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ABSTRACT

An analytical cell averaging approach is applied to a local Lagrangian finite
volume formulation of conservation laws describing the flow of a compressible
fluid. After discretization, the approach eliminates the need for pointwise eval-
uation of fluxes and coupled with nonoscillatory interpolating functions, yields
an accurate, conservative, stable scheme. This is done without the addition
of any terms not derived from a direct discretization of terms in the original
conservation law and without decoupling the system into characteristic fields.
The development of the scheme is motivated and documented and its viability

demonstrated by application to two one-dimensional fluid flow problems.
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CHAPTER 1

INTRODUCTION AND PURPOSE

The purpose of this treatise is threefold; to motivate and document the de-
velopment of a new numerical method developed to solve the equations describ-
ing the flow of compressible fluids, formalize the present state of this algorithm,
and demonstrate its viability by applying the algorithm to simple compressible
fluid flow applications.

It should be stressed that the material presented here represents only an
initial investigation of ideas that may prove useful in the future. Years of work
by many skilled mathematicians, scientists and engineers is required to refine a
computational algorithm to the point at which it can be applied to the complex
real world flow problems being tackled routinely in laboratories across the world
today.

Since late 1990, K. C. Reddy of The University of Tennessee Space Institute
and the author have been developing a novel approach to solving the compress-
ible flow equations based on a Lagrangian finite volume in space-time on fixed
grids[1][2][3]. The algorithm is particularly elegant in that, unlike most popular
schemes used today, it relies on no additional terms not present in the original
equations to provide stability. Nor is it necessary to decouple the equations into

characteristic fields. By adopting a cell averaged approach to a unique formu-
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lation of the equations, great strides in accuracy and stability have been made.
Indeed, the analytical formulation of the governing physical conservation laws

itself stabilizes the numerical algorithm.



CHAPTER II

LAGRANGIAN FORMULATIONS

In this chapter we wish to justify the use of Lagrangian formulations of fluid
flow conservation laws as the basis for numerical discretization.

The Euler equations, a coupled system of three PDE’s,

1) Vo(E,Q)=0,V=(, o)
p pu
Q= (pu) B = (pu2+p) 0= (7= 1)(e — pu?/2),
e (e + p)u

describe the flow of a one-dimensional inviscid perfect gas. If we assume that
entropy is constant in our region of interest then it can be shown[4][5] that they,
can be written as a homogeneous coupled system of two nonlinear ordinary

differential equations from which it follows that

dz
u+7_1c-—-b1—constant along E:u-{-c
2 d
u—7_1c=bg=constant along d—:=u—c
1/2
c= (2 .
P
Constant entropy implies, by definition,
% = b3 = constant along % =u.
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Writing this system in terms of the primitive variables (p,u, p), we see that the

determinant of the Jacobian of the transformation is given by

—-1{1 0 _1;
a(bl’b2’b3) = det S‘Y-l (12)1/2 1 57;(.1 1/2

det 3
(P,‘U,p) !7—1!(12)1/2 1 !‘7— (_‘1_ 1/2
2p \op

= Lo -ny
We may assume that the primitive variables p and p never vanish. Since the
Jacobian given above never vanishes, and assuming the conservation variables
to be sufficiently smooth in our region of interest, we may apply the inverse
function theorem which tells us the transformation is invertible. Then, with
the additional hypothesis that u # 0, the determinant of the Jacobian of the

transformation

P
F(p,pu,e) = | u
p

given by -,1; pu? never vanishes. Therefore the solution is completely specified and
locally the domain of dependance of the PDE, Equation (1), is bounded by a
cone with edges % =u+cand % = u —c. Soin a differential sense the domain
of dependance is symmetrically located about the pathlines of the ﬂow =u.
Along similar lines, we may extend the domain of dependance analysis for
linear systems presented by LeVeque[6]. If we linearize Equation (1) about some

state indicated by the subscript o, the equation becomes

m+§%m=o
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The coefficient matrix of this system is diagonalizable with real distinct eigen-

values u,, 4o + Co and uo, — ¢o. So, if

OFE

= RvoRo_l
Q.

then

Qt + ROAORJIQz = 0?

= R;7'Q,+ A.R;'Q, =0,
= 8(R7'Q) + A:0:(R;'Q) =0,
= 8(V) + Aod.(V) = O,
V = R;1Q.

This is a system of three decoupled linear constant coefficient advection equa-

tions, each of whose solutions is just

where )., is the p*? diagonal element of A,. Then the p'* component of the

solution is just

3 3
Qp(z7t) = Z R°p,.'Vi(37t) = Z R°p,-‘Vi(x — Aoit, 0)

i=1 =1

3 3
=Y Ro,; Y R, Qu(z — Xo;t,0).
=1 k=1
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So Q(z,t) depends only on the values of @ at the points (z},0), z; = z—X.;t  Vi.
Now assume that the initial data is smooth. If we were forced to estimate Q(z,t)
by choosing one value from the initial data to represent it, that value certainly
must come from those whose domain is the domain of dependance of Q(z,t).
The only reasonable choice for smooth initial data from values at the points
(z = (4o + ¢o)t,0), (z — uot,0), (z — (uo — ¢o)t,0), would be that value of Q at
(z = uot,0), in center of the domain of dependance. This is @ evaluated along
dz

9% = uo. These observations make a Lagrangian formulation of the equations a

natural choice for the basis of numerical discretization.

Alternatively, we may take another point of view with regards to Equation
(1) which shows that a unique Lagrangian formulation transforms the system of

three PDE’s into a quite simplified system of three ODE’s.

Let us integrate these equations over a quasi-arbitrary space-time volume
V shown in Figure (1). The quasi-arbitrary nature is apparent in the following
description. Let V be bounded spatially by arbitrary curves parameterized by

r, say

L = z(r)i +t(r)j, TR = zr(r)i + tr(r)j
where the subscripts R and L refer to right and left respectively, with the stip-

ulations that ¢z p increase with the parameter and 7, g do not intersect, and

bounded temporally by straight lines connecting 77 and 7 at r and r + Ar.



Figure 1. A quasi-arbitrary volume in space-time.

Define

Az(a) = zp(a) —z(a)

At(a) = tr(a) —tr(a)

_ At(a)
m{a) = Az(a)



Integrating

0
o (E,Q) =0, VE(a ,-a—t-)
over V yields

f (E,Q) onds = 0.
av

Defining / to indicate differentiation with respect to the parameter, n is such
that no 7, ; = 0,|n]| = 1, and has outward orientation along 7,r, and is

constant with outward orientation along the top and bottom edges of V. Along

TL,R,
W—_tf_:?;)T along 1,
(tg,—
W_R—ftm—:n I along g
and
dz? dt?
— 2 at” o, o
ds® = dz® + dt* = o dr? +d dr
(2 1 2y\1/2
= ds—(zL,R +tL,R ) dr.
So

_ [ (~ty,zy)dr along T
nds = { (tg,—zR)dr along Tg.

At the top and bottom of V,

{(—At(r+Ar),Az(r+Ar)) to
n= { I{-At(r+Ar),Az(r+Ar))]| p

(At(r),—Az(r))
A, =az(M)] bottom

and

ds® = dz® + dt* = da? +( )2d2_(1+( )z)dz



dz
— (A2 2\1/2
= ds = (Az* + At*) o

where the arguments of Az and At have been omited for convenience. So

At(r + Ar)
) CRaranyde tp
e (-Atﬂ —-1)dz bottom
Az(r)’
_ f{(-~m(r + Ar),1)dz top
1 (m(r),-1)d=z bottom.

Now our surface integral expansion is given by

f (E,Q) onds =0 =
ov

zr(r)

zp(r+Ar)
/, (E,Q) o (—m(r + Ar),1)dz — / (E, Q) o (—m(r), 1)dz+

L(r+Ar) zr(r)
r4+Ar

r4+Ar
/, (B, Q)R 0 (¢, —2)(F)dF + / (E, Q)L o (~t}, 2 )(7)dr =

zp(r+Ar) zr(r)
/z (Q — m(r + Ar)E)dz — / (Q — m(r)E)dz+

L(r+Ar) z(r)
(—Qz' + Et')r(rr)Ar — (-Qz' + Et')(r1)Ar =0
where rg 1 are in (r,r + Ar) and given by the mean value theorem. Dividing

the above equation by Ar we have

zr(r+Ar zRr(r
JERAAN(Q — m(r + Ar)E)dz — [25)(Q — m(r)E)dz N
Ar

(-Qz' + Et')r(rr) - (—Qz' + Et')1(r1) = O.
As Ar - 0,rg, — r, s0

lim zr(r+Ar) zL(r)
Ar—0 Ar

JIXASO(Q ~ m(r + Ar)E)dz — [Z2)(Q — m(r)E)dz N
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Alixﬂo(—Q:c' + Et')R(rR) - (—Q:z:' + Et')L(rL) =

d [zr0
(2) %= (Q — m(r)E)dz+

zr(r)
(—Qz' + Et')g(r) - (—Qz' + Et')(r) = 0.
We have transformed the original system of PDE’s to one of ODE’s.

