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ABSTRACT

A Monte Carlo simulation has been developed to quantitatively understand and
explore different physical aspects of a single molecule detection experiment in which
individual dye molecules in an aqueous solution pass through a laser beam and emit
fluorescence photon bursts. Detected photons are processed by a simple or weighted
sliding sum digital filter, and bursts are distinguished from background by a threshold-
ing procedure. The detailed timing of each photon within a burst contains information
which is used to produce a spectrum of arrival times in order to estimate the fluores-
cence lifetime of a molecule. The simulation was applied in this work under three sets
of experimental conditions (1) to compare results with those from a past experiment,
(2) to determine the feasibility of an experiment for rapid single molecule detection,
and (3) to identify each detected molecule according to its fluorescence lifetime. In
the last case, the identification is accomplished by three independent algorithms-a
weighted averaging technique, a maximum likelihood estimator of the lifetime, and a
direct comparison of the fluorescence decay profile data. The simulation of (1) pro-
duced comparable results with the experiment, the simulation of (2) determined rapid
detection should be possible, and the simulation of (3) correctly identified molecules

with > 85% accuracy when two different types of molecules were to be detected.
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Chapter 1

Introduction

Single Molecule Detection (SMD) in aqueous solution was first demonstrated in 1990
[1]. At The University of Tennessee Space Institute, Li performed an experiment in
which single molecules of sulforhodamine 101 dye were injected into a flow stream
and efficiently detected, as reported in his Ph.D. dissertation [2]. The purpose of
this thesis is first, to explain the development of a Monte Carlo simulation of that
experiment, and second, to extend the simulation to consider the possibility for iden-
tification of different types of molecules by the spectral information obtained as they
are individually detected. The development of the simulation has utilized an earlier
simulation that has been used to visualize how changing an experimental parameter
would affect the experiment and to easily enable new data analysis algorithms to
be tested and incorporated into the experiment’s data analysis program [3]. How-
ever, substantial improvements and modifications have been made to more accurately
account for the physical processes that occur in the experiment.

These major improvements include properly accounting for (1) inactive times (or
dead times) of the photon detector and of the electronics, which occurs after each
photon detection event, (2) times when the molecule will be inactive, which occur
after excitation and crossing to a metastable state (intersystem crossing), (3) the

mechanism by which the photons released by an excited molecule are spatially fil-
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tered and collected, (4) the dependence of background noise on the experimental
geometry, (5) the random molecular orientation with respect to the laser excitation
polarization, and (6) the imperfect laser beam mode quality. Also the simulation was
adapted to operate under the X Window System on a UNIX platform; such adaptions
required re-writing the graphics. In addition to these improvements, the simulation
has been extended to generate data corresponding to the nanosecond time-scale delay
between excitation and emission of each fluorescence photon and to analyze this data
to identify different types of molecules.

The physical processes involved in the SMD experiment are explained in Chap-
ter 2. Chapter 3 elaborates how these processes are implemented in the code. Details
of data analysis methods, such as the simple sliding sum and weighted sliding sum
(WSS) are deferred to the end of this chapter. Chapter 4 describes the extension of
the simulation to address the identification of the molecules according to their fluo-
rescence lifetimes. It is discussed how each detected photon is allocated to a number
of discrete bins according to its random nanosecond emission time. Three different
algorithms based upon likelihood estimation have been developed for molecule iden-
tification using the nanosecond time information. Chapter 5 presents the results of
the simulation, comparisons between experimental results, and evaluation and com-
parison of the three molecule identification schemes. Finally, Chapter 6 is a summary

the thesis and offers suggestions for future work.



Chapter 2

The Physics of the Single Molecule
Detection Experiment

2.1 Overview

The overall process of single molecule detection (SMD) in an ultra-dilute solution
consisting of water and dye molecules is explained in Section 2.2. Several stages are
involved in the detection process. A detailed understanding of the physical process
involved in each stage is necessary for modeling the overall experiment. Sections 2.3
to 2.9 derive or explain the equations used to model each stage, in the order in which
each stage occurs in the experiment.

First, the molecule emerges from the injection capillary and is transported through
the laser beam by the bulk flow of the sheath, as discussed in Section 2.3, and by
diffusion, as discussed in Section 2.4. Second, as the molecule passes through the laser,
it experiences a laser intensity dependent on its position, as discussed in Section 2.5,
causing it to become excited with a certain probability, as discussed in Section 2.6.
The molecule excitation may lead to spontaneous emission, radiationless relaxation, or
photodegradation, as discussed in Section 2.7. If a photon is emitted by the molecule,
the probability that it will be collected depends on the position of the molecule with

respect to the spatial filter, as discussed in Section 2.8. Background noise contributes



to the number of photons detected by the single photon avalanche diode (SPAD).

The sources of background are described in Section 2.9.

2.2 Summary of the Experiment

In a Single Molecule Detection experiment, individual dye molecules are excited in an
ultra-dilute solution sample and subsequently detected with high efficiency. Figure 2.1
shows the setup in which molecules pass one-by-one from an injection capillary tip into

a sheath flow, which carries them through a focused laser beam. The molecule may

Figure 2.1: Experimental setup.

be repeatedly excited, thereby releasing a burst of photons, as shown in Figure 2.2.
Many of the photons pass through the detection apparatus, which is perpendicular
to both the propagation of the laser beam and the direction of the molecule solution

flow. Figure 2.3 shows the components of the detection apparatus.
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Figure 2.2: Photon burst and background photons.

Raman Notch Filter
‘ l ‘ ‘ Microscope Interference Filter

Obi Pinhole

Sample Volume

X/ y
z

Figure 2.3: Detection apparatus.

The first component is a microscope objective, which collects light from the sam-
ple. Following the microscope objective, are a pinhole, spectral filters, another mi-
croscope objective, and the SPAD detector. The overall collection efficiency is de-
termined by the solid angle over which the first objective collects light, and the net
transmission of this objective and the subsequent optics at the fluorescence wave-
lengths.

The purpose of the pinhole is to filter out any stray photons which happen to be
collected by the first objective but which do not originate from the sample volume.

Thus the pinhole serves as a spatial filter. Its size and the magnification of the



collection objective determine the region from which light is efficiently gathered.

After the spatial filter there are a series of high quality, low fluorescence spectral
filters. Without these, the noise from other scattered light, such as Rayleigh scatter
from the solvent, would overwhelm the signal from the molecule. Because Rayleigh
scatter is effectively filtered out in the experiment it is not included by the simulation.
Unfortunately, the filter will not block other types of background noise. There will
be some photons from Raman scatter from the solvent. To discriminate against noise
from Raman scatter, a method known as time gating is used.

Time gating is accomplished by the use of a rapidly-pulsed laser and by electroni-
cally blocking instantaneously scattered light whereas fluorescence photons from a dye
molecule with an exponential decay profile may be counted. A typical time-resolved
data record consists of a large peak at the origin due to scattered light, followed by
an exponential decay curve, with a lifetime equal to the dye molecule’s fluorescence
lifetime. The instantaneous nature of the scatter of the laser pulse gives rise to a
Raman peak at the origin, named the experimental prompt. Time gating is achieved
by electronically blocking photon signals that occur within that peak. If the laser
were continuous, the scatter would occur at all times, and therefore it would not be
distinguishable from the fluorescence. The theory of Raman scatter and time gating
are further explained in Section 2.9.3.

The last component in the detection apparatus is the single photon detector or
SPAD. The SPAD has a high quantum efficiency (> 50%) and sub-nanosecond tim-
ing performance. Following the SPAD is the time gate which consists of a custom
subnanosecond electronic anticoincidence circuit [2], which passes only those photon
signals that are delayed with respect to the experimental prompt. From here, the
photon signals may pass either directly to a multichannel scalar for detection of the

photon bursts, or through a time to amplitude converter (TAC) for measurement of
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the nanosecond arrival time of each photon.

Following each photon detection event, there is an associated time during which
the SPAD detector will not be able to detect photons. This is called the SPAD dead
time. Also after each real signal, there is a small chance that the SPAD will produce
an artificial signal called an afterpulse. These are unavoidable and must be taken
into account by the simulation. Finally, if a time to amplitude converter (TAC) is
used in the detection electronics, whenever the time gating circuit yields a pulse, the
TAC will experience a certain dead time. During this time, any fluorescence photons

detected will not be registered by the acquisition hardware.

2.3 Molecule Transport

The molecule is introduced into the system through the capillary tip shown in Fig-
ure 2.1. The molecule is then carried downstream by the surrounding sheath flow.
This flow is laminar because the Reynolds number, R,, is much less than the critical
value, which is approximately 2300. The Reynolds number is determined by

ﬁma:cpd

R, = — (2.1)

where ¥4, is the maximum mean flow velocity, p is the fluid density, d is the tube

diameter, and 7 is the dynamic viscosity. Currently the tube used is square with
inside dimensions of 0.8 mm x 0.8 mm, but to calculate an upper limit for R,, an
approximation of a cylindrical tube with d &~ 0.8 mm is made. For water at 20°C,
n = 0.01 g/cm/sec, p = 1.0 g/cm?®, and ¥,,,; = 2 cm/s yield a Reynolds number of
16.

The velocity profile of the flow is qualitatively as shown in Figure 2.4. An ex-

act solution may be derived by solving the Navier-Stokes equation for steady flow



Figure 2.4: Sheath flow velocity distribution.
(07/8t = 0),
— 1 — —
(FV)7 = ~Vp* + 1927, (2.2)
P P

where p* is the excess mean pressure, and the equation of continuity for an effectively

incompressible fluid is

Ov, Ov, Ov, _
5z "oy T " (2.3)

For a hydrostatically driven flow, the velocity is zero at the boundaries. Given
the boundary conditions for a simple system, such as a cylindrical tube without the
capillary tip, the flow velocity at a radial distance, r, from the z-axis has the well-

known parabolic Poiselle profile given by,

v(r) = 20 (1 - %) , (2.4)



where R is the radius of the tube and v is the mean flow velocity. Here,
= — (2.5)

with @ being the volumetric flow rate and F being the tube’s cross sectional area.
The boundary conditions for the system used in the experiment, as Figure 2.4
depicts, are such that an analytic solution is not possible. Existing solutions for
the Navier-Stokes equations of simpler but similar setups, such as two concentric
cylindrical tubes, can yield a qualitative understanding of the flow characteristics in
the experiment. Due to the boundary conditions, the velocity of the sheath flow at
the walls of the sample injection capillary is zero, and some distance downstream
from the capillary tip, the sheath flow attains a steady velocity profile similar to the
Poiselle flow within a cylindrical tube, as shown in Figure 2.4. Because the diameter
of the injection capillary tip is less than 1 micron, existing solutions of similar setups
indicate that the sheath flow will reach its steady state velocity a very short distance
downstream from the tip. Thus in the simulation, the molecule is assumed to be
transported by the sheath flow at a uniform velocity. However, in future work, it
would be desirable to numerically calculate the actual flow profile, to check this
approximation. Also, the actual flow profile could be used by the simulation to

better account for the sheath flow transport of the molecule.

2.4 Molecule Diffusion

In addition to being carried by the sheath flow, the molecule undergoes Brownian
diffusion as it passes from the injection capillary and through the laser beam.

The diffusion of the molecules in the experiment is evaluated using Fick’s second
law of diffusion,

8 B
a—‘; = DV, (2.6)




where ¢ is the concentration of the molecules in the solvent and D is the diffusion
coefficient of the molecules. Equation 2.6 is derived in Appendix A.

Given the initial condition,
c(t =0) = ¢,0(z,y, 2), (2.7)

which represents a concentration in which the molecule(s) may only be found at the
origin, as time evolves, the concentration will be the solution of Equation 2.6, which
is

2 2 2
“’_ﬂ] (2.8)

c(z,y,2,t) = (—12—D€:7r)—3/2exp [— oDt

In the experiment the concentration is such that only one molecule is present.
As a result, Equation 2.8 represents the probability density for finding the molecule
at the location @,y,z at time . The molecule’s position is therefore determined by

calculating a three-dimensional Gaussian deviate about the initial position.

