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ABSTRACT

N=2 supersymmetric extreme black holes associated with the different types of
the moduli space are investigated. The explicit solutions for the black hole entropy as
a function of the electric and magnetic charges of the black hole are found. Starting
with the simple case of two moduli and two electric and magnetic charges ( gx and ph
with A = 0,1 ) the investigation proceeds to the more complicated moduli spaces, such
as the most general form of the Calabi-Yau moduli space with the arbitrary number
of moduli fields. The global N=4 Supersymmetry transformations for the gauge-fixed
x symmetric Born-Infeld D3 brane action are calculated in the flat background using
Killing gauge. One loop corrections to the effective Lagrangian for the D3 brane are

found.
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1 Introduction

If the 80’s can be named the era of the extended d=1 objects - strings, the 90’s became
the era of the d=n extended objects with dimensionality running from zero to 9.
All kind of imaginable “branes” have appeared: membranes, p-branes, D-branes, 0-
branes and so on. The number of possible theories grows with the number of extended
dimensions only to lead to the realization that all of these possible theories can be
regarded as parts of a gigantic puzzle called M-theory. This dissertation presents
an attempt to look more closely at some particular pieces of this puzzle to find the

connections between them and their place in the general picture.
Puzzle one: Black hole entropy.

The classical black hole solution in general relativity describes the black hole as a
macroscopic object - a singularity of the spacetime metric. Therefore the similarity
between the black hole law and the thermodynamic law is one of the most amazing
properties of the black hole [1, 2], that hints at the possibility of describing the black
hole from the microscopic point of view. The laws for the black hole with mass M

and charge Q and the thermodynamic law for the system of volume V and energy U

are
Black hole law : Thermodynamics law :
dM = £-dA + dQ 2N dU = TdS — pdV : (1.1)
for 6A>0 for 6§>0

where T is the temperature , S is the thermodynamic entropy, k is the surface gravity,
A is the area of the event horizon and ® is the electrostatic potential of the black
hole. In his famous work Hawking showed [3] that black holes indeed radiate a

thermal spectrum with temperature T' = % The combination of the approaches of



general relativity and quantum theory gives a definition of the black hole entropy :
the thermodynamic entropy of the black hole (in Planck units) is equal to the one

quarter of the area of the event horizon:

Spu = Z% (1.2)
The thermodynamic approach is only an approximation. In the classical theory the
thermodynamic entropy of the statistical system is determined by the number of the
degrees of freedom of this system, e°. It is not clear what kind of states (degrees
of freedom) are associated with the black hole entropy since the black hole entropy
is a quantum mechanical effect and its statistical description will require application
of some “quantum theory of gravity”. Can supergravity and string theory be good
candidates for the role of this “quantum theory of gravity”?
Significant progress has been made in understanding those degrees of freedom that
give rise to the entropy of the certain black holes in string theory. This progress was
possible due to the topological nature of the Hawking-Beckenstein entropy of extreme

black holes.
Puzzle two: Supergravity and black hole geometry.

A classical Reissner-Nordstrom black hole with electric charge Q # 0 and zero

angular momentum J = 0 is described by the metric:

2M 2 dr?
2 (1 — 22 4 X\ dt? 2( 102 2
ds* = —(1 —+3 )dt® + [-25 Qr:) + r*(df° + sin® 6d ) (1.3)
with the horizons rgy = M +vVM? — Q2 and ry_ = M — VM? = Q2. The special

case M? = Q? and ry4 = ry_ is called an extreme black hole. In this case there is no
Hawking radiation and the extreme black hole is a stable object. The solution of the
field equations for this case in the Reissner-Nordstrom throat region (|r — Q| < Q)

is called Bertotti-Robinson solution. The Bertotti-Robinson metric in the spherically




symmetric coordinates is

2

2
T dt? + %(dr"’ + r%dQ). (1.4)

ds® = -
Mg

The Bertotti-Robinson metric plays a special role in supergravity. Indeed, this
kind of black hole solutions exists in N = 2 supersymmetric theories. In general,
N=2 supergravity in d=4 dimensions can be considered as a result of the compact-
ification of the d=10 Type II superstring on some d=6 Calabi-Yau manifold. N=2
supersymmetric black holes are described by the “special geometry” approach (see,
for example, review [4] and references therein) where the interplay between the ge-
ometry of special Kéhler manifolds and space-time geometry is used. This special
geometry approach makes it possible to investigate different types of black hole so-
lutions connected with different types of string theories. In particular, special and
quaternionic geometry structures [4] were found in N=2 supergravity interacting with
vector multiplets and hypermultiplets. In this case the theory contains the following
multiplets:

gravitational multiplet contains the veilbein, the SU(2) doublet of gravitino
Ya, and the graviphoton T™,;

n, vector multiplets, each contains a gauge boson with the field strength ff;,
a doublet of gauginos A* and a complex scalar field z*;

n, hypermultiplets, each contains a doublet of hyperinos {, and 4 real scalar
fields ¢*.

Scalar fields play a fundamental role in the theories with extended supersymme-
tries, N> 2, where they appear as superpartners of the vector fields and transform in
the same adjoint representation. In fact, complex scalar fields z* (i = 1,2,...,n,) of
N=2 vector multiplets can be regarded as coordinates of some scalar manifold Mj,_,,.,
a special Kéahler manifold with the metric gﬁ in the N=2 case. The transformations

on this manifold are the diffeomorphisms:

zi — ti(z); {t : s — Mgcalar}'

scalar
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The diffeomorphism that leaves the metric invariant t*g = g, an isometry, forms a
global symmetry of the theory. As a global symmetry this transformation commutes
with the supersymmetry and therefore it affects the vector superpartners of the scalar
fields as well. This transformation for the vector fields turns out to be a duality
rotation. The most general group of duality rotations is Sp(2n, R) and the isometries
of the scalar manifold M?_,__ form a subgroup Z C Sp(2n, R) of this transformation.

scalar

Introducing the formal operator {*} that transforms the vector field strength into

its dual:

* A — 1 Avyve

}—muz = 56#1#2"1"2]:
with {*}? = —1 we can write the kinetic term of the Lagrangian for the vector fields
as:

1 . o
L= E(ImNAg(z’, ) FAFE + Re Mas(2', 2) FM* FF), (1.5)

which is an analog of the QCD Lagrangian (3 Fg, F** + lﬁiﬂF " F'*”) where instead

of simple summation over indexes a we have to deal with some kind of “metric” Mg,
This complex matrix Mag(2,z) depends on the scalar fields z* and the geometry of
the scalar manifold (N is really a period matrix of the scalar manifold) and generalizes
the coupling constant and f-angle of ordinary QCD. At this point we can introduce

a new tensor Gy:
gA = ReNAE]-'E - ImNA):; * .7:A.

With this notation the Lagrangian becomes very simple L = %fA*gA. The form of

the field equations and Bianchi identities for this Lagrangian is

' Fp =0
0"*Gaw = 0.
#f'l\
We can introduce the 2n, column vector: V = which must satisfy the
*Ga



field equations @V = 0. The general transformation that keeps 0V = 0 is:
* ]:A A B * j:A
= (1.6)
"G ¢ D N

A B
for any matrix A = € GL(2n,,R). The requirement that the Lagrangian
C D

should also be invariant under this transformations restricts the form of the matrix

so that they must belong to the symplectic group A € Sp(2n,R) with the condition

AT(O 1)/\:(0 1). (1.7)
-1 0 -1 0 - :

Vector fields transform as the column vector V' (called the section of the symplectic

on the coefficients:

vector bundle) of the electric plus magnetic field strength. The symplectic invariant
combinations of F* and G, form the graviphoton T~ and the vector field strength

i
Fiu:

T" M\ FA — LAG, (1.8)

F' = ¢ID;MAF" — D;LGy), (1.9)

where M, and L? are functions of the scalar fields (moduli) z, see also Sec.(2.2) of
Chapter (2).

The extended supersymmetry algebra for this system has a form:

{Qi,Q;} = 8i; Py + &2 (1.10)

where Q; (1 = 1,2) are the supersymmetry charges, P, is the momentum and Z is
called the central charge.
The central charge of the supersymmetry algebra is also connected with the sym-

plectic invariants as follows:

1
Z = -—/ T~ = gaL® — pP M, (1.11)
2 Sa

)



where g5 and p* are the electric and magnetic charges of F.
It turns out (see Sec.(2.2) of Chapter (2)) that the nontrivial solution of the field

equations for this system? with unbroken N=2 supersymmetry has a metric
ds? = —eVdi? 4 e~V M) (dr? + r2dQY), (1.12)

with Ae~U(") = 0 and constrains:
(1) the vector multiplet vector field strength to be zero: F, = 0;
(2) the Ricci tensor to be the product of graviphoton field: REE 5 = T, sTo /3
(3) the scalar fields to be constant (9,2 = 0, d,¢* = 0) with their values not
arbitrary but determined by the consistency conditions (1) and (2) above.

The first consistency condition gives:

0
5Z(z|hm~zm) = 0 (113)

and the central charge reach its extremum value at the horizon. The requirement
of the unbroken N=2 supersymmetry leads to the condition that the energy of the

space-time ( or ADM mass) :
E = Mspm = maz|Z(g, P, Zhorizon)| (1.14)

that looks like the analog of the classical condition M? = @Q? for extreme black holes?.

On the other hand the square of the minimal energy defines the area of the black hole

horizon: TE?|estremum = 4.
Near the horizon r — 0 the expression e~2V(") from (1.12) takes form e~2U(") =

2
2, = A—lr%ﬂ In this case the metric becomes the Bertotti-Robinson one and ADM

mass M4py coincides with the Bertotti-Robinson mass Mpg. The condition (1.14)

1The trivial solution is a flat vacuum with a flat metric, zero vector fields, and all scalar fields

take arbitrary constant values: ds? = dz*dz"n,y, Ty = f};,, =0, 2t =2}, ¢¥ =g.
2In general, for the supersymmertic theories with a nonzero central charge there are the inequality

on the masses and charges of the states M > kZ, where constant k depends on the parameters of

the theory. The states that saturate this bound are called BPS states.



becomes:

(1.15)

A S
MgR = IZ(qap’ zhorizon)|2 ;

==
This entropy-area formula of supersymmetric black holes has been found by S. Ferrara,
R. Kallosh and A. Strominger [5). It was proven by S. Ferrara and R. Kallosh [6]
that the values of the moduli fields 2*(r) demonstrate the attractor behavior as they
approach the black hole horizon and their fixed values zjorizon(q, p) are functions of
the electric and magnetic charges only. To find these fixed values one must solve the

nonlinear condition (1.13). This condition can be rewritten as two sets of equations:

A = §(ZLA - ZTY,
ar = i(ZMp — ZM,). (1.16)

The central charge in (1.15) also becomes a function of the electric and magnetic
charges only. Therefore the entropy of the supersymmetric black hole depends only
on quantized electric and magnetic charges p and ¢ :

A
§ =7 =7lZs(p, q)|*. (1.17)

In our papers [7, 8, 9, 10] the equations (1.16) were solved for the first time. We
have found explicit expressions for fixed moduli values and black hole entropy for
different types of N=2 extreme black holes.

In our calculations we have connected two ideas (two puzzles) of the theory, black
holes and supergravity, to find the macroscopic expression for the black hole entropy
as a solution of supergravity equations. The microscopic approach to the black hole

entropy makes us introduce a new puzzle of the theory - D branes.
Puzzle Three: D-branes.

D-branes (or Dirichlet branes) were first introduced by J. Polchinski [11] as a dual

solution to the type II superstrings. Following J. Polchinski, we describe the D-branes
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as extended objects defined by the Dirichlet-Neumann boundary conditions, they

break half of the supersymmetry of the type II superstrings and carry the complete
set of electric and magnetic Ramond-Ramond charges. Another definition describes
D-branes as hypersurfaces where open strings end. How can this kind of object be
related to the black hole?

D-brane technology for the black hole microscopic entropy calculations was first
proposed by A. Strominger and C. Vafa [12]. They calculated the degeneracy of the
BPS states at weak coupling (bound states of several D-branes) with several Ramond-
Ramond non-zero charges Q. It was proven that this system at weak coupling is
dual to the d=5 extremal Reissner-Nordstrom black hole with the same charges Q"
at strong coupling. In this sense d=5 dimensional black holes can be considered
as bound states of several D-branes and strings. For large @* the degeneracy turns
out to be (e% ) where A is the area of the horizon of the (dual) black hole with
the same charges @*. This was the first time that the counting of microscopic states
reproduced the Beckenstein-Hawking entropy formula. The amazing thing is that
in these calculations the D-brane system was considered in the flat background and
there was no “area” of any surface to start with.

This D-brane technology was quickly generalized for the calculations of the Beck-
enstein - Hawking entropy for other types of black hole. In particular these cal-
culations were done for d=4 black holes [13, 14]. In the paper by J. Maldacena,
A. Strominger and E. Witten [15] the extremal black holes in M-theory were stud-
ied. They considered d=11 dimensional M-theory compactified on the Calabi-Yau
three-fold M and a circle S', M x S!. The resulting N=2, d=4 black hole with the
charge configuration (0, p*, g, ga) corresponds to the five-branes wrapping the five-
cycle P x S!, where P is a four-cycle in M. They have compared their microscopic
results for the black hole entropy with our macroscopic calculation for Calabi-Yau

black holes [9] and found perfect agreement of the results:

Slmicro = S|macro = 2my/ D,



where D = D 4pcp?pPpC, see Chapter (4) and Equation (4.15).

D-branes make it possible to establish the connection between the macroscopic
black hole entropy and the microscopic string states calculation. The significant role
of the D-branes in the theory make it important to consider their description more

closely.
Puzzle Four: D-branes and the Born-Infeld action.

The effective D-brane action was established from the one-loop corrections to the

effective string action and was first derived for bosonic D-branes [16]:

S = /E PHge [~ det(G + F), (1.18)

where ¥ is a boundary of a type II string world-sheet surface, and (p + 1) of 10
coordinates z* obey Neumann boundary conditions, while (9 — p) coordinates obey
Dirichlet boundary conditions. The boundary, the D-brane, is restricted to the (p+1)-
dimensional submanifold. ¢ is a dilaton, G is the induced metric on the D-brane and
F is a field strength of the U(1) boundary gauge field (see Chapter (6) for details).

Recently significant progress has been achieved in the construction of the effec-
tive action for the supersymmetric D-brane [17]-[20]. This construction assumed the
existence of a special local fermionic gauge symmetry on the worldvolume, the so-
called k- symmetry. The existence of a close relationship between x- symmetry and
supersymmetry leads to the existence of a global worldvolume supersymmetry (i.e.
an equality of bosonic and fermionic degrees of freedom). The final form of the action
depends on the choice of the xk gauge.

One of the interesting features of D-branes is their connection to supersymmetric
Yang-Mills theory. We have performed calculations for the D3-brane action in the
flat background [21] in the so-called Killing - gauge. Although this theory is N=4
supersymmetric, it is not conformally symmetric (as was the case for N=4 super-

Yang-Mills) and has one-loop corrections and counterterms. We found it interesting



to calculate these corrections and investigate the supersymmetry transformations in

this case. We believe that our work will help in the understanding of more complicated
cases, such as D-branes in a curved background, like AdSs, where it was noticed that

D3-branes have superconformal symmetry.

Summary of the following Chapters.

Closely following the papers [7]- [10], in this dissertation we will investigate N=2
extreme black holes associated with the different types of moduli spaces. Starting with
the simple case [7] of two moduli and two electric and magnetic charges ( gx and p?
with A = 0,1 ) in Chapter (2), we will then proceed to the more complicated moduli
spaces with the arbitrary number of moduli fields. In Chapter (3) we will present the
solution for moduli fields and entropy for so-called STU black holes [8]. In Chapter
(4) we will investigate N=2 extreme black holes associated with the most general

Calabi-Yau moduli space and prepotential F' = dapc X A);:Xc, where X4 values of

moduli of scalar fields and d,;y is a characteristic of Calabi-Yau moduli space [9]. We
will show that the black hole entropy-area formula depends on combinations of black
hole charges p and g and parameters dapc and these combinations are the solutions
of a simple system of algebraic equations. We will also find an explicit solution for
the black hole entropy and fixed moduli and will investigate the uniqueness of this
solution. In Chapter (5) we will generalize some of the black hole solutions to the
five-dimensional theory [10]. In Chapter (6) we will calculate one-loop corrections to
the effective Lagrangian for the D3 brane [21]. The gauge-fixing of the k-symmetric
Born-Infeld D3 brane action in a flat background is done using Killing gauge. The
linearized supersymmetry of the gauge-fixed action coincides with that of the N' = 4
Yang-Mills theory. The helicity amplitude and unitarity technique is used in the one-
loop amplitude calculations. The counterterms and the finite 1-loop corrections are

of the form (OF)* and their supersymmetric generalization.
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2 Freezing of moduli by N=2 dyons

2.1 Introduction

This chapter is based on the work done by the author of this manuscript in collab-
oration with Renata Kallosh and W. Kai Wong [7]. In our paper [7] we introduced
the concept of the double-extreme black holes for the first time.

Supersymmetric black holes in most general version of ungauged N=2 supergravity
interacting with arbitrary number n, of vector multiplets and n,, of hypermultiplets
have various properties which can be studied in a relatively easy way. This happens
due to the existence of the well developed theory of local N=2 supersymmetry based
on special and quaternionic geometry, see for example [22]-[25] and references therein.

There is a long standing problem to find explicitly the most general family of
supersymmetric black holes. Following the paper [7] we will find all supersymmetric
black holes solutions of N=2 theory for which moduli are frozen and do not change
their values all the way from the horizon to infinity. As we will see these are highly
non-trivial solutions since each of the (n, + 1) U(1) gauge group will be allowed to
carry arbitrary electric and magnetic charges (p*,qs), A = 0,...n,, which will fix
the complex n, moduli (2%, 2*), i = 1,...n, of vector multiplets.

The most important properties of generic supersymmetric regular black holes with
non-constant moduli in N=2 theory have been established recently: moduli of vector
multiplets near the horizon become functions of charges only [5]. In fact it has
been found that near the horizon supersymmetric black holes choose the size of the

Bertotti-Robinson throat to be related to the extremal value of the central charge [6].

Mir(p,) = (12F) aztesant_y - (2.1)

The term “non-extreme black hole” is usually applied to a charged black hole which

in general has two horizons. When they coincide the black hole is called “extreme”.

11



Typically extreme black holes have some unbroken supersymmetry. When they solve

equations of motion of supergravities the mass of the extreme black hole depends on
moduli as well as on quantized charges. When the mass is extremized in the moduli
space at fixed charges, moduli become functions of charges. We define [7] double-
extreme black holes as extreme, supersymmetric black holes with the extremal value

of the ADM mass equal to the Bertotti-Robinson mass.

MXDM = M}%R(pa Q) . (2-2)

Double-extreme black holes have constant moduli both for vector multiplets as well
as for hypermultiplets but unconstrained electric and magnetic charges (p",qp) in
each of n, + 1 gauge group. The attractor diagram in Fig.1 of ref. [6] shows the
double-extreme black holes on the horizontal line with the zero slope.

The relation between charges and moduli for supersymmetric black holes near the

horizon was established in the following form [6]

pt 2iZLA
= Re _ , (2.3)
aa 2?:ZMA

where Z is the central charge depending on moduli and on conserved charges (p*, qn)
and (LA, M,) are covariantly holomorphic sections depending on moduli. This is a
highly non-trivial constraint between moduli and charges. Only few solutions to this
constraint are known [6].

Following [7] we will show how to solve this constraint and find the double-extreme
black holes moduli (or the near horizon values of moduli of extreme black holes
with non-constant moduli) in case of two models. The first one has the prepotential
F = —iX°X! and there is also a symplectic transformation of this model to the one
without the prepotential. The second one is the model known as ST[2,n] manifold
and has no prepotential. Upon symplectic transformation this model is related to
some classical Calabi-Yau moduli space described by the prepotential of the form

F = dapc

XAXBXC
X0

. We will find the fixed values of n, = (n + 1) complex moduli

12



as the function of 2(n, + 1) = 2(n + 2) electric and magnetic charges in this model.

In the race for most general black hole solutions this seems at the moment to be the
most general available case of relations between charges, space-time geometry and
moduli. We will find out also that the expressions for the moduli in terms of charges
are surprisingly elegant. Our example for the ST[2,2] case is related via symplectic
transformation to the so-called STU model that will be described in Ch.3. Thus we
will get the fixed values of these 3 complex moduli as the functions of 4 electric and
4 magnetic charges.

This chapter is organized as follows. In Section 2.2 we look for the solution of
field equations for the double-extreme black holes in theories with arbitrary prepo-
tentials or symplectic sections. The most important part of this which differs vastly
from the standard routine of solving field equations for black holes is the procedure
of solving equations for constant moduli. It is this place where the properties of
special geometry and holomorphic properties are of crucial importance and supply
the solutions. Section 2.3 presents double-extreme black holes and frozen moduli as
function of charges for the theory with the prepotential F = —iX%X! describing N=2
supergravity interacting with one vector multiplet corresponding to SO(4) version of
N=4 supergravity. We also get the black holes and frozen moduli for the symplectic
transformation of this model which is related to SU(4) version of N=4 supergravity
and as N=2 theory has no prepotential. Finally Section 2.4 deals with ST[2,n] man-

ifold which is an Sgéll’)l) X Sofgffé"o)(n) symmetric manifold. This N=2 theory has no

prepotential. This theory is related via symplectic transformation to the one with the
cubic holomorphic prepotential associated with particular Calabi-Yau moduli space.
We will solve the moduli stabilization equations (2.3) and express vector multiplet
moduli in terms of double-extreme dyon charges (p, ¢). In Discussion we summarize

the new results.
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2.2 N=2 Double-Extreme Black Holes

We will present here the minimal information on N=2 ungauged supergravity which
will be necessary to explain the action which is our starting point for the derivation
of N=2 black holes.

Ungauged d=4 , N=2 supergravity theory includes the following multiplets:
1. gravitational multiplet contains the veilbein, the SU(2) doublet of gravitino
and the graviphoton;
2. n, vector multiplets, each contains a gauge boson, a doublet of gauginos and
a complex scalar field z;

3. np hypermultiplets, each contains a doublet of hyperinos and 4 real scalars g.

Complex scalar fields 2t (i = 1,2,...,n,) of N=2 vector multiplets can be re-
garded as coordinates of a special Kéhler manifold of dimension n, with additional
constraint on curvature. Scalar fields ¢* (u = 1,...,4n;) of ns hypermultiplets can be
considered as 4n; coordinates of a quaternionic manifold, which is a 4n;, -dimensional
real manifold with a metric hy,(q). Special Kihler manifold can be defined by con-
structing flat symplectic bundle of dimension 2n, + 2 over Kahler-Hodge manifold

with symplectic section defined as
V=>UM), A=01,..n,, (2.4)

where (L, M) obey the symplectic constraint i(L* My — LAM,) = 1 and L*(z, 2) and
M, (z, Z) depend on scalar fields z, Z, which are the coordinates of the “moduli space”.

