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ABSTRACT

In this work, we examine eigenvalues of ordinary and generalized Sturm-
Liouville problems. We begin by considering the general boundary value problem
—y"(t) +q(t)y(t) = My(t), (cos)y(a) — (sina)y'(a) = 0, (cos B)y(b) — (sin B)y'(b) =
0, where —co < a <t <b< oo, 0<a<m 0<f < and g(f) is a real
piecewise continuous function. This self-adjoint problem has associated eigenvalues
M(g) < Ml@) < ... <Aalg) < ... welet S:={Xo(g): [ ]g(t) | dt = M} where
M > 0, our goal is to determine A} := sup S and to demonstrate there exists a
function ¢g#(¢) that satisfies \o(q¥) = )\#. For certain values of ¢ and 3, e.g. a =0
and § = 7, this problem has been investigated by several authors. We present a
new approach to this problem for general a and $ and provide rigorous solutions

T

to cases where only formal solutions have been presented. For 0 < o < 7 and
% < B < m, we show that )\ff is the root of a transcendental equation and that ¢¥ ()
exists. For 7 < o < m and § < § < m, our technique yields a candidate for )\#,
a value Ay* which is a root of a transcendental equation, is an upper bound for S,
and is the eigenvalue of the above problem where ¢ contains a delta function. This
form of ¢ leads us to consider a more general problem.

In the latter half of this work, we consider the generalized differential sys-
tem dy = (dP)z, dz = (d@ — A\dW)y, and establish certain basic results such as
the existence and uniqueness of the solution to the initial value problem. For a
sequence of initial value problems, we show that the solutions y, and z, converge,
the former uniformly and the latter pointwise. Furthermore, the eigenvalues of the
boundary value problem are the roots of an entire function; under separated bound-
ary conditions, the eigenvalues are real and simple and a sequence of eigenvalues

(corresponding to a sequence of boundary value problems) converge; i.e., the kth
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eigenvalue of the nth problem converges to the kth eigenvalue of the limit problem
as n tends to infinity.

This last result enables us to prove that there is a sequence {A\{®} in S
that converges to Ay* and hence A§* is the least upper bound of S, i.e., A= Ay
Moreover, the eigenfunctions (corresponding to the above-mentioned sequence of

eigenvalues) also converge, uniformly in y, and pointwise in z,.
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CHAPTER I
INTRODUCTION

In this paper, we will study eigenvalues of ordinary and generalized regular
Sturm-Liouville problems with general self-adjoint boundary conditions. Previous
work on the maximal and minimal values of eigenvalues of certain problems dates
back to Krein [9] in 1955, but many papers have been written in the last two decades
in response to a problem posed by A.G. Ramm [11] in the 1982 Notices of the
American Mathematical Society. In short, the problem was to find the maximum
of all first eigenvalues of the problem —y” + gy = Ay, y(0) = y(1) = 0, under
the additional constraint that fol lg(t)|dt = 1. The first of these papers, written
by Talenti [13] in 1984, uses the technique of rearrangements to establish a least
upper bound for the eigenvalues of the regular Sturm-Liouville problem with simple
boundary conditions. Essén [4] extends the results of Talenti in his paper three years
later. Ashbaugh and Harrell {1] present further results for a general class of problems
(in the setting of elliptic partial differential equations) with an interpretation for
problems in mathematical physics. Using techniques similar to the methods of
Talenti, Egnell [3] presents some formal and some rigorous solutions to the extremal
properties of the first eigenvalue of a fairly general class of Sturm-Liouville problems.
Our paper uses a different technique, but our results agree with Egnell’s and, further,
we provide rigorous solutions to cases where his solutions are only formal.

Our work differs from that of previous authors in that we utilize an inequality
(derived by Brown, Hinton, and Schwabik [2] via a Priifer transformation argument)
to develop an upper bound on the eigenvalues of the differential equation —y" +

gy = Ay with general self-adjoint boundary conditions; analysis of this inequality
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in section 2.2 reveals the conditions under which the maximal eigenvalue can be
achieved. Section 2.3 applies these conditions to the regular problem with Dirichlet
boundary conditions. In section 2.4, we look at the regular problem with general
boundary conditions of the form (cosa)y(a) — (sina)y’(a) = 0 and (cos B)y(b) —
(sinB)y'(b) =0 where0<a<mand 0 < B < 7. When0<a<Jand 7 <A<,
the maximal eigenvalue can be found using the conditions established in section
2.2. However, if 7 < o < 7 and § < 8 < 7, the conditions of section 2.2 suggest
but do not establish the supremum of the eigenvalues. For particular values of o
and 3, we consider examples of this case in section 2.5 and, using the examples as
motivation, we prove the existence of an improved upper bound, denoted Ay*, of the
eigenvalues in section 2.6. The proof that this value is, in fact, the supremum of all
the eigenvalues in the second case must wait until Chapter 4.

Chapter 3 establishes certain basic results of the generalized Sturm-Liouville
problem with the goal of proving convergence of a sequence of eigenvalues corre-
sponding to a sequence of generalized problems under certain conditions. We apply
the results of Hinton [6] (summarized in section 3.1) to prove the existence and
uniqueness of the solution to the initial value problem of the generalized differential

system consisting of

dy = (dP) z,

dz = (dQ — XdW)y.

For a sequence of such problems, we show in section 3.4 that the solutions y,
and z, converge, the former uniformly and the latter pointwise. In section 3.3,
we prove that the eigenvalues of the boundary value problem are the roots of an

entire function d()) and, in section 3.5, we verify that a sequence d,()\) of these
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entire functions (corresponding to a sequence of boundary value problems) converges
uniformly. A little more analysis shows that the eigenvalues (which are the roots of
d,(A)) also converge.

Finally, in chapter 4, we recall that Aj* is an upper bound of the eigenvalues in
case B of the general boundary conditions from section 2.6. From section 3.5, we can
show that there exists a sequence of eigenvalues which converge to A§* from below.
Hence, Ag* is the supremum we seek. Moreover, the eigenfunctions (corresponding to
these eigenvalues) also converge, uniformly in ¥, and pointwise in z,. We mention
here the related work of Kong and Zettl [8] in which the authors show that the
eigenvalues of a Sturm-Liouville problem depend continuously and smoothly on all
the parameters of the problem including the coefficients. In particular, they show
that if g, — ¢ in £'-norm, then A(g,) — A(g) and y.(t, ¢») = ¥n(t, ¢) uniformly. In

this paper, we have obtained a similar result with a weaker hypothesis on ¢ and g,,.




CHAPTER II
THE CLASSICAL STURM-LIOUVILLE PROBLEM

2.1 The Regular Problem

We begin by considering the general problem
—1"(t) + a()y(t) = My() (2.1)

on the interval [a, b] where —co < a < b < oo with self-adjoint boundary conditions
of the form
(cos @)y(a) — (sina)y'(a) = 0 (2.2)
(cos B)y(b) — (sin B)y'(b) =0

where 0 < a < m and 0 < § < m; here, ¢(t) is a real piecewise continuous function

[14]. This self-adjoint problem has associated eigenvalues

Ao(g) < M(g) < ... < Anlg) < ...

Given M > 0, our goal is to find, for each n, the supremum of the set of all

eigenvalues subject to the constraint f: |g(t)|dt = M, which we denote
b
A = sup(na) - [ la(e)ldt = M} (23)
a

and to show, where possible, there exists ¢#(¢) such that the eigenvalue \,(¢¥)
corresponding to ¢¥ equals A\¥. Here, we solve only the case where n = 0.

We begin with some definitions.

A function f(z) defined on the real interval (a,bd) is said to be absolutely
continuous if for any € > 0, there is a 6 > 0 such that for any sequence of mutually

disjoint intervals (a;, b;) in (a,b), with > (b; — a;) < 6, then > |f(b:) — f(a:)| <.
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If g(y) is a Lebesgue-integrable function on a bounded interval [a,b], the
function f(z) = [ g(y)dy is absolutely continuous, and every absolutely continuous
function f with f(a) = 0 has this representation.

Let AC|a, b] represent the set of all absolutely continuous functions on |a, b].

Define
f, >0
fy =
0, f<0
and
f .— 07 f Z 0
T -'_fa f <0.
For simplicity, we let [a,b] = [0,1]. Furthermore, we can choose ¢(t) > 0

without loss of generality by examining Rayleigh quotients. Here, we consider the

case where o = 0 and 8 = 7 and define the function Q(y, ¢) by

@)+ q() |y ()] at
INPIOIR:

Ry, q) = b lv®

Then, the eigenvalue A¢(g) has the property that Ao(g) = minyep Q(y,q) where
[} lg(t)|dt = M and

1
D :={y € AC[0,1]: /0 |y'()[?dt < oo and y(0) = y(1) = 0}.

We can define §(t) by §(t) = |g(t)| in order that §(t) satisfy fol g(t)dt = M. Note

/0 1 g+(t)dt < /0 1 lg(2)}dt = /0 : §(2)dt.
5
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and, taking the minimum of each term in the inequality over y € D, we have

Ao(g) < Aolgs) < ()

Since our goal is to find the supremum over all eigenvalues Ag(g) which satisfy the

constraint fol lg(t)|dt = M, we have just shown that it suffices to choose ¢(t) > 0.

2.2 An Upper Bound on the Eigenvalues of the Regular Problem

We begin by considering an established upper bound for ), (see [2]) from which we

can derive necessary conditions to obtain a least upper bound.

Theorem 2.1 Let q be a real piecewise continuous function and let Ao < A\ < ...
and ¢o, @1, ... denote the eigenvalues and real orthonormal eigenfunctions, respec-
tively, of the problem (2.1) and (2.2). Let A < \,. Then the eigenvalue A\, satisfies

the inequality
\ 2

A <A+ % ([0(1) —8(0)] + \/ [6(1) - 8(0)]2 + 4 / 1{)\ _ q}_dt) (2.4)

where 8(t) = cot™! (\/ﬁ . %:)

Proof: In —@.) + qép = Andn, we introduce the Priifer transformation ¢, =
rsinf and ¢, = (v/ A, — A)r cos @, where r(t) > 0. By differentiating ¢, and equat-

ing the result to ¢/, , we have

70 cosf + r'sinf = (\/\, — A)rcosé. (2.5)



By differentiating ¢/, and substituting into —@, + ¢¢, = A, @,, we have

—(=VAn = Arf'sinf+ /X, — Ar'cos0) + grsinf = A\,rsiné

which simplifies to

(An — @)Tsiné

VA=A

Now, multiplying equation (2.5) by sin 8 and equation (2.6) by cos # and subtracting

78 sin@ — r' cos§ = (2.6)
the two equations, we obtain an expression for r’, namely,

r6 cos@sin @ + r' sin®> 0 — r#' sin 6 cos @ + r' cos® §

= v/A — Arcosfsinf — (A - qz\rsmfcose

or .
-\, _

r=r (\/ An— A+ \/q?‘):) cos@sin§. (2.7)

Similarly, multiplying equation (2.5) by cos# and equation (2.6) by sin # and adding

the two equations, we have

r0' cos® 0 + r' sin 0 cos @ + 8’ sin® @ — ' sin 0 cos §

— 1 2
= VA —Arcos?f+ ()\"\//\_i)i_si\n 6

or, simplified,

— 3 2
78 = /An — Arcos?f + (/\"\/)‘q);_s;n 9.

