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ABSTRACT

This thesis investigates finite impulse response (FIR) digital filters

implemented using a frequency-sampling structure with a different radius for the

poles than for the zeros. Even though it is well known that both the poles and

zeros of the filter should ideally fall at the same locations on the unit circle,

practical implementations move both the poles and zeros slightly inside to make

the filter stable. Another benefit gained is that as the poles are moved farther

inside the unit circle the error due to roundoff noise decreases. In a recent thesis

both the poles and zeros were moved inside to the same radius. It was shown

that the roundoff noise decreases as the poles are moved farther inside, but the

frequency response in the passband also decreases in amplitude. It was also

shown that the amplitude in the passband can be corrected by scaling, but it

increases the amplitude in the stopband causing frequencies defined to have a

zero gain to have a gain greater than zero.

Pole-zero separation distance and stopband zero compensation are

investigated in this thesis for moving the poles inside the unit circle to a different

radius than the zeros. These techniques were used in an attempt to retain the

desirable effects of increased stability and reduced roundoff noise, while

allowing the amplitude to be corrected in the passband by scaling without

IV



distorting the amplitude in the stopband. It is found that neither technique is

useful for the design of low roundoff noise frequency sampling structure digital

filters. Pole-zero separation cannot be used because both the magnitude and

phase responses become too distorted for separation distances that are large

enough to reduce roundoff noise. Stopband zero compensation is not practical

because of the excessive computation involved in its implementation.

Since neither pole-zero separation nor stopband zero compensation

proved to be useful it is concluded that the best technique for designing low

roundoff noise frequency sampling filters is to move both the poles and zeros

inside the unit circle to the same radius. The floating-point roundoff noise gain is

analyzed for three different realizations of both lowpass and bandpass filters

where this technique is used. This roundoff noise analysis takes the extended

precision of floating-point digital signal processors into account.
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CHAPTER I

INTRODUCTION

Frequency sampling structures are more efficient for the implementation

of narrow-band finite impulse response (FIR) digital filters than direct form

structures [1]. The frequency sampling structure produces a transfer function

that is computationally simpler than the impulse response convolution of direct

form structures. However, two problems exist with frequency sampling filters.

One is that they are marginally stable when realized ideally with both the poles

and zeros in the same locations on the unit circle. The other is that they have

excessive roundoff noise if the poles are close to the unit circle. To avoid these

problems, most practical realizations move both the poles and zeros to the same

radius inside the unit circle to make the filter stable and reduce the amount of

roundoff noise.

Unfortunately, as the poles and zeros are move inside the unit circle, both

the magnitude and phase response become distorted. The passband response

becomes attenuated; the stopband response loses attenuation; and the phase

response becomes nonlinear. Although the passband response can easily be

corrected by scaling, this increases the problem in the stopband [1].



The major issue addressed by this thesis is whether the magnitude and

phase response problems associated with moving both the poles and zeros to

the same radius inside the unit circle can be solved by allowing the poles and

zeros to lie on different radii. In Chapter II the background equations for this

thesis are developed. These equations were used in Borland® C/C++ 3.0

language programs written to accomplish the work presented in this thesis. The

programs were executed on a personal computer with an Intel® 80386 processor

and a math co-processor. In these programs all calculations where performed

using double-precision arithmetic. In Chapter III pole-zero separation is

investigated as one possible solution. Pole-zero separation involves moving the

poles inside the unit circle farther than the zeros to minimize roundoff noise

while preserving the stopband attenuation. In Chapter IV stopband zero

compensation is investigated as another possible solution. Stopband zero

compensation involves moving both the passband poles and zeros to the same

radius inside the unit circle while leaving the stopband zeros on the unit circle to

achieve the same goal as with pole-zero separation. Since it is concluded that

poles and zeros must both be moved to the same radius inside the unit circle,

Chapter V discusses the roundoff noise gain of three realizations when this is

done. The three realizations are the canonical form structure of [3], the minimum

noise structure of [4], and a Type III structure of [3]. The case of implementation

on a floating-point digital signal processor is considered. Finally, Chapter VI

presents conclusions from this research.



