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ABSTRACT
Granular materials, such as sand, are multi-scale materials combining an immense number of crushable particles to create an assembly. Numerical approaches to modeling sand’s mechanical behavior often use simplifications, such as treating the volume as a continuum or representing the particles with rigid, idealized spheres using the discrete element method. These approaches overlook crucial nonlinear phenomena, such as individual grain morphology and fracture, which have been shown to influence sand’s strength and plasticity behavior. This research investigated methods to incorporate such phenomena , focusing on simulating single grain crushing tests and 1D confined compression of Ottawa sand using finite element analysis (FEA) codes, GEODYN-L and ABAQUS, to resolve internal stresses and strains.
Grain morphology was incorporated through finite element meshes derived from x-ray computed tomography images. Two approaches were employed to incorporate grain fracture: a damage mechanics model (GEODYN-L) and a brittle cracking model (ABAQUS). The specified ultimate tensile strength was shown have the greatest influence on the peak force associated with catastrophic grain splitting. The brittle cracking model was determined to be too computationally demanding due to mesh refinement requirements.
Investigating grain properties like orientation and coordination number revealed their impact on catastrophic splitting force, underscoring the necessity of incorporating accurate grain morphology due to its effect on grain arrangement within the granular assembly.
Simulating single particle compression of elastic quartz spheres, this research also examined the impact of mesh discretization approaches and finite element types on capturing high contact stresses that lead to fracture, determining that quadratic tetrahedral elements rather than linear tetrahedral elements could balance accuracy with computational efficiency.
Finally, this study utilized FEA of 1D confined compression to determine that incorporating grain fracture softened the overall stress-strain response, with the softening directly correlating to a decrease in the ultimate tensile strength. A representative volume element size based on the maximum grain diameter was also recommended for capturing macroscale stress behavior in granular assemblies under 1D confined compression, considering grain morphology and fracture, which is especially important when computational resource constraints prevent explicit modeling of individual grains in large assemblies.
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[bookmark: _Toc146286823][bookmark: _Toc164809294]Introduction

