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ABSTRACT

Fluid flow in and around and mass transfer to and from single drops that

are either falling in a tube (the falling drop problem) or fluidized by an up-

flowing ambient fluid in a tube (the fluidized drop problem) are analyzed both

experimentally and theoretically. An experimental system has been developed

to study the enhancement of mass transfer to and from a drop by forcing it

to undergo oscillations by the application of a pulsed d.c. electric fleld. With

millimeter-size drops immersed in organic solvents, mass tranfer enhancement

on the order of 35% has been achieved. Previous theories based on the concept

of surface stretch are unable to account for the observed increases in mass trans

fer rates and coefficients. First, the change in drop surface area that occur in

the experiments is too small to account for the observed enhancement in mass

transfer. Moreover, these previous theories also assume that the fluid inside the

drops is well mixed. The validity of this assumption has been tested by flow

visualization studies which has revealed that the flow inside the drops is lami

nar and not turbulent. Such experimental observations, which agree with recent

theories of drop oscillations, point to the need to develop a better understanding

of the fluid mechanics in and around drops and the implications of the flow to

transient conjugate mass transfer.

In this thesis, computational techniques beised on the Galerkin/ flnite el

ement method (G/FEM) are used to solve both the fluid mechanics and mass

transfer problems. The solution of the fluid mechanics part of the problem is

expedited by using a highly efficient penalty formulation of the Navier-Stokes

equations, which eliminates the need for explicitly solving for the pressure fleld.
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The problem of the axisymmetric flow past a solid sphere in a tube is

solved first to verify the correctness of the G/FEM algorithm and computer

code developed for determining flow fields. Notwithstanding that this is a much

studied and classical problem in fluid mechanics, two new correlations accounting

for wall effects on drag for falling and fluidized solid spheres are presented that

are valid over a range of Reynolds numbers and ratios of the radius of the tube

to that of the sphere. The new computations and correlations evaluate the

validity of correlations and approximations of others that have lurked axound

in the literature, often untested, for nearly a half century. Moreover, conditions

are identified for which recirculating wakes form behind the spheres. It is shown

that as the ratio of the tube radius to that of the sphere decreases, the Reynolds

number for the onset of wake formation increases and the length of the wake

decreases. Computations axe also carried out that determine for the first time

the effect of thin wire that has often been used in past experiments in measuring

drag.

Attention is next turned to flow past a falling and fluidized fluid spheres in

tubes. By way of example, the flow field inside and outside a fluid sphere that is

falling in a tube undergoes remarkable transitions when the ratio of the viscosity

of the drop to that of the ambient fluid, k, varies over a narrow range. When k

is small enough, no wake forms behind the sphere. When k lies between about

3 and 10, a wake that is wholly detached from the drop forms behind the sphere

at a Reynolds number less than 100 and disappears as Reynolds number exceeds

a certain amount. When k > 10, it is shown for the first time that detached

wakes can attach to the drop when Reynolds number becomes sufficiently large.

Additionally, two new correlations are developed and reported that account for



the effects of a tube wall ajid finite fluid inertia on drag for fluidized and falling

droplets. Moreover, in contrast to related correlations of others for fluid spheres

that axe placed in an infinite expanse of ambient fluid, the new correlations are

valid over the entire range of Reynolds numbers considered.

A fully implicit, transient algorithm and a computer code are developed

for calculating mass transfer to or from a fluid sphere in a tube using velocity

fields from solutions to the aforementioned Navier-Stokes problems. In con

trast to most existing models in the literature that rely on some sort of drastic

simplification or another, rigorous results computed in this thesis indicate that

significant differences in rates of mass transfer from one situation to another can

be attributed to whether or not a recirculating eddy is present in the continuous

pheuse at the downstream face of the drop. Such zones of fluid recirculation are

of course due to fluid convection at finite Reynolds nxunber and cannot be pre

dicted by such ad hoc models as surface stretch or approximating the real flow

field by creeping flow solutions which are often available in analytical form.
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CHAPTER 1

INTRODUCTION

Separations processes are focal points in the science of chemical engineer

ing and the practice of chemical processing. Perry and Chilton (1973), among

others, devote a large fraction of their handbook to the discussion of such sepa

ration processes as liquid extraction, distillation, ion exchange, and absorption.

Among these, solvent extraction and distillation rely on the generation and ma

nipulation of large numbers of drops and bubbles to create large amounts of

interfacial area and to promote convection with the goal of developing energy

efficient devices having high rates of throughput of products.

Solvent extraction is used to separate and purify chemicals used in industries

as diverse as the refining of petroleum, the manufacture of chemicals, the pro

cessing of metals, and the reprocessing of nuclear fuels. In practice, for solvent

extraction to be chosen as the method to be used to carry out a given separation

among several other alternatives, the process mtist exhibit high rates of mass

transfer, consume little energy, and keep product losses low. Indeed, the pro

cess of solvent extraction would be extremely attractive if the mechanism that

enhances rates of mass transfer could also lower consumption of energy. Both

of these goals can be achieved by using an externally applied electric field in the

unit operation of solvent extraction to increase transfer rates and lower energy

usage. Therefore, a goal of this work is to carry out an experimental study of

the augmentation of mass transfer by electric fields. A second goal of this dis

sertation is to apply modern computational methods to study mass transfer to

and from the basic building block of the solvent extraction process, viz. a single



liquid drop immersed in an ambient fluid. Of special interest to this author is

the analysis of the effects of fluid mechanics on mass transfer to and from drops.

1.1 BACKGROUND AND ORIGINS OF THIS WORK

When a highly conducting fluid, e.g. an aqueous liquid, is brought into contact

with a highly insxilating fluid, e.g. an organic liquid, in the presence of an electric

fleld, the force due to the electric fleld vanishes even inside the insulating fluid

(the field strength equals zero inside the conducting fluid) when the fluids have

constant physical properties (Melcher and Taylor, 1969; Basaran, 1984). In this

situation, the force due to the electric fleld acts solely on the interface between

the two fluids. Therefore, in contrast to familiar methods of contacting that

axe often based on mechanical agitation, the advantage of an electric fleld in

multiphase separation processes such as solvent extraction is that it can focus

the energy being input into the system directly on the interface rather than into

the bulk of the two liquid phases. This is the underlying theme of the use of

electric fields for the enhancement of mass transfer.

The so-called science of electrohydrodynamics was born when Lord Rayleigh

(1882) presented an analysis of the influence of electric charge on drop stabil

ity. By means of a linearized energy stability analysis. Lord Rayleigh showed

that an isolated, charged conducting drop placed in an insulating fluid becomes

unstable with respect to a disturbance proportional to a Legendre polynomial

of order two when the amount of surface charge that it bears exceeds a certain

amount. Through his analysis and experimental observations. Lord Rayleigh

demonstrated that electric fields can destabilize liquid drops and cause them to

disintegrate.



Macky (1926) and Nolan (1931) experimentally studied the deformation of

conducting liquid drops in the presence of an externally applied electric field.

These authors demonstrated that the drops became unstable and emitted charged

jets from their conical tips when the field strength exceeded a critical value. The

problem of the deformation of liquid drops in an externally applied electric field

was finally correctly analyzed by the famous fiuid mechanician G. I. Taylor

(1964).

A few years later Taylor (1966) also resolved a long-standing controversy in

drop deformation under an applied electric field. Taylor showed that depending

on the electrical properties of the drop and the continuous phases, the drops can

be deformed either into prolate spheroids along the direction of the applied field

or into oblate spheroids in the direction perpendicular to it. In this landmark

paper, Taylor also demonstrated that electric fields can set fluids into convection

even in the absence of any drop deformation. With the publication of this paper

and some related ones by Melcher and coworkers at MIT, the modern science of

electrohydrodynamics was born (Melcher and Taylor 1969).

Although Rayleigh (1882) determined the effect of surface charge on the eigen-

frequencies of oscillation of liquid drops, the effect of an externally applied elec

tric field on the oscillations of liquid drops was theoretically analyzed much later

by Braizier-Smith (1971). Because Brazier-Smith made numerous assumptions

in carrying out his analysis, however, the problem of the oscillations of a liquid

drop in an externally applied electric field has remained an unsolved problem

until recently (see Basaran et al. 1995).

Cottrell and Speed (1911) carried out an experimental study to develop an

apparatus that used an alternating current (AC) electric field to promote the



coalescence of water drops in crude oil-water emulsions. The electric field caused

the drops to polarize and enhanced their rate of coalescence.

From these pioneering works and certain others on the effects of electric fields

on liquid drops (Bailes and Larkai, 1982; Stewart and Thornton, 1967), it follows

that chemical engineers can take advantage of these highly beneficial effects

of electric fields by incorporating them in solvent extraction as qualitatively

depicted in Figure 1.1. Here a downflowing conducting liquid phase is brought

into countercurrent contact with an upflowing insulating phase by dispersing

the former into the latter from a suitable nozzle. A simple way of applying an

electric field would be to connect the nozzle to a source of high voltage and

to place a pair of parallel, groimded electrodes downstream of the nozzle. As

reviewed by Zhang and Basaran (1995), electric fields can drastically reduce the

volume of drops being formed from a nozzle. Therefore, an applied field ought

to increase the rate of mass transfer between the phases during the dispersion

stage. As the drops fall through the ambient liquid, the electric field can also

be used to increase the rate of mass transfer between the phases by forcing the

drops to oscillate (see, e.g.. Wham and Byers, 1985) or causing surface area

generation through further breakup of the translating drops if the field strength

is sufficiently high. Finally, the process of phase separation can be completed

by using an electric field to enhance the coalescence of the liquid drops at the

bottom of the unit, as discussed earlier in this chapter.

Moreover, not only can electric fields enhance the processes of drop formation

and dispersion, drop oscillation, fiuid convection, and drop coalescence, but the

electric field-aided solvent extraction operation depicted in Figure 1.1 also makes

plain that an adequate understanding of its underlying principles and further
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improvements in its practice requires theoretical and experimental analysis of a

class of problems referred to as free surface flows (see, e.g., Kistler and Scriven

1983, Kheshgi and Scriven 1983, Christodoulou and Scriven 1992, Basaran 1992).

This dissertation focuses primarily on certain problems that arise as the drops

are falling through the continuous phase (cf. Figure 1.1).

1.2 DISSERTATION SCOPE

The initial focus of the dissertation research was to develop an experimental

system to study drop oscillations and mass transfer in the presence of an applied

electric field (Part I). A single fluidized drop was chosen as being representative

of the fundamental building block of mass transfer in solvent extraction. More

over, attention was focused on systems in which the dispersed phase is highly

conducting and the continuous phase is highly insulating.

A second and dominant focus of the dissertation research was the analysis

of flow and mass transfer in and around fluidized and falling solid spheres and

drops in tubes where both inertial and wall effects are important (Part II). Both

the drop fluid and the continuous phase were taken to be Newtonian fluids with

constant density and constant viscosity. The fluid mechanics problem entailed

the solution of the governing continuity and momentum equations — the so-

called Navier-Stokes system — by Galerkin/finite element analysis. When a

solute was present that transfers between the droplet and the continuous phases,

the velocity fields that were available from the solution of the aforementioned

flow problem were used to expedite the solution of the mass transfer problem in

which both convection and diffusion can be important.

During the course of Part I of this research work, a new device, which is called



the emulsion phase contactor (EPC) and shown in Figure 1.2, that uses electric

fields for drop dispersion, drop oscillation, fluid convection, and drop coalescence

was developed jointly with Dr. T. C. Scott (Scott and Wham, 1988,1989). Over

the past several years, not only was this technology licensed to several compa

nies, but it has to resulted in the development of several new techniques and

devices with applications ranging from electrospraying to synthesis of ceramic

precursor powders. For example, Scott and Harris (1993) have extended the

EPC concept so that each droplet acts as a microreactor inside which chemical

reactions tahe place. This so-called electric dispersion reactor (EDR) concept

can produce particles having homogeneity on a scale not readily achievable by

other techniques.

Although the flows studied in this dissertation are steady and axisymmetric

and the fluids are isothermal and Newtonian, the finite element methods used

here can be readily extended to analyze transient, fully three-dimensional flows.

Although the flow codes developed as paxt of this dissertation have built into

them subroutines to compute transient flows, this capability was not exploited

here. Moreover, flows past spherical drops studied in this work can serve as

starting points for the computation of flows past deformable drops in tubes as

in a continuation or a homotopy approach to solving the Navier-Stokes system.

Furthermore, finite element methods used here to compute transient mass

transfer to and from drops can be extrapolated to study nonisothermal flows

past liquid drops in tubes and in a variety of other situations as well. Indeed, the

mass transfer equations solved in this dissertation reduce to their heat transfer

counterparts when the distribution coefficient for mass transfer is set equal to

unity and concentration is replaced by temperature, the ratio of diffusivities is
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replaced by that of conductivities, and the Peclet number is replaced by the

Nusselt number for heat transfer.

The computer code contains the necessary programming in order to do un

steady axisymmetric as well as steady and unsteady two dimensional flow.

1.3 DISSERTATION SYNOPSIS

1.3.1 Experimental work

Chapter 2 examines mass transfer from a fluidized water drop into an organic

continuous phase. To minimize the amount of organic solvent used in the ex

periments, a drop is suspended in a narrow tapered column as shown in Figure

1.3. Since oscillation frequencies on the order of 1 to 100 Hz are anticipated for

the aqueous-organic pairs of liquids considered (Miller and Scriven 1968), a high

speed video camera and associated video hardware is used to capture images of

drops during their oscillation cycles.

It is shown in Chapter 2 that mass transfer enhancement on the order of 35%

can be achieved by causing the aqueous drops to undergo forced oscillations.

Previous approximate theories by Angelo et al. (1966) and Rose and Kintner

(1966) had surmised that the enhancement in mass transfer is due to the increase

in surface area experienced by the drops during their oscillations. These earlier

studies have also assumed, albeit without proof, that the interior of the drops

are well mixed due to a turbulent core that is brought about by the forced

oscillations. Experimental results reported in Chapter 2 show that changes in

average surface area experienced by the drops are minimal and do not explain the

observed increase in mass transfer coefficient. Flow visualization studies carried
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out by placing neutrally buoyant particles inside the drops show that the streak

lines correspond to those that are expected were the flow inside the oscillating

drops laxninar. Although these findings are in direct contradiction with the

commonly held assumptions of surface area stretch for oscillating drops and

turbulent mixing inside them, they are in accord with modern computational

theories for oscillating drops (see, e.g., Basaran, 1992; Basaran and DePaoli,

1994). The results of this chapter point to the need for better theories of mass

transfer that account for the influence of fluid mechanics on mass transfer to

and from liquid drops in the presence and absence of drop oscillations. This

point is returned to in what follows and in much greater detail in Chapter 5.

1.3.2 Wall effects on flow past solid spheres

Chapter 3 determines the axisymmetric, steady flow of a Newtonian fluid

past a solid sphere that is either suspended in a tube by an upflowing liquid

{the fluidiztd sphere problem^ or falling in a tube {the falling sphere problem) by

finite element analysis using a consistent penalty formulation (Engelman et al.,

1982). To verify the correctness of the computer code developed to solve the flow

problem, the computational results are compared to several well-known results

from the literature, in particular in the case of the fluidized sphere problem to

the experimental results of Fayon and Happel (1960) and analytical results of

Haberman and Sayre (1958). The new results show that the correlation for drag

presented by Fayon and Happel is inaccurate (») for any value of the ratio of the

diameter of the tube to that of the sphere, j , when inertial effects, characterized

by a Reynolds number. Re, are moderate {Re > 30) and (»i) for i< 3.3 when Re

is small. Haberman and Sayre's results are restricted to creeping flow {Re = 0)

11



and are shown to hold so long as i>2-

Two new correlations accounting for wall effects on drag for fluidized and

falling spheres axe presented that are valid when 0 < iZe < 100 and 12.5 >

y > 1.42. The comparison of the predictions of the new correlation for fluidized

spheres with the computational predictions and those due to Fayon and Happel

is presented in Figure 1.4. A similar comparison for falling spheres is presented

in Figure 1.5. Moreover, the effect of A on the onset of wake formation with

increasing Re and the effects of A and Re on waJte characteristics are studied

in detail, important issues which past flow visualization experiments have left

unresolved. The results show that as j decreases, the Re for the onset of

wake formation increases, whereas the length of the wake decreases. Finally,

calculations have been carried out to simulate the effect of a wire that has been

used in some experiments to support fluidized spheres; such results assess for the

first time errors that might have been incurred in measuring drag coefficients.

1.3.3 Wall effects on flow past fluid spheres

Once the algorithm and the computer code to model flow past a solid sphere

have been developed and verified, the model is extended in Chapter 4 to predict

the flow past a fluid sphere. Following the pioneering works of Leal and coworkers

(Dandy and Leal, 1986; Leal, 1989; Dandy and Leal, 1989), a detailed report

is made on the dynamics of recirculating wakes that form at finite Reynolds

number Re due to vorticity accumulation at the rear of a fluid sphere that is

either suspended in a tube by an upflowing fluid [the fluidized drop problem)

or falling in a tube {the falling drop problem). The axisymmetric, steady flow

of a Newtonian fluid past the fluid sphere is also determined by finite element

12
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analysis using a consistent penalty formulation.

By way of example, the flow past a fluid sphere that is falling in a tube

for which the ratio of the tube radius to the drop radius 1/A = 5 undergoes

remarkable transitions when the ratio of the viscosity of the drop to that of

the ambient fluid, k, varies over a narrow range. When k < 2.75, no wake

forms behind the sphere as Re increases. When 3 < k < 10, an eddy that is

detached from the drop forms at a critical value of Re = Rec^\ grows, and
(2)

eventually disappears as Re rises above a certain amount Rec . Remarkably,

when /c = 3, these critical Reynolds numbers are as low as Re^c^ = 51 ± 1 and

Re^"^ = 77 ± 1. Figure 1.6 shows the dependence of Re^^^ and Rei^^ on the

viscosity ratio. When k > 10, it is shown by using as many as 46,000 velocity

degrees of freedom that the detached eddy attaches to the drop when Re exceeds

a critical value. Re > Re*, which was heretofore unknown. Whereas only a

single, large — primary — eddy is present inside the drop when Re < Re*, a

second but much smaller — secondary — eddy also forms inside the drop upon

attachment. Figure 1.7 depicts the evolution of the flow fleld with viscosity ratio

when the Reynolds number is held fixed at 100 and the ratio of the tube radius

to the sphere radius equals 5.

Two new correlations are developed and reported in Chapter 4 that account

for the effects of a tube wall and finite fluid inertia on drag for fluidized and

falling droplets. Moreover, in contrast to related correlations of others for fluid

spheres that are placed in an infinite expanse of ambient fluid, the new correla

tions are valid over the entire range of Reynolds numbers considered.

15
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1.3.4 Flow field effects on mass transfer to drops

Chapter 5 presents a transient algorithm and a computer code for calculating

mass transfer to or from a fluid sphere in a tube using velocity fields that are

available from solving the Navier-Stokes system in Chapters 3 and 4. In con

trast to most existing models in the literature that rely on some sort of drastic

simplification or another, rigorous results computed in Chapter 5 indicate that

significant differences in rates of mass transfer from one situation to another can

be attributed to whether or not a recirculating eddy is present in the continuous

phase at the downstream face of the drop (cf. Chapters 3 and 4). Such zones

of fluid recirculation are of course due to fluid convection at finite Reynolds

number and cannot be predicted by such ad hoe models as surface stretch or

approximating the real flow field by the creeping flow solution of Hadamard

(1911) and Rybczynski (1911).

Figure 1.8 shows velocity fields and lines of constant values of concentration —

concentration contours — inside and outside drops of four different values of the

viscosity ratio at a Reynolds number of 60 and a Peclet number of 100. In the

four cases shown in Figure 1.8, initially all the solute is distributed uniformly

inside the drops at a dimensionless concentration of imity and its concentra

tion outside the drops is zero. When /c = 1, there is of course no wake in the

continuous phase at the rear of the drop (cf. Chapter 4). In this case, the con

centration contours indicate that the solute diffuses across the interface, is swept

to the rear of the drop, and is then advected downstream with no interference

from the wake. Figure 1.8 makes plain that the formation of a wake results in

a decrease in the rate of mass transfer as evidenced by the movement of the
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concentration contours closer to the drop when k = 3, 3.5, and 10. This de

crease can be visualized by noting that regardless of whether a waJce is present,

the flux of solute out of the drop is solely due to diffusion because the radial

component of the velocity vanishes at the spherical interface. When an eddy

is present in the continuous phase, its presence essentially acts like a second

barrier to the transport of solute out of the drop: this is because there can be

no velocity component normal to the streamline enclosing the wake. The solute

that transfers out of the drop and into the wake can only be swept past the drop

by the free strecim once it diffuses out of the wake, a slow process compared to

the convective one at work outside the surface of the drop on its upstream side.

