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ABSTRACT

This thesis presents two resource-consumer systems, one based upon
the classical Gallopin model and another based upon the classical Gal-
Topin model combined with the Smith's hypothesis. The models are
studied via numerical and analytical techniques. The Continuous System
Modeling Program is used to study the effect of parameters on the re-
sponse of these two systems. The analytical approach used in the
stability analysis consists of linearization combined with the Hurwitz
stability criterion.

Necessary and sufficient conditions for local stability for both
the extended Gallopin and Smith systems are found. In general, more
restrictions are needed to guarantee stability in the extended Smith
system than are necessary for the extended Gallopin model. From the
computer output, a similar result is obtained. More damping and restric-

tions on parameters are observed.



TABLE OF CONTENTS

CHAPTER
I INTRODUCTION . . & & v v v v v e vt e e e e e e e e e 1
II GENERAL PROPERTIES OF A RESOURCE-CONSUMER SYSTEM . . . . 4
ITI COMPUTER SIMULATION. . . . .+ v v v v v v v o o o o o o & 18
v STABILITY ANALYSIS . . . ¢ v v v v v v v v v v v v o o s 42
v CONCLUSION . & v v v v v v v e vt e e e e e e e e e s 56
REFERENCES . . & v v ¢ v v e v e v e e e e e e e e e e e e e e 58
1 - 60




FIGURE

10.
11.
12.
13.

14.
15.
16.
17.
18.

19.
20.
21.
22.

v

LIST OF FIGURES

PAGE
A general population resource system . . . . . . . . . . 2
Block diagram of the resource-population system. . . . . 13
Block diagram of the resource population system using
Smith's model. . . . . « . ¢ v v v v v v v oo e 14
Behavior of the resource and the biomass for a
constant resource input rate for System A. . . . . . . . 19
Effects of k on the behavior of M for System A 20
Effects of k on the behavior of A for System A 20
Effects of B on the behavior of M for System A 21
Effects of B on the behavior of A for System A 21
Effects of a on the behavior of M for System A . . . 22
Effects of a on the behavior of A for System A . 22
Effects of o on the behavior of M for System A . 22
Effects of o on the behavior of A for System A 24
Effects of o on the behavior of M for
M(0) = 1.0 different from Figure 11 . . . . . . . . . . 25
Effects of o on the behavior of M for System A 26
Effects of o on the behavior of A for System A . 26
Effects of vy on the behavior of M for System A . 27
Effects of y on the behavior of A for System A 27
Behavior of the resource and the biomass for a
constant resource inpute rate for SystemB . . . . . .. e
Effects of k on the behavior of M for SystemB . . . 2€
Effects of k on the behavior of A for SystemB . . . 29
Effects of B on the behavior of M for SystemB . . . 30
Effects of B on the behavior of A for SystemB . . . 30



S

vi
FIGURE PAGE
23. Effects of a on the behavior of M for System B. . . .31
24. Effects of a on the behavior of A for System B. . . .31
25. Effects of o on the behavior of M for System B. . . .32
26. Effect of o on the behavior of A for SystemB . . . .33

27. Effects of o on the behavior of M for M(0) = 1.0
different from Figure 25. . . . . . « « ¢ ¢« « v ¢ o o . . 34
28. Effects of o on the behavior of for System B. . . .34

29. Effects of o on the behavior of for System B. . . .35

.36

31. Effects of y on the behavior of for System .36

M

A
30. Effects of v on the behavior of M for System

A

32. Effects of b on the behavior of M

A

B
B

for System B. . . .37
B

33. Effects of b on the behavior of for System .38




1
CHAPTER 1

INTRODUCTION

An ecosystem has properties derived from its component populations,
from the interactions between these populations, and from the physical
environment. The complexity of an ecosystem is a result not only of
the number of component elements (populations and environmental vari-
ables), but also the characteristics of their interactions. In order
to study such a system, it is often important to reduce their constituent
elements to essentials, and to center the research on the interactions
between the constituents. The objective of this study is to develop
a simple population model which could be used for theoretical studies
of ecosystems, and to investigate the role of higher order rates of
change in model formulations. This population model includes two
main variables: population size and resource utilization. It describes
the growth of a hypothetical population in a resource-limited environ-
ment.

In general, it is reasonable to postulate that a population
growing in a limited environment will tend to grow as far as the environ-
ment allows it. This implies that for a given set of environmental
conditions, there is one and only one maximum sustainable size for a
given population. This size may or may not be reached at a given time,
but it will be reached or oscillated around, given enough time. It
is reasonable to consider a population growing in a limited environment
as a control system in which the controlled variable is its own size.

In particular, consider a population producing or maintaining biomass
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in a given set of environmental conditions. Such a population can be
described as a black box characterized by a set of state variables. The
system receives an input (resource), loses part of the input and pro-
duces an output (biomass). This is illustrated in Figure 1 with the
population being embedded in the environment. The environment can act
upon the size of the population in many conceivable ways including:

1. Directly affecting the resource input by altering the popu-

lation size.

