3] < Ck.

m=0 m=0

Finally, it follows from the inf-sup condition (4.53), Theorem 4.2.8, (4.100), and all above

inequalities that

2

Dé < CVE. (4.101)

L2

¢
(e
m=0
The proof is completed by applying the triangular inequality, Lemma 4.2.11 and (4.75b). O

Corollary 4.2.13. Let {p™},_, be generated by Algorithm 2. Then, there exists a constant
C' > 0 which depends on Dr,uy,f and B such that for 0 < ¢ < M

L

(-5

m=0

2

Dé < CVE. (4.102)

L2
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Proof. The proof is similar to that of Theorem 4.2.12. Indeed, we have

¢ ¢
HP(tm) k> p| < HR(tm) kY (4.103)
m=0 L2 m=0 L2
¢ it ¢
+1Y / () AW (s) = Y " AW,y
m=0 " tm m=0 L2
=TI+ 1II.

Clearly, the first term “I” can be bounded by using Theorem 4.2.12. To bound the second

term “II”, we first have

14 14

1< || 3 (€ltm) ~ €AW |+ Y /t " Es) = E(t)) AW () R
— I, 4 II,.

Then by Ito isometry we get

/ V4
E[ILP = E [k S 1€(tn) - 5m||iz} <CE [k S IB(u(tn)) — B@")|Z:|  (4.105)

m=0

4
< CE {k > Heglniz} < Ck.

m=0

Similarly, by the Holder continuity (2.11a) we have

l tmt1
E[IT,]? = ZE[ / 16(s) — £(tm) |2 ds] (4.106)
m=0 tm
¢ b1
< E[ [ ) = wtwli ds] < Ck,
m=0 tm

Finally, substituting (4.104)—(4.106) into (4.103) and using Theorem 4.2.12 give us the

desired estimate. The proof is complete. O]
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4.3 Fully discrete finite element methods

In this section, we formulate and analyze finite element spatial discretization for Algorithm
1 and 2. To the end, let 7, be a quasi-uniform triangulation of the polygonal (d = 2) or
polyhedral (d = 3) bounded domain D. We introduce the following two basic Lagrangian

finite element spaces:

Vi={$cCD); ¢, cP(K) VK eT}, (4.107)
Xy, ={peCD); ¢, €P(K) VK eT,}, (4.108)

where Py(K) (¢ > 1) denotes the set of polynomials of degree less than or equal to ¢ over
the element K € 7T,. The finite element spaces to be used to formulate our finite element

methods are defined as follows:

H,=V,nH (D), L,=X,NL.,.(D)/R, S,=X,NL.,.(D)/R. (4.109)
In addition, we introduce spaces
V, = L*(Q, Hy), Wy, = L*(Q, Ly,). (4.110)
Recall that the L*-projection Py : [L2,.(D)]* — Hy, is defined by
(60— Pro, &) =0 Ve H, (4.111)
and the H'-projection P} : H), .(D)/R — Ly is defined by
(V(x=Pax),Vn) =0  Vne L. (4.112)
It is well known [9] that P and P} satisfy following estimates:
l6 = PLollee + bV (6 — PLO)z < CR2|llm= Vo € HE, (D), (4.113)

X = Pixllz + IV (x = Pax)lle < Ch¥lIxllmz VX € Hpo/ROH, (D). (4.114)
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For the clarity we only consider Pj-finite element space in this section (i.e., £ = 1), the

results of this section can be easily extended to high order finite elements.

4.3.1 Finite element method for the standard Chorin scheme

Approximating the velocity space and pressure space respectively by the finite element spaces
H; and Lj; in Algorithm 1, we then obtain the fully discrete finite element version of the
standard Chorin scheme given below as Algorithm 3. We also note that a similar algorithm
was proposed in [16].
Algorithm 3

Let n > 0. Set u) = PPuy. For n =0,1,2,--- do the following steps:

Step 1: Given uy € L*(Q,H;) and u} € L?(Q,Hy), find o' € L*(Q,Hy) such that
P-a.s.

(Wt ve) + k(Vapt, Vvy) (4.115)

= (up,vn) + K", vi) + (B(@))AW,i1,Vvy) Vv, € Hy,.

Step 2: Find pit' € L3(Q, L) such that P-a.s.

1
(Vppt!, Vo) = E(ﬁZH,quh) Von, € L. (4.116)

Step 3: Define u}™ € L?(Q, Hy,) by
wth =aptt — kvpptt (4.117)

Eliminating u} in (4.115) using (4.116), we obtain

(@t =y, vi) + KV Vvy) (4.118a)
+ k:(VpZ, Vh) = k?(fn+1, Vh> + (B(ﬁZ)AWn_H, Vh) Vv, € Hy,

(@, Von) = k(Vprt, Ven)  Vou € Ly, (4.118b)
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Next, we state the stability estimates for {(uZ,p?)}, in the following lemma, which
will be used in the fully discrete error analysis later. Since its proof follows from the same

lines of that for Lemma 4.2.1, we omit it to save space.

Lemma 4.3.1. Let {(a},p?)}M, be generated by Algorithm 3, then there holds

M
s Elo%) + [Znuh ~z-1\|i{+lﬁz{k§_%||vam|iz}so, (1119a)

M
E{anwzn%Q] <
n=0

>~ Q

: (4.119D)

where C' is a positive constant depending only on Dr,ug, and f.

The following theorem provides an error estimate in a strong norm for the finite element

solution of Algorithm 3.

Theorem 4.3.2. Let {(ﬁm ) M and {(@, p/)}M_, be generated respectively by Algo-
rithm 1 and Algorithm 3. Then under the assumptions of Lemmas 4.2.1, 4.3.1 and Corollary
4.2.4 there holds

(]E[ki”ﬁ — HL2D2 (4.120)
iD < C(kF + hk3),

14
+ g (Bl v -

where C'= C(Dy,uy, f) is a positive constant.

Proof. The proof is conceptually similar to that of Theorem 4.2.2. Setting ef, =: u™ — uy’
and e =: p" — p;'. Without loss of the generality, we assume e%h =0 and 68h = 0 because
they are of high order accuracy, hence are negligible.

First, applying the summation operator » " to (4.118a), we obtain

(ﬁhm+1, + k(:i: Vuy, Vvh> + k(g Vor, Vh> (4.121)

= (u,vi) + (- B@E)AW.,va) v € Hy,
n=0
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Subtracting (4.31) from (4.121) yields the following error equations:

+ m
(e v, (Z no V) + k(S0 Ve ) (4.122)
n=0
<Z uh))AWnJrlth) Vv, € Hy,
(eﬁth,V%) = k(Vsm“ V¢h) Vo € Li,. (4.123)

Choosing v, = Ppept! = e — g™+ ™ = uy’ — Ppuy?, then (4.122) becomes

m+1

ez 112 + k(Z ver,, Vept) + k(z Ver, Plent) (4.124)

m+1

= (emt gmt) +k(ZVe~ Vo)

+ (3B — B() AW, Plei).

Setting ¢y = > 0" o P =D gem — > 0o & in (4.123), where " = p" — P, p", we obtain

n=0 ~pn

<Zzh+1’zv7; ) < gmt] va > (4.125)

In addition, by using the properties of PP- and P}-projection we have

k;(f: ver, P2e§h+1) : k(Z Ve, entt) - k(zmj Ve, 07 (4.126)

n=0

e () (e
n=0
— (v, Z Pl ) + ’f(Z Ve er) - ’f& v o)

m+41

= k2 (Vept, Z VPieh, ) - K(Vept, VPhemt)

+ k(Z ven em“) — k(i Ve;h,am“)
n=0
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m+1 m—+1

( m+1 Z ver ) _ 2 <V522+1= Z V£n>
2 (V mtl gple m+1 + k(z ver, T}—i—l) _ k(z Vggh70m+1>.
n=0
Moreover, by using the orthogonality property of P}, we have

Kk} (Vep ™, VPrep ™) = =k*(V(ep™ = Prey,), VPyep ™) (4.127)

Ph

+ IV Pep, e = K1V Pep, L2,

which helps to reduce (4.126) into

m—+1 m+1

k <zm: ver Pgegh+l) = k2 (Vept, Z Ve, ) - k(Veptt, 3 ver) (4.128)
n=0 n=0

+ R VPhe 3 + k(z Ve ent)
- k(g Ver, .07,

Substituting (4.128) into (4.124) and rearranging terms yield

m—+1 m+1

lem |2, + k(Z Vel Ver ) + k2 (Vept! Z Ve ) (4.129)
+ K|V Prep*t|2,
m+1 m
= 12 (Vept, Z ver) + k(divept, 3o ¢)
= n=0

m+1

+ k(i Ve, 074) o+ (e 07 + k(D Vep,, Vo)

n=0

(i B(iW}))AW,i1, Pheln!).
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Next, we use the identity 2a(a —b) = a* — b* + (a — b)? to create telescoping sums on the

left-hand side of (4.129) followed by taking the expectation to get

k m+1 2
Ellleg " [2] + E{ ZVe +||Vem+1||L2] (4.130)
L2
- El ngph - nggh +||V5m+1”132}
n=0 L2

+ k’E [HVP,{am“nLQ}

_ k:QE[

Vgph70m+1):| —HE[( m+1 0m+1)]

u,

(
+ k;E[(Z
+ k;E[(nil ves,, Vo) |

vt Z vgnﬂ LR [(dw o, zm: 5“)]
=0

[ Z B(1;))AW,11, Pre mﬂ)]-

n=0

Now, applying k anzo for 0 < ¢ < M to (4.130) we obtain
k Z E[ller 2] + E[HkZVe

sEllR v
_E [zﬁ f: (Vsm“ mf vgn)} +E [1&

2 } %iE[HVGmHIILz} (4.131)

m=0

2 k3 ¢
L5 SB[V 2P ]

=0
(dlveerl ;f“)}
y4 m
+E[k:22 ngh,emﬂﬂ +E[k: (em+! 0m+1)}

u,

M@

~ 3
I
=)

+k ZZ: E [(zm:(B(an) CB(E) AW, P,Qem;lﬂ
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Next, we bound the right-hand side of (4.131) as follows. By using the discrete Holder

inequality we get

m+1

1= HE[k i: (Ve k> ve)| (4.132)
) n=0

m+1
< kE kz [Ver ™2 }
L L2
+1

kZVS"
< kE (k Z HstmHHLZ)%(
< k(B [’ﬂZ”W‘““m]) (e [

1
n2 2
1.2

m—+1

L)

In addition, by using the stability estimates from (4.17b) and (4.119b), we have

= Q

[kz IVeptize] <

m=0

Similarly, using (4.114) and the stability estimate from (4.62) we get

] :E{kéuv<&“pﬂ—w<@>>\

m+1

l m—+1
E [k 3 Hk Yo wver
m=0 n=0

2
L2

<CE{

}<c

Therefore, I < Ckz.
Next, using the fact that HZZT:O &
L

m e have
o L, We hav

] (4.133)

I

< S s e mwiuie ;

ZE [Iver 3] +—1E[

C’h2
E m+1
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where (4.62) was used to obtain the last inequality. Expectedly, the first term will be
absorbed to the left-hand side of (4.131) later.

Next, using summation by parts we obtain

m

(> vep, 0m)] (4.134)

=0 n=0
/+1 /+1

S GOCDRENIEED ¥) RES)
<ozl + el v

V4 m
+CE[IC”;]H;0"

MN

III = [k2

S

2
u

k’ 12
T SRRz
m=0

In addition, we can use (4.113) and (4.63) to control the first and third terms on the right-
hand side of (4.134) as follows:

{41 9 J4 m 9
CkIEZ[HZG” LQ] +CJE[k ZHZO" LJ (4.135)
< Ch%]E[HZAu ] +Ch4E[/<:ZHZAu e —T
Therefore,
C 041 13
III< —— + E{ ZV% } +5 STE[|ver |, (4.136)
m=0

Again, expectedly, the last two terms on the right-hand side of (4.136) will be absorbed to
the left-hand side of (4.131) later.
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It follows from (4.113) and (4.17¢) that

l
v = ]E[k:z m 0m+1} (4.137)
m=0
¢ 1 ¢
Z [l6mIE2] + ZkZ (e 1ie]
m=0

L
L MNISETARETS ety
m=0 m=0
L

cht 1
< =+ Zk Z [llea1Ee]-

m=0

To estimate term V, we approach similarly as done for term III. Namely, fist we use the

summation by parts and then use (4.113) and (4.62).

_ l/g?i i‘lVegh,vam“)] (4.138)
mz_+01 h 041 ¢ m
- { ZVeﬁh,Zve")}—E{kQZ<ZVG”,Veg‘;1>}
Lo " w7
< gE[H’fZVeﬁh )+ e v
[k? Z HVem“HLQ} + CE[kQ ZEIHZ vo"
m=0 n=0
g% [HkZVeuh ]+ E[MZHvem“HLQ}
i } +C—h2E[kZHk:ZAu

é [Hk%%uh ]+ E[kQZHV ’”+1||L2}+07h2

.

o
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We use the [to isometry to handle the noise term as follows:

vx:ké@[(é@(ﬁn) B(})) AW,is1, Pl ) | (4.139)
< ;_j ez 2] +kZ [HZ ~ B(@) AW |
:ikwi [llem2,] +/<:ZE[!<:ZIIB ~ B(a;) 3 |
< 3 m Eflef 2] +OkaZE leg, ]

Finally, substituting the above estimates for terms I, II, III, IV, V, VI into (4.131)
yields the following inequality for X¢ =k an E([llex |13.]:

1

SXH E[Hka

l+1

+ 3 [Hk Z ver

+ k3 Z E[|VPLer ™3]

m=0

} ZE[HV m“lle} (4.140)

2 3k3
e ZE Ve +2,]

<Ck2+—+CkZXm

The desired error estimate (4.120) then follows from an application of the discrete Gronwall

inequality to (4.140). The proof is complete. O

Next, we state an error estimate result for the pressure approximation generated by
Algorithm 3 in a time-averaged fashion. Recall that an important advantage of Chorin-type
schemes is to allow the use of a pair of independent finite element spaces which are not
required to satisfy a discrete inf-sup condition, a price for this advantage is to make error
estimates for the pressure approximations become more complicated even in the deterministic

case. The idea for circumventing the difficulty is to utilize the following perturbed inf-sup
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inequality (cf. [45]): there exists 6 > 0 independent of h > 0, such that

1 9 |(qn, div vy,)|?
— < . 7'
(52 ||Qh||L2 — Sup ||VV

vreEH),

+h2||th||i2 th € Sh. (4.141)

h||L2

Theorem 4.3.3. Under the assumptions of Theorem 4.53.2, there exists a positive constant

C = C(Dr,uy,f,0§) such that

jﬁ})ég<?<ki +—hk*%), (4.142)

(E [k Zﬂi:on Zm:l(p" )

Proof. We reuse all the notations from the proof of Theorem 4.3.2. First, from the error

equations (4.122) we have

m m+1
(kz Epy s A1V Vh) = (egth? n) + (k: Z Veg, Vvh) (4.143)
n=>0 n—0
= (Y (B~ BE)AW,1,v0) W, € H
n=0

Using the Schwarz inequality on the right-hand side of (4.143) yields

m m+1
‘(kz(egh, divvh>‘ Cllef el Vvallre + Hk Z Veg, LQHVVhHLQ (4.144)
n=0 n=0
+ CHZ B(a) AW, |19z,

Next, using (4.141) we conclude that

2
‘ (k’ > ooy s div Vh> ‘
< sup

vr€H) vahn%ﬂ

(4.145)

1 m
ﬁ”’fzﬁﬁh
n=0

2 ) m 2
—h Hk§ 'Ven
L2 Phi|y,e
n=0
m-+1

2
< Clleg 2 +chZVe% L

2

+ CHZ B(&))AWo |
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Then, applying operators k an:

l m
1E [k; S
m=0 n=0

9 l m 9
2 n
L2] S h E{kZ"kzvgz’h L2
m=0 n=0

o and E[-] on both sides we obtain

} (4.146)

V4
+ Ck Z E[lleg 3]

m=0

¢ m~+1
+Ck ZE[HkZ Ve
+ Ck ZE[HZ

=I+1II4III+1IV.

2
LJ

2
B(uy)) AW, 41 HLJ

We now bound each terms on the right-hand side of (4.146). By using the discrete Jensen

inequality and the stability estimates from (4.17b) and(4.119b) we get

¢ m 9 l m Ch2
2 n 2 n |2
I=h E{k ZHkZWPh Lz] <h ]E[krz > ||vgph||L2} <= (4.147)
m=0 n=0 m=0 n=0
Using Theorem 4.3.2, terms II and III can be bounded as follows:
m+1 2
IT+ 111 _CkZIE [llem 2] +Ck:ZEH kY Vel } (4.148)
m=0 n=0 L2
2
<ok + %)
k
Finally, using 1t0’s isometry and Theorem 4.3.2 we have
1 T 2
IV=Ck Y E||) (B@") - B(@})) AW, } (4.149)
m=0 ~'"n=0 L2
¢
=CkY E k:ZHB uh)||L2}
m=0 - n=0
¢
< Ck ZE k:z |en ||L2}

C’h2

< C(kz2 +—>

k
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The proof is complete after combining the above estimates. O]
We are now ready to state the following global error estimate theorem for Algorithm 3

which is a main result of this paper.

Theorem 4.3.4. Under the assumptions of Theorems 4.2.2, 4.2.3 and Theorems 4.3.2 and

4.3.3, there hold the following error estimates:

u : e 2y b
(E [k; Z lu(tn) — ﬁm@z]) + max. (E[Hk Z V(u(t,) - ag%)\ L]) (4.150)
< O(ki +hk—%>,

;D% < (J(k:i + hk:—%), (4.151)

M m
(E[kZHP(tm) k3

m=0 n=0
where C'= C(Dr,uy, f, 3,0) is positive constant independent of k and h.

4.3.2 Finite element method for the modified Chorin scheme

In this subsection, we first formulate a finite element spatial discretization for Algorithm
2 and then present a complete convergence analysis by deriving error estimates which are

stronger than those obtained above for the standard Chorin scheme.

Algorithm 4

Let m > 0. Set 0)) = PYuy. For m =0,1,2,--- do the following steps:

Step 1: For given uy* € L*(Q2, Hy,), find & € L*(Q, Si) by solving the following Poisson

problem: for P-a.s.
(V& Ven) = (B(@),Ven)  Von € Sy (4.152)

Step 2: Set 9 = B(uy") — V&', For given up* € L*(Q, Hy,) and u;* € L*(Q, Hy), find
a)t € L*(Q,H;,) by solving the following problem: for P-a.s.

(@t vi) + k(Vagtt, Vvy) (4.153)

= (uzn,vh) + k:(fm“,vh) + (‘)’]gnhAWm+1,Vh) Vv, € Hy.
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Step 3: Find Thm+1 € L*(Q, Ly) by solving the following Poisson problem: for P-a.s.

(Ve Vey) = %(”ﬂ“ Vén)  Voi € Ly (4.154)

Step 4: Define u]"™ € L*(Q, H;,) by
ut =aptt — kvt (4.155)

Step 5: Define p)"*t € L*(Q, Ly,) by
pr = %&?AWM. (4.156)

Since each step involves a coercive problem, hence, Algorithm 4 is well defined. The next
theorem establishes a convergence rate for the finite element approximation of the velocity
field. Since the proof follows the same lines as those in the proof of Theorem 4.3.2, we omit

it to save space.

Theorem 4.3.5. Let {u™}M_ and {@'}Y_, be generated respectively by Algorithm 2 and
4. Then, there exists a constant C' = C’(DT, u, f) > 0 such that

s (el - p]) o+ (e [anv wi]) w
SC(\/E+h+h2k—z).

In the next theorem, we establish an error estimate for the pressure approximation of the

modified Chorin finite element method given by Algorithm 4.

Theorem 4.3.6. Let {r™}M_, and {r*}M_, be generated respectively by Algorithm 2 and 4.
Then, there ezists a constant C' = C(Dr,ug,f,d) > 0 such that

2 D% SC(\/E+h+h2k‘5). (4.158)

L2

el

m=1
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Proof. Let €' =u™ —uj’ and € = r™ — r}’. It is easy to check that (¢}, €]") satisfies the

following error equation:

(extt — el vi) + k(VeR™ Vvy) + k(Vel, vp) (4.159)

= (3 —n5,)AWpi1,vi)  Vvy € Hy,

Applying the summation operator an:() (0< ¢ < M—1) to (4.159) yields

14 L
(€5 — €2, v) + <k S veptt, Vvh> + (kY Ver,vi) (4.160)
m=0 m=0
L
= (Z(ﬂ? - n?h)AWm—&-l,Vh) Vv, € Hp.
m=0

Thus,

L ¢
(k > e div vh> = (e5™ — €l v) + (k > vertt Vvh> (4.161)

m=0

l
- <Z(nam - nﬁmh)AWm—i-l;Vh) = I+ II+ III

m=0

Using Poincaré and Schwarz inequalities, the three terms on the right-hand side of (4.161)

can be bounded as follows:

1] < C(lleg e + lleglle2) [V valea, (4.162)
V4
11| < szwgm IVvallge, (4.163)
m=0 L2

l
> — 0 ) AW,

m=0

11| < C

INAZ3 (4.164)
L2
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Using (4.141) and (4.162)—(4.164) in (4.161), we obtain

2 L 2

¢ I
e -wlesver| <clesex v,
m=0 L? m=0 L2 m=0
¢ 2
+C Z("ﬁn — N ) AWt
m=0 L2

Using it0 isometry, the last term above can be bounded as

?

l
> o mE =) Ap W

m=0

L2

2 1
|~ (vt -]
m=0

l
< CE [k; > Ha{{‘HiQ] +Ch2.

m=0

Substituting (4.166) into (4.165) yields

1 2
ﬁEH

l
} < CE[[4)2:] + E [k > ||Vs.~1m“\|iz}

m=0

)4
m
k E £,
m=0

L2

l ¢
+CE {k: > ||e?f||i2} + h’E [k > ||v5';n||i2} + Ch?.
m=0

m=0

(4.165)

(4.166)

(4.167)

Finally, the desired estimate (4.158) follows from Theorem 4.3.5 and Step 3 of Algorithm 2

and 4. The proof is complete.

