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ABSTRACT

A Bayesian statistical method was developed to estimate the parameters for the

following survival model characterized by the probability density

Computer programs were developed in "Mathematica" (10) to calculate the posterior

densities for the model parameters a, P, X, and p. The data used in the analyses came

from BALB/c female mice exposed to "'Cs gamma radiation (5,6). The doses ranged

from 0 to 2 Gy with dose rates from 0.083 Gy/day to 0.4 Gy/min (5,6). The data were

generated at the Biology division of Oak Ridge National Lab (ORNL) and supplied by

ORNL and the National Radiobiology Archives. The parameter p describes the effect of

dose-rate on the induction of cancer in mice. The derived posterior density for p

describes the remaining uncertainty about the parameter after iqjdating. This thesis

describes the first direct estimation of a dose-rate effectiveness factor (DREF) using the

techniques of Bayesian parameter estimation and gives the first quantitative description

of the vmcertainty of this factor in terms of a probability density.
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CHAPTER 1

INTRODUCTION

Cancer risk estimates after prolonged exposure to ionizing radiations (external and

intemal) are necessary to make rational decisions about radiation protection standards.

One way to quantify the extent to which low LET radiation may increase or decrease

carcinogenic potency at low dose rates is with Dose-Rate Effectiveness Factors (DREFs)

(1). Past analyses of experimental carcinogenesis studies show a decrease in effectiveness

with decreasing dose-rates for acute exposures to low LET radiations (2). Suitable human

data that would permit estimation of DREFs are scarce. It is for this reason that

extr^olation from animals to man must be made. The idea is to estimate the decrease

or increase in carcinogenic potency using experimental mouse data and scale the results

using estimates for cancer risks after acute exposure from the J^anese A-bomb survivor

data. The analyses of the experimental studies and the A-bomb survivor study are treated

as "data" and combined in a "hyper-model". This basic idea has been ̂ plied to Pu risk

estimation in humans (3,4).

This thesis will develop a methodology to estimate DREFs using Bayesian

techniques. Ch^ter 2 details the non-parametric analyses of the experimental

carcinogenesis data. The non-parametric estimation will in part be used for model

identification. Ch^ter 3 outlines Bayes' Theorem and likelihood construction. The

1



Likelihood is an important part in parameter estimation, because the likelihood contains

all of the information from the experimental data. Chapter 4 explains the numencal

techniques used to estimate the model parameters including the DREF.

1.1 CLASSICAL ESTIMATION OF THE DREF

A linear-quadratic dose response relationship is used in the classical estimation of

the dose-rate effectiveness factor (2). If R is a measure of the endpoint of interest the

linear-quadratic model is given by:

where a and P are the parameters (2). After the fitting of linear and linear-quadratic

models to the experimental carcinogenesis data, the ratio of the coefficients of D for the

two fits yield the classical estimate of the dose-rate effectiveness factor (2). Typical

ranges for DREF values are from 2-10 depending upon the endpoints of interest that were

studied (2).

1.2 EXPERIMENTAL MOUSE DATA

The data that were analyzed in this thesis were obtained by exposing BALB/c

females. The endpoints of interest considered were: lung tumors (lung carcinomas and

lung adenomas), breast cancer, and all causes of death. There were three groups of mice:



the control group, the high dose-rate group, and the low dose-rate group. The control

groiq) was sham irradiated at approximately 10 weeks of age (5). The high dose-rate

BALB/c females were irradiated at ̂ proximately 10 weeks of age at 0.40 Gy/min using

a 2000-Ci '"Cs source (5). Exposures were made at 45 cm from the source with the mice

enclosed in plastic tubes (6). The low dose-rate mice were also irradiated at

approximately 10 weeks of age at 0.083 Gy/day (6). The irradiation was done using a

10-Ci '"Cs source at a distance of 10 feet (6). During the irradiation, the animals were

housed in plastic cages with 8 mice per cage (6). Table 1.1 gives a summary of the data

set used in the analyses.

Table 1.1 Summary of BALB/c females

1  # of mice 1  Dose (Gy) 1  Dose-Rate 1
833 0

834 0.5 0.40 Gy/min

1259 0.5 0.083 Gy/day

1269 1.0 0.083 Gy/day

809 2.0 0.40 Gy/min

1301 2.0 0.083 Gy/day



The data on the control and the high dose-rate mice were obtained from the

National Radiobiology Archives. The data set contained the dates of birth, irradiation,

and death. These are not the original dates, however the time l^se between them is

correct. Causes of death and incidental findings were also given for each mouse. The

failure times (endpoints of interest and censoring) for the control groiq) were obtained by

subtracting the date of death from the date of birth. The times to failure for high dose-

rate group are defined as the date of death minus the date of irradiation.

The data for the mice exposed to low dose-rate radiation mice were obtained from

the Biology Division at Oak Ridge National Laboratory (ORNL). The date of irradiation

was assumed to be 73 days after the date of birth. The low dose-rate data set included the

life length of the mouse, a code indicating the type of tumors each mouse had and

whether the tumors were fatal. Failure times were calculated to be the amount of time

the mouse lived in days minus 73 days.

1.3 BAYESIAN TECHNIQUES

This thesis utilizes techniques from Bayesian reliability analysis and ̂ plies them

to the analysis of carcinogenesis data. Probability plotting methods such as hazard

plotting (7) and total time on test plotting (8) have been used for many years in reliability

analysis. Based on these non-parametric techniques, probability models are constructed.

The model parameters are then estimated using numerical techniques. The end results are

the marginal posterior densities for all the parameters including the DREF.



CHAPTER 2

NON-PARAMETRIC ESTIMATION

The preliminary data analysis is accomplished by doing non-parametric estimation

of the time dependence and dose dependence of the hazard rates for the endpoints of

interest. As the name implies, no ptirameters are used in this initial exploratory analysis.

Two separate techniques are employed, the first technique plots an estimate of the

cumulative hazard versus time (7), while the second procedure plots a scaled total time

on test versus fraction of the endpoints of interest observed (8). The second probability

plotting method is used to verify the results of the first.

2.1 NELSON'S ESTIMATE (HAZARD PLOTTING)

Nelson (7) developed a method for estimating the cumulative hazard. The

cumulative hazard is defined as:

(2.1)
Jo



where h(t,d) is the hazard rate. The hazard rate when multiplied by a small increment

At yields :

h{t,d)^t=P{t<T<t+Lt\t>T,d) (2.2)

where P is the probability for the endpoint of interest, T is the random time to death for

the specific endpoint of interest and d is the radiation dose.