The aforementioned result when coupled to the dominajit role played by fluid

convection over diffusion at finite Peclet numbers point to the utility of causing

the wake to shed to enhance rates of mass transfer. Wake shedding can of course

be caused by forcing the drop to xmdergo oscillations, as in Chapter 2. Therefore,

it is the combination of fluid convection and wake shedding that can account

for the enhancement of mass transfer recorded in the experiments reported in

Chapter 2, and not the surface stretch phenomena surmised by some authors.

1.4 CONCLUSIONS AND OUTLOOK

The use of electric fields to enhance rates of mass transfer to and from drops

by oscillating them and the concept of creating and manipulating emulsions by

externally applied electric fields has had a big impact on research underway not

only at the Oak Ridge National Laboratory (ORNL) and the University of Ten

nessee but around the world as well. Examples of spinoffs that have resulted

from early portions of this dissertation include the Ph.D. dissertation of F. K.
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Wohlhuter (1992) on the use of electric fields for controlling bubbles and films

in distillation, the Ph.D. dissertation of D. W. DePaoli (1994) on experimental

studies of free and forced oscillations of pendant drops with application to mul

tiphase separation processes, and the ongoing Ph.D. dissertation work of E. D.

Wilkes on theoretical and experimental studies of forced oscillations of pendant

drops. Davis and colleagues (1994) at the University of Colorado are study

ing counterparts of certain problems reported in this dissertation and under

investigation at ORNL albeit in aqueous-aqueous systems. In Holland, Kerkhof

and colleagues (1990; see, also, Ptasinski and Kerkhof, 1992) are studying the

enhancement of multiphase separations by the application of electric fields.

The results presented in this dissertation can be extended in several direc

tions. First, it is unknown at this time whether detached eddies can attach

to deformable drops over certain regions of the parameter space. It needs to

be investigated whether Dandy and Leal's (1989) inability to find attached ed

dies outside deformed drops is a physical result or due to the use of too few

unknowns in their numerical discretization. The present author and colleagues

plan to tackle this problem in the near future by means of a two-pronged attack.

The first entails studying the flow past nondeformable fluid ellipsoids of increas

ing eccentricity to determine if there is critical value of the drop eccentricity

above which attachment does not take place. The second approach involves

solving the full free boundary problem by Galerkin/finite element analysis (cf.

Basajan, 1992; Basaran and DePaoli, 1994; Feng and Basaran, 1994).

Computationally challenging problems involving fully three-dimensional flows

past liquid drops are also of interest to the present author and coworkers and

can now be tackled owing to the increase in computer power made possible by
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the availability of massively parallel computers. A fascinating avenue of future

research entails extension of the results reported in Chapter 3 of this disserta

tion and the work of Tavener (1994) to investigate the three-dimensional flow

structure that develops upon the loss of stability of the axisymmetric solutions

computed here. The transition from the steady three-dimensional flow to the

transient one involving vortex shedding is not understood at the present time.

To date, fundamental studies of drop oscillations (Tsamopoulos and Brown,

1983; Lundgren and Mansour, 1988; Patzek et al., 1991; Basaran, 1992; Basaran

and DePaoli, 1994) have all considered fluid mechanics in the absence of mass

transfer. By combining computational methods described in Chapter 5 of this

dissertation with the analyses reported in these previous works on drop oscilla

tions it should now be possible to analyze the enhancement of mass transfer to

and from oscillating drops by means of externally applied electric flelds.
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CHAPTER 2

ELECTRIC FIELD-INDUCED OSCILLATIONS OF

FLUIDIZED DROPS IN TUBES

The scientific study of the effects of electric charges arid fields on drop os

cillations was inaugurated by Rayleigh's (1882) now celebrated analysis of the

infinitesimal-amplitude oscillations of an isolated, conducting, inviscid drop bear

ing surface charge. Although a far cry from a rain-drop, Rayleigh's analysis of

this prototypical problem in electrohydrodynamics lead to a flurry of activity in

the 20th century that has continued to the present day. An up to date review

of the literature in this area is provided in the paper by Basaran tt al. (1995)

commemorating the 35th anniversary of the publication of the classic text on

transport phenomena by Bird et al. (1960).

Because electric charges and fields can deform fluid interfaces and drops and

change frequencies of oscillations of them, the goals of this chapter are to explore

experimentally the effects of electric fields

(i) on finite-amplitude oscillations of a liquid drop that is immersed in another

liquid and

(ii) in modifying mass transfer to and from and fluid flow in and around such

a drop.

Unfortunately, theoretical understanding of finite-amplitude oscillations of drops

is incomplete. Tsamopoulos and Brown (1983), Lundgren and Mansour (1988),

and Patzek et al. (1991) have analyzed the moderate- to large-amplitude oscil-
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lations of inviscid drops immersed in a gas in the absence of an electric field.

Basaran (1992) has analyzed the large-amplitude oscillations of a viscous liq

uid drop but his drops are surrounded by a gas and he too does not consider

the effects of an electric field. Miller and Scriven (1968) were first to analyze

correctly the oscillations of drops in liquid-liquid systems but their analysis con

sidered neither the effect of finite-amplitude excursions from the spherical base

state nor that of an electric field. Feng and Beard (1990) and Basaran tt al.

(1995) have considered the effect of an electric field on the oscillations of mod

erate amplitude and large amplitude, respectively, of liquid drops but restricted

their drops to be inviscid liquids and surrounded them by a gas phase. Recently,

Rang (1993) considered the forced oscillations of liquid drops induced by a time-

periodic electric field but restricted his inviscid drops to remain spheroidal in

shape and surrounded them by a gas phase. Sherwood (1988) and Haywood

et al. (1991) have considered the dynamics of a liquid drop that is surrounded

by another viscous liquid in the presence of an electric field. However, these

authors did not study drop oscillations but analyzed the deformation of such

drops under a d.c. electric field.

In this chapter, an experimental system is described that is designed to force

drops that are immersed in a second viscous liquid to undergo oscillations by

subjecting them to a time-dependent electric field. The goal here is to exploit

the electric field-induced oscillations of drops in liquid-liquid systems to enhance

mass transfer to and from the drops. Section 2.1 discusses the experimental

apparatus that has been designed and built for studying the forced oscillations of

liquid drops and measuring mass transfer. Section 2.2 outlines the experimental

procedures used in studying the oscillations of drops and in quantifying mass
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transfer from drops to an ambient liquid. Section 2.3 presents results on the

oscillatory response of drops set into motion by a transient electric field and the

effects of the oscillations on mass transfer from the drops. Section 2.4 discusses

the nature of flow fields inside the drops. Section 2.5 describes a new device

for carrying out solvent extraction that has resulted from the research on drop

oscillations and mass transfer enhancement in the presence of an electric field

described in the previous sections. Concluding remarks are the subject of Section

2.6.

2.1 EXPERIMENTAL APPARATUS FOR DROP
OSCILLATIONS AND MASS TRANSFER ENHANCEMENT

IN AN ELECTRIC FIELD

In the experiments, a single water drop is fluidized by an upfiowing continuous

organic liquid. A schematic diagram of the experimental apparatus is shown in

Figure 2.1 and a photograph of the entire apparatus is shown in Figure 2.2. The

experimental system consists of the following essential elements.

(1) A vessel for containing the dispersed and continuous phases and associated

equipment for delivering, metering, and monitoring the flow of the two

phases.

(2) Equipment for subjecting the drop to an electric field.

(3) Video recording and playback equipment for monitoring certain features of

the drop so that its shape and mass transfer to or from it can be inferred.

The continuous phase is delivered by a laboratory pump, its flow rate is con

trolled by a rotameter, and a purged reservoir is available to hold the necessary

inventory of the continuous phase. The continuous phase enters the column at

the bottom and exits it at the top. In the experiments, a drop is placed in a
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tapered column, as shown in Figure 2.1 and in a closeup in Figure 2.3, to stably

fluidize it for extended periods of time, e.g. on the order of several minutes.

The column is fabricated from glass tubing and polished to assure smoothness

(see below). Drops are introduced into the tapered colunm through a hole in

the top of the column and are allowed to fall through the ambient liquid to a

location where the diameter of the tapered colunm is smallest. The narrowest

point of the column is also sandwiched between two electrodes which allows the

drops to be subjected to an electric field. Once the drops reach this point, they

are stably fluidized, or levitated, by adjusting the flow rate of the continuous

phase.

In the experiments, the drops are subjected to both static d.c. and pulsed

(transient) d.c. electric fields by connecting the electrodes to appropriate power

supplies. In this work, the electrodes are made of stainless steel and they too

have been polished to ensure smoothness. Drops were subjected to electric fields

using electrodes inserted into the tube as depicted in Figure 2.3. The electrodes

are 0.32 cm in diameter stainless steel rods and are positioned 2.5 cm apart.

The top electrode was retracted when a drop was introduced into the column

and was put back into position when the drop was at the appropriate location

between the electrodes.

Three modes of operation are of interest in this work. The first mode is one

in which a drop is fluidized without an applied electric field. The second mode

of operation is that in which a static d.c. electric field is applied to deform

an initially spherical drop into a prolate ellipsoid. This is accomplished using

a Hipotronics d.c. power supply with a range of 0-20 kV. The third mode

of operation is one in which a drop is forced to oscillate by using a pulsed
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Figure 2.3. A diagram of the tapered column used in this study depicting the
location of the electrodes.
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d.c. electric field. Pulsing the field allows a drop to tend to a nearly prolate

ellipsoidal profile when the field is on and return to a spherical and sometimes

an oblate ellipsoidal profile when the field is off, as shown in Figure 2.4. Since

pulsed field generators capable of achieving the high voltages needed in this work

are not available commercially, the pulsed electric field is produced here by an

automotive distributor and ignition coil. Power to the coil is supplied by a low

voltage, 0 — 12 volt, variable power supply. The amplitude of deformation of

the drop is then maintained by controlling the amplitude of the applied field by

regulating the input voltage to the coil. The frequency of the pulsed electric field

is set by turning the distributor using a variable speed motor. The arreingement

allows pulses to be generated with a frequency in the range of 0-150 Hz and a

duration of about 4 msec for eaoh pulse. The electric potential difference between

the electrodes is typically approximately 10 kV but often varies between 5 and

20 kV. A Digistrobe strobe light/tachometer is used to measure the frequency of

, the electric pulse. A Tektronix model 504 oscilloscope is also deployed to check

the voltage being delivered to the high voltage electrode and to further confirm

the pulse frequency.

In addition to the two essential sets of equipment described above, an equally

important part of the experimental apparatus is the high speed video camera and

associated equipment for recording, analyzing, and playing back experimental

results. A Tritronics model PC5600 video camera with a high speed shutter is

used to monitor the profiles of the drop during the experiments. Shutter speed

can be varied from 4 msec to 0.1 msec with framing rates of 60-300 frames per

second. A Sony VO-5800 video recorder is used for recording the video image as

well as playing back the results for subsequent analysis. A FOR.A video timer,
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model VTG-33, is used to record the date and time on the video tape during

each experiment. A VPA-100 position analyzer is used for determination of drop

size from the video image. A Sony microcomputer is then used to digitize the

video images obtained to determine drop volume, drop surface area, and drop

aspect ratio, defined as the ratio of the length of the half semi-major axis of

the virtually ellipsoidal drop, a, to that of the half semi-minor axis of the drop,

13-

As discussed in subsequent sections, the nature of the fiow inside the drops

is also of interest. To visualize flow fields inside the drops, neutrally buoyant

particles of 1 — 10 micron have been placed inside the drops in a small number

of experiments. The fiow inside the drop is then visualized by illuminating the

vicinity of the narrow portion of the tapered tube where the drop is located with

a 5 milliwatt He-Ne laser (Melles Griot), as shown in Figure 2.5. The particles

following the motion of the fluid particles inside the drop scatters the laser

light. The image created by the scattered light can be recorded and analyzed in

the same way as the drop profile (see above). Furthermore, this image is then

videotaped for subsequent review.

2.2 EXPERIMENTAL PROCEDURES

In the experiments, a cleaned reservoir is charged with about 400 ml of or-

geinic solvent used as the continuous phase. The flow rate of the continuous

phase is adjusted using the rotameter. The video camera is stated just prior to

introduction of the drop into the column. When the drop of water that is intro

duced into the column reached the region between the two electrodes, the fiow

rate of the continuous phase is adjusted to keep the drop fiuidized between the
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electrodes. Thereafter, the electric field is applied as required for the particular

experiment. Observations of the size and oscillations of the drops continue for

up to 10 min.

Mass transfer data is obtained by measuring the time rate of change in the

volume of an axisymmetric drop. The measured drop volume and surface area,

when plotted versus time, yield the needed mass transfer data. The fiux of water

from the drop to the continuous phase is calculated from

=  (2.1)

where N is the fiux of water from the drop into the organic phase, K is the mass

transfer coefficient, A is the drop surface axea, is the density of the drop, t

is time, c(''^|r=o is the concentration of water at the interface (taken to be the

equilibrium concentration), c^°)|r=oo is the bulk concentration in the continuous

phase. Initially, many experiments involving several drop sizes have been run

to confirm the accuracy of the present setup and technique for acquiring data

to previous experiments by Clinton (1972) who studied the dissolution of water

drops in organic media in the absence of electric fields. Figure 2.6 shows that

the present results agree well with those of Clinton. The change in slope of the

curves after about 10 min can be attributed to the unavoidable accumulation of

surfactants at the drop/continuous phase interface (cf. Clinton, 1972).

2.3 EXPERIMENTAL RESULTS

Figure 2.7 shows results of experiments that have been carried out to deter

mine the variation of drop deformation, or aspect ratio, with the applied field

strength. In the experiments of Figure 2.7, the continuous phase is 2-ethyl-

1-hexajiol (2EH). Evidently, up to an electric field strength of approximately 1
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kV/cm, the drops are not deformed to any significant extent while at 2.5 kV/cm

the aspect ratio is about 1.4. The experimental measurements reported in Fig

ure 2.7 also accord with the spheroidal approximation of Taylor (1964) and the

more exact finite element computations of Basaran and Scriven (1989)

Aside from their usefulness in their own right, these results also indicate that

an electric field generator for forcing drops having an undeformed radius of

0.3 cm to undergo oscillations must be capable of imposing a field strength of

approximately 3 kV/cm. Moreover, the pulsed field generator must also be able

to reduce quickly enough to less than 1 kV/cm in order to induce the drop to

undergo oscillations. This process can then be repeated rapidly to force the drop

to oscillate at a predetermined frequency.

In systems with fiuid interfaces, the application of an electric field may affect

interfacial tension either directly (see, e.g., Adamson, 1982) or indirectly by

accelerating the accumulation of surfactants at the drop-ambient fluid interface.

Simple scaling arguments (see, e.g., Basaran and Scriven, 1989) and aji analysis

due to O'Konski and Harris (1957) as well as other show that the eccentricity

of a drop, which is defined as c = — (f )^5 is placed in an electric field

is proportional to Ey/^, where E is the strength of the applied electric field, a

is the interfacial tension, and a is the equivalent radius of the drop, when the

interfacial tension is a constant. Figure 2.8 shows the same data as Figure 2.7

but depicts how the eccentricity varies as a function of the product of the applied

field strength by the square root of the undeformed radius of the drop. Figure

2.8 shows that e varies linearly with Ey/a, which implies that the interfacial

tension remains constant during the comse of the present experiments. Figures

2.9 and 2.10 show the variation of e with E-y/a is also linear for water drops in
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octanol and water drops in hexanol, respectively. Therefore, for all three systems

considered the interfacial tension should remain independent of the applied field

strength during the oscillating drop experiments to be described in what follows.

Figure 2.11 compares the amount of mass remaining in water drops from which

mass is transferring out of and into a 2EH continuous phase in three situations:

(1) the drop is simply fiuidized but the electric field strength is zero, i.e. the

drop is neither deformed (by the field) nor oscillating; (2) the drop is deformed

by a static d.c. electric field; and (3) the drop is forced to undergo oscillations

by a pulsed d.c. electric field. In all three cases, the experiments are started

from the same set of initial conditions. Of course, the slope of the drop mciss

versus time curves axe directly proportional to the mass transfer rates. Figure

2.11 makes plain that /Coscillating drop ̂  ̂stretched drop ̂  ̂spherical drop*

Figure 2.12 shows the variation of the average drop mass transfer coefiicient

with the frequency of the pulsing field. Here again the dispersed phase is water

and the continuous phase is 2EH. All the drops used in the experiments depicted

in Figure 2.12 have initial diameters of 0.3 cm. Moreover, the data presented

in Figure 2.12 correspond to the rate computed over the first three minutes

of the experiment (see below). Based on previous experiments, it is expected

that surfactant accumulation should not cause the curves of amount of mass

remaining in the drop versus time to deviate from linearity for the first 6 to 10

minutes. Thus, collecting and presenting the data for the first three minutes

of the experiment should ensure that surfactant effects are negligible in the

results presented in Figure 2.12. The natural oscillation frequency of such drops

can be estimated from Lamb's (1945) theory to be 100 Hz. As can be seen

from Figure 2.12, there is very little change in mass transfer coefficient at low
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frequencies of 10-30 Hz, but a 35% increase occurs at 50 Hz. Evidently, the mass

transfer coefficient increases as the driver frequency approaches the resonance

frequency of the drop. Also shown in Figure 2.12 is a mass transfer coefficient

that has been calculated based on a time averaged surface area that is available

for mass transfer. The time averaged values of drop surface area axe computed

from experimental measurements of drop shape. Evidently, the prediction of

the mass transfer coefficient by this surface stretch theory does not match the

experimental data. As discussed in Chapter 1, such surface stretch models have

been proposed by Angelo et al. (1966) and others.

Since the surface stretch model does not match the experimental results, addi

tional experiments have been conducted by placing water drops in a continuous

phase consisting of 2EH saturated with water so that no mass transfers from the

dispersed to the continuous phase. In these experiments, the pulsing frequency

has been varied over a range to determine the change in drop surface area as a

function of the forcing frequency. Figure 2.13 shows the variation of the ratio of

the surface area of the drop to that of a sphere of equivalent volume with the

forcing frequency. In these experiments, the drops are subjected to forcing fre

quencies of 10-120 Hz and a field strength of 2.5 kV/cm. Figure 2.13 shows that

surface axea changes by less than 1% over the entire range of frequencies con

sidered. Because the surface area changes so little during these finite-amplitude

oscillations (see below), it is not too surprising that surface stretch model cannot

account for the increase in the mass transfer coefficient observed in Figure 2.12.

The aforementioned results are further reinforced by plotting the variation

of the surface area ratio with the drop aspect ratio, as shown in Figure 2.14.

In most experiments, the drop aspect ratio ranges between 0.7 and 1.3. It is
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noteworthy that a drop having an aspect ratio larger than 1.85 cannot exist

in static equilibriiim in an externally applied electric field. Therefore, were

the drops allowed to deform to the highest aspect ratio accessible to them, the

change in surface area would still be too small to account for the increase in

mass transfer rates observed in this work.

2.4 FLOW VISUALIZATION

A second major assumption of the surface stretch theories of Angelo et al.

(1966) and Rose and Kintner (1966) is that a well-mixed turbulent core exists

inside the drops. This assumption is put to test here by directly observing the

flow fields inside the drops by tracking the motion of neutrally buoyant particles

as outlined earlier. A turbulent core would of course be well mixed and the

particles inside such a core would appear to move randomly and not undergo

regular motions.

In these experiments, 2EH is used as the continuous phase. The 2EH, however,

is saturated with water to eliminate mass transfer from the drop. Figure 2.15

shows the flow field inside a fluidized drop: the path lines of the fluid particles are

toroidal and regular. Figure 2.16 shows the flow field inside an oscillating drop:

the path lines are again regular in nature. Complete mixing would be manifested

as uniformly distributed particles moving in a random fashion. However, Figure

2.16 makes plain that the path lines inside the oscillating drops are merely a

superposition of circulatory motion due to the fiuidization and the radial motion

due to drop oscillation.
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2.5 AN ELECTRICALLY-ENHANCED DEVICE
FOR SOLVENT EXTRACTION

As mentioned previously in Chapter 1, one of the goals of this work was to look

at the application of electric fields to solvent extraction. Work by pioneers in

electrohydrodynamics such as Rayleigh(1882), Macky(l926), and Nolan (1931)

showed that application of electric fields of appropriate strength will cause drop

disintegration leading to formation of many small droplets. Experimental studies

presented in Section 2.4 showed that drop oscillations will increase mass transfer

rates. A patent by Cottrell and Speed (1911) showed that application of electric

fields enhanced coalescence of aqueous drops and application of this technology

has been used for oil/water separators by the petroleum industry (Waterman,

1965). These three consequences of the application of electric fields have been

applied to solvent extraction with the outcome being an extraction device based

on use of electric fields.