]

Corollary 4.3.7. Let {p™}M_| and {p"}M_, be generated respectively by Algorithm 1 and

2. Then, there exists a positive constant C' = C(Dr,ug,f,9) such that

(EH‘;C i(pm — ) QD% < O<\/E+h+h2k—%).

m=1
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Proof. Since the proof follows the same lines as those of the proof for Corollary 4.2.13, we

only highlight the main steps. By definition of {p™} and {p}'}, we have

M M M
Hk - < Hk S =l + Do - &) AW (4.169)
m=1 L? m=1 L2 m=1 1.2
=14+ II.

Term I can be easily bounded by using Theorem 2.3.2. To bound II, by I[to isometry we
get

M
By ~E[c Y le" - 6l .
m=1
In addition, by (4.66) and (4.152), we get

IV - &)l < ¢|B@”

ay,

|
o8
o
=3

+ Ch?|| &8 (4.170)

2
[ 1

+ Ch?||div (B(@™))||;.

2
[

I3, + Cr2|V(B@™)|:,

N
Q
—~ —~ E —
i}
S~— S~— j N~—
I
—~ —~ E —
il
=3

Finally, by Poincaré inequality, Lipschitz continuity of B, Theorem 4.3.5 and (4.170), we

obtain

M h4
E[11)? = E{k; |€™ — f}THiQ} < C(k: + h% + ?)

The proof is complete. n

We conclude this section by stating the following global error estimate theorem for

Algorithm 4, which is another main result of this paper.
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Theorem 4.3.8. Let (u, P) be the solution of (1.3) and {(W®, ™, p/)}M_, be the solution
of Algorithm 4. Then, there exists a constant C' = C(Dr,ug, £, 5,6) > 0 such that

1glna§XM(E[\\u(tm> —ap?, })5 + (E [k éHV(u(tn) . ﬁg)HiQD%
< C(x/EJr h+ h2k$> ,

) (=[em - 3]
Remark 4.3.1. The above error estimates are of the same nature as those obtained in [3/]

=

(el

n=1

<C (\/_+ h+ h%‘)

for the standard Fuler-Maruyama mized finite element method. On the other hand, the
error estimates obtained in Chapter 2 for the Helmholtz enhanced Fuler-Maruyama mized
finite element method do not have the growth term h2k— 2. Hence, in the case of general
multiplication noise, the Helmholtz enhanced Fuler-Maruyama mixed finite element method
performs better than the Helmholtz enhanced Chorin finite element method in terms of rates

of convergence.

4.4 Computational experiments

In this section, we present two two-dimensional numerical tests to guage the performance
of the proposed numerical methods/algorithms. The first test is to verify the convergent
rates proved in Theorem 4.3.4 for Algorithm 3 while the second test is to validate the
convergent rates proved in Theorem 4.3.8. In both tests the computational domain is chosen
as D = (0,1) x (0, 1), the linear finite element spaces are used for spatial discretization, the

and h = % are used

terminal time is 7" = 1, the fine time and space mesh sizes ky = %
to compute the numerical true solution, and the number of realizations is set as N, = 300.

The body force f is considered as in (2.75). Moreover, to evaluate errors in strong norms,
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we use the following numerical integration formulas: for any 0 < m < M

p£1

£ = (E[||u<tm>—uh<>||m]) (v S o) ~ %w)HiQ);,

] J\ZO M 5\ 2
z(F;(ka:OHuh(ko,wg) uh(k;,wg)HLg)> ,
e, (E[kf [P =3 mew][)])
m=0 n=0
N = v e
%(EZ;(/CZ)H%Z;]?Z(%O,W) OIEACED ))

Test 1. In this test, the nonlinear multiplicative noise function B is chosen as B(u) =
1
(u% + u3 + 1) 2 and the initial value ug = (0,0)". Moreover, we choose R”/-valued Wiener

process W with increments satisfying

AW, 1 = WY (41, %) — W (b, x \/_Z\/ ce;o(x) B0, (4.171)

7,4=0

where x = (71, 72) € D, 8], ~ N(0,1) and {e;(x)};, are orthonormal functions defined by
€;(x1, 2) = (sin(jmay) sin(fras), sin(jrz;) sin((ras)) (4.172)

and \j, = . In this test, we set J =4, v =1.

1
10(j+0)
Figure 4.1 displays the convergence rates of the time discretization produced by Algorithm

3 (and Algorithm 1) using different time step size k. The left figure shows the convergence
rate O(k1) in the EM

wap-norm for the velocity approximation, while the right graph shows

the same convergence rate in the € g{w norm for the pressure approximation, both match the
theoretical rates proved in our theoretical error estimates.
To verify the sharpness of the error bounds on the factor k’%, we implement Algorithm

3 using different pairs (k, h), which satisfy the relation h =~ k, and display the numerical
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1

results in Figure 4.2. We observe ;

order convergence rate for both the velocity and pressure
approximations as predicted in Theorem 4.3.4.

Test 2. We use the same test problem as in Test 1 to validate the theoretical error
estimates for our modified Chorin scheme given by Algorithm 4. It should be noted that a
similar numerical experiment was done in [16]. However, only the velocity approximation
was analyzed and tested, no convergent rate for the pressure approximation was proved or
tested in [16]. Here we want to emphasize the optimal convergence rate for the pressure
approximation in the time-averaged norm.

Figure 4.3 displays the % order convergence rate in time for both the velocity and pressure
approximations by Algorithm 4 as predicted by Theorem 4.3.8. We note that the velocity
error is measured in the strong norm and the pressure error is measured in a time-averaged
norm.

Similar to Test 1, we want to test whether the dependence of the error bounds on the

factor k2 is valid and sharp. To the end, we use the same strategy as we did in Test 1,

1

namely, we fix mesh size h = ;

and decrease time step size k. As expected, we observe that
the errors blow up as shown in Figure 4.4.

Finally, Figure 4.5 shows the % order convergence rate for both the velocity and pressure
approximations by Algorithm 4 when the time step size k and the space mesh size h satisfy

the balancing condition h ~ v/k, which verifies the sharpness of the dependence of the error
bounds on on the factor k2 as predicted by Theorem 4.3.8.
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Figure 4.1: Convergence rates of the time discretization for the velocity (left) and pressure

(right) approximations by Algorithm 3 in the £}/, norm and £}/, norm respectively.
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Figure 4.2: Convergence rates in the €M~ norm for the velocity (left) approximation

u,av

and the £M norm for the pressure (right) approximation by Algorithm 3 under the mesh

p.av
condition h ~ k.
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Figure 4.3: Convergence rates of the time discretization for the velocity in strong norm
(left) and pressure in time-averaged norm (right) by Algorithm 4.
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Figure 4.4: Errors for the velocity approximation in strong norm (left) and pressure
approximation in time-averaged norm (right) by Algorithm 4.
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Figure 4.5: Convergence rates for the velocity approximation in strong norm (left) and
pressure approximation in time-averaged norm (right) under the mesh condition h =~ VEk.
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Chapter 5

Mixed finite element methods for

stochastic Navier-Stokes equations

5.1 Introduction

In this chapter, we consider the time-dependent stochastic Navier-Stokes equations (1.2)
with additive noise, i.e., B(u(t)) = g(t) for all t € [0,T] (see Subsection 5.2.2 for definition
of g).

The first paper which considers numerical analysis of (1.2) is [14], where the authors
established stability and convergence of the standard mixed finite element method (FEM) of
(1.2). Later on, Carelli and Prohl [17] proved the rates of convergence in probability for the
mixed finite approximation of (1.2). The main difficulty for establishing a strong convergence
for any numerical approximation is the interplay between the nonlinearity of the Navier-
Stokes equations and its stochastic noise term. To compute quantities of stochastic interest
such as the expectation, all the norms must have another layer of the integration which is the
main reason why the classical Gronwall inequality argument fails. To overcome this difficulty,
the authors in [17] defined a sequence of sub-sample spaces which converges to the sample
space under the probability measure. However, the error estimates on these sub-sample
spaces are computed with partial expectations and are considered as weak convergence.
Bessaih and Millet [5, 6] later showed the strong L?-convergence of the mixed finite element

method for (1.2) by estimating the error on the complements of these sub-sample spaces.
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They have obtained the strong convergence but the convergence order is only logarithmic
rate. Recently, Bessaih and Millet [7] has established a strong convergence with polynomial
rate for the mixed finite element method for (1.2) in the case of a divergence-free additive
noise by using exponential stability estimates. The authors’ idea is to apply the Gronwall
inequality to derive a master inequality before taking the expectation to extract a convergence
rate later. This idea was used earlier in [15, section 5.3.3] to overcome the same difficulty.

To the best of our knowledge, all the error estimates of (1.2) in the literature until now are
second moment estimates and these estimates are only for the velocity approximation and
no pressure error estimate was known. The primary goals of this chapter are to derive high
moment error estimates for both the velocity and pressure approximations of the standard
mixed finite element method for (1.2) in the case of general additive noise and then obtain
pathwise error estimates by using Kolmogorov Theorem 3.2.1. The high moment error
estimate in this chapter generalizes all the results stated above for additive noise. Moreover,
high moment error estimate for the pressure approximation in a time-averaged norm is
obtained by the velocity error estimate and the stochastic inf-sup condition and Kolmogorov
Theorem 3.2.1 infers a pathwise error estimate for the pressure approximation.

The remainder of this chapter is organized as follows. In section 5.2, we give the precise
definition of the variational solutions to (1.2). In addition, the assumption on the diffusion
function g is specified. In section 5.3, we present the time discretization in Algorithm 1 and
state some stability estimates for its solution, including an important exponential stability
estimate which plays an important role in error analysis for the velocity approximation
in Theorems 5.3.4, and 5.3.7, and the error estimates for the pressure approximation in
Theorems 5.3.8 and 5.3.9. In section 5.4, we formulate a fully discrete mixed finite element
method in Algorithm 2. High moment and pathwise error estimates are obtained for both
fully discrete velocity and pressure approximations. Finally, we state two global error
estimates in Theorems 5.4.8 and 5.4.9.

For the sake of presentation, we let f = 0. In addition, all the constants in this chapter

are independent of the mesh parameter h and k.
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5.2 Preliminaries

5.2.1 Some useful facts and inequalities

In this subsection, we quote a few known and useful facts which will be used in our proofs

later.

Lemma 5.2.1 (Gronwall inequality). (a) Lety and g be nonnegative integrable functions

and ¢ a nonnegative constant. If

y(t) < o+ / g(S)y(s)ds V>0,

then
t
y(t) < cexp (/ g(s) ds) for all t > 0.
0
(b) Let {y,} and {g,} be nonnegative sequences and ¢ a nonnegative constant. If

yn<ct+ > gy, V>0,

0<j<n

then

y, < c H (1+gj)§cexp<z gj) for alln > 0.

0<j<n 0<j<n

Lemma 5.2.2 (Hoeffding’s lemma). Let X be a real-valued random variable with E[X] = pu,

such that a < X <b a.s., for some a,b € R. Then, for all A € R,

2

E[eM] < exp()\,u + %(b - a)2). (5.1)

Finally, we recall the following property of the R-valued Wiener process, whose proof can

be found in [57, Corollary 1.20]
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There exists a deterministic constant C' > 0 such that:
(W(t) —W(s)| < Clt —s|% P-a.s., (5.2)
where 0 < o < %

5.2.2 Variational solutions

Let g(-,-) : D x [0,T] — R and g € L= (0, T; H'(D)). We make the following additional

assumptions on g:

(G1) g is Lipchitz continuous in time, that is, there is a constants Cg > 0 such that

Ig(t) — &(s)llLe < Cglt —s[  Vt,5 [0, T].

(G2) Let ¢ > 0. Assume that there exists a constant 0 < K, < such that

SCI'/LJ
gl Loo 0,1y < Ko, where O, is the constant from the inequality (5.5).

Remark 5.2.1. The assumption (G2) will be crucially used to obtain the exponential stability
estimates in Lemma 5.3.3. On the other hand, both (G1) and (G2) will be needed to derive

the order of convergence in Theorem 5.3.4 and Theorem 5.4.2.

Next, we define the variational solution concept for (1.2) and refer the reader to [18, 19]

for a proof of its existence and uniqueness.

Definition 5.2.3. Given (2, F,{F;},P), let W be an R-valued Wiener process on it.
Suppose ug € L*(Q,V). An {F,}-adapted stochastic process {u(t);0 < t < T} is called
a variational solution of (1.2) ifu e L*(Q;C((0,T];V))NL*(Q;0,T; H2,,.(D)), and satisfies
P-a.s. for all t € (0,T]
¢ t
(u(t),v) —i—/o v(Vu(s), Vv) ds +/0 (u(s) - Vu(s),v) ds (5.3)

:(uo’v)+</0tg(s)dW(s),v> Vvev.
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We also recall some properties of the convection term. Define

1
per:*

b(u,v,w) := (u . VV,W) Yu,v,w e H
It is easy to check that b(u, -, -) is skew-symmetric for u € V, that is,

b(u,v,w) = —b(u,w, v) vv,w € H! (5.4)

per

and

b(u,v,v) =0 Vv € H)

per*

In addition, we also recall the following interpolation inequality for H!-functions:
1/2 1/2 1/2 1/2
b(u, v, w) < ullasl|VV e [ Wl < Crullgs’ [Vl [Vvlee wl [Vwl. (5.5)

Definition 5.2.3 only defines the velocity u for (1.2), its associated pressure p is subtle to

define. We do so in the following theorem.

Theorem 5.2.4. Let {u(t);0 <t < T} be the variational solution of (1.2). There exists a
unique adapted process P € L? (Q, L*(0,T; HI}GT(D))) such that (u, P) satisfies P-a.s. for all
te (0,77

(u(t),v) + 1//0 (Vu(s), Vv) ds —i—/o (u(s) - Vu(s),v) ds — (divv, P(t)) (5.6a)

= (ug, V) —i—/o (f(s),v) ds +/0 (B(u(s)),v)dW(s) VveH,, (D),

(divu,q) =0 Vqge Li(D):={qe L2 (D): (¢.1) =0}. (5.6b)
Proof. The proof is similar to Theorem 2.1.3 of Chapter 2 with a few modifications. O

Lemma 5.2.5 ([8, 17]). Let u be solution defined in Definition 5.2.3. Then we have
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(a) Assume that ug € L"(Q,V) for some r > 2. Then we have

[ (s IVal + [ vl @) ] < oB[vuly].  6)

0<t<T

(b) Assume that ug € L"(Q,H?(div; D)) N L5 (Q, V) for some r > 2. Then we have

T T T
| (s IVl + [ vIv*uols )| < G| (ool + 17wli2) ]

0<t<T

(5.8)

5.2.3 Holder continuity of the variational solution

We cite the following high moment Holder continuity estimate for the variational solution

whose proof can be found in [8, 16].

Lemma 5.2.6 ([8, 16]). Suppose uq satisfies the assumptions in Lemma 5.2.5 (b) for some
r>2and g e L*(Q,L>(0,T;H*(D))). Then there exists a constant C = C(Dr,ug,g,7) >
0, such that the variational solution to problem (1.2) satisfies for s,t € [0,T]

E[lu(t) —us)l5] < Cli—s7 wre (o %) (5.9)

5.3 Discretization in time

In this section, we consider the time discretization of (5.3) that is based on the fully implicit

Euler-Maruyama method.
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5.3.1 Formulation and stability of the time discretization

Algorithm 1. Let u’ = ug be a given V-valued random variable. Find (u"!, p"™') €

L*(Q,V x L2, (D)/R) such that P-a.s.

per

(uth —u",¢) + vk (VU Vo) + k (0" - Vu't ¢) — k (p" T divg)  (5.10)
= (gnAWnJ,_l, ¢)7
(divu™! ) =0 (5.11)

for all ¢ € H!_ (D) and v € L?_ (D). Where g" = g(t,) and AW,,1 = W (t,1) — W(t,).

per per

If ¢ € V, then (5.10) reduces to
("t —u", @) + vk (Vu"', Vo) + k (u"™ - Vu",¢) = (g"AW,41,9). (5.12)

We quote the following stability estimates for {u"} given in [14].

Lemma 5.3.1. Let ug € L*'(Q, V) for an integer 1 < q < 0o be given, such that E|[||uo||3'] <

C. Then there exists a constant Cr, = C (T, q,ug) such that the following estimations hold:

_ M
(i) E| max [u"[7 +V/€Z|!u”\|§f2\|Au"|li2] < Crg-
n=1

1<n<M

- M
>l

“n=1

M q M q
(Z Ju u”-lu%’v) ; (ukz HAu”H%’V)
L ‘n=1 n=1

Stability estimates for the pressure approximation {p"} can also be obtained accordingly.

(i) E

- u“H%,Hu”H%v] < Cra.

(iii) E < Cry.

Lemma 5.3.2. Let {p"} .| be the pressure approximation from Algorithm 1. Under the

assumptions of Lemma 5.5.1 and for 1 < q < oo, we have

M
| (kX 1vmizs) | < S (5.13)
D L2 S g .
n=1
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Next, we present an exponential stability estimate for the velocity approximation from
Algorithm 1. Such estimate can be found in [6, Theorem 8.3]. However, we provide a
new proof which allows us to obtain the exponential stability estimate of the semi-discrete
solution {u"} without requiring M to be sufficiently large. This estimate will be used in the

proofs of Theorem 5.3.4 and Theorem 5.4.2.

Lemma 5.3.3. Assume that Elexp(4c||Vug||3.)] < C for some o > 0. Let {u"} be generated
by Algorithm 1 and assume that g satisfies (G2). Then, there holds

M
E [exp (o e[|V, + akz |Auw3:)] < c, (5.14)

where Cy = Cy(o, v, T,E[exp(4a||Vu0||i2)]).

Proof. Choosing ¢ = Au™"! in (5.12) and using integration by parts, the binomial formula
2(a,a —b) = |la]|* — ||b||* + ||a — ||?, we obtain

u Lz — [|Vu'|i2 + u —u’)||fz +2v u L2 .
IVu Iz — [[Valfze + IV (@™ = u") e + 20k AuIg (5.15)
=2(Vg"AW,i1, V("' —u")) 4+ 2(Vg"AW, 11, Vu")

< Ve AWz + [V (" — )L

+2 (Vg”AWnH, Vu") )
Therefore,

IVu" I — [[Va |l + 20k Au™ L, (5.16)

< Vg AW 22 +2(VE" AWy, Tu?).
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¢
Next, we lower the index by one and apply the summation Z for any 1 < ¢ < M to get

n=1

l ¢
IVallge + 20k Y AWl < [IVullfe + ) IVe" AW, (5.17)

n=1 n=1

4
+2) (Ve"AW, 1, Vu™).
n=1

Taking ax on both sides of (5.17) leads to

M M
max, IVl + 2V’<le [Au" |2 < [[VulllL: + Zl Vg™ AW, i (5.18)

0
+2 max Y (Vg" 'AW,,Vu" )

1<e<M 1
M
<2[|Vu®[lfz +2K0 Y [AW,[?
n=1

¢
+ 2 max (Vg”’lAWn, Vu"’l).