LA and M, are covariantly holomorphic (with respect to Kéhler connection), e.g.
1
DELA = (0 — -é-K,'C)LA =0, (2.5)

where K is the Kahler potential. Symplectic invariant form of the Kahler potential

can be found from this equation by introducing the holomorphic section (X A Fy):
LA = K2xXA My =eX?Fy, (X2 =0;FA=0) . (2.6)
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The Kahler potential is K = — Ini(XAFy — XAF}) . The Kahler metric is given by

gii = OxO;K. Finally from special geometry one finds that there exists a complex

symmetric (n, + 1) X (n, + 1) matrix Nz such that
My =Mzl , ImNIAL® = —% . D;My=NysD;LE . (2.7)

The bosonic part of ungauged N = 2 supergravity action is given by

1 :
5 [ @'av=g{~R+205 V* £ Vs 7 + 20 V,ug" V"
+2(Im Nag FAFE + Re Ny FH FP) (2.8)

The kinetic term of gauge fields is defined by the period matrix My which
depends only on scalar fields of the vector multiplets z. The vector field action
can be also rewritten as (Im Ny FAFE + Re Njs FMFE) = FA*Gy, where Gy =
Re Ny FE —Im Mpys* FE. The symplectic structure of equation of motion is manifest
in terms of the Sp(2n, +2) symplectic vector field strength (F*,G,). These vector
fields in the symplectic basis decompose in the susy basis into the vector field of the
gravitational multiplet (graviphoton) and the vector fields of the vector multiplets.
The graviphoton is given by the following symplectic invariant combination of the
vector fields in the action

T = MAF? — LAG, .
The central charge formula (the charge of the graviphoton) for the general N=2
theories is given by [22] - [24]

Z(2,2,q,p) = e P2 (XM (2)qa — Fa(2) p*) = (L qa — Map™) . (2.9)

The n, vector fields of the vector multiplets are given by the symplectic invariant

combination

Fi = M (D MAF™ — DiIAG,) .
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The equations of motion for F*, Bianchi identity for F*, equations of motion for

2%, equations of motion for ¢%, and the Einstein-Maxwell equation are:

V,(ImNasFE* + ReNas” FE°) = V,(PGh*) = 0, (2.10)
V.(FM) = o, (2.11)
V,(95V*2)) — 8955 V2V 27 — 20 Im (Nas FHAFE) = 0, (2.12)
ViulhuwV*q") = 0uhuV*¢*V,g" = 0, (2.13)

Ry + 2955V (u2' Vo2 + 2Ry V (,0"V ) ¢°
+4Im/\/,\>;(.7-'A,,,,.7-'E,,p—zll—gu,,}"\a,,fzap) = 0. (2.14)

Symplectic covariant charges are defined as follows

pA ffA
(0)-(2)

We will be looking for double-extreme black holes of N=2 theory with arbitrary

charges (p, ¢) using the following assumptions. All scalars are constant:
0,2=0, 8,4"“=0. (2.16)
Unbroken supersymmetry requires in this case [5, 6]
Fi=0. (2.17)

We assume the standard form of the metric of supersymmetric black hole with spher-

ical symmetry and asymptotic flatness.
ds? = e?Vdt? — e~ 2V d7?, U=U(r), U—0 as r—o0. (2.18)

Our ansatz is

204 2pA

Fr o= &Y '?T dt Adr — — rdf A rsinfd¢ , (2.19)
M

eV = 14 — (2.20)
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We will find that the fields FA solve Maxwell equation in curved spherical symmetric
spacetime, with e~V harmonic and the mass is given in terms of the matrix Im A and

the charges of F2.
M? = -2 Im N5 (Q Q% + PAP®) = |Z]*. (2.21)

To prove this consider the Maxwell Equation for F*. First consider (2.10), the
equation of motion for FA. By (2.11) and the assumption that the moduli fields are

constant, (2.10) becomes
V. (ImN e F2*) = 0. - (2.22)
We can also multiply (2.11) with Im A to obtain the dual of the above equafion
V,(ImNys*FE*) = 0. (2.23)

Let us note that a field strength ' in spherically symmetric spacetime satisfying the

Maxwell equations

Vu(F*Y) =0, (2.24)
V.('F*) =0, (2.25)
have the following solution
1 2@ 2P
F = Ner f22 dt Adr — T—I: rd0 Arsinfde . (2.26)

Therefore, the solution to (2.22, 2.23) is

1A 2 IA
ImMNMsF> = ¥ ? dt Adr — Pz rdf Arsinfdg . (2.27)

The matrix Im A is negative definite, it can be inverted and

2U ImNAE Q,E ImNXz::l 2Pl2
2

FA . dt Adr — rdd Arsinfdg  (2.28)
2Q* 2pPA
= e Q2 dt Adr — —— rdf Arsinfd¢ , (2.29)
T T
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which is (2.19), where Q* and P* are the electric and magnetic charges of FA re-

spectively.

Equations of motion for the hypermultiplet scalars for constant ¢* is satisfied
without any additional restriction. Thus black holes of Abelian theory do not seem
to stabilize the coordinates of the quaternionic manifolds. However, equations of
motion for vector multiplets moduli (2.12) are very restrictive when z* are constants.
We are going to show that it is satisfied with constant moduli fields taking into

account that F~* = 0. When F~* = 0, one can find [22]-[24]

}'+A XA
(g+ ) = —ieK/2T+ (F ) : (2.30)
A A

To solve the equation of motion (2.12) for z we have to consider
Bplm (Nys FHFYE) = Z(BNaF NF 8 = GNanF A F )
= SN aF T F (2.31)

and take into account that Ny is holomorphic (Fj = NagX®). Consider the complex

conjugate of it, ignoring constant factors

ONeAFFE = _9Nepa XA XZK T+
= - [B(NasX") X - Nazdp XA XF) KT+
= — (8 FeX® — FAO0XM)eX T’
= 0 (2.32)

The fact that 8, F5 X® — FAdx X? = 0 is a property of the special geometry of the
moduli space [22] - [24].

Note that although the above derivation only requires 2* to be constant, it is not
arbitrary. It is because in the case of F~* = 0, we have[6] that D;Z = 3 [ Ftlg; =
0=0;|Z| = 0, where Z is the central charge — a function of (p*,qa) and z, and so 2
is constrained to take the value for which when |Z] is at extremum.

Now, we are going to solve the Einstein equation (2.14) to obtain (2.20, 2.21).
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The non-vanishing components of R, in the basis (dt, dr,rdf, r sin 8d¢) are

Ry = —e4Uv2U,
R, = 20°-V'U,
Ry = *sz,
Ry = -V U,

2
where U’ is %U and ? is the spatial part of the Laplacian.

The energy momentum tensor for F* is

1 a 1 a
Tw = —5-ImNas(FhuF™) = 0w epF™ %)

To obtain T, , we first use (2.19) to calculate

%

A Ta 6U
f taf t = - 4 [ 3
r
ANZ
A ra Q Q 2U
FrraF=, = eranCaE
A pX
a pPrP
onaon - _ . e2U ,
A
A pZ
fA fza _ _P P U
¢ad ¢ ré

A sop etV A DT ANE
faﬂ]: = 27(PP —QQ)

From above and (2.37), the non-zero components of T,,, are

1 eGU

Ttt = .Ll—ﬂImNAEF(PAPE +QAQE) y
1 e? ApE ANE

T, = —EImNAer(P P*+Q%Q"),
1 62U

Ty = Z;ImNAzF(PAPE-FQAQE),
1 e2U

Tes = 4—7rImNA2—7:;1—(PAPE+QAQE) .
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(2.38)
(2.39)
(2.40)

(2.41)

(2.42)

(2.43)
(2.44)
(2.45)

(2.46)



Hence, the Einstein-Maxwell equation, (2.14),

Rtt - 87TT“ =0 , (247)
R, —8rT,, = 0, (248)
Roa - 87TT90 =0 s (2.49)
R¢¢ - 87!'T¢¢. =0 s (250)
gives, respectively,
2U
VU + 2lm Nax er—4 (PAPE +QAQ%) = 0, (2.51)
2U
2U”? — VU + 2Im Nz e—r4— (PAPE+QMQ%) = 0, (2.52)
‘ﬁ"’ e’ Aps ANZ
U+2ImNA2F-(PP +QQ) = 0, (253)
v2 eV Aps ANT
U+2ImNA27(PP +Q"*Q%) = 0. (2.54)
This amounts to
2U
v2U = —2ImNAzer—4(PAPE + QAQE) , (2.55)
and
VeV =0, (2.56)
. . . 2
since (2.56) is equivalent to VUu-vz=o.
Therefore, from (2.55, 2.56), e~V is harmonic and has solution
M
eV = 1+ - (2.57)
M? = -2ImNys (Q*Q® + P*P%), (2.58)

which was necessary to prove, as suggested in egs. (2.20, 2.21).

When there are no vector multiplets, InA" = —3 by (2.8) and M? reduces to
P? + 02, the well known Reissner-Nordstrom solution.

Now we will show that the mass of the black hole is actually equal to the extremal

value of the central charge. For this purpose we have to rewrite our mass formula
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which follows from the solution of field equations and is given in terms of P and

Q charges of F’s to the one which employs the symplectic covariant charges (p, 9),
defined in eq. (2.15). In terms of the charges of F*,

pA 2PA
= (2.59)
aa ReNAg 2P2 - ImNA): 2QE

with the inverse

PA 1 pA
T2 : (2.60)
(QA) 2 ((ImN—lReN p)* — (ImN ™! q)A>

Thus using (2.58) we get

M? = —2ImN,sz (Q*Q* + PAP%)

1 ( A ) ((ImN-&-ReN’ImN"lReN)AE (—ReNImN“l)AE) (pz)
= s GA

2 (~ImN'Re N)2 (Im A ~1)A%

gz

= |ZP+|Zi, (2.61)

where Z is the central charge and Z; is given by —1 [ F*ig;; = 0 as F~* = 0 [22]-[24].
Hence, the mass of the double-extreme black hole is equal to the extremal value of

the central charge.
M = |Z|z=o - (2.62)

This is in accordance with what is found in [6], in particular, (48) of [6] give the mass
of a pure magnetic black hole (P # 0,Q = 0) as —3p*Im Fpzp*, and Im Fpx here
can be replaced by Im V5.

Thus the double-extreme black holes have the extremal ADM mass for a given set

of (p,q) charges when there is a relation between the charges and vector multiplet

moduli, given in eq. (2.3).
ph = i(ZLN - ZTY), g =1(ZMy—ZM,) . (2.63)
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This relation was derived in [6] from the constraint D;Z = Z; = F~* = 0 and as

shown here is required for the solution of the equations of motion and the consistency
of the total picture.

In the most general case when we have arbitrary sections (L, M) this is the best
form of a constraint between the charges and moduli, which is available. Note that
the central charge is a linear functions of (p”, gs) charges and depends on moduli as
shown in eq. (2.9). In principle egs. (2.63) can be solved for z' in terms of (p*, qa).
In what follows we will present few examples when this constraint can be solved so
that the explicit form of the complex moduli z* in terms of charges (p*,qa) can be

found.

2.3 Axion-dilaton double-extreme black holes

Up to this point all the results we derived hold for a general prepotential F' or for
a general symplectic sections, when the prepotential is not available. In this section
we consider a special case of N=2 supergravity interacting with one vector multiplet.
The prepotential is given by F' = —iX°X?!, which is equivalent to N = 4 supergravity
theory with two vector fields. We will express the moduli z = % and the central
charge |Z| in terms of charges p* and gy where A = 0,land relate them to the
corresponding moduli in N=4 theory.

With this prepotential, choosing the gauge X° =1

L* = eK/2XA=eK/2(1) : (2.64)
Z
My, = eK/ZFA=—ieK/2(i) : (2.65)
where
K = L (2.66)

2(z+7%)
As mentioned in the previous Section, z is constrained according to egs. (2.63)

which forces z to depend on the charges. Eliminating Z we can rewrite equations
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LAgs — pPMy = iZ(T* My — LA M) , (2.67)

or in matrix form and using (2.64, 2.65),

g +ip’z @ +ip° z+zZ 2
eK/? = —ZeK . (2.68)
gz +ip'z  quz +ip! 222 z2+7Z

From equations of the two diagonal components we can solve for z in terms of

charges:

— 4pl
2= ‘;‘1’ - Z;O . (2.69)

This is consistent with equations from other components. This is the expression for z
in terms of the charges. In order to keep ef positive according to (2.66) one is further

required to take Rez to be equal to the absolute value of the real part of eq. (2.69).

i.e. to |goq + p°p*|-

Now let us express the central charge in terms of p* and g4 only. In terms of z,

p* and qu, by (2.64, 2.65), the central charge is given by [22]-[24]

Z = Lt — Mpp* (2.70)

= K/ [((Io +ip') + (g + ipo)z] : (2.71)
Substituting (2.69) and (2.66) we get

+ pOp! 1/2 _
7= (BEEE) (gt 272)

and the mass of the double-extreme black hole is a function of charges:
M? = |Z? = |goq: + %P - (2.73)

Now consider the model related to this one by symplectic transformation [22]-[24].

It corresponds to N=2 reduction of the SU(4) formulation of pure N=4 supergravity.
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A

XO‘—‘XO, F():Fo, Xl'—‘—Fl, F1=Xl. (274)

and for charges we have

ﬁo = pO y @0 =4qo , ﬁl =-q, qu ! - (275)

I
3

Our solution for moduli becomes
41 +1Qo
= — 2.76
TP (276)
and again it is required that Rez = |p°¢; — gop'|. The double-extremal black hole

mass in this version is given by:
M? =|ZP = 1p°0 — Gop'| - (2.77)

This coincides with the double-extreme axion-dilaton black holes in SU(4) version of

N=4 supergravity [26], {27].

2.4 N=2 heterotic vacua

In heterotic string vacua space-time supersymmetry comes from the right-moving
sector of the string theory. In particular, the graviton, an antisymmetric tensor,
the dilaton and 2 abelian fields together with fermions constitute the vector-tensor
multiplet. On shell an antisymmetric tensor combines with the dilaton into a complex
scalar, which belongs to an N=2 vector multiplet. Other vector multiplets originate
from the left-moving sector. The corresponding theory can be defined in terms of a

prepotential 3

F= %dABCtAtBtC = St X0=1, (2.78)
where
. dijk = Njk
t =35, dapc = s AB,C=12,...,n+1, (279)
0 otherwise

3We are using here notation of [25].
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and
ni; = diag(+,—,—...,=), %Jj=2,...,n+L (2.80)

This prepotential corresponds to the product manifold Sgg’)l) X sofgizérg(n)' The

5%%—’)11 coordinate is the axion-dilaton field S. The remaining n complex moduli #*

are special coordinates of the SOfZ?xzé%(n) manifold. In particular, when n = 2 we
have
1
F= —édABctAtBtC = %S [(t2)2 - (t3)2] . (2.81)
If we introduce the notation
2_1 3_ 1
t _—.§(T+U), t =§(T—U), (2.82)
the prepotential becomes
1
F=-8TU. (2.83)

T2
This theory is defined by 3 complex moduli and 4 gauge groups and the corresponding

. . SU(L1) 50(2,2)
manifold is (1) X S0(2)xS50(2)*

We would like to find the values of moduli of the double-extreme black holes for
this model with n = 2 as well as for the general case of arbitrary n.

Our method is to use the version of this theory which is related to the one described
above by a singular symplectic transformation [22]-[24]. This version does not have
a prepotential and is defined in terms of a symplectic sections. To avoid complicated
formulae we will not use hats to describe this version of the theory but the sections
as well as charges should not be associated with the prepotential version above. Thus

the starting point to describe the N=2 heterotic vacua is [22]-[24]

XA XA
= ., XMXy=X-X=0, A=01,...n+1. (2.84)
Fy S Xa
The metric x5 = diag(+, +, —, ..., —) is used for changing the position of the indices:

X = nasXZ. Note that X are not independent and satisfy the constraint X-X = 0.
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From sections one can derive K and N as follows:

K = -hfi(s-9X-X], (2.85)
o Xp X+ XpaXs =
Nz = (§-5) &4 ;‘(TA Z 4+ Sias - (2.86)

The Kahler metric can be obtained from the second derivative of K:

o 1
o 0 poo 1 2.
95 = 3555 = [@mS)?’ (2.87)
o 0 1 XsXu

-3

9% T GXAgpEh T XX — 7ax) - (2.88)

XX
Then the non-gravitational part of the Lagrangian is given by

1 1 XeX,

L =-——-08S85 _(EELA g p)oxtoxX” 2.89
mor oty x(xx M) (2.89)
+ ImS§ 2(XAX2 +§AX}:) — az| FAFE + Re S mas FAF=.

X-X
Using Fp = SX, in the stabilization eqs. (2.63) and we can bring them to the

following form
b = iZeX2XM — iZeK XN (2.90)
qn = 1265X75X, —izeX?’S X, . (2.91)

We can contract these equations with X using the constraint X - X = 0 and we

get
X.p = —iZe¥?X . X, (2.92)
X.qg = —iZef?S X . X . (2.93)
These two equations imply
X.-¢g=8X-p. (2.94)

The above equation is useful as all X -q and X - q can be expressed in terms of S X -p
and SX - p respectively. We contract equations (2.90) and (2.91) with p and ¢ and
get the following:
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p?=iZeK1?X .p—iZeK?X . p (2.95)

q-p=12e5?X .q—iZeX?X - q (2.96)

p-q=i2e51?8X .p—iZeX/?3 X - p (2.97)

¢ =iZeX?SX . q—iZeX?S X - q (2.98)

Using (2.94) to get rid of ¢ on the right hand sides we get:

p? = iZeXPX .p—iZeX*X . p (2.99)

g p = 125?55 X . p—ize¥?SX -p (2.100)

p-q = iZeXPS X .p—iZeKPS X p (2.101)

¢ = iZ2ef?SS X .-p—iZef?SSX - p (2.102)

Now, comparing eq. (2.99) with eq. (2.102) we see that it can be satisfied only if
ss = L. (2.103)

The sum of egs. (2.100) and (2.101) can be compared with eq. (2.99) from which we

learn that the real part of the S-moduli is already defined in terms of charges.

o_2P4q
S+5="5". (2.104)

From the above two equations we can obtain the fixed value of the axion-dilaton,

which is the moduli on i’#&—)ll manifold:

. 2.2 _ (n. \2}1/2
g - P q+i(pq (p-q)?%) , (2.105)
p? P’

here the sign of Im S is chosen to be negative.

To calculate the central charge |Z| one can multiply eq. (2.99) on eq. (2.102) and
subtract the product of egs. (2.101) and (2.100).

P —(p-q? = |ZPe¥(255-5 -5)X -pX-p (2.106)
= |Z[%e"(5 - 5)*|Z]%¢" (X - X)*
= |z|%,
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which leads to

1Z]? = (P’ —(p-9))'?, (2.107)

where we used (2.92) and the expression for e¥.

The next step is to find the moduli on ﬁ?%%—'gm manifold. For this purpose we

multiply S on eq. (2.90) and subtract eq. (2.91):
Spt — gt = iZeH(5 - S) XA, (2.108)

which leads to a beautiful equation:

XA Sph — gt
3= = S (2.109)
Here S is given by
_ ) 2.2 _ (o, 1)\2)1/2
5 ppf +i29 ;’; iy (2.110)

Note that the ratio %;A; does not give us yet the moduli since X - X = 0. This
constraint can be solved, in particular using Calabi-Vesentini coordinates which can
be identified with the special coordinates of rigid special geometry. However for local
special geometry a suitable set of unconstrained moduli can be taken in the following

form [22] - [25]

XO = - % (1 - Nij titj) 5 (2111)
Xl= ¢ i,j=2,...,n+1, (2.112)
Xm= 1 (14n;t). (2.113)

This solution of the constraints has the property that X**! — X% = 1. The solution

for moduli is

xi-1 Tpi-1 _ gi-1
= P_—49 (2.114)

b CE T S(pr+ —p) = (gt - ¢°)
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Thus the double-extreme black hole of N=2 supergravity with = 5%11)1) X soffg fgg(n)

symmetry has the following properties. The n + 1 complex vector multiplet moduli

are functions of charges:

} 2.2 (0. \2\1/2
g_Pa_, ¢ -(p9)

p? p?
‘S‘pi—l _ qi-—l

The mass (proportional to the area of the black hole horizon) is given by

tl

, (2.115)

fi i=2...,n+1.(2116)

M = |21 = (p’¢® - (p-9)*)'/?, (2.117)

and the scalars in the hypermultiplets can take arbitrary values not specified by vector
field charges.

Note that the moduli could be also rewritten as functions of the charges of the
version of the theory which has the prepotential. The explicit singular symplectic
transformation which relate those 2 set of charges is available [22] - [25]. It seems

however that the expressions for moduli are more complicated and will not be given

here.

One can focus on a simple case of just 3 vector multiplets and S g&l) X 50?20) %23(2)

model with the following charges: (7%, qo), (P!, q1), (P%, q2), (P®,¢3) of the 4 gauge
groups. The O(2,n) scalar products are

PP = (0% + (") - (0’ - ), (2.118)
@ = (90)2+ (@) — () - (g3)*, (2.119)
p-qa = (1°q0)+ ®'q)+ (°e)+ (P'e) . (2.120)

The frozen values of 3 complex moduli are

s P4 (P’ - (p- q)*)"/?
=3 ~1 2 ’
p p
r 30 +p) - +¢
S -p%) - (¢®*—¢°)’



Spt - p?) — (¢ - ¢%)
SP - (@) (2.121)

The mass of the generic extreme black holes in this class depends on charges and

U =

moduli, it is minimal for the black holes with regular horizons and given in eq. (2.117)
when moduli are taking the extremal values given in egs. (2.121). This accomplishes
our goal of finding the explicit form of the moduli as functions of charges for double-

extreme black holes.

2.5 Discussion

Double-extreme black holes are characterized by the regular horizon and unbroken
supersymmetry and their ADM mass is minimal for a given set of charges. The
important new feature of these black holes is that the moduli are frozen in space at
the values which minimize the ADM mass. We have found all N=2 dyonic double-
extreme black holes.

The fact that the central charge of the gravitational dyons has an extremum in
moduli space at the fixed values of charges follows from unbroken supersymmetry
which is doubled near the black hole horizon [6]. However, not so many examples of
the known black holes are available to verify this theorem. The new double-extreme
black holes found in this chapter [7] for the most general coupling of N=2 supergravity
to vector multiplets exhibit a relation between charges and moduli given in eq. (2.3)
and found before in [6]. For the most general set of symplectic sections defining a
given theory this relation, which we have called stabilization equation, is difficult to
solve. However we have solved it for the so-called tree level heterotic N=2 vacua
with arbitrary number of vector multiplets described by some of the classical Calabi-
Yau moduli space, see egs. (2.115,2.116). The new expressions for moduli in terms

of electric andn magnetic charges have been found for arbitrary number of complex

SUQY)  __SO(22)
U() S0(2)x50(2)

moduli, in particular for the complex values of S, T,U moduli in
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model with 4 electric and 4 magnetic charges, see eq. (2.121). Those are the main

new technical results of this work.
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3 STU blackholes

3.1 Introduction

The non-perturbative properties of the future fundamental theory manifests them-
selves in the duality properties of the area formulae of the supersymmetric black
holes horizon. The universal entropy-area formula of supersymmetric black holes is
given by the central charge extremized in the moduli space Zg, and depends only on
quantized charges. The universal formula obtained by S. Ferrara and R.Kallosh [6] is
S = 49 = 7|7;,|* with & = 2 (3/2) for d = 4 (d = 5).

This universal formula has various implementations in different theories. A par-
ticularly rich class of area formulae may be expected to exist in N=2 supersymmetric
theories which are characterized by different choice of the holomorphic prepotential
and/or symplectic sections. A beautiful interplay between the geometry of special
Kahler manifolds [22],]24],[28]-[31] and space-time geometry of supersymmetric black
holes has been discovered recently [5], [6], [7].

In this chapter,following [8], we will find the 4d double-extreme black holes in a
class of N=2 theories with the prepotential F' = dABCﬁ—)—f(-g—X—C— [29]. These theories
with real symmetric constant tensors d4pc are related to geometry occurring in 5-
dimensional supergravity [32] where the term [dspcF* A FB A A€ is present in the
action. These theories are also related to the special geometry of Calabi-Yau moduli
spaces where d4pc are the intersection numbers of the Calabi-Yau manifold, tA = %
are the moduli fields of the Kéhler class [33]. The theories of this class are also
referred to as “very special geometry” [34] and “real special geometry” [35].