An experimental apparatus was assembled to study the electrically driven

emulsification with subsequent coalescence of the drops. Figure 2.17 presents

the range of electric field strengths examined to determine appropriate ranges

for operation. Figure 2.17 shows plainly that the range of electric field strengths

used for dispersion falls close to the range of electric field strengths necessary

for coalescence. Based on the information presented in Figure 2.17, a prototype

solvent extraction unit was built and is shown in Figure 2.18, This unit was

designed to take advantage of the narrow change in electric field occurring be

tween coalescence and emulsification. The prototype used a pulsed electric field

to control droplet formation, emulsification, and coalescence. The unit depicted

in Figure 2.18 operates with counter current fiow of the aqueous stream and

51



d
R
N
L
 O
W
Q
 8
7
-
1
2
8
3

C
n
t
o

C
O
A
L
E
S
C
E
N
C
E
 I
N 
P
U
L
S
E
D
 D
C
 E
L
E
C
T
R
I
C
 F
I
E
L
D
S

1
.
5
0

E u > X t
—
o z U
l

t
c

C
O

o _
l

l
U H
 
0
.
5
0
 
-

1
.
2
5
 
-

1
.
0
0

0
.
7
5
 
—

n
 I 

n

•
 C
O
A
L
E
S
C
E
N
C
E

n
 N
O
 E
F
F
E
C
T

A
E
M
U
L
S
I
F
I
C
A
T
i
O
N

T
T

g D
C
H O l
U
_
l

U
J

0
.
2
5
 
-

T
T

E
M
U
L
S
I
F
I
C
A
T
I
O
N
A
*

C
O
A
L
E
S
C
E
N
C
E

N
O

E
F
F
E
C
T

E
M
U
L
S
I
F
I
C
A
T
I
O
N

2
5
 

5
0
 

7
5
 

1
0
0
 

1
2
5
 

1
5
0
 

1
7
5
 

2
0
0
 

2
2
5

(j
J 
(
p
u
l
s
e
s
/
s
)

F
i
g
u
r
e
 2
.1
7.
 B
eh
av
io
r 
of

 d
ro

ps
 i
n 
a
n
 a
pp
li
ed
 e
le
ct
ri
c 
fi
el

d.
 T
h
e
 d
ro

ps
 a
re

 w
at
er

in
 2
-e
th
yi
-h

ex
an
ol
.



ORNL DWG 86-698R

(«i— 10.4 cm —

PHASE

INTERFACE

GLASS
PiPET TIP

DISTILLED
H2O

SYRINGE
PUMP

46 cm

WATER

CLEAR
f  / 2-Ethyl-
r^l-Hexanol

* *

EMULSION

EMULSIO^

ROTA-
METER

1.4 cm

REGION 1

TO HIGH- REGION 2
VOLTAGE
SOURCE

LJMICRO7,
I  PUMP-O-

CIRCULATING

2-Ethyl-l-
Hexanol

REGION 3

REGION 4

ELECTRICALLY DRIVEN SOLVENT

EXTRACTION PROCESS
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organic stream. Organic flows into the column near the bottom of the column,

up through the emulsion and then out the top of the device. The aqueous phase

enters at the top of the unit through a nozzle placed between the electrodes. The

electrodes were used to impose an electric field on the nozzle tip. The drops were

broken into small drops in the device and a cloud of emulsion formed. The small

aqueous drops comprising the emulsion coalesced and fell through the organic

into the bottom of the column where the aqueous phase was then withdrawn.

Imposition of both AC and DC electric fields was shown to create small droplets

with a high surface area to volume ratio and coalesce the droplets. A patent for

the device shown in Figure 2.18 was granted (U.S. Patent 4,767,515; Scott and

Wham, 1988). The imit was later tested for mass transfer rates and found to

yield favorable mass transfer rates as compared to more traditional contacting

equipment (Scott and Wham, 1989).

Subsequent to this invention, a study of drop coalescence has been conducted

by Zhang, et a/. (1995). Recognizing that enhancement of drop coalescence oc

curs when the electric field induces charges of the opposite sign on the closest

faces of two nearby drops(Davis, 1964), Zhang, et al. conducted a trajectory

analysis which included both gravitational and electric field effects. The tra

jectory analysis of drop coalescence was used to predict pairwise collision and

coalescence rates. Zhang, et al. found that enhancement of drop collision was

found to be more pronounced when the imposed electric field acted in a direction

perpendicular to gravity.

2.6 RESULTS/CONCLUSIONS FROM EXPERIMENTAL WORK.

An experimental system has been developed to study the enhancement of

54



mass transfer to and from a drop by forcing it to undergo oscillations by the

application of a pulsed d.c. electric field. With millimeter-size drops immersed

in organic solvents, increases in mass transfer coefficients on the order of 35%

has been achieved. Previous theories based on the concept of surface stretch are

unable to account for the observed increases in mass transfer rates and coeflB-

cients. First, the change in drop surface area that occur in the experiments is

too small to account for the observed enhancement in mass transfer. Moreover,

these previous theories also assume that the fluid inside the drops is well mixed.

The validity of this assumption has been tested by flow visualization studies

which has revealed that the flow inside the drops is laminar and not turbulent.

Such experimental observations, which agree with recent theories of drop oscil-

lations(e.g., Basaran, 1992; Basaxan and DePaoli, 1994), point to the need to

develop a better understanding of the fluid mechanics in and around drops and

the implications of the flow to transient conjugate mass transfer.

A device for solvent extraction based on the use of electrohydrodynamics was

developed and patented. This device has seen application in industry. Further

work on the device hzus focused on understanding the theoretical basis for electric

fleld enhanced coalescence (Zhang, tt al., 1995)

The next step in understanding mziss transfer from oscillating drops is to de

velop appropriate computational models to facilitate understanding the complex

hydrodynamics. Chapter 3 describes the work on modelling flow around solid

spheres. Chapter 4 describes modelling work on fluid spheres. Chapter 5 de

scribes the use of fluid sphere flow flelds in analyzing conjugate mass transfer

problem for fluid drops.
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CHAPTERS

WALL EFFECTS OF FLOW PAST SOLID SPHERES

AT FINITE REYNOLDS NUMBER

The flow past both solid ajid fluid spheres and spheroids and deformable drops

or bubbles, even when the fluids are simple Newtonian ones, is important in a

number of flelds of science and technology. For example, such flows play a central

role in areas as diverse as chemical processing (Bird et al., 1960; Sherwood et

al., 1975) and meteorology (Beard et al., 1989). Despite the importance of

such flows, however, a fundamentals-based and detailed understanding of the

apparently simple problem of the steady flow past a solid sphere in an unbounded

fluid (Fornberg, 1988) and its stability (Kim and Pearlstein, 1990; Natarajan and

Acrivos, 1993) was not available until recently. The closely related problem of

flow past a solid sphere that is either suspended in a tube of finite radius by

an upflowing liquid (the fluidized sphere problem) or falling in a tube of finite

radius (the falling sphere problem) is of even greater technological interest. An

adequate understanding of the bounded flow case has heretofore been lacking

and is the goal of this work.

There has been a resurgence in the study of flow past noncolloidal solid and

fluid particles in the last few years. One major driving force for this renewed

interest is the need to understand at a fundamental level recent innovations that

utilize electric flelds to enhance transport phenomena and separations in multi

phase systems (see, e.g., Kaji et al., 1980; Scott and Wham, 1988; Ptasinski and

Kerkhof, 1992). The problem of flow in and/or around solid and fluid particles

in a tube is a central issue in these efforts and is fundamental to understandiug
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the role of electric fields in enhancing heat and mass transfer to or from solid

and fiuid particles.

Flow past and drag coefficients for fiuidized spheres are likely to see additional

renewed interest if recent research on containerless processing on earth (see, e.g.,

Dagani, 1992) can provide contaminant free materials as claimed. Fluidizing

the product minimizes the contaminants introduced by the container walls and

can also produce a perfect sphere as the end product. The new containerless

processing concept aims to provide a lower cost alternative to space-based, zero-

gravity processing (see, e.g., Carruthers and Testardi, 1983).

There are numerous works in the literature which either present or analyze

experimental data on drag coefficients for spheres in an infinite expanse of am

bient fiuid (e.g., Clift tt al., 1978; Flemmer and Banks, 1986; and Turton and

Levenspiel, 1986). There are also numerous computational studies of fiow past

spheres in an unbounded fluid (e.g., Dennis and Walker, 1971; Rivkind et al.,

1976; Fornberg, 1988). Unfortunately, there are no numerical (but see below)

results available for the corresponding problem of a sphere in a tube and there is

significant disagreement concerning which correlations provide the best estimate

of drag for fiow past a solid sphere in a finite tube.

Hartman et al. (1989) devote the majority of their paper to modifying lit

erature correlations for spheres in an unbounded expanse of ambient fiuid to

fit their data on drag for spheres falling in a tube without acknowledging wall

effects. Wall effects are expected to be important in the experiments they de

scribe over the range of values of the ratio of the diameter of the sphere to that

of the tube, A , presented in their paper of 0.022 to 0.0804. For example, in

Section 3.4 of this work, it is shown that when A = 0.08, not accounting for wall
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effects can introduce an error of 20% in drag coefficient even when the Reynolds

number, which measures the relative importance of inertial to viscous forces, is

small.

The presence of a finite-size physical container also raises concerns about wall

effects on drag coefiicients for fiuidized spheres. Another complicating factor

here is the use of a wire to suspend the sphere for the experimental measurement

of drag (see below). The error introduced by the wire was heretofore not known

and is also evaluated here for the first time.

Furthermore, there are very few experimental studies of fiow past solid spheres

in tubes in the range of low to moderate Reynolds numbers as evidenced by the

scarceness of data in the literature when 1 < i2e < 100.

(a) Drag correlations for fiuidized spheres

Fayon and Happel (1960) carried out experiments with both fiuidized and

falling spheres under conditions of low Reynolds number fiow. They made partial

use of their own experimental data in developing a correlation for drag since

they did not allow the correction factor that accounts for the presence of the

tube to depend on Re. The correlation they gave that relates the ratio of the

drag coefficient for a fiuidized sphere in a tube to that predicted by the Stokes

equation for a sphere in an unbounded fluid is:

Fs Cs

l-jA' , /Cx
+ ^-1 (3.1)

1 - iifA + 2.087A3 \Cs

where Fd is the actual drag on a sphere in tube fiow, Fs is the Stokes drag on a

sphere in an infinite expanse of fiuid, Cjrj is the actual drag coefficient for a sphere

in tube flow, Ca is the actual drag coefficient for a sphere in an unbounded fiuid
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given by Perry (1950), Cs is the drag coefficient based on Stokes law (;^), and

K is set equal to 2.105 to agree with a theoretical analysis of Brenner and Happel

(1958). Here the wording actual, as in the definition of Fd,Cd, and C^, means

that these quantities are evaluated at the Reynolds number appropriate to the

fiow. The correlation assumes that the correction due to the presence of the

tube wall is additive to that due to inertia. However, Fayon and Happel (1960)

also acknowledged that K is a function of Reynolds number as first postulated

by Faxen (1923) and, in fact, that a K value of 1.96 actually provides a better fit

to their data over the range 0 < Re < 30. Brenner and Happel (1958) arrived at

the value of K = 2.105 by analyzing by the method of refiections the problem of

a sphere suspended in a tube in the creeping fiow regime. Therefore, by forcing

their correlation to agree with Brenner and Happel in the limit as Re 0, Fayon

and Happel arrived at a correlation that becomes increasingly more inaccurate

as Re increases.

Wakiya (1957) presented a modification to the Faxen result that is similar to

the Fayon and Happel correlation in the creeping fiow limit by incorporating

higher order terms in A

Fd
Fs 1 - 2.105A + 2.09A3 - l.llA^

(3.2)

Haberman and Sayre (1958) developed an analytical solution based on a trun

cated polynomial series that satisfy the Stokes equations and the appropriate

boundary conditions. They thereby obtained the following result in the creeping

fiow limit:
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Fd _ 1 - |A2- 0.20217A5
Fs 1 - 2.105A + 2.0865A3 - l.OTGSA^ + 0.72603A6

(b) Drag correlations for falling spheres

(3.3)

Several correlations that predict the variation of drag with A are available

for the case of a falling sphere. Ladenburg (1907) gave the following linear

approximation in the creeping flow limit:

Fn
= 1 + 2.105A . (3.4)

Fs

Francis (1933) developed an empirical formula beised on data available in the

literature. This formula too is restricted to the creeping flow limit and is given

by:

jb^/-l-0.475Ay
Fs V 1 - -l-JSA j ^ '

For falling spheres, the counterpart of (3.1) obtained by Fayon and Happel

(1960) is:

Cs Fs

1  (Ca
1 - K'A + 2.087A' I Cs ^ (3.6)

As in (3.1), the coefficient that appears in (3.6) is given by if = 2.105.

The Haberman and Sayre (1958) result for a falling sphere under conditions

of creeping flow is

Fd 1 - 0.75857A5
(3

Fs 1 - 2.105A + 2.0865A3 - 1.7068A5 + 0.72603A®
.7)

Comparison of (3.7) to (3.3) for fluidized spheres shows that the two drag ex

pressions differ only in their numerators.

60



(c) Goals and outline

There are no correlations in the literature for the fluidized sphere problem

or the falling sphere problem which properly account for the effects of both A

and Re. In order to solve the problem and obtain drag coefficients, an approach

based on numerical simulation is adopted in this work.

Section 3.1 presents the equations and boundary conditions that govern the

flow past a solid sphere in a tube of flnite radius. Section 3.2 outlines the

Galerkin/finite element formulation used for calculation of velocity profiles.

Section 3.3 presents results for three situations: a fluidized sphere, a falling

sphere, and a fluidized sphere attached to the end of a wire. Also, new drag

coefficients for falling and fluidized spheres are presented that are valid for

0 < Re < 100 and 0.08 < A < 0.7. Moreover, the onset of wake formation

and wake characteristics are investigated as functions of A and Re and the com

putational predictions are compared to experiments of Nahamura (1976) and

others. Section 3.4 discusses the relevance and relationship of this work to cer

tain others and lays the groundwork for future studies based on the present

analysis.

3.1. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

A solid sphere is centrally located and is either fluidized or falling in a vertical

circular tube. The fluid exterior to the sphere is Newtonian and has constant

viscosity /x and constant density p. Therefore, the axisymmetric, steady, in

compressible flow in both the fluidized sphere and falling sphere problems is
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governed by the Navier-Stokes equations and the continuity equation:

i2cv • Vv-V • X +'S'te^ = 0 ,

V-v = 0 . (3.8)

Equation (3.8) is already dimensionless because length is measured in units of

a, the sphere radius, and velocity is measured in units of Uoo, a characteristic

velocity. In the case of a fluidized sphere, the flow approaches a fully-developed

Poiseuille flow sufficiently far upstream and downstream of the sphere and Uqo

is the (meiximum) value of the velocity along the axis of symmetry of the tube

which heis radius d. In the case of a falling sphere, the flow is quiescent suf

ficiently far upstream and downstream of the sphere, and Uoo is the steady

translational velocity of the falling sphere. In (3.8), Re = is the Reynolds

number; v is the velocity vector with components Vx and Vg in a cylindrical co

ordinate system (z, z) based at the center of the sphere where z denotes distance

measured along the axis of symmetry or the centerline of the tube and x that

perpendicular to it; T is the total stress tensor; is a unit vector in the z-
2

direction; and St = is the Stokes number, where g is the magnitude of the

gravitational acceleration which points in the negative z-direction. The total

stress tensor T = —pl-i-l, where p is the pressure, I the identity tensor, and the

viscous stress tensor of a Newtonian fluid £ = Vv-|- (Vv)^. Figure 3.1 shows

the physical domain for the falling sphere and the fluidized sphere problems.

Boundary conditions for the fluidized sphere problem are fully developed flow

at the inlet Si and outlet Sg, symmetry about the centerline Sg, and no pene

tration and zero slip at the tube walls S^j and sphere surface 5^:
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Si: Vx=0, Vz = 1- (xA)^

S^jj I Vx ~ Vz ~ 0

5e : Vx=0, /n = X : n n = 0

Sd • ~ ~ ̂

Sg-. Vx=0, /t = X: at = 0 . (3.9)

In (3.9), and also in (3.10) below, n and t are unit vectors normal and tangent

to the surfaces bounding the flow domain. In the case of the falling sphere, the

problem is recast to a coordinate system in which the sphere is at rest. In the

recast coordinate system, the governing equations (3.8) are unchanged, but the

boundary conditions become:

Sil Vx=0, Vz = I

Syj : Vx ~ 0, Vz ~ 1

Sgi Vx = 0, /n = X : n M = 0

Sd • Vx — Vz — 0

Sg: Vx=0, /f=X:nt=0 . (3.10)

Note that in both (3.9) and (3.10), the condition of fully developed flow is

expressed by a natural boundary condition along the outlet plane from the flow

domain. This traction-free form is not only more accurate than prescribing

both components of the velocity fleld by essential boundary conditions (see,

e.g., Gresho, 1991), but also sets the level of the pressure inside the liquid in the

tube.
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A force balance on the sphere is next used to compute the dimensional drag,

Fd, on it. This is done by equating the total force exerted by the fluid on the

sphere, Ft, which is the sum of the viscous and pressure forces on the sphere, to

the gravitational force on it, which in turn is equal to the sum of the buoyancy

force on the sphere , Fb, and the force due to fluid movement (kinetic force),

Fd, viz.:

Ft = j Z = Fb + Fd , (3.11)
where ps is the density of the sphere. In (3.11) and in what follows, a variable

with a tilde over it is dimensional and the same variable without a tilde is

dimensionless. The drag coefficient is then calculated by subtracting Fb from

the total force and dividing the result — the drag force — by the product of

a characteristic area (ttc^) with kinetic energy per unit volume {^pU^). Using

dimensionless variables

" (7ra2)("ipt;^) " ~
where Ft and Fb are measured in units of 2'Kap,Uoo- (The coefficient 4 in

(3.12) is often replaced by 8 in the literature because the Reynolds number is

defined in terms of the sphere diameter rather than its radius as in this work.)

An additional piece of information obtained from the force balance is the ratio

of the density difference between the sphere and that of the fluid to the fluid

density, 7 = Once a numerical solution is available so that the total force

exerted by the fluid on the sphere can be computed, 7 can be determined by

rearranging Equation (3.11) as:
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= ̂(7 + 1)54 . (3.13)

3.2. GALERKIN/FINITE ELEMENT ANALYSIS

In this work, the Navier-Stokes system (3.8) is solved everywhere within the

region V = {(x,z) : 0 < x < D,—Li < z < L2} excluding the sphere. Here

jD = - = Y is the dimensionless tube radius, Li = ̂  is the dimensionless
a  A ^ ^ a

distance from the tube inlet to the center of the sphere, and L2 = ̂  is the

dimensionless distance from the tube outlet to the center of the sphere. The

problem domain is tessellated into a set of times Nx quadrilateral elements,

where Nz is the number of elements in the z-direction and Nx is the number of

elements in the x-direction.

The location of node points is chosen to yield a so-called boundary conforming

mesh. This approach to mesh generation avoids errors due to element angles

grossly deviating from 90° and also controls the rate at which element sizes

change. In general, a set of elliptic partial differential equations must be solved

to compute the locations of mesh points for a boundary conforming mesh (e.g.,

Christodoulou and Scriven, 1992). However, in this case, determination of a

boundary conforming mesh is relatively straightforward due to the domain shape

being fixed and because of the availability of a potential fiow solution for fiow

past a solid sphere. Lines of constant velocity potential, or equipotential lines,

and streamlines of the potential flow solution form a family of orthogonal curves

which can be used to generate the desired mesh (cf. Conner and Elghobashi,

1987).
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Following Conner and Elgobashi (1987) the dimensionless stream function, t/2j

and the dimensionless velocity potential, yi, are written in terms of spherical

coordinates {R, 0) based at the center of the sphere. Next, the angular depen

dence between the two equations is eliminated yielding an equation that in

volves a ninth order poljoiomial in R. This equation is solved for R by Newton's

method. The value of the angle is then calculated to yield the (R, 0) coordinates

of the grid points. Finally, the locations of the grid points are transformed back

to the cylindrical coordinate system (x,z). We add in passing that Equation

A-24 of the paper by Conner and Elgobashi is incorrect and should state:

- (Vi + 2yi)i2'^ + (Vi - 2y2)R^ - - \y2R- -7=0 • (3-14)
4  2 4

Figure 3.2 shows the sample grids or tessellations used in this paper. The

grids shown in Figure 3.2 are (a) a coarse grid with 492 elements, (b) a medium

grid with 672 elements, and (c) a fine grid with 957 elements.