2. Affecting the state variables, which in turn will affect the

resource input and the loss.

population
resources state biomass

variables

o

]

|}

)

loss

Environment

Figure 1. A general population-resource system
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Within the context given above, a limiting factor (or set of factors)
will be defined as one that determines the maximum size the population
can reach in any given situation. Different sets of limiting factors
can act at different points in time. Therefore, the size of the popu-
lation will depend on the effects of all the relevant factors, inclu-
ding the 1imiting factors in the environment, and the factors inherent
in the population itself.

The objective of this thesis is to derive mathematical models of
resource-consumer systems based upon the Gallopin model and Smith's
hypothesis. Based on the derived mathematical models, Continuous System
Modeling Program, an IBM/360 program for the simulation of continuous
system, is applied. Furthermore, the Hurwitz stability criterion is

used for stability analysis.
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CHAPTER II

GENERAL PROPERTIES OF A RESOURCE-CONSUMER SYSTEM

Before the model of ecosystem studied here is delineated, the
following assumptions are noted:

Assumption 1. The environment, other than the resource, will be

considered constant in order to simplify the situation and allow the
study of the basic relations.

Assumption 2. There is a single limiting factor, the resource,

acting on the consumer population.

Assumption 3. It will be assumed that the resource enters the

system at a constant rate.

Assumption 4. The biomass of the population and the resource are

homogeneously distributed in the physical space.

Assumption 5. The excreted resource is not available for reinges-

tion.

Assumption 6. The relevant average physiological state of the

organisms is reflected inthe biomass and its derivatives.

As in the system shown in Figure 1, the consumer population will
ingest part of the resource, and the ingested resource will be trans-
formed into biomass except for the part that is lost by defecation or
egestion. In order to study the resource-population model carefully,

variables of the ecosystem will be defined and discussed.
1. Rate of Resource Input (f)

The rate of resource input to the system is constant, and it is
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assumed to not be affected by the population. Therefore,

dF
f =gt constant (1)

where F 1is the amount of food entering the system.

2. Amount of Resource Available (A)

The amount of resource available for ingestion at any time is
the difference between the resource that has entered the system and

the resource that has been ingested by the population. Therefore,

A

F-C (2)

where C is the amount of food ingested by the population.

The lifetime (8) of the resource is defined as the time that
the resource is available to the population. After 6 has elapsed,
the resource may be destroyed, may decay, or may be eaten by other

populations.
3. Ingestion Rate (c)

The definition of the ingestion rate is more difficult to specify.
The ingestion rate is related to: (1) the amount of food available

(A) , (2) the biomass of the population (M) , (3) the time deri-
2

(gM R am , etc.) and (4) the characteristics

dt dt2

and distribution of the resource and of the physiological state of the

vatives of the biomass

individuals. The relationship between the ingestion rate and the
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characteristics and distribution of the resource is quite complicated
and is discussed in Iviev's paper (1961). In order to simplify our
problem, assumptions 4 and 6 are being added.
As in Smith's paper (1963), it is proposed that the ingestion
rate is related to some of the time derivatives of the biomass. This
could account for the fact that growing organisms consume more food
per unit mass than non-growing ones. In addition, it is suspected that
the second order term (dZM/dtZ) may have effects on the ingestion
rate. That is, the faster growing organisms may consume more food per
unit mass than slower growing ones. Therefore, the first and second
time derivatives are considered in the present study.
It is evident that the ingestion rate cannot be infinite, even
if there is an infinite amount of food available, and the amount of
food ingested in a given period of time cannot exceed F . With all

the above considerations, one has
2 2
c = g (M, dW/dt , dM/dt%,..., A) (3)

Consider a simple relationship between the ingestion rate and
biomass. From Gallopin's paper (1971), the rate of change in the
ingestion rate per unit change in the food available is proportional
to the hunger of the population. That is, if the population is satiated,
an increase in available food will not increase the ingestion rate;
but if the population is hungry, an increase in the food available will

produce a significant increase in the ingestion rate. Therefore,




a: a constant; the ingestion rate per unit mass which corresponds
to maintenance of complete satiation
Dimension: (1/time)
aM: the total ingestion rate at maintenance of satiation
aM - c: instantaneous hunger of the whole population
h(M): a proportionality coefficient depending on the biomass
of the population.