CHAPTER II

BACKGROUND

This section derives the equations for a linear phase FIR frequency

sampling filter that has a different radius for the poles than for the zeros and

develops a set of state-space equations that can be used to implement the filter.

Derivation of the Frequency Sampling Filter Equation

If given the complex-valued frequency samples, H(k), of the odd M point

frequency response of a filter, the real-valued impulse response, h(n), can be

calculated by taking the Inverse Discrete Fourier Transform (IDFT) of the

frequency samples as shown below.

h{n) = — ̂H{k) e' " uin)) n = 0, 1, 2,..., M-1. (1)
M

Although the unit-step sequence, u(n), is not needed in (1) to calculate the IDFT,

it aids in what follows and does not change h(n).

Taking the z-transform, H(z), of h(n) yields

H{z)=t,h{n)-z-\ (2)



If the right side of equation (1) Is substituted into equation (2) for h(n), an

equation for H(z) in terms of the oompiex-vaiued frequency samples H(k) is

produced as shown below.

H{z)=^
rt=0

iKkn

k=0

uin)- n = 0,1.2 M-^. (3)

The form of the equation for the frequency sampling structure can be obtained

from equation (3). The mathematical manipulation required is as follows:

r 4£-l iKk
J  .'"IT"

1 M-\ M-1 .2ltt

^ k=0 Lii=0

1 V-1 ■ r oo litk DO 2nk
Hiz) = — -z'" ■ u{n)- -z'" ■ u{n- M)

M k=o Ln=0 n=M

changing the variables {L= n-M) in the terms after the third summation

gives

H(z) = ̂^H(k)
M t=o

oo 2vk oo 2Kk, .

• z'" • u{n) -uiL)
-n=0 L=0

1  r .2jrt oo 2jDfc
H{z) = — -z'" ■ u{n) - z~" -z'^ ■ u{L)

^ k^O Ln=0 L=0

changing the variables (L= n) in the terms after the third summation

gives

1 ^ - 15* ~ 15*

Hiz) = — ̂Hik^ • z"" • uin)- z~" -z'" ■ uin)
M k=Q Ln=0 n=0



combining like terms and simplifying yields

= —7}—^H{k)^e -z'" uin)]

l-z'" Hik)
2ick

k=0 . J-jT -1
\-e " z

H\Z) — M 2^ Znk • (4)
Z  n Af i=o J-n-

z-e "

Equation (4) is the z-transform representation of a frequency sampling filter that

has both poles and zeros in the same location on the unit circle. If the filter is

implemented with poles on the unit circle, it is rharginally stable, and it can

become unstable due to coefficient quantitization, and it can have excessive

roundoff noise [1]. Therefore, in most implementations both the poles and zeros

are moved inside the unit circle by the same amount to avoid instability and

large roundoff noise, but it is possible to move both inside by different amounts.

The radius of the poles is determined by the denominator of the term after the

.Ink

summation, z-e " . The poles occur when Id =
.2vk

= 1. The poles can be

moved off the unit circle by a radius (rp) by changing the denominator to

.2ltt

z-r^-e " . Similarly, the radius of the zeros is determined by the numerator of

the term that precedes the summation, z" - \. The zeros occur when z" = \.



The zeros can be moved off the unit circle by a radius (rz) by changing the

numerator to z*' - r . Incorporating these changes in equation (4) yields

z" M ̂ 0  J
z-r^e

2jU
M

(5)

which is the z-transform representation of a frequency sampling filter that has

poles and zeros at different radii.

