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ABSTRACT

The purpose of this thesis is to take the first step in developing quantum analogs of the classical
invariant theory of binary forms. The classical theory begins by considering the linear transformation
of a 2 x 1 vector by a 2 x 2 matrix. This transformation induces a linear transformation of the
coefficients of all the binary forms. The classical invariant theory is concerned with functions of
these coefficients that are invariant under the induced linear transformation for all 2 x 2 matricies.

In the classical theory all elements commute. In this thesis a nonclassical or quantum invariant
theory of binary forms will be considered in which elements do not commute. Two types of quan-
tization will be introduced. Each quantization is a deformation into noncommutative or quantum
theory and is represented by deformation parameters. By setting the deformation parameters equal
to the appropriate values (usually zero or unity) one retrieves the commutative or classical theory.
The main goal of this thesis is to find commutation relations for the coefficients of the quantum
binary forms. The quantum binary forms considered will be of degree less than or equal to three. It
is required that these commutation relations be invariant in form under the transformations induced
by the quantum 2 x 2 matrix groups and it is hoped that these commutation relations will be such
that the algebras of the coefficients satisfy PBW property. The determination of these commutation

relations is the preliminary step in the development of the invariant theory of quantum binary forms.
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1. INTRODUCTION

In this thesis a preliminary step will be taken in developing quantum analogs of the classical
invariant theory of binary forms. The classical invariant theory of binary forms was developed in the
nineteenth century by Cayley, Sylvester, Clebsch, Gordan and others [Ref 1]. To review the basic
notions of this theory consider a field K of characteristic zero (e.g. complex numbers) and a 2 x 1

vector

(1.1) x = (;’)

where z,y € K. A binary form of degree n in the vector x is a homogeneous polynomial of degree

n in the two arguements z,y

(12) r=y (Z)a;+lz"-kyk.

k=0
The quantities a},a5,...,ay,,; € K are called the coefficients of the binary form f”(x). Now

consider a 2 X 2 matrix

(1.3) M= (‘; 3)

where a,b,¢,d € K and the linear transformation of the vector x by this matrix

!
(1.4) x' = Mx = (‘;,)
where
' =ar+by
(1.5)
Vv =czx+dy.

One can now consider binary forms of degree n in the vector x’

(1.6) 1) = Y (3 awsse™

k=0



The requirement f*(Mx) = f"(x) induces the following linear transformation of the coefficients of

an nth degree binary form

n+1
(1.7) af = mije; , i=1,2,..,n+1
i=1

where my; are quantities depending on the components of M. The classical invariant theory of
binary forms is concerned with functions of the coefficients o; of an nth degree binary form which
are invariant under the action of the induced linear transformation (1.7) for all 2 x 2 matricies M
[Ref. 1].

In the classical theory the elements z,y,a,b,¢,d,0;,s,...,an41,0),0%,...,0,,, commute
since they belong to the field K. In this thesis a nonclassical or quantum invariant theory of
binary forms will be considered in which these elements will no longer be commuting. Two types
of quantization will be considered. In the first quantization x will be a ¢ quantum vector whose

components z,y commute with all other elements while satisfing the commutation relation
(1.8) zy =q lyz

and M will be a ¢, p quantum matrix whose components a, b, ¢, d commute with all other elements

while satisfying the commutation relations

ca = qac, db = gbd , ba = pab , dc = ped ,
(1.9)

cb=p~lgbc, da = ad+ (g - p~!)be.

Using the commutation relations (1.8), (1.9) and the transformation equations (1.5) it is easy to
show that 2’y = ¢~ 'y/z’ and thus x’ is a ¢ quantum vector. The quantum binary forms to be

considered in this quantization are

fl(x)=ajz +ahy
X)) = a1z’ + azyf

fA(x) = ajz? + (1 + pg)ahzy + ahy®
(1.10)
fA(x') = a1z’ + (1 + pg)azz’y + asy'

F(x) = @1z® + (14 pg + p’¢%)alz’y + (1 + pg + p2¢?)ahzy® + oy®

() = 12 + (1 + pg + P2 P asz’y + (1 + pg + p*¢)asz’y'? + auy.
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The nonzero parameters g, p are called deformation paramelers because they represent deformation

into noncommutative or quantum theory. The case ¢ = 1, p = 1 represents no deformation, i.e.
commutative or classical theory.
In the second type of quantization x will be an A quantum vector whose components commute

with all other elements while satisfying the commutation relation

(1.11) Ty = yz + hy?

and M will be an h quantum matrix whose components commute with all other elements while
satisfying the commutation relations

ba =ab+h(a2+bc—ad)—h2ac, dec = cd + he? |
(1.12) ca =ac — he? | db = bd + h(ad - bc — d?) + h%ac,

¢b = bc — h(ac+ cd) , da = ad + h(ac — cd) — h%c?.
Using the commutation relations (1.11), (1.12) and the transformation equations (1.5) it can be
shown that 'y = y’z’ + hy’? and thus x’ is an h quantum vector. The quantum binary forms to
be considered in this quantization are

F1(x) = oz + by
f1(x') = ez’ + agy
(%) = 12® + 2apyz + oby?
(1.13)
f’z(x') =aoz'? + 200y’ + aay’
£3(x) = a\z3+3abyz? + 3ahy?z + of®
f3(x') = 12+ 309y % + 3agy’?z’ + aqy’.
Classical theory is obtained here by setting the deformation parameter h to zero.
The quantum vectors and quantum matricies introduced above, along with the commutation

relations among their components, have arisen from studies of exactly solvable problems in statistical
mechanics and quantum field theory. In particular studies of the quantum inverse scattering method

and solutions of the quantum Yang-Baxter equations have motivated the development of these ideas.
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The main goal of this thesis is to find commutation relations for the coefficients a;, a} of the
binary forms f*(x’) and f"(x), n = 1,2, 3, so that certain conditions are satisfied. One of the desired
conditions is that the commutation relations be invariant in form under the induced transformation
(L.7), i.e.