2.5 Laser Intensity Profile

Figure 2.5 is a graphical representation of the intensity profile. For an ideal diffraction-
limited focused Gaussian laser beam propagating in the @ direction, the intensity

profile is given by

2P —2(y? + 2?)
I = ——" —_— 2.
(w’ y’ Z) 1rw2 (Z) [ w2 (3!) ? ( 9)
where P is the power of the laser. The square of the spot size at a position & is
wi(z) = wi [1 + mz/z;‘;] ) (2.10)

with wy being the beam waist and z¢ being the Rayleigh range, which is defined by

2
zo = % (2.11)
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Here,

Ao
=22 12
A== (2.12)

where Ag is the wavelength of the laser in the air, and n is the refractive index of

water. When ¢ = 2y, Equation 2.10 becomes,
(l)(ﬂ!o) = wo\/é. (213)

Thus the Rayleigh range represents the region for which the beam size has twice the
area of the focus waist, before it asymptotically diverges. For z > @4 the beam will
diverge at the angle of

g=—"=". (2.14)

(y,2) : (y,z)

Beam Waist
atz=0

Intensity : Intensity

Figure 2.5: Laser intensity profile for a beam propagating in the x-direction with a
beam waist wyg.
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2.5.1 The M-Factor

Real laser beams do not have only a first order transverse electromagnetic (TEM)
mode, TEMyy, representing a Gaussian intensity profiles but have small contributions
from higher order TEM modes. Such contributions may exist in the beam as it
emerges from the laser or they may be introduced by aberrations in the focusing

optics. For example, the real focused beam may be comprised of
85% TEMge + 10% TEM;o + 4% TEMgo + ... (2.15)

If the contribution from higher modes is small, a Gaussian curve may be fit to the

real profile, as shown in Figure 2.6. The width of the fitted Gaussian, @y, is larger

" ~<——___ Gaussian approximation
N
N to the real beam

Figure 2.6: Fitted Gaussian profile of a real laser beam.

than that of an ideal TEMgo mode, wy. This difference is typically expressed by the

use of the so-called M-Factor,

M==. (2.16)




Because the area of the focused spot will be
A = M*nui, (2.17)

it is the value of M? rather than M that is usually quoted when specifying the quality
of a Gaussian beam.

Equations 2.9 through 2.14 may now be modified to more accurately represent the
real laser beam by the use of the M? parameter. The beam size at any point along
the z direction becomes

@*(z) = @} [1+2*/23) (2.18)
whereas the Rayleigh range remains unchanged from Equation 2.11,

2

_ Twy
Ty = M2\ = Typ- (219)
The beam divergence is now
- W A
g="- 2 (2.20)
Lo TWo

Thus the intensity profile, Equation 2.9, becomes

I(z,y,2) = %ex [_%]

Because the M-factor is an empirical factor, it may be used to account for any number

(2.21)

of other effects, at least in an approximate manner. For example, diffraction from the

aperture of the lens could be accounted for by increasing M.

2.5.2 Elliptical Beams

Cylindrical lenses may be used to transform a beam with a round cross-sectional
profile into an elliptical beam with different waists in the y and z dimensions. In this
case, the intensity profile is

2P

I(z,y,2) = @ [—;2 : }exp [_;222 } , (2.22)
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where

@3 (z) = @3 ll + (z — zi)z] : (2.23)

Zio
_ 1ra_)fo
Tio = M2\ = Zio, (2.24)
and
wio = Miw;, (2.25)

in which 4 refers to y or z, and ; refers to the location of the y or z waist along the

T-axis.

2.6 Dependence of Molecular Excitation on Inten-
sity

As the molecule passes through the focused laser beam the probability that it will
become excited depends upon the intensity, I, at its present location, z,y, z.

If the intensity is relatively weak, no saturation occurs, and the probability of
excitation per laser pulse is linearly dependent upon the photon flux, I/E,, where
E, is the energy of each photon. In the case of a pulsed laser with R laser pulses per

second, the photon flux per laser pulse, F, at a given location is,

I(z,y,2)

F(Z, y’ Z) = .R.E
y

(2.26)

For a wavelength of Ay = 585 nm, E, = 3.4 x 107 J and for the simulations
conducted in this thesis, R is taken as 7.6 x 107s™1. The excitation probability is also
linearly dependent upon the absorption cross section, a,. For sulforhodamine 101 dye
molecules, o, ~ 2.3 x 10~%cm?.

If the laser were linearly polarized and the molecule transition dipole moment

were aligned at 6, ¢ with respect to the polarization direction, the probability for

14



excitation per laser pulse would be
Py = g,F cos?sin? ¢. (2.27)

Because the molecule tumbles due to rotational diffusion with a time constant 7 ~
100 ps, which is much less than the time between laser excitation pulses, for each

excitation event it is randomly oriented in space. By averaging over all orientations

using
1 7 = 1
— / / sin? pcos? 0 sin Od8de = ~, (2.28)
2w J-nJo 3
the mean probability of excitation per laser pulse is obtained as
_ 1 o, 1
=—0g,F = . 2.2
Pe=30.F = 328, (2.29)

Note however, that if I > 3RE, /o,, Py > 1, whereas according to probability theory,
Pg < 1. Therefore, this is not a complete analysis of the problem, and for high
intensities, molecule saturation must be considered.

In the case of saturation for a two-level atom, if the laser intensity is high, the
molecule may be excited and then may be returned to its ground state by stimulated
emission, as illustrated in Figure 2.7. In this case, if the transition dipole moment
is aligned with the excitation polarization direction, as I > 3RE,/o,, Pr — %
However, dye molecules in solution are not well represented by a two-level energy
system—they have a band structure, as illustrated in Figure 2.8. This band structure
must be taken into account when considering saturation effects.

Soon after the dye molecule becomes excited it will rapidly relax within the upper
vibrational manifold due to collisions with surrounding solvent molecules. For dye
molecules in aqueous solution, this relaxation typically occurs on a time scale of

~ 0.5-1.0 ps. Provided that the laser pulses are longer than this relaxation time,

stimulated emission is negligible, and therefore, as I > 3RE,/o,, P — 1 in an

15
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Figure 2.7: Energy level diagram for a two-level atom.
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exponential manner. This is approximately the situation when using pulses from the
synchronously-pumped dye laser, which gives pulses ~ 5-10 ps. Thus vibrational
relaxation within the electronically-excited band causes the probability of excitation

per laser pulse to be

ol :
Pg=1—exp —;T cos?@sin® ¢ | , (2.30)
g}

where the intensity, I, is calculated from Equation 2.22.

2.7 Molecule De-excitation Processes

2.7.1 Fluorescence

Once a molecule is excited, it will become vibrationally deactivated within the first
electronically excited state, as discussed above. From here, the molecule may return to
the electronic ground state via several different pathways. There is a large probability
that the molecule will return to the electronic ground state by an electric dipole
radiative transition, that is, the release of a fluorescence photon.

The probability for a photon to be emitted per laser excitation pulse is
Pp = Ppdp, (2.31)

where ®f is the fluorescence quantum efficiency. ®r is given by

kp + kic + krsc’

Op (2.32)

where kg is the rate for fluorescence emission, k;c is the rate for radiationless de-
excitation by internal conversion, and kjsc is the rate for intersystem crossing to
the triplet manifold. If a molecule is excited and a fluorescence photon is emitted,
the time between excitation and emission is random with an exponential distribution

with a fluorescence lifetime given by

1
"~ kr+kic + kisc

TF ~1—10 ns. (2.33)
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The fluorescence emission will be isotropic in space because 77 is much longer than

the rotation time constant 7g.

2.7.2 Internal Conversion

The molecule may become deactivated by transferring its energy into the form of vi-
brational energy. The energy goes into the internal degrees of motion of the molecule.
This is called internal conversion and it causes the molecule to return to the electronic
ground state without the release of a photon. Once internal conversion has occurred,
the internal motion of the molecule is damped due to collisions with solvent molecules
on a time scale of ~ 0.1-1 ps.

In Figure 2.9, the energy levels are plotted versus the mean inter-atomic spacing,
and the form of the vibrational potential energy wells of the molecule is shown for
the ground and first electronically excited states. After the molecule is excited to
the first electronic state it will vibrationally deactivate to a lower level within this
manifold. Then, if internal conversion occurs, the molecule crosses from this point
to a vibrationally excited level in the ground electronic state that is close in energy.
Because internal conversion competes with the radiative emission of a photon, it acts

to quench fluorescence.

2.7.3 Triplet Crossing and Phosphoresence

Another mechanism that competes with fluorescence is intersystem crossing into the
triplet manifold. Crossing into the triplet manifold occurs if the electron of an elec-
tronically excited orbital has its spin flipped due to some interaction, such as a col-
lision with another molecule in which angular momentum is transferred. The proba-
bility for this to happen is quite small, on the order of 2 x 107 [4]. During the time

that the molecule is in the triplet state, it is unavailable for subsequent excitation and
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Figure 2.9: Potential well representation of the energy levels for a dye molecule.

fluorescence emission events. Thus the burst of fluorescence from the molecule will be
interrupted. From the triplet state, the radiative transition back to the ground state,
which is called phosphorescence, is dipole-forbidden because the electron spin must
flip again. Hence the return back to the ground state usually occurs via a quench-
ing mechanism, such as vibrational deactivation and collisional transfer of energy to
solvent molecules. The time between excitation with triplet crossing and subsequent
return to the ground state is random with an exponential distribution with a typical

lifetime of ~ 4 x 107¢ s [4].
2.7.4 Photodegradation

While the molecule is in the triplet state, it may be photodegraded (i.e., photo-

bleached). The exact mechanisms for photodegradation are not well known but are
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generally thought to involve a collision with another agent, such as dissolved oxy-
gen, which causes a chemical reaction in which the bonds of the molecule are broken
resulting in a change in physical form.

On average, photodegradation occurs after the molecule undergoes about 102 to
10® electronic state transitions. After photodegradation the molecule may no longer
be excited by the laser. As a result it will no longer be able to produce fluorescence

photons.

2.8 The Collection Efficiency Function (CEF)

When a molecule releases a fluorescence photon, because the emission is isotropic
in space, the maximum efficiency with which each photon is collected is determined
by the fraction of solid angle subtended by the numerical aperture (N.A.) of the

microscope collection objective. This has a value of
CEFmaX = (1 — COS a)/2 (234)

where

a =sin"!(N.A./n), (2.35)

and n is the refractive index of the solution. The maximum collection efficiency is
obtained if the molecule is at the origin, i.e., at the center of the object space virtual
image of the pinhole used as the spatial filter. If the molecule is located elsewhere
when it emits the photon, the collection efficiency may be reduced. The efficiency
with which the optics collects the fluorescence relative to the maximum collection
efficiency is called the collection efficiency function (CEF)[5]. Geometrically, the
CEF is evaluated by calculating the intersection of the spatial filter and the disk

that is the out-of-focus image of the emission point, as Figure 2.10 shows. Thus, the
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Figure 2.10: Out-of-focus image of molecule projected on to the spatial filter.

geometrical CEF is obtained in terms of a two-dimensional convolution integral of

two circle functions,

CEF(R, Z) = {

m(1—cos a)

where
. )1, r<1
circ(r) = { 0 r>1
and Z is the normalized coordinate in the y-direction, defined by

tan o
gz =48
80

and R is the normalized radial coordinate of the spatial filter, defined by

Vvt + 22
R=——,
8o
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where sq is the radius of the virtual image of the spatial filter as determined by the
pinhole radius divided by the magnification of the lens.

The convolution of two circle functions may be analytically calculated using basic
geometry. Consider one circle of radius @ = 1 and another circle of radius b = Z.
The distances between the centers of the two circles is ¢ = R. This is illustrated in

Figure 2.11. From this figure, circle A represents the pinhole and circle B represents

Figure 2.11: Overlap of two circles representing the collection efficiency function.

the disk that is the out-of-focus image, which is the intersection of the solid angle of
light with the spatial filter plane. The area of overlap between the two circles for any
a, b, and c is

A(a, b, C) = 81 + 83 — Al = Az, (240)

where the area of the sectors 8; and s, are given by s; = Ba? and s, = b?, the areas of
the triangles A; and A, are given by A; = asin3cosB and A, = bsin+y cosvy, and the
sector angles 3 and  are B = cos™![(a?+c*—b?)/2ac] and v = cos~*[(b%+c? —a?)/2bc].