Given the z-transform representation of a frequency sampling filter, as

shown in equation (5), it can be put in the form H{z) = C(z) n G(z) which is the

cascade of two filters [1]. The term CXz) = l-z~*'r" is the z-transform

representation of a comb filter that is easily implemented. The other term can be

represented as follows:

0(0^
H(k)

*.0 - i-n- .1\ - Tp ' e ** ' z

,  H(0)/M ^ //UVm V' . ^6)
1  « .-1 2^ 2Kk 2d 2Kk

Now, since the filter has a linear phase shift, h{n) = M Af - n -1), and the

_ . U-lf 2nk 1
complex-valued term, H(k), can be represented as H^{k) e " ' where H,(k)

is real [2]. Also, since h(n) is real, H'{k) = H{M-k). Using this information with

equations (6) yields



g,a) e VAf :
1-r. z" , ■'^.^-1 «J1 i_r ,-^V .-1

Z  2 ^ ' P ^1 - r« ♦ ^
.2Kt

(7)

Since the two summation terms are complex conjugates of each other in

equation (7), they can be combined to form a second order term with real

coefficients as follows:

G(z)= , , .-i+Trl^ra)l M t:-r, z ,

M-l[' 2nk 1
2  I M J

« -If'2llt *]
•'"Tl M J

1 - Tj, • C " ■ Z"' 1- r.
2tck

e  " • z"'

G(z) = 7-T^+IT E ",(*)•1-r -z" M f

-  fM -1
2 cos nk

y M
(M +l-2r, .co^ M Z-'

I - 2r^ ■ cos (2nk
[ M Jz'' + r/ • z"^

(8)
To facilitate putting the equation in a form for realization via a state-space

structure, the constant terms are extracted from both the first and second order

terms by division. Then, using the trigonometric identity for cos(a+b) on the

second order term yields

M ,.i

2r^ • cos M - 3

M
-n k y- 2rj ■ cos(  M -1

M
-n k -2

1 - 2r^ • cos
M

■+ 2 cos
(

+ r/ -z"'

 M - 1
M

-n k

H,(0)
M

1 +
1- z''

(9)



The filter, G{z), can be implemented as the sum of a first order section,

G,{z), and second order sections, G2{z), as shown.

G(z)= G,(z) + Gj(z)

G,(z) =
W.(0)
M

1 +
l-z-p Z"'

(10)

M k.i

2r^ cos
Af -3

M
nk Iz ' - 2-'r; • cosi

(M-l A
IT'"'

l-2r,.cos(^ M Jz  + /-p • z

M -I

1  / N (M - \— l,HSk)-2co^—-—nk
M  M

(11)

The first and second order sections in equations (10) and (11) can be

implemented using state-space filter structures.

Derivation of the Frequency Sampling Filter State-Space Equations

a -z
-1

A first order transfer function of the form, d+-—r—— can be
1+ P -z'

implemented by the state-space equations

y{n) = Cf ■x{n) + d v{n)
x{n +l) = aj ■ A^/i) + • v{n)

a = bf Cf
P =-a.

(12)



where y(n) is the output, x(n) is the state variable, and v(n) is the input [1].

Applying this to Gi(z) in equation (10) yields

nXO) r^ H (0)

M

aK/i +1) = Tp • x(/i) + v(n)

b,=\

M

(13)

C/=-
M

which are the state-space equations for the first order filter section.

Ot • Z~' +(X •
A second order transfer function of the form, +7—^—~r7\ T can

1+p, z" +P2 Z

be implemented by the state-space equations

y{n) = Cx(n) + Dv(n)

x(n +1) = Ax(n) + Bv(n)

x,(n)
x(n)s (14)

A =
^11

-«21 *^22- A-
Cs[c, Cj] Ds£f

where y(n) is the output; x(n) is the state-variable matrix; and v(n) is the input

[2]. The transfer function coefficients and the matrices A, B, and Care related by

the following equations [3].



a, = c, • + Cj •

Ot 2 — C] n ^>2 n ^^12 ^2 ' ̂1 ' ̂21 ~ ' ̂22 ~ ̂2 '^2 '^11

P, =-(a„+a22)
P2 = fli, -022 ~^\2 '^21

(15)

From equation (11), the transfer function coefficients are

2 H^{k)-Tp cos
a, =

"M-3'

