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ABSTRACT

This thesis concerns the application of Galerkin methods to the

numerical solution of some boundary value problems, essentially of

elliptic type, which require the solution to possess different num

bers of derivatives according to direction. The general theory of

coercive bilinear forms on anisotropic Sobolev spaces is developed

to prove existence and uniqueness for the solution of the continuous

problem and abstract error estimates for the solution of the discrete

problem. Using the tensor product of splines, we construct for these

problems conforming finite element spaces in order to obtain concrete

error estimates. Numerical results for a problem arising in the

theory of high-speed gas centrifuges, the Onsager pancake equation,

are given to illustrate the results obtained.

The anisotropic case differs from the isotropic case mainly in

regard of the boundary. Anisotropic problems are usually posed on

product domains, but isotropic problems are often treated under the

assumption of a boundary without corners. For this reason the proof

of a global regularity result for the problems considered here is of

some independent interest.

As in the standard theory, the error of a Galerkin approximation

is quasi-optimal when measured in the natural norm of the problem.

An improved rate of convergence for the Lg-norm of the error is shown

by the technique of Aubin-Nitsche. This estimate is not quasi-optimal

in general, but is still best possible in the sense of agreement with

experiments.
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INTRODUCTION

We consider various topics related to the theory and implemen

tation of finite element methods for elliptic boundary value problems

whose variational formulation is posed on an anisotropic Sobolev

space. Although our results are applicable to a variety of elliptic

problems, this thesis was motivated by a particular problem arising

in the theory of high-speed gas centrifuges: the Onsager pancake

equation.

For simplicity in regard to imposing boundary conditions, we will

assume a rectangular domain:

(0.1) XI "S (O^T) X (0,0 ,

However no use is made of results that are peculiar to two dimensions,

and our methods carry over without change to product domains in higher

dimensions.

Let A be a partial differential operator of the form:

(0.2) AxsT 5 c-0*^0^(0. t

where the coefficient a is a sufficiently smooth strictly positive

function of x alone. We will suppose that there exist positive con

stants C,c such that:

(0.3) 0< c < acx^ £ C oi X4T .
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The reader is warned that we will use these constants generical-

ly, i.e. in a manner intended to suggest relationships among various

estimates, but which is not always consistent. For example, the

existence of the bounds (0.3) will be used to establish possibly

different bounds for the bilinear form:

(0.4) L  = (o. \r) 4- ( v)

The boundary value problems to be studied here have both a strong

formulation:

(0.5) Aut — )

(0.6) ^ ^

where B represents a system of differential operators on each edge of

the boundary (satisfying certain conditions to be specified later that

will make the problem well-posed), and a weak or variational formula

tion involving the bilinear form L. For convenience we will adopt an

abbreviated notation for boundary integrals and integration by parts:

(0.7) <'kr, - ) (wvl - •urvl ")cSu

(0.8) < e ] (wvl - tJ-V I Ux ,
4  ̂ ^-1 f

where the vertical slash represents the restriction of a function.
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We have collected in Section I the results about anisotropic So-

bolev spaces needed in the sequel. In particular we show that cer

tain trace and inverse imbedding theorems imply the continuity of B

and allows us to justify the use of an integration by parts formula

for functions not necessarily in which as in [3] is the space

of functions with derivatives in every direction of arbitrarily high

order having unique continuous extension to the closure ofr>.. We

also lay the groundwork for a discussion of admissibility require

ments for inhomogeneous boundary conditions.

In Section II we present the basic tools needed from functional

analysis: the Lax-Mil gram theorem and related ideas. These are by

now well-known results, and the proofs are omitted.

Section III is devoted to the solution of the continuous varia-

tional problem, specifically the question of global regularity. For

the case of homogeneous boundary conditions, we will show that the

solution u satisfies estimates of the form:

(0.9) Hull., II II. ^ HD^Vn. ̂  c 11.

where H ' 11 o denotes the usual norm on LglXl). A similar estimate is

also given for the case of inhomogeneous boundary conditions satisfy

ing an admissibility requirement. Such estimates will be needed for

the homogeneous case to apply the technique of Aubin-Nitsche.

The main results of this thesis are contained in Section IV. In

order to obtain concrete error estimates we show how to construct con

forming finite element spaces using the tensor product of two one-
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dimensional spline spaces. If the discrete subspaces are parame

terized so that:

(0.10) i CW{ IID^ull^^

where 1) * 11 yj is the natural norm of the problem, then by combining

previous results we show:

(0.11) llu.-Uv,ll^ ^ CU (llD^ull^^-

(0.12) llu-Uy^ll^ < .

The Dirichlet problem for Poisson's equation is of the type con

sidered here, but such problems for which m n are rare. Some rela

ted variational problems appear in least-squares methods for parabo

lic initial-boundary value problems investigated by King [5,6], who

also considers the tensor product of splines in constructing finite

elements for certain domains. Otherwise there seems to be little

overlap with the present work in the numerical analysis literature.

In Section V we verify the hypotheses necessary to apply our re

sults to the Onsager pancake approximation. Some modifications are

needed to treat an oblique boundary condition and the subsequent

addition of lower order terms. Several numerical experiments are

summarized, and we close with a brief discussion of topics for future

investigation.

We assume without further comment that all point functions here

are real-valued and locally integrable. Expressions involving their
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derivatives are then known to exist in a distributional sense [16].

The identification of certain distributions with point functions is

accomplished by the use of L2(ri) as a pivot space [1]. That is, we

identify L2(H) with its dual via representation of linear functionals

in the usual L2-inner product. Hence for a Sobolev space or other

Hilbert space continuously imbedded in L2(n), say:

(0.13) W S
)

we have the dual inclusion:

(0.14) < W ,

where W denotes the dual of W. We adopt the following notation for

the operator norm on W', which can no longer be identified with W:

(0.15) ^ supp = sup
ircWXfoi ' ̂ "w

where (',*) is a duality pairing on W'xW that extends the inner pro

duct on 12(11). There is an important caveat regarding this procedure,

however. In practice one takes the indicated supremum over a closed

subspace of W, namely Wo, the closure in W of 07(0.). The reason for

this is that by duality W' is a closed subspace of Wo', and hence the

latter is a more general setting.



I. ANISOTROPIC SOBOLEV SPACES

We will assume familiarity of the reader with the spaces of

functions introduced by S. L. Sobolev for nonnegative integer m:

(1.1) 5 {ivTe

'.j'JO.i+jSvrx'i I
which is a Hilbert spaces with inner product:

(1.2) (-ur,v)^= ^

and their analogs for one-dimensional domains. These spaces may be

said to be isotropic in the sense that they require equal orders of

differentiability in every direction. Various generalizations of

these spaces are known [9], but it is not our purpose to be thorough

in surveying them. Rather we limit consideration to results needed

in the sequel. For remarks concerning the history of these spaces,

see [16, Sec. 4.3].