For two special cases when ¢ < a + b and ¢ > a + b, the area of overlap will be 1 and
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0 respectively. This leads to a normalized analytic form of Equation 2.36,

1, Z<1-R
CEF(R. 7 A(1,Z,R) x 1-R<Z<1+R 9 41
(R, 2) [1 \/WT (2rCEFmax), 1+R<Z<R-1" (2.41)
0, R-1<27
where
A(1,Z,R) = B+vZ% - (sin2B + Zsin 2v)/2, (2.42)
B = cos™Y[(1 + R? — Z%)/2R), (2.43)
and
v=cos"![(Z + R* — 1*)/2RZ). (2.44)

The regions where a molecule may be located within the sample volume in which
Equation 2.41 is calculated is illustrated by Figure 2.12.

Equation 2.41 is an approximation of the CEF using geometrical ray tracing. To
account for diffraction and aberrations of the collection optics, an approximation
closer to the actual CEF could be determined by convolving the geometric CEF
with the 3-dimensional point spread function of the collection optics if this were
known. This results in a smoothing between the geometric CEF and the actual CEF.
However, the difference is reportedly small if a high quality, moderate numerical

aperture microscope objective is used [5].

2.9 Sources of Background Noise

2.9.1 Dark Noise

The dark noise is due largely to thermal generation of avalanche pulses at the SPAD
detector. It is experimentally determined by accumulating counts with the laser

beam blocked. The number of counts that pass through the time gate divided by the
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Figure 2.12: CEF calculated regions.

number of seconds of accumulation time yields the dark counts per second, Bryari:

The probability of a dark count per laser pulse is By, 1. /R.

2.9.2 Rayleigh Scatter

Radiation that is elastically scattered from solvent molecules without a change in
its wavelength is called Rayleigh scatter. In the experiment, the Rayleigh scatter
may be effectively filtered out using one or more spectral interference filters. The
wavelengths of the fluorescence photons generated by the molecules that are to be
detected are different than those of the Rayleigh scattered photons. Therefore a
Raman notch filter with an optical density of 7 at the laser wavelength can be used

to block Rayleigh scattered light so that it becomes negligible. However, if a small
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amount of the Rayleigh scatter were to make it through the filters to the detector, it

could be treated in the same manner as Raman scatter.

2.9.3 Raman Scatter

The Raman scatter originates from the solvent molecules. For an experimental sam-
ple volume of 3.72 x 1077 I, there are about 10'® water molecules and just one dye
molecule, so Raman scatter can overwhelm the fluorescence signal. More specifically,
the water molecules are vibrationally excited by laser excitation photons, causing the
OH-stretching and OH-bending vibrational modes to become excited and resulting
in inelastic scatter of the excitation photons. The scattered light is shifted to longer
wavelengths that overlap the spectral range of the fluorescence. Thus, spectral inter-
ference filters cannot completely discriminate Raman scatter which originates from
the solvent molecules, from fluorescence signals which originate from the molecule to
be detected.

However, for pulsed laser excitation, Raman scattered photons occur essentially in-
stantaneously or promptly whereas the fluorescence photons are delayed with respect
to the excitation pulses. When the effect of the timing jitter of the SPAD detector is
included, Raman scatter appears prominent for about the first nanosecond after the
laser pulse. This is illustrated in Figure 2.13.

As shown in the figure, the Raman scatter, also known as the experimental prompt,
can be significantly reduced by the method of time gating. Only the photons that
arrive within the time gate are passed to the subsequent detection electronics.

Although the Raman scatter is mostly rejected by the time gate, the tail of the
experimental prompt falls within the time gate. This unrejected scattered light gives
rise to a major source of noise in the experiment.

The scattered light from a small volume element dz dy dz located at z, y, z
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Figure 2.13: Time spectrum of Raman scatter (adapted from Reference [2]).
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within the sample is linearly proportional to the intensity, I(z,y, z), within the ele-
ment. Thus the total detected scattered light, BR, .., is proportional to the volume
integral of the overlap between the focused laser beam profile and the object space

collection efficiency function,

V= ///(I(z,y, 2)TWyoW,0/2P)CEF (2, y, z)dzdydz. (2.45)

It is also proportional to the laser power, P, and the maximum collection efficiency

function, CEFmax. That is,
BRaman = BsGV PCEFmax, (2.46)

where Bg is the proportionality constant and G is the proportion of the experimental
prompt that passes through the time gate. (Note that G ~ 0.01 is different from the
proportion of fluorescence that passes through the time gate.)

By has the dimensions of counts per second per watt per cubic meter. It accounts
for the Raman cross section of a solvent molecule at the excitation wavelength, the
number of solvent molecules per unit volume, the number of photons per watt at
the laser excitation wavelength, and the overlap of the solvent Raman spectrum with
the transmission of the spectral filters. Bs can be treated as an empirical constant,
which may be experimentally determined by measuring the rate of background counts,
BRraman> for given experimental conditions, for which G, V, P, and CEFax are
measured.

Most of the Raman scattered photons (i.e., a fraction of 1 — G) are rejected by
the time gate and so do not contribute to the dead time of the TAC electronics, but

they increase the dead time of the SPAD.

27



2.9.4 Single Photon Avalanche Diode Afterpulses

After each photon is detected by the SPAD there is a small probability of a SPAD
afterpulse. It occurs at a random time after the original photon detection event and
so causes a net increase in the effective rate of background photons that pass through
the time gate. Thus SPAD afterpulses may be accounted for simply by increasing
the proportionality constant Bg in Equation 2.46. In fact, the method described
above for experimentally determining By is such that SPAD afterpulses are already

accounted for.

2.9.5 Induced Fluorescence of Optical Components

When Rayleigh scattered excitation light from solvent molecules or specularly scat-
tered laser light from the sample cell walls strikes the collection optics, either the
microscope objective or the spectral filters, the optics themselves may fluoresce. If
this occurs then a photon may be detected which was not generated by dark noise,
Raman scatter, or a molecule in the sample volume. Unlike unrejected scattered
light, induced fluorescence may possible vary nonlinearly with the laser power, P,
the sample volume V', and the maximum collection efficiency, CEFmax. Thus noise
due to induced fluorescence can be difficult to account for in a simulation unless it
has first been accurately characterized in a particular experiment. However, if in-
duced fluorescence did occur and did vary linearly with PVCEFmax, then its effects
could be accounted for at the same time as the Raman scatter by adjustment of the

proportionality constants, Bg and G.

2.9.6 Impurity Molecules in Solution

Impurities within the solution sample may create fluorescence photon bursts similar

to those of dye molecules. However, in general, impurity molecules will have lower ab-
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sorption cross-sections and fluorescence quantum efficiencies and higher photodegra-
dation probabilities than the sample molecules. Therefore, they can be expected to
produce smaller photon bursts and to generate poor statistics when attempting to
identify the molecule type.

If impurity molecules are known to exist (for example, if the solvent blank gives
detectable photon bursts) then they could be accounted for in the simulation by
adding the presence of another molecule type with appropriate concentration and
estimated fluorescence parameters.

However, this was not done for the conditions of the simulations reported in
Chapter 5 because the corresponding experimental results indicated the rate of photon
bursts from impurity molecules in the solvent blank was considerably lower than the

rate of bursts from molecules in the sample.
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Chapter 3
The SMD Simulation

3.1 Overview

Some analytic calculations of expected experimental results are possible if several
approximations are made and many stochastic features are neglected [2]. However, the
most practical way to incorporate all of the physical processes discussed in Chapter 2
is to develop a Monte Carlo simulation of the experiment. This chapter discusses
the implementation of such a simulation written in the C language. Currently two
versions of the simulation are maintained: a 16-bit DOS version using the Microsoft
C compiler and Microsoft graphics for the PC and a 32-bit X Window version using
VOGLE graphics libraries for a Silicon Graphics Indigo 2 workstation! with a MIPS
R4000 processor and 64 MB of memory.

The chapter begins with a discussion of random number generators and routines
used for the generation of random numbers with various distributions which are re-
quired in the simulation. Section 3.3 then introduces the many parameters, variables,
and data storage elements that are used in the simulation. With these defined, Sec-
tion 3.4 then presents and explains the overall flow diagram of the simulation. The

details of the individual parts of the flow diagram are discussed in the subsequent

1From NSF grant CTS-9512489.
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sections.

3.2 Random Number Generators

As with any Monte Carlo simulation, there is a need for high quality random numbers,
and the use of Monte Carlo integration heightens the importance for good random
numbers. Several types have been explored for the simulation—all of which produce
acceptable results. Table 3.1 presents a list of the random number generators and

some characteristics for each of them.

Table 3.1: Random number generators used by simulation

Generator | Reference | Period, 7 | Comments

RANO [6] 2% Fast, high correlation

RAN1 [6] 231 Slow, low serial correlation

RAN2 6] 202 Very Slow, low correlation

MZRAN13 | [7] 2125 Very fast, very low correlation,
will not work on 64-Bit machines

Throughout this chapter, uniform normalized random numbers are referred to
as Ry, where 0 < Ry < 1. A random number between —oo and oo with a nor-
malized Gaussian distribution with a standard deviation of 1 is denoted by Rgp.
Numerical Recipes provides a routine, gasdev()[6], which calculates this random nor-
malized Gaussian deviate using Ry. The representation for a random number with
an exponential distribution from 0 to oo is Rgx(mean), where mean is the average
of the distribution. The subroutine that generates the exponential deviate calculates

it as Rgx(mean) = — In(mean x Ry).
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3.3 Initializations and Declarations

The parameters used in the simulation are listed in Tables 3.2 to 3.7.The parameters
with values given in parenthesis may be altered during the simulation, and the others
are constants defined in the file smdsim.h. Parameters labeled by the  symbol are
used only in the extension of the simulation to identify a number, N, of different

molecule types according to their fluorescence lifetimes, as discussed in Chapter 4.

Table 3.2: Laser parameters.

Constant Name | Description Value
lambda laser wavelength in microns 0.585
p_energy photon energy in joules 3.4 x 1071?
rep_rate laser pulses per second 7.6 x 107
wOy beam waist in y (dimensions in microns) 3.5
w0z beam waist in z (dimensions in microns) 3.5
My2 M?(y) factor accounts for non-ideal beam 1.3
Mz2 M?(z) factor accounts for non-ideal beam 1.3
power average laser power in watts (0.05)

Table 3.3: Parameters for light collection efficiency and experimental geometry.

Constant Name | Description Value
pinhole diameter of spatial filter in microns 400.0
magnification | magnification of collection objective 60.0
NA collection objective Numerical Aperture 0.85
image_loss optical loss due to uncoated optics 0.75
filter throughput of interference filter 0.5
spad_eff detector quantum efficiency 0.65
tgate time gate efliciency for passing fluorescence 0.6
refract_index | refractive index of aqueous solvent 1.33
tip_radius input capillary tip radius in microns 0.5
tip_-to_beam distance from capillary tip to laser beam in microns 15.0
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Table 3.4: Dead time parameters.

Constant Name Description Value
ns_SPAD_dead_time SPAD dead time in nanoseconds 65
ns.TAC_dead_time TAC electronics dead time in nanoseconds 800
Table 3.5: Background noise parameters.
Constant Name | Description Value
dark_in_window | detector dark count (counts s~!) 50.0
noise_in_prompt | proportionality constant, Bs of Equation 2.46 3.5 x 108
(counts s*W™'m™3)
noise_in window | proportionality constant, BsG of Equation 2.46 | 3.48 x 10%
(counts sT'W™'m™%)

Table 3.6: Molecular parameters for sulforhodamine 101 (molecule 0) and rhodamine

640 (molecule 1).