M >
■nk

M

2HXk\ rp cos
a2=-

.V

M-1

M
•TCfe

(16)
M

Pi =-2Tp-cos
f
y
 2Kk
 M

p2='-;

Different realizations can be obtained by imposing different constraints on the

elements of A, B, and C [3]. The three realizations used in this thesis are the

canonical form structure of [3], the minimum noise structure of [4], and a Type

structure of [3]. Choosing a„ = 0, and a,2 =^2 = O'ves the canonical form

structure

=0

a,2 - 1

^^21 =-p2
^22 =-Pl
b,=0
b2 = l
C| — CC ->

Cj — (Xj

(17)
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which has 4 multiplies per section. Choosing = ajj, and = 1 n gives the

minimum noise structure

Q,\ \ —-ih
2

«2 Pi
2"^'

«2 . .
«21

P.
2

^22 ~~

^1 =

^^1 =

C, =

a,

^ih
2

1

1

2

2

^_pl'
a, 2 J

2

[K-P=lV 2 j ^

a, 2^

K>

1

[K-Pa]V 2 j ^
(18)

which has 6 multiplies per section. Choosing a„ = 0^21 and b^=0, gives the

Type III structure

-P.«.,=■ 2
^12 ~ ^

«2.=. 2Pi

-P,

-Pi

^22 —'

bi=0
=1

C, — tt j

C2=a,

(19)

a,p,
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which has 5 multiplies per section [3]. By comparing the number of multiplies per

section, it is clear that the structure of a digital filter realization affects the

computational load of its implementation. The structure of a digital filter

realization also affects the roundoff noise gain of the filter. The effect that

structures, (17), (18), and (19) have on the roundoff noise gains of filters used in

this thesis is examined in Chapter V.
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CHAPTER III

POLE-ZERO SEPARATION

This section examines the effects of pole-zero separation distance on the

frequency response of two example FIR frequency sampling filters. One is a

lowpass filter, and the other is a bandpass filter. Both were implemented using a

filter length of 15. Then, the magnitude response, phase response, and group

delay were graphed from 0 to 7t to characterize the frequency response of each

filter as a function of pole and zero radius. The equations for the magnitude

response, phase response, and group delay are as follows:

magnitude response = \h{(o)\ = -y/ReCMa)))^ + Iin(i/((o))^

phase response = 0(co) = arctan

-d0(co)

Im(H(co))^
Re{H{(o))

and

group delay=x (co) = -
den

The Lowpass Filter

The lowpass filter has a length of 15 and is constructed using 5 non-zero,

positive, integer, frequency samples as follows:
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Hr
f2%k^
15 /

1, jt = 0, ± 1, ± 2, ± 3;

0.4, it = ±4;

0, ^ = ±5, ± 6, ± 7.

The effect of pole-zero separation distance on the frequency response was

determined by graphing the response for -2~", with S<N<oo. Although a

number of radii were examined, the ones graphed are sufficient to show the

effects. The radius of the zeros was set slightly inside the unit circle at 0.9999

for two reasons. One reason is to ensure stability when . The other

2%k
reason is to prevent the magnitude response from being zero at © = for all

pole-zero separation distances due to the zero on the unit circle that is not

canceled by a pole.

It was found that the effect of pole-zero separation distance is negligible

on the magnitude response until < 24 as shown in Figure 1. For < 24, the

zeros dominate the equation causing the response to be distorted in the

2'Kk
passband at ® ^ ̂ 8, the distortion reduces the magnitude to less

than 0.05. As shown in Figure 2, pole-zero separation distance causes the

phase response to become distorted, and the filter loses its linear phase

characteristics for // < 16.
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1.2 n

The Effect of Pole-Zero Separation Distance
on the Magnitude Response

(rz = 0.9999)

0.8

c 0.6
o>

0.4

0.2

rp = rz

•— rp = rz-(2^ -24)

*— rp = rz-(2'^ -16)