Def. (S. M. Nikol'skii, 1951) For nonnegative integers m,n we

define the anisotropic Sobolev space:

(1.3) {-ure L^(^^ 1 D" vr € U(.rL'>3 ̂

which is a Hilbert space with inner product:

(1
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We adopt the following notation for norms and seminorms associa

ted with these spaces:

(1.5) ^

(1.6) ^ (l\D~wll.''+

(1.7) ll'W'V^ = ( •

The isotropic spaces are actually a special case of the anisotro-

pic ones with m = n, but some work is required to show this. Note

that the isotropic norm contains terms representing mixed and inter

mediate derivatives, while the only terms that appear explicitly in

the anisotropic norm are unmixed derivatives of highest and lowest

orders. The next result explains how these quantities are related.

Prop. 1 For fixed nonnegative integers m,n there exists a posi

tive constant C such that for every positive £, for all w in

(1.8) C ^ 0<i <\rr\ ^

(1.9) ,

(1.10) ^ c ri-t'il,,. , si ^ ' •

Proof: For the case of a domain equal to the whole plane, see

[16, Sec. 7.2]. Passage to the case of a bounded domain satisfying
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an edge condition [16, Rmk. 4.3], e.g. a rectangle, can be made via

the following result on extension with preservation of norms:

Thm. 1 There exists a bounded linear map

such that for some positive constant C, for all w in

(1.11) Kt-J'Ixi. ~ )

(1.12) UDiKi^rll. ̂  ^

(1.13) llDj^K-vo'H^ i ^ os^<: v\ ̂

2
where the norms in which K appears are for L2(R )•

Proof: For the case of preserving a single norm, see [16, Thm. 2

of Rmk. 4.3]. The simultaneous nature of the extension is explicitly

noted in [7, Thm. 6.2].

Let us now complete the proof of the previous Proposition. We

have for all w in i = 0,1,...,m:

(1.14) IID'-urL ^

< C(£-MIKi.tII +£-iDTk-urlO

which proves (1.8). Note that the first inequality depends merely on

the fact that one cannot increase the L2-norm of a function by taking
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its restriction to a subdomain. The estimates (1.9), (1.10) are also

proven in this way.

Cor. 1 w"'Cri) = w'"''"(n.).

Proof: By applying Prop. 1 with £.= 1 we see that the isotropic

norm is equivalent to the anisotropic norm.

We will require at least once the definition of anisotropic So-

bolev spaces for noninteger (positive) m,n. We cite [16, Sec. 9.2]

for the case of an unbounded domain, where fractional derivatives are

defined by the Fourier transform. We may then define w'"'"(r2) as the

restrictions of functions in w'"'"(R^) tojTl. See also the discussion

in [16, Sec. 4.3] of the equivalence of various norms for fractional

Sobolev spaces based on square-integrability (and their nonequivalence

when this condition is replaced by a more general p-integrability).

For this reason we do not need any additional notation to dis

tinguish between Sobolev spaces of integral and nonintegral orders.

Moreover the results given here and below apply to the case of posi

tive noninteger m,n (provided we replace norms of derivatives with

suitable seminorms), and the references cited cover this case. But

negative values of m,n are another matter, and we will avoid them

entirely.

In order to achieve a variational formulation of the boundary

value problem (0.5), (0.6), we will need to define certain boundary

operators. Since the boundary ofi^is a set of measure zero, the

restriction of a function to the boundary must be understood in a

somewhat technical sense [16, Sec. 6.4]. Therefore we will make

frequent use of the procedure of extending boundary operators defined
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on C**(fi) to a wider setting in which these operators are bounded, so

long as is dense in that topology. Note that by [20, 1.10]

Co(R^) is dense in w'"(R^) and similarly is dense in

Prop. 2 C"*(n) is dense in w'"'"(ri).

Proof: For any w in w"''"(n.) we choose v in ^(R^) close to Kw

in w"^'"(R^). Then the restriction of v toXV is close to w in

Def. Let the trace operators be defined for w in C**(o):

(1.15) T"''-US =■ D'j'wl i= ,
I  * *= o.T )

(1.16) "ur - ^ ̂ V®'' ^ i

for all positive integers i,j.

Thm. 2 For fixed positive m,n there exists a positive constant

C such that for all w in C**(ll):

(1.17) l\r ^ C =

(1.18) Wt.'lwtlp.,.. £ C llTO-ll..,„ , Pi = 1 - ^ i ■> O •

Therefore the trace operators may be extended by continuity:

(1.19) j

(1.20) fo.ll') .
vi

Proof: See [7, 15.1], [11, Thm. 2.1 of Chap. 4], or [16, Sec. 6.7].
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The essential boundary conditions may be defined as those which

involve boundary operators which are continuous on the space in which

the solution is sought, say Assuming that they are linear,

the essential boundary conditions prescribe a closed affine subset of

w"''"(n), and by an appropriate translation one reduces to the case

of homogeneous essential boundary conditions which prescribe a closed

subspace of namely the null space of the corresponding com

bination of boundary operators, say This notation is moti

vated by the observation [12, Chap. 4] that w'"^"(n), which we have

defined to be the closure in w"''"(ri.) of 0^(0), is precisely the null-

space of all trace operators on w''''"(in) combined as a product of

operators. For our purposes we will need only the simplest form of

essential boundary conditions, in which the value of a single trace

operator on the solution is determined.

Next we introduce certain supplementary boundary operators whose

definitions depend on the choice of partial differential operator A.

Our starting point is the following integration by parts formula:

Lemma 1 For all w,v in we have:

(1.21) LtxO'jV') - (Avj-.v'l = ̂

Proof: For i = l,...,m we can integrate by parts to obtain:

(1.22) (-iV-'(DraDV,OT*M -
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By taking the Indicated collapsing sum:

(1.23) (aD~vr^D"\r") -

^ £Mr'<DraD:i^,D'»^ ,
t-t

and similarly:

(1.24) ( - (- if

= i d;v> .
i=»

Combining (1.23) and (1.24) gives the desired result.

