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Abstract

The purpose of this thesis is to take the first step in developing quantum analogs of the classical

invariant theory of binary forms. The classical theory begins by considering the linear transformation

of a 2 X 1 vector by a 2 x 2 matrix. This transformation induces a linear transformation of the

coefficients of all the binary forms. The classical invariant theory is concerned with functions of

these coefficients that are invariant under the induced linear transformation for all 2 x 2 matricies.

In the classical theory all elements commute. In this thesis a nonclassical or quantum invariant

theory of binary forms will be considered in which elements do not commute. Two types of quan

tization will be introduced. Each quantization is a deformation into noncommutative or quantum

theory and is represented by deformation parameters. By setting the deformation parameters equal

to the appropriate values (usually zero or unity) one retrieves the commutative or classical theory.

The main goal of this thesis is to find commutation relations for the coefficients of the quantum

binary forms. The quantum binary forms considered will be of degree less than or equal to three. It

is required that these commutation relations be invariant in form under the transformations induced

by the quantum 2x2 matrix groups and it is hoped that these commutation relations will be such

that the algebras of the coefficients satisfy PEW property. The determination of these commutation

relations is the preliminary step in the development of the invariant theory of quantum binary forms.
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1. Introduction

In this thesis a preliminary step will be taken in developing quantum analogs of the classical

invariant theory of binary forms. The classical invariant theory of binary forms was developed in the

nineteenth century by Cayley, Sylvester, Clebsch, Gordan and others [Ref 1]. To review the basic

notions of this theory consider a field IC of characteristic zero (e.g. complex numbers) and a 2 x 1

vector

(1.1) =0
where x,y £ IC. A binary form of degree n in the vector x is a homogeneous polynomial of degree

n in the two arguements x,y

(1-2) r(x) = X^Hai+ix"-V.
1=0 ̂  ̂

The quantities a'i,a2 Q'n+i € IC are called the coefficients of the binary form /"(x). Now

consider a 2 x 2 matrix

(1.3) M=(° »)

where a,b,c,d€. IC and the linear transformation of the vector x by this matrix

(1.4) x' = Mx=(^')

where

x' = ax + by
(1.5)

y' = CX + dy.

One can now consider binary forms of degree n in the vector x'

(1-6) r(x') = X;f")at+ix'"-V*.
1=0 ̂



The requirement /'"(Mx) = /"(x) induces the following linear transformation of the coefficients of

an nth degree binary form

n+l

(1.7) a. = ̂myaj , i = 1,2,.. n + 1
j=i

where rriij are quantities depending on the components of M. The classical invariant theory of

binary forms is concerned with functions of the coefficients Oj of an nth degree binary form which

are invariant under the action of the induced linear transformation (1-7) for all 2 x 2 matricies M

[Ref. 1],

In the classical theory the elements x, y, a, 6, c, d, aj, 02, • • •, Qr„+i, a'j, a'j,..., commute

since they belong to the field AC. In this thesis a nonclassical or quantum invariant theory of

binary forms will be considered in which these elements will no longer be commuting. Two types

of quantization will be considered. In the first quantization x will be a 9 quantum vector whose

components x, y commute with all other elements while satisfing the commutation relation

(1.8) xy = q~^yx

and M will be a 9,p quantum matrix whose components a,b,c,d commute with all other elements

while satisfying the commutation relations

ca = qac , db — qbd , ba = pab , dc = pcd ,
(1.9)

cb = p~^qbc , da = ad+ (q — p~^)bc.

Using the commutation relations (1.8), (1.9) and the transformation equations (1.5) it is easy to

show that xV = q~^y'x' and thus x' is a 9 quantum vector. The quantum binary forms to be

considered in this quantization are

/^(x) = a'lX + a'zy

f'\x') = aix' + 02j/

f{x) = a[x^ + (I + pq)ot'2xy + a'^y"^
(1.10)

/'^(x') = Oix'^ + (I + pq)oi2x'y' + aai/^

f{x) = q'iX® + (1 + + p^q^)Q'2X^y + (1 + pg -I- p^q^)a3xy'^ + a'y^y^

f'^{x') = Qix'^ + (1+ pg + p^q^)a2x''^y' + (I + pg + p^q^)a3x'y'^ + a^y'^.
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The nonzero parameters q,p are called deformation parameters because they represent deformation

into noncommutative or quantum theory. The case q = 1, p = 1 represents no deformation, i.e.

commutative or classical theory.

In the second type of quantization x will be an h quantum vector whose components commute

with all other elements while satisfying the commutation relation

(1.11) xy = yx + hy'^

and M will be an h quantum matrix whose components commute with all other elements while

satisfying the commutation relations

ba = ab+ h{a^ +bc — ad) — h^ac , dc = cd+ hc^ ,

(112) ca = ac - hc^ , db = bd+ h{ad — be — d"^) + h^ac ,

cb = be - h{ac + cd) , da = ad+ h{ac — cd) — h?c^.

Using the commutation relations (1.11), (112) and the transformation equations (1.5) it can be

shown that I'j/ = i/x' + and thus x' is an h quantum vector. The quantum binary forms to

be considered in this quantization are

/'(x) = Q\x + a'^y

f'\x') - aix' + a^y'

/^(x) = a[x^ + 2a'2yx + a'^y^
(1.13)

/'^(x') = aix'^ + 2a2y'x' + aay'^

/^(x) = a[x^+Za'2yx^ + Za'^y'^x + a'^y^

/'®(x') = aix'^+Za2y'x''^ + Zaay'^x' + a^y'^.

Classical theory is obtained here by setting the deformation parameter h to zero.

The quantum vectors and quantum matricies introduced above, along with the commutation

relations among their components, have arisen from studies of exactly solvable problems in statistical

mechanics and quantum field theory. In particular studies of the quantum inverse scattering method

and solutions of the quantum Yang-Baxter equations have motivated the development of these ideas.
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The main goal of this thesis is to find commutation relations for the coefficients of the

binary forms /'"(x') and /"(x), n = 1,2,3, so that certain conditions are satisfied. One of the desired

conditions is that the commutation relations be invariant in form under the induced transformation

(1.7), i.e.

(1.14)

= 'jfc("'i>"2' • • --an+l) => OjOk = ljkio:i,Q2, ■ ■ • .On+l) , J, ̂  = 1> 2, -. •, n + 1 , n = 1,2,3.

In other words, the form of the commutation relations is preserved under the action of the quantum

matrix group. It is also hoped that the commutation relations will be such that the algebras of the

coefficients will satisfy what is called the Poincare-Birkhoff-Witt (FEW) property. There exists an

important and useful theorem for determining whether or not an algebra satisfies FEW property.

This famous theorem is known ais the Diamond Lemma. The Diamond Lemma will be explained

and applied in this thesis. The development of these commutation relations is the preliminary step

in the study of the invariant theory of quantum binary forms.



2. Mathematical Foundations

A basic notion used in this thesis is the concept of an associative algebra. Let AC be a field.

Recall that an associative algebra A over AC is a vector space over AC equipped with a multiplication

A X A A, having the following properties:

(a + b)c = ac + bc

a{b + c) = ab + ac

(2.1) (Aa)6 = a(Afc) = A(a6)

(ab)c = a(bc)

Va,b,ceA, VA eAC.

If there exists an element 1 £ A with the property

(2.2) la = al = a, VaG^

then A is called a uniial associative algebra.

Consider the letters x, y. A formal combination of these letters such as , xy , yx , y^ , x^y ,... ,

are called words or monomials in the letters x, y. The letters x, y are monomials of degree one while

x^ , xy, yx , y^ are monomials of degree two. Given a field AC consider the set T of formal symbols

or formal finite linear combinations,

(2.3) .^ = { Ao + Aix + A2y + Aax^ + X4xy + X^yx + Aej/^ H | A,- G AC , finite number of A,- ^ 0 }.

Given elements a,h £ T,

a = ao + aix + a2y + oax^ + a^xy + a^yx + aey^ + • • •

6 = 6o + tia; + b^y + bax^ + b^xy + b^yx + bey^ H ,

addition and scalar multiplication on ̂  are defined naturally as

a + 6 = ao + 6o + (oi + 6i)x + (02 + 62)1/ + (03 + ba)!^ + (04 + b4)xy + (05 + b5)yx + (oe + 65)1/^ d
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Xa = Aao + (Aai)j; + {Xa2)y + (Aa3)x^ + {Xa4)xy + {Xa5)yx + {Xa6)y^ H

and multiplication on f is defined by

ab = aobo + {dobi + ai6o)z + (0362 + 02bo)y + (ao^a + ai^i + aabojx^

+ (0064 + 0162 + 0460)13/ + (0065 + 0261 + a5bo)yx + (0065 + 0262 + 0060)3/^ + • • • .

With these definitions of addition, scalar multiplication and multiplication it is eeisily shown that

axioms (2.1) are satisfied and ̂  qualifies as an associative algebra over K. with zero and unity

elements given by

0 = 0 + Ox + O3/ + Ox^ + Oxy + Oyx + Oy"^ + • • •

1 = 1 + Ox + O3/ + Ox^ + Oxy + Oyx + Oy^ + • n • .

For convenience we write

X = 0 + Ix + O3/ + Ox^ + 0x3/ + Oyx + Oy^ + • • •

3/ = 0 + Ox + 13/ + Ox^ + Oxy + Oyx -\-0y^ -{

x^ = 0 + Ox + O3/ + Ix^ + Oxy + Oyx + Oy^ + • n •

etc.. In this way the monomials in x,y are identified as elements of 7" with the zero and unity

elements considered as monomials of degree zero in x, 3/. Thus it is concluded that the subset

(2-4) { 1, X, y, x^ xy, yx, y^... }

of monomials in x, y is a basis for .F, i.e., the elements of B generate F and are linearly independent.

Consequently F is referred to as the free algebra generated by the letters x,y. In general a free

algebra can be generated by an alphabet consisting of any number of letters.

Recall that a two-sided ideal 7 in a unital associative algebra ̂  is a subspace of A having the

property

(2.5) at e I, m G I, V i G I, V a e
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A two-sided ideal in A can be constructed as follows. Let gi,g2, - - - ,gn be elements of A and let V

be the subspace of A generated by these elements,

1^ = { + •^252 + • • • + ̂ngn | A,' € /C }.

Letting 2 be

2 = { ̂  ambi I t;,- e V , Oj, € -4 }
i

it is easily verified that 2 satisfies axiom (2.5) and thus qualifies as a two-sided ideal in A- The

elements gi,g2, - - ,gn are called the generators of the ideal 2. The coset of an element a £ A

induced by 2 is defined as

a={a}+J = {a + i l iEX}

and the factor set A\I is defined as

A\I = { a I a € ̂  .

Addition, scalar multiplication and multiplication of cosets are defined by

a-t-6={a'-|-6'|a'€a, b' Eb}

Xa = { Xa' \ a' E a }

ab= { a'b' \ a' Ea , b' Eb).

Since 2 is a two-sided ideal it follows that

a -f 6 = (a -I- 6)""

(2.6) Xa = (Aa)-

56 = {ab)~

and A\I is closed with respect to addition, scalar multiplication and multiplication of cosets. It

follows readily that with these operations axioms (2.1) are satisfied and A\I qualifies as an associa

tive algebra over K with zero element 0 = 2 and unity element 1. Hence, A\X is called the factor

algebra induced by the ideal 2.

7



Consider now a nonzero element q £ IC and the two-sided ideal I in ̂  generated by the single

element g = xy — q~^yx £ T. In the factor algebra f = T\1 it follows from (2.6) that

iy - <r^yi = {xy - q~^yx)~ = j = I = o.

Thus the generators x,y oi T satisfy the relation

xy = q'^yx.

From this relation it is concluded that the set

(2.7) B = {I, X, y, x"^, xy, yx , f , .

is not a basis for 7. The elements of B generate f but are not linearly independent since the

subsets { , yz } , { x^y, xyx , yx^ } ,... , etc. contain linearly dependent monomials. Thus the

factor algebra T is not a free algebra but is generated by the elements z,t/ subject to the relation

xy = q'^yx.

The specification of an algebra in terms of its generators and relations is called the presentation

of the algebra. Symbolically the presentation of 7 is written as

7 = (x,y\xy = q'^yx ).

Like 7, an algebra whose relations consist of linear combinations of only second degree monomials

is called a quadratic algebra. The presentation of the free algebra 7 is simply

{x,y)

indicating that 7 is generated freely by the letters z,y with no relations.

Since 7 is not a free algebra the problem of finding a basis for 7 is of some concern. Any

element of 7 can be expressed as

a = ooi + aix + aiy + + a^xy + a^yx + a^y^ ̂



and substitution of the relation xy = q~^yx into this expression for a leads one to the conclusion

that the subset

(2.8) B' = {I , X , y , x^ , yx , f ,

consisting of all monomials with y standing to the left of i, is a generating set for f". However, the

linear independence of the elements of B' is unclear. The question of whether or not B' is a basis

for T is answered by a famous theorem in ring theory called the Diamond Lemma [Ref. 2]. Before

stating the Diamond Lemma additional basic concepts must be introduced.

Let ̂  be a unital associative algebra over AC freely generated by n letters xi,X2,... , x„ and let

< be a lexicographic ordering of the generators,

(2.9) xi < X2 < • • • < Xn.

This order induces an order on the set of all monomials as follows: XjjX,-, • • -Xj,, < Xj,Xj-j • • -Xj,

if k < I and x,',x,j n • < Xj^Xj^ - n -Xj^ if x<, < Xj,, or if x,, = Xj, and x,-, < Xj^, etc. The

lexicographic ordering process can be described figuratively as follows. The letters xi,X2,... ,x„

are thought of as an alphabet with alphabetical ordering given in (2.9). Consider now a dictionary

containing all the words of this alphabet. The dictionary is partitioned into volumes r = 1,2,...

with the rth volume containing all words of degree r in alphabetical order. The words in volume k

are smaller than the words in volume I if k < I and given two words from the ifcth volume the first

word is smaller than the second word if first word occurs alphabetically before the second word. A

linear combination of monomials/(xi, X2,... ,x„) is said to be smaller than a monomial xjjXjj • • x.-^

and we write

/(xx, X2, . . . , Xn) ̂  ̂*1 ̂t'a * '

if every monomial in /(xi,X2,... ,x„) is smaller than the monomial x,,x,-j • • x,-,,. By definition the

monomials l,xi,X2,... ,x„ are reduced with respect to the order < and a monomial of the form

XiiXi^ n n -Xij is said to be reduced if «i < 12 < • n • < it- From this definition it is easily seen that all

words in the set B' given in (2.8) are reduced. An element a € ̂  is called reduced if it is a linear

9



combination of reduced monomials. Let us now consider a reduction system on A consisting of the

following (") generators of a two-sided ideal X'm A,

9ij — ^2) ' • ' t ̂ n)

where i> j , i,j = l,2,...,n and Uj {xi,X2,... , x„) are linear combinations of quadratic monomials

having the property lij{xi, X2, n n n , Xn) < XiXj. With this reduction system reduction mappings on

A can now be defined. Let mi, m2 be monomials and let the reduction Rmixajmi , » > jt be a linear

mapping with the following properties:

(miXtXj m2) = (xi, X2,... , Xf;)m2

= m , V monomials m ̂  mix,Xjm2.

Let be a sequence of composed reductions. The sequence R is said to be final on an element a £ A

if R{a) is reduced. The Diamond Lemma for quadratic algebras can now be stated.

Diamond Lemma. Let A be a unital associative algebra over K freely generated by n letters

xi,X2, n n. ,x„ equipped with a lexicographic ordering of the generators

Xl < X2 < • • n < x„

and a reduction system consisting of the following (j) generators of a two-sided ideal I in A,

9ij ~ lij{^l I ̂ 2) • • • ) Xn)

wherei > j , i,j = 1,2,... , n and/,j (zi, 12, • • • , Xn) are linear combinations of quadratic monomials

having the property /,j(xi,Z2 ^n) < XiXj. There exist final sequences of reductions R and R'

such that

(xi,X2, . . . ,Xfi)Xjt) = R (x,*/jjt(xi,X2, ... , 3?n)) , V t ̂  j ̂ k , t, k — 1,2,...,n

if and only if the set B' of reduced monomials is a basis for A = A\X.