^ rp = rz-(2^ -8)

0  4 8 12 16 20 24 28 32 36 40 44 48 52 56 60
f

Frequency = nf/60 radians

Figure 1: The effect of pole-zero separation distance on the magnitude response of the iowpass filter.
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11 -

10

9 -

8 -

«■ 7

The Effect of Poie-Zero Separation Distance
on the Group Delay

(rz = 0.9999)

Ti>>

•5 e-6» E
O a

•2.5 -

4

3

2 -

1

0

rp = rz

rp = rz-(2^ -24)
rp = rz-(2'^-16)

-*<— rp = rz-(2^ -8)

passband.

I  I I I I I I I I I I I I  I I I I I I I

10 12 14 16 18 20 22 24
f

6  8

Frequency = nf/60 radians

Figure 2: The effect of pole-zero separation distance on the group delay of the iowpass filter.
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The Bandpass Filter

The bandpass filter has a length of 15 and is constructed using 5 non

zero, positive, integer, frequency samples as follows:

H.
2nk

Is"

1, ^ = ±2, ±3, ±4;

0.4, ik = ±l,±5;

[0, Jk = ±0, + 6,±7.

The effect of pole-zero separation distance on the frequency response was

determined by graphing the response in the same manner as in the lowpass

case, and the results were similar as shown in Figures 3 and 4.

The Effect of Pole-Zero Separation Distance
on the Magnitude Response

(rz 0.9999)

0)
■o
3

U)
a

0.8

0.6

0.4

0.2

rp = rz

rp = rz-(2^ -24)
rp = rz-{2^-16)
rp = rz-(2^ -8)

0  4 8 12 16 20 24 28 32 36 40 44 48 52 56 60
f

Frequency = nf/60 radians

Figure 3: The effect of pole-zero separation distance on the magnitude response for the tiandpass filter.

16



The Effect of Pole-Zero Separation Distance
on the Group Delay

(rz = 0.9999)

«

« a

& i

12

11

10

9

8

7

6

5

4

3

2

1

0

rp = rz

rp = r2-(2'^ -24)

rp = rz-(2'^ -16)

rp = rz-(2^ -8)

passband

H  1 1 ^ 1 1 1 1 1 h H  1 ^ 1

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

f

Frequency = nf^SO radians

Figure 4: The effect of pole-zero separation distance on the group delay of the t}andpass filter.

Summary

Pole-zero separation distance affects the frequency response of both the

lowpass and bandpass frequency sampling filters identically. Both the magnitude

and phase response become distorted as the separation distance increases.

The distortion is negligible for separation distances that are less than or equal to

2 " and may be acceptable for greater distances in some applications. The

Ink
distortion causes the passband frequencies where co = to be greatly

reduced in magnitude. These frequencies are effectively "notched-out" for

significant pole-zero separation distances. This result indicates pole-zero

separation cannot be used in the design of low round-off noise frequency
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sampling filters to solve the problem of the stopband losing attenuation when

both the poles and zeros are moved inside the unit circle to the same radius.
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CHAPTER IV

STOPBAND ZERO COMPENSATION

Since pole-zero separation does not offer much improvement, another

possible modification is to treat the passband differently from the stopband. The

stopband zero compensation technique leaves the stopband zeros on the unit

circle to provide zero gain, but moves the passband poles and zeros inside the

unit circle to the same radius. For this technique, the transition band poles and

zeros are treated the same as those in the passband. The form of the equation

to achieve this is as follows:

«(^)= n n (20)
^passband ^tlapband ^ ® ̂  T' € ^

It is clear from equation (20) that the mathematical computation for this

technique is large because the zeros do not form a comb filter but are present

individually in the equation. Although the computational complexity of this

technique may prevent it from being practical when compared to a direct form

realization, this section discusses the effects of stopband zero compensation on

the frequency response of the two FIR filters considered in the last chapter.
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The Lowpass Filter

The effect of stopband zero compensation on the frequency response

was determined by graphing the response. As shown in Figure 5, it was found

that stopband zero compensation improves the attenuation of frequencies in the

stopband by ensuring that the frequencies which are defined to be zero actually

are zero without distorting the passband. As shown in Figure 6, this improved

stopband attenuation allows the magnitude response to be scaled to correct the

attenuation in the passband caused by moving the poles and zeros inside the

unit circle without causing the stopband response to become unacceptable.