;
For any o > 0, denote Z;, = 20 Z(Vg”_lAWn, Vu”_l), for 2 < ¢ < M. Define the following
n=2
martingale by using a piece-wise linear function that defines as follow: for s € [t,,t,11), with

n=12,---,M—1, set s =t,, ut =u”. Then Zg:Zte,Where

Z, =20 /t(VngW(s),Vus) vt € [ty, T). (5.19)

t1

Then, Z, is a Fi-martingale for ¢ € [t1,T] and its quadratic variation satisfies

~ te
(2), < 10" [ IVgIVutle ds (5.20)

t1

J4
<4CLo°Kok Y | Au”|ie,

n=1

where C, is the constant from the inequality |[Vu™||3. < Cp||Au”|;..
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We multiply (5.18) by ¢ > 0 and then take the exponential on both sides to get

M
2112 n||2
exp (o max [V'l[E +ovk Y A3 )

n=1

M
< exp (20| Vu’|f2) x exp<2K0ch |AWn|2>
n=1

X exp (22%2%}]%4 [Zg - 2<Z>t£}>

M
> n|2
X exp (2 21;};;};4(2% - Ul/k; [Au HL2>-
Moreover, from (5.20) we have
M
~ n||2
22§%>§J<Z>te - Ul/kzl |Au" || -
/¢ M
<8CLo° Kok ) [|Au"|g. —ovk Y [ Au”|.
n=1 n=1

M
5;(8[Qﬂ?L02 —-VO)kZ}E:Hf&U@HiQ.
n=1

Now, by using (G2), we have 8 K(Cro? — vo < 0, which also implies that

2<<M

M
exp (2 max <Z>t[ — aukz HAu”H%g) <1 P —a.s.
n=1

Next, taking the expectation on (5.21) and using (5.23) we obtain

M
212 n|2
E[exp(a @%”V“ iz + ovk 5_1 |Au ||L2>}

M
< E[exp(2a||VuO||i2) X exp(2Kan |AWn|2>
n=1

X exp(zgzﬁ[ztl — 2<Z>t/j>]
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Using the Hélder inequality to separate the product on the right-hand side of (5.24) yields

M
]E[exp(a max. |Vut||3: + aukz HAu”HLz>] (5.25)

n=1
1/2
< <E[exp(4a||Vu0||%z)]>

X (IE [exp <8Koa§; |AWn|2>D1/4

« (Blexp (ma 12, - 542),])]) "

Since {exp (42,5 — %(42 > t) } is an exponential martingale on [t1, T, so it suffices to show that
E[exp(SKoa 224:1 ]AWnPﬂ is bounded. To the end, let 8 = 8Kyo and X,, = |AW,|*,1 <

n < M. Then, by using the independence of the increments of W (t), we can rewrite

E [exp <8K00 ij[: |AWn|2)} =E [exp (,B i:[: Xn>] = ﬁE [exp(BX.,)]. (5.26)

In addition, by using (3.8), we have that for each 1 < n < M, E[X,] = E[|AW,|?] = k and
then by (5.2), we also have 0 < X,, < Ck* as. Va € (0,1).

Next, we use Hoeffding’s lemma to conclude that

02 2 CQ 2
Elexp(6X,)] < exp(BE[X,] + SB k*) = exp(Bk + 86 k). (5.27)
Substituting (5.27) into the right-hand side of (5.26), we arrive at
0252

Mk%‘) = exp (ﬁT +

2132
086 ——Tk**"). (5.28)

E [exp <8K00 i ]AWnP)} < exp(BMk +

n=1

The proof is complete by choosing % <a<l.
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5.3.2 High moment and pathwise error estimates for the velocity

approximation

In this subsection, we present the first main result of this chapter which establishes the
optimal order high moment and sub-optimal order pathwise error estimates for the velocity

approximation by Algorithm 1.

Theorem 5.3.4. Let u be the variational solution to (5.6) and {u"} .| be generated by
Algorithm 1. Assume that ug € L1(S2;V) and . Then there exists Cy = C(T, q,uy,f) > 0 for

any integer 2 < q < oo and real number 0 < v < % such that

(B[, max |[u(t ) —u"[[L2]) 7 + ( {(kaHV )—u >HLz)q/2D;§quér (5.29)

Define €” = u(t,) —u”™. The proof of Theorem 5.3.4 has several steps and is accomplished

through Lemma 5.3.5 and Lemma 5.3.6 below.

Lemma 5.3.5. Under the assumptions of Theorem 5.3.4, the following inequality holds P-

a.s.
M M
12%||e4||32 + uk:zl IVe"|;2 < (A+ B) exp(kz;m), (5.30)
where
_ 2u2 / IV (u(t,) — u(s)|2: ds
tn 1
+ = Z CL lu(s) —u(t,)||f [ Vu(s)||f ds
n=1"tn-1
+ - Z CL Ju(s) —u(t,)||fn | Vu(t,)||> ds
tn 1
+ Tkli’%ix e lI3- [IVu’ll3.,
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2

L2

+2 1@%‘;[:1 (/tt (2(s) — &(tn1)) dW (s), e"‘l)

202
D"=—"L|Vu"|f. VI<n<M.
1%

B=2 iH / (8(5) = g(ta1)) AW (s)|

’

Proof. Subtracting (5.12) from (5.3) we obtain
tnt1
(e"t! —e",v) + vk(Ve" ! Vv) = 1// (V(u(s) —u(tns1)), Vv) ds (5.31)
tn
tnt1
+ / (u"t! - vu"t —u(s) - Vu(s),v) ds
tn

i (/tt (8(s) — g(tn)) AW (s), v).

Choosing v = €™ yields
tn+1
(€41 = ") bV e = [ (V(a(s) = ultn). V') ds
tn
tnt1
+ / (un+1 . vuTH—l . u(S) . vu(s)7 en+1) dS
tn
tn+1
T (/ (g(s) —&(tn)) dW(S),e”“) (5.32)
t’IL

=TI+ 1II+ III.

The left-hand side of (5.32) can be easily controlled by using the formula 2(a,a — b) =
lall? = ||b]|*> + |la — b]|?>. The right-hand side of (5.32) can be bounded as follows.

Using Cauchy-Schwarz inequality, we obtain

tni1
1<y [ 9 ) - u) Ve 1z ds (5.33)
tn

ftt 2 vk n+1((2
<v [ IV @lt) — () ds + [T
tn
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We rewrite the second term as

17— /t " ((a(s) = ultun)) - Vuls), &) ds (5.34)
+ /t " (u(tni1) - V(u(s) — u(tnsr)),e") ds
n+1 -YVu n+1 en+1) ds

n+1 Ven+l n+1) ds

=/MY u(s) — ultyn)) - Vu(s),e™) ds
n (ta1) - V(u(s) = u(tsr)), ) ds

n+1
+/ ( n+1 Vun+17en+1) ds
tn

=1II; +II,+ IIs.

Here we have used the facts that (u"™' . Ve"™ e"!) = 0 and (e"*!. Vu"t! e"!) =
("' - Vu(t,i1),e™™). Each term can be bounded as follows.

In addition,

tnt1
nls/ lu(s) — ultusn) oo lu(s) s [ Ve 1z ds
tn

2 tn+1 .
< —/ la(s) = utnen)|Zelu(s) |2 ds + = IIV iz
tn

v

) tn+1 "
= Z/ C2 [lu(s) — u(turs)|Z [ Vu(s)|3a ds + = IIV il IFF%
tn

tn+1

2 T
I, <~ C2 [[u(s) = ultnsn) [l Vultg) 22 ds + = ||Ve L

ln

ITs < klle™ 2| Vu(tys) o

< Crk| Ve elle™ el Vu(tn) e

C? vk
< CL g e [V [ + 2 v
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Thus,

9 tn41
1022 [ 3 uls) = ultusn) [Vt [ ds (539)
in
2 fot1 2 2 2
+ ;/ Cp [a(s) = atnia) [z [Valtng) e ds
tn

k C?
+ S IVe s+ =E ke [ Va2

Now, we estimate the noise term as below

ar= ([ e - we) s, - o) (5.36)
([ e - ) aves.e)

[ e - et aves)
([ e - we) amisyer).

<|

2 1 n+1 n|2
o llert e

Substituting (5.33),(5.35) and (5.36) into (5.32), we obtain

[le™ e = llemllze] + Zlle™™ —e™fe + [ Ve ||z (5.37)

DN | —

tnt1
<v [ 19t - u)[Esds
tn

9 tn+1
+- / CT la(s) = u(t,s) 5 [ Vu(s)[f2 ds
tn
2 [l 2 2 2
+- C1 lua(s) —u(tnsd) [ [Vataia)|lzz ds
tn

C% n+1/|2 n+11|12
+ kel [Vut

/tu (8(s) — (t) AW (s)]| |
+(Afugﬁ—ﬂ%»wwgﬁﬁ.

2
|
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¢
Next, lowering the index n in (5.37) by 1 and applying the summation operator Z to both

n=1

sides of (5.37) for any 1 < ¢ < M, we obtain

¢ ‘
1 _ vk "
ol + 5 D lle” e I+ 5 DIV (5.38)

n=1
<2yz/ IV (ut,) — u(s))|2 ds
th—1
o2 Z /  Chlus) — u(ta) [ I Vu(s) I ds
2 Z / Ch luls) — () [V u(en) s s

202 n n
—*tk Z le™ 22| V" IE

2

/ " (8(5) — g(ta_)) AW (s)

=1 tn—1 L2
4 tn
¥ 22( | (&6~ g(t) dw<s>,en—l)
n=1 tn—1
M tn
<2y [ V() - u)lfsds
n=1"tn-1
4 < o 2 2 2
e C2 [uls) — u(ta) [ | Vu(s)]2- ds
n=1Ytn-1
4 i
+03° [ ChluGe) - ut )y [Vutt) 2 ds
n=1"Ytn—1
|26 — . . . 202k
S S e VI a9
M tn 9
223 [ (elo) st W)
n=1 Ytn-1

-1
=A+B+kY D"[e"[3,

n=1
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where A, B are constants in ¢ and are defined by

—203 [ IS - ol
5[ ot~ el Tl

e Z [ o) w9

tn—1

202

<L ¢ ¢
+— klgﬁx e’z I Vu’llzz,
M tn 9
pi=2Y )| [ (8s) - ltar)) aW (o)
n=1 Yln-1
V4 tn
_ 1
r2 ma[S( [ (o) -t (s e )|
2 2
D %Hv "2, Wl<n< M

Finally, applying the discrete Gronwall inequality to (5.38), we obtain

M M
le‘lfF2 + > lle™ —e" i+ vk Y [[Ver|i
n=1

n=1

-1
< (A—i— B) exp(kZD") P — as.

n=1

Th fi lete by taki both sides.
e proof is complete by taking 11;%%}]%4 on both sides

(5.39)

(5.40)

O

Next, we estimate E {(A + B exp( Z D")} in the following lemma to extract the

convergent rates as stated in Theorem 5.3. 4

Lemma 5.3.6. Assume that (G2) satisfies with o = 2% Then, under the assumptions of

v

Theorem 5.3.4 and Lemma 5.53.5, there holds

(e[ta o223 )] < vt
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Here, A, B, D™ are defined as in (5.39) and 0 < v < % Cy 1s the same constant as in

Theorem 5.5.4 which depends on v,q,g, Dr,ug.

Proof. By using the simple inequality (a + b)? < 2P~1(a? 4+ 0P) for 1 < p < oo we have

E[(A+B exp( ZD”)} <O {A% exp(%ipn)] (5.42)

Therefore, there are three factors in (5.42) which we need to estimate, namely, E[A?], E[BY]

2o (1 37)]|.

n=1

(a) To estimate E[A9], by (5.39) and the discrete Cauchy-Schwarz inequality, we have

_ Kgyz / 9 (u(t,) — u(s))s ds
+2 zt G l[u(s) = ulty) 3 | Vu(s) 2 ds

2 Z / Chluls) — () [ | V(e 2

1% 1<t<M

<c E[(Z [ v - o) |
+ C2| (s vuls HLQZ / Jate) = wltn) e s |

+ CRE] max [lo” L[| VurIE:]

202 !
+ Lk max HeeHLzHVUZHLz) ]

= A + Ay + As.
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By using Cauchy-Schwarz’s inequality and (5.9), we have

A - CEKE;LJW ) - us) s | (5.43)

<0Ebj ¥ u(t) ~ u(s)lELds

tn—1

< quQQ(g—v )

By using Cauchy-Schwarz’s inequality, (5.3.1) and (5.9), we also obtain

AfwwKpruumZA”w wlwds) | G

s€[0,T]
<CIE{ sup ||Vu(s) Z/ [u(s) — u(t,) 2, ds]
s€[0,7T tn—1
sc@meum;{{Z/|m alt) I ds) )
SG[OT] tn 1

< quQq(%—v)

In addition, by using (5.3.1), A3 < Cyk?. In summary, E[A9] < quQQ(%_’Y)

(b) To estimate E[BY], by (5.39), we have

Next, by using the discrete Holder inequality, (3.5) and (G1) we have
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]
)

B, =C,E Kﬁ;” /tt (8(5) — g(tar)) AW (s)

>

n=1

<cpre[S] [ " (8(5) — ltur)) AW (s

tn—1

[ et - sttt s

tn—1

M
< C,M"'E {Z
n=1

< C k.

To estimate Bs, we use the Burkholder-Davis—-Gundy inequality and (G1) to get

|

o= s [ (et9) - st ) a9

<CE[(3 [ 1)~ st alle o ds) "

n=17tn-1

M q/2
< quqEKkZ ||e"’1||i2) } < O k1.
n=1

In summary,

E[B?] < Ck*.

M
(c¢) To estimate E {exp (qk: Z D”)} by (5.39) and the discrete Jensen inequality, we have

n=1

M ) CQ M
E{exp(qk‘ZDn)} SE[eXp< qVLk'ZIIVU"IIiz)]
n=0

n=1
M
QQC% 9
< Lz |z,
_]E[kg exp( ” ||Vu"||f,

n=0

M
QQC% n||2
Sk;E[oI&%eXp( —E|VaE ) | <CT. (5.45)
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Here, we have used Lemma 5.3.3 with o = ﬁ, the last inequality of (5.45) to obtain

Finally, combining (a), (b), (c) and (5.42), we get

M
E [(A +B)? exp <% > D")] < Gk, (5.46)
n=1

The proof is complete. 0

We are ready to state our first pathwise error estimate for the velocity approximation,

such an estimate has not been obtained before in the literature.

Theorem 5.3.7. Assume that the assumptions of Theorem 5.5.4 hold. Let 2 < g < oo and
0<y< % such that % e % > 0. Then, for 0 < 1 < % e %, there exists a random
variable K = K (w) with E[|K|7) < oo such that there holds P-a.s.

M 1
max [u(t,) = w1 + <uk Zl IV (u(t,) — u) Hiz) P <Kk (5.47)

Proof. (5.47) is an immediate consequence of Theorem 5.3.4 and Kolmogorov Theorem 3.2.1.

]

5.3.3 High moment and pathwise error estimates for the pressure

approximation

We state and prove the following pathwise error estimate for the pressure approximation

which is the first of such results.

Theorem 5.3.8. Assume that the assumptions of Theorem 5.3.4 hold. Then we have

1

L] > R oAl (5.48)

(E{HP(tm) - k:nf;p"
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Proof. The proof is based on the well-known inf-sup (LBB) condition which is quoted below.

There exists a constant 5 > 0 such that

,di
Blléllz < sup (6. dive) V¢ € Li(D). (5.49)
gers, (p) ||P]lr2
Set
e" :=u(t,) —u™ and ™ := P(t,,) — P™, where P™ := /{;Zp”.
n=1

Summing (5.10) from 1 to m we obtain

(um,¢) + vk Z(Vun, V¢) + k‘Z(u“ . Vu”,¢) — (Pm, div¢) (5.50)

n=1 n=1
= (u'¢) +> (g"'AW,.¢) v¢ € H,,, (D).
n=1

Subtracting (5.50) from (5.6a), we obtain the following error equations:

(e, 8) + (v S Ver Va) vk Y- [ (Vue) —u(t) Vo) ds  (551)
+ £ (u(ta) - Vu(t,) — u" - Va", g)
+3° [ (uls)- Vuls) - ulta) - Vu(ta),¢) ds — (€™, dive)

= ([ o) - g awis) 9)

n=1 tn—1
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Therefore,

(E™,dive) = (e™, ¢ (wZ Ve" v¢ + yz /t —u(t,)),Vé)ds (5.52)
+k Z(u(tn) -Vu(t,) —u" - Vu",9)
+Z/ u(s) — u(t,) - Vu(t,), ) ds

(3 /m(g(tnl) - B(5) W (5).9)

=I+II+III+IV+V+ VI

Next, we use Cauchy-Schwarz and Poincaré inequalities to estimate each term on the right-

hand side of (5.52).

I+ 11 < Clle™ (|2 [Vl + vk > || Ve 2] Ve (5.53)
n=1
III < yz ||v u(ty)) ||z ds|| Ve ||z

tn—1

v =k Z(u(tn) - Vu(t,) —u" - Vu",¢)
=k Z(u(tn) -Vu(t,) —u" - Vu(t,), @)

+k Z(un -Vu(t,) —u" - Vu",9)
n=1

= kZ(e" Vu(t,).¢) + kY _(u"-Ve", )

n=1

< kZ le” [ llutn) s [[Velles + kZ [ [[€"[[La | V]2
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v=%" / " (uls) - Vu(s) — ulty) - Vu(s),) ds (5.54)

< Z_;/t Ju(s) — u(ty)||gsl[uls)|we || V|2 ds

m

+Z/n [u(tn)llusllu(s) — u(ty) ||| V|2 ds.

n=17tn-1

<3 [ @) st ) awis)|Ivol

n=1"tn-1

Substituting the above estimates into (5.52) and using the inf-sup condition yield

(Em,dive)
BIE™ |z < sup ———7—-
1€™] i Vel

m m tn
< Cllem|z + vk > || Ve || + yz/ IV (u(s) — u(t,))||rz ds
n=1 n=1

(5.55)

tn—1

kY e lue(flult) e + u”{lwe)
+ Z/t " lus) = ult) e (sl + (b)) ds

) S ANCEEETIE

tn—1

L2

Taking the expectation on (5.55) and then using Theorem 5.3.4, Lemmas 5.2.6-5.3.1 and It6

isometry, we obtain

FB[IEm1L] < Gl + CE[(vk Y Iverl) ] (5.56)
+CE[S [ 9t~ ue]

+ [ (kD 19 i (19 s + 1997)12))
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]E[Z/i IV (u(s) = u(t)|IL: ([[Vuls)||L. + [|[Va(t,)||L.) ds}

+C,E (f / lg(s) st ds) ]

N

+ch[(ij Vel (kZ IVt las + 190 12)°)

T Cy(E[ max [Vu(s) 5Z/t E[[V(u(s) - u(t,))|2])"2ds

s€[0,T]

< qu(%—v)q

1

c, <E[<k§ iverz)])’ (E[(@(kunmp +vare))])’

< C’qk(%*’Y)!I_

Finally, the proof is complete by dividing 57 on both sides. n

Next, we state a pathwise error estimate for the pressure approximation. To the best of

our knowledge, this is the first pathwise convergence result for the pressure approximation.

Theorem 5.3.9. Assume the assumptions of Theorem 5.3.8 hold. Let 2 < q < oo and
0<y< % such that % -y — % > 0. Then, for 0 < 1 < % -y — %, there exists a random
variable K = K (w) with E[|K|?] < oo such that for all 1 < { < M, there holds P-a.s.

< Kk". (5.57)

L2

P - e

n=1

Proof. The assertion follows immediately from an application of Theorem 3.2.1 using the

high moment error estimate of Theorem 5.3.8. O]
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5.4 Discretization in space

In this section, we consider the spatial approximation for the Algorithm 1 by using finite
element method. Let 7, be a quasi-uniform triangular mesh of the given domain D C R?

with mesh size h > 0. We introduce the following finite element spaces notation

H, := {v, € C(D)NH., (D); vi, € Py(K)VK € Tp},

per

Ly = {qh € Lfm; qn € Pj(K)VK € ﬁ},

where P;(K) denotes the space of all polynomials on K of degree at most 7. It’s well-known
[10] that the choice of the pair (Hp, L) must satisfy the Ladyzhénskaja-Babuska-Brezzi

(LBB) condition, which is stated below, to ensure the stabilization of the method.

di ,
sup M > Cl|qn|| L2 Yq, € Ly, (5.58)

éncHy, ||v¢h||L2

where the constant C' > 0 is independent of h and k.

Next, we define the space of weakly divergent-free velocity field as follows:

Vi o= {on € Hy; (diven,qn) =0  Vgu € Ly}

In general, V}, is not a subspace of V. Let Q;, : L? — V}, denote the L2-orthogonal projection,

which is defined by
(V — th7¢h) =0 \V/¢h € Vh. (559)
It is well-known [37] that Qy, satisfies the following estimates:

lv — Qnvllrz + A||V(V — Qpv)|lLz < ChZHAvHLz Yvevn H2(D), (5.60)
lv — Quv|r2 < Ch|| V|2 Vv € VNH' (D). (5.61)

177



Similarly, let P, : L?,.(D) — Lj, be the scalar L?-orthogonal projection, defined by

per

(¥ — Patb,qn) =0 Vg, € Ly, (5.62)
then there also holds
1Y — Pyl < ChIVY|l2: Vo € L2, (D)NH' (D). (5.63)

Next, we also introduce the well-known trilinear form [65]
- 1
bu,v,w) = (u-Vv,w) + 5([div ulv,w) vu,v,w € H'(D), (5.64)

which is anti-symmetric in the sense that

b(u,v,w) = —b(u, w, V) vu,v,w € H'(D). (5.65)
Therefore,
b(w,¢,6) =0  Vu,¢ € H(D).

Algorithm 2. Let u) be a given Hj-valued random variable. Find (uZ’Ll, pZ“) €

L*(Q,Hj, x L) such that there holds P-a.s.