We will focus mostly on STU-symmetric model F' = %zxrs, and will find the
moduli-independent [SL(2,Z)]* symmetric area formula. The moduli of this the-

3
ory are coordinates of the (ﬂz(i—)ll) manifold. Duality symmetry of this theory
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is [SL(Z,Z)]S. The dual partners of these black holes (where one of the moduli,
e.g. S is singled out and whose imaginary part plays the role of string coupling)

are already known [7]. The moduli in this version of the theory are coordinates

SU(1,1) 50(2,2)
of 7@~ X so@xs0)

manifold. S-duality, or SL(2,Z) symmetry associated with
the S moduli in string theory has a non-perturbative character, whereas T and U
dualities, related to SO(2,2) symmetry have perturbative character. Perturbative
symmetries of string theory do not mix electric and magnetic charges. Stringy black
holes treat one of the moduli on different footing than others. This is due to the fact
that 11-dimensional supergravity has to be reduced to d = 10 first and this makes
11-th component of the metric or the dilaton, special. If however, we are looking
for exact non-perturbative solution of 11-dimensional supergravity, we may expect
some solutions where the radius of 11-th, 6-th and 5-th dimensions are all on equal
footing. These are our STU black holes. They may be related to M, F, Y or whatever
fundamental theory which is not the conventional theory of strings. To establish the
relation between new (STU)-symmetric black holes and their dual (S|TU) stringy
partners is our main goal. In string triality picture [36] the role of S may be replaced
by T or U but still there is one moduli different from the others and only one duality
symmetry is non-perturbative whereas the other two are perturbative. We will find
that all three S and T and U duality symmetries in “democratic” black hole solutions
are non-perturbative. This is not too surprising: black holes are non-perturbative ob-
jects!

We will find that the area of the horizon in (STU)-symmetric theory equals the
area of the horizon of the (S|TU) dual theory

AT (p, q) = ABTO(p,q) (3.1)

where the charges are related by particular Sp(8,Z) duality transformation. This
transformation has been found in {24] and relates the symplectic sections and charges
in two theories.

The duality symmetry of this area formula is of an unusual form. The typical
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situation studied before was that the area as a function of charges was invariant

under duality transformation.

Alp,q) = A(D,9) - (3.2)

For example, U-duality ¢ invariant area formula is given by the quartic Cartan invari-
ant of E; in d=4, [37], [6], [38], where the 2 x 28 unhatted (p,q) are charges before
duality transformation and 2 x 28 hatted (p, §) are charges after E7 transformation.
This duality transformation was a property of one specific theory: in this case, for
example, N=8 supergravity in d=4. The equations of motion of this theory have
hidden symmetry and it manifests itself in E; invariance of the area formula of the

black holes of this theory with 1/8 of supersymmetry unbroken.

A= (p,q) = AV=4(p, ) = 4my/ I (p,q) = 47/ T (B, ) - (3.3)

The new phenomenon which we observe here by studying the black holes in the
framework of special geometry is the following. Black holes in two versions of the
theory related by symplectic transformation have two different area formulae, when
the area of the original version is expressed in terms of charges of original theory and
the area of the transformed (dual) theory is expressed as a function of charges of dual
theory. However, these two area formulae are related as in eq. (3.1). If one has the
area in one theory and the transformation which defines the dual theory is known,
the area can be found using (3.1). The reason for the area formulae to be different is

3
that they carry different symmetries: (ﬂéi(i_)ll) in one case and = 38)1) X sofg §<2§2())(2)

in the other case.
This chapter is organized as follows. In Sec. 2 we discuss the basic equations [6]
defining the double-extreme black holes of N=2 theory [7] and the values of moduli

as functions of charges. We refer to these equations as “stabilization equations”.

4U-duality in the context of E7-symmetry should not be confused with U-duality in the context
of SL(2,Z) symmetry related to U-moduli. Unfortunately, these two different dualities carry the

same name in the current literature.
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The main property of these equations relevant to present investigation is that they

are symplectic covariant. Therefore once the solution for moduli in terms of charges
is known in one version of the theory, the dual solution can be found by applying
the symplectic transformation to the known solution. We explain this for the case

of ST[2,n] manifold, sgg,)l) X sofgizég(n) symmetric theory which does not admit

a prepotential and the dual version of it which admits the prepotential. We also
explain that in both theories one has an option of solving for double-extreme black
holes directly in each version, without using the information on the solution in the
dual theory. Having obtained these two sets of double-extreme black holes one can
check that the solutions are actually connected by symplectic transformation. Or
one could use the solution available on one side and perform a relevant symplectic
transformation to get the double-extreme black holes of the dual theory and the mass-
area formula in terms of dual charges. One can verify that the transformed solution
indeed solves the equations of the dual theory. In Sec. 3 we proceed with solving

“stabilization equations” on the prepotential side and we consider the prepotential

F = XXX We derive the new mass-area formula for this theory. In Sec. 4 we

show that alternative derivation of STU symmetric double-extreme black holes is
possible: via symplectic transformation from the dual version of the theory without
the prepotential, i.e. from the theory where S is not symmetric with T,U. In Sec.
5 these two sets of double-extreme black holes are studied from the perspective of
string triality and the difference between the new and stringy black holes solutions is
explained. In the Outlook we point out the implication of our new d=4 area formulae
for Calabi-Yau moduli space and the corresponding d=5 area formulae. We also
comment on string loop corrections and their possible effect on supersymmetric black

holes and vice versa.
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3.2 Symplectic covariance of “stabilization equations”

Stabilization equations for n, complex moduli of supersymmetric black holes in N=2

theory near the horizon have the following form [6]

pt 217 LA
=Re| _ : (3.4)
aa 2iZMA

where the central charge [24]

Z(z,z,0,0) =€ & (XM(2)qa — Fa(2) ") = (L'ar — Map") (3-5)

depends on moduli and on 2n,+2 conserved charges (p*, ga). (L*, M) are covariantly
holomorphic sections depending on moduli. For double-extreme black holes [7] with
frozen moduli these equations implicitly define the frozen moduli as functions of
charges.

Symplectic transformation acts on charges as well as on sections

0 B0 -

and provides the relation between the dual versions of the theory. Here

Ao Sp( zZ) (3.7)
€ Sp(2ny +2,Z) . 3.7
C D
Stabilization equations are covariant under symplectic transformations
A 2ZLA
= Re _ . , (3.8)
ga 21Z My

since the central charge is invariant.
Z= (LAQA - MAPA) = (iAdA - MAﬁA) . (3.9)

and the sections are covariant.
We are interested in dual relation between black holes of two theories. The first

one can be defined in terms of a prepotential °

1
F= EdABCtAtBtC = S’I)ag tatﬁ y XO =1 y (310)

5We are using here notation of [25].
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where

d1 =1
H=8  due=| © ABC=12...,n+1, (311)
0 otherwise
and
Nep = diag(+,—,—...,—), a,f=2,...,n+1. (3.12)
This prepotential corresponds to the product manifold 51[118)1) X 502920)5(25"0)(71). The

5%8—’)11 coordinate is the axion-dilaton field S. The remaining n complex moduli #*

are special coordinates of the %%20)%;0)@ manifold. In particular, when n = 2 we

have

F = Sdanot*t" = 38 () - ()] (3.13)

This theory is defined by 3 complex moduli and 4 gauge groups and the corresponding

. .. SU(1,1) 50(2,2)
manifold is o) X 35@)%500)"

If we introduce the notation

1

t’= =(T+U), B=-—=T-0), (3.14)

S

the prepotential becomes

F=STU . (3.15)

This theory has the symmetry of the manifold (Mg(%l)s, which corresponds to the
embedding of (S—g%uf into 5—0%2%%))(—2). The STU symmetric theory with the cu-
bic holomorphic prepotential (3.15) is associated with particular Calabi-Yau moduli
space. It is related to the dual version of the theory via symplectic transformation
[24]. We will study this relation in the context of black holes in Sec. 4.

There are two possibilities to find double-extreme black holes in the theory with
the prepotential. Either directly solve the stabilization equations or perform the dual

rotation from the known solution. In the next section we will first find the black holes

directly in STU-symmetric model.
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3.3 Double-extreme black holes in STU-model

STU-model [39] is described by the prepotential:

di-kXinXk ..
F(X)z_lT_s Za]ak=1,2,3’
For our case
X1x2xs3

(3.16)

(3.17)

Holomorphic section determined by that prepotential has a form: (X A Fy) with

F, = 3‘97’} and A = (0,7 = 1,2, 3). Special coordinates 2* are determined by

1 Xi 0
Z-_—F, X' =1.

Corresponding Kéhler potential is
K = —log (- idijr(z — 2)'(2 — 2) (2 = 2)") .

and we will use also

=8 =T,

In terms of special coordinates the holomorphic sections are given by:

1 —212228
A 2! 2223
X" = 2 | Fr= 1.3
2 21z
23 2122

The stabilization equations are:

ph =2 ZXA - ZXN)
aan = ieK/z(ZFA - ZFA) .

We can eliminate Z from these equations so that:
XMgs — p*Fy = ieX?Z(XAFy — XA F) .
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(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
(3.23)

(3.24)



This is the matrix equation we used in [7] to solve for the solution of frozen moduli.

In what follows we will solve for 2! as a function of charges. The solution for z* and
23 can be obtained in an analogous way as a result of symmetry between the three
moduli.

Here are the components ((A,X) = (1,0),(0,1),(1,1),(2,3) and (3,2) respec-

tively) from the matrix equation (3.24) we need for the derivation of PAR

Qo+ p' 222 = ief?z(372 - 7220 (3.25)
q —p°2%2 = ieK?Z(2%8 - 27, (3.26)
a2t —p'2? = ief?Z(5' 28 - 122 (3.27)
G322 — pP2t? = ief 273222 - 222%F) (3.28)
@2 — PP = ieK2Z(2B38 - 2P . (3.29)
Using (3.25) and (3.26) we can eliminate the factor ie¥/2Z and obtain
51
23 _ 012 T 4o
Using (3.27, 3.30) we can obtain a simple formula for ieX/2Z
0,1 _ pl
iekizg = P2 TP (3.31)

CEE)
Substituting (3.31) into (3.28) and (3.29) respectively we can express z? and 2° in

terms of 2! and the charges only:

2,1 3,1

o _ (P2 —g5) 3 _ (P’2' —q)

P2=W2 7B g P 3.32
(92! — pt) © T o - pY) (3.32)

Finally, using (3.30) and the above equations to eliminate 22 and 2% we are getting

a quadratic equation for 2!

(2 4 (29 = 2'q) . Potae) (3.33)

(P°q1 — p?p3) (P°q1 — p*p?)
where

(p-q) = #°q) + (p'q1) + (P%2) + (P°as) = P aa (3.34)
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and the solution for z! moduli is

g -2 vw (3.35)

2(p3p% - P°q1) | 2(p%p? —1P'q1) ’

where

Wt a) = —(p-9)° - 9 010203 + 400’ p’p’ (3.36)
+ 4((0'q))(P’q) + (P'q1) (P°as) + (P°g3) (P°a2))-

The function W(p?,qs) is symmetric under transformations: p' ¢ p? « p® and

q1 © @2 < ¢s. Finally solution for all three complex modulus are:

. ((p-q) - 2v'q)) FiVW
- ! . 3.37
‘ 2(3d;xp'p* — p°gi) (3:37)

There is no summation over i in pig;. For the solution to be consistent we have to

require W > 0, otherwise the moduli are real and the Kahler potential is not defined
At this point the choice of signs in the imaginary part of the moduli is ambiguous.
However, to preserve the obvious exchange symmetries, we want to choose common

”

signs for all. In fact it turns out that only the ”—" is consistent as we shall see.
With these expressions for the z* the Kahler potential eq. (3.19) is easily com-

puted. We find

3/2
B S L (3.38)
wWyWols
where
w; = (3dijkpjpk - pOQi) . (3-39)

It is also useful to calculate the product of three w;’s which appears to be positive:

1
wiwws = 7 (0°FW + 2p'9°" = (- 9P?) >0 (3.40)

with A =0,1,2,3,
For the Kihler potential e ¥ to be positive we have to pick up only one choice
of sign for each imaginary part of the special coordinates in eq. (3.37), it has to be

negative:

. ((p-9) — 20'q;) —ivVW k. W2
Z' = . = e " = >0. 3.41
2(3d;jep?p* — p°g;) Wiwaws (3.41)
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We can proceed now with the calculation of the central charge to find the black hole

mass, which for double-extreme black holes is proportional to the area of the black

hole horizon. We find that

012 1,2,3 __ .0 . 2

We deduce for the mass/area

W32 (p°)2W + [2p'p’p® — P°(p - 9))?

7 = M? = 4
22 =M= ——— N : (3.43)
which finally gives the beautiful result
zr—mr= _ (Wt an) " (3.44)
4n ’ '

This is a very nice and simple expression for the area which relies on the fact that the
nominator of the second expression in (3.43) and the product of the w; cancel. Thus
we have completely described the double-extreme black holes solutions with frozen
moduli in the STU symmetric theory. The geometry is that of extreme Reissner-
Nordstrém type with the mass/area formula, as function of quantized charges given
in eq. (3.36).

ds® = ((1 » Wi o™ q)]w)—? dt* — ((1 + W ol q)]1/4>2 . (3.45)

T T

It is instructive to remind that our mass/area formula has also a nice symplectic

invariant form, as explained in [6], [7].

M? = (3.46)
-1 (00 (ImA +ReNImN 'ReN)ps  (—Re NImN 1)," p=
g WA (~Im N 'Re N)A ImN)Z ] \gs

ImF +ReFImF'Re F)ay (—Re FIm F~1),” ) ( pE )
fix

=-—=1\D,q
2 ( A) ( (=Im F~'Re F)A (Im F~1)AZ gs
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where the period matrix N as well as the second derivative of the prepotential F

are functions of moduli which at the fixed point near the black hole horizon become
functions of charges, as defined in eq. (3.41).

If we parametrize all 3 moduli in terms of axion-dilaton fields

2 =a' —ie™™ (3.47)
where _
o = ((p- 4)2; 2p'q:) , e = __g , (3.48)
Kéhler potential is
e = —8ImS ImT ImU =8¢ Me ™e™™ . . (3.49)

This parametrization is possible under the condition that all three combination of

charges are positive,

w;>0. (3.50)

3.4 Dual rotation of double-extreme black holes

The double-extreme black holes for this model without the prepotential for the general
case of arbitrary n as well as for n = 2 have been found before [7]. The resume of this
black hole for n = 2 is the following. Solution is defined in terms of 4 magnetic and
4 electric and charges (5*,ds) and A = 0,1,2,3. The frozen moduli are given by®

g _ P i-i ¢~ 9)"”

= , (3.51)

X:-X'_ 5 —p) - (¢ - ¢
Tr= XO _ X’2 = S‘(ﬁo __ﬁ2) _ (q'~0 _ qz) ’ (352)

XX S5 -5) - (= - )
X0-X2 5@ -5 - @ -¢)

6We are choosing the negative sign for the imaginary part of S here for the sake of the dual

(3.53)

rotation to the prepotential version, using the symplectic matrix (3.56).
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and the mass/area formula is

— A o . a2\ 1/2
zZ=M=_—=(@¢ -6 9°) " . (3.54)

The symplectic transformation between the theory without the prepotential (“hatted”

version) to the one with the prepotential (“unhatted” version) is[24]:

A B A B
e (2 %)=(2 %) -
with
1 0 0 O 0 -1 00
A:—l— 0 0 -1 -1 B:i 0 0 00 (3.56)
V2| -10 0 0|’ 210 -1 0 0
0 0 1 -1 0 0 00

Starting with the prepotential F' = STU in terms of special coordinates we have

the holomorphic section:

1 ~STU
R E TU
XA = | Fr= w | (3.57)
U ST

After symplectic transformation defined in (3.6), (3.56) we get for hatted sections:

1-TU SX0
. 1 | —(T+0) X SX1 .
XA =— , F\ = .| = SmsXE, 3.58
\/5 _(1 4 TU) A _§%? AT ( )
T-U -5Xx3

where the metric is nyx = (+ + ——). This theory does not admit the prepotential
[24].
We can now relate the known results of the version without a prepotential (for

which we use variables with a hat) to the ones obtained here. From egs. (3.6), (3.56)
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we find the transformation between p, § and p, ¢ to be:

' —a ]
-p? - p®
—PO —q1
ik 1 | PP-7°
== (3.59)
in] V2| p4a
—q2 — Q43
Pl - qo
L g2 — G3
This transformation gives us the relations:
P =20p" - p’q1) = 2w1, (3.60)
prd=p-q-2paq, (3.61)

hence we find S = 2; where S is the first moduli field of the version without the

prepotential, and (with a little more work) we have
Pé-B-9°=w. (3.62)

For T and U we get, using the relation between charges (3.59)

== =2, (3.63)

U = " = - = = =23 . (364)

3.5 String triality and STU black holes

Our results allow for a comparison with the string triality picture as described in [36].

There, a six-dimensional string, described by the low energy action

Is = 5,1?2 / drv/—-Ge™? [RG + GMN Gy @0y @
1
—EGMQGNRGPSHMNPHQRS (3.65)
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with M, N = 0,..,5 was considered. This string might be a truncated version of a
heterotic or a Type II string. Upon toroidal compactification to D = 4 one obtains a
N = 2 supergravity theory coupled to three vector multiplets. The four-dimensional
metric is related to the six-dimensional one by

G+ AT ARG AT G
GMN = ’

3.66
AL Gmn Gmn (369

where the space-time indices are p,v = 0,1,2,3 and the internal indices are m,n =
1,2. Two more vectors arise from the reduction of the B field.
One also finds six scalars, four of which are moduli of the 2-torus. We parametrize

the internal metric and 2-form as

e +a2 —ag
G = €™ , (3.67)
—as 1
and
an = a2 €mn - (368)

7, the four-dimensional dilaton, is given by

e = e ®\/det Gy = e~ M) (3.69)

The sixth scalar is the axion a; which arises from dualization of the three-form field
strength in four dimensions.
The scalars are typically combined into three complex scalars, which in notation

suitable for our previous sections are:

=8 = a, —ie ™,
z2o0=T = as—ie ™, (3.70)
23 = U = as — e ™,

Here S is a dilaton-axion of the heterotic string, T and U are the Kahler form and the

complex structure of the torus. These three scalars are obviously the ones considered
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so far in this paper. The four vectors are combined to a vector A}, witha=1,2,3,4.

Details can be found, e.g. , in [36]. In fact, the electric and magnetic charges can be
put together to an SP(8) vector as given in the earlier chapters.

The symmetry of this theory is SL(2,Z) x 0%272;(2—’02?%. The SL(2,Z) component
is the famous S-duality, a conjectured non-perturbative symmetry of string theory.
The second factor, which is just a product of two SL(2,Z) plus their exchange, is
related to perturbative T-duality symmetry. In the following, T-duality will denote
the duality symmetry generated by the first SL(2, Z), which acts on the Kéahler form,
whereas the second one is called U-duality and acts on the complex structure U. All
three symmetries act on the scalars by

a;z; + b,‘

71
cizi+d,- (37 )

Zi

with a;d; — b;c; = 1. The electric and magnetic charges transform as vectors under
the three duality symmetries (where the SP(8) vector has to be converted into an
SL(2)? vector [36]).

This theory is precisely the one studied in [7]. In [36] it was found that the theory
allows two (or five, according to taste) dual descriptions where the roles of S, T and
U get interchanged. For example, S is the dilaton/axion field for the heterotic string,
the Kahler form for the Type ITA string and the complex structure of the Type I11B
string. However, all those theories were of the same type, in the sense that (at least
in the truncated versions considered here) two symmetries were perturbative and one
was non-perturbative.

This is easily seen by considering (for example) the four-dimensional heterotic

Lagrangian (in the absence of axionic fields):

L = V3[R~ 3 T (3.72)

2
_ 1 (e—m—nz—ns FlFl + e—m—fn+n3F2F2 4+ e—m+n2+naF3F3 e ™M +n2—n3F4F4)] )
4

Clearly, 7, — —m; and 13 — —73 (accompanied by an exchange of a few field
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strengths) are off-shell symmetries, where as n; — —m; requires dualizations of field
strengths.

How does the STU-model considered in this paper tie in with those three (or six)
string theories? Obviously, it cannot correspond to either of those, since it treats S,
T and U on equal footing. This is already clear from the prepotential, but also the

action gives some insights. It can be obtained from

Ly = ImNyg FAFE 4+ ReNyg FA *FE. (3.73)
We find o o
2d,'jk2:12] Zk' +3dmijz’z1
Fys = . . , (3.74)
—3dh-jz’z1 6dmh~z’ : ’

from which one can deduce

(ImFAQ) (Iang)XQXH
(ImFQH)XQXH ’

Nas = Frs +2i (3.75)

where X4 = (1,21, 22, 2%). We do not try to express NV in full generality, however we

note that the lower three by three matrix N;; has the extremely simple form

—jetm—m-n3 as as
.A[ij = as —je~MmHn2="s a; . (3.76)
a2 al _:ie_nl —n2+13

The vector part of the Lagrangian in the absence of any axion-like fields is then given

by

Ly = — (e m—mFOF0 | etm-m=m Fl g (3.77)

4e~mtm-m F2E2 | e—nl—nz+na_7:3_7:3) )
Note that this Lagrangian has perfect exchange (1 + 2 < 3) symmetry, but it
is not invariant under any 7; — —7; duality transformation (accompanied by the

appropriate exchange of vector fields). Hence, the theory has neither S, T nor U
duality (in the notation of [36]) realized off-shell!
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We can also compare how S, T and U dualities (3.71) are realized as SP(8)

matrices. For this we go first in a basis (S|TU) (heterotic string compactified on a

two-torus). This can be done by the symplectic rotation

C:  (®,qn) = B, dr) = (0°, —a1, 9% P* | 20, 7", 02, Gs) - (3.78)

In this new basis the SL(2, Z) transformations are realized by a matrix (3.55) with

[40]

0100
aS+b 1000
: b A=dD=adé;;; bB=cC=b 3.79
_}cS-i—d y a add;; c c 00 01 ( )
0 010
and
d 0 ¢ 0
ol +b 0 a 0 —b
T — . by B=C=0, A=(D"'= , (3.80
Trd y (D7) b0 a4 0 (3.80)
0 —c 0 d
d 0 0 ¢
aU +b 0 a —b 0
U : by B=C=0, A=D")'= 3.81
= T4 y (D7) 0 e d o (3.81)
b O 0 a

As we can see, in this basis only the S-duality is non-perturbative (exchange of electric
with magnetic charges) whereas the T-and U-duality acts diagonal, i.e. exchange
electric with electric and magnetic with magnetic quantum numbers. Finally, to get
the transformation for our original charges we have to invert the transformation C.
Combining all symplectic transformations we find for our charges in the STU basis

the transformations
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dp® + cp' ( dp® + cp? [ dp®+cp®

bp® +ap! dp* +cgqs dp' +cqs

dp*+cgs bp° + ap? dp®+cq
pA) . dp®+cg dp®+cq bp’ +ap? (3.8
ga ago—bq ago—bg ago—bgs

—cq+dq bp® +aq bp*+aq

bp®+ag —cgo+dgo bg +ag

bp2+ags / sum, \ bp' +ag; / sz \—cqo+das) sp,

As expected, one finds that W as given in eq. (3.36) or the area of the horizon
(mass) is invariant under these transformations (or (SL(2))* symmetric).