Def. Let the supplementary operators be defined for w in C*'(fi):

(1.25) oi-W 5 D7'a.D"-ur 1^^^^ , i= 1, ...,vv, ^

(1.26) CTj'^'^W S

Although one cannot continuously extend the supplementary opera

tors to w"^'"(n), the following space is a convenient setting:

Def. For any nonnegative m,n we define:

(1.27) A) = A^o'€L.^CXl^"!^
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which is a Hilbert space with the graph norm:

(1.28) 5
1.

o

Thm. 3 For fixed positive m,n there exists a positive constant

C such that for all w in C*(jO.) :

(1.29) + ^

(1.30) IIO-'IVII'^ ̂  = ' j" "

Thus the supplementary operators may be extended by continuity:

(1.31) o:"'■.w""'(a;A^ W*;"<fo,Tl*(CiiNV ,

(1.32) cr."»'-.V\J'"'''<.ri.;A'»-=» W''{"((o,T^x{o.a')' .

Proof: We have an estimate for the combined sum of the boundary

integrals in the right-hand side of (1.21) by inspection of the left-

hand side:

(1.33) 1 L(XJ-,V)-(Axj-,v)l s c .

In order to estimate these separately, we need the following result,

which is called an inverse imbedding theorem.
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Lemma 2 For fixed positive m,n there exists a positive constant

C such that for any g^. in Co({0,Tlx(0,l)), i = l,...,m , there exists

V in w"''"(n.) such that:

(1.34) -u- = , 1= ,

(1.35) = o ,

(1.36) 5 ■

Similarly, for any g. in Co((0,T)xf0,l]), j = l,...,n , there exists
J

V in w''''"(n) such that;

(1.37) IT = O , t = I,.. ..m ̂

(1.38) r/'»v=G.^,

(1.39) ^ ( I . Pi = * - i +
4" *

L
2-v>

Proof: It suffices to consider the case when g is identically

zero except at a single index on one edge, say g.. at x=0. Individu

ally the trace operators are continuously right invertible [16, Sec.

6.8], but not collectively so because they must satisfy the compati

bility relations [11, Thm. 2.3 of Chap. 4] which characterize the

range of the combined product of the trace operators. Briefly, these

amount to the equality of some mixed derivatives at each corner. But

this condition is met since all traces are to be zero near corners.
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We now complete the proof of Theorem 3. Choose g in 0^(0,1) not

identically zero. For fixed i = l,...,m , we can find v in w'"'"(in)

as above:

where otherwise the traces of v vanish identically. Then by the esti

mates (1.33), (1.36) we have:

(1.41) 1 1 = 1

where a limiting argument has been used to apply (1.21) with w in C*'(il)

and V in w'^'"(fl). Dividing through by the norm of g and taking the

supremum over all such g gives by duality:

(1.42) 11 cr"''-urll°^ ^ CL

The other estimates are similar. It remains only to note that C'"(rx)

is dense in w'"'"(fl;A) because it is already dense in the stronger

topology of W^"''^"(n) by Prop. 2.

We now obtain estimates for the boundary operators in some dif

ferent norms.
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Thm. 4 The following estimates hold:

(1.43) H T;" i C , i-- V ,

(1.44) II II ,L= ,

(1.45) II r, < C ll3^IU. , J - I,.. ^ ,

(1.46) S j = I).. .) "^ •

where C is a positive constant not depending on w in So

the trace and supplementary operators may be restricted to

(1.47) 10.Tlx(o,0^/ = Ir- .

(1.48) l,...,>^,

(1.49) ,

(1.50) •

Proof: By applying Thm. 2 for W^'"*^"(xi) instead of w"^'"(jnL) we

obtain additional trace operators, so that:

Now (1.43) is immediate. Also by the product rule and smoothness of
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the coefficient a we write:

(1.52) cT-^-ur = n (d;:<x)dT"''wL..
k=o *

m-t ,

= Z(D^a.)r • . i = l,...,wN^  ■* ^^vn-i-k+\ ) ' '

The roughest of these terms is for k = 0 , so:

(1.53) ^

and (1.44) is immediate. Estimates (1.45), (1.46) are similar.

Now we will extend the boundary operators to:

(1.54) {zseLjsi^\ f^-useL^CSZ^'i ^

which is a Hilbert space with graph norm:

(1.55) s llXJII^ + llAxjll^

Lemma 3 For all w,v in C'"(ri.) we have:

(1.56) (fK-ur^ir) ' -

i=» j=»

•'=» i=' i
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Proof: Interchange w and v in Lemma 1 and subtract the respec

tive versions of (1.21).

Thm. 5 The following estimates hold:

(1.57) ^ ClIWll.,^ I (.= ^

(1.58) i , i = I. ,

(1.59) H T-'Vll ^ CW-W-V,

(1.60) i Crt-Wll.:A , ,

where C is a positive constant not depending on w in (Tiri). Hence

the trace and supplementary operators may be continuously extended:

(1.61) W"'"'^"(lo,Tlx(o,Oy,

(1.62) CTj"''

(1.63) vy -- W'(-n.)A')-^

(1.64) o'

Proof: We imitate the methods used to prove Thm. 3 above. We

note first that the combined boundary integrals in (1.56) satisfy an

estimate of the form:

/  .
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(1.65) \ s (-ir'«a;'"zo-,T^"v\- <o:'"V,
is\

Second we apply Lemma 2 to W^"^'^"(n) instead of w'"'"(n) to obtain

functions with prescribed traces in Co(0,l) or Co(0,T). Since the

coefficient a has a smooth reciprocal, we can solve the triangular

system (1.52) in order to prescribe the values of the supplementary

operators. The desired estimates will then follow by a duality argu

ment. Finally we note that (

already dense in

ment. Finally we note that is dense in w'^(f2;A) because it is
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II. THE LAX-MILGRAM THEOREM AND COROLLARIES

This work depends throughout on estimates for solutions of vari-

ational problems. The results of this section are therefore essenti

al to our treatment of both continuous and discrete versions of a

problem.

Thm. 1 (Lax, Milgram, 1954) Let W be a Hilbert space and let

L(',') be a bilinear form on WxW. If there exist positive constants

C,c such that for all w,v in W:

(2.1) 1 Ltvr.ir)! i C ^

(2.2) LCTJ^VJ"') ^ ,

then there exists a continuous invertible map A:W-»W' such that for

all w,v in W:

(2.3) ~ ^

where (',') denotes a duality pairing on W'xW. Hence for any bounded

linear functional F in W, the solution u in W of the variational prob

lem:

(2.4) L(^,Tr) - Ft-vr) ire W ̂

is given by solving Au = F. We have estimates:
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(2.5) Cllull^ i llP'lC ^ ,

Proof: See [3, Thm. 5.8] or [20, III.7].

