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Abstract

In this study a mathematical model for phytoplankton assemblages is developed. A detailed

physiological model on the individual cell level focuses on nutrient and energy flows in the

system. Flows of nutrients, production of storage, and growth are modeled independently.

This allows uncoupled dynamics of storage and structure pools in a cell. A population of

zooplankton grazing on the phytoplankton cells is part of the model. Grazing and sinking

determine the losses of phytoplankton cells. Euler’s and Runge-Kutta’s Method for numer

ical solutions of systems of ordinary differential equations were implemented in a computer

code written in C. The code was used to perform simulations of a population of the diatom

Skeletonema costatum under various environmental conditions. Simulations were usually

performed for 5-25 days in a homogeneous environment with equally distributed cells. Ad

ditional simulations included two species simulations to investigate species competition and

dominance. Dynamical behavior of the system showed realistic patterns. Growth of cells

was either limited through nutrient or energy shortage. The uncoupling of storage and

structure production resulted in changes in cell composition, and allowed to detect indirect

effects of nutrient or energy limitations. In simulations of two competing species the model

showed effects of cell growth and composition that cannot be explained with less detailed

models.
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1 Introduction

Nearly all of the primary production in the ocean is performed by phytoplankton assem

blages. Composition of these assemblages can vary in many aspects such as number and

population size of different species, total density, and grov/th rate. Dynamic behavior of

these phytoplankton assemblages is a result of many factors including changes in tempera

ture, light availability, and nutrient concentrations as well as the abundance of zooplankton.

A complete description of a dynamic phytoplankton community via a mathematical model

is complex or may even be impossible. The model introduced in this thesis focuses on what

are considered to be the most influential factors for species development. The individual

based community model represents inhomogeneous populations of different species. Com

puter simulations are used with the goal to And an explanation of some of the dynamics in

phytoplankton assemblages over a short time period.

1.1 Structure

This thesis is divided into 7 chapters. Chapter 3 to 7 contain the mathematical model and

results, as well as a discussion and conclusions. Chapter 2 is a review of phytoplankton ecol

ogy. Readers with sufficient background in marine biology might skip Chapter 2, whereas

for others Chapter 2 will help to understand the structure of the model. Appendix A shows
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an alternative population model. Appendix B and C contain summaries of the parameters,

variables, and equations used in the model.

1.2 Literature

As usual literature is cited in the text were used. However, I want to mention some books

that helped me throughout my work;

Falkowski and Woodhead’s Primary Production and Biogeochemical Cycles in the Sea [15]

is an excellent collection of recent articles.

Kirk’s Light & Photosynthesis in Aquatic Ecosystems [25] gives a detailed description of

the photosynthetic processes in the water.

S.A.L.M. Kooijman’s book [29] Dynamic Energy Budgets in Biological Systems helped

especially for the individual model and for energy considerations.

Lalli and Parson’s Biological Oceanography: An Introduction [32].
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2 Phytoplankton Ecology and Model Design

This chapter is a summary of the phytoplankton ecology needed for construction of a math

ematical model. More details can be found, for example, in Algal Physiology and Biochem

istry [45], Barker [3], Falkowski and Woodhead [15], Kirk [25], Krogmann and Powers [30],

Lalli and Parsons [32], and Round [43].

2.1 History of Marine Biology

The first evidence of human interest in marine biology is probably that of Aristotle who

catalogued 180 marine animal species in the fourth century B.C. This might have been the

beginning of oceanic research, which cover 70% of the earth’s surface. After crossing the

oceans became possible, interest and knowledge in their biology increased rapidly. Many

expeditions in the 19th century had significant impacts on the understanding of marine

ecosystems. These expeditions continued into the 20th century and continue today, still

adding significant new knowledge or replacing older assumptions and theories with newer

ones. New methods for the measurement of chemical compounds and improved optical

instruments like electron microscopes helped to find more accurate information about phys

iological details of marine animals and plants. However, many questions remain to be solved.

Mathematical models for the simulation of phytoplankton assemblages, which make use of

computer-technology of increasing quality and quantity, have become an important part of
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the research in marine biology.

The model in this thesis follows an individual-based approach to simulate phytoplankton

growth. Individual-based models are qualitatively different from aggregated population

models because they allow the simulation of nonhomogeneous populations and a detailed

description of the individual on a physiological basis.

2.2 Phytoplankton

Phytoplankton is the collective expression for various types of unicellular algae that compose

the major part of the autotrophic organisms in the ocean. The size of phytoplankton cells

varies from 0.5 to 200/im. The model focuses on autotrophic species common in many

places of the world (e.g. diatoms, coccolithophorids and dinoflagellates). An autotrophic

cell builds organic material and obtains all energy from photosynthesis. The intent has been

to include the most important environmental and physiological factors influencing species

development.

Figure 2.1 shows the basic pathways of nutrients and energy between cell and environment.

Figure 2.2 shows the underlying structure of the mathematical model.

Abiotic and Biotic Environment2.3

Physical and chemical constraints of the environment on autotrophic cells include light,

temperature, and currents. Biotic constraints are the speed of reactions and processes in

the cell such as cell-growth or reproduction. These constraints determine the growth dy-
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Figure 2.1: Major pathways of autotrophic unicellular algae.
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Figure 2.2: Underlying structure of the mathematical model.

namics of populations.

Two kinds of growth dynamics are distinguished for algal cells. Figure 2.3 shows the

growth-rates of a cell population. On the left hand side of the graph, the population growth

rate is high. After the population grows at this high rate r for a certain time, abiotic con

straints will become growth limiting and, finally, the growth rate will approach zero and the

population density will reach the carrying capacity K. This zero growth situation with the

population at a carrying capacity is called K-selected. r-selected species are usually found

in fast changing environments (changing temperature, irradiance, nutrient concentrations

etc.) whereas K-selected species life-histories occur under predictable, stable environmental

conditions. Therefore, K-selection occurs in tropical waters, especially where temperature.
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Figure 2.3: The two different growth dynamics of phytoplankton assemblages. Solid line:

population density. Dashed line: growth rate.

nutrient-concentrations and irradiance are relatively constant. In contrast, in polar regions,

these abiotic factors change significantly over time. As a result, in tropical oceanic waters

the total population size of phytoplankton is usually rather constant over the year. In

temperate latitudes, a spring and an autumn bloom usually occur, whereas in polar regions

only a single summer bloom of phytoplankton is likely. However, r-selected life-histories can

also be found in coastal waters of the tropics under appropriate environmental conditions.
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2.4 Abiotic Constraints

2.4.1 Irradiance

Photosynthesis is the major energy source of the cell for autotrophic species. Irradiance and

efficiency of light capture depend on various abiotic and biotic factors. In order to estimate

the available internal energy of a cell due to photosynthesis, it is necessary to model these

processes as accurately as possible. For simulations of an existing ecosystem, a combination

with a meteorological and geographical database is necessary in order to obtain realistic

results. Some factors influencing irradiance are discussed here.

Irradiance

• Seasonality; In tropical regions irradiance does not vary significantly over the year. How

ever, temperate regions in winter have a signiflcantly lower irradiance which decreases

to zero as the pole is approached. In summer in polar regions 24 hour photoperiods

occur, but from 20° to 0°, the surface reflection in calm water ranges from 10% to 100%

(Kirk [25]) because the angle of the incoming light is small if measured relative to the

surface of the water.

• Meteorological factors; Irradiance during sunny and partly cloudy days is not very

different. On overcast days, irradiance can be reduced by more than 50% (Kirk [25]).

Wind produces waves that are able to decrease or increase reflection especially at low

solar altitude.

• Light spectrum; Light of different wavelengths is supplied in different quantities. If an

estimation of photosynthesis is desired, it is helpful to measure irradiance in quanta per
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(m^ s nm). Pigment composition of the cell determines the probability of capturing a

quantum of a specific wavelength.

• Absorption: Irradiance on the surface of the water is often measured in experiments. Ab

sorption in the water plays a major role reducing irradiance for cells at greater depths by

increasing amounts. Absorption is influenced by the presence of dissolved organic mat

ter, phytoplankton density and composition, particulate organic detritus and amount of

inorganic particles (Kirk [26, p.l2]). Absorption processes are rather complicated and

even the measurement of irradiance at a certain depth of the water is problematic. Kirk

provides a detailed description of the absorption [25].

A description of the complex irradiance-function with all its dependencies is far be

yond the scope of this thesis. A mathematical approximation of the underwater field

is possible only if parameter values for a specific area are available (Kirk [26, p.22]).

Measurements provide an easier approach and data are available for many areas under

various conditions.

The most constant and predictable irradiance conditions can surely be expected in laboratory-

experiments. Duration of day and night periods as well as intensity, angle, and wavelength

can be fixed. This provides good conditions for parameter estimations.

2.4.2 Seawater

Water composition around a phytoplankton cell influences the cell development. The major

elements found in sea-water are present in ionic form. The ten major constituents (Chloride,

Sodium, Sulphate, Magnesium, Calcium, Potassium, Bicarbonate, Bromide, Borate and

Strontium) make up about 99.9% of all dissolved substances (Lalli and Parsons [32, p.32]).
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and these concentrations are almost constant over time. Therefore, the composition of

seawater is constant (with a few exceptions like estuaries). Concentrations of nutrients and

other substances that are far more important for phytoplankton growth may vary rapidly

over time, but their total concentration remains low compared to other ionic components.

Therefore, nutrient concentrations do not influence the chemistry of the sea-water but are

important for phytoplankton growth.

Temperature of sea-water depends on irradiance, season (especially in temperate and polar

latitudes), and inflow (rivers). Temperature may also change due to upwelling, currents,

or mixing. In general, temperature changes are slow over time compared to the dynamics

of phytoplankton cells, which allows temperature to be considered as a constant parameter

for short term simulations of phytoplankton growth.

2.5 Biotic Constraints

Biotic constraints determine the speed of the chemical and biological processes, including

photosynthetic efficiency, speed of nutrient uptake, and speed of biosynthesis of storage and

structural materials.

2.5.1 Photosynthesis

It is well-known that photosynthesis increases with increasing irradiance until it reaches

some P, and then decreases during photoinhibition. The light-photosynthesis relation

under abundant nutrient conditions is shown in Figure 2.4. P,

max

is the maximum photosyn

thetic rate, Ed the irradiance, and Ek the irradiance where the line of initial photosynthetic

max
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Figure 2.4: Photosynthesis as a function of irradiance: qualitative behavior under nutrient

abundant conditions (arbitrary units). Q is the point where the line of initial photosynthetic

increase intersects the maximum photosynthetic line.

increase intersects the maximum photosynthetic line.

The chemical process of photosynthesis is called the reductive pentose cycle and is consid

ered to be the principal path of CO2 fixation in algae. The major energy currency in cells

is adenosine 5’-triphosphate (ATP). The overall equation for photosynthesis is

S hty
CO2 + 2ff20 {CH2O) + H2O + O2
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The complete process of photosynthesis and carbon incorporation can be divided into the

light reactions and the dark reactions.

The Light Reactions

The processes of light absorption in photosynthesis are called the light reactions of photosyn

thesis. In eucaryotes and cyanobacteria there are accessory pigments for light absorption:

• Chlorophyll a is ubiquitous to aerobic photosynthesis and can be found in all species.

• Carotenoids are a major component in diatoms.

• Phycobilins absorb a large fraction of the irradiance in cyanobacteria where chlorophyll

b is not present. Different kinds of phycobilins can be found in different species.

The pigments are located on so called antennas. The purpose of the antennas is to catch

as much light quanta as possible by increasing the effective cross-sectional absorption.

Eucaryotic cells have two kinds of antennas with pigments:

• Photosystem I: absorbs longer wavelength light (> 680 nm)

• Photosystem II: absorbs shorter wavelength light (< 680 nm)

Photosystem I can operate independently in cyclic photophosphorylation whereas Photo

system II can only operate in combination with Photosystem I in the noncyclic photophos

phorylation. During the noncyclic photophosphorylation NADP"*" is reduced to NADPH

and therefore has to be available in order for Photosystem II to be active.
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During the light reactions electrons are transported from H2O to NADP'*" using light

energy and from NADPH to O2 which results in the production of energy in form of ATP.

The basic reaction for ATP production during photosynthesis is:

^02 + NADPH2
A

NADP + H2O (2.1)

This reaction requires 4 photons and results in the production of 2 ATP from ADP and

elementary phosphorus.

The Dark Reactions

In the dark reactions three ATP and two NADPH2 are used to reduce one CO2 and use it

to synthesize carbohydrate:

CO2 + 2 NADPH2 (CH2O) + H2O + 2 NADP (2.2)

ATP is oxydized into ADP and elementary phosphorus.

Because in the dark reactions energy is needed for incorporation of CO2 it takes 10-12

quanta of light energy to reduce and incorporate one molecule of CO2 and produce 2 ATP.

Efficiency of Photosynthesis

If a model for autotroph unicellular algae including irradiance dependency is constructed,

the efficiency of photosynthesis is a crucial parameter. As mentioned above, the chemical

reactions involved in photosynthesis allow the calculation of a theoretical yield in number
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of ATP per quanta of light. However, the cycle does not operate with 100% efficiency.

The efficiency of photosynthesis is frequently measured in production of O2 per quantum.

The reduction of one mole of CO2 to carbohydrate with concomitant O2 formation requires

about 112 kilocalories. One Einstein (= mole) of red light contains about 42 kilocalories.

This would imply minimum required energy of 2.7 quanta red light per molecule of CO2 or

O2 (Vennesland [47]).

Equations 2.1 and 2.2 implement a need of 10-12 quanta of light energy for reduction plus

incorporation of one molecule of 002- The net gain in this calculation is 2 ATP (Prescott

et al [41, page 166]). These theoretical values are neither achieved in experiments nor

confirmed from measurements in the field, because light capturing by cells is influenced by

other factors:

Cross-sections of photosynthesis: Functional or optical cross-sections of phytoplankton

photosynthesis is measured in dimensions of area per unit of compound. It is a measure

of the probability that light harvesting systems absorb light. If the pigments are extracted

from the cell, they show a higher light-absorption probability than if the pigments are

part of a cell (Dubinsky [13, p.31]). Measurements therefore have to be done with intact

phytoplankton cells.

The cross-section of a cell is not constant over time. During low irradiance, chlorophyll

a concentrations were found to increase which cause a decrease of the cross section due

to shading between the light-harvesting entities in the interior of the cell (Dubinsky [13,

p.35]). During nutrient limitation (especially nitrogen) the cell may not be able to produce

chlorophyll a or other pigments. This increases the cross section which decreases limitation

of photosynthesis due to nutrient depletion. Shape and size of cells are other influences on

14



the cross-section. Quantum yield of photosynthesis can be estimated if the cross-section is

known.

An estimation of photosynthesis from irradiance and concentration of nutrients (nitrogen,

phosphorus and iron) is achieved for this model. It is now generally accepted that the yield

of the reaction for oxygen evolution is 0-125— (Falkowski [14, p.54]). This maximum

value for the reaction {Pmax in Figure 2.5 on page 11) is then influenced by the cross-section

and nutrient availability. Figure 2.5 shows an observation made for the dependency of P-max

on the nitrogen availability for three different species of phytoplankton (Experiments by

Kolber et al [27]).

P

not nitrogen limited
photosyntheticP

max

rate

nitrogen limited

N

Figure 2.5: Nitrogen dependence of photosynthesis (arbitrary units).
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can also be calculated as the ratio of concentration of photosynthetic units to their

turnover time. This relatively new approach seems to yield a more accurate estimation of

However, few experiments have as yet been completed (Falkowski [14][p.61]).

p
max

PJ- max'

2.6 Structure and Storage

Dependent on abiotic and biotic constraints, phytoplankton cells incorporate storage and

structural materials. The common understanding is that during light periods phytoplankton

cells produce storage and structural materials if nutrients and energy are sufficient. During

dark periods some of the storage can be metabolized during respiration (CO2 production)

which results in energy production (see Section 2.7 Respiration). This energy is used for

maintenance and production of structure in dark periods.

Carbohydrates are some of the most common molecules found in different parts of the cell

such as cell walls and storage pools. Lipids are considered in the model as storage materials,

and proteins as structural materials.