(1.14)

ajaf = lip(ah,ay, ..., any1) = ajor = lik(ar, 02, ,an41) , 5,6=1,2,...,n+1, n=1,2,3.

In other words, the form of the commutation relations is preserved under the action of the quantum
matrix group. It is also hoped that the commutation relations will be such that the algebras of the
coefficients will satisfy what is called the Poincaré-Birkhoff-Witt (PBW) property. There exists an
important and useful theorem for determining whether or not an algebra satisfies PBW property.
This famous theorem is known as the Diamond Lemma. The Diamond Lemma will be explained
and applied in this thesis. The development of these commutation relations is the preliminary step

in the study of the invariant theory of quantum binary forms.




2. MATHEMATICAL FOUNDATIONS

A basic notion used in this thesis is the concept of an associative algebra. Let K be a field.
Recall that an associative algebra A over K is a vector space over K equipped with a multiplication

A x A — A, having the following properties:

(a+ b)e = ac+ be
a(b+c) = ab + ac
(2.1) (Aa)b = a(Ab) = A(ab)
(ab)e = a(be)

Vab,ce A, YAeK.

If there exists an element 1 € 4 with the property
(2.2) la=al=a,VYac A

then A is called a unital associative algebra.

Consider the letters z,y. A formal combination of these letters such as 22 | zy, yz, y%, z%y,...,
are called words or monomials in the letters z,y. The letters z,y are monomials of degree one while
z?, zy, yz, y* are monomials of degree two. Given a field K consider the set F of formal symbols

or formal finite linear combinations,
(2.3) F={ Qo+ z+doy+ 232+ dgzy + dsyz + Aey® + - - - | A € K, finite number of A; #0 }.
Given elements a,b € F,

a=ao+a11+agy+a322+a4zy+a5yz+a6y2+-'-

b=bo+ b1z + boy + bsz? + byzy + bsyz + by’ + - - -,
addition and scalar multiplication on F are defined naturally as

a+b = ao+bo+ (a1 +b1)z + (a2 + b2)y + (a3 + b3)z? + (a4 + ba)zy + (as + bs)yz + (as + be)y* + - - -
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Aa = Aag + (Aay)z + (Aa2)y + (/\(13)1,‘2 + (Aag)zy + (Aas)yz + (/\as)y2 + -

and multiplication on ¥ is defined by

ab = aobg + (aoby + a1bo)z + (aoba + azbo)y + (aobs + a1b1 + azbp)z?

+ (0064 + albg + a4bo).1:y + (aob5 + 02b1 + a5bo)yx + (aobe + a2b2 + asbo)y2 +---.

With these definitions of addition, scalar multiplication and multiplication it is easily shown that
axioms (2.1) are satisfied and F qualifies as an associative algebra over K with zero and unity

elements given by

0=0+4 0z + 0y +0z% 4+ Ozy + Oyz + 0y® + - - -

1= 1+0:c+0y+0:2+0:cy+0y;p+0y2+...
For convenience we write

z=0+12+40y+ 0z> +0zy+ Oyz + 0y + - - -
y=0+0z+ 1y + 0z% + 0zy + Oyz + 0y + - - -

:::2=0+Oz+0y+11:2+0:cy+0y:c+0y2+---

etc.. In this way the monomials in z,y are identified as elements of F with the zero and unity

elements considered as monomials of degree zero in z,y. Thus it is concluded that the subset

(2.4) B={1,z,y,2%, zy,yz,9%,...}

of monomials in z, y is a basis for F, i.e., the elements of B generate F and are linearly independent.
Consequently F is referred to as the free algebra generated by the letters z,y. In general a free
algebra can be generated by an alphabet consisting of any number of letters.

Recall that a two-sided ideal T in a unital associative algebra A is a subspace of A having the

property

(2.5) ai€l,wa€l,VieIl,Vae A
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A two-sided ideal in A can be constructed as follows. Let g1, 92,...,gn be elements of A and let V

be the subspace of 4 generated by these elements,
V={ g1 +rg2+ -+ dgn | M€K}

Letting 7 be

I={Ea.~vibi|vi€\), ai,b; € A}

it is easily verified that 7 satisfies axiom (2.5) and thus qualifies as a two-sided ideal in A. The
elements g1,92,...,9, are called the generators of the ideal Z. The coset of an element ¢ € A
induced by 7 is defined as

a={a}+Z={a+i|i€l}
and the factor set A\Z is defined as
AI={alacA}.
Addition, scalar multiplication and multiplication of cosets are defined by
a+b={d+¥V|deca,beb}
da={Xd|d€a}
ab={d'b |d€a,beb}

Since 7 is a two-sided ideal it follows that

@+b=(a+b)"
(2.6) Ad = (Aa)~
ab = (ab)~

and A\Z is closed with respect to addition, scalar multiplication and multiplication of cosets. It
follows readily that with these operations axioms (2.1) are satisfied and .A\Z qualifies as an associa-
tive algebra over K with zero element 0 = Z and unity element 1. Hence, A\Z is called the factor

algebra induced by the ideal Z.



Consider now a nonzero element ¢ € K and the two-sided ideal 7 in F generated by the single

element g = zy — ¢~ lyz € F. In the factor algebra F = F\Z it follows from (2.6) that

fj—q 'gE=(zy—q 'yz)" =g=I=0.

Thus the generators %, § of F satisfy the relation

iy =q gz

From this relation it is concluded that the set

2.7 B={1,z,y,z% %y, 9%, %, ...}

is not a basis for F. The elements of B generate F but are not linearly independent since the
subsets { i, % }, { 2%y, £§z, 2% },..., etc. contain linearly dependent monomials. Thus the
factor algebra F is not a free algebra but is generated by the elements z,§ subject to the relation
zj=q"'yz.