[bookmark: _Toc464217029][bookmark: _Toc146286824][bookmark: _Toc164809295]         Motivation 
Due to the many complexities of simulating granular materials, especially at the meso-scale or particle level, analytical approaches to simulating the mechanical deformation behavior of these materials often use simplifications. Most design approaches used in professional practice ignore the discrete nature of granular material and treat the entire volume of a granular assembly as a continuum with an assumed constitutive stress-strain relationship based on in-situ or laboratory testing. While these approaches are chosen for computational efficiency, considering the behavior of granular materials only at the macro-scale level ignores the multiple, nonlinear, multi-scale phenomena occurring at the meso (particle level) and micro (within the particle) scales, such as individual grain morphology and fracture. 
Grain morphology has been shown to influence assembly density [1], affecting the coordination number, or number of grain contacts on an individual grain. In turn, research has shown that coordination number plays a significant role in individual particle fracture and comminution ([2], [3], [4]). Subsequently, individual grain fracturing and fragmentation has been shown to have a significant influence on the stress-strain response of granular material under high stress one-dimensional (1D) compression ([5] , [6]) and triaxial compression ([7]) loadings. Additionally, laboratory tests on projectile penetration have revealed significant comminution along the projectile's trajectory as well as within the false tip created by projectile [8]. The ability to incorporate these phenomena in numerical simulations of granular material will allow us to better understand the mechanical behavior of granular material at a continuum level. 
This research will center on integrating grain morphology and fracture into computational models of both individual Ottawa sand grains and granular assemblies, employing the finite element method. Three-dimensional (3D) solid finite elements are selected for their capacity to simulate stresses within grains. Given that intergranular contact forces induce high stress gradients at contact points within grains, leading to grain fracture, the finite element mesh's ability to capture these stresses will impact the approach's overall accuracy in modeling granular materials with explicitly modeled discrete grains. Consequently, mesh discretization strategies, such as element type selection and mesh refinement, are explored to provide recommendations on effectively capturing the high stress gradients at grain contact points while maintaining computational efficiency.
A sample of granular materials subjected to 1D compression testing may contain thousands of individual grains. Modeling each grain in a 3D solid finite element analysis is computationally expensive and prohibitive with current computational resources. Representative volume elements (RVEs), in which the effects of particle level phenomena, such as individual grain fracture, are averaged over a volume, can be used to represent the behavior of granular materials at the continuum level. The modeling of smaller sample sizes of granular materials, such as those determined by an RVE analysis, are less computationally expensive. Therefore, in this research, an RVE analysis is performed on a granular assembly subjected to 1D confined compression incorporating both grain morphology and grain fracture.
[bookmark: _Toc464217031][bookmark: _Toc146286826][bookmark: _Toc164809296]Literature Review
This section presents a literature review of published research in which grain morphology and grain fracture have been included in numerical modeling of grains and granular assemblies.
[bookmark: _Toc464217033][bookmark: _Toc146286828][bookmark: _Ref460581319][bookmark: _Toc464217032][bookmark: _Toc146286827][bookmark: _Toc164809297]Particle Morphology
The influence of the varying multifaceted morphologies has been shown to play a key role in the contact forces between grains. To exploit the discrete nature of a granular assembly, the discrete element method (DEM) is often chosen to model the discrete particles. For simplicity, many chose to model the granular assembly with idealized spheres ([9–11]), disks ([12–14]). However, with this approach, the angularity of the grain’s surface is not accounted for, which Cho et al. [1] noted has a significant impact on the void ratio, stiffness, and strength of the sand as a whole. Additionally, the packing density of the simulated assembly can be arbitrary and not representative of an actual granular assembly. 
Not only can grain morphology affect the behavior of the granular material at the continuum level, but it can also affect the fracture behavior of the individual grains. Previous methods of determining fracture stresses with in grains assume an idealized sphere and do not account for the actual grain morphology. Grains shapes are irregular and not idealized spheres, and consequently their response to loading differs. Utilizing micro-CT images taken during in-situ single grain crushing tests, Zhao et al. [15] determined that initial particle morphology is an important factor that influences how a grain fractures. Thus, representing individual grains with finite elements not only allows the actual grain morphology to be included but also is beneficial to better understand the actual stresses present within the grains during the crushing tests and will allow us to better capture the fragmentation of the grains and their influence on the behavior of the granular assembly. 
Recently, computed tomography (CT) image based modeling, which captures actual morphology of a real material such as sand, has been used to simulate flow through porous media ([16–19]). For DEM simulations, some have modeled individual grains as agglomerates of spheres in order to capture the irregular shape of a grain determined by X-ray CT data ([20], [21], [22], [23], [24], [25], [26], [27]). Yet again the continuous surface of the grain is lost affecting the contact forces between grains. 
To account for the grain morphology and continuous grain surface, Imseeh et al [28] utilized X-ray CT images of a confined 1D compression experiment on Ottawa sand to develop FEM and DEM simulations and study the effect of sand morphology on force chains within the granular assembly.
[bookmark: _Toc164809298]Individual Particle Fracture
The first step for inclusion of grain fracture and fragmentation in modeling granular materials is to simulate single grain crushing tests to investigate the appropriateness of different fracture models and determine their corresponding material properties.
Experimental studies on single grain crushing tests of silica sand grains, published by Nakata et al. [7] and McDowell [29], indicate that the force leading to catastrophic splitting of a grain typically increases with the nominal diameter of the grain. Work performed by McDowell and Bolton [5] and Nakata et al. [7] determined that stress corresponding to this catastrophic splitting was inversely proportional to the nominal diameter of the grain. However, their method of computing the stress at failure was based on the method presented by Jaeger [30], which assumes an idealized spherical grain and calculates the stress as =F/d2, where F is the force at failure and d is the initial diameter of the grain. Brzesowsky et al. [31] developed a micromechanical model for grain crushing using Hertzian contact theory [32] and linear elastic fracture mechanics. Hertzian contact theory assumes that strains are small, and that contact is frictionless. Yet the work of Alshibli et al. [33] showed that at fracture, strains in the direction of loading are greater than 5%, and as such Hertzian contact theory may not accurately calculate the stresses within the grain at near the contact area. The inability of the Hertzian model to determine contact forces and stresses at large strain values is discussed by Dintwa et al. [34]. The shortcomings of these numerical approaches, assuming small strains and idealized spheres, indicate a need to develop more accurate simulations of grain fracture such as can be performed using FEM or DEM.
Using DEM simulations, Harireche and McDowell [6] and Komanduri et al. [35] accounted for grain fracturing by representing each grain as an agglomerate of spherical discrete elements. Jarrar et al [36] used agglomerates of rigid blocks. In those models, a specified bond strength between the agglomerate’s discrete elements was used to simulate fracture resistance. A disadvantage of this approaches is the loss of the individual grain’s continuous outer surface, which can be accounted for by creating a finite element mesh of the individual grain. 
Druckrey and Alshibli [37] did just that, using the extended finite element method (XFEM) to model single grain crushing tests of actual sand grains and comparing results to the in-situ fracturing of the particle using 3D x-ray radiography and synchrotron micro-CT.  Wei et al [38] utilized finite element modeling to simulate single grain crushing tests in which grain morphology was incorporated using CT images, with cohesive elements between finite elements to incorporate grain fracture.
[bookmark: _Toc164809299]Numerical Models of Granular Assemblies
In this research, a numerical approach to modeling granular assemblies under one-dimensional confined and unconfined compression loadings utilizing FEM in which both grain morphology and grain fracture are incorporated been proposed. Using finite elements to represent individual particles provides the capability to determine deformations and stresses within particles that lead to their fracture and fragmentation of particles at the micro-scale. 
Most published research in on modeling granular assemblies has utilized DEM or a combined DEM/FEM approach. Some have linked the micro and meso scales by using deformable discrete elements, the importance of which in geotechnical applications investigated by Ghaboussi [39]. A combined FEM/DEM method was used by Bagherzadeh et al. [40], who performed 2D simulations of fracture in angular rockfill by representing individual particles as discrete elements and at each time step treating the particles as a finite element to determine the stresses and strains within the particle and potential fracturing of the particle. Dwivedi et al. [41] performed 2D simulations of a projectile penetrating sand with discrete polyhedral particles comprised on finite elements. Mahabadi et al. [42] also presented an approach which utilized deformable discrete elements to simulate fracture and failure of geomaterials.
Others have combined FEM/DEM to connect the meso and macro scales. Meier et al. [43] modeled granular material as a continuum with each finite element of the bulk material considered an REV of a collection of DEM particles. Utilizing discrete elements in the fracture zone and finite elements outside the fracture zone, Azevedo and Lemos [44] modeled the fracturing of notched beams. Similarly, Dang and Meguid [45] proposed a method for simulating soil-structure interaction problems with discrete elements representing soil particles near the structure and finite elements representing the far field soil.
Incorporating grain morphology using X-ray CT, Thakur and Penumadu [46] utilized finite discrete element modeling (FDEM) to simulate triaxial compression of an assembly of Ottawa sand grains. Chen at al [47] combined CT and FDEM to simulate a granular assembly under triaxial compression. While both of these models allowed for individual grain deformation, grain fracture was not included.
Very little research has been conducted in which both grain morphology and fracture have been incorporated into finite element models of granular assemblies. Investigating the transmission of force chains through an assembly of grains subjected to 1D confined compression, Imseeh and Alshibli [48] also used FEM incorporating a brittle cracking model to represent fracture within individual grains. Imseeh and Alshibli [49] also developed a material-point user subroutine within the finite element framework in which anisotropic linear elastic behavior and continuum damage mechanics were accounted for to represent individual grain fracture within a granular assembly. 
The incorporation of both grain morphology and grain fracture in finite element simulations of granular assemblies in which deformable discrete grains are explicitly modeled remains challenging, particularly due to the high computational cost of larger assemblies with a considerable number of grains. 
[bookmark: _Ref459899296][bookmark: _Toc464217030][bookmark: _Toc146286825][bookmark: _Toc164809300]Objectives
The following objectives have been formulated for this Ph.D. dissertation to further advance the finite element approach of modeling granular materials comprised of explicitly modeled discrete grains, specifically investigating how to incorporate the nonlinear phenomena of grain morphology and individual grain fracture. 
· Use the explicit finite element codes GEODYN-L [50] and ABAQUS [51] to model 
· Single grain crushing tests of quartz spheres and Ottawa sand grains including grain fracture
· 1D confined compression of an assembly of dry Ottawa sand grains including grain fracture
· In all finite element models of Ottawa sand grains, grain morphology is incorporated through the use of x-ray computed tomography images.
· Utilize two different approaches (a damage mechanics model in GEODYN-L and the brittle cracking model in ABAQUS) for incorporating grain fracture in finite element models of single grain crushing tests of quartz spheres and Ottawa sand grains. While both approaches use the same specified fracture properties (ultimate principal tensile stress and mode I fracture energy) to determine fracture initiation and propagation, the damage model applies element softening isotropically, and the brittle cracking model applies element softening in the mode I fracture direction only.
· Investigate the effect of specified fracture properties, grain orientation, grain size, and grain shape on the force required for catastrophic splitting of individual sand grains by modeling single grain crushing tests of quartz spheres and Ottawa sand grains, as the force required to break an individual grain is integral to characterizing the stress-strain behavior of an entire granular assembly. 
· Examine the effect of mesh discretization approaches and finite element type on the model’s ability to accurate capture high contact stresses which ultimately lead to grain fracture by simulating 1D compression of a single quartz sphere and 1D confined compression of small granular assembly, both without fracture. Mesh discretizations of varying refinement comprised of both linear and quadratic tetrahedral elements were used. This aims to provide guidance in terms of optimizing meshing strategies and enabling the accurate capture of high contact stresses in granular material simulations while keeping computational costs manageable. As the number of finite elements per grain and nodes per element increases, so does the computational demand when modeling granular assemblies with discrete, deformable grains using the finite element method.
· As grain morphology has been shown to affect the density of a granular assembly and subsequently the coordination number of individual grains within the assembly, investigate the effects of coordination number on:
· Intergranular contact forces by modeling 1D confined compression of a granular assembly without fracture
· The possible contact stress distribution from contact forces within an individual particle by simulating 1D compression of a quartz sphere without fracture in which the number of simulated contacts the sphere increases from 2 to 6
· The fracture behavior of individual grains of sand by modeling single grain crushing incorporating fracture and increasing the coordination number from 2 to 10.
· Examine the effects of (1) including grain fracture in finite element modeling and (2) the specified ultimate tensile strength fracture property on exclusively the overall stress-strain behavior of a granular assembly by simulating 1D confined compression of a dry Ottawa sand granular assembly with and without fracture. The results should demonstrate a gradual reduction in the stress response of the granular assembly as fracture is incorporated, directly correlating with a decrease in the specified ultimate tensile strength.
· Determine a recommended representative volume element size based on the maximum diameter of grains within an assembly that can be used to represent the overall stress response of a granular assembly under 1D confined compression by modeling 1D confined compression of a dry Ottawa sand granular assembly including fracture and performing an RVE analysis of cubes of varying size within the assembly. This analysis can be used to recommend finite element model sizes of granular assemblies in which individual grains are explicitly modeled and grain morphology and fracture is incorporated in order to quantify the macroscopic behavior of the assembly under 1D confined compression. The results of which can be used for simulations of granular assemblies which are too large to explicitly model individual grains due to computational resource constraints.
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This chapter is revised based on a paper published by: Turner, A.K., Kim F. H., Penumadu, D. Herbold, E. B. (2016) Meso-scale framework for modeling granular material using computed tomography. Computers and Geotechnics, 76, 140-146.
My primary contributions to this paper included: (i) understanding of technique, (ii) gathering and reviewing literature, (iii) performing finite element analyses, (iv) processing, analyzing, and interpreting the data, (v) most of the writing. 
[bookmark: _Toc146286832][bookmark: _Toc164809302]Abstract
Numerical modeling of unconsolidated granular materials is comprised of multiple nonlinear phenomena. Accurately capturing these phenomena, including intergranular forces and grain deformation, depends on resolving contact regions several orders of magnitude smaller than the grain size. Here, we investigate a method for capturing the morphology of the individual particles using computed X-ray tomography, which allows for accurate characterization of the interaction between grains. Additionally, the ability of these numerical approaches to determine stress concentrations at grain contacts is important in order to capture catastrophic splitting of individual grains, which has been shown to play a key role in the plastic behavior of the granular material on the continuum level. Samples of Ottawa sand are numerically modeled under one-dimensional compression loadings in order to determine the effect of discretization approaches, such as mesh refinement, on the resulting stress concentrations at contact points between grains. The effects of grain coordination number and finite element type selection on these stress concentrations are also investigated. 
[bookmark: _Toc146286833][bookmark: _Toc164809303] Introduction