Let us turn back to the Lagrangians (3.72) and (3.77). Both lagrangians are on-
shell equivalent, (3.72) corresponds to the (S|TU) basis whereas (3.77) is our (STU)
basis and the transformation C maps both. This transformation is a dualization of F;
and a renaming (Fo, F1, Fo, F3) = 1/2(F, F3, F4, F3). Note, that under dualization
the pre-factor of F; gets inverted. This dualization makes all duality symmetries in
the (STU) basis non-perturbative. The statement that in this symmetric basis none
of the dualities is perturbative is equivalent to the statement that there is no basis in
which all of dualities are perturbative. The most we can achieve is to make only one
non-perturbative and two perturbative.

We have considered the case where the S-transformation is non-perturbative. On
equal footing we could take T or U. These three possibilities fix then the three
underlying string theories (heterotic, type IIA or type IIB). When all three theories
are symmetrised by going to the STU basis, immediately all dualities become non-
perturbative.

These transformations can be nicely visualized in the form of a cube, as it was
done in [36]. Figure 1 shows how the dualities transform the field strengths into each

other and their duals in the (STU) model. Figure 1 and Figure 2 also illustrate the
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Figure 1: Duality transformations in the STU-model. The fundamental field strengths

are not located on one side.
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Figure 2: Duality transformations in the S,T and U strings. The fundamental field
strengths are located on one side and two duality symmetries are perturbative. The
field strengths have different indices from Figure one, because the ones here are fun-

damental S-string fields.
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crucial difference with the (S|TU)-, (T|US)- and (U|ST)-models of [36] (Figure 2).
In the STU theory, the fundamental field strengths (or electric charges) are located
around F°, whereas in the (S|TU), (T|US) and (U|ST) models the fundamental
fields were located on one side of the cube, allowing 2 dualities to be perturbative.

The black holes with vanishing axions and finite scalars all have four charges.
These charges must be located on four corners of the cube which are NOT connected
by edges. Hence, the choices one has are go,p',p? p* (with product of 4 charges
qop'p*p® positive ) and 7°, q1,q2,q3 (With product of 4 charges p°g1g2gs negative),
which is consistent with our results. In the S-, T-, or U- string picture one always

needed two electric and two magnetic charges.

3.6 Outlook

In conclusion, we have found a new type of d=4 supersymmetric black holes in the
context of N=2 special geometry related to Calabi-Yau threefold. The main difference
with the existing supersymmetric black holes is a completely democratic treatment
of all moduli of the theory. This is due to our use of the version of special geometry
with the prepotential F = d4 Bc}"/‘—’;{?{—c [29] where d 4pc are real symmetric constant
tensors. A particular model of this type with F' = STU gives no preference to any
of the moduli and therefore none of them can play a role of coupling constants.
This makes the new (STU) black holes different from stringy (S|TU)-, (T|US)- and
(U|ST) black holes [7], [36] where one of the moduli (S in heterotic case, T in type
I1a case and U in type IIb case) does play the role of the coupling constant.

One may try to relate our new d=4 black holes to d=5 supersymmetric black holes

described in [6]. The area formula found there depends on symmetric tensor d4pc as

follows.

T~ @@ wan . A~ [(@°@) s 689)

where (dAB(q))_1 = (d’“’r’(t(z))|,9,.Z=0)_1 and (d4P)~! is the inverse of d4pct¢. Equa-

tion (3.83) applies in particular to eleven dimensional supergravity compactified on
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Calabi-Yau threefold.

The new result for four-dimensional black holes is the value of the moduli t* as
the function of charges at the fixed point 8;Z = 0 for particular example of d4pc. It
can be used to find also the area of the five-dimensional black holes as the function
of charges for this theory.

It remains to be seen if it is possible to address the issue of quantum corrections in
string theory using extreme black holes of classical moduli spaces as the starting point.
Following paper [8] we have established a duality relation between stringy (S|TU)-,
(T\US)- and (U|ST) black holes and “democratic” STU black holes. Stringy black
holes were known to be related to each other by the so-called triality in such a way
that only one of S, T, U-dualities was non-perturbative [36]. The “democratic” black
holes give us some new insights into the spectrum of states of the fundamental theory:

all dualities there are non-perturbative.
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4 Calabi-Yau Blackholes

4.1 Introduction

Recently supersymmetric black holes become a “natural” theoretical laboratory for
string theory. Calculation of black hole entropy by counting microscopic configura-
tions [12, 13, 41, 42] and comparison of these results with one obtained by macroscopic
calculations [6, 5, 43] is a very powerful tool in this “laboratory”. In this chapter,
following [9], we will focus on macroscopic calculations of the black hole entropy as
the area of the black hole horizon [2],[3]. We will give a solution for N=2 extreme
black holes associated with the general Calabi-Yau moduli space.

One of the most important properties of N=2 supersymmetric black holes in the
general version of ungauged N=2 supergravity interacting with arbitrary number n,
of vector multiplets [22]- [24],[28],[44] has been established recently [5]. It was shown
that the area of the extreme black hole horizon and moduli of vector multiplets near

the horizon are functions of charges only.

A = A(zi(p7qadijk)7paq,dijk)7 (41)

where A is an area of the black hole horizon, z(p, g,d;jx) are moduli fields, p and
g are electrical and magnetic charges of black hole and d;jx is a characteristic of
Calabi-Yau (classical intersection numbers). Relation between charges and moduli

for supersymmetric black holes near the horizon has the following form {6]:

ph 27 LA
= Re _ , (4.2)
aa ZiZMA

where Z is the central charge and (L, M,) are covariantly holomorphic sections.
Classical Calabi-Yau moduli space is described by the prepotential of the form:
XAXBXC
F= dABC——T— + corrections. (4.3)
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Here dapc are the topological intersection numbers dypc = [ Ja A Jp A Jo and Jy
Kahler cone generators, J4 € HV'(Y,Z). Special coordinates z* of Kahler “moduli

space” are connected with X4 by:

A XA 0
=S X'=5L A=12., A=0l. (4.4)

According to [45, 46, 47] this form of the Calabi-Yau prepotential can be extended

by addition of an extra topological term determined by second Chern class c; to the

prepotential:
h C2 * JA A
Fl (Z) = Z —54—2 . (45)
A

Symplectic invariant form of the Kahler potential is K = — Ini(XAFy—X*F}), where
LA = X2XA . My = eX/?F,. (4.6)
In terms of special coordinates the Kahler potential is:
K(z,z) = —log(—idapc(z — 2)4(z — 2)B(2 - 2)°). (4.7)
The central charge Z has a form [22]- [24],(28],[44]:

Z=e"7 (X% — Fpp"). (4.8)

In [47] it was proposed to introduce new variables:

YA = ZXA (4.9)
Stabilization equations (4.2) in terms of these new variables become:

iph YA — YA

ign = Fa(Y) = Fa(Y). (4.10)

Mass of the double-extreme black hole and entropy then has a form:

S
= = Mpps = |Z” = [Y°|"exp(—K (2, 2)). (4.11)

U
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In this chapter we will show the solution of equations (4.10) for most general form
of dapc and arbitrary p and g charges. In Section 2 we will derive the expression
for black hole entropy in terms of dipc and some combinations of p and ¢. In
Section 3 solutions for moduli fields will be given and in Section 4 some examples of
explicit solutions for entropy for particular Calabi-Yau intersection numbers will be

considered.

4.2 Entropy of Calabi-Yau black holes.

Stabilization equations (4.10) and the entropy formula (4.11) lead to the general result
for entropy of Calabi-Yau black hole with prepotential (4.3). For the most general
case with p° £ 0, go # 0 and arbitrary charges (p?, g4) the entropy of the black hole

depends only on these charges and numbers dapc:

S 1[4, 2
~=u 58424~ 9(p(p-q) - 2D) . (4.12)

Here Ay = 3D 4 —p°q4, and Dy = dapcpPpC, D = dapcp?pPp®, p-q=p"q+p*qa.

In combination
(843" = ((38Da - P'aa)3*)’ (4.13)
the variables 74 are the real solutions of algebraic system:
dap133® = A} (4.14)

which is determined by intersection numbers of the Calabi-Yau manifold and black
hole charges. This system might have no analytical solution in general case. The
number of equations in (4.14) is equal to the number of moduli fields n,. Left-hand
parts of each equations are quadratic forms with coefficients d4p(;y and right-hand
parts are arbitrary and depend on values of electric and magnetic charges of the black
hole. In other words, we have n, second order (n, —1)-dimensional surfaces embedded

in n,-dimensional space and intersection of these surfaces is a solution of this system.
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It is not clear yet if there is any connection between the geometry of Calabi-Yau

manifolds and the geometry of this picture. We considered a few examples of Calabi-
Yau manifolds with different sets of d4pc. For each of them we found the expression
for the black hole entropy. These examples will be considered in part 4 of this paper.

Solution of equations (4.10) becomes much simpler if p® = 0. In this case we have
the system of linear ( instead of quadratic ) equations and there is a general solution
for moduli fields in terms of black hole charges. The entropy of the black hole is then

given by the formula:

s [D
== \/g(qBDB +12¢) . (4.15)

s
Here Dap = dapcp®, DAB = [D4p]~!, and DA = D4Bgp.
It is straightforward to generalize these results to the prepotential with additional

topological term Fy = 22424 .

Cy - JAA

F(X) dABcZAZBZC + Z Y

(4.16)

In [47) it was shown that the addition of this topological term leads to simple trans-

formation of charges gs:

s = gz — Wsap™

Woa = =2, (4.17)

Therefore in our expressions for entropy (4.12) and (4.15)we should use these new gs

connected with old charges by the equations:

s c2Ja 4
do = Jo 24 p
c2da o
da=4¢a o1 P (4.18)
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4.3 Fixed Moduli solutions

Stabilization equations (4.10) define values of the moduli fields near the black hole
horizon through the electric and magnetic charges of the black hole. From " ph”
equations (4.10) it follows immediately that ImY* = %A Therefore the second part

of (4.10), "gs” -equations, is a system of equations on ReY*. In new variables:

A YO
o4 = Rey4 - £ 1;: ;20 = ReY? (4.19)
this system has a form:
0p, V0N .C 0 N
2 ReY Aca® = (5°(p- 9) = 2D) (IV°F) (4.20)
A
A B _ 21 11,02
dAB].'E I = 3p02|Y | . (4.21)

where |[Y?|2 = (ReY?)* + ”—:—2-. Solution of equations (4.20)and (4.21) can be expressed

in terms of variables 74 from (4.14), in that case :

012
4 = i, L;-/O—L (4.22)
j4

and
02 ~C\2
p (Acz®)
Y012 = R - . (4.23)
3(AcZC)” —9(p°(p- q) — 2D)

Finally the moduli fields z# are:

3 g4 pA 3 #A S

A T e e———— 0 . — e '— —

where the entropy S/7 is given by (4.12) and Z4 are solutions of algebraic system:
dap1328 = A;. (4.25)
In case p = 0 equations the system (4.10) becomes very simple:

GDA[RGYA = q;ReYO

57



= —qO(ReY0)2 (4.26)

D
3DspReY*ReY® — 1

and the solution for moduli is:

DA pA [ggDB + 12 DA pADS
A . 0 .

= e e — 4.27
z 6 ¢ 2 3D 6 : 2 7 ( )

were S/m is given by (4.15).

4.4 Examples.

We will present below some examples of the entropy formulas for particular CY
manifolds [45, 48, 46].
In case of two moduli n, = 2 the algebraic system (4.14) has a general solution.

Expression (A¢i€)? in entropy formula (4.12) has the form:

1
Aci®)? = - —2A4AgAcdEC det d; det d
( ¢ ) (detd123)—4A1A2( AZBECEA ! 2

+ (detdyss)(A1AsARdSE det dy + ApA 4 ApdiP detd,)

+ 2(=A%detdy — Ar? det dy + A Ag(det dia))*?) (4.28)
were (det Ci123) = d111d222 - d112d122 and

det d] = det(dlAB) # 0, det d2 = det(dzAB) # 0, (429)

df8 = [dyap]™t,  d2P = [daaB] "

Even if these conditions are not satisfied and there is no inverse matrix d{\? or d*? a
solution can still exist. One of particular choices of Calabi-Yau intersection numbers

with n, = 2 for which condition (4.29) does not work was given in [45]. In that case:
dlll = 8/6, d112 = 4/6, d122 = d222 = 0 (430)
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Solution of (4.14) exists and expression (4.13) has a form:
(AcE%)? = 3/8A5(3A, — 24,)? (4.31)

so that black hole entropy is:

-‘; =3 &(3A1 ~245)2 - 9(p°(p - q) — 2D)%. (4.32)

One of examples of model with n, = 3 is STU model studied in [39] with prepo-
tential F(X) = dapcz?282° and dgpc = di23 = 1/6 . Expressions for entropy and
for moduli fields were already found in [8]. Here we show these expressions in terms

of solutions of algebraic system (4.14) and Ay:

(ApzC)2 = 218288 ' (4.33)
2 dia
and entropy (4.12) is
S 1 2
° = — (1%(p - a) — 2D)2
S = e itad = (F(p+4) — 2D) (434

this expression coincides with expression for entropy of STU black holes in [8]. Ex-
pression for moduli is:

3(p°(p-q) — 2D) + 6p* A4 . ,

A

_ - t :

z 278, z27rAA (no summation on A) (4.35)

which also coincides with expression for moduli from [8].

Some interesting examples of n, = 3 Calabi-Yau manifolds were given in [48, 46].
Those examples of classical prepotentials correspond to Type II vacuum. FEach of
prepotentials are related with each other and with F; = STU + 1U 3 prepotential by

linear transformations:

(")’ + (21) L O R R (4.36)

I
[V

2=U22=T-U, 2*=85-U);

—~

4
F2 = 5(.zl)3 +2(21)’22 + 21 (22)° + (2))° + 21222, (4.37)
(2 =U,22=T-U,2>=5-T);
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i;’-(zl)"’;,«2 + %21(22)2 + (212D + 212 (4.38)

d=U22=T-U,22=8-1/2T-1/2U) .

4 1.3
Ffp = 5(21) +

~—~

Solution of algebraic equation (4.14) exists for each of these prepotentials and the

entropy for F}; is:

g = 3%)0\/2(A3((A3)2+12A142)+(Wo)%)—9(P°(P'Q)_2D)2 (4.39)
Wo = ((A3)2—4A1A2), (440)

expressions (Acz€)? for F};, F# and F}; are:

- 3 3 3
(Aci®)f = §(A1 — Ay — A3)((A1 — Az — A3)® + 124,43) + §(W1)3,
Wi = (A= Az — Ag)? — 4050y). (4.41)

(B = DA - A)((By~ Bo)’ +1285(8 = Ag)) + S(W)E,

Wo = ((A1—A2)? - 4A5(A; — Ay)). (4.42)
- 3 1 1 1
(Ac.’L'C)?;B = §(A1 - Az - §A3)((A1 - AQ - §A3)2 —+ 12A3(A2 — §A3))
3 3
+ §(W3) ,
1, 1
W = ((A1—2p- 503)7 = 484(8; — EAa)). (4.43)

Solutions (4.41), (4.42) and (4.43) are connected with each other and with (AcZ©)?
solution for F?, by linear transformations of A4. For example, connection between
(4.41) and (4.42) is : {A;, Az, Az} = {A1, (A2 — Az), Az} and between (4.41) and
(4.43) is : {A1, Az, Az} = {A1, (A2 = 5A3), As}.
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The last example of Calabi-Yau manifolds that we are going to consider here was

again given in [46]. This model is connected with F = $U® + 1UT? — ¢V by linear

transformation:
1 2 3 3
2 =Vyx, 22=U-Vx, =z =T—§U. (4.44)
Classical prepotential in this case is:
4 3
Fo= S0+ 26 + 562 4 546 + 5
+ 2(22)223 + %zl(z?’)2 + %22(2:3)2 + 3212223 (4.45)

the solution for (4.12) is:

;Sr" = BLpO \] % (\/6(A2 - AP+ \/%(Az —34;)% - \/%(A2)3 ) - 9(270(17'(1) - 2D)2

We have suppressed here the stabilized values of moduli fields although they are avail-

able for each case. The expressions for entropy of black holes are rather complicated,
but they could be compared with entropy obtained by counting of microscopic degrees

of freedom ( stringy microstates, ”D-branes”).

4.5 Uniqueness of the Black Hole Entropy Solution

One of the important questions regarding the solution (4.12) and (4.24) is its unique-
ness. This question is closely related to the question about the number and the form
of the solutions for the algebraic system (4.14). This system in general can have 2™
solutions and only one of them give the true physical value of the black hole entropy.

The “right” solution should correspond to the positive-definite Kéhler metric of the

moduli space G 4p, defined by

0K

Gap = 0240zB

(4.46)
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Substituting the Kahler potential (4.7) we will get:
1 2 ~C ~C
GAB = ? (AAAB - §(A0.’IJ )dAch ) (4.47)
or, alternatively, this can be given as
~C~D

T

52

2
Gap = (ABdCAD - gAchAD) : (4.48)

Let’s look at the determinant of matrix G 4p. It contains the sum of two matrixes
A Ap and —%(Acfc)d,;gc.’i‘c therefore
1 2 (n=1)
det Gap = ﬁ det AyAp — det (—E(AD{I}D)dABc.’fIC) + Z det M(,') (4.49)
=1

where M(;) are the matrixes that contain ¢ rows of A4Ap and (n — 1) rows of

—%(Acfi‘c)dABc.’fC so that

AAy JASPAY AA,
2 al D AA, AiDy o DD,
det M(z) = (—g(Ac.’IIC)) c c c
ditcE®  diprecI” -0 ditnc?
dnlCi' dn2057 dnan'

It is easy to notice that det Ay4Ap = 0 as well as det M(;) = 0 for all i > 1 because

these matrixes contain rows proportional to each other, therefore

detGap =
2ApEP " o . 2ApzP V1
= (- ) detdapcz® + (— ) — det M1 ap. (4.50)
352 352 S5? pegn:ut W

There are n matrixes M1y so that M({li)} has “A;A;”in the i-th row:
det M{}, 5 = A det 11§},
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where

([ dyct discE dincE®
dii-11cZ%  di—1)20c® d(i-1ncZC
Mjg =1 4 Ay Ay
disnci€ dainyeciC <o dirncEC
\ dnleC anCjC e dnnC-i'C
Now it is time for a “trick“ : system of quadratic equations
dapi?i®? = A; (4.51)
may be rewritten as a “linear” one so that
dapiB = Ay, (4.52)

where dap = dapci€. From this linear system “point of view” the solution is

A= det ]\fo{,g _ det Mig
detdsp  detdapczC’

therefore
det MY = (det dypci€)i’. (4.53)
Plugging the expression (4.53) into (4.50) we will get:

~CyV\ "
det GAB = (_“2_(AC.’L' )) ld(’:t dABC:iC. (454)

3 S 2
This means that the determinant of the metric G 4p is proportional to the determinant
of the matrix dup = dapciC. If the detdspci® become zero it means that the
determinant of the metric vanishes too. Zero value of the d 4B corresponds to the

ambiguity in the solution for moduli equation (4.52) and therefore(4.51).
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We will present below an example of the entropy and moduli solution for the

simple case of the two moduli n, = 2 CY manifold. In this case the algebraic system

(4.14) has a general solution. In the notations
dun=ga dhnz=b din=c dapp=d (4.55)
the system becomes:

az? + 2bzy + cy? = Ay, (4.56)

ba? + 2cxy + dy? = A, (4.57)

It is easy to find that

Ao(dAZ +bA2 — cA Ay)

=C\2 _
(Ac”) (bd — &)
(@ = bd)AY + (¥ — ac)AF + (ad — be)AAy)z? (4.58)
(bd — c?) ' '
We do not have any ambiguity till now:
2 = (dA; — cAg)(bc — ad) — 2(cA; — bA,)(c® — bd)
= - ((bc — ad)? — 4(b? — ac)(c? — bd))
V(e — bd)2((c? — bd)A + (b* — ac) A} + (ad — be) A Ag) 5
((bc — ad)? — 4(b% — ac)(c? — bd)) , (459)
and y3 is given by:
,_ cAyr—bAy (B —ac)r®
V=@ ) T (@ =bd) (4.60)
and
dA, — cAy  (bc — ad)z?
2zy = . .
W=TGd=a) k=@ (461)
Let’s consider the metric for this case:
izP 2
GAB = S2 (ABdCAD — gAchAD) . (462)
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then

detGup = %(Alx + Agy)? ((ac — b%)z? + (bd — *)y* + (ad — bc)xy) (4.63)

2
-3 (Arz + Agy) (Af(ca: + dz) — 28, A9(bz + cy) + Ad(az + by)) :
Using (4.60),(4.61),(4.58) we will get:

((0c = B)2® + (bd — )y + (ad — be)ay) =
+ (orF)Y(( — b)AT+ (12— ac) A3+ (ad — bo)Arh;)  (4.64)

sign £ or F depends on Jz;:_:‘;l > (or < )0. Second term in (4.63) is
(Af(cx + dz) — 24, 85(bx + cy) + A3 (az + by)) =

(A2c— 28,450 + Ada) 2+ (A2d - 241 Agc + Adb) y (4.65)
using (4.56)and (4.57) we can transform

(Alc— 281400+ AJa)z = As(ac— )z’ — Ay(bd — P)y’a
+ 2As(ac — b¥)zly + Ay(ad — be)y
(A2d - 208,85c+ A2}y = As(ad - bo)z’y + 244 (bd - )y’e

—  Ag(ac — b2)2y + Aa(bd — )y,

Finally expression for metric is

detGap = (g - %)(Alx + Agy)? ((ac — b))z + (bd — ¢*)y* + (ad — bc)xy)

2
= F5(az+ Agy)?\/((¢2 — bd)AZ + (b2 — ac) A3 + (ad — be) A, Ay).

In this simple example it is obvious that the physical case corresponds to the “+”

solution and that the entropy solution is unique.

4.6 Outlook

We have found the entropy-area formula of N=2 extreme black hole for the most

general case of Calabi-Yau moduli space. We have have shown that the entropy

65



and the moduli fields in general case depend on the solution of algebraic system of
quadratic equations(4.14). We have found the entropy of the black hole for some
particular examples of Calabi-Yau moduli space. Although it is not obvious that
the existence of the solutions can be regarded as general property of Calabi-Yau
prepotentials we hope that there is a connection between them. It will be very

interesting to find such a connection.
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5 d5 Blackholes

5.1 Introduction

In the moduli space encompassing all known perturbative string theories, it has been
discovered [49] that there exists a special point at which perturbative string the-
ories are strongly coupled and are best described by a more fundamental eleven-
dimensional theory. For low-energy excitations, this so-called M-theory is given by
eleven-dimensional N = 1 supergravity [50] >appended with gravitational anomaly
cancellation terms. Not only providing a more fundamental description Aof non-
perturbative string theories, M-theory is also indispensable for constructing a phe-
nomenologically viable four-dimensional string compactifications. Witten [51] has
shown that strongly coupled phase of Eg x Eg heterotic string theory, which is most
appropriately described by M-theory compactified on an orbifold S;/Z,, is crucial for
unification of all gauge and gravitational couplings at the grand-unification scale .

The above consideration points to the importance of a better understanding of
M-theory compactification vacua. With such motivation we will study M-theory
compactified on Calabi-Yau three-folds C'Y3 to five dimensions. The compactification
appropriately encodes the strong coupling limit of type IIA compactification on the
same Calabi-Yau three-fold C'Y;. After the compactification, the low-energy dynamics
is governed by a d = 5, N = 2 supergravity. Its field content and interactions are
determined by the topological data of CY3;, which may be understood, for example,
from eleven-dimensional supergravity compactified on CY3[53, 54].