The specification of an algebra in terms of its generators and relations is called the presentation

of the algebra. Symbolically the presentation of F is written as

F=(z,j

Like F, an algebra whose relations consist of linear combinations of only second degree monomials

is called a quadratic algebra. The presentation of the free algebra F is simply

f:(z,y)

indicating that F is generated freely by the letters z,y with no relations.
Since F is not a free algebra the problem of finding a basis for F is of some concern. Any

element of F can be expressed as

@ =agl + a1Z + 62§ + a3z’ + a4Z§ + asYT + agP> + -+
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and substitution of the relation Zj = ¢~!§Z into this expression for @ leads one to the conclusion

that the subset
(2.8) B={1,z,5,2%,92,%,...},

consisting of all monomials with § standing to the left of Z, is a generating set for F. However, the
linear independence of the elements of B is unclear. The question of whether or not B’ is a basis
for F is answered by a famous theorem in ring theory called the Diamond Lemma [Ref. 2). Before
stating the Diamond Lemma additional basic concepts must be introduced.

Let A be a unital associative algebra over K freely generated by n letters z1,z9,..., 2z, and let

< be a lezicographic ordering of the generators,
(2.9) Ty <zy3< - < 2y

This order induces an order on the set of all monomials as follows: z;,zi,---zi, < zj,2j, - -2;,
f k <land zi,2i,---2;, < 2,25, 2, if 2, < zj,, orif 2, = zj, and z;, < zj,, etc. The
lexicographic ordering process can be described figuratively as follows. The letters z,,zs,...,zn
are thought of as an alphabet with alphabetical ordering given in (2.9). Consider now a dictionary
containing all the words of this alphabet. The dictionary is partitioned into volumes r = 1,2,...
with the rth volume containing all words of degree r in alphabetical order. The words in volume k
are smaller than the words in volume [ if k¥ < I and given two words from the kth volume the first
word is smaller than the second word if first word occurs alphabetically before the second word. A
linear combination of monomialsI(zy, x5, ... ,z,) is said to be smaller than a monomial LT TRRRY N

and we write

z1,29,...,2q) < 2§, Ziy - 24,
if every monomial in (x4, z2, ..., z,) is smaller than the monomial Z;,T;, - - Z;,. By definition the
monomials 1, z;,22,...,2, are reduced with respect to the order < and a monomial of the form

Zi, &i, - - i, is said to be reduced if {; < i3 < --- < #;. From this definition it is easily seen that all
words in the set B’ given in (2.8) are reduced. An element a € A is called reduced if it is a linear

9



combination of reduced monomials. Let us now consider a reduction system on A consisting of the

following (%) generators of a two-sided ideal Z in A,

g,'j = :c,-zj - l;j(:cl, Zra,... ,x,,)
wherei > j, 1,7 =1,2,...,nand lj(z,z2, ... ,Zns) are linear combinations of quadratic monomials
having the property lij(z1,z2,...,2,) < ziz;. With this reduction system reduction mappings on

A can now be defined. Let m;, m; be monomials and let the reduction Rm,z;z,m, , § > J, be a linear

mapping with the following properties:
Ronyzic;m, (Mizizimy) = mylij (21,22, , Zn)m2

Rm,z.z;m;(m) = m, V¥ monomials m # myz;z;m;.

Let R be a sequence of composed reductions. The sequence R is said to be finalon an element a € A

if R(a) is reduced. The Diamond Lemma for quadratic algebras can now be stated.

DiAMOND LEMMA. Let A be a unital associative algebra over K freely generated by n letters

zy,Zy,...,T, equipped with a lexicographic ordering of the generators
1 <2< < Ty

and a reduction system consisting of the following () generators of a two-sided ideal T in A,

gij = ix; — Lij(21,22,. .., Zn)
wherei > j,i,j=1,2,...,nandlj;(z1,22,... ,2,) are linear combinations of quadratic monomials
having the property l;;(z1,2Z2,...,%s) < zizj. There exist final sequences of reductions R and R’

such that
R(Lij(z1,22,...,zn)zr) = R'(zilje(z1,22,...,20)) , Vi> >k, §,5,k=1,2...,n
if and only if the set B’ of reduced monomials is a basis for A = A\Z.

If A is an algebra for which the set B’ of reduced monomials is a basis then A is said to have
or satisfy the Poincaré-Birkhoff- Witt (PBW) property. In the algebra F the lexicographic ordering
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of the generators is y < z and the reduction system consists of the single element g = zy — g lyz
generating the two-sided ideal Z in F. Thus by applying the Diamond Lemma it is concluded that
the set B’ given in (2.8) is indeed a basis and F satisfies PBW property. It is noted however that
F represents a trivial application of the Diamond Lemma since F is generated by only two letters
and thus there are no third order monomials z;z;z; with z; < z; < z;. The Diamond Lemma is
an important tool in ring theory because it provides the criteria for determining whether or not an
algebra satisfies PBW property.

Let G be a group (or a semigroup) and let H be an abelian group. A grading is defined to be
a homomorphism | | : G — H. Let Z denote the set of integers and let & be the set of monomials
in the letters z;,z2,...,2,. With respect to the operation of multiplication the set X’ qualifies as
a semigroup and with respect to addition the set Z @ Z of ordered pairs of integers qualifies as an
abelian group. In this thesis we will be interested in gradings of the type | |: & — Z ® Z. Since

these gradings are homomorphisms we have

2,25, - | = |z, [+ |z + -
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3. QuaNTUM LINEAR SPACES

Let K be a field. A Quantum Linear Space over K is some Quantum Affine Space whose
coordinate algebra over K is a quadratic unital associative algebra.
The space of quantum 2 x 1 vectors Vec,(2) is defined to be the quantum linear space whose

coordinate algebra K[Vec,(2)] has the presentation
(3.1) K[Vecy(2)] = (z,y |2y = ¢ 'yz )

where z,y are letters and ¢ is a nonzero element of K. The space of quantum 2 x 1 vectors Vec(2)

is the quantum linear space whose coordinate algebra is given by
(3.2) K[Vech(2)] = ( =,y | zy = yz + hy?)