Assuming independence of the times of death. Nelson estimates H(t,d) in the

following manner.

where RRj is the reverse rank of the ith time to death for the j**" cause of death with the

times to death arranged in ascending order. Table 2-1 gives an example of the ordering

of the times to death, for unexposed BALB/c females using lung tumors as the specified

endpoint. The third column gives the indicator for lung tumors. A zero indicates that

the mouse did not have either lung carcinoma or lung adenoma while the presence of a

one indicates the diagnosis of the tumors. The standard deviation for the Nelson

estimate is calculated in a similar manner, let c(t,d) be the standard deviation then

a{t,d)j =
\l/2

(2.4)



Table 2.1 Summary of unexposed BALB/c females with lung tumors

1  Time (days) 1  Reveise Rank 1  Indicator 1
109 833 0

109 832 0

113 831 0

118 830 0

142 829 0

157 828 0

164 827 0

1183 2 0

1204 1 0



The Nelson estimate as well as plus (minus) one standard deviation is plotted versus

time. Figure 2-1 gives the Nelson estimator for the cumulative hazard versus time for

imexposed BALB/c females with limg tumors.

The plot of the cumulative hazard versus time clearly shows the time dependence

of the hazard rate. As time increases the slope of the estimated cumulative hazard also

increases. Since the cumulative hazard does not increase linearly with time, but rather

as some power of time greater than one the hazard rates must increase with time. Figure

2-2 shows general relationships among the hazard rate and the estimated cumulative

hazard.

In addition to providing information about the time dependence of the hazard

cancer rates, a plot of the estimated cumulative hazard also provides information on the

dose dependence of the hazard rate as well. The estimated cumulative hazard is plotted

separately for each dose-rate and dose groiq). If the estimated cumulative hazard

increases as the dose increases for constant time then we clearly have a dose dependence

in the hazard rate. Figure 2-3 shows the effect of dose on the estimated cumulative

hazard. Notice that the estimated cumulative hazard is greater for the 2 Gy dose group

than the 0.5 Gy and the imexposed group .

The results from this non-parametric analysis are of great importance to the

parametric analyses. Parameters that describe the dose and the dose-rate effect are

included in the statistical model. The addition of these two parameters
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allows better modeling of the data besides yielding the DREF.

2.2 TOTAL TIME ON TEST

A second method used to estimate the time dependence of the hazard rate is done

by plotting a scaled total time on test versus the fraction of the endpoints of interest

observed. The total time on test procedure as well as the Nelson procedure make the

assumptions that the random times to the observation of interest are independent from the

censoring times. Just as for the plots of the estimated cumulative hazard, a total time

on test plot is done for each dose-rate and dose group.

The scaled total time on test transform is given by the equation:

TTT.

TIT^e,. ( 2.^ )
'  TTTT

where TTTj is the total time on test up to time tj. TTTT is the sum of all the times up

to the last failure caused by the specific endpoint of interest. This may be called the

"total" total time on test. "Total" total time on test is equivalent to total person years or

total reactor years in other contexts. The analysis is made by looking at the shape of the

gr^h. If the gr^h is convex the hazard rate is increasing, while if the graph is concave

the hazard rate is decreasing. A special case of the total time on test exists if the hazard

rate is constant with time, if this occurs then the total time on test plot is linear along the

12



45° line (8). Figure 2-4 gives an example of a total time on test plot for all three cases.
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^igure 2-4 Scaled total time on test versus fraction failed for
increasing, decreasing, and constant hazard rates

The total time on test transformation is begun by ordering the times to

death in ascending order and ranking them in ascending order. The cancer of interest is

once again indicated by a one, while other tumors not of interest receive an indicator of

zero. The "total" total time on test is the sum of all of the times to death up to and

including the last time of death for the endpoint of interest. The total time on test up to

time tj is given by the following expression:
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y=i

where n is the total number of mice iq) to the last mouse to die with the specified

endpoint of interest. The scaled total time on test can now be given by:

^  (2.7)777' = i_!
scoitd^ 7777'

The scaled total time on test is plotted versus the fraction of lung tumors or as

stated earlier, the fraction failed. Figure 2-5 shows the scaled total time on test versus

fraction failed for unexposed BALB/c females with lung tumors. The 45° line represents

a constant lung cancer rate. Notice that the total time on test plot is convex in t which

indicates an increasing lung cancer rate.

2.3 SUMMARY

This ch^ter detailed two non-parametric methods to estimate the time and dose

dependence of the cumulative hazard. The Nelson plot shows an estimate of the

cumulative hazard versus time. This method indicated that the lung and breast cancer

rates were not only time dependent, but were also dependent on the dose received. In

order to verify the results of the Nelson procedure, scaled total time on test plots were

done for each dose-rate and dose group. The total time on test plots confirmed the time

dependence established by the Nelson estimator. The convex curve indicates that the lung

14
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cancer rate is increasing in time. The remainder of the non-parametric estimates for lung

tumors, breast cancer, and all causes of death may be found in ̂ pendix 2.
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CHAPTER 3

BAYES' THEOREM AND THE

LIKELfflOOD

The non-parametric estimates of the cumulative hazard indicated that the hazard

rates for the endpoints of interest are increasing in time. In addition, the plots of the

estimated cumulative showed that as dose increases the estimated cumulative hazard

increases for constant time. The goal is to dioose a probability model whose hazard rate

increases with time and dose. This may be accomplished by using a model with an

increasing hazard rate multiplied by a relative risk term describing the dose and dose-rate

dependence. The parameters are estimated using Bayesian techniques. Bayesian

procedures yield posterior distributions for all the parameters. These distributions describe

the remaining uncertainty for each parameter used in the model. The posterior

distribution for the parameter describing the DREF may be obtained using this procedure.

Point estimates for the parameters are obtained by using for example the mode or the

mean of the posterior distribution for the parameters. The posterior modes are inserted

into the model's cumulative hazard. This gives a comparison between the model

(parametric) estimate and the non-parametric estimate.

17



3.1 BAYES'THEOREM

The Bayesian parameter estimation procedure is based on Hayes' theorem, given

by:

mlD)-- (3 11
fp(Dis)pm<is
JQ

The theorem states that the posterior probability distribution of the parameter 0 given the

data is the probability of the data given the parameter times the prior probability density

of the parameter, divided by the marginal distribution of the data. Note that 0 which

represents the parameter may be a vector quantity (0i , 02 , 03 , , 0„ ) . The term

p(D 10) is referred to as the likelihood and p(0) is known as the prior density. The

likelihood may be considered as a function of the parameters 0. To emphasize this aspect

the likelihood will be simply written as Sf(0). The prior density codifies the prior

knowledge about the parameter of interest. If not much is known about the parameter a

priori then a uniform prior may be used to express this lack of knowledge. The marginal

distribution of the data in the denominator of Hayes's theorem is the normalization

constant, and scales the area of p(0 | D) to one. Since the normalization constant is

independent of the parameters, it may be dropped from the expression without affecting

the sh^e of the posterior distribution.