(™ = ugt, @) + vk (Vup ™, Vey) + k(up™ - Vupt ) (5.66)
k
+ 5([div ) — k(i diven) = (g8 AWaia, n),

(divuy, ¢p) =0, (5.67)

for all ¢, € Hj, and ¢, € L. g} denotes an approximation of g", which satisfies ||g" —
g2||L2 S Ch2

Next, we recall the following stability estimates for {u}'} from [14, Lemma 3.1].

Lemma 5.4.1. Let 1 < g < oo and uj) € L*'(Q; H,,) such that E[||lu})||f=] < C. Then, there
exists a pair {(uZ,pZ)}iil C L*(Q;Hy, x Ly,) that solves Algorithm 2 and satisfies
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(i) B| max |luj| +Vk2||uhlliq2 IVaRli| < Cry,

1<<

2¢—1

r M
(ii) E (k:ZHVuZHiz) ] < Cry,
o n=1

where Cry = Crq(Dr, g, u}).

5.4.1 High moment and pathwise error estimates for the fully

discrete velocity approximation

In this subsection, we state and prove the second main result of this chapter.

Theorem 5.4.2. Let 2 < q < oo and u) = Quug. Assume that ug € LY V). Let
{(u™,p™)} and {u},p}} be the velocity and pressure approzimations generated by Algorithm
1 and Algorithm 2, respectively. Then there holds

s it (B[ v -wnn) ) e
ng(k:2+h+k2h>,

where Cy = C(T, q, o, f) > 0 is independent of k and h.

The proof of Theorem 5.4.2 has several steps and will be accomplished through the

following two lemmas.

Lemma 5.4.3. Under the assumptions of Theorem 5.4.2, there holds P-a.s.

M

n=1 n=1
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where
M M
Ap = | QUE|}2 + CRE D [|AW" |32 + CR*E D (V|7 Au”|f (5.70)
n=1 n=1

M
+Chk Y upllze | Au” g

n=1

M M
n|4 n||2 ni|2
+ Ok max [V, (k;|quh|yL2+k;\|vu I2:)

16C%k 2 2 2 = 2
= max [|Vu'l|ga | QuE"|Ee + Ch k; IVp*[I£2
M l
Bri= Y e — g AW, R + max IS (8" — g AW, QuE")],
n=1 - n=1
L 1ecz _ 2C .
Djp = —=[[Vu" |z + — | Au”|[g..

Proof. Let E™ :=u" — u} for all 0 <n < M. Subtracting (5.10) from (5.66), we obtain the

following error equation

(En+1 - Ena ¢h) + vk (VETH_I, v¢h) +k B<un+17 un+1a ¢h) <571)
— kbt ) — k(pm ! — pptt divey)

= (8" — g)AWoi1,81) Vo € Hy,.

Setting @, = Q,E"™ € V}, in (5.71), using the orthogonality of the L?-projection and the

fact that (p;™", div Q,E™™) = 0, we obtain

(QuE™ — QuE", QuE™") + vk VE" |1, (5.72)
= vk (VEnJrl’ v<un+1 i Qhun+1>) i kl;(u”“, un+17 QhE"H)
+ bttt QUE™Y) + k(p, div Q,EMH)

+((8" — gh) AWar1, QE™).
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We use the identity 2(a,a—b) = ||a||* —||b]|> + ||a — b]|* to rewrite the left-hand side of (5.72)

as

NQRE" L — |QE" L2 + |Qu(E" — E")I|L] + vk VE™ L (5.73)

DN | —

_ V]{f(VEn+l, v(un-l-l . Qhun+1)) . [k’ B(un—&-l’ un—i—l’ QhEn—i-l)
—k E(u2+17 u;lz—&-l’ QhEn-i-l)} + k(pn+17 div QhEn—l-l)
+ (8" — 1) AW,p1, QE™)

=I+II+1III+1IV.

We note that the term II needs a special treatment but other terms can be easily controlled

as follows:
vk n+1(2 2 n+1|2
On noting that (P,p"*!, divQ,E"*!) = 0, we have

I1I = k(p", divQ,E™) (5.75)

— k(pn+1 _ Phanrla div QhEn+1)

vk
< LIV + RV

IV = ((g" — gi) AWni1, Qu(E™! —E")) + ((8" — 1) AW, i1, QLE") (5.76)
1
<2|l(g" — g AW,ilfe + gllQh(E”+1 —E")|1-

+ (8" — g) AW, i1, QLE")
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To bound the term II, we first rewrite it as

I1 = —k[b(u"™, u™, QE™) — b(up ™, upt!, Q,E")] (5.77)
— _kg(un+1’ :En—l-l7 QhEn—‘rl) o kE(En+1, uZJrl7 QhEn—l-l)

_ _kg(un+1’ En+1, En+1) + k,g(un+1’ En+1, u" ! — Qhun+1>
+ kb(EM ETL QEMTY) — kD(EMH umt, Q,E"HY)
= —kb(u"t! EMTLEMHY) 4 kb(umt EMTL unt — QuuttY)
+ kl;(En+1’ En+17 En+1) o ki)(EnJrl, En+17 u"t! — QhunJrl)
_ kg(EnJrl, un+1’ QhEnJrl)
= k:l;(u’”l, E" u"t — Quutt) — I{JZNJ(E"“, E" u"t — Quutt)
— kb(E™ u"t Q E"T)

= 1II; + II, + IIs.

Here, in order to obtain the last line of (5.77), we have used the facts that b(u"+!, Er+1 E*t1) =
0 and b(E"!, E"1 E™t1) = 0. Then we have

IT; = kb(u™™ E" u™t! — Quu™t) (5.78)
— k(ul - VE™ umt - Quuitl) + %k([div wET - Quuit)
< Ko™ L [VE™ e [u™ — Quu |
= %“VE"HH%Z + Ckfla™ [T lu™ — Quu™ |z,

k
< T IVE e + CRIP [ Va | Aw .
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11, = —k E(En+1, En+l’ un+1 . Qhun+1)
k
— —k(En+1 . VEH—H, un+l _ Qhun—i-l) _ 5([dlv ]37"L-i-l]]a11—+-l7 un-i—l _ Qhun-i-l)
< 2K|[E" | [ VE™ e [u™ T — Qpu Y |ps

vk
< 1—6HVE"+1Hi2 + CEIE" 24 ][u™™ — Quu™*!|Fa

IN

k .
T VE" 22 4 CRIP B Au™ |

| /\

vk
—HVE"HHiQ + CERP [Tl [ A |72 4+ CRPZ [y ™ |7 | Au™ |

| /\

HVE"“HL + CER? ||V [ | Au™ [T, + CRR? [ug [ [ Au™ L.

Here, we have used the inverse inequality |[u?™||s < Ch™z|ul™'||p2 to get the last

inequality.

113 = —kb(E"*! u" Q,E™Y) (5.79)

— _k(En—H . vun+17 QhEn—H) . ([le En—‘—l]un—&-l’ QhEn—l—l)

NN

— _k(En+1 . VUTH_I, QhEn—H) .

4 g([dlv En-i—l]un—l-l, QhEn)

([div E"u™™, Qu(E™ — E™))

- II3a + II3b + II3C.
We can bound each term on the right-hand side of II3 as follows.

II5. = —k(Q.E" - VU, Q.E") — k((u"™ — Quu™™) - Vu"*', Q,E")  (5.80)
< K[ QREH[Fal[Vur e + Elu" — Quutt |l [ Va2 | QRE™ |
< Crk||QRE™ |2 VE™ |2 V|2
+ Ck[u™™ — Quu*H{|pa ][ V|2 VE™ |2

86’2
— RV L QBT

vk
+ Ck[u™! — Quu™ |34 [ Vu™™ 3. + EIIVE"“H%

802 n n n n vk n
— RV L | QUET T + CRAY[Vur [ | Au T + 6HVE g
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Il = —g([div E" ", Q,u(E" — EM))
< gHVE”“HLzHU”“HmHQh(E”“ —E")|ps
< Ck|[VE"™ 2 | Vu+|pe | Qu(E™H — EM)|| 12| V(E™ — EM)|%
< Z—IQHVEMHiQ + CRIIVu 2. ]|Qu(E" ! — B")||p2 ||V (E™! — E") g2
< VUIVEM G+ S IQu (B - B
+ CR|Vu |1, |V (B"! — E)3,.
IIs = g([div E" ' u" Q,E")
PR s QB

IA

IA

k n n n
SIVE" ez 0l | QuE" |2

IA

T IVE e + e | QuE" L.

< T IVE e + Rl AW L. | QuE" L,

where the last inequality was obtained by using the Sobolev embedding: [[u™™|i. <

C||Au™+||2, for some constant C' > 0.
Now, substituting the above estimates for the terms I-IV into the right-hand side of the
right-hand side of (5.73), we obtain

n n 1 n n
HQUE" L2 — 1QWE L] + ZI1Qn(E™ — QuE™)|L: (5.81)

Ivk N
+ 1—6HVE HEa

| —

< ORI A2, + OB [V Aw
+ ORIy 2 A s+ S o 2 QuE
ORIV — B
0 A L QuE” s + Ok [V s

+ (8" — gi) AW llfz + ((8" — gi) AW, i1, QLE™).
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¢
Lowering the index n in (5.81) by 1 and taking the summation operator Z on both

n=1
sides yield
1 1 91/k ‘
§HQhE€H%z+ZZHQh ~E" I+ Zuvm@ (5.82)
1 n n n
< SIQUE|IL: +Ch2kZHAu |!L2+Ch3kZHVu 72l Au” (|32

n=1 n=1

l
+CREY g2 | A2, + LkZHVu 13211 QuE" (|32

n=1

12
+CR Y IVullge (I1V (g — wy)lIEe + 1V (0" = u")|22)

n=1

~ ¢ ¢
C _ n
+ ;k‘z |Au” 22| QUE" |72 + CR?E D IV I7:
n=1 n=1

¢ l
+ X" —gn AW + Y (8" — g AW, QE™).

n=1

Bounding the sixth term on the right-hand side of (5.82) as follows

¢
Ck* Y (IVulge (I1V (up — wpD)lIEe + |V (0" — u")|22)

n=1

M M
< Ck o [Vga (kD2 IV 0fIE: + 5 32 V0.
then, (5.82) becomes

¢
1 1 e 91/k n
SIQUEB'IE: + 3 37 Qe — B + Z IV, (55

1
< SIQuE"[L: + Ch7k Z lAw"|[L> + Ch*k Z V[ || Au™ £

n=1 n=1

[N}

14
+ OBk Y |2 | Au |2, + LkZHVu £ 11QuE"

n=1
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M M
+Ck max [[Vu"|y. (k Z IVuplfs + & Z Va2

C
+ kZHAunHmHQhEn iz +0h2kZHVp IE-

n=1

+ Z (g™ — gh AW, L. + Z((g"’1 —g, AW, QE")

—_

< S IQuE|L> + Ch?k Z lAw"|[L, + Ch*k Z V|| || Au”|[£.

n=1 n=1

[\]

4
+CORED  upfa | Aut i
n=1
/-1 ~

(802

+k LI+ Au ) [QuE s

n

+Ck max [[Vu”|[is (kZHVuhHLz+/<;Z||Vu”||L2>

n=1 n=1

1

8C%k n n 2 n||2
= max [|Vu” g | QuE"|[E: + Ch kZHVp I

¢ ¢
+ Z (g™ — gh ™ )AWL|[z: + Z((g”_l —gi AW, Q,E"Y)

1
< SIQuE"|IL> + Ch%k Z lAw"|[L, + Ch*k Z V][ || Au™|[£.

n=1 n=1

(\]

M
+CRk Y [lupllze | Au”Igs

n=1

N

. (802 >

D (E vwr g+ S aw ) Qi

n

+Ck max [[Vu”|lis (k:ZHVuhHLz+/<;Z||Vu”||Lz>

n=1 n=1

1

8C%k
+—£= max HVu"HLzHQhE"Hm+Ch2k2\|Vp"Hiz

14 1<n<M

M
+> e — g AW,z
=1

L
+ max ‘Z((gnil - g271>AWn7 QhEnil) )

1<<M
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which is equivalent to (see the notaions defined in (5.73))

l L
IQUEZ: + > I1Qu(E" —E"")[If. + vk Y | VE"| (5.84)

n=1 n=1
-1

<A,+Bp+k Zl Dy [max 1QLE |2
m—1
< (A + By) exp(k D D}).
n=1
The proof is completed by replacing m by M in (5.84). O

Lemma 5.4.4. Under the assumptions of Theorem 5.4.2 and Lemma 5.4.3, there holds

( [(Ah+Bh exp( th>D <k: tht kT 2h> (5.85)
Proof. First, by using Cauchy-Schwarz inequality, we have.
E| (Au5) oo (% zph)] (5.56)
< c,(eaf)? (Elewn (w3 1))
+oq<E[Bg])%<E[exp<qkn§j;pg)])?

2

1
2

By using Lemma 5.3.3, we can easily control the factor <E [exp (qk Zanl DZ)]) . In fact,

- n _ 32qCL n 4(]0 n+1
E[exp(quDhﬂ —E exp(kz Va2, +/<:Z A2, )] (5.87)
n=1 n=1
< Bfexp (PO o |\Vu"nL2+kz4qC||A "))
M
<E exp(a max |[Vu' 2. + ok > [Aut |3, )} e
n=1
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where 0, = max {32qc a 4‘10}

Therefore, it remains to bound E[A]] and E[B/]. By the assumptions on g, we have

E[Bﬂzxﬁz[(fn@”—l AW, + max(Z g" — ) AW, QuE")

n=1

quE[(fjﬂg" Fgn | AW ) }
n=1

)q] (5.88)

1<0<M

+ CqE[ max i((g” — g AW,i1, QLE") ‘q]
—1

< th2qE[<§: |AWn|2>q] 4 OqIE[ max ‘zg:((gn_l — gl AW, QE") )q]

1<e<M
n=1

= B 1+ Bh.

It follows from the discrete Holder inequality and (3.8) that

By = thQqEKi |AWn|2>q] (5.89)

n=1

M
< Coh* MY E[|AW, ] < CR* Mk® < Cyh™.

n=1

To estimate By o, we use the Burkholder-Davis-Gundy inequality and the assumptions on

g to obtain

Bpa = CqE[ max ‘i:((g” — g AW, Q.E") )q] (5.90)

1<0<M
-

[S)

M
< CE[(EY gt — g IR R.)
n=1

< th2qIE[(k:i \|E“—1||32)g} < b2,

n=1
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In addition, using the stability estimates from Lemmas 5.3.1, 5.4.1 and 5.3.2 and the
assumption E[||Q,E°||1,] < Ch4, we obtain

E[A7] = [(HQhEOHLz n omz AW+ CFES Ve Aw s (500

n=1

+0h2k2 a3 | Au|3.

n=1
M M
n||4 ni2 n2
+Ck max [[Va®|y, (k;; IVu? |2, + 1{_; [Vu ||Lz)

1602k ) >\’
+— = max [ Vu'||z:|QuE" g + Ch k’ZHVP lle) ]

< O,h% + C,h%E [(k i \|Au“||32)q}
n=1

+ ChE| (k i Va2 Au2:) ]

n=1

M
+ Cyh qIELg%)?VIHuhHL% (kleAu ||L2> ]
1<n<i

] M :
q
+ C k'E| max ||Vu"|| (k‘ E | CUZH%J?)

+ C,k"E _ max [Va"| (kz ||Vu”||L2>

1<

L1<n<M

< (5] ] (2 (s 35 ) )
- n=1
o (], rowe ) (e[ (-3 1))
n=1
(e, 1)) (2 1wt )

+ OB max Va2 (a2 + 1 135)

_ ) M
+ O] mae |V PB4 + Ch B ] (kY 1Vp7)12:) ]
) n=1

M
+ CHE[ (Y 19971 )| < Cot 4+ Ckt + Gyl h®.
n=1
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We note that the last term C,k~9h?? is a consequence of allowing general noises which clearly
impact on the stability estimate of the time-semidiscrete pressure approximation as seen from

Lemma 5.3.2.

In summary, substituting the estimates for A; and By, into (5.86), we obtain

E [(Ah+3h)3 exp(% f: DZ)} < Cy(K 4 n7 4k En7). (5.92)

n=1
The proof is complete. O
We conclude this section by stating a pathwise error estimate for the velocity approxi-

mation by Algorithm 2 which is a direct corollary of the Kolmogorov Theorem (cf. Theorem

3.2.1) and the high moment error estimates of Theorem 5.4.2.

Theorem 5.4.5. Assume that the assumptions of Theorem 5.4.2 hold. Let 2 < q < oo and
0<y<l-— %. Then, there exists a random variable K = K(w) with E[|K|7] < oo such

that there holds P-a.s.

M 1/2
max [ = e+ (vk Y [V - wp):) (5.93)
n=1

1<n<M

< K(lﬁ TR 4 k?hw).

5.4.2 High moment and pathwise error estimates for the fully

discrete pressure approximation

In this subsection, we establish high moment and pathwise error estimates for the pressure

approximation generated by Algorithm 2.
Theorem 5.4.6. Let 2 < g < oo, under the assumptions of Theorem 5.4.2, there holds

(E{Hki (p" = p}) ' D < Cy(k? +h+k2h), (5.94)

n=1

L2

where Cy = C(B1,q, D, f,u9) > 0 and independent of k. h.
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Proof. The proof of this theorem is similar to that of Theorem 5.3.8. We recall the discrete
inf-sup (LBB) condition: There exists a 41 > 0 such that

;
Bl < sup LS diven)

V¢, € L. 5.95
S0 [ Vénls & € L (5.95)

Set E™ :=u™ —uj’ and £ ==k Yo (P —pp).

Summing (5.71) from 1 to M, we obtain

M M

(BY —E%,¢y) +vk > (VE", V) + k> (u-Vu" —uj - Vuy, ) (5.96)
n=1 n=1

M

> " ([divupluy, ér) — (B2, divey)

- (s AWLG) e

S
Il
—

Thus,

M
(B}, divey) = (EM —E°.¢y) + vk > _(VE", Véy,) (5.97)

M
+ kZ(u” -Vu" —uj - Vuy, éy)

o "
=5 D (divelug.gn) = (D o(e" " — g AW 1)

M
= (EM — B, ¢) + vk > (VE", Véy,)

n=1

M
+k> (E"-Vu" +uj - VE", ¢))

v u
t3 > ([divE"|uy, én) — (Z(gn_l - gﬁ_l)AWn,%)
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M
< C([E |2 + [IEll2) | VBl + vk > I VE" (|2 || Va2
n=1
M
+ kY (B el Vur e + [af s | VE? |L2) |6 [ s
n=1

M
k n n
t5 > IVE"|[ge|lup]zs | én s
n=1

M
LY - ghaw,
n=1

VoL
1.2

M
< C>IEM ||z + B e2)IVonllee + vk Y IIVE" ||z Vdn|r2

n=1

M
+Ck Y (IVE" ez Va2 + | Vuj |z [ VE" [2) [ Ve

n=1

Ck
+5 > IVE" |2l Vuy 2l Vebn] 2
n=1

|Vl

L2|

M
| - ghaw,
n=1

Using the discrete inf-sup condition, we obtain

EM div
Bl EM| 2 < sup M

5.98
énci, || Vonl|r2 (5.98)

M
< CUIEM ||z + || Eu2) + vk Y [ VE" e

n=1

M
+Ck Y IVE" [z (IIVa e + | Vuglie)

n=1

Ck M M
+ 5 Y IVE [ Vugllee + C|| D (8" — g AW |
n=1 n=1

192



Taking the qth-power, expectation, and then using Theorem 5.4.2 and the stability estimates

of Lemmas 5.3.1 and 5.4.1, we obtain
BE(IEN 5] < Cy(k# + bt + k~2h) (599
+OE (ki “VE"||32)3(1€§;<||V11"||%2 +IvalE:)) ]
(k'ﬁ; IVE L) (kﬁ Va1 3}
+C,E :(ké g i) |
< cq(k;% Ry k—%hq>
* Oq(E[(kﬁ; veriz:)])’ (E[(ké(uwuiz Ivu)])’
ca (el we) ) (2] (-3 1))’
* Cﬂ[(ki et g )|

n=1

< Cq(k% +he k’%hq).

+C,E

Finally, the proof is complete after dividing both sides by f;. m

An immediate consequence of the above high moment error estimates is the following
pathwise error estimate for the pressure approximation {py}, it follows immediately from an

application of Theorem 3.2.1.

Theorem 5.4.7. Assume that the assumptions of Theorem 5.4.6 hold. Let 2 < q < oo and

0<y<1-— %. Then, there exists a random variable K = K (w) with E[|K|1] < oo such

that there holds P-a.s.

M
[£3° 6 o)
n=1

< K(k + R 4 k—?hW). (5.100)
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We conclude this section by stating the global error estimates for our fully discrete
numerical solution generated by Algorithm 2, which follows from combining the above

temporal and spatial error estimates.

Theorem 5.4.8. Let2 < g < oo and 0 <y < 5 , under the assumptions of Theorem 5.5.4
and Theorem 5.4.2, there exists a constant Cy = C(Dr,ug,q,f) > 0 such that

(B mas [Ju(t) — uf4.])" + ([(kaHv —uhu>uL2)qD‘l’ (5.101)
<Cy(K 7+ h+k3n).