In understanding the web of moduli spaces of string compactification vacua, it

has become clear that two aspects are essential. First, the classical moduli space

It is to be noted that universal threshold corrections still leaves a possibility of coupling constant

unification within weakly coupled heterotic string theory [52].
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may undergo topology changing phase transitions accompanied by the appearance of
massless states. Resolution of conifold singularities [55], symmetry enhancement by
small instantons [56] and the appearance of tensionless strings [57] - [61] are well-
known instances. At the same time, it has become clearer that BPS black holes with
finite horizon serve as a spacetime probe of the compactified internal space [5}-[8]
and [62] -[64]. For example, for d = 4, N = 2 supergravity theory, the so-called
doubly extreme black holes attract Kihler moduli scalar fields to a critical point of
the central charge, Z/8¢' = 0. The extremized BPS black hole mass then becomes
equal to the square root of the entropy, and depends only on topological data of the
compactified space such as intersection numbers, the second Chern class and rational,
elliptic instanton numbers.

In five dimensions, Witten [65] has shown that all phases of the M-theory com-
pactification vacua are purely geometrical. Since the Kéhler moduli do not admit
complexificiation in five dimensions, the topology changing phase transitions in five
dimensions are sharp. As such, the nature of phase transitions is quite distinct from
that in four dimensions. It is therefore of interest to understand all distinct features
of the phase transition explicitly by means of simple probes. As in thermodynamical
systems, the nature of phase transitions and the corresponding critical behavior can
be probed by various supersymmetry potentials of Landau-Ginzburg type. The BPS
central charge Z, defined as the electric charge of the gravi-photon, which is the BPS
mass of the electric 5d black holes, is one of such potentials. Similarly, the magnetic
charge of the gravi-photon Z,, defines the tension of the magnetic 5d string and also
can be used to probe the phase transition. Likewise, the black hole potential V' and
the gauged central charge potential P are other additional physical quantities that can
be used for analyzing the topology-changing phase transitions. All these potentials
are defined for fixed electric charges (wrapping numbers of M-branes on two-cycles

of the Calabi-Yau three-fold) and may be regarded as independent thermodynamic
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potentials in the canonical ensemble®. The critical point in the vector moduli space is

determined entirely by the chosen charge configuration for the potentials. The idea is
that, by considering different charge configurations, the critical configuration of the
Kihler moduli for each of the above physical quantities may be located at different
phases of the Calabi-Yau three-fold, hence, probing the nature of phase transitions.
This éhapter is organized as follows. In section 2 we review the compactification
of M-theory on a Calabi-Yau threefold. The resulting low-energy approximation,
d = 5,N = 2 supergravity coupled to abelian vector supermultiplets, is based on
the structure of very special geometry [34]. In section 3, we derive the stabilization
equations of five-dimensional vector moduli scalars for electrically charged particle
states and magnetic string states. The central charge Z evaluated at these fixed
scalar field values turns out to be a minimum as expected. In section 4, we introduce
two five-dimensional potentials of interest :— the black hole potential V' and the scalar
potential P which arises in gauged supergravities. The central charge Z and these
two potentials are explicitly discussed in a simple example. Section 5 constitutes
the main results of our study. After reviewing briefly some basic notions of the five-
dimensional extended Kahler cone, we probe the topology-changing phase transitions
using the supersymmetry potentials Z, Z,;,, V and P. Particular emphasis is put
on flop transitions connecting two adjacent Kahler cones. We analyze how Z, V
and P are affected by it. We find that the electric central charge and its first two
derivatives are in fact continuous along the flop transition. Since, as we will also
show, any extremum of Z has to be a minimum one finds uniqueness of the critical
point of Z in the entire extended Kéahler cone. Whereas the magnetic central charge
(BPS tension) and its first derivative are continuous, also implying uniqueness of the

stabilization point in the extended Kahler cone, V' on the other hand shows a kink

8Yet another possible supersymmetry potential is the topological free energy [66] in which all BPS
electric and magnetic charges are summed over. Following the paper [10], we will mainly consider

canonical ensemble approach and do not consider the topological free energy.
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at the flop transition. Before we conclude, our results are verified by an explicit
example in section 6, where we study one particular extended Kéhler cone in detail.
The behavior of the potentials is graphically displayed. In addition we find new
critical points for the potentials V and P. We observe that extremal transitions in
five dimensions between Calabi-Yau spaces with different numbers of Kahler moduli

often involve tensionless strings.

5.2 Very Special Geometry and Calabi-Yau Manifolds

We begin by recalling relevant aspects [53, 67] of M-theory compactification on a
Calabi-Yau three-fold CY; with Hodge numbers k(1 1), h(2,1) and intersection numbers
Cryk(I,J,K =1,---,hu,1)). The bosonic fields of the supergravity multiplet in eleven
dimensions consist of the metric gy and the 3-form antisymmetric tensor potential
Apnp. Denote the complex coordinates of CY; as Z,7,Z,J = 1,2,3. After com-
pactification on the CYj3, the action contains one CY complex axion Azsx = ersxb,
one universal axion a (da ~ *d.A), the Calabi-Yau volume det G;7, h11y — 1 real
Kahler moduli G;7 and h(2) pairs of complex scalars (Gz7, A JE)- In addition, h(; )
abelian vector potentials A ;7 arise, one of which becomes the gravi-photon. They
combine into d = 5 supermultiplets as follows. Taking into account one gravipho-
ton in the supergravity multiplet, there are h(;;) — 1 vector multiplets consisting of
uni-modular (G;7,A4,77), one universal hypermultiplet (det G;7,a, Az jK),‘ and h(z,1)
hypermultiplets containing (Gz7, A;;%). Supersymmetry non-renormalization the-
orems [28, 68] ensure that the moduli space of the hypermultiplets containing the
complex structure moduli (and the size of the entire Calabi-Yau space) is completely
disconnected from the Kahler moduli space.

In this paper we will restrict ourselves to the moduli space of the vector multiplets,
corresponding to the Kihler moduli #/ of the Calabi-Yau space. The Kéhler moduli

are derived from the Kahler form J on CYj; by expanding into a fundamental 2-form
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basis J; as
J=tJ. | (5.1)
With this definition the moduli ¢/ correspond to the sizes of 2-cycles in C'Y3 dual to
the J;.
The supersymmetric coupling of d = 5, N = 2 vector multiplets to N=2 super-
gravity has been constructed in [69]°. The vector multiplet coupling is determined

completely by specifying a prepotential
V = Cryxt't’tX, I=(1, -, hay), (5.2)

which defines intrinsic ‘very special geometry’ [34]. The prepotential is related to the
overall volume of Calabi-Yau three-fold. In five dimensions, the overall volume belongs
to the so-called universal hypermultiplet. Therefore, the prepotential which encodes
independent degrees of freedom of the vector multiplet moduli space is constrained
to satisfy

V=1 (56.3)

The variables ¢/ are related to the conventional very special coordinates [70] X’ by
the rescaling
t = 63X". (5.4)

The h(,1)— 1 independent, real scalar fields parametrizing the vector multiplet moduli
space are denoted by ¢!, and the ! are functions of them. It is often convenient to
identify the ¢* with h(1,1) — 1 of the t! and to take the remaining Kéhler moduli to
be a function of the other ones defined by the constraint V = 1.

In terms of the aforementioned normalization convention, the bosonic part of the
action is given by

_ R 1 v 1 1 j 6_1 vpo
e IL=—-=— ZGIJ(¢)FWIF” I 59ij(¢)3u¢ "¢ + -EG“ X CrixFy, Fop AR (5.5)

2 wt po

9We adopt different normalization of the action from the earlier works [67, 70] so that the Chern-

Simons coupling Cysx equals directly to the topological intersection number on Calabi-Yau three-

folds.
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The vector multiplet coupling is defined by

1

Gy = —
PP

aIaJ(ln v)lv:l, (56)
while the moduli space metric g;; is given by
gi; = 63Gtht) = —3C 1tttk (5.7)

The scalar fields ¢*, (¢ = 1,---,h(1,1) — 1) parametrize the vector multiplet moduli
space My. For a given My, consider the second covariant derivative of the very

special coordinate with respect to the moduli scalar fields ¢*

(t") 5 = (2/3)gi5t" = \/5/‘3 Tijrt"*. (5.8)

The symmetric tensor Tjjx, which is a function of the moduli scalar fields, encodes
local geometric structures of My 10, If Tijx is covariantly constant, Ti;,; = 0, the
scalar manifold My is locally a symmetric space. d = 5, N = 2 supergravity with
locally symmetric My has been studied extensively with the aid of Jordan algebras

[69]. Generically, with n = h(1 1) ~ 1,

S0(1,n—1)
=S0(1,1) X ————=. .
M= 50(1,1) x 5001 (5.9)
In this case the prepotential V = C;;xt/t’t¥ should be factorizable into a linear and

a quadratic polynomial parts. That is,
V= Crygt't/t* = 1Q(t) (5.10)

where A = 2,..,n and @ is a quadratic form of signature (+,—,—,...,—). If V is
not factorizable, My may or may not be a symmetric space. The cases with locally
symmetric and homogeneous manifold My, but with non-factorizable prepotential V
have been classified in [69]. There are only four exceptional cases, so-called ‘magic
square’ supergravities, for which n = 3(1 + dimA) where A is one of the division

algebras and n = 5, 8, 14, 26.

10The same tensor appears in a number of places in the Lagrangian including 4-fermion terms.
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In generic Calabi-Yau compactifications of M-theory, the prepotentials do not

belong to the set based on the Jordan algebra classification of d = 5 supergravi-

ties. Possible exceptions are Calabi-Yau compactifications described by factorizable

prepotentials of the form (5.10) or the ‘magic square’ cases n = 5,8,14,26. In all

other cases, the d = 5 compactifications do not share many of the properties of the

known d = 5 supergravities based on the Jordan algebras. In following sections, we

will study Calabi-Yau prepotentials with small dimensions of vector moduli spaces

n = 1,2, which are neither factorizable nor belong to the “magic square” cases. As

we will see, these examples are simple enough to allow a detailed analysis, while rich

enough to capture all the essentials of geometric phase transitions in five dimensions.

5.3 Stabilization Conditions

In d = 5, N = 2 supergravity theories, the gravi-photon field T is given by a linear

| combination of all vector fields F’ of the theory with moduli dependent coefficients:

T = t!(¢)G1;(¢)F!. Associated to the gravi-photon is the electric central charge [67]

Z =t"(¢)aq

(5.11)

where g; is the quantized electric charge for each vector field G; = Gy F I, In the
context of M-theory the electrically charged point-particle states are identified with

BPS winding states of the M-theory membrane around 2-cycles of the Calabi-Yau

three-fold CY; [53, 67, 68]. Magnetically charged string states are identified with

| BPS winding states of the M-theory five-brane around 4-cycles. The magnetic central

charge describing the string tension is given by [67]
Zpm = t1(g)m’
where the dual moduli ¢; defined by

t; = Cryxt’tk

73

(5.12)

(5.13)



encode the sizes of four-cycles of the C'Y3. The mass spectrum of BPS states varies
over the vector multiplet moduli space. As such, the mass of a BPS state can often
be extremized as a function of moduli for given values of charges g; [6]. It is therefore
of interest to study critical behavior of the BPS mass-squared over the moduli space
My

MZps = Z%(q1, Crix, ') = t't q1qs. (5.14)

The critical points of the BPS mass-squared are specified by the extremal value of
the central charge 8;Z = 0 or by the vanishing of the central charge Z = 0 since

% =228,Z=2t");qrt'q;=0. (5.15)
EYT i aqrt 4y
In the d = 4, N = 2 theory the extremal configuration of the central charge 6,Z = 0
has been found to be a solution of a set of so-called stabilization equations, which
define functional relations between microscopic charges and moduli scalar fields at
the critical points [6]. Quite often, the stabilization condition equations are easier to
solve than the problem of extremizing directly the central charge [7, 8, 62, 63, 64].
In what follows, we derive the corresponding stabilization condition equations for
d = 5, N = 2 supergravity in two alternative ways. The first derivation extends the
method utilized in the d = 4, N = 2 context [6]: the very special geometry that
underlies the vector moduli space is used to invert the implicit functional relations
0;Z = (t!) ;g1 = 0 into equations between charges and moduli. The second method

employs a Lagrange multiplier to the constraint equation V() = Cryxt't’t¥ =1 and

also effectively inverts the (¢') ;q; = 0 condition.

5.3.1 Stabilization of the Electric Central Charge: Very Special Geome-
try

To invert 8;Z = (t') ;¢; = 0 and find the expression for ¢;’s in terms of t"’s we will

utilize some of the properties of the very special geometry presented in [70]. We first
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multiply 8;Z by ¢*t’ ; and get

g 1
0,2 = (tl),in =0 i g”tl,it']’j q = H”q, = —-5((01‘] - tItJ)qI =0
(5.16)
where the matrix C?’ is the inverse matrix of Cr; = Cryxt¥. Multiplying this

equation by Ckj, we find that
gk = Cxst’Z = Cpyxt’t*Z (5.17)

at 0;Z = 0. Thus the d = 5 stabilization condition equations have a particularly

simple form

=2t (5.18)

where t;, as defined in (5.13), is the coordinate dual to the very special coordinate tl.

5.3.2 Alternative Derivation: Lagrange Multiplier Method

We use the linear sigma model approach to the constraint of the prepotential. Con-

sider a function:
ZY = Z+ AV - 1) = qit! + M(Crixt't’th - 1), (5.19)

where the t!’s are a priori unconstrained and ) denotes a Lagrange multiplier. Taking

derivatives with respect to ¢/ we obtain a set of extremization equations:
qr + 3XCryxt’tK = 0. (5.20)
Similarly, the extremization condition with respect to A gives:
Crxt't/th = 1. (5.21)
Contracting (5.20) with ¢/ and using the constraint (5.21) we solve for A as

3\ =—qt' =-Z (5.22)
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Substituting (5.21) into (5.20) we obtain
qr — ZCrxt’'t¥ = 0. (5.23)
In terms of the dual variable ¢;, the solution is
q = Ztr, (5.24)

yielding the same result as the very special geometry method.
For later use, we find it useful to put the d = 5 stabilization equation with a
suitable rescaling. Let us call #/ the original very special coordinate rescaled by the

square root of the central charge
T=vzZt. (5.25)

Since the coordinates t! of the very special geometry are real, the rescaled coordinates
! have to be real for configurations with positive value of the central charge. In d = 5,
one can also consider the case of imaginary f with negative Z. One can see however
that this case is easily reproduced starting with the configuration with positive Z
and real solutions for ¢ by flipping the signs of all charges, as the critical points of Z
and —Z do coincide manifestly. It is then possible to rewrite the d = 5 stabilization

equation into a rather suggestive form
qr = Cryxt’tx. (5.26)

This equation implies that, for a given choice of Calabi-Yau manifold with specific
topological intersection numbers and a given number of moduli fields, the value of the
electric charge q; defines the real (imaginary) values of rescaled moduli via eq.(5.26),
which is quadratic in the rescaled moduli. The solution may or may not exist for the
real (or purely imaginary) #’. In cases where the solution exists we have an explicit
expression for the extremum of the BPS mass and for the black hole entropy. Once

the solution to eq. (5.26) is found in the form (g, Crsx) we find the critical value
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of the central charge in the form
_ 2
(Far)” = Z&(q1, Crax). (5.27)
This in turn defines the entropy of the black hole [6, 70
7 3/2
S(qr,Crk) = ﬁlZcrl : (5.28)

Recall that the near horizon geometry of the d = 5 black hole is given by adS; x S°,
hence, the black hole entropy is proportional to the volume of the S®. The expression
for the critical value of the central charge has been found previously {6, 70] in the
form (Z)% = q1q;(C"’)er- The new d = 5 stabilization equation (5.26) enables to find
the entropy of d = 5 black holes explicitly as a function of the microscopic electric
charges and of the CY topological intersection numbers.

Indeed, the structure of the d = 5 stabilization equations are far simpler to solve
than those in the d = 4 case. In [9] it was found that the d = 4, N = 2 black hole
entropy with classical Calabi-Yau prepotential can be understood completely once a
real solution is found to the following set of algebraic equations: A; = Cryrz’z¥
where A is some particular combination of microscopic electric and magnetic charges
and topological intersection numbers. When these equations have a solution with
real 7, an algorithm was presented for finding the fixed values of moduli, the central
charge and the entropy of black holes. The algorithm was general enough but the
explicit form of the result was rather complicated.

In d = 5 the situation has been simplified considerably. The stabilization equations
g1 = CryxP T coincide with the algebraic equations of [9] A; = CryxZ’Z¥ upon
identification A; ~ ¢; and ¥ ~ 7. Moreover, the algorithm for obtaining the
critical value of the BPS mass and the entropy after f is found is very simple in d = 5
and displayed in egs. (5.27 ) and (5.28). If one would like to use the critical value of
the d = 4 central charge directly to find the critical value of its 5d counterpart the

following restrictions have to be applied to the d = 4 charges: p’ =gy =p® - 1=0.
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5.3.3 Stabilization of the Magnetic String Tension

The magnetic central charge determining the tension of the magnetic string states
[67] is a function of the moduli as well, hence, one can also have a critical point for

fixed values of the microscopic magnetic charges m!
8,'Zm = (t;),iml = QCIJKtI(tJ),,-mK =0. (529)

To invert this relation we proceed similarly as before

C]JKt](tJ),i(tL),jgijmK = C[JKtImK(CJL - tJtL) = 0. (530)
It follows that
L _ 4L p_mt
m- =t"Z, = tr = 7 (5.31)

The critical value of the dual coordinate is

_ C”KmeK

= 72 (5.32)
and the critical value of the BPS string tension is
(Zm)e = (tLm")s = Cragkm!m’m¥. (5.33)

For the electrically charged d = 5 BPS black holes, the critical value of the BPS mass
was related to the horizon volume 53, where the near horizon geometry was given by
adS, x S3. This in turn was proportional to the black hole entropy. For the magnet-
ically charged d = 5 BPS black string, we find similarly that the extremized value of
the BPS tension is related to the volume of the S? as well as to the size of the infinite
throat of adSs where the near horizon geometry is given by adSs; x S?. The volume of
$? is moduli independent and is proportional to Z2 = (Cryxm!m/mX)3. For d = 4

black holes the relevant no-axion black hole solution with the entropy proportional

to \/qOCI skmIm/mK was found in [62] and an empirical rule of state counting in
M-theory was proposed in [42], [41] to explain the entropy. Upon decompactification
to d = 5 this black hole solution was identified with the magnetic string in [71]. Here
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we have found that the stabilization of the magnetic string tension in d = 5 describes
the same structure as the stabilization of the magnetic no-axion black hole in d = 4
with unit electric charge gy = 1. The critical value of the 5d magnetic tension can be
obtained from the stabilization of the 4d black hole mass at go — 1 = ¢ = p°® = 0.
This result follows simply from comparing d = 4 results for the black hole with the

d = 5 results for the magnetic string.

5.3.4 The Extremum of the BPS Mass is a Minimum

A natural question to address is under what conditions the extremum of the BPS
mass is a minimum. An analogous issue has been already addressed in the context of

d = 4 special geometry [72], where it was found that
1
DiDjZ2 = §g,-jZ2 at 8,Z = 0. (534)
In d = 5 the corresponding calculation yields, using eq. (5.8):
2
DiDjZ = 8,812 = ggich, at O,Z =0. (535)

This shows that the extremum of the central charge is a minimum (maximum) if
the central charge at the critical point is positive (negative), using the fact that the
metric of the moduli space is positive definite. For the square of the BPS mass we
get

4

1),'[)]'(Z)2 = 81-81(2)2 = ggij(Z2)cr at 0,Z=0. (536)

The same is true for the magnetic BPS mass. Thus, as long as the very special
geometry is regular viz. g;; and Gy are positive definite and non-degenerate, the
BPS mass has a minimum at the critical point. Hence, for a given choice of charges

and signs of moduli at infinity the corresponding minimum, if it exists, is unique.

5.4 The Black Hole and Gauged Central Charge Potentials

In the last section we have studied the critical points of the central charge Z in detail.

For black holes, a quantity of more direct significance is the black hole potential V. In
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this section we introduce this potential along with a gauged central charge potential
P, which arises in gauged supergravities, and discuss their respective critical points
in detail. We will also compare the critical behavior of Z2, V and P for an example

defined by prepotential V = STU.

5.4.1 The Black Hole Potential and Its Critical Points

In the context of d = 4, N = 2 supergravity, it was explained in [72] that the stabi-
lization of moduli fields of BPS black holes near the black hole horizon depends on
the properties of the so-called black hole potential V. For extremal (but not neces-
sarily supersymmetric) black holes with regular horizon and regular moduli scalars,
the following relations have been established. The entropy is defined (in eq. (26) of
[72]) as the value of the black hole potential evaluated at the horizon:

Furthermore, in [72] - [74], it was found that the ADM mass of a generic non-extreme
black hole consists of three contributions: the black hole potential depending on the
value of moduli at infinity, some function of the scalar charges and the (25T)? term,

where T is the black hole temperature:
(Mapm)? = V(p, ¢, $0) — GapZ°Z? + (2ST)2. (5.38)

For the case of d = 4, N = 2 supergravity, utilizing special geometry relations, V was
found to be equal to |Z|2 + |8Z|?. In the extreme case when T'S = 0 there are two

possibilities: (1) the extreme black hole is supersymmetric

(Mapm)? = (Maps)? = |Z(p, ¢, ), (5.39)

which requires for consistency that |0Z(p,q, ¢w)|> = GuZ°L® and the entropy is
given by £ = V(p,q,¢n) = |Z|? at 3;|Z| = 0, or (2) the extreme black hole is not

supersymmetric
(Mapm)? = |Z2 +10Z? — GaZ°Z® > | Z(p, 4, o) > = (Mpps)® (5.40)
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and the black hole horizon area is still given by the value of the potential at the

horizon £ = V(p, g, ¢») if the moduli are regular (in such cases the critical point of the
black hole potential is not defined by the enhancement of unbroken supersymmetry
(8;]Z| = 0) as it happens for supersymmetric black holes). The potential has a critical
point which describes the stabilization of moduli near the horizon of extreme non-
supersymmetric black holes. These non-supersymmetric critical points have not been
studied much previously. However, the extreme non-supersymmetric solutions with
(or without) regular horizon have been known to exist [75, 76, 77, 78]. The most
recent detailed study of such solutions in N = 4 and N = 8 supergravity theories was
given in [79].

In what follows we will study the analogous black hole potential in d = 5. We
will find as expected both types of critical points. The gauge kinetic term in the
Lagrangian responsible for the black hole potential is proportional to G 1sFTFY. Using
egs. (16,29) from [70] one finds that the d = 5 potential whose critical points describe

the BPS mass and the stabilization of moduli for extreme black holes is given by

3 .. 3 ..
V=2%+ §g”6,~Z8jZ = (tlt'] + §g’J(t’),,~(tJ),j) q19J. (5.41)
It can be shown that the potential is proportional to the gauge couplings
61/3
V= '4—G1J(¢)QIQJ (542)

and the critical points of this potential are given by
8,V =40,Z2Z — V6 Ty;0*Z#Z = 0. (5.43)

There can be
1. Supersymmetric critical points. Obviously the critical point of the central

charge is also a critical point of the potential
BiV =0 at O,Z =0. (544)

This applies to supersymmetric extreme black holes. The inverse is not true: it is

possible that there is a
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2. Non-supersymmetric critical point where
oV =0 at 0,Z#0 (5.45)

which give rise to stabilization of the moduli also for non-supersymmetric black holes.
The calculation of the second derivative of the potential at the supersymmetric critical

point is straightforward and is given by

(V)i = GGV = -ggichr at oV =0,Z=0. (5.46)

We conclude that for a positive definite metric of very special geometry the potential
has a minimum at the supersymmetric critical point (5.44), which exists under the
condition that the stabilization equation (5.26) for the moduli in terms of charges has
a real solution.