Integrating with respect to A,

aM + k(m)e N(MA (5)

(o]
"

When A =0, K(M) = -aM . Therefore,

h(MA) (6)

O
]
[}
=
—
—
]
(g2}

This is the general expression for the ingestion rate of the
population. The coefficient h(M) may have different forms. The sim-

plest assumption is that:

h(M) = a/M (7)

with o a dimensionless constant so that an increase in A has

a greater effect on the ingestion rate when M is small than when M



is large. Then, we have

¢ = aM(1 - e OAMy (8)

Following Smith's idea, the time derivatives are considered in
the model. Assuming that a growing population (positive dM/dt) has
a higher ingestion rate than a non-growing population of the same bio-

mass leads to

X oot b WMLl . (9)

Now integrating with respect to A,

¢ = (aM + b g—’;')(l - e oA/M, (10)
4, Loss Rate (1)

The loss rate is defined as

A=ety+x+d

where
e = egestion rate
vy = rate of respiration of consumer
x = rate of excretion of consumer
d = rate of death of the population

The simplest assumption is that the loss rate ()\) is proportional to



the biomass of the population. Therefore

A= kM (12)

By considering the terms individually involved, it is possible to

formulate a more general model.

(i) Egestion Rate (e)

This is the rate at which the non-assimilated resource is being

discarded; hence, the egestion rate can be represented as
e =g,(c) . (13)

Since the egestion rate is proportionally related to the ingestion rate,

it is reasonable to assume a first order approximation:

where u is a constant for the simplest case, or a variable in the
more complex ones. That is, a higher ingestion rate will have a higher

egestion rate.

(i) Respiration Rate (y)

For a constant environment, the respiration rate can be assumed
to be proportional to the biomass of the population and its derivatives.
This is based on Smith's assumption that a growing population has a

higher ingestion rate, a higher respiration rate, and a higher excretion
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rate than a non-growing population of the same biomass. In addition,
a faster growing population may have a higher respiration rate and

excretion rate than a slower growing one. Therefore, in general,

2
M dr.) (15)

= 93(M9 d_t'g 'd?s-o-

In particular, if one assumes Y 1is linear in its variables,

2
_ o, .
YEkMrvg e 2 (15")

where kl’ Y19 and Y, are constants.

(iii) Excretion Rate (x)

Based on Smith's assumption, the excretion rate is written as:

2 2
x = gy gL L) = kit + w S+, (16)
dt dt
where k2, Wis and w, are constants.
(iv) Death Rate (d)
In general, the death rate is assumed to be:
d = QS(M! %_r_ 980 ey Pl) (17)

where P1 = predation rate.
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In the absence of predation, the natural death rate is assumed to
be a function of the biomass and its derivatives. Therefore the natural

death rate may be:

2
e e
d=9gcM gp---) = kM -0 ¢ - 9 2 (18)

where q and q, are positive constants.
Equation (18) implies that the death rate increases when the bio-
mass of the population is decreasing (dM/dt < 0) and the rate of the

population biomass is decreasing (d2M/dt2

< 0) , and it increases when
the population biomass is growing (dM/dt > 0) and the rate of popu-
Tation biomass is increasing.

In conclusion, the total loss rate is

A=e+y+x+d

2 2
) N M d42m
suc + kMt vy g vy e M Wy gty
dt dt
2
dM 42y
+kM-9, 77 - 9, =5
g %22 (19)
=uc + (ky + Kk, + k)M + (v +w-q)gm
= 1tk kg 1 W -9 g
d2u

+ (v, + W, - q,)
2" W2 " %0 2

where k = k1 + k2 + k3 = maintenance cost per unit mass of the
population with dimensions (1/time), L = vy W -Gy is dimensionless

and P =v, tw, -q, with dimension (time/mass).
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To put all the above variables of the system together, the relation-
ship between the ingestion rate, the growth rate and the loss rate is

assumed to be:

-— = C - A (20)

Substitution of equation (19) into equation (20) and rearrangement

leads to
dm | M |
c(l -u) = ——7- + (L +1) It + kM (21)
dt
Let
_ P 1+l .k
Y T Tw 0T T -u BT Ty ;
equation (21) becomes
M, M,
I togp t M (22)

(1) Basic Equations of the Model

According to Gallopin's model, the general fundamental equations

are:

A=F(t) -C
c = aM(1l - e'h(M)A) (23)
o L A
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It is assumed that h(M) = o/M and the lifetime -of the resource
(6) dis infinite. Substituting equations (8) and (22) into equation
(23) and then differentiating A with respect to t , the resulting

model is a system of two non-linear simultaneous differential equations:

A
dt
2

(A)
y%+o%’%+M(e-a+ae

£ o c(t) = f - aM(1 - e @AM (24)

-oAMy < g (25)

The system can be represented by the block diagram as in Figure 2.

+

—-[>——_9P—* CeaM(1-e "M > >

C/‘ o\
N

Figure 2. Block diagram of the resource-population system.
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If Smith's model (equation 10) and equation (22) are substituted

into equation (23), then the system of equations becomes:

Ghofoc(t) = f- (am+ b M. oM (26)
(8)
2
Yi_g+ (o-b+be'°‘A/M)%+M(B-a+ae’°‘A/M) =0 (27)
t

The block diagram of this system is in Figure 3.