An analytical approach to modeling granular materials subjected to various loadings, such as one- dimensional compression or triaxial compression, contains many complexities at the meso-scale or particle level. The influence of the varying multifaceted morphologies and the mechanical behavior of the individual grains under high impact loadings, including grain fracture and fragmentation, which has been shown to play a key role in the plastic behavior of the sand, are not taken into account with current methodologies. The discrete element method (DEM) is often chosen to model the discrete particles of a granular assembly. However, for simplicity, many chose to use idealized spheres ([9–11]) or disks ([12–14]) to represent sand grains and an arbitrary packing of sand grains based on a predetermined packing density. This is far from how sand grains are truly shaped and geometrically oriented. Cho et al. [1] discussed the significant impact that actual grain shape has on the stiffness and strength of the sand as a continuum. Thus, including the actual grain morphology in numerical modeling will allow us to better capture the behavior of the granular assembly. Recently, tomography image based modeling, which utilizes the realistic microstructure of porous material, is starting to be used to simulate flow through porous media ([16–19]). Matsushima et al. [26] have used a method of combining several spheres to model the irregular shape of a grain based on X-ray tomography data for DEM simulation. It is also now possible to obtain finite element mesh of tomography image data for FEM simulation. 
Additionally, fracturing and fragmentation of particles have been shown to affect the plastic behavior of the granular material and is expected to happen near the locations of high stresses, such as the near end platens for quasi-static 1D compression or where a projectile penetrates the sand at a high-speed causing high gradients of deformation. The influence of grain fracture and fragmentation on the behavior of a soil was investigated by McDowell and Bolton [5], who determined that grain strength governs the strength and dilatancy of crushable soils. Additionally, in their work studying the role of grain fragmentation in the mechanical behavior of a granular material under cyclic loading, Harireche and McDowell [6] found that it in fact provides a mechanism for plastic hardening of granular materials. The significant role of grain fragmentation on the plastic behavior of soil proves the importance of including grain fracturing in the meso-scale modeling of granular materials. 
Experimental studies on the fragmentation of individual sand grains have been performed by others in which grains were placed between two flat platens, and the breakage force corresponding to the splitting of the grain into at least two similarly sized pieces was identified as the “splitting force”. A summary of these forces is shown in Table 1. Using the idealized sphere approach described in Section 2.4.1.2, the maximum equivalent stress corresponding to the grain size and force at catastrophic splitting was determined and is also presented in Table 1. In this table and all other results presented in this paper, equivalent stress is calculated according to the Von Mises stress criterion. The maximum stress is taken to be the maximum elemental stress (calculated at the centroid of each tetrahedral element in the mesh) observed within discretized grains and is typically located at the edge of the contact area between grains, as expected by Hertz contact theory [32]. These results indicate that the force required to split a grain typically increases with the nominal diameter of the grain. A similar size dependence has been seen by Brzesowsky et al. [31], McDowell and Bolton [5], and Nakata et al. [7], who also determined the stress corresponding to catastrophic splitting is inversely proportional to the nominal diameter of the grain. However, their approaches to calculate the stress at failure used assumptions and simplifications, such as assuming an idealized spherical grain or calculating the stress as  = F/d2, where F is the force at failure and d is the initial diameter of the grain, based on the method presented by Jaeger [30]. 
One current approach to account for grain fracturing is to represent each grain as an agglomerate of spherical discrete elements ([6,35]), utilizing a specified bond strength between elements of an agglomerate to mimic the resistance of the grain to fragmentation. However, a disadvantage of this approach is the loss of the individual grain’s continuous surface and the angularities of the surface, which is necessary to properly simulate the normal and tangential contact forces between grains.
This paper establishes that the grain topology may be important to understand how grains orient themselves and rotate/slide/re-arrange during elastic loading. Additionally, in order to understand how grains fracture, we must first understand how they load elastically. Hertz’ seminal work on the subject has been used to estimate stresses in sand grains using DEM methods or idealized particle shapes. However, it is important to investigate how to utilize the detailed information obtained using X-ray computed tomography. Conventional notions of mesh refinement are not as straightforward since the grain surface topology will change (affecting the contact areas and emerging force chains) along with the stress concentrations within the grain material. In this paper, numerical modeling of sand grains at the meso-scale, taking into account actual grain morphology is examined. Modeling considerations and the ability of the numerical approach to capture high stress concentrations that lead to grain fracture and fragmentation are discussed for efficient and accurate computational efforts. 
[bookmark: _Toc146286834][bookmark: _Toc164809304]Methods and Computer Codes Used
[bookmark: _Toc289175828][bookmark: _Toc146286835][bookmark: _Toc164809305]Obtaining Grain Morphology
The utilization of actual grain morphology, obtained with X-ray computed tomography, in lieu of simplified shapes such as spheres, allows for a more realistic representation of the granular material at the meso-scale. In this proposed meso-scale approach, X-ray computed tomography of naturally occurring Ottawa sand (20/40) was obtained using a microfocus X-ray system at Helmholtz-Zentrum-Berlin (HZB). Dry Ottawa sand was placed in an aluminum cylindrical container and compacted allowing the sand specimen to reach its densest state at void ratio of 0.52, which is approximately 100% relative density (Dr). For tomography, 1000 projections were obtained over 360o total rotation of the container, and a filtered backprojection algorithm was used to reconstruct the data. 
The reconstructed data set went through a series of image processing algorithms, e.g., noise filtering (median 3D), thresholding to binary image, and watershed separation, to separate any touching particles. A similar procedure was illustrated in Kim et al. [16]. The image processing was performed in the environment of Avizo [52]. The segmented sand grain images were converted to finite element mesh in Simpleware+FE [53]. The binary image data was initially converted to a very fine mesh based on the approach of Young et al. [54]. However, the mesh can be optimized to reduce the number of elements while maintaining the original grain surface structures. 
[bookmark: _Toc146286836][bookmark: _Toc164809306]Image Processing and Mesh Codes
[bookmark: _Toc289175849]Avizo is a software application that allows users to process 2D images, such as those obtained using tomography, and build 3D visualizations. Simpleware+FE is a software that utilizes the images, such as those created in Avizo, to generate a finite element mesh using smoothing algorithms to preserve the topology of the grain surfaces and allowing users to specify meshing techniques.
[bookmark: _Toc146286837][bookmark: _Toc164809307]Finite Element Codes
Two codes that utilize the finite element method (FEM) were used in this paper: GEODYN-L [55] and ABAQUS/Standard [56]. GEODYN-L is a parallel 3D explicit Lagrangian finite element code with contact, including Discrete Element Method (DEM) coupling through the Simple Common Plane contact algorithm [57]. GEODYN-L is well-suited for large-scale contact problems including large material deformations. ABAQUS/Standard is also used as a 3D parallel Lagrangian finite element code for implicit time-stepping for static loading and higher order elements.
[bookmark: _Toc146286838][bookmark: _Toc164809308]Effect of Mesh Refinement and Coordination Number at Meso-Scale
[bookmark: _Toc146286839][bookmark: _Toc164809309]Effect of Mesh Refinement
At the granular level, stress distributions within the grains, which indicate the likelihood of grain fracturing, are obtained using FEM. This approach assumes that the grain is a singular continuous entity subjected to the forces imposed on it by surrounding grains. The stress distribution within an individual grain is utilized to determine if the grain has reached a stress level leading to fragmentation or splitting. The magnitude of the calculated stress within a grain can be influenced by the type of element chosen for FEM as well as the mesh refinement of those elements. If the grain is represented by a stiffer mesh, due to the implementation of a coarser meshing scheme or lower order elements, the stress within the grain will be underestimated, leading to retarded fracture initiation. Grain fracture initiates at surface flaws positioned near the points of contact between grains, where stresses are high. To accurately capture the stress distribution inside the grain itself, a finer mesh is required at the surface of the grain, however a coarser mesh can be used away from the grain surface to decrease the total number of elements per grain and increase computational efficiency. This yields a proposed discretization approach in which an outer portion of the grain (shell) is represented by a fine mesh and the inner portion of the grain (core) is represented by a coarse mesh. In this work, grain fracture and fragmentation is not included in the numerical analysis, however, due to the importance of the phenomenon on the behavior of the granular material, it will be included in future work. The results of analyses presented below have been used to understand the effect of mesh refinement, element type, and coordination number on stresses near the high stress concentrations at the grain contact, which will then be used to initiate grain fracture and fragmentation. The coordination number of a grain is the number of contact points on an individual grain by neighboring grains. Using idealized spheres, example configurations of grains and corresponding coordination numbers is provided in Figure 1.
Input Tomography Geometry
A tomographically imaged sample of Ottawa sand grains was reduced to a 1.712 mm x 1.73 mm x 1.296 mm cube. The cube contained 12 full grains and 12 partial grains bisected by the cube boundaries. The grains within the cube were discretized using Simpleware into a coarse and fine mesh, with 54,243 and 235,858 total linear tetrahedral elements (approximately 2,200 and 10,000 elements per grain), respectively, shown in Figure 2.
The two discretizations were subjected to one-dimensional confined compressive loading. Deviatoric stress is applied by axial displacement of the top plane in the negative X direction at a constant velocity corresponding to an axial strain rate of 5.8x104 s-1. The effect of strain rate was investigated and found to have no influence on the resulting stresses within the particles. The total displacement applied to the sand grain sample was 0.100 mm corresponding to 5.8% axial strain in the X direction. A summary of the material properties used in the analyses is presented in Table 2. The plastic stress-strain relationship of the sand grain material was assumed to follow Johnson-Cook power law strain hardening, with the material properties used in these analyses determined from the stress-strain relationship presented in the nanoindentation tests of quartz sand performed by Komanduri et al. [35]. It should be noted that the maximum equivalent stress (~3.0 GPa) corresponding to the catastrophic grain splitting, presented in Table 1 is less 
than the yield stress (6.85 GPa) of the proposed material model indicating that the material of the grains themselves remains elastic prior to splitting.
To demonstrate both the effect of mesh refinement and confirm the need for the shell-core discretization approach previously discussed, the variation of the equivalent stress along a line defined by the normal contact between two grains (as illustrated in Figure 3) is shown in Figure 4. As anticipated, the finer mesh resulted in equal or higher stresses at the contact point with increased applied axial stress due to the stiff behavior of the coarser mesh. However, the finer mesh required 180 CPU-Hrs while the coarser mesh required only 60 CPU-Hrs. These results emphasize the need for efficient discretization in which a finer mesh is located along the surface of grains where contact will occur such as the shell-core approach described previously. Additionally, it should be noted that the maximum equivalent stress observed in the entire assembly of grains, shown in Figure 5, reaches the maximum equivalent stress corresponding to catastrophic splitting of the grains (~3.0 GPa) with less than 1.0% axial strain applied. This illustrates the need to include grain fracture and fragmentation in numerical analyses even with small applied strains.
A larger cube from an imaged Ottawa sand specimen, shown in Figure 6 was analyzed under both one-dimensional confined and unconfined compression loading. The cube had dimensions of 4.458 mm x 4.458 mm x 4.458 mm and contained 99 full and 228 partial grains. The same material properties as the smaller specimen were utilized. Each full grain contained approximately 8,600 linear tetrahedral elements for a total of 1,905,481 elements in the specimen. Therefore, the mesh refinement was similar to that of the finely discretized small sample previously analyzed. Increasing the specimen size also increased the computational time required to complete the analyses to 1500 CPU-Hrs. The resulting axial stress-strain curves from the large specimen analyses are shown in Figure 7. While grain rearrangement occurs throughout duration of the analyses, significant grain rearrangement, determined by monitoring the kinetic energy of the grains at the nodes, was observed between 1% and 2% axial strain resulting in the dip in the axial stress-strain curves. High equivalent stresses concentrated at points of contact were also seen in grains of the larger specimen. In reviewing the variation of the contact stress with the coordination number on individual grains, example maximum contact stresses at 5% axial strain provided in Table 3, it is seen that with a higher the coordination number the maximum contact stress on an individual grain decreases nonlinearly, as was also observed by Gu and Yang [58]. This nonlinear relationship indicates that as the coordination number increases, the maximum contact stress on the particle decreases converging to a limit such that an increase in coordination number will not decrease the maximum contact stress significantly. This relationship also means that granular materials with higher densities are less likely to experience particle fragmentation due to decreased stress concentrations at contact points between grains. These findings are consistent with those of Hagerty et al [59], who determined that particle crushing increases with decreasing density in 1D high pressure compression tests. 
As previously mentioned, the accuracy of the predicted stress distribution at points of contact can also be influenced by element type. A higher order element, such as a quadratic tetrahedral element, will more accurately predict the stress distribution within a grain with a fewer number of elements than the linear tetrahedral element used in these analyses. Additionally, the lower order element may cause locking at nodes again increasing the stiffness of the mesh and underestimating the stress concentrations. Unfortunately, a higher order element is not currently available in GEODYN-L. Future work for this research includes the implementation of finite elements, which minimize the effect of locking, such as higher order elements. This nonlinear relationship indicates that as the coordination number increases, the maximum contact stress on the particle decreases converging to a limit such that an increase in coordination number will not decrease the maximum contact stress significantly. 
[bookmark: _Ref495008460]Idealized Spherical Geometry
Since higher order elements are currently available in the finite element code ABAQUS/Standard, analyses using this code were performed to investigate the effects of element type and mesh refinement on the stress distribution through the grain. For simplification, the grain was represented as a 0.700 mm diameter sphere of linear elastic material with an elastic modulus of 70 GPa and Poisson’s ratio 0.30. The grain was considered to have a coordination number of 2 (see Figure 1) with the contact forces assumed to be 50 N, based on the splitting force of a grain this size, and represented as a pressure over a circular area with a 3D parabolic distribution. The distribution and area of the contact pressure was calculated according to Hertz/Huber theory of contact between elastic spheres as outlined by Schönert [60].
Seven finite element discretizations of linear and quadratic tetrahedral elements using the shell-core approach were implemented, varying from 381 to 183,455 elements, as shown in Table 4.
To evaluate the ability of each meshing scheme to most accurately capture the stress distribution through the grain, the equivalent stress distributions along a path corresponding to the centerline of the spherical grain along the Y-axis are shown in Figure 8. The distance along the centerline is normalized by the radius of the sphere, so that 0 corresponds to the center, +1 corresponds to the surface in the positive Y direction, and -1 corresponds to the surface in the negative Y direction.
The ability of a finer mesh to more accurately capture the stress distribution is most noticeable in the comparison of results using linear elements. A coarser discretization increases the overall stiffness of the continuum, decreasing the stress experienced by the grain. Using the stress to determine grain fracture initiation, a coarser discretization would over-predict the capacity of the grain. Comparing the linear and quadratic stress distributions, more than 28,000 linear tetrahedral elements (39,000 nodes / 117,000 degrees of freedom) are required to most accurately predict stress near contacts, whereas 6,800 (11,000 nodes / 33,000 degrees of freedom) quadratic tetrahedral elements can be used instead. Decreasing the number of elements and number of nodes also decreases the number of degrees of freedom in the model, decreasing the computational effort and time required for analysis. Since the analysis of actual grain assemblies are large models requiring significant computational time, a decrease in this number of degrees of freedom in the model would allow for faster results and larger assemblies analyzed. These results also indicate that the highest stress gradient occurs within approximately a 30% radial distance from the surface suggesting that that the shell of finer elements have a thickness corresponding to 30% of the grain radius, or 15% of the grain diameter.
[bookmark: _Toc146286840][bookmark: _Toc164809310]Effect of Coordination Number