Now let us examine this equation.

d =R
4 [ (@ -mrByiz+
T Jzi(r)

p(ut' — ') p(ut' — ')

pu(ut' =)+ pt' | (r)—| pu(ut' —2")+pt' | (r)=0.
e(ut' —z')+put’ / o e(ut' —z') +put' / |

We wish to solve the resulting form of this equation numerically. Thus the

equation should be readily discretizable and have as simple a form as possible.
To simplify the equation we might hope that m(r) = 0 and ' = ut'. If the
system is to be discretized in time we certainly must have tg(r) = tp(r),Vr.
The choice r = t and tg = t; = t satisfies this requirement for discretization
and At(r) = 0 = m(r) = 0. Moreover, if % = u at both R and L then z’' = ut’
simplifying the equations just as we had hoped.

Therefore, by performing a volume integration in a Lagrangian context we

have simplified Equation (1) considerably. We have

d [=r® 0 4 0
(3) 7 Qz,tydz+| p | ®)-{ P | ()=0
zr(t) pu/ g pu/
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where zr and z, satisfy d—’d'—:'ﬁ = u(zp,L(t),t), as a reformulation of Equation

(1).

Integrating this equation in time from time ¢ to t + At we see that the path-

dzRr L

lines described by =& = u(zr,L(t),t) define our volume V' which will hereafter
be referred to as a local Lagrangian finite volume (LLFV), or Lagrangian finite

volume. The corresponding integral form of Equation (3) is

zr(t+At) zr(t)
(4) / Q(z,t + At)dz — / Q(z, t)dz+

L(t+Ae) zr(t)

t+At t+At
/ Fr(s)ds — / Fi(s)ds = O,
t t

with

0
(5) F=—Qu+E=(P).

pu

We may include a source term to the equation in the following manner. For

(6) Q +E.=8,

we have
. 8 =
59+ 5 E- [ Swnan=o,

where z; is some fixed point in our domain. Now integrate this equation over a

Lagrangian finite volume from times ¢ to ¢ + At. The new term

t+At pzg(s) t+At pzr(e)
—/ / S(a:,s)da:ds+/ / S(z,s)dzds
t To t Zo
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will be included in our surface integral expansion, Equation (4). Then move this
term to the right hand side of Equation (4).

Alternatively, leave the source term on the right hand side of Equation (6).
Integrate both sides over our Lagrangian finite volume. In either case, the right

side of our new equation is given by

t+At pzR(s)
/ / S(z, s)dzds.
t zr(s)

Thus the equation including the source term corresponding to Equation (4) is

zr(t+At) zr(t)
1) / Q(z,t + At)dz — / Q(z, t)dz+

L(t+At) zr(t)
t+At t+At t+At  pzR(s)
/ Fr(s)ds — / Fi(s)ds = / / S(z, s)dzds.
t t t zr(s)

Dividing the new term by At,

1 t+At prg(s)
lim —-—/ / S(z,s)dzds =
At—0 At t zz,(a)

F) t+At pzr(s)
i a3 e fz’ia) S(z, s)dzds

3
At—0 AT At

zgr(t)
/ S(z,)ds.
zr(1)

In this way we see that the equation coorisponding to Equation (3) including
the source term is

zr(t) 0 0 zr(t)
® [ Qeoit|s) 0-(r) =] saoe
t Jzi(o) pu/ pu), zL(t)
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CHAPTER II1
A LAGRANGIAN FINITE VOLUME FORMULATION

FOR THE EULER EQUATIONS

3.1 A Basis for Discretization

Referring again to the one-dimensional Euler equations, Equation (1), we
wish to integrate these equations on a fixed, uniform, space-time grid over cells

that are bounded by particle paths and by time levels n and n 4 1 as shown in

Figure (2).

n+1

\ 4

51‘—«} £j+-}

Figure 2. A Lagrangian finite volume in space-time
centered at node z;.

Define

h=$j+1/2—$j_]/2, At=t"+l—tn

and z g ; the solutions to the differential equation

dz

E = u, with zn,L(t"+1) =Tjt1/2-
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Integrating backward in time we define

9 ix172 = zR,L(t").

Now we write Equation (4) making explicit the dependance on z; as

Tit1/2 €& +172(25)
(10) [ Q- [ Qo t")dz+
zi_1/2 &j-172(z;)
t"+l ‘n+l

F(zq(t),t)dt — F(zy(t),t)dt = O,

tn
where F is defined by Equation (5).

3.2 Discretization in Time

From the definition of zg,,

t”+l t"+l

/t" T dt = /:» u(zg,L(t),t)dt

t"+l

=> §ix1/2 = Tjx1/2 —/ u(zr,L(t),t)dt.
"l

Approximating the integral on the right by the trapezoidal rule yields
(11) €ix1/2 = Tjx1/2 — Uj1/248,

Tjzrye = (u}] r2 + u(€z1/2,t"))/2.
With this approximation we are assuming the characteristics zg 1, to be straight
lines of slope -‘;—f = Uj+1/2- Integrating the second two terms in Equation (10)
similarly, we have,
(12)
Zit1/2 ) §i+1/2(z;) - _
/ Q(z, t"+)dz — / Q(z, t")dz + FipnsAt — Fy_y At = O,
x

i—-1/2 §i—1/2(2;)



15

where
Fis12 = (Fityyn + FEixa/2,t™)/2,

and again the so called flux vector F is defined by Equation (5).

3.3 Conservative Differencing

To preserve global conservation properties in space, regardless of how we
evaluate Q(z ;4 1) t"*1) and Q(¢ i+ t") , we perform the evaluation consistently
on each cell at any given time step. In terms of conservation, this leaves a
great deal of flexibility in the method of evaluation. For example, we could
use linear interpolation between the nodes to evaluate Q(z;+1, t"*+1) and cubic
interpolation to evaluate Q(¢;4 ‘},t") . Conservation dictates that we evaluate
Q(zj*%,t"“) and Q(ﬁji%,t") the same way on the j** and j + 1°* cells.

To preserve conservation in time, at any time level ¢ we fix an approxi-
mating function for @ and use it for all integrations. The solution at time ¢"
is integrated twice, once at the top of the cells at time step n, and once at the
bottom of the cells at time step n + 1. If we assume that Q(z,t") is a piecewise
constant function with value Q(z;,t") in (z;_3,2;,1) at time step n (when
Q(z,t™) is at the top of the cells), we may integrate it exactly. If we then as-
sume that Q(z,t") is a piecewise linear continuous function between the nodes
at time step n + 1 (when Q(z,t") is at the bottom of the cells), and integrate
this by the trapezoidal rule we are left with a scheme that is not conservative in
time and consequently, does not capture shock speeds correctly. This is due to
the nonlinearity of the equations. This method will be conservative in time if the
trapezoidal integration is performed at uniformly spaced locations separated by

h. This is simply because both methods of integration produce the same result
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in this case as is seen by the following demonstration. In particular this occurs
when 42 5% = constant.
Consider a discrete function {g;} with domain all of R, that vanishes outside

a bounded interval. Interpreting the function to be piecewise constant within

each cell (zj-1/2,Z;41/2),

/qu— Z gjh.

J_—m

Next assume the function to be piecewise linear with values {g;} given at the
nodes and use the trapezoidal rule to integrate the function over the points
{€j+1/2}, where we will use the convention that £/, isin the interval [z}, z4+1).

The interpolated values are given by

Yi = %l_(faﬂ/z — Tit1) + Git1-

So the trapezoidal rule gives

/qux = Z (-1 +y1)— =

J_—w

Z [(gi - gi-1)(€j-1/2 — x;) + q;h+

N =
“

(gi+1 = 4;)(Ej+1/2 — Zj+1) + gi+1h]

z (2541 — gj-1)(€j+1/2 — Tit1) + (g5 + gj+1)h]

Nlr—-'

%Z + Zq1+1h—29b

]——oo J——(X)
The important observation necessary to obtain this result is that the locations at
which the interpolation is performed are evenly spaced so that £;11/; —€-1/2 =

h=z;—z;_1 Vj, which implies equality of the coefficients in our sum.
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As stated previously, for nonlinear problems however, this will not be the
case. The distance between adjacent £ locations will vary with u and in general,

will not be constant.

We do, however, have the freedom to use different approximating functions
at different time levels provided that the approximating function is fixed with
respect to the z-grid and the type of approximating function used remains fixed

for all evaluations.

With these rules in mind, when the cells abut in time and space, no numer-
ical sources will appear and the scheme will be globally conservative. We also
observe that we may use different approximating functions for integration than

those used to interpolate the fluxes and the scheme will remain conservative.

3.4 The Scalar Wave Equation

Let us consider a simple case temporarily and observe some results from

this scheme applied to the scalar one-way wave equation.

We wish to solve the linear wave equation

Ou Ou

=0, a = constant.