The posterior density gives the uncertainty about the parameters after updating

with the likelihood. When additional data become available, the posterior density is
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updated again. Figure 3-1 illustrates the ̂ proach., Dj in the figure is the origmal data

set and is the new data set. The term p, (0 | D) is the posterior density after updating

with p(D, I 0 ). The new posterior density P2(0 | Dj ) is obtained after

P,(filD,)«p(Dje) PO)

After Updating \/ with additional data

p,(ftlDj) ap(Djft) p,(ftlD^)

Figure 3.1 Updating the posterior density with additional data

the second update. The updating procedure can be continued each time new data becomes

available. As the posterior distributions are updated the resulting distributions become

more and more peaked. This indicates that the uncertainty about the parameters is

decreasing.
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3.2.1 MODELING THE BACKGROUND RATE

A Weibull hazard rate was chosen as a reasonable model for the background or

zero dose group based on the results obtained from the non-parametric estimation of

hazard rate. The hazard rate for the Weibull is given by equation ( 3.2 ).

( 3-2 )

The parameter a is the shape parameter for the Weibull distribution. This parameter

determines the time dependence of the hazard rate. The parameter X is the scale

parameter for the Weibull. Notice that when a is equal to one, the hazard rate is constant

and equal to A,. If a is less than one then the hazard rate is decreasing indicating failures

are more prevalent at the beginning of the lifetime then at the end. When a is greater

than one, the hazard rates are increasing in time. Since the non-parametric estimates

show the existence of an increasing hazard rate, the parametric point estimate (the

posterior mode) of a is expected to be greater than one.

The hazard rate and survival functions are linked in the following manner:

=  (3.3)

where H(t) is the cumulative hazard as defined in equation (2.1 ). The survival function

for the Weibull model becomes:

=  (34)

The density function for the time to the endpoint of interest for an unexposed
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mouse may be written as:

A mouse without the specified endpoint contributes a survival function term to the

likelihood. The random times to censoring and to the endpoint of interest are assumed

to be independent. This allows all of the density and survival function terms to be

multiplied together to obtain the likelihood for the unexposed BALB/c females:

m„ , am.g:o(a,A)«a-»X nT'
(3.6)

1=1

where S2o(ct, is the contribution to the final likelihood for the unexposed BALB/c

females, m^ is the number mice that have the specified endpoint of interest in the

unexposed group, and M„ is the total number of mice in the unexposed group.

3.2.2 MODELING THE HIGH AND LOW DOSE-RATE EFFECT

The final likelihood used in the parametric analysis contains not only contributions

from unexposed mice but also from mice irradiated at high and low dose-rates. The non-

parametric estimates of the cumulative hazard indicated the hazard rate was dose

dependent as well as time dependent. The cumulative hazard for the unexposed mice is

multiplied by a term that includes a dose parameter, to model the low dose-rate

cumulative hazard.

The hazard rate for the low dose-rate is
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hj^(t,d)=h(t)e^''' (37)

where h(t) is the hazard rate for the unexposed mice, d is the dose in Gy and (3^ is the

dose parameter for the mice irradiated at the low dose rate. Notice that if is positive

then as dose increases the hazard rate will increase. Also notice if the dose is zero then

the hazard rate for the unexposed mice is recovered. The restriction on a priori is

0 < Pl < 00. Combining equations ( 3.2 ) and ( 3.7 ) yields the hazard rate for a mouse

irradiated at the low dose-rate.

( 3 8 )

Since the relative risk term is not a function of time, then the estimated cumulative hazard

is simply the cumulative hazard for the unexposed mice multiplied by the relative risk

p,d
term e Hence the contribution to the likelihood for a low dose-rate mouse with one

of the specified endpoints may be written as:

By assuming independent observations, the likelihood for the entire set of data for the low

dose-rate irradiation set is given by equation 3.10, where mLare the total number of mice

having the desired enc^oint in the low dose-rate group, q; are the niunber of mice having

*i *i 'L

B';
Vi=i

«-i i-l a 1e " e
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the desired aidpoint in the i"* dose group, Icl is the total number of dose groups in the low

dose-rate data set and Sl is the number of low dose-rate mice in the l"" dose groiq).

The high dose-rate hazard rates are modeled using the same method as above. In

this case can be replaced by Ph indicating the dose parameter for the high dose-rate

irradiated mice. The likelihood for the high dose-rate mice is written as:

i£(a,p,X)^oca'"''X"'«" H'r'
,i=l

e  e

where m„ is the total number of mice having the desired enc^oint of interest in the high

dose-rate group, q; is the number of mice having the specified endpoint in the i"" high

dose-rate dose groiqi, Sy is the number of mice in the l"" high dose-rate dose groiqi and

kjj is the number of high dose- rate dose groiqis

3.2.3 THE DOSE-RATE EFFECTIVENESS FACTOR p

The total likelihood combines the likelihoods of the unexposed mice, the low dose-

rate mice and the high dose-rate mice. Because independence of all the random times of

death is assumed the total likelihood is obtained by multiplying all of the "partial"

likelihoods together. Before this is done another parameter is introduced that will take

into account the dose-rate effect for a particular endpoint of interest. This final

parameter is designated as p and called the DREF. The parameter is arrived at in the

following way.
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The dose effect on the estimated cumulative hazard was modeled only by the

relative risk term eP**. Since there are two dose-rates, there are consequently two different

P's, Pl for the low dose-rate and 3h for the high dose-rate. The parameter p is defined

by equation 3.12.

P =
Pr

(3.12)

Consequently Ph is

P^ pPi
(3.13 )

Subsequently the subscripts H and L are dropped for brevity. This yields;

P,=P (3.14)

Pir=PP (3.15 )

Equations 3.14 and 3.15 may be inserted into equations 3.10 and 3.11 yielding equations

3.16 and 3.17.

S£(a,p,A)^«a"'U"^" n-r'
V'=i

e  e
(3.16)

n^;
.M

0-1
PPEMi -fiEEr.V'"*) .3,7.

g  i-t g h-li-t t J l 1
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From the definition of p follows 0 < p < oo since 0 < (3n, < oo.