The non-supersymmetric critical points (5.45) do not seem to allow a simple gen-
eral treatment. We will study them for a few examples and show that indeed such

critical points do exist.

5.4.2 The Gauged Central Charge Potential

The gauged central charge of N = 2 supergravity arises in theories in which an U(1)
subgroup of the SU(2) automorphism group of the N = 2 supersymmetry algebra is
gauged [69]. The gauging which breaks SU(2) down to U(1) is realized by making
the gravitino and gaugino charged so that their covariant derivatives are
(DAY = VA" +gV3A,76% X (5.47)
(Duh)* = V2 +gViA 8%, a,B=1,2. (5.48)

To maintain the N = 2 supersymmetry intact after the gauging, one has to add to

the theory the gauged central charge potential proportional to g?P, where

3 .
P=2- Zg”a,-zayz. (5.49)
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In the context of gauged supergravity the central charge is actually a moduli depen-

dent combination of gravitino and gaugino charges defined by
Z =tV (5.50)

where V; is the charge defining the gravitino-gravitino-vector and gaugino-gaugino-
vector interactions as may be deduced from their respective covariant derivatives. In

addition to the potential, there are gravitino and gaugino mass terms proportional to

L& = —iaT"yfdasZ (5.51)
Lgi"aliegse = —i;\ai)\ﬂj(sag (gijZ+4\/§7}ij’k) (552)

and a mixing term proportional to the derivative of the central charge X855 7 ;.
Thus in this theory the masses of gravitino and gaugino coincide with the BPS mass in
the generic point of the moduli space up to terms proportional to the derivative of the
central charge in the moduli space. This observation implies that at supersymmetric

critical points where Z; = 0, one finds
MeE> = pMeevee — (1) Vi| = | Z(Vi, Crik)| at Z;=0. (5.53)

It is interesting to note that, as a function of gravitino charges and topological inter-
section numbers, the gravitino mass is given by the same topological formula which
defines the entropy of the extreme supersymmetric black holes as function of black

hole charges. The critical points of the P are given by
O,P=Z08,Z +/3/2 T;;6°Z8*Z = 0. (5.54)

As in previous cases it is straightforward to study supersymmetric critical point where
the second derivative of the potential is proportional to the metric on the moduli
space:

(P);; = BidP = -(f;g,j(z?)cr at 0P =82=0. (5.55)
Within the validity range of very special geometry, this potential has a minimum

whenever the stabilization equation has a solution. In the case of potentials related
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to Jordan algebras all critical points of P have been classified in [69], where two types
of critical points were described. It was found that the first derivative of the potential
vanishes when the configuration of charges is such that either the derivative of the

central charge is vanishing in our formalism or the potential is vanishing

8,P ~ a,Z P=0 at 61Z =0 or P 0. (556)

In the first case, the potential is non-zero at the minimum giving rise to a cosmo-
logical constant. This critical point is associated with supersymmetric black holes
and extremization of their mass. The second case with the identically vanishing po-
tential (cosmological constant) is specific to the theories associated with irreducible
idempotents of the Jordan algebra.

As explained in section 2, M-theory compactified on a CY; manifold typically
does not give rise to a factorizable prepotential nor corresponds to one of the magic
square supergravity theories. Properties of the supersymmetric critical points of V
and P can be studied using egs. (5.44,5.55). However, critical points of any other
nature are neither known nor excluded for the two potentials in case generic CY;
compactifications. We will see however in section 6 by analyzing specific examples
that generically there exist additional critical points.

To become familiar with the various kinds of potentials discussed so far we will
examine a simple example defined by V = STU. Although this prepotential does not
directly correspond to a Calabi-Yau compactification it is useful enough to illustrate

some essential ideas.

5.4.3 The V= STU =1 Example

This example corresponds to a factorizable case, hence, the full Jordan algebra ap-
paratus applies and in fact this prepotential has been studied in detail in [69]. The

solutions to the stabilization equations are given by

qrqu |1
S:(2)3
as
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T = (ZF (5.57)
ar
au

and lead to the central charge

(5.58)

[~

Z = 3(gsqrqu)s.

At this point we have not explicitly required positivity of the moduli fields. The
result (5.57) shows that we find exactly one critical point of the central charge for a
given set of charges. However, only if all of them are positive corresponding to no
anti-brane configurations, we find the stabilizétion of the central charge for positive
values of the moduli fields. .

To understand the structure of the moduli space it is also instructive to analyze

the moduli space metric g;; and the gauge couplings G;;. Taking S as the dependent

field, we find
1 1
T2 2TU
Uy = ( 1 1 )
U U2
% 0 0
1
= 0 2 0 . 5.59
2 x 63 Uz ( )
0 0 T?U?

Clearly, whenever either of the boundaries T = 0 or U = 0 is approached the corre-
sponding matrix elements in g and G diverge. This implies that the boundaries are
infinitely far away from a generic point in the moduli space. Also, it is to be noted
that the vector field Fg becomes strongly coupled at the boundaries.
The potentials are easily calculated. We find
28 = (F5+aT+awU)
= 3((E)+ @ + (@V)) (5.60)

_ dsqu | 4sqr
P = 3(TU(IT¢IU+—T +—U )-
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As discussed earlier the stabilization equations provide only critical points of Z (and

Z?) which in turn are also critical points of V' and P. However, already in this
example we find new stabilization points of V. To see this consider for example
the case of gr,qu < 0,gs > 0. The result of (5.57) indicates the existence of an
extremum only in the U,T < 0 domain. On the other hand, since in V' the charges
arise in quadratic form only, we do find an extremum also in the positive domain
of U and T as well. Hence, critical points of the potential can also occur when
8;Z # 0. This behavior is visualized in Figure 3. We plot contour graphs for Z:V
and P with charge configurations (gs,¢r,qu) = (1,1,1),(1,-1,1),(1,-1,-1) in the
neighborhood of (T, U) = (1,1). Indeed, the central charge and P stabilize for positive
charges only, whereas V has always a minimum. Hence, we see that the behavior of
Z and V can be quite different from those of supersymmetric extreme black holes.
The gauged central charge potential P does admit also additional critical points
for special charge configurations. If only one of the three charges is non-vanishing, Z
and V do not have any critical points at all. However, P is identically zero in this

case. This has been already observed in [69).

5.5 Boundaries of the Kahler and Extended Kahler Cones

In the previous sections we have concentrated on a particular version of d = 5, N = 2
supergravity with a given set of intersection numbers and have discussed critical points
of the BPS mass, V and P respectively. Special geometry by itself did not require
the moduli fields necessarily to be positive, as long as the gauge couplings and the
moduli space metric are regular and positive definite. However, since these moduli
correspond to sizes of 2-cycles in the Calabi-Yau three-fold they must be positive, thus
defining the Kahler cone. If one of the moduli approaches zero one of the following
three scenarios takes place [65]:

(1) a complex curve E (2-cycle) collapses as one approaches the boundary. This

results in a topology change via a flop transition between two different but birationally
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Figure 3: Contour plots of Z2, V and P for charge configurations (gs, ¢r,qu)

(1,1,1),(1,-1,1),(1,-1,-1)
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equivalent C'Y; manifolds.

(2) a complex divisor D may collapse (a) to a curve, or (b) to a point. We first
recapitulate some essential features of the flop transition. Detailed discussions can be
found in [65, 67). We start with a cubic surface defining an effective d = 5 supergravity

before the phase transition

V= C]JKtItJtK (5.61)

where all t! are positive. Let the 2 = 0 boundary of the Kéhler cone constitute a
flop transition. Generically, the gauge couplings G;; and the moduli space metric g;;
are regular and non-degenerate at the flop transition line.

A phase transition from a positive to a negative t* value has the following geo-
metrical interpretation: a 2-cycle shrinks to a zero size and is subseqﬁently blown up
into a topologically distinct manner. The size of the new 2-cycle is given by t? = —t2.
Mathematically, the effect is that the topological intersection numbers change by a
new term Cyp = —3% [67). In [65] a physical interpretation of this topology change
via one-loop renormalization was given. At the t2 = 0 transition point, BPS states
in a massive hypermultiplet with charge ¢ = (0,+1,0..,0) and mass m = t? becomes
massless. The fermions in this multiplet contribute to the parity-violating one-loop
diagram involving three A? photon vertices. This one-loop diagram gives rise to
an induced Chern-Simons interaction whose coupling is governed by the intersection
number Cygs. Across the transition the mass parameter m becomes formally nega-
tive. The induced Chern-Simons coupling is proportional to the sign change of these
mass parameter. Once the numerical factors and multiplicity factor two are properly
taken into account, it turns out that the parity-violating one-loop Feynman diagram
induces a change of the topological intersection numbers of ACy, = —1/6. By a
supersymmetry non-renormalization theorem, there is no further perturbative nor
non-perturbative renormalization to this result beyond one-loop. The prepotential of

the new phase, when expressed in variables of the original CY space, is given by
- 1
V = Crygt't/t¥ — 6t2t2t2 : (5.62)
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In this form #? is negative, hence, while satisfactory for the original effective super-
gravity, this description is not satisfactory for the flopped CY manifold. We need to
switch to different coordinates so that the new Kahler cone past the phase transition
is well described. After a change of variables, hence, a change of basis for basic cycles

in the new phase, of the type
t2=—t7 t=t"+¢ etc (5.63)
one finds that the new prepotential
V' = Cjyt "t (5.64)

describes the new Kihler cone for the flopped but birationally equivalent CY3 space
where all intersection numbers C},; and all moduli ¢ are positive.

The extended Kahler cone consists of the union of Kéhler cones related by flop
transitions. This enlarged region has boundaries [65] at which divisors shrink to a
complex curve (2a) or a point (2b). In both cases the moduli space simply ends as
opposed to four dimensional cases, where non-geometric conformal field theory phases
exist beyond the extended Kahler cone.

In case (2a) the tension of a BPS string is proportional to the magnetic central

charge Z,, and behaves as

Zm ~ (t*)! (5.65)

where t* denotes the shrinking 2-cycle. Associated with a shrinking 2-cycle is an 4,
singularity. Therefore, as approaching the type (2a) boundary of the extended Kahler
cone, we expect a SU(2) gauge symmetry enhancement.

The physics at the (2b) transition is more involved. Here, the BPS strings become

tensionless with

Zpm ~ (t9)2. (5.66)

This shows that excitations of this magnetic string become massless at the same rate

as electric point-particle BPS states. Extremal transitions are possible here if the
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singularity left by the collapsing divisor can be removed by the appearance of new
complex structure deformations. As in the d = 4 case, Kahler deformations can be
traded for complex structure deformations.

We will not attempt to give a more detailed discussion of the general framework
here. We are mainly interested in the behavior of various physical quantities across

the boundary of flop phase transitions.

5.5.1 Physical Quantities at the Flop Transition

The natural question to address is how the electric central charge Z, the magnetic
string tension Z,, and the other potentials are affected by these phase transitions,
particularly by the flop phase transition. We will study the analyticity properties of
various physical quantities at this transition line. Quantities of particular interest are
1. the electric central charge Z = t’q; for particle states,

2. the gauge couplings Gy,

3. the black hole potential V = -‘%G”q;qJ, and

4. the magnetic central charge Z,, = t;ym’ which determines the tension of BPS string
states.

For this purpose we describe the system before and after the transition using the
same set of special coordinates ¢/. At the transition, one of the independent special
coordinates (for concreteness t?) changes its sign. Let the prepotential for positive t?
be given by

V(... t" ") (5.67)

where t" is the function of t1,...,#""! defined by V = 1. Then the change in topology
induces a change in the prepotential for the region of negative 2, corresponding to the
induced change in the Chern-Simons coupling C52,. The prepotential in this Kéhler
cone is given by

~

|
V=VY(@,... ") — —ét2t2t2. (5.68)
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The notation " is to emphasize the fact that the new term in the prepotential will
change the functional form of the dependent variable as a function of the independent
ones.
To understand the behavior of various potentials we first need to work out how
t* is affected by the transition, and how the charges in both CY spaces have to be
identified. Let us first consider t*. Close to the transition, the change enforced by
the constraints V =1 and ¥ = 1 in t" is easily found from (5.67) and (5.68) to be
At =" — " ~ —%(tz)3 (%) 1 as t* — 0. (5.69)
The prepotential V is given by a function which may have a cubic, quadratic, linear
and constant dependence on t". Therefore in generic cases the function (%)_1 is
regular near the boundary. The case that the dependence on ¢" enters only via 2!
or t"t%t? is excluded since this would lead to G,; — 0 and divergent gauge couplings
at the phase transition. This would not constitute a flop transition. Thus, we have
established the fact that the dependent variable is affected only very mildly, as it

behaves as

At =" —t"~ (12 =50, ast’ 0. (5.70)

The question of the identification of the charges in both Calabi-Yau manifolds also
finds an easy answer. As the charges ¢i, ¢s, .., g, correspond to membrane wrappings
around two-cycles which do not shrink to zero at t> = 0, they clearly cannot change
under the transition. Slightly more subtle is the issue of g;. We will adopt the
supergravity point of view [65] and note that the topology change gives rise to a
change to the one-loop quantum effect of massive states. Besides the discrete shift of
the Chern-Simons coupling the transition is perfectly smooth. We thus conclude that
¢- is unaffected as well by the flop if ¢? is taken to be negative after the transition. If

one adopts the natural Calabi-Yau variables in this flopped side also, implying

2 = -1 (5.71)
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then ¢ also changes its sign correspondingly'!. However, we stress that in the vari-
ables of the original Calabi-Yau space the charges should be unchanged.

With these preliminaries it is straightforward to determine the analyticity prop-
erties of Z, as the central charge 37 (t/g;) is affected by the topology change only via

the induced change in t*. Before and after the transition we have

Z B TS A ' Z gr) + (...t g, (5.72)
1 1

and therefore

~

AZ=2-Z=@F"=t")gn ~{t*)3q, >0, ast®—0. (5.73)

Thus the electric central charge for a generic set of charges is continuous across the
phase transition. This is also the case for the first and second derivatives over t2. The
third derivative of Z is discontinuous in general. This point is of immense importance,
as it implies that there is at most one supersymmetric stabilization point throughout
the entire extended Kéahler cone! As Z and its first derivative are continuous at
flop transitions, additional extrema would require at least one maximum or saddle
point. However, special geometry is valid in any section of the extended cone, hence
any extrema must be a minimum. This proves uniqueness of the supersymmetric
stabilization throughout the entire extended Kahler cone.

This important observation bears the following implications. If a charge configu-
ration is realized by a black hole in space-time the moduli fields at the horizon will
take the values of the unique critical point. However, their asymptotic values can be
taken arbitrarily, in particular, they can be chosen to the values of a different Kahler
cone from the Kihler cone in which the near-horizon values are taken. It is clear that
then the Calabi-Yau space at infinity is topologically different from the space close
to the black hole. In this sense, the d = 5 BPS black hole induces an interpolation of
CY spaces of different topology. Surrounding the black hole is a surface of codimen-

sion one at which the the topology of the internal CY space changes, and which has

1 Generically there are more redefinitions necessary which also affect the charges.
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additional massless states localized on it. This surface around the BPS black hole
constitutes a d = 4 domain wall world with distinct massless physical spectrum.

We now turn to the gauge couplings G;;. They are defined by the second derivative
of the prepotential G5 = —iga,aJ InV|y=1. To lowest order in t? they change at

the transition line as
AGry = ﬁd}’éﬁﬁ -0, as t#—0. (5.74)
The first derivative of G is discontinuous since
8:2G1y — 082Gy = 5.1—6%53’53 ,  ast’—0. (5.75)

The continuity and analyticity of the black hole potential V = ﬁ%q,G’ Jqy is deter-

mined by the properties of the gauge couplings. With (5.74) we find

V -V = -—qI(GIJ - GIJ)QJ = - t2 (q;G”)Q —0 y t2 — 0. (576)

8- 63
Note that V always has an upward concave kink around the transition, since

0V — 8aV = — 16* (@G™? <0, ast®—0. (5.77)
.63

This observation might turn out to be crucial for proving uniqueness of non-
supersymmetric stabilization as well. Unfortunately, the nature of non-supersymmetric
extrema is not quite understood yet. On the other hand, if the uniqueness of the crit-
ical point of V can be shown, then the immediate conclusion is that the black hole
entropy is not affected by the topology change to a birationally equivalent CY; at
infinity. This is also what one would expect. Clearly, the gauged central charge
potential P has the same analyticity as the black-hole potential V, as it is a linear
combination of Z and V.

Finally, it is very easy to study the analyticity properties of the BPS string tension

Zm = tym!. (5.78)
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As we also do not expect the string charges to be affected by the flop transition, any

discontinuity in Z,, can only enter via the t; which are given by
tr =4 x6Y3G 1. (5.79)
Hence we find with (5.74) and (5.70)
AZy, ~m?(t?)2 (5.80)

In conclusion, the BPS tension and its first derivative are continuous across the flop
transition, the second derivative generically is not. Nevertheless, the smoothness is
sufficient to show the uniqueness also of the stabilization point of Z,, in the extended

Kahler cone.

5.6 Examples of Calabi-Yau Compactifications

We now give an explicit example for the discussions above. We study an extended
Kihler cone (displayed in Figure 4) consisting of two elliptically fibered C'Y; spaces
with base F; but with different triangulations of the toric diagram. The first F}
vacuum is denoted as model III and contains three Kéhler moduli. Its second Chern

class is characterized by
ca(Jp) = / ca A Jy = (92,36, 24). (5.81)

In this space a flop can be performed to the other triangulation of the base F; (model

I1), leading to different intersection numbers and
e2(Jr) = (92,102, 36). (5.82)

Here, a complex divisor can be shrunk to zero size and the resulting singularity can
be resolved by blowing up 29 three-cycles leading to an elliptic fibration with base

P,, model 1. This space contains only two Kéhler moduli and has

ca(Jr) = (102, 36). (5.83)

94



W
< g infinite (t-0)
SuU@2) enhgslcemem,
g regular (t=0)
1.0
=12233
mE e
= =3
g regular (t—0)
0.5 \ ~ \ -2
g regular (t—0)
flop ™ -3
g degenerate (t—0)
~1=2=3
N IERD)
g degenerate
| -0
o 1 0.2 T 0.4 1 0.6 0.8
! U
g infinite (tI—*O) g regular g degenerate (t2->0)
1.2
I(t,t")

Figure 4: The extended moduli space
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These CY,; manifolds and their interrelation have been discussed extensively in
[80, 81, 82].
We will explicitly study the stabilization of the central charge, Z, the black hole

potential V and the gauged central charge potential P in all regions of the extended
Kihler cone and analyze how various potentials behave under the flop transition. The
main results of our study are as follows. We find new critical points for the gauged
central charge P which were out of reach of the discussion in [69]. These extrema can
be saddle points or maxima, as opposed to the critical points which coincide with the
extrema of Z, as those are all minima. The supersymmetric stabilization equations are
explicitly solved in all regions of the moduli space and we will graphically demonstrate
the smoothness of Z and the kink in V along the flop transition. We also study the
tension of the BPS strings at the boundaries of each Kahler cone and find that our
results are in agreement with the general considerations of [65].

For convenience we start the discussion with the P, vacuum, then blow up a

four-cycle and finally consider the flopped vacuum.

5.6.1 Model I: the Base P, Vacuum

This Calabi-Yau compactification corresponds to the lower boundary of Figure 4. It
is a rather simple example as it admits only one independent moduli field. Yet, it
incorporates rich and surprising structures.

Its prepotential is given by
V; = 9(t1)% + 9(¢1) %> + 3t1 (1?)? = 1. (5.84)

To achieve a consistent notation for all three connected models we perform a coordi-

nate redefinition to variables U and T, related to the basic cycles t' and t* by

= G%tl

= 63(t2 + =t). (5.85)

2
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The constraint on the moduli fields translates to

V= %U" + %UT2 =1. (5.86)

For convenience we choose U as an independent variable. In this case, T is given by

RE
T=/=01-30%). (5.87)

Note that it is the basic cycles t!,#? of the Calabi-Yau manifold and not the T, U
variables which should be restricted to be positive.

To understand the structure of the moduli space one has to compute the metric
which in this case is a scalar. It is determined to be

6 — U
= .88
9= sz —3U° (5.88)
Important are also the gauge couplings. We do not give the explicit form of G, here

but note that its determinant is given by

1 3

detGry = o~ mmpl ~ 3

U?). (5.89)

In the region 0 < t!,t?, g and det G are regular as expected. They diverge at th ~
U = 0 and degenerate at
2

Uy = (5)1/3. (5.90)

This is also the point where #? turns negative. Hence, 0 < U < U, defines the domain
of validity. The regularity of T in this region and on the boundary t* = 0 is quite
crucial as it implies that Z and 0Z are regular here also.

These considerations allow us to predict some properties of the potentials. First
of all, for a range of charge configurations (qu, gr) we do expect a critical point of the
central charge in the regular domain which in turn is a minimum of the potentials V
and P.

Since T diverges at U — 0 all three potentials diverge to positive infinity at this

boundary of the moduli space. On the other side of the domain of validity, Z and 8Z
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are regular but g~! — oo, hence V generically diverges to positive infinity whereas P
turns negative towards infinity. This implies a second new critical point for potentials
of gauged supergravities!?! In fact, this extrema must be a maximum of P (implying
a minimum of the gauge potential, as we flipped the sign for convenience).

The second prediction we can make is that V' always admits a minimum, as on
both boundaries it diverges to positive infinity.

Let us verify our general considerations. First we solve the stabilization equations,
leading to the critical points of the central charge. The charges are denoted by (qu, gr)
where we take gy > 0 without loss of generality, since (qu,qw) = —(qu,qw) leaves

the potentials invariant. In the domain of validity we find the solution

2 2 9 2
Ucrit = m qu —\/qy — ZQT

| 3 / 9
Tow = W\JQU'F a — Z‘I% (5.91)

with the central charge

2/3
Zerit __2__ _ 2_9_2+ 3q;;+3 2—92 (592
= |qu \/§ qu qu 4(1T qri|oqu au 4¢JT . . )

The charge configurations allowing for a stabilization of the central charge are con-
strained by
3

Q2 59r 2 0. (5.93)

As anticipated, in the domain g > 0 (¢},t? > 0) we find precisely one extremum of
the central charge (5.93). This should coincide with the extremum of the potentials
according to our considerations of the last section. We will not give the explicit form of
V and P here as functions of U but rather consider the specific charge configurations
qu = 4,qr = 2 and gy = 2,qr = 2. The results are plotted in Figure 5. This can

be done without much loss of generality as the general structure of the potentials is

121t is well known that the stabilization issue of critical points in gauged supergravities is rather

subtle. The stabilization of this new critical point remains to be analyzed.
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Figure 5: Z2, V and P for (qu,qw) = (4,2) (left) and (gu, ¢r) = (2,2) (right)

rather insensitive to a specific choice of charges, as long as we avoid the boundary
values gr = %qU and ¢gr = 0.

For the first set of charges the picture is as expected. The minima of Z% P and
V coincide exactly at the position predicted by (5.91). However, P indeed admits a
new maximum which does not correspond to critical points of the central charge.

The situation is very different for the configuration (qy,qr) = (2,2). The cen-
tral charge does not get stabilized anymore, also P does not admit critical points.
However, V still has a minimum in agreement with our discussion above. This min-
imum corresponds to the stabilized values of the moduli in the non-supersymmetric
extreme black hole solution with the same charges. In fact one finds that for all
charge configurations stabilization of the scalar potential takes place!