The unknown velocity field is expanded in a standard set of biquadratic basis

functions (Strang and Fix, 1973) <^* as :

I  I

Ui(x) = J^Vi,,>'(x) , u^rlx) = J^u^,i^*(x) , (3.15a)
t=l i=l

and the unknown pressure field is expanded in a standard set of discontinuous

linear bEisis functions :

j

p(x) = • (3.15b)
j=i

In (3.15a) and (3.15b) x € Fis the position vector of a point with coordinates

(x, z),I = [2Nx + \){2Nz + 1) is the total number of nodes in the finite element
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mesh, and J = Z{Nx x Ng) is the total number of pressure unknowns. The coeffi

cients Vx^i and Vg^i are the values of the velocity components at the nodes and py

are the unknown coefficients in the finite element approximation of the presstire

anduj: = {vx,\,Vx,2,---,Vx,i),Vg = {vg,\,Vg^2,...,Vgj) , andp = (pi,P2,• • • ,Pj)

are vectors representing all the unknowns. With the choice of basis functions

adopted, the three grids used had 2145, 2873, and 4025 nodes, respectively.

The continuity equation is eliminated by introducing the variable penalty

constraint described by Kheshgi and Scriven (1983),

±lv-v = p, i = O(10®), (3.16)

where quantity ̂  is the penalty parameter.

The Galerkin weighted residuals of the Navier-Stokes equation after integrat

ing the stress term by parts is :

BiM = J • Rt\- Vv dV + j ̂ : dV—
I  • X • nd-S" dV = 0, i = 1,...,/,

■' (3.17a)

where e^. = e^. or stands for the unit vector in the x- or 2-direction. The

Galerkin weighted residual of the penalized continuity equation is :

Rc = V'*(±^V • V-p) dV = 0,1 = 1,. .., J . (3.17b)
The penalty constraint allows the continuity equation and the pressure nodes to

be algebraically eliminated from the system of equations. The consistent penalty

method described by Engelman et al. (1982), Kheshgi and Scriven (1983), and
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Eaton (1983) is used in this work. The set of nonlinear algebraic equations

is solved \ising Newton's method and zeroth-order continuation in Reynolds

number.

The coarse, medimn, and fine grids described above were used to check the

sensitivity of computed solutions to mesh refinement. A particular grid was

judged to be acceptable when further systematic grid refinement produced less

than 0.2% change in the solution under conditions of creeping flow [Rt 0).

The results that are reported in Section 3.4 were obtained with L = Li = L2.

The distance L, i.e., the location of the infiow and outflow boundaries, was

varied until further changes in L produced less than 0.2% change in the solution

as iEe —0.

The algorithm was written in FORTRAN and the calculations were carried out

on an IBM RS 6000/320H workstation at the Oak Ridge National Laboratory

and a CRAY Y-MP/4 at Florida State University Supercomputer Center.

3.3 RESULTS

Computations for both a fiuidized sphere and a falling sphere were carried out

for various combinations of (y,i2e). In each case, approximately 350 solutions

were generated. Among other things, the data were used together with a SAS

program (SAS Language and Procedures, 1989) to develop correlations which

fit the computational data over the range of parameters 0 < Re < 100 and

12.5 >j> 1-42.
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3.3.1 Fluidized sphere

Figure 3.3 compaxes the value of the drag correction for a fluidized sphere in

creeping flow computed by flnite element analysis in this work to the analytical

solutions of Fayon and Happel (1960), equation (3.1), Haberman and Sayre

(1958), equation (3.3), and Wakiya (1957), equation (3.2). The computed results

and the three approximations agree well when A < 0.3, i.e., when the radius of

the tube is larger than 3.3 times that of the sphere. However, the Fayon and

Happel correlation deteriorates signiflcantly when A > 0.3. This deterioration

is due to the fact that the Fayon and Happel solution is based on the method

of reflections, which works well when the sphere and tube walls are far apart.

By including higher order terms in A in the denominator of equation (3.2),

the WaJciya solution tends to follow the computed results better than that of

Fayon and Happel. Nevertheless, Figure 3.3 shows that the Wahiya solution still

underestimates the drag for narrow tubes (A —»■ 1). The Haberman and Sayre

solution shows good agreement with the computed results up to A = 0.5 where

it begins to deviate slightly from the computed values. This deterioration of the

solution of Haberman and Sayre as A increases is attributed to not retaining

enough terms in their solution. By contrast, when the nximber of unknowns is

held flxed, the finite element solution becomes more accurate as the tube radius

approaches the sphere radius (A —* 1) because the average element size in the

mesh decreases.

Figure 3.4 shows how the actual drag, Fd, normalized by the Stokes drag,

Fs = ^, varies with Reynolds number when inertial effects are weak compared
to viscous ones, 0 < Re < 1. If the drag were insignificantly affected by Re
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when 0 < J?e < 1, the curves of ̂  versus Re for a fixed value of A would be

straight lines with zero slope. Figure 3.4 shows for the first time that as A —^ 1,

the drag is little affected by Reynolds number when 0 < Re < 1 . However, as

A —0, the drag is affected by inertia at increasingly smaller values of Re. These

results indicate that for narrow tubes (A —> l) the creeping fiow assumptions

hold for a larger range of Reynolds numbers than for wide tubes. Also, in the

limit of Re —* 0, that the computed value of the drag increases as the tube

radius decreases accords with extremxim principles well known in Stokes fiow

(Kim and Kaxrila, 1991).

Figure 3.5 shows computed values of the drag correction over the range 0 <

Re < 100 for several values of A. Figure 3.5 makes plain that the drag in very

narrow tubes (A —»• 1) changes little with Reynolds number. By contrast, the

drag in tubes of moderate to large radii changes rapidly for low to moderate

values of the Reynolds number. The rate of change of drag with Re in such

tubes approaches that in narrow tubes as Reynolds number exceeds about 40.

Figure 3.6 compares the experimental data found in the paper by Fayon and

Happel (1960) to the new computations. Aside from the suspicious and abrupt

change in the slope of the experimental drag data between 15 < Re < 30 (which

is also evident in Figure 1 of Fayon and Happel's paper), the computations

and experimental data are in excellent agreement for Re as high as 40. This

good agreement is another testimony to the accuracy of the computed results

reported in this paper. Although the experiments were restricted to Re < 40,

computations of this work extend to Re = 100 (cf. Figure 3.5).

Based on the calculations reported in this paper, a new correlation for drag

on a fluidized sphere is developed:

74



O
r

t
o

L
. o

O
R
N
L
 
D
W
G
 
9
2
-
3
4
0
R

1
 '
 

1 
r

I
 
'

2
0

4
0

6
0

8
0

1
0
0

R
e

Fi
gu
re
 3
.5

. 
Dr

ag
 c
or

re
ct

io
n 
fo

r 
flu

id
iz
ed
 s
ph
er
es
 a
s 
a 
fu
nc
ti
on
 o
f 
Re

.



O
)

2
0
0

1
0
0

Q

o H-
- 
5
0

z b
!
o u
]
 
2
0

o o o < q
;
a

1
0

1
0

□
 FA

YO
N 

AN
D 

HA
PP

EL
 (

19
60

)
—

 
T

H
IS

 
W

O
R

K

\
 

=
 

0
.3

1
2
5

O
R

N
L 

D
W

G
 

9
2
A

-3
3
5
R

2

_T
 

,

2
0 R
e

3
0

4
0

F
ig

ur
e 

3.
6.

 
C

om
pa

ris
on

 o
f 

th
e 

co
m

pu
te

d 
va

lu
e 

of
 t

he
 d

ra
g 

co
ef

fic
ie

nt
 f

or
flu

id
ize

d 
sp

he
re

s 
to

 t
he

 e
xp

er
im

en
ta

l 
da

ta
 o

f 
Fa

yo
n 

an
d 

Ha
pp

el
 (

19
60

) 
a

fu
n
ct

io
n
 o

f 
R

e
. 

H
e

re
 A

 =
 0

.3
12

5.



^ - (1 +
Fs

1 - |A2 -0.20217A®

(3.18)1 - iCA + 2.0865A3 - 1.0768A5 + 0.72603A6

where K = 1.358 + 0.7486e-°•°'^®3®^^

The results of drag calculations from parametric studies in Re for all values

of ̂ ,0.08 < y < 0.4 and 0 < i2e < 100, are plotted in Figure 3.7 along with

the predictions of the correlation (3.18) and the correlation of Fayon and Hap-

pel (1960). The diagonal (ordinate = abscissa) represents perfect agreement

between the new correlation and the computed results. The lines on either side

of the diagonal indicate ±5% deviation between the computations and values

predicted by equation (3.18).

The boxes represent computational results from this work, while the crosses

represent values obtained from Fayon and Happel's correlation (equation 3.1).

Low values of drag are indicative of large diameter tubes and/or low values of

Reynolds number. Figure 3.7 shows that the accuracy of the Fayon and Happel

correlation deteriorates significantly as the drag increases.

In Figure 3.8 (and also in Figure 3.17 below), velocity vectors and stream

lines are plotted side by side to gain insight into how the flow field develops as

Reynolds number increases. Three values of j were chosen in order to empha

size differences between tubes of large and small radii. As the Reynolds number

increases, flow separation occurs and a wake or an eddy, i.e. a zone of fluid

recirculation, forms downstream of the sphere. The so-called center of the wake,

which corresponds to the point where the stream function has its minimum

value, is indicated by a cross. At a fixed value of A, increasing the Reynolds
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number causes the wake to grow, as can be seen by looking from left to right in

Figure 3.8. At a fibced value of Re, increasing the radius of the tube relative to

that of the sphere also causes the wake to grow, as can be seen by looking from

top to bottom in Figure 3.8.

The angle measured from the north pole, or the rear stagnation point, to the

point on the sphere surface where the wake detaches from it — the wake angle

— is plotted as a function of Reynolds number in Figure 3.9. Evidently, the

presence of a tube wall at a finite distance from the sphere suppresses wake

formation: at a fixed value of Re, the wake angle decreases as A increases. The

latter effect is quite significant for tubes of small radii (A —> 1) but becomes

less important as A 0. Moreover, Figure 3.9 shows that the critical Reynolds

number for the onset of wake formation increases as the ratio of the tube radius

to the sphere radius decreases (A —l). Also, for all values of A, wake angles

appear to approach an asymptotic value for large Re indicating that the effect

of the tube size on wake angle diminishes as Re increases.

Figure 3.10 shows how the waJce length, Zc — 1, measured along the centerline

varies as a function of Re for several values of A. Here Zc is the location along

the centerline downstream of the sphere where the axial velocity vanishes. At a

fixed value of Re, the wake length increases as j increases, which agrees with

the finding that the presence of the tube inhibits the formation and growth of

the wake.

Figure 3.11 shows the location of the wake center, i.e., the location at which

the stream function attains its lowest value, for several combinations of Re and

A. Evidently, the wake center moves virtually at a 45° angle from the north pole

of the sphere (x = 0, z = 1) as Re increases when the value of A is held fixed.
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Figure 3.11. Location of wake center or stream function minimum as a function
of Re and A for a fluidized sphere.
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3.3.2 Falling sphere

Figure 3.12 compares the value of the drag correction for a falling sphere in

creeping flow computed in this paper by Galerkin/finite element analysis to pre

dictions due to Fayon and Happel (1960), equation 3.6; Faxen (1923); Ladenburg

(1907), equation 3.4; Francis (1933), equation 3.5; and Haberman and Sayre

(1958), equation 3.7. The Ladenburg correlation given by (3.4) varies linearly

with A and, not too surprisingly, is inaccurate when A > 0.1. The correlation of

Fayon and Happel (3.6) does better than that of Ladenburg but deteriorates for

values of A > 0.3. The correlation of Francis, (3.5), is an empirical correlation

which is an improvement over those of Ladenburg and Fayon and Happel, but

starts to break down when A > 0.5. Evidently, the best correlation among this

lot is that due to Haberman and Sayre (3.7). However, it too breais down when

A > 0.7, i.e., for very narrow tubes.

Figure 3.13 shows the variation of drag with Re in low but non-zero Reynolds

number flow. As in the case of fluidized spheres. Figure 3.13 illustrates that the

creeping flow assumption holds over a larger range of Re for flow past spheres

in narrow tubes than for flow past spheres in an infinite expanse of fluid. Were

Stokes flow conditions to hold at small but finite Re, the slope of the ̂  versus A

curves would be zero in Figure 3.13. Remarkably, the deviation from Stokes law

at low Re is greater for a fluidized sphere than for a falling sphere (cf. Figures

3.4 and 3.13).

Figure 3.14 compares the predictions made here by Galerkin/finite element

analysis to the experimental data found in the paper of McNown et al. (1948).

Figure 3.14 shows that good agreement exists between the new computational
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results and the experimental data of McNown et. al. However, a weakness of

the comparison is that experimental results are restricted to Re < 40 and to a

single value of A , A = 0.3125.

Figure 3.15 shows the variation of the ratio ̂  with Re for several values of

A. Figure 3.15 shows that for falling spheres, the difference in drag for different

values of A increases as the Reynolds number increases, a result that is in contrast

to that for fiuidized spheres (cf. Figure 3.5).

Once the accuracy of the Galerkin/finite element calculations was demon

strated for (a) low Re flow by comparison of calculated results to previously

published results in the literature and (b) moderate Re flow by establishing

that the results were insensitive to further mesh refinement, calculations were

made for 12.5 > ̂  > 1.42 and 0 < Re < 100 to develop a correlation for drag

as a function of Re and A. The new correlation for falling spheres is:

Fs

1 -0.75857A®
(3.19)

1-KX + 2.0865A3 - 1.7068A5 + 0.72603A6

where K = 0.6628 + 1.458e-° °®®35fle

The results of drag calculations are plotted in Figure 3.16 along with the

predictions of correlation (3.19) and the correlation of Fayon and Happel (1960)

for 0.08 < A < 0.7 and 0 < Re < 100. The diagonal represents perfect agreement

between the new correlation and the computational results. The lines on either

side of the centerline indicate ±5% variation between computational results and

values computed from the new correlation. As expected and similar to the case

of a fiuidized sphere, the correlation of Fayon and Happel is found to break down
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of a fluidized sphere, the correlation of Fayon and Happel is found to break down

as the drag increases.

Details of flow flelds around falling spheres that are of interest but are difficult

to obtain quantitatively from experiments axe shown in Figures 3.17-3.20. Figure

3.17 shows velocity vectors and streamlines outside falling spheres. Comparison

of Figures 3.17 and 3.8 shows that wake formation is more suppressed in small

tubes in which a sphere is fluidized than in ones in which a sphere is falling. This

flnding is further reinforced by Figures 3.18 and 3.19, which show the evolution

with Reynolds number of the wake angle and the wake length, respectively.

Figure 3.20 shows that the center of a wake downstream of a falling sphere

migrates a shorter distance than that of a fluidized sphere and tends to move a

larger distance in the z-direction than in the x-direction.

3.3.3 Sphere on the end of a wire

The case of a sphere suspended by a wire of inflnitesimal thickness was an

alyzed by replacing the symmetry boundary conditions along the centerline of

the tube downstream of the sphere by conditions of no-slip and no penetration.

Figure 3.21 compares the variation of drag with Reynolds number for several

values of A for a fluidized sphere and a sphere suspended from a wire. The dif

ference in drag for the two cases is seen to be small, a remarkable but reassuring

finding. Figure 3.22 shows how the fractional difference between the drag on a

fluidized sphere and the drag on a sphere at the end of a wire varies with Re.

Plainly, the fractional difference is a function of A and Re. Figure 3.22 shows

that the fractional difference decreases as the tube radius decreases. This is due

to the fact that the velocity profile downstream of a sphere at the end of a wire
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Figure 3.20. Location of wake center or stream function minimum as a function
of Re and 1/A for a falling sphere.
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becomes more similar to the parabolic profile downstream of a fiuidized sphere,

except near the centerline, as A —> 1 (see Figure 3.23). Although the error in

drag measurement introduced by the wire is larger the larger the tube radius,

the error quickly drops and varies slowly as Re increases.

Figure 3.23 shows that the axial velocity varies rapidly with the radial

coordinate x in the vicinity of the wire, which leads to large values of the shear

stress Txz along the wire. However, the contribution of the wire to the drag force

would be calculated by integrating Txz over the surface area of the wire. Since

the surface area of the wire is vanishingly small, the contribution of the wire to

the drag force should therefore be small, as confirmed by the results of finite

element computations reported in Figures 3.21 and 3.22.

3.4. CONCLUSIONS

Rigorous finite element calculations that account for the effect of finite inertia

and presence of tube walls in fiows past fiuidized and falling spheres have allowed

scrutiny of drag correlations that have been around, often untested, in the liter

ature for more than a half century. According to the foregoing results, Faxen's

(1923) postulate that the coefficient K in equations (3.1) and (3.6) shoffid be

a function of Reynolds number is indeed correct. Furthermore, the assumption

that the effects of finite inertia and finite tube radius are additive is equally

restrictive. Indeed, as shown in Figures 3.7 and 3.16, the consequences of treat

ing K as a constant and assximing that inertia and wall effects are additive are

inaccurate prediction of drag as Reynolds number increases and/or tube radius

decreases. Moreover, it has been shown that correlations that are specifically
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designed to be accurate in situations in which inertial effects are small fail when

the tube radiiis is less than or equal to twice the sphere radius.

The new results resolve at last the long-standing controversy on the value

of the critical value of the Reynolds number for the onset of flow separation

or wake formation in flow peist solid spheres. For example, Taneda (1956) and

others have claimed that wake formation is delayed until Re = 20. However, in

accordance with the experimental observations of Nakamura (1976), the calcula

tions reported in this paper show that waie formation in flow peist a solid sphere

can occur at a Reynolds number as low as about 10. Careful reading of the ex

perimental papers devoted to studies of wake characteristics reveal the difficulty

of determining accurately the critical Reynolds number for wake formation and

the evolution of waJte characteristics with increasing Reynolds number. By con

trast, these important details of the flow fleld axe readily and unambiguously

determined in a post-processing step once the velocity fleld has been computed

by Galerkin/flnite element analysis.

The new calculations have also allowed quantifying the effect on the drag of

a wire that is sometimes used in experiments to support a solid sphere. The

results of this paper show conclusively that the perturbation introduced by the

wire on the drag is well within experimental error.

Recent research on transient flows past solid spheres in which the flow rate is

varied sinusoidally in time has revealed that under certain conditions the wake

can migrate to the upstream face of the sphere, a remarkable fact (see, e.g.,

Chang and Maxey, 1991). The implications of this fascinating effect for flow

past solid spheres in tubes of small enough radius is unknown and is currently

under study.
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As the Reynolds number continues to increase, the axisynunetric, steady base

flow becomes unstable to non-axisymmetric perturbations having infinitesimal

amplitude when Re reaches a critical value. The instability of the base flow

has been studied experimentally by Nakamura (1976) and others. More re

cently, by means of a linear stability analysis of the base flow computed by the

Galerkin/finite element method, Tavener (1994) has shown that the flow past

a fluidized solid sphere in a tube becomes unstable with respect to a steady

non-axisymmetric disturbance at a critical value of Re. This result is in qualita

tive agreement with the finding of Natarajan and Acrivos (1993) for flow past a

solid sphere in an infinite expanse of fluid but contradicts the result of Kim and

Pearlstein (1991) who contended that the bifurcation between the axisymmetric

and three-dimensional solutions is of the Hopf type and that the ensuing flow is

transient. The stability of the base flow past a sphere falling in a tube or that

past a fluidized sphere supported by a wire in a tube axe not known and are left

open as problems for future studies.

Accurate knowledge of flow fields outside solid spheres and that inside and

outside fluid spheres are essential for quantifying mass transfer to and from

such particles. Detailed information on mass transfer to and from liquid drops

suspended in tubes under conditions of finite Reynolds number, for example,

is required for further advances in solvent extraction and related separation

processes.
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CHAPTER 4

WALL EFFECTS ON FLOW PAST FLUID SPHERES
AT FINITE REYNOLDS NUMBERS; WAKE STRUCTURE

AND DRAG CORRELATIONS

A central issue in solvent extraction is the transfer of solute into or out of

drops. In solvent extraction, diffusion and convection compete to determine the

rate of mass transfer to and from the drops. Knowledge of flow flelds in and

around fluid drops is critical to development of appropriate models for mass

transfer since mass transfer is often dominated by convection in conunercial

solvent extraction units (Treybal, 1963).

When the right combination of physical and geometric parameters is met, the

flow around drops can exhibit a wake at the rear of the drops, which can affect

mass transfer rates. The goals of this study are to develop a better understanding

of the flow in and around drops, obtain velocity flelds for later use in mass

transfer calculations, and develop new correlations for drag for fluid drops at

low to moderate Reynolds niunbers all in the limit in which the fluid drop is

constrained to remain spherical in shape.

In a series of papers. Leal and coworkers (see below) have shown that recircu

lating wakes form at flnite Reynolds number Re downstream of bluff bodies due

to vorticity accumulation. The generation of vorticity in such flows is especially

easy to understand if one considers the axisymmetric flow of an ambient New

tonian fluid past a spherical particle — a bubble or a void, a Newtonian fluid,

or a solid — of radius a. Using the fact that at the spherical interface the shear

stress is ~ at f = a and the surface vorticity is Cjg = ^ at

f = a, where p, is viscosity, (f, 6, <f)) are spherical coordinates based at the center
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of the sphere and the flow is invariant in the ̂ direction, (vf,V0,v^ = 0) are the

velocity components in the coordinate directions, and here and elsewhere in this

work variables with a tilde are dimensional counterparts of those without a tilde.