In addition to varying the discretization and element type, a study on the effect of the grain’s coordination number was also performed. In the granular matrix, individual grain coordination numbers can vary from 2 to 10 and affect the stress distribution within the grain. The grains within a looser packed matrix will have a lower coordination number, whereas the grains within a more densely packed matrix will have a higher coordination number. Again, neighboring grains were not explicitly modeled, but contact forces between grains were represented by pressures as described above, with the magnitude of the forces determined by assuming a 50 N contact force from the upper grain and calculating the resultant reaction forces from the lower grains. The resulting equivalent stress distributions along a path corresponding to the vertical centerline of the spherical grain are shown in Figure 9. The maximum equivalent stress in the bottom half of the grain decreases from 5.5 GPa to 3.2 GPa (41%) as the coordination number increases from 2 to 6. Again, the decrease in contact stress with increasing coordination number, corresponding to an increase in density, is observed. The radial distance of the highest stress gradient from the surface decreases from 30% to 20% of the spherical radius. Therefore, the thickness of the shell required decreases with increasing coordination number.
[bookmark: _Toc146286841][bookmark: _Toc164809311]Conclusions
The following conclusions are made to facilitate more accurate and efficient numerical analyses of granular material at the meso-scale:
1. In this study, a new procedure is developed to precisely model the meso-scale structure of granular materials using high resolution computed tomography, advanced thresholding and digitization to model a complex geometry of particles and contacts using a viable number of finite elements, and a framework for solving boundary value problems involving complex loading. 
2. Due to the high stress gradient near the grain surface where contact occurs and fragmentation initiates, a discretization approach in which a shell of finer elements with a depth of 15% of the grain diameter and core of coarser elements more efficiently calculates the stress distribution through the grain.
3. Stresses greater than those typically observed at catastrophic grain splitting are seen at small applied axial strains in the current study, since formulation of particle fracture has not been developed, illustrating the need to include fracture and fragmentation in future studies.
4. Higher order elements should be implemented to decrease computational time of large assemblies of grains while maintaining accuracy. 
5. A higher coordination number, such as those observed in a densely packed assembly of grains, decreased the depth of the high stress gradient from the surface, requiring a thinner shell of fine meshing near the surface of grains. 
This work focuses on the quasi-static loading of 1D compression. Additional research should be performed to better understand the effect of dynamic loadings, such as that from a projectile penetrating the granular assembly, which cause high gradients of deformation in a short period of time likely leading to significant particle fragmentation.
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Fracture of individual grains within a granular assembly affect the strength and deformation behavior of granular materials under large stress states. Interparticle forces, leading to contact stresses and ultimately fracture initiation, are influenced by particle morphology. A numerical method that incorporates both particle fracture and morphology can provide a more accurate model of a granular material’s macro-scale response. This research investigates an approach to modeling fracture initiation and propagation within individual grains, utilizing high resolution x-ray computed tomography (CT) imaging to consider grain morphology and an explicit finite element code optimized for high performance computing which incorporates damage mechanics. Using precisely measured force-displacement curves from single particle crushing tests of manufactured quartz spheres, the method is validated, and the effects of fracture properties on grain fragmentation are determined. This approach is then used to simulate single particle crushing of Ottawa sand, with grain morphology incorporated through discretized CT images. The effect of grain orientation on the force and applied displacement at catastrophic splitting is also explored. The proposed discrete particle based finite element framework can be applied to modeling granular assemblies, considering the effect of individual particle shape and fracture on the assembly’s deformation response through well calibrated numerical simulations. 
[bookmark: _Toc146286844][bookmark: _Toc164809314]Introduction
Individual grain fracturing and fragmentation has a significant influence on the constitutive behavior of the granular material at the assembly scale (continuum level) and to date has not been considered in detailed multi-scale modeling approaches that utilize direct numerical simulations with FEM, account for particle morphology with images of the particulate assembly state and are verified with measured experimental response at single particle scale. Grain strength has been shown to govern not only the strength and dilatancy of crushable soils [5], but also their plastic hardening behavior [6]. In addition to grain fracture, it has been noted that grain morphology affects granular interactions, the arrangement of the particles within the granular material, and, ultimately, the macroscale deformation behavior of the material ([1,61]). Thus, a numerical approach to modeling granular materials that incorporates both individual grain fracture and particle morphology would provide a more accurate representation of the macroscale behavior and is needed to predict the response for complex stress states with a limited number of experiments. Such an approach is also necessary to properly interpret the experimental results such as triaxial shear test or one-dimensional/laterally confined compression test as it is not possible to measure detailed kinematics and particle reorientation in three dimensions at multiple scales.
The first step for inclusion of grain fracture and fragmentation in modeling granular materials is to determine appropriate fracture models and their corresponding material properties, such as fracture strength. Using the results of single grain crushing tests, McDowell and Bolton [5] and Nakata et al. [7] calculated the particle level stress ( corresponding to catastrophic splitting force (F) of single grains as =F/d2, following the method presented by Jaeger [30], in which grains are assumed to be idealized spheres with diameter (d). Combining Hertzian contact theory, linear elastic fracture mechanics, and Weibull statistics, Brzesowsky et al. [31] calculated fracture stress based on particle diameter and force at failure from single grain crushing tests. Alshibli et al [33] used x-ray diffraction to measure strains within sand particles under 1D compression and calculated the stress tensor at fracture using published elastic constants of quartz. The discrete element method (DEM) approach has been generally used to model fracturing of particles ([6,22,35]). In this technique, particles are modeled as agglomerates of spherical discrete elements with a specified bond strength between the agglomerate’s discrete elements representing fracture resistance. A disadvantage of this approach is the difficulty in evaluating shear and normal stiffness and damping parameters, loss of the continuous granular surface, and the difficulty of incorporating actual grain morphology, which has been shown to affect the contact stresses within the grain.
Computed tomography (CT) imaging is a powerful tool that can be utilized to capture grain morphology. In their work combining in-situ micro computed tomography and single grain crushing tests, Zhao et al. [15] investigated the role of grain morphology on fracture patterns. Ma et al. [62] used CT imaging to create finite element discretizations of rock grains to simulate fracture in rock with a combined finite discrete element method (FDEM). Also utilizing CT imaging, Druckrey and Alshibli [37] simulated fracture in single Ottawa sand grains with the extended finite element method (XFEM).
In this paper, a numerical approach to simulating individual grain fracture and fragmentation, utilizing explicit finite element analysis and incorporating actual grain morphology through CT imaging, is examined. Single grain crushing tests on manufactured quartz spheres are first used to validate this method, and the method is then extended into simulating single grain crushing tests of actual Ottawa sand grains. The effects of material properties and particle orientation on the fracture behavior and force-displacement curves are investigated. Due to its ability to efficiently simulate contact between individual particles, the explicit finite element method allows for a large number of individual grains within a granular assembly to be modeled. Using this approach, once grain fracture process is validated, its effect on the behavior of an assembly of particles representing granular material can be investigated.0/0/00 0:00:00 AM 	
[bookmark: _Toc146286845][bookmark: _Toc164809315]Methods
[bookmark: _Toc146286846][bookmark: _Toc164809316]Experimental Methods
Single grain crushing tests of manufactured 350m quartz spheres were performed using Zwick/Roell Z2.5 instrumented indentation system equipped with a high-resolution hardness measurement head. The resolution of displacement measurement was 0.02m, and the capacity of the load cell was 200N. Particles were placed on a silicon carbide bottom platen, and displacement was applied at 100m/min from above with a 3mm diameter flat-tipped diamond indenter head. The equivalent diameter of the grain, defined as the height of the grain in the direction of load application, was determined as the difference between the distance the indenter head traveled to contact the particle and the distance to contact the silicon carbide base alone. A compressive load of 0.2N was specified for contact detection and prior to the start of the test for zeroing the displacement sensor. The orientation of each grain prior to the test was also recorded using photography. A schematic and photographs of the experimental setup are shown in Figure 10.
Similar tests were performed on individual grains of ASTM 20/40 Ottawa sand, which is a naturally occurring silica sand with rounded to sub-rounded particles. The sand was washed and sieved, and grains were randomly chosen from the portion retained on the #30 (0.59mm) sieve.
X-ray computed tomography was used for 3D imaging of the sand grains. Sand grains were stacked inside a 1mm diameter plexiglass tube and imaged at 11m resolution to preserve grain morphology. Projected images were captured every 0.12degree rotation for a complete rotation of 360 degrees. A three-dimensional image was obtained from reconstruction of these projections using filtered back projection techniques and detailed analysis using software called Avizo. The contacting sand grains in the stack were separated by binarizing the image through thresholding and then applying the watershed algorithm. Simpleware [53] was used for 3D finite element mesh generation. The progression from obtaining images of the sand grains using CT through creating 3D finite element meshing of individual sand grains is presented in Figure 11.
[bookmark: _Toc146286847][bookmark: _Toc164809317]Finite Element (FE) Analysis
The explicit finite element program, GEODYN-L [50] was used to model crushing of particles (both quartz spheres and Ottawa sand grains) between two horizontal platens. GEODYN-L is a parallel code which can run on high performance clusters and is capable of simulating interactions between a larger number of discrete, deformable bodies through the coupling of Discrete Element Method (DEM) and Simple Common Plane contact algorithm [57]. The particles were modeled using linear, tetrahedral elements and the horizontal platens were modeled using linear brick elements. Mesh refinement studies were performed to investigate the effect of element size on the resulting force-displacement curves. The chosen meshes for both the quartz sphere and sand grain were the coarsest mesh that provided the same results as a more refined mesh, resulting in the quartz sphere and the sand particle being comprised of 2,599 and 9,438 elements, respectively.
Contact between the platens and particles was modeled using Lagrangian formulation allowing no overlap between meshes with the contact normal force proportionate to the stiffness of the materials in contact and a small friction tangential force using a coefficient of =0.01 to prevent the particles from completely losing contact with the platens.
To simulate experimental loading, the bottom platen was fixed in all three directions, and displacement was applied to the top platen at a rate of 0.5m/s. The particle was free to move and rotate throughout the simulation. The total displacements applied to the top platen were 20m and 30m for the quartz sphere and Ottawa sand particle respectively, corresponding to the approximate displacement at failure of these particles from experiments.
[bookmark: _Toc146286848][bookmark: _Toc164809318]Material Properties
Isotropic, linear elasticity was assumed for all materials prior to fracture and fragmentation. The densities and elastic parameters used in the simulation are presented in Table 5.
The elastic modulus of 65.9GPa for the fused quartz sphere was determined from experimental force-displacement curve assuming a Hertzian contact solution [32], taking into account compliance of the testing setup. The elastic modulus of 100GPa for the sand particle was based on nanoindentation [63]. 
Fracture and fragmentation of the particles were simulated using damage accumulation as proposed by Cervera and Chiumenti [64]. With increasing elemental stress, damage is accumulated within the individual elements, softening the element stiffness until fracture occurs. The constitutive relationship between the element stress tensor, , the accumulated damage, d, the stress-strain constitutive relationship tensor, C, and the total strain tensor, , is provided in Equation (1).
[bookmark: _Ref459723828]                                                               ( 1 )
After the threshold stress is reached, the damage surface expands, and at each applied load increment the current damage threshold is represented by an internal stress-like variable, r, which is determined by Equation (2), where r0 =  0, the threshold stress at which damage initiates. In these analyses, the maximum principal stress ( was used to determine the initiation of damage accumulation within an element. As indicated by the Macauley brackets, only tensile principal stresses will initiate damage.
                                                        ( 2 )
The accumulation of damage within an element is calculated as:
                              ( 3 )
Where  is the elemental softening modulus, determined by Equation (4). A damage value of 0 indicates that the element has no damage while a value of 1 indicates that the element has complete damage and stiffness of the element is reduced to zero. 
                                                           ( 4 )
                                                               ( 5 )
The elemental softening modulus depends on the width of the fracture zone, or characteristic length of the individual element, , and the material softening modulus, , which is dependent only on the material’s elastic modulus, E, mode I fracture energy per unit area, , and 0, which is taken as the uniaxial tensile strength. The material softening modulus represents the dissipation of energy as damage accumulates assuming that the damage increases monotonically, while the elemental softening modulus represents the energy dissipated as an individual element accumulates damage and is scaled by the characteristic length of the individual element.
In this approach, the material properties governing the accumulation of damage are E, 0, and . A parametric study of material properties 0 and  was performed for each particle crushing test to determine the material properties that best approximate the experimental data. 
[bookmark: _Toc146286849][bookmark: _Toc164809319]Quartz Sphere Simulation Results
[bookmark: _Toc146286850][bookmark: _Toc164809320]Parametric Study of Fracture Properties
The effects of the input model parameters associated with fracture, 0 and , on the force-displacement response are presented in Figure 12. The experimental results are also presented in the same figure for comparison to demonstrate the process of obtaining representative input parameters for modeling the force value leading to particle fracture or splitting and the force-displacement variation prior to reaching this value. In Figure 12(b), note that fracture energies of 3.3x10-6J/mm2 and 1.65x10-6J/mm2 all result in the same force-displacement curve with all other material properties used in the analyses remaining the same. 
The ultimate tensile strength, 0, governs the maximum force at splitting, with a higher tensile strength correlated to a higher splitting force. Hiramatsu and Oka [65] proposed that the tensile strength of a spherical particle, with radius R, in uniaxial compression could be related to the force at failure (F) by:
                                                       ( 6 )
where k varies from 0.7 to 1.4. The value of ultimate tensile strength determined through numerical analyses (570MPa) is within the range of stresses, 355 – 710MPa, from Equation 6, for the catastrophic splitting force of 48.8N.
Decreasing the fracture energy, , increases the brittle response of the quartz material, such that failure occurs at a lower applied displacement/strain without noticeable effect on the peak splitting force. Damage Accumulation Pattern
The simulated force-displacement curve with o of 570MPa and  of 3.3x10-6J/mm2, is compared to the experimental result in Figure 13. Corresponding patterns of damage accumulation within the cross-section of the sphere are presented in Figure 14, with the dark color regions indicating those elements that have an accumulated damage value of 1. Similar to patterns seen in experimental results published by Salman and Gorham (Salman and Gorham 2000), fracture within the sphere begins at the contact points between the spherical particle and the platens. Ultimate catastrophic splitting occurs with a meridional crack through the sphere, similar to fracture patterns observed by high-speed imaging of single sand grain crushing tests performed by the authors of this paper, shown in Figure 15. At point A, damage has initiated at the top platen due to higher contact stiffness of the diamond indenter leading to higher contact stresses. At point B, damage has continued to accumulate at the top contact and begins to accumulate at the bottom contact. At point C, damage begins to accumulate in the center of sphere, indicating the propagation of fracture towards the center of the sphere. By point D, damage has accumulated along the centerline of the sphere indicating that catastrophic splitting and complete fragmentation has occurred and is validated by the sudden decrease in force.