The exact solution being uo(z — at) where ug(z) is the initial condition, we ob-
serve that the initial profile just moves along with velocity a. The characteristics
% = a form the boundary of our volume of integration between times ¢"+! and

t". Heuristically, we may think of a fluid of density u moving with constant

speed a and form our volume of integration in the z —;t_ plane as shown in Figure

(3).
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n+1

§i-1

Figure 3. A Lagrangian finite volume for the scalar wave equation.

Rewriting equation (13) as

_,0 0
Vo (au,u) =0,V = ($’§>
we have [, V o (au,u)dV =0, or
(14) f (u,au) onds = 0.
av

The surface integral is to be performed about V. Thus n ds about 8V is given

by

(0,1)dz  along AB
(1,—a)dt alongD B
(0,-1)dz alongCD
(—1,a)dt along C A.

nds=

Thus Equation (14) yields

Zjt1/3 1 Ti+1/2 Tj-1/2 §i+1/2
/ u™t da:+/ (au—au)dt+/ (—au+au)dt—/ u"dz =0,
j j=1/2 j

Ti_1/2 &i41/2 €i-1/2

or

Zit+1/2 §it+1/2
(15) / u"tlds = / u"dz,
z .

j-1/2 §i-1/2
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with €j:|:l/2 given by

€it1/2 = Tjx1/2 — aAt.

Alternatively, we can arrive at this result in a simpler manner. Observe that
for Equation (13), Equation (1) is a scalar equation with @ = u and E = au.
Again choosing t = r yields t} ; = 1. Then, if 2’ = at', our result is the first
component of Equation (3). An integration in time gives Equation (15).
Let us define some terms that will facilitate our analysis of the scheme.
Let {U;} and {V;} be two discrete grid functions generated by a method of

the form
(16) Uit = L(U})

where L is a linear operator.

If

then the method is said to be monotone.

Define the l;-norm of a discrete function as
W=k > Ul
j=—o0

where we assume that {U;} vanishes outside of some bounded set. If {U;} and
{V;} are any such functions then so is {{U — V);}. The method is said to be
l;-contracting if

”Un+l _ Vn+1”1 S “Un — Vﬂ”l

for any such functions.



The total variation of a discrete function {U}'} is defined to be

Tv(Ut) = Z U7 +1 - |

j==—o00

The method given by Equation (16) is said to be total variation diminishing or
TVD if
TV(U™) < TV(U™).

For the time being let us assume that the approximating functions on which
we are to perform the integration are piecewise constant within each fixed grid

cell. Then we have the following result.

The method given by Equation (15) is TVD on the scalar equation , Equation
(13).

To establish the result suppose U and V" are grid functions with the following

property,
U}' < VJ-" vj.
Then
1 [Si+1/2 1 féiv2
UJ"'“ =7 Utdz < - V*dz = Vj”"'1 Vj.
€i-1/2 h §i-1/2

Therefore, the method given by Equation (15) with piecewise constant approxi-
mations in each fixed grid cell is a monotone method. Combining this with the

results[6] that
monotone = [y -contracting = TVD

substantiates the claim.
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Another consequence[6] of monotonicity is that
A monotone method is at most first order accurate.

Therefore, the method described above is at most first order accurate for arbi-
trary CN, where CN is the Courant-Friedrichs-Lewy number or Courant num-

ber, CN = 24t

We now establish another result. We introduce the notational index m
such that zm < €j41/2 < Tm+1. For the first case assume that £;41/2 < Tm41/2-

Then the method is given by

1 §iv1/2
u;-""l = E/ udz =
€i-1/2

=[h~ (alt — (j — m)A)ju + 6t = (j ~ m)hluf,_, =
[1~ (CN ~ (j ~ m))Jup + [CN ~ (§ — m)lufu_s,
Since £;41/2 < Tms1/2 it follows that
1> 2> [(aht~(j ~m)h)] > 0

= 1>CN-(j—m)>0

and

CN-(j-m)=0 iff CNeZ.

For a sinusoidal wave mode the method (15) has form
V:+leij5 = V:ei(m"l)e[aAt -(- m)h]-’I;+

VremE[h - (alt — (j — m)h)]%.
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V:'H
Vn

N = e!m=M[e=#(CN = (j —m)) + (1 = (CN — (j — m)))).

Let C be the parameter defined by C = CN — (j — m). Then C obeys the
inequality 1 > C' > 0 and vanishes only for CN € 2.

n+1 L .
| 2 P imt P e 4 (1- )
Vo
=1-4C(1 - C)sin®£/2.
Since1>C >0,
Vn+l
= 4C(1-C)2>0 and |%— ’<1,

the equality holds iff CN € 2.
The case 24172 < €j41/2 goes entirely similarly and produces the same
amplification factor with the same conditions on C. We have demonstrated the

following.

The method given by Equation (15) with piecewise constant approzimating func-
tions on the fized grid is unconditionally stable on Equation (13). Moreover, it

is dissipative of order two for noninteger CN and nondissipative for CN € 2.

The next result is a product of the following truncation error analysis. It

extends the previous results.

The method given by Equation (15) with piecewise constant solution on the fized
grid is consistent with Equation (13) and truncation error is of order h for
CN < 1. The leading error term is of a diffusive nature. For CN =1, however,

truncation error is of order h? and it is not diffusive.
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We will assume that a > 0, CN < 1 and expand the function u in a Taylor

series about u*, the function evaluated in the center of the cell at the point

(:Bj - aTAt, tn+1/2).

Define
e A
wlus) = u" u"dz
hAt &i-1/2
1 n+l n
hAt{ h — aAtu}_; — (h — aAt)u’},
and
L(u] = u¢ + au, = 0.
Then
un+l_ut+At +1é_£u+
i 2 2
At? alt? . alAt?
] utt +— 4 Uy + —_8——'“1::: + 0(h3)7
At alt
u1=u Y ug + 2 —u,+
At? |, aAt? 2At2
'_S-utt - Tutz +— 8 zz + 0(h3)7
At At
Jor =t -l - (h— T )ul+
A2, At aAt, ., 1 aAtz,, 3
5 Uit 5 (A= == Jul + S(h — =) uz + O(RY).
So
1
Li[ua) = (ui + aul) + E(azAt — ah)ul, + O(h?)
= (u} + aul) + ;(at — h)uj, + O(h?).
Thus

Lalus] = L{u"] + S (aAt - h)us, + O(h?),



and for CN = 1, aAt = h. This establishes the claim.

If CN < 1it is easily seen that the method given by Equation (15) is just
the familiar first order upwind method. With this observation none of these
results are surprising.

We may increase accuracy to O(h?), if a piecewise linear continuous ap-
proximations are chosen for integration purposes. This is seen by the following
demonstration.

We add to our list of Taylor series representations the equations given below.

At At
;‘;‘ll—u +—2— uf +(h+ - Jul+
At? At At
E i S0+ 2o, 4 5 (h - 20z, + 0(),
u;""l u +%u:—(h—£—A—£)u +
At? ., At alt
_é—"u""é‘(h ) ug + 5 (h——)2 -+ O(h%),
At At
u;’+1=u*——2—u:—(h+i—> -+
A2, At aAt
— uu— 5 (bt ) Uy + 5 (h+——)2 .+ O(R?).

Since

Fit1/3 3h h h
+1 2, nHl +1 +1
/; u? =Y ‘1'8;‘14'8'11+l
i—-1/2

for a piecewise linear approximation, define our operator

1 3h ﬂ+l h n+1 h n+1 £j+1/2 n
Lu[ua) = AT Tguia tguin /;,-_1/: udz}.

For simplicity assume that CN < -;- Then &;41/2 € [zj,2j41) and §j_y/2 €
[zj-1,Z;]. So the interpolated values based on piecewise linear approximations

at the £ locations are given by

n n n 1 n
u(j41/2,t") = (uip — uj )(5 —CN) +uj,




n n n 1 n
u(€jm1/2,t") = (ujy = u})(5 + CN) + 1},
and the integral above is given by

Ei41/2
/ udzr =
§i-1/2

2]

h
27 + u(Eont™) (g + 0B + 2(uF + ulEigr/nt™)(3 — ad).

Therefore, after some manipulation,
Lplus) = klu"'H + kzu;‘_;'_'ll + kzu,_l + kau} + kquj_y + ksujy,,

where the constants are given by

3

4AL’
1

8At’

+CN)(1 +(— - CN)) +(— -CN)(1 +( +CN))],

k=

ky =

ks = 2At [(

ky = +CN)2,

2At(2

2
ks 2At( —CNY.

Now, carrying out the arithmetic it is easy to show that
Lp[un) = L{u*] + O(hz).

3.5 Results
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These analytical results are demonstrated numerically for a test problem.

First we solve the scalar wave equation by the numerical scheme of Equation (15)

with initial conditions wu(z,0) = sin(4z) and a simulation of infinite domain.
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Figures (4) and (5) show the results of the method given by Equation (15)
with piecewise constant approximating functions applied to Equation (13). Fig-
ure (4) shows the results with 100 spatial grid points over 5 unit lengths at

Courant number 5.5 after 20 time steps.