When the sphere is an inertialess gas bubble that exerts no viscous stress, i.e. a

void, the appropriate expression for the surface vorticity Os, which is shown in

(T4.1.1) in Table 4.1, follows from the definition given above after making use

of the condition of vanishing shear stress along the interface Tfe = 0 at f = a. In

Table 4.1 and in the remainder of this work, superscripts and stand

for the ambient fluid and the sphere, respectively. When the sphere encloses a

fluid, the continuity of stress and no slip along it demand, respectively, that

a~{i) ~(t) a-l") -(")

= Vg"^ at f = a. (4.2)

Equation {T4.1.2) presents the expression for the surface vorticity appropriate

for this situation, which is obtained from the definition of Wg given above using

(4.1)-(4.2) and denoting by k the viscosity ratio of the two fluids, viz. k =

When the sphere is a solid, with the no slip condition Vg°^ = 0, Us

reduces to (T4.1.3). Generalizations of the formulae presented in Table 4.1 to

nonspherical particles can be found in the papers by Leal (1989) and Dandy and

Leal (1989).

Thus, as summarized by Leal (1989) and as shown by (T4.1.1), vorticity can

be generated at a perfect slip boundary if it is not flat, i.e. its radius of curvature

f is not infinite. At a no-slip boundary, the mechanism of vorticity generation

is quite different, as shown for example by Tritton (1988) and by (T4.1.3). For
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Table 4.1

Expressions for surface vorticity at a spherical interface.
(These are to be evaluated at f = a.)

Sphere/Ambient Fluid Surface vorticity or
jump in surface vorticity

Void/Fluid ^ (r4.1.1)

Drop/Fluid = ̂^(/c - l) (74.1.2)
r

Solid/Fluid ^ (74.1.3)5(0)

df
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a fluid drop, vorticity is generated by a combination of these two mechanisms,

as shown by (T4.1.2). Moreover, whereas for a perfect slip boundary of flxed

curvature « 0 (1) for Re » 1, where Re is the Reynolds number, for a no-slip

surfax:e Ug « 0{Re^/^] for Re » 1. Among the many interesting questions that

arise in studying such flows, three have occupied particularly central positions.

One of these has been whether sufficient vorticity can be generated ajid accu

mulate immediately downstream of the body to result in a recirculating wake

at a flnite value of the Reynolds number. The second one has been whether as

Re increases, sufficient vorticity can accumulate inamediately downstream of the

body to compensate for the increasingly more effective convection of vorticity

so that a wake remains even as Re —^ oo. The third question has been whether

these zones of fluid recirculation manifest themselves as eddies that are attached

to or wholly detached from these bodies.

By numerically solving the Navier-Stokes equations, Brabston and Keller

(1975) showed that a wake does not form downstream of a spherical void/bubble

for Reynolds numbers up to 60 (see also Section 4.4). However, real bubbles do

deform significantly with increasing Re and Ryskin and Leal (1984) showed that

a large eddy appears over a range of Reynolds niimbers provided that the Weber

number, which measures the relative importance of inertial to surface tension

forces, exceeds some critical value, as shown schematically in Figure 4.1(a). The

difference between these two results is that as the bubble deforms, there exist

regions of large enough curvature on its surface to create sufficient amounts of

vorticity to produce a recirculating wake. To prove the validity of this hypothe

sis, Dandy and Leal (1986) studied the flow past axisymmetric bubbles or voids

that are constrained to be oblate spheroids and showed that recirculating wakes
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result when the oblate aspect ratio of the spheroids are sufficiently large. The

wakes in both Ryskin and Leal's (1984) and Dandy and Leal's (1986) works

were attached eddies, as shown in Figure 4.1(a), although there is no a priori

reason to rule out detached eddies, as shown in Figure 4.1(b), in these situations.

Also noteworthy in Dandy and Leal's (1986) work was that the eddy initially

increased in size with Re but eventually decreased in size and disappeared when

Re exceeded a certain value.

Although there have been dozens of papers that have addressed the problem

of flow past a spherical fluid drop, three of these are especially relevant to

the present work. Rivkind and Ryskin (1976) used a flnite difference method

to study flow at moderate Re and found three drastically different types of

streamline patterns depending on the value of the parameters. These authors

showed that sometimes there was no recirculation in the ambient fluid, under

other conditions there was a detached wake downstream of the sphere as shown

in Figure 4.1(c), and under yet other conditions the wake was attached to the

sphere as shown in Figure 4.1(d). Rivkind and Ryskin were able to find an

attached wake only under conditions approximating a mercury drop falling in

air. Moreover, these authors neither determined precisely conditions for onset

and termination of recirculations or the relationship, if any, in parameter space

between solutions with detached and attached wakes. Oliver and Chung (1985)

used a series truncation method coupled with a finite difference technique and

Oliver and Chung (1987) used a series truncation method coupled with a flnite

element method to study flow at low Reynolds niunbers and low to moderate

Reynolds niunbers, respectively. Although Oliver and Chung have provided an

exhaustive review of the previous works in this area and have pointed out various
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inaccuracies contained in these previous publications, their works too have not

been as definitive as one would like. For example, Oliver and Chung (1987)

report solutions only up to a Reynolds number of 50 whereas, as shown in Section

4.4 of this work, much interesting fiuid mechanics occurs at higher values of Re.

Furthermore, the majority of Oliver and Chung's (1987) calculations were over

very narrow regions of the parameter space and these authors devoted virtually

no attention to the physics of recirculating wakes.

Dandy and Leal (1989) studied the buoyancy—driven motion of a deformable

drop through a quiescent ambient fiuid. They found that recirculating wakes

caji arise behind deformable drops over certain regions of the parameter space.

However, they showed that these eddies are always detached, as shown in Figure

4.1(c), regardless of the ratio of the drop viscosity to that of the continuous phase

and disappear as Re is increased beyond a certain value. Thus, Dandy and Leal

postulated that the solid sphere with an attached wake as shown in Figure 4.1(e)

is a singular limit and is only attained when the viscosity ratio equals infinity.

Therefore, the goals of this work are to determine more precisely than has

been done to date the parameter ranges over which recirculating wakes form

and disappear in flows past fluid drops and explore the relationship between

wholly detached and attached wakes that have been reported in previous pub

lications. In order to focus on these two issues and to achieve these goals in

a computationally efficient manner, attention is restricted here to situations in

which the drops are constrained to remain spherical in shape. In doing so, the

computationally intensive free boundary nature of the problem is set aside and

the analysis is focused strictly on the mechanics of the wakes, much in the spirit

of the related study of Dandy and Leal (1986) on flow past spheroidal bubbles of
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fixed shape. Moreover, because most experiments in solvent extraction are often

carried out in circular tubes of finite radii rather than in an infinite expanse of

ambient fiuid, the spherical drops in the present work are either suspended in a

tube by an upflowing fluid {the fiuidized drop problem) or falling in a tube {the

failing drop problem). The equations and boundary conditions that govern the

flow inside and outside the drops in these two situations axe presented in Section

4.1. Section 4.2 summarizes the numerical approach based on the Galerkin/finite

element method to solve the governing equations. Computational results and

analyses of the findings are the subjects of Sections 4.3 and 4.4. In Section 4.3

also, two new correlations are presented for drag coefficients that, in contrast to

other works that have appeared in the literature, are valid over the entire range

of Reynolds numbers considered and also account for the combined effects of the

presence of the tube wall and fiuid inertia.

4.1. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

A fluid sphere is located centrally in a vertical circular cylindrical tube. The

fluid exterior to the sphere is Newtonian and has constant viscosity and

constant density p^''\ The fiuid interior to the sphere is also Newtonian and has

constant viscosity and constant density Therefore, the flow inside and

outside the drop in both the fiuidized sphere and falling sphere problems is gov

erned by the steady, incompressible Navier-Stokes equations and the continuity

equation:

i2e(0v(') . Vv(') - V • = 0 , (4.3)

V • v(') = 0 (4.4)
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where stands for either "t" or "o" Equations (4.3) and (4.4) are already

dimensionless because length is measured in units of o and velocity is measured

in units of Uqo, a characteristic velocity. In the case of a fluidized sphere, the

flow approaches a fully-developed Poiseuille flow sufflciently far upstream and

downstream of the sphere and Ugo is the maximum value of the velocity along

the axis of symmetry of the tube which has radius d. In the case of a falling

sphere, the flow is quiescent sufficiently fax upstream and downstream of the

sphere, and Uoo is the steady translational velocity of the falling sphere. In

(4.3), ° is the Reynolds niunber; is the velocity vector with

components and in a spherical coordinate system [r,6) based at the

center of the sphere; is the total stress tensor; is a unit vector in the z-

direction which lies along the tube axis and in the direction opposite to gravity;

and Stokes number, where g is the magnitude of the

gravitational acceleration. The total stress tensor = —Pl + > where p is

the pressure, I the identity tensor, and + (Vy(O)r is the viscous

stress tensor of a Newtonian fluid. Figure 4.2 shows the physical domain for the

falling sphere and the fluidized sphere problems.

In this work, the Reynolds and Stokes numbers of the drop fluid axe expressed

in terms of the corresponding dimensionless groups based on the properties of

the continuous fluid, viz. ~ ^ where

-. Because the sphere is placed inside a tube of finite radius, an

other dimensionless group arises that expresses the ratio of the sphere and tube

diameters, viz. A = l/D = a/d.

Boundary conditions for the fluidized sphere problem axe fully developed flow

at the inlet Si and outlet Se, symmetry about the centerline Ss, no penetration
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and zero slip at the tube walls 5«,, and no penetration, no slip, and continuity

of tangential stress on the sphere surface 5^:

Si- t-v('')=0, n • = 1 - (Arsin^)^

Sw • = 0

Se-. t • =0, /n = : n n = 0

Sd : = 0, vP = vl''\ : n t = : n t
—  K —

Ss : =0, ft = : n t = 0 . (4.5)

In (4.5), and also in (4.6) below, n and t are unit vectors normal and tangent

to the surfaces bounding the flow domain. In the case of the falling sphere, the

problem is recast to a coordinate system in which the sphere is at rest. In the

recast coordinate system, the governing equations (4.3)and (4.4) are unchanged,

but the boundary conditions become:

Si -, t • =0, n • v^") = 1

S^: t-v(°) = l, n-v('')=0

Se: t-v('') = l, frt = :nn = 0

Sd : = 0, : nt = : nt
—  K —

Ss : 4'^ =0, /t = : nt = 0 . (4.6)

Note that in both (4.5) and (4.6), the condition of fully developed flow is

expressed by a natural boundary condition along the outlet plane from the flow

domain. This traction-free form is not only more accurate than prescribing
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both components of the velocity field by essential boundary conditions (see,

e.g., Gresho, 1991), but also sets the level of the pressure inside the liquid in the

tube.

Because at steady state the sphere is not accelerated, a macroscopic force bal

ance is written that equates the dimensional total force exerted by the ambient

fiuid on the sphere, Ft, which is the sum of the viscous and pressure forces, to

the gravitational force acting on it

Ft = /©z ^ -ndiS = + 1) . (4.7)
J  3 3
Sd

Therefore, all the dimensional parameters among the set composed of

//("), //(*), Uoo, o., and d or all the dimensionless parameters among the set Re^°\

re, 7, and A (or D) cannot be assigned values independently. Here, the

force balance (4.7) is used to augment the Navier-Stokes system (4.3-4.4) and 7

is added to the list of unknowns.

It is customary to write the total force as the sum of the buoyancy force

on the sphere (static force), Fb, and the force due to fiuid movement (kinetic

force), Fd, viz. Ft = Fb Fb- The kinetic contribution to the total force

is henceforward referred to as the drag force. The drag coefficient Cb is then

calculated by subtracting Fb from Ft and dividing the result by the product

of a characteristic area (tto^) with kinetic energy per unit volume

Using dimensionless variables

where Ft and Fb are the dimensionless counterparts of Ft and Fb and are

measured in units of 2'jrap,^°^Uoo. (The coefiicient 4 in (4.8) is often replaced
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by 8 in the literature because the Reynolds number is defined in terms of the

sphere diameter rather than its radius as in this work.)

4.2. GALERKIN/FINITE ELEMENT ANALYSIS

The conditions of fully developed flow given in (4.5) and (4.6) at the inlet and

outlet planes are approached asymptotically as one moves indefinitely far from

the sphere center-of-mass. Because it is impracticable to solve a problem on an

infinite domain on a computer, here the outlet and inlet planes are placed at

distances Li = lija and = 1^1 o. downstream and upstream of the sphere.

In this work, the axisymmetric Navier-Stokes system (4.3-4.4) is then solved

everywhere within the rectangular region V = {(x, z) : 0<x<D,Li < z <

—L^} where z = rcosB, x = rsin^, and 0 < 0 < tt (see Figure 4.2). The

problem domain is tessellated into a set of Nr times Ne nonuniformly spaced

quadrilateral elements, where Nr is the number of elements in the r-direction

and Ne is the number of elements in the ̂ -direction. Figure 4.3 shows a sample

grid or tessellation used in this work.

The unknown velocity field is expanded in a standard set of biquadratic basis

functions (Strang and Fix 1973) as :

(r) = ^r} (£)' 4^^ (^) = IZ "S-
i=l i=l

and the unknown pressure field is expanded in a standard set of discontinuous

linear basis functions ij}^:

j

(r) = (r). (4.9b)
3 = 1

114



ORNL DWG 95C-450

8
1

m
m

i^iSsSS^

m
mmst

i
"■Oat, '-Qos ^

mill
mill
iiiii

ional grid used in this work.



In (4.9a) and (4.9b), r G F is the position vector of a point with coordinates

(r,0), I = {2Nr + 1){2Ne + 1) is the total nxunber of nodes in the finite element

mesh, and J = Z{Nr x Ng) is the total number of pressure unknowns. The

coefficients and axe the values of the velocity components at the nodes

and are the unknown coefficients in the finite element approximation of

the pressure and = (vjjl, .. ,vg), and
p(0 = ... ,pj^) axe vectors representing all the unknowns.

The continuity equation is eliminated by introducing the variable penalty

constraint described by Kheshgi and Scriven (1983),

±iv.vW=p, 1 = 0(10®), (4.10)

where the quantity j is the penalty parameter.

The Galerkin weighted residuals of the Navier-Stokes equation after integrat

ing the stress term by parts are:

dV-^M,k — /
V(i)

-ndS = 0, (4.11)

5(0
/

where or stands for the unit vector in the r- or ̂ -direction,

stands for the region inside or outside the drop, and 5^'^ stands for the surfaces

bounding these regions.

Special care must be taken for those nodes that lie along the interface, i.e. the

drop surface. The boundary conditions on the radial and meridional components

of the velocity along the drop surface in (4.5) and (4.6) imply that the velocity
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is continuous along the interface, viz. Therefore, it suffices to

use a single velocity node at each mesh point along the interface. The radial

component of the velocity is set equal to zero at each of these interface nodes.

The equation appropriate for the meridional component of the velocity at each

interface node is obtained by adding ̂  times the ̂ -component of the momentum

equation for the outer fluid to the ̂ -component of the momentum equation for

the inner fluid:

v(°)

dV - j -^^51 +
SM-Sd

j  • Vv(*) +
V(*)

+  (iy - / n n(iS = 0.
■' sJ-s, {4-12)

In (4.12), the surface integrals over the drop surface Sd have canceled out on

account of the continuity of the tangential stress at the fluid-fluid interface (cf.

(4.5) and (4.6)).

The Galerkin weighted residuals of the penalized continuity equation are:

Rh = j V''(± J V • v(') - p('))dF = 0, t = 1,. .. , J. (4.13)
The penalty constraint allows the continuity equation and the pressure nodes to

be algebraically eliminated from the system of equations. The consistent penalty

method described by Engelman et al. (1982), Kheshgi and Scriven (1983), and

Eaton (1983) is used in this work.
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Additionally, another residual equation is written to enforce the force balance

(4.7):

JS2/+1 • B<iS - + 1) = 0. (4.14)
Sd

An interesting feature of the continuous problem stated in the previous section

and its discretized counterpart formulated in this section is the role played by

the Stokes number. The Stokes munber can be eliminated from the momentum

equations by defining a modified pressure as = p(') + z. Then the

force balance (4.7) or its finite element counterpart (4.14) rewritten in terms

of a modified total stress shows that the force exerted

by the fluid on the drop depends not on St^°^ or 7 alone but on their product.

Therefore, values of St^°^ can be assigned arbitrarily with no effect on calculated

velocity fields zmd drag forces or coefficients.

The set of 2/+1 nonlinear algebraic equations is solved for the unknown values

of the velocity and 7 using Newton's method. Because of the constraint (4.14),

the Jacobian matrix that arises at each Newton iteration is arrow-shaped, i.e.

it is banded except for a densely populated row and column as 7 enters all the

momentum residuals. At each iteration, the linearized system of equations is

efficiently solved by the arrow solver developed by Thomas and Brown (1987).

In marching across parameter space, the initial estimate to Newton's method is

generated by zeroth-order continuation in Reynolds number Re^°\ Because of

the elimination of the Stokes number from the list of parameters, the task

of exploring the parameter space is reduced to varying only the three parameters

K, and 1/A. In what follows, whenever the notation Re is used, it is to

be understood that reference is being made to the Reynolds number based on
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the properties of the outer fluid, viz. Re = Re^°\

The correctness of the computer algorithm and the code was established by

ruiming the code with Re = 0 and demonstrating that the numerical predictions

were in excellent agreement with the well known correlations of Haberman and

Sayre (1958) for both fluidized and falling spheres in tubes. Quantitative com

parisons between the computed predictions and the correlations of Haberman

and Sayre are presented in Sections 4.2 and 4.3.

Moreover, several grids were used to check the sensitivity of computed solu

tions to mesh reflnement. A particular grid was judged to be acceptable when

further systematic grid refinement produced less than 0.2% change in the solu

tion under conditions of creeping flow [Re 0). The results that are reported

in Section 4.3 were obtained with L = L\ = L2. The distance L, i.e., the loca

tion of the inflow and outflow boundaries, was varied until further changes in L

produced less than 0.2% change in the solution as JSc ̂  0.

The algorithm was written in FORTRAN and the calculations were carried

out on IBM RS6000/320H and /390 workstations at the Oak Ridge National

Laboratory and a CRAY Y-MP/4 supercomputer at Florida State University

Supercomputer Center.

4.3. RESULTS

In obtaining the results reported in this section, computations were carried

out for values of /c = 0.1 to 10^ and ̂  = 5,10,20 over a range of Reynolds

numbers 0 < iEe < 250 in the falling sphere and fluidized sphere problems. In

subsection 4.3.1, a detailed discussion is provided on the evolution of the flow
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field with Re and k in the falling sphere problem. In subsections 4.3.2 and 4.3.3,

new correlations are presented for drag coefficients in both the fluidized sphere

and falling sphere problems.

4.3.1 Flow fields and wake structure

Because the Navier-Stokes equation was solved in the so-called primitive vari

able formulation, streamfunction V* and vorticity values were subsequently ob

tained during postprocessing of the computed velocity fields. It was observed

that plots of constant values of the streamfunction — streamlines — were much

more sensitive to the munber of nodal points in the mesh than other measures

of solution sensitivity, e.g. drag coefficient. Table 4.2 shows that the computed

value of the drag coefiicient up to Re = 200 varied by less than 0.2% when

the number of nodes weis changed from 6,885 to 18,961. By contrast, whereas

the streamline plots obtained with a mesh of 6,885 nodes exhibited kinks in the

wake region downstream of the sphere, the streamlines obtained with a mesh

of 18,961 nodes were smooth. Therefore, the majority of the plots depicting

flow fields in this work were obtained with meshes containing 18,961 nodes or

37,922 unknowns. In certain cases when attached eddies occurred (see below),

meshes containing approximately 23,000 nodes were used to examine details of

the computed flow flelds.

An important question that has not been answered definitively in the literature

is the lowest value of k at which a wake forms. The new computations have

shown that in the range 0.1 < /c < 1.0 the flow fields outside the sphere have

virtually fore and aft symmetry for all values of the Reynolds number studied

with no evidence of wake formation up to Re = 250. Another notable result in
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Table 4.2

Effect of number of nodes in grid on drag, Cd,
for the case of ̂  = 5

(Here k = 10)

Re fine grid
(18,961 nodes)

medium grid
(6,885 nodes)

10 5.7169 5.724

20 3.6544 3.6577

50 2.1565 2.1578

100 1.4842 1.4861

150 1.1828 1.1864

200 0.99732 1.0037
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this low K regime is that the internal streamlines axe also virtually symmetric

about the equatorial midplane and the location of the center of the internal

vortex remains virtually fixed for all values of Re investigated. Figure 4.4, where

K = 1.0, is typical of results obtained at low viscosity ratios. The Hadamard-

Rybczynski (Hadamard 1911, Rybczynski 1911) solution for creeping fiow past

a fiuid sphere in an infinite expanse of ambient fiuid predicts that regardless of

the value of the viscosity ratio, the inner vortex center is located at r = •v/2/2 «

0.7071, ̂  = 7r/2. For /c = 1, the center of the inner vortex in Figure 4.4 is located

at r = 0.704, 6 = 7r/2 in the limit of Re 0. The vortex center migrates ever

so slightly as Reynolds munber increases and tends to r = 0.715, d = 7r/2 as

Re 250.