[bookmark: _Toc146286851][bookmark: _Toc164809321]Morphology of sand particles and the role of particle shape and orientation with loading axis
[bookmark: _Toc146286852][bookmark: _Toc164809322]Effect of Grain Orientation
Particle morphology not only affects contacts within grains but can also affect the orientation of a grain within an assembly. To study the effect of grain orientation on grain fragmentation, three orientations of the same grain, presented in Figure 16, were analyzed. These orientations had similar diameters in the direction of loading to that experimentally measured; orientation A was the orientation validated by a photograph of the grain taken prior to loading and assumed to be the correct orientation of the grain associated with the experiment. A virtual crushing test simulation for each grain orientation was performed with suitable fracture material properties: 0=320MPa and =1.0x10-6J/mm2. The ultimate tensile strength was determined by comparing force-displacement curves from numerical and experimental results, with the ultimate tensile strength falling within the range of 244 to 489MPa, assuming a spherical particle as proposed by Hiramatsu and Oka. The fracture energy was determined by matching simulated force-displacement curves for representing brittle behavior of the sand material, which is primarily crystalline quartz.
As can be seen in Figure 17 and Table 6, even small differences in grain orientation affect the force and displacement at catastrophic splitting of the grain. As seen with Orientation C, a rotation of 4.5° reduces the force required for splitting by 13%. Additionally, looking at Orientation B, a rotation of 21.5° allows for 16% more deformation to occur within the grain before grain fragmentation occurs, causing the force at splitting to increase 11%. 
[bookmark: _Toc146286853][bookmark: _Toc164809323]Damage Accumulation Pattern
The force-displacement curve of the sand grain in Orientation A, with an ultimate tensile strength of 320MPa and fracture energy of 1.0x10 -6J/mm, is compared to experimental results in Figure 18. Corresponding patterns of damage accumulation within the cross-section of the grain are presented in Figure 19. Damage accumulation begins at the top platen contact (A), continuing by accumulating at the bottom platen contact (B), and growing towards the center of the grain (C) until catastrophic splitting occurs as a meridional crack through the grain (D). Damage propagation is similar to that observed in the spherical fused quartz specimen reported earlier.
[bookmark: _Toc146286854][bookmark: _Toc164809324]Summary and Conclusions
In this paper, a methodology for modeling individual particle fracture and fragmentation by calculating damage accumulation through the finite element method was investigated for use in numerical simulations of granular materials. Simulating single grain crushing tests of manufactured quartz spheres, the method was validated, and the effects of specified material fracture properties on the force-displacement curve was examined. The ultimate tensile strength had a direct relationship with the peak force associated with catastrophic splitting. The fracture energy governed the brittle behavior of the quartz material, with a lower specified energy causing complete fragmentation of the grain at a smaller displacement. A convergence study on the specified fracture energy should be performed to capture brittle behavior.
Grain morphology captured using CT imaging was used to study the effect of grain orientation on the resulting particle fracture behavior and force-displacement curves. Even small changes in grain orientation showed significant differences in the applied displacement and peak force associated with catastrophic splitting of the grain.
For both the amorphous sphere and crystalline sand, damage accumulation initiated at the contact of the particles with the platens and continued towards the center of the particle until complete failure occurred indicating that fracture initiates at contact points and propagates along a meridional crack through the grain.
Future work of this research includes analyzing additional single particle crushing tests of sand grains incorporating morphology through CT imaging and verifying orientation and fracture patterns with high-speed images to obtain a range of fracture properties for Ottawa sand particles. This method of including individual grain failure and morphology will also be applied to simulations of granular assemblies as proposed by Turner et al [66]. By including the failure of individual grains and the decreased stiffness associated with grain failure, the effect grain fracture and fragmentation on the assemblage behavior of the material can be evaluated, and this approach can be validated through numerical simulations of realistic boundary value problems in granular mechanics, such as one-dimensional confined compression tests, with the results compared to those from laboratory tests.
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Fracture of individual grains within a granular assembly affect the strength and deformation behavior of granular materials under large stress states. Interparticle forces, leading to contact stresses and ultimately fracture initiation, are influenced by particle morphology. A numerical method that incorporates both particle fracture and morphology can provide a more accurate model of a granular material’s macro-scale response. This research investigates an approach to modeling fracture initiation and propagation within individual grains, utilizing high resolution x-ray computed tomography (CT) imaging to consider grain morphology and explicit finite element analysis which incorporates a brittle cracking model. Single grain crushing tests of 32 Ottawa sand grain particles in multiple orientations are simulated with grain morphology incorporated through discretized CT images. Brittle cracking properties are kept constant to explore the effect of grain orientation on the force required for catastrophic splitting of the individual grains. Increasing the coordination number of the grains, which leads to increased contact area and possible overlap of stress distribution within the grains, is also explored to simulate the number of nearest neighbors a grain would experience within a granular assembly and investigate the effect of density on the individual grain fracture initiation.
[bookmark: _Toc164809327]Introduction
[bookmark: _Toc146286857]While individual grain fracture and morphology have been shown to play a pivotal role in the constitutive behavior of granular materials at the continuum scale, however, these phenomena are not typically incorporated in numerical approaches, such as finite element analysis.
Grain strength has been shown to dictate the mechanical properties of crushable soils, such as strength and dilatancy [5] and plastic hardening [6]. Grain morphology influences granular interactions, particle arrangement, and overall deformation behavior ([1], [61]). Consequently, a numerical modeling framework that considers both individual grain fracture and particle morphology is indispensable for accurately predicting macroscale behavior and predicting experimental results, such as triaxial shear tests or one-dimensional confined compression tests.
The incorporation of grain fracture and fragmentation into granular material modeling necessitates the selection of suitable fracture models and the determination of corresponding material properties, including fracture strength. Previous research has explored various numerical approaches to determining individual particle strengths, such as calculating particle-level stress based on catastrophic splitting force from single grain crushing tests ([5], [7]), and combining Hertzian contact theory, linear elastic fracture mechanics, and Weibull statistics [31]. Additionally, discrete element method (DEM) approaches ([6], [34], [35]) have been utilized to model particle fracturing. However, DEM encounters challenges in assessing stiffness parameters, representing continuous granular surfaces, and integrating actual grain morphology, which significantly impacts contact stresses within grains.
Particle morphology has been shown to play a critical role in the force corresponding to catastrophic splitting in single grain crushing tests of silica grains [67]. Computed tomography (CT) imaging is a powerful tool for capturing grain morphology in granular materials. Studies combining in-situ micro CT with single grain crushing tests [15] have delved into the influence of grain morphology on fracture patterns. Furthermore, CT imaging has been leveraged to develop finite element discretizations of rock grains for simulating fracture using a combined finite-discrete element method (FDEM) [62] and enabling the simulation of fracture in single Ottawa sand grains using extended finite element method (XFEM) [37])
In this paper, a numerical approach to simulating individual grain fracture and fragmentation, utilizing explicit finite element analysis and incorporating actual grain morphology through CT imaging, is examined. Single grain crushing tests of actual Ottawa sand grains are simulated. The effects of particle size, shape, orientation, and coordination number on the fracture behavior are investigated. Due to its ability to efficiently simulate contact between individual particles, the explicit finite element method allows for a large number of individual grains within a granular assembly to be modeled. Using this approach, once grain fracture process is validated, its effect on the behavior of an assembly of particles representing granular material can be investigated.
[bookmark: _Toc164809328]Methods
[bookmark: _Toc146286858][bookmark: _Toc164809329]Experimental Methods
Single grain crushing tests of 32 individual grains of ASTM 20/40 Ottawa sand were performed using Zwick/Roell Z2.5 instrumented indentation system equipped with a high-resolution hardness measurement head. Ottawa sand is a naturally occurring silica sand with rounded to sub-rounded particles. The sand was washed and sieved, and grains were randomly chosen from the portion retained on the #30 (0.59mm) sieve. The resolution of displacement measurement was 0.02m, and the capacity of the load cell was 200N. Particles were placed on a silicon carbide bottom platen, and displacement was applied at 100m/min from above with a 3mm diameter flat-tipped diamond indenter head. The equivalent diameter of the grain, defined as the height of the grain in the direction of load application, was determined as the difference between the distance the indenter head traveled to contact the particle and the distance to contact the silicon carbide base alone. A compressive load of 0.2N was specified for contact detection and prior to the start of the test for zeroing the displacement sensor. The orientation of each grain prior to the test was also recorded using photography. A schematic and photographs of the experimental setup are shown in Figure 20.
X-ray computed tomography was used for 3D imaging of the sand grains. Sand grains were stacked inside a 1mm diameter plexiglass tube and imaged at 11m resolution to preserve grain morphology. Projected images were captured every 0.12degree rotation for a complete rotation of 360 degrees. A three-dimensional image was obtained from reconstruction of these projections using filtered back projection techniques and detailed analysis using software called Avizo. The contacting sand grains in the stack were separated by binarizing the image through thresholding and then applying the watershed algorithm. Simpleware [53] was used for 3D finite element mesh generation. 
Utilizing the expression proposed by Jaeger [30] to determine the tensile strength of the rocks crushed between two platens, the tensile strength of the individual particles ( was calculated as =F/d2, using the catastrophic splitting force (F) and the distance between the platens at the time of catastrophic splitting corresponding to the diameter of the grain in the direction of loading at catastrophic splitting. As the Weibull statistical model has been shown to capture the experimental variation of silica sand tensile strength well [29], a Weibull analysis was performed on the tensile strengths determined using experimental data using equation (7), 
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where Ps(d) is the probability of survival of a particle with diameter, d, s is the calculated tensile strength of the particle, s0 is the characteristic tensile strength corresponding to a 37% survival probability, and m is the Weibull modulus. The characteristic tensile strength of the particles were determined by plotting by fitting a linear curve to a plot of the ln(s) vs. ln(ln(Ps)). The characteristic tensile strength determined from experimental results was used in the finite element analysis of individual grain crushing tests.
[bookmark: _Toc164809330]Finite Element Analysis
Particle crushing analyses of the 32 individual Ottawa sand grains were performed with ABAQUS/Explicit finite element software [51]. To simulate experimental loading, the bottom platen was fixed in all three directions, and displacement was applied to the top platen at a rate of 0.5m/s. Contact between the platens and particles was modeled using Lagrangian formulation allowing no overlap between meshes with the contact normal force proportionate to the stiffness of the materials in contact. Rough friction contact conditions, which prevent slipping, were utilized to avoid rigid body motion of the sand grains. 
 Isotropic, linear elasticity was assumed for all materials prior to fracture and fragmentation. The densities and elastic parameters used in the simulation are presented in Table 7. The elastic modulus of 100GPa for the sand particle was based on nanoindentation [63]. 
Grain fracture was modeled using the brittle cracking model in which a crack within an element initiates once the maximum principal tensile stress of the element exceeds the ultimate tensile strength of the material and propagates based on the specified Mode I fracture energy as shown in  Figure 21. In this work, the Mode I fracture energy was specified as 2J/mm2, in line with the fracture properties determined to match experimental data by Turner et al[68]. The Weibull probability distribution from laboratory experiments is presented in Figure 22. The 37% characteristic tensile strength of the sand particles was 134.7MPa, which is similar to the silica sand characteristic tensile strength of 137.9MPa found by Cil & Alshibli [69]. The ultimate tensile strength of quartz was kept constant at 134.7MPa to investigate the effect of grain orientation on fracture behavior. Each grain was analyzed in six different orientations: four orientations that are orthogonal to each other and two orientations representing the maximum and minimum diameter of the grain in the direction of loading (Z-axis). An example of one grain in its six orientations is presented in Figure 23. 
In addition to simulating crushing experiments of the sand grains, crushing of spheres and ellipsoids were analyzed for comparison. The dimensions of the spheres and ellipsoids were chosen to represent a spectrum of sizes and aspect ratios encompassing those of the actual sand grains as shown in  Figure 21. Utilizing the Zingg [70] classification system, the shape of the grains and particles are presented in Figure 25, which shows that the Ottawa sand grains are classified as spherical particles, although they do have a variation in their shape, the effect of which on the behavior of the particles under compressive loading will be explored. 
In situ, individual sand grains are in contact with neighboring grains, the number of which corresponds to the coordination number of the grain, which depends on the density of the granular assembly. Ottawa sand grains in a densely packed assembly typically have a coordination number from 2 to 10. Therefore, single grain crushing analyses were also performed on two sand particles with increasing coordination numbers. Contact with neighboring grains were simulated with small rigid platens.  To also study the effect of particle shape and diameter in direction of loading, the two sand particles chosen for analysis were the most “spherical” and most “ellipsoidal” based on the Zingg classifications above. The increasing coordination number of the “spherical” particle analyzed is presented in Figure 26. In the XY plane, the top and bottom platens, which account for two of the contacts, are not shown for clarity. The grain is compressively loaded in the Z direction.
[bookmark: _Ref160302411][bookmark: _Ref160302440][bookmark: _Toc164809331]Results/Discussion
For all analyses and experimental results, the force and applied displacement were recorded, producing loading curves for each sand grain in multiple orientations similar to those in Figure 27. Curves were also produced for numerical analyses of spheres and ellipsoids. The maximum breakage force for each particle crushing, corresponding to the maximum force applied to the particle prior to catastrophic splitting, is noted for all analyses. Very little deformation of the particles occurs prior to catastrophic splitting, which is expected for a brittle material. 
[bookmark: _Toc164809332]Effect of Particle Size and Shape
Figure 28 and Figure 29 show the effect of particle size and shape on the force at catastrophic splitting. The sphericity of the particles is based on (a) normalizing the elongation and flatness indices to a perfectly spherical particle and (b) the width and length of the particle corresponding to the maximum and minimum orthogonal diameters. For both measurements, a sphericity of 1 corresponds to a perfect sphere. 
As expected, a larger force is typically needed for catastrophic splitting of a larger particle, both in volume and in the initial diameter in the direction of loading. This correlation is observed for experimental and numerical results regarding the particle volume; however, it is only seen in numerical results for the initial diameter. A slight relationship between breakage force and increasing sphericity is seen for the numerical analyses of the particles and ellipsoids, but generally, particle shape does not appear to affect the breakage force.
Defining the breakage stress as =F/d2 ([30]), which utilizes the force at catastrophic splitting (F) and the initial diameter in the direction of loading, effect of particle size and shape the breakage stress is presented in Figure 30 and Figure 31. The absence of correlation between breakage stress and volume may imply that determining the breakage stress normalizes results for particles of varying sizes. When revisiting the comparison between breakage stress and initial diameter, numerical findings again reveal a correlation, indicating a decrease in breakage stress with increasing diameter across all ABAQUS analyses. However, experimental results do not exhibit any discernible relationship between breakage stress and initial diameter. There does appear to be a relationship between a correlation between breakage stress and the width/length ratio for the numerical analyses performed on the grain particles, however, in general particle shape does not appear to affect the breakage stress, again implying that breakage stress may be independent of the particle size and shape.
[bookmark: _Toc164809333]Force-Displacement Curve
Elastic compression of a sphere between two planes, following Hertzian compression effects that assume perfectly smooth, frictionless contact and homogenous, elastic materials was determined by [71] to be governed by the following equation:
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Where F is the applied force, d is the elastic compression of the sphere, corresponding to the applied displacement, and A is a coefficient that is directly proportionate to the elastic moduli of the materials in contact and the diameter of the sphere.
Assuming the same relationship between the applied force and displacement throughout the loading of the particles both experimentally and numerically, produces the coefficients presented in Figure 32. The theoretical values associated with the material properties of the particles and platens as well as the diameter of the spheres analyzed are also shown.
In general, the coefficient for the spherical particle analyses is slightly higher than theoretical values, indicating that the analysis results are stiffer, which could be related to the rough contact between the particles and platens as well as the mesh density of the particles. Compared with a sphere of the same volume, the curves fit to experimental results have smaller coefficients, perhaps related to the heterogeneity of the naturally occurring sand material as well as the fact that the sand grains are not perfect spheres. Looking at the numerical analyses of the sand grains also shows some softening of the force-displacement curves compared to a perfect sphere; however this relationship is not seen with the analyses of ellipsoids. 
[bookmark: _Toc164809334]Contact Area
The contact area between the particles and the platens was determined for all numerical analyses. The relationship between contact area and applied force/displacement at particle breakage is presented in Figure 33.
Especially for the sand particles analyzed, a higher contact area corresponded to a smaller applied displacement at but a higher applied force at catastrophic splitting as the stress within the particle was distributed over a larger area requiring a higher force to reach the stress corresponding to brittle failure.
The effect of the sphericity on the contact area at catastrophic splitting is presented in Figure 34.  There is a slight increase in the contact area with sphericity.
[bookmark: _Toc164809335]Effect of Coordination Number
The effect of increasing coordination number on a spherical and ellipsoidal particle are presented in Figure 35, with the results of the ellipsoidal particle loaded in both the longest diameter and shortest diameter directions.
In general, increasing the coordination number, increases the applied displacement at breakage for the spherical particle and ellipsoidal particle loaded in the long diameter direction. The force required for catastrophic splitting for the more spherical particle also increased. These phenomena can be associated with the increased contact area and overlapping stress distributions throughout the particle, similar to previous results. Increasing the coordination number had very little effect on the ellipsoidal particle loaded in the short direction, as the neighboring contacts were spread far apart from each other in the orthogonal direction, making the analysis more closely resemble a single grain crushing test with only two contacts. 
[bookmark: _Toc146286859][bookmark: _Toc164809336]Summary and Conclusions
In this paper, single grain crushing tests were performed experimentally on Ottawa sand grains. Numerical analyses of the same sand grains in varying orientations were also performed using explicit finite element analyses and incorporating grain fracture through the brittle cracking model. Additional analyses were performed on spherical and ellipsoidal grains. The effect of coordination number of the catastrophic splitting of grains was also investigated. 
These result in the following conclusions:
· Force corresponding to catastrophic splitting increases with size.
· Utilizing breakage stress to quantify catastrophic splitting behavior can eliminate size effects when comparing results.
· Particle shape had negligible effects on splitting behavior as most of the sand grains analyzed were considered “spherical.”
· Increased coordination number increased the force required for catastrophic splitting for a more spherical particle. As the coordination number increases with sphericity within a dense granular assembly, the means that more spherical particles are able to achieve higher densities and sustain higher applied loads prior to the initiation of grain fracture. 