Figure 3. Block diagram of the resource-population system using
Smith's model

(I1) Sensitivity of the Steady State Values of the Variables to
Changes in the Parameters

The steady state of a system is the state in which all the rates

of change of the variables with respect to time are zero. Therefore, if

.
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the system under consideration is at a steady state, then

2 2
d™M _ d"A dM _ dA
— = =0 and 5z =5=0 and M =M, = constant;
dt2 E;? dt dt 0
A = A0 = constant and the system reduces to:
-aA~/M
0=f-am(1-e 00 (28)
-aAO/M0
0 =My(s - a+ae ) (29)
Note that M0 = 0 does not satisfy the equation (28) unless
f=0. For f different from zero, the equilibrium points of the
system are:
_f_f(1 -u)
Mo =5 X (30)
A = - !Q'Tn(l S8y L FA - ) g k) (31)
0 o a ko, a(l - u)

For the Smith model, the equilibrium points of system (B) are the
same as system (A) .

The sign of the derivatives of MO’ A0 with respect to the param-
eters indicates whether a change in the value of the parameter will
increase, decrease, or not affect the steady state values of the
variables. Furthermore, the numerical value of the derivative gives
an indication of whether the value of the variable at the steady state

is strongly or weakly affected by the variation in the parameter. The
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following development will be made for the case in which k< a(l - u) ,
the only biologically interesting situation, in which the maintenance
cost per unit mass of the population (k) 1is smaller than the assimi-
lation rate per unit mass (a(l - u)) and therefore the population is
able to grow if provided with food.

Taking the derivatives of M0 with respect to the parameters, the

following may be obtained:

oM oM
0. _ 0.
2a o o0 0
%:__f_<0 BMO =f_>0
oB B2 3(1 - u) k
%=_(1-U)f<o
ok k?
oM
0 _ (1 -u)
5 - & >0

Similarly for AO , a table for the analysis is formed.

From Table 1, the value of M, can be increased by increasing B

0
or f , but it will decrease with an increase in the maintenance cost

k , increasing instead the value of A0 , which is increased also with

an increase in the resource input rate, as is to be expected; an increase
in a, a, B will decrease the value of A0 . The ingestion rate at

the steady state will be increased only by an increase in f .



Table 1.

17

The qualitative effect of the parameters of the model on the
steady state values of M, A, and C

0 0 0

a 0 - 0

o 0 - 0

(1 - u) + - 0
k - + 0

f + + +
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CHAPTER III
COMPUTER SIMULATION

In order to show explicitly the behavior of the model under dif-
ferent conditions, Continuous System Modeling Program (CSMP) is applied
in this study. The Fourth-order Runge-Kutta method of numerical inte-
gration over a fixed interval is used. Two systems: system (A) -
equations (24) and (25), and system (B) - equations (26} and (27), are
examined. The results are plotted from Figure 4 to Figure 17 for
system (A) and system (B) is shown in Figures 18 to 33.

Figure 4 shows the behavior of the resource and the bjomass
simultaneously for a constant resource input rate when a = 0.6, a = 0.8,
k =0.5, 0=2.0,8=0.5 vy=1.0 and f =3.0. Initially, the
resource accumulates, because the population is too small to be able
to ingest the resource at the same rate it enters. Then, the popu-
lation overshoots its steady state value until it consumes the accum-
ulated resource. It declines until it reaches the stable population
size with the given resource input. The values of a, B8, a, k, o,

v, and f are the same as in the Gallopin's paper. The value of o

is 2.0 which is chosen to fit the results obtained by Gallopin. The
value of o cannot be negative. Otherwise, the system will be unstable.
Figures 5 and 6 show the effect of a variation in the value of k over
the population size and the resource available, respectively. An in-
crease in k results in a decrease in the steady state value of the

biomass, but it increases the steady state value of the resource

available. Furthermore, the increase in k decreases the rate of




Figure 4. Behavior of the resource and the biomass for a constant
resource input rate for System A
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Figure 6. Effects of k on the behavior of A for System A

10
At .f=3_o,olcl.o,a:l.o,r=l-°,6"=2.o
8 I £=02
6 —
z ‘k:e;

4 F — 4:04
2

. 4k:08
0 1 | 1 |

20 40 60 80 100
t
Figure 5. Effects of k on the behavior of M for System A
10
At f:s,o,o(.-w,a:l.o,r=l-0,6'-z.o

8

6 *:0.4'
< *so.S

4 A=o02

2

0 ] ] ]

20 40 60 80 100



21

10
8 L
IZ:O.Q
6 -
ﬁ=0.7
z T
& gz08
2 A at =30 & = Lo 5:2.6 _
4£:04 a=to Y=10 £='"v
0 i 1 1 1
20 L0 60 80 100
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Figure 9. Effects of a on the behavior of M for System A
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Figure 10. Effects of a on the behavior of A for System A
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Figure 11. Effects of o on the behavior of M for System A




Figure 12.