If A is an algebra for which the set B' of reduced monomials is a basis then A is said to have

or satisfy the Poincare-Birkhoff- Witt (PBW) property. In the algebra T the lexicographic ordering

10



of the generators is y < x and the reduction system consists of the single element g — xy - q~^yx

generating the two-sided ideal I in T. Thus by applying the Diamond Lemma it is concluded that

the set B' given in (2.8) is indeed a basis and T satisfies PBW property. It is noted however that

T represents a trivial application of the Diamond Lemma since T is generated by only two letters

and thus there are no third order monomials XiXjXt with x,- < Xj < Xk- The Diamond Lemma is

an important tool in ring theory because it provides the criteria for determining whether or not an

algebra satisfies PBW property.

Let ̂  be a group (or a semigroup) and let % be an abelian group. A grading is defined to be

a homomorphism | \  .' Q —*'H. Let Z denote the set of integers and let X be the set of monomials

in the letters xi, Z2, • n n With respect to the operation of multiplication the set X qualifies as

a semigroup and with respect to addition the set Z 0 Z of ordered pairs of integers qualifies as an

abelian group. In this thesis we will be interested in gradings of the type | | : A —► Z 0 Z. Since

these gradings are homomorphisms we have

,1 + ki J + • • •

11



3. Quantum Linear Spaces

Let K he A field. A Quantum Linear Space over IC is some Quantum Affine Space whose

coordinate algebra over AC is a quadratic unital associative algebra.

The space of quantum 2x1 vectors Vec,(2) is defined to be the quantum linear space whose

coordinate algebra AC[Vec^(2)] has the presentation

(3.1) AC[Vec,(2)] = ( I jry = )

where x, y are letters and 9 is a nonzero element of AC. The space of quantum 2x1 vectors VecA(2)

is the quantum linear space whose coordinate algebra is given by

(3.2) AC[Vech(2)] = {x,y\xy = yx + hy"^ )

where h is an element of AC.

The space of quantum 2x2 matricies Mat, p(2) is defined to be the quantum linear space whose

coordinate algebra AC[Mat,,p(2)] has the presentation

ca = qac , db = qhd , ha -- pah , dc = pcd , \

cb = p~^qbc , da = ad+{q — p~^)bc '

where a,b,c,d are letters and p is a nonzero element of AC. The space of quantum 2x2 matricies

Matft h'(2) is the quantum linear space whose coordinate algebra is given by

ba = ab+ h'{a^ + be — ad) — h'^ac , dc = cd+ h'c^ ,

ca = ac— hc^ , db = bd+ h{ad —be — d^) + hh'ac , ^
cb = be - hcd — h'ac , da = ad — hcd + h'ac — hh'c^

(3.3) AC[Mat,,p(2)] = ( a,6,c,d

(3.4) AC[MatA,h-(2)]= ( a,6,c,d

where h' is an element of AC.

Elements of Vec,(2) and VecA(2) are represented as

12



while elements of Mat,,p(2) and Mat/,,h'(2) are represented as

M

In this thesis a special case of the space MatA,h'(2) is of interest, namely, the space Mat/,(2)

which is given by

Math(2) = MatA,fc/(2) |h'=h-

For reference the presentation of the coordinate algebra of Math(2) is given.

ba = ab + h{a^ + bc — ad) — h^ac , dc = cd + hc^ ,

ca = ac — hc^ , db = bd+ h{ad — be — d^) + h^ac , ^ .
cb — be — h{ae + cd) , da = od + h{ae — ed) — h^e^

(3.5) AC [Math (2)] = ( a,b,e,d

(3.6) ;C[Vecj(2)]®/C[Mat,,p(2)]= ( x,y,a,b,e,d

In order to define the action of the quantum 2x2 matrix M G Matj,p(2) on the quantum 2x1

vector X € Vec,(2) consider the tensor product AC[Vec,(2)] ® AC[Mat,_p(2)] whose presentation is

xy = q'^yx ,

ax — xa , bx = xb , ex = xe , dx = xd ,

ay = ya , by = yb , ey = ye , dy = yd , ^ .
ea = qae , db = qbd , 6a = pab , dc = ped ,

eb = p~^qbe , da = ad+ {q — p~^)be

The action of M on x yields x' = Mx whose components x^y" G AC[VeCj(2)] (g) AC[Matj,p(2)] are

defined by

x' = ax + by

y' =: ex + dy.
(3.7)

It is easily verified that the relation x'y" — q ^y'x' holds and x' is a quantum vector. Similarly,

to define the action of M G Math(2) on x G Vech(2) consider the tensor product AC[Vech(2)] (g)

13



/C[Vech(2)] 0 /C[MaU(2)] = ( x,y, a, 6, c, d

AC[MatA(2)] with the presentation

(3.8)
xy=yx + hy ,

ax = xa , bx = xb , cx = xc , dx = xd ,

ay = ya , by = yb , cy = yc , dy = yd , \

ba = ab + h{a^ + be — ad) — h^ac , do = cd+ hc^ , '

ca = ac — hc^ , db = bd + h[ad — be — d^) + h^ae ,

eb = be — h{ae + ed) , da = ad + h{ae — ed) — h^e^

The action of M on x yields x' = Mx as defined in (3.7) and it follows readily that x'j/ = j/x' + hy"^.

Thus x' is a quantum vector.

By application of the Diamond Lemma it is noted that each of the coordinate algebras defined

thus far satisfies PBW property. For the remainder of this section the coordinate algebras introduced

will have unknown relations to be determined.

Consider now the algebra ^[Poly^p(2)] of coefficients of an nth degree binary form whose

presentation is

(3.9) a:[Poly" (2)] = ( a; I OjOt = ljkio'i,Q2, n • - .an+i) )

where a, , i = l,2,...,n+ 1, are letters and /jt(ai, 02,..., a„+i) are linear combinations of

quadratic monomials, /jjt(oi, 02,..., an+i) < cejCk , = l,2,...,n+ 1. The presentation of

the tensor product AC[Vecg(2)] (g) /C[Matj p(2)] (gi /C[Poly^p(2)] is

14



(3.10) A:[Vec,(2)] ® ;c:[Mat,,p(2)] ® A:[PolyJ^p(2)] =

x,y,a,b,c,d,ai

xy = g ^yx

ax = xa , bx = xb , cx = xc , dx = xd ,

ay = ya, by = yb , cy = yc , dy = yd ,

OiX = XQ, , a.i/ = yoi ,

ca = qac , db = qbd , ba = pab , dc = pcd ,

cb = p~^qbc , (fa = ad + (5 — p~^)bc ,

a,a = aoi , Oib = boi , aiC = ca,- , aid = (fa,-

ajO-i = /j-)b(ai,a2,...,a„+i)

where i,j,k= 1, 2,..., n + 1.

A first degree binary form in the quantum vector x G VeCj(2) is

(3.11) f\x) = a[x + a'^y

where 01,02 6 ̂[Vecg(2)] ® fC[Mat,,p(2)] ® /C[PolyJ p(2)]. A second degree binary form is defined

by

(3.12) f{x) = o'jX^ + (1 + pq)a'2xy + 03^^

where Oj, Oj, 03 € AC[Vecj(2)]{g)/C[Mat,^p(2)]®AC[Poiyj p(2)] and a third degree binary form is defined

as

(3.13) /^(x) = o'lX^ + (1 + pg + p^q^)Q2X^y + (1+ pg + p'q^)Q3xy^ +,2^2\^/ ̂ ,.2 , ..3

where 01,02,03,04 G /C[Vec4(2)]0^[Mat,,p(2)]®/C[Poly|p(2)]. The factors 1+pg, 1+pg + P^g^,

in (3.12), (3.13) are inserted for future calculational convenience.

In like manner one can consider the algebra AC[PolyJ(2)] of coefficients of an nth degree binary

form whose presentation is identical in form to that given in (3.9). The presentation of /C[Vech(2)]®

A:[MatA(2)]®;C[Poly2(2)] is
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x,y,a,b,c,d,ai

(3.14) /C[Vecfc(2)] ® X:[MaU(2)] ® /:[Poly;|(2)] =

xy=yx + hy"^ ,

ax = xa , bx = xb , cx = xc , dx = xd ,

ay=ya , by = yb , cy = yc , dy = yd ,

aiX = xai , aiy = j/a, ,

ba = ab + h{a^ + be — ad) — h?ac , dc = cd+ hc^ , ^
ca = ac— hc^ , db= bd+ h{ad —be — d^) + h^ae ,

eb = be — h(ae + ed) , da = ad + h{ae — ed) — h^e^ ,

a,a = aoi , Qj6 = boi , a,c = ca,- , a,-tf = da,- ,

oijOk = /;»:(ai,a2, - -- >an+i)

where i,j,k= 1,2,..., n + 1. A first degree binary form in the quantum vector x G Vec/,(2) is as

defined in (3.11) with a'l.a'j G AC[Vec/,(2)]® A^[Mat/,(2)]®AC[PolyJ(2)]. A second degree binary form

is defined as

(3.15) /^(x) = a\x^ + 2a'2yx + a'^y^

where aj, aj, Og G /C[Vecft(2)] ®/C[Matft(2)] ®/C[Poly^(2)] and a third degree binary form is defined

by

(3.16) /^(x) = q[x^ + ia2yx^ + Sa'^y'^x + a'^y'..3

where G AC[Vec/,(2)] ®/C[Mat/,(2)] ® AC[Poly^(2)].

Having defined binary forms in the quantum vectors x G Vecj(2) and x G VecA(2), transformed

binary forms in the quantum vectors x' = Mx , M G Matj,p(2) and M G MatA(2), can now be

defined. Consider transformed binary forms induced by M G Matg,p(2). Corresponding to /^(x) in

(3.11) is

(3.17) f {x!) = aix' + a2j/',
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to /^(x) in (3.12)

(3.18) /'^(*') = + (1 + V<l)o'2x'l/ + aaj/'^,

and to /^(x) in (3.13)

(3.19) /'^(x') = + (1 + P9 + P^q^)a2x'^y' + (1 + pg + P^q^)o:3x'y'^ + a^y'^.

Transformation equations for the coefficients of these binary forms are determined by requiring that

/'"(Mx) = /"(x) , n = 1,2,3. Thus, using the relations in (3.10), substitution of equations (3.7)

into (3.17) gives

a'l = miiai + mi2a2
(3.20)

O2 = m2iai + 17122012

where

(3.21) mil = a , mi2 = c , m2i = 6 , m22 = d.

Substituting (3.7) into (3.18) yields

«'l = "JllOl + m\20l2 + mi303

(3.22) 02 = m2iQi + m22Q'2 + ̂2303

0^3 = m3iai + m320c2 + 1713303

where

mil = , »tii2 = (1 + pq)ac , 17113 =

(3.23) m2i = ab , 17122 = ad + qbc , 17123 = cd

msi = b^ , 17132 = (1 + Pq)f>d , m33 = d^,

and substituting (3.7) into (3.19) yields

a'l = miiQi + mi2cr2 + misas + mi4a4

Qj = m2iai + 17122O2 + 17123013 + 11124014

(3.24)
03 = msitti + m32a2 + m33a3 + m34a4

Q4 = m4iQi + m42Q'2 + m43a3 + 1714404
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where

mii=a^, mi2 = (1 + pq + p^g^)a^c , mi3 = (1 + pg+ p^g^)ac^ , = c®

m2i = a^b , m22 = a^d + g(l + pq)abc , = (1+ pq)acd + q^bc^ ,
(3.25)

mai = o6^ , m32 = (1 + pq)abd + g^6^c , mzz = ad^ + g(l + pq)bcd , m34 = cd^

m4i = 6^ , m42 = (1 + pg+ p^g^)6^d , *7143 = (1 + pg + p^g^)6d^ , 77144 = d®.

Now consider transformed binary forms induced by M G Matft(2). Corresponding to /'^(x) in

(3.11) is /'i(x') in (3.17), to /^(x) in (3.15)

(3.26) /'2(x') = aix'2 + 2a2p'x' + a3p'^

and to /^(x) in (3.16)

(3.27) /'3(x') = aix'3 + 3o2y'x'2 + + 04^'^

Transformation equations for the coefficients of these binary forms are determined again by requiring

that /'"(Mx) = /"(x) , n = 1,2,3. Thus, using the relations in (3.14), substitution of equations

(3.7) into (3.17) gives once again (3.20) and (3.21). Substitution of (3.7) into (3.26) gives (3.22)

where

(3.28)
"In = , mi2 = 2ac — 2/ic^ , mi3 = c?

mil = a6 + -h{a^ — ad + be) — -h^ac , m22 = ad+ be — 2hcd — , 77123 = cd +
Z  Z 2,

"Jsi = b^ + hab , 77132 — 26d + 2h{ad - d^) — 2h?cd , 77133 = d^ + hcd,

and substituting (3.7) into (3.27) yields (3.24) where

18



(3.29)

mil =

mi2 = Sa^c — 6hac^ + 6h^c^

mis = 3ac^ — Qhc^

,3
mi4 = c

m2i = a^b + /»(a® — a?d + abc) — h^a^c

m22 = + 2abc + /i(a^c — bacd — 6c^) + h^{6c^d — 4ac^) + 6/i^c®

m23 = 2acd + bc^ + h{ac^ — 6c^d) — %b?(?

msA = c^d + hc^

msi = ab^ + h{2a?b — abd + b^c) + — 2a^d + ad^ — bed)

+ h^(2acd — 2a^c — bc^) + 2h'^ac^

ms2 = 2abd + 6^c + h{Za?d — Zad^ + abc — Zbcd) + h^{6cd^ — lacd — 2bc^)

+ h^{l2c^d-2ac^) + Qh'^c^

mss = ad^ + 2bcd + h{Zacd + bc^ — 6cd^) + h^{ac^ — 12c^d) —

msA = cd^ + 2hc^d +

m4i = 6^ + Zhab^ + h^{Za^b — abd + b'c) + h^{ad^ — a^d — abc — bed)

+ h^{2acd — a^c — bc^) + 2h^ac^

m42 = Zb'^d + h{9abd - Qbd"^) + h^{9a^d - 15ad^ - Zbcd + 6d^)

+ h^{18cd^ — IZacd) + 18h'*c^d

rriis = Zbd^ + h(6ad^ + Zbcd — 6d^) + h^{6acd — IScd^) — 18h^c^d

m44 = d® + Zhcd^ + Zh^c^d.
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4. Problem Statement

The objective of this thesis is to detemine the relations in (3.9) for the algebras /C[Polyj p(2)]

and /C[Poly^(2)], n = 1,2,3. Specifically, it is desired to find the forms of the functions Ijk so that

(4.1) orj-at =/jt(Qi,a2,.. .,a„+i) => =/j]fc(ai,o'j,...,a(,.j.i),

so that the commutation relations of AC[Polyy p(2)] are invariant in form under the action of Matj,p(2)

and likewise for the commutation relations of /C[PolyJ(2)] under the action of Mat/, (2). If possible

it is also desired that the commutation relations be such that ACpolyJ p(2)] and /C[Poly^(2)] satisfy

PBW property. Each commutation relation must have homogeneous grading, i.e., in each relation

the gradings of all product terms appearing in that relation must be equal.

We now introduce gradings by assigning to each of the generators of the algebras AC[Vec,(2)] ®

/C[Mat^^p(2)] ® AC[Polyj p(2)] and AC[Vec/,(2)] ® AC[Mat/,(2)] ® /C[Poly^(2)] an element of Z 0 Z. The

reason for introducing gradings is to reduce the number of free parameters in the set of all possible

commutation relations. To each of the components of the quantum vectors, x G Vecj(2) and

X G VecA(2), we assign the following gradings:

(4.2) |a:| = (l,0), |j/| = (0,l).