1.2 n

The Effect of Stopband Zero Compensation
on the Magnitude Response
(rz =rp in the passband)

■o

c 0.6
o>

0.4

0.2 -

rp = 0.9999
-m- rp = 1-0-{2'^-12)

rp = 1.0-(2'^-10)
rp = 1.0-(2^-8)

0  l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l

0 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60
f

Frequency = nVBO radians

Figure 5: The effect of stopband zero compensation on the unsealed magnitude response of the iowpass filter.
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1.2

The Effect of Stopband Zero Compensation
on the Magnitude Response

(rz =rp In the passband; scaled)

0.8 -

c 0.6
D>

0.4

rp = 0.9999

H»- rp = 1.0-(2^-12)

rp = 1.0-(2^-10)
-X- rp = 1.0-(2A-8)

0.2 -

0  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1M1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 n
0 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60

f

Frequency = nf^SO radians

Figure 6: The effect of stopband zero compensation on tfie scaled magnitude response of the lowpass filter.

Although the magnitude response is improved because the stopband

zeros on the unit circle cause the zero gain frequencies to remain zero, the

phase response, as shown in Figure 7, becomes nonlinear when the passband

poles and zeros are moved inside the unit circle. This effect occurs because the

stopband zeros are no longer on the same radius as the passband zeros. The

nonlinearity increases as the passband poles and zeros are moved farther inside

the unit circle. Although the phase response becomes distorted, the nonlinearity

is negligible for radii greater than (1.0-2'^°).
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The Effect of Stopband Zero Compensation
on the Group Delay

(rz = rp In the passband)

10

« |6

passband

rp = 0.9999

rp = 1.0-{2^-12)

rp = 1.0-(2A-10)
rp = 1.0-(2A -8)

I  I I I I I I I I I I I I I I I I I I I I I

2  4 6 8 10 12 f 14 16 18 20 22 24

Frequency = radians

Figure 7: The effect of stopt}and zero compensation on the group delay for the lowpass filter.

The Bandpass Filter

The effect of stopband zero compensation on the frequency response of

the bandpass filter was similar to the lowpass case. The magnitude response is

improved, but the phase response becomes nonlinear. This nonlinearity is

negligible for radii greater than (1.0-2'^°). The results are shown In Figures 8, 9,

and 10.
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The Effect of Stopband Zero Compensation
on the Magnitude Response
(rz = rp In the passband)

•a

0.6
o>

0.4

0.2 -

— rp = 0.9999

-^rp = 1.0-(2^-12)

rp = 1.0-(2^ -10)

-^rp = 1.0-(2A-8)

0 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60

f

Frequency = ic1/60 radians

Figure 8: The effect of stopband zero compensation on the unseated magnitude response of the bandpass filter.

The Effect of Stopband Zero Compensation
on the Magnitude Response

(rz = rp In the passband; scaled)
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Figure 9: The effect of stopband zero compensation on the scaled magnitude response of the bandpass filter.
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The Effect of Stopband Zero Compensation
on the Group Delay Response

(rz = rp In the passband)
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Figure 10: The effect of stopband zero compensation on the group delay of tfie bandpass filter.

Summary

Stopband zero compensation affects the frequency response of both the

lowpass and bandpass filters similarly. The stopband attenuation is improved

because the zeros in that area are on the unit circle and cause the zero

frequencies to remain zero even when scaled. The phase response of the filters

becomes nonlinear as the passband zeros are moved inside the unit circle

because they lie on a radius different from the stopband zeros, but this effect is

negligible for radii greater than (1.0-2'^°).