Constant Name | Description Value of Molecule Type

0 1

Fluor_QE[N] fluorescence quantum efficiency [8] 0.35 0.35

SIGMA[N] absorption cross-section in pm? 3.7x107% | 3.7x1078

PHI_D[N] photodestruction quantum efficiency [8] | 5.5 x 1075 | 5.5 x 10~®

PHI_CROSS[N| | the probability of triplet crossing 0.002 0.002
CROSS_MEAN[N] | the mean number of seconds

before triplet relaxation occurs 4.0x107%| 4.0 x 10

lifetime[N]' | fluorescence lifetime in nanoseconds 4.6 2.2
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Table 3.7: Other molecule and flow parameters.

Constant Name Description Value
pulses_per_time_step | number of laser pulses per iteration 1-5
diffusion diffusion coefficient in pm? s7! 4.5 x 102
flow_rate sheath flow rate in pm s=! (8.0 x 10%)
concentration sample concentration in moles per liter | (1.0 x 1071)
ratio_0f fraction of molecules that are of type 0 0.5
thres threshold for discrimination of

peaks in WSS (5 — 25)

Tables 3.8, 3.9, and 3.10 contain variables and structures that are used in the sim-
ulation for storage of information needed in later iterations. The structures described
in Tables 3.8 and 3.9 are used by many different subroutines and for convenience are
declared with global scope in the include file smdglobe.h.

Table 3.8 contains the data structure used for describing every molecule that may
be in the simulation. The dimension of the structure array determines the maximum
number of molecules in the system. This is currently 10, but could be easily increased
to deal with more concentrated solutions or a larger sample volume.

Table 3.9 contains the data structure that keeps a record of the photons detected
on the current and previous time steps. The structure is overwritten when the number
of detected photons becomes greater than h_size. The information stored about each
photon is: delay, which is the number of iterations since the previous photon was
detected, type, which is the source of the photon, i.e., whether the photon originated
from background noise or molecule type 0, molecule type 1, etc., and nanosec, which
contains detailed nanosecond timing information about the photon, as discussed in
Section 4.3.

Table 3.10 contains other variables which must be stored for use in later iterations.

TAC_dead_count is used to simulate the TAC electronics dead time after a photon
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Table 3.8: Structure containing information for molecules in simulation.

molecule[10] | structure array

X float present z-coordinate of this molecule

y float present y-coordinate of this molecule

z float present z-coordinate of this molecule

dead long int remaining time steps that molecule will be dead
type! short int type of molecule (0, 1, etc.)

Table 3.9: Structure containing information on photons detected on the current and
previous time steps.

h_size #defined 65536 for Indigo 2, 1000 for PC
historylh_size| | structure array | history structure dimensioned to h_size
delay long int number of time steps

since last detected photon
type! short int type of molecule or background

from which this photon came
nanosec' short int the nanosecond bin in which the

photon has fallen

Table 3.10: Other temporary storage space used by the simulation.

TAC_dead_count | long int number of remaining time steps
TAC is to be dead
SPAD_dead_count | long int number of remaining time steps

SPAD is to be dead

photon_number unsigned int | incremented when photon detected
total_num molec | unsigned int | incremented when molecule is injected
start! unsigned int | value of photon_number at the
beginning of a detected peak in the WSS
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has been detected, while SPAD_dead_count is used to simulate the SPAD dead time.
These two variables are discussed in Section 3.8. The parameter photon_number is
the variable which is used to refer to the detected photons within the structure array
history[h_size]. When photon_number reaches the value h_size, it is reset to 0.
The parameter total_num molec is the variable used to keep track of the number of
molecules that have been introduced into the system.

Variables calculated from the parameters of Tables 3.2-3.7 are defined in Ta-
ble 3.11. These are declared with their respective data types in the include file
smdglobe.h. They are evaluated once at the beginning of the simulation or are recal-
culated if any of the adjustable parameters in parenthesis are changed. A description
of how each variable is calculated is given in the listed equation, briefly in the table,
or in the following text.

The duration of time it takes to complete one iteration in the simulation, which is
represented by the parameter time_step, is calculated by dividing the integer param-

eter, pulses_per_time_step, by the repetition rate of the excitation laser, rep_rate,

pulses_per_time_step

time_step = (3.1)

rep_rate

To correctly account for all processes, pulses_per_time_step should be set to 1,
but for approximate simulations pulses_per_time_step may be set to a larger value.
Under most conditions, the largest value of pulses_per_ time_step that generates
an accurate simulation is such that time_step < ns_SPAD_dead_time, which occurs
when pulses_per_time_step < ~ 5.

The mean distance each molecule moves per time step due to the sheath flow is

flow_step = time_step x flow_rate. (3.2)
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Table 3.11: Variables that are evaluated by the initialization routine.

Variable Type Description (Equation Number)
time_step float time step used by simulation (3.1)
flow_step float distance in microns the molecule moves

per time step due to sheath flow (3.2)
t_between_molec | float mean number of time steps

between molecules entering simulation (3.3)
sdt float standard deviation of diffusion per

time step (3.13)
zlimit float molecules exit experiment when

moleculefi].z > zlimit = w0z X 2
ry float Rayleigh range in y (2.24)
rz float Rayleigh range in 2z (2.24)
P float Peak photon flux per laser pulse (3.20)
ex[N| float array factor for determining molecule

excitation (3.22)
cm[N] long int array | mean triplet lifetime in time steps (3.26)
s0 double size of the pinhole in object space (3.28)
s1 double used to evaluate the CEF (3.30)
theta double half-angle of light collection (3.32)
s2 double tangent of theta (3.31)
phi_C float maximum overall detection efficiency of

fluorescence photons, CEFmax (2.34)
QE[N] float array fluorescence quantum efficiencies

multiplied by CEFmax (3.35)
background float mean number of background

counts per time step (3.37)
prompt float mean number of prompt photons

detected per time step (3.38)
probe_volume float volume integral of intensity profile x CEF (2.45)
SPAD_dead_time | long int number of time steps SPAD is dead (3.40)
TAC_dead_time long int number of time steps TAC is dead (3.41)
w[w_limit] float array weights for weighted sliding sum (3.48)
w_limit long int dimension of array w{] of weights
step long int number of time steps before WSS is (3.50)

recalculated
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3.4 Opverall Flow Diagram

The presentation of the simulation given here is mainly in the form of flow diagrams
starting with the overall diagram of the simulation, shown in Figure 3.1. This dia-
gram has key process blocks labeled by the section number in which that process is

discussed.
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Figure 3.1: Flow diagram for the SMD simulation.

The simulation starts by calling an initialization function which evaluates all of

the variables listed in Table 3.11 and initializes the graphics. Next, the simulation
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enters the main loop at time_step = 0. The first function called within the main
loop is the routine that generates molecules, as discussed in Section 3.5. Now, if at
least one molecule exists within the simulation, then another loop is entered. The
simulation accounts for multiple molecules by calculation of the physical interactions
between the molecule, the surrounding sheath flow, and the laser beam within this
loop. The first step is to advance the position of each molecule as it diffuses and passes
through the sheath flow. This function is discussed in Section 3.6. Each simulated
molecule may then interact with the laser beam, thus possibly becoming excited,
possibly intersystem crossing and hence becoming unexcitable for a period of time,
as discussed in Section 3.7, or possibly photodegrading. If no molecules are present
or if all the molecules in the system have been considered, then a code segment is
executed to determine if a photon was detected, as discussed in Section 3.8. If a
simulated photon detection process occurs, then the data analysis routine is called to
calculate the simple or weighted sliding sum, as discussed in Section 3.9. Within this
analysis function are the algorithms used to detect bursts of photons and to identify
the type of molecule that generated the photon burst by analyzing the nanosecond
temporal information of the detected photons. This is the subject of Chapter 4.
Finally, if the simulation is running in the graphical user interface mode and the
user chooses to exit the simulation then it will stop at this time. Otherwise, if the
simulation is running in batch mode without a graphical user interface, then it will
stop when total num molec equals a preset total number of molecules that are to
run through the simulation. If neither condition is met, then the simulation simply

continues by incrementing the time number.
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3.5 Injecting a Molecule into the System

This routine introduces molecules into the system and is called once each time step.

Its flow diagram is shown in Figure 3.2. A static unsigned long integer counter,

Enter Generate
Molecule

Generate random arrival Yes
time of next molecule |

l Decrement time until
Generate random next molecule emergence

emergence location

a molecule emerges
from the tip

Y

Determine molecule type ‘-—> g ——

Figure 3.2: Flow diagram to generate a molecule.

t_molec, is used within the routine to keep track of the number of remaining time
steps that must occur before the next molecule is to be injected. Each time the
routine is called, t_molec is decremented by 1. When t_molec falls to 0 another
molecule will be generated. At this time, t_molec is assigned a new random number
with an exponential deviate and a decay constant which corresponds to the mean
time between molecules, t_molec = Rpx(t_between_molec). An exponential deviate
is used because the molecules are randomly distributed in the flow, hence the time
between successive arrival times has an exponential distribution. Accordingly, the
number of molecules generated over a fixed interval will follow Poisson statistics.
The parameter t_between_molec gives the average number of time steps between the

introduction of each molecule into the system. It is calculated by the equation,

t_between molec = 1/[m(tip_radius)®?N4(concentration)(flow_step)], (3.3)
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where N4 is Avogadro’s number. Equation 3.3 is calculated in the initialization
routine at the beginning of the simulation.

Note that the simulation can produce no more than one molecule per time step.
Because the solution in the experiment is ultra-dilute, the probability for more than
one molecule emerging per time step is usually negligible. However, this will not be the
case if t_between_molec is smaller than ~ 10, as may occur if pulses_per_time_step
is too large for the given concentration, flow rate, and injection tip cross-sectional area.

When a molecule emerges from the capillary tip (when t_molec = 0) it is as-
sumed to emerge from a random location within the tip. Hence the radial distance

of emergence is determined by,
r = tip_radiusy/Ry (3.4)
and the angular component is determined by,
¢ =2nRy. (3.5)

The number of molecules that may be simultaneously present in the simulation is
determined by the dimension of the structure of Table 3.9. Molecules are labeled by

the index 2. The Cartesian components of the i-th molecule will then be,

molecule[i].x = rcos @, (3.6)
molecule[i].y = rsing, (3.7)

and
molecule[i].z = —tip_to_beam. (3.8)

Finally, the type of molecule produced is determined by

0, for molecule type 0 if Ry > ratio_0 or

1, for molecule type 1 otherwise. (3.9)

molecule[i].type = {
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3.6 Advancing Molecules Through the Sheath Flow

Advancing a molecule through the sheath flow is accomplished by sending it on a
random walk in accordance with the diffusion equation, Equation 2.8, together with
a constant displacement per time step to account for the sheath flow. As was dis-
cussed in Section 2.4, for each molecule present, the solution to the diffusion equation
represents a Gaussian probability distribution about the initial location.

The movement of the molecules through the sheath flow are calculated in Cartesian
coordinates. The position is obtained by calculating a Gaussian deviate for x, y, and
z, about the initial position. The change in position of the molecule between the
current and previous time step of the i-th molecule in the system, is evaluated from

the equations,

Amoleculeli].x = Rgp X sdt, (3.10)
Amoleculelil.y = Rgp X sdt, (3.11)

and
Amolecule[i].z = Rgp X sdt + flow_step, (3.12)

where sdt is defined in the initialization routine as,

sdt = 2\/diffusion X time_step, (3.13)

in accordance with Equation 2.8.

3.7 Laser-Molecule Interactions

3.7.1 Overview

Figure 3.3 is the flow diagram representing the laser—molecule interactions. This code

segment first checks to see if the molecule is in the triplet manifold, and if it is, the
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Figure 3.3: Flow diagram for the molecular interactions with the laser.

simulation decrements the number of iterations the molecule is to remain in this state
and then continues with next iteration. Most of the time, however, the molecule will
not be in the triplet state. In this case, the laser intensity at the location of the
molecule relative to the peak intensity is calculated, as explained in Section 3.7.2,
and this is then used to calculate the excitation probability, as explained in Sec-
tion 3.7.3. The excitation probability, together with the probability of intersystem
crossing given a molecule is excited, is used to stochastically decide if the molecule
intersystem crosses. If it does cross into the triplet manifold, then the probability of
photodegradation is used to stochastically decide if the molecule has photodegraded.
If the photodegradation condition is satisfied, the molecule is removed from the simu-
lation, otherwise, the phosphorescence lifetime is used to stochastically determine the
number of time steps that the molecule is to spend in the triplet state. Details of the

calculations pertaining to intersystem crossing and photodegradation are discussed in
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Section 3.7.4. Finally, if both the SPAD and TAC are active, then the net collection
efficiency at the location of the molecule is calculated, as discussed in Section 3.7.5.
This, multiplied by the probability the molecule was excited, gives the “brightness”,
that is, the probability that a fluorescence photon will be detected from the molecule
during the present iteration. The brightness for each type of molecule present is
summed, then used to stochastically determine if a photon is detected during the

current iteration, as discussed in Section 3.8.