Now, dividing this equation by r and working with the last term above, we have

) A—q+ A, — A)sin® 8
¢ = /= hcos?O+ ¢ qm)

— ) sin?
= \//\n—/\cos20+()‘\/—)‘_q_)s_l__i—0+\/)\n—/\sin26
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so that finally

. (A - q)sin®6
O =V — A+ ——=ee—. 2.8
Y (2.8)
Since (A — g) > —{\ — q}_ and sin?# < 1, we obtain from above that
, {) —¢}_sin®8 {2 —q}-
0> \/An—A— V5 Wy W G}
\/,T_:— \/—,\
Thus, integrating over [0, 1] yields
1{\ - q}_sin’4
(1) —0(0) > VAn—A— dt 2.
1) -60) 2 o V-2 (2.9)
> / A-gb- ‘I}‘ dt (2.10)
so that
1
6 ~ 8O3 =32 On =X = [ (A= g}de. (211)
0

Let A = A, — )\, B =6(1) — 6(0), and C = f, {\ — g}_dt. Then the above equation
becomes BVA > A — C or A— BVA — C < 0 which is quadratic in VA. Hence,

we have

2
\/Z§B+v§ +4C

or, equivalently,

= A < % ([9(1) —6(0)] + \/ [6(1) — 6(0)]2 + 4 / - q}_dt) .




Squaring both sides, we obtain

\ 2

MSAty (wm ~6(0)] + \/ bW - 6P +4 - q}_dt)

which is inequality (2.4). &

Note that the right hand side of the inequality (2.4) functions as an up-
per bound for A,. We seek the least upper bound of all A, under the constraint
fol g(t)dt = M where ¢(t) > 0 and, hence, we seek equality in (2.4). The proof of
Theorem 2.1 yields the conditions which are necessary for equality to hold in (2.4).

Namely, we need to have equality in (2.9) and in (2.10), which reduces to
1 1
/ {\—q}_sin’0dt = / {A—q}-dt (2.12)
0 0
or, equivalently,
1
/ {A—q}_cos’dt =0
0
and implies that {\ — ¢} _cos?# = 0 a.e. Also, we need to have equality in (2.11):

0(1) = 0(0)]v/ Do =2 = (A — A) — /0 (A —q}_dt. (2.13)

However, by integrating over [0,1] in (2.8), we obtain

1 ' o
6(1) —8(0) = \//\n—)\+ﬁ/o{)\—q}+sm 6 dt

1
\/)Tl—X / {\—q}_sin?8 dt.
n 0




Using (2.12), we have

(1) -6(0) = V- A+

\/A———- {/\ - Q}+ Sin2 0 dt

= ), e

or

— 00 Vm =A== M)+ /1{)\ — g}, sin?fdt — /1{,\ —g}_dt.

Now, comparing this equation with equation (2.13), we find that we must require
J{\ = ¢} sin?@ dt = 0 which implies that {\ — ¢}, sin®6 = 0 a.e. If we suppose
that, for some ¢y, sin6(¢y) = 0, i.e., O(t) = nm, then #'(¢y) > 0 from equation (2.8).
Thus, for small € > 0, we know that sin8(¢y + €) # 0 and, hence, sinf(t) # 0 a.e.
We conclude that {\ — ¢}+ = 0 a.e. so that A — g(¢t) < 0 a.e. or g(t) > A a.e. and
furthermore A — ¢ = —{X — g}_. Thus, the two necessary conditions for equality to

hold in (2.4) become
q(t) > X ae. (2.14)
{A—q}cos’6=0a.e. (2.15)
2.3 Dirichlet Boundary Conditions

We first consider the case of the specific problem with Dirichlet boundary conditions

obtained when a =0 and f =, i.e.,

~y"(t) + q(t)y(t) = My(2),



and prove that the necessary conditions for equality to hold in (2.4) suffice to show
that A = i (7r + vVt +4M 2 , that a function ¢ exists that satisfies the constraint

ﬂ]l q(t)dt = M and that its corresponding eigenvalue \o(g) is the value A¥.

From the Priifer transformation ¢, = rsiné and the boundary conditions
#,(0) = 0 = ¢,(1), the eigenfunction ¢, has exactly n zeros in (0,1) [10, p. 145]
so we may take (0) = 0 and 8(1) = (n + 1)x. In particular, for n = 0, we have
6(0) = 0 and 6(1) = m. Choosing A = 0 (since Ag(g) > O in this case, which can
be shown by analyzing the Rayleigh quotient), n = 0, ¢ > 0 and fol q(t)dt =

inequality (2.4) becomes

1 2
<3 (7r +VAEt 4M) (2.16)
and the two requirements for equality to hold in (2.16) are

q(t) >0 a.e.

q(t)cos’d =0 a.e.

Thus, either cos®6(t) = 0 a.e. or g(t) = 0 a.e. In other words, on the set S; =
{t:0(t) # 2}, ¢(t) = 0 a.e. and, from equation (2.8), 6'(t) = v/Ag a.e. On the set
Sz = {t: 6(t) = §}, equation (2.8) gives us that, at any limit point o of S,

q(to)) sin®*(%) q(to)
tO)_\/_+ m 2 _\/X;—Woo

so that g(tp) = Xo. Thus, ¢(¢) and 6(t) must necessarily have the graphs given in
Figure 2.1 in order for equality to hold in (2.16).
The function ¢(t) defined by Figure 2.1 gives equality in (2.16) if and only if

11



Figure 2.1: Graph of functions g(t) and 6(t) in the case of Dirichlet boundary
conditions

it satisfies the following three requirements (given M > 0):

XA = M, (2.17)

2
o = % (7r VA 4M) , (2.18)

\/A—O<1;A>=

(2.19)

o1 3

Note that equation (2.17) requires ¢(t) to have the appropriate area, namely
fol q(t)dt = M, equation (2.18) is the definition of equality in (2.16), and equation
(2.19) defines the slope of 6(t) between the points (0,0) and (152,%) as well as
between the points (1£2,Z) and (1,7) (see equation (2.8)). Despite being three
equations in two unknowns, these requirements are not overdetermined since (2.17)

and (2.18) imply (2.19), which can be easily shown. Thus, we have the following

theorem:
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Theorem 2.2 If M >0, \j = } (r + V2 +4M)°, A= X,

0

o(t) =

and r(t) solves the initial value problem

g'(t) =

Nt

T
VAt + (m— /),

o=r (Vs

r(0) =1

then ¢¢ = rsin @ satisfies

0,
Ao
0,

T-O
B IA

e
>

wl

ezcept at points of discontinuity of ¢*(t).

Remark: Note that the initial value problem which r solves is composed of equation
(2.7) and an arbitrarily chosen initial condition, since equation (2.7) is homogeneous

and linear in 7 and hence any constant multiple of a solution is also a solution. e

AN ST
[ Y

A\

~|T

- P>
m|+
>

IA A
“D—'

"-' (an]

o INA
AN ST
[ [ /\
.Q|T

[

IAIA
s
g

—_
N,+ NI
>4

5

u) cosfsinf

VX

— 80+ 4" = Ndo

$0(0) = 0 = ¢o(1)

Proof: First, we verify the boundary conditions:

#0(0) = r(0) sin#(0) = r(0) sin0 = 0,
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®o(1) =7r(1)sin@(1) = r(1) sinw = 0.

We have ¢o = rsinf and, since ¢y = 1/ A} r cosd, we know that

o = Vs cosf — /Ay rf sin 6.

On the set Sy, we have 6(t) = %, 6'(t) = 0, and ¢*(t) = )j a.e.; thus,

—@o + @ b0 — Mo = —+/Ayr' cosO+ /A58 sind + g*rsinf — Ajrsin 6
= =/ 0+ N0+ A1 =N - 1
= 0.

On the set S;, we have 8’ = \/A§ and ¢* = 0 a.e.; thus,

*_A*
o= r( )\3+q——°) cos fsinf

VA

0— A
Y 2 fsin
r( o+ \/;\_g)cos sin

=0
and, finally,
-0y + @0 — Ao = —/Ay7' cos@+ /X578 sinb + ¢*rsind — \rsiné

= —/A5-0-cos8 + /A57r/Xysinf + 0 - rsind — \jrsinf

= 0.
This completes the proof. B

Theorem 2.1 established that \§ = (7 + /7% + 4M)? is an upper bound for

all eigenvalues Ag(g) of the problem —y” + qy = Ay, y(0) = 0 = y(1). Theorem

14



2.2 shows furthermore that Aj = Ao(g*) is an eigenvalue of the above problem with

" q*(t)dt = M so that

1
% (@ [ at)i =My
0
and, hence, we have the following corollary:

Corollary 2.2.1 Given the hypotheses of Theorem 2.2, the value of \§ is the maz-
imum of the set S = {)o(q) : fol g(t)dt = M}, i.e,

N =3 (r+verT )

and the eigenvalue \o(q*), which corresponds to q* defined in Theorem 2.2, is the

value N¥.

2.4 General Boundary Conditions

Now, we want to consider the Sturm-Liouville problem (2.1) on [0,1] with general
boundary conditions (2.2) where 0 < a<mand 0< B8 < 7.

First, we need to determine the dependence of §(0) and 8(1) on the values of
a, B, and Ag. If @ = 0, then 0 = y(0) = r(0) sin #(0) so that we can choose §(0) = 0.
If 0 < a <, then, from (2.2) and the Priifer transformation, we know

y'(0) _ vAr(0) COS@(O)
y(0) —  r(0)sinf(0 = v/ cot (0)

cota =
so that 6(0) = cot™! (9\%\—?) Similarly, if 8 = m, we can choose 6(1) = =. If

0 < B8 < m, then, as above, §(1) = cot™! (%) Again, we look at n = 0 and let

15



fol g(t)dt = M where g(t) > 0 and, without loss of generality, we consider two cases

for a and G:

IN
=
IA
<\

STERRSIE
IA
ey
IN
3

™
B. §<a<7r,

Case A:Let0<a<Zandf < B < 7w Here,0<60(0)<%and 5 <6(1) <
We can again let A = 0 in Theorem 2.1 since we know that A\o(g) > 0 by analyzing
the Rayleigh quotient; that is, if D := {y € AC|0,1] : fo \2dt < oo} with the
condition y(0) = 0 added if & = 0 and the condition y(1) = 0 added if § = 7 and
fo —y" + qy)y dt, then

Q(y)
Xo(g) = ryrg)f i

with equality for y = y, the eigenfunction corresponding to A¢(g). Then,

~(cot B8)(y0(1))? + (cot a)( yo )2+ [y (yo)?dt + [y qyid

Ao (Q)
0 yo 2dt

If a = 0, then yo(0) = 0; otherwise, if 0 < & < %, then cota > 0. If 8 = =, then
yo(1) = 0; otherwise, if £ < 8 < m, then —cot8 > 0. Hence, —(cot 8)(y0(1))? +
(cot @)(yo(0))% > 0. Now, yo cannot be identically zero on [0, 1] (and ¢ > 0) so that
we have [ qy3dt >0, [ y3dt > 0 and [, (vh)2dt > 0. If yj = 0, then yp = c where
c is any nonzero constant, so fol qyé dt = 2 fol qgdt = M > 0. Hence, substituting
into the above equality, we know that Ag(g) is strictly positive and we can choose
A = 0 so that Ao(g) > A. The necessary condition (2.15) implies that ¢(t) and

6(t) need to have the form given in Figure 2.2. Thus the function g¢(t) defined by
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(1,8(1)

z
2

(0.6(0))

—T S B * t ; ; E t

T I'+A 1 T T+A 1

Figure 2.2: Graph of functions g(t) and 6(¢) in case A of the general boundary
conditions

Figure 2.2 will give equality in (2.4) provided the following four requirements can

be satisfied:

Mol = M, (2.20)
Ao = i [61) - 6(0) + VD — SO + 4M]2, (2.21)
Vel = g — 8(0), (2.22)
Vil —=T —A)=6(1) - g (2.23)

In this case, § < 6(1) < 7 so that (1) — £ > 0; thus, by algebraically rearranging
(2.23), we have

I‘+A=—ﬁ[9(1)——] +1

which assures us that I' + A < 1.

