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Abstract

This cumulative Year-Five progress report, which adds the most recent support period, Au-

gust 1, 2025 through July 31, 2026, documents research supported by Oak Ridge National

Laboratory on the analysis and numerical approximation of multispecies kinetic equations.

Relative to the Year Four Report, the multispecies Boltzmann chapter is not new; it has been

substantially expanded and reorganized to provide a more self-contained account of collision

structure, conservation laws, entropy production (equivalently, information dissipation), mo-

ment equations, and equilibrium. Two new chapters develop the Chapman–Enskog derivation

of the Euler and Navier–Stokes–Fourier equations and survey finite moment-closure methods.

The chapter on unary and multispecies ellipsoidal statistical BGK (ES-BGK) models has also

been substantially updated, including a positivity-preserving implicit collision update and a

careful statement of the additional hypotheses required for mixture models. The principal

new research direction is dynamical low-rank approximation (DLRA): a new chapter develops

its mathematical and computational foundations and presents simulations for BGK and high-

resolution finite-volume algorithms. Previously reported results on positivity, well-posedness,

asymptotic relaxation, and an implicit nonlinear moment solver for a space-homogeneous

multispecies BGK model are retained, together with earlier material on BGK models, finite-

volume and discrete-velocity discretizations, and prototype computations. The cumulative

format is itself an important project outcome: continued consolidation, correction, and pol-

ishing make the report a durable teaching resource for future graduate students who join the

project and a common technical reference for the research team. These additions and up-

dates provide a foundation for integrating implicit moment solvers, ES-BGK collision models,

and low-rank representations in full transport simulations.

Keywords: Boltzmann equation, BGK and ES-BGK approximations, multispecies BGK and ES-BGK

models, Chapman–Enskog expansion, moment closure, finite-volume schemes, implicit-explicit time

stepping, discrete-velocity methods, dynamical low-rank approximation, asymptotic relaxation.
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Executive Summary

This report records work over a five-year period and adds work completed during the most

recent support period, August 1, 2025–July 31, 2026. It retains, clarifies, and expands

selected material from earlier years as a cumulative technical and training resource. This

cumulative design is deliberate: continued consolidation and polishing transform a sequence

of annual results into a coherent teaching resource for future graduate students who join

the project, reducing the time required to master the background and begin contributing

to the research. The document is therefore a valuable project outcome in its own right,

as well as a record of technical progress. Relative to the Year Four Report, the principal

changes are an expanded multispecies Boltzmann chapter, two new chapters on Chapman–

Enskog analysis and moment methods, a substantial update of the ES-BGK chapter, and a

new chapter on dynamical low-rank approximation (DLRA) with numerical simulations. The

multispecies Boltzmann material and the published analysis and implicit solver for multispecies

BGK moment equations were already present in the Year Four Report and are therefore

treated here as expanded or retained foundations, not as new Year-Five contributions.

The principal deliverables and their connection to the next stage of the project are sum-

marized below.
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Objective Year-Five change Evidence Next action

Kinetic

foundations and

models

Expansion of the existing multispecies

Boltzmann chapter; new stand-alone

Chapman–Enskog and moment-method

chapters; substantial revision of unary

and multispecies ES-BGK analysis and

numerics.

Chapters 2–4 and 10. Calibrate BGK

collision frequencies

and extend the

framework to

multispecies transport

coefficients.

Implicit moment

methods

Previously reported analysis and the

convergent Gauss–Seidel-type solver are

retained and reorganized as foundations

for subsequent transport work.

Two 2025 SIAM

publications;

Chapter 9.

Incorporate the solver

into full IMEX

transport schemes.

Reduced kinetic

methods

A new DLRA chapter develops the

mathematical framework, algorithms,

BGK applications, and simulations using

high-resolution finite-volume

discretizations.

Chapter 11. Integrate rank

adaptivity with

multispecies BGK and

ES-BGK solvers.

Training and

dissemination

Continued refinement of the cumulative

report as a structured teaching and

onboarding resource; a graduate course

used material from the report, with

recorded lectures made publicly available.

Self-contained

foundational

chapters;

Nonequilibrium

Thermodynamics;

YouTube course

playlist.

Continue polishing

the report and use it

to prepare future

graduate students

and postdoctoral

researchers to

contribute to the

project.

What Changed in Year Five

The following roadmap distinguishes material that is genuinely new to the cumulative report

from material that was substantially or modestly updated. The labels describe the status of

the report material, not the publication date or originality of every cited result.
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Update class Location Scope

Expanded Chapter 2 The multispecies Boltzmann material already ap-

peared in the Year Four Report; Year Five sub-

stantially expands and reorganizes it into a more

self-contained treatment.

Genuinely new Chapters 3 and 4 Stand-alone treatments of the Chapman–Enskog

derivation and finite moment-closure methods.

Significantly updated Chapter 10 Expanded unary and multispecies ES-BGK anal-

ysis and numerics, including a closed positivity-

preserving implicit collision update.

Genuinely new Chapter 11 Matrix-manifold foundations, DLRA integrators,

BGK applications, and numerical simulations with

high-resolution finite-volume methods.

Updated or retained Chapters 5–9 and

supporting appendices

Earlier unary and multispecies BGK material, in-

cluding the published moment analysis and solver,

is retained as a technical foundation and training

resource, with reorganization, corrections, and im-

proved cross-references.

Selected Verifiable Indicators

The cumulative project record includes two peer-reviewed SIAM journal articles, completion

of one PhD, one graduate course with publicly available recordings, and preliminary MATLAB

test codes for DLRA and high-resolution finite-volume algorithms. The two articles and the

associated multispecies moment solver were already reported in the Year Four Report; the

course and the DLRA work are among the activities emphasized in this Year-Five report.

Chapter 9 reports archived iteration and time-step counts for the multispecies solver; other

numerical claims are stated qualitatively when the underlying output data are not available

for a new norm-based analysis.

Milestones

The following cumulative milestones provide context for the Year-Five changes. The two

publications in Items 1 and 2 were already reported in the Year Four Report and are retained

3
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here for continuity; they are not newly claimed Year-Five results.

1. We published Asymptotic Relaxation of Moment Equations for a Multi-species, Homo-

geneous BGK Model, SIAM Journal on Applied Mathematics 85 (2025), 294–313 [33].

This paper establishes long-time dynamics of the multispecies BGK moment equations.

doi:10.1137/23M1596314

2. We published Implicit Update of the Moment Equations for a Multi-Species, Homo-

geneous BGK Model, SIAM Journal on Numerical Analysis 63 (2025), 881–907 [34].

This paper establishes stability, well-posedness, and convergence of an iterative moment

solver. doi:10.1137/24M165421X

3. Evan Habbershaw completed his PhD in August 2025 after defending the thesis Numer-

ical Methods for Multi-Species Kinetic Models with Approximate Collision Operators.

Dr. Habbershaw is now a postdoctoral researcher at the Pennsylvania State University

and a co-author of this report.

4. In 2025, the PI (Wise) recruited two UTK Mathematics graduate students to work on

the project, Jack Haight and Daniel Bond. Bond later left the project. Haight continues

project-related research without support from this subcontract.

5. In 2026, the PI recruited one new UTK Mathematics graduate student, Alli Brophy.

She will begin her research on the project in Fall 2026 or Spring 2027.

6. The PI developed and taught a graduate course, Nonequilibrium Thermodynamics, using

material from this report. Recordings of the course are publicly available in a YouTube

playlist.

7. We conducted preliminary research on dynamical low-rank approximation and moment

methods, establishing a foundation for reduced representations of kinetic and hyperbolic

equations.

8. We developed MATLAB test codes for DLRA algorithms, including experiments for

BGK and high-resolution finite-volume discretizations.
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Chapter 1

Introduction and Report Organization

Continuum macroscopic models describe fluids using fields such as density, bulk velocity,

and temperature. Their validity depends on scale separation and near-local thermodynamic

equilibrium. The continuum velocity is a local mean of the microscopic particle velocities,

which may remain broadly distributed.

To make the scale separation precise, let the molecular mean free path be λmfp and a

characteristic macroscopic length be L. The Knudsen number is Kn = λmfp/L. Chapter 3

denotes the same ratio by ε when it is used as the Chapman–Enskog expansion parameter.

When Kn ≪ 1, frequent collisions keep the velocity distribution close to a local Maxwellian,

permitting closure by continuum models such as the Euler or Navier–Stokes–Fourier equa-

tions [74].

When Kn = O(1), nonequilibrium features of the velocity distribution generally cannot be

represented adequately by a continuum closure, and a kinetic description such as the Boltz-

mann transport equation is required [74]. In three spatial dimensions, the distribution depends

on time, three position variables, and three velocity variables. The position and velocity vari-

ables together form six-dimensional phase space. The Boltzmann equation is challenging

because of both this high dimensionality and its collision operator, which is nonlinear and

nonlocal in velocity while remaining local in position and time.

1.1 A Toy Model

For those readers not familiar with kinetic equations, the following toy model will give some

idea of how these models keep track of particles over time and space. We begin with a

deliberately simplified 1x1v treatment in which position, velocity, and time are all discrete.
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For example, let

X = {1, 2, . . . , 8}, V = {−4,−3, . . . , 3, 4}, T∆t = {tn = n∆t | n = 0, 1, 2, . . .} .

The state is an integer-valued counting function

f : X × V × T∆t −→ N0. (1.1)

The value f (i , v , tn) is the number of particles in spatial cell i with velocity v at time tn. Here

v can take only the nine listed values; there are no intermediate velocities. In particular,

f (3,−3, 0) = 7

means exactly that at time zero there are seven particles in spatial cell 3 whose velocity is

−3. It is not a density, a cell average, or a quadrature approximation. Every unmarked entry

in the grid below is understood to be zero.

In Figure 1.1, we give the state at two time instances, t = 0 and t = t1. Particles can

move by advection with their labeled velocities, moving from cell to cell, and collide with each

other and, thereby, exchanging momentum.

4

8
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7
14

1 2 3 4 5 6 7 8

−4
−3
−2
−1
0

1

2

3

4

x

v Initial state: t0 = 0

(a) The initial integer-valued state.

2 3

7
1

2 5
3 12

1 2 3 4 5 6 7 8

−4
−3
−2
−1
0

1

2

3

4

x

v Updated state: t1 = ∆t

(b) One possible updated integer-valued state.

Figure 1.1: A fully discrete particle-count analogy. Each printed integer is the exact value of
f (i , v , tn). Positive-velocity particles tend to move toward larger spatial indices, negative-velocity
particles toward smaller indices, and collisions may reassign velocity labels without changing spatial
cells. The displayed counts sum to 35 in both panels.

Summing the columns of the states over all velocity labels removes the velocity coordinate
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and gives the number of particles in a spatial cell. Define the discrete velocity marginal

Nni :=
∑
v∈V

f (i , v , tn), i ∈ X . (1.2)

For the two states in Figure 1.1, these column sums are

(N0i )
8
i=1 = (0, 0, 13, 0, 0, 0, 22, 0), (N1i )

8
i=1 = (0, 3, 7, 3, 0, 3, 19, 0).

They form one-dimensional histograms of the spatial particle counts.
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(a) Initial spatial histogram.
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(b) Updated spatial histogram.

Figure 1.2: Velocity marginals of the two discrete phase-space states. Each bar is the sum of one
velocity column in Figure 1.1. Transport redistributes particles among spatial cells, while the sum of
the bar heights remains 35.

The quantities Nni are particle counts, not yet number densities. If spatial cell i represents

an interval Ci of width ∆x , its cell-averaged number density is

n̄ni :=
Nni
∆x
, Nni = n̄

n
i ∆x. (1.3)

Thus the histogram of Nni and the histogram of n̄ni have the same shape when all cells have

the same width; only the vertical scale differs. This velocity sum is the discrete analogue—not

a discretization—of the continuous velocity marginal

n(x , t) =

ˆ
Rd
f (x , v , t) dv ,

which is the continuous number density used later in the chapter.

A single discrete update of the state can be imagined as two successive bookkeeping

operations,

f n
transport between spatial cells−−−−−−−−−−−−−−−−→ f n+

1
2

collisions within each spatial cell−−−−−−−−−−−−−−−−−→ f n+1. (1.4)
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During the transport stage, a particle retains its discrete velocity but may move to another

spatial cell; the precise movement rule depends on the chosen analogy.

During the collision stage, particles stay in the same spatial cell but may be reassigned to

different allowed velocities. For now, we do not specify how and why particles may collide or

if those collisions are elastic or otherwise. It is enough to know that collisions lead to changes

in the velocity labels of particles.

In either stage the entries remain nonnegative integers. Define the total particle count at

time tn by

N n :=
∑
i∈X

Nni =
∑
i∈X

∑
v∈V

f (i , v , tn).

For a periodic or closed grid, this count does not change during an update. The two panels

from Figure 1.1 therefore satisfy N 0 = N 1 = 35.
This construction is only an analogy. It is not obtained by discretizing the Boltzmann

equation, and the displayed update is not proposed as a numerical method. Its purpose is to

isolate two ideas: transport changes the spatial cells occupied by particles, whereas collisions

change the distribution of their discrete velocities. From this point onward, f again denotes

a continuous phase-space density rather than an integer particle count.

1.2 Quick Introduction to the Unary Boltzmann Equation

The adjective unary means that only one particle species is present. Instead of following

individual particles, kinetic theory describes their statistical distribution. Standard mathe-

matical introductions and surveys include Bressan [9], Cercignani [10], Cercignani, Illner, and

Pulvirenti [12], and Villani [78]. In the continuous model, the quantity

f (x , v , t) dx dv

is interpreted as the expected number of particles whose positions and velocities lie in small

volume elements about x and v at time t. Thus the continuous f is a density on phase space,

not the trajectory of a single particle.

The Vlasov–Boltzmann equation for a unary dilute gas is

∂f

∂t
+ v · ∇x f + a · ∇v f = Q[f , f ](x , v , t), (1.5)

where f (x , v , t) is the number-density distribution in phase space and a = a(x , v , t) is the

acceleration produced by an external field. For example, an electric field produces a velocity-

8
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independent acceleration, whereas the magnetic part of the Lorentz force depends on velocity.

We assume here that ∇v · a = 0, as in those examples; otherwise, the conservative phase-

space-density equation also contains f∇v ·a on the left-hand side. The Boltzmann transport
equation results from setting a ≡ 0. The transport operator follows from the chain rule along

a particle trajectory:

d
dt
f (x , v , t) =

d∑
i=1

∂f

∂xi

dxi
dt
+

d∑
i=1

∂f

∂vi

dvi
dt
+
∂f

∂t

= v · ∇x f + a · ∇v f +
∂f

∂t
,

where d = 3 for the standard model. Thus the left-hand side is the rate of change of f

observed while moving along a particle trajectory. The Vlasov–Boltzmann equation asserts

that this rate is produced by collisions:

d
dt
f (x , v , t) = Q[f , f ](x , v , t).

The collision operator is not merely a collision frequency: it is the net rate at which collisions

add particles to, or remove particles from, each velocity. Its definition requires additional

physical input. Collisions are assumed binary, instantaneous, local in space, and elastic [74].

We state its generic three-dimensional form for the moment:

Q[f , f ](x , v , t) =

ˆ
R3

ˆ
S2
[f ′f ′⋆ − f f⋆]B(v − v ⋆,σ)dσdv ⋆,

where

f ′ := f (x , v ′, t), f ′⋆ := f (x , v
′
⋆, t),

f := f (x , v , t), f⋆ := f (x , v ⋆, t);

B is the collision kernel describing the frequency and angular distribution of binary collisions,

σ is a unit vector called the apse direction, and the primed velocities are computed from

v ′ = v − [σ · (v − v ⋆)]σ, (1.6)

v ′⋆ = v ⋆ + [σ · (v − v ⋆)]σ. (1.7)

The transport terms move the distribution through position and velocity space. The

collision term acts only in velocity space and is local in (x , t): particles collide only when they

9
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are at the same position and time. The gain term f ′f ′⋆ represents collisions arriving at the

pair (v , v ⋆), while the loss term f f⋆ represents collisions leaving that pair. The binary collision

transformation and the kernel B will be specified carefully below.

The computation of the Boltzmann collision operator is expensive. In three dimensions,

its five-dimensional integral must be evaluated at every phase-space point (x , v), and closed-

form evaluation is available only in special cases. Deterministic spectral or discrete-velocity

methods and stochastic Monte Carlo methods offer different accuracy–cost tradeoffs; neither

is universally preferable. For an N-species mixture, one must additionally account for all N2

ordered collision terms. A common reduced description replaces these integrals by a less

costly BGK-type relaxation. The initials honor Bhatnagar, Gross, and Krook, who introduced

the approximation in 1954 [6].

1.3 The BGK Approximation Model

The full collision integral is costly, but its most important qualitative effect is easy to describe:

collisions preserve mass, momentum, and energy while driving the velocity distribution toward

a Maxwellian. The BGK collision model builds these two facts directly into the simpler

nonlinear relaxation operator

QBGK[f ](x , v , t) = λ(Mf (x , v , t)− f (x , v , t)), (1.8)

where λ = τ−1 is a relaxation frequency, τ > 0 is a characteristic collision time, and Mf is

the Maxwellian constructed from the hydrodynamic moments of f ,

n(x , t) :=

ˆ
Rd
f dv , u(x , t) :=

1

n

ˆ
Rd
f v dv , θ(x , t) :=

m

nd

ˆ
Rd
f |v − u|2 dv , (1.9)

and is defined as

Mf (x , v , t) := M[f ](x , v , t) := n
( m

2πθ

)d/2
exp

(
−
m|v − u|2

2θ

)
. (1.10)

The fields n, u, and θ are the macroscopic, or coarse-grained, number density, bulk velocity,

and temperature. They correspond to the zeroth, first, and centered second velocity mo-

ments; the phrase first three moments is sometimes used informally for this collection. The

total kinetic-energy density is

ω(x , t) :=
m

2

ˆ
Rd
f |v |2 dv , (1.11)

10



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

and the internal energy density is defined as

e(x , t) :=
m

2

ˆ
Rd
f |v − u|2 dv . (1.12)

We observe that the temperature and the internal energy are related via

θ(x , t) =
2

d

e(x , t)

n(x , t)
.

By construction, Mf has the same mass, momentum, and total energy as f . Hence

the BGK term preserves these collision invariants while driving f toward local Maxwellian

equilibrium. If the external acceleration in (1.5) is retained, replacing Q[f , f ] by QBGK[f ]

gives the Vlasov–BGK equation. The moment-matching and entropy properties of Mf are

proved later rather than assumed here.

Proposition 1.1 (Conservation by the BGK Operator). Whenever the displayed moments are

finite,

ˆ
Rd
QBGK[f ]


1

mv

m|v |2/2

 dv = 0. (1.13)

Proof. The Maxwellian Mf is chosen to have exactly the same number, momentum, and

total energy as f . Each component of the integral is therefore λ times the difference of two

equal moments. ■

This proposition illustrates the basic design principle of a reduced collision model: the

approximation may simplify the relaxation mechanism, but it must preserve the collision

invariants of the original operator.

1.4 Organization

Chapter 2 gives a detailed review of the multispecies Boltzmann equation, including material

that is often abbreviated in textbooks. This foundation is important because the BGK-type

approximations developed later inherit the collision invariants and entropy structure of the

Boltzmann system.

Chapters 3 and 4 connect this kinetic description to continuum models. The first derives

the Euler and Navier–Stokes–Fourier equations through the Chapman–Enskog procedure,

while the second surveys the general structure and requirements of finite moment closures.
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Chapter 5 introduces the single-species BGK equation and derives its conservation laws,

information dissipation, and entropy production. The presentation is intended to orient read-

ers who are new to kinetic models without attempting a comprehensive literature review.

Chapter 6 presents finite-volume implicit-explicit (IMEX) Runge–Kutta (RK) methods and

representative simulations, including the Sod shock tube and two-stream instability bench-

marks. Chapter 7 develops numerical methods for the discrete-velocity models introduced in

Chapter 5.

In Chapter 8, we derive the conservative, entropic multispecies BGK model of Haack,

Hauck, and Murillo from the Boltzmann collision structure, establish positivity of its pair

temperatures, and prove its conservation laws and H-theorem. Chapter 9 describes the

asymptotic dynamics of the corresponding space-homogeneous moment equations and sum-

marizes our recent numerical analysis for this model.

Chapter 10 presents a preliminary analysis of unary and multispecies ellipsoidal statistical

BGK (ES-BGK) models.

The ES-BGK models can more accurately capture realistic Prandtl numbers of gases than

the simpler BGK-type models. As a consequence, they provide more accurate hydrodynamic

limits (the Navier–Stokes–Fourier system) than the standard BGK models. At the same time,

ES-BGK models retain the computational tractability of their BGK relatives.

Chapter 11 presents dynamical low-rank approximation methods and their application to

BGK and high-resolution finite-volume schemes. The report concludes in Chapter 12 with a

comparison of the Year-Five advances against the Year Four Report and a statement of near-

and long-term directions.

1.5 Terminology and Notation Conventions

Except when reproducing the title of a cited work, this report uses multispecies for models

or mixtures involving more than one species. Compound modifiers are hyphenated consis-

tently: single-species, space-homogeneous, discrete-velocity, and finite-volume. The

term dynamical low-rank approximation is abbreviated DLRA after its first use. Phase-

space configurations are denoted by 1x1v , 1x2v , and so on, with the first number giving the

spatial dimension and the second the velocity dimension. Microscopic velocity is denoted by

v in multiple velocity dimensions and by v in a scalar 1x1v setting; the corresponding bulk

velocities are u and u. Number density is n, mass density is ρ = mn, and temperature in

energy units is θ (or θ̂i for the species temperatures used in the multispecies moment sys-

tem). The symbol T is reserved for terminal time and established operator or tensor notation;

12
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dimensional kelvin temperature appears only as T dim in the relation θdim = kBT dim.

The continuous Maxwellian associated with a distribution f is denoted by Mf = M[f ]; a

pair Maxwellian is Mi ,j ; a discrete-velocity Maxwellian is MJ ,f ; and an ES-BGK Gaussian is

Gν. The report uses the physical entropy sign convention

S[f ] := −H[f ], H[f ] :=

ˆ
f ln f ,

so entropy is non-decreasing and information is non-increasing. The term information is re-

tained for Boltzmann’s H-functional and for ordinary descriptive uses, but statements about

thermodynamic direction are expressed primarily in terms of entropy production. A symbol

defined differently for a specialized model is identified locally. Appendix G provides a consol-

idated map of densities, velocity frames, energy and temperature variables, stress and flux

quantities, and the information/entropy sign convention.

Several appendices are included that contain tedious calculations that we wished to keep

out of the main text. A prototype 1x1v MATLAB code for the Sod shock tube problem is

contained in Appendix F.

1.6 Review Status and Limitations

This cumulative report combines peer-reviewed project results, technical exposition, prelimi-

nary research, and prototype computations. The two SIAM articles identified in the Executive

Summary have undergone journal peer review; the report as a whole has received internal au-

thor review but has not undergone independent external review. Statements that are formal,

preliminary, or dependent on additional hypotheses are identified locally.

The numerical results apply to the configurations documented with each test and should

not be interpreted as a general validation of the methods outside those settings. The MAT-

LAB listings in Appendix F are research and training prototypes, not production software.

Their present relationship to the archived Sod calculation, including the known configuration

mismatch, is stated in that appendix and in Section 6.5.3. Users should independently verify

the code and its outputs for their intended application.

The authors have checked the report’s claims, proofs, equations, citations, and cross-

references to the extent practical for this cumulative release and remain responsible for its

content. Neither The University of Tennessee nor Oak Ridge National Laboratory can be

held responsible for decisions based on the report or on output from the prototype code.

13



Chapter 2

Multispecies Boltzmann Equations

Our primary objective is to understand the kinetic description of dilute mixtures of parti-

cles. The multispecies Boltzmann system is a foundational model for such gas mixtures:

instead of tracking individual particles, it evolves one distribution function for each species in

position–velocity phase space. Direct deterministic computation is expensive because every

binary interaction contributes a high-dimensional collision integral. This motivates reduced

collision models, including BGK-type relaxations, but those approximations can be designed

and interpreted responsibly only after the conservation, entropy, and equilibrium structure of

the Boltzmann operator is understood.

The thesis by Marlies Pirner [62] has been especially useful in preparing this chapter.

The books [11, 36] give readable introductions to the multispecies Boltzmann system, while

Kremer [48] provides a more detailed modern account. Bressan’s notes [9] are a helpful

introduction to the unary model and its analysis.

The exposition proceeds from microscopic mechanics to macroscopic closure. After the

unary review in the preceding chapter, we construct the elastic binary collision map and use its

symmetries to derive weak forms, conservation laws, and the H-theorem for mixtures. After

defining velocity moments carefully in both species and barycentric frames, we characterize

Maxwellians and their entropy-minimizing property. We conclude this chapter by returning

to mixtures in the spatially homogeneous setting and identifying the equilibrium parameters

selected by the conserved quantities. The next two chapters then derive the unary Euler and

Navier–Stokes–Fourier closures and place that construction within the broader methodology

of finite moment closure.

This chapter is written for a reader who has completed a first course in differential equa-

tions and is comfortable with multivariable calculus, linear algebra, and elementary partial

differential equations. No previous course in kinetic theory or continuum mechanics is as-

14
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sumed. The longer proofs use only changes of variables, symmetry, Taylor’s theorem, and

Gaussian integration, together with a few explicitly stated formal properties of the collision

operator.

There are two useful ways to read this chapter. On a first reading, one may focus on the

definitions, the statements of the main propositions, and the explanatory paragraphs following

them. The longer weak-form, collision-invariant, and equilibrium proofs can then be studied

on a second pass. Throughout, we keep three logical levels separate:

1. exact identities, obtained directly from the kinetic equation;

2. structural conclusions, obtained from collision symmetries and nondegeneracy assump-

tions;

3. closures and asymptotic approximations, which introduce additional modeling as-

sumptions.

This distinction is especially important in the Chapman–Enskog and moment-closure sections.

Standing Regularity Convention

Unless otherwise stated, the calculations below are understood for kinetic distributions that

are sufficiently smooth and rapidly decaying in velocity to justify differentiation under the

integral sign, changes in the order of integration, collision-variable transformations, and inte-

grations by parts. We assume that every displayed moment is finite. In discussions involving

information or entropy, we additionally assume that the distributions are strictly positive and

that fi log fi and the corresponding collision terms are integrable. These conventions justify

the pointwise manipulations in a classical setting; alternatively, the identities may be read as

formal identities for smooth solutions. Whenever a conclusion depends on a formal asymptotic

expansion or on more specific analytic hypotheses, this is stated explicitly.

2.1 The Binary Collision Transformation

To derive the multispecies collision operator, we first isolate the kinematics of a single elastic

encounter. The two particles may have different masses, but the collision preserves their

total momentum and kinetic energy. The apse direction σ specifies the line along which the

impulsive exchange occurs; equivalently, only the component of the relative velocity parallel

to σ is reversed.

15
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Definition 2.1 (Elastic Binary Collision Map). Let mi , mj > 0 be the masses of particles of

species i and j , respectively, i , j ∈ {1, 2, . . . , N}. Fix a unit vector σ ∈ S2. The transformation

T i ,jσ (v , v ⋆) = (v
′, v ′⋆), which maps R3 × R3 into R3 × R3, is defined via

v ′ = v − [σ · (v − v ⋆)]
2mj

mi +mj

σ, (2.1)

v ′⋆ = v ⋆ + [σ · (v − v ⋆)]
2mi

mi +mj

σ. (2.2)

We will write

v ′ = T i ,jσ,1(v , v ⋆) and v ′⋆ = T
i ,j
σ,2(v , v ⋆)

for the first and second components of the transformation, respectively. The mapping T i ,jσ is

called a binary collision transformation and σ is called the apse direction. The unprimed

coordinates v and v ⋆ are the pre-collisional velocities; the primed coordinates v ′ and v ′⋆
are the post-collisional velocities. The labels pre and post are interchangeable because the

elastic collision map is an involution, as proved below.

For equal masses, mi = mj , the collision map simplifies to

v ′ = v − σ
[
σ · (v − v ⋆)

]
, (2.3)

v ′⋆ = v ⋆ + σ
[
σ · (v − v ⋆)

]
. (2.4)

Thus an equal-mass collision exchanges the components of the two velocities parallel to the

apse direction, while leaving their components perpendicular to σ unchanged. Figure 2.1

illustrates this exchange for the first worked example below. The vectors are drawn in a

two-dimensional plane for clarity; they may equivalently be embedded in R3 by appending a

zero third component.

16



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

1

2

v = (1, 0)⊤

v ⋆ = (0, 1)
⊤

σ

Pre-collision

collision

1

2

v ′ = (0, 1)⊤

v ′⋆ = (1, 0)
⊤

σ

Post-collision

Figure 2.1: An equal-mass binary collision with σ = 2−1/2(1,−1)⊤. The components parallel to σ
are exchanged; in this particular configuration, the two velocity vectors are exchanged completely.

Example 2.2 (An oblique apse direction). Suppose that the pre-collisional velocities and apse

direction are

v =

(
1

0

)
, v ⋆ =

(
0

1

)
, σ =

1√
2

(
1

−1

)
.

Since

σ · (v − v ⋆) =
√
2, σ

[
σ · (v − v ⋆)

]
=

(
1

−1

)
,

Equations (2.3) to (2.4) give

v ′ =

(
0

1

)
, v ′⋆ =

(
1

0

)
.

The particles exchange their complete velocity vectors in this special geometry. Both mo-

mentum and kinetic energy are unchanged.

Example 2.3 (A coordinate-aligned apse direction). Keep the same pre-collisional velocities,

but choose

σ =

(
0

−1

)
.

Now

σ · (v − v ⋆) = 1, σ
[
σ · (v − v ⋆)

]
=

(
0

−1

)
,

17
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and hence

v ′ =

(
1

1

)
, v ′⋆ =

(
0

0

)
.

This result seems strange, since one of the post-collision speeds is precisely zero, but is

correct. The direction σ is vertical, so the collision exchanges the vertical components of the

two velocities and leaves their horizontal components unchanged. Particle 1 therefore retains

its horizontal velocity and receives the vertical velocity of particle 2, while particle 2 comes

to rest. As a direct check,

v + v ⋆ = v
′ + v ′⋆ =

(
1

1

)
, |v |2 + |v ⋆|2 = |v ′|2 + |v ′⋆|2 = 2.

Thus both total momentum and total kinetic energy are conserved.

Proposition 2.4 (Momentum, Energy, and Relative-Speed Conservation). Let mi , mj > 0 be

the masses of particles of species i and j , respectively, i , j ∈ {1, 2, . . . , N}, and fix an apse

direction σ ∈ S2. Suppose that (v ′, v ′⋆) = T
i ,j
σ (v , v ⋆). Then,

miv +mjv ⋆ = miv
′ +mjv

′
⋆, (2.5)

mi

2
|v |2 +

mj

2
|v ⋆|2 =

mi

2
|v ′|2 +

mj

2
|v ′⋆|2. (2.6)

Furthermore,

σ · (v ′ − v ′⋆) = −σ · (v − v ⋆) (2.7)

and

|v ′ − v ′⋆| = |v − v ⋆|. (2.8)

Proof. To get (2.5) add mi times (2.1) to mj times (2.2), and the result immediately follows.

To get (2.6), square both (2.1) and (2.2) to obtain

|v ′|2 = |v |2 − [σ · (v − v ⋆)]
4mj

mi +mj

σ · v + [σ · (v − v ⋆)]2
4m2j

(mi +mj)2
,

|v ′⋆|2 = |v ⋆|2 + [σ · (v − v ⋆)]
4mi

mi +mj

σ · v ⋆ + [σ · (v − v ⋆)]2
4m2i

(mi +mj)2
.

Then,

mi |v ′|2 +mj |v ′⋆|2 = mi |v |2 +mj |v ⋆|2

− [σ · (v − v ⋆)]
4mimj

mi +mj

σ · v + [σ · (v − v ⋆)]
4mimj

mi +mj

σ · v ⋆

18
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+ [σ · (v − v ⋆)]2
4mim

2
j

(mi +mj)2
+ [σ · (v − v ⋆)]2

4m2i mj

(mi +mj)2

= mi |v |2 +mj |v ⋆|2

− [σ · (v − v ⋆)]2
4mimj

mi +mj

+ [σ · (v − v ⋆)]2
4mimj

(mi +mj)2
(mi +mj)

= mi |v |2 +mj |v ⋆|2.

Subtracting the two velocity formulas gives

v ′ − v ′⋆ = (v − v ⋆)− 2[σ · (v − v ⋆)]σ.

Thus the relative velocity is reflected across the plane perpendicular to σ. Taking its scalar

product with σ proves (2.7); taking its Euclidean norm proves (2.8), because an orthogonal

reflection preserves length. ■

Proposition 2.5 (Linearity and Microscopic Reversibility). Let mi , mj > 0 be the masses of

particles of species i and j , respectively, i , j ∈ {1, 2, . . . , N}, and fix an apse direction σ ∈ S2.
Then, T i ,jσ is a linear transformation, that is,

T i ,jσ (α(v , v ⋆) + β(w ,w ⋆)) = αT
i ,j
σ (v , v ⋆) + βT

i ,j
σ (w ,w ⋆) , (2.9)

for all α, β ∈ R and all v ,w , v ⋆,w ⋆ ∈ R3. Furthermore,

(v , v ⋆) = T
i ,j
σ (T

i ,j
σ (v , v ⋆)), (2.10)

for all v , v ⋆ ∈ R3. In other words,

I = T i ,jσ ◦ T i ,jσ , (2.11)

or, equivalently, (
T i ,jσ
)−1
= T i ,jσ . (2.12)

Proof. Each component of T i ,jσ is a linear combination of v and v ⋆, so linearity follows

directly from the definition. Proposition 2.4 shows that the collision replaces the relative

velocity v − v ⋆ by its reflection across the plane perpendicular to σ. In particular, σ · (v − v ⋆)
changes sign. On applying the same formulas a second time, the increments in (2.1)–(2.2)

therefore have the same magnitudes and the opposite signs. Both velocities return to their

original values, which proves (2.10). ■

19



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

Proposition 2.6 (Compatibility with Particle Exchange). Let mi , mj > 0 be the masses of

particles of species i and j , respectively, i , j ∈ {1, 2, . . . , N}, and fix an apse direction σ ∈ S2.
Then,

T i ,jσ,1(v ⋆, v) = T
j,i
σ,2(v , v ⋆), (2.13)

T i ,jσ,2(v ⋆, v) = T
j,i
σ,1(v , v ⋆). (2.14)

Proof. Let v , v ⋆ ∈ R3 be arbitrary. Then,

T i ,jσ,1(v ⋆, v) = v ⋆ − [σ · (v ⋆ − v)]
2mj

mi +mj

σ

= v ⋆ + [σ · (v − v ⋆)]
2mj

mi +mj

σ

= T j,iσ,2(v , v ⋆).

Similarly,

T i ,jσ,2(v ⋆, v) = v + [σ · (v ⋆ − v)]
2mi

mi +mj

σ

= v − [σ · (v − v ⋆)]
2mi

mi +mj

σ

= T j,iσ,1(v , v ⋆).

■

Proposition 2.7 (Unit-Jacobian Change of Variables). Let mi , mj > 0 be the masses of

particles of species i and j , respectively, i , j ∈ {1, 2, . . . , N}, and fix an apse direction σ ∈ S2.
Suppose that f : R3 × R3 → R is integrable, that is,

ˆ
R3

ˆ
R3
|f (v , v ⋆)| dvdv ⋆ <∞.

Then, f ◦ T i ,jσ : R3 × R3 → R is integrable, and

ˆ
R3

ˆ
R3
f (v , v ⋆) dvdv ⋆ =

ˆ
R3

ˆ
R3
f (T i ,jσ (v , v ⋆)) dvdv ⋆. (2.15)

Proof. Because T i ,jσ is an invertible linear map and (T i ,jσ )
2 = I, its determinant satisfies

(detT i ,jσ )
2 = 1. Hence ∣∣det (T i ,jσ )∣∣ = 1.
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The result now follows from the standard change-of-variables formula. This unit Jacobian is

the measure-theoretic expression of microscopic reversibility. ■

2.2 The Boltzmann Collision Operator

Definition 2.8 (Binary Collision Operator and Kernel Symmetries). Let mi , mj > 0 be the

particle masses of species i and j , respectively. At a fixed position x and time t, suppress that

dependence and regard fi , fj : R3 → [0,∞) as functions of velocity. The binary i , j collision

operator is

Qi ,j [fi , fj ](v) :=

ˆ
R3

ˆ
S2

[
f ′i f
′
j,⋆ − fi fj,⋆

]
Bi ,j(v − v ⋆,σ) dσdv ⋆, (2.16)

where

f ′i := fi(v
′), f ′j,⋆ := fj(v

′
⋆),

fi := fi(v), fj,⋆ := fj(v ⋆);

and the primed coordinates are given precisely by the transformation

(v ′, v ′⋆) = T
i ,j
σ (v , v ⋆).

Bi ,j : R3 × S2 → [0,∞) is the collision kernel. We say that the family of kernels has an

admissible symmetry structure if

1. for every pair i , j , there is a measurable function bi ,j such that, for all σ ∈ S2 and

w ∈ R3,
Bi ,j(w ,σ) = bi ,j(|w · σ|, |w |), (2.17)

2. for i ̸= j , the reciprocity relation

Bi ,j(w ,σ) = Bj,i(w ,σ), (2.18)

for all w ∈ R3 and all σ ∈ S2.

The first condition makes the kernel invariant under reversal of the relative velocity, reversal of

the apse direction, and the pre/post-collisional change of variables. The second says that the

physical rate assigned to an i , j encounter is independent of which particle is listed first. These

symmetry assumptions are distinct from whatever cutoff, growth, or integrability hypotheses
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are needed to make a particular collision integral finite. With the number-density convention

ni =
´
fi dv , no additional factor of m−1i appears in Qi ,j .

The integrand has the standard gain-minus-loss interpretation. The product f ′i f
′
j,⋆ counts

collisions whose post-collisional state arrives at velocity v , whereas fi fj,⋆ counts collisions that

remove particles from that velocity. The collision kernel weights those events by their relative

speed and scattering law. Although the notation is compact, Qi ,j remains nonlinear and

nonlocal in velocity.

Definition 2.9 (Nondegenerate Kernels and the Interaction Graph). An i , j collision kernel

is called nondegenerate, in the functional sense used below, if it is positive on a sufficiently

rich set of collision configurations that equality in the entropy-production integral forces the

corresponding collision-invariant relation. This terminology packages a hypothesis rather than

prescribing one universal pointwise lower bound; precise coercivity assumptions depend on the

kernel class. The species-interaction graph has vertices 1, . . . , N and an edge between i and

j whenever Bi ,j is nondegenerate. If this graph is connected, collisions can communicate

momentum and energy between every pair of species, possibly through intermediate species.

Proposition 2.10 (Pre/Post Invariance of the Collision Kernel). Suppose that the collision

kernel Bi ,j : R3×S2 → [0,∞) has admissible symmetry structure. Let v , v ⋆ ∈ R3 be arbitrary

and set

(v ′, v ′⋆) = T
i ,j
σ (v , v ⋆),

as usual. Then,

Bi ,j(v
′ − v ′⋆,σ) = Bi ,j(v − v ⋆,σ). (2.19)

Proof. Recall (2.7) and (2.8), respectively,

σ · (v ′ − v ′⋆) = −σ · (v − v ⋆) and |v ′ − v ′⋆| = |v − v ⋆|. (2.20)

Then,

Bi ,j(v
′ − v ′⋆,σ) = bi ,j(|(v ′ − v ′⋆) · σ|, |v ′ − v ′⋆|)

= bi ,j(| − (v − v ⋆) · σ|, |v − v ⋆|)

= bi ,j(|(v − v ⋆) · σ|, |v − v ⋆|)

= Bi ,j(v − v ⋆,σ),

which establishes (2.19). ■
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Definition 2.11 (Multispecies Boltzmann System). Let Ω ⊂ R3 be a bounded open set. We

say that the kinetic distributions fi : Ω × R3 × [0, T ] → [0,∞), i = 1, . . . , N, satisfy the

multispecies Boltzmann equation if, for all x ∈ Ω, v ∈ R3, and t ∈ (0, T ],

∂tfi(x , v , t) + v · ∇x fi(x , v , t) = Qi [fi , f ](x , v , t), (2.21)

where Qi [fi , f ], the cumulative binary collision operator, is defined as

Qi [fi , f ](x , v , t) :=

N∑
j=1

Qi ,j [fi , fj ](x , v , t). (2.22)

We often impose a specular reflection boundary condition. Define the incoming phase bound-

ary by

Γin :=
{
(x , v) ∈ ∂Ω× R3

∣∣ v · n(x) < 0} ,
For every (x , v) ∈ Γin and t ∈ (0, T ], require

fi(x , v , t) = fi(x ,R(x , v), t),

where

R(x , v) := v − 2 [v · n(x)] n(x),

and n(x) is the outward-pointing unit normal at x ∈ ∂Ω. The map R reverses the normal

component of velocity and leaves its tangential component unchanged; it is the velocity-space

analogue of a perfectly elastic reflection from a smooth wall.

Remark 2.12. In the following weak-form identities, x and t are fixed and suppressed. This

is a notational simplification only: the collision operator is local in physical space and time,

so the same identities apply pointwise in (x , t) whenever the integrals exist.

The purpose of a weak form is to transfer the collision operator onto a test function ψ.

After averaging over particle exchange and the pre/post-collisional map, the factor multiplying

the gain–loss term becomes the change of ψ across one collision. Conservation laws then

follow simply by choosing a ψ whose pairwise change vanishes.

Proposition 2.13 (Unary Weak Form). Suppose that fi : R3 → [0,∞) and ψ : R3 → R
are given and integrable. Then, assuming the collision kernel Bi ,i has admissible symmetry

structure,
ˆ
R3
Qi ,i [fi , fi ](v)ψ(v) dv
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=
1

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
i ,⋆ − fi fi ,⋆

]
Bi ,i(v − v ⋆,σ) [ψ + ψ⋆ − ψ′ − ψ′⋆] dσdv ⋆dv , (2.23)

where the primed coordinates are determined via

(v ′, v ′⋆) = T
i ,i
σ (v , v ⋆),

and, for shorthand

fi := fi(v), fi ,⋆ := fi(v ⋆), f ′i := fi(v
′), f ′i ,⋆ := fi(v

′
⋆),

and

ψ := ψ(v), ψ⋆ := ψ(v ⋆), ψ′ := ψ(v ′), ψ′⋆ := ψ(v
′
⋆),

Proof. The proof uses only two symmetries. First, exchanging the dummy variables v and v ⋆
replaces ψ by ψ⋆ without changing the integral. Second, the unit-Jacobian pre/post change

of variables replaces the gain–loss factor by its negative and replaces ψ by ψ′; combining both

symmetries gives the corresponding formula with ψ′⋆. We record the four versions explicitly

and then average them.

Let us set

J =

ˆ
R3
Qi ,i [fi , fi ](v)ψ(v) dv .

Then, by definition,

J =

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
i ,⋆ − fi fi ,⋆

]
Bi ,i(v − v ⋆,σ)ψ(v) dσdv ⋆dv

=

ˆ
R3

ˆ
R3

ˆ
S2
fi(T

i ,i
σ,1(v , v ⋆))fi(T

i ,i
σ,2(v , v ⋆))Bi ,i(v − v ⋆,σ)ψ(v) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fi(v ⋆)Bi ,i(v − v ⋆,σ)ψ(v) dσdv ⋆dv . (2.24)

The integration variables are dummy variables and may be interchanged. Doing so, we obtain

J =

ˆ
R3

ˆ
R3

ˆ
S2
fi(T

i ,i
σ,1(v ⋆, v))fi(T

i ,i
σ,2(v ⋆, v))Bi ,i(v ⋆ − v ,σ)ψ(v ⋆) dσdvdv ⋆

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v ⋆)fi(v)Bi ,i(v ⋆ − v ,σ)ψ(v ⋆) dσdvdv ⋆

=

ˆ
R3

ˆ
R3

ˆ
S2
fi(T

i ,i
σ,1(v ⋆, v))fi(T

i ,i
σ,2(v ⋆, v))Bi ,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fi(v ⋆)Bi ,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv ,
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where we have used (2.17). Observe that, using (2.13) and (2.14) (with i = j),

T i ,iσ,1(v ⋆, v) = T
i ,i
σ,2(v , v ⋆),

T i ,iσ,2(v ⋆, v) = T
i ,i
σ,1(v , v ⋆),

so that

J =

ˆ
R3

ˆ
R3

ˆ
S2
fi(T

i ,i
σ,2(v , v ⋆))fi(T

i ,i
σ,1(v , v ⋆))Bi ,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fi(v ⋆)Bi ,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv

=

ˆ
R3

ˆ
R3

ˆ
S2
fi(v

′
⋆)fi(v

′)Bi ,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fi(v ⋆)Bi ,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv

=

ˆ
R3

ˆ
R3

ˆ
S2
fi(v

′)fi(v
′
⋆)Bi ,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fi(v ⋆)Bi ,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv

=

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
i ,⋆ − fi fi ,⋆

]
Bi ,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv . (2.25)

Next, using the change of variables formula in Proposition 2.7 and the fact that I =

T i ,iσ ◦ T i ,iσ , where I is the identity transformation, we have

J =

ˆ
R3

ˆ
R3

ˆ
S2
fi(T

i ,i
σ,1(v , v ⋆))fi(T

i ,i
σ,2(v , v ⋆))Bi ,i(v − v ⋆,σ)ψ(v) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fi(v ⋆)Bi ,i(v − v ⋆,σ)ψ(v) dσdv ⋆dv

=

ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fi(v ⋆)Bi ,i(v

′ − v ′⋆,σ)ψ(v ′) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v

′)fi(v
′
⋆)Bi ,i(v

′ − v ′⋆,σ)ψ(v ′) dσdv ⋆dv .

Using (2.19), we find

J =

ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fi(v ⋆)Bi ,i(v − v ⋆,σ)ψ(v ′) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v

′)fi(v
′
⋆)Bi ,i(v − v ⋆,σ)ψ(v ′) dσdv ⋆dv

= −
ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
i ,⋆ − fi fi ,⋆

]
Bi ,i(v − v ⋆,σ)ψ(v ′) dσdv ⋆dv . (2.26)
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Finally, with (2.25) as the starting point, using the change of variables formula in Propo-

sition 2.7, using the fact that I = T i ,iσ ◦ T i ,iσ , and using the identity (2.19), we deduce that

J = −
ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
i ,⋆ − fi fi ,⋆

]
Bi ,i(v − v ⋆,σ)ψ(v ′⋆) dσdv ⋆dv . (2.27)

Adding identities (2.24)–(2.27) and dividing by four gives the desired factor ψ + ψ⋆ − ψ′ −
ψ′⋆. ■

Proposition 2.14 (Cross-Species Weak Form). For i ̸= j , if fi , fj : R3 → [0,∞) and ψ : R3 →
R are given and integrable, then, assuming the collision kernel Bi ,j has admissible symmetry

structure,
ˆ
R3
Qi ,j [fi , fj ](v)ψ(v) dv

=
1

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
j,⋆ − fi fj,⋆

]
Bi ,j(v − v ⋆,σ) [ψ − ψ′] dσdv ⋆dv (′↔ T i ,jσ ),

+
1

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′j f
′
i ,⋆ − fj fi ,⋆

]
Bj,i(v − v ⋆,σ) [ψ⋆ − ψ′⋆] dσdv ⋆dv (′↔ T j,iσ ), (2.28)

where, to be precise, for the first integral the primed coordinates are determined via

(v ′, v ′⋆) = T
i ,j
σ (v , v ⋆),

and, in shorthand,

fi := fi(v), fj,⋆ := fj(v ⋆), f ′i := fi(v
′), f ′j,⋆ := fj(v

′
⋆), ψ := ψ(v), ψ′ := ψ(v ′),

and, for the second integral the primed coordinates are determined via

(v ′, v ′⋆) = T
j,i
σ (v , v ⋆),

and, in shorthand,

fj := fj(v), fi ,⋆ := fi(v ⋆), f ′j := fj(v
′), f ′i ,⋆ := fi(v

′
⋆) ψ⋆ := ψ(v ⋆), ψ′⋆ := ψ(v

′
⋆).

Proof. The same two operations are used as in the unary proof. Particle exchange now also

changes the ordered pair (i , j) to (j, i); the reciprocity condition on the kernel makes the

two descriptions of the same physical encounter agree. We again display the four equivalent

26



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

forms before averaging. Set

J =

ˆ
R3
Qi ,j [fi , fj ](v)ψ(v) dv .

Then, by definition,

J =

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
j,⋆ − fi fj,⋆

]
Bi ,j(v − v ⋆,σ)ψ(v) dσdv ⋆dv

=

ˆ
R3

ˆ
R3

ˆ
S2
fi(T

i ,j
σ,1(v , v ⋆))fj(T

i ,j
σ,2(v , v ⋆))Bi ,j(v − v ⋆,σ)ψ(v) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fj(v ⋆)Bi ,j(v − v ⋆,σ)ψ(v) dσdv ⋆dv (′↔ T i ,jσ ). (2.29)

Interchanging the integration variables v and v ⋆, we obtain

J =

ˆ
R3

ˆ
R3

ˆ
S2
fi(T

i ,j
σ,1(v ⋆, v))fj(T

i ,j
σ,2(v ⋆, v))Bi ,j(v ⋆ − v ,σ)ψ(v ⋆) dσdvdv ⋆

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v ⋆)fj(v)Bi ,j(v ⋆ − v ,σ)ψ(v ⋆) dσdvdv ⋆

=

ˆ
R3

ˆ
R3

ˆ
S2
fj(T

i ,j
σ,2(v ⋆, v))fi(T

i ,j
σ,1(v ⋆, v))Bi ,j(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fj(v)fi(v ⋆)Bi ,j(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv ,

where we have used (2.17). Observe that, using (2.13) and (2.14) (with i ̸= j) and (2.18),

we find that

J =

ˆ
R3

ˆ
R3

ˆ
S2
fj(T

j,i
σ,1(v , v ⋆))fi(T

j,i
σ,2(v , v ⋆))Bj,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fj(v)fi(v ⋆)Bj,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv

=

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′j f
′
i ,⋆ − fj fi ,⋆

]
Bj,i(v − v ⋆,σ)ψ(v ⋆) dσdv ⋆dv (′↔ T j,iσ ). (2.30)

Next, using the change of variables formula in Proposition 2.7 and the fact that I =

T i ,jσ ◦ T i ,jσ , where I is the identity transformation, we have

J =

ˆ
R3

ˆ
R3

ˆ
S2
fi(T

i ,j
σ,1(v , v ⋆))fj(T

i ,j
σ,2(v , v ⋆))Bi ,j(v − v ⋆,σ)ψ(v) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fj(v ⋆)Bi ,j(v − v ⋆,σ)ψ(v) dσdv ⋆dv

=

ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fj(v ⋆)Bi ,j(v

′ − v ′⋆,σ)ψ(v ′) dσdv ⋆dv
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−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v

′)fj(v
′
⋆)Bi ,j(v

′ − v ′⋆,σ)ψ(v ′) dσdv ⋆dv .

Using (2.19), we then find

J =

ˆ
R3

ˆ
R3

ˆ
S2
fi(v)fj(v ⋆)Bi ,j(v − v ⋆,σ)ψ(v ′) dσdv ⋆dv

−
ˆ
R3

ˆ
R3

ˆ
S2
fi(v

′)fj(v
′
⋆)Bi ,j(v − v ⋆,σ)ψ(v ′) dσdv ⋆dv

= −
ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
j,⋆ − fi fj,⋆

]
Bi ,j(v − v ⋆,σ)ψ(v ′) dσdv ⋆dv (′↔ T i ,jσ ). (2.31)

Finally, with (2.30) as the starting point, using the change of variables formula in Propo-

sition 2.7, using the fact that I = T j,iσ ◦ T j,iσ , and using the identity (2.19), we deduce that

J = −
ˆ
R3

ˆ
R3

ˆ
S2

[
f ′j f
′
i ,⋆ − fj fi ,⋆

]
Bj,i(v − v ⋆,σ)ψ(v ′⋆) dσdv ⋆dv (′↔ T j,iσ ). (2.32)

Adding identities (2.29)–(2.32) and dividing by four gives (2.28). ■

2.3 Collision Invariants

A collision invariant is a velocity function whose total value is unchanged by every binary

encounter. When the kinetic equation is integrated against such a function, the collision term

disappears. Collision invariants are therefore the bridge from microscopic elastic mechanics

to macroscopic conservation laws.

Proposition 2.15 (Unary Collision Moments). Suppose that fi : R3 → [0,∞) is given and

integrable. Then, assuming the collision kernel Bi ,i has admissible symmetry structure, it

follows that
ˆ
R3
Qi ,i [fi , fi ](v) dv = 0, (2.33)

ˆ
R3
Qi ,i [fi , fi ](v)v dv = 0, (2.34)

ˆ
R3
Qi ,i [fi , fi ](v)|v |2 dv = 0. (2.35)

Proof. These results follow from identity (2.23) in Proposition 2.13 and the transformation

invariants (binary collision invariants) in Proposition 2.4 for the case that i = j . ■

Definition 2.16 (Unary Collision Invariant). A function ψ : R3 → R is called a species i
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collisional invariant, or a unary collisional invariant, if

ψ(v) + ψ(v ⋆) = ψ(v
′) + ψ(v ′⋆) (2.36)

for every admissible collision (v , v ⋆) 7→ (v ′, v ′⋆) = T i ,iσ (v , v ⋆). Consequently,

ˆ
R3
Qi ,i [fi , fi ](v)ψ(v) dv = 0 (2.37)

for every sufficiently regular distribution fi for which the integral is defined.

Definition 2.17 (Multispecies Collision Invariant). A family (ψ1, . . . , ψN) is a multispecies

collisional invariant if, for every active pair of species i , j ,

ψi(v) + ψj(v ⋆) = ψi(v
′) + ψj(v

′
⋆) (2.38)

for every admissible i , j collision. For a connected interaction graph, the fundamental invariant

families have the form

ψi(v) = Ci +miβ · v +
Ami

2
|v |2, (2.39)

where the constants Ci may depend on the species, while A and β are common to all species.

The basic examples are ψ ≡ 1, the three components of ψ(v) = v , and ψ(v) = |v |2.
After multiplication by the appropriate masses, they represent particle number, momentum,

and kinetic energy.

Proposition 2.18 (Pairwise Conservation in Cross-Species Collisions). For i ̸= j , if fi , fj :

R3 → [0,∞) are given and integrable, then, assuming the collision kernel Bi ,j has admissible

symmetry structure, it follows that
ˆ
R3
Qi ,j [fi , fj ](v) dv = 0, (2.40)

mi

ˆ
R3
Qi ,j [fi , fj ](v)v dv +mj

ˆ
R3
Qj,i [fj , fi ](v)v dv = 0, (2.41)

mi

ˆ
R3
Qi ,j [fi , fj ](v)|v |2 dv +mj

ˆ
R3
Qj,i [fj , fi ](v)|v |2 dv = 0. (2.42)

Proof. The identity (2.40) follows from (2.28) with ψ ≡ 1. Using ψ(v) = v in (2.28), we

find that

mi

ˆ
R3
Qi ,j [fi , fj ](v)v dv +mj

ˆ
R3
Qj,i [fj , fi ](v)v dv
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=
mi

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
j,⋆ − fi fj,⋆

]
Bi ,j(v − v ⋆,σ) [v − v ′] dσdv ⋆dv (′↔ T i ,jσ ),

+
mi

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′j f
′
i ,⋆ − fj fi ,⋆

]
Bj,i(v − v ⋆,σ) [v ⋆ − v ′⋆] dσdv ⋆dv (′↔ T j,iσ ),

+
mj

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′j f
′
i ,⋆ − fj fi ,⋆

]
Bj,i(v − v ⋆,σ) [v − v ′] dσdv ⋆dv (′↔ T j,iσ ),

+
mj

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
j,⋆ − fi fj,⋆

]
Bi ,j(v − v ⋆,σ) [v ⋆ − v ′⋆] dσdv ⋆dv (′↔ T i ,jσ )

= 0, (2.43)

where we have used the following binary momentum invariants from Proposition 2.4:

miv +mjv ⋆ = miv
′ +mjv

′
⋆ ⇐⇒ mi(v − v ′) = mj(v

′
⋆ − v ⋆) (′↔ T i ,jσ ), (2.44)

mjv +miv ⋆ = mjv
′ +miv

′
⋆ ⇐⇒ mj(v − v ′) = mi(v

′
⋆ − v ⋆) (′↔ T j,iσ ). (2.45)

Using ψ(v) = |v |2 in (2.28) and the appropriate binary kinetic energy invariants from Propo-

sition 2.4, the identity (2.42) immediately follows. ■

Proposition 2.19 (Full-Operator Conservation). Suppose that i , j ∈ {1, . . . , N} are arbitrary

and fi , fj : R3 → [0,∞) are given and integrable. Assume that the collision kernel Bi ,j has

admissible symmetry structure. Recall our definition

Qi [fi , f ](v) :=

N∑
j=1

Qi ,j [fi , fj ](v). (2.46)

Then,
ˆ
R3
Qi [fi , f ](v) dv = 0, (2.47)

N∑
i=1

mi

ˆ
R3
Qi [fi , f ](v)v dv = 0, (2.48)

N∑
i=1

mi

ˆ
R3
Qi [fi , f ](v)|v |2 dv = 0. (2.49)

Proof. We prove only (2.48). The other two identities are proved similarly. Set

J =

N∑
i=1

mi

ˆ
R3
Qi [fi , f ](v)v dv .
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Then,

J =

N∑
i=1

mi

ˆ
R3

N∑
j=1

Qi ,j [fi , fj ](v)v dv

=

N∑
i=1

N∑
j=1

mi

ˆ
R3
Qi ,j [fi , fj ](v)v dv

=

N∑
i=2

i−1∑
j=1

(
mi

ˆ
R3
Qi ,j [fi , fj ](v)v dv +mj

ˆ
R3
Qj,i [fj , fi ](v)v dv

)

+

N∑
i=1

mi

ˆ
R3
Qi ,i [fi , fi ](v)v dv

= 0,

where we have used (2.34) for the diagonal terms and (2.41) for the off-diagonal terms. ■

The preceding examples exhaust the smooth unary collision invariants. The proof has four

steps: subtract the quadratic Taylor data at the origin, show that the remainder is radial, use

a midpoint identity to show that it is affine in |v |2, and finally use the normalization at the

origin to make it vanish.

Proposition 2.20 (Classification of Unary Collision Invariants). Suppose that ψ ∈ C2(R3;R)
has the property that

ψ(v) + ψ(v ⋆) = ψ(T
i ,i
σ,1(v , v ⋆)) + ψ(T

i ,i
σ,2(v , v ⋆)), (2.50)

for all v , v ⋆ ∈ R3 and all σ ∈ S2. Then, there exist constants A,C ∈ R and β ∈ R3, such

that

ψ(v) =
miA

2
|v |2 +miβ · v + C. (2.51)

In other words, ψ is a velocity-space quadratic function.

Proof. This proof is from [9]. See [36] for another. Define

miA

2
=
1

6
∆ψ(0),

miβ = ∇ψ(0),

C = ψ(0).
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Set

φ(v) = ψ(v)−
(
miA

2
|v |2 +miβ · v + C

)
, ∀ v ∈ R3.

Then φ ∈ C2(R3;R) is a unary collisional invariant; that is, it satisfies (2.36), with the further

property that

φ(0) = 0, ∇φ(0) = 0, ∆φ(0) = 0.

Now, suppose that v ⋆ ∈ R3 \ {0} is fixed but, otherwise, arbitrary. Suppose σ ∈ S2 is

perpendicular to v ⋆, that is,

σ · v ⋆ = 0.

Set, for s ∈ R \ {0},
v = sσ.

Then, under the transformation T i ,iσ ,

v ′ := T i ,iσ,1(v , v ⋆)

= v − σ · (v − v ⋆)
2mi

mi +mi

σ

= v − sσ

= 0.

Furthermore,

v ′⋆ := T
i ,i
σ,2(v , v ⋆) = v ⋆ + sσ.

Thus,

φ(sσ) + φ(v ⋆) = φ(v) + φ(v ⋆)

= φ(v ′) + φ(v ′⋆)

= φ(0) + φ(v ⋆ + sσ)

= φ(v ⋆ + sσ).

Equivalently,

φ(sσ) = φ(v ⋆ + sσ)− φ(v ⋆).

Divide this identity by s and let s → 0. Differentiability and the facts φ(0) = 0 and∇φ(0) = 0
give

σ · ∇φ(v ⋆) = 0.
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Since v ⋆ ∈ R3 \ {0} and σ ∈ S2 are perpendicular but otherwise arbitrary, it must be that

φ(v) = g(|v |), ∀ v ∈ R3,

that is, φ is radially symmetric.

Next, assume that n ∈ S2 is arbitrary. Set

v = sn and v ⋆ = rn,

where

0 ≤ s < r.

Pick σ ∈ S2 such that

σ · n = ±
1√
2
.

With this particular choice,

v ′ = sn − (s − r)
±1√
2
σ,

v ′⋆ = rn + (s − r)
±1√
2
σ,

and

|v ′|2 =
s2 + r 2

2
,

|v ′⋆|2 =
s2 + r 2

2
.

Since

φ(v) + φ(v ⋆) = φ(v
′) + φ(v ′⋆),

and φ is radially symmetric, we have

g(s) + g(r) = 2g

(√
s2 + r 2

2

)
.

Define h : [0,∞)→ R by h(z) = g(
√
z). The preceding identity becomes

h(a) + h(b) = 2h

(
a + b

2

)
, a, b ≥ 0.

This is the midpoint-affinity relation. Continuity of h, inherited from φ, implies that h(z) =
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az + b for constants a, b. Therefore

φ(v) = a|v |2 + b.

The normalization φ(0) = 0 gives b = 0, while ∆φ(0) = 0 gives 6a = 0. Hence a = 0 and

φ ≡ 0, which proves the asserted form of ψ. ■

The classification has a direct physical interpretation: elastic binary collisions have no

independent smooth additive invariants beyond particle number, the three components of

momentum, and kinetic energy.

2.4 Information, Entropy, and Boltzmann’s H-Theorem

Boltzmann’s H-functional measures the spread of the velocity distributions. Our sign con-

vention is worth fixing at the outset: information is H, while physical entropy is its negative.

The H-theorem will show that collisions decrease H and therefore increase entropy.

Definition 2.21 (Information and Entropy). Suppose that f1, . . . , fN : Ω×R3×[0, T ]→ [0,∞)
are kinetic distributions that satisfy the multispecies Boltzmann equation. The quantity

h : Ω× [0, T ]→ R, defined via

h(x , t) :=

N∑
i=1

ˆ
R3
fi(x , v , t) ln (fi(x , v , t)) dv ,

is called the information density of the multispecies mixture. The quantity

H(t) =

ˆ
Ω

h(x , t) dx

is called the total information of the mixture. The quantity s : Ω× [0, T ]→ R defined via

s(x , t) := −
N∑
i=1

ˆ
R3
fi(x , v , t) ln (fi(x , v , t)) dv = −h(x , t),

is called the entropy density of the multispecies mixture. The quantity

S(t) =

ˆ
Ω

s(x , t) dx = −H(t)

is called the total entropy of the mixture.
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Remark 2.22 (Normalization of the logarithm). Strictly speaking, the logarithm should act

on a dimensionless quantity. One may read fi ln fi below as the nondimensionalized expression

or replace it by fi ln(fi/fi ,ref) for a fixed reference distribution scale. The resulting extra term

is linear in fi and therefore does not alter collision entropy production, because each species

mass is conserved. The physical thermodynamic entropy also includes Boltzmann’s constant

and convention-dependent additive terms; here, entropy means the negative of Boltzmann’s

dimensionless H-functional.

The sign of entropy production ultimately comes from the following elementary fact.

Lemma 2.23 (Logarithmic Monotonicity). For any x, y ∈ (0,∞),

(ln(x)− ln(y)) (x − y) ≥ 0, (2.52)

with equality if and only if x = y .

Proof. The logarithm is strictly increasing on (0,∞). Therefore x − y and ln x − ln y always

have the same sign, proving the inequality. Strict monotonicity shows that equality occurs

exactly when x = y . ■

Proposition 2.24 (H-Theorem). Suppose that f1, . . . , fN : Ω× R3 × [0, T ]→ [0,∞) satisfy

the multispecies Boltzmann equation. Assume that the collision kernels Bi ,j have admissible

symmetry structure. Then, independently of the physical boundary condition,

∂th(x , t) +∇x · Jh(x , t) = σh(x , t) ≤ 0, (2.53)

where Jh is the information flux, given by

Jh(x , t) :=

N∑
i=1

ˆ
R3
v fi(x , v , t) ln (fi(x , v , t)) dv ,

and σh is the collisional information rate, defined by

σh(x , t) :=

N∑
i=1

ˆ
R3
Qi [fi , f ](x , v , t) ln (fi(x , v , t)) dv .

If, in addition, the boundary condition produces no net information flux—as happens for

specular reflection—then the total information satisfies

dtH(t) =
ˆ
Ω

σh(x , t) dx ≤ 0, (2.54)
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since, for specular reflection-type boundary conditions, it holds that

n(x) · Jh(x , t) = 0, ∀ x ∈ ∂Ω, (2.55)

where n(x) is the outward-pointing unit normal at x ∈ ∂Ω. Similarly,

∂ts(x , t) +∇x · Js(x , t) = σs(x , t) ≥ 0, (2.56)

where Js is the entropy flux, given by

Js := −
N∑
i=1

ˆ
R3
v fi(x , v , t) ln (fi(x , v , t)) dv = −Jh,

and σs is the entropy production rate, defined via

σs(x , t) := −
N∑
i=1

ˆ
R3
Qi [fi , f ](x , v , t) ln (fi(x , v , t)) dv = −σh(x , t).

The total entropy satisfies

dtS(t) =
ˆ
Ω

σs(x , t) dx ≥ 0, (2.57)

since

n(x) · Js(x , t) = 0, ∀ x ∈ ∂Ω. (2.58)

The statement contains a local law and a global consequence. The local inequality is

produced entirely by collisions and is independent of the boundary condition. The global

inequality additionally requires that information not flow through the boundary; specular

reflection has exactly this property.

Proof. There are three steps. We first derive the local balance law by the chain rule. We

then use the weak collision forms and logarithmic monotonicity to prove that the collisional

rate is nonpositive. Finally, we integrate in space and use the boundary condition.

Multiply the i th equation of the multispecies Boltzmann system (2.21) by ln(fi) + 1,

integrate in velocity, and sum over i . The chain rule gives ∂t(fi ln fi) = (ln fi +1)∂tfi , and the

velocity v is independent of x . The terms containing 1 vanish by species-mass conservation

(2.47), which yields (2.53).
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Next, we want to show that

σh(x , t) =

N∑
i=1

ˆ
R3
Qi [fi , f ](x , v , t) ln (fi(x , v , t)) dv ≤ 0, ∀ x ∈ Ω, ∀ t ≥ 0.

Let us write this as the sum of sums, a diagonal sum and an off-diagonal sum:

σh =

N∑
i=1

ˆ
R3
Qi ,i [fi , fi ] ln(fi) dv

+

N∑
i=2

i−1∑
j=1

ˆ
R3
Qi ,j [fi , fj ] ln(fi) dv +

N∑
j=2

j−1∑
i=1

ˆ
R3
Qi ,j [fi , fj ] ln(fi) dv

=

N∑
i=1

ˆ
R3
Qi ,i [fi , fi ] ln(fi) dv

+

N∑
i=2

i−1∑
j=1

[ˆ
R3
Qi ,j [fi , fj ] ln(fi) dv +

ˆ
R3
Qj,i [fj , fi ] ln(fj) dv

]
. (2.59)

Let us tackle the diagonal terms first. Observe that, using (2.23),

ˆ
R3
Qi ,i [fi , fi ] ln(fi) dv

=
1

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
i ,⋆ − fi fi ,⋆

]
Bi ,i(v − v ⋆,σ)

[
Li + Li ,⋆ − L′i − L′i ,⋆

]
dσdv ⋆dv (′↔ T i ,iσ ),

(2.60)

where

Li := ln(fi), Li ,⋆ := ln(fi ,⋆), L′i = ln(f
′
i ), L′i ,⋆ = ln(f

′
i ,⋆).

Now, observe that

Li + Li ,⋆ − L′i − L′i ,⋆ = ln(fi fi ,⋆)− ln(f ′i f ′i ,⋆).

Using estimate (2.52), it follows that

[
f ′i f
′
i ,⋆ − fi fi ,⋆

] [
Li + Li ,⋆ − L′i − L′i ,⋆

]
≤ 0,

for each x ∈ Ω, every v ∈ R3, and every t ≥ 0. Since Bi ,i(w ,σ) ≥ 0, for all w ∈ R3 and

σ ∈ S2, it follows that ˆ
R3
Qi ,i [fi , fi ] ln(fi) dv ≤ 0
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for each x ∈ Ω and every t ≥ 0. As a consequence,

N∑
i=1

ˆ
R3
Qi ,i [fi , fi ] ln(fi) dv ≤ 0.

Next we address the off-diagonal sum in (2.59). Using (2.28), for i > j ,

ˆ
R3
Qi ,j [fi , fj ](v) ln(fi(v)) dv

=
1

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
j,⋆ − fi fj,⋆

]
Bi ,j(v − v ⋆,σ) [Li − L′i ] dσdv ⋆dv (′↔ T i ,jσ )

+
1

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′j f
′
i ,⋆ − fj fi ,⋆

]
Bj,i(v − v ⋆,σ)

[
Li ,⋆ − L′i ,⋆

]
dσdv ⋆dv (′↔ T j,iσ ),

and
ˆ
R3
Qj,i [fj , fi ](v) ln(fj(v)) dv

=
1

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′j f
′
i ,⋆ − fj fi ,⋆

]
Bj,i(v − v ⋆,σ)

[
Lj − L′j

]
dσdv ⋆dv (′↔ T j,iσ )

+
1

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
j,⋆ − fi fj,⋆

]
Bi ,j(v − v ⋆,σ)

[
Lj,⋆ − L′j,⋆

]
dσdv ⋆dv (′↔ T i ,jσ ).

Thus, for i > j ,
ˆ
R3
Qi ,j [fi , fj ](v) ln(fi(v)) dv +

ˆ
R3
Qj,i [fj , fi ](v) ln(fj(v)) dv

=
1

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′i f
′
j,⋆ − fi fj,⋆

]
Bi ,j(v − v ⋆,σ)

[
Li − L′i + Lj,⋆ − L′j,⋆

]
dσdv ⋆dv (′↔ T i ,jσ )

+
1

4

ˆ
R3

ˆ
R3

ˆ
S2

[
f ′j f
′
i ,⋆ − fj fi ,⋆

]
Bj,i(v − v ⋆,σ)

[
Li ,⋆ − L′i ,⋆ + Lj − L′j

]
dσdv ⋆dv (′↔ T j,iσ ).

(2.61)

Using the logarithmic estimate (2.52) and the fact that Bi ,j , Bj,i ≥ 0, we conclude that

ˆ
R3
Qi ,j [fi , fj ](v) ln(fi(v)) dv +

ˆ
R3
Qj,i [fj , fi ](v) ln(fj(v)) dv ≤ 0.

Both terms in (2.59) are nonpositive, and we conclude that σh ≤ 0. This proves (2.53).

To prove (2.54), integrate (2.53) over Ω, use the divergence theorem, the no-flux identity

(2.55), and the pointwise inequality σh ≤ 0. For specular reflection, the no-flux identity

follows by pairing each boundary velocity v with its reflected velocity R(x , v); the distribution
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and velocity measure are unchanged, while the normal velocity changes sign.

The results for the entropy density and the total entropy are simple consequences of

the corresponding results for the information density and total information, noting only that

s = −h and S = −H. ■

Proposition 2.25 (Equilibrium Maxwellians). Suppose that f1, . . . , fN : Ω × R3 × [0, T ] →
(0,∞) are sufficiently regular kinetic distributions with finite information. Assume that the

collision kernels Bi ,j have admissible symmetry structure, every unary kernel Bi ,i is nondegen-

erate, and the graph formed by the nondegenerate interspecies kernels is connected. Then,

σh(x , t) :=

N∑
i=1

ˆ
R3
Qi [fi , f ](x , v , t) ln (fi(x , v , t)) dv = 0 (2.62)

if and only if, for i = 1, . . . , N,

ln (fi(x , v , t)) =
miA(x , t)

2
|v |2 +miβ(x , t) · v + Ci(x , t), (2.63)

where A < 0 and β are independent of i and v . Equivalently, there exist a common velocity

u and common temperature θ > 0 such that

fi(x , v , t) = ni(x , t)

(
mi

2πθ(x , t)

)3/2
exp

(
−
mi |v − u(x , t)|2

2θ(x , t)

)
. (2.64)

Proof. The proof separates the roles of unary and cross-species collisions. Zero production in

the unary terms makes each fi a Maxwellian with its own velocity and temperature parameters.