3.7.2 Calculation of Laser Intensity at a Molecule’s Position

For the i-th molecule present within the simulation, the probability of excitation is
dependent on the intensity of the laser at the molecule’s position, which is calculated
in accordance with the discussion in Section 2.5. First, the square of each coordinate

of the molecule is calculated:

x2 = (moleculeli].x)?, (3.14)

y2 = (moleculeli].y)?, (3.15)
and

z2 = (moleculeli].z)%. (3.16)

These parameters are also used during the same iteration for calculating the collection
efficiency of light from the location of the molecule, if this is needed. The size of the
laser beam in the y and z dimensions is now calculated from Equation 2.23,

@3 = w0y® x (1 +x2 x ry), (3.17)
and

@? = w0z? x (1 4+ x2 x rz), (3.18)
where ry and rz are calculated using Equation 2.24 upon initialization.
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Next, the intensity at the location of molecule 7 relative to the intensity at the

origin is calculated by

exp[—2(y2/@? + z2/w§)]-

rel_intensity(i) = (3.19)
\/2 + x2(ry + rz)
The actual photon flux per laser pulse at the location of the molecule is then
rel_intensity(i) x PO, where
1 1
PO = 2 N AL X (3.20)

m™  reprate p.energy . /uoy? 4 woz?

in accordance with Equation 2.22 and 2.26.

3.7.3 Calculating the Excitation Probability for the i-th
Molecule

The probability of excitation per laser pulse may now be calculated from the photon

flux defined in Equations 3.19 and 3.20 above and from Equation 2.30 as
excite(i) =1 — exp(—ex[molecule[i].type] X rel_intensity(i) X Ryo). (3.21)
Here,
ex[N] = PO X SIGMA[N] (3.22)

is evaluated for each of the N molecule types upon initialization, and Rjs0, which
accounts for the random orientation of the molecule as it passes through the laser
beam, is given by

R0 = sin?(wRy) cos® (2nRy). (3.23)

The expected number of excitations of the molecule per iteration is thus,
Ng = pulses_per_time_step x excite(i). (3.24)

N is used for two purposes: accounting for intersystem crossing and photodegrada-

tion and accounting for fluorescence. Both are explained in the next two sections.
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3.7.4 Accounting for Intersystem Crossing and Photodegra-
dation

The first purpose for calculating Ng is to use it to determine if the molecule has
intersystem crossed. Ng is multiplied by the probability of intersystem crossing for
the molecule type and compared with a random number, X = Ry. If X < Ng x
PHI_CROSS[molecule[i].type], then the molecule is assumed to have crossed to the
triplet state. From here, one of two things may occur-photodegradation or relaxation
back to the ground state (vibrational deactivation).

Photodegradation occurs if the same random number, X, satisfies the condition
X < PHID[molecule[i].type]. When this rare condition happens, the molecule is
removed from the simulation. Otherwise, the i-th molecule will remain within the
triplet manifold for a number of time steps which is random with an exponential
distribution. Therefore, the molecule is said to be “dead” for a number of time steps
given by

molecule[i|.dead = Rpx(cm[molecule[i].type}), (3.25)

where

cm[N] = CROSS_MEAN|N|/time_step, (3.26)

and CROSS_MEAN[N] is the triplet lifetime for each of the N molecule types, which
is estimated from the experimentally determined value for rhodamine 6G, given in
Reference [4]. At this point, the molecule will not be excited by the simulation, and
it behaves as if it had photodegraded. The variable molecule[i].dead is a counter
representing the number of time steps the molecule will not generate any fluores-
cence photons. The molecule will still continue its journey in the sheath flow un-
til the calculated number of time steps from Equation 3.25 has elapsed, i.e. until

molecule[i].dead = 0. Once this time has elapsed, the molecule returns to its ground
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state and once again becomes excitable. Because the method by which the molecule
returns to its original electronic state is much more likely to be by internal conversion,
as discussed in Section 2.7.2, there is negligible contribution to the brightness by a

phosphorescence photon.

3.7.5 Calculating the Probability of Fluorescence Detection

The second purpose for calculating Ng is for use in determining the total probability of
a photon being detected from any of the molecules in the sheath flow. The probability
of a photon from each molecule present is calculated from as the product of expected
number of excitations, the fluorescence quantum efficiency of the molecule, the peak
detection efficiency, which accounts for the filter throughput, the SPAD efficiency, the
time gate efficiency, and the efficiency of the optics, and lastly the relative collection
efficiency from the location of the molecule. The relative collection efficiency accounts
for the optical throughput of the spatial filter and is implemented in the code as a
function called depth_of focus(z).

The function depth_of_focus(z) is evaluated according to the discussion in Sec-

tion 2.8. First, the normalized radial location of the molecule is calculated using

R = {/x2+22/s0?, (3.27)

where

s0 = pinhole/magnification, (3.28)

and the normalized location of molecule along the axis of the collection optics is
calculated using

Z = molecule[i].y x s1 (3.29)

where

s1 = s2/s0, (3.30)
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s2 = tan(theta)/s0, (3.31)

and

theta = NA/refract_index. (3.32)

The quantities theta, s0, s1, and s2, are calculated in the initialization function.
Next, if Z < 1 — R, then the image of the molecule is sufficiently in focus upon the
spatial filter such that 100% of the light emitted by the molecule will be collected by
the optics. When Z > R — 1, the molecule is outside the field of view of the pinhole
such that none of the light will be collected by the optics. If 1 - R < Z < R—1, then
the fraction of light collected will be between 0% and 100% and will be calculated
according to Equation 2.36. First, A(1, R, Z) is evaluated using Equations 2.42, 2.43,
and 2.44. Then, the two remaining cases are considered—either | - R < Z <1+ Ror

1+R<Z<R-1.1f1-R< Z <1+ R, the relative collection efficiency is

A(L,R,2)

depth_of_f ) = .
epth_of _focus(i) > (3.33)
Otherwise, if 1 + R < Z < R — 1, the relative collection efficiency is
depth_of focus(i) = ll - ] /(2x=CEF ) (3.34)
-of _focu ™ .
P T 72 max)s

where 822 is calculated upon initialization. Thus, the probability of light collection
may be determined based upon the molecule’s position with respect to the collection
optics within the simulated flow system.

The resulting multiplication of depth_of_focus(i) by the other factors mentioned
in the first paragraph of this section is the probability for a photon to be detected in
one time step from the i-th molecule in the system. This is called the “brightness” of

molecule i, and is given by Ng x QE[molecule[i].type] x depth_of _focus(z), where

QE[N] = Fluor_QE[N] X phi_C. (3.35)
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In the simulation, the net brightness for each of the N types of molecules,

brightness|N], is accumulated for each iteration, i.e., where
brightness|{N] + = Ng x QE[molecule[i].type] X depth_of _focus(i), (3.36)

and brightness[N] is set to 0, at the beginning of the time step.

3.8 Background Noise, Photon Detection, and
Inactive Times

3.8.1 Adding Background to the Total Brightness

After the probabilities for detection of a fluorescence photon from each type of
molecule have been accumulated, as discussed in Section 3.7.5, the total photon detec-
tion probability must be determined. This total “brightness” includes the brightnesses
accumulated from Equation 3.36, background photons, and the experimental prompt.
The probability for detection of a background photon per time step is given by

background = (dark.in window
+ power x noise_in_window X probe_volume) (3.37)
X time_step,

where dark_in window is the number of detector dark counts per second that fall
within the time window as given by By, 1 of Section 2.9, and noise_in_window is
the background noise due to unrejected Raman scatter and detector afterpulses, as
given by BsGCEFmax of Equation 2.46. The probe_volume is calculated during the
initialization routine from Equation 2.45 by Monte Carlo integration, as discussed in
Numerical Recipes [6).

The probability per time step for detection of a prompt photon, which would be

removed by the time gate but which would give rise to SPAD detector dead time, is

prompt = power X noise_in_prompt

X probe_volume X time_step, (3.38)
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where noise_in _prompt is given by BsCEFmax of Equation 2.46. Hence the total
photon detection probability per time step is
N
total_bright = ) brightness[j] + background + prompt, (3.39)
j=0
where N is the number of different molecule types. Note that for the simulation to

work properly, the time step should be sufficiently small so that total bright <« 1.

3.8.2 Detection of a Photon and Dead Times

Figure 3.4 is the flow diagram used for determining if a photon is detected during the
current time step. First, a photon can only be detected if the SPAD detector is not
dead, i.e., if SPAD_dead_count = 0. If the SPAD is dead, the number of iterations
the SPAD will remain dead is decremented. If the SPAD is not dead, then a random
number, X = Ry, is generated. If X < total_bright then some kind of photon has

been detected and SPAD_dead_count is set equal to SPAD_dead_time, where

ns_SPAD_dead_time
time_step

SPAD_dead_time =

(3.40)

The SPAD will be dead for this number of subsequent time steps. Next, if X >
total_bright — prompt, then the detected photon was a prompt photon, that is,
it falls outside the time gate. In this case the photon is basically thrown away and
the simulation continues with the next iteration. Otherwise, the photon will only be
registered only if the TAC electronics are alive, i.e., if TAC_dead_count = 0. If the

photon is registered, TAC_dead_count is set equal to TAC_dead_time, where

. ns_TAC_dead_time
TAC_dead_time = : ) (3.41)
time_step

The TAC will be dead for this number of subsequent time steps. Also, the counter,

photon_number, which is used to index a structure array of previous photon detection
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Figure 3.4: Flow diagram to illustrate the model of the photon detection process.
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events (Table 3.9), is incremented until photon_number equals h_size at which point
it is reset to 0. Next, if X > total_bright — (prompt + background), then the

detected photon was due to background, and thus
history[photon_number|.type = BACKGROUND = 2. (3.42)

Now, if X > total_bright — (prompt + background + brightness|0]), then the

detected photon photon was due to a molecule of type 0, and thus
history[photon_number].type = 0. (3.43)

Otherwise the detected photon was due to a molecule of type 1, and thus
history[photon number|.type = 1. (3.44)

Finally, the number of iterations that have elapsed since the previously detected
photon is recorded as history[photon.number|.delay. This is the main variable

used by the data analysis algorithms.

3.9 Data Processing Schemes

The analysis of the data is in real time, meaning it is updated whenever a photon
detection event occurs in the simulation. The process by which the data is analyzed

is either by a simple sliding sum or a weighted sliding sum digital filter.

3.9.1 Simple Sliding Sum

The simplest way to differentiate a fluorescence photon bursts from background noise
is to filter the data stream using a simple sliding sum (SSS) over an interval, At, equal
to the molecule transit time through the laser beam. The interval is slid along the

time axis as time increases, as illustrated in Figure 3.5. The output from the filter,
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Figure 3.5: The interval over which the sliding sum is calculated.

which represents the total number of photons within the interval At, is determined

by

t

St)= Y st), (3.45)

t'=t—A

where s(t') is the photon signal at time ¢' and has the value

(3.46)

s(t)) = 1, if a photon is counted at ¢,
1 0, otherwise.

S(t) will peak at the time when photon counts are close together in time so
that there are a large number of counts within the interval A¢t. The photon bursts
caused by molecules can be distinguished from fluctuations in the background noise
by considering only those peaks in the SSS above a preset threshold, thres, which is

set above the the background fluctuation level.