The above four equations in three unknowns are not overdetermined since

Lemma 2.1 Reguirements (2.20), (2.21), and (2.22) imply (2.23).

17



Proof: First, if we solve (2.21) for M, we have

M = — /X [8(1) - 6(0)].

Then, using (2.20) and (2.22), we get

_ 560000 M
‘/A—"(l"F_A)“/A_"(l Ve Ao>

T 1
= Vo= 5 +8(0) — == [ho— v/Xcle(1) - 8(0)]

6(1) — g

which gives us (2.23). B

If « = 0 and § = m, we are in the Dirichlet boundary condition case which

we treated in section 2.3. Thus, we assume that either @ # 0 or 8 # 7 (or both);
in this case, either #(0) = cot™! (%) or 6(1) = cot™? (%) (or both) and the

equation (2.21) is transcendental.

Lemma 2.2 If M > 0,

0(0) = 0 @=0 2.24)
(©) cot™! (°°r—f\;") , 0<a<? o
and
a(1 T, = 5 95
(1) cot‘l(———c",—f\f), s<B<T (2.25)

*

the equation (2.21) has a unique solution, which we denote by M},

18



Proof: If a = 0 and B = m, the right hand side of (2.21) is constant. Assume

a # 0 or B # m. We can take the square root of both sides of equation (2.21) to get

21/ % = 6(1) — 8(0) + /[6(1) — 6(0)]? + 4M.

Now, taking the term 6(1) — 6(0) to the left hand side and squaring both sides of

the above equation, we get
Ao — 4/ 20[8(1) — 8(0)] + [6(1) — 6(0)]2 = [6(1) — B(0)]? + 4M.

Finally, dividing by 4v/A¢ and rearranging terms, we have

M
Vo = 7+ 16 - 6(0).

Let y(Xo) = v, 11(%) = 5= and (o) = 6(1) — 6(0) and let F(Xo) = y1(ho) +
y2(Ao). Clearly, y(Xo) = /A is strictly increasing with y(0) = 0 and limy,_,o, y(Ao) =
co. Also, y1(X) = \/—A:\’=0 is strictly decreasing with limy,0+ 31(Xo) = oo and

limy, 00 Y1(Ao) = 0.
Now, let o # 0 and 8 # 7 and consider the first derivative of y2(Ag):

1 (—cotﬂ) 1 —cota
B cot 8 2/\0\//\_ t 2 2)\0\//\_0
1+ (\/_0) 0 1+ ()

cot B3 cot o

2v/ 20 (Ao + cot? B) a 2v/0(Xo + cot? )
0

IA
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0

Figure 2.3: Existence of point A

since A\g > 0. Hence, y2(Ao) is decreasing with limy,_,o+ y2(Ao) = 7 and limy,—e0 Y2(Ao) =
0, and §(Ao) = y1(Ao) + y2(Ao) is strictly decreasing with lim,,_,o+ #(Ag) = o0 and
limy,— 00 §(Xo) = 0. Hence, there must be an intersection point of the two curves
y(Xo) and §(Xo) (see Figure 2.3), and thus the transcendental equation (2.21) has a
unique solution, which we denote Aj.
Note that if @ = 0 and § # m, then g& (32(M0)) = s7ramers; < 0- fa #0
cota

and =, then - (12(M)) = —57iisaray < 0. In both cases, the proof follows

as above. W

Theorem 2.3 If M >0,0<a < %, 2 < B< 7, 6(0) and 6(1) are as in (2.24)
and (2.25) with Mg = Xg,

[60) ~ 60) + VBT — 60O + 2]

oy

Ap is the positive root of Ay =



and r(t) solves

0, 0<t<T
¢*(t)=4X, T<t<T+A
0, TT'+A<t<L1,

Vst +6(0), 0<t<T
T F<t<T+A
Vat+ (1) - /), T+A<t<],

*

r'=r ( Ay + - /\0) cos @sin @

VA

then ¢9 = rsin @ satisfies

—5 +q"do = Ayd0
(cos a)¢p(0) — (sin ) ¢p(0) = 0
(cos B)o(1) — (sin B)dy(1) = 0

except at points of discontinuity of ¢*(t).

Proof: The proof is similar to the proof of Theorem 2.2. B

Again, Theorem 2.1 establishes that Aj is an upper bound for all the eigen-

values Ao(q) of the Sturm-Liouville problem (2.1) and (2.2) on [0, 1] with 0 < @ < %

and § < B < m. Theorem 2.3 shows furthermore that Aj = Ao(¢*) is an eigenvalue
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of (2.1) and (2.2) where 0 < a < 5 and £ < 8 < 7 and fol q*(t) dt = M so that

1
%€ ole): [ attar =)
0
and, hence, we have the following:

Corollary 2.3.1 Given the hypotheses of Theorem 2.3, the eigenvalue A} given in

Theorem 2.3 is the mazimum of the set S = {Ao(q) : fol q(t)dt = M}, i.e.,
=,
and the eigenvalue Ao(q*), which corresponds to ¢* in Theorem 2.8, is the value /\0#.

Case B: Let 7 < a<mand § < B3 < 7 Here, £ < 0(0) < mand § <
6(1) < w. In this case, the necessary condition (2.15) forces §(¢) to have a jump
discontinuity at ¢ = 0 and suggests that g(¢) has the form ¢(t) = md(t) + ¢(t) where
m is to be determined, () is the delta function, and G(t) looks like the graph given
by Figure 2.4. Thus, for such g, the graph of (¢) has the form also given in Figure
2.4. We use a heuristic argument to show that m = — cot a. First, we approximate
g(t) by the function g.(t) and 4(t) by the function 6,(t) as demonstrated in Figure
2.5. Notice that as € = 0,  — oo to simulate the effect of the delta function. By

equation (2.8) (assuming A = 0), we have, on the interval [0, €],

Bé(t) - \//\—_ QG(t)jI;\_zoae(t) — \//\__ ms:il/z/\ioé(t)

Integrating over [0, €] and taking the limit as ¢ approaches 0 from the right hand
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()
x +
(1,6(1))
(0,6(0)) ¢
A, G . LA
2 A~
& * t i f t
A 1

Figure 2.4: Graph of functions ¢(¢) and 6(¢) in case B of the general boundary
conditions

q.( ()
m
T T
(1,6(1))
(0,8(0))
A, T O A
2
f - 4 t ; + : t
€ A+e 1 € A+E 1

Figure 2.5: Graph of functions g.(¢) and 6.(¢) in case B of the general boundary
conditions
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side, we have:

€

m [ 6()dt = lim |/ e(e—0) -

=0+ 0 e—0t i

= lim |—

Thus, on the interval [0, €],

i / sin? 0 (t) dt]
€V Ao Jo

. m [ .,
dm |- /0 sin® 6,(t) dt].

0.(t) ~ —— = sin? (%)
€ /\0
or
0:(t) . m
sin?0.(t)  evo

(2.27)

Now, integrating over [0, €], we can solve the left hand side explicitly by the change

of variables 6, = 6,(t) and df, = .(t)dt:

€ 0’ (t) /f m
——dt = ——dt
/0 sin® 0. (t) o /o

/9, ()= % dee
6.(0)=6(0) SIN” B

Hence, on [0, €], we have

~

—cot (g) + cot 6(0)

cota

Vo

24
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Thus, we assume m = — cot & and that ¢(t) = (~ cot @)d(t) + §(t) (which, we note,

is no longer piecewise continuous.) From equation (2.8), recall that we have

ot = 3o - MO

This time, integrating over [0, 1], we have

! ¢ —(cot @) sin® 8(t) Ate )\gsin?(Z)
gtydt = /X —/ (co ) gt — 2/ gt
/o ) 0 €V Ao

‘ Vo
= o+ c\c;t)\_z: (%/Oesinzee(t)dt) = V(A +e—¢).

Now, taking the limit as € approaches 0 from the right hand side,

, . cota (. 1 [,
tim [ og)d= /3o + 5 (335# - /0 sin? 6, (2) dt) AV (2.28)

But, from equation (2.27),

€ /A €
lim E sin?f,(t)dt = —X=2 lim 6.(t) dt
=0t € 0 m e—0t+ 0

Vo .
= ot 2 ) = 6.0)

Vo, qm
- cotael-lfa [5_0(0)]

- 2 fz-o0).

cot o

Also,

M= /Olq(t) dt = /01 [(—cota)d(t) + §(t)]dt = —cota+ Al

25



so that M > —cota and A = M3gte Thys, substituting into (2.28), we have

1

. ) B cot o \/)\_0 T _ M
el-1>%l+ 0 0€(t)dt—\/)‘_o+\//\—o<cota (2 0(0))) ( Ao >

2

or

s M + cot
After rearrangement, we have
Xo + (g- - 0(1)) Ve — (M + cota) =0

which is quadratic in /)¢ so that

\/)‘_Ozé ([0(1) — g] + \/[0(1) - g]2+4[M+cota])

or

\ 2

o = % ([0(1) - g] + \/[9(1) - g]2+4[M+cota]) :

Now, we still must show that the following three requirements can be satisfied

simultaneously:

XA =M +cote, (2.29)

o = % [(0(1) - g) + \/(0(1) - g)2 +4(M + cot a)J 2, (2.30)

Although we have three equations in two unknowns, this system is not overde-

termined since

26
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Lemma 2.3 Requirements (2.29) and (2.30) imply (2.81).

Proof: First we solve (2.30) for M:

M=) - m[O(l) —-g—] — cota.

Then, using (2.29), we have

Vi(l-4) =

M+cota)

Ao Ao

s (2-
( do — VAol0(1 )—%]—cota_cota)
(

which gives us (2.31). B

Notice that, in this case, § < 6(1) < 7 so that §(1) — £ > 0; thus, if we

LM

algebraically rearrange (2.31), we have A = 1 — —i= [6(1) ~ ] which assures us
that A < 1.
Now, if # = m, the right hand side of equation (2.30) is constant, but if

B # m, then 6(1) = cot™* (%) and equation (2.30) is therefore transcendental; it

remains to show that

Lemma 2.4 IfM > —cota, § < a <, and (1) is as in (2.25), then the equation

(2.30) has a unique solution, which we denote Aj*.

Proof: Assume 7 < 8 < m, since the equation (2.30) clearly has a solution if
B=m.
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We can rearrange equation (2.30) to show that it is equivalent to
_ (M +coto) o
Vo = =t [0(1) 2].
Let y(do) = Vo, 11(do) = 2522 and yy(N) = 0(1) ~ § and let F(do) =
Y1(Xo) + y2(Ag). Clearly, y(Ao) = /Ao is strictly increasing with y(0) = 0 and
limy, 00 ¥(Ao) = 00. Also, since M > ~cota, y1(X) = Q%) is strictly de-

creasing with limy,_,o+ ¥1(Ao) = 00 and limyy,00 ¥1(Xo) = 0. Now, recalling (2.26),

consider the first derivative of y,:

d _d _, fcotB o
L0 = o2 (50) )
cot B
2v 20 (Ao + cot? B)

<0

when Ao > 0 and 7 < 8 < m. Hence, y2()o) is decreasing with limy,_,0+ ¥2(Xo) = 3
and limy,o y2(Ao) = 0 and §(Xo) is strictly decreasing with limy,_,o+ §(Xe) = 00
and limy,,e0 §i(Xo) = 0. Thus, the two curves y(Ao) and §()) intersect uniquely
(see Figure 2.6) so that the transcendental equation (2.30) has a unique solution,

say A" B
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*x
A'0

Figure 2.6: Existence of point A3*

Theorem 2.4 If M > —cota, § <a<m, § < B <, 0(1) is as in (2.25) with
A0 = /\(")‘*;

2
Ay is the positive root of Mg = % [(0(1) - g) + \/(0(1) - g)2 + 4(M + cot a)] ,

M t
A= + co a,
TS

qn (t) — (_ cot a)é(t) + li" (t)

where
Ay, 0<t<A
7**(t) = ’ - 2.32
7 () {& Acicl (2.32)
cot—l ( cot a — 0

Nt 4 (0Q1) — V), A<t<l,
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and r(t) solves, on 0 <t <1,

*%

—AO) cos@sin b
A**

then ¢o = rsin @ satisfies, on 0 <t <1,

—¢o + 4" o = Ay o
(cos B)do(1) — (sin B)dp(1) =

Further, if ¢, is extended to t = 0 by continuity and ¢,(0) is defined to be (cot )y (0),
then ¢y satisfies

/I S (2) dt+/ {(~ cot a)5(t) + & (£) }o(2) dt = / A o(t) d
te, for0<z <1,
~64(2) + 64(0) - (cot)an(0) + | T (@)olt) = 35" [ du(e) .
1] 0

Proof: The proof of this theorem is similar to the proof of Theorem 2.2. B

Remark: Note that 8 is continuous at t = A since

lim 0() = lim (V35 + () - VAF))

t—A+ t—At

- i (Vs (5~ V)

by (2.31) with Ay = Aj*. Hence, lim;_,5+8(t) = Z = 8(A).