Zero production in every active cross-species term then forces those velocity and temperature

parameters to agree along each edge of the interaction graph. Connectivity propagates the

agreement to all species.

We have seen from the proof of the last proposition that

σh =

N∑
i=1

ˆ
R3
Qi ,i [fi , fi ] ln(fi) dv

+

N∑
i=2

i−1∑
j=1

[ˆ
R3
Qi ,j [fi , fj ] ln(fi) dv +

ˆ
R3
Qj,i [fj , fi ] ln(fj) dv

]
≤ 0. (2.65)
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More specifically, ˆ
R3
Qi ,i [fi , fi ] ln(fi) dv ≤ 0, i ∈ {1, . . . , N},

and
ˆ
R3
Qi ,j [fi , fj ] ln(fi) dv +

ˆ
R3
Qj,i [fj , fi ] ln(fj) dv ≤ 0, i , j ∈ {1, . . . , N}, i > j.

If (2.63) holds, then σh = 0, using (2.33) – (2.35) (i = j) and (2.40) – (2.42) (i > j).

Specifically, for the latter case (i > j), observe that

ˆ
R3
Qi ,j [fi , fj ] ln(fi) dv +

ˆ
R3
Qj,i [fj , fi ] ln(fj) dv

=
A(x , t)

2

(
mi

ˆ
R3
Qi ,j [fi , fj ]|v |2 dv +mj

ˆ
R3
Qj,i [fj , fi ]|v |2 dv

)
+ β(x , t) ·

(
mi

ˆ
R3
Qi ,j [fi , fj ]v dv +mj

ˆ
R3
Qj,i [fj , fi ]v dv

)
+

(
Ci(x , t)

ˆ
R3
Qi ,j [fi , fj ] dv + Cj(x , t)

ˆ
R3
Qj,i [fj , fi ] dv

)
= 0,

thanks to (2.40) – (2.42).

Conversely, if σh(x , t) = 0 at a particular point (x , t) ∈ Ω× [0,∞), then it must be that

ˆ
R3
Qi ,i [fi , fi ] ln(fi) dv = 0, ∀ i ∈ {1, . . . , N}, (2.66)

and
ˆ
R3
Qi ,j [fi , fj ] ln(fi) dv +

ˆ
R3
Qj,i [fj , fi ] ln(fj) dv = 0, ∀ i , j ∈ {1, . . . , N}, i > j. (2.67)

Using Equation (2.66), Equation (2.60), Lemma 2.23, and nondegeneracy of Bi ,i , it must be

that

Li + Li ,⋆ − L′i − L′i ,⋆ = 0 (′↔ T i ,iσ ),

for almost every admissible collision configuration. Under the standing regularity convention,

this identity extends to all collision configurations. Invoking Proposition 2.20, it follows that,

for i = 1, . . . , N and all v ∈ R3,

Li = ln (fi(x , v , t)) =
miAi(x , t)

2
|v |2 +miβi(x , t) · v + Ci(x , t). (2.68)
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Here, Ai and βi are independent of v , but we leave open the possibility that Ai and βi depend

upon i .

Next, using Equation (2.67), Equation (2.61), Lemma 2.23, and nondegeneracy of the

active interspecies kernels, it must be that

Li − L′i + Lj,⋆ − L′j,⋆ = 0 (′↔ T i ,jσ )

and

Li ,⋆ − L′i ,⋆ + Lj − L′j = 0 (′↔ T j,iσ ),

for all v , v ⋆, and σ associated with an active i , j edge. We now insert (2.68)—dropping the

x and t dependencies, since these points are fixed—into the last two equations, to obtain

miAi
2
|v |2 −

miAi
2
|v ′|2 +

mjAj
2
|v ⋆|2 −

mjAj
2
|v ′⋆|2

+ miβi · v −miβi · v ′ +mjβj · v ⋆ −mjβj · v ′⋆ = 0 (′↔ T i ,jσ )

and

miAi
2
|v ⋆|2 −

miAi
2
|v ′⋆|2 +

mjAj
2
|v |2 −

mjAj
2
|v ′|2

+ miβi · v ⋆ −miβi · v ′⋆ +mjβj · v −mjβj · v ′ = 0 (′↔ T j,iσ ),

for all v , v ⋆, and σ. Now, we invoke the particle transformation invariances, (2.5) and (2.6),

to obtain

(Aj − Ai)
(mj

2
|v ⋆|2 −

mj

2
|v ′⋆|2

)
+ (βj − βi) · (mjv ⋆ −mjv

′
⋆) = 0 (′↔ T i ,jσ ), (2.69)

for all v , v ⋆, and σ, and

(Aj − Ai)
(mj

2
|v |2 −

mj

2
|v ′|2

)
+ (βj − βi) · (mjv −mjv

′) = 0 (′↔ T j,iσ ), (2.70)

for all v , v ⋆, and σ.

Let us examine Equation (2.69). Recall, from the transformation T i ,jσ ,

v ′⋆ = v ⋆ + [σ · (v − v ⋆)]µi ,jσ, µi ,j :=
2mi

mi +mj

.
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Let v ⋆ be an arbitrary, nonzero vector. Choose

v =
µi ,j − 2
µi ,j

v ⋆, σ =
v ⋆
|v ⋆|

.

Then, it follows that v ′⋆ = −v ⋆. Thus, (2.69) indicates that

(βj − βi) · v ⋆ = 0.

Since v ⋆ was arbitrary, βj = βi along every active edge. Connectivity of the species-interaction

graph therefore implies that βi = β for all i , for some species-independent vector β. Thus,

(2.69) is equivalent to

(Aj − Ai)
(mj

2
|v ⋆|2 −

mj

2
|v ′⋆|2

)
= 0 (′↔ T i ,jσ ),

for all v , v ⋆, and σ. Again, let v ⋆ be an arbitrary, nonzero vector. This time choose

v =
µi ,j − 1
µi ,j

v ⋆, σ =
v ⋆
|v ⋆|

.

Then σ · (v − v ⋆) = −|v ⋆|/µi ,j , so the collision formula gives v ′⋆ = 0. Thus,

(Aj − Ai)|v ⋆|2 = 0.

As above, Ai = Aj along every active edge, and connectivity implies that Ai = A for all

i . Integrability of each fi forces A < 0. Completing the square in (2.63) gives (2.64) with

common velocity u = −β/A and common temperature θ = −1/A > 0. ■

2.5 Moments and Moment Equations

Up to this point, we have worked directly with the kinetic distributions. We now compress

that information into macroscopic velocity moments: densities, velocities, energies, stresses,

and heat fluxes. Taking moments produces exact balance laws, but not a closed fluid system,

because the fluxes involve higher moments of the unknown distribution. This is the closure
problem; the later Chapman–Enskog expansion supplies one systematic approximation.

Mixtures require two velocity frames. Quantities with a hat are measured relative to the

velocity u i of species i ; quantities without a hat are measured relative to the barycentric

velocity u of the whole mixture. The difference u i − u is the diffusion velocity. Keeping this
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convention in view prevents the most common source of confusion in the moment formulas.

Appendix G collects the complete notation map for these bulk quantities, their frame

conversions, and their unary specializations.

Definition 2.26 (Densities and Velocities). Suppose that fi : Ω × R3 × [0,∞) → [0,∞),
i = 1, . . . , N are kinetic distributions with the property that

ˆ
R3
fi(x , v , t)|v |k dv <∞, k = 0, 1, (2.71)

for each x ∈ Ω and every t ≥ 0. Assume that mi , the mass of the i th particle, is a positive

real number. The quantity

ni(x , t) :=

ˆ
R3
fi(x , v , t) dv (2.72)

is called the number density of the i th species, while

ρi(x , t) := mini(x , t) (2.73)

is called the mass density of the i th species. The number density of the mixture is denoted

n(x , t) =

N∑
i=1

ni(x , t). (2.74)

At points where ni > 0, the quantity

u i(x , t) :=
1

ni(x , t)

ˆ
R3
fi(x , v , t)v dv (2.75)

is called the bulk velocity of the i th species. The total mass density of the mixture is defined

as

ρ(x , t) :=

N∑
i=1

ρi(x , t). (2.76)

At points where ρ > 0, the barycentric velocity (or mixture velocity) is defined as

u(x , t) :=

∑N
i=1 ρi(x , t)u i(x , t)

ρ(x , t)
. (2.77)

The diffusion velocity of species i is

V i(x , t) := u i(x , t)− u(x , t). (2.78)
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Its mass-weighted sum vanishes,
∑

i ρiV i = 0, which is precisely the defining property of the

barycentric frame. The peculiar velocity of the i th species is defined as

c i(x , v , t) := v − u i(x , t), (2.79)

and the barycentric peculiar velocity is defined as

c(x , v , t) := v − u(x , t). (2.80)

Definition 2.27 (Energies: Kinetic and Internal). Suppose that fi : Ω×R3×[0,∞)→ [0,∞),
i = 1, . . . , N are kinetic distributions with the property that

ˆ
R3
fi(x , v , t)|v |k dv <∞, k = 0, 1, 2, (2.81)

for each x ∈ Ω and every t ≥ 0. The total kinetic-energy density of the i th species is defined

as

ωi(x , t) :=
mi

2

ˆ
R3
fi(x , v , t)|v |2 dv , (2.82)

and the mixture total kinetic-energy density is defined as

ω(x , t) :=

N∑
i=1

ωi(x , t). (2.83)

The species-frame internal-energy density of the i th species is defined by

êi(x , t) :=
mi

2

ˆ
R3
fi(x , v , t)|c i(x , v , t)|2 dv , (2.84)

and the total species-frame internal-energy density is

ê(x , t) :=

N∑
i=1

êi(x , t). (2.85)

The i th barycentric internal-energy contribution is

ei(x , t) :=
mi

2

ˆ
R3
fi(x , v , t)|c(x , v , t)|2 dv , (2.86)
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and the total barycentric internal energy density is

e(x , t) =

N∑
i=1

ei(x , t). (2.87)

The two internal-energy descriptions are related by

ei = êi +
ρi
2
|u i − u|2, (2.88)

and hence

e = ê +
1

2

N∑
i=1

ρi |u i − u|2. (2.89)

Thus, barycentric internal energy contains both the thermal energy measured in each species

frame and the kinetic energy associated with diffusion of the species relative to the mixture

velocity.

There are two natural ways to define temperatures in a gas mixture. Species-frame

temperature measures random motion about u i and excludes diffusion energy. Barycentric

temperature measures motion about u and therefore includes the energy of species diffusion.

Definition 2.28 (Temperatures). Suppose that fi : Ω× R3 × [0,∞)→ [0,∞), i = 1, . . . , N
are kinetic distributions with the property that

ˆ
R3
fi(x , v , t)|v |k dv <∞, k = 0, 1, 2, (2.90)

for each x ∈ Ω and every t ≥ 0. Wherever ni > 0, the barycentric temperature of the i th

species and the species-frame temperature of the i th species are defined, respectively, by

θi(x , t) :=
2

3

ei(x , t)

ni(x , t)
and θ̂i(x , t) :=

2

3

êi(x , t)

ni(x , t)
. (2.91)

Wherever n > 0, we define the species-frame mixture temperature, θ̂, and the barycentric

mixture temperature, θ, respectively, by

θ̂(x , t) :=
2

3n(x , t)
ê(x , t) and θ(x , t) :=

2

3 n(x , t)
e(x , t). (2.92)

In expanded forms, we have

θ̂(x , t) =
1

n(x , t)

N∑
i=1

ni(x , t)θ̂i(x , t) and θ(x , t) =
1

n(x , t)

N∑
i=1

ni(x , t)θi(x , t). (2.93)
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Using (2.88), we also have

θi = θ̂i +
mi

3
|u i − u|2, (2.94)

and

θ = θ̂ +
1

3n

N∑
i=1

ρi |u i − u|2. (2.95)

Remark 2.29. Directly from the definition,

θi(x , t) =
mi

3ni(x , t)

ˆ
R3
fi(x , v , t)|c(x , v , t)|2 dv . (2.96)

Thus θi is nonnegative whenever fi is nonnegative. The same argument applies to each

temperature defined above.

Remark 2.30. The phrase first three moments is common but slightly imprecise here. More

explicitly, the hydrodynamic data are obtained from the zeroth moment, the vector-valued

first moment, and the scalar trace of the second moment. Authors variously parameterize the

same data by (ρi , u i , θ̂i) or by the conserved densities (ρi , ρiu i , ωi). These parameterizations

are equivalent wherever ρi > 0.

Let us define the remaining macroscopic fluxes. We use a hat for quantities measured in

the frame of a particular species and no hat for quantities measured in the barycentric frame.

This convention will be especially useful when we later specialize to the unary equation, for

then the two frames coincide.

Remark 2.31 (Tensor Notation). For vectors a and b, the dyadic product a⊗b is the matrix

with entries (a ⊗ b)kℓ = akbℓ. For a matrix field T, the divergence is taken row by row,

(∇ · T)k =
∑

ℓ ∂xℓTkℓ. The Frobenius contraction used later is A : B =
∑

k,ℓ AkℓBkℓ. These

conventions make momentum fluxes matrices and their divergences vectors.

Definition 2.32 (Momentum and Pressure Tensors). Suppose that the second velocity mo-

ments of fi are finite. The momentum-flow tensor of the i th species and the total momentum-

flow tensor are

Mi := mi

ˆ
R3
fi v ⊗ v dv , M :=

N∑
i=1

Mi . (2.97)

The species-frame pressure tensor and the barycentric pressure contribution of species i are,

respectively,

P̂i := mi

ˆ
R3
fi c i ⊗ c i dv , Pi := mi

ˆ
R3
fi c ⊗ c dv . (2.98)
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The corresponding totals are

P̂ :=

N∑
i=1

P̂i , P :=

N∑
i=1

Pi . (2.99)

Definition 2.33 (Energy and Heat Fluxes). Suppose that the third velocity moments of fi
are finite. The energy flux of the i th species and the total energy flux are

r i :=
mi

2

ˆ
R3
fi v |v |2 dv , r :=

N∑
i=1

r i . (2.100)

The species-frame heat flux and the barycentric heat-flux contribution of species i are, re-

spectively,

χi :=
mi

2

ˆ
R3
fi c i |c i |2 dv , q i :=

mi

2

ˆ
R3
fi c |c |2 dv . (2.101)

We write

χ :=

N∑
i=1

χi , q :=

N∑
i=1

q i . (2.102)

The pressure tensor is the second central moment, while the heat flux is one half of the

mass-weighted third central moment. The following identities record precisely which velocity

frame is used in each decomposition.

Proposition 2.34 (Macroscopic Flux Decompositions). Suppose that the velocity moments

of every fi through order three are finite. Then

ωi =
ρi
2
|u i |2 + êi , (2.103)

Mi = ρiu i ⊗ u i + P̂i , (2.104)

r i = ωiu i + P̂iu i + χi . (2.105)

Moreover,

Pi = P̂i + ρi(u i − u)⊗ (u i − u), (2.106)

M = ρu ⊗ u + P, (2.107)

ω =
ρ

2
|u|2 + e =

ρ

2
|u|2 +

1

2
tr(P), (2.108)

r = ωu + Pu + q. (2.109)
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In particular,
1

2
tr(P̂i) = êi ,

1

2
tr(Pi) = ei . (2.110)

Proof. Write v = u i + c i in the definitions of ωi , Mi , and r i . Every term that is odd and

linear in c i vanishes because ˆ
R3
fic i dv = 0. (2.111)

This gives (2.103)–(2.105). Next observe that

c = c i + (u i − u). (2.112)

Expanding c ⊗ c and again using the vanishing first central moment gives (2.106). Summing

over i and using
N∑
i=1

ρi(u i − u) = 0 (2.113)

gives (2.107). The energy identity follows in the same fashion from v = u + c . For the final

flux identity, expand

v |v |2 = (u + c)
(
|u|2 + 2u · c + |c |2

)
.

The terms proportional to
´
fic dv cancel after summation over the species by (2.113). The

remaining terms are exactly ωu, Pu, and q, proving (2.109). Taking traces in (2.98) gives

(2.110). ■

We can now state the moment equations without ambiguity.

Proposition 2.35 (Exact Multispecies Moment Equations). Suppose that the kinetic distri-

butions satisfy

∂tfi + v · ∇x fi = Qi [fi , f ], Qi [fi , f ] =

N∑
j=1

Qi ,j [fi , fj ], (2.114)

and suppose that the hypotheses needed for the collisional conservation laws and the preceding

integrations are satisfied. Then, for each species,

∂tρi +∇x · (ρiu i) = 0, (2.115)

∂t(ρiu i) +∇x ·
(
ρiu i ⊗ u i + P̂i

)
= mi

ˆ
R3
Qi [fi , f ] v dv , (2.116)

∂tωi +∇x ·
(
ωiu i + P̂iu i + χi

)
=
mi

2

ˆ
R3
Qi [fi , f ]|v |2 dv . (2.117)
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After summing over the species and using conservation of total momentum and total energy

in collisions, one obtains the barycentric total equations

∂tρ+∇x · (ρu) = 0, (2.118)

∂t(ρu) +∇x · (ρu ⊗ u + P) = 0, (2.119)

∂tω +∇x · (ωu + Pu + q) = 0. (2.120)

Proof. Multiply the i th equation in (2.114) by mi , miv , and mi |v |2/2, respectively, and inte-

grate over velocity. Moving the spatial derivative outside the velocity integral gives

∂tρi +∇x · (ρiu i) = mi

ˆ
R3
Qi [fi , f ] dv = 0, (2.121)

as well as

∂t(ρiu i) +∇x ·Mi = mi

ˆ
R3
Qi [fi , f ]v dv (2.122)

and

∂tωi +∇x · r i =
mi

2

ˆ
R3
Qi [fi , f ]|v |2 dv . (2.123)

Equations (2.116) and (2.117) now follow from Equations (2.104) and (2.105). Sum on

i , invoke the collisional invariants Equations (2.47) to (2.49), and use Equations (2.107)

and (2.109) to obtain Equations (2.118) to (2.120). ■

The species momentum and energy source terms do not generally vanish: collisions ex-

change momentum and energy between species. Their sums vanish because every exchange

appears once as a gain and once as a loss. Thus species mass, total mixture momentum, and

total mixture energy are conserved.

Remark 2.36 (Unary Specialization). When N = 1, we have u1 = u and c1 = c . Conse-

quently,

ê1 = e1 = e, θ̂1 = θ1 = θ, P̂1 = P1 = P, χ1 = q1 = q. (2.124)

The unary moment equations therefore take the particularly simple form

∂tρ+∇x · (ρu) = 0, (2.125)

∂t(ρu) +∇x · (ρu ⊗ u + P) = 0, (2.126)

∂tω +∇x · (ωu + Pu + q) = 0. (2.127)
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These equations are exact, but they are not closed: P and q depend upon the full kinetic

distribution. The Chapman–Enskog procedure developed below supplies their first-order hy-

drodynamic approximations.

2.6 The Maxwellian and Maximal Entropy States

This section temporarily works in a generic velocity dimension d ∈ N. A Maxwellian is the

Gaussian selected by prescribed number density, mean velocity, and thermal energy. It plays

three equivalent roles in the present discussion: collision equilibrium, the target state of BGK

relaxation, and the unique entropy maximizer subject to the conserved moments.

Definition 2.37 (Maxwellian Associated with a Distribution). Suppose that Ω ⊂ Rd is an

open, bounded set and f : Ω× Rd × [0,∞)→ [0,∞) is a kinetic distribution of particles of

mass m > 0, with the property
ˆ
Rd
f (x , v , t)|v |k dv <∞, k = 0, 1, 2, (2.128)

for each x ∈ Ω and every t ≥ 0. At points where n > 0 and θ > 0, the Maxwellian distribution

associated with f is

Mf (x , v , t) := M[f ](x , v , t) := n
( m

2πθ

)d/2
exp

(
−
m|v − u|2

2θ

)
, (2.129)

where the hydrodynamic fields are obtained from the zeroth, first, and centered second

moments of f :

n(x , t) :=

ˆ
Rd
f dv , u(x , t) :=

1

n

ˆ
Rd
f v dv , θ(x , t) :=

m

d n

ˆ
Rd
f |v − u|2 dv . (2.130)

The variable θ is temperature measured in energy units. In dimensional notation, θ = kBT ,

so the Gaussian width is determined by the ratio θ/m.

To shorten the formulas in this section only, write

⟨g⟩ =
ˆ
Rd
g(v) dv .

The brackets therefore mean integration over the entire velocity space and nothing more. In
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this notation, 
ρ(x , t)

ρ(x , t)u(x , t)

ω(x , t)

 =
〈
f (x , v , t)


m

mv
m
2
|v |2


〉
,

where m > 0 is the mass of the particles with kinetic distribution f .

It is also convenient to collect the conserved moments and their velocity functions into

vectors:

ρ(x , t) :=
[
ρ, ρu⊤, ω

]⊤
: Rd × R+ → Rd+2; (2.131)

m(v) :=
[
m,mv⊤,

m

2
|v |2
]⊤
: Rd → Rd+2; (2.132)

Then, succinctly,

ρ = ⟨fm⟩. (2.133)

The next result verifies the essential moment-matching property: replacing f by Mf

changes the detailed velocity profile but not its mass, momentum, or total energy.

Lemma 2.38 (Moment Matching by the Maxwellian). Suppose that f : Rd → [0,∞) is a

kinetic distribution of particles of mass m > 0, with the property
ˆ
Rd
f (v)|v |k dv <∞, k = 0, 1, 2. (2.134)

The following equality holds:

⟨(Mf − f )m⟩ =

〈
m

mv
m
2
|v |2

 (Mf − f )

〉
= 0. (2.135)

Proof. Set

z =

√
m

θ
(v − u), γ(z) = (2π)−d/2 exp

(
−
|z |2

2

)
.

ThenMf (v) dv = nγ(z) dz . The normalized Gaussian is centered and has identity covariance:

ˆ
Rd
γ dz = 1,

ˆ
Rd
zγ dz = 0,

ˆ
Rd
z ⊗ z γ dz = I. (2.136)

The first identity is the Gaussian normalization. The second follows by oddness, and the last

follows from independence and the one-dimensional variance identity; Appendix A gives the
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corresponding trace calculation. Since

v = u +

√
θ

m
z ,

we obtain
ˆ
Rd
Mf dv = n, (2.137)

ˆ
Rd
vMf dv = nu, (2.138)

ˆ
Rd
|v − u|2Mf dv =

dnθ

m
. (2.139)

The cross term in |v |2 = |u|2 + 2u · (v − u) + |v − u|2 integrates to zero. Therefore

m

2

ˆ
Rd
|v |2Mf dv =

mn

2
|u|2 +

dnθ

2
. (2.140)

By the definitions of n, u, and θ, the same three expressions are obtained from f . Multipli-

cation by the moment vector m proves ⟨(Mf − f )m⟩ = 0. ■

The next orthogonality identity is the key algebraic step in the entropy principle.

Lemma 2.39 (Orthogonality of the Log-Maxwellian). Suppose that f : Rd → [0,∞) is a

kinetic distribution of particles of mass m > 0, with the property
ˆ
Rd
f (v)|v |k dv <∞, k = 0, 1, 2. (2.141)

The function ln(Mf ) is orthogonal to the moment-preserving difference Mf − f , namely,

ˆ
Rd
ln(Mf (v)) (Mf (v)− f (v)) dv = ⟨ln(Mf )(Mf − f )⟩ = 0.

Proof. From the last result, we already know that, for any C0, C2 ∈ R, and any C1 ∈ Rd ,

⟨(C0 + C1 · v + C2|v |2)(Mf − f )⟩ = 0.

Expanding the square gives

ln(Mf ) = ln

[
n
( m

2πθ

)d/2]
−
m|u|2

2θ
+
mu · v
θ
−
m|v |2

2θ
.
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This is a linear combination of 1, v , and |v |2. The moment-matching lemma therefore gives

⟨ln(Mf )(Mf − f )⟩ = 0. ■

The Maxwellian is the least information, or information minimizing (entropy maximizing),

state. Consider the following result.

Theorem 2.40 (Maxwellian Entropy Principle). Suppose that

f⋆ : Rd → [0,∞)

is a given kinetic distribution with finite information and physically admissible moments sat-

isfying ρ⋆ > 0 and θ⋆ > 0. Let

ρ⋆ =
[
ρ⋆, ρ⋆u

⊤
⋆ , ω⋆

]⊤
,

be the vector of conserved hydrodynamic moments of f⋆, namely,

ρ⋆ =


ρ⋆

ρ⋆u⋆

ω⋆

 =
〈
f⋆(v)


m

mv
m
2
|v |2


〉
.

The temperature, θ⋆, is defined via

ω⋆ =
ρ⋆
2
|u⋆|2 + e⋆ =

ρ⋆
2
|u⋆|2 +

d

2
n⋆θ⋆.

The Maxwellian, as usual, is defined using the macroscopic densities as

M⋆(v) := n⋆

(
m

2πθ⋆

)d/2
exp

(
−
m|v − u⋆|2

2θ⋆

)
.

Consider the admissible class of distribution functions, defined as

A⋆ :=
{
g : Rd → [0,∞)

∣∣ ⟨mg⟩ = ρ⋆ and g log g ∈ L1(Rd)
}
,

where, recall,

m(v) :=
[
m,mv⊤,

m

2
|v |2
]⊤
: Rd → Rd+2.

Then, M⋆, f⋆ ∈ A⋆. In other words, A⋆ is non-empty. For every g ∈ A⋆,

h[M⋆] ≤ h[g],
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where h[g] is the information content of g, defined as

h[g] :=

ˆ
Rd
g(v) ln(g(v)) dv .

Moreover,

h[g] = h[M⋆] ⇐⇒ g = M⋆ almost everywhere. (2.142)

In other words, the Maxwellian is the unique minimum-information distribution among the

admissible distributions that give rise to the macroscopic density ρ⋆.

Proof. First, M⋆ is nonnegative, and Lemma 2.38 gives ⟨mM⋆⟩ = ρ⋆. Its Gaussian decay also

gives M⋆ logM⋆ ∈ L1(Rd). Thus M⋆ ∈ A⋆.
Let g ∈ A⋆ be arbitrary. Since g and M⋆ have the same mass, momentum, and energy

and since logM⋆ is a linear combination of 1, v , and |v |2, Lemma 2.39 gives

ˆ
Rd
(g −M⋆) logM⋆ dv = 0. (2.143)

Consequently,

h[g]− h[M⋆] =

ˆ
Rd
g log

(
g

M⋆

)
dv . (2.144)

The scalar inequality z log z − z + 1 ≥ 0 for z ≥ 0, with the convention 0 log 0 = 0, applied

with z = g/M⋆, yields

ˆ
Rd
g log

(
g

M⋆

)
dv ≥

ˆ
Rd
(g −M⋆) dv = 0. (2.145)

Equality holds if and only if g/M⋆ = 1 almost everywhere. This proves both minimality and

uniqueness. ■

2.7 Space-Homogeneous Model

The space-homogeneous reduction suppresses spatial transport and retains only velocity-

space relaxation by collisions. Although it cannot represent gradients, boundaries, or fluid

flow through space, it is the cleanest setting in which to see redistribution among species:

the mass of each species remains fixed, whereas collisions exchange momentum and energy

until a common velocity and temperature are reached.
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Definition 2.41 (Space-Homogeneous Multispecies Boltzmann Equation). We say that the

kinetic distributions fi : R3 × [0, T ] → [0,∞), i = 1, . . . , N, satisfy the space-homogeneous

multispecies Boltzmann equation if, for all v ∈ R3 and t ∈ (0, T ],

∂tfi(v , t) = Qi [fi , f ](v , t), (2.146)

where Qi [fi , f ], the cumulative binary collision operator, is defined as

Qi [fi , f ](v , t) :=

N∑
j=1

Qi ,j [fi , fj ](v , t). (2.147)

For the space-homogeneous model, the H-theorem identifies the equilibrium candidates.

It does not, by itself, prove that a solution converges to one of those candidates as t →∞.

Proposition 2.42 (Homogeneous H-Theorem). Suppose that f1, . . . , fN : R3 × [0, T ] →
[0,∞) are kinetic distributions that satisfy the space-homogeneous multispecies Boltzmann

equation. Assume that the collision kernels Bi ,j have admissible symmetry structure. Then,

∂th(t) = σh(t) ≤ 0, (2.148)

where h is the information content, defined as

h(t) :=

N∑
i=1

ˆ
R3
fi(v , t) ln (fi(v , t)) dv ,

and σh is the collisional information rate, defined by

σh(t) :=

N∑
i=1

ˆ
R3
Qi [fi , f ](v , t) ln (fi(v , t)) dv .

Proof. The result follows from the proof of Proposition 2.24. ■

The moment equations simplify as well: every spatial-divergence term disappears. In-

dividual species may still exchange momentum and energy, but the mixture totals remain

fixed.

Proposition 2.43 (Homogeneous Moment Balances). Suppose that fi : R3×[0,∞)→ [0,∞),
i = 1, . . . , N, are kinetic distributions with the properties

ˆ
R3
fi(v , t)|v |k dv <∞, k = 0, 1, 2, 3, (2.149)
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for every t ≥ 0. Assume that the kinetic distributions satisfy the space-homogeneous multi-

species Boltzmann system. Then, for all t ≥ 0, and for each i = 1, . . . , N,

∂tρi(t) = 0, (2.150)

ρi∂tu i(t) = mi

ˆ
R3
Qi [fi , f ](v , t) v dv , (2.151)

and

∂t

(ρi
2
|u i(t)|2 + êi(t)

)
=
mi

2

ˆ
R3
Qi [fi , f ](v , t) |v |2 dv . (2.152)

Consequently, using the collisional invariants,

∂tρ(t) = 0, (2.153)

ρ ∂tu(t) = 0, (2.154)

and

∂tω(t) = ∂t

N∑
i=1

(ρi
2
|u i(t)|2 + êi(t)

)
= 0. (2.155)

Proof. Multiply (2.146) by mi , miv , and mi |v |2/2 and integrate over velocity. This is the

space-homogeneous specialization of the exact multispecies moment calculation: there are

no spatial flux terms. Species-mass conservation gives ∂tρi = 0, so ∂t(ρiu i) = ρi∂tu i . The

decomposition (2.103) gives the species energy identity. Finally, sum over i and use (2.47)–

(2.49) to obtain conservation of total mass, momentum, and energy. ■

Proposition 2.44 (Equilibrium Parameters Selected by Conservation). Assume that every

unary kernel is nondegenerate and that the graph formed by the nondegenerate interspecies

kernels is connected. The unique common-velocity, common-temperature Maxwellian com-

patible with the conserved species masses, total momentum, and total energy is

fi ,∞(v) = ni

(
mi

2πθ∞

)3/2
exp

(
−
mi |v − u∞|2

2θ∞

)
, (2.156)

where

u∞ =
1

ρ

N∑
i=1

ρiu i(0) (2.157)

and

θ∞ =
2

3
∑N

i=1 ni

[
ω(0)−

ρ

2
|u∞|2

]
. (2.158)
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Here ni , ρi , and ρ are time independent. The formula assumes positive total number density

and positive thermal energy, so that θ∞ > 0. Equivalently,

θ∞ =

N∑
i=1

ni θ̂i(0) +
1

3

N∑
i=1

ρi |u i(0)− u∞|2

N∑
i=1

ni

. (2.159)

Proof. Equation (2.157) follows from conservation of total momentum. At equilibrium,

ω∞ =
ρ

2
|u∞|2 +

3

2

(
N∑
i=1

ni

)
θ∞. (2.160)

Conservation of total energy, ω∞ = ω(0), gives (2.158). Expanding the initial energy as

ω(0) =

N∑
i=1

[
ρi
2
|u i(0)|2 +

3

2
ni θ̂i(0)

]
(2.161)

and using the definition of u∞ gives (2.159). ■

Remark 2.45. Proposition 2.25 characterizes states with zero entropy-production rate (equiv-

alently, zero dissipation of the information functional), and the preceding proposition identifies

the only such state compatible with the conserved quantities. These facts do not alone es-

tablish convergence of fi(t) to fi ,∞. Such a conclusion requires additional global-existence,

compactness, and coercivity hypotheses. Under suitable assumptions, established conver-

gence results imply

fi(t) −→ fi ,∞, u i(t) −→ u∞, θ̂i(t) −→ θ∞. (2.162)
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Chapter 3

Introduction to the Chapman–Enskog
Analysis

The Boltzmann equation describes the evolution of a kinetic distribution in the six-dimensional

position–velocity phase space. The equations of fluid mechanics, by contrast, evolve only a

small collection of macroscopic fields. The purpose of the Chapman–Enskog procedure is to

connect these descriptions when the mean free path is small compared with the length scale

over which the macroscopic fields vary. At leading order, the procedure gives the compressible

Euler equations. At first order, it gives Newton’s law of viscosity and Fourier’s law of heat

conduction and thereby closes the compressible Navier–Stokes–Fourier equations. Classical

accounts may be found in Chapman and Cowling [15], Grad [30], and Struchtrup [74]; the

hydrodynamic-limit viewpoint is discussed by Golse [28] and in [12, 5]. For multicomponent

systems, Arnault and Guisset [3] provide a modern Chapman–Enskog derivation and discussion

of diffusion and heat transport.

We develop the unary, monatomic, force-free case in three spatial dimensions. This is

the cleanest setting in which all of the essential ideas appear. The derivation is intentionally

detailed because the solvability conditions, rather than the formal power series alone, explain

why the fluid equations have their familiar form.

The calculation has four stages. First, nondimensionalization identifies the small Knudsen

number ε. Second, rapid collisions select a local Maxwellian and the Euler equations. Third,

linearization determines the first non-equilibrium correction. Finally, the stress and heat-

flux moments of that correction give Newton’s and Fourier’s laws. Only the exact moment

identities survive without the formal small-ε assumptions.
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3.1 Formal Status and Hydrodynamic Scaling

The Chapman–Enskog construction is an asymptotic calculation. We will distinguish identities

that follow exactly from the Boltzmann equation from conclusions that depend upon a formal

expansion.

Definition 3.1 (Knudsen Number). Let λmfp be a characteristic molecular mean free path

and let L be a characteristic macroscopic length. The dimensionless ratio

ε :=
λmfp
L

(3.1)

is called the Knudsen number. The continuum regime corresponds to 0 < ε≪ 1.

We now derive the nondimensional equation rather than merely state it. To distinguish

physical quantities from their dimensionless counterparts during this derivation, attach the

superscript dim to dimensional variables and use tildes for dimensionless variables. Begin with

∂tdimf
dim + v dim · ∇xdimf dim = QBdim[f dim, f dim].

Choose a macroscopic length L, a reference speed V0, a reference number density n0, and a

characteristic collision-kernel magnitude B0. Introduce

xdim = Lx̃ , v dim = V0ṽ , tdim =
L

V0
t̃ ,

and scale the distribution and collision kernel by

f dim =
n0
V 30
f̃ , Bdim = B0B̃.

The factor n0/V 30 is selected so that
´
f dim dv dim = n0

´
f̃ dṽ . In the present convention, B0

has the dimensions of volume divided by time; for hard spheres, for example, it is proportional

to a reference cross-sectional area times V0. Since dv dim⋆ = V 30 dṽ ⋆, the collision operator

scales as

QBdim[f
dim, f dim] =

n20B0
V 30

Q̃B̃[f̃ , f̃ ] =
n0
V 30

1

τc
Q̃B̃[f̃ , f̃ ], τc :=

1

n0B0
.

Here τc is the reference collision time; numerical angular factors may be absorbed into the
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choice of B0. The transport operator scales according to

∂tdimf
dim + v dim · ∇xdimf dim =

n0
V 30

V0
L

(
∂t̃ f̃ + ṽ · ∇x̃ f̃

)
.

Cancellation of the common distribution scale gives

∂t̃ f̃ + ṽ · ∇x̃ f̃ =
L

V0τc
Q̃B̃[f̃ , f̃ ].

If λmfp := V0τc , then
L

V0τc
=

L

λmfp
=
1

ε
.

Thus the nondimensional equation is

ε
(
∂t̃ f̃ + ṽ · ∇x̃ f̃

)
= Q̃B̃[f̃ , f̃ ].

The macroscopic moments must be scaled consistently with this kinetic normalization.

Choose a reference particle mass m0 and set

mdim = m0m̃, ndim = n0ñ, udim = V0ũ, θdim = m0V
2
0 θ̃.

The last relation uses the energy-temperature convention θdim = kBT dim. It follows directly

from the moment definitions that

ρdim = m0n0ρ̃, edim = m0n0V
2
0 ẽ, ωdim = m0n0V

2
0 ω̃,

and

pdim = m0n0V
2
0 p̃, Pdim = m0n0V

2
0 P̃, qdim = m0n0V

3
0 q̃.

Thus every quantity appearing below has a specified dimensionless normalization. In particular,

the Maxwellian and all moment identities retain exactly the same algebraic form in the tilded

variables.

From this point onward, every variable and operator in this Chapman–Enskog chapter is

dimensionless unless a superscript dim is displayed. We now drop the tildes and the kernel

subscript to avoid burdening the notation. The force-free unary Boltzmann equation in

hydrodynamic scaling is therefore

ε (∂tf + v · ∇x f ) = Q[f , f ]. (3.2)
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Equivalently, the collision term in the unmultiplied equation is Q[f , f ]/ε. Thus, on a di-

mensionless macroscopic time interval of order one, the distribution experiences order ε−1

collisions. This rapid relaxation is the mechanism that confines f close to the manifold of

local Maxwellians.

Remark 3.2 (Formal Standing Hypotheses). Throughout this chapter, unless explicitly stated

otherwise, we make the following formal assumptions.

1. The macroscopic fields and all kinetic corrections are smooth, and they decay sufficiently

rapidly in velocity to justify every differentiation, integration, and interchange of limits

used below.

2. The density and temperature remain strictly positive.

3. The collision kernel is elastic, nondegenerate, and invariant under orthogonal changes

of velocity coordinates and common translations of both collision velocities. It has

sufficient integrability that the linearized collision operator is well defined in the weighted

spaces used below. Here nondegeneracy includes the following rigidity property: if a

smooth function satisfies the collision-invariant identity for almost every collision on

which B > 0, then it satisfies that identity for every elastic collision.

4. After its null space has been identified, the restriction of the linearized collision operator

to the orthogonal complement of the unary collision invariants is formally invertible, with

suitable coercivity.

5. The Chapman–Enskog series may be manipulated as a formal series: after substitu-

tion, coefficients of equal powers of ε may be matched, and the coefficients may be

differentiated term by term.

In particular, an O(ε2) term below initially means that terms through order ε have been

matched; it is not, by itself, an error bound for an exact solution. Coercivity depends upon the

collision kernel; representative results for broad classes of kernels are given in [57]. Rigorous

justifications of hydrodynamic limits or compressible Navier–Stokes approximations require

substantially more analysis; see, for example, [5, 52].

Remark 3.3 (Compressible versus Incompressible Limits). Equation (3.2) is the scaling used

here to obtain the compressible Euler equations and their first-order Navier–Stokes–Fourier

correction. It does not produce an incompressible Navier–Stokes limit. That limit requires an

additional amplitude, low-Mach-number, or diffusive scaling [5].
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3.2 Unary Macroscopic Variables and the Closure Problem

Let m > 0 denote the dimensionless particle-mass parameter mdim/m0. In the unary case

one may choose m0 = mdim, which makes m = 1; we retain m so that the mass dependence

remains visible in the formulas. The species velocity and the barycentric velocity coincide, so

we write

c := v − u (3.3)

for the peculiar velocity. Recall the macroscopic fields

n :=

ˆ
R3
f dv , ρ := mn, (3.4)

ρu := m

ˆ
R3
f v dv , e :=

m

2

ˆ
R3
f |c |2 dv , (3.5)

θ :=
2e

3n
, ω :=

m

2

ˆ
R3
f |v |2 dv . (3.6)

The dimensional energy temperature satisfies θdim = kBT dim; after the scaling and notational

convention above, the symbol θ denotes the dimensionless ratio θdim/(m0V 20 ). Consequently,

e =
3

2
nθ, ω =

ρ

2
|u|2 +

3

2
nθ. (3.7)

The pressure tensor and heat flux are

P := m

ˆ
R3
f c ⊗ c dv , q :=

m

2

ˆ
R3
f c |c |2 dv . (3.8)

Definition 3.4 (Scalar and Deviatoric Pressure). The scalar pressure, or mean normal pres-

sure, and the deviatoric pressure tensor are defined by

p :=
1

3
tr(P). (3.9)

and

Π := P− pI. (3.10)

Thus P = pI+ Π and tr(Π) = 0.

This definition does not require f to be a Maxwellian. Indeed, since

tr(c ⊗ c) = |c |2, (3.11)
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the definitions of P, e, and θ give

p =
m

3

ˆ
R3
f |c |2 dv =

2

3
e = nθ =

ρθ

m
. (3.12)

Thus p is determined by the density and temperature; it is not an additional hydrodynamic

unknown. The relation p = nθ is the ideal monatomic-gas pressure law when temperature

is measured in energy units. In dimensional variables, where θdim = kBT
dim, it becomes

pdim = ndimkBT
dim.

It is important, however, that knowing p determines only the trace of P, not the entire

tensor. The five hydrodynamic fields determine p, but for a general nonequilibrium distribution

they do not determine Π or q. These are the genuinely unclosed fluxes.

Proposition 3.5 (Exact Unary Balance Laws). Suppose that f is a sufficiently regular solution

of (3.2). Then

∂tρ+∇x · (ρu) = 0, (3.13)

∂t(ρu) +∇x · (ρu ⊗ u + P) = 0, (3.14)

∂tω +∇x · (ωu + Pu + q) = 0. (3.15)

Proof. Multiply (3.2) successively by m, mv , and m|v |2/2, and integrate over velocity. The

factor ε cancels from each identity, since the corresponding collision moments vanish. The

flux decompositions proved in the preceding section give the displayed forms. ■

Equations (3.13) to (3.15) are exact but not closed. The fields ρ, u, and θ comprise five

scalar fields: one density, three velocity components, and one temperature. They determine

the scalar pressure through Equation (3.12), but they do not determine the trace-free pressure

Π or the heat flux q. The closure problem is to express these remaining fluxes, exactly or

approximately, in terms of the five hydrodynamic fields and their derivatives.

3.3 Local Maxwellians and the Euler Closure

For given n > 0, u ∈ R3, and θ > 0, define the local Maxwellian

M[n, u, θ](v) := n
( m

2πθ

)3/2
exp

(
−
m|v − u|2

2θ

)
. (3.16)
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Lemma 3.6 (Moments of a Local Maxwellian). Let M = M[n, u, θ], and let p = nθ be the

scalar pressure defined by (3.9)–(3.12). Then

ˆ
R3
M dv = n, m

ˆ
R3
Mv dv = ρu, (3.17)

m

2

ˆ
R3
M|v |2 dv =

ρ

2
|u|2 +

3

2
nθ, m

ˆ
R3
Mc ⊗ c dv = pI, (3.18)

m

2

ˆ
R3
Mc |c |2 dv = 0. (3.19)

Proof. The first three identities were established in the Maxwellian section. For the fourth,

the off-diagonal components vanish by oddness, and rotational symmetry makes the three

diagonal components equal. Taking the trace gives

tr
(
m

ˆ
R3
Mc ⊗ c dv

)
= m

ˆ
R3
M|c |2 dv = 3nθ, (3.20)

so each diagonal component equals nθ = p. The heat-flux integrand is odd in c , which proves

the last identity. ■

If f = M, the exact fluxes close as

P = pI, q = 0. (3.21)

In other words, Maxwellian isotropy sets the undetermined trace-free part Π equal to zero,

while oddness sets the undetermined heat flux equal to zero. No sixth unknown is introduced:

p = nθ = ρθ/m is already determined by the five hydrodynamic fields. Substitution into

the exact balance laws therefore gives a closed system of five scalar equations for those five

fields, namely, the compressible Euler equations. This is a statement about the moments of a

Maxwellian. A spatially varying local Maxwellian need not itself solve the Boltzmann equation

exactly: free transport generally moves it away from local equilibrium. In the Chapman–

Enskog calculation, the Euler system instead governs the leading-order Maxwellian while a

small kinetic correction compensates for that transport.

Proposition 3.7 (Compressible Euler Equations). Suppose that the distribution is a local

Maxwellian. Then its moments satisfy

∂tρ+∇x · (ρu) = 0, (3.22)

∂t(ρu) +∇x · (ρu ⊗ u) +∇xp = 0, (3.23)

∂tω +∇x ·
(
(ω + p)u

)
= 0, (3.24)
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where

p = nθ =
ρθ

m
=
2

3

(
ω −

ρ

2
|u|2
)
, ω =

ρ

2
|u|2 +

3

2
nθ. (3.25)

Consequently, when the system is written in the conservative variables ρ, ρu, and ω, one first

recovers u = (ρu)/ρ and then computes p from the displayed formula. Thus every flux in

the conservative system is determined by the five conservative unknowns wherever ρ > 0.

Equivalently, with the material derivative

Dt := ∂t + u · ∇x , (3.26)

the primitive-variable form is

Dtn + n∇x · u = 0, (3.27)

ρDtu +∇xp = 0, (3.28)

Dtθ +
2

3
θ∇x · u = 0. (3.29)

Proof. The conservative equations follow immediately from (3.13)–(3.15) and (3.21). Ex-

panding the mass equation gives (3.27). Subtracting u times the mass equation from the

momentum equation gives (3.28). Finally, subtract the kinetic-energy equation, obtained by

taking the scalar product of (3.28) with u, from the total-energy equation. Using e = 3nθ/2

gives

Dte + (e + p)∇x · u = 0, (3.30)

which is equivalent to (3.29). ■

3.4 The Linearized Collision Operator

The first non-equilibrium correction is determined by linearizing the collision operator about a

local Maxwellian. This is the infinite-dimensional analogue of replacing a nonlinear function by

its derivative near a known state. We use a sign convention for which the linearized operator

is nonnegative.

Definition 3.8 (Linearized Collision Operator). Fix a local Maxwellian M = M[n, u, θ]. For

a relative perturbation φ = φ(v), define the linearized collision operator via

LMφ := −
1

M
(Q[M,Mφ] +Q[Mφ,M]) . (3.31)
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We equip velocity functions with the Maxwellian-weighted inner product

(φ,ψ)M :=

ˆ
R3
Mφψ dv , ∥φ∥2M := (φ, φ)M. (3.32)

Definition 3.9 (Maxwellian-Weighted L2 Space). The notation L2(Mdv) denotes the corre-

sponding Maxwellian-weighted L2 space:

L2(Mdv) :=
{
φ : R3 → R

∣∣∣∣ φ is measurable and
ˆ
R3
M(v)|φ(v)|2 dv <∞

}
. (3.33)

As usual in an L2 space, functions that agree almost everywhere are identified. Because

M(v) > 0 for every v , “almost everywhere” with respect to the weighted measure Mdv is

equivalent to “almost everywhere” with respect to Lebesgue measure dv . The inner product

and norm on this space are precisely those in (3.32). Thus, for example,

φ ⊥ HM (3.34)

means that (φ,ψ)M = 0 for every ψ ∈ HM.

This weighting is natural for the relative perturbation used above. If the actual perturba-

tion of the Maxwellian is written as g = Mφ, then

∥φ∥2M =
ˆ
R3
M|φ|2 dv =

ˆ
R3

|g|2

M
dv . (3.35)

Hence L2(Mdv) measures the size of the relative perturbation φ = g/M, or equivalently

measures the additive perturbation g with the reciprocal weight M−1. It is also the space in

which the sign convention in (3.31) makes LM formally symmetric and nonnegative.

The solvability condition below is familiar from finite-dimensional linear algebra. A sym-

metric matrix equation Ax = b can be solved only when b is orthogonal to every vector in

kerA. Here LM plays the role of A, and the five collision invariants span its null space.

Proposition 3.10 (Formal Structure of LM). Under the collision-kernel hypotheses stated

above, LM is symmetric and nonnegative in the inner product (3.32). On the formal smooth

domain specified in the standing hypotheses, its null space is

HM := kerLM = span
{
1, c1, c2, c3, |c |2

}
. (3.36)

Consequently, the equation

LMφ = S (3.37)

66



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

can be solved only if

(S,ψ)M = 0 for every ψ ∈ HM. (3.38)

Subject to the normalization φ ⊥ HM, the solution is formally unique whenever LM is invertible

on H⊥M.

Proof. Insert the weak form of the collision operator into

(φ,LMψ)M = −
ˆ
R3
φ (Q[M,Mψ] +Q[Mψ,M]) dv . (3.39)

We first explain the identity MM⋆ = M ′M ′⋆. A collision is local in space and time, so all

four Maxwellian factors have the same parameters n, u, and θ; only their velocity arguments

differ. Directly from (3.16),

MM⋆ = n
2
( m

2πθ

)3
exp

(
−
m

2θ

(
|v − u|2 + |v ⋆ − u|2

))
. (3.40)

The quantity in the exponential can be expanded as

|v − u|2 + |v ⋆ − u|2 = |v |2 + |v ⋆|2 − 2u · (v + v ⋆) + 2|u|2. (3.41)

For unary elastic collisions, conservation of momentum and kinetic energy gives

v + v ⋆ = v
′ + v ′⋆, |v |2 + |v ⋆|2 = |v ′|2 + |v ′⋆|2. (3.42)

Consequently, the right-hand side of (3.41) is unchanged when the unprimed velocities are

replaced by the primed velocities. The prefactor in (3.40) is also unchanged, and therefore

M(v)M(v ⋆) = M(v
′)M(v ′⋆), or briefly MM⋆ = M

′M ′⋆. (3.43)

This is the detailed-balance identity for a Maxwellian: the product assigned to a colliding

pair is the same before and after the collision. Using this identity and the pre/post-collisional

changes of variables gives the symmetric Dirichlet form

(φ,LMψ)M =
1

4

ˆ
R3

ˆ
R3

ˆ
S2
MM⋆(φ

′ + φ′⋆ − φ− φ⋆)(ψ′ + ψ′⋆ − ψ − ψ⋆)B dσdv ⋆dv . (3.44)

This expression is symmetric in φ and ψ and is nonnegative when φ = ψ. It remains to prove

the null-space statement; we do this in both directions.
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First suppose

φ ∈ span{1, c1, c2, c3, |c |2}.

Because c = v − u and u is fixed during the velocity-space calculation, the same space can

be written as

span{1, v1, v2, v3, |v |2}.

Mass, momentum, and kinetic energy are conserved in every unary elastic collision. Therefore

φ′ + φ′⋆ − φ− φ⋆ = 0

for every collision. Taking this φ in (3.44) shows that (ψ,LMφ)M = 0 for every smooth test

function ψ in the operator domain. Hence LMφ = 0, and so

span{1, c1, c2, c3, |c |2} ⊆ kerLM.

Conversely, let φ ∈ kerLM. Substituting ψ = φ in (3.44) gives

0 = (φ,LMφ)M =
1

4

˚
MM⋆B

(
φ′ + φ′⋆ − φ− φ⋆

)2
dσdv ⋆dv . (3.45)

The weight MM⋆ is strictly positive and B ≥ 0. The integrand in (3.45) is therefore nonneg-

ative, so a zero integral implies

φ′ + φ′⋆ = φ+ φ⋆ (3.46)

for almost every collision on which B > 0. The nondegeneracy assumption on the collision

kernel and the smoothness of φ extend (3.46) to every unary elastic collision. Thus φ is a

unary collision invariant. Proposition 2.20 then gives

φ(v) = A0 + β · v + A2|v |2

for constants A0, A2 ∈ R and β ∈ R3. Replacing v by c + u shows that this is exactly an

element of span{1, c1, c2, c3, |c |2}. This proves the reverse inclusion and hence (3.36).

Finally, if ψ ∈ kerLM, symmetry gives

(LMφ,ψ)M = (φ,LMψ)M = 0,

which proves the stated orthogonality condition for the range. These arguments establish

the formal smooth-domain result. Identifying the kernel of a particular closed realization
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of LM on all of L2(Mdv), and proving coercivity there, require kernel-dependent functional

analysis [12, 57]. ■

Definition 3.11 (Hydrodynamic and Kinetic Projections). Let PM denote the orthogonal

projection in L2(Mdv) onto HM, and let

P⊥M := I − PM. (3.47)

The range of PM is called the hydrodynamic subspace; its orthogonal complement is called

the kinetic subspace.

3.5 The Chapman–Enskog Ansatz

Let

U := (n, u, θ) (3.48)

denote the five hydrodynamic fields. A general distribution f (x , v , t) contains considerably

more information than these five moments. For example, many different velocity profiles

have the same density, mean velocity, and temperature. In a general kinetic solution, this

additional information may evolve independently of the five moments.

Definition 3.12 (Normal Solution). A normal solution is a kinetic distribution whose de-

pendence on space and time occurs only through the hydrodynamic fields and their spatial

derivatives. In schematic form,

f (x , v , t) = F
(
v ;U(x , t),∇xU(x , t),∇2xU(x , t), . . .

)
. (3.49)

Thus F has no independent dependence upon x or t. All space and time dependence of

f is inherited from the hydrodynamic fields and their spatial derivatives. In this sense, the

non-hydrodynamic part of the distribution is slaved to the hydrodynamic fields rather than

evolving as independent kinetic data.

Why should the first term be a Maxwellian? To answer this without assuming the conclu-

sion, temporarily write an unspecified expansion f = f (0)+εf (1)+ · · · . The order-zero part of

(3.2) is Q[f (0), f (0)] = 0. For a positive leading term and a nondegenerate elastic kernel, the

equilibrium characterization proved earlier identifies f (0) as a local Maxwellian. This argument

is pointwise in (x , t): collisions select the velocity profile but do not yet determine how its

parameters evolve. The next order supplies that evolution through a solvability condition.
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The Chapman–Enskog ansatz seeks this functional F as an asymptotic expansion. One

writes

f = M
(
1 + εφ(1) + ε2φ(2) + · · ·

)
, (3.50)

where M = M[U] = M[n, u, θ]. The coefficients are not arbitrary functions of (x , t). Rather,

they are differential functionals of U; schematically,

φ(1) = Φ(1) (v ;U,∇xU) ,

φ(2) = Φ(2)
(
v ;U,∇xU,∇2xU

)
, (3.51)

The second expression may contain products of first derivatives. More explicitly, write U =

(U1, . . . , U5) = (n, u1, u2, u3, θ). After the lower-order macroscopic equations have been used

to eliminate time derivatives, the second correction may be taken in the form

φ(2) =

5∑
α=1

3∑
i ,j=1

aαij(v ;U) ∂xixjUα

+

5∑
α,β=1

3∑
i ,j=1

bαβij(v ;U) (∂xiUα)(∂xjUβ). (3.52)

Here aαij and bαβij are velocity-dependent coefficient functions of the local fields. The first

sum is linear in second spatial derivatives; the second is quadratic in first spatial derivatives.

This formula specifies the derivative structure, not the coefficients, which require a second-

order collision problem. Higher orders may involve correspondingly higher spatial derivatives.

The Maxwellian M is required to have the same mass, momentum, and energy as the full

distribution f . Thus all corrections describe only the remaining kinetic information; they do

not alter the five hydrodynamic fields. This requirement is enforced order by order by the

normalization conditions

ˆ
R3
Mφ(r)


1

v

|v |2

 dv = 0, r ≥ 1. (3.53)

Equivalently,

φ(r) ∈ H⊥M, r ≥ 1. (3.54)

Without this normalization, a component of φ(r) in HM could be absorbed into a change of

n, u, or θ; the decomposition into a Maxwellian and a kinetic correction would not be unique.
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The normal-solution assumption is not an identity satisfied by every solution of the Boltz-

mann equation. General initial data may contain non-hydrodynamic modes that are not

determined by U. Formally, collisions damp these modes on the fast kinetic time scale, after

which the solution is expected to lie near a slow hydrodynamic manifold described by (3.49).

An initial kinetic layer may therefore precede the regime described by the Chapman–Enskog

expansion.

In the Chapman–Enskog analysis, the time derivative of U is organized as an asymptotic

expansion of operators. We now explain precisely what that means. A simple ordinary

differential equation contains the main idea. Suppose that a scalar y(t) obeys

dy
dt
= F0(y) + εF1(y). (3.55)

There is only one time variable t. If H is a differentiable function, the ordinary chain rule

gives
d
dt
H(y(t)) = H′(y)F0(y) + εH

′(y)F1(y). (3.56)

We could call the first term the order-zero contribution to the time derivative of H and the

second term the order-one contribution. This naming does not create two different time

variables or change the ordinary derivative d/dt.

For the Boltzmann equation, the role of y is played by the five-component field U =

(n, u, θ). Their evolution is governed by the exact moment equations, not by a separate

assumption about time. We record those equations in primitive variables for use below; this

is only a reformulation of Proposition 3.5.

Lemma 3.13 (Exact Primitive-Variable Evolution). For every sufficiently regular solution of

the scaled unary Boltzmann equation with n, θ > 0,

∂tn = −u · ∇xn − n∇x · u, (3.57)

∂tu = −(u · ∇x)u −
1

ρ
(∇xp +∇x · Π) , (3.58)

∂tθ = −u · ∇xθ −
2

3
θ∇x · u −

2

3n
(Π : ∇xu +∇x · q) . (3.59)

Here p = nθ, ρ = mn, and Π = P− pI.

Proof. The first two identities follow from the mass and momentum balances in Proposi-

tion 3.5. Subtracting the bulk kinetic-energy balance from its total-energy balance gives the

internal-energy equation; using P = pI+ Π and p = nθ gives the third identity. ■
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These equations are exact but not closed: Π and q still depend on the velocity distribution.

The normal-solution ansatz supplies formal expansions for these fluxes. Since the Maxwellian

has Π = 0 and q = 0, write

Π = εP(1) + ε2P(2) + · · · , q = εq(1) + ε2q(2) + · · · . (3.60)

The coefficients are moments of the corrections in (3.50):

P(r) = m

ˆ
R3
Mφ(r)c ⊗ c dv , q(r) =

m

2

ˆ
R3
Mφ(r)c |c |2 dv . (3.61)

The normalization (3.53) makes every P(r) trace free. At this point the coefficients are not

yet known; (3.60) records how they will enter the macroscopic equations.

Let us carry out this substitution explicitly. The mass equation contains neither Π nor q,

so it remains

∂tn = −u · ∇xn − n∇x · u. (3.62)

In the velocity equation, only Π is expanded. Since p = nθ and ρ = mn are functions of the

unexpanded field U, we obtain

∂tu = −(u · ∇x)u −
1

ρ
∇xp −

1

ρ
∇x ·

(
εP(1) + ε2P(2) + · · ·

)
=

[
−(u · ∇x)u −

1

ρ
∇xp

]
+ ε

[
−
1

ρ
∇x · P(1)

]
+ ε2

[
−
1

ρ
∇x · P(2)

]
+ · · · . (3.63)

The temperature equation contains both unclosed fluxes. Substituting their series and using

the linearity of tensor contraction and divergence gives

∂tθ = −u · ∇xθ −
2

3
θ∇x · u −

2

3n

(
εP(1) + ε2P(2) + · · ·

)
: ∇xu

−
2

3n
∇x ·

(
εq(1) + ε2q(2) + · · ·

)
=

[
−u · ∇xθ −

2

3
θ∇x · u

]
+ ε

[
−
2

3n

(
P(1) : ∇xu +∇x · q(1)

)]
+ ε2

[
−
2

3n

(
P(2) : ∇xu +∇x · q(2)

)]
+ · · · . (3.64)

Thus the terms without an explicit factor of ε give the order-zero evolution of U; the coeffi-

cients of ε, ε2, and so on give its successive corrections. In particular, the mass equation has

no term with an explicit positive power of ε. Collecting the three equations gives a formal
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evolution law of the form

∂tU ∼ G(0)[U] + εG(1)[U] + ε2G(2)[U] + · · · . (3.65)

Each G(r)[U] is a spatial expression involving U and its derivatives. The symbol ∼ means that

we are matching coefficients formally; it does not assert convergence of the series. We do

not expand the field itself as U(0) + εU(1) + · · · . All of the expressions G(r) are evaluated at

the same field U. Define

∂
(r)
t U := G(r)[U]. (3.66)

Then (3.65) may be written as

∂tU ∼
∞∑
r=0

εr∂
(r)
t U. (3.67)

We can now identify the operators in the expansion:

∂
(0)
t n = −u · ∇xn − n∇x · u, (3.68)

∂
(0)
t u = −(u · ∇x)u −

1

ρ
∇xp, (3.69)

∂
(0)
t θ = −u · ∇xθ −

2

3
θ∇x · u. (3.70)

These are the Euler evolution equations from Proposition 3.7. At each order r ≥ 1, the same

coefficient comparison gives

∂
(r)
t n = 0, (3.71)

∂
(r)
t u = −

1

ρ
∇x · P(r), (3.72)

∂
(r)
t θ = −

2

3n

(
P(r) : ∇xu +∇x · q(r)

)
. (3.73)

In particular, ∂(1)t n = 0 means that there is no separate first-order term in the continuity

equation. It does not mean that a solution n is independent of ε: its evolution is coupled to

the velocity field, which does receive higher-order corrections.

To apply these rules to a quantity depending on U, we use the ordinary chain rule sep-

arately at each order. For a differentiable function A = A(v ;U) with no independent time

dependence, and with v held fixed, define

∂
(r)
t A :=

∂A

∂n
∂
(r)
t n +

3∑
j=1

∂A

∂uj
∂
(r)
t uj +

∂A

∂θ
∂
(r)
t θ. (3.74)
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If A also depends on spatial derivatives of U, apply the chain rule to those arguments as well,

using

∂
(r)
t

(
∇kxU

)
:= ∇kx∂

(r)
t U. (3.75)

Consequently, for a normal-solution functional A[U], the time-derivative expansion means

∂tA[U] ∼
∞∑
r=0

εr∂
(r)
t A[U]. (3.76)

There is still only one physical time variable. The symbols ∂(r)t are coefficient-wise chain-

rule operations on normal-solution functionals, not ordinary time derivatives with respect to

separate time variables.

For example, to find ∂(0)t M[U], differentiate the Maxwellian with respect to n, the three

components of u, and θ at fixed v , and substitute (3.68)–(3.70) into (3.74). No formula for

P(1) or q(1) is needed for this calculation.

The factor ε in front of transport in (3.2) makes the order counting particularly important.

Using (3.50) and (3.76) gives, formally,

ε∂tf = ε∂
(0)
t M + ε2

(
∂
(1)
t M + ∂

(0)
t (Mφ

(1))
)
+O(ε3), (3.77)

εv · ∇x f = εv · ∇xM + ε2v · ∇x(Mφ(1)) +O(ε3). (3.78)

The order symbols here mean formal coefficient matching, not norm estimates. The key

observation is that ∂(1)t M first contributes at order ε2. Therefore the first kinetic correction

requires only the already determined Euler evolution ∂(0)t U.

Proposition 3.14 (Formal Equations at the First Two Orders). Under the formal standing

hypotheses, substitution of (3.50) and the time-derivative rule (3.76) into (3.2) gives, at

orders ε0 and ε1, respectively,

Q[M,M] = 0, (3.79)

LMφ(1) = −
1

M

(
∂
(0)
t M + v · ∇xM

)
. (3.80)

The five solvability conditions for (3.80) are precisely the compressible Euler equations. Under

the assumed invertibility of LM on H⊥M, these conditions determine a unique normalized φ(1).

Proof. We substitute the distribution expansion into each side of (3.2) and retain the terms
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needed through order ε. On the transport side, the time-derivative rule gives

ε∂tf = ε∂tM + ε
2∂t(Mφ

(1)) + · · ·

= ε∂
(0)
t M +O(ε2), (3.81)

because ∂tM = ∂
(0)
t M + ε∂

(1)
t M + · · · . Here and below, O(ε2) refers only to formal order

counting. Spatial differentiation similarly gives

εv · ∇x f = εv · ∇xM +O(ε2). (3.82)

Thus the complete left-hand side is

ε(∂tf + v · ∇x f ) = ε
(
∂
(0)
t M + v · ∇xM

)
+O(ε2). (3.83)

On the collision side, bilinearity gives

Q[f , f ] = Q[M + εMφ(1) + · · · ,M + εMφ(1) + · · · ]

= Q[M,M] + ε
(
Q[M,Mφ(1)] +Q[Mφ(1),M]

)
+O(ε2)

= Q[M,M]− εMLMφ(1) +O(ε2), (3.84)

where the last equality uses (3.31). At order ε0, Q[M,M] = 0 because M is a collision

equilibrium. At order ε1, we obtain

∂
(0)
t M + v · ∇xM = −MLMφ(1). (3.85)

Division by the positive MaxwellianM yields (3.80). Notice that neither ∂(1)t M nor a derivative

of Mφ(1) enters this order: the prefactor ε on transport moves both to order ε2.

We next check solvability. Since LM has range in H⊥M, the right-hand side of (3.80) must

be orthogonal to each of the five collision invariants 1, v1, v2, v3, |v |2. Multiplying that right-

hand side by M shows that the corresponding conditions are the five moments of ∂(0)t M+ v ·
∇xM. For mass, use

´
M dv = n and

´
vM dv = nu to obtain

0 =

ˆ
R3

(
∂
(0)
t M + v · ∇xM

)
dv = ∂(0)t n +∇x · (nu). (3.86)
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For momentum, the Maxwellian second moment is

m

ˆ
R3
v ⊗ v M dv = ρu ⊗ u + pI. (3.87)

Therefore the three component conditions combine into

0 = m

ˆ
R3
v
(
∂
(0)
t M + v · ∇xM

)
dv = ∂(0)t (ρu) +∇x · (ρu ⊗ u + pI), (3.88)

where ∂(0)t (ρu) means the chain-rule derivative induced by ∂(0)t U. Finally, the Maxwellian

energy and energy flux satisfy

m

2

ˆ
R3
|v |2M dv = ω,

m

2

ˆ
R3
|v |2vM dv = (ω + p)u. (3.89)

The fifth condition is consequently

0 =
m

2

ˆ
R3
|v |2

(
∂
(0)
t M + v · ∇xM

)
dv = ∂(0)t ω +∇x · ((ω + p)u). (3.90)

Multiplying the mass condition by m identifies it with (3.22); the momentum and energy

conditions are exactly (3.23) and (3.24). Conversely, these Euler equations make all five

moments vanish, so the right-hand side of (3.80) lies in H⊥M. The normalization (3.53)

requires φ(1) ∈ H⊥M, removing the null-space ambiguity. The standing invertibility assumption

then gives a unique solution in that subspace. ■

The Euler equations are therefore not inserted merely to simplify a calculation. They are

the compatibility conditions that make the first kinetic correction solvable. The projections

defined above separate those conditions from the kinetic equation:

PM

(
∂
(0)
t M + v · ∇xM

M

)
= 0, (3.91)

LMφ(1) = −P⊥M

(
∂
(0)
t M + v · ∇xM

M

)
. (3.92)

The first equation is the five-component Euler system; the second determines the normalized

kinetic correction. This is the familiar solvability idea from finite-dimensional linear algebra

applied, at each point (x , t), to an operator on velocity functions.

The order-by-order construction is now explicit:

1. The order-zero collision equation selects a local Maxwellian M[U].
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2. Its macroscopic moments give the Euler evolution ∂(0)t U, which makes the order-one

kinetic equation solvable.

3. Solving that equation gives φ(1). Its moments give P(1) and q(1), and hence the first

macroscopic correction ∂(1)t U.

4. Only at the next kinetic order do we use ∂(1)t M to determine φ(2).

This organization is recursive rather than circular. In particular, it does not require a second

physical time variable. It differs from a direct Hilbert expansion by keeping the macroscopic

field U unexpanded and eliminating its time derivatives order by order [15, 74].

3.6 The First-Order Source

We now compute the right-hand side of (3.80). Define the symmetric trace-free velocity-

gradient tensor

D◦(u) :=
1

2

(
∇xu + (∇xu)⊤

)
−
1

3
(∇x · u)I. (3.93)

Also define the velocity tensor and velocity vector

A(c) := c ⊗ c −
1

3
|c |2I, (3.94)

B(c) :=

(
m|c |2

2θ
−
5

2

)
c . (3.95)

Lemma 3.15 (Euler-Reduced Maxwellian Derivative). Let

D(0) := ∂(0)t + v · ∇x . (3.96)

If n, u, and θ satisfy the Euler equations, then

D(0)M
M

=
m

θ
A(c) : D◦(u) +B(c) · ∇x log θ. (3.97)

Proof. Since

logM = log n +
3

2
log
( m

2πθ

)
−
m|c |2

2θ
, (3.98)

differentiation gives

D(0)M
M

= D(0) log n −
3

2
D(0) log θ +

m

θ
c · D(0)u +

m|c |2

2θ
D(0) log θ. (3.99)
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Write

D(0) = D(0)t + c · ∇x , D
(0)
t := ∂

(0)
t + u · ∇x . (3.100)

The primitive Euler equations give

D
(0)
t log n = −∇x · u, (3.101)

D
(0)
t u = −

1

ρ
∇x(nθ) = −

θ

m
∇x log n −

θ

m
∇x log θ, (3.102)

D
(0)
t log θ = −

2

3
∇x · u. (3.103)

Substitute these identities into (3.99). The two density-gradient terms cancel. The scalar

terms D(0)t log n and −(3/2)D(0)t log θ also cancel. The trace part of

m

θ
c ⊗ c : ∇xu (3.104)

is canceled by the contribution of (3.103) to the last term in (3.99). The antisymmetric part

of ∇xu has zero contraction with c ⊗ c . What remains is

m

θ

(
c ⊗ c −

1

3
|c |2I

)
: D◦(u) +

(
m|c |2

2θ
−
5

2

)
c · ∇x log θ, (3.105)

which is (3.97). ■

The cancellation in this lemma is fundamental. For a unary monatomic gas, the first-order

source contains neither an independent density-gradient term nor a scalar multiple of ∇ · u.
It contains only shear deformation and temperature variation.

Lemma 3.16 (Solvability of the Tensor and Vector Problems). Every component of A and

B lies in H⊥M.

Proof. The tensor A is even in c , symmetric, and trace free. Its inner products with 1 and

|c |2 vanish by isotropy and tracelessness, and its inner products with the components of c

vanish by oddness. The vector B is odd, so it is orthogonal to 1 and |c |2. Its coefficient

5/2 is selected so that it is also orthogonal to each component of c . Indeed, the Gaussian

identities ˆ
R3
Mcicj dv = n

θ

m
δi j , (3.106)

and ˆ
R3
M|c |2cicj dv = 5n

(
θ

m

)2
δi j (3.107)
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give ˆ
R3
MBicj dv = 0. (3.108)

■

Definition 3.17 (Auxiliary Collision Problems). The auxiliary collision solutions are the tensor

X = X(c) and the vector Y = Y (c) determined by

LMX = A, X ⊥ HM, (3.109)

LMY = B, Y ⊥ HM, (3.110)

where the operator acts componentwise. These equations are interpreted on the kinetic

subspace H⊥M.

Under our formal invertibility assumption,

X = L−1M A, Y = L−1M B. (3.111)

No explicit formulas are available for a general collision kernel. These two velocity-space

problems contain all of the collision-model dependence of the first-order transport coefficients.

Proposition 3.18 (Formal First Chapman–Enskog Correction). The normalized solution of

the first-order equation is

φ(1) = −
m

θ
X : D◦(u)− Y · ∇x log θ. (3.112)

Proof. Combine (3.80) with Lemma 3.15. More precisely, using (3.97), the first-order equa-

tion becomes

LMφ(1) = −
m

θ
A : D◦(u)−B · ∇x log θ. (3.113)

Equations (3.109) and (3.110) give Equation (3.112). The normalization follows from X, Y ⊥
HM. ■

3.7 Viscosity and Heat Conduction

We now insert the approximation

f = M
(
1 + εφ(1)

)
+O(ε2) (3.114)
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into the definitions of the pressure tensor and heat flux. Rotational invariance implies that a

symmetric trace-free tensor can produce only a scalar multiple of the same tensor, and that

a vector can produce only a scalar multiple of the same vector. Parity eliminates the cross

terms: the tensor problem is even in c , while the vector problem is odd.

Definition 3.19 (Unary Transport Coefficients). Define the shear viscosity µ and thermal

conductivity κ, relative to the energy temperature θ, by

µ :=
m2

10θ

ˆ
R3
M A : X dv =

m2

10θ
(A,L−1M A)M, (3.115)

κ :=
1

3

ˆ
R3
M B · Y dv =

1

3
(B,L−1M B)M. (3.116)

For tensor- and vector-valued functions, the weighted inner product denotes the sum of the

componentwise inner products.

Remark 3.20 (Restoring Physical Transport Coefficients). The coefficients µ and κ in this

section are dimensionless. If µdim is the physical dynamic viscosity and κdimθ is the physical

conductivity relative to the energy temperature, so that qdim = −κdimθ ∇xdimθdim, then the

scalings above give

µdim = m0n0V
2
0 τc µ, κdimθ = n0V

2
0 τc κ.

If Fourier’s law is instead written in terms of temperature in kelvin, qdim = −κdimT ∇xdimT dim,

then κdimT = kBκ
dim
θ .