NGRD=100 NSTEPS=20 CN=5.5

1.5 T T T T
exact —
numerical ¢
1F -
OO,
0.5 -
=] 0
-0.5 b RS
00 p
-1 F -
_1.5 L ] 1
0 1 2 3 4 5
X

Figure 4. Results using piecewise constant approximating functions
with CN=5.5 after 20 time steps and sinusoidal

initial conditions.
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Figure (5) shows the results on the same grid after the same number of time
steps, this time using a Courant number of 5 . The solution is virtually exact

for the case with integer CN and dissipative for the earlier case with noninteger

CN.

NGRD=100 NSTEPS=20 CN=5.0

1.5 T Y T T

exact ——
numerical

0.5

Figure 5. Results using piecewise constant approximating functions
with CN=5 after 20 time steps and sinusoidal

initial conditions.

Results for the same problem using the method given by Equation (15) but
assuming piecewise linear continuous approximations are shown in Figure (6).
Note that the solution is virtually exact. Unlike the piecewise constant solution,

this is true regardless of the Courant number.



NGRD=100 NSTEPS=20 CN=5.5

1-5 L § L)

0.5 p

exact —
numerical ¢

-0.5 F

Figure 6. Results using piecewise linear approximating functions

with CN=5.5 after 20 time steps and sinusoidal

initial conditions.
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These results seem to indicate the method of choice to be that of Equation

(15) using piecewise linear approximations for all Courant numbers. However,

the next set of results point out some difficulties.

We apply the same methods, on the same grid, to square wave initial con-

dition,

_J1 1<z<15
w(z,0) = {0 elsewhere.

Figure (7) shows the results using piecewise constant approximation with non-

integer Courant number, CN = 1.5 after 30 time steps. Again the solution is




quite diffusive but entirely stable and nonoscillatory.

NGRD=100 NSTEPS=30 CN=1.5

29

1.2 T T T T
exact —
numerical €
1P -
©6
* e
0.8 | ¢ 4
® °
0.6 F N 4 ~
=)
0.4 < b i
° °®
0.2 . ° 1
. °
. K4 0%‘
_0-2 1 1 1
0 1 2 3 4 5
X

Figure 7. Results using piecewise constant approximating functions
with CN=1.5 after 30 time steps and square wave

initial conditions.
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Figure (8) shows the same case using integer Courant number, CN = 1.
The solution is virtually exact, stable and nonoscillatory. These results are

consistent with our analysis.

NGRD=100 NSTEPS=30 CN=1.0 }

1.2 T T T L

exact —
numerical

0.2 1 1 1 2

Figure 8. Results using piecewise constant approximating functions
with CN=1.0 after 30 time steps and square wave

initial conditions.

However, when a piecewise linear approximation is used, we see from Figure
(9) that though the solution is nondiffusive and fairly accurate, overshoots and

undershoots appear around discontinuities.
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NGRD=100 NSTEPS=30 CN=1.5

1-2 T | L ]
exact ——
o o numerical ¢
1 P—.“.—‘] E
0.8 1
p 4
0.6 I p
=
0.4 -
4 p
0.2 b
o0 O (-
0 L 4 Q®
L 2 [ J
_0.2 [l L 1
0 1 2 3 4 5

Figure 9. Results using piecewise linear approximating functions
with CN=1.5 after 30 time steps and square wave

initial conditions.

In summary, the two previous test cases demonstrate the increase in ac-
curacy achieved by using the piecewise linear continuous approximations and
the accuracy and stability of using an integer Courant number with piecewise
constant approximations. It is also apparent that with piecewise linear approx-
imating functions we begin to develop oscillatory behavior for discontinuous
solutions. The result shown in Figure (9) leads one to believe that this method
using piecewise linear continuous approximations would not perform well on fluid

flow problems involving shocks. To test this, the method given by Equation (12)
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is applied to the familiar shock-tube problem of Sod[7].

The shock-tube problem describes the one dimensional adiabatic flow of an
inviscid perfect gas with initial conditions of two constant states separated by a
discontinuity. The problem may be solved analytically and so represents a good
test for a numerical algorithm.

Figure (10) shows the density of a gas determined by applying the method
given by Equation (12) to this problem with u; = u, = 0, p; = 1 p, = 0.125, p; =
100000 p, = 10000. Here we have assumed piecewise constant approximations
for integration purposes and used linear interpolation to determine the flux
values at the { locations. For the nonlinear Euler equations, we see that the
method is conservative and stable. It captures shocks and contact discontinuities
though both are smeared similar to all well known first order methods. Note
that unlike the linear test cases even though an integer Courant number was
used, the solution is dissipative. The solution does not substantially change for

other CN, though for CN much greater than 1.5 the method becomes unstable.




NGRD=100 TIME=6.lmsec CN=1

1.2 T T T Y
exact —
numerical
1

0.8 P
®
~
o
X
o 0.6 |
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Figure 10. Density in the shock-tube with piecewise constant

integration and linear interpolation of fluxes.

We suspect that using piecewise linear approximations would be unstable.
Indeed, the method using piecewise linear continuous approximations for both
integration and interpolation purposes is unstable on these non-linear vector
equations.

So in terms of formal accuracy on the scalar equation, using piecewise con-
stant approximating functions for integration provides O(h) accuracy and that
using piecewise linear continuous approximating functions provides O(h?) ac-
curacy. But the latter is unstable for some important nonlinear test cases.

Following ideas of the so-called MUSCL and flux-limited schemes[8], the pre-
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vious two results suggest that a piecewise linear slope-limited approximation
might provide the desired accuracy we seek and also retain the stability shown
with piecewise constant integration. However, this method has also proved to
be unstable for certain initial conditions though it is highly accurate for others.
It is suspected that this may have something to do with using different approx-
imating functions to perform the integrations than those used to evaluate the
fluxes.

To this end, an attempt to solve the shock-tube problem is made using
piecewise linear slope-limited approximations for integration and interpolation
purposes. If a { location happened to coincide with a half node, the average
value of the left and right interpolant is used. However, this method proved
to be unstable for any initial conditions. In fact, even using piecewise constant
approximations with this type of interpolation proves unstable.

Though it is still not clear why it is unstable, a conjecture is that it may be
due in part to the pointwise evaluation of fluxes from discontinuous functions as
will be discussed in the next chapter.

The basic local Lagrangian scheme is further refined by considering a cell

averaged approach to develop more accurate and robust solution strategies.
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CHAPTER IV
A CELL AVERAGED APPROACH

4.1 Motivation

It is observed that when the piecewise constant approximations are used for
both integration and interpolation the method is also unstable (recall that this
choice is stable if linear interpolation is used). When a discontinuous function is
used for interpolation an ambiguity arises in determining a function value at a
discontinuity. Moreover, precise location of the argument is critical in the sense
that a very small change in the argument could produce a very large change in
the corresponding ordinate. This is clearly undesirable in an iterative process.

With these thoughts in mind we now develop the present form of the algo-
rithm.

4.2 The Cell Averaged Conservation Law

We start with Equation (8) and integrate it from " to ¢"*!. Let z be any

point in our domain and define rx the solution to
dzp n+1
‘le—=u Z'R(t )=:L‘+h/2,

and define

§r(z) = zr(t").
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Similar equations hold for zr,£z. We have

z+4 ér(z)
(17) [, QG- [ Qe tmde
-4 £r(z)
tn+l t"+l

F(zp(t),t)dt — F(zp(t),t)dt =
t'l
™t zr(D)
S(n,t)dndt

tn zr(t)

where F is again defined by Equation (5). Now we average Equation (17) over

cell j from z;_y/5 to Tj41/2.

1 Zj41/2 z+h/2 1 Tj41/2 ér(z)
(18) —/ / Q(z,t""'l)dzdx——/ / Q(z,t")dzdz+
h Tj-1/2 h Je, '3

—h/2 Tj_1/2 L(z)
1 [i+ya ot 1 [Zi+2
. F(an(t),t)dtdz — / FlzL(t), t)dtds =
Tj_1y2 Jt° Tj_1/2 JI"
1 [Zi+i/2 "t azp(t)
- / S(n,t)dndtdz.
h zj_1y2 Jt* zL(t)

Note that zg () are implicitly defined to be functions of z through the initial
conditions of their defining differential equations. No approximations have been
made so far. This is an exact reformulation of the original conservation law
given by Equation (1).

Consider the term

n41

F(zg(t),t)dtdz

1 [Zi+yz ¢

7“ b d4d

Zj-1/2

and its counterpart with z7. When

. zr(t"™) =z 172 +h/2 =z;
T = 171—1/2) { zL(tn+l) =Tj_y/2 — h/2 =ZTj-1.
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When

— zR(E™) = 24172 + h/2 =250
o S { 2L(t™) = 2j41/2 = h/2 = 2;.