2.6.1 Carbohydrates

Carbohydrates play functional and structural roles and can be found in almost all parts

of the cell. Carbohydrates include a huge variety of molecules of very different molecular

weights (from less than 100 to over 1 million). The two basic forms are distinguished:

• monosaccharides: 3-9 carbons, at least one group from carbonyl function.
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• polysaccharides: condensation of smaller carbohydrates (monosaccharides) through ac

etal linkages.

Basic constituents of carbohydrates are carbon, hydrogen and oxygen as well as phospho

rus, sulfur and nitrogen.

Different kinds of carbohydrates are of importance for the cell:

• Structural materials: polymeric carbohydrates are the major components of the cell-

walls, complex carbohydrates are found in membranes and nucleic acids.

• Energy utilization: simpler carbohydrates are utilized for energy production in the cell.

• Source of components: monocarbohydrate constituents are synthesized because they are

components of many of the cofactors required in metabolic processes.

• Reserve materials: carbohydrates are synthesized as reserve materials and provide the

cell with energy if needed. Sugars, starch and glucan are the most commonly used

reserve carbohydrates.

Autotrophic cells derive their carbon mainly from photosynthesis. Additionally, uptake

and breakdown of more complex carbohydrates may result in energy gain and may also

influence the nitrogen and phosphorus interior nutrient pools. Utilization of these molecules

depends on the species and environmental conditions. For most species and conditions,

however, the additional energy gain is not significant.
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2.6.2 Energy Pathways

The following pathways are important for breakdown of polysaccharides and lipids and,

therefore, are important especially during respiration in the dark. They are also part of the

uptake path of carbohydrates which plays, however, a minor role in most phytoplankton

species.

Reserve polymers such as glucose, glycogen, starch, poly-/3-hydroxybutrate are anabolized

and catabolized. Lipids and proteins are also catabolized for energy production. Catabolism

of these substances is mainly through the following pathways that are the most important

processes for energy generation from storage materials in the cell.

• Glycolytic Pathway or Embden-Meyerhof Pathway: This way of glucose breakdown

(Glycolysis) is very important for energy production. It is the most common way of

conversion of hexoses to pyruvate. The so called substrate-level  phosphorylation consists

of two parts. In part one, ATP is consumed to break down glucose to Fructose 1,6 -

biphosphate. In part two, ATP is produced during the breakdown of 1,6-biphosphate

to pyruvate. The overall reaction for the process is

Glucose + 2 ADP + 2 P, + 2 NAD+ - 2 Pyruvate -f 2 ATP + 2 NADH + 2 H+

so that the total energy production from one glucose molecule is two ATP for the

conversion to pyruvate.

• The pentose phosphate or hexose monophosphate pathway: This pathway is important

not only for ATP production but also for NADPH production as source of electrons

for reduction of molecules during biosynthesis and as source of products used to syn

thesize aromatic acids, nucleic acids and in photosynthesis. It is more often of greater

18



importance in biosynthesis than as an energy source. The total reaction is

Glucose 6-Phosphate + 12 NADP+ + 7 H2O - 6 CO2 + 12 NADPH + 12 H+ -H Pi

• Pyruvate produced during glucose breakdown enters the so called TCA cycle for further

breakdown and energy production. This cycle transforms pyruvate to CO2 aerobically.

It is the second stage of glucose catabolism. The TCA cycle however is also of importance

for the catabolism of other carbohydrates as well as lipids and amino acids. During the

catabolic process of these materials an intermediate product of the cycle (acetylcoenzyme

A; acetyl-CoA) arises that can enter the TCA cycle. The cycle provides energy and

produces carbon skeletons for use in biosynthesis.

For glucose the glycolytic pathway and the TCA cycle produce four ATP for each glucose

molecule oxidized to CO2.

• The Electron Transport Chain is yet another step of catabolism of glucose or reserve

materials. The process yields considerable more energy than the first two steps of glucose

breakdown.

During the process electrons are transferred from donors (NADH, FADH2) to acceptors

(O2) and eventually O2 and H"*" are combined to H2O. When a pair of electrons passes

from NADH to a atom of O2, three ATP are synthesized whereas if the two electrons

come from FADH2 only two ATP are produced. These are maximum ATP yields for

ideal conditions.

2.6.3 Glucans

Glucans are frequently used as storage materials. The amount of starch in algae is gener

ally under 3% of the dry weight. However, under ’abnormal’ conditions such as nutrient

limitation the amount can be much larger.
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Constitution and structure: Complete acid or enzymatic hydrolysis of (1 —> 4)-a-D-Glucan

produces in most cases glucose. The glucose can then enter the catabolic pathway for glu

cose. (1 3)-/3-D-Glucan is found in many algae. For the diatom Skeletonema costatum it

was shown to be a storage polysaccharide. In coccolithophoridae a complex heteropolysac

charide has been found. The composition of reserve glucans is species specific and therefore

not discussed here.

2.6.4 Lipids

Lipid is taken up by some species but is more frequently synthesized in the cell as a storage

material. Triglycerides or triacylglycerols, esters of glycerol and fatty acids, are common

lipids used as energy sources.

Details about lipid synthesis and catabolism are omitted. Catabolism of lipids involves

some of the processes mentioned above. Only composition and metabolic energy costs of

lipids are considered to be of importance for the storage and growth dynamics of the cells.

2.6.5 Proteins

Proteins are important parts of all autotrophic cells. They are considered to be structural

materials; however, when energy is needed, some proteins can be catabolized. Proteins are

polymers of amino acids joined by peptide (amide) bonds. Peptides normally are referred

to as amino acids with lower molecular weights whereas polypeptides or proteins are huge

polymers of many amino acids. A table of amino acids occurring in proteins can be found

e.g. in Barker [3, p.56]. The average protein of biochemical interest is usually an albumin
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or a globulin (Barker [3, p.l26]). Catabolism of proteins also involves some of the processes

mentioned above. The composition of proteins and other structural materials is addressed

in the section about certain species.

2.7 Respiration

As already discussed, respiration, the metabolism of storage materials, is an important

process in phytoplankton cells. This section explains what determines the need and amount

of respiration. During dark periods, respiration provides energy for growth, and during light

periods it can provide molecules needed for anabolism. The fact that respiration also occurs

during the light periods influences measurements of photosynthetic rates.

Respiration accounts for only about 10% of the photosynthetic rate under normal condi

tions. However, higher rates have been reported (Geider [16, p.333]). Under nutrient-limited

conditions respiration can be > 50% of the photosynthetic rate.

In models respiration offers a control for phytoplankton growth. In many models not

including respiration, sinking rates and grazing rates are unrealistically high in order to

maintain a reasonable growth rate.

The amount of respiration depends on many factors. Often it is assumed that respiration

has two components: a constant maintenance metabolic rate, and a variable rate associated

with cell synthesis activities.

r = +
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where /^o is the maintenance metabolic rate, ̂  is the cost of synthesis and /i is the growth

rate. Maintenance metabolic rate includes turnover of macromolecules, volume regulation

and maintenance of solute gradients.

The different components of respiration are:

• Protein turnover: Protein turnover is costly. The minimum cost, based on cleavage

and resynthesis, of the peptide bond is 0.25g glucose per g protein (Geider [16, p.340]).

This equals 80% of the costs of protein synthesis from glucose and ammonium. Total

respiration cost for turnover depend on composition of the ceil.

• Cost of Biosynthesis: Biosynthesis and nutrient transport require energy. The cost of

synthesis depends on the biochemical composition of the biomass and the redox state of

the nitrogen source. Also the costs for synthesis of storage or structural materials is not

considered to be part of maintenance but instead the needed energy is provided from

the energy pool during biosynthesis.

Respiration cannot supply sufficient energy for maximum growth of cells. However, respi

ration is important to provide basic molecules for lipid, protein, carbohydrates and nucleic

acid synthesis (Geider [16, p.341]). Respiration rates have been found to be proportional

to protein synthesis or ammonium assimilation and differ for various nitrogen supplies.

One unsolved question is what happens during winter if phytoplankton cells remain in

deep, cold water. Obviously no energy can be provided from the environment or from

storage (over a long time period) but still the cells can survive, come to the surface in

spring and grow and reproduce. What enables the near zero-maintenance state of the cell

is yet unsolved.
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Amount of Respiration2.7.1

Respiration rates seem to be best estimated if the asymptotic value of respiration after

prolonged darkness (20-30 hours) is measured or a plot of growth rate versus irradiance is

extrapolated to Eq = 0. Both approaches yield similar results. Using the latter approach,

a maintenance metabolic rate of < 0.002 to 0.1 per day has been estimated (Geider [16,

p.340]).

Evaluation of dark respiration: It is useful to obtain absolute rates of dark respiration in

units of grams CO2 evolved per gram cell carbon per hour. Biomass specific respiration

rates range from < 0.01/i“^ to 0.005fi~^. For single species, respiration is often linearly

related to growth. The following relationships have been found (see Geider [16]):

• under limiting light conditions and high nutrient conditions, low growth-rates and res

piration rates have been reported.

• under saturated light and limiting nutrients a direct correlation between growth rate

and respiration has been found during low growth rates.

• under saturated light and limiting nutrients independence or inverse correlation between

growth rate and respiration has been found during high growth rates.

Possible regulators of dark respiration are supply of substrate for glycolysis itself, transport

of organic acids across mitochondrial membranes, TCA cycle and mitochondiral electron

transport.

Substrate supply: Respiration depends on available substrate. Higher irradiance may yield

higher respiration because more substrate is available. This has been shown by light-dark
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experiments where dark respiration was dependent on light availability during the light

period; saturating light conditions yielded increased respiration rates.

Skeletonema costatum (Varum et al [46]) accumulated 50% glucans (of total cellular car

bon) during light period (of 6-18 hours) and 42% to 89% of these storage materials were

metabolized during darkness (see also Lancelot and Mathot, 1985). Experiments by Laws

et al. (1987) showed a 60% reduction in non-protein

ended up in the protein fraction (Geider [16, p.351]).

14C during darkness, 14% of which

Nutrient Status: Source of nitrogen influenced respiration in many cases. In nitrogen

limited cultures, supply of nitrate or ammonium increased the respiration rate. It is not

clear if this is an indirect effect because more nitrogen increases the substrate levels and

therefore respiration.

Glycolysis, oxidative pentose phophate pathway, and TCA cycle are essential biosynthetic

pathways leading to lipids, proteins, and nucleic acids. An estimated 0.1-0.15 carbon atoms

are lost as CO2 per unit carbon incorporated from glucose into cell material from essential

biosynthetic reactions involving operation of the complete TCA cycle (Geider [16, p.347]).

Under nitrogen limitation, nitrogen limited the protein synthesis.

Resistant respiration rates: The energetic costs of maintenance and growth are often con

verted to a respiration rate by assuming the maximum permissible efficiency for mitochondi-

ral transport of ATP/C02= ATP/02=6 (Geider [16, p.348]. Continuation of respiration,

however, is also possible with ATP/CO2 <6 if energy conserving steps of the mitochondrial

electron transport chain are bypassed.

Mitochondrial respiration in the dark: Respiration during the light period can be different
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from dark respiration. However, some investigators report no changes between light and

dark periods (See Geider [16] for a detailed discussion).

2.8 Nutrient Limitation

Nitrogen and phosphorus are essential for cell development. In addition, some species

require other nutrients (e.g. silicate for diatom growth and calcium for coccolithophorids).

Iron has received attention in recent years and is now considered to be a limiting factor in

many phytoplankton communities. The reason for this development was the inability to

accurately measure iron concentrations in the water until recently (Martin [35, p.l23]).

Diffusion Limitation of Nutrient Transport2.8.1

When nutrient concentrations are low, a cell taking up nutrients creates a zero-concentration

of nutrients around itself (Chisholm [7, p.225]). Considering nitrogen in a cell (total number

of elements), small cells have better chances of reproduction because they reach requirements

more rapidly. Therefore, small cells might have advantages over large cells in nutrient limited

waters. This phenomena may be a major factor in regulating the size of phytoplankton crops

in nutrient rich oceanic zones where a trace nutrient (e.g. iron) is limiting.

2.8.2 Iron

It is believed that distribution of Fe (iron) in the open ocean occurs through deposition of Fe-

rich atmospheric dust. In coastal waters and areas with a high dust-input, Fe-concentrations

25



are frequently significantly higher than in other areas. This often coexists with low concen

trations of other nutrients (Martin [35, p.l24]). C:Fe ratios are a matter of discussion, and

ratios between 10,000:1 and 100,000:1 have been estimated (Martin [35, p.l27]).

One possible scenario supporting the iron-dust theory is the discovery that glacial at

mospheric CO2 was lower than those in the interglacials. One hypothesis states that the

10-20% higher dust input in the system increased phytoplankton production (via Fe) which

decreased CO2 in the atmosphere.

2.8.3 Nitrogen

Nitrogen is essential for cell-growth and also for production of photosynthetic pigments. As

mentioned in the section on photosynthesis, nitrogen influences the maximum photosyn

thetic rate Pmax-

The main nitrogen sources for unicellular algae are nitrate (NO3 ) and ammonium (NH^).

Nitrate is reduced to ammonium in the cell which results in oxygen production. Nitrate

reduction requires energy. Ammonium is the material used for metabolism.

Assimilatory Nitrate Reduction consists of two reactions, nitrate reduction

N02~ + NAD+ + H2ONOJ + NADH + H+ (2.3)

and nitrite reduction

NO2 + 6e- + 2H+NH2OH (2.4)NHs
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Many experiments have shown that NADH has to be present whereas NADPH cannot be

the electron donor for the reaction. Some experiments, however, show that in some species

nitrate reductase takes also place if only NADPH is present. During the nitrite reductase

NADPH can be the electron donor for many species.

Nitrogen is also needed for synthesis of carbohydrates, proteins and other structural mate

rials. The role of nitrate depends on the species. Some species use nitrate only if ammonium

is depleted, others use nitrate in considerable amounts even during times of high ammonium

concentration in the water.

2.8.4 Phosphorus

Phosphorus, as part of the main energy currency ATP, is a very important part of the

cell. Phosphorus is taken up in form of orthophosphates and in organic and inorganic

combinations. Especially when orthophosphates are depleted, other phosphorus sources be

come important. Different species are able to use different inorganic or organic phosphorus

combinations.

Normally little phosphate-phosphorus is available. However in polluted waters, phosphate

could be high which can then influence production. Phosphorus is needed not only as part

of the ATP molecules but is also part of many lipids and structural materials.
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2.8.5 Siiicification and Calcification

Mineralization is present in some species of algae. Siiicification and calcification are the

most common forms of mineralization. Both processes are needed for production of some

form of cell-wall or other skeletal structures. Siliceous structures are found in diatoms

silicoflagellates, and in some species of Chrysophyceae, Chlorophyceae, Phaeophyceae and

Xanthophyceae. Mostly these structures consist of hydrated amorphous silica, Si02.nH20.

Silicon is an absolute requirement for the growth of diatoms.

Crystalline calcium carbonate occurs naturally as calcite and as aragonite (e.g. in coccol-

ithophorids). The processes and the importance of mineralization  are species specific and

will be addressed later.
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3 Individual Model Development

Chapter 2 presented the general structure and flows of a model applicable to many different

species of autotroph unicellular algae. In this chapter mathematical expressions for the flows

of the individual-based model are presented. This chapter is kept as general as possible,

however, some of the derivations require assumptions that are only reasonable for a few or

even a single species. It should be noted here that the computer code for the model consists

of objects containing the mathematical expressions which allows an easy change of some or

all mathematical expressions without rewriting the whole code.

In this chapter cj>e is used to represent one of the substances uptaken by the cell: CO2

(carbon dioxide), FE (iron), AM (ammonium), NI (nitrate), OP (orthophosphate), OR

(other phosphate). Calcium and silicate are included as nutrients for coccolithophorids

and diatoms, respectively. Most of the parameters used in this section are species specific.

Tables of all variables and parameters as well as abbreviations and units can be found in

Appendix B.

Figure 3.1 gives an overview of the flows considered in the individual cell model.
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Figure 3.1: Flow diagram of the individual model

3.1 Aqueous Environment

The Sections 3.1.1 and 3.1.2 describe the flows of substances from the ambient water into

the cell. The substances pass through the cell-membrane via active transport.