where h is an element of K.
The space of quantum 2 x 2 matricies Mat, ,(2) is defined to be the quantum linear space whose
coordinate algebra K{Mat, ,(2)] has the presentation
ca =gqac, db = qbd , ba = pab , dc = ped ,
(3.3) K[Mat, ,(2)] = < a,b,c,d >
cb=p~lgbc, da=ad+ (¢ —p )be
where a, b, ¢, d are letters and p is a nonzero element of K. The space of quantum 2 x 2 matricies
Matj 5/(2) is the quantum linear space whose coordinate algebra is given by
ba = ab+ h'(a® + bc — ad) — h'?ac, dc = ed + h'c?
(3.4) K[Mats »(2)) = < a,b,c,d | ca=ac— hc?, db=bd+ h(ad — bc — d?) + hh'ac, >
¢b = be — hed — h'ac , da = ad — hed + h'ac — hh'c?
where A’ is an element of K.

Elements of Vec,(2) and Vec,(2) are represented as

(3
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while elements of Mat, ,(2) and Mat; j/(2) are represented as

a b
M= (c d) '
In this thesis a special case of the space Maty /(2) is of interest, namely, the space Mat,(2)

which is given by

Math(‘z) = Math,h’(2) lh’:h-

For reference the presentation of the coordinate algebra of Mat,(2) is given.
ba = ab + h(a® + bc — ad) — h%ac, dc = cd + hc?
(3.5) K[Mats(2)] = < a,b,c,d | ca =ac—he®, db=bd+ h(ad — bc — d*) + h%ac, > :
¢b = be — h(ac + cd) , da = ad + h(ac — cd) — h%c?

In order to define the action of the quantum 2 x 2 matrix M € Mat, 5(2) on the quantum 2 x 1
vector x € Vecy(2) consider the tensor product K[Vec,(2)] ® K[Mat, ,(2)] whose presentation is
zy=q"lyz,
ar=za,br=zb, cx =zc, dz = zd,

(3.6) K[Vec,(2)]®K[Mat, ,(2)] = < r,y,a,be,d | ay=ya,by=yb, cy=yc,dy=yd, > .

ca = qac, db = gbd , ba = pab , dc = ped ,

cb=plgbc, da=ad+ (¢~ p~t)be

The action of M on x yields x’ = Mx whose components z',y € K[Vec,(2)] ® K[Mat, ,(2)] are

defined by

z' = az + by
(3.7)
Y =cz+dy.
It is easily verified that the relation z'y’ = ¢~!y’z’ holds and x’ is a quantum vector. Similarly,

to define the action of M € Mat,(2) on x € Vecy(2) consider the tensor product K[Vecs(2)] ®

13




K[Mat;(2)] with the presentation

(3.8)
gy = yr + hy®,

ar=za,bzx=zb, cx =zc, dz = zd,
ay=ya,by=yb, cy=yc,dy=yd,

K[Vecn(2)] @ K[Matp(2)] = < r,y,a,bc,d >
ba:ab+h(a2+bc—ad)—h2ac, de = cd + he?,

ca = ac— he? , db = bd + h(ad — bc — d?) + h%ac,

cb = be ~ h(ac+ cd) , da = ad + h(ac — cd) — h*c?
The action of M on x yields x’ = Mx as defined in (3.7) and it follows readily that z'y’ = y/z’+hy'%.
Thus x’ is a quantum vector.

By application of the Diamond Lemma it is noted that each of the coordinate algebras defined
thus far satisfies PBW property. For the remainder of this section the coordinate algebras introduced
will have unknown relations to be determined.

Consider now the algebra K[Poly] ,(2)] of coefficients of an nth degree binary form whose

presentation is

(3.9) K[Poly; ,(2)] = ( @il ejor = ljk(ar, a2, ..., ant1) )
where a; , i = 1,2,...,n + 1, are letters and ljz(aj,as,...,an41) are linear combinations of
quadratic monomials, ljg(ay, az,...,ant1) < ajag , j,k = 1,2,...,n + 1. The presentation of

the tensor product K[Vec,(2)] ® K[Mat, 5(2)] ® K[Poly} ,(2)] is

14



(3.10) K[Vec,(2)] ® K[Mat, ,(2)] ® K[Poly; ,(2)] =
zy=q 'yz,
ar=za,br=2zb,cx=zc,dzr=12zd,
ay=ya,by=yb, cy=yc,dy=yd,
QT = rag, ajy = yai,
<z,y’a’b)c,d)a‘ >
ca = qac, db = qbd , ba = pab, dc = ped ,

cb=plgbc, da=ad+ (9- p'l)bc ,

a;a = aqa; , C!,'b = ba,- , i€ = Ccay , a,-d: da,- y

ajar = ljp(ay,a,...,0n41)

where 1,7,k =1,2,...,n+ 1.
A first degree binary form in the quantum vector x € Vec,(2) is
(3.11) fl(x) = ofz + ahy
where o}, oy € K[Vecy(2)] ® K[Mat, ,(2)] ® K[Poly; ,(2)]. A second degree binary form is defined
by
(3.12) F2(x) = iz + (14 pg)aszy + o5y’
where o}, ah, a3 € K[Vecy(2)]@K[Mat, ,(2)]@K[Poly? ,(2)] and a third degree binary form is defined |
as
(3.13) P(x) =iz’ + (14 pg +p°¢")od2’y + (1 + pg + p’¢*) a2y’ + oy’

where o}, a}, o}, oy € K[Vec,(2)] ® K[Mat, ,(2)] ® K[Poly? ,(2)]. The factors 1+ pg, 1+ pg+p?¢?,
in (3.12), (3.13) are inserted for future calculational convenience.