Cor. 1 (Galerkin, 1915) Let W, L, F be as above. For any closed

subspace S of W, there exists a solution in S of the variational

problem:

(2.6) = Fiv;) fo.-c.ll

and we have the stability estimate:

(2.7) CIILC.H^^ IIFII'^P

Proof: Since S is a Hilbert space under the inner product in

herited from W, and since (2.1), (2.2) are also inherited, we can

apply the previous Thm. to find Uj.^ in S satisfying (2.6). Hence we

have the estimate:

(2.8) CHU^II, S 11FH? S 11 FH
"̂  )

and (2.7) follows since the norm on S is inherited from W.

Cor. 2 (Cea, 1964) Let W, L, F, S be as above. Then the solu

tions u, u^ of the variational problems (2.4), (2.6) respectively,

satisfy the orthogonality condition:
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(2.9) O clI\ S .

Thus we have the following abstract error estimate:

(2.10) cHix-a^ll^ S C iwf .
w-kbS

Proof: First we remark that the estimates (2.5), (2.7) imply

the uniqueness of solutions u, u^ to their respective problems. By

subtracting (2.6) from (2.4) holding with v^ in S and using the fact

that L is bilinear, we get (2.9). Hence:

(2.11) C t|U.-U.v.ili i L(U.-Uu,U-Ufc)

= Lew-

^ C Ua-UKllv^lla-Tj;il^ ^

for any w^ in S. The desired result follows by cancellation and tak

ing the infimum over all w^^ in S.



23

III. REGULARITY OF THE MODEL PROBLEM

In many studies of isotropic elliptic boundary value problems

(see [3], [10]) the question of global regularity on a bounded domain

is broken into two parts: the interior (local) estimate and an esti

mate at the boundary. If the boundary is sufficiently smooth, a

change of coordinates can be made to reduce to the halfspace setting.

Here finite difference or Fourier transform techniques can be applied.

Our treatment avoids the technical problems involved in a change

of coordinates, which are exacerbated by the anisotropic properties

to be preserved. We will obtain a full regularity estimate directly

from repeated application of the Lax-Mil gram theorem (Thm. II.l).

Prop. 1 Let L(',') be given by (0.4). Then L is a bounded bi

linear form on w'"'"(n)xw'"'"(n), i.e. there exists a positive con

stant C such that for all w,v in w'"'"(n.):

(3.1) lLtxJ,ir)l i C

Proof: Apply Holder's inequality to both terms in (0.4) and

use the boundedness of the coefficient a:

(3.2) I (aD^iAT^D^v)! ̂  llaD^vH, llD'^ull,

(3.3) 1 ( 1 i .
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Hence the desired result follows.

We now describe the possible combinations of boundary conditions

to be allowed. On each edge x=0,T there will be m conditions. For

the present we consider only the simplest case, in which exactly one

boundary operator appears in each condition. We assume that for i =

l,...,m the conditions include the following:

(3.4) or = O ,

(3.5) ft-.-iW I,,, or " O .

Similarly, at each edge y=0,l there will be n conditions that

include the following for j = l,...,n :

(3.6)

(3.7) e;\w = O .

We assume one further thing, that for i = l,...,m the boundary

conditions include the following:

(3.8) O Ot- O .

Prop. 2 The essential boundary conditions, those which involve

the trace operators, describe a closed subspace of w"^'"(n).

Proof: This follows from the continuity of the trace operators
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on W""'" (Xl) as in Thm. 1.2, and the fact that we have assumed homoge

neous data for the essential boundary conditions.

Prop. 3 If the boundary conditions satisfy the alternative (3.8),

then L is coercive on "i'®* there exists a positive constant

c such that for all w in

(3.9) % c liwll .

Proof: We need the following Poincare inequality:

Lemma 1 There exists a positive constant C such that for all

w in satisfying:

(3.10) O ( fesp. -W 1,,.^ = O ) ̂

we have the following inequality:

(3.11) ^ ChD^Taj- II^ .

Proof: For definiteness we assume:

(3.12) f .

Therefore:

(3.13)

o o C
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T I X

O O 6 O

t • T

^ i j 1 CD^TAr)'"citcluc!lx
o 6 A o

= T iiD,T^ii: .

To complete the proof of Proposition 3 we induct on Lemma 1 to

get an estimate:

(3.14) HTaJH^ < C j

for all w in Now (3.14) and the estimate:

(3.15) L(TaJ,TaJ) cnD7'urll^+ llDlJ'urll^ ^

combine to yield:

(3.16) LlTJ^.txT) •>, C

as desired.

Thm. 1 Let f be in L2(X7.). Then there exists unique u in

w"'i"(X2,) such that:

(3.17) Au = ■(■ iw n ^
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(3.18) = 0 oy\

provided that the alternatives (3.4)-(3.8) hold.

Proof: We have verified the hypotheses (2.1), (2.2) of the

Lax-Milgram theorem (Thm. II.1) by the estimates (3.1), (3.9). So

let u in w"^i"(Xl) be the solution of the continuous variational prob

lem:

(3.19) LlU.,'U') a (f, v) "fcr- eJ\ ,

Hence we have the existence and uniqueness of such a solution, toge

ther with the estimate:

(3.20) C llU.ll ^ U'lrU C. HU.11^^ .

But;

(3.21) Kfv^l 4 ,

so:

(3.22) ^ Wfll. .

Now by taking v in Co(n) we see by comparing (3.19) with (1.21) that

(3.17) holds in a weak sense, i.e. u is in w"^'"(n.;A). Further compa

rison then shows that the boundary conditipns (3.18) hold.
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Def. Let W^4'^(n;A) be the closed subspace of w'"'"(ri;A) given

by the homogeneous natural and essential boundary conditions (3.18).

Cor. 1 A is an isomorphism from W^i"(n;A) to L2(^).

Proof; It is clear from (3.22) and the definition of the norm:

(3.23) C ^ Hf Ho .

But also;

(3.24) llfHo ^ •

Thm. 2 Let f be in L2(Jri). Then there exists u in W^"'*^"(il)
such that:

(3.25) Au. = *»V\ n ,

(3.26) Bw.'= O OW ^JTi- .

Moreover, the solution is unique in W^(n;A).

Proof: We consider first the case that f is in C"(ri.). By Thm.

1 we have that there exists a unique solution in W^i"Cn.;A) of (3.25).

Then:

(3.27)

n  0

must hold in a weak sense, and u is in W (n;A). Next we determine
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the boundary conditions satisfied by At x=0,T the tangential

derivative is defined and commutes with the corresponding trace and

supplementary operators:

(3.28) r;""Orw. = ^

(3.29) .