3.9.2 Weighted Sliding Sum

Improved distinction between photon bursts caused by molecules and those due to
background fluctuations can be obtained by using a weighted sliding sum (WSS)
rather than the SSS. This is because photon bursts caused by molecules passing

through the Gaussian laser beam on average have the same Gaussian profile, with a
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higher probability for photon detection occuring when the molecule is at the center
of the beam. In contrast, background noise fluctuations occur with a wide range of
profiles. The overall molecule detection efficiency will be improved, and there will be
less falsely detected molecules if Equation 3.45 is multiplied by a weighting factor.
This weighting factor has Gaussian weights that are based upon the expected intensity
profile of a molecule passing through the Gaussian laser beam profile. The interval
over which the sum is calculated is taken to be 2 standard deviations on either side

of the peak. Thus,

S(t) = , > s(t)w(t +20), (3.47)
where o
w(z) = exp[—z*/20?], (3.48)
and
o =w0z/(2 x flow_step). (3.49)

The plot of S(t) overlaid with the signal, s(t'), is presented in Figure 3.6. In the

simulation, the WSS is re-evaluated in increments of step time steps, where

step = 0/2. (3.50)

As in the case with the SSS, a molecule is said to be detected when the WSS
passes above the preset threshold, thres. Overall molecule detection efficiencies are
obtained as follows. The start and end of the burst are taken to be the times at which
the weighted sliding sum falls to a minimum on either side of the peak. if any of the
photons between the start (i.e., photon number = start) and the end of the peak
originated from a molecule, then history[photon_number].type will indicate the cor-

responding molecule type. In this manner, it may be determined whether a detected
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photon burst originated solely from background fluctuations (a false detection event),
from a molecule of type 0, or type 1, or from two different molecules passing simul-
taneously. The simulation keeps track of the total number of detected photon bursts
due to these various causes, the amplitudes of the peaks in the weighted sliding sum,
and the total number of each type of molecule injected into the simulation. From
these numbers, statistics such as the overall detection efficiency, the false detection

percentage, and peak amplitude distributions may be generated.

3.9.3 Autocorrelation Function

In the simulation, the average transit time of a molecule, 20, is known from the beam
waist w0z and flow_rate. However, in the experiment, the average transit time of
the molecule through the laser beam, which is needed to calculate the weights for
the weighted sliding sum, is not readily known. The autocorrelation function resolves
this problem by estimating the average transit time, thus enabling the weights for the
WSS to be calculated.

For a continuous function, s(t), the autocorrelation function is defined by

g(r) = /0 ~ s(t)s(t + 7)dt, (3.51)

where 7 is introduced as a phase shifting factor which will produce a shadow affect
as illustrated in Figure 3.7. Equation 3.51 is a correlation integral, which calculates
the area of overlap between s(t) and s(t+ 7). From this, the mean width of the peaks
may be determined.

In the experiment, the photon signal s(t), is not continuous. The digital equivalent

to Equation 3.51 is

g(mT) = i s(nT)s((n +m)T), (3.52)

n=0

where mT is the current time step and nT is the n-th time step. In the experiment,
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Equation 3.52 is simple to calculate because 8(t) = 0 if no photon was detected
during the time step and s(t) = 1 if a photon was detected during the time step, as
was previously expressed by Equation 3.46. Therefore, only when both s(nT) and
8((n 4+ m)T) are 1 will there be any contribution to the autocorrelation function.
When Equation 3.52 is plotted versus mT, for given experimental conditions, it
will produce a graph similar to Figure 3.8. The mean transit time for the Gaussian
weights may be determined by curve fitting the experimental autocorrelation function
with a Gaussian function. The autocorrelation function from the experiment of Li is
shown in Figure 3.9 [9]. The data shows an exponential curve superimposed at the tip
of the Gaussian autocorrelation function. This effect was originally thought to have
been caused by intersystem crossing and photodegradation, however the simulation
did not reproduce this effect under the same conditions. While frequently changing

the flow rate in the simulation so as to simulate flow rate fluctuations, the autocor-
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relation did reproduce a result similar to that of the experiment. It was determined
that the flow system in the experiment was not producing a steady flow, and thus it

was changed from a pressure driven system to a gravity fed system.
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Chapter 4

Molecule Identification

4.1 Overview

Spectroscopic identification of individually detected molecules is a requirement for
several future single molecule detection applications, including rapid DNA sequencing.
This chapter explains the simulation of experiments for molecule identification based
upon fluorescence lifetime measurements. Although at least two experiments on the
measurement of fluorescence lifetimes of individual molecules in solution have been
reported in References [10] and [11], and although such measurements, if sufficiently
precise, could be used to distinguish between molecules with different lifetimes, to date
no such experiments have been reported. Several methods for distinguishing between
molecules with different fluorescence lifetimes are developed in this chapter, and in
the next chapter the results of simulations indicating the feasibility of experiments
to distinguish between sulforhodamine 101 and rhodamine 640, with lifetimes of 4.6
and 2.2 nanoseconds respectively, are presented.

Before discussing the methods for identification, Section 4.2 outlines the exper-
imental acquisition of fluorescence decay data and the corresponding generation of
simulated data. The generated time data from each detected photon burst is his-

togrammed into bins. The optimization of the widths of the time bins is explained in
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Section 4.3. Next, Section 4.4 presents an intuitive approach to the estimation of a
molecule’s lifetime for the simplest case in which background and the finite extent of
the decay profile are negligible. This results in the weighted averaging method (WAM)
for lifetime estimation. Section 4.5 introduces the general method of the maximum
likelihood estimation (MLE) techniques that are used for more rigorous analysis of
the fluorescence decay data. Section 4.6 applies the MLE method to the estimation
of the fluorescence decay rate, which is the reciprocal of the molecule’s lifetime, in
the case of a finite known background level and finite decay profile extent. Once the
lifetime is estimated from the experimental or simulated data, identification between
two different types of molecules with known lifetimes can be easily made according
to which of the known lifetimes is closer to the estimated lifetime. An alternate ap-
proach is to assume from the outset that the detected molecule has one or the other of
the known lifetimes. Following this approach, Section 4.7 discusses the application of
a multinomial distribution (MND) to the problem of directly distinguishing between

two molecule types with different lifetimes without prior estimation of the lifetime.

4.2 Generation of Simulated Fluorescence Decay
Data

As discussed in Section 2.7, if a molecule is excited and a fluorescence photon is
emitted, the nanosecond time interval between excitation and emission is random
with an exponential distribution and a mean determined by the fluorescence lifetime
of the molecule. In an experiment, this time interval can be measured for each
detected photon using a TAC electronic module. The signals form the TAC can be
digitized and sorted by the computer into a small number of bins, which may have
equal or different time widths. When a molecule passes through the laser beam and

generates a burst of photons, each of the detected photons is sorted according to its
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nanosecond arrival time and a histogram of the binned times is accumulated. Ideally,
the histogram will have a profile similar to an exponential decay profile, as shown in

Figure 4.1, where the widths of the bins are represented to be equal.
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Figure 4.1: Exponential decay profile for histogram produced for binned data.

In the simulation, the nanosecond bin in which each photon falls must be decided,
and it is then recorded in the structure element, history[photon_number]|.nanosec,
previously described in Table 3.10. The nanosecond bin is random with a probability
density dependent upon the origin of the photon, that is, whether the photon came
from a molecule of type 0, type 1, or from background noise. This is known and avail-
able in the simulation from the structure array element history[photon_number].type
and is used for generating statistics on the identification accuracy of the various es-
timators.

If a detected photon originated from background noise, then the arrival time with
respect to an excitation pulse is completely random and the probability density is
flat. The probability for the photon to fall in the j-th bin is then

w;j

= 1 4.1
Zkao Wy ( )

v}
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where w; is the width in nanoseconds of the j-th bin and Np is the number of bins
(i.e., Ng = NUM_OF_BINS). For example, if there were 4 bins and the width of those
bins were all 2.5ns, then each bin would have a probability of 0.25. A more accurate
determination of the probability density for background photons may be made from
the experimental prompt time spectrum, as depicted in Figure 2.13. If the time
window is divided into bins, the tail of the prompt extends into the first bin. Thus,
the actual density is not completely flat but has a higher probability for the first bin.

If a detected photon originated from a molecule of type v, with a known lifetime 7,
and fluorescence decay rate I, = 1/7.,, the density will have non-uniform probabilities
because of the exponential decay behavior of the photon arrival time. If the time
window extends from time 2, to time £y, and is divided into bins of width w; =

t; —t;_1, then the probability for a photon to fall in the j-th bin is

o = L, fi7, e Tidt (12)
7T, fFeTtdt’

The denominator is a re-normalization factor to take into account the finite extent of
the time window which truncates the exponential tail of the decay profile. Evaluating

Equation 4.2 yields

B . eI‘»,wi -1
pl=e T4 (t;—to) (1 _—e—P7T> (4.3)
B o 1-— el‘,,w‘-
= e r‘Y(tJ—l to) <—1 — e—I‘7T> s (44)

where T =ty, —tp = Z;-E’l w;.
The normalized probabilities of Equations 4.1 and 4.3 are calculated in the ini-

tialization routine of the simulation. Also, the cumulative probabilities

P} =Y p (4.5)
are calculated upon initialization for the background (y = 2) and each molecule
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type (¥ = 0,1), and these are used during the simulation to determine within which
nanosecond bin each photon falls.

Whenever a photon is detected in the simulation, if the TAC electronics are not
dead, i.e., if TAC_dead_count = 0, then the bin is determined by a routine called
decay(vy), where ¥ = history[photon number].type. Within this routine a random
number X = Ry. is generated. The photon is determined to be in bin j if X < P],
where j runs from 1 to NUM_OF_BINS until the condition is met.

Whenever a photon burst is detected, that is, whenever the weighted sliding
sum exhibits a peak of amplitude greater then the threshold, thres, a histogram of
history[photon_number|.nanosec values is accumulated from the start to the end of
the photon burst, i.e., from photon_number = start to the current photon_number.
This histogram is stored within the array net_accumulation, dimensioned to the
value NUM_OF_BINS, and it is then passed to the various molecule identification rou-

tines.

4.3 Selection of the Number of Bins and Their
Widths

The greater the number of bins that are used for storing information on the nanosec-
ond photon arrival times, the greater will be the stored information content and
hence the more precise will be the molecule identification. However, the increase in
the information content is asymptotic—considerably more is gained by increasing the
number of bins from 3 to 4 than from 100 to 101. Reference [12] considers this issue
in detail and shows that good precision can be achieved with only NUM_OF_BINS = 4.
The anticipated error in a lifetime measurement when using 4 equal bins is theoret-
ically shown to be approximately only twice that when using an infinite number of

bins. The use of a small number of bins has advantages of experimental simplicity,
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and therefore, for this work all simulations consider the case of 4 bins.

However, because the resultant time histograms are sparse, and because the den-
sity of nanosecond photon arrival times is expected to decay exponentially according
to the fluorescence lifetime, more information may be gained by shortening the bins
near the beginning of the decay profile and widening the bins near the tail. This will
produce a more even number of photons in each bin, and it will enable the molecule
identification algorithms to make more accurate predictions. Variable bin widths
have the added effect of reducing the bias of an estimator. A bias is caused because
sometimes the statistics lead to a count histogram which indicates an exponential
growth rather than an exponential decay [13]. The smaller the population of the his-
togram, the greater the probability of having a distribution with exponential growth.
Also, molecules with longer lifetimes would have flatter distributions than those of
molecules with short lifetimes. As a result, the statistics can more easily throw the
bin distributions into an exponential growth situation. Hence, the longer the lifetime
of the molecule the greater the bias.

To find the optimum bin widths for distinguishing two different molecule types, the
goal is to produce a time spectrum in which the mean, or expected, count histograms
for each type of molecule differ the most from one another, as illustrated in Figure 4.2.
If a hypothetical molecule had spectral properties that were exactly intermediate
between the two actual molecule types, i.e., a fluorescence lifetime equal to the average
of the lifetimes of molecule type 0 and molecule type 1, then the bin widths should
be such that the expected histogram from this molecule is flat.