Next, the value of the viscosity ratio was systematically increased to determine

the value of k for the onset of wake formation. Figure 4.5 shows the effect of an

order of magnitude increase in k over that in Figure 4.4 to /c = 10 while keeping

j fixed at 5. At Re=20, a slight asymmetry is observed in the streamlines just to

the reax of the drop. As the Reynolds number increases, a detached wake occurs

when Re = 25± 5. As Re increases further, the detached wake moves closer to

the rear of the droplet; Figure 4.5 shows a detached wake when Re = 30. The

occurrence of such detached wakes has previously been reported by Rivkind and

Ryskin (1976) and Dandy and Leal (1989) in the context of the fiuid sphere and

fluid drop problems, respectively. However, as the Reynolds number continues

to increaise, it has been uncovered here that the wake attaches to the reax of

the drop at JfEe = 71 ± 1. The attachment of a previously detached eddy with

increasing Re was heretofore not known. For the set of parameters applicable to

Figure 4.5, the wake is still present at the rear of the drop at Re = 250, which
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is the highest value of the Reynolds number considered in this work. Upon

attachment of the exterior wake, a much smaller secondary vortex appears at

the reax (downstream) face of the fluid sphere.

The appearance of this vortex is also conflrmed by observing a change in

sign in both (i) the tangential component of the velocity and (ii) the viscosity

weighted vorticity difference between the two fluids at the interface, as expected

based on equation (T4.1.2) in Table 4.1. The secondary inner vortex is weak

and typically is of strength 0 (10~®). Meanwhile, the center of the primary inner

vortex moves toward the front stagnation point as Re increases. The evolution

with Re of the streamlines in and around the drop shown in Figure 4.5 is in sharp

contrast to those of the lower viscosity (k = 1) drop of Figure 4.4 where the

streamlines exterior to the sphere exhibit virtually perfect fore and aft symmetry

and the vortex interior to the sphere moves little for all values of Re.

Figures 4.6-4.9 depict the evolution of flow flelds in and around falling fluid

spheres in situations in which the Reynolds number is held flxed at four different

values and the viscosity ratio is systematically increased. Figure 4.6 illustrates

that when Re = 20, drops with viscosity ratios of /c = 2.75,3,3.5 exhibit stream

lines having fore and aft symmetry while that with /c = 10 exhibits ones that are

slightly bent at the rear of the drop. Figure 4.6 demonstrates that at a viscosity

ratio of 25, a detached wake has already formed at the rear of the drop.

Figure 4.7 shows streamlines and velocity vectors in and around falling drops

at the same values of the viscosity ratio as Figure 4.6 albeit at the slightly higher

value of Reynolds number of 60. For this higher Re flow, slight asymmetry in the

streamlines, but no wake, is already apparent at the rear of the drop at a value

of the viscosity ratio as low as 2.75. In this case, a small detached wake forms
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at a viscosity ratio k = 3. Moreover, Figure 4.7 shows that a small increase in /c

to 3.5 results in a significant increase in the size of the wake. Although the waJse

continues to grow as the viscosity ratio is increased from 3.5 to 25, it remains

dettiched from the drop for all values of k, shown in Figure 4.7 as made evident

by a lack of change in sign in both vg and .

Further changes in wake behavior can be seen in Figure 4.8 which depicts the

evolution of streamlines and velocity vectors in and around a falling fluid sphere

at Re = 100. Comparison of Figures 4.7 and 4.8 reveals that the streamlines

at the rear of the drop for k = 2.75 have more fore and aft symmetry when

Re — 100 than when Re = 60. Moreover, when k = 3 the wake that is present

behind the drop at Re = 60 is absent at Re = 100. Furthermore, when k = 3.5

the wake behind the drop is reduced slightly in size and the location of the

inner vortex moves toward the centerline of the tube as the Reynolds number

increases from Re = 60 to Re = 100. When Re = 100, the wake attaches to

the rear surface of the drop at the higher viscosity ratios of /c = 10,25, as made

plain by the appearance of a small secondary vortex inside the drop at its rear

face. Figures 4.7 and 4.8 point to a particularly interesting competition with

increasing Re between the generation and accumulation of vorticity behind the

drop on the one hand and the removal of vorticity by convection on the other

hand. Whereas the generation of vorticity is primarily due to the curvature of

the free surface at low viscosity ratios, its generation is primarily due to the

no slip mechanism at high viscosity ratios. Therefore, at low viscosity ratios

vorticity generation at a spherical surface of constant curvature cannot keep up

with the increasingly more effective convection of vorticity as Re increases, as

made evident by the disappearance of the wake at /c = 3 and the smoothing
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of streamlines at /c = 2.75 when Re is increased from 60 to 100. By contrast,

at high viscosity ratios, the increasingly more important role played by the

no slip mechanism in vorticity generation leads to continuing accumulation of

vorticity at the rear of the droplet albeit the ciccompajiying rise in vorticity

convection away from the drop as Re increases. The consequences of this rise

in the accumulation of vorticity are the growth of the wahe at the rear of the

drops and and the eventual formation of the secondary vortex inside the drops

as Re increases (cf. Figure 4.8).

Figure 4.9 depicts flow flelds at the same viscosity ratios as the previous three

figures albeit at the higher Reynolds number of 140. The streamlines outside

the drop when k = 2.75, 3 have now almost attained fore and aft symmetry.

For K = 3.5, the wake that was present behind the drop when Re = 100 has

disappeared but slight bending is still apparent of those streamlines that lie near

the centerline of the tube immediately downstream of the drop. Compared to

the situation when Re = 100, the wake behind the drop for k = 10, 25, although

still attached to the rear of the drop, and the secondary vortex inside the drop

are now larger in size. Whereas the center of the primary inner vortex remains

virtually fixed at the location r = 0.715,5 = ̂ for low values of the viscosity

ratio, it moves toward the front stagnation point when /c = 10, 25.

Table 4.3 shows the effect of the ratio of the tube radius to the sphere radixis

on the value of Re at which a detached wake first appeaxs, Re^\ and that

at which the wake disappears, Re^\ for the situation in which k = Z. Table

4.3 makes plain that narrow tubes suppress wake formation: the value of the

Reynolds number for the first appearance of a wake, Rec^\ increases but that for

its disappearance, Re\ , decreases as the ratio of the tube radius to the sphere
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Table 4.3

Effect of ratio of tube radius to sphere radius, 1/A,
on the value of the Reynolds number at which a detached wake

first appears, Rec^\ and that at which the waJce disappears,
(Here /c = 3)

1/A Rei^^ Re?)

5 51 ±1 77 ±1

10 47 ±1 85 ±1

20 46 ±1 87 ±1
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radius, l/A, decreases. The inhibiting nature of tube walls on wake formation

reported here for fluid drops accords with results previously reported for solid

spheres (Wham et d. 1995).

Figure 4.10 shows the effect of viscosity ratio on the critical Reynolds numbers

ajid Rei^^ for wake formation and wake disappearance, respectively. When

K = 2.9, spherical drops placed in narrow tubes having j = 5 do not exhibit a

wake over the range of Reynolds numbers 0 < Re < 250 whereas ones placed in

wider tubes having j = 10 exhibit wakes over the range 53 ± 1 < Re < 70 ± 1.

Moreover, this result and others shown in Figme 4.10 further demonstrate the

suppression of wakes by narrow tubes. For values of k up to 4.5, both wake

formation ajid wake disappearance are observed over the Reynolds number range

0 < Re < 250. Although wakes do form for values of k larger than 5, they persist

and do not disappear for Reynolds numbers up to 250.

Figure 4.11 shows the variation with the reciprocal of the viscosity ratio, of

the Reynolds nximber at which the wake flrst attaches to the rear of the sphere.

Re* , and that at which a detached wake flrst appears, Also plotted in the

same flgure as a horizontal line is the value of the Reynolds number at which a

wake forms behind a falling solid sphere. If the transition from the fluid sphere to

the solid sphere is to be continuous, one would expect both of the curves for Re*

and Rec^^ to approach the solid sphere limit as ̂  > 0. Figure 4.11 shows that

Re* decreases slightly as A decreases and appears to approach an asymptotic

value of about 61 ±1. Indeed, Re* equals 61 ±1 when the viscosity ratio is 10^, a

value which remains unchanged upon further systematic reflnement of the mesh

in and around the sphere. Similarly, Figure 4.11 shows that Rei^^ too decreases

slightly as ̂  decreases and it appears to approach an asymptotic value of about
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15 ± 1 as ̂  * 0. Therefore, the results of Figure 4.11 confirm the surmise of

Dajidy ajid Leal (1989) that the solid sphere is a singular limit in the sense that

it is not approached smoothly by fiuid spheres in the limit as ̂  0.

Figure 4.12 depicts the variation with Reynolds number of the maximum value

of the vorticity of the ambient fluid evaluated on the surface of the fluid sphere.

Figure 4.12 shows that the magnitude of the surface vorticity increases with Re

for all values of k and at any value of Re both the magnitude of the surface

vorticity and its rate of change with Re are larger the larger the value of k.

Furthermore, for small values of k, it can be seen that the surface vorticity ap

proaches an asymptotic value for Re exceeding about 200. The trends shown in

Figure 4.12 accord with intuition because it is well known that the surface vor

ticity remains 0 (1) for a slip boundary of fixed curvature and varies as 0 {Re^^^)

for a no slip boundary for Re :> 1 (see, e.g.. Leal 1989).

Figures 4.13—4.15 show the variation along the interface of the viscosity

weighted vorticity difference, , and the tangential component of the

velocity, ve, as functions of the viscosity ratio at Reynolds niunbers of 20, 60,

and 100, respectively. Figures 4.13—4.15 make plain that the magnitude of the

viscosity weighted vorticity difference rises and that of the tangential velocity

falls as the viscosity ratio rises.

Figure 4.15 shows the viscosity weighted vorticity difference and the tangential

component of the velocity when Re = 100. Results for the higher viscosity ratios

of 10 and 25 are especially significant since both and ve exhibit a sign

change near the rear of the drop. This observation of course accords with the

results previously shown in Figure 4.8 that at these viscosity ratios the detached

wake attaches to the sphere surface and a secondary internal vortex forms inside
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the drop.

A question that has remained incompletely answered from past computational

studies is the effect of on the flow inside the drop. Many of these studies

computational studies (see, e.g., Oliver and Chung 1985, 1987) have assumed

that constant values of drag over a range of and constant implies

that the internal flow structure remains invariant as increases. To evaluate

the effect of increasing fluid inertia over viscous forces on flow structure in both

inside and outside the spherical drop. Figure 4.16 shows the effect of Re and k

on the magnitude of the strength of the inner and outer vortices, |V'^*^|mai and

Although the strength of the inner vortex increases as Re increases

while holding k fixed, varies insignificantly for Reynolds numbers ex

ceeding about 40. Moreover, whereas the strength of the outer vortex increases

with Re for k = 10,100, |V'^''^|moz reaches a maximum and then decreases for

K = 3.5,5. It is noteworthy that the wake disappears as Reynolds number ex

ceeds a certain value for /c = 3.5 but it persists beyond Re = 250 for /c = 5. In

the latter case, the wake would presumably disappear once the Reynolds number

becomes large enough since wake strength is a decreasing function of i2e when

Re is sufiiciently large.

Further insight into the behavior of the wakes is provided in Figure 4.17, which

shows the variation of the length of the wake exterior to the drop as a function

of Re. Figure 4.17 makes plain that at a fixed value of Re, the higher the ratio

of the viscosity of the drop to that of the ambient fluid the longer is the wake

outside the sphere. For the two lowest values of /c shown in Figure 4.17, that the

wake length is maximized at some value of Re and decreases thereafter accords

with the results of vortex strength presented in Figure 4.16.
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4.3.2 Drag data for a fiuidized sphere

Figure 4.18 compares values of the drag force on a fiuidized sphere in a tube

computed by finite element analysis when i2e = 0 with the correlation of Haber-

man and Sayre (1958) which is valid under conditions of creeping fiow. The data

points denote computational results while the continuous curves correspond to

Haberman and Sayre's correlation. The excellent agreement between the com

putational results and Haberman and Sayre's correlation over three orders of

magnitude of change in k for several values of ̂  is a testament to the accu

racy of computational results reported in this work. Also, that the computed

value of the drag increases as the tube radius decreases accords with extremiun

principles well known in Stokes fiow (Kim and Karrila, 1991).

Figures 4.19 and 4.20 show the variation of the computed drag with Reynolds

number for fiuidized droplets in tubes of different dimensionless tube radii, y of

5 and 10, to examine the range of Re over which the creeping fiow assumption

is valid. In both figures, the computed drag has been normalized by the value of

the drag on a sphere in an infinite expanse of ambient fluid under conditions of

creeping fiow (Hadamaxd 1911, Rybczynski 1911), Fh-r, so as to make clearer

the effect of the tube radius on the drag. Of course, the drag ratio will exceed

1 for all tubes and approach 1 as ̂  ̂  oo. Were the creeping fiow assumption

to hold at Re 7^ 0, each of the curves shown in Figures 4.19 and 4.20 would

be horizontal lines, i.e. have zero slope. When y = 5, Figure 4.19 shows that

the creeping fiow assumption holds well up to a Reynolds number of 1 for all

values of k. When the dimensionless tube radius is increased to ̂  = 10, Figure

4.20 shows that the creeping fiow assumption holds well up to Re « 0.7. These
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Figure 4.18. Compaxison of Galerkin/finite element predictions of the drag
on a fluidized droplet to the correlation due to Haberman and Sayre (1958).
Here Re = 0.
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Figure 4.19. Drag correction for a fluidized drop in low Reynolds number flow:
ratio of the actual drag to the drag computed from the Hadamard-Rybczynski
solution (Hadamard 1911, Rybczynski 1911) for a fluid sphere in aji unbounded
fluid. Here 4=5.
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Figure 4.20.Drag correction for a fluidized drop in low Reynolds number flow:
ratio of the actual drag to the drag computed from the Hadamard-Rybczynski
solution (Hadamaxd 1911, Rybczynski 1911) for a fluid sphere in an unbounded
fluid. Here t = 10.
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results accord with earlier ones reported on the role played by the tube wall in

suppressing effects associated with finite inertia.

Based on the computations reported in this work and other calculations that

were carried out, a new correlation for drag on a fiuidized sphere has been

developed which is based on modification of the Haberman and Sayre(1958)

solution for creeping flow:

Fh-r

1 - -0.20217-!^A5 1
3 t+f «+|

- K'^X + 2.0865;^A3 - i.7068^A5 + 0.72603^A6J (4'i5)
where K — 1.358+0. It is noteworthy that the form of equation

(4.15) was chosen so that in the limit as /c —oo, it reduces to a correlation that

has been proposed recently for solid spheres (Wham et al. 1995).

The results of drag calculations from parametric studies in Re for values of

0.1 < y < 0.2 and 0 < Re < 100 are plotted in Figure 4.21 along with the

predictions of correlation (4.15). The diagonal (ordinate = abscissa) represents

perfect agreement between the new correlation and the computed results. The

lines on either side of the diagonal indicate ±10% deviation between the com

putational values and the values predicted by (4.15). The data points are the

computational results from this work. Small (large) values of drag are indicative

of large (small) diameter tubes and/or low (high) values of Reynolds number.

4.3.3 Drag data for a falling sphere

Figure 4.22 compares values of the drag force on a falling sphere in a tube

computed by finite element analysis when Re = 0 with the correlation of Haber

man and Sayre (1958) which is valid under conditions of creeping flow. The data
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Figure 4.21. Comparison of Galerkin/finite element predictions of the drag on
a fluidized sphere in a tube to those of the new correlation (4.15).
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points denote computational results while the continuous curves correspond to

Haberman and Sayre's correlation. Once again, the excellent agreement between

the computational results and Haberman and Sayre's correlation over three or

ders of magnitude of change in k for several values of y is further evidence to

the accuracy of computational results reported in this work.

Figures 4.23 and 4.24 show the variation of the computed drag with Reynolds

number for falling droplets in tubes of different dimensionless tube radii, y of 5

and 10, to determine the range of Re over which the creeping flow assumption

holds well. As in Figures 4.20 and 4.21, the computed drag in Figures 4.23 and

4.24 has been normalized by the value of the drag on a sphere in an infinite

expanse of ambient fluid under conditions of creeping flow (Hadamard 1911,

Rybczynski 1911). These results also demonstrate the role played by the tube

wall in suppressing effects associated with finite inertia.

Based on the computations reported in this work and others, a new correlation

for drag on a falling sphere has been developed which is based on modification

of the Haberman and Sayre(1958) solution for creeping flow:

= (1 +
Fh-r

r  1 -0.7587-!^A® i
:i+i

„  k-_2 . . '

(4.16)Ll - K^\ + 2.0865;^A3 - i.7068^A5 + 0.72603f^A6.

where K = 0.6628 -1- 1.458e~° °®®®®^®. Equation (4.16) too reduces to a correla

tion that has been proposed recently for solid spheres falling in a tube (Wham

et al. 1995) in the limit as k, —>■ oo.

The results of drag calculations from parametric studies in Re for values of

0.1 < ^ < 0.2 and 0 < Re < 100 are plotted in Figure 4.25 along with the
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Figure 4.23. Drag correction for a falling drop in low Reynolds number flow:
ratio of the axrtual drag to the drag computed from the Hadamard-Rybczynski
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fluid. Here t = 5.

157



2.0

1.8

1.6 -

1.4 -

ORNL DWG 95A-187R

1/A=10 Falling Droplet

K =0.1

1.0

0 0.2 0.4 0.6 0.8 1.0

Re

Figure 4.24. Drag correction for a falling drop in low Reynolds number flow:
ratio of the actual drag to the drag computed from the Hadamard-Rybczynski
solution (Hadamard 1911, Rybczynski 1911) for a fluid sphere in an unbounded
fluid. Here j = 10.
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predictions of correlation (4.16). The diagonal represents perfect agreement

between the new correlation and the computed results. The lines on either side

of the diagonal indicate ±10% deviation between the computational values and

the values predicted by (4.16). Figure 4.25 shows that good agreement exists

between the computational results and the new correlation.

4.4. CONCLUSIONS

According to the foregoing results, for certain values of the ratio of the vis

cosity of the drop to that of the ambient fluid recirculating wakes that appear

behind the drops for Re = Rei^^ < 100 can disappear when Re = Rei^^ < 100,

where Rei^^ < Rei^^ and the value of Rei^^ is much lower than that previously

reported by Dandy and Leal (1989). This flnding further reinforces those of Leal

and coworkers and others that such wakes have nothing to do with boundary

layer separation, which is a large Reynolds nximber phenomenon. It has also

been found that the presence of a tube wall in the fluidized and falling sphere

problems can suppress the formation of recirculating wakes. Equally notewor

thy is the discovery that when the viscosity ratio /c > 10, detached eddies can

attach to the rear of the drop when the Reynolds number is sufficiently large.

The attachment of a previously detached eddy was previously unknown (see,

e.g., Rivkind and Ryskin 1976) and is demonstrated in this work by (i) the ap

pearance of a third vortex inside the drop at its rear face, (ii) a change in sign in

the tangential component of the velocity ve along the sphere surface, and (iii) a

chajige in sign in the weighted vorticity difference evaluated along

the sphere surface.
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New correlations have also been presented in this work for drag on both flu-

idized and falling spheres that are applicable over a more expanded range of

parameters than previously available. Moreover, these correlations account for

both the presence of a tube wall and effects of finite fluid inertia.

Although the present results are important in their own right, they also pro

vide without any adhoc approximations the velocity fields that are needed in

computing mass transfer to and from fluid spheres in tubes. Unfortunately, such

mass transfer studies have often been made in the past without the availability

of accurate flow field data.
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CHAPTER 5

EFFECT OF WAKE STRUCTURE ON MASS TRANSFER
AT FINITE REYNOLDS NUMBER

Solvent extraction is a critical processing step in the recovery and purification

of many products of significant commercial value. It is used in applications

as widely different as the recovery of metals (Treybal, 1963; Treybal, 1968),

the processing of nuclear fuels (Benedict et al., 1981), and the purification of

radioisotopes (Freiser, 1959; Weaver, 1974). Solvent extraction processes axe

generally limited by the rate at which mass is transferred from one liquid phase

to a second liquid phase. Calculation of mziss transfer rates is necessary for

design of extraction processes and contacting devices.