In like manner one can consider the algebra K[Poly}(2)] of coefficients of an nth degree binary
form whose presentation is identical in form to that given in (3.9). The presentation of K[Vecs(2)]®
K[Mat;(2)] ® K[Polyp(2)] is

15
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(3.14) K[Vecn(2)] ® K[Mat,(2)] ® K[Polyr(2)] =

zy=yz +hy’,
ar=za,br=zb,cx=zc,dr=1zd,

ay=ya, by=yb, cy=yc, dy=yd,

QT = Taq, oY = yai ,

<z,y,a,b,c,d,a.— ba=ab+h(az+bc—ad)-—h2ac, de = cd + he? >
ca = ac— he? , db = bd + h(ad — bc — d?) + h%ac,

cb = bc — h(ac + ¢d) , da = ad + h(ac — cd) — h*c?,

a;a = aa; , aib=ba; , ajc = ca; , a;d =do; ,

ajap = lip(ay, @z, ..., an41)

where 4,5,k = 1,2,...,n+ 1. A first degree binary form in the quantum vector x € Vecy(2) is as
defined in (3.11) with o, o} € K[Vecs(2)] ® K[Mats(2)] ® K[Poly} (2)]. A second degree binary form

is defined as
(3.15) Fi(x) = az? + 2a5yz + ajy?

where a}, a}, ajy € K[Vecy(2)] ® K[Mats(2)] ® K[Poly?(2)] and a third degree binary form is defined

by
(3.16) £3(x) = o} 23 + 3ahyz? + 3ahy’z + afy®

where of, a4, af, a} € K[Vec,(2)] ® K[Mats(2)] ® K[Poly}(2)].

Having defined binary forms in the quantum vectors x € Vec,(2) and x € Vecy(2), transformed
binary forms in the quantum vectors x’ = Mx , M € Mat, ,(2) and M € Matx(2), can now be
defined. Consider transformed binary forms induced by M € Mat, ,(2). Corresponding to f(x) in

(3.11) is

(3.17) f1(x) = a1z’ + 2y,
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to f2(x) in (3.12)
(3.18) fA(x') = a1z + (1 + pg)asz’y’ + asy’?,

and to f3(x) in (3.13)

(3.19) FP(x) = a1z + (1 + pg + p*¢*)azzy + (1 + pg + pP*¢*)asz’y’? + aqy/®.

Transformation equations for the coefficients of these binary forms are determined by requiring that
f"(Mx) = f*(x), n =1,2,3. Thus, using the relations in (3.10), substitution of equations (3.7)
into (3.17) gives

'
a] = mya; + myaog

(3.20)
ah = my1ay + maas
where
(3.21) my=a,mpz=c,my =%, myp=d

Substituting (3.7) into (3.18) yields

I
o) =m0y + Mi202 + Myzag
(3.22) ay = ma1a) + myzaz + mazaz

7
a3 = m3y0) + M3z + Mazas

where

myy = e?, mya = (1+ pglac, my3 = ¢’

(3.23) my =ab, myy; =ad+gqbe, maz=cd
m3; =%, ma; = (1 + pg)bd , mas = d°,
and substituting (3.7) into (3.19) yields

!
a) = myja) + mya0g + mizasz + Mmygag
/
ay = myyag + Moot + Ma3za3 + Mgy
(3.24)

!
a3 = ma ) + M3z + Maza3 + Magay

!
oy = myyay + Myaag + Myzag + Mmygay
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where

my=a®, myp=(14pg+p°e)a’c, mis=(1+pg+piact, my=c®

ma1 = a’b, mgy = a’d + ¢(1 + pg)abc, mas = (1 + pg)acd + ¢%bc? , may = *d
(3.25)
ma; = ab® , may = (1 + pg)abd + ¢*b%c, maz = ad® + q(1 + pg)bed , mayq = cd®

ma =5, me=(14pg+p°¢)?d, me=(1+pg+p°e’)hd*, me=d°.
Now consider transformed binary forms induced by M € Mat(2). Corresponding to f1(x) in

(3.11) is f1(x’) in (3.17), to f2(x) in (3.15)

(3.26) f2(x') = 12 + 2009’2’ + asy’?,

and to f3(x) in (3.16)

(3.27) f3(x'") = 12" + 302y 2 + 323y’ %z’ + cay®.

Transformation equations for the coefficients of these binary forms are determined again by requiring
that f"(Mx) = f*(x) , n = 1,2,3. Thus, using the relations in (3.14), substitution of equations

(3.7) into (3.17) gives once again (3.20) and (3.21). Substitution of (3.7) into (3.26) gives (3.22)

where

(3.28)
my =a?, mys = 2ac — 2he? my3 = c?
mq; = ab+ %h(az —ad + bc) — %h"’ac , Mgz = ad + be — 2hed — h%c? ma3 = cd + %hc2
may = b? + hab , m3z = 2bd + 2h(ad — d?) — 2h%cd , maz = d® + hed,

and substituting (3.7) into (3.27) yields (3.24) where
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my; = a®

mya = 3a’c — 6hac? + 6h%3

my3 = 3ac® — 6hc®

myg=c>

moy = a’b+ h(a3 —a’d+ abe) — h2a’%c

may = ad + 2abe + h(a%c — Sacd — be?) + h2(6¢%d — 4ac?) + 6h°c°

Moz = 2acd + be? + h(a02 - 6c2d) — 6R2%c°

msos = c*d + he

ma; = ab® + h(2a%b — abd + b%c) + h%(a® - 2a%d + ad?® — bed)
+ h3(2acd — 2a%c — be?) + 2h%ac?