From the transformation equations (3.7) it follows that

\x'\ = |ax| = |a| + |x| = |6i/| = |6| + |y| = (1,0)
(4.3)

|y'| = |cx| = |cl + lx| = \dy\ = l<i| + |y| = (0,1)

and the following gradings are uniquely induced on the components of the quantum matricies M G

Mat,^p(2) and M G Math(2):

(4.4) |a| = (0,0) , |6| = (1, -1) , |c| = (-1,1) , |d| = (0,0).

Thus the action of M preserves the gradings of the components of x. Since the gradings of the

product terms in the binary forms must be homogeneous the gradings of the components of x and
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x' uniquely induce gradings on the coefficients of the binary forms. From (4.2) and (4.3) it follows

immediately that the action of M preserves the gradings of the coefficients of the binary forms.

Consider first the algebras AC[Poly"p(2)] under the action of Matg,p(2). For /C[PolyJ p(2)] we

assign to the generators the ordering

(4.5) 02 <

and from (4.3), (3.17) we assign the gradings

(4.6) |oi| = (0,l), |a2| = (l,0).

Thus

|a?| = |ai| + |ai| = (0,2)

(4.7) 101021 = |a2Q'i| = |ai| + I02I = (1,1)

I02I = I02I + I02I = (2,0).

From (4.5) and (4.7) it follows that the most general quadratic relation satisfying the requirements

stated in (3.9) and having homogeneous grading is

(4.8) 01O2 = ?020i

where z £ K,. From (4.1) the transformed relation is

(4.9)

Substituting (3.20) into (4.9), use of (4.8) and the relations in (3.10) yields the following three

equations for the scalar z:

2
~ Zfn2\TTl\\

(4.10) 020i ; zmiim22 + mi2m2i = 2^m2imi2 + 2^22^11

02 : mi2m22 = zm22m\2-

For /CfPolyJ p(2)] the we order the generators as

(4.11) 03 < 02 < oi
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and from (4.3), (3.18) we fix the gradings

(4.12) |oi| = (0,2), |o2| = (l,l), |a3| = (2,0).

Thus

|oil = l"il + l"il = (0.4)

laiozl = lazoil = |«i| + |a2| = (1,3)

kioal = |«3«i| = |ai| + laal = (2,2)
(4.13)

|a2| = |a2l + la2| = (2,2)

|«2«3| = ksaal = |«2| + loal = (3,1)

|a|l = |a3| + |o3| = (4,0).

From (4.11) and (4.13) it follows that the form of the commutation relations satisfying the require

ments of (3.9) and having homogeneous grading is

ai02 = 2iQr2®l

(4.14) OiOs = Z2Q30'1 + 23^2

= 240-302

where 21,^2,23,24 £ /C. From (4.1) the transformed relations are

o^Oj = Zia^a'i

(4.15) o'lOg = 220301 -I- 2302^

O2O3 = 24O3O2.

Substituting (3.22) into (4.15), use of (4.14) and the relations in (3.10) yields eighteen equations for

the scalars 21,22,23,24. The eighteen equations are listed in (A.1)-(A.3) in the Appendix.

For /C[Poly^ p(2)] we order the generators as

(4.16) 04 < 03 < 02 < oi

and from (4.3), (3.19) we fix the gradings

(4.17) |ai| = (0,3), |o2| = (1,2), I03I = (2,1) , |o4| = (3,0).
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Thus

K|=|ai| + |ai| = (0.6)

|ai02| = |a2ai| = |ai| + |a2| = (1,5)

laioal = |a3«i| = |ai|+ laal = (2,4)

|aia4| = |a4«i| = |«i| + |a4| = (3,3)

|a2| = |a2| + |a2| = (2,4)
(4.18)

|o2a3l = |a3a2| = |a2| + las] = (3,3)

|Q2a4| = |a4a2| = |a2| + |a4| = (4,2)

l«3l = l«3| + kal = (4,2)

|«3a4| = |a4a'3| = |«3| + 1^41 = (5,1)

|a^| = |a4| + |a4| = (6,0).

From (4.16) and (4.18) it follows that the form of the commutation relations satisfying the require

ments of (3.9) and having homogeneous grading is

aiQ2 = 2ia2Q'i

aiOa = 220l30'l + Z30il

aia4 = 2404ai -1- 250302

(4.19)
0203 = 250302 -|- 2704O1

2
0204 = 28O402 -f 2903

0304 = 2100403.

where 2,- G AC , i = 1,2,..., 10. From (4.1) the transformed relations are
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(4.20)

0'l02 = •2^1Q'2»'i

o'lOa = ■2'20'3"'i + 2302^

a'lQ^ = zaO!^oi\ + Zr,a'^a2

a2«3 = + iioi\a\

a'^oc^ = 280402 + ■^9^3

"3^4 = ■2^100403.

Substitution of (3.24) into (4.20), use of (4.19) and the relations in (3.10) yields sixty equations for

the scalars 2,- , 1=1,2, . . . , 10. The sixty equations are listed in (A.4)-(A.9) in the Appendix.

Now consider the algebras AC[Poly5J(2)] under the action of Math(2). The scalar h £ IC is

assigned the grading

(4.21) |/«l = (l,-l).

For AC[Poly^(2)] we assign to the generators the ordering

(4.22) tt i < 02

and the gradings given in (4.6). It follows from (3.9), (4.21), (4.7) and (4.22) that the desired form

of the commutation relation is

(4.23) 02^1 = 2^iQ'ia2 + hz2al

where 21,22 € AC. From (4.1) the transformed relation is then

(4.24) a2o'i = 2iaj02 + hz2a'^ .

Substitution of (3.20) into (4.24), use of (4.23) and the relations in (3.14) yields three equations for

the scalars 21, 22:

aj : m2imii + hz2m22mn = 2imiim2i + hz\Z2mi2m2i + hz2m\-^ + h^22mi2mii

(4.25) ocia2 : m2imi2 + 2im22mii = 2imiim22 + 2imi2m2i +/»22miimi2 +/i2i22mi2mii

a\ : m22m\2 = z\m\2m22 + hz2m\2.
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For /C[Poly^(2)] we order the generators as

(4.26) ai < 02 < 0C3

and by (4.3), (3.26) the gradings are as given in (4.12). It follows from (3.9), (4.21), (4.13) and

(4.26) that the desired form of the commutation relations is

a-iOi = 210102 + hzia\

(4.27) 0301 = 23O2 + z^aiaz + /125O1O2 + h^zaa\

0302 = 270203 + h{z3a\ + 29O1O3) + /»^zioOi02 + h^ziia\

where 2jG/C,i= 1,2,...,11. From (4.1) the transformed relations are

02o'i = 2io'i02 + hz20:'i

(4.28) Ogo'i = 2302^ + 24OJO3 + /izso'jOj + h^zectf

O3O2 = 27O2O3 + h{zsa'2 + 290*103) + h^zioo'jOj + h^znaf.

Substituting (3.22) into (4.28), use of (4.27) and the relations in (3.14) yields eighteen equations for

the scalars 2,- , i = 1,2,..., 11. The eighteen equations are listed in (A.10)-(A.12) in the Appendix.

For /C[Poly^(2)] we order the generators as

(4.29) oi < 02 < 03 < 04

and by (4.3), (3.27) the gradings are as given in (4.17). It follows from (3.9), (4.21), (4.18) and

(4.29) that the desired form of the commutation relations is

O2O1 = 21O1O2 + hz20ll

0301 = 23O2 + 24O1O3 + h250i02 + h^zeol

0401 = 27O2O3 + 230104 + /i(29 02 + 210O1O3) + /i^2ii0i02 + /l®ri20i

0302 = 213O2O3 + 214O1O4 + h{zi5al + 216O1O3) + /i^2i70i02 + h^zisal
(4.30)

0402 = 219O3 + 220O2O4 + /i(22102 03 + 222O1O4) + h^{Z230l2 + 224O1O3)

+ />^2250 i02 + h'^Z2(,a\

Q'4Q'3 = 2270304 + h{Z2%Cl\ + 229O2O4) + /i^(230O2O3 + 231O1O4) + /l®(232 02 + 233O1O3)

+ h^2340i02 + Z3f,a\
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where G /C , i = 1,2,..., 35. From (4.1) the transformed relations are

ttjo'i = z\a\a'2 + hz2a'i

ago'i = Z3a2 + ̂4a'i«3 +

a\a\ = 270-203 + 28oio4 + h{zQa'2 + ziooiag) + /i^zna'ia'j + /i^z^of

O3O2 = Z13O2O3 + 2140104 + h{zi^a2 + 216O1O3) + /i^2i7oio2 + h^zisa'i
(4.31)

0402 = 21903^ + 220O2O4 + /»(22i0203 + 2220i04) + /»^(22302^ + 224oio3)

+ /i^2250'i02 + h^Z26Q'i

0403 = 227O3O4 + h{z28Q3 + ̂290204) + /i^(230O2O3 + 2310104) + h^{z32a'^ + 2330103)

+ /i^234o'i02 + /i®235o'i^.

Substituting (3.24) into (4.31), using (4.30) and the relations in (3.14) yields sixty equations for the

scalars 2,- , i = 1,2,..., 35. The sixty equations are listed in (A.13)-(A.18) in the Appendix.

The equations in (4.10), (A.1)-(A.3), (A.4)-(A.9), (4.25), (A.10)-(A.12), (A.13)-(A.18) can now

be used to solve for the unknown scalar coefficients and thus determine the relations for AC[Poly^p(2)]

and X:[Poly;j(2)], n = 1,2,3.
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5. Results

Substitution of (3.21) into equations (4.10), use of the relations in (3.10) and solving gives

(5.1) z = p-^.

Therefore the presentation of AC[PolyJ ̂ (2)] is

(5.2) AC[PolyJ p(2)] = ( ai, a2 | 0102 = p~^a20i ) •

Substitution of (3.23) into equations (A.1)-(A.3), use of the relations in (3.10) and solving gives

(5.3) zi = , Z2 = p~^q^ , Z3 = p-^(l - p^q^) , 24 = P~^

Therefore the presentation of /C[Polyj ̂(2)] is

«i02 =p~^a2ai ,

(5.4) /:[Poly^.(2)]= ( 01,02,03 aia3=P ̂ 9^0301+p '(l-p^9^)o2.

-2
O2O3 =p O3O2

Substitution of (3.25) into equations (A.4)-(A.9) , use of the relations in (3.10) and solving gives

Zl=p-3, 22=p-V, 23 = P-'(1-pV)

p-^q^{l + P9 + p^g^) - p-''q^ _ p~^(l - P®9^)(1 + pq + P^q^)
24 = ^ ^5 _

_ p~^(l+P9 + p^9^)-g^ _ p ^q'^jpq - 1)
1+P9 ' ^ l + pg

2s — p q , 29 — p (i-P9j. 2^10 — p

Thus the presentation of /C[Poly^ p(2)] is
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(5.6)

A:[Polyf,p(2)] = 01,02,03,04

oi02 = p a^ai , aia3=p~ q Qzai+p (l - p q )a2 ,

O1O4
P V(1+P9+P^9^)-P"V'

l+pq
0401

P ̂ (1-pV)(1+P9 + P 9 )
+ I ' ̂ " '' I 0302,

V  1 + P9 /

.  . .p-'(l+P9 + pV)-9'\. .
02O3 = I — I 03^2

1 +P9

/p-V(P9-l)>l ̂  ^
+ I r- I 04ai,
\  1 + P9 /

02Q4 = p~^9^04a2 +P~^(1 -P^9^)o3 , 0304 = p'^a^az

Substitution of (3.21) into equations (4.25), use of the relations in (3.14) and solving gives

(5.7) zi = 1 , 22 = 1.

Therefore the presentation of /C[PolyJ(2)] is

(5.8) /C[Polyi(2)] = ( 01,02 I 02O1 = 0102 + /101 )

Substitution of (3.28) into equations (A.10)-(A.12), use of the relations in (3.14) and solving gives

(5.9)

Zi = 1 , 22 = 2 , 23 = 0 , 24 = 1 , 25 = 4 , Z6 = 6 , 27 = 1 , 28 = 0 , 29 = 2 , 210 = 2 , Zii = 3.

Thus the presetation of /C[Poly^(2)] is

02O1 = O1O2 + 2/101 ,

0301 = O1O3 + 4/101O2 + 6/i^Oi ,

0302 = 02O3 + 2/101O3 + 2/i^oi02 + 3/i®Oi

Substitution of (3.29) into equations (A.13)-(A.18), use of the relations in (3.14) and solving gives

(5.10) AC[Poly^(2)] = ( 01,02,03
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(5.12) AC[Poly3(2)]= ( a,,a2,a3,a4

(5.11)
Zl = 1 , Z2 = 3 , Z3 = 0 , 24 = 1 , Z5 = 6 , = 12 , ^7 = 0 , irs = 1 , .^9 = 0 , 2^10 = 9 ,

Zii = 36 , 2i2 = 60 , 2i3 = 1 , Zi4 = 0 , 215 = 2 , 2i6 = 1 , 2x7 = 2 , 2i8 = 4 , 2i9 = 0 , 220 = 1 ,

221 = 3 , 222 = 3 , 223 = 6 , 224 = 9 , 225 = 24 , 226 = 36 , 227 = 1 , 228 = "3 , 229 = 6 , 230 = 0 ,

231 = 12 , 232 = 18 , 233 = 6 , 234 = 36 , 235 = 48.

Thus the presentation of AC[PolyJ(2)] is

0201 = aia2 + 3/iai ,

0301 = aios + 6haia2 + 12h^af ,

0401 = 0104 + 9/iQia3 + 36h^aia2 + 60/i^ai ,

0302 = a2a3 + />(2a2 + "iQ^a) + 2h^aia2 + 4/i^ai , \

0402 = 021^4 + h(3a2a3 + 30104) + /i^(6o2 + 901O3) /

+ 24/i^oi02 + 36/i^Oi ,

0403 = 0304 + /i(6o204 — 303) + 12/1^0104

+ /i^(18o2 + 601O3) + 36/i^0i02 + 48/i®Oi

Many of the equations listed in the Appendix are very complicated. These equations can be

simplified as follows. By setting the component c in the quantum matrix M to zero the relations

in (3.10), (3.14) and the transformation components in (3.23), (3.25), (3.28), (3.29) are simplified,

thus, simplifying the equations in the Appendix. The commutation relations in (5.4), (5.6), (5.10),

(5.12) were obtained by setting c = 0 and solving the simplifed equations in (A.1)-(A.3), (A.4)-

(A.9), (A.10)-(A.12), (A.13)-(A.18), respectively, for the unknown scalar coefficients. The solutions

for the scalar coefficients were then substituted back into the origional equations with c ̂  0 to

check that they hold true for all quantum matricies M. These equations were checked on a personal

computer using the symbolic computation program MathemaUca version 2.2. Unfortunately due to

technical problems involving computer memory it was not possible to check all of the equations in

(A.15)-(A.18).
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6. Conclusions

Applying the Diamond Lemma to (5.2) it is concluded that /C[PolyJ p(2)] satisfies PBW property.

Thus, the commutation relation of AC[PolyJ p(2)] is invariant in form under the action of M €

Matj_p(2) and has homogeneous grading, and AC[PolyJ p(2)] satisfies PBW property. Using the

relations in (5.4) it follows that there exist final reduction sequences R, R' such that

(6.1) f2('i2(ai, "3)03) = R'ioiihsioil, 02,013)).