Hence D^^u satisfies the same homogeneous boundary conditions as u at
x=0,T. By contrast there is a reversal of the roles of natural and

essential boundary conditions at y=0,l. First we note:

(3.30) •

Now because f has compact support, the following equality holds in a

neighborhood of y=0,l:

(3.31) D U = (-0 U ̂

so that:

(3.32)

- 7- ,
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Thus (3.30), (3.32) imply that:

(3.33) --0 ^4- ° '
%  'V

(3.34) f4;D;ui^„=o,

(3.35) Ti;«Vl^,.= o ^n;|:,D;u|^,. = 0,

(3.36) q:;f;.t::);ul^., =o,

which preserves the alternatives (3.6), (3.7). To summarize, we

n  n

have shown that u is a solution in W (rJ.;A) of (3.27) subject

to suitable homogeneous boundary conditions. By Thm. 1 we know

that the auxilary problem so introduced has a solution in w'"'"(jn).

But since the operator A satisfies:

(3.37) c ^ W At*j-II, 6 C

on we have by a density argument:

(3.38) Clll.J-11,.^ i llAwll, i C llXJ-llo;^

on u2.(xi;A) where we have imposed the homogeneous natural and essen-

tial boundary conditions of the auxilary problem. Hence the solution

of the auxilary problem is unique in the larger setting, and we can

conclude that D^^u is in W*4"(-^iA), and we have the variational
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problem which it satisfies:

(3.39) -fcr CvH .

But since f has compact support, we estimate:

(3.40) = 1 (-f, 1

In this way we obtain from (3.20):

(3.41) c II D^^ulU i C ^ Uf 11,

But by applying the triangle inequality to (3.25):

(3.42) I10>D>II, i llfll. + 110^4^11

$ ciifa, .

From (3.22) we also have:

(3.43) ll<xD^ul\o -

C ilf«
o  ;
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which gives by the definition of the norm:

(3.44) i CHf 11^ .

Multiplication by the reciprocal of the coefficient a is a bounded

m 0
linear map on W ' (fi), so:

(3.45) $ CWfllo ^

which combines with (3.41) to yield the estimate:

(3.46) £ Cllfll, .

For the general case of f in L2(X1) we can always find a sequence

f|^ in C"(n) that converges to f in L2(n). Hence the corresponding

solutions U|^ converge In wj;" (n;A) by (3.23) and form a bounded se-
quence in W * (O.) by (3.46). Since we can always extract a weakly

convergent subsequence from a bounded sequence in a Hilbert space [20],

we have without loss of generality that U|^ converges weakly to u in

W  ' (ri). But the weak limit must equal the strong limit given by

Thm. 1 because every bounded linear functional on w'"'"(n) is also a
9m 9n

bounded linear functional on W ' 0^). Since the weak limit satis

fies:

(3.47) Hull ^ HUull
W. )
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we have extended the estimate (3.46) to the general case. We note

that we have shown the uniqueness of the solution in w2*(fl;A) by

the estimate (3.38).

Cor. 2 Let f be in L20ri) and let g be such that for some w in

(3.48) BxvX - ̂  .

Then the problem (0.5), (0.6) has a solution u in W^'"'^"(n), and:

(3.49) C (ll-f)l„+ .

Proof: By the triangle inequality and by applying the previous

result to:

(3.50) A(U.'-'W) = "f - AxvJ^ n.^

(3.51)

we have:

J

^ C. U f - A-fcj II + Hvrjl
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IV. THE FINITE ELEMENT METHOD IN ANISOTROPIC SOBOLEV SPACES

We now obtain some basic convergence results for the Galerkin

approximation. In order to obtain concrete estimates we show how to

construct conforming finite element spaces for the problems studied

here. Consistent with our restriction to rectangular domains, we

consider the tensor product of two one-dimensional spline spaces.

Some results depending on a peculiarity of the tensor product space

are also noted.

Notation Let S^ be a parameterized family of conforming finite

element subspaces:

(4.1) Sv, s w = ^

and let V be a Hilbert space continuously imbedded in W such that

for some positive constant C:

(4.2) '.rif < Ckll-urll^ .

Thm. 1 If the continuous solution u is in V, then the discrete

solution u^ in S^ given by Corollary II.l satisfies:

(4.3) llu-Uv.11^ < CKHullv ̂

where C is a positive constant not depending on u.

Proof: Immediate from Cor. II.2 and (4.2).
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Cor. 1 If U = is continuously imbedded in V, then

for f in 12(0.) and homogeneous boundary conditions:

(4.4) ltU.-Ut,lt^< CUllfll, .

Proof: Immediate from (4.3) and Thm. III.2.

Next we show how to obtain an improved rate of convergence for

the Lg-norm of the error via the technique of Aubin-Nitsche.

Thm. 2 If the solution u is in V and U is continuously imbedded

in V, then:

(4.5) llix-aKli, ̂  CU'llully .

Proof: We introduce the solution v of the adjoint problem:

(4.6) [^Ltj,xr) - ait ^sre W .

Then by the orthogonality condition (2.9):

(4.7) - L(u.-ai,^xr)

for any v^ in S^. Using the boundedness of L and taking the infimum

over all such v^:

(4.8) llw.-u^l|^ ^ C ilu-a^KJi^llir-v-t^H
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But since L is symmetric, we have by Thm. III.2 that v is in U, and

so is in V. Then by applying (4.2) to v:

(4.9) S C 11"-- Ku-UkK, .

The desired result follows by cancellation and substitution of (4.3).

Cor. 2 If U is continuously imbedded in V, then for f in 12(^1)

and homogeneous boundary conditions:

(4.10) II u.-auil^ i CU'^ iif II, .

Proof: Immediate from (4.5) and Thm. III.2.

Unlike the estimate of the W-norm of the error, the estimate of

the L2-norm of the error is not in general quasi-optimal. However
2

the result is sharp, in the sense that 0(h ) rates of convergence

are observed computationally. Examples will be given in Section V.

Now let us consider the construction of a finite element space

for the model problem using the tensor product construction.

Prop. 1 Let be one-dimensional spline spaces such

that:

(4.11) s J

H-12) s';^" s .

Then the tensor product of these spaces:
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is contained in w'^'"(n.).

Proof: It suffices to note that:

(4.14)

(4.15) ^

because if ̂  is in 12(0,T), V in 12(0,1), then:

(4.16)

SO that V(x)4'(y) is in 12(^1).

Prop. 2 The tensor product space:

(4.17) Sv,5 5^®5t^ ,

as above, is contained in W if and only if the essential boundary

conditions are satisfied by at x=0,T and by at y=0,l.

Proof: Let H'be in and Vin not identically zero.