Notice that if p is less than one then low dose-rate radiation is more effective at

causing the desired endpoint, and if p is greater than one then the high dose-rate is more

effective than the low dose-rate for the same dose

3.2.4 THE JOINT POSTERIOR DENSITY FOR a, P, X, AND p

The total likelihood is obtained by multiplying the "unexposed", the "low dose-

rate", and the "high dose-rate" likelihoods together. The total likelihood is multiplied by

the prior probability densities for the parameters a, P, X, and p to obtain a quantity

proportional to the joint posterior density. Since not much is known about these

parameters a priori uniform or constant prior densities are assumed for a, P, and p. For

the parameter "k, the prior density is given below.

(3.18)
A

For a sharply peaked likelihood, the density can be considered uniform over the range

where the likelihood peaks.

Bayes' theorem can now be ̂ plied to give the joint posterior density for the

parameters a, P, k, and p:
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/>(o,p,p,A B 1 >Ml-l

*£f *i "o *i »i 'a

..i) PPL?/''/ pE9<''< r3i9^
n-'
,1=1

where n, , M,, , kL, kjj , Sl, and Sh all have the same meaning as before.

3.3 SUMMARY

This ch^ter detailed the construction of the likelihood that is used in Bayes'

theorem to obtain posterior densities for the parameters after iqjdating with the available

data. A relative risk Weibull model was chosen to model the data. The hazard plots given

in ch^ter 2 and ̂ pendix 2 ̂pear to show a minimum latent period before a particular

cancer is detected. This minimum latency time or guarantee period is not included in the

probability model. Since the random times to the enc^oint of interest were assumed to

be independent, the densities and survival functions are multiplied together to obtain a

likelihood for the entire data set. The likelihood is then multiplied by the prior densities

for each parameter. Uniform or constant priors were chosen for a, P, and p while a prior

density of 1/A, was chosen for the parameter A . A dose and a dose-rate parameter is

contained in the relative risk term of the likelihood. These parameters describe the dose

dependence and dose-rate effect for each of the desired enc^oints of interest in BALB/c

females.
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CHAPTER 4

PARAMETRIC ESTIMATION

The joint posterior density for a, P, X, and p was given by equation 3.19. In

order to find the marginal posterior densities for the individual parameters, it is necessary

to integrate out the remaining parameters. Analytical integration is only possible over the

parameter X. The other integrals need to be ̂ proximated by numerical methods. A

Gauss-Legendre (9) routine is used for the ̂ proximation of the integrals. Using this

procedure, marginal posterior densities may be obtained for each parameter.

4.1 GAUSS-LEGENDRE QUADRATURE

As stated above the Gauss-Legendre routine may be used to ^proximate an

integral. The ̂ proximation involves evaluating the function at specified values and

multiplying by the ̂ propriate weights. The terms are added together to get the numerical

qjproximation to the definite integral. Equation 4.1 gives the expression for a one-

dimensional n point Gauss-Legendre routine .
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{''f{x)dx^^fix^)w^ (4.1)

In this equation f is the function, Xj is the i"* abscissa, and Wj is the corresponding weight

A multi-dimensional routine is developed in a similar manner. The parametric

analysis will use this multi-dimensional routine. Equation 4.2 gives the ̂ proximation

for a multi-dimensional integral.

b  b b w n

fa la "E £ "'Y^f(Xi,Xj,,..,Xi^)w.Wj...Wj^ ( 4.2 )
brb rb.

{X^,X2f" jX^) ®
i=i y-1 it-i

Notice that as the number of dimensions increase, the number of function evaluations

increases dramatically.

Function Evaluations =n^ ( 4 3 )

where n is the number of weight-abscissa pairs and k is the number of dimensions. A

thirty point quadrature for a three dimensional integral needs 27,000 function evaluations.

The calculations of the marginal posterior densities are done using "Mathematica" (10)

on a Sun Spark 10 workstation. Each ̂ proximation is verified by rvmning a second

Gauss-Legendre procedure using a different number of weights and abscissas. A

comparison of the two independent methods is made, and the results must agree with each

other before the ̂ proximation is accepted.
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4.2 THE MARGINAL POSTERIOR DENSITY FOR X

The marginal posterior density for the scale parameter X is obtained by integrating

out the parameters a, (3, and p. Since there are no analytical expressions for these

integrals, numerical ̂ proximations must be used.

The marginal posterior density for X is given by equation 4.4

pa\t,d)^fJJ^p(a,^,p,X\t,d)dad^dp ( 4.4 )

This expression may be approximated by a Gauss-Legendre routine given by equation 4.5.

p(^ Py,p^,X \t,d)WiW-wl^' ( 4.5 )
i=l j=l k'\

where Wj is the i*^ weight, wV is the weight, w"^ is the k*^ weight, tt; is the i*^ abscissa,

Pj is the j"' abscissa, and is the k"* abscissa. The numerical ̂ proximation is first done

using twenty five weight-abscissa pairs for each dimension. This result is verified by

reducing the number of weight-abscissa pairs to twenty. The weights are generated using

"Mathematica" (se6 ̂ pendix 1). The limits of integration for the three dimensional

routine are chosen by studying the behavior (or shape) of the marginal posterior densities

for a, P, and p. The limits of integration for each parameter are different due to the fact

that the sh^es of the marginal posterior densities are different for each parameter. The

methods for obtaining the marginal posterior densities for a, P, and p are given in

section 4.4. Figure 4.1 give the marginal posterior density for the parameter X with lung
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Figure 4.1 Marginal posterior density for X for BALB/c females with lung
tumors
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tumors as the endpoint of interest. Notice that the twenty point Gauss-Legendre

^proximation yields visually the same results as the 25 point routine. The marginal

posterior densities for X for breast cancer and all causes of death are given in appendix

3 .

4.3 JOINT DENSITY FOR a, P, AND, p

Since the domain of X ranges from zero to oo, the limits of integration must cover

the same domain. The joint posterior density for a, 3, and p is obtained by analytically

integrating equation 3.19 over the parameter X . Equation 4.7 gives the joint posterior

density for a, P, and p.

PM,p\t,d)°'fyia,^,p,X\t,d)dX ( 4.6 )
J 0

H';
1-1

e  e

Pd,

(4.7)

i=l 1=1 i=l A-i i=i
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4.4 MARGINAL POSTERIOR DENSITIES FOR a, P, AND p

The marginal posterior densities for the parameters a, 3, and p are obtained in a

three step procedure. In the first step the bounds of the marginal densities are chosen.