Proposition 3.21 (First-Order Constitutive Laws). Under the formal Chapman–Enskog as-

sumptions,

P = pI− 2εµD◦(u) +O(ε2), (3.117)

q = −εκ∇xθ +O(ε2). (3.118)

Moreover, µ ≥ 0 and κ ≥ 0. Under strict coercivity on H⊥M, both coefficients are strictly

positive.

Proof. First consider the pressure tensor. Substitution of (3.112) into (3.8) gives

P = pI− ε
m2

θ

ˆ
R3
M c ⊗ c(X : D◦(u)) dv +O(ε2). (3.119)

The Y term is odd and therefore integrates to zero. Since D◦ is trace free, c ⊗ c may be
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replaced by A. Isotropy on the five-dimensional space of symmetric trace-free tensors gives

ˆ
R3
M A(X : D◦) dv =

1

5

(ˆ
R3
M A : X dv

)
D◦. (3.120)

Equation (3.115) now gives Equation (3.117).

For the heat flux, the X term is odd and integrates to zero. Hence

q = −ε
m

2

ˆ
R3
M c |c |2(Y · ∇x log θ) dv +O(ε2). (3.121)

Isotropy gives ˆ
R3
M c |c |2 ⊗ Y dv =

1

3

(ˆ
R3
M|c |2c · Y dv

)
I. (3.122)

The normalization Y ⊥ HM implies
ˆ
R3
Mc · Y dv = 0. (3.123)

Using Equation (3.95), we therefore have

ˆ
R3
M|c |2c · Y dv =

2θ

m

ˆ
R3
MB · Y dv . (3.124)

Since ∇ log θ = ∇θ/θ, Equation (3.116) gives Equation (3.118).

Finally, nonnegativity of LM gives

(A,L−1M A)M = (X,LMX)M ≥ 0 (3.125)

and

(B,L−1M B)M = (Y ,LMY )M ≥ 0. (3.126)

Strict coercivity and the fact that A and B are nonzero give strict positivity. ■

Remark 3.22 (Why the Unary Bulk Viscosity Vanishes). The Newtonian viscous stress for

a general compressible fluid may contain both a trace-free shear contribution and a scalar

bulk-viscosity contribution. In the present monatomic elastic model, the scalar ∇ · u term

cancels from the first-order source in Lemma 3.15. In addition, the moment normalization

fixes the trace of P through the internal energy. Thus, no independent scalar dissipative mode

remains, and the Chapman–Enskog bulk viscosity is zero. This conclusion changes for gases

with internal molecular degrees of freedom or additional relaxation mechanisms [15, 74].

Remark 3.23 (Kernel Dependence). Equations (3.115) and (3.116) are exact formal defini-
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tions of the first Chapman–Enskog transport coefficients for the chosen collision kernel and

normalization. Closed numerical constants require a specified interaction law and, in most

cases, an additional approximation such as a Sonine-polynomial expansion. Quoting hard-

sphere or Maxwell-molecule constants without first fixing the normalization of B would be

ambiguous.

Remark 3.24 (A Solvable BGK Check). The BGK model introduced earlier makes the two

auxiliary problems concrete. For this illustration, choose its dimensionless relaxation rate to

be one, so that QBGK[f ] = Mf − f . If φ ⊥ HM, then Mφ has zero mass, momentum, and

energy moments. The Maxwellian associated with M + δMφ is therefore M, to first order

in δ; in fact it is M whenever that perturbed distribution is admissible. Hence the linearized

BGK operator acts as the identity on H⊥M, and the auxiliary solutions are simply X = A and

Y = B. The Gaussian moments

ˆ
R3
M|c |2 dv = 3n

θ

m
,

ˆ
R3
M|c |4 dv = 15n

(
θ

m

)2
,

ˆ
R3
M|c |6 dv = 105n

(
θ

m

)3
(3.127)

give
´
M A : A dv = 10n(θ/m)2 and

´
M B · B dv = (15/2)nθ/m. Thus (3.115)–(3.116)

reduce to µ = nθ = p and κ = 5nθ/(2m). These values check the algebra of the method

for a simple relaxation model; they are not the transport coefficients of the full Boltzmann

operator.

3.8 The Compressible Navier–Stokes–Fourier System

Define the viscous stress tensor

τ := 2µD◦(u) = µ

(
∇xu + (∇xu)⊤ −

2

3
(∇x · u)I

)
. (3.128)

Then the first-order constitutive relations are

P = pI− ετ , q = −εκ∇xθ, (3.129)

up to errors formally of order ε2.

Proposition 3.25 (Formal Compressible Navier–Stokes–Fourier Approximation). Truncating

the Chapman–Enskog expansion after the first correction closes the exact balance laws as

∂tρ+∇x · (ρu) = 0, (3.130)
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∂t(ρu) +∇x · (ρu ⊗ u) +∇xp = ε∇x · τ , (3.131)

∂tω +∇x ·
(
(ω + p)u

)
= ε∇x · (τu) + ε∇x · (κ∇xθ), (3.132)

where

p = nθ =
ρθ

m
, ω =

ρ

2
|u|2 +

3

2
nθ, (3.133)

and τ is given by Equation (3.128). Equations (3.130) to (3.132) are the compressible

Navier–Stokes–Fourier equations for a monatomic ideal gas, with transport coefficients de-

termined by the unary Boltzmann collision operator.

Proof. Insert Equation (3.129) into the exact momentum balance in Equation (3.14):

∂t(ρu) +∇x · (ρu ⊗ u + pI− ετ ) = 0. (3.134)

This is (3.131). Similarly, the exact total-energy flux becomes

ωu + Pu + q = ωu + (pI− ετ ) u − εκ∇xθ (3.135)

= (ω + p)u − ετu − εκ∇xθ. (3.136)

Substitution into (3.15) gives (3.132). ■

Proposition 3.26 (Temperature Equation). The internal-energy form of the first-order sys-

tem is
3

2
nDtθ + p∇x · u = ετ : ∇xu + ε∇x · (κ∇xθ). (3.137)

Since τ = 2µD◦(u),

τ : ∇xu = 2µ|D◦(u)|2 ≥ 0. (3.138)

Proof. Take the scalar product of the momentum equation with u to obtain the bulk kinetic-

energy equation. Subtract it from the total-energy equation, and use the mass equation

together with e = 3nθ/2. The resulting pressure-work, viscous-work, and heat-conduction

terms give (3.137). ■

Proposition 3.27 (Formal Residual of the First-Order Approximation). Let U = (n, u, θ)

be a smooth solution of (3.130)–(3.132) on a fixed time interval, and let φ(1) be given by

(3.112). Define

fapp := M[U]
(
1 + εφ(1)[U]

)
. (3.139)

Assume that n and θ stay bounded away from zero and that the derivatives and collision

expressions below remain bounded independently of ε in a suitable velocity norm. Then the
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residual of the scaled Boltzmann equation satisfies

ε(∂t + v · ∇x)fapp −Q[fapp, fapp] = O(ε2). (3.140)

Furthermore, the mass, momentum, and energy moments of this residual vanish exactly.

Proof. Write M = M[U] and φ = φ(1)[U]. Bilinearity, Q[M,M] = 0, and (3.31) give the

exact algebraic identity

ε(∂t + v · ∇x)fapp −Q[fapp, fapp]

= ε ((∂t + v · ∇x)M +MLMφ) + ε2 ((∂t + v · ∇x)(Mφ)−Q[Mφ,Mφ]) . (3.141)

Because U solves the truncated first-order fluid equations, its evolution has the exact form

∂tU = G(0)[U] + εG(1)[U], with the coefficients defined by (3.65). Consequently, the chain

rule gives ∂tM = ∂
(0)
t M + ε∂

(1)
t M. Equation (3.80) cancels the order-ε terms in (3.141); all

remaining terms have the factor ε2 and are bounded by hypothesis.

For the moment statement, the normalization (3.53) makes the five moments of fapp
exactly those of M[U]. Since pressure and heat flux are linear moments of fapp, they satisfy

the truncated constitutive laws (3.129) exactly. Taking collision-invariant moments of the

residual therefore gives ε times the left-hand sides of the first-order fluid balance laws, which

vanish because U solves those laws. ■

The proposition establishes formal consistency, not convergence. In particular, a small

residual does not control the difference between an exact kinetic solution and fapp without sta-

bility estimates and compatible initial and boundary data. Nor does the polynomial correction

guarantee fapp ≥ 0 for every velocity. These are separate questions from the coefficient-

matching calculation.

3.9 What Has and Has Not Been Proved

It is useful to summarize the logical status of the preceding calculation.

1. The moment identities and balance laws are exact for sufficiently regular solutions of

the Boltzmann equation.

2. The characterization of the leading local equilibrium as a Maxwellian follows from the

collision invariants and the H-theorem, under the nondegeneracy hypotheses stated

earlier.
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3. The symmetry, null space, and nonnegativity of the linearized collision operator are

structural facts. Precise domains, spectral gaps, and coercivity estimates depend upon

the collision kernel [12, 57].

4. The expansion (3.50), the term-by-term differentiation, and the neglect of the O(ε2)
remainder are formal steps.

5. The compressible Navier–Stokes–Fourier equations are therefore a first-order approxi-

mation to the Boltzmann dynamics, not the direct ε→ 0 limiting system in this scaling.

The direct leading limit is Euler. Rigorous approximation theorems require well-prepared

data, regularity, stability, and quantitative remainder estimates; one such line of analysis

is represented by [52].

6. Boundary and initial layers are absent from the interior calculation above. Kinetic

boundary conditions generally produce velocity-slip and temperature-jump corrections

that require a separate half-space analysis.

7. Continuing the expansion produces Burnett and super-Burnett corrections. Those

higher-order truncations introduce additional analytic and stability difficulties and should

not be assumed to improve the model automatically [30, 74].

The essential chain of reasoning can now be read from the equations:

rapid collisions =⇒ local Maxwellian =⇒ Euler solvability conditions,

Euler reduction =⇒ first kinetic correction =⇒ Newton and Fourier laws,

Newton and Fourier laws =⇒ Navier–Stokes–Fourier closure.

(3.142)

This unary derivation supplies the template for the multispecies calculation. In a mixture, the

scalar operator LM is replaced by a coupled operator matrix, the leading equilibrium retains

separate species densities but has a common velocity and temperature, and the first-order

kinetic correction additionally generates diffusion and thermal-diffusion fluxes.
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Chapter 4

Moment Closure Methods

The preceding chapter exhibited two closures of the exact unary balance laws. The local-

Maxwellian approximation produced the compressible Euler equations. The first Chapman–

Enskog correction produced the compressible Navier–Stokes–Fourier equations. We now

place those constructions within the broader methodology of moment closure.

The central difficulty is simple to state. The distribution f (x , v , t) depends upon three

velocity variables, whereas a fluid model retains only finitely many functions of (x , t). Velocity

integration can compress the kinetic equation into finitely many balance laws, but it cannot,

by itself, recover the velocity dependence that was discarded. A closure supplies this missing

information. The choice of closure is therefore a mathematical modeling decision, not an

additional identity hidden inside the Boltzmann equation.

For clarity, most of this chapter concerns the scaled unary problem in Equation (3.2).

The same construction applies componentwise to a mixture; the additional conservation

requirements are discussed at the end.

Every moment method answers the same three questions: Which velocity averages will

be retained? How will a distribution be reconstructed from those averages? Which structural

properties of the kinetic equation survive that reconstruction? The first question determines

the unknowns, the second closes their equations, and the third determines whether the re-

sulting model is mathematically and physically credible.
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4.1 Finite Collections of Moments

Definition 4.1 (Velocity Moment). Let ψ : R3 → R be a prescribed function of velocity.

Whenever the integral is finite, the moment of f associated with ψ is

uψ(x , t) :=

ˆ
R3
f (x , v , t)ψ(v) dv . (4.1)

The function ψ is called the moment function or velocity test function.

For example, the choice 1 gives number density, the three scalar entries of mv give

momentum density, and m|v |2/2 gives total-energy density. The entries of mv ⊗ v give the

momentum-flow tensor, while those of mv |v |2/2 give the energy flux. Thus the macroscopic

quantities introduced earlier are all velocity moments in the sense of (4.1).

Proposition 4.2 (Exact Equation for a General Moment). Suppose that f satisfies the scaled

unary Boltzmann equation in Equation (3.2), and let ψ be independent of x and t. Then

ε∂tuψ + ε∇x ·
(ˆ
R3
f vψ dv

)
=

ˆ
R3
Q[f , f ]ψ dv . (4.2)

If ψ is a unary collision invariant, the right-hand side vanishes.

Proof. Multiply (3.2) by ψ and integrate over velocity. Since ψ is independent of x and t,

differentiation may be moved outside the velocity integral. The transport term becomes

ˆ
R3
(v · ∇x f )ψ dv = ∇x ·

(ˆ
R3
f vψ dv

)
. (4.3)

The final statement is the defining property of a collision invariant. ■

Now choose finitely many linearly independent moment functions

ψ1, . . . , ψK (4.4)

and retain the corresponding fields uψ1, . . . , uψK . The preceding proposition is written com-

ponentwise, so it immediately gives K exact balance laws. These equations are generally not

closed: their fluxes and collision terms still depend upon the entire distribution f .

Lemma 4.3 (The Polynomial Moment Hierarchy). Suppose that ψ is a polynomial in v of
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total degree r . The transport flux in its exact moment equation is

Fψ :=

ˆ
R3
f (x , v , t) vψ(v) dv =



ˆ
R3
f v1ψ dvˆ

R3
f v2ψ dvˆ

R3
f v3ψ dv

 . (4.5)

Each component of Fψ is a linear combination of moments of degree at most r +1, and the

degree-r part of ψ produces moments of degree r + 1.

Proof. Write the polynomial in multi-index notation as

ψ(v) =
∑
|α|≤r

aαv
α, vα = vα11 v

α2
2 v

α3
3 .

For j = 1, 2, 3, the jth component of (4.5) is

(Fψ)j =
∑
|α|≤r

aα

ˆ
R3
f (x , v , t) vα+e j dv ,

where e j is the jth coordinate multi-index. Since |α+ e j | = |α|+ 1, every term with |α| = r
is a moment of degree r + 1. Substitution of Fψ into (4.2) makes this higher-moment

dependence explicit. ■

This elementary observation explains the infinite hierarchy. The mass equation involves

momentum. The momentum equation involves the second moment M. The energy equation

involves the third moment r . Equations for those moments involve still higher moments.

Moreover, except for collision invariants and certain special collision models, the collision

production term cannot be evaluated from a prescribed finite list of moments alone [29, 51].

4.2 Reconstruction and Closure

Definition 4.4 (Moment Reconstruction and Moment Closure). Fix the moment functions

in (4.4). A moment reconstruction is a rule that assigns a velocity function

f̂ = f̂ [uψ1, . . . , uψK ] (4.6)
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such that ˆ
R3
f̂ ψk dv = uψk , k = 1, . . . , K. (4.7)

The associated moment closure replaces the unknown distribution in every unresolved flux

and collision term by f̂ . Thus
ˆ
R3
f vψk dv ≈

ˆ
R3
f̂ vψk dv , (4.8)

ˆ
R3
Q[f , f ]ψk dv ≈

ˆ
R3
Q[f̂ , f̂ ]ψk dv . (4.9)

The reconstruction is called positive if f̂ ≥ 0.

The word “reconstruction” should not suggest that f̂ is the unique distribution having the

prescribed moments. In general, no such uniqueness is possible.

Lemma 4.5 (Finite Moment Data Do Not Determine the Distribution). Let f ≥ 0, and

suppose that a bounded, nonzero, compactly supported function h satisfies
ˆ
R3
hψk dv = 0, k = 1, . . . , K. (4.10)

Assume that f ≥ η > 0 on the support of h. Then, for every sufficiently small δ > 0, the

two distinct nonnegative distributions

f+ := f + δh, f− := f − δh (4.11)

have exactly the same retained moments as f .

Proof. Choose δ so that δ∥h∥L∞ ≤ η. Then f± ≥ 0. Equation (4.10) gives

ˆ
R3
f±ψk dv =

ˆ
R3
f ψk dv , k = 1, . . . , K. (4.12)

Since h ̸= 0, the two distributions are distinct. ■

There are infinitely many velocity directions orthogonal to a fixed finite collection of

moment functions, so perturbations of the form in this lemma are abundant. A closure

selects one representative from a large family of distributions that share the same retained

moments [51, 74].

Definition 4.6 (Realizable Moment Data). A collection of values uψ1, . . . , uψK is called real-
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izable if there exists a nonnegative distribution g such that
ˆ
R3
gψk dv = uψk , k = 1, . . . , K. (4.13)

The set of all such collections is called the realizable set for the chosen moment functions.

Realizability is the moment-level remnant of the kinetic condition f ≥ 0. It is not auto-

matic. For example, a proposed density must be nonnegative, a temperature must be non-

negative, and a second-moment matrix must satisfy corresponding positive-semidefiniteness

conditions. Higher-order moment sets obey additional inequalities that may be less obvious.

Proposition 4.7 (Inheritance of Collision Conservation). Suppose that ψk is a collision in-

variant and that the closed collision source is evaluated by (4.9) using the original Boltzmann

collision operator. Then ˆ
R3
Q[f̂ , f̂ ]ψk dv = 0 (4.14)

whenever the integral is defined.

Proof. The weak collision identity for a collision invariant holds for every admissible distribu-

tion. Apply it with f = f̂ . ■

This proposition is useful but limited. A practical moment model may approximate the

collision source further, in which case conservation must be verified again. Likewise, conser-

vation alone does not guarantee positivity, nonnegative entropy production, hyperbolicity, or

accuracy.

4.3 The Five-Moment Maxwellian Closure

The simplest important closure retains only mass, momentum, and total energy. In three

dimensions these comprise five scalar fields. The local Maxwellian is the natural reconstruction

because it has precisely these moments and minimizes information subject to them [10, 51].

Proposition 4.8 (Euler as a Five-Moment Closure). Retain the five hydrodynamic fields

(n, u, θ) and choose

f̂ = M[n, u, θ]. (4.15)

Then the reconstruction is positive and moment consistent. Moreover,

P = pI, q = 0, p = nθ =
2

3
e. (4.16)
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The resulting five-moment system is the compressible Euler system (3.22)–(3.24).

Proof. Moment consistency and the identities in (4.16) follow from Lemma 3.6, while posi-

tivity follows directly from the definition of the local Maxwellian in (3.16). Substitution into

the exact unary balance laws gives the Euler equations, as proved in Proposition 3.7. ■

The scalar pressure p is not an additional unknown. It is fixed by the retained energy

through p = 2e/3, or equivalently by n and θ through p = nθ. What the Maxwellian

assumption removes is not the scalar part of the pressure tensor, whose trace is already fixed

by energy, but its five-component trace-free part together with the heat flux and all higher

kinetic moments.

4.4 Grad’s Polynomial Moment Method

The Euler closure is accurate near local equilibrium when non-equilibrium moments relax

rapidly. In more rarefied regimes, the stress and heat flux may possess dynamics that are not

well represented by instantaneous Newton and Fourier laws. Grad’s idea is to retain addi-

tional moments as independent fields and reconstruct the distribution by a finite polynomial

correction to a Maxwellian [29, 30, 74].

For a monatomic gas in three dimensions, the classical thirteen fields are

n, u, θ, Π, q. (4.17)

There are 1 + 3+ 1+ 5+ 3 = 13 scalar components because Π is symmetric and trace free.

Definition 4.9 (Grad Thirteen-Moment Reconstruction). Recall from (3.95) that, with c =

v − u, the vector-valued velocity polynomial is

B(c) =

(
m|c |2

2θ
−
5

2

)
c .

Here M = M[n, u, θ] is the local Maxwellian defined in (3.16). Using this polynomial, define

the Grad thirteen-moment reconstruction

f13 := M

[
1 +

m

2nθ2
Π : (c ⊗ c) +

2m

5nθ2
q ·B(c)

]
. (4.18)

The numerical coefficients in (4.18) are not arbitrary. They enforce exact agreement with

all thirteen retained fields.
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Proposition 4.10 (Moment Matching for the Grad Reconstruction). Suppose that n > 0 and

θ > 0, that P is symmetric, and that tr(P) = 3nθ. Then f13 has number density n, velocity

u, temperature θ, pressure tensor P, and heat flux q.

Proof. The deviatoric pressure tensor Π is trace free. Consequently, its contribution to

the mass and energy moments vanishes by isotropy, and its contribution to the momentum

moment vanishes by oddness. The q correction is odd, so it does not change the mass,

energy, or pressure moments. Its momentum contribution vanishes because B is orthogonal

to the components of c , as proved in the solvability lemma preceding (3.109).

It remains to verify the two non-equilibrium moments. The Gaussian fourth-moment

identity gives

m

ˆ
R3
M c ⊗ c

m

2nθ2
Π : (c ⊗ c) dv = Π. (4.19)

For the heat flux, isotropy and the Gaussian identities

ˆ
R3
Mcicj |c |2 dv = 5n

(
θ

m

)2
δi j , (4.20)

ˆ
R3
Mcicj |c |4 dv = 35n

(
θ

m

)3
δi j (4.21)

give
m

2

ˆ
R3
M c |c |2

2m

5nθ2
q ·B(c) dv = q. (4.22)

Adding the Maxwellian contributions completes the proof. ■

Substitution of f13 into the moment equations for the thirteen fields expresses the unre-

solved fourth-order moments and collision productions in terms of those fields. The deviatoric

pressure and heat flux now have their own evolution equations; they are not prescribed in-

stantaneously by gradients of u and θ. This is the principal conceptual difference from the

five-field Chapman–Enskog closure.

The elementary polynomial form also exposes an important defect.

Proposition 4.11 (Loss of Positivity in the Grad Reconstruction). If either Π ̸= 0 or q ̸= 0,
then f13 takes negative values for some velocities. Hence the classical Grad reconstruction is

not a positive reconstruction away from local equilibrium.

Proof. If q ̸= 0, the highest-degree part of the bracket in (4.18) is an odd cubic polynomial

in c . It tends to −∞ along one of the two directions parallel to q. If q = 0 but Π ̸= 0, the

symmetric trace-free matrix Π has a negative eigenvalue. Along a corresponding eigenvector,
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the quadratic correction tends to −∞. Since M > 0, the reconstructed distribution is

negative wherever the bracket is negative. ■

This failure does not make Grad’s method useless: near equilibrium, it can give a sys-

tematic and computationally tractable description of non-equilibrium moments. It does mean

that positivity and realizability cannot be inferred from the polynomial ansatz. Classical Grad

systems may also lose hyperbolicity away from equilibrium. Regularized moment systems

modify the closure of the highest retained equations, often with Chapman–Enskog or order-

of-magnitude arguments, to improve stability and asymptotic behavior [74, 75].

4.5 Maximum-Entropy Closure

An entropy-based closure selects a distribution by a variational principle rather than by trun-

cating a polynomial expansion. It therefore makes explicit which representative of the moment

class has been chosen.

Definition 4.12 (Entropy Reconstruction). Let uψ1, . . . , uψK be realizable moment data. A

maximum-entropy reconstruction is a nonnegative minimizer of the information functional

H[g] =

ˆ
R3
g log g dv (4.23)

among all nonnegative g satisfying
ˆ
R3
gψk dv = uψk , k = 1, . . . , K. (4.24)

As usual, 0 log 0 is interpreted as zero.

The terminology comes from physical entropy, which is the negative of the information

functional up to dimensional constants. Strict convexity implies that there is at most one

minimizer. Existence is a separate question and depends upon the moment functions and

upon whether the prescribed data lie in the appropriate part of the realizable set.

Proposition 4.13 (Exponential Form of an Entropy Reconstruction). Suppose that a strictly

positive minimizer f̂ of (4.23)–(4.24) exists and that the moment constraints are regular

enough for the Lagrange multiplier rule to apply. Then there are real numbers λ1, . . . , λK
such that, for almost every v ∈ R3,

f̂ = exp

(
K∑
k=1

λkψk − 1

)
. (4.25)
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The multipliers are selected so that the moment-matching conditions in Equation (4.24) hold.

Proof. Introduce the Lagrangian

L[g, λ] = H[g]−
K∑
k=1

λk

(ˆ
R3
gψk dv − uψk

)
.

At a constrained minimizer, formal stationarity with respect to an arbitrary variation h gives

0 =
d
dε
L[f̂ + εh, λ]

∣∣∣∣
ε=0

=

ˆ
R3

(
log f̂ + 1−

K∑
k=1

λkψk

)
h dv .

Because h is arbitrary, the factor multiplying it must vanish:

log f̂ + 1−
K∑
k=1

λkψk = 0. (4.26)

Thus exponentiation yields (4.25). ■

When the retained functions are the five collision invariants, the exponential in (4.25)

is a quadratic function of velocity with a negative definite quadratic part. Completing the

square gives exactly the local Maxwellian. Thus the Euler closure is the first member of the

entropy-closure hierarchy [51].

Entropy closures also possess a useful differential structure.

Theorem 4.14 (Formal Symmetric Hyperbolicity of Entropy Closure). Assume that the mo-

ment functions are linearly independent, that the exponential reconstruction (4.25) and all

required moments are finite, and that the multipliers depend smoothly upon the retained

moments. In the variables λ1, . . . , λK, the transport part of the closed moment system is

symmetric hyperbolic.

Proof. Write λ = (λ1, . . . , λK) and regard the reconstructed distribution as a function of

these variables:

f̂ (λ) = exp

(
K∑
k=1

λkψk − 1

)
. (4.27)

Define the retained-moment vector u(λ) and its flux in the spatial direction xℓ componentwise

by

ui(λ) =

ˆ
R3
ψi f̂ dv , (Fℓ)i(λ) =

ˆ
R3
vℓψi f̂ dv . (4.28)
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The key observation is
∂f̂

∂λj
= ψj f̂ .

It follows that the Jacobian of the moments and the Jacobian of the xℓ-flux are

Gi j :=
∂ui
∂λj
=

ˆ
R3
ψiψj f̂ dv , (Aℓ)i j :=

∂(Fℓ)i
∂λj

=

ˆ
R3
vℓψiψj f̂ dv . (4.29)

Both matrices are symmetric because their integrands are unchanged when i and j are inter-

changed. Moreover, for every nonzero vector a = (a1, . . . , aK),

a⊤Ga =

ˆ
R3

(
K∑
k=1

akψk

)2
f̂ dv > 0, (4.30)

because f̂ > 0 and the functions ψ1, . . . , ψK are linearly independent. Thus G is positive

definite and, in particular, invertible. Locally, λ may therefore be used in place of the retained

moments u.

The closed moment equations, before this change of variables, have the vector form

ε∂tu + ε

3∑
ℓ=1

∂xℓF ℓ = S,

where S is the closed collision source. Substituting u = u(λ) and F ℓ = F ℓ(λ) and applying

the chain rule gives

εG∂tλ+ ε

3∑
ℓ=1

Aℓ∂xℓλ = S(λ). (4.31)

By definition, a first-order system is symmetric hyperbolic when the matrix multiplying the

time derivative is symmetric positive definite and the matrices multiplying the spatial deriva-

tives are symmetric. Here these matrices are εG and εAℓ, respectively, so the system has

precisely this form. The source contains no derivatives and therefore does not affect the

conclusion. ■

If high-degree polynomial moments are constrained, the exponential in (4.25) need not

be integrable for arbitrary multipliers. Near the boundary of the realizable set, the multiplier

problem may become singular or poorly conditioned. Maximum-entropy closure exchanges

the explicit simplicity of Grad’s polynomial formula for positivity, convexity, and a stronger

structural connection to entropy.
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4.6 Quadrature and Discrete-Velocity Closures

A different strategy represents the velocity distribution by finitely many nonnegative weights

concentrated at velocity nodes. Formally, one writes

f̂ (v) =

L∑
ℓ=1

wℓδ(v − v ℓ), wℓ ≥ 0, (4.32)

so that

uψk =

L∑
ℓ=1

wℓψk(v ℓ). (4.33)

The weights, the nodes, or both are chosen from the retained moments. Equation (4.33)

converts velocity integrals into finite sums and makes nonnegativity transparent when all

weights are nonnegative [26, 76].

There is an important distinction between a quadrature closure for transport moments and

a complete discretization of the Boltzmann collision operator. Collisions typically send a pair

of velocity nodes to post-collisional velocities that are not nodes of the chosen quadrature.

A numerical method must therefore add a conservative projection, interpolation, or separate

collision quadrature. Mass, momentum, energy, and entropy properties must then be checked

for that discrete collision procedure; they do not follow from (4.32) alone [20, 54].

4.7 Local, Differential, and Extended Closures

The preceding examples can be organized by what information is retained.

Definition 4.15 (Three Forms of Closure). A closure is called

(i) local algebraic if the unresolved moments at (x , t) depend only upon the retained mo-

ments at the same point;

(ii) differential if they also depend upon spatial derivatives of the retained moments;

(iii) extended if selected non-equilibrium moments are retained as independent unknowns

with their own evolution equations.

The Maxwellian Euler closure is local algebraic. Entropy and quadrature closures are also

local algebraic once their full set of retained moments has been selected. Grad’s thirteen-

moment system is extended relative to the five hydrodynamic variables because the deviatoric

pressure and heat flux are independent fields.
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Chapman–Enskog closure is differential. Under the normal-solution assumption, kinetic

information is expressed as a functional of the hydrodynamic fields and their spatial derivatives;

see Equation (3.49). At first order, the Newton and Fourier laws derived above give

Π = −2εµD◦(u) +O(ε2), q = −εκ∇xθ +O(ε2). (4.34)

Thus the stress and heat flux are not evolved independently; they are slaved, to first order,

to gradients of the five hydrodynamic fields.

Proposition 4.16 (Relation Between Extended Moments and Chapman–Enskog Closure).
Consider a consistent extended moment model that retains n, u, θ, Π, and q. Suppose

that its non-equilibrium moments relax to zero on the kinetic time scale and that a formal

expansion in ε is valid. Then its leading equilibrium reduction is the Euler closure. If its

first-order asymptotics agree with the Boltzmann equation, its first non-equilibrium terms

must reproduce (4.34) with the Boltzmann viscosity and thermal conductivity.

Proof. At leading order, rapid collisional relaxation sets the non-equilibrium stress and heat

flux equal to zero. The exact trace relation leaves P = pI, and the five balance laws reduce

to Euler. At first order, agreement with the Boltzmann Chapman–Enskog expansion requires

equality of the first-order constitutive moments. Those moments were computed uniquely

from the normalized solution of the linearized collision problems (3.109)–(3.110), and they

are precisely the two relations in (4.34). ■

This proposition explains both the relation and the distinction. Chapman–Enskog analysis

eliminates the rapidly relaxing moments order by order. An extended moment method keeps

some of them as dynamical variables. One may nevertheless apply a Chapman–Enskog expan-

sion to the extended system itself. Recovery of the correct Euler and Navier–Stokes–Fourier

limits is then an essential consistency test for the moment model [30, 74, 75].

4.8 What Should a Closure Preserve?

Moment matching is necessary, but it is not enough. A reliable closure should be assessed

against several separate requirements. The criteria below collect standard structural concerns

in moment-closure theory [51, 74].

1. Consistency. The reconstruction must reproduce every retained moment exactly. Oth-

erwise the variables appearing in the closed equations do not have their stated kinetic

meanings.
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2. Collision invariants. The closed collision sources must preserve mass, total momen-

tum, and total energy. For a mixture, each species mass is separately conserved, whereas

momentum and energy are generally exchanged between species and conserved only af-

ter summation.

3. Equilibrium. The closure should contain the appropriate local Maxwellians and should

not introduce spurious equilibria near the physical regime of interest.

4. Realizability and positivity. Ideally, admissible moment data should correspond to a

nonnegative distribution, and the closed evolution should remain inside the realizable

set. Grad’s polynomial closure shows that moment matching alone does not ensure this

property.

5. Entropy structure. The nonnegative kinetic entropy-production law should descend,

exactly or approximately, to the closed system. Equivalently, the associated informa-

tion functional should be non-increasing. This structure often provides both physical

guidance and mathematical stability.

6. Well-posedness. The closed partial differential equations should have an appropriate

hyperbolic, parabolic, or hyperbolic–relaxation structure. A formally accurate closure is

of limited use if its initial-value problem is unstable.

7. Asymptotic consistency. In the small-Knudsen-number regime, the model should re-

cover Euler at leading order and the correct Navier–Stokes–Fourier transport coefficients

at first order.

8. Symmetry. Rotational and Galilean invariance should be inherited from the kinetic

equation. Tensorial moments and their closures must transform accordingly.

9. Boundary compatibility. A finite moment system requires boundary conditions de-

rived from, or at least consistent with, the kinetic boundary condition. Interior closure

accuracy does not by itself resolve Knudsen layers, velocity slip, or temperature jump.

These requirements can conflict. A low-order polynomial closure may be explicit and

inexpensive but fail positivity. An entropy closure may preserve positivity and hyperbolicity

but require a nonlinear optimization at every point. A large moment system may describe

stronger non-equilibrium effects but introduce many variables, difficult collision integrals, and

nontrivial boundary conditions. There is no universally best closure independent of the physical

regime and computational purpose.
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4.9 Extension to Multispecies Systems

For a mixture, one chooses moment functions for each fi and reconstructs the family of

distributions simultaneously. Equations (2.115) to (2.117) show what must be closed: species

pressure tensors and heat fluxes, as well as interspecies momentum- and energy-exchange

terms. The conservation structure is more delicate than in the unary problem.

If the reconstructed distributions are inserted into the original binary operators Qi ,j without

further approximation, the weak collision identities automatically preserve each species mass

and preserve total momentum and energy after summation over species. If the collision

productions are replaced by algebraic relaxation terms, these cancellations must be imposed

and proved for the approximate sources.

The equilibrium manifold also changes in a precise way. Interspecies collisions permit

distinct species densities, but they drive the mixture toward a common bulk velocity and a

common temperature. A multispecies closure should therefore distinguish between fields that

remain independent at equilibrium and fields, such as diffusion velocities and temperature

differences, that relax through interspecies exchange. At first Chapman–Enskog order, the

closure additionally contains diffusion and thermal-diffusion laws. These are the mixture

analogues of the unary viscous-stress and heat-flux laws [62, 3].

4.10 Summary of the Methodology

The general moment-closure procedure can now be stated without ambiguity. The following

workflow synthesizes the standard moment-method framework developed in [29, 51, 74]:

1. choose the velocity moments to be retained;

2. derive their exact balance laws from the kinetic equation;

3. identify every unresolved flux and collision production;

4. prescribe a reconstruction or constitutive rule for those quantities;

5. prove moment consistency and conservation;

6. determine the realizable set and examine positivity, entropy, and well-posedness;

7. compare the small-Knudsen-number expansion with the Chapman–Enskog closure;

8. derive boundary conditions consistent with the underlying kinetic model.
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The first three steps are exact consequences of the Boltzmann equation. The fourth

is the closure assumption. Every property claimed after that point must be proved for the

chosen closure rather than attributed automatically to the kinetic equation.
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Chapter 5

Single-Species BGK Kinetic Models

In this chapter, we describe some basic theory for the single-species BGK equation [6, 74],

namely,
∂f

∂t
+ v · ∇x f = λ (Mf − f ) . (5.1)

The appeal of the BGK model is computational as well as structural. Its collision term is much

less expensive to evaluate than the Boltzmann collision integral, while still driving solutions

toward Maxwellian states.

The existence of non-negative solutions to the single-species BGK equation on x ∈ Rd

was proved by Perthame [60]. Uniqueness of mild solutions in the spatially periodic case was

shown by Perthame and Pulvirenti [59], and extended to the full space by Mischler [56].

Beyond questions about existence and uniqueness of solutions, it is important to have

a firm grasp of the properties of solutions to BGK-type equations, since it is vital to build

numerical approximation schemes that respect analogous features at the fully discrete level.

Herein, we review conservation, information dissipation, and entropy production, and, later,

we discuss how these are used in the design of numerical schemes.

5.1 Basic Properties of Solutions

Since we are examining the single-species case first, that is, the unary case, we can simplify

our discussion slightly by setting the mass to be one, m = 1. We recall that the Maxwellian

is constructed using the first three integral moments of the kinetic distribution, f , that is,

n(x , t) :=

ˆ
Rd
f dv , u(x , t) :=

1

n

ˆ
Rd
f v dv , θ(x , t) :=

1

nd

ˆ
Rd
f |v − u|2 dv , (5.2)
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and is defined as

Mf (x , v , t) := M[f ](x , v , t) := n

(
1

2πθ

)d/2
exp

(
−
|v − u|2

2θ

)
. (5.3)

The space-time fields n, u, and θ, are the macroscopic (coarse grained) number density, bulk

velocity, and temperature, respectively. The macroscopic kinetic energy density is given by

ω(x , t) :=
1

2

ˆ
Rd
f |v |2 dv , (5.4)

and the internal energy density is defined as

e(x , t) :=
1

2

ˆ
Rd
f |v − u|2 dv . (5.5)

We observe that the temperature and the internal energy are related via

θ(x , t) =
2

d

e(x , t)

n(x , t)
.

5.1.1 Collision Invariants

Again, we define ⟨ · ⟩ : L1(Rd ;Rp)→ Rp by

⟨g⟩ =
ˆ
Rd
g(v) dv .

Therefore, 
n(x , t)

n(x , t)u(x , t)

ω(x , t)

 =
〈
f (x , v , t)


1

v
1
2
|v |2


〉
.

Thus, the macroscopic number density n, momentum density nu, and total energy density ω

may be viewed as the first three moments of the particle distribution function f . The first

three moments of the collision operator are equal to zero. This gives us some conservation

properties, as we show below.

For convenience, let us define

ρ(x , t) :=
[
n, nu⊤, ω

]⊤
: Rd × R+ → Rd+2; (5.6)

m(v) :=

[
1, v⊤,

1

2
|v |2
]⊤
: Rd → Rd+2; (5.7)
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and

α(x , t) :=

[
ln

(
n

(2πθ)d/2

)
−
|u|2

2θ
,
u⊤

θ
,−
1

θ

]⊤
: Rd × R+ → Rd+2. (5.8)

Then, succinctly,

ρ = ⟨fm⟩, and Mf = exp (α ·m(v)) . (5.9)

We summarize some facts that we have already established in the previous chapter.

Lemma 5.1. The following equality holds:

⟨(Mf − f )m⟩ =

〈
1

v
|v |2
2

 (Mf − f )

〉
= 0. (5.10)

Definition 5.2 (BGK Collision Invariant). We say that a function g(v) is a BGK collision

invariant iff

⟨g(v) (Mf − f )⟩ =
ˆ
Rd
g(v) (Mf − f ) dv = 0.

From the last lemma, we observe that 1, v , and |v |2 are BGK collision invariants. Of

course, any linear combination of these functions will also be collision invariant. We will use

this fact later.

Multiplying the BGK Equation by the vector m = [1, v⊤, 1
2
|v |2]⊤ and integrating, we get

expressions for the conservation of mass, momentum, and energy, respectively.

Lemma 5.3. Suppose that f is a non-negative solution to the BGK model in Equation (5.1).

The following conservation equations hold:

∂

∂t
n +∇x · (nu) = 0, (5.11)

∂

∂t
(nu) +∇x · (nu ⊗ u + P) = 0, (5.12)

∂

∂t
ω +∇x · (ωu + Pu + q) = 0, (5.13)

where

P :=

ˆ
Rd
(v − u)⊗ (v − u)f dv

is the pressure tensor and

q :=
1

2

ˆ
Rd
|v − u|2(v − u)f dv

is the heat flux.
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Proof. We follow the moment calculation used for the multispecies Boltzmann equation in

the previous chapter. Multiplying the BGK equation by 1 and integrating gives

ˆ
Rd

[
∂f

∂t
+∇x · (v f )

]
dv =

ˆ
Rd
λ(Mf − f ) dv (5.14)

=⇒
∂

∂t

(ˆ
Rd
f dv

)
+∇x ·

(ˆ
Rd
v f dv

)
= 0 (5.15)

=⇒
∂

∂t
n +∇x · (nu) = 0. (5.16)

This verifies the first equation, which is an expression for the conservation of mass.

Next, multiplying by v and integrating, we have

ˆ
Rd

[
v
∂f

∂t
+∇x · (v ⊗ v f )

]
dv =

ˆ
Rd
vλ(Mf − f ) dv (5.17)

=⇒
∂

∂t

(ˆ
Rd
v f dv

)
+∇x ·

(ˆ
Rd
v ⊗ v f dv

)
= 0. (5.18)

The first term is equal to ∂t(nu), as desired. It remains to show that

ˆ
Rd
v ⊗ v f dv = nu ⊗ u + P.

Writing v = u + (v − u), gives

ˆ
Rd
v ⊗ v f dv =

ˆ
Rd
[u + (v − u)]⊗ [u + (v − u)] f dv

=

ˆ
Rd
[u ⊗ u + u ⊗ (v − u) + (v − u)⊗ u + (v − u)⊗ (v − u)] f dv

= nu ⊗ u + P+

ˆ
Rd
u ⊗ (v − u)f dv +

ˆ
Rd
(v − u)⊗ uf dv . (5.19)

The last two terms in the above expression are equal to zero:

u ⊗
ˆ
Rd
(v − u)f dv = u ⊗

[ˆ
Rd
v f dv − u

ˆ
Rd
f dv

]
= u ⊗ [nu − un] = 0.

Putting it all together, we obtain the second equation, an expression for the conservation of

momentum.

Finally, multiplying by 1
2
|v |2 and integrating, gives

ˆ
Rd

1

2
|v |2

(
∂f

∂t
+∇x · (v f )

)
dv =

ˆ
Rd

1

2
|v |2λ(Mf − f ) dv (5.20)
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=⇒
∂

∂t

(ˆ
Rd

1

2
|v |2f dv

)
+∇x ·

(ˆ
Rd

1

2
|v |2v f dv

)
= 0. (5.21)

The first term is equal to ∂tω, as desired. It remains to show that
ˆ
Rd

1

2
|v |2v f dv = ωu + Pu + q.

Writing v = u + (v − u), gives

ˆ
Rd

1

2
|v |2v f dv =

1

2

ˆ
Rd
|v |2 [u + (v − u)] f dv

= u

ˆ
Rd

1

2
|v |2f dv +

1

2

ˆ
Rd
|v |2(v − u)f dv

= ωu +
1

2

ˆ
Rd
[u + (v − u)]⊤ [u + (v − u)] (v − u)f dv

= ωu +
1

2

ˆ
Rd

[
|u|2 + 2u⊤(v − u) + |v − u|2

]
(v − u)f dv

= ωu +
|u|2

2

ˆ
Rd
(v − u)f dv +

ˆ
Rd
u⊤(v − u)(v − u)f dv +

1

2

ˆ
Rd
|v − u|2(v − u)f dv

= ωu + q +
1

2
|u|2

(ˆ
Rd
v f dv − u

ˆ
Rd
f dv

)
+

ˆ
Rd
u⊤(v − u)(v − u)f dv

= ωu + q +
1

2
|u|2 (nu − un) +

ˆ
Rd
u⊤(v − u)(v − u)f dv

= ωu + q +

ˆ
Rd
u⊤(v − u)(v − u)f dv . (5.22)

The remaining contraction satisfies

u⊤(v − u)(v − u) = [(v − u)⊗ (v − u)] u.

Thus, the final term in the above Equation is
ˆ
Rd
u⊤(v − u)(v − u)f dv =

ˆ
Rd
[(v − u)⊗ (v − u)] uf dv

=

(ˆ
Rd
(v − u)⊗ (v − u)f dv

)
u

= Pu. (5.23)

Putting it all together gives the third equation, which is an expression for the conservation

of energy. The proof is complete. ■
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The conservation laws/properties above are reminiscent of those involved with the deriva-

tions of the Navier–Stokes and Euler equations. In fact, using the Chapman–Enskog ex-

pansion method one can show that in the limit as λ → ∞, or τ → 0, one recovers

macroscopic Navier–Stokes and/or Euler equations as formal limits, under certain assump-

tions [64, 81, 79, 74]. These limits can even guide in the design of stable numerical methods

for the macroscopic models [81].

5.1.2 Space-Homogeneous Problem

Suppose that the density function is spatially homogeneous, so that f = f (v , t). In this case,

the distribution function satisfies the space-homogeneous problem

∂f

∂t
= λ(Mf − f ). (5.24)

This is a first order integro-differential equation (IDE), which can be solved using the inte-

grating factor method.

Lemma 5.4. Suppose that f is a solution to the space-homogeneous problem (5.24). Then

f (v , t) = e−λtf (v , 0) +
(
1− e−λt

)
Mf (v , 0). (5.25)

Proof. We begin by proving that ∂n
∂t
= 0 = ∂θ

∂t
, ∂u
∂t
= 0, and ∂Mf

∂t
= 0. We will make frequent

use of Lemma 5.1.

First, we show that ∂n
∂t
= 0. Utilizing the IDE,

∂

∂t
n =

∂

∂t

ˆ
Rd
f dv =

ˆ
Rd

∂f

∂t
dv =

ˆ
Rd
λ(Mf − f ) dv

Lemma 5.1
= 0. (5.26)

Next, we show that ∂u
∂t
= 0. Using the quotient rule on the definition of u = 1

n

´
Rd v f dv ,

and the fact that ∂n
∂t
= 0 gives

∂u

∂t
=
∂

∂t

1

n

ˆ
Rd
f v dv =

(n)
´
Rd

∂f
∂t
v dv − 0
n2

=
1

n

ˆ
Rd
λ(Mf − f )v dv Lemma 5.1

= 0. (5.27)

Next, we show that ∂θ
∂t
= 0. Recall that

d

2
nθ = ω −

1

2
n|u|2 ⇐⇒ θ =

2ω

nd
−
1

d
|u|2.
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Using the quotient rule, and the fact that ∂n
∂t
= 0 and ∂u

∂t
= 0, gives

∂θ

∂t
=
2

d

(
∂ω
∂t

)
(n)− 0
n2

−
2

d
u⊤
∂u

∂t
=
2

nd

ˆ
Rd

|v |2

2
λ(Mf − f ) dv

Lemma 5.1
= 0. (5.28)

Next, to show ∂Mf

∂t
= 0, we use the temporal invariance of n, u, and θ, as shown above,

∂

∂t
Mf (v , t) = (2π)

− d
2
∂

∂t

[
n(t)θ(t)−

d
2 exp

(
−
1

2
|v − u(t)|2θ(t)−1

)]
= (2π)−

d
2

[
∂n

∂t
θ−

d
2 exp

(
−
1

2
|v − u|2θ−1

)
+ n(t)

(
−
d

2

)
θ−

d+2
2
∂θ

∂t
exp

(
−
1

2
|v − u|2θ−1

)
+ nθ−

d
2 exp

(
−
1

2
|v − u|2θ−1

)
∂

∂t

[
−
1

2
|v − u|2θ−1

] ]
= 0. (5.29)

So far, we have ∂n
∂t
= 0 = ∂θ

∂t
, ∂u
∂t
= 0, and ∂Mf

∂t
= 0. To finish, we use these properties to

solve the IDE. Rearranging (5.24), gives

df
dt
+ λf = λMf .

Multiplying by the integrating factor, eλt , and applying the product rule in reverse, gives

d
dt

(
eλtf

)
= λMf e

λt .

Integrating with respect to t, we have

eλtf = C + λ

ˆ
eλtMf (v , t) dt,

Since Mf = Mf (v , t) is constant with respect to t, Mf (v , t) = Mf (v , 0). Hence, it can be

pulled through the integral sign:

eλtf = C + λMf (v , 0)

ˆ
eλt dt

= C +Mf (v , 0)e
λt . (5.30)
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Plugging in t = 0, and rearranging gives an expression for the constant term:

e0f (v , 0) = C + e0Mf (v , 0) (5.31)

=⇒ C = f (v , 0)−Mf (v , 0). (5.32)

Putting everything together, and multiplying by e−λt , we have the following solution to the

space-homogeneous problem:

f (v , t) = e−λt (f (v , 0)−Mf (v , 0)) +Mf (v , 0)

= e−λtf (v , 0) +
(
1− e−λt

)
Mf (v , 0). (5.33)

■

Since we have the true solution to this space-homogeneous problem, this allows us to test

the accuracy of the code on the right hand side source term. Initial tests are performed in

Section 6.5.1.

5.1.3 The H-Theorem

In this section, we discuss a central solution property for the BGK equation: physical entropy

is produced, while Boltzmann’s H-functional is dissipated. This stability structure should, in

some form, be preserved in numerical approximations. We start with a definition.

Definition 5.5 (Information Functional and Entropy Production). Suppose that f : Ω×Rd ×
[0,∞)→ [0,∞) is a particle distribution function. The object

H[f ](x , t) :=

ˆ
Rd
f (x , v , t) ln(f (x , v , t)) dv

is called the H-functional or information functional. The corresponding total physical entropy

is

S[f ](t) := −
ˆ
Ω

H[f ](x , t) dx .

We say that a flow is entropy-producing when, for every 0 ≤ t1 ≤ t2 <∞,

S[f ](t2) ≥ S[f ](t1),

or, equivalently, when the total information
´
Ω
H[f ] dx is non-increasing.
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Remark 5.6 (Entropy and information). The physical entropy convention is used throughout

this report: entropy S = −H is non-decreasing. The historical quantity H =
´
f ln f is

retained because it is standard in kinetic theory, but it is called information and is non-

increasing. Thus the H-theorem and the entropy-production law are the same statement

with opposite signs.

Remark 5.7. The entropy-production property is an important marker for the design of nu-

merical methods. In particular, a numerical approximation should, if possible, produce entropy,

or equivalently dissipate information, at the discrete level. Proving this property for a fully

discrete method can be challenging and may impose significant computational cost [54, 55];

nevertheless, checking it numerically in benchmark simulations remains worthwhile.

Theorem 5.8. Suppose that f : Ω × Rd × [0,∞) → [0,∞) is a solution to the spatially

homogeneous BGK problem, that is,

∂f

∂t
=
1

τ
(Mf − f ) ,

where τ > 0 is a constant. Then the information is non-increasing and the physical entropy

is non-decreasing:

d
dt
H[f ] ≤ 0,

d
dt
S[f ] ≥ 0, S[f ] := −H[f ].

Proof. Observe that

d
dt
H[f ](t) =

ˆ
Rd

∂f

∂t
(ln(f ) + 1) dv

=
1

τ

ˆ
Rd
(Mf − f ) (ln(f ) + 1) dv

=
1

τ

ˆ
Rd
ln(f ) (Mf − f ) dv

To finish the proof, we use that fact that ln(Mf ) is a BGK collision invariant, that is

ˆ
Rd
ln(Mf ) (Mf − f ) dv = 0.

Thus

d
dt
H[f ](t) =

1

τ

ˆ
Rd
(ln(f )− ln(Mf )) (Mf − f ) dv

= −
1

τ

ˆ
Rd
(ln(Mf )− ln(f )) (Mf − f ) dv ≤ 0,
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where in the last step we used Lemma 2.23. ■

More generally, we have

Theorem 5.9. Suppose that f : Ω×Rd×[0,∞)→ [0,∞) is an Ω-periodic (spatially periodic)

solution to the BGK equation, that is,

∂tf + v · ∇x f =
1

τ
(Mf − f ) ,

where τ > 0 is constant. Then

∂t⟨f ln(f )⟩+∇x · ⟨v f ln(f )⟩ ≤ 0,

and
d
dt

ˆ
Ω

H[f ] dx ≤ 0.

Equivalently, the total physical entropy S[f ](t) = −
´
Ω
H[f ](x , t) dx satisfies dS[f ]/dt ≥ 0.

In other words, solutions of the BGK equation are entropy-producing.

Proof. Similar to the last proof, but using Lemma 5.3, we have

∂

∂t
H[f ](t) =

ˆ
Rd

∂f

∂t
(ln(f ) + 1) dv

=

ˆ
Rd

∂f

∂t
ln(f ) dv +

∂n

∂t

=
1

τ

ˆ
Rd
(Mf − f ) ln(f ) dv −

ˆ
Rd
v · ∇x f ln(f ) dv +

∂n

∂t

=
1

τ

ˆ
Rd
(Mf − f ) ln(f )dv −∇x ·

ˆ
Rd
v f ln(f ) dv +

ˆ
Rd
v f · ∇x(ln(f )) dv +

∂n

∂t

=
1

τ

ˆ
Rd
ln(f ) (Mf − f ) dv −∇x ·

ˆ
Rd
v f ln(f ) dv +

∂n

∂t
+∇x · (nu)

=
1

τ

ˆ
Rd
ln(f ) (Mf − f ) dv −∇x ·

ˆ
Rd
v f ln(f ) dv .

Therefore,

∂t

ˆ
Rd
f ln(f ) dv +∇x ·

ˆ
Rd
v f ln(f ) dv = −

1

τ

ˆ
Rd
(f −Mf )(ln(f )− ln(Mf )) dv ≤ 0.

In other words,

∂t⟨f ln(f )⟩+∇x · ⟨v f ln(f )⟩ ≤ 0.
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Using the Ω-periodicity of f and integrating over Ω, we have

dt

ˆ
Ω

ˆ
Rd
f ln(f ) dvdx = −

1

τ

ˆ
Ω

ˆ
Rd
(f −Mf )(ln(f )− ln(Mf )) dvdx ≤ 0,

and the proof is complete. ■

Finally, we have

Theorem 5.10. Suppose that

f⋆ : Ω× Rd → [0,∞)

is a given Ω-periodic distribution. Let

ρ⋆ =
[
n⋆, n⋆u

⊤
⋆ , ω⋆

]⊤
,

be the vector comprised of the first three moments of f⋆, that is,

ρ⋆(x) =


n⋆(x)

n⋆(x)u⋆(x)

ω⋆(x)

 =
〈
f⋆(x , v)


1

v
1
2
|v |2


〉
, ∀ x ∈ Ω.

The Ω-periodic temperature, θ⋆, is defined via

ω⋆(x) =
1

2
n⋆(x)|u⋆(x)|2 +

d

2
n⋆(x)θ⋆(x).

The Maxwellian, as usual, is defined using the macroscopic densities as

M⋆(x , v) := n⋆

(
1

2πθ⋆

)d/2
exp

(
−
|v − u⋆|2

2θ⋆

)
.

Consider the admissible class of distribution functions defined as

A⋆ :=
{
g : Ω× Rd → R

∣∣ g is Ω-periodic, g ≥ 0, and ⟨mg⟩ = ρ⋆
}
,

where, recall,

m(v) :=

[
1, v⊤,

1

2
|v |2
]⊤
: Rd → Rd+2.

Then, M⋆, f⋆ ∈ A⋆. In other words, A⋆ is non-empty. For every g ∈ A⋆,

H[M⋆](x) ≤ H[g](x), ∀ x ∈ Ω.
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In other words, the Maxwellian is the minimum information distribution out of the set of

admissible distributions that gives rise to the macroscopic density ρ⋆.

Proof. This is the unary specialization of the Maxwellian minimum-information principle

proved in Theorem 2.40. The admissible class here fixes the same mass, momentum, and

energy moments, so the hypotheses and conclusion of that theorem apply pointwise in x . ■

5.2 Discrete-Velocity BGK Models

Discrete velocity BGK models are constructed under the assumption that the velocity space

is partitioned into discrete, allowable states. This discretized velocity space could be finite or

countably infinite, in principle. But, typically the velocity space is constructed so that it is

finite and approximates well the density of particles, f , for a given physical case, meaning that

the velocity points might clustered around particular velocity values. To make the discussion

simple, we will restrict our attention to the d = 1 case. The general case is constructed

similarly.

5.2.1 Discrete-Velocity BGK Model in One Space Dimension

Let us make an analogous model in one space dimension (d = 1) with discrete, rather than

continuous, velocities, along the lines of [54, 55]. Suppose that hv ∈ (0, 1) and J ∈ N with

J ≥ 2. Set

VJ :=
{
vj = hv ·

(
j−
1

2

) ∣∣∣∣ j ∈ J} ,
where

J := {−J + 1, . . . , J} .

Note that the simple structure of VJ , with uniformly spaced points arranged symmetrically

about 0, is used only for simplicity, and we may choose it in a more general fashion. In any

case, set

mJ (j) :=

[
1, vj,

1

2
|vj|2

]⊤
, ∀ j ∈ J .

Define, for g : J → Rd

⟨g⟩J :=
∑
j∈J

g jhv .

Let us define the admissible class of solutions.
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Definition 5.11 (Admissible Discrete-Velocity Distributions). Suppose that Ω = [a, b] ⊂ R
and

fJ ,⋆ : Ω× J → (0,∞)

is a given Ω-periodic discrete-velocity distribution. Let

ρJ ,⋆ = [nJ ,⋆, nJ ,⋆uJ ,⋆, ωJ ,⋆]
⊤
,

be the vector comprised of the first three discrete-velocity moments of fJ ,⋆, that is,

ρJ ,⋆(x) =


nJ ,⋆(x)

nJ ,⋆(x)uJ ,⋆(x)

ωJ ,⋆(x)

 = ⟨fJ ,⋆(x, · )mJ ⟩J , ∀ x ∈ Ω. (5.34)

The admissible class of discrete-velocity distribution functions, subordinate to ρJ ,⋆ or fJ ,⋆ is

defined as the set

AJ ,⋆ :=
{
gJ : Ω× J → R

∣∣ gJ is Ω-periodic, gJ ≥ 0, and ⟨mJ gJ ⟩J = ρJ ,⋆
}
.

We need the following technical lemma.

Lemma 5.12. Suppose that J ≥ 2 and that the moment vector ρJ ,⋆ is realized by the strictly

positive Ω-periodic discrete-velocity density in the preceding definition. Fix x ∈ Ω = [a, b],
and define the function K : R3 → R via

K(β) = Kx(β) := ⟨exp(β ·mJ )⟩J − β · ρJ ,⋆(x), ∀β ∈ R3.

K( · ) is smooth, strictly convex, and coercive and, therefore, has a unique minimizer, β⋆ ∈ R3,
which satisfies the nonlinear equation

⟨exp(β⋆ ·mJ )mJ ⟩J = ρJ ,⋆(x).

Proof. Because K is a finite sum of exponentials of affine functions, it is smooth. Its convexity

follows from the first two derivatives. The first derivative is

d
ds
K(β + sη) =

d
ds
⟨exp(β ·mJ ) exp(sη ·mJ )⟩J −

d
ds
(β + sη) · ρJ ,⋆(x)

= ⟨exp(β ·mJ )η ·mJ exp(sη ·mJ )⟩J − η · ρJ ,⋆(x).
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Thus,

d
ds
K(β + sη)

∣∣∣∣
s=0

= ⟨exp(β ·mJ )η ·mJ ⟩J − η · ρJ ,⋆(x)

= η ·
{
⟨exp(β ·mJ )mJ ⟩J − ρJ ,⋆(x)

}
,

and we can write

∇K(β) = ⟨exp(β ·mJ )mJ ⟩J − ρJ ,⋆(x).

Further,

d2

ds2
K(β + sη) =

d
ds
⟨exp(β ·mJ )η ·mJ exp(sη ·mJ )⟩J

= ⟨exp(β ·mJ ) (η ·mJ )2 exp(sη ·mJ )⟩J
= η⊤

[
⟨mJm⊤J exp(β ·mJ ) exp(sη ·mJ )⟩J

]
η.

Thus,
d2

ds2
K(β + sη)

∣∣∣∣
s=0

= η⊤
[
⟨mJm⊤J exp(β ·mJ )⟩J

]
η,

and we write

HK(β) = ⟨mJm⊤J exp(β ·mJ )⟩J ,

which is the 3× 3 Hessian matrix. This matrix is positive definite because

η⊤HK(β)η = ⟨(η ·mJ )2 exp(β ·mJ )⟩J > 0,

for every β ∈ R3 and every η ∈ R3⋆ := R3\{0}. Indeed, when J ≥ 2, the quadratic polynomial

η ·mJ (j) cannot vanish at every one of the distinct velocity nodes unless η = 0. It follows

that K is strictly convex.

Now, let us prove that K is coercive. Assume that β ∈ S2 := {x ∈ R3 | ∥x∥2 = 1}. To be

precise, we will show the following: for every M > 0, there exists a number R = R(M) > 0,

independent of β, such that if s is any number satisfying s > R, then it follows that

K(s β) > M,

where

K(s β) := ⟨exp(s β ·mJ )⟩J − s β · ρJ ,⋆(x).
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Fix a vector β ∈ S2, and suppose that for this vector, for some j0 ∈ J ,

β ·mJ (j0) > 0.

Then,

K(s β) ≥ hv exp(s β ·mJ (j0))− s β · ρJ ,⋆(x)
s→+∞−→ +∞.

In fact, by continuity, there is an εβ > 0 and a constant C1 > 0, such that, if α ∈ B(β, εβ)
then,

α ·mJ (j0) ≥ C1 > 0,

so that

K(s α) ≥ hv exp(sC1)− s α · ρJ ,⋆(x)
s→+∞−→ +∞.

To sum up, given any M > 0, there is an Rβ = Rβ(M), such that, if s > Rβ, then

K(s α) > M,

for all α ∈ B(β, εβ).
Again, fix a vector β ∈ S2, and suppose that for this vector, for all j ∈ J ,

β ·mJ (j) ≤ 0.

Now, we know that

β ·mJ (j) = 0, ∀ j ∈ J ⇐⇒ β = 0,

but β ̸= 0, since ∥β∥2 = 1. Therefore, for some j1 ∈ J ,

β ·mJ (j1) < 0.

It follows from (5.34) that

β · ρJ ,⋆(x) < 0.

Consequently,

K(s β) ≥ hv exp(s β ·mJ (j1))− s β · ρJ ,⋆(x)
s→+∞−→ +∞.

In fact, there is an εβ > 0, such that, if α ∈ B(β, εβ), then

α ·mJ (j1) ≤ C2 < 0,
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and

α · ρJ ,⋆(x) ≤ C3 < 0.

Hence,

K(s α) ≥ −sC3
s→+∞−→ +∞.

To sum up this second case, given any M > 0, there is an Rβ = Rβ(M), such that, if s > Rβ,

then

K(s α) > M,

for all α ∈ B(β, εβ).
Observe that

S2 ⊂
⋃
β∈S2

B(β, εβ),

the object on the right being an open cover. Since S2 is compact, there is a finite sub-cover.

In other words, there are finite points β1, . . . ,βN ∈ S2 such that

S2 ⊂
N⋃
i=1

B(βi , εβi ).

Let M > 0 be given. Set

R(M) =
N
max
i=1

Rβi (M).

If s > R(M), it follows that

K(s β) > M,

for all β ∈ S2. Since R(M) is independent of β, K is coercive.

Since K is smooth, strictly convex, and coercive, it has a unique minimizer, β⋆ ∈ R3 that

satisfies

∇K(β⋆) = ⟨exp(β⋆ ·mJ )mJ ⟩J − ρJ ,⋆(x) = 0.

The proof is complete. ■

Remark 5.13. The compactness argument is required above because, without it, it is not

clear that

R(M) = sup
β∈S2

Rβ

is finite, which is needed for our definition of coercivity.
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Lemma 5.14. Suppose that Ω = [a, b] ⊂ R and

fJ : Ω× J → [0,∞)

is a given Ω-periodic discrete-velocity distribution. Let

ρJ = [nJ , nJ uJ , ωJ ]
⊤
,

be the vector comprised of the first three discrete-velocity moments of fJ , that is,

ρJ (x) =


nJ (x)

nJ (x)uJ (x)

ωJ (x)

 = ⟨fJ (x, · )mJ ⟩J , ∀ x ∈ Ω. (5.35)

Fix x ∈ [a, b], and define

MJ ,f (x, j) = exp(αJ ,f (x) ·mJ (j)), ∀ j ∈ J ,

where αJ ,f (x) ∈ R3 is the solution to

⟨exp(αJ ,f (x) ·mJ )mJ ⟩J = ρJ (x),

which is guaranteed to exist, uniquely, by Lemma 5.12. Then

0 =
∑
j∈J

hv
(
MJ ,f (x, j)− fJ (x, j)

)
, (5.36)

0 =
∑
j∈J

hvvj
(
MJ ,f (x, j)− fJ (x, j)

)
, (5.37)

0 =
∑
j∈J

hv
1

2
|vj|2

(
MJ ,f (x, j)− fJ (x, j)

)
. (5.38)

This may be expressed succinctly as

〈
mJ
(
MJ ,f (x, · )− fJ (x, · )

)〉
J = 0. (5.39)

Furthermore, the function ln(MJ ,f ) is a discrete-velocity collision invariant, that is

⟨ln (MJ ,f ) (MJ ,f − fJ )⟩J = 0. (5.40)
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Proof. Identities (5.36) – (5.38) follow immediately from the definition. Since

ln
(
MJ ,f (x, j)

)
= ln

(
exp(αJ ,f (x) ·mJ (j))

)
= αJ ,f (x) ·mJ (j),

identity (5.40) also follows. ■

Theorem 5.15. Define, for all f : Ω × J → [0,∞), the discrete-velocity information func-

tional

HJ [f ]( · ) := ⟨f ln f ⟩J : Ω→ R.

Let AJ ,⋆ be the admissible class of discrete-velocity distribution functions subordinate to a

strictly positive distribution fJ ,⋆ : Ω × J → (0,∞), so that AJ ,⋆ is non-empty. Then there

is a unique functionMJ ,⋆ ∈ AJ ,⋆ such that

HJ [MJ ,⋆] (x) ≤ HJ [g](x), (5.41)

for all g ∈ AJ ,⋆, for all x ∈ Ω. Furthermore, at every point x ∈ Ω, there is a unique vector

αJ ,⋆(x) ∈ R3 such that

MJ ,⋆(x, j) = exp(αJ ,⋆(x) ·mJ (j)), ∀ j ∈ J .

Proof. Fix x ∈ [a, b]. Define

MJ ,⋆(x, j) = exp(αJ ,⋆(x) ·mJ (j)), ∀ j ∈ J ,

where αJ ,⋆(x) ∈ R3 is the solution to

⟨exp(αJ ,⋆(x) ·mJ )mJ ⟩J = ρJ ,⋆(x),

which is guaranteed to exist, uniquely, by Lemma 5.12. This definition shows that the function

MJ ,⋆ ∈ AJ ,⋆. Thus, to conclude, we need only show that

HJ [MJ ,⋆] (x) ≤ HJ [g](x),

for all g ∈ AJ ,⋆. The proof follows that of the continuous-velocity case.

Let g ∈ AJ ,⋆ be arbitrary. We may write MJ ,⋆ =MJ ,g, since g gives rise to the same

macroscopic, discrete-velocity fields as fJ ,⋆. Define h(s) := s ln(s). This function h is convex
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on (0,∞), and it follows that

h(g) ≥ h(MJ ,g) + h
′(MJ ,g)(g −MJ ,g)

= h(MJ ,g) + ln(MJ ,g)(g −MJ ,g) + g −MJ ,g.

By Lemma 5.14,

⟨h(g)⟩J ≥ ⟨h(MJ ,g)⟩J + ⟨ln(MJ ,g)(g −MJ ,g)⟩J + ⟨g −MJ ,g⟩J = ⟨h(MJ ,g)⟩J .

This shows that, point-wise in Ω,

HJ [g] ≥ HJ [MJ ,g] = HJ [MJ ,⋆],

and the result is proven. ■

Definition 5.16 (1x1v Discrete-Velocity BGK Model). The 1x1v discrete-velocity BGK

model is defined as follows: given an [a, b]-periodic function f0 : [a, b] × J → (0,∞), find

f : [a, b]× J × [0, T ]→ (0,∞) such that f ( · , · , 0) = f0 and

∂tf (x, j, t) + vj∂x f (x, j, t) = λ (MJ ,f (x, j, t)− f (x, j, t)) , ∀ j ∈ J , ∀x ∈ [a, b], (5.42)

where

MJ ,f (x, j, t) = exp(αJ ,f (x, t) ·mJ (j)), ∀ j ∈ J ,

and αJ ,f (x, t) ∈ R3 is the solution to

⟨exp(αJ ,f (x, t) ·mJ )mJ ⟩J = ⟨f (x, · , t)mJ ⟩J .

We have the following result concerning the solutions of the discrete-velocity model.

Theorem 5.17. Suppose that Ω = [a, b] ⊂ R and

f : Ω× J × [0,∞)→ [0,∞)

is a given Ω-periodic solution to the discrete-velocity BGK model. Define the discrete-velocity

information and physical entropy densities by

HJ [f ](x, t) := ⟨f (x, · , t) ln f (x, · , t)⟩J , SJ [f ](x, t) := −HJ [f ](x, t).
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Then, for all x ∈ [a, b] and t ≥ 0,

∂

∂t
⟨mJ f (x, · , t)⟩J +

∂

∂x
⟨v( · )mJ f (x, · , t)⟩J = 0; (5.43)

and

∂

∂t
⟨f (x, · , t) ln (f (x, · , t))⟩J +

∂

∂x
⟨v( · )f (x, · , t) ln (f (x, · , t))⟩J ≤ 0. (5.44)

Consequently,
d

dt

ˆ
Ω

HJ [f ](x, t) dx ≤ 0. (5.45)

Equivalently, d
dt

´
Ω
SJ [f ](x, t) dx ≥ 0.

Proof. The proofs are analogous to the continuous-velocity cases. Equation (5.43) follows

directly from (5.39). To prove inequality (5.44), observe that

∂

∂t
HJ [f ] =

〈
∂f

∂t
(ln(f ) + 1)

〉
J

=

〈
∂f

∂t
ln(f )

〉
J
+
∂

∂t
⟨f ⟩J

= λ ⟨(MJ ,f − f ) ln(f )⟩J − ⟨v∂x f ln(f )⟩J − ∂x ⟨vf ⟩J
= λ ⟨ln(f ) (MJ ,f − f )⟩J − ∂x ⟨vf ln(f )⟩J
= λ ⟨(ln(f )− ln(MJ ,f )) (MJ ,f − f )⟩J − ∂x ⟨vf ln(f )⟩J
= −λ ⟨(ln(MJ ,f )− ln(f )) (MJ ,f − f )⟩J − ∂x ⟨vf ln(f )⟩J
≤ −∂x ⟨vf ln(f )⟩J ,

where we used Lemma 2.23. Finally, using the Ω-periodicity of f and integrating over Ω,

gives (5.45). ■

5.2.2 Space-Homogeneous Discrete-Velocity Model

Similar to the continuous velocity case, we can make the following definition:

Definition 5.18 (Homogeneous Discrete-Velocity BGK Model). The space-homogeneous,

1-dimensional discrete-velocity BGK model is defined as follows: given the function f0 : J →
(0,∞), find f : J × [0, T ]→ (0,∞) such that f ( · , 0) = f0 and

∂tf (j, t) = λ (MJ ,f (j, t)− f (j, t)) , ∀ j ∈ J , (5.46)
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where

MJ ,f (j, t) = exp(αJ ,f (t) ·mJ (j)), ∀ j ∈ J , (5.47)

and αJ ,f (t) ∈ R3 is the solution to

⟨exp(αJ ,f (t) ·mJ )mJ ⟩J = ⟨f ( · , t)mJ ⟩J . (5.48)

Theorem 5.19. Suppose that

f : J × [0,∞)→ (0,∞)

is a given solution to the space-homogeneous discrete-velocity BGK model. Define the

discrete-velocity information and physical entropy by

HJ [f ](t) := ⟨f ( · , t) ln f ( · , t)⟩J , SJ [f ](t) := −HJ [f ](t).

Then, for all t ≥ 0,
∂

∂t
⟨mJ f ( · , t)⟩J = 0; (5.49)

and
∂

∂t
⟨f ( · , t) ln (f ( · , t))⟩J ≤ 0. (5.50)

Equivalently, ∂tSJ [f ](t) ≥ 0. Consequently,

∂

∂t
MJ ,f (j, t) = 0, ∀ j ∈ J . (5.51)

Proof. The proofs are again analogous to the continuous-velocity cases. Equation (5.49)

follows directly from (5.39). To prove inequality (5.50), observe that

∂

∂t
HJ [f ] =

〈
∂f

∂t
(ln(f ) + 1)

〉
J

=

〈
∂f

∂t
ln(f )

〉
J
+
∂

∂t
⟨f ⟩J

= λ ⟨(MJ ,f − f ) ln(f )⟩J
= λ ⟨ln(f ) (MJ ,f − f )⟩J
= λ ⟨(ln(f )− ln(MJ ,f )) (MJ ,f − f )⟩J
= −λ ⟨(ln(MJ ,f )− ln(f )) (MJ ,f − f )⟩J
≤ 0,
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where we used Lemma 2.23. Finally, (5.51) follows from (5.47) and (5.48), using (5.49). ■
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Chapter 6

Numerics for the Single-Species BGK
Model

In this chapter, we consider the numerical approximation of the BGK model for the d = 1 case.

Therefore, phase space is two-dimensional, with one dimension for physical space and one for

velocity space. It is not necessary to equate the dimensions of velocity and physical space,

but this is a common practice, and, for the purpose of describing the numerical methods, one

does not lose much generality using such simplifying assumptions. We call the present case

the 1x1v case. The methods that we describe in this section are scalable, meaning that, as

more phase-space dimensions are added, the methods themselves change only slightly. The

biggest obstacle for high-dimensional numerical simulation is the added number of degrees

of freedom that accompany an increase in phase-space dimensions. Of course, this increase

can be significant, since real-world phase space has 6 dimensions in the model.