Although the frequency response of this technique is good, it may not be

practical because the computation required to implement the filter is excessive.
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This excessive computation is the result of the zeros no longer forming a comb

filter. This technique might be useful if the numerical calculation involved with

the zeros was practical.
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CHAPTER V

ROUNDOFF NOISE GAIN

The best technique for implementing low roundoff noise frequency

sampling filters moves all the poles and zeros inside the unit circie to the same

radius until the roundoff noise gain is as low as possible while retaining

acceptable passband, stopband, and phase responses after scaling. This

section determines the floating-point roundoff noise gain curves as a function of

pole-zero radius for both the lowpass and bandpass filters used during this

research. Floating-point realization is assumed rather than fixed-point realization

due to the difficulties of realizing filters with poles very near the unit circle using

fixed-point arithmetic. This work differs from that in [1] since the extended

precision capability of floating-point digital signal processors is taken into

account to give a much more accurate prediction of noise gain.

Background Equations

Since the floating point roundoff noise gain of a general N^'-order floating

point state-space digital filter is identical to the fixed-point roundoff noise gain

when the extended precision of a floating-point digital signal processor is used

[4], the equations for fixed-point roundoff noise gain will be used.
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For a general N -order state-space digital filter of the form

C/(z) i + ^ '

realized by the state-space structure of equation (14), the output variance is

given by

(22)
n=0

and, the roundoff noise variance [4] at the output is given by

t,h'(n)+f^K,wXy, . (23)
.«=0 i=l J

In equations (22) and (23) al is the variance of the input. In equation (23) Kn

represents the diagonal elements of the scaling covariance matrix [3]

K = £(A''b)(A"by = AKA' + bb'; (24)
n=0

Wii represents the diagonal elements of the roundoff noise covariance matrix [3]

00

W = ̂(c'A''y(c'A'')=A'WA + cc': (25)
#1=0

and the variance of the quantitization error is = (0167) • 2"^®' where B' is the

number of bits to which the mantissa is quantitized [4]. Since the floating-point

signal processors in use today are all single-precision devices, B' is typically 24
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bits [4]. If the digital filters are quantitized with the same floating point precision

and have the same input, the roundoff noise gain, G, is determined by the

equation

G = -^ =
^n=0 i=l

(26)

As a function of G, the signal-to-noise ratio is

SNR = ̂=^ n (27)c] (0.167)(2-" )g

For a given digital filter realization quantitized to B' bits, it is clear from equation

(27) that minimization of G maximizes the SNR.

The Lowpass and Bandpass Filters

The roundoff noise gain was calculated at different pole-zero radii for three

different second order realizations of both the lowpass and bandpass filters. For

the canonical form structure of (17), the minimum noise structure of (18), and the

Type III structure of (19), equation (26) was used on each filter section and the

individual gains were added according to the equation. Gain = G, -i- G2+...+G„,

to get the total roundoff noise gain for each digital filter realization. For all three

realizations, the lowest roundoff noise obtained occurs at a radius of (1.0-2"®)

because the filters have poor stopband and phase response for smaller radii. As

expected, the roundoff noise gain is the lowest when the minimum noise
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structure is used to realize the second order filter sections, and the lowest gain

is approximately 485 for both the lowpass and bandpass filters. Using equation

(27) with G replaced by the total roundoff noise gain, Gain, of the digital filter

and S'equal to 24 bits, the signal-to-noise ratio (SNR) of each filter can be

determined. With a Gain of 485, the SNR is 545 decibels for the lowpass filter

and 546 decibels for the bandpass filter. Assuming a SNR ratio of at least 100

decibels is adequate for most applications, the Gain must be less than or equal

to 56,000 for the lowpass and bandpass filters to be considered acceptable.

Therefore, the pole-zero radius must be less than or equal to (1.0-2'^^) for the

filters to be acceptable. The roundoff noise gain curves for each of the three

realizations and the stopband response for the lowpass filter are shown in

Figures 11 and 12, respectively. Similarly, Figures 13 and 14 show the roundoff

noise gain curves and the stopband response for the bandpass filter.