2
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Also, by the definitions of ¢** and 6(¢), r(t) =1 on (0, 1] and

1, 0<t<A
Polt) = {sin o), A<t<l. (2:34)

Finally, note that lim,_,o+ #5(z) = 0 so that ¢; has a discontinuity at 0.
However, ¢ is continuous and, since ¢5(0) — (cot a)do(0) = 0, then ¢, satisfies the

following equation:
~to(e) +0(0) + | @- 07 On) =X [ (o - n(t)at

forallz €[0,1]. o

This theorem shows that A§* = Ao(¢**) is an eigenvalue (with eigenfunction
¢o) of (2.1) and (2.2) on [0,1] in the distributional sense where £ < a < 7 and
2 < B < m, but, here, ¢** is no longer piecewise continuous! We will show, however,
in section 2.6 that Af* is an upper bound for the set S := {Xo(q) : fol g(t)dt = M};
that is, A\* > A¥. Yet, even then, we will not have shown that A\$* = 2¥ since we
lack the inequality in (2.30) which we need to be certain that A§* is the least upper
bound of all the eigenvalues. What we do know is that Aj* is less than the upper

bound of S established by Theorem 2.1; that is, A\j* < Ag where ) is a solution of

Yo =7 [61) ~ 6(0) + BT — 6QO)F + 441

NN

with 6(1) as in (2.25) and 6(0) = cot™! (@\/‘)‘——:) where 7 < o < 7. We can show,

in a modification of the proof of Lemma 2.2, that A is an intersection point of the

curves y(ho) = vAo and y1(ho) = J= +6(1) — 6(0). From Lemma 2.4, we know

that A3* is the unique intersection point of the curves y(Ao) = VAo and y2(Xo) =
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Figure 2.7: Graph where Ag > \}*
Here, 1, is assumed to be strictly decreasing.

% + 6(1) — 5. By a few manipulations, we show below that y(Xo) > y2(Xo)

for all Ao > 0 and hence, an intersection point of ¥ and y;, say Ao, is greater than
the intersection point of y and yo, namely A\j* (see Figure 2.7 for an example where

the function y; is strictly decreasing). First, since § < 8(0) < 7, we know that

cot 8(0) < = — 6(0)

2
where cot §(0) = %2 so that, by substitution,
cotae w
— < — —0(0).
& <2700

Now, rearranging terms and adding = + 6(1) to both sides, we have that

M M + cot T
m+0(1)—9(0) > _—_\/—)\_0—-*-0(1)_5

or

y1(M) > y2(Xo)-
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2.5 Examples

In this section, we consider the case presented by Theorem 2.4 and give examples
that support our conjecture that M= ApT-

Given the hypotheses of Theorem 2.4, A\f* is an eigenvalue of
=y (1) + g (t)y(t) = A5"y(?)
(cos @)y(0) — (sin @)y'(0) = 0

(cos B)y(1) — (sin B)y'(1) = 0.
For € > 0, let A\g(q?*) represent the first eigenvalue of

=" () + ¢ (D)y(t) = Ay(t)

(cos @)y(0) — (sina)y’'(0) =0

(cos B)y(1) — (sin B)y'(1) = 0

where
—®te 0<t<e
@) =¢X", e<t<A+e (2.35)
0, A+e<t<l. |

Note that g}* satisfies the property fol g:*dt = M from the definition of A and A§* in
Theorem 2.4. We demonstrate numerically that, as € approaches 0, the eigenvalues
Ao(g¥*) approach the eigenvalue A}*. A shooting method is used to determine the
eigenvalue Ao(g}*) for each value of € in the following manner. By [10], we know that
6(t, A) is a strictly increasing function in A for the standard Priifer transformation,
ie, @ = rsinf, ¢ = r cosf. That is, if \; < Ay, then 6(¢, ;1) < 6(¢,A2) and

conversely, if 8(¢, A1) < 0(t, A2), then A\; < As.
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Thus, we can choose a value ), calculate (1, \) using a numerical integrator

(in our case, MAPLE) and if, for § =,
y(1,2) > (1, 0(g™) =0,
then
B(1,2) <6(1,h(g;") =7
and thus
A < Ao(g")-
Similarly, if
y(L,2) <y(1, (@) =0,
then
0(1,%) > (1, do(g:™)) = 7
so that
A > do(gl™).

In this manner, we can determine Ao(g}*) as precisely as desired by varying

the choice of ).

For both of the following examples, we choose @ = 2 and 8 = n. The
boundary conditions, in this case, become y(0) = —y'(0) and y(1) = 0. Furthermore,

without loss of generality, we choose y(0) = 1 (which implies y'(0) = —1.) Thus, the

eigenfunction y(t, Ao(g?*)) which we seek has initial value 1, initial slope —1, and
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terminal value 0. The values for the sequence {Ao(g;>)} below were determined by
evaluating the calculated value of y(1, A) and comparing this value with the terminal

condition y(1) = 0.

Example 2.1 Choose M =2 > —cot(¥) = 1. In this case,

2
2
A= % [W _ _;I 4 \/ [W _ g] +4(2- 1)} ~ 4.2310533.

For small values of € > 0, we generate a sequence of eigenvalues {Ao(¢;*)} associated

with the problems

—y"(t) + g22 (D)y(t) = My(2)

y(0)=-y'(0) =1,y9(1) =0

Choice of ¢  Eigenvalue
e1=.01  Ao(q)) ~ 4.2246159
€2 =.001  Xo(g};) ~ 4.2305037
€3 =.0001  Xo(q:)) ~ 4.2309993

€4 =.00001  Ao(q};) ~ 4.2310478

Example 2.2 Choose M =5 > —cot(3) = 1. In this case,

2
-1 7 m]2 N
=+ [71’ + \/ [7r 2] +4(5— 1)} ~ 8.608848.
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Again, for small values of ¢ > 0, we generate a sequence of eigenvalues

{o(a¥)} associated with the problems

—y"(t) + gir (Dy(t) = My(t)

y(0) =-4(0)=1,9(1)=0

Choice of ¢ = Bounds on the Eigenvalue

& =001 X(g) ~ 8.608340
e3=.0001  Ao(q) ~ 8.608803

es =.00001  No(g") ~ 8.608844

Note that, in both examples, the value Aj* appears to be an upper bound for
the eigenvalues {Ao(¢;*)} and, moreover, the eigenvalues \o(g;*) appear to approach

Ay* from below with a high degree of accuracy. This supports our hypothesis that

Conjecture 1

A3 =M :=sup {/\o(q) : /0 : q(t) dt = M} . (2.36)

2.6 An Improved Upper Bound for Case B of the General Boundary Conditions

In this section, we will verify that the first of the two above observations about the
examples is correct: namely, that A§* is an upper bound of the eigenvalues Ao(g)
where fol g(t)dt = M in case B of the general boundary conditions. Moreover,
from the last paragraph of section 2.4, we know that AJ* is an improved upper

bound of the set {Ao(q) : fol g(t) dt = M} since A}* is smaller than the upper bound
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established by Theorem 2.1. (The second of the above observations will be proved

in chapter 4.)

Theorem 2.5 Given the hypothesis of Theorem 2.4, A\}* is an upper bound of the

set of eigenvalues

5= 0ulo): [ ot) dt = M},

Proof: From the Rayleigh quotient characterization of the first eigenvalue,

we have

_ . Q)
/\o(Q)—gggm

where
Qly) = /0 1(—y” +qy)ydt
= —y'()y(1) + ' (0)y(0) + /0 1 () + gy®] dt
= (= cot B)(y(1))* + (cot o) (y(0))* + /0 1 (') + ay*] dt
and the set
D= {y € AC[0,1] : /Ol(y’)zdt < oo}

Moreover, if 8 = m, we add the condition (1) = 0 to D and delete the term

(= cot B)y(1)? from Q(y).
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Now, if ¢**(¢) is defined by (2.35), then, from our numerical examples, the

eigenfunctions y. of the eigenvalue problem
Y+ gty =Xy
y(0) =1,4'(0) = cota & (cos @)y(0) — (sina)y’(0) =0

y'(1) = (cot B)y(1) & (cos B)y(1) — (sin B)y'(1) = 0

appear to approach a function § which is identical to the eigenfunction ¢¢(t) in

(2.34), namely,

(Recall, from (2.33), that 8(A) = % and, if § = =, then 6(1) = 7; otherwise, if

2 < B <, then 6(1) = cot™! (\‘"'/Lf\—?) .) Notice that § € D and hence

_ . Q) Q(®)
MO T T

Assume 3 # . First, we calculate fol 7 di:

1 A 1
/ 7 dt = / 1%dt + / sin® 0(t)dt
0 0 A

= A+ %/Al [1 — cos(26(t))] dt

1 1
= A+-(1-A)- i
+ 2(1 ) N sin(26(1))
A+1 _ 1

=sin 6(1) cos 6(1).

2 2y
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Now, we calculate Q(§) using cot o+ M = Aj*A and cot f = \/A§* cot §(1)

Q)

IN

~F(W)F1) + 7 (0)(0) + / () + ¢i7] dt

(_

(_

(_

(_

cotﬂ)(g(l))2+cota+/Ath
0
+/A1 [(\/XGTCOSO( ) + gsin® 4(t )] dt

cot B)(§(1))% + cota + /Ath + A5 ( ) / [1+ cos(26(t))] dt
0

1
+/ qdt
A

cot B)(#(1))2 + cot a + M + \3* (l)

sin(26(1))
) s

2/

cot B) sin? (1) + A5*A + A3 (—;—) 1-A]+ % Ay sin(29(1))

- (T) + (= cotB)sin? 0(1) + 2/ sin6(1) cos (1)

) ) VA cos0(1)sinf(1) + = \//Vsmé? (1) cos6(1)

,.(é_;_*'__l) ——-\//\0 cos 8(1) sin 6(1)

sinf(1) cos0(1)| .

A+l 1
2 2%
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Thus, we have

. Qy) Q(7)
’\°(q)"ry%1£ T < gt

¥y [% - 2\/1,? sin f(1) cosO(l)}

[% - ﬁsinH(l)cose(l)}

IA

_ *k
= Ay

If =, then Q(§) = Ag* (2£) and [, §2dt = 22 50 that

Therefore, we have shown that A3* is an upper bound for the set S := {)o(q) :

[y at)dt=M}. &
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CHAPTER III
THE GENERALIZED STURM-LIOUVILLE PROBLEM

3.1 Definitions and Useful Theorems

We begin this section with a short discussion of important definitions and previous
results by D.B.Hinton [6].