Therefore, by the Diamond Lemma /C[Polyj p(2)] satisfies PBW property. Thus, the commutation

relations of ̂ [Poly^ p(2)] are invariant in form under the action of M G Matj,p(2) and have homo

geneous grading, and /C[Polyj p(2)] satisfies PBW property. Using the relations in (5.6) it follows

that there exist final reduction sequences Ri, R\, i = 1, 2, 3,4, such that

.Rl('l2(ai,a2, 03, 04)03) = f2'l("l^23(0l,02,03,a4))

7?2('i2(oi, 02, 03, 04)04) = fZ2('^l'24(ol, 02, 03, 04))
(6.2)

.R3(/i3(oi, 02, 03, 04)04) = /Z3(oi/34(oi, O2, O3, O4))

^4('23(Oi, O2, O3, 04)04) = 124(02/34(01,02,03,04))

if and only if the following condition holds:

(6 3) _ p"'(^ -pV)(i + pg + p''g^)p~V(pq- 1) _ Q
® ^ 1 + P9 1 + P9

This condition implies that p = q~^. Therefore, by the Diamond LemmaAC[Poly^ p(2)] satisfies PBW

property if and only if p = q~^. Thus, the commutation relations of AC[Poly^p(2)] are invariant in

form under the action of M € Mat,,p(2) and have homogeneous grading, and /C[Poly|p(2)] satisfies

PBW property if and only if p = q~^.

Applying the Diamond Lemma to (5.8) it is concluded that /C[PolyJ(2)] satisfies PBW property.

Thus, the commutation relation of lC[PolyJ(2)] is invariant in form under the action of M G Math(2)

and has homogeneous grading, and AC[PolyJ(2)] satisfies PBW property. Using the relations in (5.10)
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it follows that there exist final reduction sequences R, R' such that

(6.4) .R(/32(»1i «2i Q'3)Q'i) = f?'(®3'2l(»l."2."3))-

Therefore, by the Diamond Lemma AC[Poly^(2)] satisfies PBW property. Thus, the commutation

relations of ̂ [Poly^(2)] are invariant in form under the action of M 6 Mat/,(2) and have homoge

neous grading, and /C[Poly^(2)] satisfies PBW property. Using the relations in (5.12) it follows that

there exist final reduction sequences Ri,R[, i = 1,2,3,4, such that

f2i(/32(tti,tt2>a3,a4)Q'i) = .Ri("3/2i(ai, a2, "3, "4))

ii2('42(ai, 02, QS, 04)^1) = iZ2(04/2l(ai,a2>tt3,a4))
(6.5)

R3{U3{ot\ , Q2, Q3, 014)01) = R^{Q4l3i{Qi,Q2,Q3,a4))

R4(l43(ai, 02, O3, 04)^2) = .RU"4'32(«1 , "2, «3, 04))-

Therefore, by the Diamond Lemma AC[Poly^(2)] satisfies PBW property. Thus, the commutation re

lations of AC[Poly^(2)] are invariant in form under the action of M 6 Mat/,(2) and have homogeneous

grading, and /C[Poly^(2)] satisfies PBW property.
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se

-|- tu22ui^2l^r = 2Zt^CIiii ̂ ̂XiiZ^XiX^z '. ^TO^'O

zttiiCCuity -\- — EZuxZtui ̂ s^ui'^tuSz ;

xiiuCZtu^z + c^ui^^iu^z^z = -|- : XdE©

xxui^ZtuXz + ̂x^iiZtu^z — xztiiJXui -|- 2Ztu^'u<^z ; ^to^to z

iXti^iZuiXz = xZui^'ui: jO

(T-V)

xiQNaddV



(A.2)

Oj : = Z2^z\^\\

Oi2*^\ • + *^12^31 ~ + •22"*32"*ll + ■^li^3'^21*^22 + 2^3"*22'^2l

0301 : 22"*11"*33 + "^13"*31 = ^2"^3l''*l3 + 2^2"*33"*11 2;2^^3"*2l"^23 + ^3*^23*^21

02 ' Zsmiim;^ + mi2"l32 = ^2^3'"3l'^13 + ^2"*32'"l2 + ^3"*2l"l23 + 2:3m22

0:30:2 ' 33 + ***13^32 ~ ^2^4^32*^13 + •t2*'*33***l2 «3^4*'*22'**23 + ^Z^2Z^22

a\ : mi3m33 = z^mnmii + 33^23
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^2^3 — 24^3^2

(A.3)

2
Qj . m2im3j = ̂4^31»W2i

CC2^1 ' ̂̂1*^21*^32 ''l22''^31 ~ ̂i2^4''l3im22 + i^4Tn32f7l2i

0:301 : Z2^21*'*33 *'*23''^31 ~ :f2'®4''*3l"*23 2:47113317121

O2 : 237712177133 + 7n22'^32 = 23247713177123 + 2477l3277»22

0302 ' 247712277133 + 77I2377I32 = 2J77I3277I23 + 2477I3377I22

O3 : 77123^7133 = 247713377123
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(A .4)

al : miim2i =

CL20t\ • 'JiTniiTTi22 ^12^21 ~ 2jtn2i'Tli2 ^1^22^X1

asOj : Z2Tniim23 + '^13"*21 ~ '2iZ2ni2i''ti3 + ̂l'*l23^XX

0401 : ̂4^711177124 + ̂77711277123 + *'^X4*^2X ~ •^X^4^2X^X4 ■fX'^7^22"*X3 + ^X^24*^XX

af : ^3"Iii"»23 + ^1277X22 = 2:iZ377l2l7ni3 + 2i77X2277li2

Q^3^2 • 2577X1177X24 + -2677X1277X23 + 77Xi377X22 = + 2i2677X2277Xi3 + «i77X2377Xi2

0402 • 2377X1277X24 + 77X1477X22 ~ ^12377X2277X14 + Zi77X2477Xi2

a\ : 2977X1277X24 + 77X1377X23 — 2i29f7X2277Xi4 + 2i77X2377Xi3

<14^3 • 2i077Xi377X24 + 77X1477X23 ~ + ^\^2A^\Z

2
04 . 77X1477X24 — 2i77X2477Xi4
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aja3 = 22Q^3<*i + ̂302^

(A.5)

ttj : niii*n3i = Z2'm^\mii + zsm^j

• ̂ 1*^11^32 + *^12^^31 ~ ZiZ2Tn2iTni2 + 22"^32'^n + 212377121*^22 + Z^m22^2l

0:301 : 22*711177133 + *ni377l3i = 2|77l3i77li3 + 22*7l33*7lii + 222377l2i77l23 + 23*7l23"721

0:401 : 24*711177134 + 277711277133 + *7114*7*31

= 2224*7131*7114 + 2227*7132*7113 + 22*7134*7111 + 2324*7121*7124 + 232777122*7123 + 23*7124*7121

02 : 2377111*7133 + 77112*7132 = 2223*7131*7113 + 22*7132*7112 + 2:3*712177123 + ̂3*7*22

CtZ<^2 • 25*7111*7134 + 26*7112*7133 + *7113*7132

= 2225*7131*7114 + 2226*7132*7113 + 2277133*7112 "f 2325*7121*7124 + Z2Z^m22^23 + 23*7123*7122

O4O2 : 23*7112*7134 + 77114*7132 = 2223*7l32*71i4 + 22*7l34*7li2 + 2328*7122*7724 + 23*7124*7122

03 : 29*7112*7134 + 7711377133 = 2229*7132*7114 + 22*7133*7113 -f 2329*7122*7724 + ̂3*7723

<^4^3 • ̂ 10777 13*7134 + 77114*7133 = 222io*7l33*7l 14 + 22*7l34*7li3 + 23210*772377124 + 23*7124*7123

04 : *77i4*7l34 = 22*773477114 + 23*7l|4
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a\a\ = Z4a^o\ + Zto'^a'^

(A.6)

ttj : = <^4^41^11 +

020:1 : Zxmxx^A2 + "^12"*41 = ̂l«4"l4l"*12 + ̂4*"42"^11 + + 28"*32"l2l

0301 : 22"lll"l43 + Tnj3m4i = 22^4"^41^13 + 2^4"»43"'ll + 2225*^13177123 + 2577133*7121

0401 : 247711177144 + 2777112*7143 + *'ii4**i4i

=247714177114 + 242777142*7113 + 247714477111 -f 24257713177124 + 252777132*7123 4- 257713477121

al : i3miim43 + mi2m42 = + Z4m42mi2 + + 25"»32'n22

0302 : 2577I1177I44 + 2677112*7143 + *7113*7142

= 242577141*7114 + 2426*7l42**li3 + 24*7143*7112 + 2577131*7124 + 2526*7132*7123 + 25T7I3377I22

0402 : 25*7112*7144 4- **ii4**^42 — 2425*7142*7114 4" 24*7144*7112 4- 2525*7132*7124 4" 25*713477122

Qj : 2977112*7144 4" *7ii3*'^43 = 242977142*7114 4- 247714377113 4" 2529*7132*7124 4" 2577133*7123

04^:3 • 2io**2i3*7l44 4- **214"^43 = 2:4210*7143*7114 4" 24*7144*7113 4" 252io*7l33*7l24 4" 25*7134*7123

®4 • **li4**l44 — 2477I4477I14 4" 2577134*7124
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02«3 =

(A.7)

ttj : tTi2iwi3i = z^m^im2\ +

®2®1 • -^1^21^32 ^22^Z\ ~ ZiZ^m^im22 + ■26''*32''*2l ^l^A2'^ll

crstti : 22'^2i''*33 *'*23''*3l ~ ■22-^6^3l*'*23 ^6"*33''*21 + ^2^1^A\^\Z + '^7*'*43''*11

•  ■2^4'^21'"34 ■2^7^22'^33 ''^24^3X

= 24Z6T7l3jm24 + ZeZfm22^23 + ^6"*34"*2l + ^4^7*'*4l"^ 14 + ^777l42"^13 + ^7''^44"^11

Qj : ^3*712177133 + m227n32 = 232e"^3l*'^23 + ^6^32*^22 + ^3^7*'*4l'^13 + ^7^42*^12

a^a2 : 25"l2l"l34 + 26"^22"»33 + '7l23"^32

= 25267713177124 + ^6*^32*^23 + «6^33''^22 + ^5^7^41*^14 + ■f6-2^7***42**^l3 + ^7**i43***12

01402 ' Z^m22^34 + 77l24***32 ~ Z^ZgTn^2^2A "J" ^6***34*'*22 •^7-2^8*'*42**^ 14 + ^7***44***12

O3 : 297712277134 4- 7712377133 = 26297713277124 + z^m^m2i + 27297714277114 + 277714377113

^A^3 ' ^10***23'**34 + 7712477133 = 262197713377124 4" 267713477123 4" ^7^10***43**^ 14 ^7"^44'**13

OC4 : 7712477134 = 267713477124 4" 277714477114
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Q2<*4 ~ ̂8^:40=2 +

(A.8)

a\ : m2im4j = ZRm4im2i + ̂9^31

Q20ri : Zim2im42 + ̂22^41 — ̂ i28ni4i*n22 "J" ■28*'*42''^21 '2:i«9m3im32 + Zgm32'^Z\

0:30:1 : ^2^21*^^43 *^23*^41 ~ 2:2''^8^4l'^23 •^8^43''^2l ■f2^9''^31^33 ■2^9'^33'W3l

^4^1 • «4m2im44 + «7m22W43 + ^24^41

= Z4Z8Tn4im24 4" :t728''^42^23 4" 2:8m44m2i 4* 2:4^9*'>3l^34 4" :272:9Tn32*^33 4"

a2 ' -23"l2l"^43 4" ni22"*42 ~ 2328m4im23 4* 28''^42"^22 4" 23^9"^3l'^33 4" ^9*^32

Q:3<^2 • ^5^2l"^44 4- 2:6m22"i43 4" m23m42

= 25237714177124 + 262^8^42''^23 4" ^37714377122 4" Z5X:977l3i77734 + 26^9"^32^33 4" 297713377132

OL4Q2 • 237712277744 4" 7712477142 = 2gm4277i24 4" 237714477122 4" 23297713277134 4- 297713477132

a\ : 297712277744 4- 7712377143 = 23297714277124 4- 237774377123 4" 2^7773277734 4- 29777^

Q4a3 : 2107712377744 4- 7772477743 = 232107774377124 4" 237774477723 4" 292107773377734 4- 297773477733

Q4 : 7773477744 = 237774477734 4" 29777^
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<*3<*4 = ̂10<»4"3

(A.9)

2
"l • '''3l'"4l — ̂10'"4l'''31

02<*1 : «im3l">42 + ">32''>41 = ̂lZlO'"4l"»32 + »10'n42''»31

0301 : 22m3im43 + m33m4i = 22^10"»4l''>33 + »10'"43">31

0401 : 24Tn3iTn44 + + ''>34'"41 = «4^I0'n4l'''34 + ̂7^10"»42»n33 + 2i0">44"»31

a\ : 23m3im43 + m32m42 = 232l0'7>4l''»33 + ■7iO''>42'"32

0302 : Z5'"3l'n44 + Z6'"32''»43 + ''»33'"42 = ^6^10'"4l">34 + ^6^10"»42'"33 + ^10">43'"32

0402 ; 28'"32"»44 + '"34">42 = 38^10'n42'"34 + Zl0"»44"»32

"3 • 29"»32">44 + "»33'n43 = ^9ZlO'n42"»34 + »10n>43'n33

'*4°3 • 2io'n33m44 + ">340143 = 2iom43m34 + 2jo">44">33

2
^4 * ^34*^44 — ^10"^44'^34
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a'jai = Zia\a2 + hz2o'i

(A.IO)

a\ : m2imii + + '»^26'"23"*ii + A®«iini23tni2

=«xmiim2i + /lZiZ2'"l2"*2l + + 'l®2il'"i3"»22 + ̂Z2"*11 + ̂̂^2'"12"*11

+h^Z2Zemizmii + h^Z2^ii'"i3"^i2

Q'iQ'2 ' *^21*^^12 "^" Zim22'^\\ + ̂-25»'^23^11 '*^^10*^23^12

^Z\miim22 + z^mi2Tn2i + hziZimi2m2i + 13^22 + hz2fniimi2 + /i«xZ2'^i2^ii

+ /l^22^5"»13'"n +'l^«2^10"»l3"ll2

aia3 : Tn2iTni3 + Z4in23Tnii + hzQm23fni2

= 2imiim23 + ̂\Z^A^\Z''^2\ + hZiZQmi2X^22 ̂  ̂1^2^11^13 + ^^•2^2-^9"*l3^l2

q\ : m22"ii2 + ■23m23Tnii + hz^m2z'^\2

= 21*7112*7122 + ^i237W13'7^21 + hziZ^mi^m22 + ^1^2^12 '^^2^3'^ 13^^11 + '^^^2^8'^ 13"*12

Q2Q;3 '• *7l22*7li3 + -2777123*7712 ~ -21*771277723 "^" -^^l-2^7*7713*7122 /l2^277712*77 13 + /l222^7777i3*77 12

®3 ■ *7723*7713 " ^1*7713*7723 + '722*77^3
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= 230:2^ + Z4a\a'^ + hzsOjaj + h^z^a'^

(A.ll)

• "^31^11 + hz2m^2^ii + + ̂̂■2ii'W33"»i2

=2377121 + hZ2ZQm22^2l h^Z^Z^m2^m2i + h^Z^Ziim2;^m22 + ^4'^ll'**3l "j"

+ /l^2426m 1377131 + /l^242ii771i377l32 + hz<,miim2\ + /l^222:6771i277l2l + + '*^^5^1l"*l3*"22

+ h?Z^m\^ + /l^222677li27nii +'l^2|7ni3771ii +/l®262ii77li377»i2

Qia2 ' 77l3i77li2 + 2i77l32771ii + hz^m^mn + Al^2107713377112

= 237712177122 + 212377122^21 'l^3-2^5''^23^2l "J" 'i^^3^l0''*23^22 •2^4*^11^32 "i" '^1^4**2i2*'l3l

+7124257711377131 + 7l^242io*71i3"^32 + 7l25771ii7n22 + 7l2i2577li2m2i + 7l^25771i37n2i + h^Zf^ZiQmi2'^22