6.1 Finite Volume Space and Velocity Discretization

Since the Vlasov–BGK equation is a nonlinear conservation-like law, shocks (discontinuities)

and rarefaction waves can form and propagate in the solution. Thus, the integro-differential

equation does not necessarily hold in the classical (strong) sense. In this case, finite volume

methods, which are based on the integral form of the differential equation, are typically more

appropriate and simpler to use.

First, we truncate the velocity space so that it is finite in size: V = [−vmax, vmax], where

vmax > 0. This limits the range of velocities that may be approximated, but, as we will see,

does not generally affect the accuracy of approximation as long as vmax is chosen sufficiently

large. We note that it is not necessary to make a symmetric truncation about zero velocity,
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and sometimes it is not advantageous to do so. This is only done for simplicity of presentation.

In similar fashion, let us assume that Ω = [−L, L], with L > 0.

Let us define

hx :=
2L

Nx
and hv :=

2vmax
Nv

,

and then set

xi := −L+ (i− 1/2)hx and vj := −vmax + (j− 1/2)hv ,

where i and j take the appropriate integer or half-integer values for cell centers and inter-

faces. To discretize phase space, we break the rectangular 1x1v domain, Ω × V , into a

two-dimensional grid of cells with finite volume, and approximate the cell average of the

function. Ω× V ⊂ R2 can be written as the union of the cells:

Ω× V =
Nx ,Nv⋃
i,j=1

Ci,j =

Nx ,Nv⋃
i,j=1

Cxi × Cvj =
Nx ,Nv⋃
i,j=1

[
xi− 1

2
, xi+ 1

2

]
×
[
vj− 1

2
, vj+ 1

2

]
, (6.1)

with the point (xi, vj) at the center of cell Ci,j = C
x
i × Cvj . Next, we define

f i,j(t) := f (xi, vj, t) :=
1

|Cxi × Cvj |

ˆ
Cxi ×C

v
j

f (x, v , t) dxdv . (6.2)

The integral form of the Vlasov–BGK equation is

∂tf i,j(t) +
1

|Ci,j|

ˆ
Ci,j

(∂x(vf ) + ∂v(a(x, t)f )) dxdv =
λ

|Ci,j|

ˆ
Ci,j

Mf (x, v , t) dxdv − λf i,j(t),

(6.3)

where we have assumed that the acceleration of particles due to the external field, a, is

independent of velocity. Let us define the flux function, F , via

F (x, v , t) := [vf (x, v , t), a(x, t)f (x, v , t)]⊤ := [F (x, v , t), G(x, v , t)]⊤ ,

where

F (x, v , t) := vf (x, v , t), G(x, v , t) := a(x, t)f (x, v , t).

Define

M i,j(t) :=
1

|Ci,j|

ˆ
Ci,j

Mf (x, v , t) dxdv .
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Applying the Divergence Theorem,

∂tf i,j(t) + λf i,j(t)− λM i,j(t) = −
1

hxhv

ˆ
Cvj

(
F (xi+1/2, v , t)− F (xi−1/2, v , t)

)
dv

−
1

hxhv

ˆ
Cxi

(
G(x, vj+1/2, t)− G(x, vj−1/2, t

)
dx. (6.4)

Now, (6.4) is exact. To gain a practical numerical method, we must make some approxi-

mations. Let us first approximate the flux integrals:

1

hxhv

ˆ
Cvj

(
F (xi+1/2, v , t)− F (xi−1/2, v , t

)
dv ≈

F (xi+1/2, vj, t)− F (xi−1/2, vj, t)
hx

, (6.5)

1

hxhv

ˆ
Cxi

(
G(x, vj+1/2, t)− G(x, vj−1/2, t

)
dx ≈

G(xi, vj+1/2, t)− G(xi, vj−1/2, t)
hv

. (6.6)

To approximate the density function on the cell Ci,j, we use piecewise linear reconstructions:

pi,j(x, v , t) = f i,j(t) + σ
x
i,j(x − xi) + σvi,j(v − vj),

with the θ-minmod slope limiter,

σxi,j = minmod
((

f i+1,j − f i−1,j
2hx

)
, θx
(
f i,j − f i−1,j

hx

)
, θx
(
f i+1,j − f i,j

hx

))
, (6.7)

σvi,j = minmod
((

f i,j+1 − f i,j−1
2hv

)
, θv
(
f i,j − f i,j−1

hv

)
, θv
(
f i,j+1 − f i,j

hv

))
, (6.8)

where θx , θv ∈ [1, 2]. Note that for three real arguments, the minmod function is defined by

minmod(x, y , z) :=


min{x, y , z} if x, y , z ≥ 0

max{x, y , z} if x, y , z ≤ 0

0 otherwise

.

The reconstructions make the density approximation multi-valued at the cell edges, a fact

that we use to our advantage in the numerical approximation. Using the reconstructions, we

define the density at the midpoints of each cell edge as follows:

f −i+1/2,j(t) := pi,j(xi+1/2, vj, t), f +i+1/2,j(t) := pi+1,j(xi+1/2, vj, t),
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and, likewise,

f −i,j+1/2(t) := pi,j(xi, vj+1/2, t), f +i,j+1/2(t) := pi,j+1(xi, vj+1/2, t).

Next, the exact fluxes are replaced by numerical fluxes of the form

F (xi+1/2, vj, t) ≈ F̃ (f +i+1/2,j(t), f
−
i+1/2,j(t)) =: F̂i+1/2,j(t)

and

G(xi, vj+1/2, t) ≈ G̃(f +i,j+1/2(t), f
−
i,j+1/2(t)) =: Ĝi,j+1/2(t).

We use a simple upwind strategy to construct the numerical fluxes:

F̂i+1/2,j(t) = F̃ (f
+
i+1/2,j(t), f

−
i+1/2,j(t)) =

vjf −i+1/2,j(t) if vj ≥ 0

vjf
+
i+1/2,j(t) if vj < 0

, (6.9)

Ĝi,j+1/2(t) = G̃(f
+
i,j+1/2(t), f

−
i,j+1/2(t)) =

a(xi, t)f −i,j+1/2(t) if a(xi, t) ≥ 0

a(xi, t)f
+
i,j+1/2(t) if a(xi, t) < 0

. (6.10)

We can write the approximation scheme to this point as follows:

∂tf i,j(t) + λf i,j(t)− λM i,j(t) = −
F̂i+1/2,j(t)− F̂i−1/2,j(t)

hx

−
Ĝi,j+1/2(t)− Ĝi,j−1/2(t)

hv
+ Ẽi,j(t), (6.11)

where Ẽi ,j(t) is a local truncation (approximation) error.

Finally, to complete the spatial discretization of the Vlasov–BGK equation, we need to

approximate the Maxwellian. For this we use the following:

ni(t) = hv

Nv∑
j=1

f i,j(t), (6.12)

ui(t) =
hv
ni(t)

Nv∑
j=1

vjf i,j(t), (6.13)

θi(t) =
hv
ni(t)

Nv∑
j=1

|vj|2f i,j(t)− |ui(t)|2, (6.14)

M i,j(t) ≈ M̂i,j(t) =
ni(t)

(2πθi(t))1/2
exp

(
−
(vj − ui(t))2

2θi(t)

)
. (6.15)
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Since we are replacing integrations by midpoint quadratures, we lose the collision invariances

that we enjoyed at the continuum level. But, for the purpose of approximation, we will

continue to assume that these invariances still exist at the discrete level.

We conclude this section by stating the spatially discrete approximation to the Vlasov–

BGK equation:

dtf i,j(t) + λf i,j(t)− λM̂i,j(t) = −
F̂i+1/2,j(t)− F̂i−1/2,j(t)

hx

−
Ĝi,j+1/2(t)− Ĝi,j−1/2(t)

hv
+ Êi,j(t), (6.16)

where Êi,j(t) is a local truncation (approximation) error.

6.2 Implicit-Explicit Runge–Kutta Time Stepping

In this section we introduce an implicit-explicit (IMEX) Runge–Kutta (RK) method for inte-

gration in time that was proposed in [61]. The convection part is treated using an explicit

method, while the collision part is solved using a diagonally implicit method. We will work

with the phase-space continuous problem first, in order to take advantage of the collision

invariants, before moving to the phase-space discrete problem. Let us rewrite the original

Vlasov–BGK equation as

∂

∂t
f (x, v , t) = T [f ](x, v , t) +Q[f ](x, v , t)

where T represents the transport term, and Q represents the collision term:

T [f ](x, v , t) := −v∂x f (x, v , t)− a(x, t)∂v f (x, v , t), (6.17)

Q[f ](x, v , t) := λ(Mf (x, v , t)− f (x, v , t)). (6.18)

Remark 6.1 (BGK Collision Notation). When no confusion with the bilinear Boltzmann

collision operator can arise, we use Q[f ] as shorthand for the BGK collision approximation

QBGK[f ] = λ(Mf − f ). Thus, Q[f ] denotes a generally nonlinear unary operator, whereas

Q[f , f ] denotes the bilinear Boltzmann collision operator.
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The general ν-stage IMEX Runge–Kutta scheme (diagonally implicit) is one of the form

y (s) = y n + ∆t

s−1∑
r=1

ãs,rT [y (r)] + ∆t
s∑
r=1

as,rQ[y
(r)], s ∈ {1, . . . , ν}, (6.19)

y n+1 = y n + ∆t

ν∑
s=1

b̃sT [y (s)] + ∆t
ν∑
s=1

bsQ[y
(s)], (6.20)

where ãs,r , b̃s , as,r , bs are taken from the following Butcher tables, respectively:

c̃ Ã

b̃
⊤

c A

b⊤
. (6.21)

The matrix Ã, for the explicit part, is strictly lower triangular, and A is lower triangular.

To run the algorithm, for each stage, we first calculate

ŷ (s−1) := y n + ∆t

s−1∑
r=1

ãs,rT [y (r)] + ∆t
s−1∑
r=1

as,rQ[y
(r)]. (6.22)

We then rearrange the terms in the final sum to find an expression for y (s) :

y (s) = ŷ (s−1) + ∆tas,sQ[y
(s)]

= ŷ (s−1) + ∆tas,sλ(My (s) − y (s)) (6.23)

⇐⇒ (1 + ∆tas,sλ)y
(s) = ŷ (s−1) + ∆tas,sλMy (s) (6.24)

⇐⇒ y (s) =
1

1 + ∆tas,sλ
ŷ (s−1) +

∆tas,sλ

1 + ∆tas,sλ
My (s). (6.25)

The Maxwellian My (s) appears to depend implicitly on the current stage. The collision invari-

ance in Lemma 5.1 removes that dependence. In particular,

ˆ
Rd


1

v

|v |2

 y (s) dv = ˆ
Rd


1

v

|v |2

 ŷ (s−1) dv + ∆tas,sλˆ
Rd


1

v

|v |2

 (My (s) − y (s)) dv

=

ˆ
Rd


1

v

|v |2

 ŷ (s−1) dv . (6.26)

Since the first, second, and third moments of ŷ (s−1) are equal to those of y (s), the two
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Maxwellians at these stages are equal:

My (s) = Mŷ (s−1).

Therefore, we have the explicit update formula

y (s) =
1

1 + ∆tas,sλ
ŷ (s−1) +

∆tas,sλ

1 + ∆tas,sλ
Mŷ (s−1). (6.27)

With the above expression for y (s), a convex combination of ŷ (s−1) and Mŷ (s−1), the IMEX-RK

scheme can be completed without any complicated inversions.

6.3 Fully Discrete Scheme

When we discretize velocity space, we lose the collision invariances at the discrete level; this

is because velocity integrals are replaced with midpoint rule quadrature, in addition to the

fact that the velocity space is truncated. It follows that (6.27) breaks down. Nevertheless,

we will assume that the phase-space discrete analog to (6.27) holds so that stages may be

updated in an explicit fashion.

Suppose that f ni,j is an approximation of the cell average of the density field over cell Ci,j

at time tn := tn−1 + ∆t. Similarly, we denote by f (ℓ)i,j the ℓth stage of the IMEX-RK scheme

with respect to f ni,j. Define

T 2
i,j := −

F̂2
i+1/2,j − F̂2

i−1/2,j

hx
−
Ĝ2

i,j+1/2 − Ĝ2
i,j−1/2

hv
, (6.28)

Q2
i,j := λ(M

2
i,j − f 2i,j ), (6.29)

where the fluxes F̂2
i+1/2,j and Ĝ2

i,j+1/2 are computed with respect to the cell-centered approx-

imation f 2i,j and 2 is a stage iteration or a time step index. The fully discrete Maxwellian is

computed via

n2i = hv

Nv∑
j=1

f 2i,j , (6.30)

u2i =
hv
n2i

Nv∑
j=1

vjf
2
i,j , (6.31)

θ2i =
hv
n2i

Nv∑
j=1

|vj|2f 2i,j − |u2i |2, (6.32)
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M2
i,j =

n2i
(2πθ2i )

1/2
exp

(
−
(vj − u2i )

2

2θ2i

)
. (6.33)

Then we compute

f̂
(s−1)
i,j := f ni,j + ∆t

s−1∑
r=1

ãs,rT (r)i,j + ∆t

s−1∑
r=1

as,rQ
(r)
i,j , (6.34)

f
(s)
i,j =

1

1 + ∆tas,sλ
f̂
(s−1)
i,j +

∆tas,sλ

1 + ∆tas,sλ
M̂
(s−1)
i,j , (6.35)

f n+1i,j = f ni,j + ∆t

ν∑
s=1

b̃sT (s)i,j + ∆t

ν∑
s=1

bsQ
(s)
i,j , (6.36)

where M̂(s−1)i,j is the discrete Maxwellian computed with respect to the fully discrete approxi-

mation f̂ (s−1)i,j . This completes the description of the fully discrete scheme.

6.4 Poisson Solver for Vlasov–Poisson–BGK Equation

For the Vlasov–Poisson–BGK equation the acceleration a is determined by an electric field

as follows:

a(x, t) = −χ∂xΦ,

where χ > 0 is a physical constant and Φ is the electric potential determined via

−∂xxΦ(x, t) = n(x, t),

subject to appropriate boundary conditions.

First let us consider Dirichlet boundary conditions:

Φ(x1/2 = −L) = α, Φ(xNx+1/2 = L) = β. (6.37)

Using the standard three-point stencil approximation, we have, for i = 2, . . . , Nx − 1,

−
1

h2x
[Φi+1 − 2Φi +Φi−1] = ni. (6.38)

The boundary conditions are specified at the peripheral edges of the domain, −L = x1/2 and

L = xNx+1/2. As is standard, we use the average of the ghost cell and neighboring interior
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cell. That is, we use the approximations

Φ0 +Φ1
2

= α, =⇒ Φ0 = 2α−Φ1, (6.39)

and we cancel the term Φ0 in the stencil approximation. The first equation in the approxi-

mation thus becomes

−Φ2 + 3Φ1 = h2xn1 + 2α. (6.40)

Using a similar procedure for right boundary condition, we have

ΦNx+1 = 2β −ΦNx , =⇒ −ΦNx−1 + 3ΦNx = h2xnNx + 2β. (6.41)

Putting this all into a matrix system, we must solve

3 −1
−1 2 −1

−1 2 −1
. . .

−1 2 −1
−1 3





Φ1

Φ2
...

ΦNx−1

ΦNx


=



h2xn1 + 2α

h2xn2
...

h2xnNx−1

h2xnNx + 2β


. (6.42)

This system is symmetric positive definite (SPD) and always has a unique solution.

Next, we turn our attention to the case of Neumann boundary conditions:

dΦ

dx
(−L) = α,

dΦ

dx
(L) = β. (6.43)

In this case, using a second-order approximation at the boundary, we must solve matrix system

1 −1
−1 2 −1

−1 2 −1
. . .

−1 2 −1
−1 1





Φ1

Φ2
...

ΦNx−1

ΦNx


=



h2xn1 − hxα
h2xn2

...

h2xnNx−1

h2xnNx + hxβ


. (6.44)

This is a symmetric positive semi-definite (SPSD) system. It has a unique mean-zero solution,
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that is, a solution satisfying

hx

Nx∑
i=1

Φi = 0, if and only if hx

Nx∑
i=1

ni = α− β.

This is the discrete analog of the standard continuous compatibility conditions for unique

solvability.

Given f 2i,j , we compute the accompanying macroscopic density,

n2i = hv

Nv∑
j=1

f 2i,j ,

and then the associated electric potential Φ2
i , as described above. Once the discrete potential

is available, the acceleration may be approximated via

a2i+1/2 = −χ
Φ2

i+1 −Φ2
i

hx
.

6.5 Sample Computations and Accuracy Tests

In this section, we report on several numerical tests showing accuracy of the numerical im-

plementation.

6.5.1 Relaxation Test 1

This first test is designed to confirm that the BGK operator is calculated correctly for the

single-species case. We consider, in particular, the space-homogeneous case: the IPDE

becomes the following IODE:
df
dt = λ(Mf − f ), (x, v , t) ∈ Ω× V × [0,∞),

f (x, v , 0) = f0(x, v), (x, v , t) ∈ Ω× V × {t = 0}.
(6.45)

Recall that as shown in Section 5.1.2, the exact solution is

f (x, v , t) = e−λtf (x, v , 0) +
(
1− e−λt

)
Mf (x, v , 0). (6.46)

For the first test, we chose a function of the form f0(x, v) = b(v)g(x), where b(v) is a

compactly supported C∞ function, with nonzero values on v ∈ (−2, 2). In particular, we use
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the function g(x) = e−|x | . Consider the function

f (x, v , 0) =


e−|x |

5(v2+4) exp
(
5v

v2−4

)
(v2−4)2

(
1+exp

(
5v

v2−4

))2 , if v ∈ (−2, 2),

0, otherwise.
(6.47)

Proposition 6.2 (Density and Velocity of the Relaxation-Test Data). For the initial distri-

bution in Equation (6.47), with symmetric velocity domain V = [−2, 2], the number density

and bulk velocity are

n(x, 0) = e−|x |, u(x, 0) = 0.

Proof. Write f0(x, v) = e−|x |b(v) and set z(v) = 5v/(v 2 − 4). On (−2, 2),

b(v) =
d
dv

(
1

1 + ez(v)

)
.

The expression in parentheses tends to 0 as v → −2+ and to 1 as v → 2−, so
´ 2
−2 b(v) dv =

1. Hence n(x, 0) = e−|x |. Moreover, z(−v) = −z(v) and a direct substitution shows

that b(−v) = b(v). Thus vb(v) is odd, and integration over the symmetric interval gives

u(x, 0) = n(x, 0)−1
´
V
vf0(x, v) dv = 0. ■

The remaining energy integral is evaluated numerically:

ω =
1

2

ˆ
V

v 2f dv ≈ 0.3713094964845e−|x |.

The code is run with λ = 1 up to a final time tf = 1. The error is calculated by taking the

difference of the true solution minus the computed solution. The initial distribution is given

in Figure 6.1a, and the computational solution is given in Figure 6.1b. The error in Figure 6.2

is calculated by taking the difference of the true solution minus the computed solution. The

errors are on the order of 10−5 when a mesh of size Nx = Nv = 128 is used.
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(a) Initial conditions. (b) Numerical solution at final time tf = 1.

Figure 6.1: Relaxation Test 1 for the space-homogeneous BGK model (5.24): initial data (6.47)
(left) and the numerical solution at tf = 1 (right). Here λ = 1 and Nx = Nv = 128.

Figure 6.2: Relaxation Test 1: signed pointwise error fexact − fnum at tf = 1 for λ = 1 and
Nx = Nv = 128. The displayed error has magnitude O(10−5).

134



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

6.5.2 Relaxation Test 2

For the second test, we set f0(x, v) to be the sum of four Gaussians, centered at (x, v) ∈
{(±2,±2)}:

f0(x, v) = e
−2(x−2)2−2(v−2)2 + e−2(x−2)

2−2(v+2)2 + e−2(x+2)
2−2(v−2)2 + e−2(x+2)

2−2(v+2)2. (6.48)

See Figure 6.3a. The trapezoidal rule is used for the initial moments. The code is run with

λ = 1 up to time tf = 2. The error is calculated by taking the difference of the true solution

minus the computed solution. The initial and final computed solutions are given in Figure 6.3,

and the errors are shown in Figure 6.4.

(a) Initial conditions. (b) Numerical solution at final
time t = 1.

(c) Numerical solution at final
time tf = 2.

Figure 6.3: Relaxation Test 2 for the space-homogeneous BGK model (5.24): four-Gaussian initial
data (6.48) and numerical solutions at t = 1 and t = 2. Here λ = 1, and the initial moments are
evaluated with the trapezoidal rule.
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(a) Errors at t = 1. (b) Errors at final time tf = 2.

Figure 6.4: Relaxation Test 2: signed pointwise errors fexact − fnum at t = 1 and t = 2 for λ = 1
and the four-Gaussian initial data (6.48).
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6.5.3 Sod Shock Tube (Euler Equation Limit of BGK)

The Sod shock tube test is a standard test. Formally, in the collision limit as λ → ∞, the

BGK equation is asymptotically equivalent to the Euler Equations. (That is, f converges

to the Maxwellian Mf , and the moments n, u, θ follow the Euler equations.) Thus, we may

test the ability of the code to solve the Sod shock tube problem, by letting λ be large (or

equivalently, letting τ = λ−1 be small), and setting the initial conditions appropriately. For

the test, we set λ = 104 (τ = 10−4).

The 1x1v BGK equation is

∂f

∂t
+ v

∂f

∂x
= λ(Mf − f ). (6.49)

To test our IMEX code, we compared the number density (n =
´
f dv), bulk velocity

(u = n−1
´
vf dv), pressure (p = nθ), and specific internal energy (esp = e/n = θ/2)

with the theoretical solution derived from Toro [77]. We set the phase-space domain to

Ω × V = [−0.75, 0.75] × [−10, 10]. Because the exact moments are defined on R, the

truncated velocity interval V = [−10, 10] must capture the distribution tails accurately. In

particular, we require ˆ
R
f (x, v , t) dv ≈

ˆ
V

f (x, v , t) dv ,

where V is the truncated velocity domain. Using [−10, 10] gives a reasonable approximation,

as we show.

The setup for the Sod problem is a contact discontinuity separating gases of differing

density and temperature, and zero velocity. Thus, for the Sod problem, the initial condition

for the particle density is a piecewise Maxwellian with the following values:
nL

uL

θL

 =

1.0

0.0

1.0

 , x ∈ (−0.75, 0),


nR

uR

θR

 =

0.125

0.0

0.8

 , x ∈ (0, 0.75). (6.50)

That is, the initial condition function (contour plot shown in Figure 6.5a) is given by

f0(x, v) =


1.0√
2π(1.0)

exp
(
− |v−0.0|

2

2(1.0)

)
, x ∈ [−0.75, 0], v ∈ [−10, 10],

0.125√
2π(0.8)

exp
(
− |v−0.0|

2

2(0.8)

)
, x ∈ (0, 0.75], v ∈ [−10, 10].

(6.51)

Figure 6.6 shows the moments of the numerical/computed solution at time tf = 0.20.

The profiles of the macroscopic quantities follow the correct values (as computed using
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[77] for reference). The final distribution solution is shown in Figure 6.5b. Appendix F

contains the prototype associated with this Sod workflow. The listing uses the same 1x1v

BGK/IMEX method and Euler reference calculation, but its currently archived spatial interval

differs from the interval recorded for these figures; the appendix therefore documents an

associated implementation rather than claiming exact figure reproduction.

(a) Initial conditions for Sod test. (b) Contour plot of final numerical solution.

Figure 6.5: Sod shock tube: initial distribution and computed phase-space distribution at tf = 0.2
for the BGK model with τ = 10−4 on Ω× V = [−0.75, 0.75]× [−10, 10].
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(a) Number density, n
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(b) Bulk velocity, u
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(c) Temperature, θ

-0.5 0 0.5
0

0.2

0.4

0.6

0.8
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BGK

(d) Pressure, p = nθ

Figure 6.6: Sod shock tube at tf = 0.2 with τ = 10−4: BGK moments (number density, bulk
velocity, temperature, and pressure) compared with the exact Euler Riemann solution. The
agreement tests the highly collisional Euler limit; a norm-based mesh study is reserved for the
code-verification pass described in Table 6.1.
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6.5.4 Square Pulse Rotation

Consider the 1x1v Vlasov equation:

∂f

∂t
+ v

∂f

∂x
+ a

∂f

∂v
= 0 (6.52)

Setting the acceleration term to a = −x results in a system where an initial distribution is

advected counterclockwise, along circular characteristics around the origin. For constructing

the characteristics curves, we have the system of ODEs:

dt

ds
= 1 (6.53)

dx

ds
= v (6.54)

dv

ds
= −x. (6.55)

The first equation gives t = s, and the remaining two form a system of two coupled ODEs:

ẋ = v (6.56)

v̇ = −x. (6.57)

Taking the derivative of the first equation, and plugging in the second equation, we have

ẍ = v̇ = −x ⇐⇒ ẍ + x = 0. (6.58)

The solution of this equation is

x(t) = c1 cos(t) + c2 sin(t). (6.59)

Thus,

v̇ = −x = −c1 cos(t)− c2 sin(t). (6.60)

Integrating gives

v(t) = −c1 sin(t) + c2 cos(t). (6.61)

Putting these together, we have

x(t) = c1 cos(t) + c2 sin(t) (6.62)

v(t) = −c1 sin(t) + c2 cos(t). (6.63)
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This is a circle of radius
√
c21 + c

2
2 , traversed clockwise around the origin in the (x, v)-

plane. Figure 6.7 shows an image of four square pulses rotated counterclockwise to time

tf =
π
2

(quarter rotation) and tf = 2π (full rotation), using a Nx × Nv = 400 × 400 grid on

Ω× V = [−3, 3]× [−3, 3].

(a) tf = π
2 (b) tf = 2π

Figure 6.7: Rotation Problem: ∂
∂t f + v

∂
∂x f − x

∂
∂v f = 0. Grid: Nv = Nx = 400.
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6.5.5 Two-Stream Instability (Vlasov–Poisson)

The next test that we performed is known as the Two-Stream Instability Test, and the present

version is taken from Section 5.1.2 of [27]. In this test, two streams of electrons interact and

create a highly filamented vortex. The test is designed to assess the code’s ability to capture

fine structure and examines only the advection piece of our equation (the Vlasov–Poisson

equation):

∂tf + v∂x f + E∂v f = 0 , (x, v , t) ∈ [−2π, 2π]× [−2π, 2π]× [0,∞) (6.64)

where

−∂xxΦ =
e

ϵ0
(n − n), E = −∂xΦ, n =

ˆ
V

f dv , n =
1

|V |

ˆ
V

f dv . (6.65)

For our test runs, we used e
ϵ0
= 1. The initial condition function for the test is

f (x, v , 0) =
v 2√
8π

(
2− cos

(x
2

))
e−

v2

2 . (6.66)

The test uses periodic boundary conditions in x , and zero flow boundary conditions in v .

Figure 6.8 shows the results of running the code until tf = 5 and tf = 45. For these plots,

we used 8002 grid points; this is twice the number of grid points as in the paper (4002). We

find good agreement with the computed solutions.
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(a) tf = 5
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(b) tf = 45

Figure 6.8: Two-Stream instability. The numerical solution is shown at tf = 5 (left) and tf = 45
(right). The numerical grid has Nv × Nx = 800× 800 cells on the grid
Ω× V = [−2π, 2π]× [−2π, 2π]. The fine filamentation of the particle streams is adequately
resolved and captured.

142



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

6.5.6 Landau Damping (Vlasov–Poisson)

This test is from Section 5.1.3 of [27]. To perform the test, the Vlasov–Poisson equation

is solved and the L2 norm of the electric field is computed at each time step. The initial

condition function is

f (x, v , 0) =
1√
2π
(1 + α cos(kx)) e−

v2

2 , (6.67)

where α = 0.01, k = 0.5. According to [27], with these parameters, the L2 norm of the

electric field should decay exponentially at a rate of −0.1533. Figure 6.9 demonstrates that

the methods developed in the preceding sections successfully recover the correct decay rate

of the L2 norm of the electric field.
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10−5

10−6

10−7

0 5 10 15 20 25 30

t

∥E
∥ L
2

Figure 6.9: Landau damping for α = 0.01 and k = 0.5: the computed L2 norm of the electric field
follows the reference exponential decay rate −0.1533 over the displayed interval. A regression
estimate and fit interval will be reported when the archived output data are regenerated.
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6.5.7 Quantitative Evidence and Reproducibility Status

Table 6.1 separates numerical quantities supported by the archived report material from

comparisons that are currently graphical. This distinction prevents a visual comparison from

being presented as a measured error norm. The next code-verification pass will add L1, L2,

and L∞ errors, observed refinement rates, conservation residuals, and positivity diagnostics

from regenerated output data. For shock problems, the primary convergence measure will be

the L1 error because pointwise high-order convergence is not expected at discontinuities.

Test Reference quantity Archived configuration Evidence presently
supported

Relaxation 1 Exact solution of the
homogeneous BGK
equation

λ = 1, tf = 1,
Nx = Nv = 128

Signed pointwise error plot;
magnitude O(10−5).

Relaxation 2 Exact solution of the
homogeneous BGK
equation

λ = 1, t = 1, 2 Signed pointwise error
plots; norm and refinement
data not archived.

Sod shock tube Exact Euler Riemann
solution in the collisional
limit

τ = 10−4, tf = 0.2,
V = [−10, 10]

Graphical moment
comparison; L1 error study
pending code verification.

Square-pulse
rotation

Exact rotation through π/2
and 2π

400× 400 grid Graphical shape
preservation; error and
mass drift not archived.

Two-stream
instability

Published benchmark
morphology

800× 800 grid, t = 5, 45 Resolved filamentation
shown graphically; invariant
drift not archived.

Landau damping Reference electric-field
decay rate −0.1533

α = 0.01, k = 0.5 Semilog decay plot; fitted
rate and fit interval not
archived.

Table 6.1: Audit of the quantitative evidence retained with the unary BGK and Vlasov–Poisson test
cases. Entries identified as pending require regenerated solver output and are not inferred from
figures.
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Chapter 7

Discrete-Velocity Numerical Methods for
the Single-Species BGK Problem

In this chapter, we will describe numerical methods based on the discrete-velocity BGK model

that we introduced in a previous chapter. Let us start with the standard discrete-velocity BGK

problem first. After that, we will consider the space-homogeneous case.

7.1 A Fully Explicit Scheme

Let us again consider the d = 1 case. In other words, for simplicity, we will assume that the

dimension of physical space is one and the dimension of velocity space is one. We will work

under the assumption that velocity space is discrete and the discrete-velocity Maxwellian is

computed via optimization. In other words, our starting model is the following:

∂tf (x, j, t) + vj∂x f (x, j, t) = λ (MJ ,f (x, j, t)− f (x, j, t)) , ∀ j ∈ J , ∀x ∈ [a, b], (7.1)

where

MJ ,f (x, j, t) = exp(αJ ,f (x, t) ·mJ (j)), ∀ j ∈ J ,

and αJ ,f (x, t) ∈ R3 is the solution to

⟨exp(αJ ,f (x, t) ·mJ )mJ ⟩J = ⟨f (x, · , t)mJ ⟩J .
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Throughout this chapter, τ := λ−1 is the relaxation time. For simplicity, we assume that the

discrete velocities satisfy

vj = hv ·
(
j−
1

2

)
, j ∈ J , J := {−J + 1, . . . , J} .

Definition 7.1 (First-Order Explicit Scheme). The first-order explicit discrete-velocity scheme

is defined as follows:

f n+1i,j = f ni,j −
∆t

hx

(
F̂ (xi+1/2, vj, t

n)− F̂ (xi−1/2, vj, tn)
)
+
∆t

τ

(
Mn

i,j − f ni,j
)

where

Mn
i,j = exp(α

n
i ·mJ (j)),

and αn
i ∈ R3 is the solution to

⟨exp(αn
i ·mJ )mJ ⟩J = ⟨f ni,·mJ ⟩J .

The first-order numerical flux is obtained via a simple upwind methodology:

F̂ (xi+1/2, vj, t
n) =

vjf ni,j if vj ≥ 0,

vjf
n
i+1,j if vj < 0.

Based on our construction, we have the following result:

Theorem 7.2. Suppose that the spatial grid is periodic and f 0i,j > 0 for all j ∈ J and

1 ≤ i ≤ Nx . Then, for all n ∈ N,

hx

Nx∑
i=1

〈
mJ ( · )f ni,·

〉
J = hx

Nx∑
i=1

〈
mJ ( · )f 0i,·

〉
J . (7.2)

Additionally, provided that the CFL condition

∆t

(
1

τ
+max

j∈J

|vj|
hx

)
≤ 1

holds, it follows that, for all n ∈ N, j ∈ J , and i ∈ {1, 2, . . . , Nx}, f ni,j > 0. Furthermore, for

all n ∈ N,

hx

Nx∑
i=1

〈
ln
(
f ni,·
)
f ni,·
〉
J ≤ hx

Nx∑
i=1

〈
ln
(
f n−1i,·

)
f n−1i,·

〉
J . (7.3)
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In other words, the scheme dissipates information and therefore produces physical entropy.

Proof. For vj > 0, the scheme can be written as

f n+1i,j = f ni,j −
∆tvj
hx

(
f ni,j − f ni−1,j

)
+
∆t

τ

(
Mn

i,j − f ni,j
)

=

(
1−
∆tvj
hx
−
∆t

τ

)
f ni,j +

∆tvj
hx

f ni−1,j +
∆t

τ
Mn

i,j

=

(
1−
∆t|vj|
hx
−
∆t

τ

)
f ni,j +

∆t|vj|
hx

f ni−1,j +
∆t

τ
Mn

i,j.

For vj < 0, the scheme is

f n+1i,j = f ni,j −
∆tvj
hx

(
f ni+1,j − f ni,j

)
+
∆t

τ

(
Mn

i,j − f ni,j
)

=

(
1 +
∆tvj
hx
−
∆t

τ

)
f ni,j −

∆tvj
hx

f ni+1,j +
∆t

τ
Mn

i,j

=

(
1−
∆t|vj|
hx
−
∆t

τ

)
f ni,j +

∆t|vj|
hx

f ni+1,j +
∆t

τ
Mn

i,j.

The composite scheme can be written as

f n+1i,j =

(
1−
∆t|vj|
hx
−
∆t

τ

)
f ni,j +

∆t(|vj| − vj)
2hx

f ni+1,j +
∆t(|vj|+ vj)
2hx

f ni−1,j +
∆t

τ
Mn

i,j,

which is a convex combination of f ni,j, f
n
i−1,j, f

n
i+1,j, andMn

i,j. If all of these values are positive,

then f n+1i,j is positive. Since the function x ln(x) is convex, Jensen’s inequality applies to this

four-term convex combination. Thus,

f n+1i,j ln
(
f n+1i,j

)
≤
(
1−
∆t|vj|
hx
−
∆t

τ

)
f ni,j ln

(
f ni,j
)
+
∆t(|vj| − vj)
2hx

f ni+1,j ln
(
f ni+1,j

)
+
∆t(|vj|+ vj)
2hx

f ni−1,j ln
(
f ni−1,j

)
+
∆t

τ
Mn

i,j ln
(
Mn

i,j

)
.

Summing over the velocity index j, we have

〈
f n+1i,· ln

(
f n+1i,·

)〉
J ≤

〈(
1−
∆t|v·|
hx

−
∆t

τ

)
f ni,· ln

(
f ni,·
)〉
J

+

〈
∆t(|v·| − v·)
2hx

f ni+1,· ln
(
f ni+1,·

)〉
J

+

〈
∆t(|v·|+ v·)
2hx

f ni−1,· ln
(
f ni−1,·

)〉
J
+

〈
∆t

τ
Mn

i,· ln
(
Mn

i,·
)〉
J
,
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We next invoke the minimization property in (5.41): for all i,

〈
f n+1i,· ln

(
f n+1i,·

)〉
J ≤

〈(
1−
∆t|v·|
hx

−
∆t

τ

)
f ni,· ln

(
f ni,·
)〉
J

+

〈
∆t(|v·| − v·)
2hx

f ni+1,· ln
(
f ni+1,·

)〉
J

+

〈
∆t(|v·|+ v·)
2hx

f ni−1,· ln
(
f ni−1,·

)〉
J
+

〈
∆t

τ
f ni,· ln

(
f ni,·
)〉
J

=

〈(
1−
∆t|v·|
hx

)
f ni,· ln

(
f ni,·
)〉
J

+

〈
∆t(|v·| − v·)
2hx

f ni+1,· ln
(
f ni+1,·

)〉
J

+

〈
∆t(|v·|+ v·)
2hx

f ni−1,· ln
(
f ni−1,·

)〉
J
,

Summing on i and using spatial periodicity completes the proof of (7.3). For moment con-

servation, multiply the update by mJ (j) and sum over j and i. The collision contribution

vanishes by discrete moment matching, while the two numerical-flux sums telescope on the

periodic grid. This proves (7.2). ■

7.2 An Explicit Scheme for the Space-Homogeneous Case

In this section, we will explore an explicit scheme for the space-homogeneous, discrete-velocity

BGK problem. Recall that the one-dimensional, space-homogeneous, discrete-velocity model

is as follows:

∂tf (j, t) = λ (MJ ,f (j, t)− f (j, t)) , ∀ j ∈ J , (7.4)

where

MJ ,f (j, t) = exp(αJ ,f (t) ·mJ (j)), ∀ j ∈ J ,

and αJ ,f (t) ∈ R3 is the solution to

⟨exp(αJ ,f (t) ·mJ )mJ ⟩J = ⟨f ( · , t)mJ ⟩J .

As before, it may be useful to suppose that the discrete velocities satisfy

vj = hv ·
(
j−
1

2

)
, j ∈ J , J := {−J + 1, . . . , J} ,
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though this can be generalized without any difficulty. The explicit scheme for the space-

homogeneous case is given by the following:

Definition 7.3 (Explicit Space-Homogeneous Scheme). The first-order explicit discrete-

velocity scheme is defined as follows:

f n+1j = f nj +
∆t

τ
(Mn

j − f nj ) ,

where

Mn
j = exp(α

n ·mJ (j)), (7.5)

and αn ∈ R3 is the solution to

⟨exp(αn ·mJ )mJ ⟩J = ⟨f n· mJ ⟩J . (7.6)

We have the following result, which shows that an explicit scheme will always have a time

step restriction owing to the stiffness of the BGK problem:

Theorem 7.4. Suppose that f 0j > 0, for all j ∈ J . Then, for all n ∈ N,

⟨mJ ( · )f n· ⟩J =
〈
mJ ( · )f 0·

〉
J . (7.7)

Additionally, provided that the condition

∆t

τ
≤ 1

holds, it follows that, for all n ∈ N and j ∈ J , f nj > 0. Furthermore, for all n ∈ N,

⟨ln (f n· ) f n· ⟩J ≤
〈
ln
(
f n−1·

)
f n−1·

〉
J . (7.8)

In other words, the scheme dissipates information and therefore produces physical entropy.

Finally,

Mn
j =M0

j , ∀ j ∈ J , (7.9)

for all n ∈ N.

Proof. The scheme can be written as

f n+1j =

(
1−
∆t

τ

)
f nj +

∆t

τ
Mn

j ,

149



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

which is a convex combination of f nj and Mn
j . The CFL condition makes every coefficient

in this convex combination nonnegative, so f n+1j is positive. Since the function x ln(x) is

convex, it follows that

f n+1j ln
(
f n+1j

)
≤
(
1−
∆t

τ

)
f nj ln (f

n
j ) +

∆t

τ
Mn

j ln (Mn
j ) .

Summing on j, we have

〈
f n+1· ln

(
f n+1·

)〉
J ≤

〈(
1−
∆t

τ

)
f n· ln (f

n
· )

〉
J
+

〈
∆t

τ
Mn
· ln (Mn

· )

〉
J
,

Using the minimization property in (5.41), we find that,

〈
f n+1· ln

(
f n+1·

)〉
J ≤

〈(
1−
∆t

τ

)
f n· ln (f

n
· )

〉
J
+

〈
∆t

τ
Mn
· ln (Mn

· )

〉
J

≤
〈(
1−
∆t

τ

)
f n· ln (f

n
· )

〉
J
+

〈
∆t

τ
f n· ln (f

n
· )

〉
J

= ⟨f n· ln (f n· )⟩J .

Multiplying the update by mJ (j) and summing over j proves (7.7), because the discrete

Maxwellian matches the moments of f n. The identity (7.9) then follows from (7.7), (7.5),

and (7.6). ■

7.3 An Implicit Scheme for the Space-Homogeneous Case

In the last section, we learned that an explicit scheme for the space-homogeneous case still

requires a potentially restrictive time step constraint for stability. But, this can be easily

overcome in the space-homogeneous case.

Definition 7.5 (Implicit Space-Homogeneous Scheme). The first-order implicit discrete-

velocity scheme is defined as follows:

f n+1j = f nj +
∆t

τ

(
Mn

j − f n+1j

)
,

where

Mn
j = exp(α

n ·mJ (j)), (7.10)
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and αn ∈ R3 is the solution to

⟨exp(αn ·mJ )mJ ⟩J = ⟨f n· mJ ⟩J . (7.11)

Technically, the last scheme is an IMEX scheme, but we will stick to our definition, since

we can show that, actually,Mn
j =Mn+1

j . Specifically, we have the following result:

Theorem 7.6. Suppose that f 0j > 0, for all j ∈ J . Then, for all n ∈ N,

⟨mJ ( · )f n· ⟩J =
〈
mJ ( · )f 0·

〉
J . (7.12)

Additionally, for all n ∈ N and j ∈ J , f nj > 0, and for all n ∈ N,

⟨ln (f n· ) f n· ⟩J ≤
〈
ln
(
f n−1·

)
f n−1·

〉
J . (7.13)

In other words, the scheme dissipates information and therefore produces physical entropy.

Finally,

Mn
j =M0

j , ∀ j ∈ J , (7.14)

for all n ∈ N. All of these properties hold unconditionally.

Proof. The scheme can be written as(
1 +
∆t

τ

)
f n+1j = f nj +

∆t

τ
Mn

j ,

or, equivalently, as

f n+1j =
1(

1 + ∆t
τ

) f nj + ∆t
τ(

1 + ∆t
τ

)Mn
j , (7.15)

which is again a convex combination of f nj and Mn
j . Both weights are positive and sum to

one. Hence f n+1j is positive whenever f nj andMn
j are positive. Let us write, for simplicity,

α :=
1

1 + ∆t
τ

and β :=
∆t
τ

1 + ∆t
τ

.

Since the function x ln(x) is convex, it follows that

f n+1j ln
(
f n+1j

)
≤ αf nj ln (f nj ) + βMn

j ln (Mn
j ) .
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Summing on j, we have

〈
f n+1· ln

(
f n+1·

)〉
J ≤ ⟨αf

n
· ln (f

n
· )⟩J + ⟨βM

n
· ln (Mn

· )⟩J ,

Using the minimization property in (5.41), we find that,

〈
f n+1· ln

(
f n+1·

)〉
J ≤ ⟨αf

n
· ln (f

n
· )⟩J + ⟨βM

n
· ln (Mn

· )⟩J
≤ ⟨αf n· ln (f n· )⟩J + ⟨βf

n
· ln (f

n
· )⟩J

= ⟨f n· ln (f n· )⟩J .

Next, summing mJ ( · ) times (7.15) on j, we have

〈
mJ ( · )f n+1·

〉
J = ⟨αmJ ( · )f

n
· ⟩J + ⟨βmJ ( · )M

n
· ⟩J

= ⟨αmJ ( · )f n· ⟩J + ⟨βmJ ( · )f
n
· ⟩J

= ⟨mJ ( · )f n· ⟩J ,

which proves (7.12), and, finally, (7.14) follows directly from (7.12). ■
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Chapter 8

Multispecies BGK Equations

This chapter presents the conservative, entropic multispecies BGK model introduced by

Haack, Hauck, and Murillo [32]. The construction and the proofs in Sections 8.1–8.5 are

adapted from Sections 2 and 3 of that paper, but have been rewritten in the notation and en-

tropy convention of Chapter 2. In particular, v ∈ Rd is microscopic velocity, ni and ρi = mini

are species number and mass densities, u i is the species velocity, and θ̂i is the species tem-

perature in energy units. We use the physical entropy S = −H, where H =
∑

i

´
fi ln fi dv is

information; hence dS/dt ≥ 0 and dH/dt ≤ 0.
The purpose here is to derive the particular model used throughout this report, not to

reproduce every topic in [32]. We therefore omit the paper’s Section 4 catalog of collision-

frequency formulas: the structural results below require only λi ,j > 0 and do not depend on

a particular cross section. We retain the leading fluid-limit consequence of its Section 5 in

Section 8.6, and omit its comparison and numerical sections (Sections 6 onward).

8.1 Boltzmann Structure to Be Preserved

For species i ∈ S := {1, . . . , N}, the multispecies Boltzmann equation is

∂tfi + v · ∇x fi + ai · ∇v fi =
∑
j∈S

Qi ,j [fi , fj ]. (8.1)

The collision maps and collision operators were developed in Chapter 2. The properties needed

here are species-mass conservation and pairwise conservation of momentum and energy:
ˆ
Rd
Qi ,j [fi , fj ]dv = 0, (8.2a)
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mi

ˆ
Rd
vQi ,j [fi , fj ]dv +mj

ˆ
Rd
vQj,i [fj , fi ]dv = 0, (8.2b)

mi

ˆ
Rd
|v |2Qi ,j [fi , fj ]dv +mj

ˆ
Rd
|v |2Qj,i [fj , fi ]dv = 0. (8.2c)

The Boltzmann H-theorem additionally requires∑
i ,j

ˆ
Rd
Qi ,j [fi , fj ] ln fidv ≤ 0, (8.3)

with equality, for a connected interacting mixture, only when every species is Maxwellian with

a common velocity and temperature.

We recall the species moments

ni =

ˆ
Rd
fi dv , u i =

1

ni

ˆ
Rd
v fi dv , θ̂i =

mi

dni

ˆ
Rd
|v − u i |2fi dv . (8.4)

For later use, define the barycentric velocity and mixture temperature by

ρu =
∑
i

ρiu i ,
d

2
nθ =

∑
i

(
d

2
ni θ̂i +

1

2
ρi |u i − u|2

)
, n =

∑
i

ni , ρ =
∑
i

ρi . (8.5)

Thus θ̂i measures thermal energy in the species frame, whereas θ includes both species thermal

energy and diffusion kinetic energy relative to u.

8.2 Formal Ad Hoc Construction from the Boltzmann Op-
erator

The following argument is a formal modeling construction, not an asymptotically controlled

approximation. To keep its logical status clear, we use equality for exact algebraic identities

and ≈ only for modeling closures. There are three distinct steps: approximate the gain term

by pair Maxwellians, replace two kernel-weighted rates by one common rate, and then remove

the remaining velocity dependence from that rate.

Fix an ordered pair (i , j) and suppress the dependence on x and t. The Boltzmann

operator is

Qi ,j [fi , fj ](v) =

ˆ
Rd

ˆ
Sd−1

(
f ′i f
′
j,∗ − fi fj,∗

)
Bi ,j(v − v ∗,σ) dσ dv ∗. (8.6)

Here fi = fi(v), fj,∗ = fj(v ∗), and the primes denote the collision-related velocities from

Chapter 2. We first define the target distributions used in the construction.
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Definition 8.1 (Pair Maxwellians). Fix i , j ∈ S. Let ni > 0 and mi > 0, and let u i ,j ∈ Rd and

θ̂i ,j > 0. The pair Maxwellian for species i in collisions with species j is

Mi ,j(v) = ni

(
mi

2πθ̂i ,j

)d/2
exp

(
−
mi |v − u i ,j |2

2θ̂i ,j

)
. (8.7)

For an unordered interacting pair {i , j}, the two ordered targets Mi ,j and Mj,i are called a

compatible pair of Maxwellians when they share their mean velocity and temperature:

u i ,j = u j,i , θ̂i ,j = θ̂j,i . (8.8)

Remark 8.2. Although the pair parameters are shared, the two Maxwellians generally differ

because Mi ,j has species-i density ni and mass mi , whereas Mj,i has species-j density nj and

mass mj . In particular,

ˆ
Rd
Mi ,j dv = ni ,

ˆ
Rd
vMi ,j dv = niu i ,j ,

ˆ
Rd
|v |2Mi ,j dv = ni |u i ,j |2 +

dni
mi

θ̂i ,j . (8.9)

When i = j , choosing u i ,i = u i and θ̂i ,i = θ̂i recovers the ordinary species Maxwellian.

Step 1: Approximate the gain product. The near-equilibrium ansatz replaces the two

distributions in the gain term, but not yet those in the loss term:

f ′i f
′
j,∗ ≈ Mi ,j(v

′)Mj,i(v
′
∗). (8.10)

The following proposition isolates the exact calculation that permits the primed velocities

to be removed. Thus the proposition is not itself a closure assumption; the approximation

has already entered through (8.10).

Proposition 8.3 (Collision Invariance of Compatible Pair Maxwellians). Let mi , mj , ni , nj > 0.

Suppose thatMi ,j andMj,i are the compatible pair Maxwellians of Definition 8.1, with common

velocity upi j ∈ Rd and common temperature θ̂pi j > 0. If (v ′, v ′∗) is obtained from (v , v ∗) by an

elastic binary collision that conserves the pair’s total momentum and kinetic energy, then

Mi ,j(v
′)Mj,i(v

′
∗) = Mi ,j(v)Mj,i(v ∗). (8.11)

Proof. The Maxwellian normalization factors are independent of the velocities. Consequently,
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up to an additive constant, the logarithm of their product is

−
1

2θ̂pi j

(
mi |v − upi j |

2 +mj |v ∗ − upi j |
2
)
. (8.12)

Expanding the quadratic expression gives

mi |v − upi j |
2 +mj |v ∗ − upi j |

2

= mi |v |2 +mj |v ∗|2 − 2upi j · (miv +mjv ∗) + (mi +mj)|upi j |
2. (8.13)

The first two terms on the right are, respectively, the pair’s total kinetic energy and the

common velocity dotted with its total momentum. Both are unchanged by the elastic collision;

the final term is constant. Hence the centered quadratic expression has the same value at

(v ′, v ′∗) and at (v , v ∗). Exponentiating proves (8.11). ■

Applying Proposition 8.3 to the right-hand side of (8.10) transforms the exact Boltzmann

operator into the two-rate approximation

Qi ,j [fi , fj ](v) ≈ Mi ,j(v)ν
M
i,j (v)− fi(v)νfi ,j(v), (8.14)

where

νMi,j (v) :=

ˆ
Rd

ˆ
Sd−1

Mj,i(v ∗)Bi ,j(v − v ∗,σ) dσ dv ∗, (8.15)

νfi ,j(v) :=

ˆ
Rd

ˆ
Sd−1

fj(v ∗)Bi ,j(v − v ∗,σ) dσ dv ∗. (8.16)

At this point the gain and loss coefficients are generally different.

Step 2: Impose a common kernel-weighted rate. The next closure assumes that fj is

sufficiently close to Mj,i in the kernel-weighted average that

νfi ,j(v) ≈ νMi,j (v) =: νi ,j(v). (8.17)

Only after this assumption does (8.14) acquire the BGK relaxation structure

Qi ,j [fi , fj ](v) ≈ νi ,j(v)
(
Mi ,j(v)− fi(v)

)
. (8.18)

Step 3: Replace the velocity-dependent rate by a constant. For a general collision

kernel, νi ,j(v) is both difficult to compute and incompatible with the simple closed moment
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calculations used below. The model therefore makes the additional replacement

νi ,j(v) −→ λi ,j > 0, (8.19)

which yields the pairwise BGK operator

QBGKi ,j [fi , fj ] = λi ,j(Mi ,j − fi). (8.20)

This last replacement is independent of the common-rate assumption in Step 2. It com-

presses the velocity dependence and detailed cross-section information into the effective pa-

rameter λi ,j , which must be specified or calibrated separately. In general, the ordered rates

λi ,j and λj,i need not be equal. These steps motivate the relaxation form only; they do

not determine u i ,j or θ̂i ,j . The next section selects those parameters by enforcing pairwise

momentum and energy conservation.

The resulting model is

∂tfi + v · ∇x fi + ai · ∇v fi =
∑
j∈S

λi ,j(Mi ,j − fi), i ∈ S. (8.21)

Self-collisions use the ordinary species Maxwellian:

u i ,i = u i , θ̂i ,i = θ̂i . (8.22)

8.3 Pair Parameters and Their Positivity

The common pair velocity and temperature are determined by enforcing the pairwise mo-

mentum and energy balances in (8.2b)–(8.2c). The next result makes precise the hypotheses

under which these constraints determine the parameters uniquely.

Proposition 8.4 (Unique Pair Parameters Imposed by Conservation). Fix distinct species i , j ∈
S. Assume thatmi , mj > 0, that fi and fj have positive densities ni , nj , finite second moments,

and nonnegative temperatures θ̂i , θ̂j , and that λi ,j , λj,i > 0. Among all pair candidates that

share a common velocity u i ,j = u j,i and a common temperature θ̂i ,j = θ̂j,i , the pairwise

momentum and energy constraints determine a unique algebraic pair of parameters, namely,

u i ,j =
λi ,jρiu i + λj,iρju j
λi ,jρi + λj,iρj

(8.23)
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and

θ̂i ,j =
λi ,jni θ̂i + λj,inj θ̂j
λi ,jni + λj,inj

+
λi ,jρi(|u i |2 − |u i ,j |2) + λj,iρj(|u j |2 − |u i ,j |2)

d(λi ,jni + λj,inj)
.

(8.24)

Species mass is conserved automatically. Proposition 8.6 below gives the precise admissibility

condition for the resulting pair temperature.

Proof. The normalization in (8.9) first gives

ˆ
Rd
QBGKi ,j dv = λi ,j

(ˆ
Rd
Mi ,j dv −

ˆ
Rd
fi dv

)
= 0. (8.25)

For momentum, compatibility gives u j,i = u i ,j . Therefore the pairwise momentum pro-

duction is

mi

ˆ
Rd
vQBGKi ,j dv +mj

ˆ
Rd
vQBGKj,i dv = λi ,jρi(u i ,j − u i) + λj,iρj(u i ,j − u j). (8.26)

Setting this expression equal to zero and collecting the terms containing u i ,j gives

(λi ,jρi + λj,iρj)u i ,j = λi ,jρiu i + λj,iρju j . (8.27)

The coefficient on the left is positive, so this vector equation has exactly one solution,

namely (8.23).

For the energy balance, the definition of θ̂i implies

ˆ
Rd
|v |2fi dv = ni |u i |2 +

dni
mi

θ̂i . (8.28)

Combining this identity with the corresponding pair-Maxwellian moment in (8.9), and using

θ̂j,i = θ̂i ,j , yields

0 = mi

ˆ
Rd
|v |2QBGKi ,j dv +mj

ˆ
Rd
|v |2QBGKj,i dv

= λi ,jρi
(
|u i ,j |2 − |u i |2

)
+ λj,iρj

(
|u i ,j |2 − |u j |2

)
+ dλi ,jni(θ̂i ,j − θ̂i) + dλj,inj(θ̂i ,j − θ̂j). (8.29)

Collecting the terms containing θ̂i ,j gives

d(λi ,jni + λj,inj)θ̂i ,j = dλi ,jni θ̂i + dλj,inj θ̂j
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+ λi ,jρi
(
|u i |2 − |u i ,j |2

)
+ λj,iρj

(
|u j |2 − |u i ,j |2

)
. (8.30)

The coefficient of the term on the left, d(λi ,jni + λj,inj), is also positive. Thus the scalar

energy balance has exactly one solution, which is (8.24). This proves existence and uniqueness

of the algebraic parameters, while (8.25) proves the last assertion. ■

Remark 8.5. Equation (8.24) contains |u j |2 in its second kinetic-energy term. This corrects a

typographical error in Equation (36) of the published paper, where that occurrence is printed

as |u i |2.

Proposition 8.6 (Positivity of the Pair Temperature). If ni , nj , λi ,j , λj,i > 0 and θ̂i , θ̂j ≥ 0,
then θ̂i ,j ≥ 0. It is strictly positive if either species temperature is positive or u i ̸= u j .

Proof. Set a = λi ,jρi and b = λj,iρj . By (8.23), u i ,j = (au i + bu j)/(a + b). Hence the

weighted variance identity gives

a
(
|u i |2 − |u i ,j |2

)
+ b
(
|u j |2 − |u i ,j |2

)
=

ab

a + b
|u i − u j |2 ≥ 0. (8.31)

The first term in (8.24) is a positive-weight average of θ̂i and θ̂j , while its second term is

nonnegative by (8.31). The stated strictness conditions follow immediately. ■

8.4 Conservation Laws

Proposition 8.7 (Pairwise and Total Conservation). The operators (8.20), with parame-

ters (8.23)–(8.24), conserve the mass of every species and conserve total momentum and

total kinetic energy. More precisely,
ˆ
QBGKi ,j dv = 0, (8.32a)

mi

ˆ
vQBGKi ,j dv +mj

ˆ
vQBGKj,i dv = 0, (8.32b)

mi

ˆ
|v |2QBGKi ,j dv +mj

ˆ
|v |2QBGKj,i dv = 0. (8.32c)

Proof. Species-mass conservation is exactly (8.25). For i ̸= j , the pairwise momentum and

energy productions are the left-hand sides of (8.26) and (8.29); they vanish by the defining
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balances (8.27) and (8.30). For i = j , the self-Maxwellian parameters in (8.22) match the

mass, momentum, and energy moments of fi , so the self-collision operator conserves all three

quantities. Summing the cross-collision identities over unordered pairs and then adding the

self-collision identities proves total momentum and energy conservation. ■

8.5 H-Theorem and Equilibria

Proposition 8.8 (H-Theorem for the Haack–Hauck–Murillo Model). Assume fi > 0, all

relevant moments are finite, and λi ,j > 0. For the space-homogeneous system

∂tfi =
∑
j

λi ,j(Mi ,j − fi), (8.33)

the information functional

H[f ] =
∑
i

ˆ
Rd
fi ln fi dv (8.34)

satisfies dH/dt ≤ 0. Equivalently, the physical entropy S[f ] := −H[f ] satisfies dS/dt ≥
0. Equality holds if and only if every species is a Maxwellian with a common velocity and

temperature:

fi(v) = ni

( mi

2πθ∞

)d/2
exp

(
−
mi |v − u∞|2

2θ∞

)
. (8.35)

Proof. Species-mass conservation removes the derivative of the linear part of fi ln fi , so

dH
dt
=
∑
i ,j

λi ,j

ˆ
(Mi ,j − fi) ln fi dv . (8.36)

Group the cross-collision contributions by unordered pairs. For i ̸= j , add and subtract the

logarithms of the pair Maxwellians to obtain

Di ,j = − λi ,j
ˆ
(fi −Mi ,j) ln

fi
Mi ,j

dv − λj,i
ˆ
(fj −Mj,i) ln

fj
Mj,i

dv

− λi ,j
ˆ
(fi −Mi ,j) lnMi ,j dv − λj,i

ˆ
(fj −Mj,i) lnMj,i dv . (8.37)

The last line vanishes. Indeed,

lnMi ,j = ci +
mi

θ̂i ,j
u i ,j · v −

mi

2θ̂i ,j
|v |2, (8.38)

where ci is independent of v . The constant terms vanish by species-mass conservation;
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because the pair targets share u i ,j and θ̂i ,j , the remaining terms vanish by pairwise momentum

and energy conservation in Proposition 8.7.

The elementary inequality (x − y) ln(x/y) ≥ 0 for x, y > 0 now shows that Di ,j ≤ 0. The

identical argument with Mi ,i handles self-collisions. Hence dH/dt ≤ 0.
Equality requires fi = Mi ,i and fi = Mi ,j for every interacting pair. Thus each fi is

Maxwellian, and every pair has the same velocity and temperature. Since all λi ,j are positive,

the interaction graph is connected, so these pairwise equalities propagate to all species.

Conversely, distributions of the form (8.35) make every collision term vanish. ■

The common equilibrium parameters are fixed by the conserved total momentum and

energy:

u∞ =

∑
i ρiu i(0)∑

i ρi
, θ∞ =

2

dn

[∑
i

(
1

2
ρi |u i(0)|2 +

d

2
ni θ̂i(0)

)
−
1

2
ρ|u∞|2

]
. (8.39)

8.6 Fluid-Limit Connection and Scope

Haack, Hauck, and Murillo also apply a Chapman–Enskog expansion to the scaled equation

∂tfi + v · ∇x fi + ai · ∇v fi =
1

ε

∑
j

λi ,j(Mi ,j − fi). (8.40)

The H-theorem implies that the leading term as ε → 0 lies in the common-equilibrium

manifold:

f
(0)
i = ni

( mi

2πθ

)d/2
exp

(
−
mi |v − u|2

2θ

)
. (8.41)

Thus the model supplies the same common mixture velocity and temperature required by the

multispecies Boltzmann equilibrium. The first correction generates diffusion, viscous stress,

and heat flux, with transport coefficients that depend on the selected collision frequencies.

Those calculations are not needed for the homogeneous moment analysis in Chapter 9; the

general closure logic is developed in Chapters 3 and 4.

The structural tradeoff should be explicit. The construction guarantees positive pair tem-

peratures, species-mass conservation, total momentum and energy conservation, and the

H-theorem for arbitrary positive rates. A single rate per ordered pair generally cannot simul-

taneously match every momentum- and temperature-relaxation rate of the full Boltzmann

operator. The model used in this report prioritizes its conservative and entropic structure;

application-specific information enters through the positive functions λi ,j .
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Chapter 9

Asymptotic Relaxation and Numerics of
Multispecies Moment Equations

This chapter is based on two recently published papers:

1. Reference [33]: E. Habbershaw, R.S. Glasby, J.R. Haack, C.D. Hauck, and S.M. Wise,

Asymptotic Relaxation of Moment Equations for a Multi-Species, Homogeneous BGK

Model, SIAM Journal on Applied Mathematics 85 (2025), 294–313.

https://doi.org/10.1137/23M1596314

This paper establishes long-time dynamics of the multispecies BGK moment equations.

Understanding these model characteristics is vital for designing and implementing so-

phisticated numerical approximation methods.

2. Reference [34]: E. Habbershaw, C.D. Hauck, and S.M. Wise, Implicit Update of the

Moment Equations for a Multi-Species, Homogeneous BGK Model, SIAM Journal on

Numerical Analysis 63 (2025), 881–907.

https://doi.org/10.1137/24M165421X

This paper establishes stability, well-posedness, and convergence results for an iterative

solver for the multispecies, spatially homogeneous BGK model. This solver provides a

basis for future full multispecies BGK and ES-BGK algorithms.

We study the space-homogeneous, multispecies BGK equations from [32], which can be

understood as a special, illustrative case of the equations in [8] or [45]. We do so for collision

frequencies that are independent of phase-space velocity but depend on number density and
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temperature. In particular, we analyze the ODE system for the momentum and energy mo-

ments; each number density is constant by species-mass conservation. This reduced system

is important both for asymptotic analysis and for the development of numerical methods.

Indeed, many numerical simulations of the full BGK system (including phase-space advec-

tion) rely on implicit-explicit (IMEX) methods that treat the space-homogeneous component

implicitly. In this setting, the result of solving the associated moments equations first is to

effectively linearize and diagonalize (with respect to the phase-space velocity) the required

implicit solve, yielding a significant reduction in computational cost. (See [17, 61] for ap-

plications to the single-species case and [63, Section 4] for an extension to the multispecies

setting when the collision frequencies depend only on the number densities.)

In this chapter, we first establish existence and uniqueness of the momentum-energy ODE

system, which follows from standard theory once a positive lower bound can be established

for the species temperatures. We show monotonicity of the minimum temperature envelope

as well as upper and lower bounds on the bulk velocity. We then prove exponential decay of

the species momenta and energies to their steady-state values, thereby generalizing some of

the results in [18] to a system with an arbitrary number of species.

9.1 Model Equations

Here we recap the multispecies BGK equation, specifically for the case that the collision

frequencies are dependent upon species temperatures. We denote by fi the kinetic distribution

of particles of species i ∈ {1, . . . , N} having mass mi . More specifically, fi(x , v , t) is the

density of species i particles at the point x ∈ Ω ⊂ Rd , with microscopic velocity v ∈ Rd , at

time t ≥ 0, with respect to the measure dv dx . Associated to each fi are the species number

density ni , mass density ρi , bulk velocity u i , and temperature θ̂i , defined by

ρi = mini = mi

ˆ
Rd
fi dv , u i =

1

ρi

ˆ
Rd
miv fi dv , θ̂i =

mi

nid

ˆ
Rd
|v − u i |2 fi dv . (9.1)

The species momentum density is ρiu i . The species total energy density is

ωi =
1

2
ρi |u i |2 +

d

2
ni θ̂i . (9.2)

BGK models are expressed in terms of Maxwellian distributions that depend on these mo-

ments.

Definition 9.1 (Maxwellian). Given n > 0, u ∈ Rd , and ϑ > 0, the Maxwellian Mn,u,ϑ is the
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function

Mn,u,ϑ(v) =
n

(2πϑ)
d
2

exp

(
−
|v − u|2

2ϑ

)
. (9.3)

Direct Gaussian integration gives the Maxwellian moments
ˆ
Rd
Mn,u,ϑ dv = n,

ˆ
Rd
vMn,u,ϑ dv = nu,

ˆ
Rd
|v |2Mn,u,ϑ dv = n|u|2 + dnϑ. (9.4)

We consider in this chapter the multispecies BGK equation from [32], given by

∂fi
∂t
+ v · ∇x fi =

1

ε

∑
j

λi ,j(Mi ,j − fi), ∀i ∈ {1, . . . , N}, (9.5)

where ε > 0 is the Knudsen number, λi ,j > 0 is the (nondimensional) frequency of collisions

between species i and j (independent of v), and

Mi ,j(v) = Mni ,u i ,j ,θ̂i ,j/mi
(v)

is a Maxwellian defined by (9.3), using the mixture velocities and temperatures

u i ,j =
ρiλi ,ju i + ρjλj,iu j
ρiλi ,j + ρjλj,i

, θ̂i ,j =
niλi ,j θ̂i + njλj,i θ̂j
niλi ,j + njλj,i

+
1

d

ρiρjλi ,jλj,i
ρiλi ,j + ρjλj,i

|u i − u j |2

niλi ,j + njλj,i
. (9.6)

The existence and uniqueness of non-negative mild solutions to (a more general) multispecies

BGK equation was proved in [44] for periodic spatial domains and the collision frequencies

that depend on the number densities.

9.1.1 Model Properties

The BGK collision operators in (9.5) satisfy the following invariance properties: For any i , j,

ˆ
Rd
λi ,j(Mi ,j − fi) dv = 0 (9.7)

mi

ˆ
Rd
λi ,j(Mi ,j − fi)v dv +mj

ˆ
Rd
λj,i(Mj,i − fj)v dv = 0 (9.8)

mi

ˆ
Rd
λi ,j(Mi ,j − fi)|v |2 dv +mj

ˆ
Rd
λj,i(Mj,i − fj)|v |2 dv = 0, (9.9)

corresponding to conservation of species mass, total momentum, and total energy, respec-

tively. Furthermore, the information functional H =
∑

i

´
Rd fi ln fi dv is non-increasing, while
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the physical entropy S = −H is non-decreasing: dH/dt ≤ 0 and dS/dt ≥ 0. Equality holds

if and only if fi = Mni ,ueq,θ̂eq/mi
(v) for all i ∈ {1, . . . , N}, where ueq and θ̂eq are the equilibrium

bulk velocity and energy temperature, respectively, which are common to all species [32].

The collision frequencies λi ,j are typically expressed as functions of the species moments

given in (9.1). To define these collision frequencies, [32] presents a recipe based on matching

either momentum or energy relaxation rates of the Boltzmann equation, given either a dif-

ferential cross section or a momentum transfer cross section. In this paper, we consider the

case of hard sphere collisions, for which the momentum transfer cross section is independent

of microscopic velocity and given by [7]

σMT = π

(
di + dj
2

)2
= πd2i ,j , (9.10)

where di and dj are reference diameters for the particles of species i and j ; reference diameters

for several species are given in [7] and [15]. Following the recipe for matching energy relaxation

rates from Section 4.3 of [32], we obtain the following collision frequencies for hard sphere

interactions:

λHS
i ,j =

32π2

3(2π)3/2
mimj

(mi +mj)2
(di + dj)

2nj

√
θ̂i
mi

+
θ̂j
mj

. (9.11)

While the formula in (9.11) is specific to the physically relevant case d = 3, collision frequen-

cies can be derived in arbitrary dimensions in a similar fashion.

The dependence of the collision frequencies on the temperature makes the BGK model

considered here more complicated than many models considered in the literature which assume

that λi ,j is a constant or depends only on nj . This is largely due to the non-Lipschitz nature

of the square root function near zero and the fact that the frequencies are time-dependent

functions. While we focus on the hard spheres model in this paper for simplicity, the analysis

provided here is readily applied to other models in the literature [7] .

9.1.2 Moment Equations

The focus of the present work is the space-homogeneous multispecies BGK equation, obtained

by removing the advection terms from (9.5). In this case fi = fi(v , t) satisfies

∂fi
∂t
=
1

ε

∑
j

λi ,j(Mi ,j − fi), i ∈ {1, . . . , N}. (9.12)
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Multiplication of (9.12) by mi , miv , and mi |v |2, followed by integration with respect to v ,

gives equations for the mass density, momentum density, and energy density of each species

dρi
dt
= 0, (9.13a)

d(ρiu i)
dt

=
1

ε

∑
j

Ai ,j(u j − u i), (9.13b)

dωi
dt
=
1

ε

∑
j

Bi ,j

(
ωj
nj
−
ωi
ni

)
+
1

2ε

∑
j

Bi ,jSi ,j(mi −mj), (9.13c)

where the equations for ρiu i and ωi are derived using the definitions for u i ,j and θ̂i ,j from

(9.6) and we define N × N matrices A, B, C, D, F , G, and S by

[A]i ,j =
ρiρjλi ,jλj,i
ρiλi ,j + ρjλj,i

, [B]i ,j =
ninjλi ,jλj,i
niλi ,j + njλj,i

, [S]i ,j = |u i ,j |
2
, [C]i ,j = Bi ,jSi ,j , (9.14a)

[D]i ,j =
(∑

k

Ai ,k

)
δi ,j , [F ]i ,j =

(∑
k

Bi ,k

)
δi ,j , [G]i ,j =

(∑
k

Ci ,k

)
δi ,j . (9.14b)

According to (9.13a), each individual species mass density ρi (or, equivalently, number density

ni) is conserved (i.e., constant in time). However, only the total momentum and energy are

conserved. Indeed, summing (9.13b) and (9.13c) over all species yields:

N∑
i=1

d(ρiu i)
dt

= 0 and
N∑
i=1

dωi
dt
= 0, (9.15)

respectively.

In terms of the vectorized quantities

U = [u1, . . . , uN]
⊤ ∈ RN×d and ω = [ω1, . . . , ωN]

⊤ ∈ RN, (9.16)

the equations in (9.13) take the form

P
dU
dt
= −
1

ε
(D − A)U, (9.17a)

dω
dt
= −
1

ε
(F − B)Q−1ω +

1

2ε
(G − C)M1, (9.17b)

where P = diag{ρk} ∈ RN×N, Q = diag{nk} ∈ RN×N, and M = diag{mk} ∈ RN×N. To
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simplify the analysis later, it will be convenient to introduce variables

W = P
1
2U ∈ RN×d and ξ = Q−

1
2ω ∈ RN. (9.18)

In terms of W and ξ, (9.17) takes the form

dW
dt
= −
1

ε
ZW , (9.19a)

dξ
dt
= −
1

ε
Ẑξ +

1

2ε
Q−

1
2 (G − C)M1, (9.19b)

where

Z = P−
1
2 (D − A)P−

1
2 ∈ RN×N and Ẑ = Q−

1
2 (F − B)Q−

1
2 ∈ RN×N. (9.20)

9.2 Properties of the ODE System

The main result of this section is to show that there is a unique solution to the ODE system

(9.17) for all physically meaningful initial conditions. When the collision frequencies are

constant in time, such a result follows directly from standard ODE theory for systems with

Lipschitz dynamics. However, because the collision frequencies in (9.11) depend on
√
θ̂i ,

only a local Lipschitz condition can be obtained for the right-hand side of (9.17). Thus the

key step is to show that the species temperatures are bounded below away from zero. This

bound will also be important for establishing exponential decay to steady state in Section 9.3.

We also establish upper and lower bounds on the bulk velocity components that will be used

in the decay estimates.