It is not practical to calculate the optimum bin widths so as to take into account
background because the duration of the burst, and hence, the probability of back-
ground noise for each bin is not known until after the burst. Unfortunately, a circular

argument begins because to find the probability of background noise, the widths of
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Figure 4.2: Representation of bin widths which produce the most distinct distribu-
tions for each molecule type.

the bins must be known, but to find the optimum bin widths, the probability of back-
ground noise must be known. Therefore, the optimum bin widths shall be defined
by neglecting background and assuming that all photons within a burst are due to
molecular fluorescence. In this case, Equation 4.4 may be used for the expected his-
togram probabilities and the optimum bin widths are obtained by solving p] = 1/Ng
with Iy = [ = (['y + I'1)/2. This yields a recursive formula for the optimum widths

1 [el(ti-1—to)
w; == e—(l —e

—f‘T)
r Np

, (4.6)

where t;_; =ty + Zi;ll Wy.

4.4 An Intuitive Approach to Molecule Lifetime
Estimation

An intuitive approach to the problem is to first consider a distribution over a hy-

pothetical time window of infinite duration (T'/r — oo) in which just one photon
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is detected at time #; with respect to ¢y = 0. The most likely value for the fluores-
cence lifetime, 7, based upon this very sparse information is 7 = £;. Expanding upon
this idea, if two photons were detected at times ¢; and t; with respect to subsequent
excitations, then the most likely value for 7 would be (¢; + ¢2)/2. In general, for
n detected photons, the best estimate for the lifetime would be the mean of all the
detection times.

If photons are sorted into successive bins of widths w; according to the interval
between excitation of detection, then by this approach the best estimate for the
fluorescence lifetime, 7, would be an average of the mean time that each bin represents

weighted by the number of detected photons in that bin, n;, i.e.,

e 2 & ‘
j=1 j=1

Equation 4.7, which is the lifetime estimate by the weighted average method
(WAM), has compromised accuracy for of the following two reasons. First, it assumes
the bins extend out to an infinite time, whereas in practice the decay profile is collected
only over a finite interval. Photons that fall beyond this interval occur but are never
seen so that the estimate is biased. Note further, if all detected photons happen to fall
within either the first or the last bins, then the estimated lifetime is either (t; —#5)/2
or (tnyy —tng-1)/2. The estimated lifetime will always be within those limits. Second,
the WAM assumes all photons within a given burst are due to molecular fluorescence
whereas in fact a certain proportion are expected to be due to background. These
two factors are considered in the MLE method for estimating the lifetime explained

in Section 4.6.
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4.5 Maximum Likelihood Estimation

The other two algorithms used for identification of molecules in the simulation are
based upon maximum likelihood estimation (MLE) techniques, which are explained
in general terms in this section. Suppose a set of N data, Y = y1,...,¥yn, are to be fit
to a model that has M adjustable parameters A = ay,...,ap. The model provides
the net probability for obtaining the particular data set Y given the parameter set is
A. This probability, f(Y; A), is called the likelihood function. Suppose in a particular
experiment the measured data set is Y = Y3s. Then the MLE method affirms that
the best estimate for the parameter set 4 is that for which f(¥s; A4) is a maximum
[14].

For the purpose of this work, the set A contains just one parameter, a. Depending
on the model, a may take on a continuous range of values, and the corresponding
likelihood function, f(¥3s;a), which corresponds to a probability density function,
may be continuous and differentiable with respect to a. In this case, the point at

which it is a maximum may be found by solving

0f(Yu; a)
Oa

=0 (4.8)
to find the stationary points and then checking to ensure that the stationary point is
a maximum.

Another method by which the best estimate, @, may be found is to maximize the
natural logarithm of the likelihood function, referred to as the log-likelihood function,
L(Y;a). Since the entropy of a physical system with degrees of freedom represented
by parameters 4 is proportional to the natural logarithm of the probability function,
In f(Y; A), maximization of the log-likelihood function corresponds to maximizing

the entropy, or information content, of the system. Taking the derivative of L(Y; a)

with respect to the parameter a and equating this to zero will find the stationary
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points of this function, that is,

OL(Y;a) 8 1 8f(Y;a)
da —-—In[f( o)l = f(Y;a) Oa

=0. (4.9)

The model may be such that the parameter a may possibly only take on a finite set
of possible values, a = a%,al,...,a’. In this case, the best estimate for the parameter
a would be found by simply evaluating f(Yas;a) for each possible value of a and then

choosing the particular a that gives the maximum.

4.6 Maximum Likelihood Estimation of the Life-
time of a Molecule

Now consider an example of the MLE technique to the task of estimating the lifetime
of a molecule by analyzing an experimental or simulated fluorescence decay profile.
The dataset Y™ =y, ..., y¥ corresponds to the number of histogrammed photons,
n;, within each of the Np bins. The likelihood function, f(¥™;T'), which is the net
probability for obtaining the data set Y™, given the decay rate is I', is obtained
from the probabilities for finding a photon in each of the bins, p(y;,I'). If a given
photon burst contains N photons, then those photons will be apportioned amongst
the N bins according to a multinomial probability distribution. The net probability

for obtaining the particular distribution of y, ... ,y}‘V’IB photons in bins 1,...,Np is

o
FYM.T) = N! H by D™ (4.10)
n;!
The log-likelihood function is
Ng Np
LY;I)=InN!'-> Inn!+> n;lnp(y;; T). (4.11)
j=1 j=1
L
Setting Z—F = 0 yields .
B B .
n_OluiD) _ (4.12)

2 pln;T) or
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in accordance with Equation 4.9.
If all photons within a burst are assumed to be due to molecular fluorescence,

p(y;; T) is given by Equation 4.3 with Iy = I'. In this case,

18p(y;; 1)
p Or

w]- T

=—(t —t) + 1 _eTuw; 11— T’

(4.13)

and the maximum likelihood estimate for the decay rate, I, is the root of the equation

_ 13 n;w; T
t_f\l'—jzzzl—e‘rwi T =0, (4.14)
where
_ 1N
E= 2> ni(t; — to), (4.15)

N3

and N = Z;V:Bl n; is the total number of photons in the burst.

Equation 4.14 is for the case where background noise is neglected, but background
may be accounted for as follows. Individual photon bursts are detected as a peak in
the weighted sliding sum and the duration of the burst, which may differ from molecule
to molecule because of diffusion and possible photodegradation, may be taken to be
the number of time steps between the minima on either side of the peak, that is,
duration is the number of time steps between that at the start of the peak (i.e., when
photon_number = start) and the current time step, as explained in Section 3.9.2.

The expected number of photons in the burst that are due to background is then

b = duration X background, (4.16)

where background, the mean number of background counts per time step, is given in
Equation 3.37. Therefore, if a photon burst contains N photons and lasts for a mea-
sured duration, the proportion of photons that are expected to be due to fluorescence
is (N — b)/N. Here it is assumed the threshold, thres, for detection of peaks in the

weighted sliding sum is such that N > b.
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With background included, the probability for a detected photon to fall into the

j-th bin becomes

_ b N-b
pyT) = 5P + —5—

N
I

T 10
- ___p(y,B )b (_a_llj) (4.19)
1+ 5P \P

p(y;; 1), (4.17)

so that

=]

and Equation 4.12 gives

Np w; T pr 1— e—I‘T
| — (. — J —_ 5 Y et [ = —
;n] [ t t°)+1—e‘r"’i erT~1]/[1+(N—b>e ’ (er’”f—lﬂ 0.

(4.20)

This equation, although cumbersome, can be readily solved numerically to find the
root, I'. In the simulation, the MLE algorithm uses a Numerical Recipes implementa-
tion of Ridders’ Method [6] root solver to find the value of I, which is then inverted
to obtain an estimate for the lifetime, 7. For each detected burst of photons, the
molecule that gave rise to the photon burst is identified according to this estimated

lifetime.

4.7 Direct Distinction Between Molecule Types

A method has been developed to directly identify which type of molecule gave rise
to a particular photon burst. Again, the data set Y™ = yM, ...y} corresponds
to the number of histogrammed photons within each of the Ng bins. However, the
assumed model now contains one parameter that may take just one of two discrete
values. Each detected photon burst is assumed to originate either from a molecule of
type 0, with a decay rate of T'y, or from a molecule of type 1, with a decay rate of I'y.

Thus, if the parameter, a, is taken as the decay rate, it may only take the values Iy
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or T'y. The likelihood function f(¥3s;a), which is the net probability of obtaining the
experimentally measured distribution, is again given by Equation 4.10, but is now
only defined at two points, I' = I'y and I'y.

The molecule may be directly distinguished by evaluating the ratio of the multi-

nomial distribution functions at these two points
Q = f(Yu;To)/f(¥Ya; T1) (4.21)

ﬁ( p(y;"; To)/p(y] 7F1)) . (4.22)

If Q@ > 1, then the accumulated time spectrum from the photon burst is determined
to be from a molecule of type 0; whereas if @ < 1 the accumulated time spectrum
is determined to be from a molecule of type 1. Determination of the ratio rather
than each likelihood individually eliminates the requirement for the calculation of
the factorial terms and hence avoids the requirement for scaling to avoid numerical
underflow. In the simulation, Equation 4.22 is calculated using the probabilities with
expected background, given by Equations 4.3 and 4.17.

In addition to determining which of the two molecules types is more likely, the
relative confidence of the prediction may also be determined. The confidence a given
experimental distribution Y34 is due to a molecule of type k relative to the confidence

it is due to the type 0 or type 1 is

(¥, T)
FYa; To+ f(Yar; T1)

Thus, ¢ =1/(1+1/Q) and ¢; = 1/(1 + Q). For the small number of cases in which

Cp — (4.23)

the statistics are such that the experimental distribution is intermediate between the
expected distributions from each molecule type, ¢p =~ ¢; =~ 0.5, and the prediction is

clearly seen to be unreliable.
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Chapter 5

Results and Discussion

5.1 Overview

Results of the simulation are reported under three conditions, I, II, and III, as

characterized in Table 5.1.

Table 5.1: Experimental conditions for the simulation.

Parameter units Condition I | Condition II | Condition III
ns_SPAD_dead_time ns 800 65 65
ns_TAC_dead_time ns 2500 1 1000
power A 0.014 0.05 0.100
wOy pm 9.6 3.5 4.5
w0z pm 4.8 3.5 4.5
pinhole pm 800 600 600
flow_rate pm st 9.3 x 103 3.5 x 10* 1.0 x 104
concentration M 3.08x 1071 | 6.0 x 10712 1.0 x 10712
probe_volume pm3 1309 262 431
noise_in_window |s ! W 1m3 2870 3480 3480
noise_in_prompt |s?*W1!'m™| 1.4x10° 3.5 x 10° 3.5 x 10°

Condition I is the parameters of past SMD experiments conducted by Li, which

were published in Reference [9]. Since these experiments, there have been several

improvements and changes in the experimental setup, particularly a decrease in the

excitation sample volume, a decrease in the SPAD dead time at the expense of an
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increase in background due to SPAD afterpulses, and the use of different interference
filters, which allow a larger fraction of the fluorescence to pass (0.5 rather than 0.4)
at the expense of an increase in the throughput of background. Because of the
improvements, faster single molecule detection is possible using a faster flow rate and
a higher laser power. Thus, Condition IT is intended to simulate current and future
experiments on very rapid single molecule detection, without identification of the
molecule type. In this situation, the TAC is not needed, and therefore the TAC dead
time is set to 1 in the simulation. Condition III is intended to simulate a future
experiment in which the experimental conditions are altered in order to achieve a
higher number of photon counts per molecule, so that the molecules may be more

reliably identified by spectroscopic measurements.

