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Abstract

Let R be a commutative ring with 1, and let Z(R) denote the set of zero-
divisors of R. We define an undirected graph I'(R) with vertices Z(R)* =
Z(R) - {0}, where distinct vertices z and y of R are connected if and only
if zy = 0. This graph is called the zero-divisor graph of R. We extend
the definition of the zero-divisor graph to a noncommutative ring in several
ways. Next, given a commutative ring R and ideal I of R, we introduce the
notion of an ideal-based graph. This is an undirected graph with vertex set
{z € R-1I|zy €I for some y € R— I}, where distinct vertices z and
y are adjacent if and only if zy € I. The properties of such a graph are
investigated. We give several results concerning the zero-divisor graph of
a commutative ring. Finally, the appendix gives examples illustrating an
equivalence relation on the vertices of I'(R) that can be used to produce a

related graph for rings R of specific types.
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Introduction

Let R be a commutative ring with 1. We let Z(R) denote the set of
zero-divisors of R. We define an undirected graph I'(R) with vertices
Z(R)* = Z(R) — {0}, where distinct vertices z and y of R are adjacent
if and only if zy = 0.

The concept of a zero-divisor graph of a commutative ring was
introduced by I. Beck in [5], which was mainly concerned with colorings
of rings. The definition given above differs from that in earlier work of
D. D. Anderson and M. Naseer [1] and Beck in that 0 is not taken as
a vertex of I'(R). Several other works, including (2], [3], (8], [13], [14],
[15], and [16], investigate the properties of the zero-divisor graph of a
ring.

D. F. Anderson and P. S. Livingston [2] gave several fundamental
results concerning I'(R) for a commutative ring R using the above
definition. Chief among these is that, for a commutative ring R, I['(R)
is connected, that is, there is a path of finite length along the edges
of I'(R) between any two given distinct vertices. Also, as the next
examples show, non-isomorphic rings may have isomorphic zero-divisor
graphs. Figures 1 and 2 appear in [2]. Figure 3 is one of several graphs
published for the first time in this context. (We often leave the labeling

of the vertices to the reader.)
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FIGURE 1. T'(Zs), T(Z2 x Zs), or T(Zs[X]/(X?)).

FIGURE 2. I'(Zg), ['(Zg), or T'(Zo[X])/(X3)).

FIGURE 3. T(Zs).
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We give here several notational conventions to be used throughout
this work. Given a ring R, let U(R) denote the units of R and, for
AC R, let A* = A - {0}. For any set X, we let |X| be the number of
elements of X if X is finite, and we write | X| = oo if X is infinite. Then
we use the arithmetic conventions that co + co = co and n - 00 = o0
for every n > 0. We denote the cardinality of a set X by card(X). If
Y is a subset of X, we let X — Y denote the set-theoretic difference of
sets. Definitions of previously introduced terms that are restated here
are given in italics. Definitions appearing for the first time in this work
are underlined when first defined. All rings considered are nonzero and
contain an identity element 1 # 0 unless otherwise noted. We often
write Z/nZ as Z,,.

Several definitions from graph theory are used throughout this work.
Given a graph G, a subgraph H of G, denoted H C G, is a graph whose
vertex set and edge set are subsets of those of G. A subgraph H of G
is called an induced subgraph if all edges of G joining two vertices in
H are also edges of H.

All paths between distinct vertices z and y of G are along a finite
number of edges of G. For a graph G, let d(z,y) be the length of the
shortest path from z to a distinct y in G (and let d(z, y) = oo if no such
path exists). The diameter of G is zero if G is the graph on one vertex
and is diam(G) = sup{d(z,y)| =z and y are distinct vertices of G}

otherwise.
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A cycle in a graph G is a path that begins and ends at the same
vertex. The girth of G, written gr(G), is the length of the shortest
cycle in G (and gr(G) = oo if G has no cycles).

The degree of a vertex z of G, written deg(z), is the number of
vertices of G adjacent to z. We never consider a vertex z of G as
adjacent to itself.

A complete graph is a graph where all vertices are adjacent. The
complete graph on n vertices is denoted by K*. If G is a graph such
that the vertices of G can be partitioned into two nonempty disjoint
sets V; and V, such that vertices £ and y are adjacent if and only
if z € V;, and y € V5, then G is called a complete bipartite graph.
A complete bipartite graph with disjoint vertex sets of size m and n,
respectively, is denoted by K™". We write K™ (respectively, K )
if one (respectively, both) of the disjoint vertex sets is infinite. A
complete bipartite graph of the form K" is called a star graph. For a
graph G, a complete subgraph is called a cliqgue. The cliqgue number,
w(G), is the greatest integer n > 1 such that K C G (and w(G) = oo
if G contains a subgraph isomorphic to K™ for each n > 1).

If G is a connected graph, the connectivity of G, denoted x(G), is
the minimum number of vertices that it is necessary to remove from G
in order to produce a disconnected graph. For a connected graph G,
an edge E of G is a bridge if G — E is disconnected. A vertex z of a
connected graph G is a cut — point if G — {z} is not connected.

In Chapter 1, we develop several definitions for the zero-divisor

graph of a noncommutative ring. The first of these gives us a directed
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graph. Conditions affecting whether this graph is connected or not
connected include finiteness of the ring, whether the ring is artinian,
and the existence of a two-sided identity. The other definitions in this
chapter yield undirected graphs, which may or may not be connected.
This work is the first effort to use noncommutative rings to generate
zero-divisor graphs.

In Chapter 2, we generalize the notion of a zero-divisor graph of
a ring R to that of an ideal-based graph. Given an ideal I of a
commutative ring R, let I';(R) be the undirected graph with vertices
{z€ R—1I|zy €I for somey € R—1I}, and let distinct vertices z and
y be adjacent if and only if zy € I. The construction of these graphs
using “columns” of differing types and their relationship to I'(R/I) is
examined. Several properties of these graphs are discussed, including
girth, clique number, connectivity, bridges, and the degree of a vertex.
A partial list of all such graphs on n vertices is given for certain values
of n. An ordering on the vertices of I';(R) is introduced. This work is
the first to define and study the ideal-based graph.

Chapter 3 gives several new results concerning the zero-divisor
graph of a commutative ring. The definition of a zero-divisor graph
is generalized to modules and rings without identity. The role of nilpo-
tent elements is examined. The structure of direct products of rings
and equivalence relations on the set of vertices of these graphs are dis-
cussed. All graphs generated by equivalence relations on the vertices of
[(R) appear here for the first time. Several results are given concerning

the degree of a vertex.



CHAPTER 1

The Zero-Divisor Graph of a Noncommutative
Ring

There are many ways to generalize the notion of the zero-divisor
graph of a commutative ring to a noncommutative ring. In this chapter

we investigate several of these.

.Basic Notation and Definitions

DEFINITION 1. For a ring R, we define the following subsets:

(a.) Let Z(R) denote the set of zero-divisors of R.

(b.) Let Z1(R) denote the set of left zero-divisors of R. That is,
Zi(R)={z € R| za=0 for some a € R*}.

(c.) Let Zr(R) denote the set of right zero-divisors of R. That is,
Zr(R)={z € R| bz =0 for some b€ R"}.

(d.) Let Zr(R) denote the set of two-sided zero-divisors of R. That is,

Zr(R)={z € R| za=bz =0 for some a,b € R"}.

Note that Z(R) = Z,(R) U Zr(R) and Zr(R) = Z.(R) N Zr(R).
We thus have the following containment of sets.
Z(R) = ZL(R)U Za(R) 2 74(r) 2 Z1(R) N Zr(R) = Zr(R).

If R is a commutative ring, then all these sets are equal.
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DEFINITION 2. Let R be a ring. We define a (directed) graph T'(R)
with vertices Z(R)*, where z — y is an edge between distinct vertices -

z and y if and only if zy = 0.

Then I'(R) is a directed graph on Z(R)*. If R is a commutative
ring. y — z is an edge whenever z — y is an edge. Therefore, if we
view ['(R) as an undirected graph, this definition agrees with the usual
definition of the zero-divisor graph of a commutative ring.

Figures 4, 5, 6, and 7 give examples of I'(R) for a noncommutative

ring R. We leave the labeling of Figures 6 and 7 to the reader.

Noncommutative Rings With Identity

Throughout this section, all rings considered have a two-sided mul-

tiplicative identity element.

o o
b 1

FIGURE 4. I'(R), where R is the ring of upper triangular
2 x 2 matrices over Z/2Z.
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FIGURE 6. I'(R x Z/2Z), where R is the ring of upper
triangular 2 x 2 matrices over Z/2Z.
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FIGURE 7. I'(R), where R is the ring of upper triangular
2 x 2 matrices over Z/3Z.

We say that a directed graph G is connected if there is a path
following the directed edges of G from any vertex z of G to any other
vertex y of G. Unlike the case for a commutative ring, I'(R) need not

be connected if R is noncommutative, as seen in the next example.

EXAMPLE 3. Let K be a field, and let V = @2,K. Let R =
Homy(V,V). Under point-wise addition and multiplication taken to
be composition of functions, R is an infinite noncommutative ring with
identity. Let m:V—V be defined by (a,a,,...) — (a,,0,0,...) and
f:V—=V be defined by (a;,a,,...) = (0,ay,a2,...). Then m,,f € R and
mf = 0, while fmy # 0. Clearly f is not a left zero-divisor in R (if
9 € R with fg(ay,a2,...) = (0,0,...) for all (a),as,...) € V, then
9(ay.a,,...) = (0,0,...) for all (ay,as,...) € V). Hence, T'(R) # 0
and I'(R) is not connected since there is no path leading from the vertex

f to any other vertez of I'(R).
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REMARK 4. Note that the structure of I'(R) in Ezample 3 is still
rather rich. By defining 7; to be (a,,as,...) — (0,...,0,a;,0,...), the

vertices {wj};?‘;l comprise a complete subgraph of I' (R).

THEOREM 5. Let R be a ring. Then Z(R) = Zr(R) if and only if
['(R) is connected. Moreover, if I'(R) is connected, then diam(I'(R)) <
3.

Proof : Suppose that Z;(R) = Zgr(R).
Let x and y be distinct vertices of I'(R). (Then z # 0 and y # 0.)
Case 1: zy =0. Then z — y is a path.
Case 2: zy # 0 and z2 = 0 and y?> = 0. Then z = zy — y is a path.
Case 3:zy #0, y* # 0, and z2 = 0. Then there exists b € R—{z,y,0}
such that by = 0. Ifzb= 0, then z — b — y is a path. If zb # 0, then
z — zb — y is a path.
Case 4:7y #0,z% # 0, and y?> = 0. Then there exists a € R—{z,y,0}
such that za = 0. If ay = 0, then £ — a — y is a path. If ay # 0, then
T — ay — y is a path.
Case 5:zy #0, y? # 0, and 22 # 0. There exist a € R— {z,y, 0} such
that za =0 and b € R — {z, y,0} such that by = 0.
Subcase 1: a =b. Then z — a — y is a path.
Subcase 2:a#b. If ab=0, then £ — a = b — y is a path. If ab # 0,
then £ — ab — y is a path.
Thus I'(R) is connected and diam(I'(R)) < 3.

Conversely, suppose that I'(R) is connected. Let 0 # z € Zgr(R).
Then x is a vertex of I'(R). If x is the only vertex of I'(R), then z2 =0
and Zg(R) = Z.(R) = {z,0}. So let y be another vertex of ['(R).
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Since the graph is connected, thereisa pathz - a; —» --- = a, 25 y
in I'(R). Therefore, za; = 0 and thus z € Z,(R). If 0 # z € Z,(R),
then there is a pathy = b, — -+ = b, — z in I'(R). Therefore,

bmz = 0 and so z € Zg(R). Thus Z,(R) = Zgr(R). 0O

COROLLARY 6. Let R be a left- and right-artinian ring with a two-
sided identity. Then Zy(R) = Zgr(R). Moreover, I'(R) is connected
with diam(C'(R)) < 3.

Proof : Let a € R — Zr(R). Then the map r — ra is an injective
homomorphism of R into R. Since R is artinian, this map is also surjec-
tive by Lemma 11.6 of [4]. Thus, there is some s € R such that sa = 1.
Therefore, a ¢ Z, (R) (for if at =0, then ¢t = 1t = (sa)t = s(at) = 0).

By a similar argument, if b € R — Z;(R), then b ¢ Zr(R). Hence,
Z1(R) = Zgr(R). The last statement follows from Theorem 5. O

REMARK 7. A special case of the last corollary arises if R is a fi-
nite ring with two-sided identity. Then I'(R) is finite and connected. N.
Ganesan has shown that tf a ring has a finite number of zero-divisors,
then the ring is finite [10]. Hence, for any ring R with two-sided iden-
tity, ['(R) is finite also implies I'(R) is connected.

EXAMPLE 8. We may have Zg(R) = Z(R) for an infinite non-
commutative ring R as well. Let H be the Ting of quaternions over the
field of real numbers. Then H is an infinite noncommutative division
ring. Let R = H x H. The only nonzero zero-divisors of R are of the
form (0,t) or (t,0) for 0 # t € H. Note then that all zero-divisors of R
are two-sided(i.e., Z(R) = Zr(R)).
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DEFINITION 9. Let R be a ring. We define a graph I'(R) with ver-
tices Z(R)*, where distinct vertices  and y are adjacent if and only if

either zy = 0 or yz = 0.

Then I'(R) is an undirected graph on Z(R)*. Indeed, the only dif-
ference between I'(R) and T'(R) is the fact that the former is a directed
graph and the latter is undirected (that is, the graphs share the same
vertices and the same edges if directions on the edges are ignored).
If R is a commutative ring, this definition agrees with the previous

definition of the zero-divisor graph.

THEOREM 10. Let R be a ring. Then I'(R) is a connected graph

and diam(I'(R)) < 3.

Proof : Let z and y be distinct vertices of I'(R).
Case 1:zy=0o0ryz =0. Then z — y is a path.
Suppose zy # 0 and yz # 0.
Case 2: 12 =y? =0. Then r — zy — y is a path.
Case _3: r2 = 0 and y? # 0. Then there is some b € R — {z,y, 0} such
that either by =0 or yb = 0. If either zb =0o0r bz =0, thenz-b-y
is a path. If zb # 0 and bz # 0, then z — bz — y is a path if yb = 0 and
z—zb—yisapathif by=0.
Case 4: 22 # 0 and y?> = 0. We can use an argument similar to that
of the above case to obtain a path.
Case 5: z% # 0 and y? # 0. Then there exist a,b € R — {0, z,y} such

that either az = 0 or za = 0 and such that either by = 0 or yb = 0. If
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a=bthenz—a—yisapath Ifab=0orba=0,thenz—-a—-b—-y
is a path. So suppose ab # 0, ba # 0, and a # b.

Subcase l: r—a—yisapathifay=0orya=0.
Subcase 2: £ —ab— yis a path if za =0 and by = 0.
ubcase 3: z — ba — y is a path if ar =0 and yb = 0.
Subcase 4: z—ay—b—yisapathifza=0, yb=0, and ay # 0.
Subcase 5:z —ya—b—yisapathifazr =0, by =0, and ya # 0.

Thus I'(R) is connected and diam(I'(R)) < 3. O

DEFINITION 11. Let R be a ring. We define a graph I''(R) with
vertices Zr(R)*, where distinct vertices £ and y are adjacent if and

only if both zy =0 and yz = 0.

Then I"(R) is an undirected graph on Z7(R)*.

DEFINITION 12. Let R be a ring. We define a graph I'"(R) with
vertices Z(R)*, where distinct vertices x and y are adjacent if and only

if both zy = 0 and yz = 0.

Then I'"'(R) is an undirected graph on Z(R)*. If R is commutative,
both I'¥(R) and I'"(R) agree with the usual definition of the zero-divisor
graph. Note that both I"(R) and I"'(R) are subgraphs of T'(R), but
neither I'(R) nor I'"(R) need be connected. Examples are given in

Figure 8 and in the next section.

PROPOSITION 13. Let R be a ring. Then I''(R) is an induced sub-
graph of I (R).
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FIGURE 8. I'"(R), where R = M,(Z/2Z). Since R is a
finite ring with a two-sided identity, I'"(R) = I''(R).

Proof : Clearly the vertex set of I'(R) is contained in that of
I'"(R). Since the relationship defining adjacency in I''(R) and I'"(R) is

the same, the result follows. O

Noncommutative Rings With No Two-Sided Identity

If R is a noncommutative ring without a two-sided multiplicative
identity, then the conclusion of Corollary 6 may fail. If R is a finite
ring without a two-sided identity, we may have Z;(R) # Zr(R), and
therefore I'(R) would not be connected as a directed graph. However,

even in this case, I'(R) is always connected as an undirected graph.

The proof of this fact is exactly the same as in Theorem 10. Note that

in Figures 9 and 10, I'(R) is connected even though there exist in each
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i

FIGURE 9. I'(R), where R = { [8 S]I a,be Zg}.

o
locl

=
(3%
J

FIGURE 10. I'(R), where R = {[8 8] |la€ Zy, be 224}.

case distinct vertices £ and y with no path from z to y or from y to z
in ['(R).
N - _J|0 1] |0 O
Note that in Figure 9, Z;(R) = o ollo 0] } and
_JI1 of (1 1f |0 O] |01
7@ ={[o o]-Jo o[> o] [o o]}
Figure 11 gives an example of a finite noncommutative ring R with-

out identity such that I'(R) is connected. Figures 12 and 13 feature a
ring R such that I''(R) # I'"(R).
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FIGURE 12. I'(R), where R = { [8 8] la€Zy, be 224}~
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b ==l ¥

FIGURE 13. I'Y(R), where R = { [g 8 ] |a€Zy be 2Z4}.
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CHAPTER 2

An Ideal-Based Zero-Divisor Graph

In this chapter, we generalize the notion of a zero-divisor graph
to a graph based on a nonzero ideal. All rings in this chapter are

commutative with (nonzero) identity.