+/i^26771ii771i2 + 7l^2i26771i277l 11 + Zj,Z^miz^U + 7l^262iomi377112

aias : 7713177113 + 2:47713377111 + 71297713377112

=237712177123 + 23247712377121 + 7123297712377122 + 247711177133 + ^4**2i3**i3i "f 7124297711377132

+ 7125 7711177123 + 7124257711377121 + 71^25297711377122 + 7i^26T71ii771i3 + 71^242677113m n + Z^Z^m 1^17^x2

OC^ : 77I3277I12 + 2377I3377I11 + 7l2877l33771i2

= 2377122 + 2:37712377121 + 7123237712377122 + 247711277132 + 2:3247711377131 + 7l242g771i377l32

+ 71257711277122 + 7123257711377121 + 7l^252g77li377l22 + Tl^ZeTTljj + 7l ^232677113771 n + 7l^2628*"'i3"^12

030:3 : 77l32771i3 + 277713377112

= 2377122*^123 + 23277712377122 + 2477I1277I33 + 242777I1377I32 + 71257711277123 + 7125277711377122

+ 7l^2677li2771i3 + 71^26277711377112

"3 : msimn = zsml^ + Z4mi3m33 + hz3mi3m23 +
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QjQj = «T«2«3 +

(A.12)

Qj • "l3l"^21 ■^' hz2m^2^21 + 'l^2:iim33m22

= Z7Tn2im3i + ft22^7'"22'"31 + '>'26^7'"23'"31 + '»^7^7^1l''>23'"32 + Azgfn^l + 'l^Z27^8"7227"21

+/l®2678">23»n21 + '»*»8^1l'"23'"22 + hzgrnnmsi + ft ^22^9''7l2'"31 + h^ZgZgmismsx + h*ZgZiimi3m32

+A^2iomiim2i + ft 'z22lO'"l2''721 + 'i^267io''»13'"21 + A°2io«1i"»13">22 + A^ZumJj + A^222iimi2mn

+fc°262ijmi3mii + 'i®zji'»>i3»ni2

ajQ2 • ''>3l''»22 + 2im32m2i + hzim33m2i + '>^Zio'7l33''>22

= Z7m2im32 + 2i27Tn22'"31 + fc Z52^7"»23"»31 + h^2:72:iO''>23'"32 + hzam2im22 + hzj2gm22n»21

+/l^Z52gm23Tn2i + /l^2g2io'n23'"22 + hzgmxxmyi + 'l2l«9''»12"»31 + '>^^5^9"»13''»31 + A^Z9^10">13'"32

+ h^2l0''lil'n22 + 'l^2:i«l0'"l2'"21 + '»'757l0"»13'"21 + ''^«io"*13'"22 + ''^^ll"»ll'"l2 + h^2iZiimi2mii

+/i^252iiTni3mii +/i®2ioZiin7i3mi2

aios : m3im23 + 247713377127 + hzgm33m,22

= 277712177733 + 24277712377131 + /I272977l2377l32 + /l2g77l2i77l23 + h24Zg77l23m2i + h^2g2977l23m22

+ h297711177133 + hZiZgrriiamax + h^zlin 1377132 + /l^2io771ii77l23 + /l^242io771i377l21 + 'l^292io771i377l22

+ /i®2ii771ii771i3 + ft ^242ii771i3771ii + ft^292iimi3771i2

772 • 7713277122 + 73T7I3377I21 + /l2gT7l3377l22

= 277712277132 + 232777I2377I31 + h272g77l2377l32 + /l2g77l22 + 'l232g77l2377l21 + h^2|m2377l22

+/1297711277132 + ^23297711377131 + /l^2g297711377132 + /l^2io7711277122 + h^ZaZxgmxam 21 + /l®2g2io7711377122

+ h^2ii77lj2 + '7^737117711377111 + h^2g2i i771i3771i2

772773 : 7713277123 + 27T7I3377I22

= 277712277133 + 7777I2377I32 + /I2g77l2277l23 + ft 272g77l23T7l22 + h29r71i277l33 + A272977I13T7I32

+ /l^2io771i2T7l23 + '1^272107711377122 -f '7^7117711277113 + 'l^272iimi3771i2

773 7 7713377I23 = 2777I2377I33 + /l2g77l|3 + ^1297711377133 + 'l^2io771i377l23 + ft^2ii771j3
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a^a'j = zio'iOj + hz2a'i

(A. 13)

aj : Tnjjtnii + hz2m22"^i\ + + h^Zi2m24mii + h*z26'"24''> 12 + A'z35m24mi3

=Zimiim2i + hziZ2mi2m2i + h^ZiZgmi3m2i + /i^ZiZi8mi3m22 + 'i'zi«i2mi4m2i + h^ZiZ2$mj4m22

+h°ZiZ35mi4m23 + Az2mJj + h^z|mi2mn + h^Z2Zgmi3mii + h*Z2Zismi3mi2 + h*Z2Zi2mi4m,i

+h'22Z26mi4">12 + A®Z2Z35mi4Tni3

0102 : '"2i'"i2 + «im22'nii + hz3m23mn + ft'zi7m23mi2 + h^^iim24mii + Z23m24m 12 + h*Z34m24mi3

=ZimiiTn22 + 2jmi2m2i + hziZ5mi3m2i + h?ZiZnmi3m22 + h^ZiZiimi4m2i + h^ZiZ23mi4m22

+h^ZiZ34mi4Tr»23 + hz2miimi2 + hziZ2mi2'nii + h^Z2Zimi3mii + ft®Z2Zi7mj3mi2 + /i®Z2Ziimi4mii

+/i^Z2225'"14'"12 + '»'z2^34'"l4">13

0103 : m2iTni3 + Z4m23m,i + hzjsm23mj2 + ''2l0'"24"lll + '>^^24'''24'"12 + A'«33'n24'"l3

=Zimiim23 + z,Z4mi3m2i + hziziemi3m22 + 'i2i2io">]4m2i + h^ZiZ24mj4m22 + >>^ZiZ33m,4m23

+hz2miim 13 + hz2Z4mi3Tnii + h^Z2Ziemi3mi2 + ft^Z22iomi4mii + h^Z2Z24mi4mi2 + ''^22233mi4Tni3

"l<^4 : '"2l">14 + Zl4'"23'"l2 + 28m24mii + /l222m24»"l2 + '>^23iTn24mi3

=2iTniim24 + 2iZi4mi3m22 + 2iZ8mi4m2i + /»Zi222»ni4m22 + '»^2iZ3imi4Tn23 + hz2miimi4

+/iZ22i4Tni3mi2 + ftz22gmi4mii + h^Z2Z22mi4mi2 + h^Z2Z3imi4mi3

02 : m22mi2 + 23m23mii + /izi5m23mi2 + hzgm24mii + h}z23m24mi2 + '1^232012477113

= 2it711277122 + 21Z377I1377I21 + 'l2iZi5771i377l22 + '121Z977I1477I21 + /l^Zi Z237711477I22 + 'l^2l232771i477l23

+ '122771^2 + ̂22237711377111 + '1^222157711377112 + ̂̂22297711477111 + '1^222237711477112 + '1^222327711477113

020:3 : 7712277113 + 21377I2377I12 + 2777I2477I11 + '1Z2177I2477I12 + '1^2307712477113

= Zl771i277l23 + 21Z1377I1377I22 + 21Z777I1477I21 + 'l2iZ2l771i477l22 + A^2iZ3o771i477l23 + 'lZ277li2771i3

+ '1222137711377112 + /IZ22777I1477I11 + /i^2222i771i4771i2 + '1^222307711477113

0204 : 7712277114 + 22077l24771i2 + A22977I2477I13

= 2i771i277l24 + 2i220771i477l22 + '12122977I1477I23 + A22771i2771i4 + 'l22220771l477112 + '•^222297711477I13

2
03 : m23Tni3 + 2i9m24T'li2 + ̂-i28^24''*l3

= 2i7711377123 + 2i2i9771i477l22 + 'iZi 22877li477l23 + '123771^3 + '12221977I1477I12 + h} Z2Z23m 14m 13

0304 : 7712377114 + 2277712477113 = 2i7711377134 + 2l2277711477I23 + '1227711377114 + '1232377711477113

2  2
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030:1 = + 3:40103 + hzsOjOj + h z^a'i

(A.14)

oj : maimii + /lZ2"*32"lll + + /»®«ia">33*"l2 + ̂̂ ^12^34^11 + 'l^«26»"34"»12 + /»"«36"l34"'l3

=23m2i + ̂22^3^22^21 4~ ̂ ^:?3-26''*23''*2l 4" ̂ ^^3^ 18*'*23'**22 "I" ̂ ^2:32i2*'l24'^2l 4* ̂ ^i:33:26''*24^22

+/l'* 2323577124*7123 + ̂2:477111*7131 + /l222:477li277l3i + ̂̂2426*7113*7131 + ft^^4Zi877li3*7l32 + ft^^4^i2"*14"'31

+ 'l^34^26"^i4m32 + /l'*^4^35"»i4'n33 + /»Z8"»ll"»21 + /l^«225'»12'"2I + 13"»2l + /l'^^5^l8"»l3"»22

+h^252i2Tni4*7l2i + /t'*:J53:26'^14'"22 + ft^^5^35''*14"*23 + 4" 'l^^2^6"^12"*Il +

+/l®262i8*7li3*71i2 + 'l^-26^l2"'l4''*ll 4" ^t^2SS'^lA'^l2 + '*^^6^35''*14''*13

0102 : *7131*7112 + 2i**i32"^ii + hz^m^mix + '1^217*7133*7112 + '1^211*7134*7111 + ̂̂225*7134*7112 + '1^234*7134*7113

= 23*7l2i*n22 + 2i23*7l22'7l2l + 'l:232^5'"23'^21 + 'l^:23'2^17"'23"*22 + '»^2:3^1l'^24'"21 + ̂̂23225*7124^22

+ '1^23234*7124*7123 + ̂4'"^ll"*32 + :2i24*ni2T7l3i + '12425*7113*7131 + '1^24217*7113*7132 + '1^24211*7! 14*7131

+ 'l^24 225'71i477l32 + 'l^^4^34"» + 'l«5"»n"»22 + hZiZf,m x2'"l2\ + *" 13"l22

+'l^252ii*71i4*7l2i + '1^25225*7114*7122 + '1^:25:23477114*7123 + '1^26*7111*7112 + ̂̂2126*7112*71^11 + Z^Z^m i^m n

+'1^26217*7113*7112 + 'l^262ii*71i4mii + 'l®2622577li4mi2 + 'l® 26234*7114*7113

0103 : *7131*7113 + 24*7133*7111 + 'I2i6*7l33*71i2 + 'l2io*7l34*n n + 'l^22477l34*71i2 + '1^233*7134*7113

= 2377121*7123 + ̂3:24*7123*7121 + '123216*712377122 + ̂:^3:^1077l2477l21 + '1^2322477124*7122 + '1^23233*7124*7123

+ 24*7lii77l33 + 24*7113*7131 + '12421677113*7132 + 'l242io*ni4*n3i + '1^24224*7114*7132 + '1^24233*7114*7133

+ '125*7111*7123 + '12425*7113*7121 + '1^25216*7113*7122 + '1^25210*7114*7121 + '1^25224*7114*7122 + '1^5^6^3377114*7123

+ '1^26*7111*7113 + '1^2426*7113*7111 + 'l^262i6771i3*71i2 + 'l^262io*7l i4*71ii + Z^Z2Am\4Vli2 + '1^26233*7114*7113

0104 : 77131*7114 + 2i4*7l33*7li2 + 28*7l34*71ii + '122277134*7112 + '1^231*7134*7113

= 23*7121*7124 + 23214*7123*7122 "H 5328*7124*7121 + 'l2322277l2477l22 + '1^53231*7124*7123 + 54*7111*7134

+ 'l2528*7li4*7l21 + 'l^5522277li4*Tl22 + '1^55231*7114*7123 + ft^56771ii*7li4 + 'l^262i4*71i3*7li2 + Z^Z^mi^mn

+'i^26222771i4*71i2 + Z^Z^imi^m\^
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<>2 : Tn32"^12 + + ̂12:157713317112 + '1291713411111 + '1^2231113417112 + '1^2321113411113

= 2311122 + 2:3m23T1l2l + '12321511123*7122 + '123291112411121 + '1^232231112411122 + '1^232321112411*23

+241111211132 + 23241111311131 + '1242151111311132 + '124291111411131 + '1^242231111411132 + '1^242321111411133

+ '1251111211122 + '123251111311121 + '1^252151111317122 + '1^25291111411121 + '1^25223^11411122 + '1^252321111411123

+ '1^25111^2 + 'l^2326l1li3mii + 'l®262i6T1li3mi2 + 'l^2529Tni4mn + '1^2622311114m 12 + ZqZ^2^\A^\Z

0*20:3 : m32iiii3 + 2131113317112 + 271113417111 + '12211113417112 + '1^2301113411113

=231112211123 + 232131712311122 + 23271112411121 + '1232211112411122 + '1^232301112411123 + 241111211133

+242131111317132 + 24271111411131 + '1242211111411132 + '1^242301111411133 + '1251111211123 + '1252131111311122

+ '125271111411121 + '1^252211111411122 + '1^252301111411123 + 'l^26l11i2l11l3 + 'l^262i3ini3mi2 + h^Z^Zjini^mn

0304 : 1113211114 + 2201113411112 '1229m34mis

=2317122*1124 + 23220*112411*22 '123229*112411*23 + •2411*1211*34 + 2:4220*1*1411*32 + '*24229*111411*33

+ '1251111211124 + '125220III14III22 '1^252291111411123 + 'l^26*1li2l11l4 '1^26220*111411*12 + '*^26229*111411113

^3 : III33III13 + 2191113411112 +'I228l1l34mi3

= 2311123 + 232191112417122 + '1232281112411123 + 241111311133 + 242191111417132 + '124228III14III33

+ '1251111311123 + '1252191111411122 + '1^25228*111411*23 + '1^^6*1*13 + z^Zigrrii^m 12 + '1^26228*111411*13

0304 : 1113317114 + 2271113411*13

= 2317123*1124 + 232271112411*23 + ̂4*1*13*1*34 + ̂4^27*1*14*1*33 '*25*111317124 + '1252271111417123

+ 'l^26l1li3l11i4 + '1^262271111417113

O4 : "13411114 = 23111^4 + 24mi4Tii34 + '1251711411124 +
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q'^ol\ = «7«'2^3 + ̂B<^\oc4 + + h^Zi2a'i

(A.15)

aj : m4imii + A22m42'"ll + + 'l^2:i8n»43mi2 + + ̂̂«26"»44"»12 + 'l®Z35"»44"^13

= «7m2im3i + hZ2Z7m22m3i + /l^26^7*"23*"3l + 'l^27^18"^23'"32 + '>^^7^12*"24"*31 + ̂̂^7^26"*24"»32

+ h'z7235m24"l33 + Z8"»ll"^41 + /l22^8^ 12"»41 + 13*"41 + '»^^8^l8"»13"»42 + 'l^28^12"»14"»4l

+ft^2er26"^14Tn42 + ̂®^8^35*"l4»"43 + + 'l^2:2^9*"22"»21 + /l^^629'"23"»21 + /l^^9^l8^23"»22

-j-h^ZgZ 12^^24^21 + 'l''^9^26'^24^22 'l^'29^35"^24"*23 12*^31 ^2^6^10"^ 13*^31

■\-h'^ ZioZi^mi2,mz2 + A^2i0«12"»14"^31 + '*'«10^26*"l4"^32 + 'i®^10235'"l4'"33 + ft^2iiTniim2i + h^Z2Ziimi2^2l

+ /l^2e^n'"l3"^21 + h^ZiiZY%miz^22 + '^®^n^l2"^J4"*2X + '*®^11«26"^14'"22 + ^'^^11^35*"14*"23 + ft^2i2'"ii

+/l'^222^12^12'"n + ^'^62i2"^13"^11 + '^^^12^18'" 13*" 12 + ^^^12^14''T^11 + 'l^5^l2^26'"l4*"l2 + ft®2:i2235*"l4*"l3