Then we have:

(4.18) ,
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(4.19) H'oc) t(^)

and the desired result follows easily.

Prop. 3 Let one-dimensional interpolation operators be given:

(4.20) 1^:0: [0,T] 5 £ wr (O.T^ ,

(4.21) c"co,n - ^

where indicates the imposition of essential boundary conditions

at x=0,T (resp. y=0,l) such that for all w in C*[0,T] (resp. C*[0,1])

(4.22) ll-uj-r^wll- S ^

(4.23) II -ur-l'^wll^ ^ CU^Iwlj-vs .

Then the natural extensions of these given by:

(4.24)

(4.25) 5 W ,

(4.26) ^ ^

(4.27) (I ^ ^
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will satisfy the corresponding estimates:

(4.28) II - I * vr II S C U*" I w I ^

(4.29) M -ur-x^vrtl,^. £ ^

for all w in C*(ri).

Proof: Since w in C*(ii) implies that for fixed y in [0,1] we

have w(*,y) in C*[0,T]:

(4.30) 11 OaT- ^ I

S (CU"") (

This establishes (4.28), and (4.29) is similar.

We will assume the following commutativity properties, for all

w in C*(2i):

(4.31) lu = D^T. XvT

(4.32)



40

XTechnically the compositions in (4.33) are not defined since ,

are not contained in C!^(il). However the properties (4.31), (4.32)

imply that for w in C*(xl):

(4.34)

(4.35) I^vrCx,-) e C^Lo.il , OixiT.

Hence for fixed (x,y) in JS, we define:

(4.36) ,

(4.37) (r^I^isr) •

The property (4.33) is to be understood as the agreement of expressions

(4.36), (4.37). We then define:

(4.38) e®(xj.w

(4.39) Tv^vr = Xj;i2vr .

Prop> 4 Let be the range of Then:

(4.40) ® S ̂ .

Proof: Fix w in C*(ii). For any x in [0,T]:
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(4.41) I k -w (x,-^ = Z C. U) V. ^

where the summation is taken over a basis of Hence we

have:

(4.42)

by substitution of (4.41) in (4.35). Note that by (4.34) and the
CO

proof of Prop. 2 above, each c.(') is in C*[0,T]. It follows that
J

the range of is contained in the tensor product space. The re-

(X) (v)verse inclusion is deduced from the surjectivity of ^ • For

example, suppose:

(4.43) ,

(4.44) .

Then clearly (4.42) implies:

(4.45) IT^ ^

so that the range of contains a basis for the tensor product space.

Thus the spaces are equal.



42

Thm. 3 Suppose (4.22) holds for r = 1 when i = 0,m and for r = 0

when i = m , and that (4.23) holds for s = 1 when j = 0,n and for s =

0 when j = n . Then the interpolation operator satisfies:

(4.46) 11-w- r^-ur ^ C U ( +id;m,,.)^

for all w in C*(Xi).

Proof: We consider the term:

(4.47) i

The first term in the right-hand side of (4.47) is estimated by (4.28)

with r = 1 , i = m :

(4.48) llT<j--I^vrlL. ^ CUtvri^,.

= CUID:w1,„ .

Concerning the second term in the right-hand side of (4.47), we have

by a standard inequality:

(4.49) lltJ-r^wll,-(-IIOr<^J-li!w)IL

The first term of the right-hand side of (4.49) can be estimated by
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taking (4.29) with s = 1 , j = n :

(4.50)

= CU .

To estimate the second term in the right-hand side of (4.49), we use

(4.29) with s = 1 , j = 0 :

(4.51) llDTci<r-Iuwiio=

$ CUlDTwl.,,

It remains to estimate the third term of the right-hand side of (4.47)

by applying (4.28) with r = 0 , i = m :

(4.52) Cnv-l^wlL,..

Combining this with (4.49) above, which is in turn estimated by (4.50),

(4.51), we have established:

(4.53) CU(lD::x..rl, + lD^wl.^,V

Similarly, one can estimate:

(4.54) Hvr- ^ CW ( ) .
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We have thus shown the existence of a finite element subspace

as in (4.1), (4.2) where:

(4.55) \/={vs€ D u € ^

which is a Hilbert space with the graph norm:

(4.56) ^ 4-

Since m,n are at least 1, we have the proper continuous imbeddings

needed to apply the earlier results of this section:

(4.57) U C. V C. W .

In the following section we will use this construction with

Lagrange interpolants, whose value depends only on the value of the

function to be interpolated at certain points. In that case (4.33)

is automatic because both underlying one-dimensional interpolants

leave the value of the function unchanged at the points where it is

to be evaluated.

For the remainder of this section we will consider a peculiarity

of the tensor product construction which may make a contribution to

the approximation of mixed derivatives for anisotropic problems. We

will assume that m is greater than n , and that is contained in

w"'(0,l). This is the case, for example, if the same or similar under

lying interpolation operators are used in both directions.
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Def. With the same notation as above:

(4.58) S;). 5 S"'®

(4.59) TJ, = ® t'wl C)^'WeS^'!^

Prop. 5 For j = l,...,m-n , S^'^, are contained in w"'*"(A).
Moreover S^"^, satisfy essential boundary conditions at x=0,T
that make L coercive on these finite-dimensional spaces.

Proof: Since by assumption is contained in w"'(0,l), we

have:

(4.60) we ^

(4.61) \ -US 1 D;we s .

But for j = l,...,m-n these are contained in w"(0,l), so the first

assertion of this Prop, follows from Prop. 1. The second assertion

( X }
follows by noting that the alternative (3.8) is imposed on .

Because of the above result it is credible that the deriva

tives with respect to y of the solution of the discrete variational

problem will themselves satisfy some auxilary discrete variational

problems, analogous to the auxilary continuous variational problem

introduced in Section III. We conjecture that the use of the tensor

product construction will lead in some circumstances to an auxilary

Galerkin estimate for the error of approximation to corresponding
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derivatives of the solution with.respect to y :

(4.62)

where k is a sufficiently large integer. We shall see an example in

the next section where the mixed derivatives estimated by (4.62) are

of physical interest.
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V. THE ONSAGER PANCAKE APPROXIMATION

Centrifuges are often used to separate materials according to

density through a process of radial diffusion. A gas centrifuge,

used to separate isotopes of uranium, presents a somewhat differ

ent case because at the high speeds at which they rotate, almost

all of the material (uranium hexaflouride) is confined to a thin,

flat region against the outer radial wall. Practical enrichment

design is based on development of a countercurrent in this layer,

which induces a top to bottom separation effect (we assume a verti

cal axis of rotation) that makes continuous operation feasible.