[bookmark: _Toc146286861][bookmark: _Toc164809337] FINITE ELEMENT ANALYSIS of Granular Assemblies INCORPORATING MORPHOLOGY AND INDIVIDUAL GRAIN FRACTURE


[bookmark: _Toc146286862]This chapter is being prepared for submission in Summer 2024 to Computers and Geotechnics.
My primary contributions to this paper included: (i) understanding of technique, (ii) gathering and reviewing literature (iv) processing, analyzing, and interpreting the data, (v) most of the writing. 
[bookmark: _Toc164809338]Abstract
The fracture of individual grains within a granular assembly influences both the strength and deformation characteristics of granular materials subjected to significant stress conditions. This paper presents a methodology for incorporating individual grain fracture using the brittle cracking method and actual grain morphology captured through X-ray computed tomography imaging into finite element analysis. The methodology is applied to simulate one-dimensional confined compression of Ottawa sand grains using ABAQUS/Explicit software. Results indicate that incorporating grain fracture softens the stress-strain behavior of the granular assembly, with stress decreasing as the specified ultimate tensile strength of the individual grains decreases. Mesh refinement is essential to mitigate volume loss due to element removal during fracture but comes at a significant computational cost. The effect of coordination number on grain fracture is also investigated, showing a slight relationship between decreasing fracture and increasing coordination number. Additionally, a Representative Volume Element (RVE) analysis suggests that an RVE size 19 times larger than the maximum grain diameter within the assembly may capture the granular assembly’s stress strain response incorporating grain fracture. Despite its potential, the brittle cracking model’s computational demands due to mesh refinement pose challenges, suggesting the need for alternative approaches to modeling grain fracture be explored for incorporating individual grain fracture efficiently. This research underscores the importance of accurately representing grain fracture in finite element analysis while highlighting computational considerations in modeling granular assemblies’ nonlinear mechanical behavior.
[bookmark: _Toc164389826][bookmark: _Toc164389827][bookmark: _Toc164809339]Introduction
[bookmark: _Toc146286863]Granular materials, including sand, play a vital role in various engineering and geotechnical applications such as foundation design, soil mechanics, and the stability of slopes. Understanding the mechanical behavior of sand under different loading conditions is essential for ensuring the safety and efficiency of these applications. Understanding the mechanical behavior of granular assemblies under different loading conditions is essential for optimizing the design and performance of structures and processes involving these materials. One fundamental aspect of this understanding lies in the accurate representation of grain morphology and fracture behavior within these assemblies. Grain strength plays a pivotal role not only in dictating the strength and dilatancy of crushable soils [5] but also in influencing their plastic hardening behavior [6]. Additionally, it has been observed that grain morphology exerts significant influence on granular interactions, particle arrangement within the material, and ultimately, the macroscopic deformation behavior ([1], [61], [72],[73]). Consequently, a numerical modeling approach for granular materials that incorporates both individual grain fracture and particle morphology is essential for achieving a more accurate portrayal of macroscopic behavior at the assembly level. 
Previous research has utilized various approaches to incorporate grain fracture into analyzing the behavior of granular assemblies using numerical methods. Cheng and Wang [74] utilized DEM to study biaxial tests, addressing limitations related to strain localization and particle size-stress relationships. Fu et al. [23] used DEM to examine the differences in breakage behavior between spherical and realistic grain shapes in granular assemblies. Zheng and Tannant [75] investigated particle breakage in 1D compression tests using DEM, where spherical particles fractured into smaller fragments upon reaching threshold stress. Jarrar et al [36] employed agglomerates composed of rigid blocks in their models. These models utilized a designated bond strength between the discrete elements of the agglomerate to represent fracture resistance. However, a drawback of this approach is the omission of the individual grain's seamless outer surface, a factor that could be addressed by generating a finite element mesh for each individual grain.
Incorporating grain morphology through the use of x-ray computed tomography images, Ma et al. ([76] and [77]) used a combined FEM/DEM approach, incorporating cohesive elements with a progressive damage model to simulate fracture behavior in granular assemblies under triaxial compression tests investigating the development of shear bands. Thakur and Penumadu [78] also utilized cohesive elements in a combined FEM/DEM analysis of 1D confined compression in a 2D simulation. Imseeh and Alshibli [49] developed a material-point user subroutine within the finite element framework [49] to account for anisotropic linear elastic behavior and continuum damage mechanics, representing individual grain fracture within the assembly. Additionally, they [48] investigated force chain transmission in 1D confined compression, integrating FEM with a brittle cracking model to represent grain fracture.
In this paper, the effect of incorporating grain fracture and its specified properties on the overall stress-strain behavior of a granular assembly subjected to 1D confined compression is investigated, utilizing the brittle cracking model, available in ABAQUS/Explicit [51]. Individual grain morphology is incorporated through x-ray computed tomography images. A representative volume element (RVE) analysis is performed to determine a recommended RVE size that will incorporate the nonlinearity of individual grain fracture into the overall stress response of a granular assembly.
[bookmark: _Toc164389829][bookmark: _Toc164809340]Methods
[bookmark: _Toc164809341]Incorporating Grain Morphology into Finite Element Analysis
[bookmark: _Toc146286864]X-ray computed tomography imaging has been utilized to incorporate actual grain morphology in several studies that analyze the behavior of granular assemblies using finite element analysis ([46], [48], [66]). In this work, X-ray computed tomography imaging was used to create a 3D image of an assembly of Ottawa sand grains approximately 10mm in diameter and 10.4mm in height. Simpleware [53] was used for image processing and 3D finite element mesh generation. 
[bookmark: _Toc164809342]Finite Element Analysis of 1D Confined Compression
One-dimensional confined compression of the granular assemblies was performed with ABAQUS/Explicit finite element software. The granular assembly was placed between two platens and surrounded by a ring mold. The model is shown without the ring mold in Figure 36. All parts of the analysis were meshed with linear tetrahedral elements, which have four nodes and three translational degrees of freedom (DOF) per node. The original height of the specimen was cropped to 2.77mm in order to maintain a high rate of loading, reducing computation time, while still attaining equilibrium. The full assembly contained 2,042 full grain, while assembly analyzed for 1D confined compression contained 703 total grains (372 full grains and 331 partial grains cropped at the top and bottom boundary with the platens to create a flat surface). This reduced the DOF in the model by 75% from 945,127 to 231,484. There were on average 280 elements per full grain. 
The granular assembly, platens, and mold were assigned the same material properties, except that the granular assembly material incorporated fracture using the brittle cracking model. This was done to avoid impedance mismatch and reduce wave reflections between the boundaries of the different parts Therefore, the elastic modulus (100GPa), Poisson’s ratio (0.17), and density (2.65g/cm3) was the same for all parts within the model. The elastic modulus of 100GPa for the grains was based on nanoindentation [63]. Isotropic, linear elasticity was assumed prior to the fracture and fragmentation of the individual grains.
Individual grain fracture was modeled using the brittle cracking model in ABAQUS/Explicit. This is a smeared crack approach in which a crack is assumed to formed within an element once the maximum principal tensile stress (st) exceeds the ultimate tensile strength of the material (stu). The crack then opens in the normal direction with the principal tensile stress within the element decreasing based on the specified Mode I fracture energy (Gf) as shown in  Figure 21. Once the normal crack distance corresponding to total loss of the strength within the element, uno, is reached, the individual finite element is removed from the model. A characteristic length, defined as the length of a line across a linear element, is used to relate the strain within the element and the crack distance. In these analyses, Mode I fracture energy was specified as 1x10-6 J/mm2 while the ultimate tensile strength was varied to study its effect on the overall behavior of the granular assembly.
Contact between grains and the platens and mold ring was modeled using the General Contact algorithm in ABAQUS/Explicit in which the outside surfaces of all grains, platens, and the mold are specified as contact surfaces. Hard contact between grains in which the normal contact force between surfaces is proportionate to the stiffness of the materials in contact was specified. The tangential friction coefficient between grains was m=0.5, based on experimental results by Thakur & Penumadu [46], whereas contact between the grains and the platens and ring mold was considered frictionless. 
One-dimensional compression was applied to the granular assembly by keeping the outer face of top platen fixed in all three directions and applying displacement to the bottom platen at a rate of 30mm/s. the total displacement applied to the granular bottom platen was 0.15mm (150mm).
The explicit solver was chosen due to its computational efficiency particularly for highly nonlinear problems, such as those involving nonlinear material behaviors and contact interactions. Moreover, its straightforward time-stepping scheme facilitates parallel computing, enabling faster solutions on multiple processors or computing cores for large-scale simulations. ABAQUS/Explicit utilizes the explicit central-difference integration rule:
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Where u is a DOF (translation or rotation), Dt is the maximum stable time increment, r is the material density, E is the modulus of elasticity, and lmin is the smallest element length. The simulation time required to complete an explicit analysis is proportionate to the number of DOF within an analysis and the maximum stable time increment. As the maximum stable time increment is proportionate to the minimum element size, balancing mesh refinement and simulation time for efficient, accurate results is crucial and will be discussed later.
In these simulations, a mass-scaling factor of 103 was used to increase the material density, increasing the time increment size by a factor of 106, and decreasing the computational time required to complete the analyses. In this work, each analysis of the granular assembly, with varying ultimate tensile strength, took approximately 96 CPU-Hours to complete.
[bookmark: _Toc164372559][bookmark: _Toc164389833][bookmark: _Toc164372560][bookmark: _Toc164389834][bookmark: _Toc164372561][bookmark: _Toc164389835][bookmark: _Toc164372563][bookmark: _Toc164389837][bookmark: _Toc164372564][bookmark: _Toc164389838][bookmark: _Toc164372565][bookmark: _Toc164389839][bookmark: _Toc164809343]Individual Grain Coordination Number
The coordination number, number of contacting grains, of an individual grain has been shown to greatly influence the likelihood of grain fracture. As coordination number increases, the likelihood of fracture decreases. The finite elements and nodes associated individual grains within the assembly were determined using a depth-first search (DFS) algorithm. In this procedure, an element is chosen to start, assigned a grain id, and marked as visited. An empty stack is created to keep track of elements that need to be visited. Neighboring elements to the selected starting element, if they have not been visited, are pushed onto the stack. The neighboring elements, and their neighboring elements, are explored recursively, marked as visited, and assigned the current grain id, until there are no more elements on the stack meaning that all neighbors and neighbors of neighbors have been visited. The grain id is increased, and this method is repeated for all unvisited elements until all elements have been visited and assigned a grain id. By using DFS in this manner, the finite element mesh representing the granular assembly was effectively traversed associating each finite element with the respective grain it belongs to. Knowing the nodal connectivity of each element, the grains associated with each node were also determined. Individual grain behavior can be explored by associating elements, nodes, and their output with individual grains. 
A DFS was also performed to determine the coordination number of individual grains in which nodal contact pressures were monitored to determine neighboring nodes with contact pressure greater than zero that comprise a single contact area for an individual grain. The number of single contact areas for each grain determined in order to calculate the grain’s coordination number. The entire DFS was repeated at each timestep to determine the coordination number of individual grains with respect to with applied strain.
[bookmark: _Toc164809344]Representative Volume Element
 The Representative Volume Element (RVE) is a fundamental concept that can be used to describe the homogenous behavior of a granular assembly incorporating the heterogeneous behavior of the individual grains within the assembly. Previous research has established that the size of the RVE depends on factors such as the specific property being studied, material characteristics, volume proportions, and boundary conditions. In this work, the influence of incorporating grain morphology and individual grain fracture the RVE size was examined. The RVE size was assessed by examining how the variance of a property changes as the sampling volume increases. This variation was modeled using a power law equation where 𝑧 represents the property of interest, 𝑣 denotes the sampling volume, 𝐴 is a material constant, and 𝑏 indicates the rate at which the variance decreases with increasing sampling size. 
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Previous investigations have shown that the value of 𝑏 undergoes a transition from being less than 1 to greater than 1 as the sampling volume increases, signifying the shift from statistically heterogeneous to statistically homogeneous media. Results from the finite element simulations were used to predict RVE sizes. Five non-overlapping samples were chosen from the modeled assembly with a width and length equal to the height of the modeled assembly to create a perfect cube. The samples were divided into non-overlapping cubical windows of the same side lengths. The five samples along, with an example of one sample divided into 3x3x3 cubical windows, are shown in Figure 37. For each cubical window of the same size, a physical property of interest was determined, and the mean and standard deviation of the windows were calculated. The dimensionless coefficient of variation, defined as the standard deviation divided by the mean, was then calculated. This procedure was repeated for a range of cubical window sizes. A log-log variogram was plotted for each physical property of interest, and the RVE size associated with a coefficient of variation equal to 0.1 was determined to represent the RVE size capable of representing the physical property of interest. 
[bookmark: _Toc164809345][bookmark: _Toc146286865]Results/Discussion
[bookmark: _Toc164809346]Granular Assembly Behavior
The effects of the specified ultimate tensile strength of the grain material on the stress-strain behavior of the granular assembly are shown in Figure 38. Also shown in the figure are the results from a granular assembly analysis without fracture as well as experimental results from the 1D confined compression of a larger sample comprised of Ottawa sand grains. As expected, incorporating fracture in the 1D confined compression of a granular assembly results in a softened stress-strain response compared to an analysis without fracture incorporated. Also as expected, as the specified ultimate tensile strength of the individual sand grains decreases, the stress response decreases as well. This is due to the decreasing stiffness of the granular assembly as the detection of crack initiation within individual grains leads to decreasing stiffness of individual finite elements within the grains, eventually resulting in the removal of completely fractured elements. While the numerical results are stiffer than the experimental results, they do show a similar stress-strain curve shape. Note that the experimental results presented are of a much larger sample (height=20mm and diameter=20mm) than the assembly analyzed (height=2.77mm and diameter=10mm). 
Particle breakage stresses determined from single grain crushing tests, presented in 4.4 as well as previously published studies [69], indicate that the ultimate tensile stress of Ottawa sand grains varies from 40-200MPa. While decreasing the specified ultimate tensile strength to what has been observed in single grain crushing tests may result in numerical results that more closely match experimental, in this work large oscillations in the stress-strain response are observed as the ultimate tensile stress decreases to values comparable to published values. This is likely due to the brittle cracking model utilized in the analyses in which individual elements are removed once they have all stiffness due to cracking propagation within the element. This deletion creates empty space within the granular assembly leading to grain rearrangement to fill voids and unloading of the granular assembly as voids are filled. The accumulation of granular assembly volume loss due to element fracture and subsequent removal with increasing applied strain is presented in Figure 39. The two analyses with lower ultimate tensile strengths, 200MPa and 700MPa, which had large oscillations in the stress response, also had considerably more volume loss as individual finite elements were deleted than those analyses with larger ultimate tensile strengths. Additionally, volume loss, indicating individual grain fracture, is negligible until 1.5-2% applied strain for analyses with ultimate tensile strengths of 1500MPa, 1700MPa, and 2000MPa, although the stress-strain response between those analyses with fracture and the analysis without fracture begins to diverge from the analysis without fracture with less than 1% applied strain. This may be a result of the softening of individual finite elements as cracks open prior to complete failure and removal of the elements. It should be noted that based on the results presented in Chapter 4 as well as work by others [69], that the ultimate tensile for silica sand grains has been found by Weibull probability statistics to be approximately 135MPa, which is considerably smaller than the values used in these analyses. 