OC\a2 ' '"41*"l2 + 2iTn42Tnii + /l25m43Tnii + ^1^217^14377112 + 'l^^ll*"44*"ll + ^1^2257714477112 + ^1^2347714477113

= 277712177132 + 2i2777l227"31 + hz^Z7m2Z''^Z\ + ^^Z^ZnTn^Z'^yZ + 'l^272ii77l24*"31 *^" ^1^272257712477132

+/l^2723477l247n33 + 287711177142 + 2i287711277I41 + /iZjZgTll 1377141 + /l^282i777l 1377142 + ft^282ii77l 1477141

-f-/l^28225771i47n42 + /l^282347ni47n43 + /l2977l2i77l22 + hZiZgm22m2\ + '1^25297712377121 + h^ZgZ 1771X23,^^22

-1-/1^292117712477121 + /l^2922577l2477l22 + ZgZ^m24'fn2Z + 'l2ioT711177I32 + hZiZiQm\2''^Zl + /t^252io7711377I31

-f/l^2io2i7771i377l32 + /i^ZiqZi 177I1477I31 -f /l^2io2257n 1477I32 + /l®2io234771i477l33 "f /l^2ii771ii77l22 + /l^2i2ii771i277l2l

-|-/l^252ii7ni377l2i "H /l^2ii2i77ni37n22 + /i^2jj77li477l2i + /l'^2ii2257711477122 + /»®2ii234771i4m23 + h^Zi2'^l\^\2

-|-/i^2i2i2771i2771ii -|- /i^252i2771 1377I n "f" /l®2i22i777l 1377I12 + /l®2ii2i27711477111 "H /l®2i222577l 1477112 -|- /l ̂ 2122347711477113

tt iQs : 7714177113 -(- 2477I4377I11 -|- /l2i677l4377112 "h /l2io77l4477lii "i" /l^22477l4477l 12 + /l^23377l4477l 13

= 277712177133 "l" 242777I2377I31 + ^272167712377132 + /12721077I2477I31 + /l^2722477l2477l32 "f" /l^272337n2477l33

-|-28mji77l43 -I- 24287711377141 + /l282i677l 1377142 + /l282i0*"l4*"41 + /»^28 224*" 14*"42 + /»^282337ni477l43

-f-/l 2 9 7712177123 + /1242977I2377I21 + /l^292i677l2377l22 + /l^292io77l247ll2l + h.^ZgZ24'^24^22 + /l^2923377l2477l23

+ /l2io771ii7n33 -f- /12421077I1377I31 -f- /l'2io2i6*71i377l32 + /i^2jq771 1477I31 + /l^2io22477l 1477I32 + /l^2io2337711477I33

-|-/l^2ii771iir7l23 + /l^242iir7li377l2i + /l^2ii2i67711377122 + h^Z\gZ\\m\4m2i + /l^2ii224771i477l22 + Z\\Z^mi4m23

-f/l^2i2771ii77li3 /l^242i2mi3771ii "f* /l^2i22i67711377112 + /l^2io2i2*"I4*"n + /l'2i2224mi4771i2 + /l^2i223377li477li3
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aia4 : ni4imi4 + «14"*43'"12 + + '»i^22"^44"^l2 + '^^■®3l'^44"*13

=Z7m2i'7l34 + Z7-?i4Tn23^32 + + hZfZ22^24^22 "J" 'l^^7^3l^24*'*33 + ^8^11*'*44

+ ̂ 8^14^113*7142 + i^8^14''^41 + '^•2^8^22''*14''^42 + '^^'^S-2^31''* 14*^*43 + hZQm2im24 + ^Z92i4*7»23'^22

■\-hz^Z^m24fn2\ + /i^29-222"^24"*22 + 'l^-2^92'3l*7*24''^23 + '^•^l0''*ll''*34 + ^■®10'^14''*13'^32 + '*^8^10'^14*'*31

+/i^2i0Z22"^14"»32 + + '^^^ll"»Xl*"24 + '»^^n^l4"»l3*»22 + '»^^8Zlimi4m2i + h^ZiiZ22"ll4"i22

+A^Zll23iTni4m23 + ^^2l2"^ll'"l4 + '1^2^12^14*** 13"'l2 + 'l^^82^l2"*14**2ll + 'l^2:i2222*"l4"*12 + '^''2:i223imi4mi3

a\ : *7142*7112 + 237714377111 + ^215*714377112 + /l2977l44771ii + /l^223''*44*'*l2 + ^1^232*7144*7^ 13

= 2777122*7132 + 2327*7123*7131 + ^2721577123*7132 + ^1272977124*7131 + ft ^27223*7l24*7l32 + ^^^7^Z2'^7A'^ZZ

+ 28*7112*7142 + 23287711377141 + /I282i5mi377l42 + /l2829r71i477l4i + /l^28 223*711477142 + h^Z^Z^2'^\A'^AZ

+ ̂ 2977122 + '1232977123*7121 + 'l^292i5*7l23*7l22 + 'l^29*7l24*7l21 + 'l^29223*7l24*7l22 + 'l^29232*7l24*7l23

+ 'l2lO*7li2*7l32 + '123210*7113*7131 + '1^210215*7113*7132 + '1^29210*711477131 + 'l®2io223*71i477l32 + '1^210232*7114*7133

+ 'l^2iiT71i2*7l22 + 'l^232ii771i377l2l + 'l^2ii2i5mi37n22 + '1^2921 i77l 1477I21 + 'l^2ii223*71i4*7l22 + 'l'^2i i232*71i4*7l23

+ /i^2i2'71i2 + 'l^232i2*7li3*7lii + ^^2i22i5771i3771i2 + 'l^292i2*71i4*71 n + 'l''2i2223*71 i4*7li2 + 'l®2i2232*71i4*71i3

020:3 : *7142*7113 + 213*7143*7112 + 2777144*7111 + '1221*7144*7112 + '1^230*7144*7113

= 2777122*7133 + 2721377123*7132 + 2777124*7131 + '127221*7124*7132 + 'l^27230*7l24'*l33 + 28*7112*7143

+ 28213*7113*7142 + 2728*7li4*7l4i + '125221*7114*7142 + '1^28230*7114*7143 + 'l29*7l22*7l23 + 'l292i3*7l23*7l22

+ '12729*712477121 + '1^29221*7124*7122 + '1^29230*7124*7123 + ^2io*7li2*7l33 + 'l2io2i3*71i3*7l32 + 'l272io*71i4*7l3i

2  3 2 2 2 1,3+/! 2io22l*7li4*7l32 +'l 2io230*71i4*7l33 +'l 2ii*7li2»7l23 +'l 2ii2i3*7li3*7l22 +'l 272ii*7li4*7l2l +'l 2ii22i*71i4*n22

+ /l^2ii23o*71i4*n23 + 'l^2i2*7li2*71l3 + h^Zi2Zi^mi^mi2 + 'l^272i2*7li4*71ii + Zi2^2\^\A''^12 + 'l'^2i2230*7114*7113

020:4 * *7l42**ll4 + 220*'l44*'ll2 + 'l229**l44**ll3

= 277712277134 + 27220*7124*7132 + '127229*7124*7133 + 28*7112*7144 + 28220*7li4*7l42 + '128229*711477143

+/l297n22*7l24 + '129220*7124*7122 + '1^29229*7124*7123 + 'l2io*71i2*7l34 + 'l2io220*7114*7132 + 'l^2io229*71i4*7l33

+ 'l^2ii*7li2*7l24 + 'l^2ii220*71i4*7l22 + 'l^2ii229*71i4*7l23 + 'l^2i2*71i2*7ll4 + 'l^2i2220*71l4*71l2 + 'l^2i2229*7li4*71i3

**3 ■ "^43^13 + 2i9*7l44*71i2 + /l228*7144*^*13

= 2777123*7133 + 27219*7124*7132 + 'l27 228*7l24*'l33 + 28*n 13*7143 + 28219*7114*7142 + ft28228*71l4'*l43

+/l297n^ + '12921977124*7122 + '1^29228*7124^23 + 'l2i0*7113*7133 + '12102197711477132 + '1^210228*7114*7133

+'l^2ii771i377l23 + /l^Zn 2i9*7li47n22 + 'l^2ii 228*7114*7123 + ^^2i2*71i3 + 'l^2i22i9*7l i4771i2 + ^^2i2228*71i4*7li3
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0130:4 : ''»43''>14 + ̂27'''44'''l3

= 777712377134 + ̂7 227777 24*7133 + 237711377144 + 2322777I1477I43 + /l 2 9 777 23 777 24 + /l292277772477723

+ h2io77l 1377734 + ̂72102277771477733 + ̂7^2117771377724 + '>'2ii2277771477723 + '7^21277713777 14 + 2:12^27"^ 13

a\ : 7774477714 = 277772477734 + 237777477744 + ̂29777^4 + '72107777477734 + '7^2717777477724 + '7^212777^4
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+ ̂14<^W4 + ̂(^150:2^ + ̂\t<^Wz) + '^^^17ai«2 + h^

(A.16)

a\ : m3im2i + /t^2'"32"^21 + '*^^6"»33"»21 + 'l^^l8Tn33'7>22 + '»^-«J2"»34"»2l + '»^«26'"34"»22 + '»®235"»34*"23

= Zl3m2iTn3i + ftZ2^13"*22^3l + 'l^i^2i3'Tl23'^31 + 'l^-Sl3^1fi"*23'"32 + ̂̂^12^13"*24'"31 + ̂̂ ^13^26"*24*"32

+/l®2l3235Tn24m33 + ̂I4"^ll"^41 + /»i:2^14"^ 12"^41 + ̂̂«^6^14"*13"*41 + ̂̂^142^18*"l3'^42 + '*^^12^14"*14"*41

+ /i^j?14Z26"^14^42 + 'l®2:i4Z35mi4m43 + hZij,m\^ + /l^22^15"l22"i2l + ̂®^«16"^23"^2l + 'l^^l5^18"»23"l22

+/i^Z122^15"^24"^21 + 't'^^15^26'^24'^22 ■^* 'l^^l5^35'"24*^23 + '^^igmnTnai + A^Z2^16"*12'"3l + 'l^^6^16'^13*"31

+/l^Zl62i87ni3m32 + ^^^I22:i6^14"^31 + 'l'^16^26"*14"^32 + 'l^^l6^35"^14"^33 + + /l^Z2^17^l2'"21

+ /l^Z62l7Tni37n2i + /l®Zi7Zi8mi3m22 + /i®«122i7"»14"»21 + /l®3l7226"^14'"22 + 'l^2l7^35'"l4"l23 +

+ ft^22^18"^12'^ll + + 'l^^i8"^l3"^12 + '*^^l2^l8*"l4"^ll + ft ^2:i8Z26"7l4'^12 + 'l®^i8^35*"l4'"l3

Cl\OL2 '• 77l3im22 + 2i'Ti32'^21 "^' 'i-257n33m2i + /l^Zi7"^33"722 + h.'^Zum^m^i + /l^Z25ni347n22 + /l^2:34'^34"*23

= 2l3"^2l"^32 + 2i^13"^22'^31 + ^^5^13"^23"^31 + 'l^2^l3^17'"23'"32 + 'i^^ll2^13"*24"^31 + 'l^^l3^25"*24'"32

+ '»^^13^34"^24"^33 + ^14'"ll"^42 + ^\^\4^\2''^4\ + 13"^41 + 'l^^l4^17'^l3"^42 + h^ZiiZi4mi4m4i

+ /l^Zj4225mi4m42 + 'l^^i4^34''^14*"43 + /l2i5'7l2i»n22 + A2l«l8"'22*"21 + + 'l^^l5^17"^23"^22

+ /l^ZiiZi5Tn24m2i + 'l^z:i5Z25"l24^22 + ^'^^152^34^24''*23 + hZ\^m\\m^2 ^ZlZ\€,mi2f^Z\ + 't^^5^16*^l3^31

+ /l^2i62l7"^l3"^32 + ^^^l\^lt^l4^Z\ + 'i^2i622&"'14"*32 + 'l'-2^l6^34"^14^33 + /l^Zi7miim22 + ft ^ZiZi7Tni2m2i

■\-h^ Z^Z\Tmiz^21 + 1377122 + /l^ZiiZi7Tni4m2i + ^^^17^25"^ 14"^22 + ^^^17^34*^14^23 + 'l^^l8*"ll"^12

•\-h^ Z\Z\^mi2'^\ \ + ^1^2:52187711377111 + /l®2i7Zi87ni37ni2 + ^Xl^lZ'^lA^ll + ^^2:182257711477112 + ^^2l8^34"*14*'^l3

aia3 : 7713177123 + 247713377121 + hzi^m^m22 + 'l2l0"^34"^21 + 'l^224*"34*"22 + /l^23377l3477l23

= 2i377l2i77l33 + 24^13"^23**i3l + hZ\z^\^m2Z'^Z2 + '^^102^13*"24***31 + Z\Z^2A'^24'^Z2 + ^1^2132337712477133

+ 2i47nii77l43 + 2421477I1377I41 + ^^\4^\t^\Z'^A2 + ^*2102147711477141 + A^2:i422477l 1477142 + ^^2142337711477143

+/I2i57n2i7n23 + ^1242157712377121 + Zi^Z\^m2Z^22 Z\QZ\im24m21 + ^^2i522477l24**l22 '1^2152337712477123

+'l2i6771ii77l33 + '1242167711377131 + 'l^2ig7n 1377132 + 'l^2io2i67ni477l3i + fc^2i6«24*** 14***32 + '1^2152337711477133

+ '1^2177711177123 + ^4^17^71x^77121 + 'l^2i62i7m 1377122 + 'l^2io2i7"* 14"»21 + 'l^2i7224*ni4***22 + '*°2i7233771i47n23

+'l^2i877lii7ni3 + 'l^242i877li377lii + 'l^2i6«i8"*13'** 12 + '*^2io2i877l 1477I11 + 'l®2i8224"*i4771i2 + '1^2182337711477113
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OCia^ ' "13117124 + ̂14'"33"l22 + ̂8"^34'"21 + 'l2:22"l34"l22 + ̂̂ ^3l'"34'"23

= ̂13'"2l'"34 + 2i32i4m23'"32 + 28Zi3m24m3i + /lZi3Z22"*24'"32 + 'l^^^l3^3l"*24'"33 + ̂14"*ll'"44

+  1^17142 + ̂8^14">14'"41 + 'i«14^22*"14'"42 + 'l^^l4^3l"*14'"43 + '»^15"*2l'"24 + 'l2i42i8'"23'"22

+/l232l5m24"l21 'l^^l52^22"^24"^22 ^^^15'23l"*24*'*23 '^^l6"*ll"*34 '^■2^U^16"*13"*32 "^" 'l^8^l6'^14"^31

+/»^Zi6222"^14*"32 + '»^^l623l"» 14"»33 + 'i^^l7"»ll"»24 + /l^2l42l7"»l3"»22 + 1477121 + /»®2i7222"l 14'"22

+ /l^2l723l7n 1477123 + /l^2i87nii7n 14 + 'l^2i42i87n i3771i2 + 'l^282i8"*14'"ll + 'l'^2i8222"^14'"l2 + '*^18^31*" U"^l3

®2 ' '"32'"22 + 237713377121 + '121577I3377I22 + '12977I3471I21 + /i^223"*34"^22 +

= 2137712277132 + 232137712377131 + '121321577I2377I32 + /I292i377l24'7l3i + ^^2i3Z2377l2477l32 + '1^2132327712477133

+ 2147711277142 + 232147711377141 + '12142157711377I42 + '1292147711477I41 + '1^2142237711477142 + '1^2142327711477143

+/i2i5r7i22 + '1232157712377121 + '1^2157712377122 + '1^292157712477121 + '1^2152237712477122 + '1^2152327712477123