(3.29)

maz = 2abd + b%c + h(3a%d — 3ad® + abc — 3bed) + h%(6cd? — Tacd — 2be?)
+ h3(12¢%d — 2ac?) + 6h%C°

maa = ad® + 2bed + h(3acd + be? — 6¢d?) + h%(ac? — 12¢%d) — 6h3C°

mas = cd® + 2he*d + h%3

may = b3 + 3hab® + h*(3ab — abd + b%c) + h3(ad? — a’d — abe — bed)
+ h*(2acd — a®c — be®) + 2h%ac?

mag = 3b2d + h(9abd — 6bd?) + h%(9a’d — 15ad® — 3bcd + 6d°)
+ h3(18¢d? — 15acd) + 18h*c*d

maz = 3bd? + h(6ad? + 3bcd ~ 6d°) + h?(6acd — 18cd?) — 18h3c*d

mas = d° + 3hed? + 3h2c%d.
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4. PROBLEM STATEMENT

The objective of this thesis is to detemine the relations in (3.9) for the algebras K{Polyj ,(2)]

and K[Poly}(2)], n = 1,2, 3. Specifically, it is desired to find the forms of the functions ;i so that
(4.1) ajop = ljp(ag, az,...,an41) = a;-a; = lig(al,ah, ..., 0041),

so that the commutation relations of K[Poly7 ,(2)] are invariant in form under the action of Maty ,(2)
and likewise for the commutation relations of K[Poly}(2)] under the action of Mat,(2). If possible
it is also desired that the commutation relations be such that K[Polyy ,(2)] and K[Poly}(2)] satisfy
PBW property. Each commutation relation must have homogeneous grading, i.e., in each relation
the gradings of all product terms appearing in that relation must be equal.

We now introduce gradings by assigning to each of the generators of the algebras K[Vec,(2)] ®
K[Mat, ,(2)] ® K[Polyj ,(2)] and K[Vecx(2)] ® K[Mat(2)] ® K[Poly}(2)] an element of Z @ Z. The
reason for introducing gradings is to reduce the number of free parameters in the set of all possible
commutation relations. To each of the components of the quantum vectors, x € Vec,(2) and

x € Vecy(2), we assign the following gradings:
(4.2) [z] = (1,0), |y| = (0,1).

From the transformation equations (3.7) it follows that
|='| = laz| = |a| + |2] = |by| = [b] + |y| = (1,0)

(4.3)
ly'| = lez| = |e| + |z| = |dy| = |d] + ly| = (0, 1)

and the following gradings are uniquely induced on the components of the quantum matricies M €

Mat, ,(2) and M € Mat,(2):
(44) lal = (0,0), Jb| = (1,-1), |el = (-1,1), |d| = (0,0).

Thus the action of M preserves the gradings of the components of x. Since the gradings of the
product terms in the binary forms must be homogeneous the gradings of the components of x and
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x’ uniquely induce gradings on the coefficients of the binary forms. From (4.2) and (4.3) it follows
immediately that the action of M preserves the gradings of the coefficients of the binary forms.
Consider first the algebras K[Poly? ,(2)] under the action of Mat, ,(2). For K[Poly, ,(2)] we

assign to the generators the ordering
(45) ag < oy
and from (4.3), (3.17) we assign the gradings
(4.6) || = (0,1) , |ea] = (1,0).
Thus
lafl = lea] + lea] = (0,2)
(4.7) lara] = |azen| = |oa| + e2| = (1,1)

lag] = laz| + |az| = (2,0).
From (4.5) and (4.7) it follows that the most general quadratic relation satisfying the requirements

stated in (3.9) and having homogeneous grading is

(4.8) a1a2 = zopag
where 2z € K. From (4.1) the transformed relation is
(4.9) ajay = zahal.

Substituting (3.20) into (4.9), use of (4.8) and the relations in (3.10) yields the following three

equations for the scalar z:

al L MmMiIimo)] = Zmoimyg
(4.10) : + =z? +
. Qo(ry 1 ZM M2z + M2M2) = 2 M21My2 + 2M22My)
Qp @ Myi2M22 = ZM22M)2.

For K[Poly? ,(2)] the we order the generators as

(4.11) a3 <oy <
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and from (4.3), (3.18) we fix the gradings
(412) Iali = (0)2) ) |02| = (ly 1) ) la3| = (2,0)
Thus
el = laa] + Jaa| = (0,4)
laraz| = |azay| = |ar| + Jaz| = (1,3)
lonag| = asan| = |aa| + |aa| = (2,2)
(4.13)
o3| = Jea] + o] = (2,2)
lazas| = |asas| = |az| + |as] = (3,1)
3| = laa] + Jas| = (4,0).
From (4.11) and (4.13) it follows that the form of the commutation relations satisfying the require-
ments of (3.9) and having homogeneous grading is
10 = 2120
(414) a3 = 220301 + 230%
¥z = 24302
where zy, 29, 23,24 € K. From (4.1) the transformed relations are
ajah = 71050
(4.15) afah = 23050 + 2308}
asah = 240500,
Substituting (3.22) into (4.15), use of (4.14) and the relations in (3.10) yields eighteen equations for
the scalars 2y, 29, 23, z4. The eighteen equations are listed in (A.1)-(A.3) in the Appendix.

For K[Poly3 ,(2)] we order the generators as
(4.16) as<aoz<oz<a;
and from (4.3), (3.19) we fix the gradings

(4.17) laaf = (0,3), lazl = (1,2), |as| = (2,1) , lexa| = (3,0).
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Thus
ol = lea] + Jeu| = (0,6)
laraz| = fozas| = |oq| + |az| = (1,5)
laras| = Jazai| = |on| + |as| = (2,4)
laay| = Jagen| = |aa| + |as} = (3,3)
log] = |az} + laz| = (2,4)
(4.18)
lazas| = |azaz| = |az| + |as| = (3,3)
lazas| = |asae| = |az| + |as| = (4,2)
lo3] = laal + las| = (4,2)
lasas| = |asos| = |as| + |eq] = (5,1)
o] = laa| + las] = (6,0).
From (4.16) and (4.18) it follows that the form of the commutation relations satisfying the require-
ments of (3.9) and having homogeneous grading is
ajaz = 21020
ay03 = 290307 + z;;a%

Q14 = 24Q40) + 250302

(4.19)
Q203 = 260302 + 27040
oty = 2800402 + zga;‘;
a3zlg = 2100403.
where 2; € K, i=1,2,...,10. From (4.1) the transformed relations are
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[ v}
0102—210201

ool = z0hal + 230}

' ' I,
Q10 = 240,07 + 25030,

(4.20)
ahaly = zeayan, + 27040

ahal = zgalahy + 29077

agay = zj00405.
Substitution of (3.24) into (4.20), use of (4.19) and the relations in (3.10) yields sixty equations for
the scalars 2;, i =1,2,...,10. The sixty equations are listed in (A.4)-(A.9) in the Appendix.