9.2.1 Positivity of the Temperature

To make the following proofs easier to manage, we introduce the parameters

αi ,j =
ρiλi ,j

ρiλi ,j + ρjλj,i
and βi ,j =

niλi ,j
niλi ,j + njλj,i

, (9.21)

which satisfy the conditions αi ,j + αj,i = 1 = βi ,j + βj,i . With these parameters, the mixture

values in (9.6) can be expressed as

u i ,j = αi ,ju i + αj,iu j and θ̂i ,j = βi ,j θ̂i + βj,i θ̂j +
1

d
miαj,iβi ,j |u i − u j |2 . (9.22)
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Lemma 9.2. The temperatures θ̂i , i ∈ {1, . . . , N}, satisfy the ODE

dθ̂i
dt
=
1

ε

∑
j

λi ,jβj,i(θ̂j − θ̂i) +
1

εd

∑
j

λi ,jmiαj,i(αj,i + βi ,j)|u i − u j |2. (9.23)

Proof. The proof is a direct calculation. From (9.13b) and the fact that Ai ,j = αj,iρiλi ,j , it

follows that

ρi
d
dt
|u i |2 =

1

ε

∑
j

ρiλi ,j(2αj,i⟨u i , u j⟩ − 2αj,i |u i |2), (9.24)

where ⟨·, ·⟩ denotes the standard Euclidean inner product on Rd . The equation in (9.23)

can be obtained by (i) using (9.2) to express (9.13c) in terms of the temperatures and

velocities; (ii) invoking (9.24) to eliminate the time derivative of |u i |2; (iii) using the formula

in (9.22) to replace u i ,j wherever it appears; and (iv) applying the elementary relations α2j,i =

αj,i − αi ,jαj,i = 2αj,i + α2i ,j − 1. ■

Theorem 9.3. Suppose that, for some tf > 0, the system (9.17) has a local solution

U ∈ C1
(
[0, tf ];RN×d

)
, ω ∈ C1

(
[0, tf ];RN

)
,

with initial conditions U(0) and ω(0) such that θ̂i(0) > 0 for every i ∈ {1, . . . , N}. Then

θ̂i(t) ≥ θ̂min := mink{θ̂k(0)} for all t ∈ [0, tf] and all i ∈ {1, . . . , N}.

Proof. The proof relies on an integrating factor technique that yields a Grönwall-type esti-

mate. Define a lower temperature envelope θ̂⋆(t) = mink{θ̂k(t)}. From (9.23) it follows

that, for i ∈ {1, . . . , N},

dθ̂i
dt
+ ci(t)θ̂i(t) ≥ ci(t)θ̂⋆(t), where ci(t) =

1

ε

∑
j

λi ,j(t)βj,i(t). (9.25)

Let ai(t) =
´ t
0
ci(s) ds. Then a′i(t) = ci(t) and

d
dt

(
eai (t)θ̂i(t)

)
= eai (t)

[
d
dt
θ̂i(t) + ci(t)θ̂i(t)

]
(9.25)
≥ eai (t)ci(t)θ̂⋆(t) =

d
dt

(
eai (t)

)
θ̂⋆(t).

(9.26)

For each γ > 0, define the set

Sγ =

{
t ∈ [0, tf]

∣∣∣∣ θ̂⋆(t) < 1

1 + γ
θ̂⋆(0)

}
. (9.27)

We now argue by contradiction. Assume that Sγ is nonempty and let t⋆ = inf Sγ. Since θ̂⋆(0)
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lies strictly above the threshold, t⋆ > 0. Continuity gives

θ̂⋆(t⋆) =
1

1 + γ
θ̂⋆(0) < θ̂⋆(0). (9.28)

However, because every θ̂i is continuous on [0, tf], their pointwise minimum θ̂⋆ is also con-

tinuous. The definition of the first crossing time therefore gives θ̂⋆(t) ≥ θ̂⋆(t⋆) for every

t ∈ [0, t⋆] which, along with (9.26), implies that

d
dt

(
eai (t)θ̂i(t)

)
≥

d
dt

(
eai (t)

)
θ̂⋆(t⋆), ∀t ∈ [0, t⋆]. (9.29)

Integrating both sides of (9.29) from [0, t⋆] and then multiplying the result by e−ai (t⋆) ≥ 0
gives

θ̂i(t⋆) ≥ θ̂i(0)e−ai (t⋆) + θ̂⋆(t⋆)
(
1− e−ai (t⋆)

)
≥ θ̂⋆(0)e−ai (t⋆) + θ̂⋆(t⋆)

(
1− e−ai (t⋆)

)
. (9.30)

Define i⋆ such that θ̂i⋆(t⋆) = θ̂⋆(t⋆). If i = i⋆, then (9.30) becomes

θ̂⋆(t⋆) ≡ θ̂i⋆(t⋆) ≥ θ̂⋆(0)e−ai⋆(t⋆) + θ̂⋆(t⋆)
(
1− e−ai⋆(t⋆)

)
, (9.31)

which, after some simple algebra, implies that θ̂⋆(t⋆) ≥ θ̂⋆(0). However this results contradicts

(9.28) which means that no such t⋆ exists and the set Sγ must be empty. As a consequence,

θ̂⋆(t) ≥ 1
1+γ

θ̂⋆(0) for all t ∈ [0, tf]. Since γ > 0 is arbitrary, the limit γ → 0 yields θ̂⋆(t) ≥
θ̂⋆(0) = θ̂min for all t ∈ [0, tf]. The proof is complete. ■

9.2.2 Velocity Bounds

For each component j ∈ {1, . . . , d}, define the lower and upper velocity envelopes

uk(t) = min
j
{U j,k(t)}, uk(t) = max

j
{U j,k(t)}, (9.32)

and the components of the vector umax ∈ Rd

[umax(t)]k = max {|uk(t)| , |uk(t)|} . (9.33)

Theorem 9.4. Suppose that the assumptions of Theorem 9.3 hold. Then for each j ∈
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{1, . . . , d}, the velocity components follow the inequalities

uk(0) ≤ uk(t) ≤ U i ,k(t) ≤ uk(t) ≤ uk(0) (9.34)

for all t ∈ [0, tf] and all i ∈ {1, . . . , N}. Further, for any t ∈ [0, tf], and all i ∈ {1, . . . , N},

∥u i(t)∥2 ≤ ∥umax(t)∥2 ≤ ∥umax(0)∥2 =: umax. (9.35)

Proof. The proof of the inequalities in (9.34) are similar to the proof of the temperature

lower bound given in Theorem 9.3. From the velocity equation, (9.13b),

d
dt
U i ,k +

(
1

ε

∑
j

λi ,jαj,i

)
U i ,k =

1

ε

∑
j

λi ,jαj,iU j,k , (9.36)

we obtain, using the definitions U j,k(t) ≤ uk(t), and ci = 1
ε

∑
j λi ,jαj,i ,

d
dt
U i ,k + ci(t)U i ,k ≤ ci(t)uk(t). (9.37)

From this point the proof of the upper bound in (9.34) follows that of Theorem 9.3, with

(9.37) being the analog of (9.25). The proof of the lower bound is even more similar.

Finally, the bound in (9.35) follows from (9.34). Specifically, if a, b, and c are real-valued

scalars such that a ≤ b ≤ c , then |b| ≤ max{|a|, |c |}. Hence

∥u i∥22 =
d∑
k=1

U2i ,k ≤
d∑
k=1

max {|uk(0)| , |uk(0)|}
2 = ∥umax(0)∥22 = u2max. (9.38)

■

9.2.3 Existence and Uniqueness

According to (9.13a), the number densities ni and mass densities ρi are non-negative con-

stants in time:

ni(0) = ni(t), ρi(0) = ρi(t) = mini(t), ∀ i ∈ {1, . . . , N}, t ∈ [0, tf]. (9.39)

To avoid degenerate cases, we assume

nmin := min
j
nj(0) > 0, ρmin := min

j
ρj(0) > 0.
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Then, given any velocity-energy pair (u i , ωi), the associated temperature θ̂i is given by (cf.

(9.1))

θ̂i = ϑi(u i , ωi) :=
2

dni
ωi −

mi

d
|u i |2, (9.40)

and the set of all realizable velocity and energy states is given by

R =
{
(U,ω) ∈ RN×d × RN

∣∣ ϑi(u i , ωi) ≥ 0, ∀ i ∈ {1, . . . , N}} , (9.41)

where ϑi is defined in (9.40). Given positive scalars θ̂min ∈ (0,∞) and ωtot ∈ (0,∞), let

D(θ̂min, ωtot) =

{
(U,ω) ∈ R

∣∣∣∣∣
N∑
i=1

ωi = ωtot and ϑi(u i , ωi) ≥ θ̂min, ∀ i ∈ {1, . . . , N}

}
.

(9.42)

Recall that Theorem 9.4 gives

|u i | ≤ umax := ∥umax(0)∥2 ≤
√
2ωtot

ρmin

for all (U,ω) ∈ D(θ̂min, ωtot). Thus D(θ̂min, ωtot) is a closed and bounded subset of RN×d×RN.

Lemma 9.5. Let θ̂min ∈ (0,∞) and ωtot ∈ (0,∞) be given. Suppose that for some tf > 0,

there exists a local solution U ∈ C1
(
[0, tf];RN×d

)
and ω ∈ C1

(
[0, tf];RN

)
of the system in

(9.17) with initial condition (U0,ω0) ∈ D(θ̂min, ωtot). Then (U(t),ω(t)) ∈ D(θ̂min, ωtot) for

all t ∈ [0, tf]. In particular, θ̂min ≤ θ̂i(t) ≤ θ̂max :=
2

dnmin
ωtot for all t ∈ [0, tf].

Proof. To conclude that (U(t),ω(t)) ∈ D for all t ∈ [0, tf], two conditions must be satisfied.

The first condition:
N∑
i=1

ωi(t) =

N∑
i=1

ωi(0) = ωtot, ∀ t ∈ [0, tf], (9.43)

follows immediately from (9.15), and the upper bound θ̂i(t) ≤ θ̂max follows:

θ̂i(t) =
2

dni
ωi(t)−

mi

d
|u i(t)|2 ≤

2

dni
ωi(t) ≤

2

dnmin
ωtot = θ̂max. (9.44)

The second condition:

θ̂min ≤ θ̂i(t) = ϑi(u i(t), ωi(t)), ∀ t ∈ [0, tf], (9.45)

is a direct consequence of Theorem 9.3. ■
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Theorem 9.6. Suppose that mi > 0 and ni > 0 for all i ∈ {1, . . . , N}. Then for any

(U0,ω0) ∈ intR, there exists a global, unique solution (U,ω) ∈ C1([0,∞);R) of the sys-

tem (9.17) with the initial conditions (U(0),ω(0)) = (U0,ω0). Moreover, the associated

temperatures θ̂i(t) = ϑi(u i(t), ωi(t)) are bounded below by their initial values; that is

min
i
θ̂i(t) ≥ min

i
θ̂i(0), ∀t > 0. (9.46)

Proof. The system (9.17) can be written as

d
dt

(
U

ω

)
= f (U,ω) where f (U,ω) :=

(
−1
ε
P−1(D − A)U

−1
ε
(F − B)Q−1ω + 1

2ε
(G − C)M1

)
. (9.47)

Let θ̂min = mini θ̂i(0) and ωtot =
∑

i ωi(0). Since (U,ω) ∈ intR, it follows that θ̂min >

0 and ωtot > 0. Moreover, there exists an η > 0 such that the closed η-neighborhood

of D(θ̂min, ωtot), denoted by Dη(θ̂min, ωtot), is contained in intR; that is, Dη(θ̂min, ωtot) ⊂
intR. In particular, mini θ̂i = mini ϑi(u i , ωi) is bounded below on Dη(θ̂min, ωtot). Hence, f is

Lipschitz on Dη(θ̂min, ωtot) with Lipschitz constant L > 0 and satisfies ∥f (U,ω)∥2 ≤M <∞
there. Since (U0,ω0) ∈ D, there is a number β = β(η) > 0, independent of the point

(U0,ω0), such that the closed ball B
(
(U0,ω0), β

)
⊂ Dη. By the Picard–Lindelöf theorem,

Theorem B.1, there exists a unique solution on the interval [0, δ], where δ = min
(
1
2L
, βM
)
.

By Lemma 9.5, (U(t),ω(t)) ∈ D for all t ∈ [0, δ]. Since (U(δ),ω(δ)) ∈ D, we can apply

the Picard–Lindelöf theorem again with initial value (U(δ),ω(δ)) and extend the solution to

[0, 2δ]. The same argument can be repeated indefinitely. Crucially, the uniform constants L,

M, and β prevent the continuation interval δ from shrinking. The result follows. ■

9.3 Long-time Behavior

Having proven the existence of unique, global, physically realizable solutions for (9.17), we

now seek to characterize the asymptotic behavior of those solutions. In particular, we want

to show that solutions converge to

U∞(t) = 1 (u∞)⊤ and ω∞(t) =
|u∞(t)|2

2
P1+

dθ̂∞(t)

2
Q1, (9.48)

where

u∞(t) =

∑
i ρiu i(t)∑

i ρi
and θ̂∞(t) =

∑
i ni θ̂i(t)∑

i ni
+

∑
i ρi(|u i(t)|2 − |u∞(t)|2)

d
∑

i ni
. (9.49)

172



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

are constant functions of time.

Proposition 9.7. Suppose that (U,ω) ∈ C1 ([0,∞);R) is a unique global-in-time solution

to the system (9.17a)-(9.17b) with assumptions as given in Theorem 9.6. Further let θ̂ ∈
C1
(
[0,∞);RN

)
be the associated temperature vector, whose components satisfy (9.23).

Then u∞, θ̂∞, and ω∞ are time invariant quantities, and θ̂∞ > 0.

Proof. By conservation of mass, (9.13a), and total momentum, (9.15),
∑

i ρi and
∑

i ρiu i

are constant. Thus u∞ is time invariant. To show that θ̂∞ is constant in time, multiply

(9.49) by the expression d
2

∑
i ni , which is constant by (9.13a), to obtain

d

2

(∑
i

ni

)
θ̂∞ =

∑
i

[
d

2
ni θ̂i +

1

2
ρi |u i |2

]
−
1

2

(∑
i

ρi

)
|u∞|2 =

∑
i

ωi −
1

2

(∑
i

ρi

)
|u∞|2.

(9.50)

The first term on the right-hand side of (9.50) is constant by conservation of total energy,

(9.15); the second term is constant by conservation of species mass, (9.13a), and the fact

that u∞ is constant. Thus θ̂∞ is time invariant. It follows immediately from (9.48) that ω∞

is also time invariant.

By Theorem 9.6, θ̂i(t) ≥ θ̂min > 0 for every species and all t ≥ 0. Therefore the

first term in (9.49) is strictly positive. To conclude that θ̂∞ > 0, it remains only to

show that
∑

i ρi(|u i |2 − |u∞|2) ≥ 0. Let ri =
ρi∑
k ρk

> 0. Then
∑

i ri = 1 and |u∞|2 =
(
∑

i riu i)
⊤(
∑

j rju j) =
∑

i

∑
j ri rju

⊤
i u j . Therefore

∑
i

ρi(|u i |2 − |u∞|2) =
∑
k

ρk

[∑
i ,j

ri rj |u i |2 −
∑
i ,j

ri rju
⊤
i u j

]
=
1

2

∑
k

ρk
∑
i ,j

ri rj |u i − u j |2 ≥ 0.
(9.51)

■

Remark 9.8. The quantities u∞ and θ̂∞ were referred to as the mixture mean velocity and

mixture temperature, respectively, in [31]. To agree with the conventions of Chapter 2, we

call them the equilibrium velocity and equilibrium species-frame temperature. The symbols

u i ,j and θ̂i ,j denote pairwise BGK target parameters; the unqualified terms mixture velocity

and mixture temperature remain reserved for u and θ.

The convergence of u i , θ̂i , and ω as t → ∞ is established by the following result. To

state the estimate without excluding coincident decay rates, we first introduce a continuous

two-rate kernel.
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Definition 9.9 (Two-Rate Decay Kernel). For a, b > 0 and t ≥ 0, define the two-rate decay

kernel

Ka,b(t) =


e−at/ε − e−bt/ε

b − a , a ̸= b,
t

ε
e−at/ε, a = b.

(9.52)

The second line is the continuous extension of the first as b → a.

Theorem 9.10. Under the assumptions of Proposition 9.7, for all i ∈ {1, . . . , N},

lim
t→∞
u i(t) = u

∞, lim
t→∞

θ̂i(t) = θ̂
∞, and lim

t→∞
ω(t) = ω∞, (9.53)

and bounds for the decay rates of the bulk velocities and energies are given by

∥u i(t)− u∞∥2 ≤ CU exp
(
−
zmin
ε
t
)
, i ∈ {1, . . . , N} (9.54)

∥ω(t)− ω∞∥2 ≤ C1e−
ẑmin
ε
t + C2Kzmin,ẑmin(t), (9.55)

where zmin > 0 and ẑmin > 0 are lower bounds on the positive eigenvalues of Z and Ẑ,

respectively, and CU > 0, C1 > 0, and C2 > 0 are constants depending only on the initial

conditions of the system.

9.3.1 Null Spaces of D − A, Z, F − B, and Ẑ

To prove Theorem 9.10, we first characterize the null spaces of the matrices D−A, Z, F−B,

and Ẑ, which are defined in (9.14), and (9.20).

Lemma 9.11. The matrices D − A and Z are symmetric positive semi-definite (SPSD),

each with a one dimensional null space. In particular, N (D − A) = span({1}) and N (Z) =
span

({
P
1
21
})

. Moreover, the null space and range space of Z are invariant with respect to

time.

Proof. The matrix A is symmetric by its definition, and D is diagonal; hence D − A is

symmetric. The congruence defining Z then makes Z symmetric as well. For any y ∈ RN,

y⊤(D − A)y =
1

2

∑
i ,j

Ai ,j(yi − yj)2 ≥ 0. (9.56)

Moreover, since Ai ,j > 0, 12
∑

i ,j Ai ,j(yi − yj)2 = 0 if and only if yi = yj for all i and j , in

which case y = c1 for some c ∈ R. Thus D − A is SPSD, with a one-dimensional null
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space spanned by the eigenvector 1. Similarly y⊤Zy = (P−
1
2y)⊤(D − A)(P− 12y) ≥ 0, and

Zy = 0 ⇐⇒ P−
1
2y = c1 ⇐⇒ y = cP

1
21, for some c ∈ R. Thus Z is SPSD, with a one

dimensional null space spanned by the eigenvector P
1
21. By conservation of mass, (9.13a),

P
1
21 is independent of time. Thus the null space of Z is invariant with respect to time. The

symmetry of Z implies that R(Z) = N (Z)⊥ is also invariant. ■

Lemma 9.12. The matrices F − B and Ẑ are symmetric positive semi-definite (SPSD). In

particular N (F − B) = span ({1}) and N (Ẑ) = span
({
Q
1
21
})

. Moreover, the null space

and range space of Ẑ are invariant with respect to time.

Proof. The matrices F − B and Ẑ are symmetric. For every y ∈ RN,

y⊤(F − B)y =
1

2

∑
i ,j

Bi ,j(yi − yj)2 ≥ 0. (9.57)

Because Bi ,j > 0 for i ̸= j , equality holds exactly when all components of y are equal. Hence

F − B is SPSD and N (F − B) = span{1}. The congruence relation

y⊤Ẑy =
(
Q−1/2y

)⊤
(F − B)

(
Q−1/2y

)
(9.58)

then shows that Ẑ is SPSD and N (Ẑ) = span{Q1/21}. The matrix Q is constant in time

by species-mass conservation, so this null space is time invariant. Finally, symmetry gives

R(Ẑ) = N (Ẑ)⊥, and the range is therefore time invariant as well. ■

9.3.2 Velocity Relaxation Proof

Theorem 9.13. Under the assumptions of Proposition 9.7, limt→∞ u i(t) = u∞ and

∥u i(t)− u∞∥2 ≤ CU exp
(
−
zmin
ε
t
)
, i = 1, . . . , N, (9.59)

where CU > 0 is a constant that depends on the initial conditions of the system and zmin > 0

is a lower bound on the positive eigenvalues of Z.

Proof. The proof is based on (9.19a) which is equivalent to (9.17a). Let W∞ = P
1
2U∞,

where U∞ = 1 (u∞)⊤ is given in (9.48). Then Lemma 9.11 implies that ZW∞ = 0 ∈ RN×d .
Moreover, since P and U∞ are independent of time, so too is W∞. Thus in terms of

W̃ := W −W∞, (9.19a) takes the form

dW̃
dt
= −
1

ε
ZW̃ . (9.60)
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Write the element W̃ as a sum of the null and range space components with respect to Z:

W̃ = W̃R+W̃N . As shown in Appendix D, W̃N = 0. Hence W̃ = V A, where the columns of

V = [v 1, . . . , vN−1] ∈ RN×(N−1) are a set of orthonormal eigenvectors of Z that span R(Z)
and A = [a1, . . . , ad ] ∈ R(N−1)×d . Using this formulation, the ODE system (9.60) becomes

dA
dt
= −
1

ε
V ⊤ZV A. (9.61)

The eigenvalues of V ⊤ZV are strictly positive and bounded below by the quantity zmin :=

Nmax{ρk}−1mini ,j Ai ,j (see Appendix C). Thus
(
A, V ⊤ZV A

)
F ≥ zmin ∥A∥2F, where ∥ · ∥F is

the Frobenius norm. Let s(t) = ∥A∥2F. Then, using (9.61),

1

2

ds
dt
=

(
A,

dA
dt

)
F
=

(
A,−

1

ε
V ⊤ZV A

)
F
≤ −

zmin
ε
∥A∥2F = −

zmin
ε
s (9.62)

which implies that

∥A(t)∥2F ≤ ∥A(0)∥
2
F e
− 2zmin

ε
t . (9.63)

Since V ⊤V = IN−1, it follows then ∥W̃∥2F = ∥V A∥
2
F = ∥A∥

2
F . Thus, (9.63) becomes

∥W (t)−W∞∥2F ≤ ∥W (0)−W
∞∥2F e−

2zmin
ε
t . (9.64)

Since W = P
1
2U, it follows that

∥W −W∞∥2F =
d∑
k=1

N∑
j=1

[
ρj ((u j)k − u∞k )

2
]
=

N∑
j=1

ρj ∥u j − u∞∥22 ≥ min{ρk} ∥u i − u
∞∥22 ,

(9.65)

for any i ∈ {1, . . . , N}. Thus, (9.64) gives the decay bound

∥u i(t)− u∞∥22 ≤
1

min{ρk}
∥W (t)−W∞∥2F ≤

1

min{ρk}
∥∥W 0 −W∞∥∥2F e− 2zminε t =: C2Ue

− 2zmin
ε
t ,

(9.66)

and limt→∞ u i = u∞, as desired. ■

9.3.3 Energy Relaxation Proof

Theorem 9.14. With the same assumptions as in Proposition 9.7, limt→∞ ω(t) = ω∞ and

∥ω(t)− ω∞∥2 ≤ C1e−
ẑmin
ε
t + C2Kzmin,ẑmin(t), (9.67)
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where C1 > 0 and C2 > 0 are constants that depend on the initial conditions of the system

(9.17) and ẑmin is a lower bound on the positive eigenvalues of Ẑ.

Proof. The proof is based on (9.19), which is equivalent to (9.17). Set ξ∞ := Q−
1
2ω∞, and

note that

Ẑξ∞ =
|u∞|2

2
Q−

1
2 (F − B)M1. (9.68)

Since Q and ω∞ are time invariant, so too is ξ∞. Hence ξ̃ := ξ − ξ∞ satisfies the ODE

dξ̃
dt
= −
1

ε
Ẑξ̃ +

1

2ε
Q−

1
2

[
(G − C)− |u∞|2(F − B)

]
M1. (9.69)

Consider the null and range space components of ξ̃ with respect to Ẑ: ξ̃ = ξ̃R + ξ̃N . It

can be shown that ξ̃N ≡ 0. (See Appendix D.) Therefore ξ̃ = ξ̃R = V̂ b, where V̂ =

[v̂ 1, . . . , v̂N−1] ∈ RN×(N−1) is a matrix whose columns form an orthonormal basis for the

range of Ẑ and b = V̂ ⊤ξ̃ ∈ RN−1. Multiplication of (9.69) by b⊤V̂ ⊤ gives

1

2

d
dt
∥b∥22 = −

1

ε
b⊤V̂ ⊤ẐV̂ b

+
1

2ε
b⊤V̂ ⊤Q−

1
2

[
(G − C)− |u∞|2(F − B)

]
M1. (9.70)

The eigenvalues of V̂ ⊤ẐV̂ are strictly positive and bounded below by

ẑmin := Nmax{nk}−1min
i ,j
Bi ,j ;

see Appendix C. Consequently,

b⊤V̂ ⊤ẐV̂ b ≥ ẑmin∥b∥22 for every b ∈ RN−1.

With this bound and an application of the Cauchy–Schwarz inequality, (9.70) becomes

d
dt
∥b∥22 ≤ −

2ẑmin
ε
∥b∥22

+
∥b∥2

εmin{nk}1/2
∥∥[(G − C)− |u∞|2(F − B)]M1∥∥

2
. (9.71)

The next step is to bound the source term in (9.71). Standard norm inequalities and the
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definitions in (9.14), and Appendix C, give

∥∥[(G − C)− |u∞|2 (F − B)]M1∥∥
2
≤ 2max{mk}

N∑
i=1

N∑
j=1
j ̸=i

Bmax
∣∣|u i ,j |2 − |u∞|2∣∣ . (9.72)

Meanwhile, to bound |Si ,j − |u∞|2|, we use (i) the decay bound in (9.59), (ii) the definitions

of u i ,j and u∞, (iii) the triangle inequality and Cauchy Schwarz inequality, (iv) the fact that

αi ,j + αj,i = 1, and (v) the fact that |u i ,j | ≤ maxi ,j{|u i |, |u j |} ≤ umax to obtain

∣∣|u i ,j |2 − |u∞|2∣∣ = ∣∣(u i ,j + u∞)⊤(u i ,j − u∞)∣∣ ≤ 2umax ∥u i ,j − u∞∥2
≤ 2umax (αi ,j∥u i − u∞∥2 + αj,i∥u j − u∞∥2) ≤ 2CUumax exp

(
−
zmin
ε
t
)
. (9.73)

Together (9.72) and (9.73) give

∥∥[(G − C)− |u∞|2(F − B)]M1∥∥
2
≤ 4N(N − 1)CUumaxBmaxmax{mk}e−

zmin
ε
t , (9.74)

and (9.71) becomes

d
dt
∥b∥2 ≤ −

ẑmin
ε
∥b∥2 +

1

ε
C0e

− zmin
ε
t , (9.75)

where C0 = 1
2
4N(N−1)CUumaxBmaxmax{mk}

min{nk}
1
2

. At times when ∥b∥2 > 0, this follows by dividing by

∥b∥2; at a zero, the same inequality follows by applying the calculation to
√
∥b∥22 + δ2 and

letting δ ↓ 0. Equivalently,

d
dt

(
∥b∥2e

ẑmin
ε
t
)
≤
C0
ε
e
ẑmin−zmin

ε
t . (9.76)

Integrating both sides above in t and using (9.52) gives

∥b∥2 ≤ ∥b0∥2e−
ẑmin
ε
t + C0Kzmin,ẑmin(t). (9.77)

Since V̂ ⊤V̂ = IN−1, it follows that ∥ξ̃∥22 = ∥V̂ b∥22 = ∥b∥
2
2 . Thus, (9.77) becomes

∥ξ − ξ∞∥2 ≤
∥∥ξ0 − ξ∞∥∥

2
e−

ẑmin
ε
t + C0Kzmin,ẑmin(t). (9.78)
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Further, since

∥ξ − ξ∞∥22 = ∥Q−
1
2 (ω − ω∞)∥22 =

N∑
i=1

n−1i |ωi − ω
∞
i |2 ≥

1

max{nk}
∥ω − ω∞∥22 , (9.79)

it follows that

∥ω(t)− ω∞∥2 ≤ max{nk}
1
2

(∥∥ξ0 − ξ∞∥∥
2
e−

ẑmin
ε
t + C0Kzmin,ẑmin(t)

)
, (9.80)

which recovers (9.67) with C1 := max{nk}
1
2

∥∥ξ0 − ξ∞∥∥
2

and C2 := C0max{nk}
1
2 . Thus

limt→∞ ω(t) = ω
∞, as desired. ■

9.3.4 Temperature Relaxation

Corollary 9.15. With the same assumptions as in Proposition 9.7, for each species i ∈
{1, . . . , N}, limt→∞ θ̂i(t) = θ̂∞, and

∣∣θ̂i − θ̂∞∣∣ ≤ 2

d min{nk}

[
C1e

− ẑmin
ε
t + C2Kzmin,ẑmin(t)

]
+
2max{mk}umaxCU

d
e−

zmin
ε
t . (9.81)

Proof. For each i ,

θ̂i =
2

dni
ωi −

mi

d
|u i |2 and θ̂∞ =

2

dni
ω∞i −

mi

d
|u∞|2. (9.82)

Therefore

∣∣θ̂i − θ̂∞∣∣ ≤ 2

d min{nk}
|ωi − ω∞i |+

max{mk}
d

∣∣|u∞|2 − |u i |2∣∣ . (9.83)

The velocity decay bound (9.59), gives

∣∣|u∞|2 − |u i |2∣∣ ≤ 2umax∥u∞ − u i∥2 ≤ 2umaxCUe− zmin
ε
t . (9.84)

Using this and the energy decay bound (9.67), the result follows. ■

Remark 9.16. The result in Corollary 9.15 can also be verified directly using the temperature

equation in Equation (9.23) and an approach similar to the proof of Theorem 9.14. The

difference in the proofs comes from the fact that the nullspace component analogous to ξ̃N
is no longer zero when using Equation (9.23).
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9.4 Numerical Confirmation of Theory

In this section, we compute temperature and velocity profiles using a fully implicit (backward)

Euler time stepping scheme.1 We assume a slab geometry in the x1 direction. Thus while

d = 3, the quantities of interest depend only on x1. Moreover the bulk velocities in the x2
and x3 direction are identically zero, i.e., Ui ,j = 0 for all j ∈ {2, 3}.

We consider systems with three different gas species chosen from a collection of four

possible elements: Helium (He), Argon (Ar), Krypton (Kr), and Xenon (Xe). The masses

and diameters of these elements are taken from [15] and are given below in SI units:
mHe

mAr

mKr

mXe

 =

6.6464731

66.335209

139.14984

218.01714

× 10−27 kg,


dHe

dAr

dKr

dXe

 =

2.193

3.659

4.199

4.939

× 10−10 m. (9.85)

In all of the examples below, the monotonicity of the minimum temperature (Theorem 9.3)

and the upper and lower bounds on the bulk velocities (Theorem 9.4) are respected.

Example 1: Temperature Decay, Ar–Kr–Xe Mixture. The purpose of this example is to

demonstrate temperature relaxation when the bulk velocities are zero. The initial number

densities, velocities, and temperatures are given by
n0Ar

n0Kr

n0Xe

 =

1

1

1

× 1028 m−3, U0 =


0 0 0

0 0 0

0 0 0

 m/s, θ̂
0
=


1000

2000

3000

 K. (9.86)

Figure 9.1 shows the relaxation of the temperatures to their steady state value. In this case

the decay rate established in (9.81) is fairly sharp, even though the temperatures may not

approach steady state monotonically.

Example 2: Velocity Decay, Ar–Kr–Xe Mixture. The purpose of this example is to

demonstrate the velocity relaxation, with minimal effects from the temperature. A positive

velocity is given to one particle type, and each temperature is set to the same constant. The
1The backward Euler method preserves the monotonicity properties of the temperature and bulk velocity

established in Section 9.2. This fact will be proved in future work.
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(a) Species and steady state
temperatures.

(b) Deviation from steady state
temperature and analytical decay

estimate from (9.81).

Figure 9.1: Temperature Decay of Ar–Kr–Xe Mixture in Example 1.

initial number densities, velocities, and temperatures are given by
n0Ar

n0Kr

n0Xe

 =

3

2

1

× 1028 m−3, U0 =


100 0 0

0 0 0

0 0 0

 m/s, θ̂
0
=


1000

1000

1000

 K. (9.87)

Figure 9.2 shows the relaxation of the velocities and temperatures to the steady state values.

The decay rate established for the velocities and temperatures in (9.59) and (9.81) under-

estimate the true decay rates in the example. The results also demonstrate that, unlike the

two-species case, particle velocities may not converge to the steady-state value monotonically.

Example 3: Velocity-Temperature Relaxation, He–Kr–Xe Mixture This test case ex-

ercises the model due to the large kinetic energy differences between the species. The initial

number densities, velocities, and temperatures are given by
n0He

n0Kr

n0Xe

 =

0.01

1

1

× 1028 m−3, U0 =


864.8 0 0

0 0 0

0 0 0

 m/s, θ̂
0
=


3000

300

300

 K.

(9.88)

The momentum equilibration has a corresponding kinetic energy redistribution which causes

non-monotonic changes in the temperature profile, as seen in Figure 9.3c. Because of the

large differences in the particle masses and number densities, the estimates for the decay

rates established in (9.59) and (9.81) are very weak.
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(a) Species and steady state velocities. (b) Deviation from steady state velocity
and analytical decay estimate from

(9.59).

(c) Species and steady state
temperatures.

(d) Deviation from steady state velocity
and analytical decay estimate from

(9.81).

Figure 9.2: Velocity and Temperature Decay of Ar–Kr–Xe Mixture in Example 2.

182



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

(a) Species and steady state velocities. (b) Deviation from steady state velocity
and analytical decay estimate from

(9.59).

(c) Species and steady state
temperatures.

(d) Deviation from steady state velocity
and analytical decay estimate from

(9.81).

Figure 9.3: Velocity and Temperature Decay of He–Kr–Xe Mixture in Example 3.
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9.5 A Novel Nonlinear GST Iterative Solver

This section is based on our recent paper [34]:

E. Habbershaw, C.D. Hauck, and S.M. Wise, Implicit Update of the Moment Equations for a

Multi-Species, Homogeneous BGK Model, SINUM (SIAM J. Numer. Anal.) 63 (2025) 881–

907.

https://doi.org/10.1137/24M165421X

There we derived and analyzed a new nonlinear Gauss–Seidel-type (GST) solver for the

space-homogeneous, multispecies BGK model. We will not give the tedious details of the

method or the analyses in this document. Rather, we will content ourselves with some

numerical simulations using the GST iterative method.

We first consider a slab geometry, in which the distribution functions fi are invariant in

the x2 and x3 direction. In this setting, the multispecies BGK equation takes the form

∂fi
∂t
+ v1∂x fi =

1

ε

∑
j

λi ,j(Mi ,j − fi) ∀i ∈ {1, . . . , N}, (9.89)

where [u i ,j ]2 = [u i ,j ]3 = 0, and to simplify the notation, we let x1 = x , [u i ]1 = ui , and

[u i ,j ]1 = ui ,j . Rather than solve (9.89) in the full three-dimensional velocity space, we apply

a multispecies extension of Chu reduction [16]. For each i ∈ {1, . . . , N}, let

gi(x, v1, t) =

ˆ
R2
fi(x, v , t) dv2 dv3, (9.90a)

hi(x, v1, t) =

ˆ
R2
(v 22 + v

2
3 )fi(x, v , t) dv2 dv3. (9.90b)

Then (9.89) can be reduced to a system of equations for gi and hi :

∂gi
∂t
+ v1

∂gi
∂x
=
1

ε

∑
j

λi ,j(Gi ,j − gi), (9.91a)

∂hi
∂t
+ v1

∂hi
∂x
=
1

ε

∑
j

λi ,j(Hi ,j − hi), (9.91b)

where Gi j(v1) = M
(1)

ni ,ui ,j ,θ̂i ,j/mi
(v1) is a Maxwellian with d = 1, Hi ,j = 2

θ̂i ,j
mi
Gi ,j , and

ni =

ˆ
R
gi dv1, niui =

ˆ
R
v1gi dv1,

3ni
mi

θ̂i =

ˆ
R
(v1 − ui)2gi dv1 +

ˆ
R
hi dv1. (9.92)

We use the IMEX approach outlined in [34] to solve (9.91). The Butcher tableaux for
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the IMEX method is taken from Table II of [58]. The implicit step takes the form of a

backward Euler method. The nonlinear GST method still forms the key component of the

implicit step. The spatial discretization of the advection operator uses a second-order finite

volume scheme with minmod-type slope limiters, as described in earlier chapters. The velocity

is discretized using standard discrete velocity models based on evenly spaced points and a

midpoint quadrature rule. Details of these discretizations can be found in Chapter 6. The

strategy for selecting the time step is to use the natural hyperbolic restriction of the advection

operators in the equations. In practice, we observe that the GST method converges without

onerous restrictions. However, for general problems, these restrictions provide a rigorous

fall-back whenever the GST method fails to converge at the hyperbolic time step [34].

Anderson Acceleration (AA) [80] is a commonly used method to speed up fixed point

iterative methods. We wrap the GST method with an Anderson Acceleration loop, and find

that using this method decreases the iteration counts required for convergence of the method.

9.5.1 Sod problem with two identical species

To verify the multispecies code, we perform a simulation of the Sod shock tube problem

[73], a Riemann problem for the compressible Euler equations of a perfect gas. The initial

data are (nL, uL, θL) = (1, 0, 1) for x ≤ 0, and (nR, uR, θR) = (0.125, 0, 0.8) for x ≥ 0. An

analytical solution for the Riemann problem can be found in [77]. For small values of ε, both

the single-species BGK equation [17] and multispecies BGK (M-BGK) equations [32] with

properly initialized data formally recover the Sod solution. Because the slab problem (9.89)

is formulated in three velocity dimensions, the adiabatic index for the limiting Euler equations

is γ = 5/3.

In the current test, we treat the left- and right-hand side of the domain as different particle

species, each having mass mi = 1. The kinetic initial data is

f1(x, v , 0) =

M
(3)
nL,uL,θL

, x ≤ 0,

M
(3)
0.001,uR,θR

, x > 0,
and f2(x, v , 0) =

M
(3)
0.001,uL,θL

, x ≤ 0,

M
(3)
nR,uR,θR

, x > 0,
(9.93)

where M(d)n,u,θ denotes the d-dimensional Maxwellian, defined in (9.3). Trace densities are used

in (9.93) instead of voids in order to avoid negativity in the numerical solutions.

The numerical solution is computed on a discretization of the phase space X × V =
[−1, 1] × [−10, 10], using periodic boundary conditions and a mesh with Nx = 256 by Nv =

192 cells of uniform size. The time step selection is driven by the advection in (9.91):
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∆t = 0.9 2/Nx
2max{|vl |} . Figure 9.4 shows single- and multispecies simulations of the model with

ε = 10−4, run to a final time of tf = 0.2, compared with the Sod solution for the associated

Euler equations. The results show that both BGK and M-BGK models perform well as

numerical solvers for the Sod problem in this highly collisional regime.

Figure 9.5 contains a comparison of the iteration counts required for convergence at a

tolerance of 10−8. The iteration count for the GST method ranges from one to five over the

simulation, with an average of approximately 1.982 iterations, and the Anderson Acceleration

method reduces the number of iterations to a range of one to four, with an average of

approximately 1.943 iterations.
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(a) Total number density.
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Figure 9.4: The total density, total bulk velocity, and total temperature moments are compared to
the solution of the Euler equations at time t = 0.2, with ε = 10−4.

(a) Iterations required for
convergence of GST.

(b) Iterations required for
convergence of AA.
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Figure 9.5: The number of iterations required for convergence is decreased by the application of
Anderson Acceleration (AA) to the GST algorithm. The maximum iteration number over the spatial
grid is strictly greater for the GST algorithm, compared to the Anderson Acceleration approach.
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9.5.2 Three Species Mixture: Ar–Kr–Xe

The goal of this test is to demonstrate the benefits of the IMEX method when the problem

becomes stiff (i.e., as ε → 0). The following CFL-type conditions on the time step are

required for the explicit and IMEX methods (which use a minmod-type slope limiter in the

flux computation) to ensure stability and positivity of the numerical solution:

∆tn ≤


ε∆x

2εmax{|vl |}+∆xΛn =: ∆t
n
EX,

∆x
2max{|vl |} =: ∆tIMEX,

where Λn =
N
max
i=1

{
max
κ

{
N∑
j=1

λn
i ,j(xκ)

}}
. (9.94)

As ε→ 0, the condition on ∆tnEX becomes restrictive.

To compare the methods, we simulate an interface problem, with a mixture of Argon,

Krypton, and Xenon; the masses and diameters of these particle species are taken from [15]

and are given below in SI units:
mAr

mKr

mXe

 =

6.6335209

13.914984

21.801714

× 10−26 kg,


dAr

dKr

dXe

 =

3.659

4.199

4.939

× 10−10 m. (9.95)

The setup for the test is similar to that of Section 9.5.1: a mixture of gases at rest is

initialized with a high temperature on the left, and a low temperature on the right of the

domain. Specifically, the mixture of Ar, Kr, and Xe is initialized on the left half of the one-

dimensional spatial domain with number densities (n0Ar, n
0
Kr, n

0
Xe) = (5, 5, 0.5) ×1025 m−3, and

common energy temperature θ̂L = 10; on the right half, the mixture is initialized with number

densities (n0Ar, n
0
Kr, n

0
Xe) = (0.5, 0.5, 5) ×1025 m−3, and common energy temperature θ̂R = 1.

The initial kinetic distributions are given by

fAr(x, v , 0) = χ[−1,0](x)M
(3)
5,0,10/mAr

(v) + χ(0,1](x)M
(3)
0.5,0,1/mAr

(v), (9.96a)

fKr(x, v , 0) = χ[−1,0](x)M
(3)
5,0,10/mKr

(v) + χ(0,1](x)M
(3)
0.5,0,1/mKr

(v), (9.96b)

fXe(x, v , 0) = χ[−1,0](x)M
(3)
0.5,0,10/mXe

(v) + χ(0,1](x)M
(3)
5,0,1/mXe

(v), (9.96c)

where χS is the indicator function on the set S, and M
(d)
n,u,θ denotes the d-dimensional

Maxwellian, defined in (9.3).

The numerical solution is computed on a discretization of the phase space X × V =
[−1, 1]× [−30, 30], using reflective boundaries; the mesh consists of Nx = 256 × Nv = 192
cells of uniform size. The IMEX method (using the GST solver) uses a time step of size
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∆t = 0.9∆tIMEX, and the fully explicit method uses a time step of size ∆tn = 0.9∆tnEX; the

simulation is run to a final time of tf = 1 µs.

Moment plots for numerical solutions computed with the IMEX and fully explicit method

are compared in Figure 9.6 for ε ≈ 0.001. The computed solutions align closely. However,

the explicit method requires 7089 time steps, while the IMEX method only requires 854 steps.

In practice, as ε decreases, the number of time steps for the explicit method grows, slowing

the simulation, while the IMEX method experiences no slow down in computation time.

Figure 9.7 contains a comparison of the iteration counts required for convergence at

a tolerance of 10−8. The iteration count for the GST method ranges from two to five

during the simulation, with an average of approximately 2.0989 iterations, and the Anderson

Acceleration method reduces the number of iterations to a range of two to four, with an

average of approximately 2.0001 iterations.
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Figure 9.6: Noble gas mixture of Ar, Kr, and Xe: Moment plots of species number density, bulk
velocity, and temperature, are given at tf = 1 µs, for a mixture with ε ≈ 0.00103. M-BGK uses the
GST algorithm for the moment solve. M-BGKEX uses a fully explicit method.
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(a) Iterations required for
convergence of GST.

(b) Iterations required for
convergence of AA.
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Figure 9.7: The number of iterations required for convergence is decreased by the application of
Anderson Acceleration (AA) to the GST algorithm. The maximum iteration number over the spatial
grid is strictly greater for the GST algorithm, compared to the Anderson Acceleration approach.

Test Tolerance GST iterations AA iterations Time steps
Two-species
Sod

10−8 1–5 (mean 1.982) 1–4 (mean 1.943) —

Ar–Kr–Xe
mixture

10−8 2–5 (mean
2.0989)

2–4 (mean
2.0001)

IMEX: 854; explicit:
7089

Table 9.1: Archived nonlinear-solver and time-step counts. For the Ar–Kr–Xe test, the IMEX
method uses approximately 8.30 times fewer time steps than the fully explicit method. AA denotes
Anderson acceleration applied to the GST iteration.
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9.6 Conclusions

In this chapter, we have studied the moment equations associated to a recently developed mul-

tispecies BGK kinetic model for rarefied gas dynamics in the spatially homogeneous setting.

The model includes collision frequencies that, unlike most models in the literature, depend

on the species temperatures. This fact complicates the analysis of the moment equations

and subsequent numerical tools. We have proven that all species temperatures are bounded

below by a positive, non-decreasing temperature envelope, thus establishing that species tem-

peratures always remain positive. We have also established upper and lower bounds on the

components of the bulk velocity that are in terms of the initial data.

Using the lower bound on the species temperatures, we have shown that the moments

always stay within a bounded, time-invariant set of physically realizable states, which, in turn,

leads to the existence of unique global solutions. Finally, we have proved that unique equilibria

exist for the moment equations, and solutions converge to these equilibria exponentially in

time. In addition, we have established bounds on the convergence rates to equilibria. We

concluded the examination of the space-homogeneous problem with some basic numerical

simulations that demonstrate some of the established theoretical behavior.

The numerical results in this chapter are computed with a backward Euler method, using

an iterative scheme to solve the relevant nonlinear algebraic equations at each time-step. In

future work, we will describe the scheme more fully and prove convergence under a suitable

time step restriction that does not require resolution of the parameter ε. We will use the

backward Euler method as a component in an IMEX scheme for simulating multispecies BGK

models that include phase-space advection.

In our paper [34], we presented a simple iterative approach for solving a set of implicit

moment equations as part of a larger IMEX-based strategy for computing solutions of a

multispecies BGK model. The main challenge is that the collision frequencies in the moment

equations themselves depend on the moments in a complicated way. The key contribution

is a rigorous contraction mapping proof, which shows that the iterative method converges

to a unique solution under reasonable time steps that do not degenerate to zero when the

collision parameter ε→ 0. This implicit solve is a key component in the IMEX discretization

of the multispecies BGK model, the implementation of which is performed in slab geometry

but closed in three-dimensional velocity space using a Chu reduction technique [16].

In future work, we will examine similar problems for multispecies ellipsoidal statistical

models (ES-BGK) [39, 2] that, unlike standard BGK models, recover in highly collisional

regimes, the correct Prandtl number for the compressible Navier–Stokes equations. We will
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also extend the current code structure used here to generate results for more general problems

in multi-dimensional domains. The ES-BGK model is the subject of the next chapter.

191



Chapter 10

ES-BGK Models and Numerics

10.1 Purpose and Organization

The standard BGK model fixes the relaxation rate of the stress tensor and heat flux in a

way that produces a unit Prandtl number. The ellipsoidal-statistical BGK (ES-BGK) model

replaces the isotropic Maxwellian target by an anisotropic Gaussian and thereby separates

these two relaxation scales. The model was introduced by Holway [39]; its conservative and

entropic formulation was established by Andries, Le Tallec, Perlat, and Perthame [2]. Modern

entropy-production estimates cover the full monatomic parameter range, including the critical

value that yields the physical Prandtl number [43].

This chapter uses the notation and Chapman–Enskog conventions of Chapters 2–4. Sec-

tion 10.2 defines the single-species model and proves its basic structural properties. Sec-

tion 10.3 derives its Euler and Navier–Stokes–Fourier limits by the normal-solution formalism

of Chapter 3. Section 10.4 gives a closed implicit collision update, and Section 10.5 restores

the numerical demonstration from the Year Four Report. Section 10.6 develops pair Gaus-

sians, their moment equations, and both restricted and general multispecies tensor closures.

10.2 The Single-Species ES-BGK Model

Let f = f (x , v , t) > 0 describe particles of mass m > 0. The number density, mass density,
bulk velocity, and temperature in energy units are

n =

ˆ
Rd
f dv , ρ = mn, u =

1

n

ˆ
Rd
v f dv , θ =

m

dn

ˆ
Rd
|v − u|2f dv . (10.1)
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The thermal variance is ϑ = θ/m, the scalar pressure is p = nθ = ρϑ, and the pressure
tensor is

P = m

ˆ
Rd
(v − u)⊗ (v − u)f dv , trP = dp. (10.2)

The deviatoric pressure tensor and heat flux are

Π = P− pI, q =
m

2

ˆ
Rd
|v − u|2(v − u)f dv . (10.3)

Thus trΠ = 0. These definitions agree with Chapter 3; in particular, θ is not a variance,

while ϑ = θ/m is.

Definition 10.1 (Temperature Tensor and ES-BGK Target). For a parameter

−
1

d − 1 ≤ ν < 1, (10.4)

the temperature tensor is

Tν = (1− ν)ϑI+ ν
P

ρ
= ϑI+

ν

ρ
Π. (10.5)

The ellipsoidal Gaussian target is

Gν[f ](v) =
n√

det(2πTν)
exp

[
−
1

2
(v − u) · T−1ν (v − u)

]
. (10.6)

The ES-BGK equation is

∂tf + v · ∇x f =
λ

ε

(
Gν[f ]− f

)
, λ > 0. (10.7)

The endpoint ν = −1/(d − 1) gives Pr = (d − 1)/d ; for d = 3, this is the monatomic

value 2/3. The choice ν = 0 gives the ordinary BGK model. The value ν = 1 is excluded

because the stress relaxation rate vanishes.

Lemma 10.2 (Positivity and Moments of the Target). Assume P is positive definite. Then Tν

is positive definite for the parameter range in (10.4), and, therefore, the ellipsoidal Gaussian

target is well defined. Furthermore,
ˆ
Gν dv = n, (10.8a)

ˆ
vGν dv = nu, (10.8b)
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m

ˆ
(v − u)⊗ (v − u)Gν dv = ρTν, (10.8c)

m

ˆ
v ⊗ vGν dv = ρu ⊗ u + ρTν = ρu ⊗ u + (1− ν)pI+ νP, (10.8d)

m

2

ˆ
|v |2Gν dv =

1

2
ρ|u|2 +

d

2
nθ. (10.8e)

Proof. Let s1, . . . , sd > 0 be the eigenvalues of P/ρ. Since
∑

k sk = dϑ, the eigenvalues of Tν
are tk = (1− ν)ϑ+ νsk . For 0 ≤ ν < 1, we have tk ≥ (1− ν)ϑ > 0. If −1/(d − 1) ≤ ν < 0,
then sk < dϑ and

tk > (1− ν)ϑ+ νdϑ = [1 + (d − 1)ν]ϑ ≥ 0.

Thus every tk is strictly positive throughout the admissible parameter range. Consequently,

Tν is positive definite, detTν > 0, and both T−1ν and T−1/2ν exist.

We now calculate the target moments. Let

z = T−1/2ν (v − u), v = u + T1/2ν z , dv =
√
detTν dz ,

and introduce the standard centered Gaussian

γ(z) = (2π)−d/2 exp

(
−
1

2
|z |2
)
.

The determinant in the target normalization cancels the Jacobian, so

Gν(v) dv = nγ(z) dz . (10.9)

Using ˆ
Rd
γ dz = 1,

ˆ
Rd
zγ dz = 0,

ˆ
Rd
z ⊗ z γ dz = I,

we obtain
ˆ
Rd
Gν dv = n, (10.10)

ˆ
Rd
vGν dv = n

ˆ
Rd

(
u + T1/2ν z

)
γ(z) dz = nu, (10.11)

m

ˆ
Rd
(v − u)⊗ (v − u)Gν dv = mnT1/2ν

(ˆ
Rd
z ⊗ z γ(z) dz

)
T1/2ν = ρTν. (10.12)
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The centered first moment also gives the raw second moment explicitly:

m

ˆ
Rd
v ⊗ vGν dv = m

ˆ
Rd

[
(v − u) + u

]
⊗
[
(v − u) + u

]
Gν dv (10.13)

= ρu ⊗ u + ρTν (10.14)

= ρu ⊗ u + (1− ν)pI+ νP. (10.15)

Here the two cross terms vanish, and the final equality follows from ρTν = (1− ν)pI+ νP.

Finally, taking one half of the trace of the raw second-moment identity gives

m

2

ˆ
Rd
|v |2Gν dv =

1

2
ρ|u|2 +

m

2

ˆ
Rd
|v − u|2Gν dv (10.16)

=
1

2
ρ|u|2 +

ρ

2
trTν. (10.17)

Because

trTν = (1− ν)dϑ+ νtr(P/ρ) = dϑ =
dθ

m
,

and ρ = mn, this becomes

m

2

ˆ
Rd
|v |2Gν dv =

1

2
ρ|u|2 +

d

2
nθ,

which proves the final moment identity. ■

Proposition 10.3 (Conservation Laws). Smooth, rapidly decaying solutions of (10.7) satisfy

∂tρ+∇x · (ρu) = 0, (10.18a)

∂t(ρu) +∇x · (ρu ⊗ u + P) = 0, (10.18b)

∂tω +∇x · (ωu + Pu + q) = 0, (10.18c)

where the total energy density is ω = 1
2
ρ|u|2 + d

2
nθ.

Proof. Taking the mass, momentum, and energy moments of (10.7), Lemma 10.2 shows

that every collision contribution vanishes. Decomposing the transport moments into centered

and bulk parts gives (10.18) exactly as in Proposition 3.5. ■

The energy balance gives only the trace of the second moment dynamics. An anisotropic

model also requires the full tensor balance. We first make the third-order tensor notation

explicit.
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Remark 10.4 (Third-Order Tensor Notation). For vectors a, b, c ∈ Rd and a second-order

tensor B ∈ Rd×d , define

(a ⊗ b ⊗ c)i jk = aibjck , (10.19)

(a ⊗ B)i jk = aiBjk , i , j, k ∈ {1, . . . , d}. (10.20)

Both products are third-order tensors in Rd×d×d . If B is symmetric, we use the unnormalized

symmetrization [
Sym(a ⊗ B)

]
i jk
= aiBjk + ajBik + akBi j . (10.21)

For a third-order tensor C, its spatial divergence is the second-order tensor defined by

(∇x · C)i j =
d∑
k=1

∂xkCi jk . (10.22)

With these conventions, the third centered moment is the fully symmetric third-order

tensor R ∈ Rd×d×d defined componentwise by

Ri jk = m

ˆ
Rd
(vi − ui)(vj − uj)(vk − uk)f dv , i , j, k ∈ {1, . . . , d}. (10.23)

Equivalently,

R = m

ˆ
Rd
(v − u)⊗ (v − u)⊗ (v − u)f dv (10.24)

The component formula shows directly that R is unchanged by every permutation of its three

indices.

Proposition 10.5 (Pressure-tensor balance). Smooth, rapidly decaying solutions of (10.7)

satisfy

∂t
(
ρu ⊗ u + P

)
+∇x ·

(
ρu ⊗ u ⊗ u + Sym(u ⊗ P) + R

)
= −

λ(1− ν)
ε

Π. (10.25)

Taking one half of its trace recovers the total-energy balance in (10.18).

Proof. Multiply (10.7) by mv ⊗ v and integrate in velocity. The raw second moment is

m

ˆ
v ⊗ v f dv = ρu ⊗ u + P, (10.26)
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while expansion about u gives

m

ˆ
v ⊗ v ⊗ v f dv = ρu ⊗ u ⊗ u + Sym(u ⊗ P) + R. (10.27)

By Lemma 10.2, the target has raw second moment ρu ⊗ u + ρTν. Hence the collision

moment is
λ

ε
(ρTν − P) = −

λ(1− ν)
ε

(P− pI), (10.28)

which proves (10.25). Contraction of the first two tensor indices gives the energy flux

decomposition and therefore the stated trace relation. ■

Lemma 10.6 (Determinant Inequality). Assuming (10.4) holds,

detTν ≥ det(P/ρ). (10.29)

Proof. Let s1, . . . , sd be the eigenvalues of P/ρ, and let t1, . . . , td be the eigenvalues of Tν.

Because Tν = (1− ν)ϑI+ νP/ρ, the two tensors have the same eigenvectors and

tk = (1− ν)ϑ+ νsk , k = 1, . . . , d.

To make the interpolation argument precise, introduce a new scalar variable α and set

gk(α) := (1− α)ϑ+ αsk , k = 1, . . . , d.

We first verify that all these quantities are positive on the admissible interval. For 0 ≤ α ≤ 1,
gk(α) is a convex combination of the positive numbers ϑ and sk , and is therefore positive.

The identity
∑d

ℓ=1 sℓ = dϑ gives

gk

(
−
1

d − 1

)
=
dϑ− sk
d − 1 =

1

d − 1
∑
ℓ̸=k

sℓ > 0.

Since gk is affine and gk(0) = ϑ > 0, it is positive throughout [−1/(d − 1), 0] as well.

Consequently, every gk is strictly positive on the full interval [−1/(d − 1), 1]. The common

positivity set

D := {α ∈ R | gk(α) > 0 for every k}

is open and contains this entire closed interval.
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We may therefore define

F (α) :=

d∑
k=1

ln (gk(α))

on D. Direct differentiation gives

F ′′(α) = −
d∑
k=1

(sk − ϑ)2(
(1− α)ϑ+ αsk

)2 ≤ 0.
Thus F is concave on the admissible interval. At the endpoints, F (1) =

∑
k ln sk , while the

arithmetic–geometric mean inequality gives F (0) = d lnϑ ≥
∑

k ln sk . Concavity proves the

claim for 0 ≤ ν ≤ 1.
At ν = −1/(d − 1),

tk =

∑
ℓ̸=k sℓ

d − 1 ≥

(∏
ℓ̸=k

sℓ

)1/(d−1)
.

Multiplication over k gives
∏
k tk ≥

∏
k sk . Concavity between −1/(d − 1) and 0 completes

the proof. ■

Theorem 10.7 (H-Theorem for the Homogeneous ES–BGK Equation). Let f = f (v , t) > 0

be a sufficiently regular, rapidly decaying solution on a time interval [0, T ] of the spatially

homogeneous ES–BGK initial-value problem

∂tf (v , t) =
λ

ε
(Gν[f ](v , t)− f (v , t)) , f (v , 0) = f0(v), (10.30)

where λ > 0, ε > 0, ν lies in the range (10.4), and the pressure tensor remains positive

definite. Assume also that the integrations and differentiations below are justified and that

the information functional

H[f (t)] :=

ˆ
Rd
f (v , t) ln f (v , t) dv (10.31)

is finite. Then
d
dt
H[f (t)] =

λ

ε

ˆ
Rd
(Gν[f ]− f ) ln f dv ≤ 0. (10.32)

Equivalently, the physical entropy S[f ] := −H[f ] satisfies dS/dt ≥ 0. At any time t, equality

in (10.32) holds if and only if f (·, t) is the isotropic Maxwellian with moments (n, u, θ).

Proof. Integrating (10.30) and using the mass identity in Lemma 10.2 gives

d
dt

ˆ
Rd
f dv =

λ

ε

ˆ
Rd
(Gν[f ]− f ) dv = 0. (10.33)
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Consequently, differentiation of H and the chain rule yield

d
dt
H[f (t)] =

ˆ
Rd
(ln f + 1)∂tf dv (10.34)

=
λ

ε

ˆ
Rd
(Gν[f ]− f )(ln f + 1) dv (10.35)

=
λ

ε

ˆ
Rd
(Gν[f ]− f ) ln f dv , (10.36)

where the term containing 1 vanishes by (10.33).

Let G1 denote the Gaussian with the same mass, mean, and full covariance P/ρ as f .

Because lnG1 is a linear combination of 1, the components of v , and the entries of v ⊗ v ,
moment matching gives

H[f ]−H[G1] =
ˆ
Rd
f ln

(
f

G1

)
dv ≥ 0. (10.37)

The inequality is the nonnegativity of relative information after normalizing both distributions

by their common mass n; equality holds only when f = G1 almost everywhere. Thus H[G1] ≤
H[f ]. Direct evaluation of the two Gaussian information functionals and Lemma 10.6 give

H[Gν]−H[G1] = −
n

2
ln
detTν
det(P/ρ)

≤ 0.

It follows that H[Gν] ≤ H[f ].
Now let Φ(z) = z ln z , which is strictly convex on (0,∞). The tangent-line inequality

Φ(y) ≥ Φ(x) + Φ′(x)(y − x) (10.38)

with x = f and y = Gν gives, after integration,

H[Gν]−H[f ] ≥
ˆ
Rd
(Gν − f )(ln f + 1) dv (10.39)

=

ˆ
Rd
(Gν − f ) ln f dv , (10.40)

where equal mass again removes the linear term. Combining this inequality with H[Gν] ≤ H[f ]
and (10.36) proves (10.32).

It remains to characterize equality. If dH/dt = 0, then equality must hold in the integrated

strict-convexity inequality, and therefore f = Gν[f ] almost everywhere. Taking the centered
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second moment of this identity and using Lemma 10.2 gives

P = ρTν = (1− ν)pI+ νP. (10.41)

Since ν < 1, this implies P = pI. Hence Tν = ϑI and f is the isotropic Maxwellian with

moments (n, u, θ). Conversely, for that Maxwellian one has Gν[f ] = f , so equality holds. ■

This proof follows the structural argument of [2]; sharper quantitative entropy-production

estimates are available in [43].

10.3 Chapman–Enskog Expansion

We now apply exactly the normal-solution convention of Chapter 3. Before specializing to

first order, we record the order-by-order organization used in the Year Four Report. Formally

write

f ∼
∑
k≥0

εk f (k), Gν[f ] ∼
∑
k≥0

εkG(k), ∂t ∼
∑
k≥0

εk∂
(k)
t . (10.42)

The macroscopic fields are assigned entirely to the leading term. Thus

m

ˆ
Rd
f (0)


1

v

|v |2/2

 dv =


ρ

ρu

ω

 , (10.43a)

m

ˆ
Rd
f (k)


1

v

|v |2/2

 dv = 0, k ≥ 1. (10.43b)

Consequently, the nonequilibrium moments have expansions

Π ∼
∑
k≥1

εkΠ(k), q ∼
∑
k≥1

εkq(k), (10.44)

where

Π(k) = m

ˆ
Rd

A(c)f (k) dv , q(k) =
m

2

ˆ
Rd
|c |2cf (k) dv . (10.45)

Here and below c = v − u, and A is the traceless quadratic mode defined in (10.54).

For a normal solution, f (k) depends on x and t through the macroscopic fields and their
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spatial derivatives through order k :

f (k) = f (k)[U,∇U, . . . ,∇kU](v), U = (n, u, θ). (10.46)

Time derivatives of these functionals are interpreted by the chain rule. For example,

∂
(a)
t f (k) =

∑
|α|≤k

∂f (k)

∂(∂αx U)
∂αx
(
∂
(a)
t U

)
. (10.47)

Substitution of (10.42) into the kinetic equation first gives

G(0) = f (0) = M[U]. (10.48)

At every subsequent order r ≥ 0, it gives the recursion∑
a+b=r

∂
(a)
t f (b) + v · ∇x f (r) = λ

(
G(r+1) − f (r+1)

)
. (10.49)

The corresponding coefficients of the exact balance laws are

∂
(0)
t ρ+∇ · (ρu) = 0, ∂

(k)
t ρ = 0, k ≥ 1, (10.50a)

∂
(0)
t (ρu) +∇ · (ρu ⊗ u + pI) = 0, ∂

(k)
t (ρu) +∇ · Π(k) = 0, k ≥ 1, (10.50b)

∂
(0)
t ω +∇ ·

(
(ω + p)u

)
= 0, ∂

(k)
t ω +∇ ·

(
Π(k)u + q(k)

)
= 0, k ≥ 1. (10.50c)

Equations (10.47)– (10.50) provide the route to Burnett and higher closures; see [83, 74].

We use only the case r = 0 below.

Equivalently, set f (1) = Mφ(1) and write

f = M
(
1 + εφ(1) +O(ε2)

)
, M = n(2πϑ)−d/2 exp

(
−
|c |2

2ϑ

)
, c = v − u, (10.51)

with the moment normalization

ˆ
Rd
Mφ(1)


1

v

|v |2

 dv = 0. (10.52)

We use the Chapman–Enskog time-derivative convention introduced in Chapter 3:

∂tU ∼ ∂(0)t U + ε∂
(1)
t U + · · · , U = (n, u, θ). (10.53)
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Here ∂(0)t U is the leading evolution coefficient defined by (3.65). The notation is extended

to any function of U by the chain rule; thus ∂(0)t acts by evolving the macroscopic fields with

the compressible Euler equations. It is not differentiation with respect to a separate time

variable. At leading order, P = pI, hence Tν = ϑI and Gν = M; the order-zero solvability

conditions are precisely the Euler equations of Proposition 3.7.

Define the traceless quadratic mode and heat-flux mode

A(c) := c ⊗ c −
|c |2

d
I, B(c) :=

(
|c |2

2ϑ
−
d + 2

2

)
c . (10.54)

They are orthogonal to the collision invariants in the Maxwellian inner product used in (3.32).

Proposition 10.8 (First-Order ES-BGK Closure). Under the formal Chapman–Enskog as-

sumptions of Chapter 3, the first-order constitutive laws are

Π = −εµν
(
∇u + (∇u)⊤ −

2

d
(∇ · u)I

)
+O(ε2), q = −εκ∇θ +O(ε2), (10.55)

where

µν =
p

λ(1− ν) , κ =
d + 2

2m

p

λ
, Pr =

cpµν
κ
=

1

1− ν , cp =
d + 2

2m
. (10.56)

Proof. The purpose of the calculation is to determine the part of φ(1) that contributes to

the nonequilibrium stress and heat flux.

Step 1: Compute the transport derivative of the Maxwellian. Set

D◦(u) :=
1

2

(
∇u + (∇u)⊤

)
−
1

d
(∇ · u)I. (10.57)

At order zero, the number density n, bulk velocity u, and temperature θ satisfy the compress-

ible Euler equations. In the notation of (10.53), ∂(0)t means that these fields are differentiated

using that Euler evolution. Rewriting the Euler mass, momentum, and temperature equations

in primitive variables, and defining the associated material derivative D(0)t = ∂
(0)
t +u ·∇, gives

D
(0)
t log n = −∇ · u, D

(0)
t u = −

1

ρ
∇p, D

(0)
t log θ = −

2

d
∇ · u. (10.58)

Because ρ = mn and p = nθ, the momentum equation in (10.58) may also be written as

D
(0)
t u = −

1

mn
∇(nθ) = −ϑ∇ log n −

1

m
∇θ. (10.59)
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We now compute the left-hand side of the first-order kinetic equation. Since v = u + c ,

the free-transport derivative decomposes as

D(0) := ∂(0)t + v · ∇ = D
(0)
t + c · ∇. (10.60)

Differentiate

logM = log n −
d

2
log(2πϑ)−

|c |2

2ϑ
, c = v − u, (10.61)

at fixed v . The identities

D(0)c = −D(0)u, D(0)|c |2 = −2c · D(0)u (10.62)

give

D(0)M
M

= D(0) logM

= D
(0)
t log n + c · ∇ log n −

d

2

(
D
(0)
t log θ + c · ∇ log θ

)
+
1

ϑ
c ·
(
D
(0)
t u + (c · ∇)u

)
+
|c |2

2ϑ

(
D
(0)
t log θ + c · ∇ log θ

)
. (10.63)

This formula makes the cancellations transparent. Substitute (10.58) and (10.59). The term

c · ∇ log n cancels the density-gradient part of ϑ−1c ·D(0)t u. Since ϑ = θ/m, the remaining

temperature-gradient terms combine as(
|c |2

2ϑ
−
d + 2

2

)
c · ∇ log θ = B(c) · ∇ log θ. (10.64)

The terms containing velocity gradients are

1

ϑ
(c ⊗ c) : ∇u −

|c |2

dϑ
∇ · u. (10.65)

Only the symmetric part of ∇u contributes because c ⊗ c is symmetric. Removing its trace

therefore gives
1

ϑ
A(c) : D◦(u) =

m

θ
A(c) : D◦(u). (10.66)

Consequently,
D(0)M
M

=
m

θ
A(c) : D◦(u) +B(c) · ∇ log θ. (10.67)

Thus the transport source has exactly two non-hydrodynamic parts: a symmetric trace-free

quadratic mode and an odd cubic heat-flux mode.
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Step 2: Linearize the ES–BGK target and solve for φ(1). Write

P = pI+ εΠ(1) +O(ε2), Π(1) = m

ˆ
Rd
MA(c)φ(1) dv . (10.68)

To see the second identity, recall that Π = P− pI and use the normalization conditions: the

first-order changes of n, u, and the scalar temperature all vanish. In particular, trΠ(1) = 0.

It follows from (10.5) that

Tν = ϑI+ ε
ν

ρ
Π(1) +O(ε2). (10.69)

We next expand the Gaussian target with respect to its covariance. For a symmetric per-

turbation δT of a covariance tensor, Jacobi’s formula and the derivative of a matrix inverse

give

δ logG = −
1

2
tr(T−1δT) +

1

2
c · T−1δTT−1c . (10.70)

Indeed, the first term comes from differentiating (detT)−1/2, and the second comes from

differentiating the quadratic form in the exponential. Set δT = (ν/ρ)Π(1) and evaluate

(10.70) at T = ϑI. The trace term vanishes, while the quadratic term becomes

δ logG =
ν

2ρϑ2
(c ⊗ c) : Π(1)

=
ν

2ρϑ2
A(c) : Π(1) = ν

m

2nθ2
Π(1) : A(c). (10.71)

In the second line we used trΠ(1) = 0; in the last equality we used ρ = mn and ϑ = θ/m.

Hence

Gν[f ] = M
[
1 + ενP2φ(1)

]
+O(ε2), (10.72)

where we have defined the traceless-quadratic projection

P2φ(1) :=
m

2nθ2
Π(1) : A(c). (10.73)

The terminology “projection” can be checked directly. If ψ(c) = A(c) : C for a symmetric

trace-free tensor C, the centered Gaussian fourth-moment identity gives P2ψ = ψ. If ψ is

odd in c , its contribution to Π(1) vanishes by parity and P2ψ = 0. Thus the ES–BGK target

retains the fraction ν of a stress perturbation and no part of a heat-flux perturbation.

We now insert the expansions into the kinetic equation. Its left-hand side is Df =
D(0)M +O(ε), whereas its right-hand side is

λ

ε
(Gν − f ) = −λM(Id− νP2)φ(1) +O(ε). (10.74)
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Equating the coefficients of ε0 and dividing by M gives

D(0)M
M

= −λ (Id− νP2)φ(1). (10.75)

Equation (10.67) is a sum of a stress mode and a heat-flux mode. On the former, Id− νP2
acts by multiplication by 1−ν; on the latter, it acts by multiplication by 1. We may therefore

invert the operator separately on the two modes and obtain

φ(1) = −
m

λ(1− ν)θA(c) : D
◦(u)−

1

λ
B(c) · ∇ log θ. (10.76)

The first summand is even and trace-free, and the second is odd with its coefficient chosen to

have zero momentum moment. Consequently both are orthogonal, in the Maxwellian inner

product, to 1, v , and |v |2. Thus (10.76) satisfies the normalization (10.52) and is the unique

normalized first-order correction.

Step 3: Take the stress moment. For a centered Maxwellian with covariance ϑI,
ˆ
Rd
Mcicjckcℓ dv = nϑ2(δi jδkℓ + δikδjℓ + δiℓδjk). (10.77)

Contract this formula with a symmetric trace-free tensor D. The term containing δi jδkℓ

vanishes because trD = 0, and the other two terms each produce D. Therefore
ˆ
Rd
MA(c)

(
A(c) : D

)
dv = 2nϑ2D. (10.78)

The heat-flux term in (10.76) is odd, whereas A is even, so its stress moment is zero. Using

(10.78) for the remaining term gives

Π = εm

ˆ
Rd
MAφ(1) dv +O(ε2) (10.79)

= −
2εp

λ(1− ν)D
◦(u) +O(ε2) (10.80)

= −εµν
(
∇u + (∇u)⊤ −

2

d
(∇ · u)I

)
+O(ε2), (10.81)

where p = nθ and

µν =
p

λ(1− ν) . (10.82)

Step 4: Take the heat-flux moment. The heat flux is q = (m/2)
´
c |c |2f dv . The equilibrium

Maxwellian has zero heat flux because its integrand is odd. The stress term in (10.76) also
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gives zero: it is even, so its product with c |c |2 is odd. Only the heat-flux mode remains.

For completeness, isotropy implies that the tensor
´
Mc |c |2⊗B dv is a scalar multiple of

I. Its trace, and hence that scalar, can be evaluated from
ˆ
Rd
M|c |4 dv = nd(d + 2)ϑ2,

ˆ
Rd
M|c |6 dv = nd(d + 2)(d + 4)ϑ3 (10.83)

Indeed, using the definition of B,

tr
ˆ
Rd
Mc |c |2 ⊗B dv =

ˆ
Rd
M|c |4

(
|c |2

2ϑ
−
d + 2

2

)
dv (10.84)

= nd(d + 2)ϑ2. (10.85)

Dividing by d gives ˆ
Rd
M c |c |2 ⊗B(c) dv = n(d + 2)ϑ2I. (10.86)

Substituting the heat-flux part of (10.76) into the definition of q therefore gives

q = ε
m

2

ˆ
Rd
Mc |c |2φ(1) dv +O(ε2) (10.87)

= −ε
m

2λ
n(d + 2)ϑ2∇ log θ +O(ε2) (10.88)

= −ε
d + 2

2m

p

λ
∇θ +O(ε2). (10.89)

In the last line we used ϑ = θ/m, p = nθ, and ∇ log θ = (∇θ)/θ. Hence Fourier’s law holds

with

κ =
d + 2

2m

p

λ
. (10.90)

Finally, the specific heat at constant pressure for a monatomic gas is cp = (d + 2)/(2m).