The iqjper (lower) bounds of the marginal posterior densities is defined as the point at

which the mass to the left (right) of the lower (rq)per) bound can be considered negligible.

The second step utilizes these boimds to determine upper and lower limits of integration.

Once the iqjper and lower limits of integration are determined the "final" marginal

posterior dmsities for the parameters are obtained. The final step verifies the result of

step two.

All parameters have domains from zero to oo. The limits of integration must

include the domains of the parameters. A transformation is made to diange the limits of

integration from zero to oo, to zero to one. The transformation is given by equations 4.8

and 4.9.

a'=-lna p'=-lnp p^=-lnp ( ̂ 8 )

where

da'=-—da t/p'=--rfp dp'=--dp (4.9)
a  p p

Step one involves determining the limits of integration that are used when

evaluating the "final" marginal posterior densities. The transformation for the two

parameters that are to be integrated out are inserted into equation 4.7 . A thirty point

Gauss-Legendre routine is then applied to the transformed equation while varying the
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untransformed parameter of interest. This procedure yields a "preliminary" posterior

density for the parameter of interest. This procedure is done again for the remaining two

parameters yielding "preliminary" marginal posterior densities for each parameter.

Step two involves obtaining the final marginal posterior density for each

parameter. The iqjper and lower boimds for each "preliminary" marginal posterior density

are observed. These bounds become the new limits of integration for the corresponding

parameter. For example: if the majority of the mass of the "preliminary" marginal

posterior density for a was between 5 .2 and 6.2, then the limits of integration for a would

be from 5.0 to 6.4. This method allows equation 4.7 to be used directly in the Gauss-

Legendre ̂ proximation. Also, since more Gauss points are located where the density

peaks, the Gaxiss-Legendre procedure is more accmate. The weight-abscissa pairs are once

again evaluated using "Mathematica". The final marginal posterior densities are

evaluated by numerically integrating two of the parameters using the new limits of

integration while varying the last parameter over a range of values.

The third and final step in obtaining the marginal density for each parameter is

verifying the results of the thirty point routine. A twenty five point Gauss-Legendre

method using the same limits of integration is applied to the untransformed joint density.

Plots of the two independent methods are overlaid on the same gr^h yielding results that

are within a line-width of one another .

The marginal posterior density for a may now be obtained by equation 4.10
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n  n

p(a Y^p(a,^i,pj\t,d)WiwJ ( 4.10 )
i=l J=1

where W; and W- are the i*" and j*" weight, and pj are the i" and j*" abscissa, and n is

the number of weight-abscissa pairs. The weight-abscissa pairs are generated by

"Mathematica" with the limits of integration coming from the preliminary marginal

densities of P and p. Thirty quadrature points are used to obtain the marginal posterior

density for a. This result is then verified by using the same limits of integration but

reducing the number of Gauss points to twenty five. Figure 4.2 gives the marginal

posterior density for a using lung tumors as the endpoint of interest. Notice that a is

clearly greater than one. This indicates that the hazard rate for BALB/c females using

lung tumors as the desired mdpoint of interest is increasing with time. This corresponds

with the non-parametric estimates that were obtained in chapter 2.

The margmal posterior density for P is obtained in a similar manner. The limits

of integration used in obtaining the "final" marginal posterior density come from

observing the bounds of the preliminary posterior densities for a and p. The margmal

posterior density for p is obtained by using equation 4.11. Figure 4.3 gives the marginal

n  n

p(^ £/'(«,.P >Py \t,d)yV.Wj ( 4.11 )
1=1 j=l

posterior density for the parameter p. Notice that P is clearly greater than zero indicatmg

that as dose increases the lung tumor rate increases in dose for constant time.

The parameter that is of most interest for this investigation is p. This parameter

gives an estimate of the DREF. As stated previously in ch^ter three, if p is greater than
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Figure 4.2 Marginal posterior density for a for Balb/c females with lung tumors
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one then a dose delivered at a high dose-rate is more effective at causing the enc^oint of

interest than the dose delivered at a low dose-rate. Consequently if p is less than one,

low dose-rate irradiation is more effective at causing the desired enc^oint of interest.

The estimation of the parameter p is done in the same manner as a and p. The

limits of integration are again obtained by observing the bounds of the preliminary

posterior densities for cc and p. A thirty point Gauss-Legendre routine is used to

^proximate the mtegrals for cc and P and a twenty five pomt mutiny is used to verify the

results of the first. Equation 4.12 gives the expression for the marginal posterior density

for the parameter p.

fi n

\t,dyw^j ( 4.12 )
i=l j-\

Figure 4.4 shows the marginal posterior density for the dose-rate parameter p using

Balb/c females with lung tumors. Notice that p is clearly less than one, indicating that

the low dose-rate radiation exposure is more effective at causing lung tumors. Two other

posterior densities for p are given in figures 4.5 and 4.6. Figure 4.5 gives the marginal

posterior density for p with breast cancer as the endpoint of interest. Notice that the

posterior density for p shifts from less than one for lung tumors to greater than one for

breast cancer. Figure 4.6 gives the marginal posterior density for p for all causes of

death. This distribution gives the overall dose-rate effect for the Balb/c female mice.

Notice the marginal posterior density for p is clearly greater than one indicating that the

high dose-rate radiation exposures are more effective at causing death than the low dose-

rate radiation.
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4.5 SUMMARY

This chapter detailed the techniques used to obtain marginal posterior densities for

each parameter. The marginal posterior density for the scale parameter X was obtained

by a three-diiriensional Gauss-Legendre approximation to the integrals of a, P, and p.

The location of the marginal posterior density for the time dependence parameter a was

greater than one indicating an increasing lung tumor rate with time. The location of the

marginal posterior density for the dose parameter P was greater than zero indicating that

the lung tumor rate increases with dose when time is held fixed. Finally the location of

the marginal posterior dmsity for the dose-rate parameter p varied from less than one to

greater than one depending iqjon the cause of death.
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CHAPTER 5

SUMMARY AND CONCLUSIONS

This thesis described the techniques used to estimate dose-rate effectiveness factors

using Bayesian techniques. The DREFs are necessary when deterniining human cancer

risks after prolonged exposure to radiation.

The high dose-rate mice had radiation delivered at levels of 0.5 Gy and 2.0 Gy at

0.43 Gy/min. The low dose-rate mice were given radiation at 0.5 Gy, 1.0 Gy, and 2.0 Gy

at a dose-rate of 0.083 Gy/day while the remaining mice were sham irradiated. All of the

mice that were used in the data analysis were BALB/c females

The estimation began by plotting non-parametric estimates of the cumulative

hazard versus time and the total time on test versus fraction failed. The software

developed for the non-parametric analysis was written using FORTRAN on an IBM PC.