3.1.1 Active Transport

Uptake and incorporation of CO2 into the phytoplankton cell is assumed governed by the

photosynthetic rate. Uptake of iron, ammonium, nitrate, orthophosphate and other phos-
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phate is assumed to depend on external concentration and the time needed to transport

one molecule across the cell-membrane. This transport-time depends on temperature and

thickness of the cell-membrane as described below.

The approach follows the idea of parallel processing of various molecules (de Groot [12]).

The uptake of each substance is limited by the minimal uptake-time for one molecule of

the substance. Because parallel processing is assumed, uptake of a single substance is in

dependent from uptake of the other substances. The following assumption is made: Under

optimal conditions (i.e. high substrate concentrations, optimal light and temperature condi

tions) substances are taken up such that the Redfield-ratio (see Section 3.1.2) is maintained

in the interior of the cell.

In contrast to de Groot, who included the time of biosynthesis in the model, only arrival-

and transport-time are considered because incorporation into storage and structure is

modeled separately. The limitation for molecules of one substance is (minimal uptake-

time)/(actual uptake-time). Minimal uptake-time is the time needed for uptake under

optimal environmental conditions. Hence, the limitation is

^4>,min (3.1)
^4>

where

(s): minimal uptake-time for one molecule of substance <f> in seconds.^4>,rmn

(s): actual uptake-time consisting of arrival- and transport-time for one molecule of type

4> in seconds.
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This can also be written as:

(3.2)

where

a (cm): distance or thickness of cell-membrane

r(0e) (•s): function for arrival-time of one molecule as a function of external concentration

level

v{T) (^): transport velocity as a function of temperature

4>e external concentration of substance (j) in molecules per cm^

For one limiting nutrient, O’Neill et al [36] assumes that the waiting time (time until arrival

of one molecule at the processor) is inversely proportional to the nutrient concentration.

The same relationship is assumed here between substance concentration and waiting-time:

r{(j>) = (3.3)
4>e

where is a proportionality constant.

If arrival-times of molecules of one substance are assumed to be Poisson distributed, the

same inverse proportionality is achieved.

The actual uptake term for substance cj>e does not involve and is defined as,mtn

1 A for (f)e > 0
(3.4)Pup,<f>c —

0 for (^6 = 0

where
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fj, mol
Pup,4>e ( ): uptake of molecules 4>e-

i'^)- number of processors for substance (j>e molecules per surface area A

A (crn?): efficient surface area for substance uptake (not necessarily equal surface area of

individual for all species).

Equation 3.4 gives the number of fimol of substance cj) uptaken per second. The definition

of the function in 3.4 includes a continous extension to the interval [0, oo]. For the uptake

of silicate and calcium the same dynamics are assumed.

The above formulation of nutrient uptake does not depend on internal nutrient concen

trations. However, excretion of nutrients limits the internal concentrations and therefore

internal nutrient pools do not grow without limit.

3.1.2 The Redfield Ratio

Under optimal conditions, the abundance of the elements C, N and P in autotrophic cells

is often in the following ratio:

C : iV : F = 106 ; 16 : 1

which is the well known Redfield-ratio. Because of its fundamental importance, 106 C-

molecules, 16 N-molecules and 1 P-molecule will be called ’a fundamental set of nutrients’

in the following. It is assumed that nutrients are taken up according to this ratio only

under optimal environmental conditions. Conditions that yield a maximum growth rate of

a species are considered to be optimal.
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3.2 Storage and Growth Dynamics

Nutrients in cytoplasm are used during anabolism for maintenance, growth and incorpo

ration into storage. The energy needed for anabolism comes either from photosynthesis

or from catabolism of reserves. Under low light conditions catabolism usually increases to

provide energy for maintenance and growth. Catabolism of proteins appears to occur only

under, extreme energy limitation.

The physiological background of storage and growth dynamics in phytoplankton is not

fully understood, but sufficient data are available so that a function indicating depen

dence on light and nutrient availability can be determined. Various papers report a favored

polysaccharide production during light periods and a favored protein production during

dark periods (e.g. Barlow [4], Harding et al [22], Konopka [28], Lancelot and Mathot [33]).

This is, however, not a general result.

In the model internal storage materials are lipids and polysaccharides. Nitrogen is assumed

to be essential only for protein and some structural material production, phosphorus is

needed for lipid, protein and some structural material synthesis. During the dark period,

polysaccharide catabolism not only provides energy for protein synthesis but also basic

carbon molecules, lipid catabolism provides phosphorus in addition.

A variety of polysaccharides, lipids, proteins and other structural material can be found in

different species. Mostly, however, one specific species synthesizes only a few types of these

materials. It is assumed that each species or ecotype synthesizes some ’typical’ molecules

of storage and structural materials. For the model only the composition of the materials

is important (i.e., how many molecules of C, N and P and how much ATP is needed to
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produce one molecule of polysaccharide, lipid and protein plus other structural material).

Following Kooijman’s approach of a Dynamical Energy Budget (see Kooijman [29]) the

energy pool E determines the actual storage and growth dynamics of the individual. The

energy in E is derived from photosynthesis, decomposition of substances and catabolism of

polysaccharides and lipids.

3.2.1 Polysaccharide Incorporation

For the production of polysaccharides only carbon and energy are needed. The number of

polysaccharide molecules in the storage compartment is assumed to follow the dynamical

equation

dmps
= Pst,Ps = 'mQ,PsfPs{E,Ci) - gps (3.5)

dt

where

mps (/rmol): reserve polysaccharides

mol
Pst,Ps (^ ): flux of polysaccharide molecules into storage.

molmo,Ps (^

fPs{E,Ci, Ni), nd.: functional response to internal energy, carbon and nitrogen pools for

production of polysaccharide molecules.

): polysaccharide molecules fixed during anabolism per time.

E (/rmol): energy pool in fimol ATP.

Cl (,umol): internal nutrient in gLmol C .

mol
9P^ i s

energy pool and polysaccharides in storage compartment).

): catabolic rate of polysaccharides (e.g. a function of available energy in the
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The first term of Equation 3.5 stands for the anabolism and the second for the catabolism

of polysaccharides. Anabolism is considered to depend on available energy and carbon

availability only. Catabolism depends on a function gp^ which can be created following ex

periments (see Lancelot and Mathot [33]). The function gps can depend on many variables.

A possible formulation is given in Chapter 5. The energy gained through catabolism is

transferred to the energy pool whereas the freed nutrients go back to the internal nutrient

pools. Catabolism provides energy and carbon for protein production.

3.2.2 Lipid Incorporation

Lipids are produced in presence of carbon, phosphorus and energy. Catabolism of lipids

during light and dark periods is important for some species. The anabolism and catabolism

of lipid molecules is assumed to follow the equation

drriLp
— Pst,Lp — '^0,LpfLp{E, Ci, Pi) — gpp (3.6)

dt

where

mpp (/imol): reserve lipids.

t Adnol
Pst,Lp ): flux of lipid molecules into storage.

/ Aimolmo^Lp (‘^-1—): lipid molecules fixed during anabolism per time.

fLp{E,Ci, Pi), nd.: functional response to internal energy, carbon and phosphorus pools

for production of lipid molecules.

N-i (/umol): internal nutrient N in jimol.

Pi (/xmol): internal nutrient P in pmol.
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9Lp catabolic rate of lipids (e.g. a function of available energy in the energy pool

and lipid in storage compartment).

Lipid anabolism is represented by the first term of Equation 3.6 and depends on nutrient

availability and energy. Catabolism is represented by the second term of Equation 3.6 and

can depend on many variables. A possible form for g^p is given in Chapter 5.

3.2.3 Protein Incorporation and Structure

A major part of cellular structural material is protein and in the text structural mate

rials are sometimes just referred to as proteins. Proteins are produced during the light

period and the dark period. Catabolism of proteins is possible under extreme energy lim

itations (e.g. Cook [9] or Handa [21]) and is included in the model. Protein production

determines growth characteristics of the individual. It is assumed that growth has highest

priority after maintenance. During the light period, energy for anabolism comes from the

photosynthesis and catabolism of reserves, whereas at night the only energy source is the

reserve (polysaccharides and lipids). Protein production is determined by carbon, iron, ni

trogen, and phosphorus availability and by energy production through photosynthesis and

catabolism of reserve products (energy pool).

Other structural materials are also produced such as those employed for cell-membrane

construction. Equation 3.7 is assumed to include not just proteins but also the other

structural materials.

The dynamics for production of proteins and other structural materials are assumed to
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follow the equation

mpr
= Pst,Pr = mo^PrfpriE, Cr, F,, Ni, Pi) - gpr (3.7)

dt

where

mpr (yumol): Protein or structural material in the cell measured in gmol.

Pst,Pr ( ); flux of protein and other structural molecules.

mol
mo,Pr ): fixation of proteins and other structural molecules per time.

fPr{E,Ci, Fi, Ni, Pi), nd.: functional response for protein and structure production.

mol
9Pr ): catabolic rate of proteins.

The function gpr, similar to the functions gps and gi,p, can only be determined from

experimental data. A possible formulation is given in Chapter 5.

3.2.4 The Functional Response /

There is a physiological difference between simple uptake of substances as described in

Section 3.1.1 and incorporation of nutrients into structure or reserves (polysaccharides and

lipids). Whereas simple uptake was assumed to be  a parallel process independent for each

substance, for incorporation there is a different assumption: if a molecule of one type is

ready to process, the processor has to wait for one or several molecules of the other nutrient

in order to be able to complete one molecule of a polysaccharide,  lipid or protein (see De

Groot [12]). Because incorporation of nutrients (or building of molecules) requires energy,

energy is included in the functional response terms. Energy is included via the number of

ATP molecules. One approach (Henson and Hallam [24]) considering a sequence of tasks
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to be completed for building one molecule is used here.

Composition of molecules is normalized to one C molecule. Assuming that a new molecule

of material 4>s (where = Ps, Lp or Pr) can be completed after one C molecule and k N

molecules arrive at the processor and I ATP molecules are available to form the molecule

the completion of the molecule takes a fixed amount of time with the time needed for the

completion of one molecule of expressed as

= max{ty,^c, k t^,Nj tw,ATP) + i4's,b (3.8)

where

(s): time for completion of one molecule of polysaccharides

(-s): waiting-time (time until arrival) for a molecule of type <pi

(s): building-time for one molecule of material <^3

As in Section 3.1.1, the waiting-time is assumed to be inversely proportional to the nutrient

availability, where here the absolute nutrient concentration is chosen.

(3.9)

where

^(0, (^)’ proportionality constant.

(f>i {jimol): internal nutrient in iimol.

The building-time is expressed as the reciprocal of the maximal reaction rate Im,Ps- As

suming Poisson distributed arrival-times for each of the nutrients yields a very complicated
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expression for the functional response. In contrast, the Liebig model assumes the process-

rate to be proportional to the most limiting nutrient (O’Neill et al [36]). Following this

approach, the functional responses take the form

1
(3.10)fPs{E,a,N,) =

max(-^, kATP.Ps'^-f) + 1

^m,Ps

and

1
(3.11)

max{-§^, kp^Lp^, kATP,Lp^-^) + j
m

1

,Lp

and

1
fPr{E,C„F„N„Pi) = (3.12)

max[-^, kp^Pr^
c' c’ c'

, kN,Pr^, kp^Pr-^, kATP,Pr-§) + J
m

1

,Pr

where

(^”^°^): constant relating number of molecules of type <l>i needed for production of
one molecule of material 4>s-

Im,4>si nd. : measure for maximum reaction rate for production of a molecule

If species like coccolithophorids and diatoms are considered, the amount of calcium and

silicate, respectively, is included in the functional response. A similar expression results

for these species. Also iron can be included as a factor because it changes enzymatic rates

which influences protein synthesis.
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3.3 Energy Pool

The energy pool includes energy provided from photosynthesis and from catabolism of re

serve products. It is used for maintenance and growth.

dE
(3.13)= Pst,ATP + Pup,ATP - Pma,ATP

dt .

where

E (/rmol): energy in fxmol ATP available in the cell.

PSt,ATP ( -): amount of ATP produced/used for storage catabolism and anabolism

(negative or positive number).

mol
Pup,ATP (^

including photosynthetic energy.

): amount of ATP produced/used during uptake of materials from water,

molPma,ATP ( j ): amount of ATP used during maintenance per second.

Therefore p»^atp are energy fluxes whose specific forms are introduced in Section 3.9.

In addition, it is assumed that a certain fraction of the internal carbon pool is respired

(dependent only on the internal carbon concentration). This process is included to account

for the CO2 production of phytoplankton cells during light and dark periods. The process

results in energy production.

Pex,C — jex,cCi (3.14)

where jex,C ^) is the fraction of free carbon molecules respirated per second.

41



Production of one ATP molecule requires 3 P elements. Therefore energy production

results in a decrease of available phosphorus, whereas use of energy results in an increase of

the available phosphorus. The following term is included in the phosphorus pool for some

of the simulations

-3 \pst,ATP + Pup,ATP - Pma,ATp] (3.15)

3.4 Photosynthesis

Due to the complexity of light availability and light capturing by phytoplankton cells,

combined with the importance of photosynthetic energy, modeling of photosynthesis is

difficult. The process and its dependencies on abiotic and biotic factors have been discussed

in Chapter 2. In this section a mathematical formulation of the photosynthetic rate in a

water-column is derived.

Figure 2.4 in Chapter 2 shows a irradiance-photosynthesis curve. For low irradiances, the

relationship is linear. Often the value for Ek, the intersection of the continued line of the

linear relation and the maximum photosynthetic rate, is measured. Kirk [25, p.283] gives

the following expression (assuming that the capturing of photons is Poisson distributed):

Lmax[l - e“^] (3.16)

(^) is the photosynthetic rate and Ed (^^) is the light irradi-where L maximummax

ance.

The maximum photosynthetic rate is, however, not constant. Dependence on nutrient

42



availability has been reported from many experiments (Falkowski [14, p.55p]). Therefore

is expressed as a hyperbolic function of the formL-max

L^[ + {l-L^)]L (3.17)max

M + Ta

where La and are nondimensional constants. M represents the nutrient dependency.

If photosynthesis depends on external concentration of nitrate and phosphorus, M has the

form .

M = max(ciiV/e, C20Pe)

where ci {^mol) and C2 (fimol) are constants. M can also be a function of internal nutrient

concentrations.

In another set of simulations Equation 3.17 was replaced by the similar function

Lp 1
L = [l- 17^ (3.18)max

N, + L 1+^

where Lp {fxmol) is a constant. If Equation 3.18 is used, the photosynthetic rate is a

function of internal nitrogen and phosphorus concentration.

The irradiance Ed in Equation 3.16 is not a constant. Incoming light quanta are absorbed

by water and phytoplankton. Kirk [25, p.l29] describes irradiance as a function of depth as

-K^zEd{z) = Ed{0)e

where £^d(0) (^57) is the irradiance just below the surface, z (m) is the depth and Kd (;^)

is a measure for the absorption of light in the water. In the model Kd is assumed to be a
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function of the phytoplankton density but constant with depth. It is assumed that

Kd^Ks + SKp

where Kg is the absorption coefficient due to seawater alone, Kp (^) is the absorption

coefficient due to phytoplankton, and 5 (#) is the total phytoplankton density. Therefore

the overall equation for photosynthetic rate is

L{z,5,Edm=[ + (1 - L^)] L [1 - e (3.19)max

M + L.

or, if Equation 3.18 is used.

-{Ks + SKj,)z
L0 -Ei(0)e

L{z,S,Edm = [^- [1 - e (3.20)Ni + Lji+^^^max

Figure 3.2 shows a three dimensional graph of Equation 3.16 for different depth and irradi-

ance.

The model has, however, no spatial dimensions. It is assumed here that phytoplankton

cells are distributed equally over a depth of zq. The value zq might be the maximum depth

where photosynthesis is still possible. It could also represent the depth of an upwelling

surface layer. This choice makes the model more realistic for upwelling areas where the

phytoplankton concentration is less depth dependent.