In order to use a lower ultimate tensile strength, a much more refined mesh is required to avoid significant volume loss due to element deletion. However, as previously discussed mesh refinement would significantly increase the required computational resources to complete the analyses, as the size of the maximum stable time step increment (Dt) is directly proportionate to the minimum element size within the analysis. Additionally, increased mesh refinement would result in an increased number of degrees of freedom (DOF) further increasing the computational resources required to complete the simulations. To capture the stress concentrations at grain contacts that lead to fracture, Turner et al [66] recommended at least 28,000 linear tetrahedral elements which is 100x more than the number of elements used in these simulation and would increase the simulation time dramatically.
In lieu of solid elements of the finite element method, the finite discrete element method (FDEM) in which grains act like discrete elements with their surfaces modeled as shell finite elements, has been shown to greatly decrease the computational costs required with analyzing granular assemblies. While this approach allows for grain morphology to be incorporated, it would not be suitable for the 1D confined compression analyses in this work, as it would not be able to capture the particle breakage that occurs. As noted by Thakur & Penumadu [46], the FDEM approach is best suited for capturing particle contact fabric revolution in cases of low confining stress where particle breakage is negligible. One approach that could be taken is a multi-scale approach in which the FDEM method is used to capture grain rearrangement, associated low confining stresses and looser assemblies, while FEM is used to capture grain fracture, associated with high stress and denser assemblies. 
Figure 40 presents the percentage of grains within the granular assembly experiencing some fracture as strain is applied. Granular fracture begins to pick up around 0.35% strain and by 3% strain, all grains are experiencing fracture. Therefore, the multi-scale approach would likely not be appropriate for this application, as the switching from FDEM to FEM would happen quickly at low strain values resulting in the computational savings being kept to a minimum. Again, this is a dense sample of Ottawa sand subjected to high stress. Analysis involving a looser sample at lower stress could see computational savings with the FDEM to FEM approach.
[bookmark: _Toc164809347]Individual Grain Behavior
Since the mechanical behavior of individual grains impact the overall behavior of the granular assembly, a closer examination of these grains is conducted using the results from the elastic analysis and the fracture analysis in which the stu=1500MPa. Due to cropping of grains at the top and bottom boundaries, only complete grains within the assembly were included in this examination. As shown in Figure 41, the coordination number, the number of contacting neighbors, for the majority of grains within the assembly varied from 2 to 5. In both analyses, the number of grains with higher coordination numbers (3 or more) stayed the same or increased with increasing strain, whereas the number of grains with lower coordination numbers (2 or fewer) decreased. The number of grains with a coordination number of zero decreased significantly with 0-1% applied strain. These observations are likely due to the density of the granular assembly allowing for very little rigid body motion of individual grains.
The average element volume loss along with the maximum and minimum loss for grains with varying coordination numbers is shown in Figure 42. It is expected that as the coordination number of a grain increases, its likelihood for crack initiation and propagation resulting in element removal and volume loss decreases. While a slight decrease in volume loss is seen with increasing coordination number, the difference is very minimal. This could be due to coarseness of the finite element mesh, as the larger the element being removed due to complete crack opening, the larger the volume that is lost. A more refined mesh would allow for smaller volumes representing cracks within individual grains to be removed, leaving behind more of the grain, thus a smaller percentage of volume lost. However, mesh refinement comes with additional computational requirements as previously discussed. An approach to incorporating grain fracture that would eliminate the element deletion issue entirely is to utilize cohesive elements that would be placed between individual finite elements, although mesh refinement may again play a role as crack propagation with cohesive elements is constrained by the mesh topology.
[bookmark: _Toc164809348]Representative Volume Element Analysis
A Representative Volume Element (RVE) analysis was conducted using the results from the elastic analysis and the fracture with stu=1500MPa analyses at four different applied strains.  Figure 43 presents the variograms for both analyses that were determined based on normal stresses and the principal tensile stresses within the samples. Note that the Z axis is parallel to the direction of 1D compression loading, and the X and Y axes are transverse to the direction of loading. The RVE size (as a multiple of the maximum grain diameter, Dmax) corresponding to a coefficient of variation equation to 0.1 is presented in Table 8 for strains, stresses of interest, and models with and without fracture incorporated. As previously noted, increased coordination numbers are also associated with increasing strain, meaning that as the applied strain increases, the heterogeneity of the stresses of individual grains decreases. This decreased heterogeneity is reflected in the decreasing RVE lengths with applied strain corresponding to the model without fracture indicating that as strain is applied, the stresses within the grains and thus the granular assembly as a continuum tend to become more homogenous. This trend is not observed in the analysis with fracture and in fact the RVE lengths associated with the stress aligned with the direction of loading, szz, generally increase with increasing applied strain and are significantly larger (2-4x) than those recommended for the model without fracture. This could be the result of element deletion associated with the brittle cracking model approach. As cracks propagate through grains, individual finite elements are deleted creating voids and increasing the heterogeneity of the granular assembly and requiring a larger RVE size to represent it. Based on this work, an RVE size of 19Dmax is recommended to capture the effect of individual grain fracture on the stress-strain response of a granular material to 1D confined compression. 
[bookmark: _Toc164389846][bookmark: _Toc164809349]Summary and Conclusions
In this paper, a methodology for incorporating individual grain fracture using the brittle cracking model available in ABAQUS/Explicit was investigated for use in analyzing the 1D confined compression of Ottawa sand grains using the finite element method. Actual grain morphology captured using CT imaging was also incorporated.
Incorporating grain fracture decreased the stress within the granular assembly compared to analysis without fracture, with the stress response decreasing with decreasing specified ultimate tensile strength related to the initiation of fracture with the brittle cracking model. Due to element removal with crack propagation, significant volume loss was observed in analyses with lower ultimate tensile strengths, resulting in open space within the granular assembly and significantly reducing the stress response of the assembly as the open space left by the deleted elements had no stiffness. This resulted in an oscillating stress-strain response as grains rearranged to fill the voids. Thus, the ultimate tensile stress was set considerably higher than values determined by single grain crushing tests to prevent these oscillations resulting in a likely less accurate, stiffer stress response. Mesh refinement could be used to mitigate the volume loss; however this comes at a significant computational cost. A multi-scale approach using FDEM could be utilized to incorporate grain morphology and capture grain rearrangement while decreasing computational requirements, however such a method would not be appropriate in high stress areas where grain fracture is likely to occur.  
Investigating the effect of coordination number on grain fracture, represented as volume loss, showed a slight direct relationship between decreasing grain fracture and increasing grain coordination number. Again, this may be due to the element removal process in this approach, exacerbated by decreasing the mesh refinement. 
In addition to increased mesh refinement leading to significant computational cost, an increase in assembly size, increasing the DOF within the model, would also increase the computational resources required to complete a highly nonlinear analysis of a granular assembly under 1D confined compression in which grain fracture and morphology were incorporated. Thus, there is desire to determine an RVE size that can represent the stress-strain response of the granular assembly. An RVE size of approximately 19Dmax may be considered appropriate to incorporate grain fracture behavior a granular assembly under 1D confined compression, however the effect of element deletion with the brittle cracking model may be adversely affect this recommended RVE size.
Due to the mesh refinement required to accurately capture grain fracture by specifying ultimate tensile strengths of the brittle grain material correlating to those seen in experimental results, the brittle cracking model used in this work comes with significant computational cost, which may make it prohibitive as an approach for incorporating individual grain fracture in the finite element analysis of a granular assembly. It is recommended that future research attempting to incorporate grain fracture research other approaches, such as the cohesive zone modeling approach, particularly if computational resources are not adequate to complete extremely large, explicit, nonlinear finite element analysis of granular assemblies incorporating grain morphology and fracture.
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[bookmark: _Toc146286868][bookmark: _Toc164809351]Summary of Major Conclusions
While multiscale phenomena such as individual grain fracture at the microscale and grain morphology at the mesoscale, have been shown to greatly affect the constitutive behavior of granular materials at the macroscale, they are often not incorporated in numerical analyses due to the computational expense of simulating large assemblies of explicitly modeled sand grains. This dissertation focuses on possible approaches to incorporate these phenomena in finite element analyses of single grain crushing tests and 1D confined compression of granular assemblies through the use of available material models and X-Ray CT imaging. Two different material models, a damage mechanics approach and a brittle cracking model, were investigated for their suitability to model grain fracture. The effects of their specified material properties on the fracture behavior of individual grains as well as the overall behavior of the granular assembly at the macroscale level were also examined. Numerical considerations, such as mesh discretization approaches and element type selection, were investigated to provide recommendations for how best to capture stress concentrations at intergranular contacts. The effects of grain orientation due irregular grain morphology and coordination number were investigated to determine their effects on catastrophic grain splitting. An RVE analysis was performed to determine a recommended model size, in which grain morphology and fracture are incorporated, that can be used to capture the macroscopic stress response of a granular assembly subjected to 1D confined compression.
The major conclusions are summarized below to provide guidance on numerical modeling of granular materials subjected to single grain crushing and 1D confined compression of granular assemblies:
1. When aiming to replicate experimental findings from single grain crushing tests of a brittle material like Ottawa sand using finite element modeling, where fracture mechanisms are incorporated and determined by properties such as ultimate tensile strength and mode I fracture, it is evident that the specified ultimate tensile strength plays a notably more significant role than the specified fracture energy in aligning with the peak force linked to catastrophic splitting, owing to the inherently brittle nature of the material. A convergence study should be performed on the fracture energy to ensure that brittle behavior is being captured. 
2. Grain orientation and coordination number are shown to significantly affect the force associated catastrophic splitting in simulations of single grain compression tests of Ottawa sand in which grain fracture is incorporated. As grain orientation and coordination number are affected by the arrangement and density of the individual grains within the granular assembly, both of which are affected by grain morphology, the inclusion of grain morphology through x-ray computed tomography will allow for more accurate modeling of a granular assembly subjected to 1D compression. 
3. While the force associated with catastrophic splitting is shown to be directly related to grain size in simulations of single grain crushing tests of Ottawa sand, the size effect is normalized by calculating the breakage stress of s=f/d2 proposed by Jaeger [30].
4. Due to the high stress gradients at intergranular contacts observed in both simulations of 1D compression of quartz spheres and 1D compression of a small granular assembly without fracture, mesh refinement is necessary to more accurately capture the stresses associated with grain fracture initiation. However, as mesh refinement increases the computational requirements for explicitly modeling individual grains of sand using finite elements, the meshing approach should be chosen for efficiency. Mesh refinement was shown to be necessary in ring of width 0.3*diameter of a 700mm fused quartz sphere from the outer surface of the sphere in order to accurately capture the contact stress gradient. 
5. The ability of quadratic tetrahedral elements to accurately capture the stress concentrations associated with intergranular contact forces in 1D compression simulations of a quartz sphere, while using a coarser mesh and requiring less computational resources than a model using linear tetrahedral elements, was demonstrated. Therefore, models in which high stress concentrations are present, such as granular materials subjected to 1D confined compression in which individual grains are explicitly modeled, should investigate the use of higher order finite elements to reduce computation time.
6. Incorporating grain fracture in numerical analyses of a granular assembly under 1D confined compression, softens the stress-strain response of the granular assembly at a continuum level. As the specified ultimate tensile stress associated with grain fracture initiation decreases, this softening of the assembly’s stress response is more pronounced. Incorporating grain fracture in numerical analyses of granular assemblies subjected to 1D confined compression may allow numerical results to more closely match experimental results.
7. However, the brittle cracking model utilized in this dissertation may not be suitable for modeling granular assemblies. Lower ultimate tensile strengths that correlate to single grain crushing test experimental data, result in significant volume and mass loss due to element removal with crack propagation. Significantly increased mesh refinement is likely necessary to reduce the effect of this phenomena, which will significantly increase computation time. Until computational resources are made more efficient, different approaches to modeling grain fracture within large assemblies, such as utilizing cohesive elements, should be investigated.
8. An RVE size between 14 and 17 times the maximum grain diameter may be considered appropriate to capture the macroscale stress behavior a granular assembly under 1D confined compression in which grain morphology and grain fracture are incorporated.
[bookmark: _Toc164809352]Future Work
The following recommendations are made for future work based on the findings of this dissertation:
1. Highly nonlinear finite element models of discrete granular materials incorporating contact and brittle material fracture are computationally extremely expensive, even at quasistatic loadings. Approaches that reduce the number of elements, such as adaptive meshing, or multiscale models such as combined FEM/DEM should be explored to solve these problems and then extended to more complex problems, such as triaxial loadings and dynamic project penetration. 
2. While new approaches are being developed, alternative approaches to modeling individual grain fracture using finite element analysis, such as cohesive zone modeling, should be utilized to eliminate the numerical issues caused by volume loss associated with the brittle cracking model.
[bookmark: _Toc164809353]Statement of Significance
The work presented in this dissertation is aimed at investigating approaches to incorporating grain fracture and morphology in numerical analyses of granular assemblies. While the incorporation of grain morphology through X-Ray CT has been used extensively in previous research, this work highlights the need to continue to use this powerful tool in order to capture intergranular contact forces which directly impact the fracture and fragmentation behavior of grains within the assembly. The effects of individual grain fracture on the macroscale stress-strain behavior of granular materials subjected to 1D confined compression has been shown to be significant. Capturing and quantifying this behavior using numerical analyses will allow for better material models to be developed for granular materials at the continuum level. However, many numerical approaches to modeling grain fracture have drawbacks such as the loss of the continuous grain surface with DEM. This research determined that one possible material model, the brittle cracking model, in which elements were removed after fracture, may not be suitable without a highly refined mesh, and that other approaches should be explored.
I hope that the work presented in this dissertation provides guidance on how to approach finite element analysis of granular materials incorporating grain morphology and fracture to increase the capabilities of numerical analyses to capture this complex problem.
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[bookmark: _Ref146288164][bookmark: _Toc164809358]Table 1. Splitting Force of Sand Grains
	Diameter (mm)
	Sand
	Splitting Force (N)
	Maximum Equivalent Stress (GPa)
	Reference