1
2

such that % e é > 0. Then, for any

In addition, let 2 < ¢ < o0 and 0 < v <
0<m <3—7-— % and 0 < 75 <1 — é, there ezists a random variable K with E[| K| < oo

such that there holds P — a.s.

[l

max_[fu(t,) — uff|g: + (ukZ IV (u(tn) = uf) 32 ) (5.102)

1<n<M

< K(km R k—ﬂﬂ?).

Theorem 5.4.9. Let 2 < g < oo and 0 <y < % Under the assumptions of Theorem 5.3.8
and Theorem 5.4.6, there exists a constant C, = C(Dr,ug,q,£f, Bo, 1) > 0 such that for
1<i<M

~ <
[ ]
[
SN—
Qe

< Cq(k%*7 +ht /f%h), (5.103)

1

In addition, let 2 < g < oo and 0 < v < 5 such that % -7 =3 > 0. Then, for any

D=

O<m <s—7-— % and 0 < 5 <1— %, there exists a random variable K with E[|K|?] < oo
such that there holds P — a.s.

Pt - kzp L

< K(kﬂl LR k;”%mz). (5.104)
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5.5 Computational experiments

In this section, we present numerical tests to validate our error estimates in (5.101)—(5.104).
In all the tests, we set D = (0,1)> CR* T'=1,v =1, f as in (2.75). In addition, we use the
Taylor-Hood mixed finite element method for the spatial discretization and the homogeneous
Dirichlet boundary condition is imposed on u. We reconsider the Q)-Wiener process W given
in (2.73) and take g = 10.

Moreover, we choose J = 4 and N, = 300 as number of samples in our Monte Carlo
simulations to compute the expectations in each test. We implement Algorithm 2 and
evaluate the errors between the computed velocity (resp. pressure) and the reference velocity
(resp. pressure) which are generated by Algorithm 2 on a very fine mesh with mesh sizes
ko = T1247 h = %. Furthermore, to evaluate errors in strong norms, we use the numerical
integration formulas as in (3.118).

In addition, in order to compute the quantities of stochastic interest, we want to generate
as many samples as possible via the Monte Carlo method. However, this approach is very
expensive if Newton’s method is used at each time step to solve the nonlinear system in
Algorithm 2. Therefore, we introduce a cheaper fixed point iteration in Algorithm 3 below
to solve the nonlinear system.

Algorithm 3. Given uZH’g_l = uy forn =20,1,---,M —1; ¢{ = 1,---,L. Find
(up ™ty e L2(Q, Hy, x L) such that P-a.s.

(07,0 + (V7 0) = k(5 v
— (uf ) — BB W ) (GRAW L d) Y € Hy,

(le uZH’e, @ZJ}L) =0 V¢h € Ly,.

Test 1. In this test, we want to verify the convergence rates in the error estimates (5.101),
(5.103). To do that, the high moment errors 5111\74(1 and S%q with ¢ = 2,4, 8 of the velocity and
pressure approximations generated by Algorithm 2 are computed and the numerical results
are shown in Table 5.1 and 5.2. The numerical results verify almost a half order convergence

rate as predicted by our error estimate results.
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Test 2. The constant C; in Theorem 5.4.8 and Theorem 5.4.9 depends on ¢g. However,
no analytical formula for C, is known. The goal of this test is to find out numerically how
1

the error constant C, depends on ¢q. To the end, we fix h = ;5 and choose the time step

k = 15 to compute the errors £} and £} for different values of ¢. The numerical results
are given in Figure 5.1 and 5.2 (left ones). We observe that the numerical results suggest the
constant C, is increasing (and blows up) in ¢. For a close-up view, we zoom in at large ¢ to
see the behaviors of both velocity and pressure errors in Figure 5.1 and 5.2 (right ones). We
still see the increasing of the errors in ¢ although the growth becomes slower for large q. A
consequence of this analysis also shows that we can not simply take limit as p — oo in the
high moment error estimates of Theorem 5.4.8 and 5.4.9 to derive pathwise error estimates
(5.102) and (5.104), and using Kolmogorov’s Theorem is still the only viable approach for
obtaining pathwise error estimates.

Test 3. In this test, we verify the pathwise error estimates (5.102) and (5.104). We
choose five sample paths and compute their L?-norm errors for both velocity and pressure
approximations. The numerical results are displayed in Figure 5.3 which verify that the

pathwise convergence of the velocity and pressure approximations is almost of order O(k%)

as predicted by our pathwise error estimates.
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Table 5.1: Algorithm 2: Errors of the computed velocity {u}},

k EM, order | &}, order | &% order

1/32 | 0.02673 0.03446 0.04635

1/64 | 0.02161 | 0.3061 | 0.02819 | 0.3001 | 0.03842 | 0.2881

1/128 | 0.01500 | 0.5274 | 0.02012 | 0.4957 | 0.02940 | 0.3899

1/256 | 0.00884 | 0.7633 | 0.01141 | 0.8186 | 0.01530 | 0.9424

Table 5.2: Algorithm 2: Errors of the computed pressure {p}},

k EM order EM order EM order

1/32 | 0.18883 0.22143 0.25376

1/64 | 0.117758 | 0.6764 | 0.13742 | 0.6883 | 0.15686 | 0.6940

1/128 | 0.07205 | 0.7078 | 0.08382 | 0.7101 | 0.09545 | 0.7159

1/256 | 0.03911 | 0.8823 | 0.04543 | 0.8835 | 0.05172 | 0.8843
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Figure 5.1: Errors of the velocity approximation (left) in SuMg norm and its behavior (right)
for large q.
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Figure 5.2: Errors of the pressure approximation (left) in Sﬁf’q norm and its behavior (right)
for large q.
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Figure 5.3: Five sample pathwise errors of the velocity (left) and pressure approximations
(right).
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Chapter 6

An iterative framework for
parameter-dependent and random

convection-diffusion problems

6.1 Introduction

Parameter-dependent problems arise from many engineering and scientific applications such
as fluid mechanics, porous media flow, wave propagation and various biological models
(cf. [62] and the references therein). The parameter could be deterministic (such as
viscosity, diffusivity, permeability, frequency, and birth/death rate) or random, they appear
as parameters in their respective mathematical (i.e., PDE) models. As the solution of such
a model depends on the parameter, usually in a nonlinear manner even the PDE is linear,
to compute approximate solutions, one is forced to solve the same problem multiple times
for a given set of parameters. Such a direct (or brute force) approach may still be feasible
if the parameter set is small even it is not efficient, however, it becomes too expensive to
use if the parameter set is large due to the sheer amount of computation required to solve a
complicated PDE problem tens, hundreds even thousands of times.

In addition, after a stochastic PDE is discretized in time, regardless which time-stepping

method is used, the resulting problem at each time step is a random PDE (i.e., its coefficients
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and source terms are random variables). A standard and brute force approach is to solve the
random PDE using a Monte Carlo method. However, such an approach is computationally
very expensive because it requires solving the underlying deterministic PDE problem (such
as the Navier-Stokes) hundreds even thousands of times. Solving the resulting random PDEs
is the bottle-neck of the overall numerical solution method for stochastic PDEs.

To overcome the computational challenge, several approaches have been proposed in
literature including variants of the model order reduction (MOR) method [43, 59, 1, 11], the
ensemble method [47, 40, 39, 55, 53, 54] and the multi-modes method [27, 28, 29]. The MOR
methods aim to lower the computational complexity of the underlying model/problem by
approximating the solution manifold using a handful of degrees of freedom, a low-dimensional
surrogate to the original model is then built which is usually cheaper to simulate and often
referred to as a reduced order model. Therefore, the computational saving is due to the
dimensionality reduction. On the other hand, noticing the similarity of solving the same
type problems with different parameters, a natural idea is to solve those problems together
as a group and to reuse the computation as much as possible, so the computational saving
is due to reusing a major portion of the computation for a set of parameters and requires
designing better algorithms. This is exactly the idea used by the ensemble and multi-modes
methods, and is also the approach adopted in this paper.

Inspired by the ensemble and multi-modes methods, the primary objective of this
chapter is to develop and analyze a more general and unified iterative framework for
solving parameter-dependent (including the case of random parameters) convection-diffusion
problems in an abstract variational setting. Our main idea is to reformulate a given
parameter-dependent problem into another problem with parameter-independent convection
and diffusion coefficients and a parameter-dependent (and solution-dependent) right-hand
side, its solution is then computed using a fixed-point iteration algorithm. Since the
convection and diffusion coefficients are parameter-independent and iterate-independent,
while the right-hand side term is parameter-dependent and iterate-dependent, this presents
an ideal set-up for us to employ an efficient direct solver and a block Krylov subspace iterative
solver at each iteration for solving a linear system with multiple right-hand vectors. It is the

reuse of the LU matrix factorization and efficiently to compute matrix-matrix multiplication
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for all parameters that results in significant computation saving, hence, leads to an efficient
overall numerical method.

The remainder of this chapter is organized as follows. In section 6.2 we present the
abstract variational setting for the parameter-dependent convection-diffusion problems to
be considered in this paper. Structure conditions are stated to ensure the well-posedness of
the variational problem. Such an abstract setting allows the wider applicability of the method
and results of this chapter, it also permits a clean and concise presentation of the convergence
analysis. In section 6.3 we first present our main algorithm in the variational continuous level
and then establish the rate of convergence of the algorithm under some structure conditions.
Section 6.4 presents finite element approximations of both the variational problem and the
iterative algorithm. The highlight of this section is to derive the rate of convergence for the
discretized algorithm. It worths noting that the finite element approximations are chosen
for the preciseness and ease of presentation, the convergence results are also valid for other
Galerkin-type approximations such as discontinuous Galerkin and spectral approximations.
section 6.5 is devoted to computational complexity analysis of the proposed algorithm and
to discussing an implementation strategy of the algorithm based on a CVT (centroidal
Voronoi tessellations) clustering method. Finally, in section 6.6 we present three sets of
numerical tests, the first one solves a parameter-dependent diffusion problem and the second
solves a random diffusion problem, and the third computes a random convection-dominated
convection-diffusion problem which is a randomized double-glazing problem [64]. Both one-
dimensional and two-dimensional numerical test results are presented to demonstrate the
efficiency of the proposed iterative method and to validate the theoretical convergence results.
In particular, the last two tests show that the proposed iterative method can successfully
solve some strongly random diffusion and convection-diffusion problems which the multi-

modes method fails to do.

6.2 Variational problem setting

Let H be a Hilbert space and V' C H be a Banach space. V* denotes the dual space of V,

the space of bounded linear functionals on V. We consider the following variational problem
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of seeking u € V' such that
Aw;u,v) = F(w;v) Yv eV, (6.1)
where F(w;-) € V* and A(w;-,-) : V x V — R depends on a parameter w, which belongs to
a (given) parameter space () and satisfies the following properties:
(i) Bi-linearity: A is bilinear mapping on V' x V.

(ii) Boundedness: There exists an w-independent constant A > 0 such that

Awsv,w)| < Alollvllwly — Vo,w e V.

(iii) Coercivity: There is an w-independent constant A > 0 such that

Alw;v,v) > A||v||¥ YveV.

Remark 6.2.1. (a) Since A(w,-,-) may be non-symmetric, then problem (6.1) contains
both coercive diffusion and coercive convection-diffusion problems which could be

convection-dominated, see Section 6.6.53-6.6.4 for more discussions.

(b) The parameter space ) can be a deterministic or probability space, in the latter case,

equation (6.1) becomes a random PDE. Moreover, Q0 can be finite or infinite set.

(c) Applicable examples to be considered later are (i) parameter-dependent PDEs; (ii)
random PDE.

It is well known [9] that under the assumptions (i)—(iii), there holds the following Lax-

Milgram Theorem.

Proposition 6.2.1. Under the above assumptions, problem (6.1) has a unique solution

u(w) € V' for each w € Q2 and there holds

u(w)|v < w Yw € Q. (6.2)
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Remark 6.2.2. We note that ||F(w)||v+ < oo for each w € Q, however, the bound may
depend on w. In the subsequent sections, unless stated otherwise, we shall assume that there

ve < Cg for all w € Q, that

exists an w-independent constant Cp > 0 such that ||F(w)]
is, the operator norm of F(w) is uniformly bounded in Q). This condition will be relaxed to
E[||F()||v+] < oo for random diffusion and convection-diffusion applications in Section 6.6,

namely, the expected value of the operator norm of F(w) is bounded.

As mentioned earlier, the aim of this chapter is to develop efficient numerical meth-

ods/algorithms for computing the solution set u(w) for all w € €.

6.3 The proposed iterative framework

The goal of this section is to formulate our main iterative algorithm for solving problem (6.1)

and to establish the rate of convergence for the algorithm.

6.3.1 Formulation of the main algorithm

Let Ag(-,+) : V x V — R be an w-independent bilinear form, and set A; = A — Ay. Trivially
Aw; ) = Ao+ ) + Ar(w; -, ) (6.3)
is also a bilinear form on V' x V. The equation (6.1) can be rewritten as
Ap(u,v) = F(w;v) — Ay (w;u,v). (6.4)

We now are ready to state our main iterative algorithm for solving (6.1).
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Algorithm 1: Main Algorithm in Variational Setting
Step 1: Find Uy € V by solving the following problem:

Ao (Up,v) = F(w;v) Yv e V. (6.5)
Step 2: For each w € Q, determine {U,, = Up(w)}n>1 C V recursively by solving

Ao (Up,v) = F(w;v) — Ay (w; Up—1,v) Vv e V. (6.6)

To complete the construction of Algorithm 1, we need to specify the bilinear form Aj.
As expected, it must be problem-dependent, hence, we will do so in Section 6.6 when we
apply Algorithm 1 to specific application problems. We conclude this subsection with the

following remarks.

Remark 6.3.1. The main advantage of Algorithm 1 is that the left hand-side bilinear forms
in (6.5) and (6.6) are the same and independent of the parameter w which allows to design

fast solvers for computing the solutions in both steps of Algorithm 1.

Remark 6.3.2. (a) To recover the multi-modes method of [28] for random diffusion problems
with the diffusion coefficients of the form a(w,z) = ag(x) +n(w, z) (see Section 6.6.2 for the
details), let ag(x) be the expected value of a(w,x) and we further assume that n = €&, then

define the nth mode function by
1
ug = Uy, Uy = g_n(U” — Un—l) forn >1, (6.7)
which implies that
U, =U,_1 + c™uy, = ug + cuy + 2ug - - - + £™uy,.

Thus, the multi-modes method of [28] is recovered. We note that the multi-modes method of
[28] does compute the mode functions {u;}j_, in order to form the final approvimate U,. On
the other hand, Algorithm 1 does not compute the mode functions, instead, it computes the
approximate U, directly. We also note that the parameter space €2 does not need to be given

a priori but can be sampled on fly in simulations.

205



(b) To recover the ensemble method of [53] for parameter-dependent problems with the
leading-term coefficients a(w;, x) and the parameter set 2 = {wj}}]:l which are a priori given

(see Section 6.6.1 for the details), we simply choose ag to be

1
J 4

J

a(wj, ) or ap(r) = max a(wj, ) Vo € D,

1<5<J
1 ISV

ap(x) =

Algorithm 1 then leads to the ensemble method.

6.3.2 Convergence analysis

To ensure the convergence of Algorithm 1, we impose the following criterion (and practical

guideline) for choosing Ay which would ensure the convergence of the algorithm.

Criterion for selecting A,

(a) Ap must satisfy (i), (ii), (iii) from definition of A. That is,

(i) Ap is bilinear on V' x V.

(ii) There exists a constant Ay > 0 such that

Ag(v,0)] < Aollollvlfwlly  Vo,w e V.

(iii) There is a constant A\g > 0 such that

Ag(v,v) > Nollv|1% YVoeV.

(b) Relative dominance: There exists a p € (0,1) such that

| A1 (w) ”c(va,R)

<p VYwel. (6.8)
Ao

Under the above assumptions, we have the following convergence theorem.
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Theorem 6.3.1. Let u(w) be the solution of (6.1) and {U, (w)}.>0 be generated by Algorithm
1. Suppose the conditions of the above criterion hold. Then there exists a constant C > 0

independent of ) such that
|u(w) — Up(w)|lv < Cp"™™ Vw e Q. (6.9)

Hence, U, (w) converges to u(w) strongly in V' as n — oo for every w € €.

Proof. For each fixed w € , let r,, = r,(w) = u(w)—U,(w) € V for n > 0. Then, subtracting

equation (6.5) from (6.4) yields the following error equation for n = 0:
Ao(ro,v) = —As(w;u, v) Yo e V. (6.10)
Similarly, for any n > 1 subtracting (6.6) from (6.4) gives the error equation
Ao(rn,v) = —A (w;rn,l,v) Yv e V. (6.11)
Choose v = rg in (6.10) we obtain:
Xollroll3 < Ao(ro,70) = —Ar(w;u, m0) < AL (W)l v wvmy lullvllrollv- (6.12)

This implies that

[ A1 (@)l cvxvr
Irollv < =52 el < plullv. (6.13)
We also choose v = 1, in (6.11) to obtain:
Xollrallyy < Ao(rn,mn) = — A (Wi T, 77) (6.14)

< Az xve [lra-tllvlrallv-
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Therefore,

| Ar (W)l cvxvir

2\ Hiracillv < pllracliv. (6.15)
0

HrnHV <

By induction we have

T T 1
Irallv < o™ ully < p™* 3 v (6.16)

The proof is complete. O

6.4 Finite element approximation

In this section, we first formulate the finite element Galerkin approximation of (6.1) and
then present a discrete analogue of Algorithm 1 as a fast solver for computing the finite
element solutions for all w € Q. To the end, let 7, be a quasi-uniform triangulation of a
bounded domain D C R?(d = 1,2,3) with mesh size h € (0,1). Let V" (r > 1) denote the
finite element space consisting of continuous piecewise rth order polynomials associated with
Tn. We assume that V" is a subspace of V', which implicitly assumes that V' C W1(D) but
V ¢ W(D).

For each w € 2, the standard finite element Galerkin approximation of (6.1) is defined

as seeking uj, = uy(w) € V" such that
A(w;uh,vh) = F(w;vy) Yo, € VI (6.17)
It is easy to show that (6.17) has a unique solution w, which also satisfies the stability

estimate (6.2). Moreover, there holds the following error estimate.

Proposition 6.4.1. Let u(w) and up(w) denote the solutions of (6.1) and (6.17) respectively.
Then, there exists a constant C' = C(w) > 0 independent of h and a positive integer {(< r)
such that

|u(w) — up(w)|lv < Ch Yw € Q. (6.18)
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Remark 6.4.1. The dependence of C' on w is through the norm ||u(w)| g+ and ¢ depends
on the space V. For example, if V.= H}(D), then { =r.

Using the definition of Ay and A;, we can rewrite (6.17) as follows:
Ao (uh, vh) = F(w;v) — Ay (w; uh,vh) Yoy, € VI (6.19)

We then can easily formulate the discrete counterpart of Algorithm 1 for computing the

solution of (6.17) below.
Algorithm 2: Main Algorithm in Discrete Setting

Step 1: Find Uél € V! by solving the following problem:
Ao(Ul,vp) = F(wsvn) Vo, € VI (6.20)
Step 2: For each w € Q, determine {U" = U (w)},>1 C V! recursively by solving

Ay (U/f,vh) = F(w;vp) — A1 (w; Uﬁ_l,vh) Yo, € VI (6.21)

Remark 6.4.2. We note that the main advantage of Algorithm 2 is that the left hand-side
bilinear forms (or stiffness matrices) in (6.20) and (6.21) are the same and independent of

the parameter w which allows to design fast solvers for computing the solutions in both steps

of Algorithm 2.
Similarly, there also holds the following convergence result for Algorithm 2.