Effects of o on the behavior of A for System A
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27
10
8
6
=
A
a = [lo
, L "l,:O.s 6:20
oA =1/0 /$=05
0 1 1 d 1
6 12 18 24 30
t
Figure 16. Effects of <y on the behavior of M for System A
10
8 -
a=/[0o
6=20
I&:o..f
1
20 25

Figure 17. Effects of y on the behavior of A for System A




50

30

100

Figure 18. Behavior of the resource and the bjomass for a constant
resource input rate for System B
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Effects of a on the behavior of A for System B



Figure 25. Effects of o on the behavior of M for System B




Figure 26. Effect of o on the behavior of A for System B
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Figure 32. Effects of b on the behavior of M for System B
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Figure 33.

Effects of b on the behavior of A for System B
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growth of the population. This is observed from the slope change in
Figure 5. Figures 7 and 8 show the effect of varying B8 (R =1 - u)
on the population size and the resource available, respectively. Here
an increase in B increases the steady state value of the biomass
whereas 8 has the opposite effect on the available resource A .
Figures 9 and 10 show the effect of an increase in a on M and A,
respectively. The change of a does not affect the steady state value
of M, but it decreases the steady state value of A . An increase in
a increases the growth rate of the population, but decreases the size
of the overshoot. The effect of o upon M and A are given in
Figures 11 and 12, respectively. The value of o does not affect the
steady state value of M, but it affects the steady state value of A .
An increase in o increases the growth rate of the population and the
size of the overshoot. Figure 13 shows the same effect of the increase
in o on the biomass for different initial conditions. Note that the
curve for o = 0.5 in Figure 13 shows a higher overshoot than the cor-
responding curve of Figure 11. The only difference between the two
cases is the initial value of the population. The steady state value
of M remains the same. Figures 14 and 15 show the effect of o upon
M and A respectively. The value of o does not affect the steady
state value of M and A . An increase in o decreases the growth
rate of population and the size of the overshoot; however, the size of
the overshoot for A is increased. Note that the value of o has a
damping effect. For o < 0.2, the response will be underflow. Figures
16 and 17 show that the steady state value of M and A are not af-
fected by changes in vy . An increase in vy 1increases the height

of overshoot for both M and A .
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For system (B), where the equations of the model are derived from
Smith's model, the simulation results are presented in Figures 18 thru
33. For a constant resource input rate, the behavior of the resource
and the biomass is shown in Figure 18 with f = 3.0, k = 0.2, o = 1.0,
a=1.0,y=1.0,0=2.0,8=0.4, and b=2.0. The result is the
same as system (A) in Figure 4 except it has a more damping effect.
Figures 19 and 20 show the effect of varying k on M and A respec-
tively. The result is similar to system (A), except for higher over-
shoot and more damping results for lower k . Figures 21 and 22 exhibit
the effect of changina B on M and A separately. An increase in
B increases the efficiency of assimilation and the value of steady
state of M , but decreases the steady state value of A . More damping
is observed for lower B . The effects of a are shown in Figures 23
and 24. Similar results to those obtained for system (A) are found for
system (B), except no overshoot is observed for system (B). Figures 25
and 26 give the effect of o upon M and A respectively. Lower
values of o tend to make M converge to the steady state slower.

The growth rate is larger than in system (A). A decrease of o increases
the steady state value of A , but decreases the damping effect.

Figure 27 shows the effect of a on the biomass for different initial
values. The Tower initial value of M tends to decrease the damping
effect. This can be obtained by comparing Figures 25 and 27 for

a = 0.5 . Figures 28 and 29 show the effect of o upon M and A .

The steady state value of M and A are not affected. Comparing with
system (A) shown in Figures 14 and 15, more damping effect results for a

smaller value of o . Note that for the case o = 0.5 , no result is
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obtained (underflow). The effects of vy are given in Figures 30 and

31. Comparing both system (B) and system (A), system (B) has less
overshoot for the biomass M , but more damping for the resource A .
The steady state values of both M and A are unaffected. Figures
32 and 33 show the effect of b upon M and A . The steady state
values of M and A do not change. An increase of b decreases the

growth rate of the population, and decreases the overshoot of A .
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CHAPTER IV
STABILITY ANALYSIS

Consider the two systems (A) and (B) discussed in Chapter 2:

%% = f-c(t) = f-aM(1 - e MM (32)
System A
2
Y 31% + o %% s Mg - a+ae M- (33)
dA _ _ dM -aA/M
Fef-cl)=Ff-(@am+bfHa - (34)
System B
2

Y 527'+ (6 - b + be @AM %% +Mg-a+ae oo (35)

The methods employed to study the stability of these systems are
studied in this chapter. A linearization method discussed by Andronov
(1966), Butenin (1965), and Saaty and Bram (1964) is coupled with the

Hurwitz stability criterion in our study.