Equation 3.20 (or 3.19, respectively) has to be integrated over the depth zq. On the

first glance integration of this equation might seem a difficult task. However, using the

substitution

-■^d(0)^-(K,+SK^)z
E

u =

k
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Irradiance: 75. Absorption: .5 Irradiance: 500. Absorption: .5

Irradiance: 500. Absorption: .1 Irradiance: 500. Absorption: .8

Figure 3.2: Photosynthetic rate as a function of depth and phytoplankton density for dif

ferent irradiance and absorption coefficients. Irradiance in /iinol Vertical axis:

photosynthetic rate, horizontal axis 0-20: depth in m, third axis: cell density, decreasing

from left to right.
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the integration reduces to the form

U

L
20 e

dun

ku

where n = + (1 - -^L

-{Ks + 5Kp) are constants. Using the series representation of the exponential function, one

(or n = [1 - respectively) and k =max N^+La max 5

can calculate

Ed{0)y - 1)^
Ek / ;i

J 3'-

OO y

L{5,Ea{0) = -TE[
* j=0 ̂

(3.21)

An approximate calculation of the photosynthetic rate over a surface layer with depth zq

via Equation 3.21 is possible. Kirk [25, p.278p] gives values for Ek for different species and

locations, all of them being > 0.5. Therefore inclusion of the first five terms of the sums in

Equation 3.21 should give a sufficient approximation for L{5, Ed{0)).

Figure 3.3 shows the photosynthetic rate and the average photosynthetic rate as a function

of cell density and irradiance. Cell density seems to be a small factor except if densities are

extremely high. Irradiance and depth, however, play a significant role. The shape of the

various graphs is not very different, however, a look at the scale reveals the huge differences

in the photosynthetic rate.

The surface irradiance Ed{0) is time dependent. Values can either be obtained from

a meteorological database or can be approximated.  A good approximation for sunny or

partly cloudy days is

TTt
Ed{0, t) = Ed sin{ — )

D
(3.22),max

where D {h) is the daylength (Platt et al [40]).
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Absorption .5. Depth 20m. Average: Absorption .5. Depth 20m.

Absorption .5. Depth 5m. Average: Absorption .5. Depth 5m.

bOO

Absorption 1.5, Depth 20m. Average: Absorption 1.5. Depth 20m.

500

Figure 3.3: Total (left column) and average (right column) photosynthetic rate for a certain

depth as a function of irradiance at the surface and phytoplankton density. Shapes are

similar, whereas scales are very different. Vertical axis: photosynthetic rate, horizontal axis

other horizontal axis: cell density, decreasing from left-I0-500: irradiance in //mol s

to right.
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As mentioned before, CO2 uptake is assumed to be determined by photosynthesis. There

fore, CO2 cannot be a limiting factor in contrast to irradiance. The CO2 uptake flux is

Pup,c = L{I)A (3.23)

Pup,ATP = L{I)p,c,ATpA (3.24)

assumed to be where p^c.ATP (nd.) is a measure for the number of ATP gained from

incorporation of one C element during photosynthesis. This is also a measure for the

efficiency of photosynthesis.

3.5 Maintenance

Maintenance is the most basic and most important process in the cell. If maintenance

requirements cannot be fulfilled, the individual cannot grow and reproduce. The energy

required for maintenance is proportional to the volume of the cell (a cell of double volume

has twice as many proteins to turn over, see e.g. Kooijman [29, page 76p]). Maintenance

costs are described by the simple equation

M = Mo{'mps + rriLp + mpr) (3.25)

1where where Mq ( ) is the maintenance cost per /xmol in number of ATP molecules per

volume. This assumes the same maintenance cost per jmumol of storage and structural

material. Mq could, however, also be different for storage and proteins.

fimol
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3.6 Excretion

Algae excrete different substances. The reasons for excretion are not really known but

probable are waste removal, excess nutrients being transported, or diffusion due to concen

tration differences. Extracellular products are soluble substances liberated from healthy

cells. Typical substances are:

• Carbohydrates: A considerable fraction of the photoassimilated  carbon (1%- 50%) may

be released in form of simple and complex polysaccharides such as glucose, galactose or

mannose.

• Nitrogeneous substances: amino acids and peptides are released but normally do not

represent a large fraction of the extracellular products.

• Organic Acids: Glycolic acid is excreted in a considerable amount by some species.

• Phosphates: Inorganic phosphates are released particularly when inorganic phosphorus

is abundant. At the end of blooms, organic phosphorus is released in considerable

amounts.

• Lipid: only small amounts of lipids are released.

• Auto-inhibitors and Antibiotics (limit growth of excreting cell or growth of other species)

• Toxins (especially during blooms)

For more details and tables summarizing the released extracellular carbohydrates and or

ganic acids see Hellebust [23, page 839p]. Many studies and experiments have been carried

out to find what determines the excretion of substances by healthy cells but no complete an

swer has been found. Intracellular products play  a role as well as environmental conditions.

Excretion by different species depends on different parameters.
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Excretion is modeled here as part of the active transport. A high internal concentration of

nutrients yields an excretion of substances. Internal concentration is measured as a fraction

of the structural material and a maximum possible concentration in the internal is assumed.

(3.26)Pex,<t>-i — J4>
'mpr

where j* {fi mol) is a constant determined from maximum concentration of element * in

the cell.

3.7 Reproduction

Reproduction occurs when the structural material of the cell has doubled. Simple division

of protein, structural material, and reserves is assumed. The two new cells are therefore

identical in all respects.

3.8 The Temperature dependence v{T)

For the dependency of physiological rates on temperature, Arrhenius proposed the following

description (see e.g. Glasstone et al [18]):

Tf Tf
J^K j’K
1

Tfs(T^) = s(T/^)exp( ) = siT^)exp{ {TK -T^)) (3.27)
T^TK
1

where

s(T) (^): rate of a physiological process, here velocity of nutrient transport

s{T^) (^): constant
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(K): absolute temperature

(K): chosen reference temperature

Tjf (K): Arrhenius temperature

This function is used for the transport velocity of nutrients through the cell-membrane,

i.e. v{T - 278) = s{T^). The values s{T^) and for dilferent species can be found in

the literature. The function can also be used to describe the influence of temperature on

production of storage products and on growth.

3.9 Transition Matrices

This section summarizes the calculations for the mass and energy-fluxes

with several different macromolecules containing several of the internal nutrients, a matrix

representation of the mass and energy flows proves to be very helpful.

Dealing

Transition-Uptake-Matrix3.9.1

The following molecules are considered; CO2, iron, ammonium, nitrate, orthophosphate and

other phosphorus combinations. CO2 is assumed to be abundant and its actual mass uptake

flux is determined by the light availability. Mass uptake fluxes for the other molecules are

governed by the equation given in Section 3.1.1. Nitrate needs to be reduced to ammonium

before it can be used. These energy losses and gains are included in the transition-uptake

matrix. The following mass uptake flux vector can be determined by the equations given
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in Section 3.1.1 and Section 3.4.

Pup,C02

Pup,FB

Pup,AM
Pup,m —

Pup,NI

Pup,OP

Pup,OR

where Pup,4> ] represents the uptake of molecules of substance (p. A simple matrix

multiplication can provide the changes in the internal nutrient pools (elementary iron,

carbon, nitrogen and phosphorus) and the energy pool.

Tup * Pup,m —

Pup,C02

PC,C02 PC,FE PC,AM P'C,NI P-C,OP Pup,FEPC,OR

PN,C02 PN,FE PN,AM PN,NI Pup,AMPN,OP PN,OR

P'P,C02 P’P,FE P'P,AM PP,NI PP,OP PP,OR Pup,NI

PATP,C02 PATP,FE PATP,AM PATP,NI PATP,0P PATP,0R Pup,OP

Pup,OR

Pup,C

Pup,F

(3.28)— Pup,ePup,N

Pup,P

Pup,ATP
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where

Tup: Transition-Uptake-Matrix.

Pup,e uptake of the elementary products and ATP.

lid : number of <;iii-molecules in a (?^e-molecule.

PATP,4>,i nd : number of ATP molecules produced or used by reduction of one (?i)e-molecule.

Determination of the elements in the Transition-Uptake-Matrix should not cause any prob

lems because the chemical composition of the substances is well known.

3.9.2 Transition-Storage-Matrix

Synthesis of polysaccharides, lipids and proteins requires carbon, iron, nitrogen and phos

phorus, as well as energy. The reverse process (catabolism) adds these products to the

internal pools. Assuming that the mass-fluxes between internal nutrient compartments and

storage compartments as well as structural compartment are known, the following matrix

representation will be helpful.

PC,Ps PC,Lp PC,Pr Pst,C

PF,Ps PF,Lp PF,Pr Pst,Ps Pst,F

Tst * Pst (3.29)— Pst,ePN,Ps P-N,Lp P'N,Pr,m Pst,Lp Pst,N

PP,Ps PP,Lp PP,Pt Pst,Pr Pst.P

PATP,Ps PATP,Lp PATP.Pt Pst,ATP

where

Tst'- Transition-Storage-Matrix

(fimoi). t]-a,nsition in or from storage of the elementary products and ATP.
Pst,e
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nd: number of <^i-molecules in a typical/average (?i>j-storage-molecule.

I^ATP,4>s 5 iid: number of ATP molecules used by production of one molecule or gained

during catabolism.

Inclusion of additional nutrients like calcium and silicate increase the dimension of the

matrix.

3.9.3 Invertibility

The question if the matrix multiplications in Sections 3.9.1 and 3.9.2 are left and right

invertible can not be answered in general. However, there are necessary conditions for each

of the matrices.

Transition-Uptake Inverse

The transition-uptake matrix T^p represents a linear operator from to 3?^. Invertibility

of this operator depends on its rank. The rank of the operator is equal to the column rank

of the matrix.

1. If the column-rank< 5: the operator is not invertible because it is not one to one.

2. If the column-rank= 5: the operator is invertible, for each element in there exists a

unique pre-image in

3. If the column-rank> 5: the operator is invertible, but only for a subset of 3?^.
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Only in the second case can we calculate the fluxes where 4> = CO2, FE, AM, NI, OP

and OR from given fluxes Pup,4>, where cf>^ = C, N, P and ATP. However, it is unlikely that

the transition-uptake-matrix T^p has exactly column-rank 5.

The result means that knowing the fluxes Pup,4,, of the internal nutrient uptake usually is

not sufficient to get information about the original uptake fluxes pup,4,. That is, the original

uptake fluxes have to be considered, and should be measured in experiments.

Transition-Storage Inverse

The transition-storage matrix Tst represents a linear operator from to In this case,

the row-rank of the operator is < 3. That means the operator is invertible but only for

a subset of 3?^ except when the rank equals 3. Therefore, the power-fluxes pst,4,s for the

storage products can be calculated from the mass-fluxes pst,4,, of the internal nutrients.

However, there exist mass-fluxes for the internal nutrients that do not allow determination

of corresponding power-fluxes.

The result implies that the power-fluxes Pst,4,, of reserves and structure cannot be deter

mined by independent mass-fluxes Pst,<t,^- That is, the power-fluxes are driving the system.

In contrast to the transition- uptake matrix, a determination of the mass-fluxes could result

in an insolvable situation.
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3.10 Surface and Volume Calculations

The surface and volume of a cell are important for uptake and maintenance. A common

assumption is isomorphism (for a more detailed discussion see e.g. Kooijman [29, page 22f]).

Isomorphism means individuals keep their shape as they grow: if a cell has a length of I

and later a length of I2 then surface area and volume are related by the factors and

(1^)^ respectively.

1

If protein is assumed to determine the volume (i.e. internal nutrient pool and reserves

neglected), the simple relation is

mpr
V = (3.30)

apr

where

mpr (/Ltmol): protein and structure in the cell.

^mol—(^Pr ( ): molecular density of protein and structure
cm

The inclusion of reserves in volume calculation gives a more realistic model, but also a

more complicated one. The equation then reads as

mpr T^Lp mps

^e,Lp <^e,Ps
V = (3.31)

crpr

where is the molecular density of substance <ps-

Surface area is assumed to be

2

PT’Pr , pn-Lp , PriPs "A = (F)I = (3.32)
apr '^e,Lp <^e,Ps
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3.11 Summary

The two transition matrices introduced in Section 3.9 are easy means to calculate mass

and energy fluxes. However, the problem is to determine the mass-fluxes. In particular,

insufficient information exists about what drives the catabolism and anabolism of storage

materials. Several experiments have shown that during poor light conditions, protein pro

duction increases and polysaccharides production decreases. One possible explanation is a

lack of energy because more energy is needed to produce one molecule of a (typical) polysac

charide than for one molecule of protein. However, this does not explain why during nitrogen

deficiency the same switch from polysaccharide to protein production occurs. During these

periods, the cell uses perhaps more energy for the reduction of nitrite to ammonium to get a

maximum of nitrogen supply and therefore chooses the cheaper protein production. These

are speculations but show that available energy could be the most important factor in cell

production.

For a summary of the equations, see Appendix C.
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4 The Population Model

This chapter introduces a population model that includes sinking and grazing of single cells

and no aggregation. For a population model including aggregation see Chapter A.

4.1 Species and Ecotypes

The individual model presented in Chapter 3 was developed to follow the dynamics of each

cell independently. However, even with the fastest available computers, it would be very

time consuming to model thousands of individual cells over long time periods. To reduce

the number of calculations needed, one divides the population of each species into groups

of ecotypes. Individuals in one ecotype have the same parameter values, i.e. at time of

birth they have the same amount of structural and storage material and consequently grow

according to the same dynamics.

The population models presented in this chapter and in Chapter A are population models

for one species. To keep the number of indices on parameter values minimal, species depen

dence is not indicated on the parameters. If a sum over a species occurs in the formulas it

is assumed that each species has its own set of parameters. A sum over ecotypes means a

sum over all ecotypes of one species. Parameter values are different for different ecotypes

of one species but this is not indicated in the formulas.
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A McKendrick-Von Foerster Equation4.2

It is assumed that the population is structured by mass of polysaccharides, lipids and

proteins. Let 5{t,mps,mLp,mpr) be the density of cells with mass of polysaccharides mps,

mass of lipids m^p and mass of proteins mpr at time t. A Mc-Kendrick-Von Foerster

equation for a population structured by three dynamic variables has the following form (see

Hallam [20]):

dt ^ drrii{(pi{m)6) = -DS

where

m = (mi, m2, m3): vector of the three dynamic variables

drrii .:yj,(m) =  derivative with respect to time of the dynamic variable rtii
dt

D: death-rate.

Using the notation of the individual model, the equation takes the form

dS{t,Tnps,mLp,mpr)
+  Wps{t, mps, rriLp, mpr)5{t, mps, mip, mpr)]

[fLp{t, mps, rriLpi rnpr)8{t, mp„ mip, mpr)]

+ ̂;^[^PT{t,mps,raLp,mpr)5{t,mp„mLp,mpr)] = -D5

(

dt

4.1)

The death-rate D is a constant in the simplest case or a function D{mps,mip,Tnpr) of

the dynamical variables in a more complicated case. The functions (p^{m) = dm. (* stands

for Ps, Lp or Pr) are part of the individual model. However, these functions are species

dt

specific (due to variation of processes and parameters) and therefore a Mc-Kendrick-Von
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Foerster equation is needed for each ecotype separately.

Boundary Conditions: The boundary conditions of the model are determined by the birth

equation. For the given individual model, reproduction occurs if the structural material has

doubled in mass. Let the initial value of protein and structural material in a cell be mpr.o-

Then, the death-rate D = oo if the structural mass mpr has the double value of the start

value mprfl. At this time two new cells with structural mass mprfi, lipid mass ̂ mpp, and

polysaccharide mass \mps, enter the population. The birth function can be written as

roo poo
B{t) = / / 25(t,mps,mi,p,2mprfi)dmLp dmps

Jo Jo
(4.2)

and the boundary conditions are

5{t, mps, rriLp, mp^.o) = 2(5(t, 2mps, 2mLp, 2mprfi) (4.3)

The value mpr,o can be different for each ecotype.