Theorem 6.4.2. Let uy(w) be solution of (6.19) and {U"(w)},>0 be generated by Algorithm

2. Then there exists a constant C' > 0 independent of w such that
un(w) — UMW)y < Cp™™ Vw e Q. (6.22)

Hence, UM(w) converges to u(w) strongly in V as n — oo for every w € Q.
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Proof. For each fixed w € €, let e = wy(w) — UMw) € V" for n > 0. Then, subtracting

equation (6.20) from (6.19) yields the following error equation for n = 0:
Ay (eg,vh) =—-A (w;uh,vh) Yoy, € Vrh. (6.23)
Similarly, by subtracting (6.21) from (6.19), we obtain the following error equation for n > 1:
Ay (ez,vh) =—-A (w; e,}fb_l,vh) Yy, € Vrh. (6.24)
Choosing vy, = el € V" in (6.23), we have
Mlleglly < Ao(e, €5) = —Ar (w;uns ) < AL @)]]evxv l[unllvlleg|lv- (6.25)

This implies that

| A1 (W)l cov xvir)

legllv < N lunllv < pllunllv- (6.26)
In addition, setting v, = € € V" in (6.24) yields
Nollenlli < Ao(en,en) = —Ar(wien_y,€n) (6.27)

< ||A1(W)||£(VxV,R)||62_1||V||€Z||v-

Therefore,

| A1 (W)l 2vxvir)

h
e <

len—illv < pllen_llv- (6.28)

By induction we have

n i1 L
lenllv < p" Hlunlly < p +1XHF| Ve (6.29)

The proof is complete. O

An immediate corollary is the following global error estimate.
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Theorem 6.4.3. Let u(w) be solution of (6.1) and {U"(w)}.>0 be generated by Algorithm
2. Then, there holds

Ju(w) — UM w)|lv < C(h" + ™) Yw € Q. (6.30)

Proof. The proof follows from Proposition 6.4.1, Theorem 6.4.2 and an application of the

triangular inequality to the decomposition u — U" = (u — up,) + (up — UP). O

6.5 Computational complexity and implementation strate-
gies

6.5.1 Linear solvers

Steps in Algorithm 2 solve linear systems with a coefficient matrix independent of the
parameter w, which is a highly appealing feature when a group of problems, associated
to different w’s, needs to be solved. Since their discrete systems would share a common
coefficient matrix, one can solve them simultaneously from a single system with multiple
right-hand-side (RHS) vectors. Suppose J problems are considered corresponding to
{wi,...,ws}. For jth problem, at the algebraic level, Algorithm 2 finds u/, such that: for

n >0,
. . f7 if n=0,
Aou/, =b), = ‘ o (6.31)
f7 — Ajul,_, otherwise,
where Ag is an N x N matrix. The set of systems can be recast into a matrix form:
AU, =B, (6.32)
where U, = [ul,...,ul] is the solution matrix and B, = [bl,... ,b/] contains RHS

information from individual problem:s.
Based on the structure and size of the coefficient matrix Ay, a direct solver or an
iterative one can be used to find the solutions. Generally speaking, Algorithm 2 has several

computational advantages: (i) A only needs to be accessed once for all the problems; when
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accessing or generating Ay represents a major bottleneck of a linear solver, this leads to
a significant computational advantage [3]; (ii) A factorization of Ay, if used, only needs
to be implemented once in solving all the problems; (iii) The multiple RHS vectors in B,
lead to more efficient matrix-matrix products than matrix-vector products [23, Section 5.6].
Moreover, if a block Krylov subspace algorithm is used in solving (6.32), the multiple RHS
vectors would enlarge the search space for minimizing residuals and thus could accelerate
the convergence. We consider the direct solver in the paper and refer the readers to [48] and
reference therein for discussions of block iterative solvers.

A direct solver contains the build phase and the solve phase, in which the former normally
has higher complexity than the later. For a dense linear system, the factorization takes
O(N3) while the solve phase requires O(N?). Thus, using Algorithm 2 is more efficient
than solving problems separately as factorization is needed only once. Since A is sparse
and SPD in the finite element discretization, fast direct solvers are available: using the
nested dissection methods [36] or multi-frontal methods, the complexity for building the
LU/Cholesky factorization is O(N%/2) in 2-D problem and O(N?) in 3-D (see, for instance,
[23, Section 9.3] and [20, Section 7.6]). Solving the resulting triangular systems has the
complexity O(Nlog N) in 2-D and O(N*/?) in 3-D. We next denote the cost of the build
stage by O(NP) and that of the solve stage by O(Cj), and analyze the total complexity of
Algorithm 2 for solving J problems. Suppose the algorithm converges after K — 1 iterations,
the total computation complexity is O(N? + KJC;). For which, one factorization of A,
costs O(NP) and KJ times solves of two triangular systems cost O(K JC). But solving .J
problems separately has the complexity O(J(INP 4 Cj)). The ratio of the latter to the former

provides a speedup factor

g - J(NP+C)  14+C,N7?
'~ Ne L KJC, J1l+KCN-»

Thus, given a finite K, for a fixed N, if J is big enough, the factor is on the order of KN_(Z
that scales as O(vN(log N)"' K1) in 2-D and O(N3 K1) in 3-D; while for a fixed J, as N
becomes sufficiently large, the factor scales as J in both 2-D and 3-D.
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6.5.2 Grouping

Given a group of problems, the convergence of the iterative algorithm could be slow if p is
close to 1. In such a case, we propose to divide the problems into smaller groups to ensure
a small p for each group. Motivated by the Centroidal Voronoi tessellations (CVT) method
[22], we introduce the following algorithm.

Consider a set W C RY. A set {Vi}ie, is a tessellation of W if V; N V; = 0 for i # j
and U, V; = W. Let | - | denote the Euclidean norm on RY and, for any v with magnitude

greater than 0, define
|z — v

r(z,v) = o

Given a set of points Z = {z;}1¢;, define the set V; by
Vi={x e W:r(x,z) <r(z,z) forj=1,....k, j#i},

where the equality holds only for ¢ < j. For any region V' C ]RCT, 2* denotes the center of the

region. In a discrete setting, suppose there are ng elements {z;}=, € V, we have

Given a set of samples, we need to determine the regions V; and centers z;. Thus, we
design an algorithm, presented in Algorithm 3, that uses iterations to find them. First, it
initializes the regions (also referred to be clusters) and centers (also referred to be cluster
generators). For each data point = € W, the algorithm finds the nearest generator z € Z. If
that does not match the cluster to which the data point is currently assigned, the data point
is “transferred” to the cluster associated with the nearest generator. When all data points
have been considered, the cluster generators z are replaced by centers of the clustered data

points. The process ends when there is no further “transfers” occurred.
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Algorithm 3: Grouping algorithm
Input: Sample set W, number of samples ng, number of centers n., maximum number of
iterations iterqqz-
Output: Centers Z, Regions Vi,...,V,,.
Initialize centers Z = {z1,..., z,.} uniformly spaced in the set;
Initialize regions {V1,...,V}, } associated to each z; using the empty set, for j =1,...,n¢;
for k =1 : itermax do
fori=1:n, do
Take i-th sample z; = W (i) ;

Determine z; = arg Hélg r(zi,v), where r(z;,v) =
v

Include z; into the j-th region V; controlled by z;;
end
Update z; by the center of Vj, for j =1,...,n,;
if no transfers occurred then
| Exit the loop
end

end

6.6 Applications

In this section, we conduct three sets of numerical tests on three application problems.
The first one solves a parameter-dependent diffusion problem, the second solves a random
diffusion problem, and the third simulates a random convection-dominated convection-
diffusion problem which is a randomized double-glazing problem [64]. Both 1-D and 2-D
numerical test results are presented to demonstrate the efficiency of the proposed iterative
method and to validate the theoretical convergence results. Particularly, the last two
tests show that the proposed iterative method can successfully solve some strongly random

diffusion and convection-diffusion problems which the multi-modes method fails to do.

6.6.1 Parameter-dependent diffusion problems

J

For a finite set of parameters {w;};_;, let a;(z) = a(w;,v), f; = f(w;,z) and consider the

following parameter-dependent diffusion problems:

—V:(a;Vu;) = f;  inD, (6.33a)
uj = on 0D, (6.33b)

J
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where D is a bounded Lipschitz domain in R¢ for d = 1, 2, 3.
We assume the above PDE is uniformly elliptic, that is, there exist two constants 0 <

A < A such that the diffusion coefficient {a;(z)};_, satisfies
A <aj(z) <A VeeD,j=1,2,---,J. (6.34)

In addition, assume that a;(z) = ag(z) + n;(z) with n;(z) = n(w;, x) and ao(x) satisfies
(i) Uniform ellipticity: 0 < aq < ag(z) < @o.

(ii) Relative dominance: there exists a number p € (0, 1) such that

Haj - Cl[)HLoo _ Hn]HLOO <p \v/j — 17 Ce 7!]. (635)
Qg )

There are a couple of options to choose ao(x) which are given below (cf. [53]).

(a) ag(x) is chosen as the arithmetic average of {a;(z)}/_,, that is,

ag(zr) := %(al(x) +as(z) + -+ aJ(x)). (6.36)

(b) ao(x) is chosen as the largest value of {a;(z)};_,, that is,

ap(x) := Dax a; (). (6.37)

To fit the abstract framework, we set V' = H{ (D) and define the bilinear forms A, Ay, A;

and the linear functional F' respectively as

Alw; u,v) = (a(w, J)Vu, Vv), F(w;v) = (f(w, ~),v),
Ao(u,v) = (aoVu, Vo), Ai(w;u,v) = (n(w,-)Vu, Vv).

It is easy to verify that A, Ay, A; and F satisfy the convergence criteria laid out in Sections

6.3 and 6.4. Hence, Theorems 6.3.1, 6.4.2 and 6.4.3 apply to this problem with ¢ = r.
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Two test cases are considered in this section: one is a 1-D diffusion with an analytic
solution, the other is a 2-D diffusion with more degrees of freedom but no analytic solution.
We use the former to illustrate the theoretical results and the latter for checking the numerical
efficiency. To investigate the numerical performance of the iterative algorithm, we consider
two metrics:

& =luj —ujplm  and &} = Jluj —uj,m,

where u; is the exact solution, u/ is the finite element solution from individual simulations

and u;‘n is the finite element solution at n-th iteration of the iterative algorithm.

Test 1. Consider a 1-D diffusion problem (with homogeneous boundary condition) on

D = [0, 1] with the diffusion coefficient
aj(x) =1+ + ¢;sin(x).

The exact solution is given by u(z) = z(x — 1) 4+ 0.5sin(207z) + €;sin(407x), and
the source term is determined by plugging the exact solution in (6.33). For investi-
gating the iterative algorithm, we consider J = 5 problems with the choices of ¢; €
{0.1035,0.0727, —0.0303, 0.0294, —0.0787}.

For the spatial discretization, the quadratic conforming finite elements (¢ = 2) are used
on a uniform mesh with the size h. In the iterative algorithm, we set the stopping criterion
to be max; [[uf, ., —u”, [ < tol =107*, that is, the maximum H' norm of the differences
between numerical solutions of adjacent iterations is less than tol.

Firstly, we choose ag(x) = 1+ x + €sin(z) with € := %Z?Zl €; = 0.0193. The iterative
algorithm takes 4 iterations to complete for meshes with different resolutions. The numerical
errors &, for j = 1,...,5, are listed in Table 6.1, which shows for each of the five problems,
the approximation error decays at the second order as mesh is uniformly refined. The
convergence history of 5;7 for the five problems is shown in Figure 6.1 by taking the h = 2710
case for example. Applying regressions on the results shows £ ~ O0(0.032"*1) in problem
1, &y ~ 0(0.021™") in problem 2, €8 ~ O(0.019"!) in problem 3, £} ~ O(0.0039"+1)
in problem 4, and &' ~ ©(0.038"™) in problem 5. The ratios p; = la;=aolle £ these

a9

five problems are 0.071, 0.045, 0.042, 0.009, and 0.083, respectively, which are close and
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proportional to the regression rates. We found a better ratio that matches the regression

a;—ao

analysis result can be defined by p; = , whose values are respectively 0.035, 0.022,
LOO

ago
0.021, 0.004 and 0.041 for these problems. Further analysis in this aspect will be performed
in a future work.

Secondly, we choose ay = as = max; max,ep |aj(z)| = 2.0871 while keeping the same
computational setting as the previous case. The iterative algorithm achieves the same errors
listed in Table 6.1, which is not surprising because the same stopping criterion is used in both
tests. However, the total number of iterations increases to 16 in this case. The evolution
of & for the five problems during the iteration when i = 27'% is plotted in Figure 6.2.
Regressions on the data shows EJ’-‘ ~ 0(0.49"*1) in these 5 problems. Note that the ratios
p; = p; in this case because ag is a constant. For the five problems, the ratios are about 0.52
that are close to the regression results.

It is observed that the numerical results match the theoretical analysis in Theorems 6.4.2

- 6.4.3. In particular, &£ is dominated by the finite element discretization error, that is of

the order O(h*) with £ = 2; and £ is of the order O(pi*h), for j=1,...,5.

J
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Table 6.1: Errors &;, for j =1,...,5, of the iterative algorithm solutions at different h.

h 51 52 53 54 85
% [ 382x1071 | 3.03x 107! | 221 x 107! | 2.19 x 107! | 3.18 x 10~*
35 | 9.62x 1072 | 7.63 x 1072 | 5.54 x 1072 | 5.50 x 1072 | 8.00 x 1072
35 | 241x1072 | 1.91 x 1072 | 1.39 x 1072 | 1.38 x 1072 | 2.00 x 10~2
oo | 6.03x 1073 | 478 x 1073 | 3.46 x 1073 | 3.44 x 1073 | 5.01 x 1073
—el—ProbIem1
—%— Problem 2
Problem 3
—>— Problem 4
—E— Problem 5

.., b, during the iteration.

I
—ES— Problem 1
—¥— Problem 2
Problem 3
—»— Problem 4
—H=+— Problem 5

Figure 6.2: Evolution of S]’?, foryj=1,...
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Test 2. We consider a diffusion problem on the domain D = [—1,1]?. Let D; be a disk
centered at the origin of radius 0.5 and Dy = D\D;. The conductivity a(z) is a piecewise
constant on D:

CL(J])|D1 = M[l] and a(x)’Do =1

The problem has zero forcing and is associated to a Dirichlet boundary condition on the top

edge and Neumann boundary conditions on the other sides. In particular,

u=0on Ty, =[-1,1] x {1},
aVu-n=0on g = {1} x (=1,1),

2]

aVu-n = p on Dyoprom = [—1,1] x {—1}.

Denote the parameter vector by p = (ul, um), whose ranges is specified by
Q:={peR% 01<pl <10, -1 <p? <1}
In this case, the bilinear forms A, Ag, A; and the linear functional F' have the following form:

Apsu,v) = (WY, Vo) )+ (Vu, Vo) o Fso) = (F(1),0) + (17,001

Ag(u,v) = (u([)l]Vu, VU)DI + (Vu,Vv)DO, Ar(psu,v) = ((u - ,uB”)Vu,Vv)Dl,

1 .
where we use aglp, = ,u([)] and ag|p, = 1. Since these forms have affine parameter

dependence, the assembly of the associated matrices and vectors can be greatly simplified in
computation.

We use the quadratic conforming finite element method for spatial discretization on a
triangulation of D with the mesh size h. For instance, the triangulation of h = 1/8 is shown
in Figure 6.3 (left), which contains 496 elements in total. In the iterative algorithm, the
stopping criterion tol = 10~* is selected.

There are n, p-samples {p; = ([Lg-l}, ,ugz]) *; randomly chosen in the parameter domain,
e.g., nsg = 500 randomly selected samples are shown in Figure 6.3 (right). Note that only

(1] (1]

p; appears in the bilinear form, the ratio p; only depends on ;. In such a case, choosing
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(1] (1]

. . . . . . 1
Mo = max; u;  requires many iterations as shown in previous test, but choosing ug] =

%2?21 ugl] also will lead to a big p; for some problems and require many iterations as well.
Therefore, we first divide the sample set into multiple subgroups using Algorithm 3 and then
apply the iterative algorithm to each of them.

We use a mesh of size h = % for spatial discretization, which contains 8,136 elements
and 16,529 nodes. For the same set including n, = 500 samples, Algorithm 3 is fed with
W = {,u[ll], e ,uLls]} and finds n. = 10 regions and associated centers. The evolution of
centers during the process is shown in Figure 6.4 (left), which shows the sample points stop
transferring after 78 steps. Each sample from the set is assigned to a region Vi with the

)

center z, for k =1,...n.. The ratio r(y;

, z) for each p; is shown in Figure 6.4 (right). It
is seen that all these ratios are below 0.3. The iterative algorithm is sequentially performed
in the n. groups with ag|p, := z for each group. The entire simulation is completed in 29.48
seconds and the maximum number of iterations for each group is 5. The detailed information
for all the groups is listed in Table 6.2, where p represents the maximum value of r(uy], ;)
for elements in j-th group. The maximum errors between the iterative solution and the finite
element solution, max; SJ}.‘, in each group are plotted in Figure 6.5.

Next, we vary the number of samples and compare the iterative algorithm with the
individual simulations in terms of wall-clock times. Since the exact solution is unknown,
we measure the maximum difference in H' norm between iterative algorithm solutions and
individual solutions. The results are listed in Table 6.3, where Tj; represents the time elapsed
for integration in the iterative algorithm and 7j,4 is that for integrating individual systems.
It is observed that as the size of sample set increases, the efficiency of iterative algorithm
improves. When n, = 2500, the iterative algorithm saves about 50% simulation time.

Finally, we fix ny, = 2500 while doubling the number of centers n. from 5 to 160. The
wall-clock times Tj; are listed in Table 6.4, which shows the simulation time first decreases
then increases. The least computational time is achieved when n. = 80, which saves over
60% simulation time compared to the individual simulations. It is also observed that
as the number of groups increases, the maximum difference between iterative algorithm

and individual simulation solutions, max; EJh, decreases, which is because p shrinks as the

problems are divided into more groups.
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Figure 6.3: (Left) A finite element mesh with 496 elements; (Right) p-samples.
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Figure 6.4: (Left) Evolution of centers of 10 subgroups; (Right) r(u

belongs to V; and z; is the center of V.
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Table 6.2: Information of subgroups: size, region, center and maximum p; performance of
the iterative algorithm including number of iterations, maximum errors and wall-clock time
for simulations.

group | size | pull-region | center p | iterations max Ejh time

1 4 |0.10,0.13] | 0.12 | 0.12 3 2.15 x 1077 | 0.49

2 15 | [0.19,0.32] | 0.26 | 0.25 4 3.92 x 1076 | 1.06

3 14 | [0.36, 0.54] | 0.45 | 0.20 4 4.99 x 1079 | 1.05

4 17 | [0.59,0.94] | 0.77 | 0.23 5) 3.81 x 1076 | 1.37

5) 33 | [1.01, 1.55] | 1.28 | 0.21 5 5.48 x 1076 | 2.18

6 32 | [1.61,2.33] | 1.97 | 0.18 ) 3.05 x 1076 | 2.12

7 50 | [2.36,3.39] | 2.87 | 0.18 5) 4.55 x 1076 | 3.07

8 68 | [3.49,4.97] | 4.23 | 0.17 ) 5.08 x 1076 | 3.90

9 111 | [4.99, 7.06] | 6.03 | 0.17 ) 2.78 x 107% | 6.15

10 156 | [7.12,9.97] | 855 | 0.17 ) 3.72x107% | 8.09

—E&— Group 1

—¥— Group 2

Group 3

—<— Group 4

=— Group 5

Group 6
L |—©—Group7 =y

—5/— Group 8
—>— Group 9 3

10.5 1 1 | 1 | 1 1 1 Group 10
0 0.5 1 15 2 25 3 3.5 4 45 5

Figure 6.5: Evolution of max; SJ}-L for each group during the iteration.

Table 6.3: Comparison of the iterative algorithm with individual simulations at h = 1/32:
wall-clock times and maximum values of th for j =1,...ns.

Ng T Ting max; 5;}
100 | 8.09 8.74 7.2 x 1076
500 | 29.48 | 43.14 | 548 x 1076
2500 | 116.10 | 233.23 | 1.27 x 1076

Table 6.4: Wall-clock times and maximum values of 5;‘ in the iterative algorithm for 2500
samples that are divided into n. groups.

T ) 10 20 40 80 160
Tit 187.5 116.1 102.64 93.01 89.69 111.75
max; 5]’? 0.0000551 | 0.0000127 | 0.000005 | 0.00000327 | 0.00000328 | 0.00000167
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6.6.2 Random diffusion equations

In this subsection we consider the following random diffusion test problem:

~V - (a(w,)Vu) = f(w,-) in D, P-as. (6.38a)
u=0 on 0D, P-as. (6.38b)

Where D is a bounded Lipschitz domain in R? for d = 1,2, 3. a(w, ) and f(w, z) are random
fields on the probability space (€2, P, ) and they are assume to have continuous and bounded
covariance function. E[-] denotes the expectation operator. In addition, a satisfies P-a.s. the

following condition:
0<A<alw,z) <A VzeD. (6.39)

Moreover, we assume that E[|| f||12(p)] < co. Below we propose two approaches for utilizing
the abstract framework for problem (6.38). The first approach mimics the multi-modes

method of [28] while the second one mimics the ensemble method of [53].

Approach #1

Suppose that there exists following decomposition of a:
a(w,x) = ap(z) + n(w, x) a.s. Vr € D, (6.40)

where aq is independent of w and also satisfies
(i) Uniform ellipticity: 0 < ay < ap(z) < @p for all z € D.

(ii) Relative dominance: there exists a number p € (0,1) such that

P{w € O 1w, =) < pag} =1 (6.41)
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To apply the abstract framework, we define

Alw;u,v) = (a(w, ) Vu, Vv), F(w;v) = (f(w, -),v),
Ap(u,v) = (aOVu,VU), Aj(w;u,v) = (n(w, )Vu, Vv).

It is easy to verify that A, Ay, A; and F satisfy P-a.s. the convergent criteria laid out in
Sections 6.3 and 6.4. Hence, Theorems 6.3.1, 6.4.2 and 6.4.3 apply to this problem with

¢ = r. In particular, there holds
Elllu—Ullm] < C(h + o). (6.42)

It should be noted that C' > 0 is independent of w because E[|| f||z2(py] < oo.