The Prandtl number associated with the two coefficients just obtained is therefore

Pr =
cpµν
κ
=

1

1− ν . (10.91)

This proves Equations (10.55) to (10.56). Substitution into the exact balance laws in Equa-

tion (10.18) gives the compressible Navier–Stokes–Fourier system. As in Chapter 3, the

expansion is formal: it assumes a smooth normal solution and neglects terms of order ε2. ■

Thus ν = 1− 1/Pr. In three velocity dimensions, ν = −1/2 yields Pr = 2/3. This is the

principal advantage of ES-BGK over BGK. The derivation agrees with the classical analysis

in [39, 2, 74].
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10.4 Implicit Collision Update

To derive the implicit collision update, we temporarily suppress the transport term in the full

ES–BGK equation and fix a spatial position x . The distribution then satisfies the velocity-

space ordinary differential equation

∂tf =
λ

ε

(
Gν[f ]− f

)
, (10.92)

where the frozen dependence on x has been suppressed. In an IMEX or operator-split dis-

cretization, this collision-only evolution is the collision stage, or collision substep, of the

full update. During this stage, distinct spatial points evolve independently.

The target Gν[f ] has the same mass, momentum, and total energy as f . Therefore,

taking the three collision-invariant moments of (10.92) gives

∂tn = 0, ∂t(nu) = 0, ∂t

(
1

2
ρ|u|2 +

d

2
nθ

)
= 0. (10.93)

Since n > 0 and ρ = mn, it follows that n, u, and the scalar temperature θ remain fixed

throughout the collision stage. The anisotropic pressure tensor P may nevertheless evolve

while its trace dp = dnθ remains fixed. Taking the centered second moment of (10.92) gives

the closed equation

∂tP =
λ

ε
(ρTν − P) = −

λ(1− ν)
ε

Π. (10.94)

Proposition 10.9 (Backward-Euler ES-BGK Collision Step). Fix a spatial point and let ε > 0,

∆t > 0, λ > 0, and −1/(d − 1) ≤ ν < 1. Here λ is held fixed during the collision stage;

in particular, it may be evaluated from the collision-invariant moments of f n. Suppose that

f n ≥ 0 has a finite second moment, positive number density nn, and positive-definite pressure

tensor Pn. Compute ρn = mnn, un, θn, ϑn = θn/m, and pn = nnθn, and define

Pn+1 =
ε

ε+ ∆tλ(1− ν)P
n +

∆tλ(1− ν)
ε+ ∆tλ(1− ν)p

nI, (10.95)

Tn+1ν = (1− ν)ϑnI+ ν
Pn+1

ρn
, Gn+1ν = G(nn, un,Tn+1ν ), (10.96)

f n+1 =
ε

ε+ ∆tλ
f n +

∆tλ

ε+ ∆tλ
Gn+1ν . (10.97)

Then Tn+1ν is positive definite, so Gn+1ν is well defined. Moreover, the distribution in (10.97)
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has moments

nn+1 = nn, un+1 = un, θn+1 = θn, P[f n+1] = Pn+1, (10.98)

and is the unique solution of the fully implicit backward-Euler equation

f n+1 − f n

∆t
=
λ

ε

(
Gν[f n+1]− f n+1

)
. (10.99)

Consequently, the collision step preserves mass, momentum, total energy, and nonnegativity.

Proof. Because the collision stage preserves n, u, and θ, it also preserves ρ, ϑ, and p.

Backward Euler applied to (10.94) therefore gives

Pn+1 − Pn

∆t
= −

λ(1− ν)
ε

(
Pn+1 − pnI

)
. (10.100)

Solving this linear tensor equation for Pn+1 gives (10.95). Its two coefficients are positive

and sum to one. Since Pn is positive definite and pn > 0, the tensor Pn+1 is positive definite.

Taking its trace in (10.95) yields

trPn+1 = trPn = dpn. (10.101)

Thus the updated pressure tensor has the same scalar temperature as f n. The admissible

range of ν and Lemma 10.2 now imply that Tn+1ν is positive definite and that the Gaussian

in (10.96) is well defined.

It remains to verify that this explicitly constructed Gaussian is the target of the updated

distribution, rather than merely a target formed from the old moments. Set

a =
ε

ε+ ∆tλ
, b =

∆tλ

ε+ ∆tλ
, a + b = 1. (10.102)

By the target-moment identities in Equation (10.8), equation (10.97) gives

ˆ
f n+1 dv = ann + bnn = nn, (10.103)

ˆ
v f n+1 dv = annun + bnnun = nnun. (10.104)

208



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

Hence the mean velocity of f n+1 is un. Its centered second moment is consequently

P[f n+1] = aPn + bρnTn+1ν

= aPn + b
(
(1− ν)pnI+ νPn+1

)
= Pn+1. (10.105)

The last equality is exactly (10.100), after multiplication by ∆t and rearrangement. Together

with (10.101), this proves all the identities in (10.98). In particular,

Gn+1ν = Gν[f n+1]. (10.106)

Finally, multiplying (10.97) by ε + ∆tλ and using (10.106) gives (10.99). Conversely,

taking the invariant and centered second moments of any solution of (10.99) forces (10.98)

and (10.95); the kinetic equation then forces (10.97). This proves uniqueness.

The weights a and b in (10.102) are nonnegative. Since f n ≥ 0 and Gn+1ν > 0, (10.97)

also gives f n+1 ≥ 0. The mass, momentum, and energy identities already proved give the

claimed conservation properties. ■

This moment-first inversion is the key observation behind asymptotic-preserving IMEX

schemes for ES-BGK [25]. It fits the transport/collision splitting and Runge–Kutta framework

of Chapter 6; no nonlinear iteration over the velocity grid is required for the single-species

collision step.

10.5 Numerical Demonstration of the IMEX Method

We now restore the numerical experiment reported in the Year Four Report. Its purpose is

modest but useful: it verifies that the moment-first collision update of Proposition 10.9 can

be used inside an IMEX method without solving a nonlinear system on the velocity grid.

10.5.1 Slab problem and initial data

We solve the ES–BGK equation in a one-dimensional physical domain with two velocity

coordinates,

∂tf + vx∂x f =
λ

ε

(
Gν[f ]− f

)
, x ∈ [−1, 2], (vx , vy) ∈ [−15, 15]2. (10.107)

This is a 1x2v slab reduction: the distribution is independent of the second spatial coordinate

but retains both velocity components. It can therefore represent transverse momentum and
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an anisotropic pressure tensor.

The initial distribution is piecewise Maxwellian,

f (x, v , 0) =

MnL,uL,θL(v), −1 ≤ x < 0,

MnR,uR,θR(v), 0 ≤ x ≤ 2,
(10.108)

with

nL = 1, uL = (2.5
√
2, 0)⊤, θL = 1, (10.109)

nR = 1, uR = 0, θR = 1.05. (10.110)

Far-field inflow data are imposed by filling the left and right ghost cells with the corresponding

initial Maxwellians.

10.5.2 Discretization and parameters

The physical interval is divided into Nx = 300 uniform finite volumes, so ∆x = 1/100.

Transport is discretized by the second-order upwind finite-volume method of Chapter 6, using

piecewise linear reconstruction and the θ-minmod limiter; the interface state is selected from

the left or right reconstruction according to the sign of vx . The velocity square is represented

by an 80× 80 Cartesian grid with

∆vx = ∆vy =
30

80
, (10.111)

and velocity moments are computed with midpoint quadrature.

The explicit transport term and implicit collision term are coupled with a two-stage,

second-order IMEX Runge–Kutta method. At each implicit stage we first update the in-

variant moments and pressure tensor, then form the target Gaussian, and finally update the

distribution. Thus the stage uses the same moment-first idea as Proposition 10.9. The time

step is chosen from the transport CFL condition,

∆t = 0.9
∆x

2maxℓ |vx,ℓ|
=
0.9(1/100)

2(15)
. (10.112)

The factor 2 is the transport restriction used with the piecewise-linear minmod reconstruction
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in this implementation. Following the benchmark in [25], we take

ν =
1

2
, λ(x, t) =

3π√
2

0.436

1− ν n(x, t), ε = 10−3, tF = 0.25. (10.113)

The factor 0.436 is the benchmark value used to match the prescribed viscosity coefficient.

These choices specify the numerical benchmark; the relation between ν and the Chapman–

Enskog Prandtl number is the one derived in Proposition 10.8.
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Figure 10.1: Moment profiles for the 1x2v ES–BGK slab problem at tF = 0.25 with ε = 10−3.

Figure 10.1 shows the number density, longitudinal bulk velocity, temperature, and longi-

tudinal heat flux at t = tF . The profiles remain sharply resolved in the stiff regime ε = 10−3,

while the heat flux is localized near the two transition layers. This experiment is a numerical

demonstration, not a convergence study; quantitative accuracy would require mesh refine-
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ment and comparison with a reference solution.

10.6 Multispecies ES-BGK Models

10.6.1 Pair Gaussians and their moments

The conservative multispecies BGK model in Chapter 8 uses a pair Maxwellian Mi ,j in the

collision of species i with species j . Its number density is ni , while its pair velocity u i ,j and

species-frame pair temperature θ̂i ,j are chosen to exchange momentum and energy conser-

vatively. A multispecies ES–BGK model keeps those three scalar and vector moments but

replaces Mi ,j by the anisotropic pair Gaussian

Gi ,j(v) =
ni√

det(2πTi ,j)
exp

[
−
1

2
(v − u i ,j) · T−1i ,j (v − u i ,j)

]
, (10.114)

where Ti ,j is a symmetric positive-definite covariance tensor. Because Ti ,j is a velocity covari-

ance, whereas θ̂i ,j is a temperature in energy units, conservation of the pair energy requires

trTi ,j = d
θ̂i ,j
mi

. (10.115)

The kinetic equations are

∂tfi + v · ∇x fi =
1

ε

N∑
j=1

QESi ,j , QESi ,j := λi ,j(Gi ,j − fi). (10.116)

The conservative HHM pair velocity and temperature from Chapter 8 are the default

choice in this report. The Year Four Report also used a broader ordered-pair parameterization,

which is useful when momentum and temperature relaxation rates are fitted separately. We

record it here so that the two model classes can be compared.

Definition 10.10 (Ordered-pair scalar parameters). The ordered-pair scalar parameters are

specified as follows. For i ̸= j , choose

u i ,j = αi ,ju i + (1− αi ,j)u j , 0 ≤ αi ,j ≤ 1, (10.117)

and

θ̂i ,j = βi ,j θ̂i + (1− βi ,j)θ̂j +
γi ,j
d
|u i − u j |2, 0 ≤ βi ,j ≤ 1, γi ,j ≥ 0. (10.118)
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For self-collisions, set u i ,i = u i and θ̂i ,i = θ̂i .

Proposition 10.11 (Reverse-pair parameters and admissibility). For positive collision frequen-

cies, the ordered-pair targets in Definition 10.10 exchange equal and opposite momentum

and energy if the reverse parameters satisfy

αj,i = 1−
ρiλi ,j
ρjλj,i

(1− αi ,j), (10.119a)

βj,i = 1−
niλi ,j
njλj,i

(1− βi ,j), (10.119b)

γj,i =
ρiλi ,j(1− αi ,j)(αi ,j + αj,i)− niλi ,jγi ,j

njλj,i
. (10.119c)

A sufficient set of scalar admissibility conditions is

max

{
0, 1−

ρjλj,i
ρiλi ,j

}
≤ αi ,j ≤ 1, (10.120a)

max

{
0, 1−

njλj,i
niλi ,j

}
≤ βi ,j ≤ 1, (10.120b)

0 ≤ γi ,j ≤ mi(1− αi ,j)(αi ,j + αj,i). (10.120c)

Under these bounds, both ordered pair temperatures are positive whenever θ̂i and θ̂j are

positive.

Proof. The momentum source produced by the i–j collision is λi ,jρi(u i ,j − u i). Adding the

reverse source and using (10.117) gives

ρiλi ,j(1− αi ,j) = ρjλj,i(1− αj,i), (10.121)

which is equivalent to (10.119a). The coefficients of θ̂i − θ̂j in the pair energy balance give

(10.119b); the remaining coefficient of |u i − u j |2 gives (10.119c).

The lower bounds in (10.120a)– (10.120b) are precisely the conditions αj,i ≥ 0 and

βj,i ≥ 0; their upper bounds imply the corresponding reverse parameters do not exceed one.

Finally, (10.120c) makes the numerator in (10.119c) nonnegative. Thus γj,i ≥ 0, and both

pair temperatures are nonnegative convex combinations of positive species temperatures plus

a nonnegative drift term. ■

The HHM construction in Proposition 8.4 instead chooses common pair values u i ,j = u j,i
and θ̂i ,j = θ̂j,i directly from the conservation laws. It is more restrictive but removes the
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free ordered-pair parameters. The tensor constructions below apply to either scalar model,

provided its pair momentum and energy sources cancel.

Lemma 10.12 (Moments of a Pair Gaussian). If Ti ,j is positive definite, then

ˆ
Gi ,j dv = ni , mi

ˆ
vGi ,j dv = ρiu i ,j , (10.122)

mi

ˆ
v ⊗ vGi ,j dv = ρiu i ,j ⊗ u i ,j + ρiTi ,j , (10.123)

mi

2

ˆ
|v |2Gi ,j dv =

ρi
2
|u i ,j |2 +

mini
2

trTi ,j . (10.124)

Proof. Set z = T−1/2i ,j (v − u i ,j). The affine change of variables used in Lemma 10.2 reduces

all four integrals to moments of the standard centered Gaussian. Its mean is zero and its

covariance is I, which gives (10.122)–(10.124). ■

Proposition 10.13 (Conservation criterion for pair Gaussians). Suppose the scalar pair veloc-

ities and temperatures have pairwise canceling momentum and energy sources. This holds,

in particular, for the HHM values in (8.23)–(8.24) and for the ordered-pair family in Proposi-

tion 10.11. If (10.115) also holds, then every species mass is conserved, and the i–j and j–i

collision terms exchange equal and opposite amounts of total momentum and total energy.

Proof. By Lemma 10.12, the zeroth moment of QESi ,j vanishes. Its momentum and energy

moments are identical to those of the pair Maxwellian Mi ,j because (10.115) turns (10.124)

into
ρi
2
|u i ,j |2 +

d

2
ni θ̂i ,j . (10.125)

The assumed scalar pair balance therefore makes the corresponding i–j and j–i momentum

and energy sources cancel. For the HHM choice this is Proposition 8.7; for the ordered-pair

choice it is Proposition 10.11. ■

10.6.2 The homogeneous moment system

The tensor equations are easiest to see during a homogeneous collision step. In this subsection

ni is constant, but u i , θ̂i , and the species-frame pressure tensor

P̂i = mi

ˆ
(v − u i)⊗ (v − u i)fi dv (10.126)
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may evolve. We also define its deviatoric part by

Π̂i := P̂i − ni θ̂i I, trΠ̂i = 0. (10.127)

The hat is essential: both tensors are measured relative to the species velocity u i , in agreement

with Appendix G.

Proposition 10.14 (Homogeneous multispecies moment equations). A sufficiently integrable

solution of the homogeneous form of (10.116) satisfies

∂tni = 0, (10.128a)

∂t(ρiu i) =
1

ε

∑
j

λi ,jρi(u i ,j − u i), (10.128b)

∂tωi =
1

ε

∑
j

λi ,j

[
ρi
2
(|u i ,j |2 − |u i |2) +

d

2
ni(θ̂i ,j − θ̂i)

]
, (10.128c)

∂tP̂i =
1

ε

∑
j

λi ,j

[
ρiTi ,j + ρi(u i ,j − u i)⊗ (u i ,j − u i)− P̂i

]
. (10.128d)

Here ωi = ρi |u i |2/2 + dni θ̂i/2 is the species total kinetic-energy density.

Proof. Multiply the homogeneous kinetic equation successively by 1, miv , mi |v |2/2, and

mi(v − u i)⊗ (v − u i), and integrate in velocity. The first three equations follow immediately

from Lemma 10.12. When differentiating the centered second moment, the derivative of u i
creates cross terms proportional to

´
(v − u i)fi dv , which vanish. Finally,

mi

ˆ
(v − u i)⊗ (v − u i)Gi ,j dv

= ρiTi ,j + ρi(u i ,j − u i)⊗ (u i ,j − u i), (10.129)

which proves (10.128d). ■

Taking one half of the trace of (10.128d) reproduces the internal-energy equation ob-

tained from (10.128b)–(10.128c). Thus the trace of the pressure system is not an additional

independent evolution law; it is a consistency condition on the tensor model.
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10.6.3 Restricted tensor model

The simplest anisotropic closure uses only the pressure of the species being updated:

Ti ,j =
θ̂i ,j
mi

I+
νi ,j
ρi

Π̂i . (10.130)

This is the covariance form of the restricted tensor used in the Year Four Report and by

Klingenberg, Pirner, and Puppo [46]. In the ordered-pair notation of Definition 10.10, their

specialization is obtained by identifying νi ,j = βi ,j :

1

mi

[
θ̂i ,j I+ βi ,j

(
P̂i
ni
− θ̂i I

)]
=
θ̂i ,j
mi

I+
βi ,j
ρi

Π̂i . (10.131)

We retain the symbol νi ,j in the restricted tensor ansatz so that scalar interspecies energy

exchange and anisotropic stress relaxation remain visibly distinct modeling choices. The

physical motivation is the “persistence of velocity” discussed by Jeans: collisions need not

erase directional information at the same rate at which they relax scalar temperature differ-

ences [41, 42]. The anisotropic correction is trace-free, so the trace constraint is automatic.

Substitution into Proposition 10.14 gives the closed equation

∂tP̂i =
1

ε

∑
j

λi ,j
[
ni θ̂i ,j I+ νi ,j Π̂i + ρiδu i ,j ⊗ δu i ,j − P̂i

]
, (10.132)

δu i ,j := u i ,j − u i .

Proposition 10.15 (Backward-Euler update for the restricted tensor). Assume that the

backward-Euler updates of u i , ωi , and hence θ̂i have already been computed. If the co-

efficients are evaluated at the new time, then the pressure update is determined explicitly

by

P̂ n+1i =
1

ai

[
P̂ ni +

∆t

ε

∑
j

λn+1i ,j

(
ni θ̂

n+1
i ,j I− νn+1i ,j ni θ̂

n+1
i I+ ρiδu

n+1
i ,j ⊗ δu

n+1
i ,j

)]
, (10.133)

ai = 1 +
∆t

ε

∑
j

λn+1i ,j (1− ν
n+1
i ,j ). (10.134)

Provided ai > 0, this is the unique solution of the backward-Euler pressure equation.

Proof. In (10.132), replace Π̂n+1i by P̂n+1i − ni θ̂n+1i I. Move every multiple of P̂n+1i to the left.

Its scalar coefficient is exactly ai ; division by this coefficient gives (10.133). ■
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This algebra proves solvability of the tensor update, but not positivity of the resulting

covariance. Admissible bounds on νi ,j must be imposed for the particular model. Likewise,

trace preservation alone does not prove an H-theorem.

10.6.4 General tensor model

To exchange anisotropy between species, one may use the trace-preserving ansatz

Ti ,j =
θ̂i ,j
mi

I+ µi ,j

[
βi ,j

Π̂i
ρi
+ (1− βi ,j)

Π̂j
ρj

]
. (10.135)

Both corrections are trace-free, so (10.115) still holds. Notice the plus sign between the two

species contributions: each pressure anisotropy contributes to the covariance according to its

weight. Formula (10.135) reduces to an isotropic pair Maxwellian when µi ,j = 0. Writing the

ansatz directly in covariance variables makes the mass scaling explicit: both Π̂i/ρi and Π̂j/ρj

have units of velocity squared. The plus sign is essential because the two weighted pressure

anisotropies contribute to, rather than subtract from, the target covariance.

Proposition 10.16 (Structure of the general pressure system). For the ansatz (10.135), the

homogeneous pressure equations are

∂tP̂i =
1

ε

∑
j

λi ,j

[
ni θ̂i ,j I+ µi ,jβi ,j Π̂i + µi ,j(1− βi ,j)

ρi
ρj
Π̂j

+ ρiδu i ,j ⊗ δu i ,j − P̂i

]
. (10.136)

Once the velocities and scalar temperatures are known, backward Euler applied to (10.136)

is a finite-dimensional linear system for the symmetric tensors P̂n+11 , . . . , P̂n+1N .

Proof. Insert (10.135) into (10.128d) and use ρi = mini . This gives (10.136). Every oc-

currence of an unknown pressure tensor is linear because Π̂i = P̂i − ni θ̂i I, and the scalar

temperatures have already been determined by the energy update. A symmetric d × d tensor

has d(d + 1)/2 independent entries; vectorizing those entries converts the backward-Euler

equations into an ordinary block linear system of size Nd(d + 1)/2. ■

The coupled part becomes especially transparent after taking the deviatoric part. For any

square tensor A, write

devA := A−
1

d
(trA)I. (10.137)
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Proposition 10.17 (Linear system for the general backward-Euler step). Let h = ∆t/ε, and

suppose the new velocities and scalar temperatures have already been determined. Backward

Euler applied to the deviatoric part of (10.136) gives

ai Π̂
n+1
i −

∑
j ̸=i

bi ,j Π̂
n+1
j = Ri , (10.138)

ai := 1 + hλ
n+1
i ,i (1− µ

n+1
i ,i ) + h

∑
j ̸=i

λn+1i ,j (1− µ
n+1
i ,j β

n+1
i ,j ), (10.139)

bi ,j := hλ
n+1
i ,j µ

n+1
i ,j (1− β

n+1
i ,j )

ρi
ρj
, (10.140)

Ri := Π̂ n
i + h

∑
j

λn+1i ,j ρi dev
(
δun+1i ,j ⊗ δu

n+1
i ,j

)
. (10.141)

Consequently, each independent component of the deviatoric tensors satisfies the same N×N
scalar linear system. If

ai >
∑
j ̸=i

|bi ,j | for every i , (10.142)

and bi ,j ≥ 0 for j ̸= i , then the system has a unique solution, and the standard block Gauss–

Seidel iteration converges. If the model contains no self-collision term, set λi ,i = 0.

Proof. Apply dev to (10.136). All multiples of I vanish, dev P̂i = Π̂i , and the remaining

equation is

∂tΠ̂i =
1

ε

∑
j

λi ,j

[
− (1− µi ,jβi ,j)Π̂i + µi ,j(1− βi ,j)

ρi
ρj
Π̂j

+ ρi dev(δu i ,j ⊗ δu i ,j)
]
. (10.143)

Discretize this equation by backward Euler and collect the new-time tensor terms. When

j = i , the two tensor terms combine because ρi/ρi = 1:

−(1− µi ,iβi ,i)Π̂i + µi ,i(1− βi ,i)Π̂i = −(1− µi ,i)Π̂i .

The terms with j ̸= i remain coupled. This gives (10.138)–(10.141). Vectorizing the inde-

pendent tensor entries shows that the coefficient matrix is the same for each entry. Strict

row diagonal dominance implies nonsingularity by the Levy–Desplanques theorem. Moreover,

when bi ,j ≥ 0, the matrix has positive diagonal entries and nonpositive off-diagonal entries.

Strict diagonal dominance then makes it a nonsingular M-matrix, for which the Gauss–Seidel

iteration converges. ■
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The restricted model decouples the tensor solve by species. The general model couples

it through the terms containing Π̂j . A block Gauss–Seidel iteration can therefore be im-

plemented by solving (10.138) for one species tensor at a time, using the newest available

tensors for the other species. Condition (10.142) is sufficient, though not necessary, for

convergence. The construction and admissible parameter restrictions are discussed in [46].

For implementation, let q = d(d + 1)/2 and let svec store the independent entries of a

symmetric tensor. If C is the N × N matrix with diagonal entries ai and off-diagonal entries

−bi ,j , then (10.138) can be written as

(C⊗ Iq)

svec Π̂ n+1
1...

svec Π̂ n+1
N

 =
svecR1...
svecRN

 . (10.144)

Thus one factorization of C serves every tensor component. It is usually preferable, however,

to exploit the much smaller componentwise systems rather than to assemble the Kronecker

product.

10.6.5 Nonlinear moment-first GST solve

The preceding backward-Euler formulas become nonlinear when the collision frequencies de-

pend on the new moments. As in the multispecies BGK solver of Chapter 8, this nonlinearity

can be confined to moment space: freeze the rates, update the moments in stages, and then

refresh the rates. No nonlinear solve on the velocity grid is required.

We first display the two scalar stages for the ordered-pair family in Definition 10.10. Set

h = ∆t/ε, and introduce

Mρ = diag(ρ1, . . . , ρN), Mn = diag(n1, . . . , nN). (10.145)

At nonlinear iterate ℓ, evaluate the rates λℓi,j from the current moment iterate and define

Aℓi,j = ρiλ
ℓ
i,j(1− αi ,j), Dℓ

i,j = δi ,j
∑
k

Aℓi,k , (10.146)

Bℓi,j = niλ
ℓ
i,j(1− βi ,j), F ℓi,j = δi ,j

∑
k

Bℓi,k . (10.147)

Let U = (u1, . . . , uN)⊤ and Θ = (θ̂1, . . . , θ̂N)⊤. The frozen-rate velocity stage is the N × N
system [

Mρ + h(D
ℓ − Aℓ)

]
Uℓ+1 = MρU

n. (10.148)
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The same coefficient matrix is used for every velocity component.

For a velocity array U, define

[s(U)]i := |u i |2, (10.149)

[r ℓ(U)]i :=
∑
j

λℓi,j
[
ρi
(
|u i ,j |2 − |u i |2

)
+ niγi ,j |u i − u j |2

]
, (10.150)

where each u i ,j is formed from the velocities in its argument. The temperature stage is then

[
Mn + h(F

ℓ − Bℓ)
]
Θℓ+1 = MnΘ

n −
1

d
Mρ

[
s(Uℓ+1)− s(Un)

]
+
h

d
r ℓ(Uℓ+1). (10.151)

Equations (10.148) and (10.151) are simply the backward-Euler momentum and total-energy

equations with the rates frozen. For the HHM pair targets, the corresponding two stages are

the conservative velocity and energy solves developed in Chapter 8; the tensor stage below is

unchanged.

Definition 10.18 (Nonlinear moment-first GST iteration). The nonlinear moment-first GST

iteration is the following procedure. Initialize U0 = Un, Θ0 = Θn, and P̂0i = P̂ni . Given iterate

ℓ, evaluate every moment-dependent collision frequency λℓi,j . With those rates fixed, solve

(10.148) and then (10.151); for HHM targets, use the analogous Chapter 8 scalar stages.

Next update the pressure tensors with Proposition 10.15 for the restricted ansatz, or solve

(10.138) for the general ansatz, always using the newest velocities and temperatures and

the frozen rates λℓi,j . Finally recompute the rates from (Uℓ+1,Θℓ+1, {P̂ℓ+1i }) and repeat until

both the relative moment change and the backward-Euler residual are below the prescribed

tolerance.

If the collision frequencies depend only on density and scalar temperature, they may be

refreshed immediately after the temperature stage. If they also depend on anisotropy, the

pressure stage must precede the refresh. Under-relaxation can be used to preserve positive

scalar temperatures and positive-definite covariances during early iterates. Anderson accel-

eration may also be applied to the complete moment map, as in the scalar multispecies

solver [34].

Proposition 10.19 (Consistency and conservation of the GST fixed point). Suppose the

iteration in Definition 10.18 converges, its linear systems are solved exactly, and the collision-

rate map is continuous at the limit. Then the limiting moments satisfy the fully implicit
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backward-Euler discretization of (10.128). If the scalar pair targets satisfy the pairwise

balance in Proposition 10.13, the limiting update preserves every species mass and the total

momentum and total energy.

Proof. At a fixed point, the rates used in the three stages equal the rates evaluated from

their output moments. Consequently, the frozen-rate velocity, energy, and pressure equations

become the corresponding fully implicit backward-Euler equations. Summing the species mo-

mentum and energy equations cancels each ordered pair with its reverse by Proposition 10.13;

the zeroth-moment equations leave each ni unchanged. ■

After convergence, reconstruct the pair Gaussians from the limiting moments and apply

the distribution update below. If a maximum iteration count is reached first, the step should

be rejected or repeated with a smaller time step; silently accepting an unconverged moment

iterate forfeits the stated implicit accuracy and conservation tolerance.

10.6.6 Distribution update and admissibility

After the moment solve, form every Gn+1i ,j and set

f n+1i =
εf ni + ∆t

∑
j λ

n+1
i ,j G

n+1
i ,j

ε+ ∆t
∑

j λ
n+1
i ,j

. (10.152)

This is a convex combination of f ni and the pair Gaussians whenever the collision frequencies

are nonnegative and all covariance tensors are positive definite. It then preserves nonnega-

tivity. Conservation follows from Proposition 10.13 after summing the species updates.

Three logically different requirements must not be conflated:

1. the trace constraint gives the correct pair energy;

2. positive definiteness makes each pair Gaussian well defined and preserves nonnegativity

in (10.152);

3. an H-theorem requires an additional entropy comparison for the complete collection of

pair targets.

The first property does not imply either of the other two. For this reason, the restricted and

general formulas above describe model families; a particular implementation must state and

verify its admissible parameter range.
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10.7 Conclusions

The single-species ES–BGK model retains the conservation and information dissipation struc-

ture of BGK while correcting its Prandtl number. The Chapman–Enskog calculation differs

from the BGK calculation in Chapter 3 only in the relaxation of the trace-free quadratic

mode: deviatoric pressure relaxes at rate λ(1− ν), whereas heat flux relaxes at rate λ. This

gives Pr = 1/(1− ν).
For mixtures, replacing pair Maxwellians by pair Gaussians preserves species mass and

the total momentum and energy whenever the pair velocities, temperatures, and covariance

traces agree with Chapter 8. The resulting pressure equations close once a restricted or

general tensor ansatz has been selected. The restricted ansatz produces separate linear

tensor solves; the general ansatz produces a coupled block system. For moment-dependent

collision frequencies, the nonlinear GST iteration combines either tensor update with the

ordered velocity and temperature solves while retaining the fully implicit conservation laws at

convergence. Positive definiteness and an H-theorem require additional parameter restrictions

and cannot be inferred from trace preservation or conservation alone. Keeping these three

requirements distinct is essential both in the analysis and in an implicit implementation.
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Chapter 11

Dynamical Low-Rank Approximation
Methods

This chapter contains our preliminary investigation of dynamical low-rank approximation

(DLRA) and integrates its matrix-manifold foundations, projector-splitting algorithms, and

finite-volume applications with the kinetic models developed earlier in this report. The fixed-

rank matrix formulation and Dirac–Frenkel projection follow the foundational treatment of

Koch and Lubich [47], while the robust projector-splitting algorithm is due to Lubich and

Oseledets [53]. The continuous phase-space formulation and the kinetic applications build

on the Vlasov and Boltzmann–BGK developments in [24, 23, 40, 19].

11.1 Foundations of Dynamical Low-Rank Approximation

11.1.1 Matrix Differential Equations and Low-Rank Factorizations

We begin by fixing the matrix norms used below. Throughout this chapter, ∥ · ∥2 denotes the

matrix 2-norm, ∥ · ∥F denotes the Frobenius norm, and ∥ · ∥ denotes the standard Euclidean

norm on Rn. For a matrix A ∈ Rm×n, these norms are defined by

∥A∥F =
( m∑
i=1

n∑
j=1

|ai ,j |2
) 1
2

∥A∥2 = sup
x∈Rn
∥x∥=1

∥Ax∥. (11.1)
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The Frobenius norm is generated by the inner product

⟨A,B⟩F = tr(A⊤B) = tr(AB⊤).

The goal of this section is to investigate dynamical low-rank approximations (DLRA)

to matrix differential equations. When A ∈ Rm×n and both dimensions are large, storing A

requiresmn numbers. We instead approximate it by a matrix of prescribed rank r ≤ min{m, n}
written as

Y = USV ⊤, U⊤U = V ⊤V = Ir , S ∈ GLr(R).

This representation requires only mr + r 2 + nr numbers. The core S need not be diagonal;

its invertibility is precisely what makes the rank of Y equal to r .

We consider the nonautonomous matrix initial-value problem

Ȧ(t) = R(A(t), t),

A(t0) = A0. (11.2)

Here R : Rm×n× [t0, T ]→ Rm×n is assumed continuous in t and locally Lipschitz in its matrix

argument, uniformly on compact time intervals. These standard hypotheses ensure local

existence and uniqueness. The autonomous case is recovered when R(A, t) is independent

of t.

The DLRA construction replaces A(t) by a curve Y (t) in the fixed-rank set

Mr =
{
Y ∈ Rm×n

∣∣ rank Y = r} .
Appendix E gives the abstract definition of a topological manifold and collects related results.

In this chapter, every matrix manifold is a subset of a finite-dimensional Euclidean space, so

the following concrete definition is sufficient.

Definition 11.1 (Smooth embedded manifold). Let M ⊆ RN and let 0 ≤ d ≤ N. The set

M is a d-dimensional smooth embedded manifold if, for every p ∈M, there are an open set

Ω ⊆ Rd , an open neighborhood O ⊆ RN of p, and a smooth map φ : Ω→ RN satisfying the

following conditions.

(i) φ(Ω) =M∩O.

(ii) The map φ : Ω→M∩O is a homeomorphism, whereM∩O has the topology inherited

from RN.

(iii) The derivative Dφ[u] : Rd → RN has rank d for every u ∈ Ω.
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Here smooth means that derivatives of all orders exist and are continuous. The map φ is

called a local parameterization, and its inverse is called a coordinate chart.

Thus, near each of its points, a d-dimensional smooth embedded manifold looks like a

smoothly curved copy of an open subset of Rd with d independent coordinate directions. We

identify Rm×n with Rmn when applying this definition to matrices.

Example 11.2 (Linear subspaces). Let V ⊆ RN be a d-dimensional linear subspace with basis

v1, . . . , vd . The map

φ : Rd → V, φ(a1, . . . , ad) =

d∑
j=1

ajvj ,

is a global parameterization. It is a homeomorphism onto V , and its derivative has the

linearly independent columns v1, . . . , vd . Therefore every finite-dimensional linear subspace is

a smooth embedded manifold, with dimension equal to its dimension as a vector space.

The next result justifies treating this set as a smooth manifold.

Proposition 11.3 (Fixed-rank matrix manifold). Let 1 ≤ r ≤ min{m, n}. Then Mr is a

smooth embedded submanifold of Rm×n of dimension

r(m + n − r).

Proof. First consider matrices whose upper-left r × r block is invertible. Write

A =

[
B C

D E

]
,

B ∈ Rr×r , C ∈ Rr×(n−r),

D ∈ R(m−r)×r , E ∈ R(m−r)×(n−r),

where blocks with zero rows or columns are allowed when r = m or r = n. Define

U =

{[
B C

D E

]
∈ Rm×n

∣∣∣∣∣ detB ̸= 0
}
.

Thus U consists precisely of the matrices whose upper-left r × r block is invertible. The

operation that extracts this block is linear, and the determinant is continuous, so U is open

in Rm×n. For A ∈ U , the two block matrices

G =

[
Ir 0

−DB−1 Im−r

]
, H =

[
Ir −B−1C
0 In−r

]
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are invertible, and direct multiplication gives

GAH =

[
B 0

0 E −DB−1C

]
.

Multiplication by invertible matrices does not change rank. Since B has rank r ,

rank(A) = r + rank(E −DB−1C).

Consequently, A has rank r if and only if E = DB−1C.

Now define the open set

L0 =
{
(B,C,D) ∈ Rr×r × Rr×(n−r) × R(m−r)×r

∣∣ detB ̸= 0} .
The portion ofMr contained in U is the graph of the smooth map

(B,C,D) 7−→ DB−1C, (B,C,D) ∈ L0.

Equivalently, it is parameterized by

φ(B,C,D) =

[
B C

D DB−1C

]
.

A graph of a smooth map over an open set is a smooth embedded submanifold. Its dimension

is the dimension of L0, namely

r 2 + r(n − r) + (m − r)r = r(m + n − r).

Finally, every rank-r matrix has a nonzero r × r minor. Row and column permutations

can move that minor to the upper-left corner. Since multiplication by permutation matrices

is a smooth linear diffeomorphism, the corresponding permuted copies of the patch above are

smooth embedded submanifolds. These patches coverMr , which proves the result. ■

A smooth embedded manifold may be viewed, locally, as a smooth surface inside a Eu-

clidean space. Its allowable instantaneous directions are described by its tangent space.

Definition 11.4 (Tangent space). Let M ⊆ Rm×n be a smooth embedded manifold and let

226



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

Y ∈M. Its tangent space at Y is

TYM =
{
γ̇(0)

∣∣ γ : (−δ, δ)→M is a C1 curve for some δ > 0 and γ(0) = Y
}
. (11.3)

Thus a tangent vector is the velocity, at t = 0, of a differentiable curve that remains on the

manifold.

TYM is a vector space. To see why, let φ : U ⊆ Rd → M be a local parameterization

with φ(u0) = Y . The chain rule shows that the velocity of every curve through Y has the

form Dφ[u0](c) for some c ∈ Rd . Conversely, the curve γ(t) = φ(u0 + tc) has velocity

Dφ[u0](c). Therefore,

TYM = rangeDφ[u0].

The derivative Dφ[u0] is a linear map, so its range is a vector space.

For an embedded matrix manifold, TYM is therefore a linear subspace of the ambient

vector space Rm×n; in particular, it contains the zero matrix and is closed under addition and

scalar multiplication. If M has dimension d , then TYM also has dimension d . It inherits

the Frobenius inner product and norm. Because it is finite-dimensional, it is closed, so every

ambient matrix Z has a unique orthogonal projection PTYMZ onto it. The tangent space

depends on the base point Y and should not be confused with the affine tangent plane

Y + TYM; see [50, 1] for further background.

We seek a curve Y (t) ∈ Mr that approximates the solution A(t) of the full matrix

equation:

A(t) ≈ Y (t).

Choose an initial approximation Y0 = U0S0V
⊤
0 ∈ Mr to A0. When A0 has rank at least r ,

a common choice is its rank-r truncated singular value decomposition; if A0 ∈ Mr , we may

simply take Y0 = A0.

Because Y (t) is constrained to remain inMr , its velocity must satisfy

Ẏ (t) ∈ TY (t)Mr .

The full equation suggests the velocityR(Y (t), t), but this matrix need not be tangent toMr .

We therefore choose, among all admissible tangent vectors, the one closest to R(Y (t), t) in

the Frobenius norm:

Ẏ (t) = argmin
W∈TY (t)Mr

1

2
∥W −R(Y (t), t)∥2F , Y (t0) = Y0. (11.4)
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This is the Dirac–Frenkel variational principle in the matrix setting [47].

Proposition 11.5 (Equivalent forms of the DLRA equation). For fixed Y ∈ Mr and Z ∈
Rm×n, the following statements are equivalent:

1. W minimizes 1
2
∥W − Z∥2F over TYMr , that is,

W = argmin
X∈TYMr

1

2
∥X − Z∥2F ;

2. W ∈ TYMr satisfies the Galerkin Condition, that is,

⟨W − Z,X⟩F = 0 for every X ∈ TYMr ; (11.5)

3. W is the projection onto TYMr , that is, W = PTYMrZ.

Proof. The tangent space TYMr is finite-dimensional and hence closed. The orthogonal

decomposition theorem gives unique matrices W ∈ TYMr and Z⊥ ∈ (TYMr)
⊥ such that

Z = W + Z⊥. For any H ∈ TYMr ,

∥H − Z∥2F = ∥H −W∥2F + ∥Z⊥∥2F .

Thus W is the unique minimizer. Moreover, Z−W = Z⊥ is orthogonal to the tangent space,

which is exactly the Galerkin condition. Conversely, the Galerkin condition identifies W as

the orthogonal projection of Z onto TYMr . ■

Applying the proposition with Z = R(Y (t), t) gives

Ẏ (t) = PTY (t)MrR(Y (t), t), Y (t0) = Y0. (11.6)

Proposition 11.6 (Local existence and preservation of rank). Suppose that R is continuous

in t and locally Lipschitz in its matrix argument, as assumed above. For every Y0 ∈ Mr ,

there is a time δ > 0 for which Equation (11.6) has a unique solution satisfying

Y (t) ∈Mr and hence rank Y (t) = r (t0 ≤ t < t0 + δ).

The rank remains r throughout the maximal interval on which the solution exists as a solution

onMr .
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Proof. For Y ∈Mr , the map Z 7→ PTYMrZ is linear, and the projector depends smoothly on

the base point Y ; an explicit formula is derived later in Equation (11.31). Consequently,

G(Y, t) = PTYMrR(Y, t)

is continuous in t and locally Lipschitz in Y on Mr . Moreover, G(Y, t) ∈ TYMr by con-

struction, so G is a tangent vector field on the manifold. In a local parameterization ofMr ,

the projected equation becomes an ordinary differential equation in a Euclidean space. The

Picard–Lindelöf theorem gives a unique local solution in those coordinates. Mapping that so-

lution back through the parameterization gives a curve inMr , and therefore its rank remains

r . ■

Example 11.7 (Finite-time loss of rank). The preceding conclusion is local in time. Existence

of the original full-matrix problem does not imply that the projected solution remains in Mr

for the same length of time. Take m = n = r = 1, soM1 = R \ {0}, and let R(A, t) = −1.
The tangent space is all of R at every Y ̸= 0, and hence the projected problem with Y (0) = 1

is

Ẏ = −1, Y (0) = 1.

Its solution is Y (t) = 1 − t. It belongs to M1 for 0 ≤ t < 1, but at t = 1 its rank

drops to zero. The full equation still has a solution beyond this time, whereas the projected

equation on M1 has reached the boundary of its manifold. For a general rank-r matrix, the

analogous warning sign is that its smallest nonzero singular value approaches zero. If the

solution remains bounded and that singular value stays bounded away from zero, the usual

continuation theorem permits the local solution to be extended.

The remainder of the chapter proceeds in four stages. We first develop the geometry of

fixed-rank matrices and derive the projected equations. We then introduce robust splitting

integrators, extend the construction to separable functions, and finally apply it to finite-

volume discretizations of kinetic equations. Recent applications include kinetic and fluid

equations [22, 23, 40, 19] and machine learning [71, 66, 69, 70, 65, 67, 68, 82, 49].

11.1.2 The Fixed-Rank Matrix Manifold

This subsection introduces the matrix manifolds used in the fixed-rank representation: the

manifold of fixed-rank matrices, the Stiefel manifold, and the general linear group. We

establish their manifold structure and compute the corresponding tangent spaces.
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It is important to distinguish exact rank from bounded rank. By Proposition 11.3, the

exact-rank setMr is a smooth manifold, whereas

M≤r = {Y | rank Y ≤ r}

is a stratified set whose lower-rank strata are singular relative to the rank-r stratum. A

factorization Y = USV ⊤ with S ∈ GLr(R) represents an element ofMr . If S is singular, the

same product has rank strictly below r and belongs only toM≤r . We begin with a standard

linear-algebraic fact about rank-r matrices for r < min{m, n}.

Proposition 11.8 (Compact SVD Factorization). Let Y ∈ Rm×n have rank r ≤ min{n,m}.
Then there exist S ∈ Rr×r , U ∈ Rm×r , and V ∈ Rn×r satisfying

Y = USV ⊤ (11.7)

where S is invertible and both U and V have orthonormal columns, that is, U⊤U = V ⊤V = Ir .

Proof. Write a singular value decomposition Y = U ′S′V ′⊤, where U ′ ∈ Rm×m and V ′ ∈ Rn×n

are orthogonal and S′ ∈ Rm×n is diagonal, with singular values σ1 ≥ · · · ≥ σp and p =

min{m, n}. Since Y has rank r , σr > 0 and all remaining singular values vanish. Partition U ′

and V ′ as

U ′ =
[
U ′1 U ′2

]
,

and

V ′ =
[
V ′1 V ′2

]
,

where U ′1 ∈ Rm×r , U ′2 ∈ Rm×(m−r), V ′1 ∈ Rn×r , and V ′2 ∈ Rn×(n−r). Partition S′ conformably:

S′ =

[
S′1 0

0 0

]
,

where S′1 ∈ Rr×r is a diagonal matrix containing the positive singular values of Y and is thus

an invertible matrix. So,

Y = U ′S′V ′⊤

=
[
U ′1 U ′2

] [S′1 0
0 0

][
V ′1
⊤

V ′2
⊤

]
= U ′1S

′
1V
′⊤
1 . (11.8)
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The orthogonality of U ′ and V ′ now shows directly that U ′1 and V ′1 have orthonormal columns:

Im = U
′⊤U ′

=

[
U ′1
⊤

U ′2
⊤

] [
U ′1 U ′2

]
=

[
U ′1
⊤U ′1 U ′1

⊤U ′2

U ′2
⊤U ′1 U ′2

⊤U ′2

]
, (11.9)

and

In = V
′⊤V ′

=

[
V ′1
⊤

V ′2
⊤

] [
V ′1 V ′2

]
=

[
V ′1
⊤V ′1 V ′1

⊤V ′2

V ′2
⊤V ′1 V ′2

⊤V ′2

]
. (11.10)

Take U = U ′1, S = S
′
1, and V = V ′1 . Then, Y = USV ⊤. ■

The decomposition in the result is often called a compact SVD or reduced SVD.

Definition 11.9 (Orthogonal Group). The orthogonal group of order r is

O(r) =
{
Q ∈ Rr×r

∣∣ Q⊤Q = Ir} .
It is a group under matrix multiplication. For every Q ∈ O(r), Q−1 = Q⊤, and hence also

QQ⊤ = Ir . Its elements are called orthogonal matrices.

Remark 11.10. The decomposition in Proposition 11.8 is not unique. Suppose Y = USV ⊤

satisfies the conditions of Proposition 11.8. Take two arbitrary orthogonal matrices P,Q ∈
O(r). Then,

Y = USV ⊤ = UQQ⊤SPP⊤V ⊤. (11.11)

Set Ũ = UQ, Ṽ = V P , and S̃ = Q⊤SP . The matrix S̃ is invertible because it is a product of

invertible matrices. The orthonormality of the transformed factors follows from

Ũ⊤Ũ = Q⊤U⊤UQ

= Q⊤Q
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= Ir ,

Ṽ ⊤Ṽ = P⊤V ⊤V P

= P⊤P

= Ir . (11.12)

Thus, Ũ, S̃, and Ṽ satisfy the conditions of Proposition 11.8 and Y = USV ⊤ = ŨS̃Ṽ ⊤, thus

yielding infinitely many representations for any such element inMr .

We next introduce the remaining spaces needed to describe the fixed-rank factors and

their tangent geometry: the symmetric matrices, the Stiefel manifold, and the general linear

group. We begin with the symmetric matrices.

Definition 11.11 (Symmetric Matrices). Let n ∈ N. The space of symmetric matrices in

Rn×n is the set of all matrices A in Rn×n equal to their own transpose, A⊤ = A. We denote

this space by

Sym(n) =
{
A ∈ Rn×n

∣∣ A⊤ = A} . (11.13)

Theorem 11.12. Let n ∈ N. Then, Sym(n) ⊂ Rn×n is a smooth submanifold of Rn×n.

Proof. This follows from the fact that Sym(n) is a linear subspace of Rn×n, which is finite-

dimensional. ■

The factors U and V in Proposition 11.8 have orthonormal columns and therefore lie on

Stiefel manifolds, which we introduce next.

Definition 11.13 (Stiefel Manifold). Let m, n ∈ N where m ≥ n. Then,

St(m, n) =
{
X ∈ Rm×n

∣∣ X⊤X = In} ,
the set of all m × n matrices with orthonormal columns, is called the Stiefel manifold.

Proposition 11.14. The Stiefel manifold forms a smooth submanifold of Rm×n.

Proof. Define Φ(X) = X⊤X − In for X ∈ Rm×n. Then Φ−1(0) = St(m, n), and Φ maps into

Sym(n). The map Φ is smooth, and its derivative at Y is the linear map

DΦ[Y ] : Rm×n → Sym(n), DΦ[Y ](H) = Y ⊤H +H⊤Y.
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Let H = 1
2
Y A for arbitrary A ∈ Sym(n). Then

DΦ[Y ]

(
1

2
Y A

)
= Y ⊤

(
1

2
Y A

)
+

(
1

2
Y A

)⊤
Y

=
1

2
Y ⊤Y A+

1

2
A⊤Y ⊤Y

=
1

2
A+
1

2
A⊤

=
1

2
A+
1

2
A

= A. (11.14)

Thus DΦ[Y ] is surjective for every Y ∈ Φ−1(0) = St(m, n), so 0 is a regular value of

Φ. Applying Theorem E.8 now shows that St(m, n) is a smooth embedded submanifold of

Rm×n. ■

Definition 11.15 (GLr(R), general linear group over R). Let r ∈ N. Then,

GLr(R) =
{
X ∈ Rr×r

∣∣ det(X) ̸= 0} ,
the set of all invertible r × r matrices, is called the general linear group.

Proposition 11.16. The general linear group, GLr(R) ⊂ Rr×r , forms a smooth matrix sub-

manifold.

Proof. The determinant is a polynomial in the entries of a matrix and is therefore smooth;

in particular, it is continuous. Since R \ {0} is open,

GLr(R) = (det)−1(R \ {0})

is open in Rr×r . Every open subset of a Euclidean space is a smooth embedded submanifold of

full dimension: the identity map on the open set supplies a smooth coordinate chart. Hence

GLr(R) is a smooth embedded submanifold of Rr×r of dimension r 2. ■

As noted in Remark 11.10, a matrix Y ∈Mr does not determine a unique triple (U, S, V )

through the factorization Y = USV ⊤. The following definitions and propositions describe

this redundancy precisely.

Definition 11.17 (Factor parameter space and reconstruction map). Define

Pr = St(m, r)× GLr(R)× St(n, r).
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The reconstruction map is

π : Pr →Mr , π(U, S, V ) := USV ⊤.

Thus a point of Pr is a choice of factors, whereas its image under π is the matrix represented

by those factors.

Proposition 11.18 (Orthogonal change-of-basis action). The formula

(U, S, V ) · (Q,P ) = (UQ,Q⊤SP, V P )

defines a smooth right action of O(r) × O(r) on Pr . Moreover, the reconstruction map is

unchanged by this action:

π
(
(U, S, V ) · (Q,P )

)
= π(U, S, V ).

Proof. The identity (Ir , Ir) leaves every triple unchanged. If g1 = (Q1, P1) and g2 = (Q2, P2),

then

(
(U, S, V ) · g1

)
· g2 = (UQ1Q2, Q⊤2Q⊤1 SP1P2, V P1P2) = (U, S, V ) · (g1g2), (11.15)

where

(g1g2) = (Q1Q2, P1P2).

Hence the formula defines a right group action, and it is smooth because it uses only matrix

multiplication and transposition. Finally,

π
(
(U, S, V ) · (Q,P )

)
= (UQ)(Q⊤SP )(V P )⊤ = USV ⊤,

which proves the invariance of π. ■

The matrices Q and P change the orthonormal bases used for the column and row spaces

of Y , while the transformation of S compensates for those changes.

Definition 11.19 (Factor quotient). Two triples (U, S, V ) and (Ũ, S̃, Ṽ ) in Pr are equivalent

if there is a pair (Q,P ) ∈ O(r)×O(r) such that

(Ũ, S̃, Ṽ ) = (U, S, V ) · (Q,P ).

The equivalence class of (U, S, V ) is its orbit. The set of all such equivalence classes is the
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quotient

Pr
/(
O(r)×O(r)

)
.

Proposition 11.20 (Quotient representation of the fixed-rank manifold). Two triples in Pr
represent the same matrix if and only if they are equivalent. Consequently, the reconstruction

map induces a bijection

π : Pr
/(
O(r)×O(r)

)
−→Mr , π

(
[(U, S, V )]

)
= USV ⊤.

The quotient is a smooth manifold, and under this smooth structure π is a diffeomorphism.

Proof. Proposition 11.18 shows that equivalent triples represent the same matrix. Conversely,

suppose

USV ⊤ = ŨS̃Ṽ ⊤.

Because S and S̃ are invertible, the two sides have the same column and row spaces. There-

fore there are Q,P ∈ O(r) such that Ũ = UQ and Ṽ = V P . Multiplication of the displayed

identity on the left by U⊤ and on the right by V gives S̃ = Q⊤SP . Thus the triples are equiva-

lent, so the fibers of π are exactly the group orbits. Surjectivity follows from Proposition 11.8;

hence π is a well-defined bijection.

The action is free: if (U, S, V ) · (Q,P ) = (U, S, V ), then the full column rank of U and

V forces Q = P = Ir . It is proper because O(r) × O(r) is compact. Thus Theorem E.13

gives the quotient a smooth manifold structure. In the fixed-rank coordinate patches used in

the proof of Proposition 11.3, the factors can be chosen smoothly; these local choices show

that π and its inverse are smooth. This is the standard quotient description of the fixed-rank

manifold; see [1, 21] for complete treatments. ■

We will not need to work with the quotient explicitly. For a particular Y ∈Mr , we choose

any one factorization Y = USV ⊤. The tangent space obtained below depends only on Y ,

and the later gauge conditions remove the corresponding infinitesimal freedom in the factors.

We now derive the tangent space of the fixed-rank manifold. Recall from Definition 11.4

that its elements are velocities of curves that remain on the manifold. The reconstruction

map introduced in Definition 11.17 provides the connection between tangent directions of

the factors and tangent vectors of the represented matrix.

Proposition 11.21 (Differential of the reconstruction map). Let

π : Pr →Mr , π(U, S, V ) = USV ⊤,
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and let Y = π(U, S, V ). Then

Dπ(U,S,V )(HU, HS, HV ) = HUSV
⊤ + UHSV

⊤ + USH⊤V , (11.16)

where

HU ∈ TUSt(m, r), HS ∈ TSGLr(R), HV ∈ TV St(n, r).

Moreover, Dπ(U,S,V ) maps onto TYMr . Consequently, every Z ∈ TYMr admits a represen-

tation

Z = HUSV
⊤ + UHSV

⊤ + USH⊤V . (11.17)

This representation is generally not unique.

Proof. Let (U(t), S(t), V (t)) be a C1 curve in Pr through (U, S, V ). Differentiating

Y (t) = π(U(t), S(t), V (t)) = U(t)S(t)V (t)⊤

gives

Ẏ (t) = U̇(t)S(t)V (t)⊤ + U(t)Ṡ(t)V (t)⊤ + U(t)S(t)V̇ (t)⊤. (11.18)

Evaluating at t = 0 proves Equation (11.16).

It remains to prove surjectivity. Let Z ∈ TYMr and choose a C1 curve Y (t) ∈ Mr such

that Y (0) = Y and Ẏ (0) = Z. In the local fixed-rank coordinate patches used in the proof of

Proposition 11.3, the factors of Y (t) can be chosen smoothly. If the resulting factors at t = 0

differ from the prescribed triple (U, S, V ), the equivalence established in Proposition 11.20

supplies constant orthogonal changes of basis that make the initial factors equal to (U, S, V ).

Thus we may write

Y (t) = U(t)S(t)V (t)⊤, (U(0), S(0), V (0)) = (U, S, V ).

Setting

HU = U̇(0), HS = Ṡ(0), HV = V̇ (0)

in Equation (11.18) yields Equation (11.17). Hence Dπ(U,S,V ) maps onto TYMr . Nonunique-

ness follows from the orthogonal change-of-basis freedom described in Proposition 11.18. ■

We next characterize the three factor tangent spaces. The symbols HU, HS, and HV
denote generic tangent directions, whereas U̇, Ṡ, and V̇ below are reserved for time derivatives

along a solution curve.
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Lemma 11.22. Let m, r ∈ N and U ∈ St(m, r) ⊂ Rm×r be an element of the Stiefel manifold.

Then the tangent space of the Stiefel manifold is given by the set

TUSt(m, r) =
{
HU ∈ Rm×r

∣∣ H⊤UU = −U⊤HU} . (11.19)

Equivalently, the tangent space is the set of all matrices HU ∈ Rm×r such that the matrix

H⊤UU is skew-symmetric.

Proof. Let U(t) ∈ St(m, r) be a C1 curve for t ∈ R. Then U(t)⊤U(t) = Ir for all t. Taking

the time derivative of both sides yields

O = U̇(t)⊤U(t) + U(t)⊤U̇(t), (11.20)

where O is the r× r zero matrix. Setting t = 0 and replacing the derivatives with the tangent

vector notation yields

H⊤UU = −U⊤HU. (11.21)

Conversely, suppose that HU ∈ Rm×r satisfies

H⊤UU + U
⊤HU = 0. (11.22)

For t sufficiently close to zero, define

γ(t) = (U + tHU)
(
(U + tHU)

⊤(U + tHU)
)−1/2

. (11.23)

The matrix

(U + tHU)
⊤(U + tHU)

is symmetric positive definite for all sufficiently small t, so its inverse square root is well

defined. Moreover,

γ(t)⊤γ(t) =
(
(U + tHU)

⊤(U + tHU)
)−1/2

· (U + tHU)⊤(U + tHU)
(
(U + tHU)

⊤(U + tHU)
)−1/2

= Ir . (11.24)

Thus, γ(t) ∈ St(m, r) and γ(0) = U. Using U⊤U = Ir and the assumed condition on HU,
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we have

(U + tHU)
⊤(U + tHU) = U

⊤U + t
(
H⊤UU + U

⊤HU
)
+ t2H⊤UHU

= Ir + t
2H⊤UHU. (11.25)

Consequently, (
Ir + t

2H⊤UHU
)−1/2

= Ir +O(t2), (11.26)

and hence

γ(t) = (U + tHU)
(
Ir +O(t2)

)
= U + tHU +O(t2). (11.27)

It follows from taking a derivative that

γ̇(0) = HU. (11.28)

Therefore, HU is the velocity of a curve in St(m, r) passing through U, and hence HU ∈
TUSt(m, r). This proves the reverse inclusion and completes the proof. ■

Lemma 11.23. Let r ∈ N and S ∈ GLr(R) be an element of the general linear group. Then,

TSGLr(R) ∼= Rr×r .

Proof. Recall from the proof of Proposition 11.16 that GLr(R) ⊂ Rr×r is an open subset.

By Proposition 3.10 in [50], if U ⊆M is an open subset of a manifold and p ∈ U, then there

exists an isomorphism TpU ∼= TpM. Hence, TSGLr(R) ∼= Rr
2 ∼= Rr×r . ■

Theorem 11.24 (Gauge-fixed tangent space). Let Y = USV ⊤ ∈Mr , where U⊤U = V ⊤V =

Ir and S ∈ GLr(R). Then

TYMr =

HUSV ⊤ + UHSV ⊤ + USH⊤V
∣∣∣∣∣∣ HU ∈ R

m×r , HS ∈ Rr×r , HV ∈ Rn×r ,

U⊤HU = 0, V ⊤HV = 0

 .
(11.29)

For the fixed factorization Y = USV ⊤, the three tangent components HU, HS, and HV in

this representation are unique.

Proof. By Proposition 11.21, every tangent vector has a representation in terms of factor

tangent directions. That representation is not unique: time-dependent orthogonal changes of

basis can transfer skew-symmetric components between the factors. The gauge conditions

remove exactly this freedom. Moreover, the Stiefel tangent-space characterization above

shows that every triple satisfying the gauge conditions in Equation (11.29) consists of valid

factor tangent directions. Hence the space on the right is a linear subspace of TYMr .
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To prove uniqueness, suppose a gauge-fixed triple represents the zero tangent vector.

Multiplication on the left by U⊤ and on the right by V gives HS = 0. Multiplication of the

remaining identity on the right by V gives HUS = 0, hence HU = 0 because S is invertible.

Multiplication on the left by U⊤ then gives SH⊤V = 0, so HV = 0.

The space on the right of Equation (11.29) has dimension

(m − r)r + r 2 + (n − r)r = r(m + n − r),

which is the dimension ofMr . Since it is a linear subspace of TYMr with the same dimension,

the two spaces agree. ■

Writing PU = UU⊤ and PV = V V ⊤, the tangent space is the orthogonal direct sum

TYMr = P
⊥
U Rm×nPV ⊕ PURm×nPV ⊕ PURm×nP⊥V . (11.30)

Consequently, for any Z ∈ Rm×n,

PTYMr (Z) = PUZ + ZPV − PUZPV . (11.31)

The gauge is a coordinate choice, not an additional condition on the matrix curve Y (t).

11.1.3 Tangent-Space Projection and Factor Evolution Equations

We now derive the three factor equations for U̇, Ṡ, and V̇ . The gauge-fixed tangent-space rep-

resentation makes the derivation unique and avoids the ambiguity caused by time-dependent

changes of basis.

Lemma 11.25. Let PU = UU⊤ and PV = V V ⊤, where U ∈ Rm×r and V ∈ Rn×r have

orthonormal columns. Then, PU is an orthogonal projection onto the column space of U

(denoted U) and PV is an orthogonal projection onto the column space of V (denoted V ).

Proof. We will show PU is an orthogonal projection onto the column space of U. First, we

show PU is a projection.

P 2U = (UU
⊤)(UU⊤) = U(U⊤U)U⊤ = UU⊤ = PU. (11.32)

A standard fact in linear algebra is that a Hilbert space can be written uniquely as the

direct sum of a closed subspace and its orthogonal complement. In this case, we have
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Rm = U
⊕
U
⊥
. If x ∈ Rm, we can rewrite it as

x = x + UU⊤x − UU⊤x = UU⊤x + (I − UU⊤)x (11.33)

We show that (I − UU⊤)x ∈ U⊥. An element of U has the form Uy for some y ∈ Rr . So,

⟨(I − UU⊤)x, Uy⟩ = ⟨x, Uy⟩ − ⟨UU⊤x, Uy⟩

= ⟨x, Uy⟩ − ⟨U⊤x, U⊤Uy⟩

= ⟨x, Uy⟩ − ⟨U⊤x, y⟩

= ⟨x, Uy⟩ − ⟨x, Uy⟩

= 0. (11.34)

Thus, Equation (11.33) is the unique decomposition of x in U
⊕
U
⊥
. By the definition of

orthogonal projection, PUv = UU⊤v . The proof that PV is an orthogonal projection onto V

follows the same argument. ■

From here onward, we use P⊥U = I − PU and P⊥V = I − PV to denote the projections onto

the orthogonal complements of U and V .

We can now state the main result of this discussion.

Theorem 11.26. Let Y = USV ⊤ ∈ Mr , where S ∈ GLr(R) and U and V have orthonormal

columns. Set R = R(Y (t), t). Then the Galerkin and gauge conditions imply

Ṡ = U⊤RV,

U̇ = P⊥U RV S
−1,

V̇ = P⊥V R
⊤US−⊤. (11.35)

Proof. Write

Ẏ = U̇SV ⊤ + UṠV ⊤ + USV̇ ⊤, U⊤U̇ = V ⊤V̇ = 0.

Choose the tangent test matrix Z = UAV ⊤, where A ∈ Rr×r is arbitrary. The gauge

conditions eliminate the U̇ and V̇ terms, so the Galerkin condition gives

⟨Ṡ − U⊤RV,A⟩F = 0 for every A.

Therefore Ṡ = U⊤RV .

Next choose Z = KSV ⊤, where U⊤K = 0. Using the gauge conditions and the formula
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for Ṡ gives

⟨U̇S − P⊥U RV,K⟩F = 0 for every K with U⊤K = 0.

The matrix U̇S − P⊥U RV itself has columns orthogonal to U. It is therefore an admissible

choice of K, and its Frobenius norm must vanish. Since S is invertible,

U̇ = P⊥U RV S
−1.

Finally choose Z = USL⊤, where V ⊤L = 0. The same calculation yields

⟨V̇ S⊤ − P⊥V R⊤U, L⟩F = 0 for every L with V ⊤L = 0.

The difference in the first slot belongs to this test space, so it is zero and

V̇ = P⊥V R
⊤US−⊤.

This proves all three equations. The subspace argument in the last two steps is essential:

orthogonality to a subspace forces a vector to vanish only after one knows that the vector

lies in that subspace. ■

Substituting Equation (11.35) into the derivative of Y = USV ⊤ recovers the tangent-

space projector:

Ẏ (t) = PTY (t)MrR(Y (t), t)

= U(t)U(t)⊤R(Y (t), t)− U(t)U(t)⊤R(Y (t), t)V (t)V (t)⊤

+R(Y (t), t)V (t)V (t)⊤. (11.36)

Here Y (t) = U(t)S(t)V (t)⊤.

11.1.4 Projector-Splitting and BUG Integrators

In this section, we discuss the primary methods for evolving the low-rank approximation in

time. We first motivate the need for robust low-rank time integrators.

The projected equation is Ẏ = PTYMrR(Y, t). Directly time-stepping the factor equations

is unattractive because the equations for U̇ and V̇ contain S−1 and become ill-conditioned

when the smallest singular value is small. Moreover, an ambient-space Runge–Kutta update

need not have rank at most r . The projector-splitting integrator avoids both difficulties by

evolving factorized subproblems without forming S−1 [53].
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We begin with the projector-splitting integrator of [53]. Recall that for Ȧ(t) = R(A(t), t),
the fixed-rank approximation solves

Ẏ (t) = PTYMrR(Y (t), t)

= R(Y (t), t)PV − PUR(Y (t), t)PV + PUR(Y (t), t),

Y (t0) = U0S0V
⊤
0 . (11.37)

Let tn+1 = tn + τ and Yn = UnSnV ⊤n . During the first two subflows, PVn = VnV
⊤
n is frozen.

After the first subflow is factored, PUn+1 = Un+1U
⊤
n+1 is frozen during the second and third

subflows. The exact subproblems are

ẎI(t) = R(YI(t), t)PVn , YI(tn) = Yn, (11.38a)

ẎII(t) = −PUn+1R(YII(t), t)PVn , YII(tn) = YI(tn+1), (11.38b)

ẎIII(t) = PUn+1R(YIII(t), t), YIII(tn) = YII(tn+1). (11.38c)

If ΦI, ΦII, and ΦIII denote the exact solution maps of these subproblems over [tn, tn+1], the

Lie–Trotter step is

Yn+1 = ΦIII ◦ΦII ◦ΦI(Yn).

This formula defines the splitting method independently of how the subproblems are solved

numerically. The experiments below use Forward Euler for each subproblem, so their total

temporal error contains both Lie–Trotter splitting error and subproblem discretization error.

The following result is Lemma 3.1 of [53].

Lemma 11.27 (Factorized solutions of the splitting subproblems). The solutions of the three

subproblems in (11.38) admit the following low-rank factorizations. More precisely, the frozen

bases give

YI(t) = K(t)V
⊤
n , YII(t) = Un+1S(t)V

⊤
n , YIII(t) = Un+1L(t)

⊤.

Consequently, every subflow has rank at most r . Its rank is exactly r only while K(t), S(t),

or L(t), respectively, has full rank.

(i) The solution of (11.38a) can be written as

YI(t) = UI(t)SI(t)VI(t)
⊤,
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where
d

dt

(
UI(t)SI(t)

)
= R(YI(t), t)VI(t), V̇I(t) = 0.

(ii) The solution of (11.38b) can be written as

YII(t) = UII(t)SII(t)VII(t)
⊤,

where

ṠII(t) = −UII(t)⊤R(YII(t), t)VII(t),

and

U̇II(t) = 0, V̇II(t) = 0.

(iii) The solution of (11.38c) can be written as

YIII(t) = UIII(t)SIII(t)VIII(t)
⊤,

where
d

dt

(
VIII(t)SIII(t)

⊤) = R(YIII(t), t)⊤UIII(t), U̇III(t) = 0.

Proof. First note that, for Z ∈ Rm×n, the terms ZV V ⊤, −UU⊤ZV V ⊤, and UU⊤Z lie in the

tangent space TYMr , as the following calculations show.

PTYMr (ZV V
⊤) = ZV V ⊤V V ⊤ − UU⊤ZV V ⊤V V ⊤ + UU⊤ZV V ⊤

= ZV V ⊤ − UU⊤ZV V ⊤ + UU⊤ZV V ⊤

= ZV V ⊤. (11.39)

Similarly,

PTYMr (−UU⊤ZV V ⊤) = −UU⊤ZV V ⊤V V ⊤ + UU⊤UU⊤ZV V ⊤V V ⊤ − UU⊤UU⊤ZV V ⊤

= −UU⊤ZV V ⊤V V ⊤

= −UU⊤ZV V ⊤. (11.40)

Finally,

PTYMr (UU
⊤Z) = UU⊤ZV V ⊤ − UU⊤UU⊤ZV V ⊤ + UU⊤UU⊤Z

= UU⊤ZV V ⊤ − UU⊤ZV V ⊤ + UU⊤Z
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= UU⊤Z. (11.41)

Hence the three vector fields have the required factorized forms. Their solutions remain

in M≤r ; they remain in the smooth manifold Mr only as long as the evolving factor has

full rank. On any interval on which this condition holds, write YI(t) = UI(t)SI(t)VI(t)
⊤,

YII(t) = UII(t)SII(t)VII(t)
⊤, and YIII(t) = UIII(t)SIII(t)VIII(t)⊤.

(i) First subflow. Set

YI(t) = UI(t)SI(t)VI(t)
⊤

and define

KI(t) = UI(t)SI(t).

It follows that

YI(t) = KI(t)VI(t)
⊤.

Differentiating this expression gives

ẎI(t) = K̇I(t)VI(t)
⊤ +KI(t)V̇I(t)

⊤.

We choose a representation for which

V̇I(t) = 0.

Substitution into (11.38a) then yields

K̇I(t)VI(t)
⊤ = R(YI(t), t)VI(t)VI(t)⊤.

Right multiplication by VI(t), together with VI(t)⊤VI(t) = Ir , gives

K̇I(t) = R(YI(t), t)VI(t).

Since V̇I(t) = 0, the matrix VI(t) remains constant throughout this substep. (ii) Second

subflow. Set

YII(t) = UII(t)SII(t)VII(t)
⊤.

Differentiating gives

ẎII(t) = U̇II(t)SII(t)VII(t)
⊤ + UII(t)ṠII(t)VII(t)

⊤

+ UII(t)SII(t)V̇II(t)
⊤.
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We choose a representation for which

U̇II(t) = 0, V̇II(t) = 0.

Substitution into (11.38b) therefore gives

UII(t)ṠII(t)VII(t)
⊤ = −UII(t)UII(t)⊤R(YII(t), t)VII(t)VII(t)⊤.

Multiplying from the left by UII(t)⊤ and from the right by VII(t) yields

ṠII(t) = −UII(t)⊤R(YII(t), t)VII(t).

(iii) Third subflow. Set

YIII(t) = UIII(t)SIII(t)VIII(t)
⊤

and define

LIII(t) = VIII(t)SIII(t)
⊤.

Thus,

YIII(t) = UIII(t)LIII(t)
⊤.

Differentiating gives

ẎIII(t) = U̇III(t)LIII(t)
⊤ + UIII(t)L̇III(t)

⊤.

We choose a representation for which

U̇III(t) = 0.

Substitution into (11.38c) then yields

UIII(t)L̇III(t)
⊤ = UIII(t)UIII(t)

⊤R(YIII(t), t).

Multiplying from the left by UIII(t)⊤ gives

L̇III(t)
⊤ = UIII(t)

⊤R(YIII(t), t).

Taking the transpose therefore gives

L̇III(t) = R(YIII(t), t)⊤UIII(t).
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This completes the proof. ■

11.1.4.1 Projector-Splitting K-, S-, and L-Steps

The factorized subflows in Lemma 11.27 lead to the projector-splitting integrator of [53]. One

time step consists of a K-step, an S-step, and an L-step. By evolving the factors directly,

the method retains the low-rank representation and avoids forming S−1. For simplicity, we

discretize each subproblem below with Forward Euler.

Definition 11.28 (Projector-splitting integrator). Let τ > 0, let tn+1 = tn + τ , and suppose

Yn = UnSnV
⊤
n is the rank-r approximation at time tn. One step of the projector-splitting

integrator advances Yn to Yn+1 through the following three substeps.

K-step. Set

K(tn) = UnSn

and solve the matrix ODE

K̇(t) = R
(
K(t)V ⊤n , t

)
Vn, t ∈ [tn, tn+1].

After computing K(tn+1), perform a QR factorization

K(tn+1) = Un+1Ŝn+1,

where the columns of Un+1 are orthonormal.

S-step. Set

S(tn) = Ŝn+1

and solve

Ṡ(t) = −U⊤n+1R
(
Un+1S(t)V

⊤
n , t

)
Vn, t ∈ [tn, tn+1].

Denote the value obtained at the end of this step by

S̃n+1 = S(tn+1).

L-step. Set

L(tn) = VnS̃
⊤
n+1

and solve

L̇(t) = R
(
Un+1L(t)

⊤, t
)⊤
Un+1, t ∈ [tn, tn+1].
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Finally, perform a QR factorization

L(tn+1) = Vn+1S
⊤
n+1,

where the columns of Vn+1 are orthonormal.

The approximation at the new time is then

Yn+1 = Un+1Sn+1V
⊤
n+1.