Now consider the algebras K[Poly}(2)] under the action of Mats(2). The scalar h € K is

assigned the grading

(4.21) [h] = (1,-1).
For K[Poly} (2)] we assign to the generators the ordering
(4.22) a1 < ay

and the gradings given in (4.6). It follows from (3.9), (4.21), (4.7) and (4.22) that the desired form

of the commutation relation is

(4.28) @y = 210109 + hzgaf
where z;, 25 € K. From (4.1) the transformed relation is then
(4.24) aha = 100 + hzoll.

Substitution of (3.20) into (4.24), use of (4.23) and the relations in (3.14) yields three equations for

the scalars 2y, zo:

2, _ 2 2.2
oy : maimyy + hzamaamyy = zymyymyy + hzyzamiamay + hzami + h%22miamy,
) _ 2
(4.25) aiag @ Maimyz + z21Moamyy = 21My Mg + 2y MMy + hzamyymys 4 hzyzamiamy,

2 . _ 2
ay @ Moamyz = zyMyamaa + hzemi,.
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For K[Poly2(2)] we order the generators as

(4.26) o <oy < a3

and by (4.3), (3.26) the gradings are as given in (4.12). It follows from (3.9), (4.21), (4.13) and
(4.26) that the desired form of the commutation relations is
s = 21001009 + hzza';’

(4.27) azog = zsag + 240103 + hzsogag + h2z6af

azaz = 270203 + h(zga? + 290103) + 22100109 + h3 21107
where z; € K, i=1,2,...,11. From (4.1) the transformed relations are
aho! = z1alab + hzoal?

(4.28) aha = 230 + 240} af + hzsalal + h?zsal?

ahah = z7ahal + h(z80 + z90al) + h?210a) 0 + h3211af.
Substituting (3.22) into (4.28), use of (4.27) and the relations in (3.14) yields eighteen equations for

the scalars z; , i=1,2,...,11. The eighteen equations are listed in (A.10)-(A.12) in the Appendix.

For K[Poly3(2)] we order the generators as
(4.29) o) < az < az <oy

and by (4.3), (3.27) the gradings are as given in (4.17). It follows from (3.9), (4.21), (4.18) and
(4.29) that the desired form of the commutation relations is
a0 = 210109 + hzzozf

2 2, 2
azay = z305 + z40p03 + hzsaras + hezgof

a4y = Z70pa3 + zZgojag + h(29a§ + z10a1a3) + h2z11a1a2 + hazlgaf

@3az = 2130203 + 2140104 + h(21503 + z160103) + A2 z1700 0 + B32180

(4.30)
Q402 = 21903 + 2000004 + h(2210203 + 2200104) + W% (22303 + 22401 03)

+ k32350109 + hi22603

— 2 2 3 2
03 = 2370304 + h(22805 + 2290004) + h*(2300203 + 2310104) + h*(23205 + 233001 03)

4 5
+ htzz40109 + h° 23508
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where z; €K, i=1,2,...,35. From (4.1) the transformed relations are
ahal = z1a)ab + hzpof?
aho) = 230 + 2400l + hzsalaly + hzgal?

oya = z7ahaly + 2oy + k(290 + 2100 aly) + hPzy1adal + k321007

' r IV 2 1 2 1 3 2
ajas = 2130505 + 215070y + h(z1505 + 216a)a3) + h*z1700 a5 + h°21807

4.
b ahahy = 219082 + 2900%a)y + h(221050% + 22204 0%) + h? (2230 + 2240 0%)
+ h3z95a) 0y + hizz6a)?
alaly = zy70l0ly + h(z080F + z290hal) + h¥(z3pahal + 23104 ah) + h3 (2320 + 2330 Q%)
+ hizagaf ol + B 23502,
Substituting (3.24) into (4.31), using (4.30) and the relations in (3.14) yields sixty equations for the
scalars z; , i = 1,2,...,35. The sixty equations are listed in (A.13)-(A.18) in the Appendix.
The equations in (4.10), (A.1)-(A.3), (A.4)-(A.9), (4.25), (A.10)-(A.12), (A.13)-(A.18) can now
be used to solve for the unknown scalar coefficients and thus determine the relations for X[Poly7 ,(2)]

and K[Poly?(2)], n = 1,2,3. ‘
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5. REsuLTs

Substitution of (3.21) into equations (4.10), use of the relations in (3.10) and solving gives
(5.1) z=p L
Therefore the presentation of K[Poly; ,(2)] is
(5.2) IC[Poly;’p(2)] ={a1,az | ey = p~lazay ).