Definition and Basic Structure

DEFINITION 1. Let R be a commutative ring and let I be an ideal of
R. We define an undirected graph ' ;(R) with vertices {r € R—I| zy €
I for some y € R— I}, where distinct vertices z and y are adjacent if

and only if zy € I.

PROPOSITION 2. (a.) If I = (0), then T';(R) = '(R).
(b.) Let I be a proper ideal of R. Then';(R) =0 if and only if I is a
prime ideal of R.

Proof : (a) This is clear.

(b) Suppose that I is a prime ideal of R. Then zy € I implies z € I
or y € I. Hence the vertex set of I';(R) is empty.

Conversely, suppose that I';(R) = 0. Therefore, if z € R — I and
zy € I for some y € R, we must have y € I (otherwise, z is a vertex of
[';(R)). Hence I is a prime ideal of R. O

Note that Proposition 2 (b) is equivalent to saying I';(R) = 0 if and
only if R/I is a domain. That is, I';(R) = 0 if and only if ['(R/I) = 0.
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We explore the relationship between I';(R) and I'(R/I) throughout this
section.

To avoid trivialities, we always assume I # R for an ideal I of R.

REMARK 3. Note that in Figures 14 and 15, R[]I ~ Zg and S/J ~
Zg. Then I'(R/I) ~ I'(S/J), both being the graph on three vertices
with two edges. Thus we have an ezample where I'(R/I) ~ I'(S/J),
but T';(R) # T4(S).

THEOREM 4. Let I be an idealof a ring R. Then I';(R) is connected
with diam(I';(R)) < 3. Furthermore, if I';(R) contains a cycle, then
gr(T(R)) < 7.

Proof : Let z and y be distinct vertices of [';(R).
Case 1: zy € I. Then z — y is a path in I'/(R).
Case 2:zy ¢ I, z2 € I,and y? € I. Then z — zy — y is a path.

(2,0) (3,0) (4,0)

(2.2) (3,2) (4,2)

FIGURE 14. T';(R), where R =Zg x Z3 and I = 0 x Zj;.
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10 14

18 20 22

FIGURE 15. I';(S), where S = Z,4 and J = (8).

Case 3: zy ¢ I,z2 € I, and y* ¢ I. Then there is some b € R — |
such that by € I. If bz € I, then z — b — y is a path. If bz ¢ I, then
T — bz — y is a path.

Case 4:zy ¢ I,y? € I, and 12 ¢ I. Then we obtain a path as in the

above case.

Case 5:zy ¢ I,z ¢ I, and y? ¢ I. Then there exist a,b € R— (I U
{z,y}) such that az € I and by € I. If a = b, then £ — a — y is a path.
Ifa#bandabe I, then z—a—b—yisapath. Ifa# bandabé¢ I,
then £ — ab— y is a path.

Thus I';(R) is connected and diam(I';(R)) < 3. For any undirected
graph G, gr(G) < 2diam(G) + 1 whenever G contains a cycle (see, for
example, [6]). Thus gr(T';(R)) < 7. O

The next several results investigate the relationship between I';(R)

and I'(R/I).
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THEOREM 5. Let I be an ideal of a Ting R, and let z,y € R — I.
Then:
(a.) If z + I is adjacent to y+1 in(R/I), then = is adjacent to y in
T;(R).
(b.) If x is adjacent toy inT'j(R) andxz+1 #y+ 1, thenxz + 1 is
adjacent to y+ I in T'(R/I).
(c.) If T is adjacent toy inT;(R) and z + I = y+ I, then 22,y? € I.

Proof : (a) z + I adjacent to y + I in ['(R/I) implies zy + I =
(z+I)(y+1I)=0+1. Thuszy € I.

(b) Suppose that z+ I # y+ I. Then zy € I since z is adjacent to
y. Therefore, (z+I)(y+I) =zy+1 =0+ 1. Hence, z+ I is adjacent
toy+Iin[(R/I).

(c) Suppose that z+ I =y+I. Then (22 + 1) =(z+I)(y+1) =
zy+ 1 =0+ 1. Thus 7% € I, and similarly y? € I. O

COROLLARY 6. If z and y are (distinct) adjacent vertices in I';(R),
then all (distinct) elements of £ + I and y + I are adjacent in I';(R).
If 2 € I, then all the distinct elements of T+ I are adjacent in T';(R).

For a graph G, we say {Gs}sca is a collection of disjoint subgraphs
of G if all the vertices and edges of each Gs are contained in G and no

two of these G5 contain a common vertex.

COROLLARY 7. Let I be an ideal of a ring R. ThenT';(R) contains

|I] disjoint subgraphs isomorphic to T'(R/I).
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Proof : Let {ax}xea € R be a set of coset representatives of the
vertices of I'(R/I); that is, Uxea{ar + I} = Z(R/I)*, and if A # B,
then ay + I # ag + I. For each i € I, define a graph G; with vertices
{ax+i|A € A}, where a) +1 is adjacent to ag + ¢ in G; whenever ay+ I
is adjacent to ag + I in I'(R/I); i.e., whenever ayag € I. By the above
theorem, G; is a subgraph of I';(R). Also, each G; ~ I'(R/I), and G;
and G; contain no common vertices if ¢ # j. O
Clearly there is a strong relationship between I'(R/I) and I';(R).
The next theorem tells us how we can explicitly construct I';(R) from

T(R/I).

THEOREM 8. Let I be an ideal of a ring R. We construct a graph
G as follows:
Let {ax}xean € R be a set of coset representatives of the vertices of
T(R/I). For each i € I, define a graph G; with vertices {ax+i|\A € A},
where edges are defined by the relationship a)+t is adjacent to ag+1 in
G if and only if ax+ I is adjacent to ag+ 1 in (R/I) (i.e., arag € I).
Define the graph G to have as its vertez set V = J;¢; Gi- We define the
edge set of G to be: (1.) all edges contained in G; for each i € I, (2.)
for distinct \,3 € A and for any i,j € I, ay + ¢ is adjacent to ag + j
if and only if ay + I is adjacent to ag + I in T'(R/I) (i.e., axag € I),
(3.) for A € A and distinct i,j € I, ax + 1 is adjacent to ay + j if and
only if a3 € I.
Then G =T ,(R).

Proof : Clearly V is contained in the vertex set of I';(R). Note that

for any vertex = of I';(R), z + I is a zero-divisor of R/I by Theorem 5.
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Therefore, the vertices of I';(R) are contained in V. By Theorem 5, all
edges of types 1 and 2 defined above are also edges of I';(R). If ay + i
is adjacent to ay + j in G for distinct ¢, € I, then a3 € I. Therefore,
(ax + i)(ar + j) = a3 +iay + jar +ij € I. Thus, the edges of type 3
defined above are also edges of [';(R).

Let z and y be distinct vertices of I';(R) with z adjacent to y.
There exist 7,5 € I and A\, 8 € A such that z =a) + ¢ and y = ag + j.
If A # B, z adjacent to y implies a) + I is adjacent to ag+ I in ['(R/I)
by Theorem 5. Hence, the edge z — y corresponds to an edge of type 1
or 2 of G. If A = 3, then zy = (ax+i)(ar+j) = a% +iar+jar+ij € I.
Thus a2 € I, and the edge T — y corresponds to an edge of type 3 of
G. O

COROLLARY 9. Let I be an ideal of a ring R. ThenT';(R) is a graph
on a finite number of vertices if and only if either R is finite or I is a

prime ideal.

Proof : If I is a prime ideal, then I';(R) = @ by Proposition 2.
Clearly, the vertex set of I';(R) is finite if R is finite.

Conversely, suppose that I';(R) is a graph on a finite number of
vertices and I is not a prime ideal. Then also, I'(R/I) is a graph on a
finite number of vertices and I is finite. By Theorem 2.2 of [2], ['(R/T)
is finite implies that R/I is finite. Since R/I is finite and I is finite, R

must also be finite. O
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LEMMA 10. Let I be an ideal of a ring R. IfT'(R/I) is infinite, then

[;(R) is infinite. If ['(R/I) is a graph on N vertices, the ';(R) is a
graph on N - |I| vertices.

Proof : This is immediate from Theorem 8. O

DEFINITION 11. Using the notation as in the above theorem, we

call the subset ay + I a column of T'(R). Ifa3 € I, then we callay+ I

a connected column of I';(R).

Note that if R/I is reduced, then I';(R) has no connected columns.
In a later section, we examine the types of columns an ideal-based
graph of a ring may have.

The method of Theorem 8 can be used to construct I';(R). Figure
16 illustrates this using I';(Zo4) with I = (8) (as in Figure 15). Note
that Z,4/I =~ Zg. Also, the columns have height |I| = 3. We start by
stacking [I| = 3 copies of I'(Zg), creating edge set 1 of the theorem.
Then we connect adjacent columns to create edge set 2. Finally, we

place edges in the connected column 4 + (8) to create edge set 3.

FIGURE 16. The stages used to construct Figure 15.
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The construction of Figure 14 is similar, except that this graph has

no connected columns.

PROPOSITION 12. Let R C S be rings and let I be an ideal of S.
Then I N R is an ideal of R and T'(R/(I N R)) is an induced subgraph
of T'(S/I).

Proof : Clearly INR is an ideal of Rand R—(RNI) C S—1I. Let
z+INR be adjacent toy+INRin ['(R/(INR)). Then zy+INR =
(z+INR)(y+INR)=0+INR. Sozy€ INR C I. Thus
(z+ I)(y+ I) = 0+ I, where z + I is adjacent to y + I in ['(S/I).

Conversely, if y + I and z + I are adjacent vertices of ['(S/I) with
T,y € R, then zy € I N R. Therefore, z+ I N R and y + IN R are
adjacent in I'(R/(I N R). O

PROPOSITION 13. Let R C S be rings and let I be an ideal of S.
Then T'jar(R) is an induced subgraph of T';(S).

Proof : This follows from the fact that I N R is an ideal of R and
R—-(RNI)CS-1I. O

PROPOSITION 14. Let I be an ideal of the ring R (I # R) and let J
be an ideal of the ring S. If card(J) = card(I x J), then T'jxj(Rx S) >~
FoxJ(R/I X S)

Proof : First note that card(I x J) = card(0 x J), so the columns

of the two graphs have the same height. By the first isomorphism the-

RxS ~. R/IxS RxS\ ~_ R/IxS .
orem, 725 ~ =55~ Therefore, I'(725) ~ I'(S55~)- It only remains
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to verify that the connected columns of I'j,j(R x S) correspond to the
connected columns of ['gxs(R/I x S).

Suppose T = (a, b) + (f x J) is a connected column of 'y s(R x S).

Then 7> = 0 in #2_ In particular, we have a? € I and ¥ € J.

Therefore, (a + I)2 =0+ I € R/I. Hence, (a+ I,b) + (0 x J) is a

connected column in oy s(R/I x S) since this element squares to zero

. R/IXS
mn =57

Suppose ¥ = (c+1,d)+(0x J) is a connected column of oy s(R/1 X

S). Then 72 = 0 in %. Therefore, ¢ € I and d?> € J. Hence,

(c,d)+ (I x J) is a connected column in Iy, (R x S) since this element

squares to zero in '};‘f . O

COROLLARY 15. Ifcard(I) = card(J) = card(IxJ), then [ jxo(RX
S/J) ~Toxy(R/I x S).

Connectivity

DEFINITION 16. A vertez T of a connected graph G is a cut — point
of G if there are vertices u, w of G such that = is in every path from u
tow (and T # u, T # w). Equivalently, for a connected graph G, z is
a cut-point of G if G — {z} is not connected.

THEOREM 17. If I is a nonzero proper ideal of R, then I';(R) has

no cut-points.

Proof : Assume the vertex z of [';(R) is a cut-point. Then there
exist vertices u,w € R — I such that z lies on every path from u to w.

By Theorem 4, the shortest path from u to w is of length 2 or 3.
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Case 1: Suppose u — z — w is a path of shortest length from u to
w. If z+ 1 =u+ 1, then = adjacent w implies u is adjacent to w by
Corollary 6. Similarly, if z+ I = w+ I, u is adjacent to w. So suppose
g+l #u+Tandz+IT #w+I. Let0#1¢ €l Then uzr,zw €1
imply u(z + i), w(z +¢) € I. Hence u — (z +1) — w is a path in [';(R).
Thus in all cases we get a contradiction.

Case 2 : Suppose (without loss of generality) u —z —y — w is a
path of shortest length from » to w in T';(R). If x+ I =y + I, then u
adjacent to z implies u is adjacent to y and therefore u —y —w is a path.
Ifz+I#y+1,thenlet03# ¢ €l Asabove, u and y adjacent to z
means that u and y are also adjacent to z+i. Hence u— (z+i) —y—w
is a path. Thus in all cases we get a contradiction. O

The connect;vity k(G) of a graph G is defined to be the minimum
number of vertices it is necessary to remove from G in order to produce
a disconnected graph. We provide bounds on «(I';(R)) for a given ring

R and ideal I of R. Recall that if I = (0), then ['(R) = [/(R).

THEOREM 18. Let I be a nonzero proper ideal of a ring R.
(a.) If T(R/I) is the graph on one vertez, then k([';(R)) = |I| — 1.
(b.) If T(R/I) has at least two vertices, then
1 < k(T4(R)) < |1 - k(T(R/T))-
(c) 1] = 1< &(T1(R)).

Proof : (a) If [(R/I) has only one vertex, then I';(R) consists of
a single connected column and, therefore, is the complete graph on |I|

vertices.
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(b) 1 < k(T';(R)) because the graph is connected. Let k = s(I'(R/I)).
Leta,+1,as+1,... ,a;+1 be vertices of I'(R/I) which, once removed,
give a disconnected graph. Define G to be the graph obtained from
I';(R) by removing the columns corresponding to a; + I,... ,ax + I
(this means the removal of k - |I| vertices).

We show that G is disconnected. By our choice of a,+1,... ,ax+1,
there exist vertices b+ I and ¢+ I of I'(R/I) such that b + I is not
connected to ¢ + I after ay + I,... ,ax + I are removed from I'(R/I).
Then b and c are vertices of G. Suppose b—z; —...—z,, — cis a path
in G. Without loss of generality, z; +I # z;;.,+ I for1 < j < min
view of Corollary 6. Therefore, b+ -z, +I—...—zp,+I—c+1is
a path in I'(R/I) after a; + I,... ,ax + I have been removed. This is
a contradiction. Hence G must be disconnected.

(c) Let M = |I| -1 if |I| < oo, and let M be any positive integer
if |I| = oo. Let aj,a,,...,ap be any collection of vertices of I';(R).
Define G to be the graph obtained by removing a,, ... ,a from I';(R).

Let £ and y be distinct vertices of G. We show that G is connected
by finding a path from z to y in G. If z is adjacent to y, then we are
done. Otherwise, recall that diam(I';(R)) < 3 by Theorem 4. This
implies the shortest path from z to y in I';(R) has length 2 or 3.

Casel : £ —w —y is a path of shortest length from z to y in I';(R).
If w # a; for any j = 1,..., M, then this is also a path in G. So
suppose w = a; for some j. The column a; + I contains |I| elements,

so we can choose v € a; + I such that v # q; forany i = 1,...,M.



CHAPTER 2: AX IDEAL-BASED ZERO-DIVISOR GRAPH 29
Then z and y adjacent to w imply both vertices are also adjacent to v.
Hence, z — v — y is a path in G.

Case2 : z — w— v — y is a path of shortest length from z to y in
[;(R). Note that w + I # v + I since, otherwise, this implies z is
adjacent to v and so £ — v — y is a path in I';(R). Therefore, we can
choose a € w+ I and b € v+ I such that a and b are vertices of G, i.e.
a,b ¢ {aj|lj =1,...,M}. Then z adjacent to w and y adjacent to v
imply z is adjacent to a and y is adjacent to b. Also, w adjacent to v

implies a is adjacent to b. Hence, z —a — b — y is a path in G. O

COROLLARY 19. If I # (0) is a proper ideal but not a prime ideal,
then |[I| -1 < k(T'1(R)) £ (|I|-&(T(R/I))). In particular, k(T';(R)) =

oo if I is mfinite.
Clique Number

For a graph G, a complete subgraph of G is called a clique. The
cligue number, w(G), is the greatest integer n > 1 such that K C G,
and w(G) = oo if K® C G for all n > 1. Note that w(I'(R/I)) <
w(T;(R)) since I'(R/I) is isomorphic to a subgraph of I';(R). Equality
holds if w(['(R/I)) = oo. The next few results identify other cases in

which equality holds.

PROPOSITION 20. Let I be an ideal of the ring R. If a+ I is a

connected column of I';(R), then a+ I is a complete subgraph of T';(R),
and thus w(I';(R)) > |I].

COROLLARY 21. IfT';(R) has at least one connected column and I

is infinite, then w([;(R)) = oc.
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COROLLARY 22. If'(R/I) consists of a single vertez, then
w(Ty(R)) = |I|. Thus, if I # (0), then w(T'(R/I)) < w(T'1(R)).

Proof : If [(R/I) is a single vertex, then I';(R) consists of a single

column. Since I';(R) must be connected, this is a connected column.

O

COROLLARY 23. IfT';(R) has a connected column and I'(R/I) has
at least two vertices, then w(I';(R)) > |I| + 1.