Non-parametric estimation indicated an increasing hazard rate for every enc^oint that was

studied. Based on the non-parametric results, a relative risk Weibull model was chosen

for the parametric analysis.

Bayes' Theorem was ̂plied to the likelihood to a yield joint posterior density for

the parameters. Uniform prior densities were used for the paremeters a, 3, and p. The

prior density for the parameter X was taken to be V. This prior density may be

considered locally uniform when the likelihood is sharply peaked. All of the marginal

42



posterior densities for the model parameters: X, a, j3, and p were calculated in a three

step procedure using Gauss-Legendre numerical integration routines. The programs

necessary for the nxunerical evaluations of the integrals were created using "Mathematica."

The results show for the first time the distribution for the dose-rate effectiveness factor

which quantifies the residual imcertainty about p. This probability density may be further

iq) dated if more data should become available.

The results from the parametric estimation indicated that the hazard rate is

increasing with time for all of the causes looked at. The dose parameter P was clearly

greater than zero indicating that as dose increases the cumulative hazard increases if time

is held fixed. Finally, the analyses of p indicated that the DREF is dependent upon the

cause of death.

Results from the analyses indicated that p is less than one for lung tumors,

signifying that high dose-rate irradiation is less effective at causing lung tumors than low

dose-rate radiation. The parametric estimate for p using breast cancer as the en(^oint of

interest was greater than one indicating that high dose-rate irradiation is more effective

at causing breast cancer than low dose-rate irradiation for a fixed dose. Finally, the

parametric estimation indicated that p was greater than one when all causes of death were

diosen as the ent^oint of interest. This indicates that high dose-rate irradiation is overall

more effective at shortening the lives of the mice than low dose-rate irradiation.
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APPENDIX 1

COMPUTER PROGRAMS

A 1.1 INTRODUCTION

Appendix 1. contains all of the computer programs used in the non-parametric and

parametric analysis. A 1.2. contains the FORTRAN code used to determine the Nelson

estimate of the cumulative hazard and standard deviation. A 1.3 contains the FORTRAN

code developed to determine the total time on test. A1.4. and A1.5. contain

"Mathematica" programs used to obtain the weight-abscissa pairs for the n point Gauss-

Legendre routine. These subsections also include the programs necessary to calculate the

Gauss-Legendre approximations to the integrals.
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A1.2 THE NELSON ESTIMATOR

c  This program will do the calculations for the Nelson estimate

CHARACTER*20 FILNAM

REAL HZ,RR,NEL,USD,LSD,S,SD1,SD

INTEGER J,N,TIM,IND

WRITE(*,*)'NAME OF FILE (INCLUDE EXTENSION)'

READ '(A)',FILNAM

OPEN( 10,FILE=FILNAM,STATUS='OLD')

OPEN(20,FILE='RES.DAT',STATUS='UNKNOWN')

REWIND(IO)

c  This part of the program calculates reads how many data points there are

N=0

555 READ(10,*,END=95)TIM,RR,IND

N=N+1

GOTO 555

95 REWIND(IO)

NEL=0

SD=0

c  This part of the program calculates the cumulative hazard and the

c  standard deviation.

DO 1 J=1,N
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READ (10,*,END=96)TIM,RR,IND

IF (IND.EQ.l) THEN

HZ=1/RR

S=(1/RR)**2

SD=SD+S

NEL=NEL+HZ

SD1=(SD)**0.5

USD=NEL+SD1

LSD=NEL-SD1

WRITE(*,*)TIM,NEL,USD,LSD

WRITE(20,60)TIM,NEL,USD,LSD

END IF

60 F0RMAT(1X,I4.4,E13.6,E13.6,E13.6,E13.6)

1  CONTINUE

CLOSE(IO)

WRITE(*,*)'END OF PROGRAM'

96 WRITE(*,*)'FINAL RESULTS ARE IN RES.DAT'

CLOSE(20)

STOP

END
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A2.3 THE TOTAL TIME ON TEST PLOT

c  TfflS PROGRAM WILL CALCULATE THE TOLTAL TIME ON TEST

c  PART 1 READ IN THE DATA FILE

CHARACTER*20 FILNAM

INTEGER TTT,TIM,RNK

WRITE(*,*)'NAME OF FILE (INCLUDE EXTENSION)'

READ '(A)',FILNAM

OPEN( 10,FILE=FILNAM,STATUS='OLD')

OPEN(20,FILE='TTT.DAT,STATUS='UNKNOWN')

REWIND(IO)

N=0

555 READ(10,*,END=97)TIM,RNK,IND

N=N+1

IF(IND.EQ.1)THEN

nmk=RNK

END IF

GO TO 555

c  PART 2 CALCULATE THE TOTAL TIME ON TEST

97 REWIND(IO)

TTT=0
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nxt=0

ntim=0

DO 1 J=1,N

READ (10,*,END=96)TIM,RNK,IND

IF (IND.EQ.O)THEN

TTT=TIM+ttt

ELSE

n(iif=nmk-mk

TTT=TTT+tim*(ndif+l )-nxt+ntim

ntim=tim

nxt=tim*(ndif+l)

WRITE(*,*)TTT

WRITE(20,*)TTT

ENDIF

1  continue

96 CLOSE(IO)

CLOSE(20)

WRITE(*,*)'END PROGRAM'

WRITE(*,*)'RESULTS ARE IN TTT.DAT'

STOP

END
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A1.4 TWO-DIMENSIONAL GAUSS-LEGENDRE ROUTINE

Note: 1. a and b are the limits of integration for each dimension

2. n is the number of weight-abscissa pairs

3. pr[ a, P, p ] is the function for the 2-dimensional routine while varying the

parameter p along the interval from a' to b'm increments of c'

Calculation of the weight-abscissa pairs

«NumericalMath' Gaussian Quadrature'

mx=GaussianQuadratureW eights[n,a,b];

h=Transpose[mx];

no=h[[l]];

wt=h[[2]];

Do[d[i]=n[[i]],{i,l4i}];

Do[c[i]=w[[i]],{i,l4i}];

mx=GaussianQuadratureW eights[n,a,b];

ht=Transpose[mx];

no=ht[[l]];

wt=ht[[2]];

The Gauss-Legendre routine for 2-diniensions

Do[For[i= 1 ,i<n+l ,i++,z[i]=Apply [Plus,

(pr[d[i],no,p ]*wt)*c[i]]];Print[FortranForm[Sum[

z[i],{i,l,n}]]],{p, a', b'c'}]
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A1.5. 3-DIMENSIONAL GAUSS-LEGENDRE ROUTINE