(I) System (A)

The nonlinear differential equations for system A are given as:

%% = f - am(1 - e @AM

dM . dM

Y E;?-+ ogt* Mg - a+ ae'“A/M) =0



Just as in Chapter 2,
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is a constant.

f Also, let the equilibrium

point of the system be (MO, AO) as given in equations (30) and (31).

The procedure of investigating the stability of this equilibrium is

based on the study of the character of motion of the state point in a

neighborhood of this equilibrium state.

ables

X, ¥, and z are introduced.

M-M

A-A

In order to do that, the vari-

Let

Equation (25) can be rewritten into two first order differential

equations:

Let

ST
> = .0
Zy= - Y
=_0
Y
zy = Hl(M
zy = H2(M
 _ dA _
A=gf "

M (37)
z, - %— 21(8 a+ ae'“A/M)

(38)
M - l-M(B -a+ ae'aA/M)

u

b} M’ A)
, M, A) (39)
G(M, M, A)



a4

By expanding the functions Hl(M’ ﬁ, A) , HZ(M’ M, A) and
G(M, M, A) in a neighborhood of the point (MO, 0, AO) in a Taylor's

series in x, y, and z , one obtains:

. BMl BHl aHl
Hl(Ma M9 A) = Hl(MO, 09 Ao) + W X + "5;-,]" y + 'B—A— z+H (X3 ) Z)

. M,  oH, oM, (0
Hy(M, 1, A) = Hy(My, 0y Ag) + 3 X + £y + = 2 + Hy(x, v, 2) (40)

G(M, M, A) = G(My, 0, Ay) + =g x + )t G(x,y, 2)

The equilibrium points are found by solving H, (M, M, A) =0,

Hy (M, M, A) =0 and G(M, M, A) = 0 ; therefore, Hy (Mg, 0, Ag) = 0
= H2(MO, 0, AO) = G(MO, 0, AO) . Then the equations become
ax M Lo
dt My o0.a 3 Y
0°"* Mys05A,
H
+ 7ﬂr~M 0 z + Ha(x, Y, 2)
0°Y*"p
dy _ Mo )
dat My o.a 3 Y
0°"*"p My»05Aq
aHz (41)
+3—A’M OA Z+Hb(xa .y’ Z)
0:Y*"p
dz _ 36 a6
L BMIM o o ¢
0°Y*"0 Mys0.Aq
+ 26 z + G(x, y, z)
9Alm .0,A
0°Y*"
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where Ha(x, Y, Z) , Hb(x, ¥y, z) and G(x, y, z) are analytic functions

in which the variables x, y, and z occur with at least the second

power. Now, neglecting Ha(x, Y, Z) Hb(x, ¥y, z) , and G(x, y, z)

and letting

), - 2 ] ;
MO,O,AO oM M.,0,A MO,O,A0
0 0
ﬂ :b a_Hz —b . 8H2 —-b
am‘ 1 , 'Z’T;TI = by
MO,O,AO oM M.,0,A MO,O,A0
0 0
96 _ . oG _ 3G -
m’ =0 =C 3 R =S
MO,O,A0 oM M.,0,A MO,O,A0
0 0
The system reduces to
dx _ \
T - A + ay + 2,2
dy _
a% = blx + bzy + b3z > (42)
dz _
T = S + coy + c3z )

The system of equations (42) is called the linear system equations of

the first approximation.

the form:

The characteristic equation of the system has
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or

3 2
s” - (a1 + b2 + c3)s + (alc3 + b2c3 + alb2 - a5Cy - b3c2 - azbl)s
(43)
- (a1b2C3 + blcza3 + c1a2b3 - a3b2c1 - a2b1C3 - a1b3c2) =0
This equation has three roots: Sy So» and S3 - To analyze the
system further, the coefficients 315 355 23, bl’ b2’ b3, C1s Cps and
cy are found from equations (37) and (38):
aHl =0 . aH]_'_ =1 . a_Hl_ = 0
Wl Y LY W
MO’O’ 0 3 M ,O,A 0’ ] 0
0 0
oH -0A~/M -aA /M
2 1 0’0 [ 2 0’0
_SWIM A - 7(6 - a + ae ) - Y MO(OLAO/MO) e
0°0°°0
BHZ _ s
oM Y
MO,O,A0
(44)
LI
|
MO’O’AO
-aA~/M A, -o0A./M
%% --a(l-e O 0) + ao ﬁg e 00
M.,0,A 0
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-aA./M