This method is condensed into the algorithm below.

Algorithm 1 Projector-splitting update for Yn = UnSnV ⊤n using Forward Euler time stepping,
as presented in [53]

Require: Yn = UnSnV ⊤n and time step τ > 0

Ensure: Yn+1 = Un+1Sn+1V ⊤n+1

1: K-step
2: Kn ← UnSn

3: Kn+1 ← Kn + τR
(
KnV

⊤
n , tn

)
Vn

4:
[
Un+1, Ŝn+1

]
← QR(Kn+1)

5: S-step
6: S̃n+1 ← Ŝn+1 − τU⊤n+1R

(
Un+1Ŝn+1V

⊤
n , tn

)
Vn

7: L-step
8: Ln ← VnS̃

⊤
n+1

9: Ln+1 ← Ln + τR
(
Un+1L

⊤
n , tn

)⊤
Un+1

10:
[
Vn+1, S

⊤
n+1

]
← QR(Ln+1)

return Un+1, Sn+1, Vn+1

The basis-update and Galerkin (BUG) integrator, originally called the unconventional ro-

bust integrator, was introduced in [14]. Its K- and L-basis updates, together with their QR

factorizations, can be performed in parallel. Like the projector-splitting method, it remains

robust to small singular values by updating the K and L factors rather than the derivatives U̇,

Ṡ, and V̇ directly. It also preserves symmetry or skew-symmetry when the differential equa-

tion preserves the corresponding matrix structure. A further motivation for this integrator
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concerns the negative sign in the S-step of the projector-splitting integrator. For example,

consider the ODE

R(Y (t)) = −λY (t), (11.42)

or

Ẏ (t) = −λY (t) (11.43)

for λ > 0, t ≥ 0, and Y (0) = Y0. The exact solution is given by

Y (t) = e−λtY0. (11.44)

Factor the initial value as

Y0 = U0S0V
⊤
0 . (11.45)

The K-step yields

K̇(t) = R
(
K(t)V ⊤0

)
V0

= −λK(t)V ⊤0 V0
= −λK(t). (11.46)

The S-step yields

Ṡ(t) = −U⊤1 R
(
U1S(t)V

⊤
0

)
V0

= −U⊤1
(
−λU1S(t)V ⊤0

)
V0

= λS(t). (11.47)

Thus,

S(t) = eλ(t−t0)S(t0). (11.48)

Thus, the S-subproblem is exponentially increasing. When the three subproblems are solved

exactly, this intermediate growth is canceled by the dissipative K- and L-steps, and the

complete projector-splitting step reproduces the expected decay. Numerically, however, the

anti-dissipative S-subproblem can amplify perturbations and splitting errors, particularly for

strongly dissipative or stiff equations. The unconventional integrator avoids this artificial sign

reversal by replacing the middle splitting step with a Galerkin evolution in the updated bases.

The algorithm proceeds as follows.

Definition 11.29 (Fixed-rank BUG integrator). Let τ > 0, let tn+1 = tn + τ , and suppose
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the rank-r approximation at time tn is

Yn = UnSnV
⊤
n . (11.49)

One step of the fixed-rank basis-update and Galerkin integrator advances Yn to Yn+1 as follows.

Basis update. Update Un −→ Un+1 and Vn −→ Vn+1 in parallel.

K-step: Integrate from t = tn to tn+1 the m × r matrix ODE

K̇(t) = R
(
K(t)V ⊤n , t

)
Vn, K(tn) = UnSn, (11.50)

to obtain

K(tn+1) = Kn+1, (11.51)

and then perform a QR decomposition

Un+1Rn+1 = QR(Kn+1). (11.52)

Now set

M = U⊤n+1Un ∈ Rr×r . (11.53)

L-step: Integrate from t = tn to tn+1 the n × r matrix ODE

L̇(t) = R
(
UnL(t)

⊤, t
)⊤
Un, L(tn) = VnS

⊤
n , (11.54)

and set

Vn+1R̃n+1 = QR
(
L(tn+1)

)
. (11.55)

Define the r × r matrix

N = V ⊤n+1Vn. (11.56)

Galerkin core update. Update Sn −→ Sn+1.

S-step: Integrate from t = tn to tn+1 the r × r matrix ODE

Ṡ(t) = U⊤n+1R
(
Un+1S(t)V

⊤
n+1, t

)
Vn+1, S(tn) = MSnN

⊤, (11.57)

to get S(tn+1). Set

Sn+1 = S(tn+1). (11.58)

Each of the differential equations in the substeps can be solved using a standard integrator

such as an explicit or implicit Runge–Kutta method. If R(Y, t) is linear, an exponential
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integrator can be used as well. The S-step can be viewed as a Galerkin condition on the

subspace

W =
{
Un+1ZV

⊤
n+1

∣∣ Z ∈ Rr×r} ⊆ Rm×n. (11.59)

This is an r 2-dimensional subspace. Since U and V are held constant, we are effectively

computing an approximation of the form

YS(t) = Un+1S(t)V
⊤
n+1. (11.60)

Thus,

ẎS(t) = Un+1Ṡ(t)V
⊤
n+1

= Un+1U
⊤
n+1R

(
Un+1S(t)V

⊤
n+1, t

)
Vn+1V

⊤
n+1. (11.61)

Defining the residual

Rres(t) = ẎS(t)−R(YS(t), t), (11.62)

the Galerkin condition on W is posed as finding YS(t) such that

〈
ẎS(t)−R(YS(t), t), Un+1ZV ⊤n+1

〉
F
= 0 (11.63)

over all Z ∈ Rr×r . Equivalently,

〈
U⊤n+1

(
Un+1Ṡ(t)V

⊤
n+1 −R(YS(t), t)

)
Vn+1, Z

〉
F
= 0 (11.64)

over all Z ∈ Rr×r . Hence,

U⊤n+1Un+1Ṡ(t)V
⊤
n+1Vn+1 − U⊤n+1R

(
Un+1S(t)V

⊤
n+1, t

)
Vn+1 = 0, (11.65)

or equivalently,

Ṡ(t)− U⊤n+1R
(
Un+1S(t)V

⊤
n+1, t

)
Vn+1 = 0. (11.66)

This yields the Galerkin part of the BUG method. The first step updates the bases Un+1 and

Vn+1. The second step implements a Galerkin method whose S-step has no artificial minus

sign. The resulting method is summarized below.
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Algorithm 2 Fixed-rank BUG update for Yn = UnSnV
⊤
n using Forward Euler time stepping,

as presented in [14]

Require: Yn = UnSnV ⊤n and time step τ > 0

Ensure: Yn+1 = Un+1Sn+1V ⊤n+1

1: K-step
2: Kn ← UnSn

3: Kn+1 ← Kn + τR
(
KnV

⊤
n , tn

)
Vn

4: [Un+1, Rn+1]← QR(Kn+1)
5: M ← U⊤n+1Un

6: L-step
7: Ln ← VnS

⊤
n

8: Ln+1 ← Ln + τR
(
UnL

⊤
n , tn

)⊤
Un

9:
[
Vn+1, R̃n+1

]
← QR(Ln+1)

10: N ← V ⊤n+1Vn

The K- and L-steps may be performed in parallel.

11: S-step
12: S̃n ← MSnN

⊤

13: Sn+1 ← S̃n + τU
⊤
n+1R

(
Un+1S̃nV

⊤
n+1, tn

)
Vn+1

return Un+1, Sn+1, Vn+1

The projector-splitting and BUG integrators also satisfy exactness and robust error prop-

erties under appropriate regularity, fixed-rank, and basis-overlap assumptions. We do not

discuss these analytical results here, since the purpose of this section is to describe the

construction of the integrators.

The rank-adaptive robust integrator of [13] extends the BUG method described above.

A fixed-rank method may become inaccurate when the rank required to approximate the

solution changes over time. The adaptive method addresses this limitation by constructing

augmented basis spaces, evolving the Galerkin approximation in those enlarged spaces, and

then truncating the result at a prescribed tolerance.

Definition 11.30 (Rank-adaptive BUG integrator). Let τ > 0, let tn+1 = tn + τ , let ϑ > 0

be a truncation tolerance, and suppose Yn = UnSnV
⊤
n is the rank-rn approximation at time
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tn. One step of the rank-adaptive BUG integrator is defined as follows.

Augmented basis construction. Construct the augmented basis matrices Ûn+1 and V̂n+1 in

parallel.

K-step: Integrate from t = tn to tn+1 the m × rn matrix ODE

K̇(t) = R
(
K(t)V ⊤n , t

)
Vn, K(tn) = UnSn, (11.67)

to obtain

K(tn+1) = Kn+1. (11.68)

Rather than replacing Un by an orthonormal basis of Kn+1, as in the fixed-rank BUG method,

augment the new directions with the previous basis. Form the matrix[
Kn+1 Un

]
∈ Rm×2rn (11.69)

and compute

Ûn+1R
U
n+1 = QR

([
Kn+1 Un

])
. (11.70)

Thus, the columns of

Ûn+1 ∈ Rm×2rn (11.71)

form an orthonormal basis for

range
([
Kn+1 Un

])
. (11.72)

Define

M̂ = Û⊤n+1Un ∈ R2rn×rn . (11.73)

L-step: Integrate from t = tn to tn+1 the n × rn matrix ODE

L̇(t) = R
(
UnL(t)

⊤, t
)⊤
Un, L(tn) = VnS

⊤
n , (11.74)

to obtain

L(tn+1) = Ln+1. (11.75)

Augment the new directions with the previous basis by forming[
Ln+1 Vn

]
∈ Rn×2rn , (11.76)

and compute

V̂n+1R
V
n+1 = QR

([
Ln+1 Vn

])
. (11.77)
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The columns of

V̂n+1 ∈ Rn×2rn (11.78)

therefore form an orthonormal basis for

range
([
Ln+1 Vn

])
. (11.79)

Define

N̂ = V̂ ⊤n+1Vn ∈ R2rn×rn . (11.80)

Since the columns of Un and Vn lie in the corresponding augmented spaces, we have

Un = Ûn+1M̂, Vn = V̂n+1N̂. (11.81)

Consequently, the previous approximation can be represented exactly in the augmented basis

spaces:

Yn = Ûn+1
(
M̂SnN̂

⊤)V̂ ⊤n+1. (11.82)

This identity motivates the initial condition for the augmented S-step.

Augmented Galerkin core update. Update the core matrix in the augmented basis spaces.

Augmented S-step: Integrate from t = tn to tn+1 the 2rn × 2rn matrix ODE

˙̂
S(t) = Û⊤n+1R

(
Ûn+1Ŝ(t)V̂

⊤
n+1, t

)
V̂n+1, (11.83)

subject to the initial condition

Ŝ(tn) = M̂SnN̂
⊤. (11.84)

This produces the augmented core matrix

Ŝn+1 = Ŝ(tn+1) ∈ R2rn×2rn . (11.85)

Rank truncation. Truncate the augmented approximation to the prescribed tolerance ϑ.

Compute the singular value decomposition

Ŝn+1 = P̂ Σ̂Q̂
⊤, (11.86)

where

Σ̂ = diag (σ1, . . . , σ2rn) , σ1 ≥ · · · ≥ σ2rn ≥ 0. (11.87)

253



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

Choose rn+1 ≤ 2rn to be the smallest integer satisfying 2rn∑
j=rn+1+1

σ2j

1/2 ≤ ϑ. (11.88)

Let

Pn+1 = P̂ (:, 1 : rn+1), Qn+1 = Q̂(:, 1 : rn+1), (11.89)

and define

Sn+1 = diag
(
σ1, . . . , σrn+1

)
. (11.90)

The updated basis matrices are then

Un+1 = Ûn+1Pn+1 ∈ Rm×rn+1, (11.91)

and

Vn+1 = V̂n+1Qn+1 ∈ Rn×rn+1. (11.92)

Therefore, the approximation at time tn+1 is

Yn+1 = Un+1Sn+1V
⊤
n+1. (11.93)

In the fixed-rank BUG method, the new bases are constructed only from Kn+1 and Ln+1.

In the rank-adaptive method, the old bases Un and Vn are retained and combined with the

new directions. Consequently, the temporary approximation space can grow from dimension

rn to at most 2rn. The subsequent SVD determines which of these old and new directions

should be retained. Depending on the discarded singular values and the tolerance ϑ, the new

rank rn+1 may be smaller than, equal to, or larger than rn.
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Algorithm 3 Rank-adaptive BUG update for Yn = UnSnV ⊤n using Forward Euler time stepping,
as presented in [13]

Require: Yn = UnSnV ⊤n of rank rn, time step τ > 0, and truncation tolerance ϑ > 0

Ensure: Yn+1 = Un+1Sn+1V ⊤n+1 of rank rn+1 ≤ 2rn

1: K-step and augmented column basis
2: Kn ← UnSn

3: Kn+1 ← Kn + τR
(
KnV

⊤
n , tn

)
Vn

4:
[
Û, RU

]
← QR([Kn+1, Un])

5: M̂ ← Û⊤Un

6: L-step and augmented row basis
7: Ln ← VnS

⊤
n

8: Ln+1 ← Ln + τR
(
UnL

⊤
n , tn

)⊤
Un

9:
[
V̂ , RV

]
← QR([Ln+1, Vn])

10: N̂ ← V̂ ⊤Vn

The K- and L-steps may be performed in parallel.

11: Augmented S-step
12: Ŝn ← M̂SnN̂

⊤

13: Ŝn+1 ← Ŝn + τÛ
⊤R
(
ÛŜnV̂

⊤, tn

)
V̂

14: Truncation step
15:

[
P̂ , Σ̂, Q̂

]
← SVD

(
Ŝn+1

)
16: Let

Σ̂ = diag (σ1, . . . , σ2rn) , σ1 ≥ · · · ≥ σ2rn ≥ 0

17: Choose the smallest rn+1 ≤ 2rn such that  2rn∑
j=rn+1+1

σ2j

1/2 ≤ ϑ
18: Let P̂rn+1 and Q̂rn+1 contain the first rn+1 columns of P̂ and Q̂, respectively

19: Let Σ̂rn+1 be the leading rn+1 × rn+1 principal block of Σ̂

20: Un+1 ← ÛP̂rn+1

21: Sn+1 ← Σ̂rn+1
22: Vn+1 ← V̂ Q̂rn+1

return Un+1, Sn+1, Vn+1, rn+1
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11.1.5 Continuous Dynamical Low-Rank Approximation

In this section, we provide a brief overview of continuous dynamical low-rank approximation,

which replaces matrix spaces with function spaces. For partial differential equations (PDEs),

the goal is to approximate the solution by a sum of separable functions, called a low-rank

function. A matrix DLRA method first discretizes the PDE and then converts it into a time-

dependent matrix ODE; the continuous formulation instead produces projected evolution

equations before a particular spatial discretization is chosen. The resulting dynamics mirror

the matrix-ODE formulation. Because kinetic equations are a primary application, we assume

that the PDE domain has a phase-space structure.

Let Hx = L2(Ωx) and Hv = L2(Ωv), and assume these Hilbert spaces are separable. We

identify L2(Ωx ×Ωv) with the Hilbert tensor product Hx ⊗Hv . Consider

∂tf (x, v , t) = G(f , t),

f (x, v , t0) = f0(x, v). (11.94)

The operator G may contain explicit dependence on x and v in addition to the displayed

dependence on f and t. Continuous DLRA seeks an approximation of the form

fr(x, v , t) =

r∑
i=1

r∑
j=1

Xi(x, t)Si j(t)Vj(v , t), (11.95)

where Xi(·, t) ∈ Hx , Vj(·, t) ∈ Hv , S(t) ∈ GLr(R), and

⟨Xi(·, t), Xj(·, t)⟩L2(Ωx ) = ⟨Vi(·, t), Vj(·, t)⟩L2(Ωv ) = δi j (11.96)

for each t ∈ [t0, T ]. The invertibility of S(t) guarantees exact separated rank r .

Definition 11.31 (Separated rank). For g ∈ Hx ⊗Hv , its separated rank is

ranksep(g) = min

{
q

∣∣∣∣∣ g(x, v) =
q∑
k=1

ak(x)bk(v), ak ∈ Hx , bk ∈ Hv

}
,

with rank +∞ if no finite representation exists. Equivalently, this is the rank of the Hilbert–

Schmidt operator from Hv to Hx whose kernel is g.

We use

Mr = {g ∈ Hx ⊗Hv | ranksep(g) = r} .
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The set of separated rank at most r also contains lower-rank strata and is not the same

smooth manifold. At each time, the DLRA velocity minimizes

1

2
∥δfr − G(fr , t)∥2L2(Ωx×Ωv ) (11.97)

over δfr ∈ TfrMr at every t ≥ 0. Equivalently, we compute

∂tfr(x, v , t) = argmin
δfr∈TfrMr

1

2
∥δfr − G(fr , t)∥2L2(Ωx×Ωv ). (11.98)

Recall the L2(Ωx ×Ωv) norm is generated by the inner product

⟨f , g⟩L2(Ωx×Ωv ) =
ˆ
Ωx×Ωv

f (x, v)g(x, v)dxdv , (11.99)

Here the function spaces are real-valued. Then, Equation (11.97) can be written as a Galerkin

condition: find ∂tfr ∈ TfrMr such that

⟨∂tfr − G(fr , t), δfr ⟩L2(Ωx×Ωv ) = 0 (11.100)

for all δfr ∈ TfrMr . As in Proposition 11.5, this is equivalent to orthogonal projection because

each tangent space is closed.

Definition 11.32 (Fixed-Rank Function Manifold). The fixed-rank function manifold has the

equivalent factorized description

Mr =

{
f (x, v) =

r∑
i=1

r∑
j=1

Xi(x)Si jVj(v)

∣∣∣∣∣ ⟨Xi , Xj⟩L2(Ωx ) = ⟨Vi , Vj⟩L2(Ωv ) = δi j , S ∈ GLr(R)
}

(11.101)

Any function in this set can be written compactly as f (x, v) = X(x)SV (v)⊤, where

X = (X1, . . . , Xr) and V = (V1, . . . , Vr).

Theorem 11.33 (Fixed-rank function manifold). Under the separability assumptions above,

Mr is a smooth embedded Hilbert submanifold of Hx ⊗Hv .

Proof reference. This is the standard fixed-rank Hilbert-manifold theorem; see Appendix A

of [4]. Under the stated separability assumptions, local charts are obtained by splitting each

factor space into the span of the current orthonormal factors and its orthogonal complement.

The invertibility of S keeps the representation on the exact-rank stratum, and these charts

give the asserted smooth embedded Hilbert-manifold structure. ■
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As in standard theory on smooth manifolds, this implies the existence of a tangent space

at every point inMr . The definition of the tangent space in the context of Hilbert manifolds

is analogous to that in the finite dimensional case.

We next construct the relevant orthogonal projections.

Let

X = span{X1, . . . , Xr} ⊆ L2(Ωx)

and

V = span{V1, . . . , Vr} ⊆ L2(Ωv),

where

⟨Xi , Xj⟩L2(Ωx ) = δi j and ⟨Vi , Vj⟩L2(Ωv ) = δi j .

Proposition 11.34. Define PX : L2(Ωx)→ X by

PXg =

r∑
i=1

Xi⟨Xi , g⟩L2(Ωx ).

Then PX is the orthogonal projection of L2(Ωx) onto X .

Proof. First, PXg ∈ X for every g ∈ L2(Ωx). Moreover, using the orthonormality of {Xi}ri=1,
we obtain

P 2Xg = PX

(
r∑

k=1

Xk⟨Xk , g⟩L2(Ωx )

)

=

r∑
i=1

r∑
k=1

Xi⟨Xi , Xk⟩L2(Ωx )⟨Xk , g⟩L2(Ωx )

=

r∑
i=1

Xi⟨Xi , g⟩L2(Ωx )

= PXg. (11.102)

Thus, PX is a projection.

It remains to show that it is an orthogonal projection. Let h ∈ X . Then

h =

r∑
j=1

αjXj
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for some α1, . . . , αr ∈ R. Therefore,

⟨g − PXg, h⟩L2(Ωx ) =
r∑
j=1

αj⟨g,Xj⟩L2(Ωx )

−
r∑
i=1

r∑
j=1

αj⟨Xi , g⟩L2(Ωx )⟨Xi , Xj⟩L2(Ωx )

=

r∑
j=1

αj⟨g,Xj⟩L2(Ωx ) −
r∑
j=1

αj⟨Xj , g⟩L2(Ωx )

= 0. (11.103)

Hence, g − PXg is orthogonal to X , so PX is the orthogonal projection onto X . ■

Proposition 11.35. Define PV : L2(Ωv)→ V by

PV g =

r∑
j=1

Vj⟨Vj , g⟩L2(Ωv ).

Then PV is the orthogonal projection of L2(Ωv) onto V.

Proof. The proof is identical to the proof for PX. Indeed, orthonormality gives

P 2V g =

r∑
i=1

r∑
j=1

Vi⟨Vi , Vj⟩L2(Ωv )⟨Vj , g⟩L2(Ωv )

=

r∑
j=1

Vj⟨Vj , g⟩L2(Ωv )

= PV g. (11.104)

Furthermore, if h ∈ V, then the orthonormality of {Vj}rj=1 implies

⟨g − PV g, h⟩L2(Ωv ) = 0.

Therefore, PV is the orthogonal projection onto V. ■

When these projectors act on a phase-space function, they must be lifted to the product

space. We use the same symbols for the lifted operators and define

(PXg)(x, v) =

r∑
i=1

Xi(x)

ˆ
Ωx

Xi(x
′)g(x ′, v)dx ′, (11.105)
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(PV g)(x, v) =

r∑
j=1

(ˆ
Ωv

g(x, v ′)Vj(v
′)dv ′

)
Vj(v). (11.106)

Thus PX projects only the x-dependence and PV projects only the v -dependence. Fubini’s

theorem and the orthonormality of the bases show that

PXPV = PV PX.

The continuous tangent-space projector is therefore

PTfrMr = PX + PV − PXPV , (11.107)

which is the function-space analogue of Equation (11.31).

Proposition 11.36 (Continuous equations of motion). Let G = G(fr , t) and impose

⟨Xi , ∂tXj⟩x = 0, ⟨Vi , ∂tVj⟩v = 0.

Define

GV,j(x) =

ˆ
Ωv

G(x, v)Vj(v)dv , GX,i(v) =

ˆ
Ωx

Xi(x)G(x, v)dx.

Then the Galerkin condition is equivalent to

Ṡi j = ⟨Xi , GV,j⟩x , (11.108)
r∑
i=1

∂tXi Si j = (I − PX)GV,j , (11.109)

r∑
j=1

Si j ∂tVj = (I − PV )GX,i . (11.110)

Because S is invertible, these equations uniquely determine the gauge-fixed factor derivatives.

Proof. Differentiate the separated representation of fr . Testing the Galerkin condition first

with δf =
∑

i ,j XiHi jVj for an arbitrary matrix H gives Equation (11.108). Next, vary only

the spatial factors, with each δXi ∈ X⊥. The core and velocity-derivative terms vanish by

the gauge conditions, leaving〈∑
i

∂tXiSi j − (I − PX)GV,j , δX

〉
x

= 0 for every δX ∈ X⊥.
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The expression in the first slot also belongs to X⊥, so it vanishes. This proves Equa-

tion (11.109). Testing with velocity variations in V⊥ proves Equation (11.110) in the same

way. ■

The solution of Equation (11.97) can now be written as

∂tfr = PTfrMrG(fr , t)

= PV G(fr , t)− PXPV G(fr , t) + PXG(fr , t). (11.111)

The projector-splitting, BUG, and adaptive BUG integrators from Definitions 11.28 to 11.30

can be applied to this projected evolution while retaining a factorized representation.

To relate this continuous projection to a matrix discretization, let w x
i and w v

j be the

spatial and velocity quadrature weights. The discrete approximation to the L2 inner product

is

⟨A,B⟩h =
Nx∑
i=1

Nv∑
j=1

w x
i w

v
j Ai jBi j =

〈
W 1/2
x AW 1/2

v ,W 1/2
x BW 1/2

v

〉
F
, (11.112)

where Wx = diag(w
x
i ) and Wv = diag(w

v
j ). Thus a direct discretization uses weighted

orthogonality,

X⊤WxX = Ir , V ⊤WvV = Ir ,

or, equivalently, applies ordinary Frobenius geometry to the scaled matrixW 1/2
x AW

1/2
v . On the

uniform midpoint grids used below, both weight matrices are scalar multiples of the identity,

so ordinary Frobenius projection gives the same tangent direction. This is the precise sense

in which the discretize-then-project method represents the continuous L2 projection.

11.1.6 Computational Benefits and Limitations

The benefits of DLRA are most pronounced for high-dimensional matrix ODEs. If m, n ∈ N
are both very large and Y (t) ∈ Rm×n is approximated by Yr(t) = U(t)S(t)V (t)⊤, then the

storage cost is reduced from O(mn) to O(rm + r 2 + rn). This reduction leads to a corre-

sponding computational advantage when two conditions are true. First, the solution must

remain accurately approximable for moderate rank r . Second, the quantities required by the

low-rank integrator must be computable from U, S, V without forming the full approximation

Yr or a full-dimensional intermediate quantity. As was discussed in [38], operators possessing
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a separable structure are especially suitable. For example, a discretized operator of the form

R(Y, t) =
N∑
ℓ=1

Aℓ(t)Y Bℓ(t)
⊤ (11.113)

for Aℓ(t) ∈ Rm×m, Bℓ(t) ∈ Rn×n, and N small enough can be evaluated directly on low-rank

factors:

R(USV ⊤, t) =
N∑
ℓ=1

(Aℓ(t)U)S(Bℓ(t)V )
⊤. (11.114)

In the context of PDEs, many linear transport operators possess such a structure upon dis-

cretization, although this depends on the PDE itself, boundary conditions, choice of discretiza-

tion, and other factors. Certain bilinear operators can still be expressed by a manageable

number of separable terms. By contrast, general nonlinear entrywise operations, nonlinear

reconstructions, and nonseparable terms may require storage on the order of O(mn), which

can effectively eliminate the benefits of DLRA. In these cases, additional techniques such

as interpolation, collocation, hyper-reduction, or problem-specific techniques are needed to

overcome these obstacles.

11.2 Projector-Splitting DLRA for the 1x1v BGK Equation

11.2.1 The 1x1v BGK Model and Its Moments

In this section, we develop a dynamical low-rank approximation for the 1x1v Boltzmann–BGK

equation. Its collision term uses the local Maxwellian Mf , defined from the moments below:

∂tf (x, v , t) + v∂x f (x, v , t) =
1

ε
(Mf (x, v , t)− f (x, v , t)), (11.115)

Here x ∈ Ωx ⊆ R, v ∈ R, and ε > 0 is the Knudsen number. This nondimensional 1x1v

model uses unit particle mass, so number and mass density coincide numerically; we use n

to match the report-wide notation. The continuous BGK model is posed on the full velocity

line. A bounded velocity interval is introduced only when the equation is discretized below.

The moments are velocity-weighted integrals of f that represent macroscopic properties

of the gas. We first define the number density, bulk velocity, and temperature.

n(x, t) =

ˆ
R
f (x, v , t)dv , (11.116)
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u(x, t) =
1

n(x, t)

ˆ
R
vf (x, v , t)dv , (11.117)

θ(x, t) =
1

n(x, t)

ˆ
R
(v − u(x, t))2f (x, v , t) dv . (11.118)

These moments determine the local Maxwellian appearing in Equation (11.115), which rep-

resents the local equilibrium distribution:

Mf (x, v , t) =
n(x, t)√
2πθ(x, t)

exp

(
−
(v − u(x, t))2

2θ(x, t)

)
. (11.119)

By construction on R,
ˆ
R
(Mf − f )φ(v)dv = 0, φ(v) ∈ span{1, v , v 2/2}. (11.120)

The same identity is generally false after velocity truncation and quadrature if one merely

samples this continuous Maxwellian.

The following is an adaptation of the discretization in Chapter 4 of [35]. Choose L > 0

and Vmax > 0, set Ωx = [−L, L], and truncate velocity to Ωv = [−Vmax, Vmax]. Divide these

intervals into Nx and Nv uniform cells, respectively, with

hx =
2L

Nx
and hv =

2Vmax
Nv

. (11.121)

For i = 1, . . . , Nx and j = 1, . . . , Nv , define the cell centers and interfaces by

xi = −L+
(
i −
1

2

)
hx , xi± 1

2
= xi ±

hx
2
, vj = −Vmax +

(
j −
1

2

)
hv , vj± 1

2
= vj ±

hv
2
.

The phase-space cells are

Ci j = C
x
i × Cvj = [xi− 1

2
, xi+ 1

2
]× [vj− 1

2
, vj+ 1

2
], |Ci j | = hxhv .

263



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

x

v

(xi , vj)

xi− 1
2

xi xi+ 1
2

vj− 1
2

vj

vj+ 1
2

Ci ,j

hx

hv

Figure 11.1: A finite-volume cell Ci ,j in truncated phase space Ωx ×Ωv .

Next, we define the average of the solution f on the cell Ci ,j by

f i ,j(t) =
1

|Ci ,j |

ˆ
Ci ,j

f (x, v , t)dxdv =
1

hxhv

ˆ
Ci ,j

f (x, v , t)dxdv . (11.122)

Our goal is to approximate the averages at each cell. Note that |Ci ,j | = hxhv . Computing

the time derivative of both sides yields

d

dt
f i ,j(t) =

1

hxhv

ˆ
Ci ,j

∂tf (x, v , t) dxdv

= −
1

hxhv

ˆ
Ci ,j

∂x(vf (x, v , t)) dxdv +
1

εhxhv

ˆ
Ci ,j

(Mf − f )(x, v , t) dxdv . (11.123)

By the fundamental theorem of calculus, we have that

ˆ
Ci ,j

∂x(vf ) dxdv =
ˆ v

j+12

v
j− 12

ˆ x
i+12

x
i− 12

∂x(vf ) dxdv

=

ˆ v
j+12

v
j− 12

v
[
f (xi+ 1

2
, v , t)− f (xi− 1

2
, v , t)

]
dv . (11.124)

Define the physical transport flux by q(f ; v) = vf . Then Equation (11.123) becomes

d

dt
f i ,j(t) = −

1

hxhv

ˆ v
j+12

v
j− 12

(
q(f (xi+ 1

2
, v , t); v)− q(f (xi− 1

2
, v , t); v)

)
dv

+
1

ε

(
M f ,i ,j(t)− f i ,j(t)

)
. (11.125)
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Here M f ,i ,j(t) denotes the exact cell average of Mf = M[f ] on Ci ,j . This identity is exact. To

obtain a numerical method, we approximate the velocity integral by the midpoint rule. Set

qi± 1
2
(v , t) = q(f (xi± 1

2
, v , t); v).

ˆ v
j+12

v
j− 12

[
qi+ 1

2
(v , t)− qi− 1

2
(v , t)

]
dv ≈ hv

[
qi+ 1

2
(vj , t)− qi− 1

2
(vj , t)

]
. (11.126)

Hence,

1

hxhv

ˆ v
j+12

v
j− 12

[
qi+ 1

2
(v , t)− qi− 1

2
(v , t)

]
dv ≈

qi+ 1
2
(vj , t)− qi− 1

2
(vj , t)

hx
. (11.127)

The physical flux depends on interface traces of f , while the finite-volume method stores

only the cell averages f i ,j(t). We therefore reconstruct the traces from the piecewise-linear

function pi ,j(x, v , t) = f i ,j(t) + σxi,j(x − xi) on Cxi .

f (xi+ 1
2
, v , t) ≈ pi ,j(xi+ 1

2
, v , t)

= f i ,j(t) + σ
x
i,j(xi+ 1

2
− xi)

f (xi− 1
2
, v , t) ≈ pi ,j(xi− 1

2
, v , t)

= f i ,j(t) + σ
x
i,j(xi− 1

2
− xi). (11.128)

where the slope σxi,j is defined by

σxi,j = minmod
(( f i+1,j − f i−1,j

2hx

)
, βlim

( f i ,j − f i−1,j
hx

)
, βlim

( f i+1,j − f i ,j
hx

))
, (11.129)

where βlim ∈ [1, 2] is the limiter parameter and the minmod function is defined by

minmod(a, b, c) =


min(a, b, c), a, b, c ≥ 0,

max(a, b, c), a, b, c ≤ 0,

0, otherwise.

(11.130)

Typically, we set βlim = 2 because this gives more accurate results in the Sod problem. In

general, adjacent reconstructed traces are unequal:

pi ,j(xi+ 1
2
, vj , t) ̸= pi+1,j(xi+ 1

2
, vj , t).
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We define

f −
i+ 1
2
,j
(t) = pi ,j(xi+ 1

2
, vj , t)

f +
i+ 1
2
,j
(t) = pi+1,j(xi+ 1

2
, vj , t). (11.131)

The physical interface flux is replaced by a numerical flux:

q(f (xi+ 1
2
, vj , t); vj) ≈ q̂

(
f −
i+ 1
2
,j
(t), f +

i+ 1
2
,j
(t); vj

)
= q̂i+ 1

2
,j(t). (11.132)

For q(f ; v) = vf , the upwind choice is

q(f (xi+ 1
2
, vj , t); vj) ≈ q̂(f −i+ 1

2
,j
(t), f +

i+ 1
2
,j
(t); vj)

:=

vj f
−
i+ 1
2
,j
(t) if vj ≥ 0

vj f
+

i+ 1
2
,j
(t) if vj < 0.

(11.133)

We denote this upwind numerical flux by q̂i+ 1
2
,j(t). Lastly, the exact cell-average Maxwellian

M f ,i ,j(t) is replaced by the sampled approximation M̂f ,i ,j(t), which is defined as follows. First,

the discrete moments are defined by

ni(t) =

Nv∑
j=1

f i ,j(t)hv , (11.134)

ui(t) =
1

ni(t)

Nv∑
j=1

vj f i ,j(t)hv , (11.135)

and

θi(t) =
1

ni(t)

Nv∑
j=1

(vj − ui(t))2f i ,j(t)hv . (11.136)

The sampled Maxwellian is therefore defined by

M̂f ,i ,j(t) =
ni(t)√
2πθi(t)

exp
(
−
(vj − ui(t))2

2θi(t)

)
. (11.137)
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This is the continuous Maxwellian evaluated at the velocity nodes; it is not, in general, a

discrete moment-matching Maxwellian. Therefore

hv

Nv∑
j=1

(
M̂f ,i ,j − f i ,j

)
φ(vj) ̸= 0

for at least one φ ∈ {1, v , v 2/2}. One may instead construct a discrete Maxwellian by

solving a nonlinear moment-matching problem. The computations reported here use the

sampled Maxwellian and treat the mismatch as velocity-truncation and quadrature error.

The sampled Maxwellian M̂f ,i ,j(t) then replaces the exact cell average M f ,i ,j(t), giving the

numerical scheme

d

dt
f i ,j(t) = −

1

hx
(q̂i+ 1

2
,j(t)− q̂i− 1

2
,j(t)) +

1

ε
(M̂f ,i ,j(t)− f i ,j(t)) (11.138)

subject to an initial condition.

We advance this spatial discretization with an implicit-explicit (IMEX) scheme, treating

transport explicitly and collision implicitly. We first write the BGK equation as

∂

∂t
f (x, v , t) = T [f ](x, v , t) +Q[f ](x, v , t), (11.139)

where

T [f ](x, v , t) = −v
∂

∂x
f (x, v , t), (11.140)

and

Q[f ](x, v , t) =
1

ε
(Mf (x, v , t)− f (x, v , t)). (11.141)

As in Remark 6.1, Q[f ] is shorthand for the unary BGK collision approximation QBGK[f ];

it does not denote the bilinear Boltzmann operator Q[f , f ].

Let Nst be the number of IMEX stages. With k denoting the current stage and ℓ a previous

stage, the complete stage equation is

f (k) = f n + ∆t
∑
ℓ<k

ãkℓT (f (ℓ)) + ∆t
∑
ℓ≤k

akℓQ(f
(ℓ)), k = 1, . . . , Nst. (11.142)
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Collect all known terms into

g(k) = f n + ∆t
∑
ℓ<k

ãkℓT (f (ℓ)) +
∆t

ε

∑
ℓ<k

akℓ
(
M[f (ℓ)]− f (ℓ)

)
. (11.143)

Then

f (k) = g(k) + λk
(
M[f (k)]− f (k)

)
, λk =

∆t akk
ε

. (11.144)

If the collision operator exactly matches the three collision-invariant moments, taking mo-

ments of Equation (11.144) gives

U(f (k)) = U(g(k)), M[f (k)] = M[g(k)],

and the implicit stage has the explicit representation

f (k) =
g(k) + λkM[g

(k)]

1 + λk
. (11.145)

This derivation is exact for the continuous full-velocity BGK operator and for a discrete

Maxwellian constructed to match the discrete moments. It is only approximate for the

sampled Maxwellian used here, because truncation and midpoint quadrature introduce the

mismatch described above.

After all stages, the IMEX update is

f n+1 = f n + ∆t

Nst∑
k=1

b̃kT (f (k)) + ∆t
Nst∑
k=1

bkQ(f
(k)). (11.146)

Here Ã = (ãkℓ) is strictly lower triangular and A = (akℓ) is lower triangular. We reserve r for

low rank and ν for the ES–BGK parameter used elsewhere in the report.

Following [35], we replace the implicit and explicit terms by their discrete counterparts.

Let f ni,j approximate the cell average of the distribution over Ci ,j at time tn = tn−1 +∆t, and

let f (ℓ)i ,j denote its ℓth IMEX Runge–Kutta stage. Define

T ⋆i,j =
q̂⋆
i− 1
2
,j
− q̂⋆

i+ 1
2
,j

hx

Q⋆i,j =
1

ε
(M⋆

f ,i ,j − f ⋆i,j), (11.147)

where q̂i± 1
2
,j denotes the numerical flux computed from the cell averages f ⋆i,j . Here, ⋆ stands

for any specified stage or time level. The discrete moments and Maxwellian are computed
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via

n⋆i = hv

Nv∑
j=1

f ⋆i,j ,

u⋆i =
hv
n⋆i

Nv∑
j=1

vj f
⋆
i,j ,

θ⋆i =
hv
n⋆i

Nv∑
j=1

|vj |2f ⋆i,j − |u⋆i |2, (11.148)

and the Maxwellian by

M⋆
f ,i ,j =

n⋆i
(2πθ⋆i )

1/2
exp

(−(vj − u⋆i )2
2θ⋆i

)
. (11.149)

Then, the algorithm is run by computing the terms

g
(k)
i ,j = f

n
i,j + ∆t

k−1∑
ℓ=1

ãkℓT (ℓ)i ,j + ∆t

k−1∑
ℓ=1

akℓQ
(ℓ)
i ,j ,

f
(k)
i ,j ≈

g
(k)
i ,j + λkM̂[g

(k)]i ,j

1 + λk
, λk =

∆t akk
ε

,

f n+1 = f n + ∆t

Nst∑
k=1

b̃kT [f (k)] + ∆t
Nst∑
k=1

bkQ[f
(k)]. (11.150)

Here M̂[g(k)] is the continuous Maxwellian sampled at the velocity nodes after its parameters

are computed from the midpoint moments of g(k). The approximation sign is intentional:

without an exactly moment-matching discrete Maxwellian, this is not the exact solution of

the discrete implicit stage. The experiments track the resulting mass, momentum, and energy

drift.

The implementation uses constant-extrapolation, or zero-gradient, boundary conditions.

The ghost-cell values satisfy

f 0,j = f 1,j

f Nx+1,j = f Nx ,j , j = 1, . . . , Nv . (11.151)
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11.2.2 Finite-Volume Matrix Formulation and DLRA Update

The fixed-rank manifold, tangent-space projection, and projector-splitting integrator were

developed above. For the kinetic discretization, velocity is the row index and space is the

column index:

[f(t)]j,i = f i ,j(t), f(t) ∈ RNv×Nx .

We reserve Rh for the semidiscrete kinetic right-hand side.

We next derive the slope-limiter reconstruction as a matrix ODE. The physical transport

flux is q(f ; v) = vf , and the slope-limited upwind flux at a spatial interface is

q̂i+ 1
2
,j(t) =

vj f
−
i+ 1
2
,j
(t) if vj ≥ 0

vj f
+

i+ 1
2
,j
(t) if vj < 0,

(11.152)

and

q̂i− 1
2
,j(t) =

vj f
−
i− 1
2
,j
(t) if vj ≥ 0

vj f
+

i− 1
2
,j
(t) if vj < 0.

(11.153)

Both of these upwind approximations can be rewritten as

q̂i+ 1
2
,j(t) = v

+
j f
−
i+ 1
2
,j
(t)− v−j f

+

i+ 1
2
,j
(t). (11.154)

and

q̂i− 1
2
,j(t) = v

+
j f
−
i− 1
2
,j
(t)− v−j f

+

i− 1
2
,j
(t). (11.155)

Here, v+j = max(vj , 0) and v−j = max(−vj , 0). The approximations f ±
i+ 1
2
,j
(t) and f ±

i− 1
2
,j
(t) are

defined in Equation (11.128). Specifically,

pi ,j(x, v , t) = f i ,j(t) + σ
x
i,j(x − xi)

pi−1,j(x, v , t) = f i−1,j(t) + σ
x
i−1,j(x − xi−1)

pi+1,j(x, v , t) = f i+1,j(t) + σ
x
i+1,j(x − xi+1). (11.156a)

The terms that appear in the upwind formulation are given below and simplified.
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f −
i+ 1
2
,j
(t) ≈ pi ,j(xi+ 1

2
, v , t)

= f i ,j(t) +
hx
2
σxi,j

f +
i− 1
2
,j
(t) ≈ pi ,j(xi− 1

2
, v , t)

= f i ,j(t)−
hx
2
σxi,j

f +
i+ 1
2
,j
(t) ≈ pi+1,j(xi+ 1

2
, v , t)

= f i+1,j(t)−
hx
2
σxi+1,j

f −
i− 1
2
,j
(t) ≈ pi−1,j(xi− 1

2
, v , t)

= f i−1,j(t) +
hx
2
σxi−1,j . (11.157a)

These equations yield a matrix formulation for the numerical upwind flux. Define Λ[f] ∈
RNv×Nx by [Λ[f]]j,i = σxi,j . Define B+ = diag(v+j ) and B− = diag(v−j ) in RNv×Nv . For any

state matrix Y , M[Y ] is the sampled continuous Maxwellian computed from the discrete

moments of Y .

For the constant-extrapolation boundary condition, let L−1, L+1 ∈ RNx×Nx be the shift

matrices defined by

(Y L−1)j,i = Yj,max{i−1,1}, (Y L+1)j,i = Yj,min{i+1,Nx}.

Equivalently, these matrices have the form

L−1 =



1 1 0 0 0 ...

0 0 1 0 0 ...

0 0 0 1 0 ...

0 0 0 0 1 ...

0 0 0 0 0 ...

. . . . . ...


, L+1 =



... . . . .

... 0 0 0 0 0

... 1 0 0 0 0

... 0 1 0 0 0

... 0 0 1 0 0

... 0 0 0 1 1


.

Then the transport term [q̂i−1/2,j(t)− q̂i+1/2,j(t)]/hx can be written in matrix form as

1

hx

[
B+f(t)L−1 − (B− + B+)f(t) + B−f(t)L+1

]
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+
1

2

[
B+Λ[f(t)]L−1 + (B

− − B+)Λ[f(t)]− B−Λ[f(t)]L+1
]
. (11.158)

To simplify the notation, we introduce the following definitions.

Definition 11.37 (Tlin(Y ) and Tslope(Y )). Let Y ∈ RNv×Nx and matrices B±, Λ[Y ], and L± be

as defined in Equation (11.158). The linear transport operator and slope-correction operator

are

Tlin(Y ) =
1

hx
[B+Y L−1 − (B− + B+)Y + B−Y L+1], (11.159)

and

Tslope(Y ) =
1

2
[B+Λ[Y ]L−1 + (B

− − B+)Λ[Y ]− B−Λ[Y ]L+1]. (11.160)

Then, the full matrix ODE can be written as

ḟ(t) =
1

ε
M[f(t)]−

1

ε
f(t) + Tlin(f(t)) + Tslope(f(t)). (11.161)

More compactly,

ḟ(t) = Rh(f(t), t), (11.162)

where

Rh(Y, t) =
1

ε
M[Y ]−

1

ε
Y + Tlin(Y ) + Tslope(Y ). (11.163)

The storage advantage of DLRA is realized only if Rh(USV ⊤, t) can be evaluated without

forming the full product USV ⊤ [38]. The linear transport terms have this property; the

sampled Maxwellian and nonlinear slope limiter generally do not.

Tslope(USV
⊤) =

1

2
[B+Λ[USV ⊤]L−1 + (B

− − B+)Λ[USV ⊤]− B−Λ[USV ⊤]L+1]. (11.164)

The minmod map is nonlinear and acts entrywise, so Λ[USV ⊤] generally has rank much

larger than r . In the implementation used for the experiments, the full matrix USV ⊤ is

reconstructed, the limiter is applied entrywise, and the resulting full limiter matrix is used

in the projected factor update. This costs O(NxNv) storage and work for that part of

the method; no fully low-rank evaluation of the limiter is claimed. A future hyper-reduced

implementation would need to specify its approximation procedure and tolerance. If the
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limiter were independently recompressed, that truncation would introduce another error and

could disturb discrete moments.

Remark 11.38 (Positivity and conservation). Neither orthogonal tangent projection nor low-

rank truncation automatically preserves nonnegativity of the phase density. Likewise, even

if the underlying finite-volume operator is conservative, its orthogonal projection need not

preserve every discrete moment unless the corresponding invariant directions lie in the relevant

trial and test spaces. The sampled Maxwellian introduces an additional moment defect.

For these reasons the experiments report positivity and conservation diagnostics rather than

asserting these properties a priori.

For the slope-limiter system in (11.163), we use a Forward Euler realization of the

projector-splitting integrator with time step τ > 0. Let Yn = UnSnV
⊤
n be the low-rank

approximation at time tn. The update Yn → Yn+1 = Un+1Sn+1V
⊤
n+1 proceeds as follows.

K-step

Set Kn = UnSn. Then,

Kn+1 = Kn + τ
[1
ε
M[KnV

⊤
n ]Vn −

1

ε
Kn

+
1

hx
[B+Kn(V

⊤
n L−1Vn)− (B− + B+)Kn + B−Kn(V ⊤n L+1Vn)]

+
1

2
[B+Λ[KnV

⊤
n ]L−1Vn + (B

− − B+)Λ[KnV ⊤n ]Vn − B−Λ[KnV ⊤n ]L+1Vn]
]
. (11.165)

We then take [Un+1, Ŝn+1] = QR(Kn+1). This yields the update for Un+1.

S-step

The standard projector-splitting S-step is

S̃n+1 = Ŝn+1 − τU⊤n+1Rh(Un+1Ŝn+1V ⊤n , tn)Vn. (11.166)

Expanding the right-hand side gives

S̃n+1 = Ŝn+1 − τ

[
1

ε
U⊤n+1M[Un+1Ŝn+1V

⊤
n ]Vn −

1

ε
Ŝn+1

+
1

hx

[
U⊤n+1B

+Un+1Ŝn+1
(
V ⊤n L−1Vn

)
− U⊤n+1(B− + B+)Un+1Ŝn+1

+ U⊤n+1B
−Un+1Ŝn+1

(
V ⊤n L+1Vn

)]
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+
1

2

[
U⊤n+1B

+Λ[Un+1Ŝn+1V
⊤
n ]L−1Vn

+ U⊤n+1(B
− − B+)Λ[Un+1Ŝn+1V ⊤n ]Vn

− U⊤n+1B−Λ[Un+1Ŝn+1V ⊤n ]L+1Vn
]]
. (11.167)

This produces the intermediate core matrix S̃n+1 ∈ Rr×r , which is then used to initialize the

L-step.

L-step

Set

Ln = VnS̃
⊤
n+1.

The standard projector-splitting L-step is

Ln+1 = Ln + τRh(Un+1L⊤n , tn)⊤Un+1. (11.168)

Because U⊤n+1Un+1 = Ir , we have

(Un+1L
⊤
n )
⊤Un+1 = LnU

⊤
n+1Un+1 = Ln.

Expanding the right-hand side therefore gives

Ln+1 = Ln + τ

[
1

ε
M[Un+1L

⊤
n ]
⊤Un+1 −

1

ε
Ln

+
1

hx

[
L⊤−1LnU

⊤
n+1(B

+)⊤Un+1

− LnU⊤n+1(B− + B+)⊤Un+1

+ L⊤+1LnU
⊤
n+1(B

−)⊤Un+1

]
+
1

2

[
L⊤−1Λ[Un+1L

⊤
n ]
⊤(B+)⊤Un+1

+ Λ[Un+1L
⊤
n ]
⊤(B− − B+)⊤Un+1

− L⊤+1Λ[Un+1L⊤n ]⊤(B−)⊤Un+1
]]
. (11.169)

We then compute

[Vn+1, S
⊤
n+1] = QR(Ln+1). (11.170)

This yields the updated spatial factor Vn+1 and core matrix Sn+1, and hence the full update
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Yn+1 = Un+1Sn+1V
⊤
n+1. The following subsection presents numerical experiments for a Sod

shock-tube initial condition.

11.2.3 Sod Shock-Tube Experiments

For these experiments, the 1x1v finite-volume solver derived in Chapter 6 serves as the

reference solver. The classical Sod shock-tube test begins with gases in two different ther-

modynamic states separated by a diaphragm. After the diaphragm is removed, the kinetic

evolution is governed by the BGK equation with piecewise-Maxwellian initial data:

∂tf (x, v , t) + v∂x f (x, v , t) =
1

ε
(Mf (x, v , t)− f (x, v , t)), (11.171)

f (x, v , 0) = f0(x, v),

where

f0(x, v) =


nL√
2πθL
exp

(
− |v−uL|2

2θL

)
, x ∈ [−L, 0], v ∈ [−Vmax, Vmax]

nR√
2πθR
exp

(
− |v−uR|2

2θR

)
, x ∈ (0, L], v ∈ [−Vmax, Vmax].

(11.172)

For our test, the left and right states are

(nL, uL, θL) = (1.0, 0.0, 1.0), (nR, uR, θR) = (0.125, 0.0, 0.8).

The corresponding Euler Riemann problem has an exact solution that provides a useful qual-

itative comparison. The DLRA experiments below use ranks 8, 16, 20, and 24, with

L = 0.5, Vmax = 10, ε ∈ {10−3, 10−4}, tfin = 0.2.

The plots show the Sod moments and the phase-density error for the highest rank, r = 24.

We choose a time step corresponding to the CFL constant C = 0.12, with Nx = Nv = 64.

The reference is the full finite-volume solver on this same grid and timestep. Thus it isolates

the low-rank error but is not asserted to be a grid-converged solution. We report

Ef (t) =
∥Yr(t)− Yref(t)∥F
∥Yref(t)∥F
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and use the analogous relative discrete ℓ2 norm in x for each macroscopic moment. For a

matrix Z with singular values σk , the numerical rank at tolerance 10−10 is

rank10−10(Z) = #
{
k
∣∣ σk/σ1 > 10−10} .

We apply this definition to the low-rank state Y , sampled Maxwellian M[Y ], and slope-limiter

matrix Λ[Y ].

We begin with the moderately stiff case ε = 10−3.

(a) Number density n. (b) Bulk velocity u.

(c) Pressure. (d) Distribution error for the highest prescribed
rank.

Figure 11.2: Macroscopic quantities and distribution error for the one-dimensional Sod experiment
with ε = 10−3. The DLRA results are compared with the slope-limited full finite-volume reference
solution.
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Figure 11.3: Numerical ranks of the DLRA approximation Y , the sampled Maxwellian M[Y ], and
the slope-limiter matrix Λ[Y ] for the Sod experiment with ε = 10−3. Numerical rank is measured
using the relative threshold σk/σ1 > 10−10.

We next consider the more strongly collisional case ε = 10−4.
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(a) Number density n. (b) Bulk velocity u.

(c) Temperature θ. (d) Distribution error for the highest prescribed
rank.

Figure 11.4: Macroscopic quantities and distribution error for the one-dimensional Sod experiment
with ε = 10−4. The DLRA results are compared with the slope-limited full finite-volume reference
solution.
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Figure 11.5: Numerical ranks of the DLRA approximation Y , the sampled Maxwellian M[Y ], and
the slope-limiter matrix Λ[Y ] for the Sod experiment with ε = 10−4. Numerical rank is measured
using the relative threshold σk/σ1 > 10−10.

11.3 DLRA for Slope-Limited Collisionless Transport

11.3.1 Slope-Limited Finite-Volume Discretization

To isolate the effect of the minmod limiter on the DLRA approximation, we remove the BGK

collision term and study the resulting 1x1v collisionless transport equation. We then track

the numerical rank of the slope-limiter matrix in a high-resolution finite-volume discretization.

Let L > 0 and Vmax > 0, and take Ωx ×Ωv = [−L, L]× [−Vmax, Vmax]. The model is

∂tf (x, v , t) + v∂x f (x, v , t) = 0 (11.173)
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for (x, v) ∈ Ωx × Ωv . We assume periodic spatial boundary conditions. Divide Ωx into Nx
cells and Ωv into Nv cells, and set

hx =
2L

Nx
and hv =

2Vmax
Nv

. (11.174)

For i = 1, . . . , Nx and j = 1, . . . , Nv , the cell centers are xi = −L + (i − 1
2
)hx and vj =

−Vmax + (j − 1
2
)hv . Hence

Ωx ×Ωv =
Nx⋃
i=1

Nv⋃
j=1

Ci j =

Nx⋃
i=1

Nv⋃
j=1

[xi− 1
2
, xi+ 1

2
]× [vj− 1

2
, vj+ 1

2
]. (11.175)

We approximate the solution via an average on each cell, defined by

f i ,j(t) =
1

hxhv

ˆ
Ci ,j

f (x, v , t)dxdv =
1

hxhv

ˆ v
j+12

v
j− 12

ˆ x
i+12

x
i− 12

f (x, v , t)dxdv . (11.176)

Differentiating under the integral sign gives

d

dt
f i ,j(t) =

1

hxhv

ˆ v
j+12

v
j− 12

ˆ x
i+12

x
i− 12

∂tf (x, v , t) dxdv

= −
1

hxhv

ˆ v
j+12

v
j− 12

v

ˆ x
i+12

x
i− 12

∂x f (x, v , t) dxdv

= −
1

hxhv

ˆ v
j+12

v
j− 12

v
[
f (xi+ 1

2
, v , t)− f (xi− 1

2
, v , t)

]
dv

=
1

hxhv

ˆ v
j+12

v
j− 12

v
[
f (xi− 1

2
, v , t)− f (xi+ 1

2
, v , t)

]
dv . (11.177)

We introduce a midpoint rule approximation to the above integral to obtain

d

dt
f i ,j(t) ≈

1

hxhv
vj
[
f (xi− 1

2
, vj , t)− f (xi+ 1

2
, vj , t)

]
hv

=
vj f (xi− 1

2
, vj , t)− vj f (xi+ 1

2
, vj , t)

hx
. (11.178)

Using the same physical flux q(f ; v) = vf as above, the previous equation becomes

q(f (xi− 1
2
, vj , t); vj)− q(f (xi+ 1

2
, vj , t); vj)

hx
. (11.179)
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Hence, the dynamics can be written as

d

dt
f i ,j(t) =

q(f (xi− 1
2
, vj , t); vj)− q(f (xi+ 1

2
, vj , t); vj)

hx
. (11.180)

The interface values are approximated with the same slope reconstruction and numerical flux

q̂ used in the BGK discretization.

We now introduce the slope-limiter reconstruction. Because the finite-volume method

stores only the cell averages f i ,j(t), we reconstruct the interface traces with pi ,j(x, v , t) =

f i ,j(t) + σ
x
i,j(x − xi).

f (xi+ 1
2
, v , t) ≈ pi ,j(xi+ 1

2
, v , t)

= f i ,j(t) + σ
x
i,j(xi+ 1

2
− xi)

f (xi− 1
2
, v , t) ≈ pi ,j(xi− 1

2
, v , t)

= f i ,j(t) + σ
x
i,j(xi− 1

2
− xi). (11.181)

where the slope, σxi,j is defined by

σxi,j = minmod
(( f i+1,j − f i−1,j

2hx

)
, βlim

( f i ,j − f i−1,j
hx

)
, βlim

( f i+1,j − f i ,j
hx

))
, (11.182)

where βlim ∈ [1, 2] is the limiter parameter and the minmod function is defined by

minmod(a, b, c) =


min(a, b, c), a, b, c ≥ 0,

max(a, b, c), a, b, c ≤ 0,

0, otherwise.

(11.183)

Typically, we set βlim = 2 because this gives more accurate results in the Sod problem. In

general, adjacent reconstructed traces are unequal:

pi ,j(xi+ 1
2
, vj , t) ̸= pi+1,j(xi+ 1

2
, vj , t).

We define

f −
i+ 1
2
,j
(t) = pi ,j(xi+ 1

2
, vj , t)

f +
i+ 1
2
,j
(t) = pi+1,j(xi+ 1

2
, vj , t)

f −
i− 1
2
,j
(t) = pi−1,j(xi− 1

2
, vj , t)
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f +
i− 1
2
,j
(t) = pi ,j(xi− 1

2
, vj , t). (11.184)

We then take the numerical flux approximation

q(f (xi+ 1
2
, vj , t); vj) ≈ q̂

(
f −
i+ 1
2
,j
(t), f +

i+ 1
2
,j
(t); vj

)
= q̂i+ 1

2
,j(t),

q(f (xi− 1
2
, vj , t); vj) ≈ q̂

(
f −
i− 1
2
,j
(t), f +

i− 1
2
,j
(t); vj

)
= q̂i− 1

2
,j(t). (11.185)

For q(f ; v) = vf , the upwind numerical flux is

q(f (xi+ 1
2
, vj , t); vj) ≈ q̂(f −i+ 1

2
,j
(t), f +

i+ 1
2
,j
(t); vj)

=

vj f
−
i+ 1
2
,j
(t) if vj ≥ 0

vj f
+

i+ 1
2
,j
(t) if vj < 0.

q(f (xi− 1
2
, vj , t); vj) ≈ q̂(f −i− 1

2
,j
(t), f +

i− 1
2
,j
(t); vj)

=

vj f
−
i− 1
2
,j
(t) if vj ≥ 0

vj f
+

i− 1
2
,j
(t) if vj < 0.

. (11.186)

Both numerical fluxes can be written as

q̂(f −
i+ 1
2
,j
(t), f +

i+ 1
2
,j
(t); vj) = v

+
j f
−
i+ 1
2
,j
(t)− v−j f

+

i+ 1
2
,j
(t)

= v+j pi ,j(xi+ 1
2
, vj , t)− v−j pi+1,j(xi+ 1

2
, vj , t)

q̂(f −
i− 1
2
,j
(t), f +

i− 1
2
,j
(t); vj) = v

+
j f
−
i− 1
2
,j
(t)− v−j f

+

i− 1
2
,j
(t)

= v+j pi−1,j(xi− 1
2
, vj , t)− v−j pi ,j(xi− 1

2
, vj , t). (11.187)

Using the definition of pi ,j(x, v , t) in Equation (11.181), the first flux becomes

v+j pi−1,j(xi− 1
2
, vj , t)− v−j pi ,j(xi− 1

2
, vj , t) = v

+
j

(
f i−1,j +

hx
2
σxi−1,j

)
− v−j

(
f i ,j −

hx
2
σxi,j

)
= v+j f i−1,j +

hx
2
v+j σ

x
i−1,j − v−j f i ,j +

hx
2
v−j σ

x
i,j .

(11.188)
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Similarly,

v+j pi ,j(xi+ 1
2
, vj , t)− v−j pi+1,j(xi+ 1

2
, vj , t)

= v+j

(
f̄i ,j(t) + σ

x
i,j

(
xi+ 1

2
− xi

))
− v−j (f̄i+1,j(t) + σ

x
i+1,j

(
xi+ 1

2
− xi+1

)
)

= v+j (f̄i ,j(t) +
hx
2
σxi,j)− v−j (f̄i+1,j(t)−

hx
2
σxi+1,j)

= v+j f̄i ,j(t) +
hx
2
v+j σ

x
i,j − v−j f̄i+1,j(t) +

hx
2
v−j σ

x
i+1,j . (11.189)

Thus, the finite-volume scheme can be written as

d

dt
f i ,j(t) =

q̂i− 1
2
,j(t)− q̂i+ 1

2
,j(t)

hx

=
1

hx

[
v+j f i−1,j − v

−
j f i ,j − v

+
j f i ,j + v

−
j f i+1,j

+
hx
2

(
v+j σ

x
i−1,j + v

−
j σ

x
i,j − v+j σ

x
i,j − v−j σ

x
i+1,j

)]
. (11.190)

This expression can then be condensed into the form below.

We next reformulate the semidiscrete system as a matrix ODE. We collect the finite-

volume cell averages into the matrix

Y (t) =
[
f i ,j(t)

]
j,i
∈ RNv×Nx , (11.191)

where the row index j corresponds to velocity and the column index i corresponds to position.

Similarly, define the limited-slope matrix

Σ(Y ) =
[
σxi,j
]
j,i
∈ RNv×Nx . (11.192)

For periodic spatial boundary conditions, let P−, P+ ∈ RNx×Nx denote the backward and

forward cyclic-shift matrices, respectively, defined by

(Y P−)j,i = Yj,i−1, (Y P+)j,i = Yj,i+1, (11.193)

where the spatial indices are interpreted periodically. In particular,

P+P− = P−P+ = INx . (11.194)

283



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

The backward, centered, and forward slope-candidate matrices are

A(Y ) =
βlim
hx
Y (INx − P−) ,

B(Y ) =
1

2hx
Y (P+ − P−) ,

C(Y ) =
βlim
hx
Y (P+ − INx ) , (11.195)

respectively, where βlim ∈ [1, 2]. The limited-slope matrix is therefore

Σ(Y ) = minmod (A(Y ), B(Y ), C(Y )) , (11.196)

where minmod is applied entrywise. Define the nonnegative velocity splits

v+j = max(vj , 0), v−j = max(−vj , 0), (11.197)

so that

vj = v
+
j − v

−
j . (11.198)

We introduce the diagonal matrices

V+ = diag
(
v+1 , . . . , v

+
Nv

)
, V− = diag

(
v−1 , . . . , v

−
Nv

)
. (11.199)

At the interface xi+1/2, the reconstructed left and right states are

f −i+1/2,j = Yj,i +
hx
2
Σ(Y )j,i (11.200)

and

f +i+1/2,j = Yj,i+1 −
hx
2
Σ(Y )j,i+1, (11.201)

respectively. The corresponding upwind numerical flux is

q̂i+1/2,j = v
+
j f
−
i+1/2,j − v

−
j f
+
i+1/2,j . (11.202)

Hence,

q̂i+1/2,j = v
+
j

(
Yj,i +

hx
2
Σ(Y )j,i

)
− v−j

(
Yj,i+1 −

hx
2
Σ(Y )j,i+1

)
. (11.203)
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The conservative finite-volume dynamics are

Ẏj,i(t) =
q̂i−1/2,j(t)− q̂i+1/2,j(t)

hx
. (11.204)

Expanding the two numerical fluxes in Equation (11.204) gives

Ẏj,i =
1

hx

[
v+j Yj,i−1 −

(
v+j + v

−
j

)
Yj,i + v

−
j Yj,i+1

]
+
1

2

[
v+j Σ(Y )j,i−1 +

(
v−j − v

+
j

)
Σ(Y )j,i − v−j Σ(Y )j,i+1

]
. (11.205)

We now store the numerical flux through the interface xi+1/2 in column i of the matrix

Φ(Y ) ∈ RNv×Nx , Φ(Y )j,i = q̂i+1/2,j . (11.206)

The interface-flux matrix is therefore

Φ(Y ) = V+
(
Y +

hx
2
Σ(Y )

)
− V−

(
Y −

hx
2
Σ(Y )

)
P+. (11.207)

The conservative finite-volume update can then be written as

Ẏ (t) =
1

hx
Φ(Y (t)) (P− − INx ) . (11.208)

Indeed, the (j, i) entry of Equation (11.208) is precisely Equation (11.204).

Using P+P− = INx and expanding Equation (11.208), we obtain

Ẏ (t) =
1

hx

[
V+Y (t)P− −

(
V+ + V−

)
Y (t) + V−Y (t)P+

]
+
1

2

[
V+Σ(Y (t))P− +

(
V− − V+

)
Σ(Y (t))− V−Σ(Y (t))P+

]
. (11.209)

This is the matrix form of the componentwise dynamics in Equation (11.205).

To obtain a more compact representation, define the periodic one-sided difference matrices

D−x =
P− − INx
hx

, D+x =
P+ − INx
hx

. (11.210)

The finite-volume matrix ODE can then be written as

Ẏ (t) = V+
(
Y (t) +

hx
2
Σ(Y (t))

)
D−x + V−

(
Y (t)−

hx
2
Σ(Y (t))

)
D+x . (11.211)
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Thus, the semidiscrete finite-volume problem has the matrix-ODE form

Ẏ (t) = Rtr(Y (t)), Y (0) = Y0, (11.212)

where

Rtr(Y ) = V+
(
Y +

hx
2
Σ(Y )

)
D−x + V−

(
Y −

hx
2
Σ(Y )

)
D+x . (11.213)

The state matrix Y may admit an accurate low-rank representation. However, the map

Y 7−→ Σ(Y )

is nonlinear and acts entrywise through the minmod function. Consequently, even when

Y is accurately represented by a low-rank matrix, the limited-slope matrix Σ(Y ) need not

have comparably low rank. The numerical experiments below examine how this nonlinear

reconstruction affects the accuracy, rank structure, and computational cost of the dynamical

low-rank approximation.

11.3.2 Projector-Splitting Time Integration

We advance the semidiscrete transport matrix ODE derived above with the projector-splitting

integrator from Definition 11.28. The factor updates use the finite-volume right-hand side

directly. Because the fixed-rank manifold, tangent-space projection, and generic factor equa-

tions were established earlier in this chapter, we do not repeat them here.

11.3.3 Rank-Growth and Accuracy Experiments

We test the projector-splitting integrator on the collisionless kinetic equation

∂tf (x, v , t) + v ∂x f (x, v , t) = 0, (x, v) ∈ [−L, L]× [−Vmax, Vmax], (11.214)

with periodic boundary conditions in the spatial variable. For initial data

f (x, v , 0) = f0(x, v), (11.215)

the method of characteristics gives the exact solution

f (x, v , t) = f0(x − vt, v), (11.216)
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where x − vt is interpreted periodically on [−L, L]. We consider three initial conditions. For

midpoint initialization, the corresponding discrete matrix is defined by

(Y0)j,i = f0(xi , vj), 1 ≤ i ≤ Nx , 1 ≤ j ≤ Nv . (11.217)

Thus, the rows of Y0 correspond to velocity cells and the columns correspond to spatial cells.

This midpoint value approximates the double cell average defined earlier. It is second-order

accurate for smooth data, but that order need not hold in cells intersecting a discontinuity.

11.3.3.1 Initial Conditions

Smooth rank-one data.
The first initial condition is

f
(1)
0 (x, v) = sin

(πx
L

)
cos

(
πv

2Vmax

)
. (11.218)

This function is separable in x and v . Indeed, if

a1(x) = sin
(πx
L

)
, b1(v) = cos

(
πv

2Vmax

)
, (11.219)

then

f
(1)
0 (x, v) = a1(x)b1(v). (11.220)

Consequently, the midpoint-sampled initial matrix has the outer-product form

Y
(1)
0 = b1a

⊤
1 (11.221)

and therefore has rank one.

The exact transported solution is

f (1)(x, v , t) = sin

(
π(x − vt)

L

)
cos

(
πv

2Vmax

)
. (11.222)

Using the angle-difference identity, this solution can be written as a sum of two separable

functions:

f (1)(x, v , t) = sin
(πx
L

)
cos

(
πvt

L

)
cos

(
πv

2Vmax

)
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− cos
(πx
L

)
sin

(
πvt

L

)
cos

(
πv

2Vmax

)
. (11.223)

Hence, although the initial condition has rank one, its exact transported solution has separated

rank at most two.

Smooth rank-two data.
The second initial condition is

f
(2)
0 (x, v) = sin

(πx
L

)
cos

(
πv

2Vmax

)
+
1

2
cos

(
2πx

L

)
sin

(
πv

2Vmax

)
. (11.224)

This function is the sum of two separable terms. Its midpoint-sampled matrix therefore has

the form

Y
(2)
0 = b1a

⊤
1 +
1

2
b2a

⊤
2 , (11.225)

where

a1(x) = sin
(πx
L

)
,

b1(v) = cos

(
πv

2Vmax

)
,

a2(x) = cos

(
2πx

L

)
,

b2(v) = sin

(
πv

2Vmax

)
. (11.226)

For a nondegenerate spatial and velocity grid, the initial matrix has rank two.

The corresponding exact solution is

f (2)(x, v , t) = sin

(
π(x − vt)

L

)
cos

(
πv

2Vmax

)
+
1

2
cos

(
2π(x − vt)

L

)
sin

(
πv

2Vmax

)
. (11.227)

Expanding the translated sine and cosine shows that each initial rank-one term produces at

most two separable terms. Therefore, the exact transported solution has separated rank at

most four.

Discontinuous rank-one data.
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The third initial condition is

f
(3)
0 (x, v) = χ(−L/4,L/4)(x) cos

(
πv

2Vmax

)
, (11.228)

where χ(−L/4,L/4) is the indicator function

χ(−L/4,L/4)(x) =

1, |x | < L/4,

0, |x | ≥ L/4.
(11.229)

The initial condition is separable and therefore has rank one. In particular,

f
(3)
0 (x, v) = a3(x)b3(v), (11.230)

where

a3(x) = χ(−L/4,L/4)(x), b3(v) = cos

(
πv

2Vmax

)
. (11.231)

The exact transported solution is

f (3)(x, v , t) = χ(−L/4,L/4)(x − vt) cos
(
πv

2Vmax

)
, (11.232)

with the translated spatial argument interpreted periodically. Unlike the first two examples, the

velocity-dependent translation of the discontinuities generally does not admit a uniformly low-

rank separated representation. Consequently, the discrete solution may undergo substantial

rank growth even though the initial matrix has rank one. This example is therefore particularly

useful for investigating slope limiting and dynamical low-rank approximation in the presence

of discontinuities.

11.3.3.2 Experimental Setup and Diagnostics

For the numerical experiments, we set L = 1 and Vmax = 1, so that x, v ∈ [−1, 1]. The

initial time is tinit = 0, and the final time is tfin = 0.5. The experiments use prescribed ranks

r = 1, 2, 4, 8, 12, 16 on a phase-space grid with Nx = 64 spatial cells and Nv = 32 velocity

cells. Consequently, Y (t) ∈ R32×64. The Forward Euler and DLRA calculations use the

same slope-limited finite-volume operator and the same timestep, τ = 2.60417×10−3. Thus

the full Forward Euler solution is a same-grid full-order comparator, not a grid-converged

reference; the analytic solution measures the total discretization plus low-rank error.
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On this uniform grid, define

∥Z∥2,h =

(
hxhv

Nv∑
j=1

Nx∑
i=1

|Zj,i |2
)1/2

=
√
hxhv ∥Z∥F . (11.233)

The reported relative errors are

Efull(t) =
∥Yr(t)− Yfull(t)∥2,h
∥Yfull(t)∥2,h

, Eexact(t) =
∥Yr(t)− Yexact(t)∥2,h
∥Yexact(t)∥2,h

. (11.234)

If Z has singular values σ1 ≥ σ2 ≥ · · · , its numerical rank at tolerance τrank = 10−8 is

rankτrank(Z) = # {k | σk/σ1 > τrank} . (11.235)

The same-rank compression error is

Ecomp,r(Z) =
∥Z − Zr∥F
∥Z∥F

, (11.236)

where Zr is the truncated rank-r singular-value decomposition. These definitions apply to

both the state and the limiter matrix. To measure conservation, we define the discrete total

mass of a state matrix Y ∈ RNv×Nx by

Mh(Y ) = hxhv

Nv∑
j=1

Nx∑
i=1

Yj,i = hxhv 1
⊤
Nv
Y 1Nx . (11.237)

The signed mass change at the final time is

∆M = Mh(Y (T ))−Mh(Y (0)). (11.238)

Because some of the initial conditions contain both positive and negative values and may

have small signed total mass, we normalize the mass change by the discrete L1-size of the

initial condition. The scaled mass drift reported below is therefore

δM(Y ) =
|Mh(Y (T ))−Mh(Y (0))|

hxhv

Nv∑
j=1

Nx∑
i=1

|Yj,i(0)|
. (11.239)

For a nonnegative initial condition, the denominator is equal to the initial discrete mass, so

δM is the relative change in total mass. The full finite-volume method conserves this quantity
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to machine precision under periodic boundary conditions, whereas the projected low-rank

evolution does not automatically preserve the conservative flux cancellation.

11.3.3.3 Smooth Rank-One Results

Table 11.1: Final-time accuracy and conservation results for the smooth rank-one
collisionless-transport experiment. Here, Efull is the relative Frobenius error with respect to the full
Forward Euler solution, and Eexact is the relative Frobenius error with respect to the exact
transported solution.