4.3 Application to Individual Model

The McKendrick-Von Foerster Equation presented in Section 4.2 assumes the existence of

partial derivatives of the density function 5(t, mp^, mpp, mp^). However, the individual

model does not allow calculation of a continuous density function. If calculated from the

individual model, the density function 5 is only nonzero for a finite number of sets of values

for mps, mpp and mp^ - one set for each ecotype. Therefore, a modification of the equations

of Section 4.2 is necessary.
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Equation 4.1 takes the form

8{t + At, mps + Pst,Ps^t, rriLp + pst,Lp^i, t^Pt  + Pst,Pr^t) = S{t, mp^, rriLp, mpr)

-D(mpj, rriLp, mpr)5{t, mps, mip, mpr)M

(4.4)

This equation is applicable to each set of values of mpp and mpr determined by the

different ecotypes. For different ecotypes the values mp^, mpp and mpr are never all the

same. Again D = co vs, assumed for mpr > 2mpr,o due to cell division.

Equation 4.2 for the birth process takes the form

= Yl 2d(t,mpj,mLp, 2mpr,o) (4.5)
ecotypes

and Equation 4.3 for the boundary condition

mps, rriLp, mp^.o) = 28{t, 2mps, 2mLp, 2mprfi) (4.6)

does not change its form. However, it is important to remember here that the value mpr,o

is different for each ecotype.

Sinking4.4

The component determining sinking is

X

-8{t,x) (4.7)

where x {cw?) is the volume of a cell, and z (m) is the depth of the surface layer. This

formulation allows calculation of number of lost cells due to sinking for each ecotype. For
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a derivation of this equation see Section A.2. The volumes x can be calculated from the

known values of mp*, mpp and mpr, see Section 3.10.

4.5 Grazer Model

Grazing by zooplankton is one of the most important factors of population control for

phytoplankton. Here, zooplankton is modeled in a very general way as one population

grazing on phytoplankton. A dependence of grazing on the volume of the phytoplankton

cells is included. The following dynamics for the zooplankton community are assumed:

Sspecies ^^ecotypes q{x)S{t,x)dZ
= {MI) {AE) z-e (4.8)

dt ' ŝpecies J2ecotypes + '’^p

where

Z {^)‘ density of grazers,

r, nd.: constant, either 1 for a first order grazing process or 2 for a logistic representation.

{MI): maximum ingestion rate of grazer.

{AE): assimilation efficiency of grazer.

q{x): probability an individual grazer ingests a cell of volume x.

dp-, trophic response half saturation constant.

0: constant mortality rate of grazer population.

As mentioned before, volume of the cells is calculated from the known values of mp

and mpr- Sum over ecotypes means sum over all volumes present at a certain time. The sum

over all species is required in Equation 4.8 because the total population of phytoplankton

determines the population change of the zooplankton.

rriLpS J
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The losses for each ecotype in number of cells are then

9(x)<5(t,a:) . (4.9)

4.6 Summary

If the equations are put together, Equation 4.4 takes the form

J(t + At, mps + pst,Ps^t, TnLp + pst,Lp^t, mpr + pst,PT^t)

= 8{t,m)+ --V{m)5{t,m) - q{V{mps,m))5{t,m) - D{m)6{t,m) At

1
= 5{t,m) - -V(m) + q{V{Tn)) + D{m) 5{t,m)At

z
(4.10)

where m represents the vector (mp^, mpr)- Here the death-rate D is still included

because cells have to be removed due to division. Also there could be an additional loss

of cells due to toxicant, currents, or other environmental effects. For the simulations in

Chapter 6 no additional death term was used.
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5 Model Analysis

5.1 Assumptions

In Chapter 3 the model for the individual was presented in a general way. Several functions

were not specified because they are still a matter of scientific speculations. However, to

analyze the model these functions have to be known. The following assumptions are made:

• Polysaccharide incorporation (Section 3.2.1): One possible formulation for the function

gPs for catabolism is

m
Ei
£
m for > 0Ej.

9Ps(.E,mps) = - (5.1)
for = 0«Ps,0

where Kp^ (nd) is a constant, and «;ps,o (^i^^) is the maximum rate of catabolism for

polysaccharides. This formulation assumes an inverse proportionality to the energy in

the energy pool and a functional response to the available polysaccharides in the storage

compartment.

Alternatively, for simulations where the mass balance for phosphorus was included, the

function gp^ was chosen as

1
for jE > 0'^Ps.O

(''■Ps.l +'^Ps,2gPs{E,mps,P) = < (5.2)mpj

for = 0I^Psfi
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where Kps,, (nd) are constants. This formulation includes the dependence on the in

ternal phosphorus pool, because catabolism produces energy in form of ATP. ATP can,

however, only be produced if phosphorus is present. Equation 5.2 is similar to Equa

tion 5.1 in a way that it assumes high catabolism if energy in the cell is low or storage

pool is large.

• Lipid incorporation (Section 3.2.2): For lipid incorporation, the same functions are used

as.for polysaccharide catabolism, with mpj replaced by m^p.

• Excretion (Section 3.6): Excretion has been modeled according to the equation:

.  <i>t
(5.3)Pex,» —

mpr

where j* is a proportionality constant for excretion of the element *.

See Appendix C for a summary of the model equations in the notation used so far as well

as in the notation used in the computer code.

5.2 System of Equations and Solvability

The model equations form a system of over 10 coupled, nonlinear, ordinary differential equa

tions coupled with one difference equation. Before aiming for a solution of the system of

ordinary differential equations, the question of existence has to be answered. The existence

theorem for a solution of a system of ordinary differential equations is (see Goldberg and

Schwartz [19]):

THEOREM: Existence

Let x' = f{t,x) be a system of ordinary differential equations and let x{to) = a;o be the
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initial value. If / is continuous on |t - to| < T and Hx - xqII < R, where T and R are

constants, then there exists at least one solution of the system in the interval

It can be easily seen that all equations used in the model are continuous, the only exception

being Function 4.10 for the population dynamics. This function is given in a discrete

representation with time-step At.

The following observations can be made:

The discrete function for the phytoplankton populations 4.10 leads to discrete changes in

the sums of total uptake and excretion of the substances in water. The grazer equation is

also no longer continuous. This leads to jumps in the substance equations and therefore

continuity is also lost in the individual model equations.

However, this loss of continuity does not effect the time intervals in between the time steps.

In the time-intervals [0, At), (At, 2At) and so on, all functions of the model are continuous

(including the population sizes 5 which are constant) and therefore the existence theorem

is applicable and guarantees existence of solutions in these intervals.

For uniqueness the functions f need also to fulfill a Lipschitz-condition. All functions in

the model are differentiable (via continuous extensions) and therefore Lipschitz continuous

in compact intervals. Therefore, uniqueness of the solution in the time intervals [0, At),

(At, 2At) and so on follows.
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5.3 Numerical Methods

An analytical solution of the nonlinear system of ODE’s cannot be found easily - if at

all. Therefore numerical methods have been used. There are many numerical methods

providing different accuracy and requiring different amounts of work. As one can expect

higher accuracy require more work. Some of the methods are

• The Euler Method: The Euler Method is one of the easiest methods for an approximation

of a solution of a nonlinear system of ordinary differential equations. For each time-step

the derivatives have to be evaluated once. The accuracy changes with the choice of the

time-step.

• Multistep formulas: A multistep formula such as the Adams-Bashforth Method (see for

example Conte and de Boor [8]) uses information about the solution at more than one

point. It increases accuracy with little increase in the number of calculations to be done,

if information of preceding time steps are stored in the memory.

• Runge-Kutta Method: Runge and Kutta invented a more sophisticated method for an

approximate solution of systems of ordinary differential equations. The method is more

accurate than the Euler method. A second order Runge-Kutta Method does requires

approximately the double amount of work than the Euler Method.

Many other methods are available, but most of them require even more work. The results

have been obtained using the simple Euler method or a second order Runge-Kutta Method.

Convergence of the Euler Method and the Runge-Kutta Method follows from the existence

of a unique solution and the boundedness of the derivatives. Finding an optimal time step

for the method is difficult. Because simulations obtained using different step-sizes showed no
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differences in the qualitative behaviour of the model, no further attention has been paid to

the time step. However, for a quantitative analysis of an experiment or a data set obtained

from the held, the importance of the time step has to be examined carefully.
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6 Results and Discussion

A mathematical model with an ecological application can be tested on data from experi

ments or from the field. Complex models such as this are very flexible and one can imagine

that there exist parameters that fit the model to many real world data sets. The ques

tion, however, is if, after parameters are chosen for one species under certain conditions,

the model is also applicable to other environmental conditions without changing parame

ters. In this case the model would be useful for prediction of growth and composition of

phytoplankton assemblages under certain conditions.

First a summary of the results is given before some results of the individual simulations

are presented. A discussion about sensitive parameters follows these results.

6.1 Method

The qualitative behavior of the model was tested with a computer code written in the

language C. Simulations were performed on Sun SPARC Stations (different models). One

version of the code makes use of the Euler Method, whereas another version uses the Runge-

Kutta Method. The simulations performed with the Runge-Kutta Method include the mass

balance for phosphorus (makes use of the alternative formulations for photosynthesis and

catabolism given in the text). Table 6.1 summarizes the performed simulations. If not men-
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Table 6.1: Performed simulations: conditions and results

Num Conditions L/M Results

one species simulations

1 constant nutrient concentrations lOd steady growth/reproduction pattern

and irradiance; no catabolism E after 2 d.

only initial nutrients; constant2 5d, E growth until nutrients depleted (3 d);

then storage production only.irradiance

3 same as 2 with lower irradiance 5d, E one reproduction only; steady state

achieved after 2 d.

only initial nutrients; 12:12 day-

night cycle

4 5d, E reproduction usually during the day,

storage shows night-day fluctuations.

5 a/ only initial nutrients, 12:12 day-

night cycle, low maintenance rate

lOd/ growth until nutrients are depleted

(9d), then accumulation of storage un

til maintenance of storage uses all pro

duced energy (70 d).

5b 80d

E

5c/ same as 5a/5b with higher main- lOd/ growth until nutrients depleted (10

d), then steady day-night pattern; at

night all storage catabolized and no

5d 80dtenance rate

E

ATP.

6a constant nutrient input 250 steady pattern after 20 d.

d, E

Num = number of simulation; L/M = length of simulation in days (d) and numerical method

used; E = Euler Method; RK = Runge-Kutta Method.
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Table 6.1, continued

ConditionsNum L/M Results

6b same as 6a, but no sinking and 250d steady pattern with increasing period.

Egrazing

only initial nutrients 14.5d, growth slow after 5 days because phos

phorus concentrations are low.

7

RK

constant nutrient input 25d8 speed of growth, ATP and storage

pools decrease with increase in time.RK

multiple species simulations

two species, one does not need sil

icate, has smaller cells, and lower

9a Id similar growth patterns for both

RK species.

maintenance rate; constant nutri

ent input

9b same with very low silicate input 37d only species without silicate require

ment is able to grow; other species ac

cumulates storage.

RK

low phosphorus input, 18:6 day-

night cycle with compared to

other simulations low irradiance

10 59d, smaller species grows much faster;

both species cannot produce enough

energy to accumulate storage (due to

RK

phosphorus limitation).

>Ium = number of simulation; L/M = length of simulation in days (d) and numerical method

used; E = Euler Method; RK = Runge-Kutta Method.
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tioned explicitly, all simulations included catabolism for polysaccharides and lipids, con

stant temperature, sinking, and grazing. Grazing was constant, independent of cell size of

phytoplankton. The internal nutrients nitrate, phosphorus and silicate were modeled.

6.1.1 Skeletonema costatum

Parameters for the diatom skeletonema costatum were estimated for use in the simulations.

This species is widely distributed. It is a well studied species and therefore much relevant

literature can be found. References for the parameter values are mentioned in Appendix B.

To start simulations, data from experiments performed in laboratories under fixed irra-

diance and nutrient conditions were chosen. Many model parameters had to be estimated

because not all parameters can be found in the literature or, if they can, they appear in

different articles about experiments under very different conditions. It might therefore be

better to choose few data sets for comparable conditions and estimate the missing param

eters. If growth in the computer simulation follows growth measured in these experiments,

one hopes that the model is also able to simulate experiments done under other environ

mental conditions.

6.2 Summary of Results

General comments for all simulations:

• The time step for the numerical method was chosen to be between 0.5 seconds for short

term simulations (1-10 days) and up to 3 seconds for the very long simulations (up to
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250 days). For most simulations, 1 second was chosen.

• Environment was assumed to be homogeneous, with cells distributed equally. No move

ment was assumed.

• Results of the simulations were written to data files. The figures shown have been

created with Gnuplot and Xfig for Unix.

• The jumps visible in the graphs result from reproduction when all internal cell compart

ments are divided into half. Actual status of each compartment was printed out every

10-60 minutes for the short term simulations and every 1-3 hours for the long simula

tions. Therefore, some of the figures show corners that are actually fast but smooth

changes in compartments (none of the equations has a singularity). However, some

corners can also be the result of the numerical solution method (overshooting of limits).

• Temperature changes are often slow in the environment. Temperature was chosen to be

constant for all simulations.

• Most of the figures are from simulations that include processes of catabolism, mainte

nance, respiration, and excretion. Simulations without these flows have been performed

but yielded expected, nonmeaningful results (such as unlimited growth of internal stor

age pools, energy pool or nutrient pools).

• If maintenance requirements were higher than the energy gained through photosynthesis

and catabolism, it was assumed that all growth processes (storage and structure) stop.

Catabolism continues, however, providing additional energy for maintenenance.

• Losses of cells were due to sinking and a grazer population. Losses turned out to have

little impact on the dynamic behavior of the individual cell. This was different for long

term simulations when populations sizes were large.
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Simulations of one species under constant nutrient conditions (constant concentrations

or constant input per time) resulted in a steady pattern of population growth and stor

age production (Simulations (1) and (6b)). Simulations under diiferent conditions showed

promising results for all three focus points of the model (nutrient limitation, energy limita

tion, and species composition).

1. Nutrient limitation: In the simulations, low nutrient concentrations decreased the speed

.  of growth or stopped growth completely (e.g. Simulations (2), (4), (5), (6b), (7), (8)).

During times of high irradiance (during the day), nutrients were in almost all cases

the limiting factor for speed of growth (e.g. Simulations (4), (5)). Low concentrations

of specific nutrients only resulted in a change of storage composition. If, for example,

phosphorus was the limiting nutrient, cells shifted their storage production to polysac

charides, a storage material that does not contain phosphorus (e.g. Simulation 2).

2. Energy limitation: Limited availability of energy resulted in a decrease in the growth

rate or a complete stop of growth (e.g. Simulations (3), (4), (5), (6b)). Energy limita

tion occurred during the night and other times of low irradiance. Energy limitation also

resulted in a decrease or total disappearance of storage materials through catabolism of

these materials (e.g. Simulations (3), (4), (5), (6b)). During times of limited or zero

growth but abundant energy, the cell is still able to produce storage materials. If mainte-

nenance for storage is zero, this production is not limited. The inclusion of maintenance

requirements for storage materials prevented extensive production of storage materials

(e.g. Simulations (3), (6b)).

3. Species competition: During simulations with two species it was examined that growth

of one species is not influenced by the other species under conditions where no nutri

ent is limiting (e.g. Simulation 9a). If one species required an additional nutrient for

growth (silicate was used in the simulations) in contrary to the other, and supply of
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this nutrient was limited, then this species was growing only slowly (e.g. Simulation

9b). Differences in speed of growth between two species could also be examined under

phosphorus limitation. Smaller cells seemed to be less effected by phosphorus limitation

than larger cells. Even though a higher maintenance rate per volume for the species

with smaller cells was assumed, the smaller cells seem to be less energy limited than

the larger cells (larger volume means finally higher maintenance requirements for larger

species). Therefore, smaller cells outperform larger cells (Simulation 10).

The following sections show some of the individual results, including graphs and further

comments.

6.3 Individual Results

This section shows some of the simulations in greater detail. The figures that belong to a

simulation always show the absolute number of cells (per liter), and some of the internal

and external pools (/xmol per 1). If a day-night cycle was used in a simulation, irradiance

during the day was calculated according to the formula

TTt
(6.1)Ed{0)sin{—)

D

m ̂ ) is the maximum irradiance and D {h) is the-1(Platt et al [40]), where Ed(0) (jumol s

daylength. Simulations were usually started at midnight.