So, for example, the first term signifies the double integral of F over the region
in the z —t plane bounded in time by the lines ¢ = t" and ¢ = t"*! and bounded
spatially by pathlines intersecting ¢t = t"*! at z; and z;4;. Notice that this
formulation eliminates the need for pointwise evaluation of fluxes. Instead it
requires flux integral averages along pathlines in a banded zone. As we shall see,

these approximations lead to discrete equations which will be solved iteratively.

4.3 Approximation and Discretization

Using the midpoint rule we have the following results for the first two terms

and the last term in Equation (18).

1 [Ti+rz [THh/2 Zj+1/2
(19 5 / / Q(z,t"*!)dzdz = / Q(z,t"*)dz + O(h?)

i~1/2 ~h/2 Tj_1/2

1 ‘[%i+2 fEr(2) €r(z;)=€j4+1/2
(20) = Q(z,t")dzdz =/ Q(z,t")dz + O(h?)
h zj_172 Jér(z) Er(zj)=&i_1/2
(21)
1 [Zi+1/3 e+l Lzp(t) "+l Lzp(e)
Z | sotnataz = [ [ Stn, dndtl e, + O
hde;iya S Jzpoy tn Jz(

provided Q and S are sufficiently smooth. Again, the notation indicating that
the third term is to be evaluated at ¢ = z; means that zg 1(t) are implicitly

defined so that zgp,L(t"*!) = 241/2.

o
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Recall the approximation £j41/2 = Zjx1/2 — Uj+1/24t, in Equation (11)
associated with Equation (12). ¥ may be interpreted as an average value of
u in the region of flux integration this region being the characteristics =g,
intersecting ;1,/2. The regions of flux integration for Equation (18) are those

described at the end of the previous section. With this motivation we redefine

€ix1/2 = Tjx1/2 — Ujx1/2 A8,

where %}/, are now defined to be the average value of u in the regions of flux

integration described in the previous section. Similarly

§i = ﬁR(Zj-l/z) = fL($j+1/2) =z; —u;At

where T is defined to be the average value of u in the region bounded by pathlines
intersecting z;4+1/2 at t"*!. This is the region where the source term is to be

integrated. These regions are depicted in Figures (11) and (12).

[ =[]

61—1 £J+1

Figure 11. Regions of flux integration.
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\ 2 o Tl+1
J-1 j+1
° n
§i-4 $i+i

Figure 12. Region of source integration.

We may now formally define

zjyya pzr(")
Rj+1/2 =/ / d.’BRdJI,
z z

j=1/2 r(t")

Ziy1/2 zp(t"t1)
Rj_1/2 = / / d:tLd.’l:,
Tj_172 JzoL(t")

zigr pz(ttt) zj  pzr(t"*)
R; =/ / drpdz =/ / dz pdz.
zj zr(t") zj_1 Jzp(t®)

These are simply the definitions of the area of the of the regions shown in Figures

and

(11) and (12). For example, let us examine the definition of R;.;/,. For any

zr(t”t?)
/ dzp
zn(t")

is just the length of the pathline of the flow intersecting ¢t = ¢t"*! at z + h/2

T € (Tj-1/2,Tj+1/2),

between time levels n and n 4 1. Integrating these over the cell gives the area
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enclosed by ¢ = t" and ¢t = t"*! and the pathlines of the flow intersecting z;
and z;4; at time level n + 1.

It is now clear that we will need to integrate various dependent variables
over the regions shown in Figures (11) and (12). For simplicity we consider the
integration of the generic dependent variable f over the region R; in Figure
(12). At any stage of the iteration we have an estimate of the solution at time
t"*1 and we know the solution at t". Because of the Lagrangian formulation it
is evident that assuming the solution to be constant along any given pathline
in ((n = 1/2)At,(n + 1/2)At) would be a better assumption than assuming it
constant along ¢ = constant in the same time interval. Therefore, we divide the
region R; into two parts, R;, that region of R; in ((n + 1/2)At,(n + 1)At) and
R;, that region of R; in (nAt,(n + 1/2)At). We now make the approximations

. R, zr("+) R; [+ 1
/A?’deJNE:— de—TLj—llz f(a:,t )dl’

Yl A
// de zn(t")fd Rj /€j+1 f( )d
N;— r = z,t")dx

Az(t®) Jrp@em) 85¢; &2

Az(t) = zg(t) — z1(¢)
551‘ = §j+1/2 - fj—l/z

i.e.; f is assumed constant in the regions R; and R; with value equal to the

average value of f at t"*! in (z;_y/2,%;311/2) , and the average value of f in
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(§j~1/2,€j+41/2) at t*, respectively. The integral of f over the regions R;1, /2 >
R;,/; is defined entirely similarly.

Therefore we may approximate the last two terms in the left hand side of

Equation (18) and the term in the right hand side of Equation (21) by

1 feivya ot

.’; tﬂ

Tj-1/2

F(zr(t),t)dtdz ~

Bivip / F(z, t")ds + —3H112 ’“/2 / F(z,t")dz},

h 5fg+1/2
Tit1/2
/ F(mL(t),t)dtda: A
Tj-1/2
1 R, Ly G Ri_yys [5
- F(z,t" d:c+-———-—/ F(z,t"*Y)dz},
5 5ayn e, (z,¢") R ( )dz}

and
tn+1

zgr(t)
/ 3(777 t)dndt|z=z,- =~
z.()

J.

$it1/2 R: [Zi+y
] / " S, tmyde + B[ 8, 741y dn).
3%; R

§i-1/2 Zi-1/2

4.4 The Local Lagrangian Finite Volume Method

The preceding discussion has now led us to the following approximation to

Equation (18).

(22) [ ateemtyie - | T e, Yo+

j~1/2 §i-1/2

e —]+1/2/ F(."L‘ t")dz+ J+l/2/ F(:B tn+l)dl‘}
h 6£J+1/2
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R._ ¢ R._ zj
%{5_{]-_1/3‘ ’ F(a,t")dz + =12 / " F(z,t"t)dz)-
J=1/2 J¢_y zi_1

R. [Si+1/2
— /J S(z,t")dz +

B R;
6¢;

x / " e, Vg = 0

€i-1/2 Tj-1/2

where 6€;41/2 = €j41 — €j and 6§ = €j+1/2 — €j—1/2- Note that the R’s can be

written in terms of the £’s as follows.

— 3rAt At —_ 3hAt At

(23) Rjq1p2 = — 7t ‘8—(€j+1 - ;) Rj= — T ?(§j+1/2 —&i—1/2)-
hAt  3At hAt 3At

(24) Rjy1pa = 5 T g &n-&) Bi= — + 5 vz —&im12)-

Equation (22) is the Local Lagrangian Finite Volume (LLFV) method. We
now have nearly everything sufficiently defined so that the iterative process may
begin to solve the implicit equations. We need only to choose a solution set on
which to perform the integrations required in Equation (22) and a method of

integration.

4.5 The Approximating Functions

For the approximation process we choose approximating functions devised
by Harten and Osher[9]. These are piecewise linear slope-limited in each cell,
constructed from the cell averages of each of the components of Q, and provide
O(h?) approximation to the components of Q. Moreover, they have the property
that the cell averages of the functions are an O(h?) approximation to the cell

averages of the components of Q. These approximating functions can be shown
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to be essentially nonoscillatory in the sense that the number of local extrema
in the solution to the nonlinear scalar equation will not increase when used in

conjunction with the authors method.

It is also demonstrated by the authors that the method given by Equation
(15) to solve the scalar equation, Equation (13), using these approximating
functions is a monotonicity preserving method. Though not as strong a result
as TVD, this property assures us that spurious oscillations will not occur when

the method is applied to a step function.

Because of their form, the terms in the right side of Equations (19) and
(20) can be evaluated exactly in terms of the cell averages of Q. Thus we seek
to find the solution in terms of the cell averages of Q. From this point onward

we will interpret Q; to mean the cell average of the Q function in the 7 cell.

It should be noted that if the components of @ are considered to be piece-
wise linear in each grid cell, then the components of the flux vectors are simply
rational functions in each grid cell and hence could be integrated analytically.
However, for simplicity the remaining terms are integrated by two point Gaus-
sian quadrature in each subinterval in which Q is continuous. This should not

affect the accuracy of the scheme.

It is a well known result[10] that for an n-point Gauss-Legendre quadrature
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rule, the error in the formula is given by

b n
[ fe)e = S wisatuo) =

i=1

(b—a) (b—a)z0 OV [ 2 2
5 ( 5 )2 (2n+2)! [-l(u—ul) ...(u—un) du

where ¢ € (a,b) and we are assuming a sufficiently smooth function f(z). The
{w;} are the weights of the quadrature formula and the {u;} are the roots of
the n** degree Legendre polynomial.

Now, suppose we want to use the n-point quadrature as a composite rule
over a domain [A, B] where we assume that |f(3")(z)| is bounded on [4, B] by
C.