Let N be a non-degenerate ring. Suppose that || - || is a norm for NV which
satisfies the submultiplicative property, i.e., forallzand yin N, || zy || < |lz]|- ||yl
and that N is complete with respect to this norm. (For our purposes, N is the ring
of all 2 x 2 matrices and if A = [a;;] € N, then ||A|| = 3, - |ai].)

A function F : [a,b] — N is called quasi-continuous if it has left and right
limits at each interior point of [a, b] and has one-sided limits at a and b.

A function F : [a,b] — N is said to be of bounded variation on [a, b] if there

is a constant K such that for any partition a =ty < t; < ... <tp_; <t, =D,

S NF(t) - F(ti)ll < K.
=1
The greatest lower bound of all the constants K is called the total variation of F

on [a,b] and is denoted \/® F or

b

\F.

a

Let F be the set of all functions F : [a, b] X [a,b] = N such that
(i) F(z,z) =1 for all z,

41



(ii) F is quasi-continuous with respect to its first place, and

(iii) there is a real nondecreasing function g on [a,b] such that g(a) = 0 and

|1F () — F(t,y)ll < lg(z) — g()| for all ¢, z, and y.

The function g is called a super function for F.

We say that a sequence {s;}} is a chain from z to y if {s;}§ is a monotone
sequence such that sp = z and s, = y. The chain {¢;}7* is a refinement of the chain
{s:}5 if {s;}3 is a subsequence of {¢;}5.

We can now define the Cauchy-left and Cauchy-right integrals as follows.
For F : [a,b] = N and G : [a,b] — N, the Cauchy-left integral (L) f: dF (z)G(z)
denotes an element Y of N with the following property: for each positive number

€, there is a chain {s;}§ from a to b such that if {¢;}J* is a refinement of {s;}, then

m

Y - Z[F(ti) = F(t;-1)IG(ti1)

=1

<€

The Cauchy-right integral (R) fab dF (z)G(z) denotes an element Y of N with
the following property: for each positive number ¢, there is a chain {s;}% from a to

b such that if {¢;}7 is a refinement of s, then

<e€.

”y - SOIFE) - Fleoiee)

Similarly, we can define the Cauchy-left integral (L) f: G(z)dF(z) and the

Cauchy-right integral (R) f: G(z)dF(z). The Cauchy integrals are known to exist if
F is of bounded variation and G is quasi-continuous, and classical arguments show

that, if the integral exists, it is unique.
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Moreover, a Cauchy-left integral (L) f: dF(s)G(s) or a Cauchy-right integral

(R) fat dF(s)G(s) is equal to an ordinary Stieltjes integral fat dF(s)G(s) if, under
the above circumstances, either F' is continuous or G is continuous.

We make use of the following theorems in this chapter, which we state here
without proof. The first theorem establishes a bound on the norm of a Cauchy-left
integral and the second theorem provides a variation of the well-known Gronwall’s
inequality. The third theorem establishes conditions under which a Cauchy-left
integral is quasi-continuous or even continuous. The last two theorems assure us

that solutions exist to certain integral equations.

Theorem 3.1 If F is of bounded variation from [a,b] to N, G is quasi-continuous

from [a,b] to N, f and g are real functions on [a,b] such that, forz <y, \/F <
f(y) — f(z), and g(z) := ||G(z)||, then

< [(L) / ' df(s)as)

b b
H(L) JECED < (V f) oo (1)

where |g|[a5 := sup{|g(z)| : = € [a,d]}.

Theorem 3.2 If K > 0, h is a real nondecreasing function on [a,b], and m is a

real function on [a, b] bounded above by T > 0 and such that, for each z,

m(z) < K + (L) / m(s)dh(s),
a
then
m(z) < Kelh@)-h@)]

for each x.
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Theorem 3.3 If F € F, Q : [a,b] = N is quasi-continuous, and P is defined on
[a, 8] by

PO =) [ (1 9)Q(s),

then P is quasi-continuous. Moreover, if F is continuous with respect to its first

variable, then P is continuous.
Theorem 3.4 Given F € F, there is one and only one function M that is quasi-
continuous with respect to its first variable and that is a solution of
t
M(t,z) = I+ (L) / d,F(t,5)M (s, )

T
for allt and x. Moreover, if F is continuous with respect to its first place, then so
s M.

Theorem 3.5 If F € F and G is a quasi-continuous function from [a,b] to N,

then there is a unique quasi-continuous function Y on [a,b] such that

Yt) = G(t) + (L) / CAF ()Y (s)

Finally, we state two convergence theorems for Stieltjes integrals (see [7] and

[5] for references) which we use later.

Theorem 3.6 (Helly’s Convergence Theorem) Let f be a continuous function
on [a,b] and let {g,} be a sequence of functions of bounded variation on [a,b] con-
verging to a function g at every point of [a,b]. If there exists M > 0 such that
VZ 9n < M for all n, then

b b
lim fdg, = / fdg.
n—roo a

a
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Theorem 3.7 Let g be a function of bounded variation on [a,b] and let {fn} be
a sequence of functions which is uniformly bounded and converges pointwise to a

function f on [a,b]. If fab fndg and f: fdg ezist, then

lim fndg /fdg

n—o0

3.2 The Initial Value Problem
We wish to consider the system of equations

dy = (dP)z (3.2)

dz = (dQ— AdW)y
by which we mean the integral equation
[ Zgg ] B [ 38 ] +/at [ gQ(s) — MW (s) gp(s) ] [ ZE§§ ] : (33)

Here, we require that A € C and that the following basic conditions hold on

a<t<b:

P(t) > 0,W(t) > 0;

P(a) = W(a) = Q(a) = 0;
P(t), W (t) are nondecreasing; (3.4)
P(t

(
(
)
(t) is continuous; and,
(®)

Q(t) is of bounded variation.

Note that in the case where P(t) = W (t) =t —a and Q(2t) f g(7) d7, then
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the system (3.2) is equivalent to

Z = (q(t) - Ay
or
-y +qy= )y

which is equation (2.1).
For now, we consider the integral in (3.3) to be a Cauchy-left integral, but
as a result of the proof of Theorem 3.9, we will have established the conditions that

show that the integral is an ordinary Stieltjes integral.

Theorem 3.8 A quasi-continuous solution to (3.3) (interpreted as a Cauchy-left

integral) subject to (3.4) erists and is unique.

Proof: Let

|0 P(t)
FO = | )= awe) 0 ] (3.5)

and note that F' is quasi-continuous and of bounded variation. Furthermore, if we
let F(t,s) := I+ F(s) — F(t), then (3.3) has the form of the non-homogeneous

integral equation

Y(t) =Y (a)+ (L) /t d F(t,s)Y (s)

where Y (t) = [ Zgg ] . Here, F(t,t) = I for all t and F is quasi-continuous with

respect to its first variable since F' is quasi-continuous.
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Now, if we define

t

f@) =P+ \/(@+ | x| W), (3.6)

a

then f(t) is a real nondecreasing function such that f(a) = 0 and, for z > y and
any t € [a, b},
IF (¢ 2) - Ft, )l
= ||F(z) - F(y)l
= | P(z) - P(y) | + | [Q(z) - AW (2)] - [Q(y) — AW (y)] |
)= PQ) | +1[Q() - Q)+ [ A | [W(=z) - W(y)] |
(

= [P(@) =P |+ Q@)+ W(@)] - [Q)+ A W)

< | Pz

T

< P(x)-P@y)+\/( @+ 1| W)

= [P@)+V @+ X W)] - [P@E)+ \/(@+ 2| W)]

= f(z) - f(v)
= [ fl@)-f) |-
The case where z < y is proved similarly; this verifies that f is a super function for

F and hence F € F.

Thus, by Theorem 3.5, there exists a unique solution Y'(t) = [ 28 ] which

is quasi-continuous. W

Theorem 3.9 The quasi-continuous solution [ zg; ] of (3.3) subject to (3.4) has

the following properties on [a, b]:
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1. y(t) is continuous and of bounded variation, and

z(t) is quasi-continuous and of bounded variation.

Proof: (For this proof, we consider N to be the ring of all real numbers R
and let the norm || - || be the scalar norm.)
From Theorem 3.8, y(t) and z(t) are both quasi-continuous. We define a new

function P(¢,s) = I + P(s) — P(t) and note that d,P = dP so that

Mﬂ=ﬂ®+ﬂ»/djﬁﬁk$)

Here, P(t,t) = I for all t and P is continuous with respect to its first variable since
P is continuous. Now, P(t) is a real nondecreasing function such that P(a) = 0 and
for all ¢,z, and y in [a, ],

IP(t,z) — P(t,9)l| =| P(z) ~ P(y) |
which verifies that P is a super function for P. Hence, by Theorem 3.3, we know

that the integral (L) [ at d,P(t,s)z(s) is continuous and thus y(t) is continuous.
Next, let F' be as in (3.5) and let

I(2) = (L) / "ar (s [ zgz; ]

and define a partition of [a, b] by {to,t1,...,ts} Where ¢, = a and ¢, = b. Set

0= | 49 ]

and recall the notation |g|z,_, ) = sup{|g(s)| : s € [ti—1,ti]}. As before, define f(t)

(3.7)

as in (3.6). Then, for z < y, we know that

VF<VP+\@+1X|W)=f) - f(a).
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Thus, applying Theorem 3.1, we have

@) - It = I(L)

ti—

IN

(L) / " d4f(s)g(s)

ti1

ti
< (\/ f) | g |[ti—1,ti]
ti-1

Z”I(ti)—f(ti—l)n < Y (\/ f) | 9 litics.ti)

=1 ti1

so that finally

IN

| 9 lfa,t ,Z:; (\t/ f)

ti-1

b
(\/f) | g I[a,b] .

This proves that I(t) (and hence both y(t) and z(t)) are of bounded variation. B

IN

Remark: Since P and y are continuous, then the Cauchy-left integral interpretation

of Theorem 3.8 can be dropped. e

Lemma 3.1 If [ Z(t) ] is the solution of (3.3) subject to (3.4), then the norm

()
1% ]

the initial conditions.

is bounded above by a constant which depends only on A\, P, @, W, and

49



Proof: Again, if we let F' be asin (3.5), f be as in (3.6), and g be as in (3.7),

then by Theorem 3.1 we have

o)l < L] [ere X

B EEIEST

IA

Notice that g(t) is a real continuous function on a compact interval and hence is
bounded above. Also, f(t) is a real nondecreasing function on [a, b].

Hence, applying Theorem 3.2, we have
(71 ke
]

Here, the constant C := ” [ Zézg } ’ e/ and depends only on P,Q,W )\, and

IA

f®)

IN

the initial conditions. M

Theorem 3.10 Let y*) and 2%) denote the kth iterates in the successive approri-

mations to (3.3), i.e.,

[ Zend | =120 ]+ [ Lot -sawe 7 ][ 203 ]

and



where A € C and P,Q, and W satisfy (3.4). Then y*®) — y and z¥) — 2z uniformly

on [a,b] as k — oo where [ Zgg ] is the solution of (3.83) subject to (3.4). Moreover,

| y(t) — y®(t) | and | 2(t) — 2 () | are bounded by constants that depend only on

P,Q,W, A, the initial conditions, and k (and which tend to zero as k — o0).

Proof: Let L := “ [ zgz; ] and let f be as in (3.6). Since f is a nondecreas-

ing function, then, by [6, p.318], we know that

» o LOP
/df f(s) < o

First, we calculate
y @) ] _ [ yOr)
z(l) (t) | Z(O) (t)

/at :SQ(S) — AdW(s) gP(S) ] [3&3 ]”

< Lf().