There are also the two boundary points:
3
qu = 341 and ¢r=0. (5.94)

Here, we find stabilization at the boundaries (i.e. on the singularities) and the po-
tentials become finite there. An example is given in Figure 6, where the charge
configuration (gy, gr) = (3,2) is shown to admit stabilization at the point U = U,
i.e. at 2 = 0. This is rather peculiar as it implies that stabilization takes place right

on the edge of a Calabi-Yau space. Stabilization at ¢! = 0 occurs for g7 = 0.
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Figure 6: Z2,V, P for qy = 3, qr =2

To summarize the discussion of V we emphasize again that in this example for all
charge configurations V has a minimum in the allowed region of moduli fields (or on
its boundaries), as opposed to Z and P, where extrema are found only when (5.93)
is satisfied.

It is known (see for example [80]) that in this Calabi-Yau manifold 29 complex
structure moduli can be shrunk to zero size, and the resulting singularity can be
resolved by blowing up a four-cycle. In this manner we obtain a new Calabi-Yau

manifold with one more Kahler moduli field, which will be discussed now.

5.6.2 Model II: the Base F; Vacuum

This space (model I1 of Figure 4) is more complex than the previous one. Nevertheless,
the general structure of critical points is similar to what we have learned above.
If a complex divisor is blown up in the P, space, resulting in a new two-cycle W,

it turns out that the new prepotential is given by [80]

3,3, 10 1o
V]]—SU +2UT 6W. (5.95)

Clearly, in the limit W — 0 one recovers (5.86).

To find the boundary of this Kéhler cone a transformation to the basic cycles
t

= W
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£ =U-W (5.96)
3

s _ . 3

£ =T-3U

has to be performed in terms of which the prepotential becomes

_ 43 3 34 222 9 3 pyep
+ 2@ )2P+;P(P) +%£2(z3) +30RP, (5.97)

and the domain of this Kahler cone is then defined by # > 0.
For the discussion of the critical points the variables (U, T, W) are more conve-

nient. If we choose U and W as independent variables, the constraint Vy; = 1 leads

to
24 — QU3 + 4W'3
T = \/ 120 (5.98)
and the determinant of the moduli space metric is given by
3W (6 — U3 + W3
det g},-j = ( + ) (599)

2U2(24 — QUB + 4W3)
The determinant of the gauge couplings is found to be

. W UW W
detG1y = 2550 ~ 102 T 17280 (5.100)

The boundary of the Kahler cone is reached by setting one (or more) of the funda-
mental cycles to zero. At these points one can have a flop transition or reaches the
end of the extended Kahler cone. At t* = W = 0 (lower boundary in Fig. 4) we find
det §;; = 0 and we recover model I as mentioned before. The moduli space metric
also degenerates at the boundary £ = T — %U = 0 (right boundary in Fig. 4). We
note that some gauge fields become strongly coupled at these boundaries.

= U — W — 0 (upper left boundary) turns out to be a flop transition. Here,
the metrics are completely regular and very special geometry is still valid if we pass
this boundary. However, physically we enter the new Calabi-Yau space of model I1I

with different intersection numbers.
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We begin the discussion of critical points with a few general observations. If we
choose a charge configuration which allows for a stabilization of the central charge
then the arguments given for model I do apply again and we can deduce some of
the properties of the potentials. Consider first P. At each of the two intersecting
det § = 0 lines (i.e. ' =0 and 3 = 0) P is expected to diverge to negative infinity.
As the supersymmetric stabilization point must be a minimum, there ought to be
three additional critical points: two saddle points and one maximum. Hence, we
learn once more that the structure of critical points of gauged supergravities is rather
rich. We also expect that V has new critical points for charge configurations which
do not stabilize Z in the valid domain.

As for model I we verify our intuition by solving the stabilization equations and
study the potentials with specific charge configurations. We find that the extremum

of the central charge in the valid region is located at

U' — 2 2 92
crit  — \/W qu — /9y — ZqT

3 [, 9
Toin, = Zchqu +1/ab - ;9 (5.101)

6
Zcrit aw

Wcrit = -

with the critical value of the central charge

4 [, 9 [, 9 %
Z = qu\J 3l —yab ~ 798) + QT\J 3qu + 1/t = 797) + awy/~6aw | -

(5.102)

Here, gy > 0 was chosen without loss of generality due to the Z, (¢’ = —q') symmetry

of the potentials. Supersymmetric stabilization occurs only for the region

3
Qu 2 §QTZO

2 9
0 2 gw 2 9 <QU —lgh — Z‘I%) . (5.103)
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At the critical values (saturation of above inequalities) Z gets stabilized on the bound-
aries of the moduli space. To be explicit, we find for gy = %qT stabilization at £ = 0
and for gw = 0 at £ = 0. The latter observation is very much consistent with the
expectation that absence of gy drives the internal space in the vicinity of the black
hole to the CY space with P, as a base.

If

2

9
w < -3 ((IU —1\/gf — Z‘l%) (5.104)

no stabilization occurs in the present Kihler cone. In fact, what we observe is that the
critical point moves over the boundary * = U — W = 0 into the adjacent Calabi-Yau
space.

Let us now turn to the study of P via a specific example. As a typical case with

supersymmetric stabilization we consider the charge configuration

qu=35 gr=2, qw= —-16, (5.105)
as general properties of the potential are independent of a specific choice. Figure 7
shows beautifully the structure of P. This potential admits indeed four critical points
as anticipated. The minimum agrees with the ones of V and Z2, the two saddle points
and the maximum are new. If qw approaches 0, the pairs of critical points merge
on the W = 0 line rendering the results of model I. Note that 2 = U — W is the
only boundary where the moduli space metric is non-degenerate, hence stabilization
points can smoothly “move” across this transition line.

If gw becomes positive, the critical points of P and Z disappear, however, V still
stabilizes, showing the same characteristics as in the last example. As long as qw
is below a certain value, the black hole potential stabilizes in the allowed domain of
this Calabi-Yau. There is some critical value for which also the non-supersymmetric
stabilization of V takes place in the adjoining Kéhler cone in very much the same

way as we already observed for Z.
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Let us also comment on the other two boundaries. In particular, we will consider

the tension of solitonic BPS strings. The tension of these solitonic objects is given by
Zm = tym] (5.106)

where the m! are the winding numbers of eleven-dimensional five-branes wrapping
around the four-cycles #; defined in (5.13). At the boundary ' — 0 (transition to
model I) we find indeed tensionless strings consistent with the arguments given in

[65]. This can be easily seen as the four-cycle moduli are given by

b= SR 43PE SR PP 4 (B + B
t, = 2(9)2 + 3882 + g(P)"’ + 118+ é(i"’f + 283 (5.107)
o= SEP+PP+ S(F)+ %m + %FP
If we consider the cycle t; — £ we find
fo—fy = -%(9)2 (5.108)

implying that the BPS string states with charges m = =£(1,—1,0) indeed become
tensionless with Z ~ (£!)?! We argue that model I is reached via this mechanism.
The boundary # — 0 shows the same characteristics, the moduli space metric

degenerates and the string states with charges'3
m=+£(0,1,-3) (5.109)

become tensionless also with tension ~ (£3)2.

As expected, at the flop transition # = 0 it is straightforward to verify that none
of the string states becomes tensionless along the entire transition line, i.e. there is
no linear combination of ¢; which vanishes here.

We will now study the flopped Calabi-Yau space in detail.

13As in five dimensions all moduli are real all states are bound states at threshold. Proving their

existence is typically quite involved and we do not attempt to do so.
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5.6.3 Model III: The Flopped F; Base

In model II 2 = U — W — 0 marks a topology change of the mild form. The
Hodge numbers are unaffected, but the intersection numbers Cy;x change [67, 65].
These topological data changes lead to the new prepotential augmented by the term
—s(U-W)

Vi = %U"’ + %U2W - %UW"’ + %TzU =1. (5.110)
As discussed in section 5.1 the charges qu, gw, gr are in fact unchanged by this flop
transition.

U, W and T are again not the proper Calabi-Yau variables, the correct parametriza-

tion to determine the boundary of this space is

1l = U
2 = T—%U—W (5.111)
B3 = wW-U

and £’ > 0 defines this Kihler cone. In these variables the prepotential becomes

4 = 21 o= 1=, = - 23,2
Vi = g(tl)3 + g(ltl)%2 + Etl(tz)i’ + (VR +14%% =1 (5.112)

The potentials are again analyzed in (U, T, W) variables. Due to the constraint, T is

now given by
_6— 8U3 — QU?W — 3UW?

T = .
6U (U + W) (5.113)
We find for the moduli space metric and gauge couplings
- 3—-4U3
tGij = s :
det g;; WU T W) (5.114)
and
z 3—4U3
detG 1y = . .
€ 1J 364 (5 115)

Hence, ¢ diverges at i1 50, (left boundary of Fig. 4), but is regular at 2 50

(right boundary) and £ 50 (lower boundary). Regularity at the latter transition
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is no surprise, as we have just pass back into the Calabi-Yau space of above via the
flop. However, #2 -5 0 marks the end of the moduli space in finite distance. We will
later interpret this line as the transition where a divisor shrinks to a complex curve.
Noteworthy is that, as all metrics are regular here, there is no protection that ensures
stabilization before the boundary, not even for V.

As the behavior of the potentials is generically not very different from model II we
will not give many details. Nevertheless it is useful to consider the supersymmetric

stabilization points

1

Uerit T \/GQU + 3qw — 3\ﬂ1q12} + 4quqw + 9q%, — 8¢%

2Zc2rit

3 6q
Tcrit gvT = 1 T (5116)

me\/ 6qu + 3qw — 3\/4q?1 + 4quqw + 943y — 8¢

U? — 6qw 6qu — 21qw — 3\/411(2] + 4quqw + 9¢%, — 8¢%

Wcrit o2U =

1 :
4Z£"rit\/ 6qu + 3aw — 31/4¢% + 4quaw + 9¢% — 843
With some algebra we find that supersymmetric stabilization takes place if

3
qu 2 24T >0 (5.117)

and

2 9
gw < -9 (QU —1/g5 - ZQ%) . (5.118)

If (5.117) is saturated the critical point lies directly on the £2=T- sU—-W =0 (right)
boundary, whereas saturation of (5.118) implies stabilization on the flop transition
linet* = W —U = 0. In fact, the stabilization points of model II and model IiI
agree with each other for such a configuration as predicted. In both cases, the moduli
metric and the gauge couplings are finite. At the flop transition we expect Z,0Z and
V to be continuous. However, V should have a kink, according to our discussion in
section 5.1. Figure 8 and 9 graphically illustrate this behavior. The minima of V' and

Z? are marked by an ellipse.
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Figure 10: Stabilization for configurations (gy, ¢r, qw) = (5,2,-1/9), (5,2,-2/9), (5,2,-
3/9)

Figure 10 shows how the stabilization point smoothly moves over the flop boundary
if we vary qw . »

The right hand side boundary $2=T- 3U — W =0 is different in the sense that
there is no flop transition to another Calabi-Yau space possible, although the metric
is also regular. Hence, the conclusion is that this line corresponds to an end of the
moduli space in finite distance. Let us see again whether strings become tensionless
at this point. Indeed, one finds that the magnetic central charge for string states with

charges

m = +(1,-2,1) (5.119)

vanishes. However, in this case Z,, behaves as
Zom ~ 12 (5.120)

which implies that the tension of the string is decreasing much slower than we found
for the two non-flop boundaries of model II. This behavior again agrees with the
one expected in [65] for the case where a divisor shrinks to a curve and symmetry
enhancement to SU(2) takes place. This symmetry enhancement is indeed expected
in our model, as one can perform a redefinition of variables to write the prepotential

as Vyp = S'T'U’ — U In these variables {250 corresponds to T = U’ which is
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known to be a symmetry enhancement point.

At the other boundary 1 0 we again find the phenomenon of strings becoming
tensionless faster than any particle becomes massless. We observe that at the end of
the moduli space of our example special geometry remains valid if a divisor shrinks
to a curve. If the divisor shrinks to a point, special geometry breaks down and the

moduli space metric and gauge couplings degenerate or diverge.

5.7 Outlook

We have studied [10] phase transition of d = 5 M-theory compactifications on Calabi-
Yau three-folds. We have probed the nature of the phase transitions utilizing several
physical potentials including the electric BPS mass Z, the magnetic string tension
Zm, the black hole potential V and the gauged central charge potential P. They are
direct supersymmetric and supergravity analogs of the Landau-Ginzburg potentials
used in thermodynamic systems that undergo phase transitions.

A lot of attention recently was directed to the properties of the entropy of the
extreme black holes. The entropy is given by the area of the horizon and is related to
the size of the infinite throat of adS,. It has a topological origin, being independent
on the values of moduli far away from the horizon [5]. The value of the entropy is
given by the central charge extremized in the moduli space [6]. We found that in five
dimensions the corresponding stabilization equations take an extremely simple form.

For the extended objects p > 0 other than black holes, which have a vanishing area
of the horizon, the analogous critical behavior was not studied before. Here we have
found that the tension of the magnetic string which is not equal to the area of the
horizon, but describes a size of an infinite throat of adSs, is given by a critical value
of the magnetic central charge. We found that the tension of the magnetic string

ImImX for a given choice of winding

in 5d can take a minimal value T2 = Cjjxm
numbers m! of an 11d fivebrane wrapped on four-cycles inside the CY space. We

expect that new results on critical behavior of various extended objects will emerge
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based on these results.

We also have shown explicitly that V and P admit new extrema which are not
related to supersymmetric stabilization.

One of the main goal in this work was to obtain a better understanding of the
structure of the above supersymmetry potentials in the entire extended Kéhler cone.
In d = 5, because of absence of non-geometric phases, the extended Kéhler cone is
generically a geodesically incomplete, bounded domain. Since Z and 8Z turned out to
be continuous across flop transitions, and any critical point of Z must be a minimum,
we were able to draw the important conclusion that supersymmetric stabilization
can take place in at most one point in the entire extended Kéhler cone. The same
conclusion was drawn for the string tension Z,. The analytic properties of V were
shown to be slightly different. At the flop V' is continuous but not differentiable. It
remains to be shown that also the critical point of V' (for fixed charges) is unique. This
result would prove that the black hole entropy is unaffected even though a topology
change takes place as one moves away from the black hole horizon to spatial infinity.

Finally we have studied in detail several explicit examples of Calabi-Yau com-
pactifications with small dimensions of the Kahler moduli space. We have verified
our general results of previous sections on these examples and found that at the
boundaries of the extended Kahler cone, BPS magnetically charged strings become
tensionless. In some cases, these tensionless strings can be related to extremal phase

transitions to Calabi-Yau spaces with different Hodge numbers.
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6 One-loop corrections to the D3 brane action

6.1 Introduction

The action for supersymmetric D3-branes in flat and curved type IIB supergravity
backgrounds has been studied extensively during the last few years [17, 18, 19, 20].
In addition to extended supersymmetry these actions have a local xK-symmetry and
half of the 32 fermionic fields can be “gauged away” by fixing the k-gauge. Moreover,
of the 32 supersymmetries of type IIB supergravity, 16 are realized linearly and 16
non-linearly. The interpretation of all these supersymmetries is closely related to
the problem of the correspondence between supersymmetric N = 4 U(/N)-symmetric
Yang-Mills theories and D3-brane Born-Infeld-type U(1)-symmetric actions [20]. The
N = 4 Yang-Mills theory in d=4 is not only renormalizable but even finite [83].
The D3 brane action has been considered so far only as an effective action as it is not
renormalizable by power counting in d=4 . Still, there are 16+16 linear and non-linear
global symmetries in the gauge-fixed action (or equivalently a local x-symmetry of
the classical action). Is it possible that these symmetries are strong enough to forbid
the counterterms in the D3 brane action which have a higher number of derivatives
than the classical Born-Infeld action? One has to take into account that the D3
brane action has terms of the form ((F,,)" + ...) however, terms of the form (0F)"
or (8?F)™ are not present.

As a first step in resolving these issues, in particular to clarify the relation between
the effective action of the open string theory, Yang-Mills theory and effective action
of the D3-brane theory, we will treat the x-symmetric action of the D3-brane on
the same footing as supergravity in d=4 or supersymmetric Yang-Mills theory in
d > 4. A priori these theories are not renormalizable. However a careful analysis of

supersymmetric higher derivative counterterms was performed in the past, as well as
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some actual calculations [84].

In this paper we will present one-loop corrections to the D3-brane Abelian Born-
Infeld action in a flat background, and we will show that there are ultraviolet diver-
gences, in contrast to the finite d=4 N = 4 Super-Yang-Mills [83], and that the form
of the couterterm is (s2 4 t2 +u?)F* ~ (0F)*. To fix the k-symmetry we will employ
the so-called Killing gauge used in [85] for gauge-fixing of the GS type IIB string in
the AdSs x S® background. In this gauge we will be able to directly identify the linear
supersymmetries of the gauge-fixed D3 brane action with the YM supersymmetries.
We will compare this to the symmetries of the D3 brane action in #; = 0 gauge,
proposed in [19]. The calculation of the tree amplitudes and one-loop corrections
gives the same results in the other gauge, of course. However, in the Killing gauge
the lowest order Lagrangian contains only quartic interaction terms while in §; = 0
gauge there are cubic as well as quartic interactions. Therefore it is easier to perform
one-loop calculations in the Killing gauge.

It is interesting that the terms with the (8F)* structure were found in the effective
action for the open superstrings in the paper by Andreev and Tseytlin [86] from the
string S-matrix term (s? + 1%+ u2)F*. This kind of terms were also found in the more
recent papers by Hashimoto and Klebanov [87] in which they computed the scattering
amplitude for massless vectors on a D-brane in string theory. In the low energy limit
their result also contain the term proportional to (s? +t? +u?)F*. The appearance of
this structure in our calculations and in the string effective action could mean that the
supersymmetry fixes this structure in the unique way. This would also mean that the
local xk-symmetry after gauge fixing corresponds to the global ' = 4 supersymmetry
at least in this approximation.

To perform one-loop calculations we will use the helicity amplitude method that
has been developed extensively in the last 10 years (for reviews see [88, 89]). The main
ideas of this method that we will employ here are the spinor helicity representation for

polarization vectors [90], supersymmetry identities [91] and unitarity cuts [92]. This
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method has been used for loop calculations in Yang-Mills theory and recently also in
gravity [93]. It turns out that it is extremely useful for the D3 brane calculations.
In Sec. 2 we will discuss the D3-brane action and find the SUSY transformations
in the Killing gauge. In Sec. 3 the A/ = 4 supersymmetric Lagrangian of the Born-
Infeld theory will be presented up to the quartic order in the fields. In Sec. 4 we will
apply the helicity amplitude formalism to the D3-brane action. We will present tree
and one-loop amplitudes for the quartic Lagrangian in the Killing gauge and give the
expressions for the one-loop corrections and counterterms in this theory. In Sec. 5
we will discuss the form of the Lagrangian up to the quartic order in #; = 0 gauge

and Sec. 6 is a conclusion.

6.2 The D3 brane action in a flat background

In this paper we will closely follow the notations of [20]. The supersymmetric D3-
brane action is a sum of the Born-Infeld (BI) and Wess-Zumino (WZ) terms [17, 19, 20]
that depend on superspace coordinates XM = (z2,©7) and an Abelian world-volume

gauge field strength dA

S =Spr+Swz , (6.1)

where the Born-Infeld part is
Spr = -T; /M4 d'o [~ det (Gi; + 270 Fy) (6.2)
where T3 ~ m is the D3-brane tension [11] and 27a’ is the inverse string tension.

Gi;j is the pullback to the d=4 world-volume metric of the d=10 Minkowski metric
7% = (= +..+) with 4,j = 0..3; 8,6 =0...9 :

Gy = Lig®Lt,  L¥X(0)) =do'L? (6.3)
and in the flat background the supervielbeins are

IF = dof, 1I=1,2
L% = dz® —i@'Tr%det. (6.4)
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The field strength F = 1F;;do’ A do? is the supersymmetric extension of dA:
szHQ%ﬁﬂﬂA@WT%h. (6.5)
The WZ part of the action is
Sz = AT; /M4 /0 't (%@fmitAitELt+2wa’@EtAFtAJLt> +Ty /M4 Qo) (6.6)

where L = L3T% and Li(z,©) = L%(z,t0), Li(z,0) = L(z,t0). The © independent
part of the 4-form in the flat background is Q{** = d*s. The I'* are the d=10 Dirac
matrices and the matrices £, J, K in (6.6) and (6.5) act on the SO(2) indices of type
1IB spinors ©7:

(0 1) (01) (1 o) -
£ = L g= . K= . (6.7)
~1 0 10 0 -1

The supersymmetry transformations with global parameter € and k-symmetry
transformations with local parameter x(o) for this action are {17, 20]

6,07 = ¢t (6.8)

6.zt = —i(@r%) (6.9)

5.A = idzs*OTKe — %(dér&e)(érézcs) - %(dérazce)(ér%) (6.10)

607 = &t (6.11)
6.2 = i(OIk) (6.12)
5.A = —idzaéF&ICn+%(d(:)I‘&@)((:)F"‘ICn)+%(d(3)1“al€@)((:)l“‘in), (6.13)

where the SUSY parameter €7 is a constant type IIB Majorana-Weyl spinor. Half of

the components of the k-transformation parameter are projected out by the condition

n=%ﬂ+FM, =1, (6.14)
with
. . ! Tal 2
0 ¢ €'l (%Fn...ug + 22T, Figin T + 52—8)—]::'11'27‘-1’3:'45)
r=|_ " |= (6.15)

\/— det(Gij + 27’(0'.71']')
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where Fi]...in = A[h ve Ain]-
Following [85, 94] we will choose the “Killing gauge” for the k-symmetry. In
[85] ©'2 were choose to be the Killing spinors of the AdSs background, for the flat

background we can simply introduce new variables 9*

9t 1 I o!
9t =Ue? = -1 (6.16)
9] V2\1 -T® |\ @

where I'® = I'°T1T?T8 with

I = 4*®1, p=0,...,3
I = ¥*®4%, t=4,...,9 (6.17)

Here 77, and 7° are standard Dirac matrices with {'yp, 7”'} = 27" and 7' are 8 x 8
six-dimensional Dirac matrices with {’yt, ’yt'} = 26t
The supersymmetry and k-symmetry transformations (6.10) and (6.13) with the

new parameters e* = Ue?, k* = U7 are
R et 1{1-c 1A Kkt
¥ = ¥ v 2 . (6.18)
R £~ 2\ -4 1+ic K™
Here the matrices A and C are

A=(TW4+TW, € =(r® —TW¢ (6.19)

and explicit expressions for ¢ and ¢ are given in (6.15).
We gauge away half of the fermionic coordinates by imposing 9~ = 0. This condi-

tion also requires that 6,9~ = 0. Gauge fixing xk-symmetry by the condition k™ = 0

we get:
1. _
Oese¥t = ZAK, +et (6.20)
Orield” = %(1 + %C)n‘ +e” =0. (6.21)
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Eq. (6.21) gives a relation between k™~ and €7,

Kk =-2(1+ %C)'ls". (6.22)
Finally we get
Srpedt = i—:r—g%;e— +et. (6.23)
Using this transformation on A? and z¢ = z?, y* (p=0,---,3;t =4,---,9 )
Sprex® = i9TTP(re™ —et) (6.24)
Oepeyt = —200TTe” (6.25)

~ 2 - - -
Sppe AP = 2i9TTPe” — §6p19+I‘a19+19+1’“6“ — 0yt T (re™ — ™)  (6.26)
where
1—¢T®
14 (TW”
The additional general coordinate reparametrization is necessary to satisfy the static

(6.27)