36 =0 ; %%— - -ace 0 0
oM Mns0,A
MO,O,A0 0 0

But from the equilibrium point (MO, AO) , the expression of AO is

M
=..—0 _..6_ - k =E
A0 " n(1 0L) where B T4 =
Therefore,
_ 1 k
oB
and
-aA~/M
e 00-p.k% (46)
oB

Substitute these equations into system of equations (44), and one has

oH 3H
1 2
——— = = 0' = a = 1 o
M 8 = U 2 ; \
M 90aA M
0 O MO’O’AO
aH
1 - -
= a3 =0

—a/TI
MO,O,A0

(1-X) 1m0 -X

Eﬂg =p, =2
aM MO’O ,AO 1 Y aB CXB
BHZ =bh., = - g
oM 2 !
MO,O,/-\0



e = ¢ = -1 - &) 1 - Ky 4 K (47)
M0909A0 uB aB B (Conlt)
& C. = 0
BM 2
MO,O,A0
/
%% =Cg = -ao(l - J&
MO,O,A0 oB

Applying the Hurwitz stability criterion, for equation (43) to be

stable, it is necessary and sufficient that

(g +b, tcy) = (-2 -an(l - X)) =2+ a1 - K) >0 (48
(a; + by, +cg) = -( ao aE) L+ e a§)> (48)
2
3 (1 - Eyfoa - (1 - K97+ 22 (1K) foa - (1 - 297 (a9)
Y o oB ¥ ofB afB
- 995—(1 - Ji) >0
Y8 aB
and
sk (. Ky 5o (50)
Y8 aB

Since a, a, k, Y, and B are assumed to be positive, therefore,

from equation (50), we have



ag > k (51)

(1 - J&) > 0 , then rearranging equation (49), one has
aB

If

[% + ao]foa - In(1 - L_)] - otk [1+ o0 - In(1 - L_)] >0 (52)

aB B aB
Since %%- is always positive, in order for equation (52) to hold, at
B
least
oa - In(l - JE) >0 ;
aB
therefore
oa > In{l - JE)
af
(53)
e®>1-S50

o and o can be any value and satisfy this condition (53) .

Now let oo - Tn(l - JE) =d ; hence, o 1is a parameter that de-
aB

pends on o, a, k, a, and B . Then equation (52) becomes

[C+a0] ca-2%[14+4d]>0
Y B

a2 + aa] > 2K [1 + d]
Y B
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Therefore, in order to have a stable equilibrium point, all the parameters
should satisfy equations (51), (53), and (54) . This shows the existence
of a stable steady state for the system. Since there are some restric-
tions on the values of the parameters, the system (A) may not have a
global equilibrium point. Therefore, the addition of the second order
term in equation (25) of system (A) tends to increase the instability

of the system. Local stability around the singular point exists and

global stability is not guaranteed for the system (A).

Example:
Given that f = 3.0, k = 0.5, oo = 0.8, a = 0.6, 8 = 0.5 , then

at the equilibrium point

== "g=055°60
M
. __0 _B
A0 = - n(1 a)
.6 0.5
=-p38 "l - 5%

- 7.5 « (-1.791759)

+13.4382 .

Therefore, equation (51) is satisfied because

ap = 0.6 - 1>k=0.5

™
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Now look at equation (53):

o > Tn(1 - X) = -1.791759
af
o> ~L791759 _ , 5a0)

0.8

Therefore, as long as o > -2.2397, the system will be stable.

Examining equation (54) with d = 3.391759 shows:

(% + 0.48) - 3.391759 > 0.4[1 + 3.391759]

1.756704

3391759 - 0918

.Y

Therefore, <y can be any value satisfying this equation.

(I1) System B

The representation of system (B) is

dA _ dM ~aA/M

E—f- (aM+bR)(1-e ) (26)
2

vy o -+ be M) %+ Me - a+ae M) =0 (27)
dt

Now using a linearization method the same as in System (A), let



Then equation (27) becomes

2y = M (55)
-0A/M .
s _ o-b+be® 1 -aA/M
2, = - > M- M- a+ae ) (56)
Let H1(MO, 0, AO) = HZ(MO’ 0, AO) = G(MO, 0, AO) = 0 and expand the
function Hl’ H2, G 1in the neighborhood of the point (MO’ 0, AO) in

Taylor's series:

oH oH oH
dx _ "1 1 _1
== BM,M . X + - y + BAIM - z + H_(x,y,2)
0°"°"0 My»0-A, 0°""
9H oH oH
%%.= 7ﬁ%l x + I; y+ 79%1M o 2t H, (x,y,2)
a- 9V sy
Mg>0A, Mg>05A, 0°""
dz _ 36 x+8(.5 _y+3_G_ z + G(x,y,z)
dt My o,A 3M 9AlM ,0,A
0°"°" Mg>0sAg 0°”*"0
where
a_Hl =1=a B—H]'=O a—H]'=(')
3-' 2 oM > 3A
Mim.,0,A