	0.50
	silica sand
	33.1
	2.51
	McDowell [29] 

	0.65
	silica sand
	30.9
	1.55
	Nakata et al. [7] 

	1.00
	silica sand
	59.0
	2.96
	McDowell [29]

	1.00
	calcareous sand
	61.9
	1.92
	McDowell and Bolton [5]

	1.55
	silica sand
	74.4
	2.87
	Nakata et al. [7]
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[bookmark: _Ref494980741][bookmark: _Toc164809359]Table 2. Properties used in GEODYN-L Analyses
	Property
	Value

	Elastic Modulus (GPa)
	66.9

	Poisson’s Ratio
	0.18

	Yield Stress (GPa)
	6.85

	Hardening Constant
	13.1

	Hardening Exponent
	0.656





[bookmark: _Ref495062466][bookmark: _Toc164809360]Table 3. Example Maximum Equivalent Stress and Coordination Number at 5% Axial Strain of Larger Specimen
	Coordination Number
	Maximum Equivalent Stress (GPa)

	4
	7.9

	5
	5.7

	6
	4.8

	7
	4.2
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[bookmark: _Ref42547649][bookmark: _Toc164809361]Table 4. Mesh Attributes of Spherical Single Grain Analyses
	Mesh
	Elements
	Nodes
	Element Type

	A
	183455
	32419
	linear

	A
	183455
	252150
	quadratic

	B
	160971
	28663
	linear

	B
	160971
	222154
	quadratic

	C
	27667
	5114
	linear

	C
	27667
	38850
	quadratic

	D
	10120
	2199
	linear

	D
	10120
	15473
	quadratic

	E
	6811
	1655
	linear

	E
	6811
	11076
	quadratic

	F
	1010
	353
	linear

	F
	1010
	2019
	quadratic

	G
	381
	126
	linear

	G
	381
	732
	quadratic



[bookmark: _Ref19449348]

[bookmark: _Ref42547713][bookmark: _Toc164809362]Table 5. Material properties of quartz sphere simulations using GEODYN-L
	Material
	Density
(g/cm3)
	Elastic Modulus
(GPa)
	Poisson’s Ratio

	Diamond (Top Platen)
	3.51
	950
	0.2

	Fused Quartz (Sphere)
	2.2
	65.9
	0.17

	Silicon Carbide (Bottom Platen)
	3.3
	410
	0.14


[bookmark: _Ref19449938]


[bookmark: _Ref42547822][bookmark: _Toc164809363]Table 6. Grain Orientation Results
	Orientation
	Diameter in Percent Difference from Measured
	Angle Between Orientations
	Displacement at Splitting
	Peak Force at Splitting

	Experimental Data
	0.0000%
	-
	18.7m
	65.3N

	A
	0.0023%
	0°
	18.6m
	65.8N

	B
	0.0004%
	21.52°
	21.6m
	72.9

	C
	0.0797%
	4.49°
	17.0m
	57.0N



[bookmark: _Ref152627105][bookmark: _Ref159922752][bookmark: OLE_LINK1][bookmark: _Toc164809364]Table 7. Material Properties used in Particle Crushing Analyses
	Material
	Density
(g/cm3)
	Elastic Modulus
(GPa)
	Poisson’s Ratio

	Diamond (Top Platen)
	3.51
	950
	0.2

	Single Crystal Quartz (Grains)
	2.65
	100
	0.17

	Silicon Carbide (Bottom Platen)
	3.3
	410
	0.14





[bookmark: _Ref161916556][bookmark: _Toc164809365]Table 8. RVE Lengths (xDmax) based on stress values at different applied strains for both analyses with and without fracture
	Without Fracture

	Strain
	sxx
	syy
	szz
	sprin,max

	1%
	9.0
	7.7
	8.5
	6.8

	2%
	6.0
	6.5
	6.1
	6.5

	3%
	4.4
	5.2
	5.3
	5.2

	4%
	4.3
	4.7
	4.8
	5.2

	

	With Fracture

	Strain
	sxx
	syy
	szz
	sprin,max

	1%
	6.8
	7.8
	7.2
	5.4

	2%
	5.4
	4.7
	11.4
	8.0

	3%
	6.4
	4.7
	19.2
	8.2

	4%
	7.3
	6.0
	15.7
	8.0
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[bookmark: _Ref32851450][bookmark: _Toc164809366]Figure 1. Coordination Number Configurations of Spherical Single Grain
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[bookmark: _Ref494982176][bookmark: _Toc164809367]Figure 2. Coarse and Fine Mesh of Small Ottawa Sand Specimen used in GEODYN-L Analyses
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[bookmark: _Ref494982362][bookmark: _Toc164809368]Figure 3. Contact Line Between Two Grains
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[bookmark: _Ref494982372][bookmark: _Toc164809369]Figure 4. Variation of Equivalent Stress Along Contact Line with Discretization
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[bookmark: _Ref494982456][bookmark: _Toc164809370]Figure 5. Maximum Equivalent Stress in Assembly of Small Specimen with Respect to Applied Axial Strain
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[bookmark: _Ref495016299][bookmark: _Toc164809371]Figure 6. Mesh of Large Ottawa Sand Specimen used in GEODYN-L Analyses
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[bookmark: _Ref494982634][bookmark: _Toc164809372]Figure 7. Axial Stress-Strain from 1D Loading of Large Specimen
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[bookmark: _Ref494982780][bookmark: _Toc164809373]Figure 8. Effect of Mesh Refinement and Element Type on Stress Distribution within Spherical Single Grain Subjected to Varying Coordination Number of Contacts. Mesh Attributes for Each Analysis Provided in Table 4.
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[bookmark: _Ref494982868][bookmark: _Toc164809374]Figure 9. Effect of Coordination Number on Stress Distribution within Spherical Single Grain
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[bookmark: _Ref19448327][bookmark: _Toc164809375]Figure 10. Experimental Setup
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[bookmark: _Ref19448478][bookmark: _Toc164809376]Figure 11. Image processing progression: (a) images of sand grains are obtained using X-ray CT, (b) reconstructed raw images (slice and stack), (c) processed images (slice and stack), and (d) 3D finite element mesh of selected grains
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[bookmark: _Ref19449258][bookmark: _Toc164809377]Figure 12. Effect of fracture properties, (a) ultimate tensile strength, 0 and (b) fracture energy, Gf, on the response fused quartz sphere loaded diametrically between two horizontal platens
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[bookmark: _Ref19449540][bookmark: _Toc164809378]Figure 13. Force-displacement of quartz sphere crushing test
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[bookmark: _Ref19449553][bookmark: _Toc164809379]Figure 14. Accumulation of damage in quartz sphere with progressive loading from simulations
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[bookmark: _Ref19449620][bookmark: _Toc164809380]Figure 15. High-speed images showing meridional crack of sand particles after catastrophic splitting
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[bookmark: _Ref19449684][bookmark: _Toc164809381]Figure 16. Orientations of Grain in Numerical Analyses
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[bookmark: _Ref19449923][bookmark: _Toc164809382]Figure 17. Effect of Grain Orientation on Force-Displacement Curve
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[bookmark: _Ref19450054][bookmark: _Toc164809383]Figure 18. Force-displacement of Ottawa sand: Experiments vs Simulation
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[bookmark: _Ref19450065][bookmark: _Toc164809384]Figure 19. Accumulation of progressive damage from simulations
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[bookmark: _Ref152636628][bookmark: _Toc164809385]Figure 20: Experimental Setup
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[bookmark: _Ref152627050][bookmark: _Toc164809386] Figure 21. Brittle cracking model crack propagation 


[image: A graph of a function

Description automatically generated]
[bookmark: _Ref161889232][bookmark: _Toc164809387]Figure 22. Weibull probability distribution for individual silica sand laboratory measurements 
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[bookmark: _Ref152629287][bookmark: _Toc164809388]Figure 23. Grain orientations
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[bookmark: _Toc164809389]Figure 24. Diameters of Ottawa grains, spheres, and ellipsoids analyzed for single particle crushing 
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[bookmark: _Ref152628691][bookmark: _Toc164809390]Figure 25. Zingg shape classifications
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[bookmark: _Ref152637800][bookmark: _Toc164809391]Figure 26. Spherical particle analyzed for increasing coordination number
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[bookmark: _Ref152624720][bookmark: _Toc164809392]Figure 27. Particle crushing loading curves for one particle
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(a)                                                                                     (b)
[bookmark: _Ref152621739][bookmark: _Toc164809393]Figure 28. (a) Breakage force vs. particle volume , (b) Breakage force vs. initial diameter in the direction of loading
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(a)                                                                                     (b)
[bookmark: _Ref152621758][bookmark: _Toc164809394]Figure 29. (a) Breakage force vs. sphericity (elongation and flatness indices) , (b) Breakage force vs. sphericity (width/length)
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(a)                                                                                     (b)
[bookmark: _Ref152622548][bookmark: _Toc164809395]Figure 30. (a) Breakage stress vs. particle volume , (b) Breakage stress  vs. initial diameter in the direction of loading
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(a)                                                                                     (b)
[bookmark: _Ref152622551][bookmark: _Toc164809396]Figure 31. (a) Breakage stress vs. sphericity (elongation and flatness indices) , (b) Breakage stress  vs. sphericity (width/length)
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[bookmark: _Ref152626259][bookmark: _Toc164809397]Figure 32. Coefficient from fitting force-displacement curves
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(a)                                                                                     (b)
[bookmark: _Ref152630298][bookmark: _Toc164809398]Figure 33. (a) Applied displacement vs. contact area, (b) Applied force vs. contact area
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[bookmark: _Ref152631101][bookmark: _Toc164809399]Figure 34. Effect of sphericity on contact area at catastrophic splitting
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(a)                                                                                     (b)
[bookmark: _Ref152634690][bookmark: _Toc164809400]Figure 35. (a) Applied displacement vs. coordination number, (b) Applied force vs. coordination number
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[bookmark: _Ref160296781][bookmark: _Toc164809401]Figure 36. Granular Assembly under 1D Compression
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[bookmark: _Ref161895146][bookmark: _Toc164809402]Figure 37. Samples for RVE prediction in granular assembly
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[bookmark: _Ref160030702][bookmark: _Toc164809403]Figure 38. Stress-Strain Curves with Varying Ultimate Tensile Strength (stu)  
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[bookmark: _Ref160052132][bookmark: _Toc164809404]Figure 39. Assembly Volume Loss with Varying Ultimate Tensile Strength (stu)  
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[bookmark: _Ref161907068][bookmark: _Toc164809405]Figure 40. Percent grains experiencing fracture (From analysis with stu=1500MPa, and m=0.5)  
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(b)
[bookmark: _Ref160272160][bookmark: _Toc164809406]Figure 41. Coordination Number with Applied Strain for (a) Elastic Analysis and (b) Fracture Analysis
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[bookmark: _Ref160304171][bookmark: _Toc164809407]Figure 42. Volume Loss Per Grain with Grain Coordination Number
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[bookmark: _Ref161915629][bookmark: _Toc164809408]Figure 43. RVE Size Prediction based on applied strain, stress, and inclusion of fracture
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