Method Prescribed rank Efull Eexact Scaled mass drift

Full Forward Euler — — 2.2449× 10−3 3.9518× 10−17

PSI 1 5.5027× 10−1 5.4983× 10−1 3.1082× 10−16

PSI 2 2.3427× 10−3 2.4660× 10−3 9.8417× 10−9

PSI 4 2.4302× 10−3 2.8596× 10−3 6.3326× 10−9

PSI 8 2.2544× 10−3 3.3558× 10−3 2.5439× 10−8

PSI 12 2.4625× 10−3 4.0071× 10−3 7.9791× 10−9

PSI 16 2.5070× 10−3 4.2705× 10−3 1.5375× 10−8

Table 11.2: Final numerical ranks and same-rank compression errors of the slope-limiter matrix for
the smooth rank-one experiment. Numerical ranks are computed using the relative tolerance 10−8.

Prescribed rank r rank(Yr(T )) rank(Σ(Yr(T ))) Final compression error

1 1 1 3.2019× 10−16

2 2 32 8.3861× 10−4

4 4 32 2.3638× 10−3

8 8 32 7.0249× 10−3

12 12 32 7.2567× 10−3

16 16 32 6.1158× 10−3
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Figure 11.6: Final-time solutions for the smooth rank-one initial condition. The full-matrix Forward
Euler solution is shown on the left, and the rank-16 projector-splitting approximation is shown on the
right. Both calculations use the same slope-limited finite-volume spatial discretization and timestep.

At each diagnostic time, the same-rank compression error is defined by

eΣr (t) =
∥Σ(Yr(t))− [Σ(Yr(t))]r∥F

∥Σ(Yr(t))∥F
, (11.240)

where [Σ(Yr(t))]r denotes the best rank-r approximation obtained by truncating the singular

value decomposition.
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Figure 11.7: Same-rank compression error of the slope-limiter matrix for the smooth rank-one
experiment. Each curve shows Equation (11.240) for a different prescribed DLRA rank. Smaller
values indicate greater compressibility at the corresponding state rank.
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Figure 11.8: Numerical-rank histories for the state matrix Yr (t) and the corresponding slope-limiter
matrix Σ(Yr (t)) in the smooth rank-one experiment. Numerical ranks are computed using the
relative criterion σk/σ1 > 10−8. Although the projector-splitting approximation maintains the
prescribed state rank, the entrywise minmod operation generally produces a slope-limiter matrix of
substantially higher numerical rank.
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11.3.3.4 Smooth Rank-Two Results

Table 11.3: Final-time accuracy and conservation results for the smooth rank-two
collisionless-transport experiment. Here, Efull is the relative Frobenius error with respect to the full
Forward Euler solution, and Eexact is the relative Frobenius error with respect to the exact
transported solution.

Method Prescribed rank Efull Eexact Scaled mass drift

Full Forward Euler — — 1.0631× 10−2 1.7418× 10−17

PSI 1 6.6675× 10−1 6.6472× 10−1 1.1032× 10−16

PSI 2 6.4172× 10−1 6.3879× 10−1 6.6048× 10−16

PSI 4 1.5162× 10−2 1.8665× 10−2 6.5760× 10−7

PSI 8 1.5170× 10−2 2.1143× 10−2 3.9726× 10−6

PSI 12 1.4957× 10−2 2.2204× 10−2 3.4377× 10−6

PSI 16 1.4991× 10−2 2.3183× 10−2 1.0849× 10−5

Table 11.4: Numerical rank and same-rank compression error of the slope-limiter matrix in the
smooth rank-two experiment. Numerical ranks are computed using the relative tolerance 10−8.

r rank(Yr(T )) rank(Σ(Yr(T ))) Maximum error Final error

1 1 1 3.6961× 10−16 3.1686× 10−16

2 2 32 2.0155× 10−2 1.1388× 10−2

4 4 32 2.0778× 10−2 1.2034× 10−2

8 8 32 1.7672× 10−2 1.6738× 10−2

12 12 32 1.4077× 10−2 1.1970× 10−2

16 16 32 1.3616× 10−2 1.3119× 10−2

295



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

Figure 11.9: Final-time solutions for the smooth rank-two initial condition. The full-matrix Forward
Euler solution is shown on the left, and the rank-16 projector-splitting approximation is shown on the
right. Both calculations use the same slope-limited finite-volume spatial discretization and timestep.
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Figure 11.10: Same-rank compression error of the slope-limiter matrix for the smooth rank-two
experiment. Each curve shows the best rank-r relative Frobenius approximation error of Σ(Yr (t)) for
the corresponding prescribed DLRA rank. Smaller values indicate greater compressibility at the state
rank.
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Figure 11.11: Numerical-rank histories for the state matrix Yr (t) and the slope-limiter matrix
Σ(Yr (t)) in the smooth rank-two experiment. Numerical ranks are computed using the relative
criterion σk/σ1 > 10−8. The state retains its prescribed rank, whereas the slope-limiter matrix
rapidly reaches substantially higher numerical rank.
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11.3.3.5 Discontinuous Rank-One Results

Table 11.5: Final-time accuracy and conservation results for the discontinuous rank-one
collisionless-transport experiment. Here, Efull is the relative Frobenius error with respect to the full
Forward Euler solution, and Eexact is the relative Frobenius error with respect to the exact
transported solution. PSI denotes the projector-splitting integrator.

Method Prescribed rank Efull Eexact Scaled mass drift

Full Forward Euler — — 1.9779× 10−1 8.7162× 10−16

PSI 1 7.0177× 10−1 7.4682× 10−1 8.5803× 10−3

PSI 2 4.3420× 10−1 4.9541× 10−1 9.6212× 10−2

PSI 4 2.7535× 10−1 3.6006× 10−1 5.4053× 10−2

PSI 8 1.0761× 10−1 2.3685× 10−1 7.7799× 10−3

PSI 12 5.1881× 10−2 2.0725× 10−1 1.8025× 10−3

PSI 16 2.8045× 10−2 1.9768× 10−1 5.2763× 10−4

Table 11.6: Numerical rank and same-rank compression error of the slope-limiter matrix in the
discontinuous rank-one experiment. Numerical ranks are computed using the relative tolerance 10−8.

r rank(Yr(T )) rank(Σ(Yr(T ))) Maximum error Final error

1 1 1 3.3149× 10−16 2.4560× 10−16

2 2 14 7.6741× 10−2 1.8045× 10−2

4 4 32 1.5475× 10−1 5.8315× 10−2

8 8 32 1.5538× 10−1 1.2345× 10−1

12 12 32 1.3679× 10−1 1.2270× 10−1

16 16 32 1.1168× 10−1 1.1157× 10−1
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Figure 11.12: Final-time solutions for the discontinuous rank-one initial condition. The full-matrix
Forward Euler solution is shown on the left, and the rank-16 projector-splitting approximation is
shown on the right. The discontinuity produces considerably greater rank growth and a more
demanding low-rank approximation problem than the smooth initial conditions.
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Figure 11.13: Same-rank compression error of the slope-limiter matrix for the discontinuous
rank-one experiment. Compared with the smooth experiments, the larger errors show that the
slope-limiter matrix is less accurately representable at the prescribed state rank.
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Figure 11.14: Numerical-rank histories for the state matrix Yr (t) and the slope-limiter matrix
Σ(Yr (t)) in the discontinuous rank-one experiment. Numerical ranks are computed using the relative
criterion σk/σ1 > 10−8. The numerical rank of the limiter matrix grows rapidly, particularly for the
higher-rank state approximations.

The numerical results show that the rank required by the projector-splitting integrator is

consistent with the structure of the analytic solution. The first smooth transported solution

has rank at most two, and the approximation becomes accurate when the prescribed rank

is increased to r = 2. Similarly, the second smooth solution has rank at most four, and a

substantial improvement is observed at r = 4. The discontinuous solution has no comparable
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uniformly low-rank representation, so increasing the prescribed rank produces a more gradual

improvement.

Although the limited-slope matrix Σ(Yr) frequently reaches full numerical rank, numeri-

cal rank alone does not determine whether it can be represented efficiently. In the smooth

experiments, its singular values decay sufficiently rapidly that Σ(Yr) remains accurately com-

pressible at relatively small rank. In the discontinuous experiment, the same-rank compres-

sion errors are substantially larger, indicating that more singular components carry relevant

slope information. The larger mass drift observed at low ranks also suggests that discarding

this information can interfere with the conservative structure of the underlying finite-volume

method.

These observations motivate a representation that does not require the entire limited-slope

matrix to be globally low rank. In smooth regions, the slope information may be represented by

a low-rank component, while the less-compressible information generated near discontinuities

may be treated as a localized correction. Schematically, we seek an approximation of the

form

Σ(Y ) ≈ Σlr(Y ) +DΣ(Y ),

where DΣ(Y ) is supported on an active set containing the cells near nonsmooth features.
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Chapter 12

Progress Summary and Next Steps

12.1 Year-Five Progress

The Year Four Report established the basic organization of this cumulative document: in-

troductory material on the multispecies Boltzmann and BGK equations, finite-volume and

discrete-velocity methods for the unary BGK model, the multispecies BGK moment system,

an implicit iterative moment solver, and a preliminary treatment of ES-BGK models. The

Year-Five report retains that foundation and makes four principal changes: it expands the

multispecies Boltzmann chapter, adds stand-alone Chapman–Enskog and moment-method

chapters, substantially updates the ES-BGK chapter, and adds a new DLRA chapter with

numerical simulations.

First, Chapter 2, which was already present in the Year Four Report, has been substantially

expanded and reorganized from the revised BoltzmannOnly notes. The chapter now gives a

more self-contained treatment of elastic binary collisions, weak collision identities, conserva-

tion laws, the H-theorem, velocity moments, Maxwellian equilibria, entropy maximization, and

the space-homogeneous multispecies problem. The revised presentation distinguishes exact

kinetic identities from structural consequences of collision symmetry and from formal closure

assumptions. It also fixes the notation used throughout the remainder of the report: ni and

ρi = mini denote species number and mass densities, u i denotes a species bulk velocity, θ̂i
denotes a species temperature in energy units, and u, ρ, P, and q denote barycentric mixture

quantities.

Second, the material connecting kinetic and fluid descriptions has been expanded into

two stand-alone chapters. Chapter 3 gives a detailed formal Chapman–Enskog derivation

of the compressible Euler and Navier–Stokes–Fourier equations from the unary Boltzmann

equation. It identifies the exact balance laws, the solvability conditions for the linearized col-
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lision operator, and the constitutive origins of viscous stress and heat conduction. Chapter 4

then places that calculation within the broader setting of finite moment closure, including

Maxwellian, Grad, maximum-entropy, quadrature, and discrete-velocity closures. Together,

these chapters make explicit which statements are exact and which depend on a reconstruc-

tion or asymptotic approximation.

Third, Chapter 10 has been substantially updated. It proves the single-species conservation

and entropy-production properties, derives the Prandtl correction with the Chapman–Enskog

formalism of Chapter 3, gives a closed positivity-preserving implicit collision update, and

separates the automatically conservative parts of a mixture extension from the additional

hypotheses needed for positivity and information dissipation.

Fourth, Chapter 11 adds a substantial new direction based on Jack Haight’s work on

dynamical low-rank approximation. It develops the fixed-rank matrix-manifold framework,

tangent-space projection, projector-splitting and basis-update/Galerkin integrators, a low-

rank treatment of a 1x1v BGK discretization, and numerical simulations that expose the

interaction between high-resolution finite-volume reconstruction and low-rank compressibility.

This material directly addresses the phase-space cost that motivates reduced representations

of kinetic equations.

The theoretical and numerical work on the space-homogeneous multispecies BGK moment

equations was already reported in the Year Four Report. The analysis of positivity, global well-

posedness, equilibrium, and exponential relaxation appeared in [33], and the nonlinear Gauss–

Seidel-type iteration for the backward-Euler moment update appeared in [34]. Chapter 9

retains and reorganizes these results and the representative numerical tests as foundations

for future transport solvers; they are not counted as new Year-Five material.

The Year-Five report also preserves and reorganizes the earlier unary BGK, finite-volume,

discrete-velocity, and multispecies BGK material. Chapter 8 now gives a self-contained deriva-

tion of the conservative, entropic model of Haack, Hauck, and Murillo [32]. It connects the

Boltzmann pair operator to the BGK ansatz, derives the common pair velocity and tempera-

ture, proves positivity and the conservation laws, establishes the H-theorem and equilibrium

characterization, and records the leading fluid-limit Maxwellian. The presentation uses the

notation and entropy sign convention fixed in Chapter 2.

This cumulative structure serves a purpose beyond archival completeness. Each cycle of

consolidation, correction, and editorial polishing turns the report into a more effective teaching

resource for future graduate students who join the project. By assembling the required kinetic

theory, model derivations, numerical methods, published results, and open problems in one

coherent document, the report provides a common technical foundation and a practical path
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from initial study to active research. Its continued refinement should therefore be viewed as

a project deliverable in its own right.

12.2 Numerical Prototypes at a Glance

Table 12.1 distinguishes analytical guarantees, numerical evidence, code availability, and un-

resolved validation needs. It does not infer quantitative results from plots when the underlying

output data are unavailable.

Model or method Analytical status Numerical evidence Code status Principal limitation

Unary BGK
finite-volume
IMEX

Collision invariants are
exact in the continuum
formulation;
discrete-velocity
quadrature introduces a
stated conservation
caveat.

Relaxation, Sod, rotation,
two-stream, and
Landau-damping tests in
Chapter 6; archived
evidence is audited in
Table 6.1.

Appendix F contains
a prototype
associated only with
the Sod workflow.

The archived driver
configuration does
not exactly match the
displayed Sod figures;
norm-based refinement
and invariant-drift
studies remain pend-
ing.

Multispecies BGK
moment solver

Published positivity,
well-posedness,
relaxation, and
convergence results under
the hypotheses stated in
Chapter 9.

Solver-iteration and
time-step counts are
reported for the Sod and
Ar–Kr–Xe tests.

The simulation code
is not included in
Appendix F.

Integration and val-
idation within full
higher-order transport
schemes remain future
work.

ES-BGK collision
and IMEX update

Unary conservation,
entropy, admissibility, and
a closed implicit collision
update are established;
mixture results require
additional stated
hypotheses.

Representative computed
moment profiles are
reported in Chapter 10.

No ES-BGK
implementation is
distributed with this
report.

General multispecies
positivity, informa-
tion dissipation, and
transport validation
remain conditional or
incomplete.

DLRA methods Fixed-rank geometry and
integrators are developed
from established theory;
preservation under
truncation is not
automatic.

BGK and high-resolution
finite-volume experiments
report prescribed ranks and
comparisons in Chapter 11.

Preliminary MATLAB
test codes are
discussed but are not
included in
Appendix F.

Conservation, posi-
tivity, rank adaptivity,
and nonlinear-operator
compression require
further study.

Table 12.1: Validation matrix for the principal computational methods. “Analytical status” identifies
what is proved or structurally established; “numerical evidence” records only results documented in
this report.

12.3 Next Steps

The priorities below are ordered by dependency rather than assigned fixed completion dates.

Each item states a concrete deliverable and the evidence that would support completion.
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1. Integrate the implicit solver with transport. Deliverable: a full IMEX transport

implementation for multispecies BGK that uses the published backward-Euler moment

iteration, beginning with slab geometry closed in three-dimensional velocity through the

Chu reduction. Completion evidence: documented conservation and positivity diag-

nostics, asymptotic tests over a range of Knudsen numbers, nonlinear-solver tolerance

studies, and comparison with a fully explicit or otherwise established reference calcula-

tion. Dependencies and risks: consistent stage coupling, discrete moment matching,

and solver tolerances that remain effective in stiff regimes.

2. Advance multispecies ES-BGK and hybrid kinetic–fluid models. Deliverable: a

multispecies ES-BGK formulation and preliminary numerical solvers that reproduces the

intended Prandtl behavior under explicitly stated admissibility hypotheses, together with

an initial hybrid kinetic–fluid coupling test inspired by [37, 72]. Completion evidence:
conservation and entropy checks, positive-definiteness tests for the Gaussian tensors,

and a benchmark demonstrating stable switching and consistent interface fluxes. De-
pendencies and risks: mixture-level positivity and information dissipation are not au-

tomatic, and switching indicators must be robust near regime interfaces.

3. Combine DLRA with multispecies collision models. Deliverable: a rank-adaptive

prototype for multispecies BGK or ES-BGK transport that avoids full phase-space re-

construction for the dominant operations whenever possible. Completion evidence:
rank histories, memory and accuracy comparisons against a same-grid full-order calcu-

lation, and measured conservation and positivity defects before and after truncation.

Dependencies and risks: nonseparable Maxwellians and nonlinear slope limiters may

erase the low-rank advantage; invariant-preserving truncation remains an open design

constraint. Higher-dimensional discrete-velocity methods and block-structured adaptive

mesh refinement for 1x3v , 2x3v , and ultimately multidimensional configurations follow

this prototype stage.
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Appendix A

An Important Integral

We need to compute the following generalized Gaussian integral in several places in the report.

Lemma A.1 (Gaussian Second-Moment Integral).
ˆ
Rd
|s|2e−|s|2 ds =

d

2
π

d
2 . (A.1)

Proof.
ˆ
Rd
|s|2e−|s|2 ds =

ˆ
Rd
(s21 + · · ·+ s2d )e−(s

2
1+···+s2d ) ds

=

ˆ
Rd

(
d∑
j=1

s2j

)
d∏
k=1

e−s
2
k ds

=

ˆ
Rd
s21

d∏
k=1

e−s
2
k ds + · · ·+

ˆ
Rd
s2d

d∏
k=1

e−s
2
k ds

=

 d∏
k=1
k ̸=1

ˆ
R
e−s

2
k dsk

ˆ
R
s21e

−s21 ds1 + · · ·+

 d∏
k=1
k ̸=d

ˆ
R
e−s

2
k dsk

 ˆ
R
s2de

−s2d dsd

=
(
π
1
2

)d−1 ˆ
R
s21e

−s21 ds1 + · · ·+
(
π
1
2

)d−1 ˆ
R
s2de

−s2d dsd

= π
d−1
2

d∑
i=1

ˆ
R
s2i e

−s2i dsi , (A.2)

where we have used many elementary integration techniques, and the fact that
´
R e
−x2 dx =

π
1
2 . It remains to determine the value of the terms of the form

´
R s
2e−s

2
ds. To that end,
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utilizing integration by parts, with

u = si =⇒ du = dsi (A.3)

dv = 2sie−s
2
i dsi =⇒ v = −e−s2i , (A.4)

we have

1

2

ˆ
R
2s2i e

−s2i dsi =
1

2

[[
−sie−s

2
i

]∞
−∞
−
ˆ
R
−e−s2i dsi

]
=
1

2

ˆ
R
e−s

2
i dsi

=
1

2
π
1
2 . (A.5)

Thus, Equation (A.2) gives us

ˆ
Rd
|s|2e−|s|2 ds = π

d−1
2

d∑
i=1

1

2
π
1
2 = π

d−1
2

(
d

2
π
1
2

)
=
d

2
π

d
2 , (A.6)

as desired. ■
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Appendix B

Picard–Lindelöf Theorem

We will make use of the following version of the Picard–Lindelöf Theorem for autonomous

systems:

Theorem B.1. Suppose that u0 ∈ Rd and f ∈ C(B(u0, β);Rd), where B(u0, β) (B(u0, β))

denotes the open (closed) Euclidean ball of radius β centered at u0. Suppose further that

M > 0, ∥f (v)∥2 ≤ M for all v ∈ B(u0, β), and f is Lipschitz continuous, with constant

L > 0, on B(u0, β). Set δ = min
(
1
2L
, β
M

)
. Then the IVP u ′(t) = f (u(t)), u(t0) = u0 has a

unique solution on the interval [t0 − δ, t0 + δ].
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Appendix C

Bounding the Eigenvalues of Z and Ẑ

The matrices Z and Ẑ, defined in (9.20), play a key role in the dynamics of (9.17) and the

equivalent system (9.19). In this appendix, we prove bounds on the eigenvalues of these

matrices. With the collision frequencies defined in (9.11), the matrices A and B, defined in

(9.14a), take the form

Ai ,j =
16

3

√
π

2

mimj(di + dj)
2

(mi +mj)3
ρiρj

√
θ̂i
mi

+
θ̂j
mj

, (C.1)

Bi ,j =
8

3

√
π

2

(di + dj)
2

(mi +mj)2
ρiρj

√
θ̂i
mi

+
θ̂j
mj

. (C.2)

Since each value used to define the matrix elements is positive and bounded above and below

(importantly, the temperature), then their values can be bounded as follows:

Amin(t) := min
i ,j
Ai ,j(t) ≤ Ai ,j(t) ≤ max

i ,j
Ai ,j(t) =: Amax(t) (C.3)

Bmin(t) := min
i ,j
Bi ,j(t) ≤ Bi ,j(t) ≤ max

i ,j
Bi ,j(t) =: Bmax(t) (C.4)

An earlier version of this appendix used the factor N − 1 in the two upper bounds below.

The complete-graph identity gives the factor N. This correction does not change the expo-

nential relaxation rates in Chapter 9, which depend only on the unchanged lower bounds zmin
and ẑmin.

Theorem C.1 (Eigenvalue Bounds). Let A,B,D, F ∈ RN×N be the matrices defined in (9.14),

and let Amin = mini ,j Ai ,j , Bmin = mini ,j Bi ,j , Amax = maxi ,j Ai ,j , and Bmax = maxi ,j Bi ,j . Then
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the eigenvalues of the matrices Z = P−
1
2 (D − A)P− 12 and Ẑ = Q−

1
2 (F − B)Q− 12 satisfy

0 = z0 < zmin ≤ z1 ≤ · · · ≤ zN−1 ≤ zmax, (C.5)

0 = ẑ0 < ẑmin ≤ ẑ1 ≤ · · · ≤ ẑN−1 ≤ ẑmax, (C.6)

where

zmin =
AminN

max{ρk}
, zmax =

AmaxN

min{ρk}
, (C.7)

ẑmin =
BminN

max{nk}
, ẑmax =

BmaxN

min{nk}
. (C.8)

Proof. The proofs of (C.5) and (C.6) are analogous, so we prove (C.5). Because the inter-

action graph is complete and its weights are positive, D − A is a weighted graph Laplacian

with null space span{1}. Consequently,

N (Z) = span{P 1/21}.

Let z ⊥ P 1/21 and set y = P−1/2z . The relevant constraint is therefore the weighted

orthogonality condition

y⊤P1 = 0,

rather than y⊤1 = 0. Let y = N−1
∑

i yi and e = y − y1, so that e⊤1 = 0. The complete-

graph identity gives
1

2

N∑
i=1

N∑
j=1

(yi − yj)2 = N∥e∥22.

Because
∑

i ei = 0, the value c = 0 minimizes c 7→
∑

i(ei + c)
2. Therefore y⊤P y =∑

i ρi(ei + y)
2 ≥ min{ρk}∥e∥22. Weighted orthogonality also gives y = −(

∑
i ρiei)/(

∑
i ρi),

and consequently y⊤P y =
∑

i ρie
2
i − (

∑
i ρiei)

2/(
∑

i ρi) ≤ max{ρk}∥e∥22. Thus

min{ρk}∥e∥22 ≤ y⊤P y ≤ max{ρk}∥e∥22. (C.9)

Using the Laplacian quadratic form and (C.9), we obtain

NAmin
max{ρk}

≤
z⊤Zz

∥z∥22
=
y⊤(D − A)y
y⊤P y

≤
NAmax
min{ρk}

. (C.10)

The Courant–Fischer theorem now yields (C.5). Replacing (A,D, P, ρk) by (B, F,Q, nk)

proves (C.6). ■
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Appendix D

Null Space Components of W̃ and ξ̃

In this appendix, we show that W̃N (the projection of W̃ onto N (Z)) and ξ̃N (the projection

of ξ̃ onto N (Ẑ)) are both zero. These results are used in the proofs of Theorems 9.13

and 9.14, respectively.

Lemma D.1 (Vanishing Velocity Null-Space Component). W̃N ≡ 0.

Proof. Since the null space of Z is spanned by P
1
21, it is sufficient to show that W̃

⊤
P
1
21 = 0.

Write u∞ = U⊤P1
1⊤P1 and (U∞)⊤ = u∞1⊤, so that

W̃
⊤
P
1
21 = (W −W∞)⊤ P

1
21 = U⊤P1− (U∞)⊤ P1 = U⊤P1−

U⊤P1

1⊤P1
1⊤P1 = 0. (D.1)

■

Lemma D.2 (Vanishing Energy Null-Space Component). ξ̃N ≡ 0.

Proof. Since the null space of Ẑ is spanned by Q
1
21, it is sufficient to show that ξ̃

⊤
Q
1
21 = 0.

Recall that ξ̃ = Q−
1
2 (ω − ω∞) ; hence

ξ̃
⊤
Q
1
21 = (ω − ω∞)⊤ 1 =

N∑
i=1

ωi −
N∑
i=1

ω∞i = 0, (D.2)

where the fact that
∑

i ωi =
∑

i ω
∞
i is a consequence of (9.50) in the proof of Proposition 9.7.

■
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Appendix E

Some Theory of Manifolds

This appendix collects the differential-geometric definitions and results used in Chapter 11.

E.1 Definitions

Definition E.1 (Manifold, [50]). Let (M, τ) be a second-countable, Hausdorff topological

space. If for each p ∈ M, there exists an open U ∈ τ containing p and a homeomorphism

ϕ : U → V for some open subset V ⊆ Rn, then M is called an n-dimensional manifold or

n-manifold for short. The tuple (U,ϕ) is called a chart or coordinate patch. A collection of

charts (Uγ)γ∈Γ such thatM⊆ ∪γ∈ΓUγ is called an atlas.

Definition E.2 (Smooth Map, [50]). LetM,N be smooth manifolds of dimension m and n,

respectively. A function F :M→N is smooth if for every p ∈M, there exist smooth charts

(U,ϕ) containing p and (V, ψ) containing F (p) such that F (U) ⊆ V and the coordinate

representation ψ ◦ F ◦ ϕ−1 : ϕ(U) ⊆ Rm → ψ(V ) ⊆ Rn is smooth.

Definition E.3 (Curve, [50]). Let M be a manifold. A continuous map γ : I →M, where

I ⊆ R is an interval, is called a curve. It is a smooth curve when γ is smooth.

Definition E.4 (Diffeomorphism, [50]). M, N smooth manifolds with or without boundary.

A diffeomorphism from M to N is a smooth bijective map F :M→ N that has a smooth

inverse. We sayM and N are diffeomorphic if such a function exists.

Definition E.5 (Regular value, [50]). Let M,N be two smooth manifolds and F :M→N
a smooth map. A point y ∈ N is a regular value if, for every x ∈ F−1(y), the derivative map

DF [x ] : TxM→ TyN is surjective.
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Definition E.6 (Projection). A projection on a vector space V is a linear map P : V → V

such that P 2 = P .

Definition E.7 (Orthogonal Complement, Orthogonal Projection). Let X be a Hilbert space

and Y ⊂ X a closed subspace. Then

X = Y
⊕

Y ⊥, Y ⊥ = {x ∈ X : ⟨x, y⟩ = 0 for every y ∈ Y }.

The space Y ⊥ is called the orthogonal complement of Y . Any x ∈ X can be uniquely

represented as x = y +w , where y ∈ Y and w ∈ Y ⊥. Define PY : X → X by PY x = y . Then

PY is called the orthogonal projection of X onto Y .

E.2 Theorems

The following result is usually called the regular level set theorem; it is also known as the

preimage theorem. The formulation below is Corollary 5.14 in [50].

Theorem E.8 (Regular level set theorem (preimage theorem)). Let M and N be smooth

manifolds of dimensions p and q, respectively, and let F : M → N be smooth. If y ∈ N
is a regular value of F , then F−1(y) is a closed smooth embedded submanifold of M of

codimension q. In particular,

dimF−1(y) = p − q.

Proposition E.9 (Proposition 3.23 in [50]). SupposeM is a smooth manifold with or without

boundary and p ∈M. Every v ∈ TpM is the velocity of some smooth curve inM.

Theorem E.10 (Hilbert Projection Theorem). Let X be a Hilbert space over R or C, Y ⊂ X
a closed subspace of X, and x ∈ X. Then, there exists a unique y ∈ Y such that ∥x − y∥ =
min
z∈Y
∥x − z∥. Another way to phrase this is y = argminz∈Y ∥x − z∥.

Proof. Let d = inf
z∈Y
∥x − z∥. This infimum exists because the set of distances is nonempty

and bounded below by zero. There exists a sequence (yn) ⊂ Y such that dn = ∥x − yn∥ → d .

We argue that this sequence converges in Y to a point y , y attains this minimum, and that

y is the unique minimizer. By the parallelogram law,

2∥x − ym∥2 + 2∥x − yn∥2 = ∥yn − ym∥2 + ∥2x − (ym + yn)∥2

= ∥yn − ym∥2 + 4
∥∥∥∥x − ym + yn2

∥∥∥∥2
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≥ ∥yn − ym∥2 + 4d2. (E.1)

The last inequality follows from the fact that 1
2
(ym+yn) ∈ Y . This expression can be rewritten

as

0 ≤ ∥ym − yn∥2 ≤ 2∥x − ym∥2 + 2∥yn − x∥2 − 4d2. (E.2)

Since the right-hand side tends to zero as m, n → ∞, it follows that ∥ym − yn∥ → 0. Thus

(yn) is a Cauchy sequence. Completeness of X gives yn → y for some y ∈ X, and closedness

of Y gives y ∈ Y . By continuity of the norm,

∥x − y∥2 = lim
n→∞
∥x − yn∥2

= d2. (E.3)

Taking the square root of both sides yields the result we want. So, ∥x−y∥ = minz∈Y ∥x−z∥.
Now, we show that y is the unique minimizer of ∥x−z∥ for z ∈ Y . Let y ∗ ∈ Y be an element

such that ∥x − y ∗∥ = minz∈Y ∥x − z∥. Applying the parallelogram law again yields

∥y − y ∗∥2 + 4
∥∥∥∥x − y + y ∗2

∥∥∥∥2 = 2∥x − y∥2 + 2∥x − y ∗∥2
= 4d2,

∥y − y ∗∥2 = 4d2 − 4
∥∥∥∥x − y + y ∗2

∥∥∥∥2 . (E.4)

Since 1
2
(y + y ∗) ∈ Y ,

∥y − y ∗∥2 = 4d2 − 4
∥∥∥∥x − y + y ∗2

∥∥∥∥2
≤ 0. (E.5)

So, y = y ∗ and it follows that y is the unique minimizer of ∥x − z∥ for z ∈ Y . ■

Corollary E.11. In the setting of Theorem E.10, PY x = y = argmin
z∈Y

∥x − z∥.

Proof. As previously mentioned, X = Y
⊕
Y ⊥. So, x = y ∗+w for some y ∗ ∈ Y and w ∈ Y ⊥.

Note that ∥x − y∥ ≤ ∥x − y ∗∥. Since x − y ∗ ∈ Y ⊥ and y − y ∗ ∈ Y , x − y ∗ ⊥ y − y ∗. By the
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Pythagorean theorem,

∥x − y ∗∥2 + ∥y ∗ − y∥2 = ∥(x − y ∗) + (y ∗ − y)∥2 = ∥x − y∥2, (E.6)

implying that ∥x − y ∗∥ ≤ ∥x − y∥. It follows that ∥x − y∥ = ∥x − y ∗∥. Since y is the unique

minimizer of ∥x − z∥ for z ∈ Y , y ∗ = y . So, PY x = y . ■

Corollary E.12. Let X be a Hilbert space, Y ⊂ X a closed subspace, x ∈ X. Then y =

argmin
z∈Y

∥x − z∥ if and only if ⟨x − y , z⟩ = 0 for all z ∈ Y .

Proof. The proof is a string of if and only ifs. By Corollary E.11, y = argmin
z∈Y

∥x − z∥ ⇐⇒

x = y +w for y ∈ Y, w ∈ Y ⊥ unique ⇐⇒ x−y ∈ Y ⊥ ⇐⇒ ⟨x−y , z⟩ = 0 for all z ∈ Y . ■

Theorem E.13 (Quotient Manifold Theorem, 21.10 in [50]). Suppose G is a Lie group

acting smoothly, freely, and properly on a smooth manifold M. Then the orbit space M/G

is a topological manifold of dimension equal to dimM − dimG, and has a unique smooth

structure with the property that the quotient map π : M → M/G is a smooth submersion.
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Appendix F

1x1v Prototype Code

The MATLAB code listed in this appendix is retained as the prototype associated with the

Sod shock-tube workflow in Section 6.5.3. It implements the same 1x1v BGK/IMEX method

and Euler-comparison workflow, but it is included for inspection, training, and subsequent ver-

ification rather than presented as production-quality software. The archived driver currently

uses x ∈ [−0.5, 0.5] and Nv = 258, whereas the figure description in Section 6.5.3 records

x ∈ [−0.75, 0.75]. The listing is therefore linked to that run family, not claimed as the exact

source of the displayed figure. The configuration mismatch must be reconciled during the

planned code review before the listing is cited as an exact reproduction package.

The source files are available in the companion GitHub repository

https://github.com/stevenmwise/BGKSampleCodes.

They are also collected in the report’s code/ directory, whose README.md records the file roles,

current run configuration, known verification gaps, and required validation measurements.

The full listings remain in this appendix so that the report is self-contained and preserves the

code version reviewed with this release.

F.1 Code Availability, Run Connection, and Verification
Checklist

The appendix code is connected only to the Sod shock-tube material in Section 6.5.3; it is

not the source for the relaxation, square-pulse, two-stream, Landau-damping, multispecies,

ES-BGK, or DLRA figures elsewhere in the report. This explicit scope avoids implying code

provenance that the archived materials do not establish.
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A future archival release of the repository should include a tagged version, MATLAB

release requirements, a license, a permanent archive identifier, and scripts that regenerate

every reported table and figure. Before the repository is cited as an exact reproduction

package, the prototype will be checked for array orientation, ghost-cell indexing, boundary

conditions, parameter consistency, conservation of mass, momentum, and energy, positivity

of density and temperature, and mesh/time-step convergence. Numerical values added to

this report will be generated by those checked scripts rather than estimated from plotted

curves.

F.2 Main Driver: vlasovPoissonBGKMain.m

%VLASOVPOISSONBGKMAIN Configure and run the archived 1x1v BGK prototype.

%

% Model:

%

% f_t + v * f_x + a * f_v = 1/tau * (M-f)

%

% The current configuration solves the Sod shock-tube problem with a = 0.

% In the limit tau -> 0 (equivalently lambda -> infinity), BGK approaches

% the Euler system. See README.md for the archived parameters, known report

% configuration mismatch, and verification work required before release.

%

% Scheme:

% IMEX RK: Explicit Advection, Implicit Collision.

%

clear;

clc;

tic

%

% Number of ghost cells:

del = 1;

%

% Collision time:

tau = 10^(-4);

%

% Theta values for minmod:

thetaX = 2;

thetaV = 2;
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%

% Spatial domain:

xL = -0.5;

xR = 0.5;

%

% Number of cells:

Nx = 256;

%

% Cell edge points:

x = linspace(xL,xR,Nx+1);

%

% Cell center points:

xC = x(1:end-1) + 0.5 * (x(2:end) - x(1:end-1));

xCenter = [xC(1:del) , xC , xC(end-del+1:end)];

hX = xC(2) - xC(1);

%

% Velocity domain:

vMin = -10;

vMax = 10;

%

% Number of cells:

Nv = 258;

%

% Cell edge points:

v = linspace(vMin,vMax,Nv+1);

%

% Cell center points:

vC = v(1:end-1) + 0.5 * (v(2:end) - v(1:end-1));

vCenter = [vC(1:del) , vC , vC(end-del+1:end)];

hV = vC(2) - vC(1);

%

% Define time levels:

tInit = 0;

tFin = 0.2;

%

% Vectors for ghost cells

gVx = [1,length(xC)]+del;

gVv = [1,length(vC)]+del;

%

tableNum = 8;

[Ae,be,ce,Ai,bi,ci] = butcherTable(tableNum);

butcher.Ae = Ae; butcher.Ai = Ai;
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butcher.be = be; butcher.bi = bi;

butcher.ce = ce; butcher.ci = ci;

%

% Stiffness matrix for the Poisson solve...zero Dirichlet BC

% (as per the test problems). This is not needed for the Sod problem,

% but I kept it so I didn't have to change all my function

% dependencies.

%

temp = zeros(1,Nx);

temp(1)=2; temp(2)=-1;

A = toeplitz(temp);

A(1,1) = 3; A(end,end) = 3;

%

grid.del = del;

grid.gVx = gVx; grid.Nx = Nx; grid.xC = xC; grid.xCenter = xCenter;

grid.gVv = gVv; grid.Nv = Nv; grid.vC = vC; grid.vCenter = vCenter;

grid.hX = hX;

grid.hV = hV;

grid.xL = xL ; grid.xR = xR ;

grid.vMin = vMin; grid.vMax = vMax;

grid.tInit = tInit; grid.tFin = tFin;

grid.thetaX = thetaX;

grid.thetaV = thetaV;

%

testNum = 1;

[f] = initialCondition(testNum,grid);

%

[tVec,y,MAX] = vlasovPoissonBGKSolver(f,butcher,grid,tau,A,f);

%

figure(107)

pcolor(xC,vC,y);

title(['Contour plot of computed f, in the Velocity/Space', ...

' Domain, for Time t = ', num2str(tFin), ' '])

xlabel('x')

ylabel('v')

shading interp;

colormap(jet);

colorbar;

%

toc

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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%

% Embedded functions below:

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

function [f] = initialCondition(testNum,grid)

%

xC = grid.xC;

vC = grid.vC;

%

% Initialize solution array:

f = zeros(length(vC),length(xC),1);

%

switch testNum

case 1 % tFin = 0.250

nL = 1.00000; uL = 0.00000; thetaL = 0001.000;

nR = 0.12500; uR = 0.00000; thetaR = 0000.800;

case 2 % tFin = 0.150

nL = 1.00000; uL = -2.00000; thetaL = 0000.400;

nR = 1.00000; uR = 2.00000; thetaR = 0000.400;

case 3 % tFin = 0.012

nL = 1.00000; uL = 0.00000; thetaL = 1000.000;

nR = 1.00000; uR = 0.00000; thetaR = 0000.010;

case 4 % tFin = 0.035

nL = 1.00000; uL = 0.00000; thetaL = 0000.010;

nR = 1.00000; uR = 0.00000; thetaR = 0100.000;

case 5 % tFin = 0.035

nL = 5.99924; uL = 19.59750; thetaL = 0460.894;

nR = 5.99242; uR = -6.19633; thetaR = 046.0950;

end

%

% Initial condition (make a separate function?):

%

for j = 1:length(vC)

for i = 1:length(xC)

if xC(i) <= 0.0

f(j,i) = nL / sqrt(2*pi*thetaL) * exp(-(vC(j)-uL)^2 ...

/ (2*thetaL));

else

f(j,i) = nR / sqrt(2*pi*thetaR) * exp(-(vC(j)-uR)^2 ...

/ (2*thetaR));

end
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end

end

%

% %Plot the initial conditions....

% figure(110)

% % pcolor(x_c,v_c,f);

% surf(x_c,v_c,f); view(-30,50); zlim([0,2.1]);

% % title(['Contour plot of f, in the Velocity/Space Domain,' ...

% ' for Time t = ',num2str(0),' '])

% xlabel('x')

% ylabel('v')

% shading interp;

% colormap(jet);

% colorbar;

%

end

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

function [Ae,be,ce,Ai,bi,ci] = butcherTable(table)

%

% Butcher Tableaux for the IMEX-RK scheme. Tables 2-6 come from

% the Pareschi & Russo paper. Table 7 is Backward Euler. Table 8

% (needs reference, from Cory).

%

switch table

case 2

Ae = [0,0 ; 1,0];

be = [0.5 ; 0.5];

ce = [0 ; 1];

%

gam = 1-1/sqrt(2);

Ai = [gam,0 ; 1-2*gam,gam];

bi = [0.5 ; 0.5];

ci = [gam ; 1-gam];

%

case 3

Ae = [0,0,0 ; 0,0,0 ; 0,1,0];

be = [0 ; 0.5 ; 0.5];

ce = [0 ; 0 ; 1];

%

Ai = [0.5,0,0 ; -0.5,0.5,0 ; 0,0.5,0.5];
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bi = [0 ; 0.5 ; 0.5];

ci = [0.5 ; 0 ; 1];

%

case 4

Ae = [0,0,0 ; 0.5,0,0 ; 0.5,0.5,0];

be = [1/3 ; 1/3 ; 1/3];

ce = [0 ; 0.5 ; 1];

%

Ai = [0.25,0,0 ; 0,0.25,0 ; 1/3,1/3,1/3];

bi = [1/3 ; 1/3 ; 1/3];

ci = [0.25 ; 0.25 ; 1];

%

case 5

Ae = [0,0,0 ; 1,0,0 ; 0.25,0.25,0];

be = [1/6 ; 1/6 ; 2/3];

ce = [0 ; 1 ; 0.5];

%

gam = 1-1/sqrt(2);

Ai = [gam,0,0 ; 1-2*gam,gam,0 ; 0.5-gam,0,gam];

bi = [1/6 ; 1/6 ; 2/3];

ci = [gam ; 1-gam ; 0.5];

%

case 6

Ae = [0,0,0,0 ; 0,0,0,0 ; 0,1,0,0 ; 0,0.25,0.25,0];

be = [0 ; 1/6 ; 1/6 ; 2/3];

ce = [0 ; 0 ; 1 ; 0.5];

%

alpha = 0.24169426078821;

beta = 0.06042356519705;

eta = 0.12915286960590;

Ai = [alpha,0,0,0; -alpha,alpha,0,0; 0,1-alpha,alpha,0; ...

beta,eta,0.5-beta-eta-alpha,alpha];

bi = [0 ; 1/6 ; 1/6 ; 2/3];

ci = [alpha ; 0 ; 1 ; 0.5];

%

case 7

%

% Forward Euler:

Ae = 0;

be = 1;

ce = 0;

%
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% Backward Euler

Ai = 1;

bi = 1;

ci = 1;

%

case 8

gam = 1 - 1/sqrt(2);

delt = 1 - 1/(2*gam);

%

Ae = [0,0,0 ; gam,0,0 ; delt,1-delt,0];

be = [delt;1-delt;0];

ce = [0;gam;1];

%

Ai = [0,0,0 ; 0,gam,0 ; 0,1-gam,gam];

bi = [0;1-gam;gam];

ci = [0;gam;1];

end

end

Listing F.1: Main driver: vlasovPoissonBGKMain.m.
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F.3 vlasovPoissonBGKSolver.m

function [t,Z,M] = vlasovPoissonBGKSolver(y0,butcher,grid,tau,A,f)

%VLASOVPOISSONBGKSOLVER Advance the prototype kinetic solution in time.

% [T,Z,M] = VLASOVPOISSONBGKSOLVER(Y0,BUTCHER,GRID,TAU,A,F) applies an

% IMEX Runge--Kutta method: advection is explicit and BGK relaxation is

% implicit. Y0 and F store the initial grid function with indexing

% (velocity,space). BUTCHER contains the explicit and implicit tableaux;

% GRID contains mesh and boundary data; TAU is the collision time.

%

% A is the retained Poisson stiffness matrix. It is not active in the Sod

% configuration because the electric field is set to zero in DIVFLUX.

% Prototype dimensions and invariants must be verified before release.

%

Ai = butcher.Ai;

bi = butcher.bi;

ci = butcher.ci;

Ae = butcher.Ae;

be = butcher.be;

ce = butcher.ce;

%

gVx = grid.gVx; Nx = grid.Nx; hX = grid.hX;

gVv = grid.gVv; Nv = grid.Nv; hV = grid.hV;

%

% A is the stiffness matrix for the Poisson solve.

%

% Number of ghost cells

del = grid.del;

%

% Spatial domain:

xL = grid.xL; xR = grid.xR;

%

% Velocity domain:

vMin = grid.vMin; vMax = grid.vMax;

%

% Define CFL(s)

CFLMaxX = min(hX) / max(abs(vMax),abs(vMin));

CFLMaxV = min(hV) / max( abs(xL) , abs(xR) );

%

% Define initial/final time levels:
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tCurrent = grid.tInit;

tFinal = grid.tFin ;

%

% size of grid function array y including ghost cells:

d = size(y0)+2*del;

%

% Initialize array of solutions:

y = zeros([d,2]);

%

% Input initial conditions into solution vector

y(gVv(1):gVv(2),gVx(1):gVx(2),1) = f;

y(:,:,1) = applyBoundaryConditions(y(:,:,1),grid);

%

% Number of stages of RK scheme:

s = length(ce);

%

% Initial vectors for RK scheme:

uo = zeros([d,s]);

u = zeros([d,s]);

fI = zeros([d,s]);

fE = zeros([d,s]);

M = zeros([d,s]);

%

redo = 0;

EMax = 1;

t = 1;

%

while tCurrent < tFinal

%

dt = min(0.24 * min(CFLMaxX,CFLMaxV),tFinal-tCurrent) ...

/ (1 + (redo > 0));

%

% This flag indicates that the electric field gets bigger than E_max.

% If so, the step needs to recalculate.

redo = 0;

%

uo(:,:,:) = 0;

u(:,:,:) = 0;

fI(:,:,:) = 0;

fE(:,:,:) = 0;

M(:,:,:) = 0;

uo(:,:,1) = y(:,:,1);
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[~,M(:,:,1)] = BGKCollision(tCurrent,y(:,:,1),grid,tau,tCurrent);

u(:,:,1) = (tau*uo(:,:,1) + dt*Ai(1,1)*M(:,:,1)) ...

/ (tau + dt*Ai(1,1));

u(:,:,1) = applyBoundaryConditions(u(:,:,1),grid);

fI(:,:,1) = BGKCollision(tCurrent+ci(1)*dt,u(:,:,1),grid, ...

tau,tCurrent);

%

[fE(:,:,1),re] = divFlux(tCurrent+ce(1)*dt,u(:,:,1),grid,EMax,A);

redo = redo+re;

for r = 2:s

previousStages = 1:r-1;

uo(:,:,r) = y(:,:,1) ...

+ dt * reshape(Ae(r,previousStages) ...

* reshape(permute(fE(:,:,previousStages),[3,1,2]),r-1, ...

(Nv+2*del)*(Nx+2*del)), Nv+2*del, Nx+2*del) ...

+ dt * reshape(Ai(r,previousStages) ...

* reshape(permute(fI(:,:,previousStages),[3,1,2]),r-1, ...

(Nv+2*del)*(Nx+2*del)), Nv+2*del, Nx+2*del);

uo(:,:,r) = applyBoundaryConditions(uo(:,:,r),grid);

%

[~,M(:,:,r)] = BGKCollision(tCurrent+ci(r)*dt,uo(:,:,r), ...

grid,tau,tCurrent);

%

u(:,:,r) = (tau*uo(:,:,r) + dt*Ai(r,r)*M(:,:,r)) ...

/ (tau + dt*Ai(r,r));

u(:,:,r) = applyBoundaryConditions(u(:,:,r),grid);

[fE(:,:,r),re] = divFlux(tCurrent+ce(r)*dt,u(:,:,r),grid,EMax,A);

redo = redo+re;

fI(:,:,r) = BGKCollision(tCurrent+ci(r)*dt,u(:,:,r), ...

grid,tau,tCurrent);

end

%

y(:,:,2) = y(:,:,1) ...

+ (dt * reshape(be' * reshape(permute(fE,[3,1,2]),s, ...

(Nv+2*del)*(Nx+2*del)), Nv+2*del,Nx+2*del) ...

+ dt * reshape(bi' * reshape(permute(fI,[3,1,2]),s, ...

(Nv+2*del)*(Nx+2*del)), Nv+2*del,Nx+2*del) ...

) * (1 - (redo > 0));

y(:,:,2) = applyBoundaryConditions(y(:,:,2),grid);
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%

y(:,:,1) = y(:,:,2);

tCurrent = tCurrent + dt*(1 - (redo>0));

%

% This computes the moments and Maxwellian at the final time step.

if tCurrent == tFinal

BGKCollision(tCurrent+ci(r)*dt,y(:,:,1),grid,tau,tCurrent);

end

end

%

% Return solution at final time

Z = y(gVv(1):gVv(2),gVx(1):gVx(2),1);

%

end

function y = applyBoundaryConditions(y,grid)

%APPLYBOUNDARYCONDITIONS Fill zero-gradient spatial and velocity ghosts.

del = grid.del;

gVx = grid.gVx;

gVv = grid.gVv;

for i = 1:del

y(:,gVx(1)-i) = y(:,gVx(1));

y(:,gVx(2)+i) = y(:,gVx(2));

end

for j = 1:del

y(gVv(1)-j,:) = y(gVv(1),:);

y(gVv(2)+j,:) = y(gVv(2),:);

end

end

Listing F.2: vlasovPoissonBGKSolver.m.
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F.4 BGKCollision.m

function [z,M] = BGKCollision(t,y,grid,tau,tCurrent)

%BGKCOLLISION Evaluate the BGK relaxation term and local Maxwellian.

% [Z,M] = BGKCOLLISION(T,Y,GRID,TAU,TCURRENT) computes velocity moments

% from the phase-space grid function Y, constructs the corresponding

% Maxwellian M, and returns Z = (M-Y)/TAU. GRID supplies cell centers,

% quadrature spacing, and ghost-cell indices. The time arguments are kept

% for compatibility with the prototype solver and its diagnostic plots.

%

% Prototype note: array orientation and ghost-cell indexing must be checked

% as part of the verification checklist in README.md before release.

%

del = grid.del;

hx = grid.hX; gVx = grid.gVx; x = grid.xC;

hv = grid.hV; gVv = grid.gVv; v = grid.vC;

%

% Grid function array must have ghost cells already.

M = zeros(length(x)+2*del,length(v)+2*del);

nDens = zeros(1,length(x));

mDens = zeros(1,length(x));

EDens = zeros(1,length(x));

uDens = zeros(1,length(x));

theta = zeros(1,length(x));

%

% Moment integrals: n, n*u, and E.

nDens(1:length(x)) = hv * sum(y(gVv(1):gVv(2),1+del:length(x)+del));

mDens(1:length(x)) = hv * sum(v(:).*y(gVv(1):gVv(2), ...

1+del:length(x)+del));

EDens(1:length(x)) = 0.5 * hv * sum(v(:).^2 .* y(gVv(1):gVv(2), ...

1+del:length(x)+del));

uDens(:) = mDens(:)./nDens(:);

theta(:) = 2*EDens(:)./nDens(:)-uDens(:).^2;

M(gVx(1):gVx(2),gVv(1):gVv(2)) = nDens(:) ./ sqrt(2*pi*theta(:)) ...

.* exp(-0.5 * abs(v - uDens(:)).^2 ./ theta(:));

%
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% Ghost cells: zero flow boundaries.

for i = 1:del

M(:,gVv(1)-i) = M(:,gVv(1));

M(:,gVv(2)+i) = M(:,gVv(2));

end

for j = 1:del

M(gVx(1)-j,:) = M(gVx(1),:);

M(gVx(2)+j,:) = M(gVx(2),:);

end

%

if tCurrent == 0.2

%

% initial shock happens here.

x0 = 0;

gam = 3;

uL = [1,0,1]; uR = [0.125,0,0.1];

%

pDens = nDens .* theta;

%

[nSod,uSod,pSod,eSod] = sodSoln(x,tCurrent,uL,uR,gam,x0);

%

figure(1)

plot(x,nDens,'b','LineWidth',3)

hold on

plot(x,nSod,'LineWidth',3)

xlim([-0.5,0.5])

ylim([0,1])

set(gca,'fontsize',24)

legend('BGK','Euler')

hold off

%

figure(2)

plot(x,uDens,'b','LineWidth',3)

hold on

plot(x,uSod,'LineWidth',3)

xlim([-0.5,0.5])

ylim([0,1])

set(gca,'fontsize',24)

legend('BGK','Euler')

hold off

%

figure(3)
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plot(x,theta,'b','LineWidth',3)

hold on

plot(x,2*eSod,'LineWidth',3)

xlim([-0.5,0.5])

ylim([0,2]) % may need to shift this

set(gca,'fontsize',24)

legend('BGK','Euler')

hold off

end

%

z = (M'-y)/tau;

%

% M is a [Nv]X[Nx] array after transpose

M = M';

%

end

Listing F.3: BGKCollision.m
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F.5 divFlux.m

function [z,redo] = divFlux(t,y,grid,EMax,A)

%DIVFLUX Compute the finite-volume advection operator.

% [Z,REDO] = DIVFLUX(T,Y,GRID,EMAX,A) reconstructs limited interface

% states and applies upwind fluxes in position and velocity. The Sod

% prototype sets the electric field to zero, so the velocity-advection

% contribution vanishes. T, EMAX, and A are retained for compatibility

% with the more general Vlasov--Poisson prototype interface.

%

% y = grid function of f_{ij}^k values for fixed k

%

del = grid.del;

hx = grid.hX; gVx = grid.gVx; x = grid.xCenter; thetaX = grid.thetaX;

hv = grid.hV; gVv = grid.gVv; v = grid.vCenter; thetaV = grid.thetaV;

%

fP = zeros(size(y));

fM = zeros(size(y));

gP = zeros(size(y));

gM = zeros(size(y));

%

% construct slopes

[sX(:,:),sV(:,:)] = slopeReconstruction(y,grid);

%

% % Spatial fluxes

fP(:,gVx(1):gVx(2)) = (y(:,gVx(1):gVx(2)) ...

+ 0.5*hx*sX(:,gVx(1):gVx(2))) .* v(:).*(v>0)' ...

+(y(:,gVx(1)+1:gVx(2)+1) - 0.5*hx*sX(:,gVx(1)+1:gVx(2)+1)) ...

.* v(:).*(v<=0)' ;

fM(:,gVx(1):gVx(2)) = (y(:,gVx(1)-1:gVx(2)-1) ...

+ 0.5*hx*sX(:,gVx(1)-1:gVx(2)-1)) .* v(:).*(v>0)' ...

+(y(:,gVx(1):gVx(2)) - 0.5*hx*sX(:,gVx(1):gVx(2))) ...

.* v(:).*(v<=0)' ;

%

% The electric field is unnecessary for this test, so we set it to

% zero here.

E = zeros(1,length(x));

redo = 0;

% % Velocity fluxes
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gP(gVv(1):gVv(2),:) = (y(gVv(1):gVv(2),:) ...

+ 0.5*hv*sV(gVv(1):gVv(2),:)) .* E.*(E>0) ...

+ (y(gVv(1)+1:gVv(2)+1,:) - 0.5*hv*sV(gVv(1)+1:gVv(2)+1,:)) ...

.* E.*(E<=0) ;

gM(gVv(1):gVv(2),:) = (y(gVv(1)-1:gVv(2)-1,:) ...

+ 0.5*hv*sV(gVv(1)-1:gVv(2)-1,:)) .* E.*(E>0) ...

+ (y(gVv(1):gVv(2),:) - 0.5*hv*sV(gVv(1):gVv(2),:)) ...

.* E.*(E<=0) ;

z = - (fP - fM)/hx - (gP - gM)/hv;

end

Listing F.4: divFlux.m
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F.6 slopeReconstruction.m

function [sX,sV] = slopeReconstruction(y,grid)

%SLOPERECONSTRUCTION Form limited slopes in position and velocity.

% [SX,SV] = SLOPERECONSTRUCTION(Y,GRID) builds centered and one-sided

% slope candidates and applies MINMOD. GRID supplies spacings, limiter

% parameters, and interior/ghost-cell index ranges.

%

% Prototype note: the mixed use of spatial and velocity index ranges is a

% priority item in the verification checklist in README.md.

%

sX = zeros(size(y));

sV = zeros(size(y));

%

del = grid.del;

hx = grid.hX; gVx = grid.gVx; thetaX = grid.thetaX;

hv = grid.hV; gVv = grid.gVv; thetaV = grid.thetaV;

%

SV(:,:,1) = (y(gVv(1)+1:gVv(2)+1,gVx(1):gVx(2)) ...

- y(gVv(1)-1:gVv(2)-1,gVx(1):gVx(2))) / 2 ;

SV(:,:,2) = thetaV * (y(gVx(1):gVv(2),gVx(1):gVx(2)) ...

- y(gVv(1)-1:gVv(2)-1,gVx(1):gVx(2))) ;

SV(:,:,3) = thetaV * (y(gVx(1)+1:gVv(2)+1,gVx(1):gVx(2)) ...

- y(gVv(1):gVv(2),gVx(1):gVx(2))) ;

%

sV(gVv(1):gVv(2),gVx(1):gVx(2)) = minMod(SV)/hv;

%

SX(:,:,1) = (y(gVv(1):gVv(2),gVx(1)+1:gVx(2)+1) ...

- y(gVv(1):gVv(2),gVx(1)-1:gVx(2)-1)) / 2 ;

SX(:,:,2) = thetaX * (y(gVx(1):gVv(2),gVx(1):gVx(2)) ...

- y(gVv(1):gVv(2),gVx(1)-1:gVx(2)-1)) ;

SX(:,:,3) = thetaX * (y(gVx(1):gVv(2),gVx(1)+1:gVx(2)+1) ...

- y(gVv(1):gVv(2),gVx(1):gVx(2))) ;

%

sX(gVv(1):gVv(2),gVx(1):gVx(2)) = minMod(SX)/hx;

%

for i = 1:del

sX(:,gVx(1)-i) = sX(:,gVx(1));

sX(:,gVx(2)+i) = sX(:,gVx(2));

end
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for j = 1:del

sV(gVv(1)-j,:) = sV(gVv(2),:);

sV(gVv(2)+j,:) = sV(gVv(1),:);

end

%

end

Listing F.5: slopeReconstruction.m
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F.7 minMod.m

function M = minMod(x)

%MINMOD Apply the three-argument minmod limiter along the third dimension.

% M = MINMOD(X) expects the three candidate slopes in X(:,:,1:3).

%

M(:,:) = 0.25*abs(sign(x(:,:,1))+sign(x(:,:,2))) ...

.*(sign(x(:,:,1))+sign(x(:,:,3))).* min(abs(x),[],3);

%

end

Listing F.6: minMod.m
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F.8 sodSoln.m

function [n,u,p,e] = sodSoln(x,tCurrent,phiL,phiR,gam,x0)

%SODSOLN Evaluate an exact ideal-gas Euler Riemann solution.

% [N,U,P,E] = SODSOLN(X,T,PHIL,PHIR,GAM,X0) returns density, velocity,

% pressure, and specific internal energy at the points X and time T.

% PHIL and PHIR contain (density, velocity, pressure), and X0 is the

% initial discontinuity location.

nL = phiL(1); uL = phiL(2); pL = phiL(3);

nR = phiR(1); uR = phiR(2); pR = phiR(3);

if tCurrent < 0

error('sodSoln:InvalidTime','The solution time must be nonnegative.');

end

n = zeros(size(x));

u = zeros(size(x));

p = zeros(size(x));

if tCurrent == 0

left = x <= x0;

n(left) = nL; u(left) = uL; p(left) = pL;

n(~left) = nR; u(~left) = uR; p(~left) = pR;

e = p./((gam-1)*n);

return

end

pStar = pStarSolve(phiL,phiR,gam,1e-10);

aL = sqrt(gam*pL/nL);

aR = sqrt(gam*pR/nR);

[fL,~] = pressureFunction(pStar,nL,pL,aL,gam);

[fR,~] = pressureFunction(pStar,nR,pR,aR,gam);

uStar = 0.5*(uL+uR+fR-fL);

similarityCoordinate = (x-x0)/tCurrent;

for index = 1:numel(x)

waveSpeed = similarityCoordinate(index);

if waveSpeed <= uStar
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[n(index),u(index),p(index)] = sampleLeftState( ...

waveSpeed,nL,uL,pL,aL,pStar,uStar,gam);

else

[n(index),u(index),p(index)] = sampleRightState( ...

waveSpeed,nR,uR,pR,aR,pStar,uStar,gam);

end

end

e = p./((gam-1)*n);

end

function [n,u,p] = sampleLeftState(speed,nK,uK,pK,aK,pStar,uStar,gam)

%SAMPLELEFTSTATE Sample the left shock or rarefaction.

if pStar > pK

shockSpeed = uK-aK*sqrt((gam+1)*pStar/(2*gam*pK) ...

+(gam-1)/(2*gam));

if speed <= shockSpeed

n = nK; u = uK; p = pK;

else

pressureRatio = pStar/pK;

n = nK*(pressureRatio+(gam-1)/(gam+1)) ...

/ ((gam-1)*pressureRatio/(gam+1)+1);

u = uStar; p = pStar;

end

else

aStar = aK*(pStar/pK)^((gam-1)/(2*gam));

headSpeed = uK-aK;

tailSpeed = uStar-aStar;

if speed <= headSpeed

n = nK; u = uK; p = pK;

elseif speed >= tailSpeed

n = nK*(pStar/pK)^(1/gam);

u = uStar; p = pStar;

else

u = 2*(aK+(gam-1)*uK/2+speed)/(gam+1);

soundSpeed = 2*(aK+(gam-1)*(uK-speed)/2)/(gam+1);

n = nK*(soundSpeed/aK)^(2/(gam-1));

p = pK*(soundSpeed/aK)^(2*gam/(gam-1));

end

end

end
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function [n,u,p] = sampleRightState(speed,nK,uK,pK,aK,pStar,uStar,gam)

%SAMPLERIGHTSTATE Sample the right shock or rarefaction.

if pStar > pK

shockSpeed = uK+aK*sqrt((gam+1)*pStar/(2*gam*pK) ...

+(gam-1)/(2*gam));

if speed >= shockSpeed

n = nK; u = uK; p = pK;

else

pressureRatio = pStar/pK;

n = nK*(pressureRatio+(gam-1)/(gam+1)) ...

/ ((gam-1)*pressureRatio/(gam+1)+1);

u = uStar; p = pStar;

end

else

aStar = aK*(pStar/pK)^((gam-1)/(2*gam));

headSpeed = uK+aK;

tailSpeed = uStar+aStar;

if speed >= headSpeed

n = nK; u = uK; p = pK;

elseif speed <= tailSpeed

n = nK*(pStar/pK)^(1/gam);

u = uStar; p = pStar;

else

u = 2*(-aK+(gam-1)*uK/2+speed)/(gam+1);

soundSpeed = 2*(aK-(gam-1)*(uK-speed)/2)/(gam+1);

n = nK*(soundSpeed/aK)^(2/(gam-1));

p = pK*(soundSpeed/aK)^(2*gam/(gam-1));

end

end

end

function [f,df] = pressureFunction(p,nK,pK,aK,gam)

%PRESSUREFUNCTION Evaluate one side of the exact pressure equation.

if p > pK

coefficientA = 2/((gam+1)*nK);

coefficientB = (gam-1)*pK/(gam+1);

rootTerm = sqrt(coefficientA/(p+coefficientB));

f = (p-pK)*rootTerm;

df = rootTerm*(1-(p-pK)/(2*(p+coefficientB)));

else

exponent = (gam-1)/(2*gam);

pressureRatio = p/pK;

340



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

f = 2*aK/(gam-1)*(pressureRatio^exponent-1);

df = pressureRatio^(-(gam+1)/(2*gam))/(nK*aK);

end

end

Listing F.7: sodSoln.m
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F.9 pStarSolve.m

function pStar = pStarSolve(phiL,phiR,gam,TOL)

%PSTARSOLVE Compute the pressure in the star region of a Riemann problem.

% PSTAR = PSTARSOLVE(PHIL,PHIR,GAM,TOL) solves the exact Euler pressure

% equation by Newton iteration. PHIL and PHIR contain density, velocity,

% and pressure; GAM is the ratio of specific heats.

rhoL = phiL(1); uL = phiL(2); pL = phiL(3);

rhoR = phiR(1); uR = phiR(2); pR = phiR(3);

if rhoL <= 0 || rhoR <= 0 || pL <= 0 || pR <= 0 || gam <= 1

error('pStarSolve:InvalidState', ...

'Densities and pressures must be positive and gamma must exceed one.');

end

aL = sqrt(gam*pL/rhoL);

aR = sqrt(gam*pR/rhoR);

% Positive primitive-variable Riemann-solver pressure estimate.

pOld = max(TOL,0.5*(pL+pR) ...

- 0.125*(uR-uL)*(rhoL+rhoR)*(aL+aR));

maxIterations = 100;

for iteration = 1:maxIterations

[fL,dfL] = pressureFunction(pOld,rhoL,pL,aL,gam);

[fR,dfR] = pressureFunction(pOld,rhoR,pR,aR,gam);

pNew = max(TOL,pOld-(fL+fR+uR-uL)/(dfL+dfR));

relativeChange = 2*abs(pNew-pOld)/(pNew+pOld);

pOld = pNew;

if relativeChange <= TOL

pStar = pNew;

return

end

end

error('pStarSolve:NoConvergence', ...

'Star-region pressure iteration did not converge.');

end
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function [f,df] = pressureFunction(p,rho,pK,aK,gam)

%PRESSUREFUNCTION Evaluate one side of the exact pressure equation.

if p > pK

coefficientA = 2/((gam+1)*rho);

coefficientB = (gam-1)*pK/(gam+1);

rootTerm = sqrt(coefficientA/(p+coefficientB));

f = (p-pK)*rootTerm;

df = rootTerm*(1-(p-pK)/(2*(p+coefficientB)));

else

exponent = (gam-1)/(2*gam);

pressureRatio = p/pK;

f = 2*aK/(gam-1)*(pressureRatio^exponent-1);

df = pressureRatio^(-(gam+1)/(2*gam))/(rho*aK);

end

end

Listing F.8: pStarSolve.m
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Appendix G

Bulk-Quantity Notation Map

This appendix consolidates the macroscopic quantities introduced in Chapter 2 and fixes the

conventions used throughout the report. Unless stated otherwise, i ∈ {1, . . . , N} indexes a

species, summation over species is written explicitly, and d is the velocity-space dimension.

Chapter 2 has d = 3; later reduced models may use another value of d .

The central convention is frame based. A hat denotes a central moment measured relative

to the species velocity u i . Its unhatted counterpart is measured relative to the barycentric

mixture velocity u. A quantity without a species index is a mixture total, except for θ̂ and θ,

which are the indicated number-density-weighted mixture temperatures. Total kinetic-energy

density is always denoted by ω; internal-energy density is denoted by e. Momentum density

is written explicitly as ρiu i or ρu, without introducing another symbol.

The report uses Kn = λmfp/L in the introductory scale discussion and ε in the nondi-

mensional kinetic equations; both denote the Knudsen ratio. The symbol λ without the

subscript mfp denotes a collision frequency, and τ = λ−1 denotes its relaxation time in the

BGK chapters. Chapter 11 also uses τ locally for a numerical time step, always introduced

by tn+1 = tn + τ ; ∆t is used for time steps elsewhere. The bold symbol τ denotes the

viscous-stress tensor and is distinct from either scalar use.
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G.1 Kinetic Inputs, Densities, and Velocity Frames

Symbol Definition Meaning and convention

fi(x , v , t) Kinetic distribution of species i Its velocity moments generate all species

bulk fields.

mi Particle mass of species i A parameter, not a density.

ni

ˆ
fi dv Species number density.

ρi mini Species mass density.

n
∑
i

ni Mixture number density.

ρ
∑
i

ρi Mixture mass density.

u i n−1i

ˆ
fiv dv Species bulk velocity.

ρiu i mi

ˆ
fiv dv Species momentum density; this explicit

product is the standard notation.

u ρ−1
∑
i

ρiu i Barycentric or mixture velocity.

ρu
∑
i

ρiu i Total mixture momentum density.

V i u i − u Diffusion velocity;
∑
i ρiV i = 0.

c i v − u i Peculiar velocity in the species frame.

c v − u Peculiar velocity in the barycentric frame.

345



Year-Five Progress Report E. Habbershaw, J. Haight, and S.M. Wise

G.2 Energy Densities and Temperatures

Energy densities.

Symbol Definition Meaning and convention

ωi
mi
2

ˆ
fi |v |2 dv Species total kinetic-energy density

in the laboratory frame.

ω
∑
i

ωi Mixture total kinetic-energy density.

êi
mi
2

ˆ
fi |c i |2 dv Species-frame internal-energy den-

sity.

ê
∑
i

êi Sum of the species-frame internal

energies; excludes diffusion energy.

ei
mi
2

ˆ
fi |c |2 dv Contribution of species i to barycen-

tric internal energy.

e
∑
i

ei Total barycentric internal-energy

density; includes diffusion energy.

esp e/ρ, or e/n in explicitly unit-mass models Specific internal energy; the normal-

ization must be stated locally.

Temperatures and temperature maps.

Symbol Definition Meaning and convention

θ̂i
2êi
dni

Species-frame temperature in energy

units.

θi
2ei
dni

Barycentric temperature contribu-

tion assigned to species i .

θ̂
2ê

dn
=
1

n

∑
i

ni θ̂i Species-frame mixture temperature.

θ
2e

dn
=
1

n

∑
i

niθi Barycentric mixture temperature.

ϑ θ/m Thermal variance (Maxwellian veloc-

ity variance) in the unary ES–BGK

chapter.

ϑi(u i , ωi)
2ωi
dni
−
mi
d
|u i |2 Chapter 9 recovery map whose value

is θ̂i ; it is distinct from unary thermal

variance.
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In particular,

ei = êi +
ρi
2
|V i |2, e = ê +

1

2

∑
i

ρi |V i |2, (G.1)

θi = θ̂i +
mi

d
|V i |2, θ = θ̂ +

1

dn

∑
i

ρi |V i |2. (G.2)

Thus a hat does not mean “mixture average”: it identifies the species velocity frame.
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G.3 Stress and Flux Quantities

Symbol Definition Meaning and convention

Mi mi

ˆ
fiv ⊗ v dv Species momentum-flow tensor.

M
∑
i

Mi Total momentum-flow tensor.

P̂i mi

ˆ
fic i ⊗ c i dv Species-frame pressure tensor.

Pi mi

ˆ
fic ⊗ c dv Species contribution to the

barycentric pressure tensor.

P̂
∑
i

P̂i Sum of species-frame pressure

tensors.

P
∑
i

Pi Total barycentric pressure ten-

sor.

p d−1tr(P) in isotropic contexts Scalar thermodynamic pressure;

lower-case p distinguishes it

from P.

Π P− pI Deviatoric pressure tensor;

tr(Π) = 0.

Π̂i P̂i − ni θ̂i I Species-frame deviatoric pres-

sure tensor used in the mul-

tispecies ES–BGK model;

tr(Π̂i) = 0.

τ 2µD◦(u) Newtonian viscous-stress tensor;

at first Chapman–Enskog order,

Π = −ετ +O(ε2).

r i
mi
2

ˆ
fiv |v |2 dv Species energy flux.

r
∑
i

r i Total energy flux.

χi
mi
2

ˆ
fic i |c i |2 dv Species-frame heat flux.

χ
∑
i

χi Sum of species-frame heat

fluxes.

q i
mi
2

ˆ
fic |c |2 dv Species contribution to barycen-

tric heat flux.

q
∑
i

q i Total barycentric heat flux.
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The main decompositions are

ωi =
ρi
2
|u i |2 + êi , Mi = ρiu i ⊗ u i + P̂i , (G.3)

r i = ωiu i + P̂iu i + χi , Pi = P̂i + ρiV i ⊗ V i , (G.4)

M = ρu ⊗ u + P, ω =
ρ

2
|u|2 + e, (G.5)

P = pI+ Π, tr(Π) = 0, (G.6)

r = ωu + Pu + q,
1

2
tr(P̂i) = êi ,

1

2
tr(Pi) = ei . (G.7)

G.4 Information and Entropy Quantities

These Chapter 2 bulk fields obey a separate sign convention: information decreases and

physical entropy increases.

Symbol Definition or relation Meaning

h
∑
i

ˆ
fi ln fi dv Information density.

H

ˆ
Ω

h dx Total information.

s −h Entropy density.

S −H =
ˆ
Ω

s dx Total entropy.

Jh
∑
i

ˆ
v fi ln fi dv Information flux.

Js −Jh Entropy flux.

σh
∑
i

ˆ
Qi ln fi dv ≤ 0 Collisional information rate;

here Qi = Qi [fi , f ].

σs −σh ≥ 0 Entropy production rate.
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G.5 Conserved Variables and Special Cases

The species conserved-variable triple is

(ρi , ρiu i , ωi), (G.8)

while collisions conserve the mixture totals

(ρ, ρu, ω). (G.9)

Species momentum and energy may be exchanged, so the individual collision sources for ρiu i
and ωi need not vanish even though their sums do.

For a unary gas, the species and barycentric frames coincide:

u1 = u, ê1 = e1 = e, θ̂1 = θ1 = θ, P̂1 = P1 = P, χ1 = q1 = q. (G.10)

In an isotropic Maxwellian, P = pI and p = nθ. Local italic capital letters such as the matrices

P and Q in Chapter 9 are algebraic matrices, not pressure tensors; physical pressure tensors

always use the sans-serif symbol P.
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