Dividing the domain into k subintervals of length h and applying the n-point

quadrature rule to each subinterval we have a total error bounded by
h hoon
k 5 ( 2) C where

1
C'=C[_l(u—u1)2...(u—un)2du

and C is independent of the length h.
Therefore, we may conclude that with respect to the grid size h, the er-
ror introduced due to the 2-point quadrature can be considered of O(h*) for

sufficiently smooth flux and source functions.



4.6 Method of Solution

As stated previously, because of the coupling of the solution at time level
n + 1 and the location of the ¢’s at time level n, it is necessary to solve the
resulting implicit equations iteratively. The Locally Implicit Method (LIM)
developed by Reddy[11] and Reddy and Benek[12] was chosen as the method of
solution.

A heuristic derivation of the coefficients used in the LIM will now be pre-
sented. Familiarity with the Locally Implicit Method itself is assumed. We fix
the £ locations at the current iteration level for the linearization and assume
that S = O in Equation (22).

(25) /z;+1/’ Q"'Hdz — hQ;-"H — (ng) + AQJ-)h

Tj-1/2
where the AQ; symbol in this equation and the following represents an iterative
change in Q;.

Since F = —Qu + E,

(26) F* = F'™ L AF = F'™ _ (A(Qu) - AE)
=Fm™ _ (Q% +ul - A) '™ AQ
= F™ 4 BmAQ
B(™ — _(Q% + uI; A) |™

5Q
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and A is the Jacobian matrix oF .

So Equation (22) can be written

H(m) . H(m)

R. Zji41 R zj
(27) hAQj+’h+m / ’ B"")Ade-’h—;/’ / " B™AQdz
zj Tj-1
(m) €i+1/2 "
= —[QJ- h— Q"dz
§i-1/2
(m) . —(m) )
R §i+1 R: Tj41
+ ==j+1/2 / Fnd.r + j+1/2 / F(m)dx
XTI o,
(m) ; =(m) z:
E,-l/z /E, Fdz — RJ'—;/2 ! F(”')d:c]
h6£1—1/2 §i-1 h zj-1
= RHS(™.

Applying the trapezoidal rule to the integrals on the left we have

R BM
1/2 m m m m
hAQ; + —LEL(BMAQ; + B AQ;4} - (B AQ; + B{TIAQ; 1}
Hm) _ p(m) ) )
Rii —RiTi/2 oim R; m R m
= (AIH(ZELS IR B AQ+ = BT Q. - — 2 BT AQ;
= RHS™.

For left to right sweeps AQ;_, has already been determined. So AQ;_; and
its coefficient are moved to the right side of Equation (24). When the approxi-
mations involved in simplifying the coefficient of AQ;_; are reversed the terms

associated with any function, say f, f("') and Af;_; sum to give the value of f
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at the current iteration level, that is f(m+l) The argument is entirely similar

for right to left sweeps. Thus for left to right sweeps

Bnn-Ro, B
j+1 = m m
{hI + (FRES ISR BMY)AQ, + LA B(TIAQ,,,
= RHS™
and for left to right sweeps
BH(m) H(m) H(m)
R; -R;_ m R;_ m
{RI +( J+1/22h J 1/2B§ ))}qu_ 12’:/2 B¢ )AQJ .
= RHS™

where the m* superscript to RH S indicates that the current iterate in the term
RHS given by Equation (27) is to be evaluated at the latest available estimate,
be it given by the (m) or (m + 1) iteration level.

Making the approximations
Bf'i'i AQjy1 & Bﬁ-"')AQ,-
for right to left sweeps and
B{™AQ;_, ~ B{™AQ;

for left to right sweeps, we have

{hI+ ]+1/22h i=1/2 (A—UI—QE%) |§ )}AQJ
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=C,AQ; = RHS™

and for right to left sweeps

=(m) —(m
(Rj1/2 — 2Ry )2) Ou | (m)
5h (A—uI—Q%) ;7 }AQ;

(hI+

= CnAQ; = RHS™.

The notation Ci, and Cy; has been introduced to represent the coefficients of
AQ; in the above equations.

There is a fair amount of flexibility in the LIM. In general we want to use
a norm of the above coefficient matrices as a coefficient for the local iteration
in order to avoid matrix inversions. Though it can be classified as a quasi-
Newton iteration and some interesting analytical results can be derived regarding
the LIM[13], there is no way at present to derive a unique coefficient that will
guarantee convergence of the process. Also, the inequalities in the following
discussion help guide us to a coefficient which will prevent the process from
diverging, but they certainly may produce less than optimal convergence rates.
We do our best to make the derivation concrete but ultimately the proof is in
the pudding. If we drive RHS™ to zero we have solved the equations and
achieved our immediate goal. Any approximations made in the derivation of the
coefficients will not effect the solution assuming the iteration converges.

We may simplify the coefficient matrices in the above equations with the

help of the following observation.
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Suppose a scalar function f(wy,...,wg) # 0 is homogeneous of degree n. Let

w1
W= ( ) If(s%)T # O then WE% has eigenvalue nf with corresponding

Wk
eigenvector W.

Proof:

W W = W(3)")™W = W(W”(34)T)T. By Eulers Theorem
W ()" =nf. i

Since u = ﬂp'i is homogeneous of degree 0, using this result we may replace B‘(im)

in the previous equations by (4 — ul) I(-m) , so that

7™ opm
By )

B
= {14+ =222 %im12) (4 ™y

and
—(m) —-(m)
(2R )

Cir = {hI + +‘/22h 122 (A= ud) (™).

Let C represent the coefficient matrix above, either C,; or Ci,, and k represent

the corresponding term oR\™) j+1/2 — R(ml /2 OT Rg'_:i /2 — Z#mi /2

The eigenvalues of A — ul are 0 and Fc where ¢ = ( -'lf)l/ 2 is the speed of

sound. So, dropping subscripts,
C=hI+ | I(A —ul)
and the spectral radius of C is h + |2x|c. Then in any norm,

h+| sle<iCll <h+| 74 = ul).
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So for Ve > 0, there exists a norm which we will denote as the w norm, such

that
(28) Bt |c""’ <lCle S B +15; |(c‘"" +e).

Alternatively, we may derive a similar result which may help assist us in

understanding future observations. The spectral radius of
hI+ | IB
is h 4+ Iﬁl(:’;—l)lﬂc, so in any norm,
h+ | |( " Y Iyregol <h+ 155 IIIBll

Sh+lgg I(IIA uIII+IIQ lI)

For any €; > 0 there exists an a norm such that

IClla < A+ I 7114 = ullla + 1),

since Q_Q has zero as a triple eigenvalue. The o norm has been chosen for this ¢;
and is some unknown consistent matrix norm whose existence is guaranteed[14].

Similarly, for any e, > 0 there exists a 8 norm such that
1A —ulllg < c+e3.
So 3u > 1 such that

1
a4 —ullls < |4~ ullla < ullA - ulllg < plc+e2).
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Then
(20) A+ l(CL) e < Cllp < plh+ (e + e+ e2)))
2"\ 4 = 1I~ls = oh

Consider these results given by Equations (28) and (29). Since the ¢’s were

arbitrary we approximate write Equation (28) as
(30) ICllo & h+ 1521
and the largest estimate of ||C||4 as

k. 2 (m)
(31) IClls = b+ |55 u" ;™.

Considering Equation (31), since i > 1, the direction of the inequalities suggest
that we try u = 1. This yields Equation (30). However, Equation (31) also
suggests that we may find it useful to under-relax the iteration.

From the previous heuristic analysis we use the following iterative equations

for the LIM,
2Rynrs - B
(32) (h+] J+1/22h i-1/2 Icgm))AQj = RHS™ for left to right sweeps
and
(33)
B, — 2R
(h+] it1/2 oh i-1/2 |c§-m))AQj = RHS™ for right to left sweeps.

Again, as long as the iteration converges any approximations made will not effect

the solution. Note that for free stream flow, the above coefficients degenerate

to h + %lcgm).
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In the results to be presented several different coefficients, sweep-dependant

and non-sweep-dependant, were tried. The coefficients presented here induced
convergence that was at least as fast as any others tried. Moreover, these coeffi-
cients provided convergence of the LIM under a wider range of initial conditions
than any others tried. As will be mentioned in the appendix, it is of particular
interest that for some difficult cases, it was necessary to under-relax the residual

to attain convergence.
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CHAPTER V

RESULTS

Before examining the results on two nonlinear fluid flow problems, let us
examine the results of the cell averaged LLFV method applied to the scalar wave
equation, Equation (13). Note that there are no fluxes to be averaged and the
algorithm just degenerates to that given by Equation (15) using the approximat-
ing functions of Harten and Osher{9] for integration. As noted previously, this
scheme is monotonicity preserving. Figure (13) shows the solution for a square
wave initial condition using the same parameters as the corresponding examples
shown in Chapter III. Observe that the solution is entirely nonoscillatory like
the piecewise constant case yet much more accurate. Its accuracy is comparable
to that of the piecewise linear continuous case but no oscillations appear at the

discontinuities.
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NGRD=100 NSTEPS=30 CN=1.5

1.2 T T T Ll

exact —
numerical ¢

-0.2 1 1 1 2

Figure 13. Effects on a square wave using nonoscillatory

approximating functions.