T

gauge (zP = oP) condition é2f =0
8¢9 = €EPO,Y (6.28)
Sex® = POzt (6.29)
then from 0,c4e2? = 0 and 8;z? = &7 it follows that &' = —i9* (e~ — ¢*). Finally

the SUSY-transformations for remaining nonzero fermions, scalars and vectors are:

Onsered™ = (1™ +e¥)+ 90T (6.30)
Orierey = —200TTe™ + &0,y (6.31)
SesereA = 20T — §8i19+f‘a19+1§+1““6' (6.32)

— 0y 0 T (re” — %) + (£9;A* + 9;E7 A7) (6.33)

It is easy to see that the transformations for y* are linear and do not contain an e*
part.
From here on we will drop the “+” in the spinor notation i.e. 9% = 9. In the new

variables the supervierbeins (6.4) are:

L=d9; LP=dz —idlPd9; L'=dy'. (6.34)
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6.3 The Quartic N' =4 Lagrangian
The D3-brane BI action (6.2) simplifies considerably in the Killing gauge. In this case

Gij + 27!'041.7'-,']' = T]ij - zBFzOJﬂ - 1’91—‘]61’!9 - 5[‘,,6,195[‘,,3,19 + Biytaiyt
+ 27ra'(Fij — iaiytﬁI‘pajz? + iajytﬁft&-ﬁ) (635)

where F;; = 0;A; — 0;A; and the WZ-term is

_ b - , , 1 - _ . _ .
Lwz = —Ts(i0 30 — %a,ow“r‘r‘ 00,y'0ky" + —2—((0 36)° — 66,6077 6,9)
- ieff“akércoa,ércﬁ”r*rt’oa,-y'ajyt’ - %eif“akértr“)06,9rt’oaiytajyt’
+ 1eijk’eabclél““8i99_l""6-05I‘66k0 + leijk’eabcdéF“BieéFba~99P°6k0§Fd819
6 J 24 I

- (2m')%alérif“mjrtoakyt) (6.36)

Using a series expansion for \/det (Gij + 2ma'F;;) and a standard redefinition of the
fields we get the effective Lagrangian up to the fourth order in fields (and coupling

constant a = 27¢a’):

_ 1 ~ - -
Lyjiwz = 2i0 30+ '}iFiiji - Eaiytaiyt +o?((6 #9)° - 610,061 0,6)
a_2 ik li__l_F” )2 gﬁ‘t,t.t’,t’_l,t,tz
+ 8 (FUF FuF 4( UFJl) )+ 4 (azy 63?_/ 0y ag 2(3zy 3zy) )

2 ) 1 ]
- %(aiytajthikaJ - Zaiytaithij k7)
. ] 1 - 1 o I A
- 102((9F 8_70) (Biyt jyt) - 5(9 @0)(61-y‘8,~yt) + §6k0P ’kaiytl“tajyt Ft 0)
+ ia2(§Pi3j0ijFki - "]ié agFUFJ,)

- 1- .
+ ia2(08,-y‘F‘6j9Fij - 508ithtF(4)810ije”“) (637)
To establish the analogy between this theory and N = 4 super-Yang-Mills theory
it is helpful to use the chiral representation for 4* (see Appendix) where the SU(4)

symmetry is manifest. Using this representation we will introduce new notations

for the scalar fields s’/ = 1(5;')!’y* with SU(4) indices I, J = 1,2,3,4. The 16-
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component spinor § will be represented as four d=4 Majorana spinors,
) Ao
o= ¥ =( _’), (6.38)

where the extra factor 2 was introduced for convenience and the d=4 chiral projections

are

| . . .
It = 510 =210
The quartic N = 4 Lagrangian in terms of the new 4-dim YM variables (g, Pl s17)
with gt = A® is
Lyiiwz = 25101 v+ ZFiiji - 551'3 0is1J
a2 = ~r 2 = i ~y = . ~
+ —((w, PO — Py Oy 07

2
' g 1
(F,JF)kath - —(FUFJ,) ) g—(aiSIJa'SIJaiSI J ajSIIJI — 5(6,~s”8is”)2)

| ], 00| R,

(6.5‘ 681_]F,kFJ——68 as”F kF ])

za

- —(@r'99") @™ 9y510) - —(w, FY")(0:5" Bis15)
- 23};1/11’7”k3i8”3j3JK¢K)

ia? /= in TIoi 1= ~ i
+ — (909 FFu ~ 19, PU'FIFy)
iaz =+ ~ =I- -~
+ —é—(’(f)j 61'81']’)/56]‘ jFij - ’L/) 8131J756j1/)J‘F
1=+ .. - 1=- .. ~
+ 51[)1 7”’“’&3”756,ij]-,¢ — —2-7,01 'yljklaiSIJ’)’5al’l,b;ij). (639)

where v = Lalii... 4% The parameter 7 from Eq.(6.27) is, up to linear order in

the fields:
Lo L
RS Ay'Tr; 17 Fi;015. (6.40)

The supersymmetry transformation now looks like:

-2 gy°sty _%7ijFij51J g/
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6susygi = id‘;’y.g_

5susy31J = z.“:_I";J - 7;5—J"/;I + ig}-{’J}LfIJKL-
Finally, using a chiral representation for 4* we get
- 1 .. .
OsusyV1 = "§UUFij5—I —20°0;515677 (6.41)
Sougd = —icro'py+iplot(€)! (6.42)
53usy8” = ié'_ﬂ/;.] - iE—JQEI + i&'—;(’(ZLCIJKL (6.43)

which is exactly the N = 4 transformation given in [95].

6.4 Helicity amplitudes.

To calculate one loop corrections to the D3-brane action we use the helicity amplitude
technique (see for example the review paper [88] and references therein). In the spinor
helicity formalism, positive- and negative-helicity massless spinors 1 are represented

as
p£) = () = 512 7)(0) (6.44)

with antisymmetric spinor products

i = lps+) = (pips) = (i) (6.45)
(pi+Ipj=) = [pip;] = [iJ] (6.46)
Nl = 2pi-p; = sy (6.47)

Negative- and positive-helicity polarization vectors also can be represented through

spinors |pt),

PPN (ol 77 ) RSV el 0/ -4.9)
»(p; k) k) e, (p; k) VTSR (6.48)

where k, (k? = 0) is a “reference” momentum which corresponds to the particular

€

choice of gauge for the external legs. Due to the gauge invariance of the amplitudes,

the vector k drops out of the final expressions. The supersymmetry transformations
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(6.41),(6.42) and (6.43) can also be rewritten in terms of bosonic states with definite

helicity ¢g*(p) = €3 (p)g* and spinors ¥+ (p) = |pE) as [91]

[Qi(p),¥E(k)] = FI¥(k,p)g*(k)ors FI*(k,p)s7y, (6.49)
[Q:(p), g% (k)] = FiT*(k,p)dF, (6.50)
[Q1(p), s3 (k)] = HilFIIpg 7T KPT +iTtfe /XL, (6.51)

where 't (k,p) = 7j[pk], T~ (k,p) = n(pk), and n is a numerical Grassmann param-
eter.
Using the Lagrangian (6.39) it is easy to find the tree-level helicity amplitudes.

For the vector bosons we have:

: ;1 '
4!(FijFJkalFl - Z(Fiiji)2) = (tS)ull/lquzMsVsmwFM1V1 Fuzl/zFﬂallame

= 16(ts) uyuy-puave K K57 K52 kY €] €52 €5% €4 (6.52)
where (tg) is given in eq.(9.A.19) in [96]

1
(tS)ul Vi paVa (i3V3 a4 - 5 ((5‘,1 H2 61/11'2 - 5#1!/2 51/1#2 ) (6113#4 61/31/4 - 5#3!/4 61/3#4 )

I
=~

(00, 42 Ovp 3 Ovapsa Ovap, + antisym. of [MiVi]))

N —

-+

+ ((1324) + (1342) permutations) (6.53)

and k; and ¢; are the momentum and polarization vectors for an external vector
boson leg.

In the YM theory with non-Abelian gauge group SU(V,) the tree amplitudes are
usually represented according to color decomposition [88, 97] as a sum of partial sub-
amplitudes with fixed cyclic ordering of external legs multiplied by the color factors:

ATee(1,2,--on) = 3 Tr(TT%@ ... T%m)Ar(g(1),0(2), - o(n)) (6.54)

S
where %: is the set of all non-cyclic permutations and 7% are matrices of the
fundamental representation of the SU(NV;) color group. In the D3-brane case the

gauge group is an Abelian U(1) and color factors will be simply reduced to 1.
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All four-particle tree amplitudes are proportional to a? (6.39) and to simplify the
notations we will let a® = 1. Due to the supersymmetric Ward identities (SWI) [91]
the only nonzero four vector-boson tree amplitude in this case is AF**(g7 g7 95 97)

(with two — and two + helicity bosons)

4! 1
‘4 v v V. V.
?i ) _25(ts)uwwszsuamwklluklznkgak2“511522€33544
i st(12)
= - 6.55
2 (12)(23)(34)(41) ( )

where s = 812, t = 814, ¥ = 513 are Mandelstam variables. This amplitude is

related to the standard N = 4 SYM four-gluon color-ordered sub-amplitude [88] by:
1
Alree(17,27,37,4%) = §stAf[“’YM(1,2,3,4). (6.56)

It is important to notice that the RHS of (6.56) is totally symmetric under external
leg permutations [91)].

The nonzero vector-scalar tree amplitudes are:

tree - - + +\
AT( g7, st sing’) =

4 1 v3 V4
g_‘% = _Zé(ts)mtuztuwsmwki‘ kgzkgskfll4633€4
A = 512094342
s1i S1) $(12)2(13)2
1 - %(%()4_),43'“”(1, 2,3,4). (6.57)

There are two kinds of four-scalar amplitudes. One of them could contain two
different kinds of scalar fields s;; and sg; and the other contains the same scalar

fields s;7; :
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1
S S tree - - + ot —

A Y 4 2
N V4 1
N - = 2>éz<?>z<>§4><41>A2“’°”YM(1,2,3,4)
SKL(fJ) SKL(\IJ) ;
AT( 87y, S10>871:8T)) = —532 (6.59)
st(12)%(34)?

— tree,Y M
= —7@)4—,44 (1,2,3,4).

The four fermion tree amplitudes include two nonzero ones:

. Atree(gr, B3, 0T, 9F) = —=[13][42](12)?

Vi Y (12)2(13)(24) i

- o) Alree(1,2, 3, 4) (6.60)
Vi Yim AYe( Py, 979797 )=—%[12][43](12)2

_ _3t<12)3<34> tree, Y M

= Sy ATTT(,23,4), (6.61)

The next set of diagrams contains a mixture of two fermions and two bosons.
There are five nonzero tree amplitudes. The amplitude with two vectors and two

fermions is:

e AT BTeY) = —0)3lsaa2)? (6:62)
N 12 3 13 tree
(z)%}—),@ YM(1,2,3,4).

b; ¥

The amplitudes with two fermions and two scalars and “mixed” amplitudes with

two fermions, one vector and one scalar are:
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ATe( 91, ST S UT) = —(0)5 [13][24](12><13>

e gt = (i)3t<122) <<1 2>> <24>A"“ YM(1,2,3,4) (6.63)
K\‘/ AT b7, sTre st k) = ()%[14][23]<12><13)
st s = (i)St(m)élg)?(} 23) ey 9.3.4)  (6.64)
o AT( A7, 97.8000") = (6.65)
vk Yk _ Zst<122>( 1(;>3><23> AlreEYM(] 9 3 4)
S, AT b = (6.66)
g* s _ _ist(122>( 1(;?4)04) AlreeYM(] 9 3 4)

This set of tree amplitudes has exactly the same relative factors between them
as for N = 4 SUSY Yang-Mills theory given in [93] (extra i’s come from difference
between metrics signature which are g* = (+ — ——) in [93] and g* = (— + ++) in
this paper ). The general expression connecting SYM amplitudes and the D3 brane

amplitudes is:
ree st ree,
Al (11,12,13,14)=§Af, M, 1o, U3, 1) (6.67)

where 13, 5,13, l; are the momenta of the particles from N=4 SUSY multiplet.

The main difference between the standard N' = 4 SYM and the D3-brane effective
theory (6.39) is that the first one is finite in d=4. The following calculation shows
that the D3-brane action is not one-loop finite in the flat background.

A very useful relation for one-loop calculations in the standard N' = 4 SYM theory
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is [93, 98]:

3 AlreeYM(_181 1 2, 152) x ATOYM (=157, 3,4, 1)
51,S52€6(N=4)
_ —istAyeYM(1,2,3,4) (6.:68)
 (h= k) - ks)? '

where the sum is over all particles in the A” = 4 multiplet and 1,2, 3,4 stands for the

momenta of the external particles. This statement is true for any dimension and its

proof can be found in [98, 99]. For our case (with relation (6.67)) it becomes:

Z Airee(DIi)(__liS'l’ 1,2, L252) x Airee(D3)(_L592, 3,4, li91) (669)
51,526(N=4)
—18? tree,YM
= -4—StA4 ! (1,27 3’ 4)
— )y 2
= —;—SAiree(Ds) (13 2, 3’ 4)

here A*(P3)(1,2, 3, 4) is the four vector-boson D3-brane amplitude (6.56).

The N = 4 supersymmetry of the D3-brane action allows us to use a unitarity-
based construction of the one loop amplitudes, as it has done in N' = 4 Super-
Yang-Mills theory (see review [89] and references therein). In this technique, one
obtains the imaginary part of the one-loop amplitude from the product of the tree
amplitudes, and then reconstructs the real part up to a possible polynomial function.
The good ultraviolet behavior of N = 4 super-Yang-Mills theory makes it possible
to reconstruct the whole amplitude without the additive polynomial ambiguity. The
one-loop amplitudes that can be reconstructed that way (“cut-constructible”) must
satisfy a certain loop-momentum “power-counting” criterion given, for example, in
[89].

One-loop amplitudes in the standard N' = 4 SYM theory obtained by using the

cut-reconstruction formalism can be expressed as:

A?=4’1_100p(1, 2,3,4) = i92812823Af1ree(1a 2,3, 4)(01234141_1001’(51% $23)

+ 03124-";1400"(512, s13) + Casraly 7% (593, 513)) (6.70)
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where C34 is a color factor for the non-Abelian gauge group and I}71% is a one-loop
four-point (box) integral,
dPp 1
Il loop 8198 — / )
(s1250) = | Gr)D P~ kP lo = ks — R0 ¥ Ko
The expression (6.68) was used to simplify the direct product of the tree amplitudes.

(6.71)

The expressions (6.68)and (6.69) for N' = 4 amplitudes are correct in all dimen-
sions and can be used [93, 100] to reconstruct complete massless loop amplitudes.
The D3-brane effective Lagrangian (6.39) in the Killing gauge does not contain three-
particle vertices, hence only bubble diagrams will contribute to the one-loop cor-
rections to the four-particle amplitudes. In this case the expression for one-loop

corrections considerably simplifies and can be written as:

APPITIP(1,2,3,4) =

s 4
(224 Tee, o] 00; O

= —4 312823At YM(]. 2 3 4)(812Il lOp(Slg) +81311 - p(813) +814II IOP(814))
Ay

= _“2“ AT (1,2,3,4) (271 (s) + 21 P (t) + Pl 7% (w)). (6.72)

Here we have taken into account that s12s03 A5 Y ™ (1,2, 3, 4) from (6.56) is symmetric
under momenta permutations and color factors are gone because gauge field in (6.5)
is an Abelian one. Instead of the box integrals (6.71) expression (6.72) contains only

two-point one-loop integrals:
d4—25p 1

E7%(s0) = [ .
(2m)4=2 p2(p — k1 — k2)?
This integral is ultra-violet divergent and in dimensional reduction it has the form:

T(1+€e)T2(1 —¢)
(1 —26)T(1 — )(_)

—[1 +€(2 — v — log — —;é- +logdm + ---)] (6.74)

(6.73)

121_100”(5) i(4m)c2

(47r)
ase = 0.
It is easy to find counterterms for effective D3-brane Lagrangian (6.39). Their

structure at the quartic level will be
(32 +17 + uz)(tS)F4 - (ts)ulvmzwusl’smw80F#1V1 aaFquzaﬂFuavsaﬂF#w“ (6.75)
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or, in the notations of [93] and [84], the counterterms are:

TP3(F;;F*FF — '}I(Fiijiy)’ (6.76)
where
TD3 = __(14_L( 2 + t2 + U2) (677)
! (47)% 16¢

Using the relations (6.55)-(6.66) between the amplitudes with different particle
content it is easy to find the corrections and the counterterms for all other four-

particle interactions of N’ = 4 multiplets in this theory.

6.5 Different x-gauges

The Killing gauge is obviously not the only choice for fixing the x-gauge. In (19] it
was proposed to use the gauge where 6; = 0 and 6, = A. Then the supersymmetry

transformations will be:

60 = e+r(1-T)+¢*8,0
5X™ = ™ —-k(1-T)[O+ &40, X™. (6.78)

0
where I' = ( ; ¢ ) was defined in (6.15).
¢ 0

The requirement 66, = 0 and the static gauge condition 6X? = 0 determine
the connection between the k and ¢ parameters, so that the final supersymmetry

transformations are [19]:

bnsereh = & +&al+E&uN,
Onterey’ = (&2 —aQ)T'A+£49,1,
Onteredn = (8¢ — &) Ty + T8,y
+(%€2 GO AT, + £90,A4, + 0,694, (6.79)
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The index m is a d=10 index, which includes both p(p) and t values (¢ is a six-
dimensional index for scalar fields). The induced world-volume metric in this case
is:

G = mnLPLY, L7 =08,X™ —iAI™,\ (6.80)
and

Fup = Fuy — AT, + 10,40, + iA(L, + T8,y") 3. (6.81)

The choice of k-gauge affects only the part of the Lagrangian that contains
fermions leaving the purely bosonic terms unchanged. In the 6; = 0 gauge the

fermionic part of the Lagrangian up to the quartic order in the fields is:

L = i §0+i0dT'9,y'0"0 + = (10,0 — 101" 8,0)F
2
+ LEr,00m0,0 — (F 96)) - i0(0,5/ 0, IT"0,8 - %auytauyté 76)
- 2
1

+ S ((@r#0,0 + 8T70,0)F Fx, - %é FOF ., F )

: 2
+ %Fu,(érta,,yta,o — 4T*9,10,6). (6.82)

In this gauge the Lagrangian contains the three-particles vertices along with the
quartic terms. Four-particle tree amplitudes with fermions will contain a set of tree
diagrams where line ww\ denotes both gauge A, and scalar y* bosons and — stands

for the fermions @ :
W
PO

Calculations of these tree amplitudes show that they are the same for both cases
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of the k-gauges. Both theories have the same one loop corrections and nontrivial

counterterms in d=4.

6.6 Outlook

The Born-Infeld type actions have received a lot of attention in the last few years.
This type of action plays a crucial role for the D3 brane theory. The rich structure
of interaction terms in this theory makes it especially interesting to study them. The
other interesting question that arises in this theory is a question about the form of
supersymmetry transformations after the fixing of the k—gauge.

We have presented the supersymmetry transformations, Feynman rules and one-
loop corrections to the k-gauge fixed D3 brane Born-Infeld theory up to the quartic
order. We would like to stress here that the Feynman rules following from the gauge-
fixed supersymmetric Born-Infeld action turned out to be rather simple at least for
the 4-point one loop calculations, which has allowed us to perform the quantum
calculation in this very unusual theory.

Our calculations show that D3 brane theory in the flat IIB background has a
nontrivial counterterm in d=4. We have found that the structure of the counterterm
as well as finite corrections includes terms like (8F)?. We hope that our calculations
may help to shed some light on the relations between the properties of the fundamental
theory including the D3 branes and the quantum A = 4 supersymmetric YM gauge
theory.

We also consider these calculations as a preparation for the studies of the more
complicated theories, e.g. the D3 brane action in AdSs x S® background or, possibly,
for a few interacting D3 branes with non-Abelian gauge field in the action. We have
found that the use of the Killing gauge for x -symmetry combined with the helicity
amplitudes technique has simplified our calculations significantly. Hopefully these

methods will be useful for calculations in some other class of interesting problems.
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7 Conclusion

We have studied N=2 supersymmetric extreme black holes and found the expressions
for the black hole entropy as a function of its electric and magnetic charges. The black
hole entropy (given by 1 of the area of the black hole horizon) is connected with the
extremum of the central charge of N=2 extended supersymmetry algebra. Due to
its topological nature the extremal value of the central charge depends only on the
electric and magnetic charges of the black hole, although this dependence is hidden in
the dependence on the scalar fields z* (moduli fields). These scalar fields are described
by the attractors and their values near the black hole horizon are independent of their
values at infinity and again depend only on the topological characteristics of the black

hole - its electric and magnetic charges. The fact that a black hole has no “scalar

The dependence of the moduli fields on the electric and magnetic charges is en-
coded in the system of the complicated nonlinear equations. We found the explicit
solutions for this system for different types of compactification and Calabi-Yau man-
ifolds and studied their behavior.

The new results presented in this dissertation are as follows:

(1) The new concept of a Double-extreme black hole was introduced. |

(2) The stabilization equations were solved and the solution for the black hole

|
|
|
|
|
1
hair” manifests the topological nature of the black hole entropy.
entropy as a function of the charges was given.

(3) STU black holes were studied.

(4) The entropy of N=2 black holes associated with the general Calabi-Yau

moduli space was found. Particular examples were studied.

(5) d=5 black holes were studied as well as the critical points of the effective
potential and phase transitions for the different Calabi-Yau manifolds.

(6) We have also studied D3-branes and one-loop corrections to the Born-Infeld
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action. The supersymmetry transformations in a particular k—gauge (Killing gauge)

are found. The connection between the helicity amplitude description and D-3 branes
was established.

As our understanding of the theory grows, new facts and ideas emerge. Recent
development in the theory of supersymmetric black holes and its possible connection
to number theory proposed by G. Moore [102] raises new questions concerning the
entropy of the black holes and the uniqueness of the solution for the stabilization
equations. We have discussed this problem at the end of Ch.(4) and given some
arguments concerning the uniqueness of the solution for the case when the moduli
space belongs to the unique Calabi-Yau manifold. The uniqueness of the solution
for the general picture when the moduli space contains different regions described by
different Calabi-Yau geometry with possible phase transitions (as it was in case of
d=>5 black holes) is still a question and a subject for a future investigation. Puzzles

of the theory continue to grow and new connections are established every day.

Special Super— K— con formal
Geometry gravity symmetry symmetry

Calabi— black D — brane super—
C Yau holes theory YM

L\

number
theory?
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We use chiral representation for d=6 dimensional v{®) matrices following M. Sohnius

notations [95]. In this representation () is written as

5 = 0 (6¢)14
(6.t—1)IJ 0

where matrices (&;);; satisfies the conditions:

~ =1
tr6,0y; = 40y

. 1 -
(at l)IJ ——CIJKL(Ut)KL

A general d=10 32 component complex spinor will be:
| /\aI
| X¢I1
| o

’ 0_ = (wal ,‘P? ’ /_\i ) Xdl) (73)

=al

@
The d=10 Majorana and chirality conditions [95] are:

6 = coogr ,c<w>=c<4>®c<6>=(“f°” 0 )®(° 1) (7.4)

0 —eob 10
1 (11) (11) 5 (1) .5 10
6 = ;1-T)p, TW=y " =ire N (7.5)

They will give the constraints on the spinors components:
P = X = e, af = xar = ()1 (76)
o = xl=0. (7.7)
The surviving 16 components are

)‘al
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The new scalar fields s;; with manifest SU(4) indexes I,J =1, --
1, 1,._
s15 = —5 () 1595 s = =(5; l)uyt
2 2
and y'yt = s/ sp;.
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