The Onsager pancake approximation [19] models axially synrnie-

tric flow of a viscous compressible fluid rotating almost rigidly

at a nearly constant radius. This should be understood in the

sense that the non-dimensionalized radius is set equal to unity

wherever it appears algebraically, i.e. not as the argument of the

solution. In some respects the pancake approximation resembles the

multiple boundary layers of Stewartson [18].

Historically the methods of asymptotic expansions were used

to solve the pancake equation by matching boundary conditions with

combinations of the relevant eigenfunctions. We shall see, however,

that the application of finite elements to this problem is fortuitous.

Our treatment follows that of Gunzburger and Wood [4].

Onsager's pancake approximation, developed for the AEC in the

early sixties and only recently declassified, involves a single par

tial differential equation:



48

(5.1) A u 5 (e-ce" = f

where the constant a is positive, and boundary conditions:

(5.2) u* = = O oct" x= O

(5.3) U = Ux = O od" x = T

(5.4) at x=o^

(5.5) (e*UxjtK=o

(5.6) - au.^= ci(e"''''uj^+ <ct" ̂ =0^

(5.7) aUu - f V_tx>

where the constant d is positive. Before examining the aspects of

the pancake approximation which differ from the problems studied in

Sections III and IV, we discuss the physical interpretation of (5.1)-

(5.7). A derivation of the problem is given in [19].

We assume the countercurrent is a small axially symmetric per

turbation of isothermal rigid rotation of a perfect gas. This re

ference solution, whose pressure is given by:

(5.8) p ^ ̂ ^ p( O
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where C is a constant proportional to the rate of rotation, is used

to linearize the equations of conservation and state. We see from

(5.8) that for large values of C the density drops to near zero at

a short distance from the radial wall. Strictly speaking continuum

mechanics does not apply to the rarefied gas in the interior of the

centrifuge, so we choose a cutoff T large enough to simulate the 'top

of the atmosphere.' Actually, the variable x is a transformed radius;

(5.9) XS

SO that x=0 is the radial wall. Axial distances are represented line

arly by the variable y.

The solution u is called the master potential, and quantities of

physical interest are related to its derivatives. For example, D^u

is essentially the streamfunction of the perturbation. Boundary

conditions at y=0,l are derived from Ekman layers along the endplates.

The function g in (5.4) gives the temperature gradient along the out

er radial wall. The term f in (5.1) represents internal sources of

mass, energy, momentum, etc. Frequently f is taken to be zero, and

the solution u is then driven by the boundary conditions. Convec

tion, as induced by g, and mass fluxes through the endplates, which

can be modeled by the Ekman layers, are two of many ways in which a

countercurrent can be produced.

The pancake approximation modifies in two ways the type of prob

lem considered previously. First, the variable coefficients play a

slightly different role in the partial differential operator A. This
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amounts to the addition of some lower order terms, and indeed the va-

riational formulation will be coercive without resort to a Garding-

type inequality. Therefore this difference is benign. Second, the

boundary conditions at y=0,l are oblique. That is, besides the nor

mal derivative D^u, which by itself would constitute a natural bound

ary condition, there appears a term representing tangential deriva

tives. This is handled by the inclusion of a boundary integral in

the bilinear form on which the variational principle is based.

Def. Let L(',*) be the bilinear form:

(5.10) Lcxj-^V") H ^

+  -{r)

where:

(5.11) .

Prop. 1 Let W = be the closed subspace of W^'^(n) de

fined by the essential boundary conditions (5.2), (5.3). Then L is

bounded and coercive on WxW.

Proof: The surface integrals are clearly bounded on WxW, so

we need only show that the boundary integral is. But by the trace

theorem (Thm. 1.2) we know that for w in W:

(5.12) ^ ^
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(5.13) .

This verifies that the boundary integral term is bounded.

The coercivity of L on WxW is proved almost as in Prop. III.3.

If w is in W, then e\ = 0 at x=0. Hence by Lemma III.l:

(5.U) •

But by the triangle inequality:

(5.15)

Thus we can apply (3.14) to get:

(5.16) C L(-ur,-ur) >. C(I1C€''t-J;<')xC+

^ ll'Wxxxllo +

C llvrllx, -for -ure W.

Since the boundary integral is positive definite, it cannot offend.
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Prop. 2 There exists unique u in W such that:

(5.17) L(U,V> = - - f J

for all V in W, provided the right-hand side denotes a bounded linear

functional on W. If f is in LgCfi.), such u solves the corresponding

problem (5.1)-(5.7).

Proof: The first assertion is immediate from Thm. II.1 and Prop.

1 above. The second assertion follows from the development of the

integration by parts formula:

(5.18) (Aw,

- (a.vr^,v-^') + <o.w

= - (ce-w^ ^ +<(eVA,e«iC>x
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valid for w in W^'^(n;A) and v in W^'^(n.). Since for v in C^(X^):

(5.19) (Au,\r) = ̂  L(cLj\r') = C-f^\r) ^

3 1
we know that (5.1) holds and that u is in W 4 (fi;A). For v in W:

(5.20) (■fj-u-") = -L{u.,v-)+

Comparison of (5.20) with (5.17) yields the following:

(5.21) |(e''(e''u^)j^xr|„,A^ = [ ^
(5.22) i = O ^
(5.23) <au^,Tr>^+((Se-^u^jt^V ^ .

The conditions (5.21), (5.22) imply (5.4), (5.5) respectively.

Since u is zero at each corner, (5.23) implies:
A

(5.24)

Since the boundary integrals at y=0, y=l are independent, we have;
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(5.25) - <xu^- od- ̂ =0 ,

(5.26) au^-a(e'^UxV= >

which verifies (5.6), (5.7).

Thm. 1 If f is in L2(Xl) and are zero, then u given

by (5.17) is in W®'^(n) and:

(5.27) ^ ^ .

Proof: One proceeds as in Thm. III.2, with the introduction of

an auxilary problem satisfied by u^. We treat the oblique boundary

conditions (5.6), (5.7) as nonhomogeneous essential boundary condi-

3 1tions for u^, and in order for u^ to be in W ' {XI) we require:

(5.28) Uxx e W^^(0,T') ,

SO that the right-hand sides of (5.6), (5.7) will have the proper

smoothness. We can find as in [11, Thm. 3 of Chap. 4] a function

z in W satisfying:

(5.29) ^

(5.30) J
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(5.31) 11^: 11,, ^ 11,,^ .

Then by translation of by z one obtains the estimate:

(5.32)

We now use fractional anisotropic Sobolev spaces to eliminate

the unwanted term by interpolation of norms. The trace theorem (Thm.