The algorithm was applied to two nonlinear test cases, the familiar shock-
tube problem(7] and the quasi-one-dimensional nozzle flow problem[15], both of
which have analytical solutions.

5.1 The Shock-Tube Problem

We wish to solve the Euler equations, Equation (1), on an infinite domain

with initial conditions of two constant states separated by a discontinuity in the
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components of Q. In Equation (22) F is given by Equation (5) and § = O.
The density solution for initial conditions py = 10%;pL = 1;pr = 103;pr =
0.01;uz = ur = 0, is shown in Figure (14). Note that the solution is highly
accurate but virtually nonoscillatory. The contact discontinuity is reasonably

well resolved.

NGRD=100 CFL=2.0 TIME=3.9msec

1.2 T T T ¥
exact —
numerical ¢
1
0.8 p
S8
£
o 0.6 F
%
S
o
n 0.4 |
=
[}
a
0.2+
0
-0.2 1 1 1 1
[ 2 4 6 8 10

X-Coordinate (m)

Figure 14. Density in the shock-tube with a strong shock.

The density solution for initial conditions p;, = 10%; p = 1;pr = 10%; pg =
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0.125; 4z = ug = 0, is shown in Figure (15). Again the solution is quite good.

NGRD=100 CFL=2.0 TIME=6.lmsec

1.2 T T T T
exact —
numerical €
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O J L 1 1
0 2 4 6 8 10

X-Coordinate (m)

Figure 15. Density in the shock-tube with a weak shock.

As an informal comparison, the same test case as shown in Figure (15)
is solved using a second order accurate TVD scheme based on Roe averaging

designed by Yee, Warming and Harten[16]. This code was written by the Com-
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putational Fluid Dynamics group at CALSPAN Corp./AEDC Operations.

NGRD=100 CFL=2.0 TIME=3.9msec
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Figure 16. Density in the shock-tube with a weak shock

solved by a second order accurate TVD scheme.

Though neither solution is clearly superior to the other, the solution produced
by the LLF'V method does compare favorably in terms of resolution of the shock

and contact discontinuity.

5.2 The Quasi-One-Dimensional Nozzle Flow Problem

The quasi-one-dimensional nozzle flow equations can be written as Q, +
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E, = S where

P pu 0

Q=c pu) JE=a (pu2+p 8= pa') ,

e (e + p)u 0
and «(r) is the crossectional area of the nozzle. The source term appearing in
the nozzle flow equations is due to the averaging effects of approximating a two-
dimensional varying area nozzle by one-dimensional equations. The equations
were solved in a diverging duct with domain z € [0,10] and the area of the
duct given by a(z) = 1.398 + 0.347 arctan[0.8(z — 4)]. Empirical knowledge has
indicated that the same coefficients used for the shock tube problem, those given
by Equations (32) and (33), are appropriate and work well for the nozzle flow
problem. These were used and indeed did provide convergence. Both test cases
to follow use inlet conditions Ty = 300K;py = lbar; A* = 0.8. For the first
test case outlet boundary conditions are determined to locate a shock at z = 4.
Though a routine exercise, determination of these conditions will be stated here
for completeness. All equations are derived by Zucker[15].

We assume a supersonic expansion to z = 4 at which point

] M 2(v- l
A (7+1 7+1 )

may be solved iteratively for the supersonic Mach number at the shock. The

normal shock relation
2 2
2 _ M +35
2 = 2y 2
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where M, is the supersonic Mach number and M, is the subsonic Mach number
then determines the Mach number immediately after the shock. Through the

isentropic relations
=p(1+ Ly

to = (1 + 7—'2'—1M2)

and the normal shock relations

_ QM)
a + 1 M2)

(1 +yM])
P =Py M)

we determine the total pressure and total temperature after the shock.

a(4) 1 2 7 At
A -M2(7+1 7+1M2)

then determines our new sonic reference area A*'. Then the subsonic solution

to

A* M(7+1 7+1M)z

determines the exit Mach number and the isentropic relations given above com-
pletely determine the exit conditions. Figure (17) shows the steady state Mach
number distribution as generated by the LLFV method versus the exact solution

for this problem.
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Figure 17. Transonic flow in a diverging duct.

Figure (18) shows the steady state Mach number distribution for the same
inlet conditions but with a pure supersonic expansion. In both cases the solution

is quite good though a small oscillation appears near the shock in Figure (17).
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Figure 18. A pure supersonic expansion.

No convergence studies were undertaken. CN = 1 was used due to the
difficulty in imposing boundary conditions with large time steps. In this thesis

effects of various boundary conditions on the LLFV method are not studied.
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CHAPTER VI

CONCLUSIONS

The purpose of this thesis was only to formally motivate and document
the development of the LLFV algorithm and investigate its viability on some
simple fluid flow applications. We have seen that it provides a mathematically
elegant, numerically stable method of solution for conservation laws. The results
indicate that the accuracy is certainly greater than first order and so it may be
categorized as a high order accurate scheme. However, the novelty of the scheme
is its most important feature.

The LLFV method captures the entropy satisfying solution to the fluid flow
conservation laws without additional terms being included in the discretized
form of the original equations and without decoupling the system into charac-
teristic fields. This is a significant achievement.

The main ideas that should be emphasised are the reformulation of the PDE
to an ODE which is symmetric about the center of the domain of dependance of
the original hyperbolic system, the analytical averaging of the equation to elimi-
nate reliance on pointwise evaluation of quantities, and the use of nonoscillatory
approximating functions.

The applications presented here serve only to demonstrate that the basic

ideas behind the method are sound. In order to apply the method to realistic
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flow problems several significant hurdles must be overcome.

Though extension to two dimensions is foreseeable, extension to three di-
mensions will undoubtably prove more cumbersome. OQur finite volumes will be
in four dimensional space.

The LLFV method has demonstrated its ability to produce stable solutions
with large time steps. This is a very desirable feature for steady state appli-
cations. Therefore, in any number of dimensions future work must concentrate
on implementing boundary conditions in conjunction with small and large time
steps.

Even after these problems are solved, there is no guarantee that it will prove
superior to existing algorithms.

There is one result that should be mentioned in closing. After absorb-
ing the results presented the reader may be left with a disconcerting feeling
about the connection between the approximating functions and the integration
of the fluxes. As demonstrated in Chapter III, using piecewise constant ap-
proximations for integration purposes and linear interpolation between nodes to
determine the fluxes produces a stable algorithm. However, as mentioned, if the
piecewise constant approximations are also used for interpolation of the fluxes
the algorithm is unstable. This immediately raises the question of whether a

simpler slope-limited approximating function, where the slopes are defined by

8j = minmod(8u;y1/2,6uj_1/2)/h
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3; being the slope of the piecewise linear interpolant in the j** cell, § the central
difference operator, would be adequate for the LLFV method in its cell averaged
form presented in Chapter IV. The answer is no. The algorithm is not stable
when these limiters are used to define the slopes of the approximating function.
Conversely, is the simpler form of the algorithm described in Chapter III
stable if we use the approximating functions devised by Harten and Osher[9]
and determine the fluxes by interpolation using the same functions? Again the
answer is no. Thus, it may be concluded that both integration of the fluxes, and
the proper approximating functions are necessary for stability and that neither

alone is sufficient.
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APPENDIX

DETAILS ON THE IMPLEMENTATION

OF THE ALGORITHM

In this appendix we will discuss the implementation of the algorithm to
the shock-tube problem and the quasi-one-dimensional nozzle flow problem dis-
cussed in Chapter VL. It is not meant to be a quantitative study of the effects
of the numerous twists that can be used in the implementation of the algorithm
to these problems. It is meant only to give a qualitative idea of the effects of
several different implementations that might occur to someone trying to solve
these problems, and most importantly, to document what worked.

To implement the algorithm to the problems mentioned above, four major
details must be addressed. They are:

i) What values are to be used for Q("'),m = 0, the initial guess for the LIM
iteration?

ii) How do we initially estimate the ¢ locations?

iii) How do we handle the boundaries of the computational domain?

iv) What quantities do we update after the residual given by Equation (27)
has been computed?

First we will discuss the shock-tube problem. Many of the ideas will carry over
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to the nozzle problem.
Let the nodes in the domain of the problem be numbered from 0 to jmaz.
We are only concerned with obtaining a solution at time ¢ such that Q(ih,t) =
Q(:h,0) for i € {0,...,left} U {right,...,jmaz} where left and right are in-
tegers such that 0 < left < right < jmaz. Typically, left ~ 10%jmaz and
right =~ 90%;jmaz. This is simply because we know from the exact solutlon that
the properties remain constant sufficiently far away from the initial discontinu-
ity for a bounded time interval. Physically this is obvious since the information
is being propagated by waves of finite speed. Denote the I** component of the
numerical solution at time ¢ and spatial locations j by Q.', and the exact value

as EX J' For comparison purposes, define

jmaez 3 (Ql EX' 2 /
ER=()_ )" 3(]maa:+1))1 :

i=0 I=1

To solve the coupled system, Equation (14), by the LIM we must have an
initial guess for the solution at ¢"*!, that is Q®). Two different methods have
been tried. The simplest is just to let ng) = @} Vj. The second method is
more involved.