Note: 1. a and b are the limits of integration for each dimension

2. n is the number of weight-abscissa pairs

3. s[a, P, A,, p ] is the function that is integrated in the 3-dimensional routme

while varying the parameter p over the range of a' to b' in mcrements of c'

Calculatioii of the weight-abscissa pairs

«NumericalMath' Gaussian Quadrature'

nx=GaussianQuadratureW eights[n,a,b];

h=Transpose[nx];

ab=h[[l]];

w=h[[2]];

Do[d[i]=n[[i]],{i,l^}];

Do[c[i]=w[[i]],{i,l^}];

mx=GaussianQuadratureW eights [n,a,b];

ht=Transpose[mx] ̂

no=ht[[l]];

we=ht[[2]];

Do[g[j]=no[[j]],{j,l^}];

Do[e[j]=we[[j]],{j,l^}];

mx=GaussianQuadratureW eights[n,a,b];
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ht=Transpose[mx];

nd=ht[[l]];

wt=ht[[2]];

The Gauss-Legendre routine for 3-dimensions

Do [ForU=1 j <n j -i-+,For [i=1 ,i<n,i++,z[j ,i] =Apply [Plus,

(s[d[i],nd,g[j]]*wt)*c[i]*e[j]]]];Prmt[FortranForm[Sum[

z[j,i],{j,l,n},{i,l,n}]]],{p, a', b', c' }]

55



APPENDIX 2.

NON-PARAMETRIC ESTIMATES

A2.1. INTRODUCTION

Appendix 2 contains the figures for all of the non-parametric estimates not covered

in the main section of the thesis. A2.2 contains all of the lung tumor hazard plots not

presented in chapter two. A2.3 contains the lung tumor total time on test plots not

covered in chapter two. A2.4 and A2.5 contains all the breast cancer hazard and total

time on test plots for Balb/c females. A2.6 and A2.7 contains all the life shortening

hazard and total time on test plots for Balb/c females.
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A2.2 NELSON'S ESTIMATE OF THE CUMULATIVE

HAZARD FOR LUNG TUMORS
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Figure A2.1 Nelson's estimate of the cumulative hazard vs. time for BALB/c
females with lung tumors: 0.5 Gy @ 0.4 Gy/min
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A2.3 TOTAL TIME ON TEST PLOTS FOR LUNG TUMORS
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62



0.9

0.8 —

0.7

/
0.6

_ 0.5

V 0.4 --

0.3

0.2 —

0.1 -

0.2 0.4 0.6

i / n

0.8

Figure A2.7 Scalced Total Time on Test vs. fraction failed for BALB/c
females with lung tumors: 0.5 Gy, 0.083 Gy/day

63



0.9 —

0.8 —

/
/

0.6

_ 0.5

^ 0.4

0.3 —

0.2 -

0.1 -

0  —I—I—I—I I I 1—1

0.2 0.4 0.6 0.8

i/n

I  I I L.

Figure A2.8 Scaled total time on test vs. fraction failed for BALB/c females with
lung tumors: 1.0 Gy, 0.083 Gy/day

64



0.9

0.8 —

0.7

H

0.6

0.5

P 0.4 --

0.3

0.2 —

0.1 —

0  —'—'—'—'—I—'—'—'—'—I—'—'—'—I—I—I—1—I I I n ' n '

0.2 0.4 0.6 0.8

I / n

Figure A2.9 Scaled total time on test vs. fraction failed for BALB/c females with
lung tumors: 2.0 Gy, 0.4 Gy/min

65



0.9 --

0.8 —

0.7 -

0.6

L 0.5

^ 0-4

(0

0.3

0.2 -

0.1 —

0.2 0.4 0.6 0.8

i/n

Figure A2.10 Scaled total time on test vs. fraction failed for BALB/c
females with lung tumors: 2.0 Gy, 0.083 Gy/day

66



A2.4 NELSON'S ESTIMATE OF THE CUMULATIVE

HAZARD FOR BREAST CANCER
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Figure A2.11 Nelson's estimate of the cumulative hazard vs time for
BALB/c females with breast cancer: Unexposed

67



0.5

■o

0.4 Nelson est

X
U.S.D

L.S.D.
E 0.3
u

•■ff 0.2
lU

fr0.1

200 300 400 500 600 700 800 900

Time (days)
1000

Figure A2.12 Nelson's estimate of the cumulative hazard vs time for
BALB/c females with breast cancer: 0.5 Gy, 0.4 Gy/min

68



1.4

1.2

1 —

10
N
re

Z

re

•I 0.8
CO

3

E
3

u
■o 0.6
re

re

E
tn
lU 0.4 —

0.2 -

0 —

200

♦  Nelson est.

U.S.D.

LS.D.

400 600 800

time (days)
1000 1200

Figure A2.13 Nelson's estimate of the cumulative hazard vs time for
BALB/c females with breast cancer: 0.5 Gy, 0.083 Gy/day

69



2.5 —

2 —(0
N
(0

X
a>
>

w

1 1-5
3

o
■o
V

<3
E 1  __
M

UJ

0.5 —

Nelson est

U.S.D.

LS.D.

100 300 500 700

time (days)
900 1100

Figure A2.14 Nelson's estimate of the cumulative hazard vs time for
BALB/c females with breast cancer: 1.0 Gy, 0.083 Gy/day

70



■o

0.4
♦  Nelson est

U.S.D.

LS.D.

X

E 0.3
o
■o

= 0.2

0.1

200 400 600

Time (days)
800 1000

Figure A2.15 Nelson's estimate of the cumulative hazard vs time for
BALB/c females with breast cancer: 2.0 Gy, 0.4 Gy/min

71



0.7

0.6 —

0.5 —

ra
N
n

X

V

0.4
«

3

E
3

u
^ 0.3

E

ifi

UJ
0.2 -

0.1 -

¤ Nelson est.

U.S.D.

LS.D.