Proof : Let a+ I be a connected column of I';(R). By the hypoth-
esis, there exists b € R— I such that a+1I # b+ 1 and a+ I is adjacent
tob+1I in I'(R/I). Then each element of the connected column a + /
is adjacent to b, and so (a+ I) U {b} forms a complete subgraph. O

Note that Figure 17 shows that it is necessary for I'(R/I) to have

at least two vertices in Corollary 23.

THEOREM 24. Let I be an ideal of a ring R. If ';(R) has no con-
nected columns, then w(I'(R/I)) = w(l';(R)).

(2,0)

(2,1)

FIGURE 17. I';(R), where R =2Z4x Zy and I =0 x Z,.
This is an example where 1 = w(['(R/I)) < w(T;(R)) =
2.
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Proof : We have already observed that w(I'(R/I)) < w(I';(R)).
Thus, it is enough to consider the case where w(I'(R/I)) = N < oo.
Assume G is a complete subgraph of I';(R) on the set of (distinct)
vertices a;, @z, . ..,aN+1, and we provide a contradiction. Consider the
subgraph G* of I'(R/I)on the vertices a; + I,... ,an4, + I. G* is
a complete subgraph of I'(R/I) since G is a complete subgraph of
['/(R). But w(I'(R/I)) = N implies aj + I = ax + I for some j # k.
Write a; = ax + 7 for some ¢ € I. Since G is complete, a, is adjacent
to a; in ['y(R). Thus a? + iax = ax(ax +1i) = ara; € I. Hence
a2 € I and therefore a; + I is a connected column of T';(R). This is a

contradiction. a

Girth

In this section we refine our results on the girth of I';(R). Recall,
that if I';(R) contains a cycle, gr(I';(R)) < 7 by Theorem 4. By
Theorem 1.6 of [8] and as in (1.4) of [16], either gr(['(R)) < 4 or
gr(TC(R)) = oo for any ring R. We show that, given any ideal I of a

ring R, the same result holds for I';(R).

LEMMA 25. Let I be an ideal of a ring R. Then
g7(C1(R)) < gr(T(R/T)).

Proof : If gr(C(R/I)) = co we are done. So suppose gr(I'(R/I)) =
n<oc. Letzy+I—zp+]—---—z,+I—xz,+1beacycleinI'(R/])
through n distinct vertices. Then z; — 1o — ... — z, — z; is a cycle in

[';(R) of length n. Hence, gr(I';(R)) < n. O



CHAPTER 2: AN IDEAL-BASED ZERO-DIVISOR GRAPH 32
LEMMA 26. Let I be an ideal of a ring R. If |I| > 3 and I';(R)

contains a connected column, then gr(I';(R)) = 3.

Proof : Let  + I be a connected column of I';(R). Then z% € I.
Let i,j € I — {0}. Then z — (z +i) — (z + j) — z is a cycle of length 3
in I';(R). (Of course, gr(G) > 3 for any graph G.) O

LEMMA 27. Let I be an ideal of a ring R. If I # (0) and I'(R/I)
has at least 2 vertices, then gr(I';(R)) < 4.

Proof : Let z+ I and y+ I be distinct adjacent vertices of I'(R/I).
Then every element of z + I is adjacent to every element of y + I in
[/(R). Let0#i€I. Thenz — (y+1i)— (z+1i)—y—zisacycle of
length 4 in I';(R). 0O

LEMMA 28. Let I be an ideal of a ring R. If I # (0) and I'(R/I)

3 iflI=23,
has only one vertez, then gr(I';(R)) =

oo if|I]=2.
Proof : f T'(R/I) has only one vertex, then I';(R) consists of a sin-
gle connected column. Thus I';(R) is a complete graph and, therefore

has a cycle of length 3 unless I';(R) has only two vertices. O

LEMMA 29. Let I be an tideal of a ring R that is not prime. If
I # (0), T';(R) has no connected columns, and gr(I'(R/I)) > 3, then
gr(T1(R)) = 4.

Proof : Since I';(R) has no connected columns, I'(R/I) must have

at least two vertices. By Lemma 26, gr(I';(R)) < 4. Assume z—y—z—z
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is a cycle in I';(R) of length 3 and we provide a contradiction. Since
gr(T(R/I)) >3, z+I —-y+I—z+1-z+ I cannot be a cycle in
[(R/I)). Therefore, we have eitherz+ I =y+I,y+ I =2+ 1,0r
z+I=z+I. lfz+I=y+I,then (z+I)2=(z+I)(y+I) =0+7 and
so z + I is a connected column of I'j(R). But this is a contradiction.
We get a similar contradiction if y+I =2+1 or z+ 1 = z+ 1. Hence,

gr(T1(R)) = 4. O

LEMMA 30. Let I be an ideal of a ring R. If I has two elements,
[(R/I) has at least two vertices, and I';(R) has at least one connected

column, then gr(I'j(R)) = 3.

Proof : Let z + I be a connected column of I';(R). Then z? € I.
Let y + I be a vertex adjacent to z + I in ['(R/I). Write I = {0,1}.
Then y — z — z + i — y is a cycle of length 3 in I';(R). O

The next theorem summarizes these results.

THEOREM 31. Let I be a nonzero ideal of a ring R that is not a

prime tdeal. Then
(oo if (R/I) has only one vertez and |I| = 2,

4 ifgr(T(R/I)) > 3 and
gr(T1(R)) = 4

[/ (R) has no connected columns,

L3 otherwise
COROLLARY 32. Let I be a nonzero ideal of a ring R. If either (a.)
[';(R) is the connected graph on two vertices, or (b.) gr(T'(R/I)) > 3,

[L(R/I) has at least two vertices, and I';(R) has no connected columns,

then w(I';(R)) = 2. In all other cases, w(T'1(R)) > 3.
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Proof : A cycle of length 3 is a complete graph on 3 vertices. Hence,

if gr(T';(R)) # 3, then there can be no complete subgraphs of I';(R)

on three or more vertices. O

Figure 17 gives an example where gr(I';(R)) = oco. Figure 15 gives

an example where gr([';(R)) = 3. Figure 14 illustrates condition (b)

in the above corollary and has girth 4. Figure 18 is another example
with gr(T';(R)) = 4.

A graph G is bipartite with vertex classes V;, V3 if the set of all

vertices of G is V1 U V,, VNV, =0, and each edge of G joins a vertex

from V] to a vertex of V,. A complete bipartite graph is a bipartite

graph containing all edges joining the vertices of V; and V5.

THEOREM 33. Let I be a nonzero ideal of a ring R. Then I';(R) is
bipartite if and only if either (a.) gr(I';(R)) = oc or (b.) gr(T'1(R)) =
4 and I'(R/I) is bipartite.

Proof : Suppose that I';(R) is bipartite. Since I'(R/I) is isomor-
phic to a subgraph or I';(R), ['(R/I) is bipartite (or a single vertex).

(0,1,0) 0,2,1)

FIGURE 18. I';/(R), where R = Zy X Z3 x Zy and I =
0x0x Zg.
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By Theorem 31, gr(I';(R)) is 3, 4, or co. By Theorem 1 of section 1.2
of [6), a graph is bipartite if and only if it does not contain an odd
cycle. Hence gr(I';(R)) # 3.

If gr(T';(R)) = oo, then by Theorem 31 I';(R) is a graph on two
vertices and therefore bipartite. Suppose g7(I';(R)) = 4 and I'(R/I)
is bipartite. Let W;, W, be the two vertex classes of I'(R/I). Define
Vi={z+iliel, z+1¢€ W;}forj=1,2 Then VNV, =0 and
the vertex set of I';(R) is V; U V5. Let z and y be adjacent vertices of
[';(R). Without loss of generality, say £ € V;. By Theorem 31, I';(R)
has no connected columns. Thus z+ 7 #y+ I. Hence,z+ 1 —y+ 1
is an edge in I'(R/I) by Theorem 5. Sincez+ I € W), y+ 1 € W,.
Therefore y € V2. Hence, all edges of [';(R) join vertices from V; to
those of V,. Thus I'y(R) is bipartite. O

COROLLARY 34. Let I be a nonzero ideal of a ring R. Then I'j(R)
is complete bipartite if and only if either (a.) gr([;(R)) = oo or (b.)
gr(C;(R)) =4 and I'(R/I) is complete bipartite.

Proof : If T';(R) is complete bipartite, then the result follows as
above.

If gr(I';(R)) = oo, then again the result is trivial. So suppose
gr(T';(R)) = 4 and ['(R/I) is complete bipartite. Define W;,V; as
above. Leta € V; and b€ V,. Thena+1 € W, and b+ 1 € W;. Since
['(R/I) is complete bipartite, a+ I is adjacent to b+1I in I'(R/I). Thus,

a is adjacent to b in I';(R) by Theorem 5. 0O
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Graphs on n Vertices

We now turn to investigating which graphs on n vertices are achiev-
able as I'j(R) for some ring R and ideal I of R for specific values of
n. By Lemma 10, I';(R) can be a graph on one vertex only if I = (0)
and I'(R) is a graph on one vertex (for example, R = Z,). There is
only one connected graph on two vertices, and Figure 17 shows this is
achievable as I'j(R) with I # (0). This graph is also achievable with
I =(0) and R = Z,.

There are two connected graphs on 3 vertices, as shown in Figure
19.

Graph A is achievable if R = Z[X,Y]/(X?, XY,Y?2) and I = (0).
Graph B is achievable if R = Zg or Zg and I = (0). We show Graph A
is achievable with I # (0), but Graph B is not.

THEOREM 35. Letn > 2 be an integer. Then there is a ring R and

with a nonzero ideal I such that K™ ~T'|(R).

FIGURE 19. The connected graphs on 3 vertices.
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Proof : Let R = Z4 X Z, and let ] = 0 x Z,. Then R/I ~ Z,,
and so I'(R/I) is a graph on one vertex. Thus I';(R) consists of one

connected column of height n. O

PROPOSITION 36. Graph B in Figure 19 is not achievable as I';(R)

for any ring R and nonzero ideal I of R.

Proof : If Graph B is achievable, then |I| = 3 and I'(R/I) =1 by
Lemma 10 since I # (0). Thus I';(R) consists of a single connected
column. But this implies I';(R) is a complete graph, and Graph B is
not complete. O

There are six connected graphs on 4 vertices, as shown in Figure
20.

Graphs II, III, and IV are the only graphs achievable as I';(R) with
I = (0) as shown in Example 2.1 of [2]. By Theorem 35, Graph III is
achievable with I # (0). We show that the only other graph achievable
with I # (0) is graph II, as shown in Figure 21.

XK
SRR,

FIGURE 20. The connected graphs on 4 vertices.
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(0,1,0) (1,0,0)

(0,1,1) (1,0,1)

FIGURE 21. I'j(R), where R = Zy X Zy x Z, and I =
0 x 0 x Z,. Note that I';(R) is isomorphic to graph II of
Figure 20.

THEOREM 37. Let I be a nonzero ideal of a ring R. Then, unless
[';(R) is the graph on two vertices, no vertez of I';(R) is adjacent to

only one other vertez.

Proof : If'(R/I) is a single vertex, then I';(R) is a single connected
column and therefore a complete graph. Hence, each vertex is adjacent
to |I| — 1 other vertices. Note that, in this case, I';(R) is the graph on
two vertices only if |I| = 2.

So suppose that I'(R/I) has at least 2 vertices. Let z be any vertex
of I';(R). Let y + I be any vertex adjacent to z + I in I'(R/I), and let
0 # i € I. Then z is adjacent to both y and y + 7 in I';(R). O

COROLLARY 38. GraphsIV, V, and VIin Figure 20 are not achiev-

able as T';(R) for any ring R and nonzero ideal I of R.

LEMMA 39. Let I be an ideal of a ring R. If I'(R/I) is a graph
on two vertices, then I';(R) has either no or ezactly two connected

columns.
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Proof : Let z and y be the vertices of I'(R/I). Then, in R/I,

zy =0,z # 0, y # 0, and the entire set of zero-divisors of R/I is
{z,y,0}. Note that 72y = z(zy) = 20 = 0. So z? € {z,y,0}.

If 22 = y, then 13 = z(2?) = zy =0. Thus y(y— ) = 7%(z?-1) =

4 _ 13 = 0. Hence y — z is a zero-divisor. But y — z # 0 since

T
T#yy—zF#zsincey#0,and y—z # ysincez # 0. This is a
contradiction. Hence, either z2 = z or 2 = 0.

Suppose that 2 = z. Then z is not a connected column of I';(R).
Assume that y is a connected column of I';(R); that is, assume y? = 0.
Then y(y— z) = y> —zy = 0. Thus y — z is a zero-divisor of R/I. But,
as above, this gives a contradiction. Hence, in this case, neither z nor
y are connected columns of I';(R).

Suppose that 2 = 0. Then z is a connected column of I';(R).
Assume y is not a connected column of [';(R) ; that is, assume y? #
0. Then, as in the second paragraph, we must have y> = y. But,
by an argument paralleling that of the previous paragraph, we now

get a contradiction. Hence, both z and y are connected columns of

I/(R). 0

PROPOSITION 40. Graph I in Figure 20 is not achievable as I';(R)

for any ring R and nonzero ideal I of R.

Proof : Assume there is a ring R with nonzero ideal I such that
[';(R) is isomorphic to graph I. By Lemma 10,4 = N-|I| where N is the
number of vertices of I'(R/I). Note that |I| # 4, since otherwise I';(R)
is a single connected column and therefore complete. Hence, because

I # (0), we must have |I| = 2 and I'(R/I) is a graph on two vertices.
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By the above lemma, I';(R) has either no or exactly two connected
columns. However, if I';(R) has two connected columns, then I';(R) is
isomorphic to K*. If I';(R) has no connected columns, then I';(R) is
isomorphic to the graph in Figure 21 (which also has zero connected
columns, |I| =2, and I'(R/I) as the graph on two vertices). (]
We now give a partial answer as to which graphs on p vertices are
achievable as I';(R) for some ring R and nonzero I ideal of R where p
is prime. It is an open question as to which graphs on p vertices are

achievable as I'(R) for some ring R for p > 5.

PROPOSITION 41. Let p be a prime integer. Then the only graphs
on p vertices achievable as I';(R) for some ring R and ideal I of R are
KP? and those graphs achievable as I'(S) for some ring S. If we require
I # (0), then the only achievable graph is KP.

Proof : By Lemma 10, we must have either || = p and I'(R/I)
is the graph with one vertex, or |I| = 1 and I'(R/I) is a graph with
p vertices. That is, either I';(R) is a single connected column, and
therefore complete, or I = (0). If I = (0), then I';(R) ~ I'(R). O

Next, let us consider which graphs on 6 vertices are achievable as
I';(R) for some ring R and ideal I of R. If I = (0), then a graph can
be achieved as I';(R) if and only if it can be achieved as I'(R). If I is
nonzero, then either I'(R/I) is a graph on one, two, or three vertices.
In the first case, the graph is isomorphic to K®. If ['(R/I) is a graph
on two vertices, then I';(R) has either no or exactly two connected
columns by Lemma 39. Therefore, our graph is isomorphic to one of

the graphs in Figure 22.
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I'7(R)

FIGURE 22. T'/(R), where R = Zy X Zy, X Z3 and I =
0x0xZ3; and I'y(S), where S = Z¢xZ3 and J = 0x Z3.
(Note that T';(S) ~ K?°.)

For the case where I'(R/I) is the graph on three vertices, we need

the following lemmas.

LEMMA 42. Let I be an ideal of a ring R. IfT'(R/I) is the complete

graph on three vertices, then I';(R) has three connected columns.

Proof : Let z,y, and z be the vertices of '(R/I). That is, z,y, z €
R/I,zy=yz =22 =0,z # 0,y # 0,z # 0 and the only zero-divisors
of R/I are z,y, z, and 0. Note that (z+ y)z = zz + yz = 0. Therefore,
z + vy is a zero-divisor of R/I. Clearly, z+y# zand 2+ y # y.

Case 1 : Suppose z+y = z. Then 12 = 22+zy = z(z+y) =22 =0,
and similarly %2 = 0. Thus, 22 = (z+ y)?2 =22+ 2zy + 3> = 0.

Case 2 : Suppose z + y = 0, that is z = —y. Then 72 = z(—y) =
—zy = 0, and similarly y?> = 0. Note that (z + z)y = zy + zy = 0,
and therefore z + z is a zero-divisor of R/I. Clearly, z + z # = and
z+z#z2 Ifz+2=y,then 22 =0asin Case 1. If 2+ z = 0, then
22 =0 as in Case 2.

Thus, in all cases, 72 = y?> = 22 = 0. 0O
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Note that if I is an ideal of a ring R satisfying the above hypothesis
and such that || = 2, each vertex of I';(R) is adjacent to every other

vertex by Theorem 5. Hence, in this case, I';(R) ~ K.

LEMMA 43. Let I be an ideal of a ring R. If ['(R/I) is the graph
with three vertices and two edges, then [';(R) has either no connected
columns, or the column represented by the element adjacent to two

vertices in ['(R/I) is the only connected column.

Proof : By hypothesis, the set of zero-divisors of R/I is {z, y, 2,0},
where, without loss of generality, zy = yz = 0 and zz # 0. It suffices
to show z2 # 0 and z2 # 0. Note that (z+ 2)y = zy + zy = 0. Thus
z + z is a zero-divisor of R/I. Clearly, z+ 2 # zand z + z # .

Case 1: Suppose £ + z = 0. That is, z = —z. Then 12 = z(—z2) =
—zz # 0, and similarly 22 # 0.

Case 2 : Suppose £+ z = y. Then y2 = (z + z)y = 0. Now
O=zy=y’+zy—y?’ = (y+1)y—y?’=(z+2+z)(z+2)—(z+2)* =
212 + 312+ 22— 122 - 212 - 22 =22+ 12 Thus, 22 = —12 # 0. A
similar argument shows 22 # 0. O

Figure 23 gives the two remaining graphs on six vertices that can
be achieved as I';(R) with I # (0).