+ 'l2i67ni2T7l32 + '12321677I1377I31 + 'l^2i52i677li37n32 + '1^292167711477131 -J- 'l^2i6223"ll4"l32 + 'l^2i62327711477I33

+ /l^2177711277122 + '1^232177711377121 + 'l^2i52i7T71i377l22 + '1^292177711477I21 + Zi-jZ2^mi4m22 + 'l^2i723277li477133

+ 'i^2i8771j2 + '1^232187711377111 + /l^2i52i877li377li2 + 'l^292i87n 14771 n + 'l'2i82237711477112 + 'l®2i82327711477I13

Q'2<^3 • "l32"l23 + 2137713377122 + 2777I3477I21 + '12217713477122 + '1^2397713477123

= 2137712277133 + 2^37712377132 + 2721377I2477I31 + '12132217712477132 + 'l^2i32307n24"l33 + ^14"ll2"l43

+ 2^13^14"^ I3"l42 + ^7^14"ll4"l4l + ^ZxA^2l^\A^A2 + 'l^-^14^30"ll4"l43 + ^^ll^22'^2Z + '121321577I2377I22

+ '1272157712477121 + 'l^2i522i77l2477l22 + 'l^2i523o77l2477l23 + 'l2i67711277I33 + hZi^Zi^miz'm^2 + '12721677I1477I31

+/l^2i622iT71i477l32 + 'l^2i6230"ll4"l33 + 'l^2i7771i277l23 + Z\ZZnmi^m22 + '1^272177711477121 + 'l^2i722i77li477l22

+ /l^2i7230T71i4r7l23 + 'l^2i877l i277l 13 + 'l®2 isZisTTlisTTl 12 + 'l^272i8771 uTTlu + 'l^2i822im ̂ 77112 + 'l^2i823or711477113

Q2<*4 • "l32'"24 + ^20"l34"l22 + 'l229"l34"l23

= 2137712277134 + 21322077I2477I32 + '121322977I2477I33 + 21477I1277I44 + 2i4 2 20"ll4"l42 + 'l^l4'2'29"l 14"l43

+ /l2i577l22"l24 + 'l2i6 220"l24"l22 + 'l ̂ 2152297712477123 + hZi^mi2'^M + 'l^l6^20"l 14"l32 + 'l^2i62297711477133

+ '1^2177711277124 + 'l^2i7220771i477l22 + 'l^2i72297ni477l23 + 'l^2i77n 1277114 + 'l^2i722077li477li2 + 'l^2i7229"» 14*" 13

®3 ■ '"33'"23 + ^19'"34"*22 +'^^28'^34''*23

= 2137712377133 + 2132197712477132 + '»2i3228"*24'"33 + ^14''^13*'*43 + ^14-^19^ 14"*42 + '^^14^28"* 14'"43

+ '121577123 + '121521977I2477I22 + 'i^2i5228"l24*"23 + '^2167711377133 + 'l2i62i97n 1477132 + 'l^2i6228"*14"*83

+ /l^2i777li37n23 + '1^2172197711477122 + '*^'2l7'^28"ll4"*23 + '*^^18"*i3 + ^^2:i82i9771i4771i2 + '»^2i8228"il4"*13
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030:4 : Tn33^24 +

= ̂j37n23m34 + ̂i32^27^24'^33 + ̂14"^ 13^44 + ̂14^27*^ 14*^43 + ̂̂15^237»l24 + 'l^i5^27"*24^23

+/l2l6Tni3m34 + /»:?16^27^ 14"*33 + '*^^17"*13"^24 + '»^2l72'27^ U"^23 + ̂̂ ^18^13^14 + '*^^18^27^ 14"^ 13

OC4 - '7l34m24 = ̂13*7124^34 + ̂14*711477144 + ̂1^1677124 + '1^16*771477134 + '1^^17*7*14*7124 + 'l^2^l8*71i4
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Q4<*2 = «19"3 + ̂20a'2<»4 + '>(^2ia'2<»3 + "220^0'^ + *>^(22302^ + Z^io'^a'^) + h'«25«'l«2 + '''*^26"i^

(A.17)

qJ : m4itn2i + A22'"42">21 + A^26"»43">21 + '»®2l8"l43m22 + h®2i2»n44»n2i + /i'*226"»44"»22 + A°235"*44">23

= 2l9m§i + /l222l9»"32"»31 + h'^Z^Zigmzsmn + A®Zi8Zl9»n33m32 + h^':i2'i9"^M'"31 + A^«i9226"»34"»32

+^'^-^l9^35"^34"*33 ■2^20'^2l'^41 + ^^2^20*^22*^41 + 'l^^6-^20***23*'^41 'l^^i82:20*W23*'*42 "'" 'l^-?l2^20'^24*'*41

+'*^^20^26**^24**^42 + ^'2:202:35*7l24'^43 'l221**^21*'*31 'l^^2^21***22**^3l + '»^-Z6^21**^23*^3l "I" 'i^-fl8^2l***23'^32

+/l^2l2221*"24'**31 + 'l'^22i226"^24*"32 + '1^221236*7124^133 -f- '1222*7111*7141 + 'l^22222*71l2'7l41 + 13^41

+ 'l^2l8222*71l3*7l42 + 'lSi2222*71l47"41 + '1^^222267*114*7142 + 'l®222235*ni4*n43 + '1^223*7121 + 'l^-22^2377l22*7l21

+ 'l^26223*7l23*7l2i + 'l^2i8 22377l2377l22 "J" 'l^2i2223*7l24*7l21 '1^223226*7124*7122 '1^223235*7124*7123 "J" ^^224*7111*7131

-h^^22224*71i2*7l3i 4* h^Z(,Z24mi^m^i + 'l®2i8224*ni3*n32 + 'l'2i2224*7114*7131 + 'l^224226*71i4*7l32 + '1^224235*7114*7133

4"'i^225*71 11*7121 + '1^22225*7112*7121 + 'l^2g225*ni3*n2i + 'l®2i8225*71i3*7l22 4" '1^212225*7114*7121 4" '1^225226*7114*7122

4-'l®225235*71l4*7l23 4" 'l'*226*7ln 4" 'l®22226*71 l2*71l 1 4" '1^26226*7113*7111 4" 'l^2i8226*7li3*71l2 4" 'l^2i2226*7ll4*71ll

4-'l®2^*71i4Tni2 4- 'l®226235*71i4*7li3

Q;iQ2 ' *7141*7122 4" 2i*7l42*7l2l 4" '125*7143*7121 4" 'l^2i7*7l43*7l22 4" '1^211*7144*7121 4" 'l^225*7l44*7l22 4" '1^234*7144*7123

= 219*7131*7132 4- 2i2i9*7l32*7l3i 4- '125219*7133*7131 4- '1^217219*7133*7132 4- 'l^2ii2i9*7l34*7l3i 4" 'l^2i9225*7l34*7l32

4"'l^2i9234*7l34*7l33 4" 220*7l2l77l42 4* 21220*7122*7*41 4" '125220*7123*7141 4" 'l^2i7220*7l23*7l42 4" 'l^2n220*7l24*7l4l

4-'l^2202:25*7l24*7l42 4" '1^220234*7124*7143 4" '1221*7121*7132 4" '121221*7122*7131 4" '1^2522177123*7131 4" 'l^2i722i*7l2377l32

4-'l^2ii22i*7l24*7l31 4" 'l^22i225*7l24*7l32 4" '*'^221234*7124*7133 4~ 'l222*71ll*7l42 4" 'l2i222*7*12*7*41 4" '1^25222*7*13*7141

4-'l^2i7222*7*l3*7l42 4" *^211222*7114*7141 4* '1^222225*7114*7142 4" 'l'222234*71i4T7743 4" 'l^223*7l2i*7l22 4" 'l^2i223*7l22'7l2l

4-'l^2522377l23*7l21 4" 'l^2i722377l2377*22 4* 'l^2ii22377l2477*21 4" 'l^223225*7l24*7l22 4* ^^223234*7124*7123 4" 'l^224771ii*7l32

+/l^Zi224'ni2"»3i + h®25Z24"»13'n31 + '>^2l7^24"»13''»32 + '»^«n^24»ni4">31 + '''«24^25'"l4»n32 + ''®«242:34"»14">33

4-'l^225771ii*7l22 4" 'i^2i225*71 12*7121 4" 'l*25Z25*71l377l2l 4" 'l''217225*7113*7122 4" 'l''2ii225*71i4*7l21 4" '1^226*7114*7122

+ '1^225234*7114*7123 + 'l^226*7lll*71i2 + 'i^2i226*71i2*71i1 + 'l''25226'7ll3*7lii + 'l®2i7226*71l3*7112 + '*^^11^26*7*14*7111

+ '1^225226*7114*7112 + 'l®226 234*7li4f71i3
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Qjas : "^4l"'23 "I" ̂ 4"^43^21 16"*43"^22 + '*^i0"*44"*21 'l^224"*44"*22 + ft^^33"*44"*23

= 2^19"*31"*33 + ̂42i9"*33"*31 + hZiQZigm33inz2 + /*2^10^l9"*34"*3I + h^ZigZ24m24m32 + 'l^2l9^33"*34"*33

+ ̂20"*21"*43 + ̂4^20"*23"*41 ^•^16'^20"*23"*42 + '^•Jl0^20"*24"*41 ^^^20^24"*24"*42 + 'l^^20-^33"*24"*43

+/l2:2l"*2l"*33 '*^42:2l"*23"*31 ^^^16'*2l"*23"*32 + '>^i^lO'^2l"*24"*31 '*^^2l'^24"*24"*32 '*^^21''^33"*24"*33

+/lZ22"*ll"*43 + '*«4«22"*13"*41 + 'i^-2i6^22"*l3"*42 + '*^'^10'^22"*14"*41 + 'l^«22^24"*14"*42 + ̂̂2^22'2'33"*14"*43

2  2 3 3 4 5■j-h 223"*21"*23 + ^ •24223"*23"*21 + ^16^23"*23"*22 + ^ ^10i^23"*24"*2l "I" ■223'^24"*24"*22 + ^23^33"*24"*23

2  2 3 3 4 2 6+A 224"*11"*33 + ■?4^24"*13"*31 + ^ •?16'?24"*l3"*32 + ^ a^l0^24"*14"*31 + ■224''*14"*32 "f" ^ ^24^33"* 14"*33

+'*^^25"*ll"*23 + '*^«4-?25"*13"*21 + '*^^16^25"*13"*22 + '*^^10^25"*14"*21 + '»®-224^25"*14"*22 + ^^■2^25-^33"*14"*23

+ h^Z2emiimi3 + ft ^^4^26"*13"*ll + '*®2l6226"*l3"'l2 + '*'^10^26">14">11 + '*®^24^26"*14"*12 + ^^226^33"*14"*13

ai04 : ^7141*7124 + ■2i4"*43"*22 ■28"*44"*21 + ^■222"*44"*22 ^*^-^31 "*44"*23

= 2197713177134 4" -2142197713377132 + 232197713477131 + ^2192227713477132 + /l^2i923i77l3477l33 + 2207"2l"*44

^"'^14^20"*23"*42 "J" 2322077I2477I41 + ^220 ̂ 22"*24"*42 '*^^20^3l"*24"*43 /l22i77l2i77l34 + ^2i422i77l2377l32

+ /l2822i77l24T7l3i + ^^221 2227712477132 + /l^22i23i77l247n33 + hZ22^1l^44 + hZi4Z22^l3^42 + ^2^2227711477141

+ /l^222771i477l42 + '1^2222317711477143 + '1^2237712177124 + 'l^2i422377l2377l22 + '1^232237712477121 4* Z22^2Z^24^22

+'*^^23^3l"*24"*23 + '*^2247711177134 + '1^2142247711377132 + '1^232247711477131 + '1^2222247711477I32 + '*^224231771147/133

+ 'l^2257nu"*24 + '1^2142257711377122 + '*^232257711477121 + '1^22222577*1477122 + '*®22523i77li477l23 + 'l^2267nii771i4

4"'*^^14^26"*l377li2 + '*^232237711477111 4- 'l'22222677li4771i2 4" ^26^Z1^14^\Z

a\ : 7714277122 4" 237714377121 4" '12157714377122 4- '12977I4477I21 4- '1^2237714477122 4- '1^2327714477123

= 21977132 4- 232197713377131 4- '12152197713377132 + '1292197713477131 4- '1^2192237713477132 4- '1^2192327713477133

4-220"l22"*42 4- 23 220"l23"*41 4" 'l2i5 220"l23"*42 4" 'l29220"*24"*41 4* 'l^220223"l24"*42 4~ 'l^220232"*24"*43

4-'l22i77l22"*32 4" 'l2322i77l2377l3i 4* 'l^2i522i77l2377l32 4" '1^292217712477131 4" ft^22i22377l2477l32 4" '1^2212327712477133

+ /l222"l 12"*42 4" 'l23222"ll37n4i + 'l^2i5222"ll3"l42 4" 'l^29222"*14"*41 4" Z22^2Z^\4^42 4" '1^2222327711477143

+'1^22377122 + '1^232237712377121 + 'i^2i52 23"*23"*22 4^ '1^29223771247/121 + '*^2237712477122 + '1*^2232327712477123

+ 'l^«24771l2"l32 + '1^232247711377131 + '1^2152247711377132 + '1^292247711477I31 + '1^2232247711477132 + '1^2242327711477133

+ '1^2257711277122 + '1^232257711377121 + '1^2152257711377122 + '1^29^25"* 1477121 4- 'l'22322577li4T7l22 + '*^2252327711477I23

+ 'i^226771i2 + 'i^23226771i3771ii + 'l®2i52267711377I12 + 'l®29226771i4771ii + '1^2232237711477112 + Z2^Z^2^lA^lZ
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020:3 • + ̂̂ 13^43^22 ^7*^44*^21 "J" ̂ ^^21^44*^22 ^ -^30^44^23

=Zl9m32m33 + 2i3^19''^33"^32 + ̂7'2'l9'^34"*31 + 'l^i9^2l"*34"^32 + ̂̂ ^:i9^30"*34"^33 + •2:20"*22'^43

+^13'^20'^23"*42 '27^20''*24^4l + ̂̂ ^20^21^24^42 + 'l^-220^30"^24^43 + ̂̂ ^21^22^33 + 'l'2l3-22l"*23'^32

+/lZ7Z21*'l24^3l ^^^^2i''*24'^32 'l^i:21-'30''^24''*33 "H '^•2:22''^l2'^43 ^■fl3^^22''^13''*42 'l-2:7'2^22''* 14^41

+/»^221 ̂ 22^ 14^42 "J" 'i^-222'^30^14''*43 ^^^23*^22^23 "t" '*^■213^23^23^22 "t" '*^^7:223*7*247x121 + '*^.2:212^2377*24***22

+h^223'230^24*'*23 '*^22477*1277133 + '*^213224"* 13*^32 "t" '*^2722477*1477*31 + '*^22122477*1477*32 + '*^224230*7* 1477*33

+ '1^22577*1277*23 + '*^21322577*1377*22 + '*^2722577*1477*21 + '*^22122577*1477*22 + '*'225230*7*1477*23 + '*^22677*1277*13

+ '*^21322677*1377*12 + '*^2722677*1477*11 + '*'22l22677*i477*i2 + ^^22623077* 1477*13

0:204 I 77*4277*24 + 22077*44*7*22 + '*229*7*44*7*23

= 219*7*3277*34 + 219220*7*3477*32 + '*219229*7*3477*33 + 220*7*2277*44 + 2^*7*24*7*42 + '*22022977*24*7143

+ '*22177*22*7*34 + '*220221*7*24*7732 '*^221229*7*24*7*33 + '*222*7*12*7744 + '*22022277*14*7*42 + '*^222229*7* 14*7*43

2  2 3 2 2 ^ 3+ '* 223*7*22*7*24 220223*7*24*7*22 223229*7*24*7*23 + ^ 224*7112*7*34 + '* 220224*7*14*7*32 +'* 224229*** 14*7*33