36 _ kb

oM ) ;% B
My20-Rg

%% = -0of1 -Jéh = Cq
MO,O,A0 ap

Therefore, the system reduces to

dx _
I © X + a5y + a3z
dy _
dqt blx + b2y + b32
dz _
o clx + Co¥ + €52

(57)
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The characteristic eguation is

$3 2 + (b.c. - b, - b.c

2€3 = by = bycy)s - (cyb

- (b, + ¢c5) 3 - bjc3) =0 (58)

From the Hurwitz stability criterion, one has

o -b+b(1-X
-(b, + c5) = (- ——2E 4 (a1 - Ka)) >0 (59)
aB
o - b+ b(1-X)
= af 4 aa(l - i%) >0
Y oB

-(b2 + c3)(b2c3 - 1 - b c ) - ( 163 - b c ) >0

o -b+b(1-X) o - b+b(1 -
af ko aB
(—— + el - )
caa(l - &) - 21 - Ky ma - &y s oKy k)
aB Y af oB Y af af
S1-K 2. k0 (60)
oB B
) _95
21 - K)o - (1 - E)I—2E+ ay(1 - X3
Y aB aB Y of
K-k 5o (61)
aB aB
bc, - bac,) = (1 - Xy 2aksg 62)
(byeq - b3y ag) Y3 (

Assuming o, k, B, b, a are positive, then, from equation (62), we have
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1 - J& >0 or ap >k (63)
aB

Then equation (60) becomes

O-%
[on - In(1 - 9B+ ay(1 - K1 ke 1 - Ky 5y
of af B af
or
loa - In(1 - )][—'- Bk ay(1 - -—0] > =2 (1 - t:)
0B apy af B aB
and equation (59) becomes
OBk ek g (64)
Y apy B

Therefore, all parameters should satisfy equations (59), (61), and (63).
This shows the existence of a stable steady state for the system. Since
there are restrictions on the values of the parameters, the system

(B) may not be structurally stable. Comparing with system (A), more
restrictions apply to system (B). For example, for system (A) condition
(48) is $-+ aa(1l - 4%) > 0 whereas for system (B) %-+ aa(l - J&)

oB aB

needs to be greater than Jﬂi—. Similarly, equation (61) has more

agy
restrictions on parameters than equation (53) . Therefore, the addition

of the first order term in system (B) tends to increase the instability
of the system and adds more restrictions on the system. Local stability

around the singular point exists.
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CHAPTER V
CONCLUSION

Systems (A) and (B), which are derived from Gallopin's model and
with Smith's hypothesis, have very similar behaviors. Comparing with
the Gallopin's model, the second order term of equations (25) and (27)
tends to increase the instability of the sytem and the restrictions
to the parameters used in the systems. The requirement of a constant
resource input rate to systems (i.e., f = constant) is a necessary
and sufficient condition for the existence of a steady state in the
study. No other case is investigated here.

From the simulation results, one can find that the parameters a
and o affect only the transient behavior of the population (its speed
of approaching the steady state and the size and position of the over-
shoot), while the parameter k and B affect the steady state biomass
of the population. Al1 parameters affect both the transient and steady
state value of the resource. The parameters r, o, and b affect only
the transient behavior of the population and resource. The values of
r, o, and b all depends on other parameters chosen. Therefore, the
selection of these parameters are very important because they will af-
fect the stability of the system. Thus, the second order term in both
systems (A and B) and the b g%- term in system B are quite
influential.

It is interesting to compare the changes in the values of the

parameters on the steady state value of the biomass. Comparing the

figures, one can find that a unit increase in B8 will increase M0
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more than a unit increase in k will reduce it, if B is smaller than
k , and vice versa. Furthermore, from calculation one can find that a
unit increase in f will increase M0 more than a unit increase in
k will reduce it, if f s smaller than k , and vice versa. Therefore,
from these figures, one finds that for a population to maximize its
steady state biomass, and having no control over the input rate of
resource to the system, the optimal strategy is to maximize the inges-
tion efficiency, B and minimize its maintenance cost, k . Moreover,
it is more efficient for the population to increase B than to decrease
k up to the point in which B 1is equal to k , and thereafter it is
more efficient to decrease k than to increase B .

Due to restrictions applied to both systems, one can only find
local stable points. No global stability are found in this study for
both systems. The parameters vy, o, and b are three influential
parameters whose degree of influence depends upon several restrictions.
For example, when f =3, k= .05, « = 1.0, a=1.0, y=1.0, 8 =0.5
and o = 0.1 , the response on Figure 14 will become underflow. The
system becomes nonstable and no stable points can be found. Further-
more, System B has more applicable restrictions than System A; that is,
System B has smaller stability range for o and vy . This is shown from

Figure 28 where o must be greater than 0.8 . Therefore one can say

that System B is 1ikely to be more unstable than System A.
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