Summary

Currently, the best technique for designing low roundoff noise frequency

sampling filters is to move both the poles and zeros inside the unit circle to the

same radius. The roundoff noise gain can be computed using equation (26), and

the SNR can be computed using equation (27). The limiting factors in choosing a

radius are the stopband response, the phase response, and the roundoff noise

gain. For the three realizations studied in this thesis, the lowest obtainable
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Roundoff Noise Gain for the Lowpass Fiiter
(radius = 1.0-(2.0'' -N))
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Figure 11: The roundoff noise gain curves for the lowpass filter.

The Stopband Response of the Lowpass Fiiter
(rz = 0.9999; scaled)
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Figure 12: The scaled stoptiand magnitude response of the lowpass filter.
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Roundoff Noise Gain for the Bandpass Fiiter
(radius = 1.0-(2.0'' -N))
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Figure 13: The roundoff noise gain cunres for the tiandpass filter.

The Stopband Response of the Bandpass Filter
(rz = 0.9999; scaled)
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Figure 14: The scaled stopband magnitude response of the bandpass filter.
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roundoff noise gain is 485 and occurs at the radius (1.0-2'®) for both lowpass and

bandpass filters with acceptable passband and stopband responses. Assuming

a SNR of at least 100 decibels is adequate for most applications, the acceptable

roundoff noise gain range for the lowpass and bandpass filters used during this

research is from 485 to 56,000. Therefore, the acceptable range of pole-zero

radii is from (1.0-2'®) to (1.0-2'^^) where the lower limit is the minimum radius for

an acceptable frequency response and the upper limit is the maximum radius for

an acceptable signal-to-noise ratio of the filter output.
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CHAPTER VI

CONCLUSIONS

Results

It was found that pole-zero separation cannot be used to design low

roundoff noise frequency sampling filters because both the magnitude and

phase response become too distorted for useful separation distances. The

Ink
magnitude distortion causes the frequencies co = — in the passband to be

M

greatly reduced in magnitude. It is negligible for separation distances that are

less than or equal to 2'^^ but these are too small to be useful in reducing

roundoff noise by moving poles farther inside the unit circle while leaving the

zeros close enough to maintain a good stopband response.

Although the frequency response obtained by leaving just the stopband

zeros on the unit circle is good, this approach may not be practical because of

the excessive computation involved in its implementation. The stopband

attenuation is improved because the zeros in that area are on the unit circle and

force those frequencies to be zero even when scaled. The phase response of

the filters becomes nonlinear as the passband zeros are moved inside the unit
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circle because they lie on a radius different from the stopband zeros. Although

the phase response becomes nonlinear, the effect is negligible for radii greater

than (1.0-2'^°). One area for further investigation is to attempt to reduce the

amount of computation required in the stopband zero compensation technique.

This technique might be useful if the amount of numerical calculation involved

was practical.

It is concluded that the best technique for designing low roundoff noise

frequency sampling filters is to use the minimum noise structure of (18) to realize

the second order filter sections and move both the poles and zeros inside the

unit circle to the same radius. The floating-point realization roundoff noise gain

can be computed using essentially the same equations as for fixed-point

realizations [4]. The limiting factors in choosing a radius are the stopband

response, the phase response, and the roundoff noise gain. The lowest

obtainable roundoff noise with acceptable magnitude and phase distortion

occurs at a radius of (1.0-2"®) for the filters considered in this thesis. Assuming a

SNR of at least 100 decibels is adequate for most applications, the acceptable

roundoff noise gain range for the lowpass and bandpass filters used during this

research is from 485 to 56,000. Therefore, the acceptable range of pole-zero

radii is from (1.0-2"®) to (1.0-2"^^) where the lower limit is the minimum radius for

an acceptable frequency response and the upper limit is the maximum radius for

an acceptable signal-to-noise ratio of the filter output.
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