Now, we consider which graphs on nine vertices are achievable as
[;(R) for some ring R and ideal I of R. If I = (0), then a graph can be
achieved as I';(R) if and only if it can be achieved as I'(R). If ['(R/I)
is a graph on one vertex, then I';(R) ~ K9 Otherwise, ['(R/I) is
a graph on three vertices and |I| = 3. If ['(R/I) is complete, then
again [';(R) ~ K® by Theorem 5 and and Lemma 10. If ['(R/I) is
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FIGURE 23. T'/(R), where R = Z,(z]/(z3) X Z, and I =

0 X Zy; and I'y(S), where S = Z¢ x Z, and J =0 x Z,.

(Note that we have a different structure here because

S/J is reduced and R/I is not.)
not complete, then, by Lemma 43, the only possibilities are graphs
isomorphic to Figures 14 or 15.

Finally, we analyze which graphs on eight vertices are achievable
as I';(R) for some ring R and ideal I of R. As in the previous cases,
for I = (0), a graph can be achieved as I';(R) if and only if it can
be achieved as I'(R); and, if I'(R/I) consists of a single vertex, then
I';(R) ~ K&.

By Lemma 10, there are two other cases to consider: I'(R/I) con-
sists of two or four vertices. In the first case, the graph has either
no or exactly two connected columns by Lemma 39. If I';(R) has two
connected columns, then I';(R) ~ K®. Figure 24 illustrates the other
case.

If T'(R/I) is a graph on four vertices, there are three possibilities:
Graphs II, III, and IV from Figure 20. We examine each of these
possibilities for connected columns of I';(R) after proving a lemma.

Recall that the degree of a vertex y in a graph G, denoted deg(y), is
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FIGURE 24. T';(R), where R = Zy X Zy X Z4 and I =
0 x 0 x Z, (Here, for convenience, we have placed the
columns horizontally.)

the number of vertices of G which are adjacent to y (not including y

itself, of course).

LEMMA 44. Let R be a ring such that I'(R) has at least three ver-
tices. If 0 # = € R such that 22 = 0, then deg(z) > 2.

Proof : Since z is a zero-divisor of R, it is a vertex of I'(R). Because
[(R) is connected, there issome 0 # y € R such that y # z and zy = 0.

We assume deg(z) = 1 and provide a contradiction. By our as-
sumption, if @ € R with az = 0, then e € {z,y,0}. Note that
(z+y)z =22+2zy=0. Clearly, z+y # z and 2 +y # y. Thus
z+y = 0; that is, y = —z. Since deg(z) = 1, I'(R) is connected,
and I'(R) has at least three vertices, y must be adjacent to another
vertex. Therefore, there exists some 0 # z € R such that z # y, z # z,
and yz = 0. But then, zz = (—y)z = —yz = 0. This contradicts
deg(z) =1. O
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PROPOSITION 45. Let I be an ideal of a ring R such that T'(R/I)
is a graph on four vertices isomorphic to Graph IV of Figure 20. Then

[';(R) has no connected columns.

Proof : Let {a,b,c,d} be the vertices of I'(R/I) where deg(a) =
deg(b) = deg(d) =1 and deg(c) = 3. By the preceding lemma, a® # 0,
b2 # 0, and d? # 0. Thus, it is enough to show c2 # 0.

We assume ¢? = 0 and provide a contradiction. Note that (a+c)c =
ac+c? = 0. Thus a + ¢ is a zero-divisor of R/I. Clearly, a + ¢ # a and
a+c#c Also, a+c # 0 (otherwise, 0 = & = (—a)? = a? # 0). So,
without loss of generality, a + ¢ = b.

Now (b+¢)c = bc+ ¢ = 0, and so b + c is a zero-divisor of R/I.
Clearly b+c # b, b+c # c, and (asabove) b+c # 0. If a = b+, then
a = (a+c) +c and thus 2¢ = 0. Consider d + ¢, which is a zero-divisor
of R/I with d + ¢ # d, ¢,0 as above. Note that d + ¢ # b = a + ¢ since
d#aand d+c # a = b+ csince d # b. But this exhausts all the
possible zero-divisors of R/I, contradicting b + ¢ = a. Thus, we must
conclude b + ¢ =d.

Again consider d + ¢, which is a zero-divisor of R/I with d + ¢ #
d,c,0. Note that d + ¢ # b = a + ¢ since d # a. Therefore, we must
haved+c=a. Thena=d+c=(b+c)+c=[(a+c)+c]+c=a+3c.
So 3¢ = 0. Now, since ¢ # 0, —¢ # ¢, and clearly —c is a zero-divisor
of R/I. Thus —c € {a,b,d}. But (—¢)? = ¢ = 0, and, by the above
lemma, a? # 0,5% # 0, and d? # 0. This contradicts b+ ¢ = d.
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Now we have exhausted all the possible zero-divisors of R/I as
b+ c. We get a similar contradiction if we suppose a + ¢ = d. Hence,

we cannot have ¢ = 0. ]

PROPOSITION 46. Let I be an ideal of a ring R such that T'(R/I)
is the complete graph on four vertices (as in Graph III of Figure 20).

Then T';(R) consists of four connected columns.

Proof : Let a, b, c,d € R/I be the vertices of I'(R/I). Since I'(R/I)
is a complete graph, the product of any two distinct zero-divisors of
R/I is zero. It is enough to show that each of these elements represents
a connected column of I';(R).

We assume a2 # 0 and provide a contradiction. Note that (a+b)d =
ad+bd =0 and (a + c)d = ad + cd = 0. Therefore, a + b and a + c are
distinct zero-divisors of R/I, but (a +b)(a +¢) = a® + ab+ ac + bc =
a? # 0. This is a contradiction. The proof that > = 2 = d? = 0 is

similar. O

COROLLARY 47. If, in addition to the above hypothesis, I';(R) is a

graph on eight vertices, then I';(R) ~ K.

Figure 25 gives an example of such a ring R and ideal I of R as in

Proposition 45 and the resulting ideal-based graph.

PROPOSITION 48. Let I be an ideal of a ring R such that T'(R/I)
is isomorphic to Graph II of Figure 20. Then I';(R) has no connected

columns.

Proof : Let a be a vertex of I'(R/I). Then a is adjacent to two

distinct vertices, say b and c, of ['(R/I), and there is another vertex,
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FIGURE 25. T'j(R), where R = Z; x Fy X Z; and I =
0 x0x 2Z,.

say d, of I'(R/I) that is not adjacent to a. Note that d is adjacent to
both b and c.

We assume a? = 0 and provide a contradiction. Note that (a +
bJa = a®> + ab = 0. Thus a + b is an annihilator of @ in R/I. So
a+b € {a,b,c,0}. Clearly a+b# aanda+b#bd Ifa+bdb=0,
then 0 = bd = (—a)d = —(ad) # 0. Ifa+ b =c, then 0 = cd — bd =
(c—b)d = ad # 0. Thus we have exhausted all possibilities for a + b as
an annihilator of a. This contradicts a2 = 0. O

Figure 26 gives an example of a ring R and ideal I as in the above
Proposition.

In summary, the above work completely determines which graphs
on n vertices can be realized as I';(R) for some ring R and ideal I of
R for n = 1,2, 3,4. If we require I to be nonzero, then we also have a

complete determination for n = 6, 8,9 and any prime n > 5. If we knew
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FIGURE 26. I';(R), where R = Z3 x Z3 x Zy and [ =
0x0x Z,.

which graphs on n vertices could be realized as I'(R) for these values
of n, then again we have a complete determination of possibilities for

[';(R) for any ideal /. Currently, this is an open question.

Connected and Nonconnected Type

DEFINITION 49. Let R be a ring. We define v(R) =
{T1(R)|I is a nonzero proper ideal of R}.
(a.) A ring R is of connected type if v(R) # {0} and each nonempty
element of the collection y(R) has at least one connected column.
(b.) A ring R is of nonconnected type if ¥(R) # {0} and no element
of 7(R) has a connected column.

(c.) A ring R is of mized type if it is not of connected or nonconnected

type.

EXAMPLE 50. 1. The ring R = Zg is of connected type. Note
that R has only two nontrivial ideals, / = 2R and J = 4R. It is

easy to verify that I';(R) is the empty graph and I';(R) consists of one
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connected column.
2. Note that I'gz(Z) contains a connected column represented by 4+8Z,
and that I'ez(Z) consists of three nonconnected columns: 2+6Z,3+6Z,

and 4 + 6Z. Thus Z is of mixed type.

We can reformulate these types in terms of purely ring-theoretic
properties of R. Recall that for an ideal I of a ring R, we define the
radical of I, Rad(I) = {z € I|z" € I for some integer n > 1}.
Rad(I) is an ideal of R containing I for any ring R. Anideal I of R is
called a radical ideal if Rad(I) = I.

THEOREM 31. Let R be a ring. Then R is of connected type if and
only if (a.) for every nonzero proper ideal I of R, either Rad(I) # I
or R/I is an integral domain, and (b.) Rad(J) # J for some nonzero
proper ideal J of R.

Proof : Suppose that R is of connected type. Let I be a nontrivial
ideal of R such that I';(R) # @ (some such I must exist since R is
of connected type). Then there is a connected column of I';j(R). Let
z + I represent this column. Then z € R—1I and 72 € I. Thus
z € Rad(I) - 1.

Conversely, suppose that conditions (a) and (b) of the hypothesis
hold. Note that condition (b) implies y(R) # {0}. So let I be a
nontrivial ideal of R such that I';(R) # 0. Then R/I is not an integral
domain. Therefore, by condition (a), Rad(I) # I. So, there is some
y € Rad(I) — I. There is a smallest integer n > 2 such that y" € I.
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Then, y"~! € R— I and (y"!)? € I. Therefore, y"~! + I represents a

connected column of R. a

THEOREM 52. Let R be a ring. Then R is of nonconnected type if

and only if (a.) for every nonzero proper ideal I of R, Rad(I) = I and
(6.) v(R) # {0}

Proof : Suppose that R is of nonconnected type and assume there
is a nontrivial ideal I of R such that Rad(I) # I. Let z € Rad(I) — I.
There is a smallest integer n > 2 such that z" € I. Thenz""! € R—1,
and so 2" + I represents a column of I';(R). But (z*~!)? € I implies
this column is connected. This is a contradiction. Thus (a) and (b)
hold.

Conversely, suppose that conditions (a) and (b) of the hypothesis
hold. Let I be a nontrivial ideal of R. Then foreach z € R—1I, 22 ¢ I
implies (z + I)? # 0+ I. Thus, I';(R) has no connected columns. O

This condition can be restated in more familiar terms. Given a
ring R, let nil(R) be the ideal of nilpotent elements of R. Note that
nil(R) = Rad(0). If R is reduced, then nil(R) = (0).

PROPOSITION 53. Let R be a ring such that nil(R) # (0) and each
nonzero ideal of R is a radical ideal. Then nil(R) is principal and is
the unique nonzero ideal of R. Moreover, (nil(R))? = (0) and ['(R) is

the complete graph on card(nil(R)) — 1 vertices.

Proof : Let 0 # z € nil(R). Then clearly (z) C nil(R). If y €

nil(R), then y® = 0 € (z) for some positive integer n. Since (z) is
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a radical ideal, y € (z). Thus, nil(R) C (z). Therefore, nil(R) is a
principal ideal.

For any 0 # y € nil(R), we have shown (y) = nil(R). We may
choose 0 # z € nil(R) such that z2 = 0. Then (y) = nil(R) =
(z). Hence, we have (y)?> = (z)? = (0). Thus y? = 0, and therefore
(nil(R))? = (0).

Assume there is some 7 € R* such that r is not nilpotent or a unit
of R, and we provide a contradiction. By assumption, 2 # 0. Since
(r2) is radical, 7 € (r2). So r = r%a for some a € R. Let e = ra. Then
e? = r%a® = (r%a)a = ra = e. That is, e is idempotent. Also, (e) = (1)
because e = ra and 7 = r2a = re. Note then that e # 0. Since r is not
a unit, e # 1. Thus 1 — e is also a nonzero idempotent of R.

Choose 0 # z € nil(R). Then 2> = 0 € (e). Since (e) is a radical
ideal, z € (e). Write z = ae for some a € R. Similarly, z € (1 —e). So
z = (1 -e) for some B € R. Then z = ce = (ae)e = (B3(1 —e))e = 0.
This contradicts our choice of z. Hence, each element of R is either
nilpotent or a unit. Thus nil(R) is the unique maximal ideal. The
first paragraph of the proof shows that this must be the only nonzero
proper ideal of R.

Note that the above paragraph shows that Z(R) C nil(R) = (z),
for some 0 # z € nil(R) with 22 = 0. But clearly nil(R) C Z(R).
Hence, the vertices of I'(R) are the nonzero elements of (z). Since
z? = 0, all distinct vertices of I'(R) are adjacent. ]

Z,: and Z,[X]/(X?) for any prime p are examples of rings that

satisfy the hypothesis of Proposition 53.
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COROLLARY 54. Let R be a ring. Then R is of nonconnected type

if and only if R is von Neumann regular and v(R) # {0}.

Proof : Suppose that R is von Neumann regular and y(R) # {0}.
Thus, each ideal of R is a radical ideal. Then R is of nonconnected
type by Theorem 52.

Conversely, suppose R is of nonconnected type. Then, by definition,
v(R) # {0}. Assume R is not von Neumann regular. By Theorem 52,
the only possibility is that (0) is not a radical ideal. That is, R is a ring
such that nil(R) # (0) and every nonzero ideal of R is a radical ideal.
But, by Proposition 53, nil(R) = (z) is the unique nonzero ideal of R.
Thus, in particular, it is a maximal ideal. Therefore, by Proposition 2,
[z)(R) = 0. Thus, 7(R) = {0}. This is a contradiction. Hence, R is

von Neumann regular. O

THEOREM 355. Let R be a ring.
(a.) T;(R) = 0 for every ideal I of R if and only if R is a field.
(b.) If R is a reduced ring, then v(R) = {0} if and only if either R is
a field or R = K, x K, for fields K, and K,.
(c.) If R is not a reduced ring, then v(R) = {0} if and only if R is a

quasilocal ring with unique mazimal ideal (z) such that (z)? = (0).

Proof : (a) If R is a field, the result is clear.

Conversely, suppose that I';(R) = @ for every ideal I of R. In par-
ticular, this implies each ideal of R is a radical ideal. Thus R is von
Neumann regular. Since I'(g)(R) = I'(R) = 0, R is a domain. Hence,

R must be a field.
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(b) If R is a field, the result is clear. If R = K; x K,, the only
nonzero ideals of R are maximal. Thus the result follows from Propo-
sition 2.

Conversely, suppose that 7(R) = {0}. Since R is reduced, every
ideal of R is a radical ideal. Hence, R is von Neumann regular. If
['(R) = 0, then R is a domain and therefore a field. If I'(R) # 0,
then there is a nonzero idempotent zero-divisor e of R. Then, R =
eR® (1 — e)R. Note that both eR and (1 — e)R are then isomorphic
to fields.

(c) Suppose that R is a quasilocal ring with unique maximal ideal
(z) such that (z)? = (0). Then (z) is the only nonzero ideal of R, and
therefore y(R) = {I'(z)(R)} = {0} by Proposition 2.

Conversely, suppose that 4(R) = {0}. This implies each nonzero
ideal of R is a radical ideal. Since R is not reduced, nil(R) # (0). The

result now follows from Proposition 53. a

Orderings on the Vertices of I'j(R)

The following definitions are taken from [14].

DEFINITION 56. Given a graph G with vertices a and b, we define
the following relations.
(a.) a < b if every vertex adjacent to b is also adjacent to a.
(b.) a ~ b if botha < b and b < a, ie., a and b are adjacent to the
same set of vertices.

(c.) a A b if a and b are adjacent and no vertex of G is adjacent to

both a and b.



CHAPTER 2: AN IDEAL-BASED ZERO-DIVISOR GRAPH 54
REMARK 57. A vertex in a graph G is never considered to be self-
adjacent. Thus, if a < b, then a is not adjacent to b (since otherwise b

is self-adjacent).

PROPOSITION 58. Let I be an ideal of a ring R. Let a,b € R — I
such that b+ I and a + I represent nonconnected columns of I';(R).

Thena+1 <b+ I inT(R/I) if and only ifa < b in T';(R).

Proof : Suppose a +I < b+ I inI'(R/I). Let z € R —1I be
adjacent to b. Since b+ I is nonconnected, £ + I # b + I (otherwise,
(b+1)2=(z+I)(b+1I)=2zb+I=0+1I). Thus, by Theorem 5, z + I
is adjacent to b+ I. Therefore, a + I < b+ I implies = + I is adjacent
to a + I. Hence, again by Theorem 5, z is adjacent to a.

Conversely, suppose a < b in I';(R). Let z+ I € R/I be adjacent
to b+ I. Then, by Theorem 5, z is adjacent to b in I';(R). Since a < b,
z is adjacent to a. Since a + I is nonconnected, z + I # a + I. Thus,

by Theorem 5, z + I is adjacent to a + I. O

COROLLARY 59. Let I be an ideal of aring R. Leta,b € R—1I such

that b+ I and a + I represent nonconnected columns of I'j(R). Then

a+I~b+1inT(R/I) if and only ifa ~ b in T;(R).

COROLLARY 60. Let I be an ideal of a ring R. Let z,y € a + I,

where a + I represents a nonconnected column of ';(R). Thenz ~ y

in T1(R).