200 400 600

time (days)

800 1000

Figure A.2.16 Nelson's estimate of the cumulative hazard vs time for
BALB/c females with breast cancer: 2.0 Gy @ 0.083 Gy/day

72



A2.5 TOTAL TIME ON TEST PLOTS FOR BREAST

CANCER
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75



0.9 —

0.8

0.7

4»

0.6

0.5

■o 0.4 --

(O
0.3 —

0.2 —

0.1 —

0.2 0.4 0.6

i / n

0.8

Figure A2.20 Scaled total time on test vs. fraction failed for BALB/c
females with breast cancer: 1.0 Gy @ 0.083 Gy/day

76



♦4^
0.9

0.8
♦♦

4»

0.7

i 0.6

H 0.5

•a 0.4

(0
0.3

44*
0.2

0.1 -

0.2 0.4 0.6

i / n

0.8

Figure A2.21 Scaled total time on test vs. fraction failed for BALB/c
females with breast cancer: 2.0 Gy @ 0.4 Gy/min

77



0.9 -

0.8

0.7
(0

0.6 —o

V

E

f 0.5
(0

0

1 0.4
re
u

(0

0.3 —

0.2 -

0.1

0.2 0.4 0.6 0.8

I / n

Figure A2.21 Scaled total time on test vs. fraction failed for BALB/c
females with breast cancer: 2.0 Gy @ 0.083 Gy/day

78



A2.6 NELSON'S ESTIMATE OF THE CUMULATIVE HAZARD

FOR ALL CAUSES OF DEATH
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Figure A2.23 Nelson's estimate of the cumulative hazard vs time for
BALB/c females using all causes of death : Unexposed
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BALB/c females using all causes of death : 0.5 Gy @ 0.083 Gy/day
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Figure A2.26 Nelson's estimate of the cumulative hazard vs time for BALB/c
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A2.7 TOTAL TIME ON TEST PLOTS FOR ALL CAUSES OF

DEATH
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using all causes of death: Unexposed
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APPENDIX 3

PARAMETRIC ESTIMATES

A3.1 INTRODUCTION

Appendix 3 contains the marginal posterior densities for the parameters a, |3, and

X that were not included in the main body of the thesis. Appendix 3.2 contains the

marginal posterior densities for the parameters with breast cancer as the endpoint of

interest. Appendix 3.3 contains the marginal posterior densites for the parameters using

all causes of death as the endpoint of interest.
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A3.2 MARGINAL POSTERIOR DENSITES for a, P, AND X

BREAST CANCER
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Figure A3.1 Marginal posterior density for a for BALB/c females with breast cancer
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A3.3 MARGINAL POSTERIOR DENSITIES for a, p, AND X

ALL CAUSES OF DEATH

30 pt. quadrature

°  25 pt. quadrature

0.9

0.8

0.7 -

0.6 —

>>

0.5

0.4

0.3

0.2

0.1 —

4.2 4.4 4.6

a

Figure A3.4 Marginal posterior desity for a for BALB/c females using all causes of
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APPENDIX 4

PARAMETRIC VS. NON-PARAMETRIC ESTIMATES

A4.1 INTRODUCTION

Comparisons between the parametric and non-parametric estimates are made by

inserting point estimates of the parameters into the formula for the cumulative hazard.

The cumulative hazard using the point estimates is plotted versus time and overlaid over

the non-parametric estimate. The point estimate is made by selecting the mode of the

marginal posterior density. This procedure is repeated for each parameter. Since most

of the prior densities were uniform prior densities, the posterior modes coincide with the

maximum likelihood estimates. The maximum likelihood estimates for the cumulative

hazard using a relative risk Weibull model are given below;

H{t)=(Xt)^ unexposed group (^4.1)

low dose-rate group ^ ^

H{t4)={Xffe^^'^ high dose-rate group ^ )

where the represents the maximum likelihood estimate of the parameter.
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A4.2 PARAMETRIC VS. NON-PARAMETRIC ESTIMATES

USING LUNG TUMORS
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Figure A4.1 Estimated cumulative hazard vs time for BALB/c females with lung
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Figure A4.3 Estimated cumulative hazard vs time for BALB/c females with lung
tumors: 0.5 Gy @ 0.083 Gy/day
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Figure A4.4 Estimated cumulative hazard vs time for BALB/c females with lung
tumors; 1.0 Gy @ 0.083 Gy/day
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Figure A4.5 Estimated cumulative hazard vs time for BALB/c females with lung
tumors: 2.0 Gy @ 0.4 Gy/min
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Figure A4.6 Estimated cumulative hazard vs time for BALB/c females with lung
tumors: 2.0 Gy @ 0.083 Gy/day
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A4.3 PARAMETRIC VS NON-PARAMETRIC ESTIMATES

USING BREAST CANCER
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Figure A4.7 Estimated cumulative hazard vs time for BALB/c females with
breast cancer: Unexposed

105



0.5

¤ Nelson est

U.S.D.

LS.D.

—— Weibull est

c5 0.4

P 0.3

o

■o

^ 0.2

1
0.1

4^

200 300 400 500 600 700 800 900 1000 1100
Time (days)

Figure A4.8 Estimated cumulative hazard vs time for BALB/c females with
breast cancer: 0.5 Gy @ 0.4 Gy/min
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Figure A4.9 Estimated cumulative hazard vs time for BALB/c females with
breast cancer: 0.5 Gy @ 0.083 Gy/day
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Figure A4.10 Estimated cumulative hazard vs time for BALB/c females with
breast cancer: 1.0 Gy @ 0.083 Gy/day
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Figure A4.11 Estimated cumulative hazard vs time for BALB/c females with
breast cancer: 2.0 Gy @ 0.4 Gy/min
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Figure A4.12 Estimated cumulative hazard vs time for BALB/c females with
breast cancer: 2.0 Gy @ 0.083 Gy/day
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A4.3 PARAMETRIC VS. NON-PARAMETRIC ESTIMATES

FOR ALL CAUSES OF DEATH

¤ Nelson est.

U.S.D.

LS.D.

—— Weibull est

2 6

X

■5 5

O 4
■u

= 3

1 —

200 400 600 800 1000 1200 1400

time (days)

Figure A4.13 Estimated cumulative hazard vs time for BALB/c females using all
causes of death: Unexposed
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Figure A4.14 Estimated cumulative hazard vs time for BALB/c females using all
causes of death: 0.5 Gy @ 0.4 Gy/min
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Figure A4.15 Estimated cumulative hazard vs time for BALB/c females using all
causes of death: 0.5 Gy @ 0.083 Gy/day
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Figure A4.16 Estimated cumulative hazard vs time for BALB/c females using all
causes of death: 1.0 Gy @ 0.083 Gy/day
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Figure A4.17 Estimated cumulative hazard vs time for BALB/c females using all
causes of death: 2.0 Gy @ 0.4 Gy/min
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Figure A4.18 Estimated Cumulative hazard vs Time for BALB/c females using all
causes of death: 2.0 Gy @ 0.083 Gy/day
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