75



6.3.1 Simulation (1), Unlimited Growth.

Simulation 1 (Figure 6.1) shows growth of Skeletonema costatum under constant envi

ronmental conditions. Nutrient levels and irradiance were constant (24 h irradiance of

m~^). Catabolism was turned off for this simulation. Reproductive rate was

2.5 per day which is a realistic value for the given conditions. All jumps in the model are

results of reproduction.

-177^mol s

After the first three reproductions, all internal pools show a steady pattern, showing

fast increase between the reproductions. All internal nutrient pools and the energy pool

show constantly high values. It does not appear that one of the nutrients or energy are

growth limiting. Maximum speed of biosynthesis seems to determine speed of growth in

this simulation.

Simulation (2), Nutrient Limited Growth.6.3.2

Simulation 2 (Figure 6.2) includes catabolism for both lipids and polysaccharides. Mainte

nance was assumed to depend on proteins, lipids, and polysaccharides. Light was constant

at 77/imol No nutrient input in the system except initial concentrations was

assumed.

Results show a growth rate of 2.5 divisions per day before nutrients are depleted and

growth stops. For the first 80 hours, the growth rate is similar to the growth rate in

Simulation 1 with unlimited nutrient supply. However, division rate slows down slightly

with increasing time. After 80 hours, nitrogen and phosphorus are depleted, because no

input of these nutrients was assumed and growth stops. Silicate is almost depleted in the
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internal silicate internal ATP

Figure 6.1, continued.
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environment but still abundant in the cell. After reproduction stops, lipid concentration

remains constant (phosphorus is depleted), polysaccharide concentration increases because

enough energy from photosynthesis is available, even though photosynthesis is reduced

by more than 50% due to nutrient depletion in the cell. Finally, however, maintenance

costs of polysaccharides will exceed the available energy in the cell, stopping additional

polysaccharide production.

Simulation (3), Low Irradiance6.3.3

Simulation 3 (Figure 6.3) is under the same conditions as Simulation 2, but under constantly

low irradiance of 17 nmol s~^ The results show a total depletion of the storage

compartments after 20 hours. The energy gained through catabolism was enough to yield

one reproduction after 20 hours. Interior nitrogen, phosphorus, and silicate pools reach

a steady state after growth stops, and as a result also external substance concentration

remain constant for the rest of the simulation.

Examining details of the graph yields some interesting results. The ATP concentration

in the cell remains zero for the first ten hours because maintenance costs are higher than

yielded energy from catabolism and photosynthesis (gain from photosynthesis remains below

maintenance requirements for the whole time period because of the low irradiance). After

ten hours, however, storage pools are reduced significantly, which reduces the maintenance

costs. Therefore, after approximately 10 hours, ATP yield is higher than maintenance

requirements. ATP is invested into growth. After division, however, growth continues just

for another 11 hours before ATP is depleted again. The reason is the depletion of storage

material that provided the energy. The rest of the time maintenance for proteins is higher

than ATP gained through the photosynthesis. Therefore the cell enters a steady state (no
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growth).

Looking at the external phosphate concentration, one recognizes that the concentration

increases from the beginning of the simulation until about 20 hours (which is the time when

reproduction takes place). Also, the internal phosphorus pool is on the rise. This is a result

of the lipid catabolism that frees phosphorus from storage. Lipids start to get depleted

before reproduction. This results in the sudden decrease of the internal phosphorus pool

right before reproduction takes place. During this term even some phosphorus is taken back

up from the environment. This uptake continues after reproduction until growth stops.

6.3.4 Simulation (4), Day-Night Cycle.

Simulation 4 (Figure 6.4) was for a 12:12 day-night cycle with a maximum irradiance of 277

^mol s~^ m-2

This simulation shows energy limited growth at night and nutrient limited growth during

the day. In five days, 6 reproductions occurred (1.2 reproductions per day). The time

between reproductions is not constant. Reproduction occurs normally during the day, on

the third day 2 reproductions took place (one in the morning, one in the evening). Initial

amounts of storage materials seemed to be high. High catabolism in the first and second

night brought down the levels reducing maintenance requirements significantly. Polysac

charides and lipids show increase during the day, decrease at night. The energy gained at

night is partially used for maintenance, but partially for growth as one can see the slow

protein increase during the night.

Internal nitrogen, phosphorus, and silicate show increase at night until a maximum con-
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centration is reached. Again the graph for internal phosphorus shows a different behavior

during times of lipid catabolism (especially during the first night). ATP concentrations are

only low at the beginning when the high storage compartments

require maintenance energy. Later ATP remains at fairly high concentrations. External

nutrients decrease but are still at high levels after five days.

6.3.5 Simulation (5a) to (5d), Lovi^ and High Maintenance Rate.

Simulations (5a) to (5d) (Figures 6.5 to 6.8) compare two different maintenance rates.

Compared to Simulations (1) to (4), parameters for energy budgets were changed in order

to get more realistic ATP levels in the cell. Simulations were with initial nutrient input

m~^ was assumed.-1only. A 12:12 day-night cycle with a maximum irradiance of 277 /j.mol s

Simulations (5a) and (5b) are simulations for a low maintenance rate for 10 and 80 days,

respectively. Simulations (5c) and (5d) are for the high maintenance rate for 10 and 80

days, respectively.

The two 80 days simulations show that growth continues for about 10 days before nitrogen

depletion stops growth. Comparision of Simulations (5a) and (5c) shows that the species

with the lower maintenance rate has one more reproduction after 9 days, showing already

9 reproductions compared to 8 for the species with higher maintenance rate. The reason is

that a lower maintenance rate allows faster growth especially at night. A high maintenance

rate can force a cell to catabolize all its storage at night and use it mainly for maintenance

(Simulation (5c)), whereas a low maintenance rate allows a cell to use energy, gained through

catabolism at night, for growth.
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Figure 6.6: Simulation (5b). Cell number in # I ^ other scales jimol, versus time in hours.
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After nitrogen is depleted, and growth stops, a high maintenance rate does not allow a

cell to accumulate storage materials (Simulation (5d)). A low maintenance rate, however,

allows a cell to store energy and nutrients through production of polysaccharides and lipids

(Simulation (5b)). Finally, storage production stops also for the low maintenance rate

because storage requires maintenance.

6.3.6 Simulation (6a) and (6b), Long Term Behavior.

The two Simulations (6a) and (6b) (Figures 6.9 and 6.10) were performed in order to test

the model behavior over a long time period of 250 days. For these simulations, nutrients

were supplied at constant rates during the entire time period. Simulation (6a) included

a sinking and grazing term, whereas Simulation (6b) did not include any losses. Included

losses in Simulation (6a) result in a steady pattern of population growth after ten days. If no

losses are included, a repeating pattern also occurs after approximately 10 days. However,

the times between reproductions are increasing because less nutrients are available for each

cell after each reproduction. Simulation (6a) shows a stable population. Simulation (6b) a

stable growth of a population.

Simulation 7, Nutrient Limited, Phosphorus Mass Balance6.3.7

For Simulation 7 (Figure 6.11) the computer code based on Runge-Kutta’s Method was

used. This code includes the mass balance for phosphorus. Only initial nutrient input was

assumed.

The figures show that phosphorus becomes a limiting factor of growth after approximately
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Figure 6.10: Simulation (6b). Cell number in Z other scales fimol, versus time in

hours.
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five days. Because no ATP can be produced without phosphorus, the internal ATP concen

tration also decreases. Therefore, no polysaccharides can be produced. This is a different

result than the one obtained in Simulation 2, where polysaccharides could still be produced

after phosphorus was depleted. This was possible in Simulation 2 because it did not include

the mass balance for phosphorus.

6.3.8 Simulation 8, Constant Nutrient Inflow

Simulation 8 (Figure 6.12) was performed under the same conditions as Simulation 7 with

constant nutrient input over the entire time. Length of the simulation was 25 days.

Results show an almost steady speed of growth. After 5 days, however, external phosphate

concentration becomes low. However, growth does not stop. Instead, the cell produces much

less storage during the day. External phosphate shows also high concentrations at night,

because phosphorus is freed from lipids and from ATP.

Two Species Simulations6.3.9

Simulation using Euler’s method (figures not shown): Simulations are performed including

two species with the same parameter files except that the one species needed silicate for

growth, whereas the second species does not. All nutrient levels remained constant except

silicate which had only an initial value and no additional input. The results showed what

can be expected: both species grow with the same speed initially. After silicate becomes

depleted, species one stopped growing whereas species two continued its growth.
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If the silicate level was held at a constant low concentration and all other nutrients had only-

initial values, differences in speed of growth could be recognized. Results showed growth of

both species over the whole time period. However, the species depending on silicate grew

at a much lower speed. The lower silicate level limits the growth of one species. The low

silicate concentration determines the success of one species over the other.

Simulations using Runge-Kutta’s method are shown in the following sections.

Simulation (9a) and (9b), Silicate Limited6.3.10

Simulations (9a) and (9b) (Figures 6.13 and 6.14) were performed with the computer code

using Runge-Kutta’s method and including the mass balance for phosphorus. In each

simulation, two species, each divided into two ecotypes, were simulated. Species one required

silicate for growth, species two did not. In addition, species two consisted of smaller cells

(lower minimal structural material), and had higher maintenance requirements. Simulation

9a assumed high nutrient inputs over the entire time period, whereas simulation 9b assumed

high nutrient inputs for phosphate and nitrite but extremely low silicate input.

Results of 9a show fast growing species. Species two (smaller cells) grow faster than species

one. In Simulation 9b, species one can only reproduce ones after 25 days, at a time when

the species is almost extinct. Even though growth is not possible for these cells, storage

production is high. Species two grows fast until phosphorus becomes limiting. The cells can

still grow at a slower rate, lipids can, however, only produced in low amount. In contrast,

cells accumulate storage in form of polysaccharides.

These simulations show success of one species over another if species have different re-
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quirements.

Simulation (10), Phosphorus Limited6.3.11

Simulation (10) (Figure 6.15) was performed under the same conditions as Simulations (9a)

and (9b), with high silicate and nitrite input, but low phosphorus input. The question,

which species performs better in a case where a nutrient required by both species is lim

iting, cannot be answered in advance. Initially, both species grow fast, and species two

clearly outperforms species one. Species two shows about five times the population size of

species one. A comparison with Simulation (9a) suggests that under non-limiting nutrient

conditions the difference between the two species is not as large. After growth stops (ap

proximately after 16 days), species two can hold its already high population size, whereas

species one decreases in cell number.

A possible reason for the different performances is the difference in maintenance costs.

Even though species two has a higher maintenance requirement per volume, species one

with its large cells needs probably more energy for maintenance. Energy can, however, not

be produced in large amounts if phosphorus concentrations are low.

6.4 Sensitivity Analysis

A sensitivity analysis was performed in order to find the parameters that govern the dy

namics of the model. Parameters on the individual level as well as on the population level

and the habitat level were examined. The following method was used:
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Several simulations using the computer code based on Euler’s method were performed.

During each simulation, the population was divided into four ecotypes, each of them having

different parameters. Various parameters were chosen out of an expected range for a specific

parameter. Different parameters were changed in the various simulations. All of them lasted

for 25 days. Nutrient input in the system was zero during the entire time, allowing cells

to feed on initial nutrients only. Results were examined for differences in population size

primarily and variations in storage accumulations between the four ecotypes. Populations

increased during the first part of the simulations, and growth stopped after nutrients were

depleted. Therefore, performance of the various ecotypes could be examined for nutrient

abundant conditions (beginning of simulation), as well as for nutrient limiting conditions

(end of simulation).

In this section, growth phase means the first part of the simulations (increasing total

population size), whereas stationary phase means the second part (nutrients depleted, no

growth). During the stationary phase, cell number decreased due to sinking, however, the

protein and structure pools showed no variation over time.

First the parameters for the individual are discussed, then some of the global parameters

are discussed.

Parameters of the Individual6.4.1

All parameters on the individual level influence, more or less, the speed of biosynthesis in

the individual.
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Active Transport, Parameters a, and

Temperature was assumed to be constant for all simulations. For convenience, v(T) = 1

was set all the time, and only the values of a (which plays then the role of a half saturation

constant), and were changed (for phosphorus and nitrogen only).

• A. change in a resulted in different growth rates for the ecotypes. A lower value of a

allows faster uptake of nutrients, which increases the growth rate.

• A change in the proportionality constant and the maximum transport rate n^^A

resulted also in different growth rates. Ecotypes with faster uptake of nutrient grew

faster. In addition, these ecotypes are able to adjust their interior phosphorus pools

faster. The slow uptake (which is in the model also coupled with a slower excretion rate)

of nutrients resulted in large fluctuations for the internal phosphorus pool, because at

night catabolism of lipids produced free phosphorus. The advantage for these cells is

that they keep more phosphorus in the cell at night.

Maximum Biosynthesis and Functional Response, Parameters and

Changes in the maximum biosynthesis and functional response term directly influence

growth of species.

• The maximum rate of biosynthesis influenced performance of the four ecotypes.

Faster biosynthesis resulted in faster growth and larger final cell number.

• Changes in the proportionality constants in the functional response terms of biosyn

thesis also had direct effect on growth of species. A larger yielded a faster growth.
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Additionally, more storage in form of polysaccharides and lipids could be produced. This

resulted in a higher catabolism at night, and therefore a longer growth phase for these

cells (more energy available). During steady state, the higher storage compartments

increase the volume and weight of the cell. This can also effect sinking and grazing.

Costs of Protein Synthesis, Parameters and mu^^^Pr

Protein and structure synthesis is one of the most important functions of the cell because

they determine the actual growth rate of the population. Higher carbon and nitrogen

requirements were coupled with lower ATP requirements and vice versa, suggesting more

complicated, but low energy structure on the one end of the scale and less complicated, but

high energy structure on the other end. These simulation resulted in different limitations

for the four ecotypes. The ecotypes with the more complicated structural materials (high

carbon and nitrogen requirement, low energy requirement) were strongly nutrient limited

and grew slowly. These ecotypes were, on the other hand, able to accumulate storage

materials. Ecotypes with less complicated structural materials were energy limited. They

were, however, able to grow very fast under the given conditions, by shifting use of energy

from storage production to growth. The results showed that storage production depends

on availability of energy, whereas growth is governed by available nutrients.

Photosynthesis, Parameters Ek and L
max

Photosynthesis is the only source of energy for the cells. It is therefore not surprising that

changes in Ek and L

and higher values of L

influence performance of an ecotype strongly. Lower values of Ek

provide the cell with more energy which increases growth and

max

max
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also production of storage materials.

Maintenance, Parameter Mq

Maintenance rates influenced speed of growth especially at night or during other times of

low irradiance. The main source of energy during these times is the catabolism of storage

materials. A high maintenance rate did not allow  a cell to continue growth at night, whereas

a lower maintenance rate allowed growth. Therefore, ecotypes with lower maintenance rates

showed higher growth rates.

Respiration, Parameters Cc

Changes in the respiration rate (c produced different growth limitations for the ecotypes.

Ecotypes with a high (c were carbon limited. A constantly low internal carbon concentra

tion did not allow fast growth. A low value for Cc allowed faster growth. Therefore, energy

levels for these ecotypes were lower.

Silicate, Parameters csi, nsi, cs, and ks^pr

Changes in the parameters for uptake and incorporation of silicate influenced performance

of various ecotypes. Low uptake rate or high silicate requirements for structural materials

resulted in a lower growth rate. Lower growth rates increased the size of the storage pools,

where the available energy was stored.
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6.4.2 Global Parameters

Global parameters determining behavior of the model photosynthetic and sinking parame

ters. Simulations for sensitivity of the model on global parameters were performed for one

ecotype under the same conditions as the individual parameter test (only initial nutrient

input).

Depth of Surface Layer, Irradiance, and Daylength

Depth of surface layer, irradiance, and daylength all influence the photosynthetic rate

strongly. Depth of surface layer influences the sinking rate.