REMARK 61. The conclusions of the above results fail if the columns
are connected. The problem is that one could produce self-adjacent ver-

tices, as mentioned in the previous remark.
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PROPOSITION 62. Let I be an ideal of a ring R such that T';(R) is a
graph on three or more vertices. Let a,b € R—I such thata+1 # b+1
and a + I,b+ I both represent nonconnected columns of I';(R). Then
albinl;(R)ifand onlyifa+1 Lb+1I inT(R/I).

Proof : Suppose a L b in [';(R). Then a is adjacent to b, and so
a + I is adjacent to b+ I in ['(R/I) by Theorem 5. If z € R — I such
that z + I is adjacent to both a + I and b + I, then, by Theorem 5,
z is adjacent to both a and b. Hence, there can be no vertex z + I of
['(R/I) adjacent to both a + I and b+ I.

Conversely, suppose a + I A b+ I in ['(R/I). Then a is adjacent
to b in I';(R). Assume there is some z € R — I such that z is adjacent
to both @ and b. Then za,zb € I. Since a+ I ,b+ I are nonconnected,
a+I #zxz+1# b+ I. Therefore, we have z + I is adjacent to both
a + I and b+ I; contradicting a + I L b+ I. Hence, no vertex z of
[';(R) can be adjacent to both a and b. O

PROPOSITION 63. Let I be a nonzero ideal of a ring R such that

[;(R) is a graph on at least three vertices. If ¢ + I is a connected

column of T';(R), then ¢ L y for any vertez y # ¢ of I';(R).

Proof : Assume there exists y € R— I such that y #cand y L c.
By assumption, yc € I.

Casel:y+I#c+1. Choose0#j €I Then y(c+ j)€ I and
c(c+ j) € I since ¢+ I is a connected column. Thus ¢ + j is adjacent

to both ¢ and y.
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Case2:y+I=c+1I. Theny=c+ jforsomeQ#j€l.
Subcase 1 : |I| > 3. Choose 0 # k € I with k # j. Then, since c+ [ is
a connected column, ¢ + k is adjacent to both ¢ and y = ¢ + j.
Subcase 2 : |I| = 2. Since I';(R) is a graph on at least three vertices,
[';(R) must consist of more than one column. Let d € R — I such that
d + I is adjacent to ¢+ I in I'(R/I). Then ¢ and y = ¢+ j are both
adjacent to d in I';(R) by Theorem 5.
Hence we get a contradiction in all cases. O
Note that if I';(R) is the connected graph on the two vertices z and

y, then trivially z L y.

Bridges and the Degree of a Vertex

Let G be a connected graph. Then [7] defines an edge E of G to
be a bridge if the graph G — FE is disconnected.

PROPOSITION 64. Let I be an ideal of a ring R. Then I';(R) has a
bridge if and only if either (a.) T';(R) is the graph on two vertices, or
(b.) I =(0) and I'(R) has a bridge.

Proof : If either (a) or (b) hold, then I';(R) clearly has a bridge.
Suppose I';(R) has a bridge. If I = (0), then I';(R) = I'(R). So
assume I # (0).
Case 1: |I| =2 and I'(R/I) is a graph on one vertex. Then I';(R) is

a graph on two vertices.
Case 2: |I| > 3 and I'(R/I) is a graph on one vertex. Then I';(R)
consists of a single connected column, and therefore I';(R) is a complete

graph on |I| vertices. But since |I| > 3, it is clear that I';(R) cannot



CHAPTER 2: AN IDEAL-BASED ZERO-DIVISOR GRAPH 37

have a bridge. This is a contradiction.
Case 3 : |I| > 2 and I'(R/I) is a graph on two or more vertices. Let
a be a vertex of I';(R). For any vertex ¢ adjacent to a, remove the
edge E from a to c. To show I';(R) — E is connected, it suffices to find
another path froma toc. Ifa+ I =c+ I, we can find b € R such that
b+I#a+1andb+Iisadjacent toa+ I in I'(R/I). Thus a — b and
b—careedgesinI'j(R)—E. Ifa+I#c+1,for 0# i€ I the edges
a—c+i,c+i—a+i,and a+i—c are all contained in I';(R)— E. O

For a connected graph G we define

4(G) = min{deg(z)| z is a vertez of G}.

PROPOSITION 65. Let I be an ideal of a commutative ring R.
(a.) If T(R/I) is a graph on one vertez, then 6(I';(R)) = |I| — 1.
(b.) If T(R/I) is a graph on two or more vertices, then §(I';(R)) >
§(C(R/I)) - 1]

Proof : (a) IfT'(R/I) has only one vertex, then I';(R) is a complete
graph on |I| vertices.

(b) If each vertex of I';(R) is adjacent to an infinite number of other
vertices, the result is trivial. Also, if |[I| = oo, then the result is trivially
true. So, suppose |I| < co. Let a be a vertex of I';(R) that is adjacent
to only a finite number of other vertices. Let {bi+1,b,+1,... ,bp+1}
be the set of all vertices of I'(R/I) that are adjacent to a+I. Then n >
O0(C'(R/I)). Then the set of all vertices adjacent to a in I';(R) contains
the set {b; +1 i € I, j =1,...,n}. Thus deg(a) > §(T(R/I)) - |I|.
(In fact, this inequality is strict if a + I represents a connected column

of I';(R) and equality holds if a + I is not a connected column.) O
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COROLLARY 66. If a + I is a nonconnected column of I';(R) and
deg(a+I) = 6(I'(R/I)) in T'(R/I), then 6(T';(R)) = 6(T'(R/I)) - |I|.



CHAPTER 3

The Zero-Divisor Graph of a Commutative Ring

In this chapter, we give several results relating the ring-theoretic

properties of a ring R to the structure of I'(R).

['(R) for Rings Without Identity

In the original definition of the zero-divisor graph of a ring R, we
only considered rings that have a multiplicative identity element, even
though the definition did not require an identity. Given a ring R (with
or without multiplicative identity), let S = Z if the characteristic of R
is zero and let S = Z/nZ if the characteristic of R is n # 0. Let R, =
R x S, where n is the characteristic of R. Then R, with multiplication
defined by the rule (a, m) - (¢,n) = (ac + mc + na, mn) contains R as
a subring via the identification r — (r,0). Since R is a subring of R,,

I'(R) is an induced subgraph of I'(Rj,).

THEOREM 1. Let R be a ring of characteristic zero without identity.
If T(R) is not the empty graph, then I'(R) = I'(Ryp) if and only if for
every0#a € R, c € R and 0 # m € Z, we have ac # ma.

Proof : Suppose that I'(R) = I'(Rp). Let 0 # a € R, c € R, and
0 # m € Z. Then (¢, -m) € Ry — R. Since I'(R) = I'(Ry), (¢, —m)
cannot be a vertex of I'(Rp). Therefore, (c, —m)(a,0) # (0,0). Thus

ac—ma # 0.
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Suppose that for every 0 # a € R, ¢c € R and 0 # m € Z, we have

ac # ma. Assume that (c,m) is a vertex of I'(R,) for some m # 0.
If (¢c,m) is a vertex, then there is some (0,0) # (a,n) € Ry such that
(a,n)(c,m) = (0,0). Then, in particular, mn = 0, and therefore n = 0.
But then we have ac+ma = 0, contradicting our hypothesis. Therefore,

all vertices of I'(R,) are contained in R, and hence I'(R) = I'(R,). O

COROLLARY 2. Let R be a ring of characteristic zero without iden-
tity. If T(R) = T'(Ro) # 0, then
(a.) R has no nonzero idempotent elements.
(b.) R has no (additive) torsion zero-divisors.

(c.) T(R) is a graph on an infinite number of vertices.

Proof : (a) and (b) are immediate from the above theorem.

(c) Let a be a vertex of I'(R). Then there is some ¢ # 0 such that
ac = 0. Then, for every 0 # m € Z, (ma)c = m(ac) = 0. By (b), the
collection {ma| 0 # m € Z} is an infinite subset of the vertex set of
L(R). O

By an analogous argument to that of Theorem 1, we can prove the

following theorem.

THEOREM 3. Let R be a ring without identity of characteristic p
for some prime p. If T'(R) is not the empty graph, then ['(R) = I'(R;)
if and only if for every 0 #a € R, c € R, and 0 # m € Z,, we have

ac # ma.

REMARK 4. Let R be a ring without identity of characteristic n #

0, where n is not prime. Then I'(R) # I'(R,).
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Proof : Choose nonzero elements m,k in Z, such that mk = 0.
Then (0,m) and (0, k) are vertices of I'(R,,) not contained in R since

(0,m)(0, k) = (0,0). | O

EXAMPLE 5. 1. Let R = @2, Zy,, where p; is the ¢** prime. Then
R is a ring of characteristic zero without a multiplicative identity and
I'(R) is nonempty. Let @ = (1,0,0,...) and ¢ = (0,1,0,...). Then
a,c € R and ac = 0. But (c,0),(2c,1) € Ry and (c,0)(2¢,1) = (2% +
¢,0) = (0,0). Thus (2¢,1) is a vertex of I'(Rp) and therefore, I'(R) #
I'(Ry). Note that ac = 0 = 2a, and therefore Theorem 1 also implies
I'(R) # T'(Ro).
2. Let R = XZ[X] x XZ[X]. Then R is a ring of characteristic zero
without multiplicative identity and I'(R) is nonempty. By Theorem
1, I(R) = T'(Ry). Let R = XZ3|X) x XZ3[X]. By Theorem 3, 0 #
['(R) =T'(R3).

The Zero-Divisor Graph of a Module

Let R be aring and M be an R-module. We form the idealization of
R and M to create a ring A=R(+)M with operations (r,m) + (s,n) =
(r+s,m+n) and (r,m) - (s,n) = (rs,sm + rn) for all ,s € R and
m,n € M. We can view R as a subring of A via the embedding
r — (r,0). Also, M can be identified with the ideal 0(+)M of A via
the embedding m — (0, m). Note that each (0,m) € A is nilpotent
since (0,m)? = (0,0). If we define the zero-divisors of M to be the
set Z(M) = {r € R| rm = 0 for some m € M}, then Z(A) =
(Z(R)U Z(M))(+)M (as seen in Theorem 25.3 of [11]).
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DEFINITION 6. Let R be a ring and let M be an R-module. Let

A=R(+)M as above. We define the zero-divisor graph of M, denoted
by ['(Mg), to be T'(A).

Note that if M is the zero module, then A ~ R and so I'(Mg) ~

['(R). Therefore, all modules considered in this section are nonzero.

PROPOSITION 7. Let R be a ring and M an R-module. Then I'(R)
is an induced subgraph of I'(Mpg), but I'(R) # ['(MR).

Proof : Let a and b be adjacent vertices of I'(R). Then (a, 0), (b, 0) €
A — {0} and (a,0)(b,0) = (ab,0) = (0,0). Thus all vertices and edges
of I'(R) are contained in I'(Ag). Since (0, m) is a vertex of I'(Mp) for
each 0 # m € M, I'(R) # I'(Mg). Conversely, if a and b are adja-
cent vertices of I'(R), we have (a,0) adjacent to (b, 0) in I'(Mg) since
(a, 0)(b,0) = (ab, 0) = (0,0). ]

PROPOSITION 8. Let R be a ring and M an R-module. Then
w(l'(Mg)) 2 |M| - 1.

Proof : Let m and n be nonzero elements of M. Then (0, m)(0,n) =
(0,0). Thus the nonzero elements of M generate a complete subgraph

of P(!WR) O

COROLLARY 9. Let R be an integral domain and let M be a torsion-
free R-module. Then I'(Mg) is the complete graph on card(M) — 1

vertices.
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Consider Z4 as a Z-module. The resulting graph, I'(Mg), is infinite
since, for n # 0, (2n,0 + 4Z) and (0,2 + 4Z) are adjacent vertices.

Figure 27 gives a finite example where ['(R) # I'(MEg).

THEOREM 10. Let R be a ring of connected type and let M be an
R-module. Then A=R(+)M is of connected type.

Proof : Let J be a nontrivial ideal of A.

Case1: 0(+)M € J. Then there is some 0 # m € M such that
(0,m) € J. But (0,m)? = (0,0). Therefore, (0,m) + J represents a
connected column of I';(A).

Case 2: 0(+)M C J. Let X = {a € R| (a,m) € J for some m €
M}. Note that X # 0 since 0 € X.

Claim : X is an ideal of R.

Let a,b € X. Then there exist m,n € M such that (a,m), (b,n) € J.
Then a + b € X since (a + b,m + n) = (a,m) + (b,n) € J. For any
r € R, ra € X since (ra,rm) = (r,0)(a,m) € J.

I'(R) e I'(Rg)

FIGURE 27. ['(R) and I'(Rg), where R = Z,.
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Subcase 1 : I'x(R) = 0. Then X is a prime ideal of R by Propo-
sition 2 of Chapter 2. We show that I';(A) = 0. Suppose this is not
the case; i.e., there is some y € R and n € M such that (y,n) € A—-J
and there is some (z,m) € A — J such that (y,n)(z,m) € J. Thus
(zy,zn+ ym) € J. So zy € X. Now I'x(R) = 0 implies either z € X
ory € X. If £ € X, then there is some m;, € M such that (z,m,) € J.
But then (z,m) = (z,m) + O,m —m,) € J. If y € X, we similarly
obtain (y,n) € J. Thus in either case we get a contradiction. Hence
r;(A4)=0.

Subcase 2 : T x(R) # 0. Since R is of connected type, there is some
a € R— X such that (a+X)? = 0+ X i.e., a+ X represents a connected
column of I'x(R). Since a ¢ X, (a,0) ¢ J. But a®> € X implies
(a?,m) € J for some m € M. Thus (a,0)?> = (a%,m) — (0,m) € J.
Therefore (a,0) + J is a connected column of I';(A).

All that remains to be shown is that y(A) # {0}. Since R is of
connected type, there is some nontrivial ideal I of R such that I';(R) #
0 and I';(R) has at least one connected column, say a + I. Let J =
I(+)M. Then Jis an ideal of A and 0(+)M C J. Then, as in the above
paragraph, (a,0) + J is a connected column of I'j(A). In particular,

T,(A) # 0. O

PROPOSITION 11. If R has a nontrivial ideal I such that IM # 0
and IM # M, then A=R(+)M is not of nonconnected type.

Proof : L = 0(+)IM is an ideal of A. Let m € A — IM. Since

(0,m)? = (0,0), (0, m)+ L represents a connected column of I'; (4). O
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Nilpotent Elements

As seen in Chapter 2, the location of nilpotent elements in I'(R/I)
has a significant effect on I';(R). In this section, we give some condi-
tions that make the nilpotent elements of R somewhat easier to locate
in T'(R).

Recall that the degree of a vertex z of a graph G, denoted deg(z),

is the number of vertices of G that are adjacent to z.

THEOREM 12. Let R be a ring such that T'(R) is a graph on three
or more vertices. If there is some 0 # £ € R such that 22 = 0, then

deg(z) > 2.

Proof : Let 0 # y € R be a vertex adjacent to z, i.e., zy = 0 and
y # z. Note that z(z +y) = 0. Clearly, z+y# zandz+y # y.
If y+ z # 0, we have deg(z) > 2. If z+ y = 0, there must be some
z € R—{0, z, y} such that z or y is adjacent to z since I'(R) has at least

three vertices. Since z = —y, in either case we have deg(z) > 2. O

DEFINITION 13. Let R be a ring. If £ € R such that z" = 0 and

7 #0 for1 < j < n—1, we say z has nilpotency degree n. We denote

this as nildeg(z) =n. If y € R is not nilpotent, let nildeg(y) = 0, and
let nildeg(0) = 1.

We can generalize the previous theorem as follows.

THEOREM 14. Let R be a ring. If £ € R and nildeg(z) = n > 2,
then deg(z™!) > 2»~! — 2.
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Proof : Let A = {biz + bpz® + ...+ br_12"7| b; = 0 or 1}. Then
foralla € A, az™! = 0. If we show |A| = 2""!, then we are done since
z"! is not adjacent to 0, z*! € A.

Suppose z% + 2% + ...+ 2% = 29 + 2% + ... + °~, where 1 <
a1<...<gx<n-1land1<¢ <...<c, <n-1. Without loss of
generality, a; < ¢;. Let M = min{a,,...,ax,c,-..,cm}- Note that
M > a;. Then z7~Mzd = gn-M(za 4 4+ 7 — 02 — | — z%).
Each term on the right-hand side has degree at least n, and therefore
is zero. Thus, the left-hand side must also have exponent at least n.
Hence, M < a,. So we have a; = M = ¢,. By induction, we may now
show that k =m and c; =aq; for j =2,...,k. O

Figure 28 shows that equality may hold in Theorem 14.

COROLLARY 15. If there is some integer k > 2 such that deg(y) <
2k — 2 for every vertez y of ['(R), then nildeg(z) < k for allz € R.

X3+ X2 X?
e " *X3+ X2+ X
X2+ X X+ X

FIGURE 28. T'(R), where R = Z,[X]/(X*). Note that
nildeg(X?) = 2 and deg(X?) = 2. Also, nildeg(X) = 4
and deg(X3) = 6. Both these facts show that equality
can hold in Theorem 14.
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COROLLARY 16. If z € R with nildeg(z) = n > 2, then z is adja-

cent to a vertez in ['(R) of degree at least 2"~! — 2.
We can refine the above theorem for nilpotency degree three.

THEOREM 17. Let R be a ring such that I'(R) is a graph on four
or more vertices. If there is some £ € R with nildeg(z) = 3, then

deg(z?) > 3.

Proof : (%) = 0 implies, by Theorem 12, deg(z?) > 2. Clearly,
z2 is adjacent to z. So, there is a vertex y # z or z2 such that z2 is
adjacent to y.