We remark that in this first approach we do not specify how to discretize the stochastic
variable w. However, since the abstract framework suits best with the random sampling
method, in practice, the Monte Carlo method would be used to discretize the right-hand
sides in Step 1 and 2 of Algorithm 2.

Finally, we note that the choice of ay depends on the structure of a (cf. [28]).

To verify the convergence rates in (6.42) of this approach, we consider the following

random coefficient boundary value problem [28] for our numerical tests:

—%((1 + 5X(w))%>

u(w,0) =0, u(w,1)=0,

X(w), 0<z<l, (6.43)

where X (w) is a uniformly distributed random variable defined in a probability space
(Q, B,P), where the sample space 2 = [0,1], B denotes the c-algebra of the Borel sets
and P denotes the Lebesgue probability measure. In addition, we assume that ¢ > 0. The

true solution of (6.43) is given by

X(w)

m(az — 7). (6.44)

u(w, ) =
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We have that a(w,z) = 1 + X (w) satisfies the elliptic condition with A = 1,A =1+ ¢.
In addition, a(w,z) = ao(z) + n(w, x), where ap(z) = 1 and n(w,z) = eX(w) satisfies the
conditions (i) with a, = 1 and (ii) with p = €. In order to fit the abstract framework, in this

example, we define V = HJ(0,1) and

A(w;u,v) = (14 eX(w))u',v'), F(w;v) = (X(w),v),
Ao(u,v) = (u',v'), A (wiu,v) = (eX (w)u',v).

Let V' denote the standard linear finite element subspace of V which is used for the
spatial discretization of (6.43). Let {U"},>¢ be the approximate solution from Algorithm 2,

where n is the number of iterations. Let
T =Elllu—U|2], Ep =E[|lu—Ulwm]. (6.45)

As mentioned above, we use the Monte Carlo method to discretize the stochastic variable
w on the right-hand side in Step 1 and 2 of Algorithm 2. The number of the Monte Carlo
samples is chosen to be J = 10*%. To test the validity and accuracy of the proposed iterative
method, we set h = 0.01 for spatial discretization and then vary the number of iterations
n. Table 6.5 displays the H!'-norm errors of the iterative solutions for different values of
n and €. As expected, the computed solutions have smaller errors for smaller p = ¢, and
the method converges as long as € < 1 which is predicted by our convergence theorem. In
addition, our numerical tests show that the method ceases to converge for p = ¢ > 1, this
indicates that our convergence result is sharp.

To test the convergence orders for the spatial discretization, we fix p = ¢ = 0.1 and
the number of iterations n = 10, then vary the mesh size h. Table 6.6 shows the H!- and
L?-errors of the computed solution by Algorithm 2.

We observe that an O(h) order convergent rate in the H'-norm and an O(h?) order
rate in the L?>-norm are obtained for the numerical solution U” which is consistent with the

theoretical error estimate in (6.42).
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Next, we verify the dependence of the errors on the parameter p = €. To the end, we
fix p = 0.4,h = 0.01 and then vary the number of iterations n. We also use the stopping
criteria E[||U}; — Ut||;n] < tol := 107*. The H'- and L*norm errors of the computed
solutions are shown in Figure 6.6. It is clear that the errors are decreasing as the number
of iterations increases and the convergence order O(p"*') is indeed observed as predicted
in (6.42). In addition, Figure 6.6 also shows that only 6 iterations is needed to trigger the
stopping criterion.

Furthermore, we plot the errors of the first five Monte Carlo samples in Figure 6.7 to
show that the errors for different samples are different and they are also different from the
expected value which is presented in Figure 6.6, but they all are decreasing as n increases
provided that ¢ is small.

Finally, to check the dependence of the iterative method on the parameter ¢, we fix
n = 10, h = 0.01 and then consider ¢ = 2,2.5, 3, 3.5, which all are larger than 1. We note
that in these cases, the relative dominant condition (ii) is violated, hence, our convergence
results do not apply anymore. Figure 6.8 shows evidently that the H!- and L?-norm errors
increase significantly as € becomes larger, which clearly indicates that the iterative method

may diverge when € > 1 and also shows that the relative dominant condition (ii) is sharp.
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Table 6.5: Approach #1: Errors £}, of the computed solutions with different p and n.

p n=1 |n=2 |n=3 |n=4 n=>5 n==6
0.4 ] 0.093 | 0.0033 | 0.0016 | 0.00123 | 0.00115 | 0.00114
0.6 | 0.0184 | 0.0089 | 0.0047 | 0.0027 | 0.0018 | 0.0014
0.8 | 0.0295 | 0.0187 | 0.0124 | 0.0086 | 0.0062 | 0.0046
0.9 | 0.0356 | 0.0253 | 0.188 | 0.0145 | 0.0115 | 0.0093

Table 6.6: Errors £, and £}, for n = 10, of the iterative algorithm solutions at different
h.

h 1 Order | &7, Order
0.2 2.43 x 1072 1.5000 x 103
0.1 1.29 x 1072 | 0.92 | 4.0659 x 10~* | 1.88
0.05 | 6.60 x 1073 | 0.97 | 1.0443 x 10~* | 1.96
0.025 | 3.30 x 1072 | 1.00 | 2.6450 x 1075 | 1.98
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Figure 6.6: Approach #1: Errors £}, (left) and £7 (right) for p = ¢ = 0.4, h = 0.01, tol
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Figure 6.7: Approach #1: Errors £, (left) and £}, (right) decay for the first 5 Monte
Carlo samples with p = ¢ = 0.4, h = 0.01 and different n.
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Figure 6.8: Approach #1: Errors £}, (left) and £7, (right) for different € > 1 and n = 10.
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Approach #2

In this subsection, we present a different approach to utilize the proposed iterative method
for solving the same random diffusion problem (6.38) based on the Monte Carlo finite element

discretization. To solve (6.38) by the Monte Carlo method, let {Wj}}]:1 be J samples from

the sample space 2, we then consider (deterministic) problems for j =1,2,---,J
-V (a(wj,)Vu) = f(wj,")  in D, (6.46a)
u=>0 on 0D. (6.46b)

Hence, the Monte Carlo method converts the random diffusion problem (6.38) into the
parameter-dependent problem (6.46) which is of the same type as problem (6.33). As a
result, the method described in Section 6.6.1 readily applies to problem (6.46). The only
extra step is to bound the expected value of the error as follows:

Bl ~ B, U], < [[BD] - B

Ay + [[EUR] = EncU]]], (6.47)

< O™+ ") +CJ s,

where E,,.[-] denotes the Monte Carlo approximation of the expected value. In addition,
unlike Approach #1 above, which is equivalent to the multimodes method of [28] and imposes
the restrictive condition 0 < ¢ < 1 for convergence because p = ¢, we like to show below
that using Approach #2 the iterative method also converges for € > 1 because we can have
p < 1even ¢ > 1 in this approach.

We reconsider the random diffusion test problem (6.43) whose exact solution is given by

(6.44). It is easy to check that

Elu] = 5 (2~ 5 In(1+2)) (@~ ).

3
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The parameter-dependent problem (6.46) now becomes

_d%<(1+gX(wj))W> = X(wj), O0<z<l,

w(w;,0) =0, wu(wj,1) =0,

forj=1,---,J.

To fit the setup of Section 6.6.1, we also define the following bilinear forms:

A(WJ;U” U) = (CL(wj? ')ul>vl)a F((JJ]';’U) = (X(wj),v)7

AO(U’v U) = (ao Ul) ?)/), Al (wj; u, U) = (n(wjv ')ulv U,)7

where a(wj,z) = 1 4+ eX(w,); ap can be chosen as in Section 6.6.1. For example, we can

take ag(z) = ax, a(w;, ) or ap(z) = Epela(-,x)]. Then, n(w;,z) = a(w;, z) — ap(z) will
s

automatically satisfy the relative dominant condition (ii) with

max max |n(w;, )|

p= - ( ) < 1.
min ao(z
We also introduce the following error functions:
i2 = |E[] = Enc[Uplllz2,  Efn = IE[u] = EnelUp] -

We now want to verify the convergence rate given in (6.47) for the iterative method.
Notice that there are three terms in the error estimate (6.47). Since the error (i.e., the term
cJ ’%) due to the Monte Carlo method is standard and we omit it here. In order to neglect
this Monte Carlo error, we choose a large sample number J = 10° in all the numerical tests
below.

To verify the finite element method error term O(h), we consider € = 2.0 and fix n = 10
then choose different values of the mesh size h. It is easy to check that p = 0.5003 when
ao(z) = Epcla(-, )] and p = 0.6667 when ag(x) = max;<j<sa(wj, z). In both cases, p < 1,

which satisfies the relative dominant assumption in the convergence theorem. Table 6.7

230



displays the H'- and L*-norm errors for the first choice of ay and Table 6.8 shows the errors
for the second choice of ag. We observe a convergence rate O(h) for the H'-norm errors in
both cases which is consistent with our error estimate in (6.47). In addition, we observe that
the L?-norm errors exhibit an O(h?) order of the convergence.

To verify the iteration error term O(p™*1), we fix h = 0.01, € = 2.0 and also consider two
cases of ag as in the previous test. A stopping criteria ||Ep.. (U, — U] ||m < tol :=107*
is used to terminate the iteration. Figure 6.9 displays the H'- and L?norm errors of the
computed solutions. We observe that the errors are decreasing as the number of iterations
increases. Figure 6.9 also shows that only 6 iterations are needed to trigger the stopping
criterion.

Finally, we plot the errors of the first five Monte Carlo samples in Figure 6.10 for ¢ =
2.0,a9(z) = Epela(-,z)],h = 0.01 and various n. As expected, the errors are different for

different samples and they all are also different from the expected value in Figure 6.9, but

they all are decreasing as the number of iterations n increases.
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Table 6.7: Approach #2: Errors £, and £7, for e = 2.0, ag = Ep,c[a] = 2.0011, p = 0.5003,
n = 10 and different h.

h 1 Order | &7, Order
0.2 1.17 x 1072 7.2850 x 1074
0.1 6.20 x 1073 | 0.93 | 1.8724 x 107* | 1.96
0.05 |3.20x 1073 | 0.96 | 4.2524 x 107° | 2.14
0.025 | 1.60 x 1073 | 1.00 | 6.9804 x 1076 | 2.61

Table 6.8: Approach #2: Errors £}, and &7., for ¢ = 2.0, ag(x) = nax a(wj, ) = 3.0,
Y
p = 0.6667, n = 10 and different h.

h En Order | £}, Order
0.2 1.17 x 1072 7.3323 x 1074
0.1 6.20 x 1073 | 0.93 | 1.9227 x 107* | 1.93
0.05 | 3.20x 1072 | 0.96 | 4.7262 x 107° | 2.02
0.025 | 1.60 x 1073 | 1.00 | 9.9898 x 1076 | 2.24
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6.6.3 1-D random convection-diffusion problems

In this subsection, we consider the following 1-D randomized double-glazing problem [64]:

du(w, x)
dx
u(w,0) =0, u(w, 1) =0,

) +100(1 +5X(w))d“(d°‘;’ ) _ flwa), (6.48)

—%((1 +eX(w))

where 0 <z < 1, > 0 and X (w) is a uniformly distributed random variable on a probability
space (€2, B,P) with B is the Borel o-algebra. In addition, we choose f(w,z) = X (w)(51 —

100z) so that the exact solution is again given by
u(w, r) = -t (z — 2%). (6.49)

Its expected value is already given in previous subsection.
To apply the iterative method, we adopt Approach #2 proposed in Section 6.6.1 to (6.48).

Namely, we consider the following parameter-dependent problem:

d du(w;, x) du(w;, x)
- ((1+=X(wy) d—;) £ 100(1+ X (o)) S = @), (6.50)
u(w;,0) =0, u(w;, 1) =0,
for y = 1,---,J. To fit the setup of Section 6.6.1, we introduce the following coefficient
functions:
a(wj, ) =14 X (wj), b(wj, ) = 100(1 + X (wy))

ap(r) = Emela(-, )], bo(x) = Eme[b(+, 2)],

Na(wj, ©) = alwj, x) —ao(x),  m(wj, ¥) = blw;, x) — bo(w),

which result in the following bilinear forms:

A(wj;u,v) = (a(wj, -)u',v') + (b(wj, -)u',v), F(wj;v) = (f(wj, -),v),

Ao(u,v) = (agu,v") + (bot,v),  Aj(wj;u,v) = (nalwj, )u',0") + (my(wj, ), v).
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Then, the relative dominant number p in the convergence criteria of Section 6.3 can be

estimated by

max max(|n(wj, )] + |mb(w;, z)])

~ géig ap(x)

In this test, we use J = 10* number of samples for the Monte Carlo method, the mesh
size h = 0.01 and the maximum number of iterations n = 10. We also select ¢ = 0.2,0.005
in (6.50).

Figure 6.11 shows the expected values E,,.[U"] and E[u] of the computed and exact
solutions and Table 6.9 displays the expected values of the H'- and L?norm errors. We
observe from Figure 6.11 and Table 6.9 that the proposed iterative method performs well
for problem (6.48) when ¢ is sufficiently small, but the errors become larger as € increases,
which is expected. In addition, due to the contribution of the convection term in (6.48), the
relative dominance parameter p > 1 when € = 0.2, which explains the poor performance of

the iterative method in this case.
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Figure 6.11: 1-D random convection-diffusion problem: Plots of E[u] and E,,.[U"] with
h =0.01,n =10 and € = 0.2 (left) and € = 0.005(right).

Table 6.9: 1-D random convection-diffusion problem: Errors £}, and £}, with h = 0.01,n =
10 and various «.

€ p i = IE[u] = Eme[Up]ll1 | £f2 = [E[u] — Eme[Up]l| 2
0.2 | 9.1912 | 0.5328 2.2100 x 102
0.005 | 0.2522 | 0.0117 9.6119 x 10~
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6.6.4 2-D randomized double-glazing problems

In this subsection, we consider the random perturbation of the double-glazing problem given

in [64]. Specifically, we consider

—0Au+b-Vu= f(w,z,y) in D = (0,1)? (6.51)

u(w,-) =0 on 0D, (6.52)

where b(w, z,y) := (1 + eX(w))(2y(1 — 2?), —22(1 —¢?)) and 0 < § << |b[, e > 0. X is a
uniformly distributed random variable on [0, 1]. It is easy to check that divb = 0. We set
the right-hand side force function

Fwiin ) = 1o =3 o = o)+ Xyl — )1 - )1 - 20

— X(w)z(z —2%)(1 - y*)(1 - 2y)

so that the exact solution is given by

X(w)

m(l’ - 56'2)(34 - ?f)-

u(w; z,y) =

Thus,

Elu] = %(é — éT%ln(l +€)>(£C — 23 (y — 7).

We again adopt Approach #2 of Section 6.6.1 to solve (6.51) with § = 0.1 using the
proposed iterative method with J = 10* number of Monte Carlo samples. Consequently, we

need to solve the following parameter-dependent problem: for 1 < 5 < J

—5Au(wj,x,y) + blwy,a,y) - Valws,o,y) = flwey) i D=(0,12  (6.53)

u(w;,-) =0 on d0D.
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To fit the setup of Section 6.6.1, we define

bO(xv y) = Emc[b('7 Jf,y)] = 2'001(2y<1 - :L‘Q), —21’(1 - y2))7

77(%‘> X, y) = b<wj7 X, y) - bo((lf, y)u
and the following bilinear forms and functional:

A(wj;u,v) = 5(Vu, Vv) + (b . Vu,v), F(w;;v) = (f, v),
Ap(u,v) = 5(V u, Vv) - (bo . Vu,v), Ay (wju,v) = (n -Vu, v).

Table 6.10 and Figure 6.12 show respectively the convergence orders of the spatial
discretization error and the iteration errors in both H!'- and L?norm. We observe that the
proposed iterative method performs well for the random convection-dominated convection-
diffusion problem (6.51). From Table 6.10 we see that the optimal convergence orders are
achieved for the linear finite element method. In addition, Figure 6.12 shows that the H!-
and L?-norm errors of the iterative solution rapidly decrease as the number of iterations

increases.

238



Table 6.10: 2-D random convection-diffusion problem: Errors £}, and £}, with ¢ = 2.0,
n = 10 and various h.

h 1 Order T2 Order
0.2 5.4020 x 1073 3.4360 x 10~4
0.1 2.7339 x 1072 | 0.9825 | 8.2969 x 10~° | 2.0501
0.05 | 1.3709 x 1073 | 0.9958 | 1.7666 x 107 | 2.2316
0.025 | 6.8635 x 107* | 0.9806 | 3.8150 x 1076 | 2.2112

0.02
—&—H"-norm error
—&—L2-norm error
0.015
2 001
L
0.005
0 \ s

Figure 6.12: 2-D convection-diffusion problem: Errors £, and £}, with h = 0.01,¢ = 2.0,
tol = 10~* and various n.
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Chapter 7

Future work

Based on my research experience and results, I am currently working on and/or plan to

pursue the following research projects.

o Mixed finite element methods for the stochastic Navier-Stokes equations with general
multiplicative noise. 1 am currently working on this project. We found that using
the same approach as in [7] for the stochastic Navier-Stokes equations with additive
noises to treat the multiplicative noise case does not work. Therefore, we are
exploiting other new approaches in this project including using the linearized Navier-
Stokes operator and fixed point argument which are inspired by [30]. In addition,
numerical experiments using multiplicative noises show that the standard mixed FEM
is working well in approximating the equations. We are expecting to obtain some

strong convergence rates for the mixed FEM in this project.

e Splitting methods for the stochastic Navier-Stokes equations with general multiplicative
noise. We plan to extend the results of the Chorin projection method of the stochastic
Stokes equations in [35] to the Navier-Stokes equations. The difference between the
two models is obviously the nonlinear term in the Navier-Stokes equations. In [4], the
authors reused the idea of sub-sample spaces from [16] to deal with the nonlinearity,
but they have only obtained a rate of convergence in probability. We are expecting to
obtain some strong convergence with a polynomial order of convergence for the Chorin

projection method in this project.

240



e Convergence rates for finite element (FE) approzimations of the two-phase fluid flows
of the stochastic Navier-Stokes-Cahn-Hillard system. This project is inspired by the
deterministic counterpart [26]. Recently, the convergence of the fully discrete FEM for
this system was obtained in [21]. We are expecting to obtain strong rates of convergence

for the FE approximations of this model.

e (Convergence rates of the stochastic total variation flow with multiplicative noises. We
are currently working on this project. We extend the deterministic counterpart [32],
[31] to this stochastic version. The PDE solution concept has been established by [63],
so in this project we would like to focus on numerical part. Namely, we are expecting to
obtain the convergence rates of the FE approximations of the stochastic total variation

flow.

e High order time discretization schemes for stochastic PDFs. So far, the implicit Euler-
Maruyma (EM) scheme has been used for time discretization in all my above mentioned
works, which only gives %—order of convergence. We plan to extend our EM scheme
results to potentially high order methods such as Milstein and Runge-Kutta time-

stepping schemes.

o Discontinuous Galerkin (DG) methods for the stochastic Stokes and Navier-Stokes
equations. We plan to extend our finite element results for the stochastic Stokes and
Navier-Stokes equations to DG spatial discretization methods. We expect that the

extension will be very interesting and plausible.

e Numerical methods for stochastic homogenization. This is a very interesting research
topic to me. We plan to extend our iterative framework discussed in Chapter 6
to stochastic homogenization problems. Our main idea is to develop more efficient
methods and algorithm for approximating the homogenized coefficients which is very

expensive to do using current known approaches.

Moreover, I am also open-minded and like to learn new research topics and to enter new
research areas, such as deep neural networks and machine learning. Especially, I look forward

to use my mathematical and computational knowledge to tackle new exciting projects.