1.2) implies:

(5.33) II ^i£x ft 3/^ ̂  O ^

(5.34) a - Hallg., ,1^^) .

Let the positive constant C be as in (5.34) for the remainder

of this proof. By the inequalities of Prop. I.l we can find positive

constants £,c such that:

(5.35) ""-'Ijli iv, ^ C Uull^+

(5.36) <fC < ''a.

By combining (5.34), (5.35) we have finally:

(5.37) !i $ (C+OCllfll, .
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This proves the first half of (5.27). The second half follows

6 2from the boundedness of A as a map from W ' (fi) to L2(r>.)-

We consider two conforming finite element spaces for this prob

lem. First we take the tensor product of cubic B-splines in x and

piecewise linear functions in y. Second we use cubic B-splines in

both directions. Each one-dimensional spline space admits a Lagrange

interpolant. Consequently the interpolation operators commute with

each other and with derivatives as in (4.31)-(4.33).

We note the following approximation properties of these spline

spaces, assuming a regular subdivision of the interval [1, Chap. 4]:

(5.38) in?

where for cubic B-splines we may take:

(5.39) O < i*-S & H ̂ 4=0,1,1,3^

and for piecewise linear functions:

(5.40) O < t>S ̂  0,\ ,

Thus for either tensor product space we have by Thm. IV.3 the

sharp estimate:

(5.41) ^
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Thm. 2 For either choice of a tensor product finite element spa

ce, we have the following error estimates of the Galerkin approxima

tion:

(5.42) ;

(5.43) llu-uj. $ CUMlD^ul„-HD^ul,,V

Proof: As in Thm. IV.1 and Thm. IV.2.

Cor. 1 For the case of homogeneous boundary conditions and f in

L2(fl), we have:

(5.44) ^ CkHflU

(5.45) l|U-Uv.ll„ ^ CW^ .

Proof: As in Cor. IV.1 and Cor. IV.2.

The reason that the same rate of convergence appears for both of

the tensor product spaces is that a limiting factor in both cases is

3
the approximation of u. We now describe some numerical experi

ments. A choice of basis for one of these spaces, say

leads to the following formulation of the discrete variational prob

lem as a linear system:

(5.46) AAO ■= k
)
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where M is an NxN matrix defined by:

(5.47) M;. = ^

where K is a vector of length N:

(5.48) K; H ,

and where U is a vector of length N representing the coefficients of

the basis functions that occur in the discrete solution:

N

(5.49) - Z .
t51

Two computer programs were written in Fortran, one for each choice

of tensor product finite element space. The integrals in (5.47),

(5.48) were evaluated using a four-point Gaussian quadrature scheme

in one dimension at a time. In solving (5.46) we took advantage of

its special properties: banded, symmetric, and positive definite.

All computations were performed in double precision on an IBM 370 at

the University of Tennessee Computing Center.

A problem artificial in nature but having an exact closed form

solution was used to make the first experiments. The L2-norm of the

error of approximation for several derivatives of the solution was

estimated using the same four-point quadrature scheme. The results,

expressed as a percentage of the relevant quantity, are summarized in
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Tables 1 and 2. Note that in both cases the convergence is not limited

to terms estimated by the natural norm of the problem. Thus we have

computational evidence of the conjecture made in Section IV.

A further experiment with the cubic-cubic test functions is summa

rized in Table 3. Here we took f, to be zero and set g equal to one.

This is similar to problems of physical interest and corresponds to

the case of a countercurrent driven by a linear temperature profile

along the outside wall. Since no exact closed form solution is avail

able for this problem, the rates of convergence shown were estimated

from the change in the Lg-norm of the discrete solution and various

derivatives caused by a refinement of the mesh. Although the higher

derivatives of the discrete solution seem not to converge at all, the

behavior of the lower order terms is not much worse than for the case

with exact solution.

We close this thesis with a brief mention of some topics for fur

ther investigation. First, we would like to have more elaborate regu

larity results for the continuous problem in order to apply the tech

nique of Aubin-Nitsche for higher order derivatives. Second, we may

ask if inverse estimates, which dominate higher order seminorms by

lower order ones times negative powers of h, can be inferred for the

tensor product spaces.
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TABLE 1. Cubic-Linear Splines with Exact Solution^

Quantity Observed(Normalized Error)

e. D e. D ^e. D e. D Ou D e.h  xh x h yh xyh xxy h

Mesh Size

11x11 13.78% 10.50% 8.00% 17.13% 13.63% 11.76%
13x13 9.61% 7.33% 5.60% 12.73% 10.40% 9.20%
16x16 6.17% 4.71% 3.60% 9.01% 7.62% 6.94%

Accuracy'^ 2.13 2.13 2.13 1.67 1.50 1.36

3  2a  u = X (x-1) (x-1.3)cos( y), e^ = u - u^, T = 1

b  Estimated accuracy = log(e^j^/e^g)/log(h^j^/h^g)

TABLE 2. Cubic-Cubic Splines with Exact Solution''

Quantity Observed(Normalized Error)

e. D e. D ^e. 0 e. D e. D e. D e. D ^e.h  xh x h yh xyh xxy h yy h xy h

Mesh Size

11x11 8.38% 8.32% 7.43% 10.20% 10.96% 9.93% 49.50% 62.70%
13x13 5.82% 5.79% 5.19% 7.13% 7.72% 7.00% 38.42% 48.92%

16x16 3.73% 3.72% 3.34% 4.59% 4.99% 4.52% 27.17% 34.82%

Accuracy'^ 2.16 2.15 2.13 2.13 2.10 2.10 1.60 1.57

3  2c  u = X (x-1) (x-1.3)cos( y), e^^ = u - u^, T = 1

d  Estimated accuracy = log(ej^/e^g)/log(h^^/h^g)
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TABLE 3. Cubic-Cubic Splines without Exact Solution®

Quantity Observed(Discrete Solution x 10^)
2  2

u. D u. D Uu D u. D u. D u. D u. D Uih  xh x h yh xyh xxy h yy h xy h

Mesh Size

8x8 5.913 10.73 35.54 5.236 10.70 42.00 30.72 605.4
11x11 6.140 11.17 36.71 5.476 11.60 49.40 37.36 1100.
16x16 6.263 11.40 37.34 5.610 12.31 57.78 47.94 2048.

Accuracy^ 1.93 2.04 1.95 1.83 0.75 -0.39 -1.37 -2.04

e  Solution driven by g = 1, T = 1, z = Lg- norm of quantity

f  Estimated accuracy = log((Zjj-Zg)/(z^g-z^j)/log(hg/h^j)
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