Assume deg(z2) = 2 and we find a contradiction. Since I'(R) has at
least four vertices, there is some vertex w of I'(R) not equal to z, 72, or
y such that w is adjacent to z or y. Note that wz # 0; since otherwise
wz? = 0 and therefore deg(z?) > 2. Thus wy = 0. Now (y +z?)z% = 0.
Thus y + 22 € {0,z,2%,y}. Clearly, y + 2 # y and y + 22 # z°. Also,

2

y + 12 # 0; since otherwise wz? = w(—y) = —wy = 0 and therefore

2=w(z-12)=wy=0,

deg(z?) > 2. Thus, y+12? = z. Then wz —wz
and so wz = wz?. Then wz? = (wz)r = (wr?)z = wz® = 0, which
implies deg(z?) > 2. This is a contradiction. O

Figure 29 shows that we may have strict inequality in Theorems 14
and 17.

If I'(R) is bipartite, we can easily determine the nontrivial nilpotent

elements of R.

THEOREM 18. Let R be a ring. If '(R) ~ K™™ for n > 2 and

m > 2, then R contains no nonzero nilpotent elements.
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X 2X X2+ X

X2 2X?

X2+2 2X2+X 2X2+2X

FIGURE 29. T'(R), where R = Z3[X]/(X3). Note that
nildeg(X) = 3 and deg(X?) = 7, showing strict inequal-
ity in Theorems 14 and 17.

Proof : Since ['(R) is bipartite, Z(R) = {0,a1,---,an, b1,---,bm},
where a;b; = 0 for all < and j and a;a; # 0, b;b; # 0 whenever ¢ # j.

Assume that R has a nonzero nilpotent element, and we find a
contradiction. By assumption, R has some nilpotent element of nilpo-
tency degree two. Say, without loss of generality, a> = 0. Then
ai(a1 +b;) = 0forl < j < m. Thus, ay +b; € Z(R) for each j.
Choose j such that a; + b; # 0. If a; + b; = ax for some 1 < k < n,
then axa; = (a; + bj)a; = 0. Ifa; + b; = b; for some 1 < i < m,
then apa; = an(b; — b;) = anb; — and; = 0. In either case, we get a
contradiction. O

Using the same argument, we can prove the following theorem.

THEOREM 19. Let R be a ring. If I'(R) is an infinite complete
bipartite graph but not a star graph, then R has no nonzero nilpotent

elements.
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The next results are a restatement of Lemma 39 and Lemma 43 of

Chapter 2.

PROPOSITION 20. Let R be a ring. If T(R) ~ K1, ie., ['(R) is
the graph on two vertices, then R has either no or ezactly two nonzero

nilpotent elements.

PROPOSITION 21. Let R be a ring. If T(R) ~ K2, then R has

either no or ezactly one nonzero nilpotent elements.

THEOREM 22. Let R be a ring. If I'(R) ~ K" for some integer

r > 3, then R has no nonzero nilpotent elements.

Proof : Sincg r > 3, ['(R) is a graph on at least four vertices. Then
R ~ Z, x F, where F is a finite field by Theorem 2.13 of [2]. O

In Theorem 1.14 of (8], it is shown that if R is a ring such that
['(R) is complete bipartite, then either R ~ K @ L for finite fields K
and L (if R is finite), or R is a subdirect sum of S & T where S and
T are integral domains with more than one element (if R is infinite).
Therefore, the above results could also have been proven as corollaries
to this theorem. A similar result concerning which rings yield complete

bipartite graphs can be found in [3].

Orderings on the Vertices of a Zero-Divisor Graph

We recall the following definitions from Chapter 2.

DEFINITION 23. Given a graph G with vertices a and b, we define

the following relations.
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(a.) a < b if every vertez adjacent to b is also adjacent to a.
(b.) a ~bif botha <bandb < a, ie., a and b are adjacent to the
same set of vertices.
(c.) a L b if a and b are adjacent and no vertex of G is adjacent to

both a and b.

In Remark 57 of Chapter 2, we noted that if @ < b, then a and b

cannot be adjacent vertices in G.

PROPOSITION 24. Let R be a ring and let z € R with nildeg(z) =
n>3 If0#b€ R withb# z orz™?, then b [ z.

Proof : If b is adjacent to z, then zb = 0. Therefore, z%~! is

adjacent to both b and z. a

PROPOSITION 25. Let R be a ring and let £ € R with nildeg(z) =

n>3. Ifz" ' # —z™! then L b for any vertez b in I'(R).

Proof : If b is adjacent to z, then b = 0. Let y = "~ ! if b # z"!
and let y = —z"~! otherwise. Then y is adjacent to both band z. O
In Figure 28, we have a ring of characteristic 2 where nildeg(X) = 4

and X L X3.

PROPOSITION 26. Let R be a ring and let y € R with nildeg(y) =
2. Ify # —y, then for any vertex b # —y of I'(R), y L b.

Proof : If b is adjacent to y, then yb = 0. Then —y is adjacent to
both y and b. O

COROLLARY 27. Let R be a ring and let y € R with nildeg(y) = 2.
IfT(R) is a graph on at least three vertices and y # —vy, then —y L y.
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Proof : By Theorem 12, deg(y) > 3. Thus there is some a €
R — {0,y, —y} such that a is adjacent to y, and therefore also adjacent
to —y. O
['(Z,) is a graph on the two vertices 3 + 9Z and 6 + 9Z = —3 + 92
where nildeg(3+9Z) = 2 and 3+ 9Z L -3+ 9Z. Thus the conclusion
of Corollary 27 may fail if I'(R) does not have at least three vertices.
Figures 30 and 31 show that a result analogous to Proposition 26
cannot be found for rings of characteristic 2.
Given a graph G, it is trivial to verify that ~ is an equivalence
relation on the set of vertices of G. For a vertex a of G, we define the

~ equivalence class of a, denoted @, to be the set of all vertices b of

G such that a ~ b. Note that a € @.

DEFINITION 28. Let G be a graph. We define the ~ — equivalence

class graph of G, denoted ecg(G), to be the graph with vertez set

{b] b is a verter of G}, where @ is adjacent to b in ecg(G) if and
only if a is adjacent to b in G. (It is trivial to verify that this graph is
well-defined.)

FIGURE 30. I'(R), where R = Z,[X]/(X3). Then
char(R) = 2, nildeg(X?) = 2, and X? L X, and
X?21X?2+X.
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(L,X) (V,X) (Y;1)
(Y+1,X) (Y, X +1)

(0, X) (¥,0)

(Y +1,0) (0, X +1)

FIGURE 31. T'(R), where R = Z,[Y]/(Y?) xZ,[X]/(X?).
Then char(R) = 2, nildeg(Y, X) = 2, and (Y, X) L a for
any a € R—{(Y,X)}.

Note that ecg(G) is isomorphic to a subgraph of G. If G is a
complete graph, then G ~ ecg(G). If G is a complete bipartite graph,

then ecg(G) is the connected graph on two vertices.

PROPOSITION 29. Let G be a connected graph. Then ecg(G) is
connected and diam(ecg(G)) < diam(G).

Proof : Let @ and b be two vertices of ecg(G). Since G is connected,
thereisapatha—z; —...— 2, - binG. Thena—F —... - T, — b
is a path in ecg(G). Note that here we may have a path that contains
a cycle since it could be the case that Z; = Z;. This only means that

d(a,b) < d(a,b). Hence, diam(ecg(G)) < diam(G). O

COROLLARY 30. Let R be a ring. Then ecg(I'(R)) is connected and
diam(ecg(I'(R))) < 3.
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For a ring R, let N(R) denote the set of non-zero-divisors of R.
That is, N(R) = {z € R| if ¢ € R with zc = 0, then ¢ = 0}. Some
authors refer to V(R) as the set of regular elements of R. Note that

{1} CU(R) € N(R).

PROPOSITION 31. Let R be a ring. If a € Z(R)* with nildeg(a) #
2, then za ~ a for all z € N(R).

Proof : First note that, for any z € N(R), a(za) # 0 since a® # 0.
Thus a is not adjacent to za.

Let £ € N(R). If b is adjacent to a, ab= 0. Thus zab = 0.

If ¢ is adjacent to za, then z(ac) = (za)c = 0. Since z € N(R), we

must have ac = 0. (]

PROPOSITION 32. Let R be aring. Ifa € Z(R)" withnildeg(a) = 2
and a # —a, then |a| = 1.

Proof : Assume b ~ a for some b € R — {a}. Note that (—a)a =
—(a?) = 0 implies a is adjacent to —a. Thus b is adjacent to —a. That
is, —(ab) = (—a)b = 0. But then b is adjacent to a, contradicting
b~ a. a

Figures 32, 33, 34, and 35 give examples of I'(R) and ecg(I'(R)) for
various rings R. Several more examples are given in Figures 41 through
54 of the Appendix.

A different notion of equivalent vertices was used by A. Lauve in
[13]. In his work, vertices z and y of I'(R) were equivalent if and only

if £ = uy for some v € U(R). This definition of the equivalence of z
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FIGURE 32. ecg(T'(R)), where R = Z,[Y]/(Y?) x
Z,[X]/(X?). Compare this to ['(R) in Figure 31.

(JL]]
|
(<]
NI

FIGURE 33. I'(Z,;) and ecg(I'(Z:2)).

X3+ X X2

X X3

FIGURE 34. ecg(I'(R)), where R = Z,[X]/(X*). T'(R)
was given in Figure 28.

74
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X 3X

[\™)

+X

2X
2+2X 2+3X

FIGURE 35. Let R = Z4[X]/(X?). Then I'(R) ~ ecg(T'(R)).

and y implies z ~ y if nildeg(z) # 2, but Figure 36 shows the converse

fails.

REMARK 33. Note that for a ring R and distinct z,y € R,z ~ y
in I'(R) is equivalent to (1.) zy # 0, (2.) for alla € R— {z} such that
az = 0, we also have ay = 0, and (3.) for all b € R — {y} such that
by = 0, we also have bz = 0. That is, for any z,y € Z(R)*, z ~ y if
and only if ann(z) — {z} = ann(y) — {y}.

In light of the above remark, a few results about annihilator ideals

are useful here.

PROPOSITION 34. Let R be a ring and let ,y € R" such that
ann(y) = ann(z). Then ann(z*) = ann(y*) and ann(ziy*) = ann(z*+) =

ann(y**9), for any k,j > 1.

Proof : Let b € ann(z*). Then bz*~! € ann(z) = ann(y), and

hence bz*~'y = 0. Thus bz*~2y € ann(z) = ann(y). So bz*~2y? = 0.
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(0,1)

o0 o0
(-2,0) (-1,0) (1,0) (2.0)

FIGURE 36. I'(Z x Z,). Note that (1,0) ~ (n,0) for any
integer n # 0.
By continuing in this fashion, we obtain by* = 0, and thus b € ann(y*).
Hence, ann(z*) C ann(y*). Similarly, one can show ann(y*) C ann(z*).
Let b € ann(ziy*). Then briy*~! € ann(y) = ann(z). Hence,
bzi*t1y¥~! = 0. Now, by continuing in the same manner as in the above
paragraph, we obtain bz**7 = 0. Thus ann(z?y*) C ann(z*+J).
Let a € ann(z**’). Then az**~! € ann(z) = ann(y). So az**+i~ly =
0. By continuing as in the previous cases, we have az*y’ = 0. Thus
ann(z**7) C ann(ziy*). Therefore, ann(z**7) = ann(ziy*) = ann(y*+).

O

COROLLARY 35. Let R be a ring. If z ~ y in ['(R) for non-
nilpotent ,y € R, then ann(z) = ann(y) and ¥ ~ y* for every

integer k > 1.

Proof : Since z ~ y, we have ann(z) — {z} = ann(y) — {y}. If
z and y are non-nilpotent, then z € ann(z) and y € ann(y). Thus,
ann(z) = ann(y). The result now follows from the above proposition

since =¥ € ann(z*) and y* € ann(y*). O
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COROLLARY 36. Let R be a ring. If z ~ y in ['(R) for distinct

nilpotent z,y € R, then ann(z) = ann(y) and nildeg(z) = nildeg(y) >
2.

Proof : Since £ ~ y, zy # 0 and ann(z) — {z} = ann(y) — {y}-
Assume z? = 0. Since I'(R) is connected, there must be some a €
Z(R)" such that a is adjacent to both z and y (if not, I'(R) consists of
the two isolated vertices z and y). Now z(z+a) =224+za=0+0=0
and £ + a # z. Thus, z + a € ann(z) - {z} = ann(y) — {y}. So
0 = y(z+ a) = yz + ya = yz + 0. This contradicts zy # 0. Hence,
nildeg(z) > 2, and so z ¢ ann(z). Similarly, nildeg(y) > 2, and
y € ann(y). Hence, ann(z) = ann(y).

Let n = nildeg(z) and m = nildeg(y). Then ann(y") = ann(z") =
ann(0) = R. But ann(y®) = R implies y" = 0. Thus m < n. By a

similar argument, n < m. O

COROLLARY 37. Let R be a ring. If 0 # z € R 1is nilpotent and

0 # y € R is not nilpotent, then £ y.

Proof : Assume z ~ y. Then zy # 0 and ann(z) — {z} = ann(y)—
{y}. Since y is not nilpotent, y € ann(y). If 2 = 0, we get the
same contradiction arrived at in the previous proof. Therefore, z ¢
ann(z). Hence, ann(z) = ann(y). Let n = nildeg(z). Then ann(y") =
ann(z") = ann(0) = R. But this implies y" = 0, a contradiction since
y is not nilpotent. O

We may now strengthen Remark 33 as follows.
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THEOREM 38. Let R be a ring. Then £ ~ y in I'(R) if and only if

either zy # 0 and ann(z) = ann(y) orz = y.

Proof : Suppose z ~ y for distinct z and y. Then zy # 0. By
Corollary 37, either both z and y are non-nilpotent or both z and y
are nilpotent. Corollaries 35 and 36 show that ann(z) = ann(y) in
each case.

Conversely, suppose zy # 0 and ann(z) = ann(y) for distinct z,y €
Z(R)*. Let a be a vertex of I'(R) adjacent to z (some such vertex must
exist since I'(R) is connected). Thus, az = 0 and so, by hypothesis,
a # y. Hence, a € ann(z) = ann(y). Thus ay = 0, and therefore a
is adjacent to y. Similarly, one may show any vertex b adjacent to y
must also be adjacent to z. Thus z ~ y. O

One might wish to extend our definition of a ~ b to include the
case where a could be adjacent to b. A first effort might be to define
a relation on purely graphical terms: given a graph G with vertices z
and y, £ = y if and only if either (1.) z ~ y or (2.) z is adjacent to y
in G and z ~ y in the subgraph G* obtained from G by removing the
edge z—y. This relation is easily verified to be an equivalence relation.
Since we are dealing with zero-divisor graphs throughout the rest of
this thesis, we restate our definition of = in terms of ring;theoretic

properties.

DEFINITION 39. Let R be a ring. We define a relation =~ on the
vertices of ['(R) by saying z ~ y if and only if (1.) for alla € R—{z,y}
such that az = 0, we also have ay =0, and (2.) for allb € R — {z,y}
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such that by = 0, we also have bz = 0. That is, z = y if and only if

ann(z) — {z,y} = ann(y) - {z.y}.

For a ring R and vertex a of I'(R), we define the =~ equivalence

class of a, denoted @, to be the set of all vertices b of I'(R) such that

a ~ b. Note that a € a.

DEFINITION 40. Let G be a graph. We define the ~ — equivalence

class graph of G, denoted ECG(G), to be the graph with vertez set
{b] b is a vertez of G}, where @ is adjacent to b in ECG(G) if and

only if a is adjacent to b in G. (It is trivial to verify that this graph is
well-defined.)

Note that ECG(G) is isomorphic to a subgraph of G. If G is a
complete bipartite graph, then ECG(G) is the connected graph on two
vertices. This gives an example where ECG(G) ~ ecg(G). Note that
ECG(G) is always isomorphic to a subgraph of ecg(G). Figure 37,
Figure 38, and the next proposition each give an example in which

ECG(G) # ecg(G).

+ X

NIl

2X

FIGURE 37. Let R = Z4X]/(X?). Then I'(R) #
ECG(I'(R)). In Figure 35, we showed I'(R) =~
ecg(I'(R)).
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2 4
6
2 8 4
10 *———eo—o
8
14
12

FIGURE 38. Let R = Z;6. Below are I'(R), ecg(T'(R)),
and ECG(T'(R)), respectively.

PROPOSITION 41. Let G be a connected graph. Then G is complete

if and only if ECG(G) consists of a single vertez.

Proof : If G is complete, it is clear that a = b for every pair of
vertices a and b from G.

Suppose that ECG(G) consists of a single vertex, i.e., a =~ b for
every pair of vertices a and b in G. Assume that G has vertices a and
b which are not adjacent. Since a =~ b, we must have a ~ b. Therefore,
there must be some vertex ¢ of G distinct from a and b such that a is
adjacent to c and b is adjacent to ¢ (if no such c exists, then G is a
disconnected graph). By hypothesis, a = c. Since c is adjacent to a, it
must be the case that a ~ c in the subgraph G* obtained from G by
removing the edge a — c. Note that c is adjacent to b in G*. Thus, a is
adjacent to b in G*. But this contradicts the fact that a and b are not

adjacent in G. Hence, G must be complete. O
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THEOREM 42. Let R be a ring. Let z,y € Z(R)* such that z % y

and z =~y in ['(R). Then zy =0 and either (a.) R~ Z, X Z,, or (b.)
nildeg(z) = nildeg(y) = 2 and ann(z) = ann(y).

Proof : Note that z ¢ y implies z # y. It is clear from the
definition of ~ and = that zy = 0 and ann(z) — {z,y} = ann(y) —
{z,y}.