Next, we have
RN

[ iaw—sare &9 ([00]-[%0])]

< | / df(s)LF(s)
F)P
s 5=
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In general, induction shows that, for k > 0,

and, forp>kand a <t <b,

][5 o

oty | =[e0td ]

[0 ]-[W6]] < 2

i=k+1

<
i=k+1
4 sz
<1y fF
i=k+1
2LF(0) o fO)
- L(._OT';T '

Recalling that

O e
dm > =

=0

(k)
we have shown that { [ y (t

o
) is uniformly Cauchy on [a, b] and hence con-
28() 1) e

verges uniformly on [a, ] to
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Moreover,

][] < o5 1

i=k+1
LefO) f () (k+1)
- (k+1)!
and
Lef®) §(b)(k+1) 0
k+1
ask—o0 M

3.3 The Eigenvalue Problem

Now, under the basic conditions given by (3.4), let us define the eigenvalue problem

by attaching general boundary conditions to (3.3):

[28 } N [38 ] +/at [ SQ(s) — AW (s) gP(s)] [’;’8 ] (3.8)
and

A[ZEZ”*B[ZEZ?F[S] (3.9)

where A and B are (possibly complex) 2 x 2 matrices and the 2 x 4 matrix [A | B]

has full rank. (Self-adjointness in the differential equations case (2.1) and (2.2)

would also require that AEA* = BEB* where E = [ (1) _01 ] )
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In this section, we can show that the eigenvalues of this problem are the roots
of a certain entire function and that, in the case of separated boundary conditions,
the eigenvalues are, in fact, real and simple.

We define @ to be the 2 x 2 matrix such that the columns of ®(z, \) satisfy
(3.8) (which is the same equation as (3.3)) and ®(a,\) = I. The existence and

uniqueness of ®(t, A) is guaranteed by Theorem 3.4 where ®(t,\) = M (t,a). As is

easily verified, the solution of (3.8) is given by ®(¢, A) [ gg:g ] .

Theorem 3.11 The eigenvalues of problem (3.8) and (3.9) are solutions of
det[A + B®(b,\)] = 0.
Proof: We need to show that the problem composed of (3.8) and (3.9) has a
nontrivial solution ¢(t) = [ Zgg ] if and only if det[A + B®(b, A)] = 0.
Now, there exists a nontrivial solution ¢(t) of problem (3.8) and (3.9) if and
only if there exists ¢(a), not the zero vector, such that ¢(t) = ®(t,\)¢(a) and
Ad(a) + Bp(b) = 0. By substitution, we have

0 = A¢(a) + BE(b, \)p(a) = [A + BE(b, \)|4(a).

If ¢(a) is not the zero vector, we must have det[A + B®(b,)\)] = 0, and
conversely if det[A + B®(b, A)] = 0, then [A + B®(b, A)]#(a) = 0 for some nonzero
vector ¢(a). B

Lemma 3.2 Defined: C — R by
d(A) = det[A + B®(b, ))]. (3.10)
Then d()) is an entire function.
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Proof: To show that d(})) is an entire function, we first define the successive
approximations for the integral equation

_ ‘To dP(s)
<I>(t,)\)—I+/a [dQ(s)_AdW(s) 0 5 ®(s,\)

and then show that, for A € K C C (where K is a compact set of C), det[A +
B®® (b,)\)] — det[A + B®(b,)\)] uniformly as k — oo and det[4A + B®®F) (b, )))
is a polynomial in A (and is hence analytic). Thus, by basic theorems of complex
analysis, d(\) = det[A + B®(b, A)] is also analytic.

Now, fix A € K and let ®*)(¢, \) be defined by

ot =1+ | [SQ(s)—/\dW(s) gp(s)}@(k)(s’”’ &1

O, \) =1.

By the same argument as in Theorem 3.10, the sequence {®®¥)(t, )\)}:’:0 is uniformly
Cauchy on [a, b] X K and hence converges uniformly on [a,b] X K as k — oo to

‘To dP
<I>(t,/\)=I+/a [dQ(s)_AdW(s) 0 () | a(s, ).

In particular, ®*)(b, A) — &(b, \) uniformly as k — oo for A € K and hence
det[A + B®®) (b, \)] = det[A + B®(b, \)] uniformly as k = oo for A € K. Now, if
d(A) = det[A + B®(b, ))] is the uniform limit of a sequence of analytic functions,
then d()) is analytic and is an entire function (since K is an arbitrary compact set
in C.) Hence, it suffices to finish the proof by showing that det[A + B®®)(¢, A)] is
a polynomial in }, i.e., a finite sum of the form 37, a;(t)\". First, note that any

expression of the form det[A + BU(\)] is a polynomial in A if every component of
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¥()) is also a polynomial in A. Thus, we show by induction that the components

of ®*)(¢, \) are polynomial in ), i.e., each has the form of a finite sum Y i, b;(t)\".

First, the components of ®© (¢, \) are constant in A and the components of

o0 =1 +/at[gQ(8)—/\dW(S) SP(S)] [‘1’ H

are linear in A.
Now, suppose that the components of ®*)(¢,\) are polynomial in A of at

most order k and designate

— 2?:0 cli(t))\i Zf:o Co; (t)/\i
) (t,A) = [ Zf:o cai ()N Zf:o cai(H)N

From the iteration (3.11), it is clear that each of the components of ®*+1) (¢, })
is polynomial in A of at most order k¥ + 1, which completes the induction and the

proof. l

Lemma 3.3 For separated boundary conditions, i.e.,

cosa —Sina 0 0
A_[ 0 0 ]andB_{cosﬂ —sinﬁ]

where 0 < a < 7 and 0 < B < m, the eigenvalues of (3.8) and (3.9) are real and

simple provided that W (t) is constant on no subinterval and P(t) is not the zero

function.

Proof: Using (3.2), we have, for an eigenfunction [ Z :l with corresponding
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eigenvalue A,

/a b[dQ—/\dW]yﬂ = /a b(dZ)?

b
= 2(b)i(b) - 2(a)3(a) - / «d.

If o # 0and B # m, then z(a) = (cota)y(a) and z(b) = (cot B)y(b). Thus, by

substitution and (3.2), we have

b b b
/ dQlyP - A / AWyl = (cot B)ly(B) — (cotar)ly(a)f - / dP|z]

so that

~(cot B)ly(®)F + (cot ly(@)f* + [} dPlaf’ + [7 dQly

A=
L dwyf

(3.12)

First, we will show that [ : dW|y|? > 0. Suppose that f: dWy|? = 0; since W is
constant on no subinterval, this implies that y = 0. Now, if y = 0, then from (3.8),
z is a constant function, and from above, this forces fab dP|z|? = 0 so that P must
be the zero function, which contradicts the hypothesis. Thus, f: dWlyl? > 0 and

hence ) is real.

If @ =0, then y(a) = 0 so that

(cot B)[y(®)* + [ dPl2” + [° dQlyl

A= —
[P awy)?

If 8=, then y(b) = 0 so that

(cot )ly(a) + [, dPzl* + [, dQlyl*

A=
L awly?

57



Again, as above, since W is constant on no subinterval and P is not the zero

function, then A is real.
Next we show that the eigenvalues of (3.8) and (3.9) are simple by considering

two cases.

First, if a = %, then z(a) = 0. Let [ igg ] be the eigenfunction correspond-

ing to the eigenvalue A of (3.8) and (3.9) with initial condition

o ]=[o]

If we now examine the eigenvalue problem (3.8) and (3.9) with the initial condition

[ y(a)

+(a) } = [ (c) ] where ¢ is any non-zero real number, then by the property of

uniqueness of initial value problems, the eigenfunction [ dz(t) ] corresponding to

»(t)

the new initial condition must be a multiple of the original eigenfunction, i.e.,

E Rl

Hence, in the case where a = %, the eigenvalue A has a one-dimensional family of

eigenfunctions.

(1)
b(t)

function corresponding to the eigenvalue A of (3.8) and (3.9) with initial condition

0 )= [ee]

Again, by the uniqueness property of initial value problems, the eigenfunction

Next, if o # 7, then 5% = cot . Here, we let [ ] represent the eigen-

[ g(t) ] for the problem (3.8) and (3.9) with new initial conditions [ zézg } =
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c .
where ¢ is any non-zero real number must be
ccot o

Thus, in both cases, the eigenvalue A has a one-dimensional family of eigenfunctions

and hence A is simple. B

3.4 A Sequence of Initial Value Problems
Now, we can define a sequence of initial value problems of the form
501150+ [ Laaa-sam 771 [ 50 e
where
REIRIEE) 639
as n — oo and where the terms of { P, }, {W,.}, and {Q,} satisfy the basic conditions
given previously in (3.4), namely, for all n and a < t < b,

P,(t) and W, (t) are non-negative functions;
P, (t) and W, (t) are nondecreasing; (3.15)

P,(t) is continuous;

Q@n(t) is of bounded variation,
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and furthermore the following properties hold on [a, b):

P,(t) = P(t) uniformly; (3.16)
Wy (t) » W (t) pointwise;
Qn(t) — Q(t) pointwise; and,

there exists a real non-negative number Mg

b b
such that \/ Q < Mg and \/ Qn < Mg for all n.

Note that Theorems 3.8, 3.9, and 3.10 and Lemma 3.1 can also be applied
to (3.13) and (3.14) subject to (3.15) if we replace [ ‘Zg; J by [ Z"Eg ] and P, Q,

and W by PB,, Q,, and W, respectively. In (3.13), y, and 2, are functions of X as
well, but we suppress the \ except in the statement of the next theorem. The proof
of the uniform convergence of y, to y in the next theorem is a modification of a
proof by Reid in [12]. In his paper, he proves uniform convergence of y, to y where
the first equation of his generalized differential system is y' = A(t)y + B(t)z where
A and B are Lebesgue-integrable functions on [a, b]; we replace this equation with

the generalized equation dy = (dP)z.

Theorem 3.12 Given the sequence of initial value problems consisting of (3.13)

through (3.16) where A € K C C (compact),
1. yu(t, A) = y(t, A) uniformly on [a,b] X K, and

2. zp(t, A) = 2(t, A) pointwise on [a,b] x K

where [ Zg’ i; ] is the solution of (3.3) subject to (3.4).
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Proof: Let L, := H [ Yn(a) ] and note that since

zn(a)
L, = L as n — oo, then L, is uniformly bounded by max;{L;, L}.
Fix A € K and let

s K61

a

t

fa(t) = Pa(t) + \/ (@r + NWS). (3.17)

a

Then {f,(b)} is uniformly bounded in n since P,(b) — P(b) and W, (b) — W (b) as

n — oo so that

b b
fn(b) = Pn(b) + \/Qn + l)‘l : VWn

< max(R(b), P()} + Mo + max || - max(Wi(5), W)}

Therefore, we can apply Theorem 3.10 to conclude that |y, () — y$°(¢)] and
|2n(t) — Zr(zk)(t)l are bounded by constants that do not depend on n or ¢ and that
tend to zero as kK — oo.

Hence, given € > 0, there exists K, sufficiently large enough that for £ > K,

and t € [a, b],
v -v®@l < 3,
va(t) — @] < 5,
(1) - 290 < 3,
zat) =D < 5.
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Thus, for £ > K,
y(®) — p@®)] < |y = y® @)+ ¥ @) -y PO + 150 (1) — yal?)]
< e+ y®) - P @)
and

2(8) = ()] < 12(t) = 2B @) + |2P(2) ~ 2 @)] + 1287(t) — 2 (8)]

< e+]29) - 20 ().
Claim 1 o |y®(t) —y®) (t)] = 0 uniformly on [a,b] as n — oo for k € NU{0}.
o |20 (t) — 28 (t)] = 0 pointwise for every t € [a,b] asn — oo for k € NU{0}.