• Usually in all simulations a surface layer of 15m was assumed. Thinner surface layers of

1 and 10 m did not produce a higher flnal population size, but higher storage compart

ments, because more energy is available. A surface layer of 25 m resulted in low ATP

levels during growth phase and stationary phase.

• Higher irradiance and longer days increased available energy in the cell. The number

of reproductions remained the same for different parameters because limited nutrients

allowed only a certain amount of reproductions. Time between reproductions decreased,

however, with increasing irradiance or daylength. Internal storage and ATP levels were

higher for these scenarios.
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6.5 Summary

The model dynamics show realistic results for many environmental conditions. Results are

very sensitive to photosynthetic parameters, parameters of nutrient transport, and biosyn

thesis. In addition, maintenance rate and respiration rate turned out to be important

factors.
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7 Discussion and Conclusions

Results from the simulations and from the sensitivity analysis examine phytoplankton pop

ulations under nutrient and energy limiting conditions. Simulations show that growth of

cells can be nutrient limited during the day and energy limited during the night. The simu

lations showed also many different scenarios where cells shifted biosynthesis from structure

to storage, or from one storage material to another. Stored nutrients and energy could then

be used for maintenance and growth at night. Under phosphorus limitation, for example,

storage in form of polysaccharides was the main reserve. This shows the importance of a

storage pool that is divided into several compartments. Other processes that turned out

to be very important in determining development of a cell include photosynthetic, mainte

nance, and respiration rates. For the photosynthetic rate an exact estimation of the cell size

is important (which again requires knowledge about the amount of storage in a cell). Main

tenance, especially for storage materials, seems also to be a crucial factor, especially during

energy limitations. Respiration rates of phytoplankton cells are controversial because they

cannot be measured directly. Respiration is, however, an important factor that has to be

included in a model. As maintenance, it is important especially during energy limitions.

The uncoupling of growth and storage production and the separate modeling of active

nutrient transport allows great flexibility in cell development. This is a major advantage of

the model over individual-based models that estimate growth of a cell from exterior nutrient

concentrations only. The additional focus on energy flows in a cell includes other abiotic
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und biotic constraints of cells in the model. Combined with each other, these formulations

are more likely to allow accurate estimates of phytoplankton growth as well as composition

of cells. This is important information for effects like sinking and grazing, or toxic effects,

that depend heavily on the composition of a cell. It is also not surprising that with the use

of the model new relationships between environmental conditions and species performance

could be found. Simpler individual-based models often do not allow different compartments

to have independent dynamics. Besides, uncoupled dynamics also reveal differences in

multi-species simulations and help therefore to explain success of species. Populations of

several species, that might look very much the same with a simple model, have in reality

big differences in storage and nutrient compartments. Again the uncoupled model can here

give new insights.

Many of the rates and flows have been modeled in many ways by various scientists, and

there is everything else other than a common opinion about which way is the most accurate.

For qualitative behavior of phytoplankton assemblages, the relationships between processes

are important. If quantitative results are achieved (exact prediction of population size,

amount of storage in a cell), then one has to focus on these different ways of modeling.

Computers provide nowadays an excellent tool to model ecological process in such de

tail. Graphical tools also allow following the development of a model over time. During

computer simulations, the easy numerical methods used were surprising in that they were

highly stable. With a time step of 1 second, the system almost never got out of hand by

overshooting, for example, to a large negative number. More problems might, however,

occur if the system is coupled, for example, with  a fish model that operates on a different

time-scale. In this case, it might be necessary to implement better numerical methods.

For future times, some analytical results (limits for growth, storage; or equilibria) would
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help to answer the question if the model really behaves like a phytoplankton population.

Another important task would be to test different formulations for the flows and processes

and compare the results. Even more important, but also much more tedious, is the search

for parameters for the model. Many parameters can be taken from biochemistry books

(chemical compositions of storage, structure and so on), some parameters can be measured

in experiments, but some parameters can only be estimated, trying to flt a model to exper

imental data sets. At the end, this might not be  a major drawback, considering the fact

that not all cells are exactly the same. Simulations can be performed for many ecotypes

(especially with the increasing computer power available), each with a little different pa

rameter values. Diversity and complexity might very well be the tools of the future to build

more accurate mathematical models in ecology.
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Appendix A Future Directions: Population Model

On the population level, aggregation, sinking and grazing are three important factors that

govern dynamics. The population model in Chapter  4 does not include aggregation. This

chapter introduces a population model that includes aggregation and discusses its possible

combination with an individual-based model. For species that form aggregates, sinking and

grazing as well as light availability are different.

The population models presented here are derived from Canziani and Hallam [6] and from

Ackleh et al, [1] and [2].

A.l Aggregation

Aggregation is the genesis of larger particles from the collisions of smaller ones. Large

aggregates of different species have been found especially during blooms. Aggregates are

more likely to be lost from the system due to increased sinking. On the other hand, large

aggregates may escape zooplankton grazers.

Only non-flagellated cells produce aggregates. Aggregation depends on the cell-density in

the water and on the sticking efficiency, i.e. the probability that two colliding particles or

aggregates stick together to form a larger aggregate. Sticking efficiency was estimated e.g.

by Ackleh et al [2].

116



The following assumptions are made:

1. It is assumed that, at the beginning, a fixed portion of the cells are non-flagellated.

2. Sticking efficiency: the sticking efficiency for particles of dilferent species is assumed to

be zero, i.e. only particles of the same species can form aggregates.

3. Growth: cells in aggregates follow the same dynamics as single cells. A change in

environmental conditions such as light and nutrient availability is not included.

4. Reproduction: following Canziani et al [6] reproduction of cells in aggregates is assumed

to occur also after doubling of structural cell mass. However, if a cell division occurs in

an aggregate, only one of the two cells remains in the aggregate whereas the second cell

is released.

A. 1.1 The Aggregation Model

In the following the variable x indicates the volume of an aggregate whereas t is the time.

At a given time t the density of aggregates of volume x is denoted by 5(t, x). The following

dynamics for the density S{t,x) are assumed:
d5{t, x)

F{S{t,x))

1

-(S(t,x) /
Jo

OO

a{x,y)P(x,y)5{t,y)dy

dt

(A.l)

where

P{x,y) (7^): rate of collision times contact efficiency of two particles with volume x and

y-

a(x,y), nd: sticking efficiency, i.e. probability that two colliding particles of volume x and

y stick together.
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The first term in Equation A.l expresses the rate at which collisions occur in the pop

ulation to form aggregates of the size x + dx whereas the second term expresses the rate

of removal of aggregates due to collision with other particles or aggregates which increases

their size. The rate of collision /? consists of two parts:

1. Rate of collision /?* due to shear: Let and dy be the diameters of aggregates of volume

X and y. Then the contact efficiency due to {EC)^  y is assumed to be

0.1
{EC)ly{drmn/dma.) = {EC)oexp[- (A.2)

dmini dmax

where

dmin = niin(dx, dy) and d

{EC)o = 1

e-oi

= max(dx, dy) in m

nondim.: constant (Pruppacher and Klett, 1980).

max

Then the rate of collision due to shear has the functional form

P\x,y) = 0.16S{^)-2{d:, + dy)^{EC)ly (A.3)

where

e {^): dissipation rate

(^): kinematic viscosity

nd.: contact efiiciency for shear given above.

2. Rate of collision due to differential settling: Ackleh et al [2] used the following

formulation for the contact efficiency (EC')f y

{EC)lx,y>

iEC)iy = (A.4)
2(1 + 5^)

where u is a real number. Pruppacher and Klett [42] used this formulation with u = 2.

Ackleh et al [2] try to estimate a u which fits experimental data in a better way.
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Then the rate of collision due to differential settling has the functional form

^{d. + dyf
-  \ ECiy (A.5)

4

where and Wy are the falling velocities for particles of volume x and y, respectively.

Conservation of Volume and Maximum Volume

Equation A.l describes aggregation only. Therefore, the total volume of all aggregates has

to be conserved by this equation. This can be shown using standard integration techniques.

It is biologically reasonable and required for a numerical solution to introduce a maximum

volume B for the size of aggregates. The functional form for the density then reads as

d8{t, x)
Fm^))
1

2 Jo ~ ^ ~

Jo

B

a{x,y)l5{x,y)8{t,y)dy

dt

(A.6)

with the constraints

/ >0 X y < B

= 0 li X + y > B
P{x,y) (A.7)

or

>0 if X + y < B

= 0 ifx + y>S
a{x,y) < (A.8)

where the constraints are needed to keep the volume of aggregates below the maximum B.

With these constraints Equation A.6 is equivalent to Equation A.l and conserves the total
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volume of particles in the system. This can be calculated using the same steps as above

with the only change being the upper limit of the integral which can be replaced by oo

because of the constraints.

A sinking and grazing term will be included in the functional form for

A.2 Sinking

As mentioned above the model distinguishes between flagellated and non- flagellated cells.

The non-flagellated cells sink. Speed of sinking follows Stokes’ Law. However to calculate

the speed of sinking factors like shape, density and surface characteristics (e.g. smoothness,

stickiness, surface to volume ratio) need to be known. Canziani and Hallam [6] assumed

that particles and aggregates have a spherical shape and do not change their shape and

surface characteristics. Given the volume x and assuming a spherical shape the radius of

the colony can be estimated as.

« = (?)■47r^

For a given radius Ackleh et al [1] assume the sinking velocity to be

1.17'w{x) = hp^R (A.9)

where

hp'. fall scale parameter,

curve fi t parameter.
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A. 3 Grazing

Ackleh et al [1] introduced a simple population model for a grazer. This will be used as a

basic grazer model. Canziani and Hallam [6] use a structured grazer model with different

feeding habits. This model would increase the accuracy because grazers of different size feed

differently on single cells, small aggregates and large aggregates. Flagellated terms have to

be included in the grazer-model. The model given in Section A.3.1 is for one species only.

A.3.1 The Simple Grazer Model

The following dynamics for the zooplankton population are assumed

Especies [/o^ q{x){6{t, x) + 5f{t, x))dxdZ
= (MI) {AE) z-e z’^ (A.IO)

dt Espec^cs fo^q(x)(S(t,x) + Sf(t,x))dx p

where

Z m density of grazers

5f{t,x): density of single flagellated cells with volume x at time t.

r, nondim., constant: r is either one for a first order grazing process or 2 for a logistic

representation.

{MI): maximum ingestion rate of grazer

{AE): assimilation efficiency of grazer

q{x): probability of an individual grazer to ingest an aggregate of size x.

-dp: trophic response half saturation constant

6, constant: mortality rate of grazer population
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The first term of the equation represents the increase of the grazer population due to

grazing on phytoplankton whereas the second term is the mortality term for the grazer

population. Ackleh et al [1] choose the function f{x) to be equal zero for a volume x >

0.04mm^ because grazers cannot ingest particles with a larger size.

E.g. Canziani and Hallam [6] present a much more complicated grazer model dividing the

grazer population in ciliates, copepod nauplii and other copepod stages.

A.4 Summary

Finally the formulation of the population model for the phytoplankton species takes the

form

d5{t,x)
= F(S(t,x)) - - (Ml) , n g

2  /q g{x)d(t, x)dx +
(A.ll)

dt

for the non-flagellated cells and

dSn(t,x) q(x)S„(t,x)
= F„(Sr,(t,x))-(MI) (A.12)

/(f q(x)Sn(t, x)dx + dpdt

for the change in density of the flagellated cells where Fn{5n{t, x)) is the change in density

of flagellated cells of volume x. Because there is no aggregation for flagellated cells, this

function is determined by reproduction only.
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Application to Individual ModelA.5

Sections A.l to A.4 describe the the population model for a phytoplankton and zooplankton

community in a continuous manner. The following problems occur if this population model

has to be combined with an individual-based model:

1. Because single cells in the individual model grow independently, a calculation of the den

sity of aggregates of a certain volume does not give any information of the composition

of the aggregate. Therefore growth of the aggregate cannot be calculated.

2. It is difficult to combine a continuous distribution of a density with a discrete model for

the individuals.

However, the importance of the population model has to be recalled. In the presented

form, the population model is of importance for losses due to sinking and grazing. If some

simplifications and assumptions are made the population model above can be used to fulfill

its tasks in a sufficient way.

Assumptions and simplifications:

1. A fixed relation between the number of cells in an aggregate and its size is assumed.

2. Aggregates are assumed to consist of cells of different ecotypes in the same proportion

as ecotypes present, i.e. if at a certain time 10% of the total population are of a certain

ecotype then in all aggregates 10% of the cells will be of this certain ecotype.

3. Grazers are assumed to feed equally on the different species of phytoplankton relative

to their abundance.
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Basically the model keeps track of aggregates without consideration of the individual cells.

New single cells of a certain volume enter the population model each time reproduction

occurs. The total losses due to sinking and grazing can be calculated. However, this

calculation of losses is based on volume and the conversion to the number of single cells lost

in each ecotype requires the assumptions above.

Individual LossesA.5.1

As described above we calculate the losses of the population due to sinking and grazing out

of the population model. The total losses in number of cells for the non-flagellated cells are

given by

/  x) - {MI)
Jo Z

-y{x)q{x)5{t,x)
(A.13)Z dx

Jo q{x)5{t,x)dx +'dp

where

z in m\ depth of surface layer.

jx- number of cells in an aggregate of volume x.

Total losses in number of cells for flagellated cells are given by

/  -X{MI)^
■JO Jo q{x)5f{t, x)dx + dp _

q{x)Sf{t,x)
Z (A.14) dx

The losses in number of cells for each ecotype are calculated according to the assumption

above as fractions of the total losses for a species.
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Calculation of j(x)

Rousseau et al [44] developed the following relationship between the number of cells in a

colony and the volume of the colony

log(2^* = a log a: + 6 (A.15)

where i is the number of cells in the colony and  a and b are constants.

Equation A.15 can be written as

i = 1 + log2[a:“ 10^] = jx (A.16)

which allows the computation of the number of cells from the volume of the colony.

A.6 Comparison of the Tavo Population Models

Table A.l summarizes the differences between the two population models.

The transition between the individual model and the population model is on solid ground

for the Single Cell Population Model. By not taking aggregation into account, this model

requires much less simplifications and assumptions. Which population model yields the

better result cannot be said. For different simulations a different population model might

be favorable. Only simulations allow to decide which model fits better.
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Table A.l: Advantages and disadvantages of the two population models

Population-Aggregation Model Single Cell Population Model

Aggregation -!- includes aggregation does not include aggregation

Sinking -|- includes sinking, dependent on

volume of aggregate

-f- includes sinking

sinking influenced by aggre

gate formation which is not

modeled

Grazing 4- includes grazing, dependent on

volume of aggregate

-f includes grazing

grazing influenced by aggre

gate formation which is not

modeled

Growth growth of cells in -h growth of cells determined byno

dynamics individual modelaggregates

Cell- does not keep track of cell

composition

-|- keeps track of cell composition

composition via combination with individ

ual model

Usage for simple modeling of losses

due to aggregation, sinking

and grazing

for estimations of storage and

structural products in a pop

ulation including a death-rate

that might depend on this (e.g.

due to toxicant)
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Appendix B Variables and Units

B.l Table of Units

The following table summarizes the units and their abreviations used in the model.

Table B.l: Table of units

Symbol Name Meaning

°C “Celcius temperature in Celcius

abolute temperature in Kelvin

weight in gram

length in meter

length in micrometer

area in square micrometer

volume in cubic micrometer

°K “Kelvin

9 gram

meterm

lira — 10~®m

jlW?

liw?

ixmol

micrometer

square micrometer

cubic micrometer

micromol number of molecules

second time in secondss

h hour time in hours

# number e.g. number of molecules

Units for light intensity:

1 ji mole quanta = 6.02 • 10^' photons — I ̂  Einstein.
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B.2 Abbreviations

The following table summarizes the abreviations used in the text.

Table B.2: Table of Abbreviations

MeaningAbreviation

stands for one of the exterior substances<l>e

stands for one of the interior nutrients or ATP4>i

stands for one of the storage materials or for protein and structure4>s

AM Ammonium

Adenosine-tri-phosphateATP

C Carbon

CarbohydrateCO2

FE Iron

LipidsLp

N Nitrogen

NitrateNI

OP Orthophosphate

OR Organic Phosphate

PhosphorusP

Proteins and structurePr

PolysaccharidesPs
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B.3 Table of Variables and Parameters by Name

The following table summarizes the parameters used in the model. Given is also the section

were the variable or parameter was used first. Most of the parameter values were estimated

from [1], [5], [17], [25], [38].