Case 1: Suppose neither z nor y is nilpotent. Then 72 € ann(y),
but z2 € ann(z). Thus, by Definition 39, either z2 = z or 2 = y.
But z? # y (otherwise, y*> = yz? = 0). Therefore, > = z, ie., z is
an idempotent. Since z is a zero-divisor, € U(R). Then 1 — z is
nonzero and a non-unit since (1 —z) = 0. Thus, 1 — z € ann(z). But
yl-z)=y—zy=y#0.Sol—-z¢&ann(y). Thuseitherl —z =z
orl—z =y Butl-=z#z (otherwise, 1 = 2z and so z € U(R)).
Hence 1 —z =y.

Now, let a € ann(z) — {z,y}. Then 0 = az +ay = a(z +y) =
a(z +1— z) = a. Hence, ann(z) = {0,y} and ann(y) = {0,z}. Thus,
['(R) must be the connected graph on the two vertices z and y (if not,
there is some other vertex z # 0 such that z is adjacent to either z or y,
implying z € ann(z) or z € ann(y)). By Example 2.1 (a) of [3], up to
isomorphism, the only rings whose zero-divisor graph is the connected
graph on two vertices are Zg, Z3[z]/(z%), and Z, x Z,. Since the ring R
in question cannot have any nonzero nilpotent elements, we must have
R~ 17, x Z,.

Case 2: Suppose z is nilpotent. First, we show y is also nilpotent.

Assume that y is not nilpotent. Note that 0 # y? € ann(z), but
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v? & ann(y). Therefore, by Definition 39, either y> = z or y? = .
But y? # z since z is nilpotent and y is assumed not to be nilpotent.
Therefore, y? = y, i.e., y is an idempotent. Then, asin Casel,1—y €
ann(y) andz(1-y) = z—zy =z # 0. Thus 1—y € ann(z). Therefore,
l—-y=yorl—y=uz Butl-—y#ysince, as in Case 1, y € U(R).
Also, 1 — y # 7 since z is nilpotent and 1 — y is idempotent. This is a
contradiction. Hence, y must be nilpotent.
Let nildeg(z) = n and nildeg(y) = m. We show that n = m =
2. Assume n > 2 and m > 2. By definition of n, "2 € ann(y),
but z"~2 ¢ ann(z). Therefore, by Definition 39, either z*2 = y
or z"2 = z. But z"% # y (otherwise, y> = yz"2 = 0). Thus
"2 = 1. Then 23 = 1" = 0 (i.e., n = 3). Note that > # z
(otherwise, 2 = (z2)2 = z3z = 0). Also note that z — 1% € ann(y),

2=gzorz—1?=y. But

but z — z2 & ann(z). Therefore, either z —
clearly, z—22 # 1. Sor—1?> =y. Now ® = (z—12)3=0,i.e, m = 3.
Thus y(z + y?) = 0, but z(z + y?) = 22 # 0. So = + y? € ann(y) and
z + y? & ann(z). Therefore, either z + y?> = z or z + y? = y. Clearly,
z+y? # z. Also, z +y? # y (otherwise, y? = y(z + y2) = 0). Thus we
have a contradiction.

So, without loss of generality, m = 2. Then y(z+y) =zy+y?* =0
and z(z + y) = 2 + zy = z%. Thus, z + y € ann(y). Assume n > 2.
Then z + y &€ ann(z). Therefore, by Definition 39, either z +y = z or
z +y=y. This is a contradiction. Thus n = 2.

Note that in this case z,y € ann(z) and z,y € ann(y). Thus

ann(z) = ann(y). O
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We can strengthen the condition in Definition 39 for R % Z, x Z,.

COROLLARY 43. Let R be a ring such that R # Zy X Z,. Then, for

vertices z and y of I'(R), z = y if and only if ann(z) = ann(y).

Proof : Suppose z =~ y. If z ~ y, then ann(z) = ann(y) by
Theorem 38. If £ = y and z # y, then ann(z) = ann(y) by the
previous theorem.

Conversely, suppose ann(z) = ann(y). Then ann(z) — {z,y} =
ann(y) — {z,y}. Hence, z = y. 0O

It is now clear that, for a ring R # Z, x Z,, the relation ~ agrees

with the equivalence relation used in 3.5 of [16].

COROLLARY 44. Let R # ZyXZ, be a ring such that ECG(I'(R)) #
ecg(T'(R)). Then R contains at least two distinct nonzero nilpotent el-

ements.

Proof : Since ECG(I'(R)) can be naturally embedded into ecg(I'(R)),
we must have some vertex @ contained in ecg(I'(R)), but notin ECG(I'(R)).
Thus, there is some b € R such that a € I=>, but a ¢ b. Clearly, a # b.

Now apply the above theorem. O

COROLLARY 45. Let R # Zy X Z, be a ring with at most one

nonzero nilpotent element. Then, for any a,b € Z(R)*, a ~ b if and

only if a = b. Therefore, ECG(I'(R)) = ecg(I'(R)).
Figure 39 shows that the converse of the Corollary 45 may fail.

COROLLARY 46. Let I be a nonzero proper ideal of R. If Rad(I) = I
and R/I # Zy x Z,, then ECG(T'(R/I)) = ecg(T'(R/I)).
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7,0)
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(2,0) (4,0)

@D @0

FIGURE 39. Let R = Zg x Z,. Then ECG(I'(R)) =
ecg(IC'(R)). Since (4,0),(2,0),(6,0) € R are nilpotent,
this shows the converse of Corollary 45 can fail.

COROLLARY 47. Let R be a ring. If there is some nilpotent 0 # z €

R with nildeg(z) = n and 2z"! # 0, then ECG(I'(R)) # ecg(T(R)).
Proof : Note that z"~! = —z"~!, but z"~! £ —z*-!. O

REMARK 48. We give an example of a ring R where char(R) = 2,
R has an infinite number of nilpotent elements, and ECG(I'(R)) =
ecg(T'(R)). Let R = [[2, Z[Xi]/(X?). Assume ECG(I'(R)) is not
equal to ecg(T'(R)). Then there erist a,b € R such that a =~ b and
a % b. Therefore, ab = 0 and a® = 0 = b? by Theorem 42. Thus the
t

it* coordinate of a and b must be either X; or 0. Since a % b implies

a # b, there is some coordinate j such that a; # bj; say without loss of
generality, a; = X; and b; = 0. Let ¢ = {0:;}2,. Then c is a vertez

of T'(R) such that c is adjacent to b, but not a. This contradicts a = b.
Hence, ECG(I'(R)) = ecg(T'(R)).



CHAPTER 3: THE ZERO-DIVISOR GRAPH OF COMMUTATIVE RINGS 85

Dominating Sets

Given a connected graph G, we say a subset X of the vertex set
of G dominates G if each vertex of G is adjacent to some element of
X. Trivially, the entire vertex set of G dominates G, unless G is the
graph on one vertex (which cannot be dominated). We may use the

~-equivalence classes of G to construct a set that dominates G.

PROPOSITION 49. Let G be a connected graph on more than one
verter. Construct a subset X of the vertez set of G by selecting one

element from each ~-equivalence class of G. Then X dominates G.

Proof : Let a be a vertex of G. Since ecg(G) is connected, @ is
adjacent to 7 for some vertex y of G. Then a is adjacent to y. There is
some element yg € X such that 75 = 7. Thus yo is adjacent toa. O

Note that if G is a connected graph on more than one vertex, then
ecg(G) also has more than one vertex since adjacent vertices cannot
be in the same ~-equivalence class. The same is not true for the ~-

relation, but we get a similar result.

PROPOSITION 50. Let G be a connected graph on more than one
vertez. If ECG(G) is a graph on more than one vertez, construct a
subset X of the vertez set of G by selecting one element from each
~-equivalence class of G. If ECG(G) consists of a single vertez, let
X = {z,y} for any two distinct vertices z and y of G. Then, in either

case, X dominates G.
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Proof : Case 1: ECG(G) has more than one vertex. Since z =~ y

implies either z is adjacent to y or z ~ y, we can use the proof of the
above proposition to show X dominates G.

Case 2: ECG(G) consists of a single vertex. Then G is complete

by Proposition 41. Therefore, each vertex of G is adjacent to at least

one member of X. O

EXAMPLE 51. The converse of each of the above two propositions
fails: that is, it is possible to find a set X that dominates a graph where
X does not intersect every ~-equivalence class or ~-equivalence class
of G. Let R = Z,2. Note that I'(R) and ecg(I'(R)) = ECG(I'(R)) are
shown in Figure 33. T'(R) consists of the equivalence classes 3 = {3, 9},
4 = {4,8}, 2 = {2,10}, and 6 = {6}. The sets X = {4,6} and
Y = {6, 8} dominate I'(R), but neither set intersects 2.

For a connected graph G, we say a subset X of the vertex set of G is
a mintmal dominating set of G if X dominates G and no proper subset
of X dominates G. The above example gives two distinct minimal
dominatingsets of I'(Z,,). We next show that any minimal dominating
set of G contains either 0 or 1 element from each ~-equivalence class

of G.

THEOREM 52. Let G be a connected graph on more than one vertez.

LetY = {Ya}aca be a minimal dominating set of G. Then, fora, B € A,

Yo # ys whenever a # .

Proof : Assume y, ~ y3 for some o, 3 € A with a # 3. Consider

X =Y — {yg}. Let a be a vertex of G. If a is adjacent to yg, then a is
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adjacent toy, € X. If a is not adjacent to yg, then a must be adjacent
to some element of X since Y dominates G. Thus we have shown X

dominates G, contradicting the minimality of Y. O

COROLLARY 53. Let G be a connected graph on more than one
vertez. Let Y be a minimal dominating set of G. Then card(Y) is

less than or equal to the number of ~-equivalence classes of G.

An Open Question Concerning the Orderings of Vertices

In the previous sections, we defined what it meant for vertices =
and y of I'(R) to be “equivalent”, denoted z ~ y, for any commutative
ring R. This idea could be stated in purely ring-theoretic terms as
zy # 0 and ann(z) = ann(y). The following question was raised in
considerations of the relation ~ and A. Lauve’s work [13] mentioned

with Figure 36.

Question : Given a commutative ring R and distinct vertices z and
y in I'(R) such that £ ~ y (i.e., given distinct zero-divisors such that
zy # 0 and ann(z) = ann(y)), when is it the case that we can write

nz = my for n,m € N(R) (i.e., n, m are non-zero-divisors of R)?

This section is devoted to giving a partial answer to this question.
Before proceeding, we give a definition. An R-module M is divisible
if for any v € M and a € R such that ann(a) C annp(u), then u
is divisible by a, i.e., there is some v € M such that v = av. Note

that this definition usually involves the “right annihilator of a”, but
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this may be stated as above since we take R to be commutative in this

chapter.

THEOREM 54. Let R be a ring such that R is divisible (viewed as
an R-module). Then, if z and y are vertices of I'(R) such that z ~ y,

we have zR = yR.

Proof : Since R is divisible, zR = ann(ann(z)) by [12] Proposition
3.17, p. 70. Then z ~ y implies R = ann(ann(z)) = ann(ann(y)) =
yR by Theorem 38. O

COROLLARY 55. Let R, z, and y be as in the above Theorem with

z#y. Thenz ~ y if and only if z|y, ylz and zy # 0.

Proof : If z ~ y, the result follows from the above theorem.

Suppose z|y, y|z and zy # 0. Write £ = ay and y = bz for a,b €
R. These statements imply, respectively, that ann(y) C ann(z) and
ann(z) C ann(y). So ann(z) = ann(y). Since zy # 0 by hypothesis,
we have  ~ y. a

By an analogous argument, we can prove the following.

COROLLARY 36. Let R be as in the above Theorem. For vertices

andy of ['(R), z = y if and only if z|y and y|z.

COROLLARY 57. Let R be a von Neumann regular ring. For ver-

ticesz andy of I'(R), £ ~ y if and only if zR = yR.

Proof : Suppose that z ~ y. If R is von Neumann regular, every

right R-module is divisible [12], Proposition 3.18, p. 71.



CHAPTER 3: THE ZERO-DIVISOR GRAPH OF COMMUTATIVE RINGS 89
Conversely, suppose that zR = yR. We can write z = ys for some

s € R*. Therefore, ann(y) C ann(z). We can also write y = zt
for some t € R*. Thus ann(z) C ann(y). Hence, ann(z) — {z} =

ann(y) — {y}. Thusz ~y O

The above result, with a different method of proof, appears in [14].

EXAMPLE 58. Let R = Z xZ,. Then R is aring such that Ry (r) is
divisible. (Note that R is not von Neumann regular since, for instance,
(2,1) # (2,1)(a,b)(2,1) for all (a,b) € R.)

Proof : Let S = Rnpr). Let a € R* and let u € S* such that
ann(a) C ann(u). Let us writeu = %:—’1’; forn,z €Z and y € Zs.
Case 1: ann(a) =0. Then a € N(R). So we can write a = (m,1) for
some 0 # m € Z. Then u = a% = (m, l)zf:Ty)n

Case 2: ann(a) # 0. If a = (0,1), then ann(a) = {(b,0)] b € Z}.

Since ann(u) 2 ann(a), we must have z = 0 and y = 1. That is,

u=a.
If a = (m,0) for 0 # m € Z, then ann(a) = {(0,0),(0,1)}. Since
ann(u) 2 ann(a), we must have y = 0. Thusu = a%. O

Corollary 55 gives us a partial answer to our question if R is divisible
as an R-module (for example if R is von Neumann regular). We can

generalize this as follows.

THEOREM 59. Let R be aring and let N(R) be the non-zero-divisors
of R. Let S = Rn(r). If S is a divisible R-module, then wheneverz ~ y,
nz € yR and my € zR for some n,m € N(R).
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Proof : By [12] Proposition 3.17 again, zS = anns(ann(z)) =
anns(y) = yS. So z € yS implies z = 2 for some a € R and n €
N(R). Thus nz € yR. Similarly my € zR for some m € N(R). 0O
In the above theorem, we may write nz = yr for some r € R. Since

a € ann(r) implies a € ann(z), we must have ann(r) C ann(z). We
cannot necessarily conclude that ann(r) =0, i.e. r € N(R). Thus, we

have not quite satisfied the conditions of the question.

EXAMPLE 60. Let R = Z x Z, (refer to Figure 36). Here we have
(2,0) ~ (3,0). Let n=(2,1) and m = (3,1). Then n,m € N(R) and
m(2,0) = n(3,0). But also we have (2,0)(3,0) = (3,0)(2,0), where
clearly (2,0),(3,0) € Z(R).

The Structure of I'(R x S)

One convenient way to produce rings with zero-divisors is to take
the Cartesian product of two rings. We introduce the following notation
to be used in this section: For a graph G, let

V(G) denote the set of all vertices of G.
E(G) denote the set of all edges of G.
For aring T, let n(T,2) = {z € T| nildeg(z) =2 or z = 0}.

PROPOSITION 61. Let R and S be commutative rings. Define the
following subsets of R x S:
A={(r,0)] r€ R*} B={(0,s)| s€ S*}
C={(rs)reR seZS)}
D= {(r',s)| " € Z(R)* s€ S7))}
Then V(I'(Rx S)) = AuBUCUD and
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card(V(I'(R x S))) = (card(R) — 1) + (card(S) — 1) + card(V (I'(R))) -
(card(S) — 1) + card(V(L'(S)) - (card(R) — 1)

— card(V(L(R))) - card(V (I'(S))).

Proof : For alla € A and b € B, ab = (0,0). Thus A,B C
V([(R x S)). Let (r,s) € V(I'(Rx S)) — (AU B). Then r # 0 and
s # 0. There is some vertex (r',s’) adjacent to (r,s). Thus 7' = 0 and
s =0. If ' # 0, then r € Z(R)" and so (r,s) € D. If s' # 0, then
s € Z(S))* and so (r,s) € C. Therefore V(I'(Rx S)) C AUBUCUD.

If (r',s) € C, then r' € Z(R)" and so there is some ¢t € R* such that
tr' = 0. Then (r',s)(¢,0) = (0,0). Thus D C V(['(R x S)). Similarly,
one may show C C V(I'(R x S)).

The last equation is merely counting the distinct elements in A U

BuCUD. O

COROLLARY 62. I'(R x S) contains a subgraph isomorphic to
KRI=LISI=1 If R and S are integral domains, I'(R x S) =~ K/ISI-LIRI=1,

Proof : The sets A and B as defined above determine a complete
bipartite graph. If R and S are integral domains, V(I'(R x S)) =
AUB. O

COROLLARY 63. I'(R x S) contains at least card(n(R,2)) disjoint
subgraphs isomorphic to I'(S) and card(n(S, 2)) disjoint subgraphs iso-
morphic to I'(R).

Proof : For each z € n(R,2), take as the vertex set {(z,s)| s €
V([(S))}. Since z2 =0, (z, s) — (z,s’) is an edge in ['(R x S) if and
only if s — s' is an edge in I'(S). O
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PROPOSITION 64. Let R and S be rings. Define the following sub-
sets of (R x S) x (Rx S):
A={((r,0),(0,s))| r € R*, s € S"}
= {((r,s),(0,5))| r € R*, s—s'"e€ E(I'(S))}
), (r",0))| r — ' € E(T(R)), s € S}

—_
3
»

»8), (r',8'))| r — ' € E(T(R)), s—s'€ E(I(S))}
z,s),(z,s'))| z € n(R,2), s —s' € E(I'(S))}
Y):

Y)

3

(
C=A{(
D= {(
E={(
F={( (r',9))| r —r' € E(T(R)), y € n(S,2)}

G ={((0,y),(r,y))l r € R, 0 # y € n(S,2)}

H = {(

Then E('(Rx S))=AUBUCUDUEUFUGUH and
card(E(F'(R x S))) = (card(R) — 1)(card(S) — 1) +
2card(E(I'(S)))(card(R) — 1) + 2card(E(T'(R)))(card(S) — 1) +
2card(E(I'(R)))card(E(T'(S))) + card(n(R,2))card(E(I'(S))) +
card(n(S, 2))card(E(I'(R))) + (card(n(S, 2)) — 1)(card(R) — 1) +
(card(n(R,2)) — 1)(card(S) — 1).