The proof of this claim is long, but notice that the claim, together with the inequal-
ities above, will complete the proof of the theorem.
Proof of Claim 1: If k = 0, then |y (¢) — v (1) = |y(a) — ya(a)] = 0 as
n — oo and |z(0(t) — 20 (t)| = |z(a) — 2,(a)| = 0 as n — oo by assumption (3.14).
Assume the claim is true for some k.

Now,

y(k+1)(t)— 1(1k+1)(t)
= yla)+ / dP(s)z®(s) — yn(a) - / 4P, (5)2 (5)
= y(a) - va(a) + / [dP(s) — dPa(s)]2®)(s)

- / ()2 (5) — 29()]

a
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and
z(k+1)(t) _ zr(zk+1)(t)
= z(a) + / t[dQ(S) — MW (s)ly®(s) - 2a(a)

t
a

- [[10Qa(s) ~ AW (o)1)

z(a) — zn(a) + / t (1dQ(s) — AdW (5)] — [dQn(s) — AW (s)]) ™) (s)
- / t[dQn(S) = AdWa(s)][y (s) = y®(s)].

Let’s examine [2®+1(2) — 25 (2)] first.

By (3.14), |z(a) — z,(a)| = 0 as n = co. We know that y*)(t) is continuous
by Theorem 3.9 and that @), and W,, are of bounded variation and there exists an
My such that \/° Q, < Mj for all n by (3.15) and (3.16). Furthermore, \/° W,
is uniformly bounded for all » by \/2 W, < max,{W;(b), W (b)}. Finally, by (3.16),
Qn(t) = Q(t) and W,(t) — W (t) pointwise for all ¢ € [a,b] as n — oo so that by

Theorem 3.6 we have

-0

[ 142 - @6 (s)

as n — oo and

/ t’\[dW(S) — dWa(s)ly®(s)| — 0

a

as n — o0.

For the last term of |z%+1(¢) — 28"V (¢)|, we can obtain an upper bound via
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140n(s) = MWL (6) — s (s)]

b
< V(@n + AW2) max Iy(")() y ¥ (2)].

Recall that \/°(Q, + |\|W,) is bounded independent of n and, by the in-
duction hypothesis, max, << [v$(t) — y®(£)] — 0 as n — co. Hence, |2;+)(¢) —
25+ (£)] = 0 pointwise for every ¢ € [a,b] as n — 0.

To prove the other part of the claim, we consider

(@) - 9] < ly(e) — wle)l +

[1aps) - am (5126

+| [ P - #9061

Again, |y(a) — y,(a)] = 0 as n — oo by assumption (3.14).
We can integrate by parts on [ [dP(s) — dPy(s)]2*)(s) to obtain

/ 1dP(s) - dPy()29(s)

- / t[P (5) = Pu(s)ldz®(s) + [P(t) — Pa()]® ().

<\/ z(k)) (fii% |P(¢) — Pn(t)|> +|P(t) — Pa(t)] - 12%)(2)].
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Here, \/? 2¥) is bounded independent of & (by the proof of Theorem 3.9), |2®)(2)|
is bounded independent of k¥ and ¢ by Theorem 3.10, and by (3.16), P,(t) — P(t)
uniformly so that [[dP(s) — Py(s)]2®)(s) — 0 uniformly as n — oo.

All that remains to be shown is that [ dP,(s)[2S" (s) —2®(s)] — 0 uniformly
as n — oo and the claim will be complete.

First, we rewrite this integral as
/ 4P(5)[(s) - 2 (o)
= [1@P) - PEIA) - )
n / t dP(s)[z®)(s) — 20 (s)].

We know that |27 (t) — z®(8)] < |28 ()] + |#®(¢)] < 2M for some M > 0 since
ZP(t) and z®(¢) are bounded independent of k and n for all ¢ € [a,b] by Theo-

rem 3.10. Thus, using the same technique as above, we can show that

[[18P,) - P ) - 29

b
< (\/[251") - 2““’]) (sup |P(t) - Pn(t)l)

a<t<b
+|Pa(t) = P()] - |29 (2) — 2 (1))
and hence | [[dP,(s) — dP(s)][z (s) — 2% (s)]| — O uniformly as n — oo.
Finally, we know that P(t) is a function of bounded variation on [a, b] and the
sequence {z{”(¢)}, is uniformly bounded on [a,5] and (by induction) converges

pointwise to 2(*)(t) on [a,b]. The integrals [ dP(s)z"(s) and [ dP(s)z®)(s) do
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exist so that, by Theorem 3.7, we have [ dP(s)[z{"(s) — 2)(s)] — 0 pointwise as

n — oo. Now for the harder part: we have to show uniform convergence of this
sequence. Since | [ dP(s)[2%¥)(s) — 2®(s)]| < (Vz P) (SUP<ich 125 () — 2B (1)),

the sequence { [ dP(s)[21"(s) — 2*)(5)]} is uniformly bounded on [a,b]. Moreover,

the sequence is equicontinuous on [a, b] since

[ aPeee) - 0(6) - [ apee(s) - ()

/ ’ dP(s)[z(s) — M (s)]

1

(\t/ P) (i‘ii’b 1289 (t) - z""(t)l)

where P is continuous on [a, b] so that \/} P = P(t) is continuous and thus uniformly

IA

continuous on the compact interval [a,b]. Therefore, by Ascoli-Arzela, we know that
[ dP(s)[z")(s) — 2®(s)] — 0 uniformly on a subsequence of { * dP(s)[A(s) —
z(®)(s)]}, (which, in fact, is the original sequence as we already have pointwise

convergence of this sequence.) This completes the induction step, i.e.,
ly* @) - 9@ = 0
uniformly as n — oo, and therefore verifies the claim. O
This also completes the proof of the theorem. Hl

Remark: If we have a sequence of complex numbers {A\(™} such that A(®) — )\ as

n — o, then a slight modification of the proof of Theorem 3.12 shows that
1. ya(t, An) = y(t, A) uniformly on [a, b).
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2. 2,(t, \n) = 2(t, A) pointwise on [a, b].

We will use this result in chapter 4. e

3.5 A Sequence of Eigenvalue Problems

In this section, we define a sequence of eigenvalue problems

dyn = (dPy) 2 (3.18)

dzn = (dQn — X®W,)yn

with boundary conditions, for each n, given by
Yn(a) ua(®) | _ {0
A 20|48 EAEE (319)
where A and B are (possibly complex) 2 x 2 matrices and the 2 x 4 matrix (A|B)
has full rank. Recall that (3.18) is equivalent to (3.13) with A replaced by A™ ; as
before, we require the terms of {P,}, {Qn}, and {W,} to satisfy (3.15) and (3.16)
for all n and for all t € [a, b].

As previously for (3.8), we define, for each n, ®,(¢,A) to be a 2 X 2 matrix
such that the columns of ®, satisfy (3.18) and ®,(a, A) = I. (Note that the solution
of (3.18) is given by ®,(t, \) [ Z:gzg ] . ) We also define

dn(X) := det[A + B, (b, \)]. (3.20)
(Note that Theorem 3.11 and Lemmas 3.2 and 3.3 can be applied to (3.18) and
(3.19) if we make the appropriate replacements, i.e., [ ZZJ: ] for [ Z }, ®,, for @, d,

for d, and f, for f.)
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Theorem 3.13 d,(A\) — d()\) uniformly as n — co on compact subsets K C C.

Proof: Let K be an arbitrary compact subset contained in C and let A € K.
We begin by verifying that {d,(A)}, is a uniformly bounded sequence of

analytic functions on K. We know that the columns of ®,(¢,A) satisfy (3.18) so

that, by Lemma 3.1 and letting ¢ = [ (1) ] or [ (1) ],

122, Nl < lI1®a(a, A) el

< M

where M, independent of n, is such that f,(b) < M (as shown in the proof of
Theorem 3.12.) Hence, {d,()\)} is uniformly bounded on K. Moreover, by the
method used in the proof of Lemma 3.2, d,()) is analytic for each n as d, is the
uniform limit of a sequence of polynomials in A on compact subsets of C. There-
fore, by Montel’s Theorem, there exists a subsequence {d,,()\)}n, such that d,, (\)
converges uniformly on every compact subset of C. From Theorem 3.12, we already
have pointwise convergence of the sequence ®,(¢t,\) — ®(¢,\) as n — oo, which

guarantees that d,(\) — d(\) uniformly as n — oo on compact subsets of C. H

Lemma 3.4 Suppose that P and P, are not zero functions for all n and suppose,

furthermore, that there ezists W, strictly increasing on [a,b], such that

and



foralla <t <z <band for all n.
Then, for separated boundary conditions, i.e.,

cosa —sinao 0 0
A_[ 0 0 ]andB—[cosﬁ —sinﬂ]

where 0 < a <7 and 0 < B < 7, there exists Mg < 0 such that all the eigenvalues

of (3.18) and (3.19) subject to (3.15) and (3.16) are bounded below by Mg.

Proof: For each n, let [ 12/" ] be an eigenfunction, corresponding to an eigen-
n

value (™), that is the solution of (3.18) and (3.19) subject to (3.15) and (3.16). By
Theorem 3.9, y, is a continuous function on [a, b] so we can let £ denote a value on

[a, b] such that

m(82)] = max a0 (521)

Also, for each n, let I, be an interval denoted by I, = [a,,b,] such that a < a, <
b, < b and ¢, € [an, b,] (Where a, and b, are to be determined later).

Our goal is to develop an upper bound on |y,(t;)|. By Theorem 3.9, each
Yn 1S a continuous function on a compact interval so its minimum value exists; for

each n, let c; denote a value in I, such that

lyn(cy)| = i lyn ()]

Since fab: AW 2 > [yn(ct)P[Wa(bn) — Wa(a,)] and W, is constant on no

subinterval of [an, b,], we have an upper bound on y,(c}), namely,

bn 2 %
fan dWs, Yn }

|yn(cp)l < [Wn(bn) — W (an)
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Using dy, = dP,z2,, we can write

so that

b
i)l < lymlcp)l + [ dPnlz]

Gn

ba 2/ b 2
< @+ ([Tap) ([ rd)

N B LY
- Wn(bn) - Wn(an)

A

N

2+mw%&mn(“m¢f.

Using the fact that (A + B)? < 2(A? + B?), we have

Jur AW, 32
'Wn(bn) - Wn(an) |

[Yn (t;)]z < 2

bn
| Pa(ba) — Pa(an)| / dP, 22

Let € > 0 be given. By the uniform continuity of P, there exists 4 > 0 such
that |P(z) — P(t)| < § if |z — t| < 4. Also, by the uniform convergence of P, — P,

there exists IV such that for all n > N and t € [a,b], |P,(t) — P(t)| < £. Hence,

|Pa(z) = Pa(t)] < |Pa(z) = P(z)| + |P(z) - P(t)| + |P(t) — Pa(t)]

€
< =

for all n > N and for all z and ¢ such that |z — t| < 4.
Now, for each n, choose I, such that a < a, < b, < b, t; € [an, by, and

|bn - anl = %.
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Claim 2 There erists My, = My (8) > 0 such that

inf [W (t + g) - W(t)] = My,.

[}
aStSb— 3

Then, for any n,

1 1 1
Walon) — Walan)] = W (bn) = Wia)] = My

< o0

and, hence, we obtain an upper bound for |y,(¢)[:

b b
()] < MLW/ dey§+e/ dP,2? (3.22)

foralln > N.
Now, we can show that a lower bound exists for all the eigenvalues of (3.18)

and (3.19) subject to (3.15) and (3.16). From the proof of Lemma 3.3 applied to
(3.18) and (3.19), where [ gz/" ] is the eigenfunction corresponding to A(™), we have

that

s — (ot DB + (ot ) ya(@) + [ dPazn® + [ dQnya’
[} dW,yn?
provided that o # 0 and 8 # 7.
Without loss of generality, we assume | : dW,y,? = 1 since we can always

normalize y,.