+'*^225*7*12*7*24 + '*^220225*7*14*7*22 + '*^225229*7*14*7*23 + '*^226*7*12*7*14 + '*^220226*7*14*7*12 + '*'226229*7*14*7*13

03 :7714377x23 + 21977x4477122 + '*22877x4477x23

= «19m^ + 21977X3477x32 + '*219228*7*34*7*33 + 220*7*23*7*43 + 219220*7*24*7*42 + '*2202^28*7*24*7*43

+ '122177X2377X33 + 'X2i922i77X2477X32 + 'x^22i 228*7*24*7*33 + '*222*7*13*7*43 + '*219222*7*1477X42 + 'x^222228'7* 14*7*43

2 2 2 3 2 l2 l3-i-h 22377X23 + '* 21922377X2477X22 +'* 22322877X2477X23 +'X 22477X1377X33 +/x 21922477X 1477X32 + 'x 224228*7* 1477X33

3  3 4 4 2 4 5+ '1 22577X1377X23 + '* 21922577X1477X22 +'* 22522877X1477X23 +/* 22677Xi3 +/X 2i9226*7* 14*7*12 +'* ^262^28*7*14*7*13

0304 : 77x4377x34 + 227*7*4477x23

=21977x3377x34 + 21923777x3477x33 + 23077x3377x44 + 23022777x3477x43 + ^22177x3377x34 + '122122777x3477x33

+'122377X1377X44 + 'X22222777X 1477X43 + h^Z2Z^2Z^24 + '*^23322777X2477X23 + '*^22477X1377X34 + 'X ^2342277711477X33

+ft®Z25'"l3">24 + '»^^:25^27">14">23 + ''^^26">13»ni4 + '»^2^26«27">U"»13

204 . 77X4477X34

= 2i977X^ + 23077X3477X44 + '122177X3477X34 + '122377X1477144 + '1^23377X24 + '*^22477X1477X34

+ '1^22577X1477X24 + 'X^2267ni4
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°4°3 — «27<»3®4 + + '>'(«30<»2"3 + «31«*'loi) + '»^(»320'? + «33<»i<»3) + '>^^34"ia2 + I'^^Sso'i

(A.18)

aj : m4im3i + hZ2mi2"iii + h}i6^Ai^Z\ + 'l®7l8''»43''»32 + + '»*-726"»44'"32 + '»°«35'n44m33

= ̂27"»3l'"41 + '»72'27'n32'7>41 + '»^26Z27»n33m4i + A'7i8727"»33™42 + ''^7:i2^27"»34">41 + '>^«26«27'"34''>42

+/i'z27735'''34'"43 + ''^28'"3i + '>^«27:287"32''>31 + 'l^Z6^287"33''»31 + A^«18«28''>33''»32 + ''^«12^28"»34"»31

+h'22e728''>34">32 + ''®^28«38">34'''33 + ''»29''>2l''»41 + h'22'29'7>22'''41 + A^367:29'"23'"41 + A^«18^29''>23'"42

+h^2l2229Tn24m4, + />'226«29'"24'7>42 + '»®«29735"»24'7>43 + '>^«30"»2l"»31 + 'l®22^30''>22'n31 + h^76^30''*23'"31

+/l "*2182307712377132 + 'l'7l273077l24'"31 + '>®2267^3077l24'7»32 + '''330^357772477733 + '7^33l777i 177741 + '7®2223l7771277741

+ '7^2623i77li377l4i + '''2182317771377742 + '7°2i223l 7771477741 + '''2262317711477742 + '''2312357771477743 + h^23277l2i

+ '7^222327772277721 + h'ZeZ32m23m21 + /7®2i823277l2377722 + '7®2i22327772477721 + ''^2262327712477722 + '''2322357772477723

+ '•^2337771177731 + '1^222337771277731 + '''262337771377131 + '''2182337771377132 + '''2122337771477131 + '''2262337711477132

+ '''2332357711477133 + '7^2347771177721 + '''222347771277721 + '•'262347771377721 + '•'2182347771377722 + '•'2122347771477721

+ '''2262347771477722 + '''2342357771477723 + /l'235777ji + /i®22235777i2777ii + h^26Z357771377711 + '•'2182357771377712

+ fc'2i2236777i4777ii + '•'2262367771477712 + '•"2157771477113

aitt2 = "74177732 + 2i777427773i + ''257774377731 + /»^2177774377732 + '''2117774477731 + '•'2257774477732 + '•^2347774477733

= 2277773177742 + 212277773277741 + '•262277773377741 + '•'2172277773377742 + '•'2112277773477741 + '•'2262277773477742

+ '•''2272347713477143 + '72287773177732 + '•212287773277731 + '•'252287773377731 + /''2172287773377732 + '•'2112287773477731

+ '•'2252287773477732 + '•'2282347773477733 + A 229777 2177742 + ̂212297772277741 + A'252297712377741 + A'2172297772377742

+ ̂'2112297712477741 + A'2252297772477142 + '•'2292347772477743 + '•'2307772177732 + A'2i230771227773i + A'252307772377731

+A'2i72307772377732 + '•'2ll23077l247773i + A'226 23o7772477732 + A®23o2:3477l2477733 + A'23i777ii77742 + '•'212317771277141

+^'252317771377741 + A'2i723i771 1377742 + A'2ii23i 777 1477741 + A'2252317711477742 + A'2312347771477I43 + A'2327772i77722

+ A'2i2327772277721 + A'252327772377721 + ̂'2172327772377122 + A'2ii2327772477721 + A®2252327712477722 + A'2322347772477723

+ '•'2337771177132 + A'212337771277731 + A'252337771377731 + A'2172337771377732 + '•'2112337711477731 + ̂'2252337711477732

+ ̂'2332347771477733 + A^234771ii77722 + A'2i234777i2777 21 + ̂'252347771377121 + ̂'2172347711377122 + '•'2112347771477121

+h'225234777i477l22 + h^^34'ni4m23 + '•'23577I1177I12 + A'2i235777i2777ii + '•'252357771377111 + '•'2172357711377712

+ A'2ii235771i4777ii + ̂'2252357771477712 + A'2342357771477713
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0:iQ:3 : "l4l"*33 + 24"^43"*31 + 'l^l6"^43'^32 + + 'l^^24"*44"^32 ^^^33"^44"*33

= Z27m3im43 + ̂4^27'"33"'41 + '*2l6227"*33'"42 + '*2:ioi:27"*34*"41 + 'l^^24^27*"34'"42 + 'l^227^33"^34"*43

+ /iZ28"*31*"33 + 'l24228"*33"l3l + 'l^2i6Z28"*33"*32 + '^^•^1022«*'*34"^31 + ft^22422«"*34"*32 + 'l^2282337n34"»33

+ ̂1229*^21^43 ^24229^23*7141 + /l^2ig229m237n42 + Z 1^X29^24^41 Z24Z2QTn24Tn^2 + Z29Z22^24'^4Z

+/l^23om2im33 + h^Z^Zy^m^z^Zi + h^Z 1^X3017122^32 + '1^210230*7124*7131 + 'l^224230*7l24***32 + '1^230233*7124*7133

+ '1^231*711177143 + '1^24231*7113*7141 + 'l®2i623i*ni3*7l42 + 'l^2io23i*7li4*7l4i + h*Z24^31^14^42 + '1^231233*7114*7143

+'1^232*7121*7123 + '1^24232*7123*7121 + '1^215232*7123*7122 + 'l^2io232*7l24*7l2l + 'l'^24^32'7l24**l22 "t" '1^232233*7124*7123

+'1^233*7111*7133 + '1^24233*7113*7131 + '1^215233*7113*7132 + '1^210233*7114*7131 + '1^224233*7114*7132 + '1^233*7114*7133

+ '1^234*7111*7123 + '1^24234*7113*7121 + '1^215234*7113*7122 + 'l'*2io234*71i4*7l2i + '1^224234*7114*7122 + '1^233234*7114*7123

+'l'235*71iiTni3 + 'l®24235*71i3*7lii + '1^215235*7113*7112 + '1^210235*7114*7111 + 'l^224^35"ll4'" 12 + '1^233235*71 i4*71i3

aia4 : *7141*7134 + 214*7143*7132 + 28*7144*7131 + hZ22^44^32 '1^23177144*7133

= 227"^3i'"44 + ̂14^27"! 33"l42 + ̂8^27"^34"l41 + '1222^27^134^142 + 'l^^27^3l"l34"^43 + 'l228"l3l'"34

+ 'l2i4228"^33'7l32 + '12822577134*7131 + '1^22222577134*7132 + '1^225231*7134*7133 + '12297712177144 '12:142297712377142

+ '1252297712477141 + '1^2222:29*^24^42 "f" '1^2292317712477143 + 'l^23077l2i77l34 + 'l^2i423o77l2377l32 + 'l^2523o77l2477l3i

+ /l^22223077l24"l32 + '1^2302317712477133 + 'l^23imii77l44 + '1^214231*711377142 + '1^2523177114*7141 + '1^22223177114*7142

+ ?1^23j *7114*7143 + 'l^232*7l2i77l24 + Zi4Z327n25^22 + '1^25232*712477X21 + Z22Z32fn24^22 + '1^2312327712477123

+'1^23377X11*7134 + '1^214233*7113*7132 + '1^25233*7114*7131 + '1^22223377114*7132 + 'l®23i233*71i4*7l33 + '1^234*7X11*7124

+ /l^2l4 234*ni3*n22 + '1^28234*7114*7121 + /l''22223477114*7122 + '1*^231234*7114*7123 + 'l "235*7111*7114 + 'l"2i4235*7l 13*7112

+ /l®28235*71i4*nii + 'i®222235771i4*71i2 + '1^231235*7114*7X13
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02 • ̂ 42"^32 "I" + 'l^l5^43'^32 + 'l2^9^44"^31 + /l^223"*44"*32 + ft^-232"^44"*33

= Z27''^32'^42 ^3^27'^33"*41 + '^^15^27^33^42 '»2^9^27''*34^41 'l^-2:23-^27"^34''^42 'l^'227^32''*34'^43

+ /iZ28"^32 'l^3228"^33"*31 + 'l^2:i5«28"*33"^32 + '^^i^9^28"*34"*31 + ft^^23^28''*34''*32 "H ̂ ^^2fl^32''*34"^33

+/i«29^22^42 '*'^3-229^23^41 + 'l^-Si52^29^23*'^42 "t" '>^^9^29*'*24*'*41 + '^^■?23-^29^24^42 "I" '>^-?29'^32'^24*'*43

+ '»^^30"^22"^32 + 'l^^3^30"*23"^31 + 'l^2:i5^30'"23"*32 + 'l^-S9^30"*24"*31 + 'l^^23^30"*24"*32 + 'l'^302^32"^24'"33

-\-h' '231*711277142 + '1^^^3^3177113*7141 + '1^2:15231*711377142 + '1^2923177114*7141 + '1^223231*7114*7142 + 'l'23i23277li4*7l43

+'1^232*7122 + '1^23232*712377121 + '1^2152327712377122 + ^^292327*12477121 + Z23Z^2^24^22 + '*^'^32"'24"*23

+'1^2337711277132 + '1^23233*7113*7131 + '1^215233*7113*7132 + ^^29233*7114*7131 + 'l®223233*7li4*7l32 + '1^232233*7114*7133

+'l^234*71i2*7l22 + '1^^3234*7113*7121 + '1^215234*7113*7122 + 'l ̂ ^29234*7114*7X21 + '1^223234*7114*7122 + '1^232234*7114*7123

+'l'^35"^12 "f" '*^^3^35"^l3'"ll + '1^215235*7113*7112 + '1^29235*7114*7111 + '1^223235*7114*7112 + '1^232235*7114*7113

a2Q3 r 77142*7133 + ^1377143*7132 + 27*7144*7131 + '122177144*7132 + '1^23077144*7133

= 22*7713277143 + 213^27"^ 33"^42 + ^72:2777l34"^41 + 'l22l227"^34'^42 + '1^22723077134*7143 + 'l22877l3277l33

+ /l2i32287n33T7l32 + '12722877134*7131 + '1^221 «28'"34'" 32 + ^^Z2S^30^34^i3 + ^2297712277143 + ^^13^29^23^42

+ '1272297712477141 + /l^22iZ29^24"^42 + ^29^30^24'^43 + '1^230^22^33 + '1^2132307712377132 + '1^272307712477131

+ /l^22i23077l2477l32 + 'l^2|Qr7l247n33 + '1^2317711277143 + '1^21323177113*7142 + '1^27231*7114*7141 + '1^221231*7114*7142

+ '1^23023177114*7143 + /l^232*7l2277l23 + 'l^2i3232*7l2377l22 + '1^272327712477121 + Z2\Z^2''^24''^22 + '1^^2302327712477123

+ '1^233*711277133 + '1^213233*7113*7132 + '1^27233*7114*7131 + '1^221233*7114*7132 + '1^230233*7114*7133 + '1^234*711277123

+/l^2i3 234m 13*7122 + '1^27234*7114*7121 + 'l®22i234*71i4r7l22 + '1^230234*7114*7123 + 'l®235*7li2*71i3 + ^^213235*7113*7112

+ '1^27235*7114*7111 + 'l®22i235*7li4*ni2 + '1^23023577114*7113
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0:2^4 • *^42^^34 -^20^44^32 'i'?29*'^44*^33

=227"^32'^44 + ̂20227"^34"'42 + 'l^27^29"*34"*43 + 'l^2«'**32^34 + 'l^20^2S"^34'^32 + 'l^'22«229"^34"*33

+/i229»"22"'44 *+" 'l220^29'^24'**42 + '^^^ot"^24''^43 + ̂̂ «30"*22"*34 "t" 'l^^202^30^24'"32 + '*^2^29^30^24"*33

2  2 3 3 t3 v4•\-h Z3imi2Tn44+h 220-^31 14^42 «29^3l^l4*'*43 «32*7t22''*24 + " ̂20^32^24^22 + " a^29^32"*24*'*23

+/l®Z33mi2m34 + h^Z20^3zm 14171^2 + 'l^^29^33'"l4"*33 + ̂̂^^34*" 12"*24 + '^^^20^34"* 14*^22 + '»*'^29^34''^14"*23

+^^^2:3577112^14 + '^220^357711477112 + '1^2292357711477113

^*1 n ^43^^33 + '2^19'"44"'32 + 'l228"^44*"33

= 227^33*'^43 + ̂19^27*^34^42 + ̂2272257713477143 + 'l22577l|j + hZigZ2i^m^m^2 + ̂̂■^28''*^''^^

+/l2297n237n43 + hZ\^Z29^2A^A2 + '1^2252297712477143 + 'l^23o77l2377l33 + '1^2192307712477132 + '»^22523o77l2477l33

+ft^23i7711377143 + 'i^2i923i771 1477142 + 't^22523i»711477I43 + '1^232771^ + h^ZigZ^2'^2A''^22 + 'l^22523277l24**^23

+'1^2337711377133 + '1^2192337711477132 + '1^2252337711477133 -f '1^2347711377123 + '1^2192347711477122 + '1^2252347711477123

+;i®2357nj3 + 'i®2i9^35"^14*"12 + '*^228^35"^ 14"! 13

0304 :7714377134 + 2277714477133

=2277713377144 + 2277713477143 + '12257713377134 + '12272257713477133 + '12297712377144 + '12272297712477143

2  2 2 2 l3 ifc3+h 2307712377134 + 22723077I2477I33 +'l 23177I1377I44 + h 22723177I1477I43 +'l 23277I2377I24 +'1 227^32***24***23

+^1^2337711377134 + '1^2272337711477133 + '1^2347711377124 + '1^2272347711477123 + '1^2357711377114 + '1^2272357711477113

2 . 7n4477l34

= 227"l34"l44 + 'l228**l^ + '122977I2477I44 + '1^23077124*7134 + '1^2317711477144 + Z22^2A

+ft'z33m,4m34 + h*Zi4mi4m24 + h'z3!,m\^
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