An often used physical model to calculate rates of mass transfer in solvent

extrax:tion processes is that of a drop which is dispersed in a continuous liq

uid phase. Solute present in the drop transfers across the interface into the

continuous phase or solute present in the continuous phase transfers into the

drop. Developing a better understanding of this mass transfer process than that

currently available is a goal of this chapter.

A key objective in the theory of mass transfer is to predict the amount of

solute that transfers into or out of a drop in a given period of time. In the

case of mass transfer from the drop into the continuous phase, the extraction of

solute out of the drop can be quantified by the fractional extraction, F:

— c(*)
F = , where H = rT-ri • (5.1)

Here the initial concentration of solute in the drop is uniform and is denoted by

Cq^ while the initial concentration of solute in the continuous phase, which is also
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uniform, is denoted by Cq'K In equation (5.1), c(*)|r=oo denotes the equilibrium

concentration of solute in the drop while Cr=oo denotes the equilibrium concen

tration of solute in the continuous fluid. The ratio of these two quantities. If, is

the distribution coefiicient. Additionally, C^°)|r=oo denotes the concentration of

solute at r = oo and is taken to be constant. Finally, c(*) refers to the average

concentration of solute in the drop at time t which is obtained by integrating the

r 5(«) /£y
instantaneous concentration over the drop volume V, viz. £(*) = .

In (5.1) and elsewhere in this work, superscripts and "(*)" stand for the

ambient fluid and the drop, respectively.

Many correlations to estimate rates of mass transfer exist in the literature and

Chapter 3 of Clift et al. (1978) gives a review of such correlations. Unfortunately,

many of the existing correlations that can be used to estimate rates of mass

transfer are based on signiflcant simpliflcations such as

(1) the resistance to mziss transfer is signiflcant in one phase and that in the

second phase is essentially zero, an approximation that allows the second

phase to be dropped from further consideration;

(2) convection dominates diffusion or vice versa, an approximation that of

ten allows solution by analytical techniques of 19th century mathematical

physics; and

(3) velocity fields needed for determining the convective contribution to mass

transport can be approximated with ones calculated on the basis of creeping

flow conditions, an approximation that is without foundation.

In most practical situations, the resistance to meiss transfer may be signiflcant in

both phases and the analysis must take this into account by solving the appro-
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priate material balances in both phases. Additionally, most commercial devices

rely on convection to increase the rate of mass transfer. The relative importance

of convective transport to diffusive transport is measured by the Peclet number,

Pe = , where Uqo is a characteristic velocity, a is the undeformed radius of

the drop, and D is the diffusivity of the solute. When mass transfer by diflfusion

is indefinitely large compared to that by convection, then Pe 0. If, on the

other hand, the convective mode of mass transfer is indefinitely laxge compared

to the diffusive mode, then Pe oo. However, in most cases the Peclet number

is neither 0 nor oo. Moreover, as shown in the previous two chapters, flow fields

obtained under the assumption of creeping flow cannot describe the real velocity

fields in and around drops unless inertial effects are negligible. The velocity field

to the rear of the drop may exhibit a recirculating eddy or a waie and the drop

may periodically shed this wake if the Reynolds number is high enough or the

drop is oscillating.

The experimental literature provides several examples where wake shedding

from drops has been shown to significantly increase the rate of mass transfer

(Garner and Tayeban, 1960; Angelo, 1966; Rose and Kinter, 1966; Brunson and

Wellek, 1969). Worst of all, some past analyses of mass transfer to and from

drops have adopted simultaneously two or more of the above three approxima

tions.

There exist two approximate and simple but celebrated analyses of mass trans

fer from spherical drops that are placed in an infinite expanse of continuous fiuid.

They have been compared with both theories and experiments even for situa

tions in which the conditions of the actual theory or experiment do not match

those of the approximate theories. In both of these approximate theories, all
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the mass transfer resistance is taken to be inside the spherical drop. The con

centration at the interface is taken to be equal to the concentration at r = oc

which implies that mass transfer from the drop surface to the bulk of the liquid

takes place instantaneously (i.e., the time increment is zero - - a physical impos

sibility). Furthermore, both theories take all of the solute to be inside the drop

for t < 0. The first of these theories assumes that mass transfer is due entirely

to diflFusion and the second one assumes that mass transfer is purely convec-

tive. Newman (1931) investigated mass transfer out of a drop when Pe = 0

and showed that the fractional extraction, as a function of dimensionless time,

r = is given by

f = l-^X^^€xp(-nVr). (5.2)
n=l ^ '

Kronig and Brink (1951) investigated mass transfer out of a drop in the limit

as Pe —^ oc and assumed that the flow inside the droplet is described by the well

known creeping flow solution due to Hadamard (1911) and Rybczynski (1911)

(see, e.g.. Chapter 4). They thereby showed that the fractional extraction is

given by:
o

P = 1 - - ̂  A^exp(-16An7-). (5.3)
n=l

Kronig and Brink give the first two coefiicients An and A„ in their paper. Once a

value of r > 0.01 is reached, the first term of the series dominates the expression

for the fractional extraction. It is noteworthy that both of these celebrated pa

pers have sidestepped the difficult task of obtaining the velocity field by solving

the Navier-Stokes system which, in contrast to the equation governing the trans

port of mass, is a set of highly nonlinear equations at finite Reynolds number

(cf. Chapters 3 and 4).

165



The predictions of the Newman and the Kronig and Brink models have been

compared to experimental measurements in the papers by Johnson and Hami-

elec (1960), Brounshtein et al. (1970), Streicher and Schugerl (1977), and

Schugerl and Dimain (1980). These authors have shown that most of the ex

perimental data is bracketed by the Newman solution, valid when Pe = 0, and

the Kronig and Brink solution, valid when Pe —^ oo. However, in many in

stances these approximate models disagree with the laboratory measurements

since the assumptions of no mass transfer resistance in the continuous phase,

or Pe —>• 0 or Pe oc, or creeping flow conditions are not usually met in the

experiments. Therefore, there is a need to develop accurate theoretical models

to predict mass transfer rates from drops even when they are constrained to

remain spherical in shape.

Garner and Tayeban (1960) have presented experimental data that indicate

that oscillating drops have higher rates of mass transfer than non-oscillating

drops. These authors have speculated that wake shedding allows better trans

port of solute between the droplet and the continuous phase, a point to which

we return later on in this chapter. These authors have reasoned that the wake

at the rear of the drop imposes yet another interfacial barrier to mass transfer

since the solute must diffuse from the wake into the continuous phtise.

Rose and Kintner (1966), among a long series of subsequent workers in the

fleld, have chosen to ignore wake shedding and instead have developed a model

for mass transfer from oscillating drops based on interfacial stretch. They have

proposed that mass transfer occurs across a thin fllm near the interface where

the oscillations cause the film to stretch and thereby increase the interfacial area.

These authors have further claimed that oscillations also promote a high degree

166



of mixing with the net result of a well mixed core with a uniform concentration

of solute inside the drop.

Angelo et aJ. (1966) have also proposed that surface stretch is the primary

reason for mass transfer enhancement from oscillating drops. These authors

have used a slightly different approach from that of Rose and Kintner. Their

model is based on the assumption that the oscillations of the surface give rise

to new elements of the surface to contact the continuous phase since the surface

area of the drop increases as it deforms from a sphere to a spheroid. Despite the

differences in the models, Angelo et al. report that their model and that due to

Rose and Kintner agree within about 15%.

Yet another model for mass transfer from oscillating drops is that due to

Boyadzhiev et al. (1969) who suggest that a fudge factor R' be used to multiply

of diffusivity so that D is replaced by R'D, where R' is allowed to depend on

the Reynolds number to tahe into account changes in the relative importance of

convection to diffusion. Of course, a rational basis for predicting the functional

form of R' does not exist and this theory too is based entirely on empiricism.

Despite the industrial importance of solvent extraction and the scientific in

terest in understanding the enhancement of mass transfer brought about by

drop oscillations, a fundamentals-based approach to quantifying the effects of

fluid convection on mass transfer has heretofore been lacking. The velocity

field in and around a drop is unknown a priori and standard approximations

for determining the flow such as the creeping flow assumption or the boundary

layer approximation are limited to vanishingly small and very large Reynolds

numbers, respectively (see, e.g., Batchelor 1967). Adoption of the creeping flow

assumption at finite Reynolds numbers can be expected to lead to large errors
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in maJcing mass transfer predictions since it does not allow for the appeaxance

of a wake and previous portions of this thesis have shown that wakes can ap

pear and disappear at relatively low values of the Reynolds number. Plainly,

rigorously solving the unsteady mass balance at non-zero Peclet numbers and

non-zero Reynolds numbers entails solving the Navier-Stokes equations for fluid

flow and then using the velocity fleld that is thereby obtained in solving the

mass balance equation.

Another difficulty in analyzing unsteady mass transfer with many approximate

models is that they do not provide information on the concentration profiles in

and around the drop at various stages of extraction. A better vmderstanding of

the interaction between fluid flow and mass transfer than that currently available

requires that the concentration of the solute be known at each point in space for

all time. Experimental techniques are unfortunately limited in furnishing such

detailed concentration profiles since they generally measure bulk concentrations.

Scott (1992) used experimental equipment similar to that described in Chapter

2 (c.f. Figure 2.1) to investigate mass transfer of a fluorescent dye out of a water

drop into 2-ethyl-hexanol(2EH). Scott measured the bulk concentration of dye

in the water drop as a function of time. However, limits on the experiments

precluded determination of concentration as a function of position and the ex

periment failed to give data on the concentration of dye in the continuous phase.

Scott described the finite solubility of water in the organic continuous phase as

a significant problem and indicated that he had to develop special techniques

to minimize competing transfer of water into the continuous phase. The prob

lems described by Scott are not unique. Clift, et al.(1978) describe difficulties

with evaluating experimental mass transfer data between different researchers
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due to differences in systems chosen for analysis, incomplete reporting of nec

essary data, effects of contaminants in the experimental systems, and problems

associated with reproducing results between different laboratories. Fortunately,

computational models of mass transfer can be developed which can determine

the required solute concentration data much like the velocity field information

obtained in Chapters 3 and 4. The parameters for computational models can

be set explicitly and maintained so that the effects of the flow field can be seen

without compromising the results due to problems with experimental design and

technique.

Numerical methods have been used to solve the equations of mass transfer in

situations in which the Peclet number is finite and the resistance to mass trans

fer in both phases is comparable. When the resistance to mass transfer is finite

in both phases, the situation is referred to as the conjugate mass transfer prob

lem. Unfortunately, many of these models are also limited in their applicability

since they have adopted the Hadamard—Rybczynski solution for the flow in and

around the drops (see, e.g., Ruckenstein, 1967; Abramzon £ind Borde, 1980; and

Brignell, 1975). Moreover, many of these numerical solutions are plagued by ad

ditional problems. By way of example, for mass transfer from a spherical drop,

Abramzon and Borde have used a UTunerical method based on the finite differ

ence approximation that hzis been shown to be unconditionally unstable over

part of the domain (lyengar, 1982). This unstable discretization has later been

adopted by Scott and Byers (1988) in their analysis of mass transfer to and from

oscillating drops. Moreover, although analysis of a viscous free surface flow dis

an oscillating drop was a formidable task more than a decade ago, solving such

problems has recently become almost routine (see, e.g., Basaran 1992). With-
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out the availability of this recently developed computational machinery, Scott

and Byers circumvented the difficult task of solving the Navier-Stokes system

and superimposed two solutions — one describing the flow inside an oscillating

inviscid spheroid and the other the flow past a viscous spherical drop (i.e., the

Hadamard—Rybczynski solution) to approximate the flow in an oscillating drop.

Unfortunately, because superimposing several solutions that individually satisfy

the Navier-Stokes system is mathematically incorrect unless the Reynolds num

ber is identically zero, the approach adopted by Scott and Byers is invalid in

addition to the shortcomings of the numerical method used by these authors.

Not too surprisingly, there also exist solutions involving various degrees of

sophistication to the closely related problem of heat transfer to and from drops.

Especially noteworthy from the standpoint of the present thesis are the papers by

Masliyah and Epstein (1970) and Masliyaii (1971). These authors have reported

that in the problem of heat transfer from a solid spheroid, the presence of a wake

can produce signiflcant changes in the heat transfer coefficient. More recently,

Oliver and Chung (1990) examined the closely related problem of conjugate

heat transfer from a fluid sphere over the parameter range Reynolds numbers

between 0 and 50, viscosity ratios of 0 to lO'^, and ratios of thermal diffusivities

of 0.01 to 3.0. Oliver and Chimg concluded that fluid motion near the interface

can have a significant effect on conjugate heat transfer. The analogies between

mass transfer and heat transfer suggest that similar effects should be seen in the

problem of conjugate mass transfer.

A major goal of this chapter is to use flow flelds computed at values of the

parameters appropriate to the problem under consideration as inputs into rig

orous computations of transient mass transfer phenomena. To concentrate on
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the interaction between fluid convection and mass transfer, the problem of a

deforming drop boimdary is set aside and, in the spirit of earlier chapters on

flow past solid and fluid spheres, attention is focused here on the prototypical

problem of transient mass transfer from a spherical drop to an ambient fluid.

Because such much transfer studies are carried out in flnite sized containers in

the laboratory (cf. Chapter 2), the drops in this chapter are placed in tubes of

flnite radii as in Chapters 3 and 4.

Section 5.1 presents the equations, initial conditions, and boundary condi

tions that govern mass transfer from a fluid sphere in a tube of flnite radius.

Section 5.2 outlines the Galerkin/flnite element technique used for calculation

of concentration proflles. Section 5.3 presents concentration profiles and mass

transfer coeflicients, among others, to build insights into the underlying phe

nomena. Section 5.4 discusses the relevance and relationship of this work to

certain others and lays the groundwork for future studies based on the present

analysis.

5.1 GOVERNING EQUATIONS, BOUNDARY CONDITIONS

AND INITIAL CONDITIONS

The system is composed of a fluid sphere of radius a that is centrally located

in a tube of radius d and is surrounded by an ambient fluid as shown in Figure

5.1. The sphere is either falling or is fluidized by an upflowing fluid in the

tube. A solute is present in dilute concentration in both phases and is allowed

to transport between the drop and the ambient fluid. Each binary fluid phase

is isothermal and the temperature of the two phases are equal. No chemical

reactions take place inside or outside the drop. The fluid interior to the sphere is
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Figure 5.1. Axisymmetric mass transfer from a fluid drop: deflnition sketch
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Newtonian and has constant viscosity and constant density The fluid

exterior to the sphere is also Newtonian and has constant viscosity and

constant density p^°\ The diffusivity of the solute in both phases is constant

and is given by inside the drop and by outside it.

Under these conditions, the velocity flelds inside and outside the drop, v^*^ and

respectively, are identical to those presented in Chapter 4. The transport

of the solute in both phases is then governed by the following unsteady mass

balance (see, e.g.. Bird et al., 1960):

dc(0

dr
+ PeWv(0 . VcW - = 0 . (5.4)

In equation (5.4), which is already dimensionless, refers to either "i" or

"o." In this chapter, a variable with a tilde is dimensional and the same variable

without a tilde is dimensionless. Equation (5.4) has been made dimensionless by

deflning dimensionless time as r = ^, dimensionless concentration inside the

drop as and dimensionless concentration outside the drop as =

where C is a characteristic concentration that depends on the problem.

Moreover, the Peclet number Pe^*), which is based on the diffusivity of the

solute inside the drop, is deflned as where Uoo is a characteristic

velocity, and the coefiicient is such that = 1 and In

the case of a falling sphere, the flow is quiescent sufficiently far upstream and

downstream of the sphere, and Uqo is the steady translational velocity of the

falling sphere. In the case of a fluidized sphere, Uoo is the maximum velocity

of the ambient fluid at large distances from the drop center of mass. Finally,

v^'^ represents the velocity vectors inside and outside the drop with components

Vr^ and in a spherical coordinate system (r, 0) based at the center of the
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sphere, where r is the radial coordinate and 6 is the meridional angle (of. Figure

5.1).

Equation (5.4) inside and outside the drop is to be solved subject to the

boundary conditions:

Si:

Su; -. n-Vc('') = 0

Se'. n • = 0

Sd-. and n-VcW = . (5.5)

In (5.5) n is a unit vector normal to the surfaces bounding the flow domain.

In words, (5.4) states that the concentration of the solute is a constant at

the inlet Si to the flow domain, the mass flux vanishes at the tube walls S^,,

inflnitely far from the drop the gradient of the concentration normal to the outlet

boundary Se tends to zero, the concentration profile is axially symmetric about

the centerline Ss of the tube, and equilibrium exists and no mass accumulates

at the sphere surface Sd-

Equation (5.4) is solved subject to initial conditions that the concentration

both inside and outside the drop is a specified function of position r:

c(')(t = 0,r) = cj'^(r). (5.6)

5.2 GALERKIN/FINITE ELEMENT ANALYSIS

Boundary conditions imposed on both concentration and fluid velocity at

the inlet and outlet planes 5,- and Se, respectively, are approached as one

moves indefinitely far from the drop center-of-mass. However, because it is
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impracticable to solve a problem on an infinite domain on a computer, here

the outlet and inlet planes axe placed at (dimensionless) distances Li = lifa

and L2 = I2I0' downstream and upstream of the sphere. In this chapter,

the axisymmetric material balances (cf. Equation (5.4)) for the dispersed and

the continuous fluids are then solved everywhere within the rectangular region

V = {{x,z) : 0<x<D,Li<z< -L2} where z = rcosO, x = rsind, and

0 < ̂ < 7r, and D = dja is the dimensionless radius of the tube (see Figure 4.1).

The problem domain is tessellated into a set of Nr times Ne nonuniformly

spaced quadrilateral elements, where Nr is the number of elements in the r-

direction and Ne is the number of elements in the ̂ -direction. Figure 5.2 shows

a sample grid or tessellation used in this chapter which contains 4,992 elements

and 20,383 nodes.

The unknown concentration field is expanded in a standard set of biquadratic

basis functions (Strang and Fix, 1973) <^* as:

t=i

In (5.7) r G Vis the position vector of a point with coordinates {r,0) and I =

{2Nr + l){2Ne + 1) is the total niunber of nodes in the finite element mesh, and

also equals the total number of concentration unknowns. The coefficients are

the unknown coefficients in the finite element approximation of the concentration

and = (cf\ Cj \ • • •, Cj ̂) is a vector representing all the unknowns.

The Galerkin weighted residuals of the unsteady mass balance or the transient
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convection-diffusion (5.4) after integrating the diffusion term by parts is:

iZj') = j 1^^* -h je(')
V(0

<f>' = 0, 1 = 1,...,/ (5.8)

s(')

where stands for the region inside or outside the drop and 5^'^ stands for

the drop surface such that the unit normal points out of the drop when I = i

and into the drop when I = o.

Special care must be taken for those nodes that lie along the interface, i.e.

the drop surface. The boundary condition on the concentration along the drop

surface at (5.5) imply that the dimensionless concentration is continuous along

the interface. Therefore, it suffices to use a single concentration node at each

mesh point along the interface. The weighted residual equation appropriate for

the concentration at each interface node is obtained by adding ̂  times the

mass balance equation for the outer fluid to the mass balance for the inner fluid.

The two surface integral terms that arise from the contributions to the residual

from each side of the interface then cancel when use is made of the boundary

condition of the continuity of mass flux given in (5.5).

The Galerkin/finite element weighted residuals form a set of time-dependent

ordinary differential equations (ODEs). The set of ODEs is solved by a fully

implicit predictor-corrector method with automatic time step-size control. Time

derivatives are discretized at the p th time step as follows:

^(Tp) = - '"'('■P-.)! +^2^^-!) (5.9)
where /?i = 1 and /32 = 0 with the backward difference (BD) approximation

and Pi = 2 and /02 = — 1 with the trapezoidal rule (TR) . With the flrst-
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order accurate BD approximation, a forward difference (FD) predictor is used.

With the second-order accurate TR, however, an Adams-Bashforth predictor is

employed. The system of algebraic equations the results, in contrast to ones

encountered when solving the Navier-Stokes system, is linear and is solved by a

direct method using Gaussian elimination.

Initial conditions used need not satisfy exactly the governing equations and

the boundary conditions. Four backward difference steps with a fixed time step-

size are thus taken to provide the necessary smoothing before the trapezoid

rule is used (Luskin and Rannacher, 1982). Thereafter, time step-size is chosen

adaptively by requiring the norm of the time truncation error \dp\ to be equal

to a prescribed value ̂  (Gresho tt ai., 1979):

Ar-p+i = ATp(j^)5 . (5.10)
Here a relative error of £ = 0.1% is used and an estimate of the local time

truncation error is provided by the Loo norm of the residuals at the previous

time step.