Thus,

b b
X® > —| cot B[y (t5)]” — | cot o[y (t;))" + / dPuzn’ = [un(t2))" V/ @
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Recall that, by property (3.16), there exists Mg such that Vz Qn < My for all n; if

we then let C := | cot a| + | cot 8| + Mg, we have
b
A > —Cly,(t0)) + / dP, 2,2
[}

and, substituting from inequality (3.22) above, we obtain

b b
AR > ¢ [_]\_4%— +e/ dPnznZJ +/ dPp2,?
w a a
2C b .
= —m-}-(l—Ce) dP,z,”.
w a

Since the choice of € is arbitrary, we can choose € < % , so that we finally obtain

A s 20

w

for alln > N.

Thus, if @ # 0, 8 # 7 and n > N, all the eigenvalues of (3.18) and (3.19)
subject to (3.15) and (3.16) are bounded below by Mg := —Aff—i,.

If a = 0, then y,(a) = 0; in this case, we define C by C := |cot 8| + Mg. If
B = 7, then y,(b) = 0 and, in this case, we define C by C := |cot a| + Mg. In both

cases, the rest of the proof follows as above.

Proof of Claim 2: By definition of strictly increasing, W (t + 9 — W(t) >0

for all ¢ € [a,b — §]. Hence,

inf [W (t+ g) - W(t)] > 0.

é
O.Stsb—-z-
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If infastsb_g[W(t +£) — W(¢)] > 0, we are done. Now, suppose infocicpg [W(t+
%) — W (t)] = 0. Then there exists a sequence {tn}, ta € [a,b], such that t, — 7 and

W (tn+ 8- W (t,) = 0 as n — oo. Without loss of generality, assume t,, approaches

7 monotonically from the right and let

= J i 0\ & I

W, (T + -2-) = t,.h->12+ w (tn + 5) yWoi(r) = t,.h->n:+ W (t,).
Let L := W, (r + 9 = W,(7). Given € > 0, there exists 0 < § < ¢ such that
if t — 7 < &, then W(t) — L < & Let { be an element in (7,7 + &) and let ¢* <
W (£) — L. Then there exists 6* > 0 such that if t — 7 = (¢ + $)—(r+%) < 6, then

W(t+ $)—L<e.Lett+ ¢ be an element in (7 + £, 7 + £ + 6*). Then,

W(t*+g)—L<e*<W(£)—L

114 (t* + -g—) < W(t).

But, since t < 7 +6<T+ g—, <t + g, this contradicts the fact that W is strictly
increasing.
Hence,
o e 8
inf |[Wit+-)-W({E)| >0
agt<b—§ 2

and the claim is proved. O

Remark: Clearly this theorem can also be applied to the eigenvalue problem in
section 3.3; i.e., if A is an eigenvalue of problem (3.8) and (3.9) subject to (3.4),
then A is bounded below by Mg. e
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Now, we are finally prepared to show that, under separated boundary condi-

tions, the eigenvalues of problems (3.18) and (3.19) converge to the eigenvalues of

the original problem (3.8) and (3.9) and that this convergence respects order, i.e.,

AP 5 x as n— 00, A 5 A as n— oo, ete.

Theorem 3.14 Given the sequence of eigenvalue problems (3.18) and (3.19) with
separated boundary conditions and subject to (3.15) and (3.16), if the hypothesis
of Lemma 8.4 holds and if {\}2, and {A\™}2, are the roots of d(\) = 0 and

d.(A) = 0, respectively, then
/\z(n) — A
as n — oo for each i € NU {0}.

Proof: By Theorem 3.11 and Lemma 3.2, {\;}32, are the eigenvalues of the
problem (3.8) and (3.9), and {,\,‘.’” }2, are the eigenvalues of the problem (3.18) and
(3.19).

Consider 7 = 0. Since the eigenvalue ) is real and simple by Lemma, 3.3,
we can choose a symmetric convex contour Cp that encloses the lower bound Mg
of all the eigenvalues and A, but no other eigenvalues {); : 2 > 0} are on Cj or are
enclosed by it. This is possible since the eigenvalues are zeros of an entire function
and have no finite point of accumulation. The points A € C, form a compact set
such that mg := min{|d(A)| : A € Cp} > 0.

Let 0 < ¢g < mg be given. By Theorem 3.13, since d,(A) — d()\) uniformly

on compact sets, there exists Ny such that for all n > N,

|dn(A) — d(N)] < € < |d(N)]
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for A € Cy.

Note that d(A) and d,()) are both entire functions (by Lemma 3.2) and are
therefore analytic inside and on Cj.

By Rouche’s Theorem, for n > Ny, d,()) = d(X) + [dn(X) — d(\)] must have
a single root inside Cp and, due to the lower bound Mg, this root must be the
eigenvalue A

We can then choose 0 < ry < min{|A— Xg| : A € Cp} and form a new contour
C, which is a circle with center )\, and radius ro. By the same argument above,
there exists Np such that |A, — /\g")l < ro for all n > N,. Hence, /\8") — Ag as
n — 0.

Let po be the point of intersection of Cy and R such that py > Ag. We can
construct another symmetric convex contour C; which passes through pg, encloses
the eigenvalue A;, and does not enclose or contain any other eigenvalues {); : ¢ > 1}.
Again, the points A € C; form a compact set such that m; := min{|d(}\)| : X €
C1} > 0.

Let 0 < €; < m; be given. By Theorem 3.13, there exists N; > N, such that
|dn(X) — d(N)| < & < [d(N)]

for all A € C; and for all n > N;.

Again, d(A) and d,()) are analytic inside and on Cj, so that, for n > N, by
Rouche’s Theorem, d,(\) must have a single root inside C; and, by the construction
of the contour Cj, this root must be the eigenvalue Ag").

As before, we can choose 0 < r; < min{[A — A\;| : A € C;} and form a new
contour C; which is a circle with center A1 and radius ;. By the same argument

above, there exists N, such that [A; — A™| < ry for all n > N,. Hence, A
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as n — oQ.

By induction, we can repeat this process to prove that for each : € NU {0},
A™ N

asn—o0. B
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CHAPTER IV
FINAL RESULTS

From Theorem 2.4, we know that Aj* is an eigenvalue (with corresponding
eigenfunction ¢g) of the following generalized boundary value problem of the form

given in (3.8) with separated boundary conditions for (3.9), namely,

(08~ (48] L2 7] (35

and

5 (58] 2] [38)-[2)

where P(t) = W(t) =t and

Q) =1" ‘="
" | —cota+ f{ g™ (s)ds, 0<t<1.

Notice that P(t), Q(t), and W (t) satisfy (3.4) on [0, 1].

From section 2.5, let € = = and let g,(t) := ¢!*(t) as defined by (2.35). For
each n, let {\{"}, be the eigenvalues (with corresponding eigenfunctions {¢{™})
of (2.1) and (2.2) on [0, 1] which is equivalent to the generalized boundary value
problem of the form given in (3.18) with separated boundary conditions for (3.19),

namely,

[ ™)¢) }z ™ (0)
(@Y(t) (6)(0)

tf o dP,(s) " (s)
*/o [dQn(s)—Ai"’de(s) 0 Hw}?‘))’(s)}
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Figure 4.1: Graph of functions @,(¢) and Q(¢) in case B of the general boundary
conditions

and
Sl uiP SANEANIF AR

where P,(t) = W,(t) =t and Q,(t) = fot gn(s) ds. Again, for each n, P,(t), @.(t),
and W, (t) satisfy (3.15) on [0, 1].

Theorem 4.1 Given the hypothesis of Theorem 2.4 and the above definitions of
the eigenvalues {Ai")}k and their corresponding eigenfunctions {¢§C")}k, we know

that there ezists k such that
A o Ay
as n — oo.

Proof: Qn(t) — Q(t) pointwise (see Figures 4.1), \/§ @ < Q(1) and \/§ @, <
Q(1) for all n, so that (3.16) is satisfied. We can let W (t) = t in order to satisfy
the hypothesis of Lemma 3.4. Thus, by Theorem 3.14, there exists k such that

)\f-:") = M*asn—oo. M
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Corollary 4.1.1 Given the hypothesis of Theorem 4.1,

¢§-c")(t, /\%”)) — ¢o(t, Ag*) uniformly on [0, 1] and

(d;f;") ) (2, /\f-c")) — ¢o(t, Ay") pointwise on [0, 1]

as n — 0o provided that ¢ (0, A) — ¢o(0, X5*) and (¢)'(0, ) — ¢5(0, e*).

Proof: This corollary follows from Theorem 4.1, Theorem 3.12 and the re-

mark directly following Theorem 3.12. W

Finally, for case B of the general boundary conditions presented in section 2.4, we
have completed the goal which was set forth in (2.3); that is, for this case, we can
determine /\2;’é which was defined as the supremum of the set of all first eigenvalues
subject to the constraint fol ¢(t)dt = M. This theorem corresponds to Corollary
2.2.1 in section 2.3 (the Dirichlet boundary condition case) and to Corollary 2.3.1

in section 2.4 (case A of the general boundary conditions.)
Theorem 4.2 Given the hypothesis of Theorem 4.1, the eigenvalue A\§* is the supre-
mum of the set S := {Ao(q) : f01 q(t)dt = M}, i.e.,

=7,
and the eigenvalue \o(q**), which corresponds to ¢** in Theorem 2.4, is the value
M.

Proof: We need to show that k = 0 in Theorem 4.1.
If 8 # m, then @(1) > 0 and @y(t) has no zeros on [0,1] (see (2.34)). Also,

¢§-C") (t) = ¢éo(t) uniformly on [0,1]. Thus, for a given € > 0, there exists N such

that |¢f{') (t) — ¢o(t)] < eforallm > N and t € [0,1]. Hence, ¢§-:")(t) has no zeros on
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[0,1] for n > N and must be the first eigenfunction of the problem by the classical

result on zeros of eigenfunctions of (2.1) and (2.2) [10]; that is, k = 0.
If 8 = =, then by (2.34),

sl =41 0<t<A
T lsin(v/ A (1-18), A<t<L

Note that ¢o(1) = 0 and ¢@o(t) has no zeros on [0,1). Choose zp € (A,1). Then
there exists N such that for alln > N, ¢, = ¢* = 0 on [z9,1]. On [z,1],
$o(t) = sin(y/A5*(1 —t)) and ¢§-C") (t) = ¢y sin (\//\f-c")(l - t)) where ¢, is a nonzero
constant. Since ¢f-c")(1) =0 = ¢p(1), /\](-C") — A\3* and ¢f-c")(t) — ¢o(t) uniformly,

then ¢, — 1 and d’? (t) has no zeros on [zg,1) (for z, sufficiently close to 1) since

the distance from the zero at ¢l(_c")(1) to the next zero of ¢§_€") () is \/,% Moreover,
i

since d)%") (t) = ¢o(t) uniformly on [0, z¢] and ¢o(t) has no zeros on [0, zy), then as

in the case for 8 # m, ¢§E") (t) has no zeros on [0, zo]. Thus, ¢§-c") (t) has no zeros on
[0,1) and must be the first eigenfunction, again by the classical result on zeros of
eigenfunctions of (2.1) and (2.2) [10]; that is, k = 0.

We have already shown that Aj* is an upper bound of S in Theorem 2.5 and

now we have shown that there exists a sequence {/\8")} in S that converges to Aj*

so Ag* is the least upper bound of S, i.e.,
=

(Note that Theorem 2.4 showed previously that Ao(¢**) = A§* which, by this theo-

rem, equals AF.) W
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