Table B.3: Table of variables and parameters of the model.

Constant Units Description Section

a{x,y)

P{x,y)

nd sticking efficiency

rate of collision times contact efficiency of two

particles

number of cells in an aggregate of volume x

total number of cells

A.1.1

A.1.1
cm^

# A.5.1lx

8 3.4

number of cells of ecotype i

density of single flagellated cells

dissipation rate

constant mortalitiy rate of grazer

trophic response half saturation constant

constants for catabolic rates

4.5

<5/ A.3.1

2
m

A.1.1e

e 4.5

4.5

5.1)*

A fraction of the losses due to grazing

number of ̂ i-molecules in a <;ie-niolecule

number of ̂ i-molecules in a typical (f>s molecule

kinematic viscosity

curve fit parameter

A.5.1

nd. 3.9.1,4>e

nd. 3.9.2

A.1.1
s

A.2
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Table B.3, continued.

SectionConstant Units Description

fxmol ATP used during maintenance

uptake, excretion, and storage fluxes

vector of uptake, excretion and storage fluxes

molecular density of substance

function for arrival-time of one molecule

3.3Pma,ATP $

fimol
3.9.1/o*,. 5

3.9.1vectorP.,.

1 3.10^4>s fim^

3.1.1s

^mol
limA exterior concentration of substance <j>e 3.1.14>e

nmol

nmol

3.2.4interior nutrient concentration<Pi

internal storage and protein/structure

derivetive in McKendrick-Von-Foerster Equation

3.2.4<l>s

±ip^{m) 4.2
5

distance or thickness of cell wall 3.1.1a cm

constants (calcualtion of # of cell in a colony)

efflcient surface area

a,b A.5.1

2A 3.1.1cm

(AB) assimilation efficiency of grazer

proportionality constant (uptake function)

proportionality constant (functional response)

4.5

S

3.1.1cm^

3.2.4s

min(dx, dy)

max(dx, dy)

A.1.1dmin m

dmax A.1.1m

d. diameter of aggregate of volume x

diameter of aggregate of volume y

death-rate function

A.1.1m

dy A.1.1m

D{) nd 4.2

D h day length 3.4

umol

s

umol

Ed surface irradiance

light intensity at intersection between linear slope

with the height of saturation plaeteu

3.4

Ek 3.4
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Table B.3, continued.

Constant SectionUnits Description

(ECo)

iEC)iy

iEC)i,y

constant (aggregation)

contact efficiency for differential settling

contact efficiency for shear

energy pool (ATP)
functional response for production of

storage/structure

catabolistic rate of storage/structure

fall scale parameter

number of cells in the colony

maximum reaction rate for production of a molecule

A.1.1nd

A.1.1nd

A.1.1nd

E 3.2.1

f(f>S nd 3.2.1

fimol
3.2.29<l>s S

hp A.2

# A.5.1i

nd. 3.2.4

4>s

nd proportionality constant for excretion

number of molecules of type 4>i needed for one mo-

elecule of (f)^.

total absorption coefficient

absorption coefficient for phytoplankton

absorption coefficient for seawater

maximum photosynthetic rate

nitrogen dependence of photosynthesis

nitrogen dependence of photosynthesis

phosphorus dependence of photosynthesis

vector (mi, m2, m3) or {mps,mLp,mpr)

ineternal molecules <Ps

maximum anabolic rate for

3.6Jex,4>r
p.mol

^4>%<4‘s 3.2.4
s

1
Kd 3.4

m

1Kp 3.4
m

1K. 3.4
m

p,mol C
scrn^^max 3.4

nd.Lc 3.4

Lp nd. 3.4

Lp ^mol 3.4

4.2vectorm

fimol

ixmol

3.2.1

3.2.1TTT'0,4>s
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Table B.3, continued.

Constant Units Description Section

1 maintenance costs per volume (in ATP)

number of processors for substance 4>

probability of an individual grazer to ingest an ag-

greagate of size a; or a single cell

type of grazing process

estimated radius of an aggregate

velocity of nutrient transport

constant (nutrient transport)

maximum ingestion rate of grazer

time in seconds

Mo 3.5fimol

1
3.1.1n<i>,A cm^

q{x) 4.5

nd 4.5r

R A.2cm

HTf)

(MI)

cm

3.8
S

cm

3.8

4.5

t s

actual uptake time

minimal uptake-time

time for completion

building time for one molecule

waiting time for (f>i molecule

Temperature of water

absolute temperature

chosen reference temperature

Arrhenius temperature

Transition-Storage-Matrix

Transition-Uptake-Matrix

constant (aggreagation model)

transport velocity

t(/) 3.1.1s

^4>,m,in 3.1.1s

^4>s 3.2.4s

3.2.4s

^w,4>^ 3.2.4s

T °C 3.1.1

K 3.8

K 3.8

Tf K 3.8

Tst matrix 3.9.2

Tup matrix 3.9.1

# A.1.1u

v{T) cm

3.1.1
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Table B.3, continued.

Constant Description SectionUnits

fj,m^ volume of cell 3.5

falling velocities for particles

volume of aggregates

depth of surface layer

density of grazers

A.1.1W:,,Wy

3 A.1.1x,y cm

3.4z m

Z 4.5
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Appendix C Notation and Summary of Equatiions

C.l Notation

In the computer code, all state variables are stored in arrays for convenience. Each column

of an array represents an ecotype. The arrays have therefore as many columns as the total

number of ecotypes (sum over all species). The total number of ecotypes will be referred

to as n. Tables C.l and C.2 show the notation used. In this section, indices on parameters

specifying to which ecotype it belongs, are usually omitted.

Table C.l: Dynamic variables

CodeVariable Functional Meaning

Sk fo,k density of ecotype k

interior carbon of ecotype k

interior iron of ecotype k

interior nitrogen of ecotype k

interior phosphorus of ecotype k

interior energy pool of ecotype k

reserve polysaccharides of ecotype k

user defined

xo,k

C.,k fi,k^i,k

Fi,k f2,k^2,k

N^,k hkX3,k

Pr,k ^4,k

Ek k,k2:5,fc

'm'Ps,k ^e,k

flO,kuser 2:10,A:
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Table C.l, continued.

CodeVariable Functional Meaning

f7,k reserve lipids of ecotype k

proteins and structural material of ecotype k

user defined, e.g. silicate

‘mLp,k x-,k

fs,kTnpr^k xs,k

f9,kuser

FE, iron concentration in wateryo 9o

AMe ammonium concentration in wateryi 9i

Nh nitrite concentration in water92 92

OP. orthophosphates concentration in water

other phosphates concentration in water

grazer population

light intensity

temperature

iron input in water

ammonium input in water

nitrite input in water

orthophosphate input in water

organic phosphate input in water

user defined variable on population level (e.g. silicate)

orthophosphate input in water

total density of cells in number per liter

used for grazer rate

used for irradiance at time t if not constant

2/3 92,

OR. 94 94

Z 95 95

I 96 96

T 97 97

Pin.FE ys 9s

P%n,AM 99 99

Pin,NI 910 9l0

Ptn,OP 911 9ii

Pin,OR 912 9l2

user 912 912

user 914 914

S 915

qu 916

Ed 917
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Table C.2: Frequently used terms

Variable Code Meaning

1 active transport for ecotype k20,ic

1 active transport for ecotype kZl,k

1 active transport for ecotype kZ2,k—3—+-v(T)^ IN
tLL
U

1 active transport for ecotype kZ3,k
v(T)^ OPj

1 active transport for ecotype kZi.k
v(T) ̂  OPt

Y — ZZLEil j. 4.
tPPr <^^.Lp O'c.Ps

Volume of cells of ecotype k25,fc

^ = (V)I Surface area of cells of ecotype k26,fc

1fps = functional response for polysaccha

rides, ecotype k

z-,k1max(...)+
^m,Ps

1Jlp = functional response for lipids, ecotype28,fci
m,Lp

k

1
fPr = functional response for proteins, eco-29,fc1ma2:(...) + -p-

m̂,Pr

type k
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Table C.2, continued.

Variable Code Meaning

R
m foiE > 0

function describing catabolism of

polysaccharides for ecotype k

9Ps - 2l0,fc

forE = 0«Ps,0

£TO forE” > 0K’Lp.O
«Lp+-B

function describing catabolism of

lipids for ecotype k

9Lp = < zn,k

ioiE = 0«Lp,0

m£r
R iovE > 0«Pr,0

function describing catabolism of

lipids for ecotype k

9Pr = Z\2,k

ioiE — 0I^Pt,Q

L{8,Ed{0) photosynthetic activity dependent on

light availability

■213,fc

J'Kv(T) = v(Tf)exp( - T/')) temperature dependenceZl4,k

user defined (e.g. for silicate)user 2l5,fc

user defined (e.g. for silicate)user ■^16,

Notes: the functions in the table are the ones used with Euler’s Method. They are

replaced by the alternative formulations for Runge-Kutta’s Method. In the simulations,

■21.5,fc was usually used for uptake of silicate.
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C.2 Summary of Model Equations

All equations are summarized in this section. Equations are given in the original notation

and in the vetor notation used in the computer code. Changes made for Runge-Kutta’s

method are not included in this summary.

C.2.1 Equations of Ecotypes

The equations in this section are for each ecotype.

Carbon pool equations:

dC^
- Pup,C - Pst,C - Pre,C

dt

where

Pup,C —

PC,Ps[T^Q,Psfps{E, Q, iV,) - gps{E, mps)] + [pc,Lpmo^LpfLpiE, C^, E)

-9Lp{E, rriLp)] + [pc^PrmQ^PrfpriE, Ci, F,, Pi) - gpr{E, mpr)]

Pst,C

Pre,C = 3cCi

Computer code:

/i,fc z\^,kZ&,k - {rno^PsZj^k - zio.k) PC,Ps

- (^0,Lp2s,fc - Zu^k) PC,Lp - {P^0,PrZ9,k - Zl2,k) PC,Pr “ jc^l,k
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Nitrogen-Pool Equations

dN^
= Pup,N - Pst,N - Pex,N

dt

where

Pup,N = PN,AM ^

Pst,N '= PN,Pr [mo^Prfpr{E,Ct,Fi,N^,Pi) - gps{E, mpr)]

1

+t{N1,)

N,1Pex,N = JN mpr

Computer code:

f2,k [P'N,AMZi,knAM,A + PN,NlZ2,k'^NI,A\ Z6,k “ [’^O.Pr'^S.fc - ̂U.k] P-N,Pr “
X8,k

Phosphorus-Pool Equations

dP^
= Pup,p - Pst,p - Pex,p

dt

where

1 1noPH,AA + pp,ORP^ Rorp,aAPup,P = PP,OPH ^+r{OPH,)

Pst,P — PP,Lp .R^o^LpfLpiE, Ci, Pi) — gLp(^E, mi^p)

+1/(T) r{ORP,)

+PP,Pr [mo,PrfPr{E, C,, F„ N„ P,) - gPr{E, TTlLp)

Pex,p=jp^p^
Computer code:

h,k [P-P,OPHZ3,knoPH,A + MP.ORP24,fcTlOHP,.4] ̂6,it “ [P^0,Lp2s,fc “ Zu^k] PP,Lp

- [P20,Pr29,fc - 2i2,jt] PP,Pr
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Energy-Pool Equations

dE
= Pup,ATP - PSt,ATP - Pma,ATP + Pex,CPATP,C

dt

where

1
nNi,A-APATP,C02Pup,C02 + P-ATP,NI —Pup,ATP

+ r{Nh)v(T)

1
nOR,A^+P'ATP,OR

v{T) + ‘^{ORe)
Pst,ATP = P'ATP,Ps['iP-o,Psfps{E,Ci,Ni) - gps{E,mps)

~^P'ATP,Lp ElO,LpfLp{,EiCi, 9Lp(,E^'^Lp),

+Patp,Pt ['mo,Prfpr{E, Ct, El, iV,, Pi) - gpr{E, mpr)]

Pma,ATP = MqV

Pex,CPATP,C = jexCilJ,ATP,C

Computer code:

PATP,002^12,k - MoZs^k - [Tno,PsZ7,k - Zio,k]PATP,Ps +

+ [P-ATP,NlZ2,knNI,A + PATP,0RZ4,kn0R,A] “

- [lR-0,LpZs,k - Zn,k] PATP,Lp - ['mo,PrZ9,k - 2:i2,k]PATP,PTjc^l,kpATP,C

h,k

Reserve Polysaccharides Equations

dirtps
— Pst,Ps

dt
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where

Pst,Ps = P^o,PsfPs{E, Ci, Ni) - gps{E, mps)

Computer code:

/s.fc = 'm-o,PsZ7,k - 2io.fc

Resrve Lipids Equations

druLp
— Pst,Lp

dt

where

Pst,Lp — '^0,LpfLpiE, Ci, Pi) gLpiPyP^Lp)

Computer code:

f6,k — 'm-0,LpZs,k -

Proteins and Structure Equations

mpr
= pst, Pr

dt

where

pst, Pr = mo,Prfpr{E, C», N„ P,) - gPr{E, mpr)

Computer code:

f7,k = PT-0,PrZ9,k - 212,A:
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C.2.2 Substance Concentration Equations

Substances in the water:

Iron Concentration Equations

dFEe
Pup.Fsd + Pex.FsS= Pin.FE -

dt
species species

where

Pin.GLU' iron input in water

species — S

Pex.FE = X)

Computer code:

98 = J/16 - X!^ = l ̂ 0,k ZQ^kTlFE.AZe.k - JFE

1 np■+r[FE,)

FE^S
mpr

species v{T)

E species 9FEspecies

E.A A&

^2,k

Ammonium Concentration Equations

dAMe = Pin,AM - ^ Pup,AM^ ^ Pex.AM^
dt

species species

where

Pin,AM'- ammonium input in water

Pup,AM — E,

Pex.AMM = X]
Computer code:

59 = yi7 - Efc = l ®0,fc Zl,k'n-AMM,AZ6,k - JAM

1
^ species n-AMspecies v(T)

AM^^species 51species J-AM mprIJ’AM.N

.A AS

^a.ki^AM.N
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Nitirte Concentration Equations

dNh ^ Pup.NiS= Pin.NI -
dt

species

where

pin.Ni'- nitrite input in water

Computer code:

ffio = 3/18 - I3fc = l [^0,k^2,knNI,AZ5,k]

1

species -^+t{NI ^NIT.A^)

Orthophosphate Concentration Equations

dOPe
Pup.ops= pin,OP -

dt
species

where

Pin,OP'- orthophosphate input in water

Pup,OPH = X3

Computer code:

^11 = 3/19 - I3fc = l ,kZ3,knoPH,AZe,k]

1

E species -^^+t{OPspecies n-op.A^]

Organic Phosphate Concentration Equations

dORe
= Pin,OR - Pup,OR^ + Pex,ORd

speciesspecies
dt

where

Pin,OR- organic phosphate input in water

species pup,OR Sspeci es
1

E R-o+r{OR,}
v(T)

r,a
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-OR^S
mprflOR.PEspecies Pex.OR — E

Computer code:

5l2 = 5/20 - Efc = l Z4^knoR,AZ6,k - joR

species

^^.kfJ-OR.P

C.2.3 Population Equations

There are one difference equation and one differential equation on the population level.

Population Equation

S{t + At, mps + pst.PsAt, rriLp + pst,Lp^i, rnpr  + Pst.PrAt)
n

= 5{m) - -V{m) + q(y{m)) + D{m) 6{t,m)At

Computer code:

xo,fc(t + At) = Eo.fc + [725,^ - 5(25,/:)] xo^k{t)At

Grazer Population Equation

E E q{x)5{t,x)dZ ecotypesspecxes

= {MI) {AE) z-e
dt

E'^species q{x)S{t,x)ecotypes

Computer code:

Efe=i g(^5,fc)ao,fe Vb - 9 ylg, = {MI){AE)
E n{q{zo,k)xo^k) + ■dpk-l
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