To justify it and other results I rely on the assumption developed in Chapter
II that locally, Q(z;,t"*!) is approximately equal to the value of Q at ¢t" along
the pathline intersecting (z;,t"*!). I also assume that Q does not vary much

locally, which is a good assumption in most parts of the domain.
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With these assumptions R; ~ R; ~ 22! and 6¢; ~ h. So

R. féi+1/3 B. [%i+1/2 _
%= {3 / ’ u(z,t")dz+% / T w(z, tv)de) (R, + Bj)
J

fj-t/z Tj-1/2

€iv1/2 Zi41/2
/ u(z,t")dz +/ u(z,t"1)dr}
h 1 1/2

ZTi-1/3

1 [Zi+i2 Zj41/2 gl
~ —/ u(z,t"*t)dr = 1 Qz—(z’n—ﬂ—)d
Zj-1/3 hileiin QuletnH)

Again, since Q doesn’t vary much locally,

Tit1/2
%/ ’ u(z,t"1)dz

Zj-1/2

= l‘/""'.v-lﬂ.ﬁ Q?(z tn+l) Q2(xj’tn+1)d$ ~ un+1
Ti-1/2 Qi(z, t"+l) Qi(zj,tn+1) ’

Now, suppose {; € [Tm,Zm+1]. Consistent with our assumptions, u(¢;,t")
can be reasonably well estimated by linear interpolation between u(zm,t") and

u(Zm+1,t"). Denoting u(zm,t") by u® and w(Zm+1,t") by u? ., we can write

n (6] _ .’tm)
m

u(§;st") % (upyy —u +um,

and from our first hypothesis u(¢;,t") ~ u;-""l. Then

6 (]~ ) s
and since
§i =jh—u;At m jh - ult A
we have

o U-—mlupir+(m+1—j)ub

! 1+ (upyy — “3.)%:!
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Now, choose m near j and evaluate u;""l from the above expression. Then
€ ~ jh— u;-"HAt can be evaluated. If {; € [zm,Zm+1], we have satisfied the
relationship. If not, we repeat the process until the correct m is found. When it

is, we linearly interpolate the components of Q at the €; locations for our initial

guess.
Q' = Q'(¢;,t") for le {1,2,3},j € {left,...,right}.

It was found that if the solutions computed using the two different initial-
ization procedures converged, then ER in both solutions differed by less than
1%. However, the algorithm is capable of producing good solutions at relatively
high CN numbers. For instance, a fairly smooth solution could be obtained on
typical problems[7] with CN = 6. In the cases where a large CN is used, the
linear initjalization procedure described above would lead to a converged solu-
tion. In contrast, the first method mentioned, zero order time extrapolation,
results in a divergent solution.

It is now an appropriate time to note several other points.

When using a large CN, it is necessary to give the code a ‘soft start’. We
choose a small CN to start with, CN;. Typically CN; = 0.1. Then we gradually
increase this to CN by taking 5 or 10 time steps with the temporary value of
CN, CNtemp, given by a cubic polynomial with a local minimum of CN; and a

local maximum of CN.
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When using very large time steps it is also necessary to under-relax the

residual given by RH S in Equation (27) with a typical under-relaxation param-
eter of 0.4. This may be explained by the analysis leading to Equation (31). Of
course this slows convergence at each time step. Much research has determined
that 3 symmetric sweeps of the LIM are sufficient to obtain a converged solu-
tion. With under-relaxation, instead of using 3 symmetric sweeps, the domain

is swept until the quantity

right 3 RHS BHSiiye
> 3 g
Plarn/ W 3(right — left)

where coef f is determined by either Equation (32) or (33), is sufficiently small,
typically less than 100.
Now we address the question of how to initially estimate the ¢ locations.
After initializing the dependant variable at the beginning of each time step,
we make the following approximations.
U ~ /‘:+1/:u (z,t"t")dz
Zj_1/2

and
1 [%i+
Ej+l/2 I~ z‘/ u(z,t"+1)dx.
I

Then the £ locations are determined using these values.
For the shock-tube problem, the boundaries of the domain can be considered

the nodes left — 1 and right + 1. In order to apply the algorithm to the nodes
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{left,...,right} we must have knowledge of £ f¢—1 and &,igne41. Since we are
concerned with solving the problem for times ¢ such that the solution is constant
in a neighborhood of the points (z;,t), for j € {0,...,left}U{right,...,jmaz}
(in fact u = 0), we may assume that B, ~ R; for such j. Again

§i41/2 Zjy1/2
/ Q(z, t")dz ~ / Q(z, t™+)dz.
§i-1/2

Ti-1/2

So we fix {; = jh — u;At where

1 Zj41/2
= / u(z, ") dz
z

j=1/2

for j = left — 1,right + 1.

Now we turn to the question of what quantities to update after the residual
given by Equation (23) has been computed and the current value of ng) has
been updated.

The structure of the limiters used in the approximating functions is such
that the scheme has 5 point coupling at the n+ 1 time level for fixed ¢ locations.
Since the interpolants are linear in each cell the ¢; locations are independant of
the slopes of the interpolants, for fixed £;;,/,. However, the 4, /2 locations
are not independant of the slopes of interpolants for fixed £;. Therefore, this
suggests that we should update the limiters at z; and its 4 neighboring nodes.

Then &; and £/ fori € {j —3,...,5 +2}. Of course it should not hurt to

update as many ¢ locations as we please, but it is computationally inefficient.
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In practice, observations indicate that the scheme converges just as fast
when only {; and §;4,/; are updated. Here again, convergence was judged by
using three symmetric sweeps at each time step and comparing ER for each
solution. Varying the number of ¢’s updated typically accounted for a change

of less than 1% in ER.

It might occur to the inquisitive reader that the order in which the ¢’s are
updated might effect convergence. In all investigations the £;, /2 locations were
updated in a left to right sequence. No studies were undertaken to observe any
effects of varying this sequence. Whether ¢; or ¢;4, /2 were updated first proved
to have no effect.

As mentioned previously, most of the techniques used in the shock-tube

problem are applicable to the nozzle flow problem which we now address.

There is some conceptual difficulty in dealing with boundaries. For example,
at an inflow boundary, using large time steps would lead to pathlines extending
out of the computational domain to their intersections with the previous time
level. The LLVF method has demonstrated the potential to be particularly
useful in maintaining stable solutions with large time steps. More research will
be necessary before these problems are overcome.

The quasi-one-dimensional nozzle flow problem is solved in order to test

how the algorithm performs on a steady state equation with a source term. Of

course convergence speed is intimately linked with the time step size, never the
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less, to circumvent the problem of boundary conditions for the time being, the
following methods are used.

With the techniques described for the shock-tube problem the exit boundary
presents no problem though we must specify how the quantities in cell jmaz are
to be determined. Just substitute left = jmaz — 1 in the previous discussion to
locate the £‘s. This is justified since the area of the nozzle is practically constant
in the neighborhood of the exit, hence nearly uniform flow in this region. So,
combining this with the observation that we are only interested in a steady state
solution justifies the approximation

Ujmaz z / R u(z, ") dz,
Timaz-1/2
at least for small time steps.

Since we want {js¢—; to remain in our domain, we simply set left = 2, use
the exact solution at nodes 0 and 1 for supersonic inflow, and restrict CN so
that CN < 1. This is consistent with the theory of Riemann invariants since no
information may propagate from the interior upstream in supersonic flow. Then
since the area in the neighborhood of the entrance is also nearly constant we

assume

SRV N b t"tld
1% u(z, )dz.
z

1/2

In this manner & 5i—1 and & ighe+1 are approximated initially. However, since

the solution is changing this may be too gross an approximation particularly at
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the exit boundary. Therefore, to update §.pi—y = &1 and &right+1 = Ejmaz We

use

1 z3/2 1 a+4%

U N u(z,t"*)dz + —/ u(z,t")dz

2h Jzy)s , 2h Je -4

and
Timaz+1/2 1 ejMaz'*’%
Ujmaz ~ i u(z,tn+l)d$ + = u(:r,t")dz.
2h Timaz~1/2 2h E)‘maz_}‘

Regardless of supersonic or subsonic outflow, the exit boundary conditions
are set using the theory of Riemann invariants. When quantities are extrapo-
lated from the interior they are always extrapolated to the exit boundary using
first order extrapolation in space. In the case of a subsonic exit, if the exit pres-
sure was simply fixed and p and pu were extrapolated from the interior, waves
appeared to propagate from the boundary into the interior. However, subsonic
exit boundary conditions based on Riemann invariants do work well.

No test cases involving subsonic inflow have been considered. Though these
ideas may adapt themselves to this problem, they will have to be carefully

considered.
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