Proof : Clearly, each element of any above subset defines an edge
of '(R x S), and these subsets are pairwise disjoint. Thus the equation
above merely counts the elements in the subsets A through H.

Let (r,s) — (r',s’) be an edge between distinct vertices of I'(R x S).
Then rr’ =0 = ss’.

Casel:Tr=0and s#0. If s’ =0, then ' # 0 and therefore the edge
isin A. For s’ # 0, then the edge is in B or £ if s # s, and the edge
isinGifs=ys"

Case2:71 # 0 and s = 0. Then by an argument similar to that of
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Case 1, either the edgeis in A,C, F, or H.
Case3d:r#0ands #0. If ' =0, then the edge is in B if s # s’ or in
Gifs=3s". If s =0, then theedgeisin Cifr# r' orin H if r = ¢'.
For the case ' # 0,s’ # 0, we have the edge is in E if r =7/, or in F

if s=s',orin D if both r # r and s # &'
As we have now exhausted all cases, we have e(I'(R x S)) C AU
BUCUDUEUFUGUH. O
As in Chapter 2, for a graph G we define §(G) = min{deg(z)| z €

V(G)}. The next result is a direct consequence of Corollary 62.

COROLLARY 65. If R and S are integral domains, 6(I'(R x S)) =
min{|S|, |R|} — 1.

PROPOSITION 66. Let S be an integral domain, and R a ring such
that R has at least one nontrivial zero-divisor (that is, R is not an

integral domain). Then 6(I'(R)) < 6(I'(R x S)) < 6(T'(R)) + 1.

Proof : Let (a,b) be a vertex of I'(R x S).

Casel: b = 0. Then a # 0 and (a,bd) — (c.d) is an edge implies
c € Z(R) and d € S is arbitrary. Thus deg((a, b)) > degr(r)(a) - |S*| >
4(T(R)).

Case2:a = 0. Then (a,b) — (c,0) is an edge of I'(R x S) for any
c € R*. Thus deg((a,b)) > |R"| > degr(g)(a) = 6(I'(R)).

Case3:a # 0,b # 0. If (a,b) — (c,d) is an edge of '(R x S), then
d = 0 and ac = 0. Thus, deg((a,b)) = degr(r)(a) if a* # 0, and

deg((a, b)) = degr(r)(a) + 1 if *> = 0 (since here we get the additional
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vertex (a,0)). Note that in either circumstance, deg((a, b)) > d(T(R)),

and we are always able to find some vertex of I'(R x S) as in this case.

Hence, we have shown in every possible case that deg((a,b)) >
(T(R)).

Let A = {z € Z(R)*| degrr)(z) = 6(T(R))}. If 22 # 0 for some

z € A, then §(I'(R x S)) = degr(r)(z) = 6(F(R)). If z2 = 0 for all

z € A, then §(I'(R x S)) = degr(r)(z) + 1 = 6(F'(R)) + 1. O

PROPOSITION 67. Let R and S be rings, each of which contains a
nontrivial zero-divisor (that is, neither R nor S is an integral domain).
Then
min{§(T'(R)),d(T'(S))} < 6(T(R x S)) < min{6(T'(R)),d(I'(S))} + 1.

Proof : Recall, we let N(R) be the set of non-zero-divisors of R.
Let (a, b) be a vertex of I'(R x S).
Casel:a=0. Then (a,b)—(r,0) is an edge for each 0 # r € R. Thus
deg((a,b)) > |R*| > degr(r)(a) 2 6(T'(R)).
Case 2 : b= 0. By an argument analogous to the above case,
deg((a, b)) > 6(I'(S)).
Case3:a € Z(R)*,b€ N(S). Then (a,b)—(c,d) isanedge of '(Rx S)

if and only if d = 0 and either c is adjacent to @ in I'(R) or a> = 0
and ¢ = a. Thus deg((a,b)) = degrr)(a) > 6(T(R)) if a® # 0 or
deg((a, b)) = degrry(a) +1 > 6(T(R)) + 1 ifa%2 = 0.

Cased4:a € N(R),b € Z(R)". By an argument analogous to the
above case we get deg((a,b)) = degr(s)(b) > 6(I'(S)) if b* # 0 and
deg((a, b)) = degr(s)(b) + 1 > §(I'(S)) + 1 if b2 = 0.

Case5:a € Z(R)*,be Z(S)*. Then (a,b) —(c,d) is an edge in ['(R x
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S) whenever ac = 0 and bd = 0; in particular, whenever c is adjacent
to a and d is adjacent to b. Thus deg((a, b)) > degr(r)(a)degr(s)(b) >
min{6(T'(R)),8(T'(S))}-
Hence, we have shown that in every possible case deg((a,bd)) >
min{6(I'(R)),6(I'(S))}.
Let A = {a € R*| degr(r)(a) = 6(I'(R))} and B = {b € S*| degr(s)(b)
= 6([(S))}. If6(T(R)) < 8(I(S)), then either §(I'(RxS)) = deg((a, 1))
= §(T'(R)) if there is some a € A such that a® # 0, or §(T'(R x S)) =
deg((a,1)) = 6(T'(R)) + 1 if @®> = 0 for all @ € A. Similarly, if
0(I'(S)) < 6(T(R)), we get §(I'(R x S)) = 8(I'(S)) or 6(I(S)) + 1.
If 6(I'(S)) = 6(I'(R)), a similar argument shows either §(I'(R x S)) =
O(T'(S)) or 6(I'(S)) + 1. O

More on the Degree of a Vertex

Recall that an edge E of a connected graph G is called a bridge if
G —E is disconnected. In the case of ['(R), one can connect the concept

of a bridge to the previous relations on the vertices of the graph.

PROPOSITION 68. Let G be a connected graph. If the edge a — b is
a bridge of G, then a L b.

Proof : Clearly, a is adjacent to b since a — b is an edge of G. If
G contains a vertex ¢ adjacent to both a and b, then a — cand c— b
are edges of the graph G — {a —b}. Thus any path containing the edge
a — b can be replaced with path containing a — ¢ and ¢ — b. Thus,
G — {a — b} is connected. However, this contradicts the fact that a — b

is a bridge. O
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Figure 40 shows that the converse of this Proposition may fail.

A result analogous to the following appears on page 444 of [2].

PROPOSITION 69. Let R be a ring. Then 6(I'(R)) is either
min{lann(z)|: z € Z(R)*} — 1, or min{|ann(z)|: z € Z(R)*} — 2.

Proof : For any vertex z of I'(R), the vertices adjacent to z are
precisely those a € ann(z) with a # 0 and a # z. Thus, either
deg(z) = |ann(z)| — 1 if 22 # 0, or deg(z) = |ann(z)| — 2 if 22 = 0.
Let M = min{|ann(z)|: z € R} and let A = {z € R*| deg(z) = M}.
If there exists some a € A such that a®> = 0, then 6(T'(R)) = M — 2.
Otherwise, 6(I'(R)) = M — 1. O

COROLLARY 70. For any vertez z of I'(R),

- if 72
deg(z) = lann(z)| -1 ifz? #0,

lann(z)]| -2 ifz2=0.
If R is reduced, then §(F'(R)) = min{|ann(z)|: z € R} — 1.

For the next few results, we use the following lemma.

LEMMA 71. Let R be a ring with char(R) =m # 0 andlet0 # z €

R. If n > 2 is the smallest integer such that nz = 0, then n divides m.

(0,1) (1,0)

(2,0) (0,2)

FIGURE 40. Given below is I'(Z3 x Z3), where (1,0) L
(0,1) but (1,0) — (0,1) is not a bridge.
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Proof : The order of z in the group < R, + > isn. Then char(R) =

m implies mz = 0. Thus n|m. O

THEOREM 72. Let R be a ring such that 6(I'(R)) = 1. Then either
['(R) is a graph on two vertices, or there exists some 0 # a € R such

that 2a = 0.

Proof : If §(I'(R)) = 1, there is some z € R* with deg(z) = 1.
So there is a unique y € R* such that £ # y and zy = 0. Now
z(y + y) = 0. Thus either 2y = z or 2y = 0. If 2y = 0, we are done. If
2y = z, we show I'(R) is a graph on two vertices. Now, 2y = z implies
z(r+y) =12+ zy = z(2y) + 0 = 0. That is, y = —z. So, if ['(R) has
a vertex a adjacent to y, a is also adjacent to z. But, since deg(z) = 1,

we must have a = z. Hence, ['(R) has only the vertices z and —z. O

EXAMPLE 73. I['(Z,3), given in Figure 33, is graph on more than
two vertices. Note that §(I'(Z);)) =1 and 6 + 12Z € Z,, with 2(6 +
12Z) = 0.

COROLLARY 74. Let R be a ring such that I'(R) is a graph on three
or more vertices. Ifdeg(z) = 1 for some verter z of I'(R), then char(R)

is even (possibly zero).

EXAMPLE 75. ['(Z x Z,), given in Figure 36, is the graph of a ring
of characteristic zero with 6(I'(Z x Z,)) = 1.

COROLLARY 76. Let R be a ring such that char(R) is odd and I'(R)

is a graph on three or more vertices. Then §(I'(R)) > 1.
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COROLLARY 77. Let R be a ring with char(R) = m # 0. If neither

2 nor 8 divides m, then I'(R) is not the connected graph on two vertices.

Proof : Assume I'(R) consists only of the vertices z and y. Since 2
does not divide m, z # —z and y # —y. Thus, we must have z = —y.
Now, 2y # 0 and 2y € ann(z) C {0, z,y}. Since 2y # y, we must have
2y =z = —y. Thus 3y = 0. But this contradicts the fact that 3 does
not divide m. O

A list of all rings R (up to isomorphism) such that I'(R) is the
connected graph on two vertices is given in Example 2.1 (a) of [3].

We can generalize the above theorem as follows.

THEOREM 78. Let R be a ring. If 6(I'(R)) = n for some positive
integer n, then there is some 0 # a € R such that ma = 0 for some

integer 2<m < n+2.

Proof : Since 6(I'(R)) = n, there is a vertex z of I'(R) with
deg(z) = n. Thus ann(z) — {0,z} = {z;,z,.... ,z,}. Forany m € Z,
(mzy)z = 0. So mzy € {z1,...,2,,0,z} forallm =1,2,... .n+ 1.
If mz; =0 for some m = 1,2,... ,n + 1, we are done. If this is not
the case, then each muz, is distinct. Since {mz,|m =1,... ,n+ 2} C
{z1,.-. ,Z5,0,z}, we must have (n + 2)z; =0 (if (n + 2)z, = mz, for

1<m<n+1, then (n —m+ 2)x; =0). O

COROLLARY 79. Let R be a ring with char(R) = m # 0, such that
[(R) is a graph on three or more vertices. If k is a positive integer

such that ged(n,m) =1 for all2 < n < k, then 6(I'(R)) > k — 1.
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Proof : The cases for k = 1,2 are trivial. If §(I'(R)) < k — 2,
then R has an element of additive order 2 < n < k. Thus n divides

char(R) = m, a contradiction. (]

COROLLARY 80. Let R be a ring with char(R) = m # 0, such that

['(R) is a graph on three or more vertices. Let p be the smallest prime

dividing m. Then 6(I'(R)) > p— 2.



100

Bibliography



BIBLIOGRAPHY 101

[1) D. D. Anderson and M. Naseer, “Beck’s Coloring of a Commutative Ring,” J.
Algebra 159, 500-514 (1993).

(2] D. F. Anderson and P. S. Livingston, “ The Zero-Divisor Graph of a Commu-
tative Ring,” J. Algebra 217 434-447 (1999).

(3] D. F. Anderson, A. Frazier, A. Lauve, P. S. Livingston, “The Zero-Divisor
Graph of a Commutative Ring, II,” Lecture Notes in Pure and Appl. Math.
202 61-72, Marcel Dekker, New York (2001).

[4] F. W. Anderson and K. R. Fuller, Rings and Categories of Modules, Springer-
Verlag, New York (1992).

(3] I. Beck, “Coloring of Commutative Rings,” J. Algebra 116 208-226 (1988).

(6] B. Bollobas, Graph Theory: An Introductory Course, Springer-Verlag, New
York (1979).

[7] G. Chartrand, Graphs as Mathematical Models, Prindle, Weber, and Schmidt,
Incorporated, Boston (1977).

[8] F. DeMeyer and K. Schneider, “Automorphisms and Zero Divisor Graphs of
Commutative Rings,” Internat. J. Commutative Rings, to appear.

[9] N. Ganesan, “Properties of Rings with a Finite Number of Zero Divisors,”
Math. Ann. 157 215-218 (1964).

[10] N. Ganesan, “Properties of Rings with a Finite Number of Zero Divisors II,”
Math. Ann. 161 241-246 (1965).

[11] J. A. Huckaba, Commutative Rings With Zero Divisors, Marcel Dekker, Inc.,
New York (1988).

(12) T. Y. Lam, Lectures on Modules and Rings, Springer, New York (1999).

(13] A. Lauve, “Zero-Divisor Graphs of Finite Commutative Rings,” Honors Senior
Thesis, The University of Oklahoma, Norman, OK, April, 1999.

(14] R. Levy and J. Shapiro, “The Zero-Divisor Graph of a Von Neumann Regular
Ring”, Comm. Algebra, to appear.

(15] P. S. Livingston, “Structure in Zero-Divisor Graphs of Commutative Rings,”

Masters Thesis, The Univeristy of Tennessee, Knoxville, TN, December, 1997.



BIBLIOGRAPHY 102

(16] S. B. Mulay, “Cycles and Symmetries of Zero-Divisors,” Comm. Algebra, to

appear.



103

Appendix



APPENDIX 104

Let R and S be commutative rings with identity. Figures 41 through

54 give the equivalence class graph of I'(R x S), ecg(I'(R x S)), based
on the properties of I'(R) and I'(S).

(0, s) (r,0)
———o

FIGURE 41. R and S are both integral domains. For
r € R* and s € S*:

(r.0)  (0,8) (2,0) (z,9)
— o - —e

FIGURE 42. S is an integral domain and I'(R) = {z}.
Then 2 =0inR. Forr € R—{0,z} and s € S*:

(0,y) (z,0)

(z,9)

(r,y) (z,s)

FIGURE 43. I'(R) = {z} and I'(S) = {y}. Forr €
R~{0,z} and s € S— {0,y}:
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(b, s) (a,0)

FIGURE 44. I'(R) has vertices a and b with a? # 0 and
b% # 0, and S is an integral domain. Forr € R— {0, a, b}
and s € S*:

FIGURE 45. I'(R) has vertices a and b with a? = % = 0,
and S is an integral domain. For r € R — {0, a,b} and
s€ S
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FIGURE 46. I'(R) has vertices a and b with a? # 0 and
b*> # 0, and I'(S) = {y}. Then 4> =0. Forr € R -
{0,a,b} and s € S — {0,y}:

(0, 5)
(,0) (r,y)
(0,)
(e,0) (©.0)
(6,5)
(®,9) (2.9)

FIGURE 47. T'(R) has vertices a and b with a?> = ¥ = 0,
and I'(S) = {y}. Then y? = 0. In this case (a, s) ~ (b, s)
forall s € S*. Forr € R—{0,a,b} and s € S — {0,y}:
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Type 1: y> #0, 22 #0, 22 # 0

X y z
o s 4 @

Type 2: > =0, 72 #0, 22 #£0

T

Type3: > =22 =22=0

"
]

FIGURE 48. Recall, for a commutative ring R there are
three possibilities if I'(R) is a graph on three vertices.

(v, ) (z,0)

(z,5) (#,0) \(0,5)
*—

FIGURE 49. I'(R) has vertices x, ¥, and z and is of Type
1, and S is an integral domain. We have (z, s) ~ (z,s)
foralls€ S. Forr€e R—{0,z,y,z} and s € S*:
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(¥,9) (z,0)

(r, 0)

FI1GURE 50. I'(R) has vertices x, y, and z and is of Type
2, and S is an integral domain. We have (z, s) ~ (z,s)
foralls€ S. For r € R- {0,z,y,2} and s € S*

—

z,0) (y,0)

(z.s)

FIGURE 51. I'(R) has vertices x, y, and z and is of Type
3, and S is an integral domain. We have (z,s) ~ (z,s) ~
(y,s) forall s € S*. Forr € R—{0,z,y,2} and s € S*:
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FIGURE 52. I'(R) has vertices x, y, and z and is of Type
1, and I'(S) = {a}. Then a® = 0. We have (z,s) ~ (z,s)
foralls€ S. Forr € R—{0,z,y,2} and s € S — {0,a}:

(z,0)

(y,0)

FIGURE 53. I'(R) has vertices x, y, and z and is of Type
2, and ['(S) = {a}. Then a® = 0. We have (z, s) ~ (z, s)
foralls€ S. Forr € R—{0,z,y,2} and s € S — {0, a}:
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(0,s) (0,a) (r,a)
—

®.0)

FIGURE 54. I'(R) has vertices x, y, and z and is of Type
3, and I'(S) = {a}. Then a? = 0. We have (z,s) ~
(2,8) ~ (y,s) for all s € S*. For r € R—{0,z.y, 2z} and
s€S—-{0,a}:
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