241



Bibliography

242



1]

A. C. Antoulas, C. A. Beattie, and S. Giligercin. Interpolatory Methods for Model
Reduction. STAM, 2020. 201

J. Babutzka and P. C. Kunstmann. L?-Helmholtz decomposition on periodic domains
and applications to Navier—Stokes equations. Journal of Mathematical Fluid Mechanics,

20(3):1093-1121, 2018. 4

A. H. Baker, J. M. Dennis, and E. R. Jessup. On improving linear solver performance:
A block variant of GMRES. SIAM Journal on Scientific Computing, 27(5):1608-1626,
2006. 212

H. Bessaih, Z. Brzezniak, and A. Millet. Splitting up method for the 2D stochastic
Navier—Stokes equations.  Stochastic Partial Differential Equations: Analysis and

Computations, 2(4):433-470, 2014. 96, 240

H. Bessaih and A. Millet. On strong L? convergence of numerical schemes for the
stochastic 2D Navier-Stokes equations. arXiv preprint arXiv:1801.03548, 2018. 10, 96,
152

H. Bessaih and A. Millet. Space-time Euler discretization schemes for the stochastic 2D
Navier—Stokes equations. Stochastics and Partial Differential Equations: Analysis and

Computations, pages 1-44, 2021. 10, 152, 159

H. Bessaih and A. Millet. Strong rates of convergence of space-time discretization
schemes for the 2D Navier—Stokes equations with additive noise. Stochastics and

Dynamics, page 2240005, 2022. 10, 153, 240

D. Breit and A. Dodgson. Convergence rates for the numerical approximation of the
2D stochastic Navier—Stokes equations. Numerische Mathematik, 147(3):553-578, 2021.
52, 53, 54, 97, 156, 157

S. C. Brenner, L. R. Scott, and L. R. Scott. The Mathematical Theory of Finite Element
Methods, volume 3. Springer, 2008. 113, 130, 203, 253

243



[10]

[11]

[12]

[13]

[18]

[19]

[20]

F. Brezzi and M. Fortin. Mized and Hybrid Finite Element Methods, volume 15. Springer
Science & Business Media, 2012. 12, 13, 24, 32, 177, 253, 254

S. L. Brunton and J. N. Kutz. Data-driven Science and Engineering: Machine Learning,

Dynamical Systems, and Control. Cambridge University Press, 2022. 201

Z. Brzezniak. On stochastic convolution in Banach spaces and applications. Stochastics:
An International Journal of Probability and Stochastic Processes, 61(3-4):245-295, 1997.
50

7. Brzezniak, E. Carelli, and A. Prohl. Finite-element-based discretizations of the
incompressible Navier—Stokes equations with multiplicative random forcing. IMA

Journal of Numerical Analysis, 33(3):771-824, 2013. 8

7. Brzezniak, E. Carelli, and A. Prohl. Finite-element-based discretizations of the
incompressible Navier—Stokes equations with multiplicative random forcing. IMA

Journal of Numerical Analysis, 33(3):771-824, 2013. 64, 80, 152, 158, 178

E. Carelli. Numerical Analysis of the Stochastic Navier-Stokes Equations. PhD thesis,
Universitatsbibliothek Tiibingen, 2012. 10, 153

E. Carelli, E. Hausenblas, and A. Prohl. Time-splitting methods to solve the stochastic
incompressible Stokes equation. SIAM Journal on Numerical Analysis, 50(6):2917-2939,
2012. 7,8, 9, 15, 17, 35, 96, 97, 98, 101, 118, 121, 131, 149, 157, 240

E. Carelli and A. Prohl. Rates of convergence for discretizations of the stochastic
incompressible Navier—Stokes equations.  SIAM Journal on Numerical Analysis,

50(5):2467-2496, 2012. 6, 9, 14, 21, 52, 53, 54, 55, 56, 89, 96, 152, 156

P.-L. Chow. Stochastic Partial Differential Equations. Chapman and Hall/CRC, 2007.
17, 155

G. Da Prato and J. Zabczyk. Stochastic Equations in Infinite Dimensions. Cambridge
university press, 2014. 9, 10, 17, 50, 51, 155

T. A. Davis. Direct Methods for Sparse Linear Systems. SIAM, 2006. 212

244



[21]

[23]

[24]

[25]

28]

[29]

[30]

G. Deugoué, B. J. Moghomye, and T. Tachim Medjo. Fully discrete finite element
approximation of the stochastic Cahn—Hilliard—Navier—Stokes system. IMA Journal of
Numerical Analysis, 41(4):3046-3112, 2021. 241

Q. Du, V. Faber, and M. Gunzburger. Centroidal Voronoi tessellations: Applications
and algorithms. SIAM review, 41(4):637-676, 1999. 213

[. S. Duft, A. M. Erisman, and J. K. Reid. Direct Methods for Sparse Matrices. Oxford
University Press, 2017. 212

A. Ern and J.-L. Guermond. Theory and Practice of Finite Elements, volume 159.
Springer, 2004. 25, 32

R. S. Falk. A fortin operator for two-dimensional Taylor-Hood elements. FESAIM:
Mathematical Modelling and Numerical Analysis, 42(3):411-424, 2008. 25

X. Feng. Fully discrete finite element approximations of the Navier—-Stokes-Cahn-
Hilliard diffuse interface model for two-phase fluid flows. SIAM journal on numerical

analysis, 44(3):1049-1072, 2006. 241

X. Feng, J. Lin, and C. Lorton. An efficient numerical method for acoustic wave
scattering in random media. SIAM/ASA Journal on Uncertainty Quantification,
3(1):790-822, 2015. 7, 201

X. Feng, J. Lin, and C. Lorton. A multimodes Monte Carlo finite element method for
elliptic partial differential equations with random coefficients. International Journal for

Uncertainty Quantification, 6(5), 2016. 7, 201, 205, 223, 224, 229

X. Feng and C. Lorton. An efficient Monte Carlo interior penalty discontinuous Galerkin
method for elastic wave scattering in random media. Computer Methods in Applied

Mechanics and Engineering, 315:141-168, 2017. 201

X. Feng, M. Neilan, and A. Prohl. Error analysis of finite element approximations of the

inverse mean curvature flow arising from the general relativity. Numerische Mathematik,

108(1):93-119, 2007. 240

245



[31]

[32]

[33]

[35]

[36]

[37]

[38]

X. Feng, M. v. Oehsen, and A. Prohl. Rate of convergence of regularization procedures
and finite element approximations for the total variation flow. Numerische Mathematik,

100(3):441-456, 2005. 241

X. Feng and A. Prohl. Analysis of total variation flow and its finite element
approximations. ESAIM: Mathematical Modelling and Numerical Analysis, 37(3):533—
556, 2003. 241

X. Feng, A. Prohl, and L. Vo. Optimally convergent mixed finite element methods for
the stochastic Stokes equations. IMA Journal of Numerical Analysis, 41(3):2280-2310,
2021. 8, 58, 88, 96, 97

X. Feng and H. Qiu. Analysis of fully discrete mixed finite element methods for time-
dependent stochastic Stokes equations with multiplicative noise. Journal of Scientific

Computing, 88(2):1-25, 2021. 6, 8, 14, 15, 17, 21, 22, 58, 88, 96, 147

X. Feng and L. Vo. Analysis of Chorin-type projection methods for the stochastic
Stokes equations with general multiplicative noise. Stochastics and Partial Differential

Equations: Analysis and Computations, pages 1-38, 2022. 240

A. George. Nested dissection of a regular finite element mesh. SIAM Journal on

Numerical Analysis, 10(2):345-363, 1973. 212

V. Girault and P.-A. Raviart. Finite Element Methods for Navier-Stokes FEquations:
Theory and Algorithms, volume 5. Springer Science & Business Media, 2012. 4, 12, 13,
20, 24, 25, 32, 101, 177

J.-L. Guermond, P. Minev, and J. Shen. An overview of projection methods for
incompressible flows. Computer Methods in Applied Mechanics and Engineering, 195(44-
47):6011-6045, 2006. 97

M. Gunzburger, N. Jiang, and M. Schneier. = An ensemble-proper orthogonal
decomposition method for the nonstationary Navier—Stokes equations. SIAM Journal

on Numerical Analysis, 55(1):286-304, 2017. 201

246



[40]

[42]

[43]

[45]

[46]

[47]

M. Gunzburger, N. Jiang, and Z. Wang. An efficient algorithm for simulating ensembles
of parameterized flow problems. IMA Journal of Numerical Analysis, 39(3):1180-1205,
2019. 201

I. Gyongy and A. Millet. Rate of convergence of implicit approximations for stochastic
evolution equations. In Stochastic Differential Equations: Theory and Applications: A
Volume in Honor of Professor Boris L Rozovskii, pages 281-310. World Scientific, 2007.
252

F. Hecht. FreeFem++: Version 2.21. Laboratoire Jacques-Louis Lions, 2007. 40

J. S. Hesthaven, G. Rozza, B. Stamm, et al. Certified reduced basis methods for

parametrized partial differential equations, volume 590. Springer, 2016. 201

J. G. Heywood and R. Rannacher. Finite element approximation of the nonstationary
Navier—Stokes problem. i. regularity of solutions and second-order error estimates for
spatial discretization. SIAM Journal on Numerical Analysis, 19(2):275-311, 1982. 12,
13, 26

T. J. Hughes, L. P. Franca, and M. Balestra. A new finite element formulation
for computational fluid dynamics: V. circumventing the babuska-brezzi condition: A
stable Petrov-Galerkin formulation of the Stokes problem accommodating equal-order
interpolations. Computer Methods in Applied Mechanics and Engineering, 59(1):85-99,
1986. 13, 32, 33, 140

A. Ichikawa. Stability of semilinear stochastic evolution equations. Journal of

Mathematical Analysis and Applications, 90(1):12-44, 1982. 52

N. Jiang and W. Layton. An algorithm for fast calculation of flow ensembles.

International Journal for Uncertainty Quantification, 4(4), 2014. 201

L. Ju, W. Leng, Z. Wang, and S. Yuan. Numerical investigation of ensemble methods

with block iterative solvers for evolution problems. Discrete € Continuous Dynamical

Systems-B, 25(12):4905, 2020. 212

247



[49]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

P. E. Kloeden and A. Neuenkirch. The pathwise convergence of approximation schemes
for stochastic differential equations. LMS journal of Computation and Mathematics,

10:235-253, 2007. 50

J. A. Langa, J. Real, and J. Simon. Existence and regularity of the pressure for the
stochastic Navier—Stokes equations. Applied Mathematics and Optimization, 48(3):195—
210, 2003. 13, 18

G. J. Lord, C. E. Powell, and T. Shardlow. An Introduction to Computational Stochastic
PDFEs, volume 50. Cambridge University Press, 2014. 4, 5

Y. Luo and Z. Wang. An ensemble algorithm for numerical solutions to deterministic
and random parabolic PDEs. SIAM Journal on Numerical Analysis, 56(2):859-876,
2018. 7

Y. Luo and Z. Wang. An ensemble algorithm for numerical solutions to deterministic
and random parabolic PDEs. SIAM Journal on Numerical Analysis, 56(2):859-876,
2018. 201, 206, 215, 223

Y. Luo and Z. Wang. A multilevel Monte Carlo ensemble scheme for random parabolic

PDEs. SIAM Journal on Scientific Computing, 41(1):A622-A642, 2019. 201

M. Gunzburger, N. Jiang, and Z. Wang. A second-order time-stepping scheme for
simulating ensembles of parameterized flow problems. Computational Methods in

Applied Mathematics, 19(3):681-701, 2019. 201

D. McLean. Continuum fluid mechanics and the Navier-Stokes equations. Understanding

Aerodynamics: Arguing from the Real Physics, pages 13—-78, 2012. 2

P. Morters and Y. Peres. Brownian Motion, volume 30. Cambridge University Press,

2010. 154

A. Prohl. Projection and Quasi-Compressibility Methods for Solving the Incompressible
Navier-Stokes FEquations. Springer, 1997. 13, 97

248



[59]

[60]

[61]

[62]

[63]

[64]

[65]

A. Quarteroni, A. Manzoni, and F. Negri. Reduced Basis Methods for Partial Differential
Equations: an Introduction, volume 92. Springer, 2015. 201

R. Rannacher. On Chorin’s projection method for the incompressible Navier-Stokes
equations. In The Nawvier-Stokes equations II—theory and numerical methods, pages

167-183. Springer, 1992. 97

P.-A. Raviart and J.-M. Thomas. A Mixed Finite Element Method for 2-nd Order
Elliptic Problems. In Mathematical Aspects of Finite Element Methods, pages 292-315.
Springer, 1977. 253

W. C. Rheinboldt. Numerical Analysis of Parametrized Nonlinear Equations. Wiley-
Interscience, 1986. 200

M. Rockner, A. Wilke, et al. Convergent numerical approximation of the stochastic
total variation flow. Stochastics and Partial Differential Equations: Analysis and

Computations, 9(2):437-471, 2021. 241

D. Silvester, H. Elman, and A. Ramage. Incompressible flow and iterative solver software

(IFISS), sept. 2016. 202, 214, 234, 237

R. Temam. Navier-Stokes Equations: Theory and Numerical Analysis, volume 343.

American Mathematical Soc., 2001. 1, 7, 101, 178

249



Appendix

250



A Mixed finite element method for stochastic heat

equation

In this appendix, we present error estimates for mixed finite element approximations of the

following stochastic heat equation with general multiplicative noise:

du dW (t)

o= Au+ B(u) o in Dr:=(0,T) x D, (1a)
u=0 on 0Dy :=(0,T) x 0D, (1b)
u(0) = g in D, (1c)

where D is a bounded domain in R? for d = 1,2,3. {W(¢);t > 0} is a real-valued Wiener

process.

The mixed formulation of (1) introduces a vector-valued stochastic process p = —Vu to

convert the underlying equation into a system of first-order linear equations as follows:

p=—Vu
du , AW (t)
" B
= divp + B(u) o
u=>0
u(0) = ug

A.1 Mixed variational formulation

We define the following space

in Dr, (2a)
in Dr, (2b)
on dDr, (2¢)
in D. (2d)

H(div; D) := {v € L*(D);divv € L*(D)}.
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The variational formulation of (2) is defined as follows: Find (p,u) € L?(Q,H(div; D)) x
L*(Q, L*(D)) such that P-a.s.
(p,v) — (divv,u) =0 Vv € H(div; D), (3)

(u(t), 9) —I—/O (divp(s), ¢) ds = (uo, ®) +/0 (B(u(s)), ¢) dW(s) Vo € L*(D).  (4)

A.2 Discretization in time

Let N > 0, define a uniform mesh that covers [0, 7] with time step k = & and t, = nk for

n=0,1,---,N. Set u’ = ug, the Euler-Maruyama method for (3)-(4) is defined by seeking
(pntLumth) € L3(Q,H(div; D)) x L3(Q, L*(D)) such that P-a.s.

(PnH,V) — (div v,u”“) = Vv € H(div; D), (5)

0
(", 6) + k(divp™, ¢) = (u",¢) + (B )AW,yi1,0) Vo € L3(D), (6)

where AW, 1 := W (t,i1) — W(t,) ~ N(0, k).

We also can write (5), (6) in the following strong form:

pn+1 — _vun—‘rl7 (7)

"+ kdivp"t = u" + B(u") AW, 1. (8)
Substituting (7) into (8) we obtain the Euler-Maruyama method for (1)
u"t — kAT = v + B(u") AW, 4. (9)

Therefore, (5)-(6) are equivalent to (9). We quote the following error and stability estimates

from [41] for the time discretization.
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Lemma A.2.1. Let {u"} be the solution of (9). Then there exists a constant C =
C(ug, Dr) > 0 such that

0<n<N

N
max E[|lu"|3:] +E|k Y ] < C. (10)
n=1

Remark A.2.1. Since p" = —Vu”, (10) immediately infers the following estimate for p":

0<n<N

N
max E[[p"[2.] +E[kz Hp"u%{l] <cC. (11)
n=1

Theorem A.2.2. Let (p,u) and (p",u") be the solutions of (3)-(4) and (5)-(6) respectively.
Then there ezists a constant C = C(ug, D) > 0 such that

N
o, Ellu(tn) =] + B[k 2 Ip(t:) — 7l < Ok (12)

A.3 Discretization in space

Let 7, be a quasi-uniform triangular mesh for D with mesh size h. Define

V, = {Vh € C(ﬁ), Vh|x € RTl(K) VK € 72}, (13)

Qn = {én € L*(D); ¢n,, € Pi(K) VK € Tp}, (14)

where RT)(K) = P1(K) & xP(K), and P;(K) is the set of polynomials of degree at most

1. We recall the following Raviart-Thomas [61] finite element spaces
M, = V, NnH(div; D) and X} = Qp. (15)

It is known that (M, X}) satisfies the discrete inf-sup condition [9, 10].
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The mixed finite element method for (5)-(6) (or (9)) is defined by seeking (pj*, uf ™) €
L*(Q2, M}, x X},) such that P-a.s.

Pyt vi) — (divve, uft) =0 Vv, € My, (16)

( (s ¢h) +k:(d1vp”+1, ) (Uh»%) ( uh)AWnH,th) Von € Xa, (17)

where AW, 11 = W(tni1) — W(ty).
Recall that the L?-projection P, : L?*(D) — X}, is defined by Vi € L*(D)

(=P, dp) =0 Yoy, € X, (18)
In addition, we also recall the Fortin operator [10], 7, : H(div; D) — M, by
(div (Thv — V), wh) =0 Y, € X, (19)
Finally, we recall the following standard inequalities [10]

v — mpvl|Le < CR™||v]|am Vv € H(div; D), (20)

l¢ = Pugllzz + hlIV(¢ = Pug)llze < CR?||éll= Vo € L*(D), (21)

where m =1, 2.

Next we derive error estimates between {(p”,u™)} and {p}, u}} in the following theorem.

Theorem A.3.1. Let {(p",u")} and {(p},uy)} be the solutions of (3)-(4) and (16)-(17)
respectively. Then there holds

2
max Efu" — upl|z] +E[k‘zzl|p —phIILz] <Ch, (22)

where C' = C(ug, Dr) > 0.
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Proof. Define e" := u™ — uj and 7" := p" — pj, which can be decomposed as follows:

e = (u" — Pyu") + (Pou" —up) = 0" + &, (23)

= (p" —mp") + (mp" —pp) = 0" +£". (24)
Then, we obtain the following error equations by subtracting (3)-(4) from (16)-(17)

(e"™ — e p) + k(divr™, ¢) = ((B(u") — B(up)) AWpi1, é1) Vo € X, (25)
(71 va) = (divvy, e™*!) Vv, € My, (26)

Choosing ¢, = "™ € X, in (25) and v;, = €71 € M}, in (26) we obtain

(et — €™, &™) + k(dive™t &) = ((B(u™") — B(uf)) AWy, &™), (27)
(Tn+l’§n+1) _ (divgn-&-l,en-‘rl)‘ (28)

Moreover, by using (18) and (19), we can rewrite the right-hand side of (27) as follows:

<6n+1 e" n+1) (en—‘rl o n+1) + (€n+1 o €n7€n+1) (29)
(8n+1 n,gn—‘rl)
1
= 5™ Iz — lle™ [z + fle™ = &"lIz2).
(div,rn+1’€n+1) — (diVnn+1,€n+l) 4 (diV£n+1,€n+l) (30)

= (divg"*, "),
From equation (28), we get

(dinn+1,€n+1) — —(diV5n+1,9n+1> + ||§n+1||i2 + (,r’n-l—l’én—&-l) (31)

— (§”+1,V9”+1) + ||€n+1||i2 + (nn—&-l’gn-&-l)‘
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Substituting (31) into (30) we obtain
(diVTn+1,€n+1) _ (§n+1, VQ”“) + ||§n+1||i2 + (nn—l—l’gn-i-l)' (32)
Next, substituting (29) and (32) into (4.34) yields

1 n n n n n
SUE™ T2 = lle™lze + lle™ = e™liza] + kllE™ g (33)

\)

= —k(€"L, V) — k(™€) 4+ ((B(u") — B(up)) AWy g1, ™)

=I1+TII4IIT.
By using Cauchy-Schwarz inequality, we can bound the right-hand side of (33) as follows.

k n n n
L+ 1T < Sl e + IV L + k™ Iz (34)
1
ITI < [[(B(u") = B(up)) AWl + Zlle™ — €[

+ ((B(u") = B(u})) AW,4q, ™).

Substituting (34) into (33), taking the expectation, and absorbing the like-terms from the
left-hand side to the right-hand side we obtain

SE[IE s — 1" 3] + Bl = 23] + SE [l 2] (3)
< KRV + [ 2] + E[I(B(") — Bh) AW 3]

< (% 2| + P 1] + 9 2|,
CER’E[[|u"[32] + CERE[[lp" |30 ] + CRE[]|e"[1Z:]

where we obtain the first inequality of (35) by using the fact that E[((B(u")—B(u})) AW,41,e")] =

0, and the second inequality by using (20) and (21).

256



Now, summing over 0 <n < ¢ for 0 < ¢ < N — 1 on both sides of (35) we obtain

l
E[I“] + kD E[lE 2] (36)
n=0
N-1 1
<CRE [k Y 3 + D" | + Ck D E[lle” 3],
n=0 n=0

It follows from the discrete Gronwall inequality and the stability estimate (10) that

¢ N-1
E[I“] + kDO EI€ 2] < CRE [k Y Jum+ 3 + o™ 1F | < Cn2 (37)
n=0 n=0

Finally, the desired inequality is obtained by taking maximum over 0 < ¢ < N — 1 and then

use triangular inequality on the decompositions (23) and (24). The proof is complete. [

Now, we are ready to give a global error estimate in the following theorem.

Theorem A.3.2. Let {(p,u)} and {(p},u})} be the solutions of (3)-(4) and (16)-(17)
respectively. Then there holds

N
s Elu(e) — 3] + B[4 3 Iben) Bl <C 400 39)

where C = C(ug, D) > 0.

Proof. The proof is followed directly by applying the triangular inequality and Theorem
A.2.2, Theorem A.3.1. O]

Remark A.3.1. Theorem A.3.2 shows that unlike the stochastic Stokes and Navier-Stokes
equations, the mized finite element method works well for the stochastic heat equation because
the error bound in (38) does not contain the bad factor k=2 that appears in the error estimates

for the stochastic Stokes and Navier-Stokes equations.
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