5.2 Simulation of a Previous Experiment
(Condition I)

Figure 5.1 is a plot of experimental results presented in Reference [9]. In this figure,
the photon burst with a peak of ~ 42 is thought to have been caused by two molecules
passing through the system simultaneously. The bottom graph in this figure is of
the background noise obtained by running pure solvent through the system. The
parameters under which the experiment was run, as listed in Table 5.1, were applied
to the simulation to produce Figure 5.2. When compared to Figure 5.1, in the
time period of 100 milliseconds, both the simulation and experiment produced 13
photon bursts. However, the average peak height is about 24 in the simulation and
about 18 in the experiment. There is reasonable agreement between the results of
the simulation and those of the experiment, certainly within the 25% error in the
experimental estimate of the optical net throughput quoted in Reference [9], and this

agreement lends credence to the simulation.
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Figure 5.1: Experimental photon burst signals from sulforhodamine 101 under Con-
dition I (taken from Reference [9]).
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Figure 5.2: Simulated photon burst signals from sulforhodamine 101 under Condi-
tion I.

5.3 Simulation of Rapid Detection (Condition II)

The simulation of the experiment under Condition II is intended to determine whether
an experiment on rapid detection, with molecule transit times of ~ 200 us would be
feasible. Experiments are currently ongoing, but as of yet, there are no experimental
data to compare with this simulation. However, experimental measurements indicate
that for pure solvent and 20 mW of laser power, the count rate within the time window
is 2100 s~! and that within the prompt is 212,000 s—*. These values together with the
probe volume and the maximum collection efficiency of the 0.85 N.A. objective are
used in Equation 2.46 to yield the values of noise_in window and noise_in_prompt
listed in Table 5.1. With this level of background, the results of the simulation in
Figure 5.3 indicate that rapid detection of single molecules should be achievable with

the parameters of Condition II.
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milliseconds

Figure 5.3: Simulated photon burst signals under Condition II.

In the simulation, the source of each photon burst, i.e., from a molecule or back-
ground, is known. The heights of the peaks in the weighted sliding sum that are
due to molecular fluorescence and due to background noise fluctuations may thus be
separately histogrammed. These are displayed in Figure 5.4 for simulation results in
which the total number of generated molecules is Mg = 20000. To generate the his-
tograms, a low threshold value, thres ~ 2, is initially used. The optimum threshold
value, thres, may then be set according to the figure at the point at which the two
histograms cross. For the situation of Condition II, the optimum threshold is 6, i.e.,
all photon peaks that are > 6 are considered to indicate the detection of a molecule.

The overall detection efficiency of molecules is determined by taking the ratio of
M to Mg, where M is the number of peaks above the threshold that are due to

molecules, i.e.,
M

Dy =—. 1
M= (5.1)
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Figure 5.4: Efficiency analysis for the parameters of Condition II.

The molecule detection efficiency determined from Figure 5.4 and Equation 5.1 is
~ 92.31%, which is higher than that achieved in the experiment of Reference [9].
Loss of detection efficiency is caused mostly by photodegradation of molecules, which
results in peak heights smaller than the threshold.

A small number of the background peaks are of amplitude > 6, and these lead to

false detections. The fraction of detection events that are false is given by

B

= 2
B+ M (5.2)

Dp

where B is the number of peaks above the threshold that are due to background. The
percentage of false detections is determined from Figure 5.4 and Equation 5.2 to be
~ 0.63%.

The autocorrelation function generated for Condition II produced an interesting
result. Figure 5.5 shows an exponential tip superimposed upon the Gaussian auto-

correlation function. However, the tip is on a much faster time scale than that of the
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anomalous result given in Figure 3.9. Because of the fast time scale, the exponential
tip in Figure 5.5 was thought to be due to intersystem crossing of molecules into the
triplet manifold, as discussed in Section 2.7.3. This was confirmed by observing that

the tip does not occur if the triplet relaxation lifetime is set to zero.

1400
g 1200
g
glOOO
c <
8
=
) 8005 0 20
g [ microsgconds
19
2 600
= X
400 |
200:_ ...................... b .
S
0 75 150 225 300

microseconds

Figure 5.5: Autocorrelation function generated by Condition II.

5.4 Simulation of Molecule Identification
(Condition III)

For molecule identification algorithms to make accurate predictions, photon bursts
must contain a sufficiently large number of photons. Condition III attempts to
increase the number of photons obtained per molecule for this reason. Figure 5.6
shows the weighted sliding sum analysis of simulated data, in which relatively large
amplitude photon burst signals are generated. This graph includes bursts from each

of the 2 molecule types, molecule 0, with a fluorescence lifetime of 2.2 ns, and molecule
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Figure 5.6: Simulated photon burst signals under Condition III.

1, with a lifetime of 4.6 ns.

Figure 5.7 shows the histograms of amplitudes of peaks due to molecules or to
background fluctuations from a simulation run in which 20000 molecules were gener-
ated. The optimum threshold obtained from the point at which the two histograms
cross is 19 and the overall molecule detection efficiency for this value of the threshold
is ~ 84.1%. A large fraction of molecules go undetected and a wide range of peak
amplitudes is obtained because most molecules photodegrade as they pass through
the laser beam, due to the relatively high laser power and moderately slow flow rate.

According to Figure 5.7 the proper threshold for the simulation under Condi-
tion III should be thres = 19. However, in order to achieve accurate predictions,
the molecule identification algorithms require fluorescence photon bursts whose am-
plitudes are considerably greater than background photon burst amplitudes. Thus,

the threshold is set to a value such that the background bursts have a minimal in-
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Figure 5.7: Peak height frequency under Condition III.

fluence on the molecule identification algorithms. For testing the identification of
molecules according to their fluorescence lifetimes, the threshold is set to a value of
thres = 25 so that only photon bursts with an amplitude > 25 are considered. Also,
in order to produce less cluttered graphs, the simulation was executed for a smaller
data set, in which a total of 512 photon bursts of amplitude > 25 were detected, 249
known to be from molecule 0, 241 from molecule 1, 1 from background noise, and 21
from the simultaneous passage of both types of molecules. This same data set was
used for generating fluorescence decay profiles under the two conditions of equal and
optimal bin widths, as discussed in Section 4.3. The results of the analysis of the
binned decay profiles for molecule identification by the three methods discussed in
Sections 4.4, 4.6, and 4.7, the weighted averaging method (WAM), the maximum like-
lihood estimator (MLE), and the multinomial distribution (MND) are summarized

in Table 5.2.
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While Table 5.2 contains considerable detail, an overall comparison between the
different methods for analysis may be taken from the last three lines. First, all three
methods improve in their accuracy of prediction when optimal bin widths are used.
Second, the WAM predictor is seen to be clearly inferior to the other two methods.
On closer inspection, this is seen to be due to an almost consistent misidentification
of molecules of type 1, which have the longer fluorescence lifetime of 4.6 ns. This
in turn is due to biased estimation of lifetimes by the WAM, i.e., due to the neglect
of background and of the truncation of the tail of the decay profile, as discussed in
Section 4.4.

The bias in the lifetime estimates can be seen in Figures 5.8 and 5.9, which plot
the lifetime predictions made by the WAM versus the number of photons per burst,
when using equal and optimal bin widths respectively. In principle, the bias could be
taken into account by moving the dividing line between the predictions, shown as a
vertical solid line in the figures, to a value less than the mean of the actual lifetimes.
However, the separation between the points on the graphs corresponding to either
type of molecule is still not as distinct as that obtained using the MLE predictor.
This can be seen by comparing Figures 5.8 and 5.9 with Figures 5.10 and 5.11, which
plot the lifetime predictions made by the MLE versus the number of photons per
burst, when using equal and optimal bin widths.

Whereas the summary of comparisons in Table 5.2 provides no information on
the dependence of the prediction reliability on the number of photons in the burst,
Figures 5.10 and 5.11 show that bias in the estimated lifetime and misidentification of
the molecule type occur more frequently when the number of photons in the burst is
small. Also, the simultaneous passage of both types of molecules invariably generates
bursts with a large number of photons and the peak in the weighted sliding sum

caused by background fluctuations is seen to contain a very small number of photons.
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Figure 5.8: Lifetime estimations by the weighted averaging method using equal bin
widths.
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Figure 5.9: Lifetime estimations by the weighted averaging method using optimal bin
widths.
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Figure 5.10: Lifetime estimations by the maximum likelihood estimator using equal
bin widths.
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Figure 5.11: Lifetime estimations by the maximum likelihood estimator using optimal
bin widths.
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A third overall feature evident form the last three lines of Table 5.2 is that the
MND method for distinguishing between two types of molecules is slightly better
than the MLE method, yielding a higher fraction of correct predictions and a lower
fraction of incorrect predictions. This can also be seen by comparing Figures 5.10 and
5.11 with Figures 5.12 and 5.13, which plot the confidence of molecule 0 prediction,
as given by Equation 4.23, versus the number of photons in the burst. Also, incorrect
identifications seldom yield a confidence level < 5% or > 95%, whereas in the MLE
method, incorrect identifications are sometimes associated with predicted lifetimes
that are on the opposite side of the incorrect lifetime.

In addition to being a superior predictor of the molecule type, the MND method is
numerically more efficient. By contrast, in the MLE method, one must first iteratively
find a root, which is the decay rate of the molecule, invert the result to yield the
fluorescence lifetime, and then determine which molecule belongs to that lifetime.
The MND method directly calculates the ratio of two multinomial probabilities and
then is able to immediately predict the molecule type.

Finally, the improvement in the MND method obtained with the use of optimal
bin widths, although evident in Table 5.2, is best appreciated by close comparison of
Figures 5.12 and 5.13. The use of optimal bin widths gives rise to shifts in the confi-
dences of the predictions. Molecules known to be of type 1 (represented by open or
filled diamonds on the figures) become shifted to the left, while those molecules known
to be of type O (represented by open or filled circles) become shifted to the right. In
particular, correct predictions shift to better confidence levels, to the left for molecule
type 1 and to the right for molecule type 0, thereby creating a higher level of clus-
tering on both sides of the graph. Specifically, molecule predictions with confidences

> 95% for type 0 and < 5% for type 1 increases by 2% and 47% respectively.
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Figure 5.12: Multinomial distribution predictions using equal bin widths. A confi-
dence level < 0.5 indicates a prediction of molecule type 1.
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Figure 5.13: Multinomial distribution predictions using optimal bin widths.
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Chapter 6

Summary

The results in this thesis have successfully demonstrated the simulation of a single
molecule detection experiment. The simulation is useful for helping one to under-
stand the physical aspects of single molecule detection. Also, the simulation assists
in overcoming problems encountered in the experiment, such as the autocorrelation
anomaly explained in Section 3.9.3. It also has been shown that rapid single molecule
detection should be possible with high detection efficiency. The simulation is an ef-
fective way to compare different experimental setups as well as the viability of an
experiment under given operational parameters. It has enabled the development and
efficient testing of molecule identification algorithms which could be incorporated into
a data analysis program of an experiment.

In future work, this simulation could be expanded to include more than only two
types of molecules. This would be an effective method for accounting for higher
levels of impurity molecules in a solution of two or more dye molecules. Also, a
neural network algorithm could be developed to efficiently identify molecules directly
with no bias. The simulation could be used to create a training set consisting of
the molecule’s type and the time bin spectrum. Then, the neural network trained
from the simulated data would be used in real time on experimental data to identify

molecules with a high degree of accuracy and speed.
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Appendix A

Derivation of Fick’s Second Law

Consider a box of unit cross sectional area with uniform concentration within any

cross section, as shown in Figure A.1. The rate of diffusional transport along the z-
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Figure A.1: Concentration change due to diffusion from a plane source.

direction is proportional to the concentration gradient, 8c/8z. This leads immediately
to Fick’s first law of diffusion in one dimension,

Rate of diffusion in z-direction = —Dg—:. (A.1)

D, the diffusion coefficient, is introduced as the proportionality constant, and the

negative sign allows D to be positive. Fick’s second law is obtained from the rate
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of accumulation, which is determined by the rate of entry at the cross section at z,
—D(8c/8z), and the rate of leaving at the cross section at z + dz, —D[(8c/0z) +

(8%c/B=z?)dz]. The difference between these terms leads to the second order differential

equation,
Oc 0c %
lation = D _|-p(Z 42 _
Rate of accumulation D % [ D ( 9 + 522 dz)} (A.2)
d*c

Dividing the rate of accumulation by dz yields the rate of change of concentration,

dc 8¢

This is the concentration equation, known as Fick’s second law. Expanding the

concentration equation to three dimensions gives Equation 2.6 [15].
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