The algorithm was programmed in FORTRAN and the resulting code was run

on an IBM RS6000-580H workstation at the Oak Ridge National Laboratory

using the arrow solver developed by Thomas and Brown (1987) albeit in the

banded matrix solver mode. Moreover, because concentration boundary layers

are much thinner than momentum boundary layers at high Peclet and Reynolds

numbers, meshes on which the convection-diffusion equations axe solved should

be finer than ones on which the Navier-Stokes systems axe solved. This capability

too has been built into the present code.

The correctness of the code was demonstrated by running it under conditions
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simulating well known standards from the literature including limiting theo

retical results and comparing its predictions with those of several well known

correlations, as discussed in the paragraphs to follow.

5.3 RESULTS

Section 5.3.1 reports computational results for mass transfer from a solid

sphere and compares the predictions made by the new code to well known re

sults for mass transfer by diffusion under both steady and unsteady conditions.

Section 5.3.2 compares results obtained with the new code for mass transfer

from fluid spheres under unsteady conditions to the well known correlations of

Newman (1931) and Kronig and Brink (1951). New results on the problem of

conjugate mass transfer from fluid spheres are reported in Section 5.3.3.

5.3.1 Diflfusion from a solid sphere

(a) Steady state diffusion

Calculations have been carried out to compare theoretical predictions made

with the new algorithm in situations in which mass transfer occurs by diffusion

under steady state conditions. In other words, the time derivative and the

Peclet number are both set to zero in (5.4). The goals here are to compare

computational predictions against an exact analytical solution and to examine

the effects of so-called synthetic (Bixler, 1982; Basaran, 1984; Novy et al., 1990,

1991) and/or asymptotic boundary conditions on solution accuracy.

The test problem is one in which mass transfer occurs from a sphere that is

maintained at a uniform and constant composition of unity while placed in an

infinite expanse of ambient fluid. Thus, (5.4) is solved only in the ambient fluid
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ajid the tube walls that are generally present are moved infinitely fax from the

sphere. Moreover, the concentration of solute goes to zero at infinity in this test

problem. It is well known that the Sherwood number, which is the ratio of mass

transfer velocity to diffusive velocity (Cussler , 1984) given as Sh= ̂  equals 2

in this situation (Bird et al. 1960). With the Galerkin/finite element method or

any other method for solving partial differential equations, the domain outside

the spherical drop cannot extend out to infinity but instead must be truncated

at some "laxge" but finite distance Too from the sphere center-of-mass. The

radius of this imaginaxy spherical boundary must be large enough so that the

numerical solution is not too sensitive to changes in the value of Too, i-e. the

boundary condition that strictly applies at infinity is not a bad approximation

of reality at a finite distance from the drop center-of-mass. However, the value

of Too must also be small enough so that discretization error can be kept below

a desired level without having to use an unreasonably large number of elements

or mesh points. In practice. Too is determined by computational experiments

that test the sensitivity of computed solutions to changes in the value of r^o and

the amount of physical memory available to the user on the computer on which

the simulations are being caxried out.

The discretized version of this problem is formulated with three different types

of boundary conditions at Too- The first is a boundary condition of the first

kind or a Dirichlet boundaxy condition which sets the value of concentration

at Too to zero, viz. c('')|r=roo = 0- From the nature of Laplace's equation,

it is expected that the slope of the concentration also approach zero as r —

oo. Therefore, the second condition implemented is a boundary condition of

the second kind or a Neumann boundary condition which sets the value of the
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derivative of the concentration or the mass flux to zero, viz. n-Vc|r=roo = 0. viz.

c(°)|r=roo = 0- Froin the nature of Laplace's equation, it is expected that the

slope of the concentration also approach zero as r —»■ oo. Therefore, the second

condition implemented is a boundary condition of the second kind or a Neumann

boundary condition which sets the value of the derivative of the concentration

or the mass flux to zero, viz. n • Vc('')|r=roo = 0- The third type of boundary
condition implemented here follows once again from the nature of Laplace's

equation. This is a boundary condition of the third kind or a Robin boundary

condition where the mass flux is set to be proportional to the concentration at

Too, viz. n-Vc('')|r=roo = ~^^|r=roo- Prcvious work by Basaran (1984) on the
distribution of electrostatic potential fields around charged drops has shown that

the Robin boundary condition yields the most accurate solution as compared

to Dirichlet and Neumann boundary conditions at the same computational cost

(in other words, with the same number of unknowns) while requiring a value

of Too on the order of 10. Table 5.1 shows that large errors in concentration

profiles and hence Sherwood number are the consequence when the Dirichlet

boundary condition is used and the synthetic boundary Too is placed too close

to the drop. Indeed, the error in Sh is 25% when r^o = 5. With the Robin

boundary condition, however, the error is 0.1% with r^o = 10. By contrast,

at the same value of r^o, the error in the solution with the Dirichlet boundary

condition is as high as 10%.
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Table 5.1

Comparison of Various Boundary Conditions
for Mass Transfer from a Solid Sphere

Pe = 0

^OO Type of Boundary
Condition

Sh

5 Dirichlet, Cqq = 0 2.5

10 Dirichlet, Cqo = 0 2.22

50 Dirichlet, Cqo = 0 2.04

10 Robin, n • Vc = 2.002

182



(b) Transient diffusion

Next step transient diffusion was modelled as a test of the unsteady part of

the code. In this case, the situation is a sphere in an infinite expanse of fiuid

where the initial concentration at the surface of the sphere is set equal to unity

and remains constant throughout the calculation. The concentration at infinity

is set equal to zero and also remains constant throughout the calculation. For

this case, there is no convection and the Peclet number was set equal to zero

and (5.4), albeit with the time derivative term now present is solved solely in

the ambient fiuid. In this situation, it is well known that the Sherwood number

is given by Sh ~ 2(1 + (Clift, et al., 1978). Figure 5.3 compares this exact

solution (solid curve) with predictions made with the Galerkin/finite element

algorithm of this thesis (data points). The numerical solution displayed in Figure

5.3 has been obtained with the Robin boundary condition and a domain radius of

Too = 10. Except for the first four time steps during which the initial transients

are dissipated by the BD method, the two solutions are seen to be in excellent

agreement with one another.

5.3.2 Mass transfer from a fluid sphere under limiting conditions

Figure 5.4 compares the predictions made with algorithm developed here (data

points) with the Newman (1931) solution (solid curve). Once again, excellent

agreement exists between the two solutions.

Next, the predictions of the algorithm are compared with the theory of Kronig

and Brink (1950). To simulate the condition of infinite Peclet number, the Pe

was set equal to 10,000 in the computer code. Figure 5.5 shows that upon
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Figure 5.3. Unsteady mass transfer from a solid sphere. The curve is calculated
from theory. The points are calculated from this work. Here Pe = 0.
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the decay of the initial transients, the computational results (data points) axe

in excellent agreement with the analytical theory of Kronig and Brink (solid

curve).

5.3.3 Effects of velocity fields on mass transfer

The results presented in the previous sections on mass transfer from solid and

fluid spheres placed in an inflnite expanse of ambient fluid provide convincing

evidence that the algorithm and the computer code developed in this thesis

axe indeed correct. Therefore, in this section attention is turned to situations in

which resistance to mass transfer is not limited to one phase alone axid the Peclet

number is neither zero nor inflnite. Moreover, pioneering computations are car

ried out for situations in which the drop is suspended in a tube, a far cry from

the idealized theories heretofore studied but an excellent model of most labora

tory experiments. However, although transient mass transfer calculations have

been made for both falling and fluidized drops in tubes, the results presented

here axe restricted to falling spheres.

A major objective of this section is to gain insights into differences in mass

transfer rates from spherical drops when wakes are present with those when

wakes are absent. To focus on the physics of wake effects in mass transfer, in

all cases, the Peclet number Pe is set equal to 100, the ratio of diffusivities

is set equal to 1, the distribution coefficient H is set equal to 1, and the ratio

of tube radius to sphere radius D = j is set equal to 5. However, the Reynolds

number Re and the viscosity ratio k are allowed to vary (cf. Chapter 4). Six

speciflc cases are considered in what follows to highlight the effects of Re and k

on conjugate mass transfer: (l)iEe = 0, /c = 1; [2)Re = 60, /c = 1; (3)jRc = 0,
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K = 10; (4)i2e = 60, k = 10; [5)Re = 60, /c = 3; and (6)J?c = 60, k = 3.5.

Figure 5.6 shows concentration contours and velocity vectors in and Jiroimd

a falling drop at several time steps in the situation in which /c = 1 and Re = 0.

Each of the subplots in Figure 5.6 depicts the time r (because the time step-size

is chosen adaptively), the instantaneous value of the Sherwood number Sh, and

the average concentration of solute remaining inside the drop Cp. Figure 5.6

shows that initially (r —^ 0) the concentration contours are highly symmetric.

It is noteworthy that were mass transfer taking place solely by diffusion, con

centration contours would be arcs of circles in the plane of the paper, similar to

those shown in Figure 5.6 when r = 0.013. As time advances, for example when

r > 0.032, Figure 5.6 shows that as solute is transferred out of the drop it is

then swept to rear of droplet and subsequently swept downstream. Thereafter,

the concentration profile and contours become asymmetric since solute is that

extracted at the front of the drop by fresh solvent is subsequently swept to the

rear of the droplet. Figure 5.6 shows that Sh decreases from a value of 5.32 at

r = 0.013 to a value of 3.78 at r = 0.032. The decrease in Shis due to the drop

initially containing a uniform concentration of solute which provides a larger

overall driving force for r —»• 0. As r increases, the concentration in the drop

decreases and the driving force changes. The net effect is a decrease in the mass

transfer coefficient with the attendant decrease in Sherwood number. The slight

increase in Sh from Sh = 3.15 at r = 0.076 to Sh = 3.26 at r = 0.168 is due to

oscillations in Sh brought about by internal circulation(Clift , et al. 1978).

In Figure 5.6, the concentration contours at r = 0.168 are asymmetric indi

cating that solute concentration in the rear of the drop is lower that the concen

tration in the upstream section of the drop. The asymmetry in concentration
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Figure 5.6. Unsteady mass transfer from a fluid sphere. The concentration
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contours can be explained by looking both at mass transfer inside the drop as

well as outside the drop. Starting on the inside of the drop , a path traversed by

the fluid inside the drop as it circulates around the drop takes the fluid through

th center of the drop, up to the front stagnation point, around the perimeter of

the drop surface and to the rear stagnation point. Solute inside the drop diffuses

outward from the internal stagnation point into the circulating fluid. This solute

is transferred by convection to the front of the drop where it diffuses across the

interface. Diffusion across the interface continues as the fluid containing solute

travels parallel to the interface. The concentration decreases as the distance

between ̂  = tt to 5 = 0 is travelled due to diffusion across the interface. By the

time the solvent reaches the rear of the drop, it has been depleted of solute and

returns to the center of the drop to begin the cycle again.

Outside the drop the solute transfer is also governed by the competition be

tween diffusion and convection in the continuous phase. At the forward face of

the drop , fresh solute comes in from r = oo and approaches the drop. Convec-

tive and diffusive transfer oppose each other at the forward face of the drop and

the transfer into to continuous phase is limited to a narrow band as depicted

in Figmre 5.6. At the rear of the drop, the solute that has transferred into the

solvent is convected downstream of the drop since the convective part of the

mass transfer is now sweeping the solute downstream.

Further insights into the distortion of the concentration contours can be gained

by examining the variation of the local mass transfer coefficient with angular

position along the drop surface, as shown in Figure 5.7. Figure 5.7 makes plain

that the mass transfer coefficient is highest at the front of droplet, 6 = tc or 180®,

due to the continual arrival of fresh solvent there. The local mass transfer coeffi-
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Figure 5.7.Mass transfer coefficient evaluated at the drop surface.Here Re = 0,
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cient is lowest at the rear of the droplet, d = 0 by the same reasoning. Moreover,

Figure 5.7 also shows that the local mass transfer coefficient decreases as time

advances due to a reduction in the concentration of solute in the drop over time

brought about by the mechanism for mass transfer described previously.

Figure 5.8 shows the variation of concentration of solute with position along

the drop surface. That the concentration decreases everjrwhere on the drop

surface as time advances is not surprising because mass is transferring out of

the drop. What is more interesting is the fact that the concentration is highest

at the front of the drop and is lowest at the rear of the drop. There are two

contributing factors for this profile - - (1) transfer of solute out of the drop

occurring neax the drop surface depletes the solute near the drop surface. (2)

the convective cv and diffusive — Vc contributions to the mass flux in the ambient

fluid reinforce each other near the rear of the drop but the two oppose each other

near the front of the drop.

Figure 5.9 has been developed in the same format as Figure 5.6. In Figure

5.9 the Reynolds number has been increased to Re = 60 wile k, remains equal

to 1. For this case, the influence of flow field on concentration contours is

more pronounced as evidenced by concentration contours which show a greater

degree of asymmetry in the first two contour plots. The change in contours

is attributed to the change in velocity field since Pe remains constant between

Figure 5.6 and Figiure 5.9. The magnitude of velocity close to the drop surface

has increased(recall Figure 4.14) and the overall circulation in the interior of

the drop has increased (recall |^| versus Re from Figure 4.16a). The change in

internal circulation changes mass transfer inside the drop due to the increased

efficiency of convection in the transfer of solute from the interior of the drop to
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the drop surface where solute can then diffuse across the interface. Comparing

the two lower contour plots in Figure 5.9 to the corresponding plots in Figure

5.6, solute swept downstream is dispersed over a larger cross sectional area for

Re = 60 versus Re = 0 indicating that convection outside the drop has become

more effective in transporting solute away from the drop. Close examination

of the concentration contours for t = 0.02672 in Figure 5.9 shows that solute

accumulates in the region near to 0 ^ prior to formation of a solute trail

extending out from downstream face of the drop. The accumulation is due to

the change in velocity field occurring downstream of the drop.

Oscillations in Sh can be seen in Figure 5.9 by comparing Sh at the different

values of t. The value of Sh is seen to increase from Sh = 6.5 at t = 0.016

to Sh = 7.15 at r = 0.02672 and then decrease for the remaining values of r.

These changes in Sh are consistent with an increase in oscillation frequency as

well as amplitude.

Figure 5.10 shows local mass transfer coefficients versus angular position on

the drop surface. Here the effect of changes in velocity fields between those

shown in Figure 5.9 and those shown in Figure 5.6 are apparent in the increases

in K\r=a{ c.f. Figure 5.7 and 5.10). As in Figme 5.7, the highest mass transfer

coefficient is at front of droplet. In Figure 5.10, mass transfer coefficients axe

seen to decrease over time due to lowering in overall driving force as a result of

a drop in concentration. Review of the mass transfer coefficients for t > 0.025

show slight decrease in the mass transfer coefficient at ̂  ^ reflecting the

accumulation of solute seen previously in the concentration contour plots at for

T = 0.02672 in Figure 5.9.

Remaxkably, in Figure 5.11 the local concentration at the drop surface remains
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almost constant in sharp contrast to Figure 5.8 where Re = 0. The increase in

circulation inside the drop at a constant value of the Peclet number, as mea

sured by an increase in {rpl (c.f. Figure 4.16a) results in the drop concentration

becoming more uniform (i.e., more mixing inside the drop). The uniform con

centration provides more solute at the interface for transfer across the interface

and a higher driving force for mass transfer ( c.f. Figure 5.11 and Figure 5.8).

Figure 5.12 presents concentration contours where the value of viscosity ratio

has increased to /c = 10 and Re is set equal to 0. Circulation within the drop is

lower than that for the corresponding case of /c = l,i2e = 0 illustrated in Figure

5.6. The change in circulation can be seen by comparing |^| for /c = 1 to that for

/c = 10 in Figure 4.16a. (Recall that Figure 4.14 shows a significant decrease in

interfacial velocity as a function of viscosity ratio.) As was previously illustrated

in the Figures 5.6 and 5.9, solute transferring out of the drop is swept to rear of

droplet then downstream by the continuous phase.

Figure 5.13 shows mass transfer coefficients evaluated at the drop surface.

Here the mass transfer coefficients axe slightly higher near the front of the

droplet. However, the difference between mass traxisfer coefficients at the down

stream face [6 = 0) and the upstream face [0 = tt) is not large. The lack of a

significant change in mass transfer coefficient can also be seen when looking at

the concentration of solute at the interface. Figure 5.14 shows local concentra

tion at the drop surface plotted versus angular position. The concentration at

the interface was relatively constant in Figure 5.14. An interesting detail of Fig

ure 5.14 is the increase in concentration in the range of ̂  ^ which corresponds

to the observed distortion in concentration contours seen in Figure 5.12.

In Figure 5.15, the Reynolds number has increased to 60 while all other vari-
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ables remain identical to those used in Figures 5.12. A significant change has

occurred in the velocity field whereas a wake has formed at the rear of the

drop (see Figure 4.5). As in Figures 5.6, 5.9 and 5.12, concentration contours

in Figure 5.15 depict the continuous phase sweeping the solute to the rear of

droplet then downstream. A remarkable result is observed when comparing

concentration contours in Figure 5.9 to those in Figure 5.15. The evolution of

the concentration contours has changed considerably due to the presence of the

wake. The presence of the wake appears to impair solute transport downstream

of the drop. That the waJte is effecting concentration contours is evident from

the concentration contours near the rear of the droplet in the area of the wahe.

During mass transport at a Reynolds number of 60 and /c = 1 (c.f. Figure

5.9), solute exiting the drop is swept downstream with no interference as evi

denced by the smooth concentration contours downstream of the drop depicted

in Figure 5.9. As time increases in Figure 5.9, the length of the solute trail to

the rear of the drop continues to increase. Figure 5.15 makes plain that the

wake interferes with transport as evidenced by the distortion in concentration

contours occurring in the region encompassed by the wake. The explanation of

this interference starts with the wake itself. The wake region is enclosed by the

streamline ̂  = 0 meaning that the velocity normal to the r/; = 0 streamline

is zero. Solute removed by circulation past the rear surface of the drop must

transfer by diffusion across the wake interface defined by the if} = 0 streamline.

The diffusion process is slower that the combination of diffusion and convection

which lowers the overall mass transfer rate. If the wake was not present, mass

transport downstream of the drop would be primarily by convection.
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In Figure 5.16 the plot of mass transfer coefficient indicates there is a decrease

in mass transfer at the drop surface for all values of r as compared to Figure

5.10 for Re = 60 and re = 1. These values for mass transfer coefficients are

significantly lower than corresponding values of mass transfer coefficients shown

in Figure 5.10. In Figure 5.17, the values of concentration at the interface axe

presented and the concentration values remain relatively constant up for all

values of r.

As further evidence of the effect of wake on concentration profiles, several

other values of viscosity ratios are plotted in Figure 5.18. Concentration contours

for re = 1,3,3.5,10 and Re = 60 are shown in Figure 5.18. All of the plots were

chosen close to Cp = 0.5. Looking at re = 1, the concentration contours indicate

solute has been swept downstream of the drop with no interference as was the

case in Figure 5.9. Turning to re = 3, the outer concentration contour indicates

solute has not moved as fax downstream as the previous re = 1 case. A small

detached wake is located downstream of the drop for re = 3. Increasing viscosity

ratio from re = 3 to re = 3.5 increase the size of the wake at the rear of the drop

with the effect of moving the concentration contours closer to the reax of the

drop. At re = 10, the wake is even closer to the downstream side of the drop as

refiected by the concentration contours moving closer to the downstream face

of the drop. Another indication of lower mass transfer rate is that the nominal

50% extraction point ( at Cp = 0.5) occurs at increasingly larger values of r for

increases in re.

Figure 5.19 depicts the fractional extraction F for Re = 60, re = 1,3,3.5,10.

The curves for re = 3,3.5,10 are surprisingly close to each other while a distinct

difference can be seen for re = 1. This remarkable result indicates that the
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presence of even a small wake at /c = 3 has had a significant effect on mass

transfer rate as measured by the fractional extraction of solute, F.

5.4 CONCLUSIONS

The results presented in Section 5.3 depict mass transfer from drops as solute

diffuses across the interface, is swept to the rear of the drop, and is then advected

downstream. Figures 5.15 and 5.18 make plain that the formation of a wake

results in a change in concentration profiles as evidenced by the movement of

the concentration contours closer to the drop when /c = 3, 3.5, and 10. This

decrease can be accoimted for by noting that regardless of whether a wak:e is

present, the fiux of solute out of the drop is solely due to diffusion because

the radial component of the velocity vanishes at the spherical interface. When

an eddy is present in the continuous phase, it acts like a second barrier to the

transport of solute out of the drop - - this is because there can be no velocity

component normal to the streamline enclosing the wake. The solute transferring

out of the drop and into the wake can only be swept past the drop by the

free stream once it diffuses out of the wake, a slow process compared to the

convection. The plot of fractional extraction , F, versus dimensionless time , r,

show plainly that the time required for a given degree of extraction increases

when a wake is present.

The aforementioned result when coupled to the dominant role played by fluid

convection over diffusion at finite Peclet numbers point to the need for developing

computational results in order to study mass transfer from oscillating drops.
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