Substitution of (3.23) into equations (A.1)-(A.3), use of the relations in (3.10) and solving gives

(53) 2 = p-2 , 2 = p—2q2 s 23 = p—l(l - p2q2) y 24 = P—2~

Therefore the presentation of K[Poly? /(2)] is
g
o102 =p "2y,
(5.4) K[Polyg’p(Q)] = < ay,a0,a3 | eyaz =p~2¢laza; + p~1(1 = p?¢?)e?, > .
=2
Qa3 =p “az;

Substitution of (3.25) into equations (A.4)-(A.9) , use of the relations in (3.10) and solving gives

a=p"%, 2=p7%", 3 =p 2(1-p°¢%)
o P00 pet e 07T pT M- PP)(1 4 pe+ PP
(5.5) 1+pg ’ 1+ pg
g = P04 patp%) - ¢ o P02~ 1)
14 pg ’ 1+ pg

2s=p7%3, 2=p"(1-p¢), zo=p"2

Thus the presentation of K[Poly] ,(2)] is
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(5.6)

araz = p~2aza;, era3 = p~3¢Paza; + p3(1 - p’¢®)ad

-643(1 + pq + p2q?) — p~7q?
am:(p ¢°( pg+§q4) p q)am1
—41_ 331 2.2
+(p (1-p2¢%)( +pq+pq))asa2,
1+ pg

K[POIy:;,p(2)] = < Qay, 2, (3,04

-3 2,2y __ .3 >
a2a3=(p (1+pg+p°¢°) q)aw2
1+ pq

-6 .2
P °d*(pg—1)
+ (—l+pq )0401,

azay = p 3¢%auar + p (1 - p°¢®)e} , azas =pla4as

Substitution of (3.21) into equations (4.25), use of the relations in (3.14) and solving gives
(5.7) zn1=1,2=1.
Therefore the presentation of K[Poly}(2)] is
(5.8) K[Poly;(2)] = ( e1,02 | aza; = araz + hal ).

Substitution of (3.28) into equations (A.10)-(A.12), use of the relations in (3.14) and solving gives
(5.9)

2121,22=2,23=0,2421,Z5=4,26=6,Z7=1,28:—‘0,2922,210:2,211:3.

Thus the presetation of K[Poly?(2)] is
az0q = ajag + 2ha?

(5.10) K[Poly%(2)] = < Q1,a9,a3 | aza; = ajaz + 4hajas + 6h2af , > .
azay = asas + 2hajas + 2h%aqa0 + 3/1301%7

Substitution of (3.29) into equations (A.13)-(A.18), use of the relations in (3.14) and solving gives
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(5.11)

z1=1,20=3,23=0,24=1,25=6,26=12,27=0,28=1,29=0, 20=9,
211 =36, 212 =60, 213=1,214=0,215=2,216=1,217=2,z]3=4,219:0,z20=1‘
7221=3,222=3,203=6,224=9, 2235 =24, 206 =36, z37=1, 228 =3, 299=6, 230 =0,

231 =12, 239 = 18 | 233 =6, 234 = 36, 235 = 48.

Thus the presentation of K[Poly3(2)] is

ara; = oy + 3haf ,

aza; = ayaz + 6hajas + 12h2(1? ,

oz = ayag + Shoyas + 36h2a1a2 + 60h30f ,
azen = azasz + h(2a3 + ayo3) + 2h%a a0 + 4h3a? |

(512) K[P01y2(2)] = < ay, 2, 03, 04 >
asa; = agaq + h(3aza3 + 30q04) + A% (602 + 9a;a3)

+ 24h%ajay + 36h%a? ,

o403 = 3oy + h(6azay — 303) + 12h%0) 04

+ h3(1803 + 6a1a3) + 36h%a a; + 48h%a?

Many of the equations listed in the Appendix are very complicated. These equations can be
simplified as follows. By setting the component ¢ in the quantum matrix M to zero the relations
in (3.10), (3.14) and the transformation components in (3.23), (3.25), (3.28), (3.29) are simplified,
thus, simplifying the equations in the Appendix. The commutation relations in (5.4), (5.6), (5.10),
(5.12) were obtained by setting ¢ = 0 and solving the simplifed equations in (A.1)-(A.3), (A.4)-
(A.9), (A.10)-(A.12), (A.13)-(A.18), respectively, for the unknown scalar coefficients. The solutions
for the scalar coefficients were then substituted back into the origional equations with ¢ # 0 to
check that they hold true for all quantum matricies M. These equations were checked on a personal
computer using the symbolic computation program Mathematica version 2.2. Unfortunately due to
technical problems involving computer memory it was not possible to check all of the equations in
(A.15)-(A.18).
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6. CONCLUSIONS

Applying the Diamond Lemma to (5.2) it is concluded that K[Poly; ,(2)] satisfies PBW property.
Thus, the commutation relation of K[Poly] ,(2)] is invariant in form under the action of M €
Mat,;(2) and has homogeneous grading, and K[Poly, ,(2)] satisfies PBW property. Using the

relations in (5.4) it follows that there exist final reduction sequences R, R’ such that
(6.1) R(Ilz(al, Qo, 03)03) = R’(allza(al , 2, 03)).

Therefore, by the Diamond Lemma K[Po]yg'p(2)] satisfies PBW property. Thus, the commutation
relations of K{Poly2 ,(2)] are invariant in form under the action of M € Mat, ,(2) and have homo-
geneous grading, and K[Poly? ,(2)] satisfies PBW property. Using the relations in (5.6) it follows
that there exist final reduction sequences R;, R}, i =1,2,3,4,such that

Ri(h2(a1, az, a3, as)az) = Ri(aila(ay, ez, a3, as))

Ra(lia(ay, a2, a3, as)as) = Roy(arlya(a, az, as, as))
(6.2)

Ra(lis(a1, a2, a3, as)as) = R3(arlas(ay, oz, as, as))

Ra(las(ay, a2, a3, as)as) = Ry(aslzs(a, az, a3, a4))

if and only if the following condition holds:

—4(1 — 343 2 2y,-6,2 _
(6.3) R (1 -p°¢°) (14 pg+p°¢°) p~°¢*(pg 1)=0
1+ pq 1+ pg

This condition implies that p = g=*. Therefore, by the Diamond Lemma K[Poly3 (2)] satisfies PBW

1

property if and only if p = ¢~!. Thus, the commutation relations of IC[Poly‘;’)p(2)] are invariant in

form under the action of M € Mat, ,(2) and have homogeneous grading, and K[Poly] ,(2)] satisfies
PBW property if and only if p = ¢ 1.

Applying the Diamond Lemma to (5.8) it is concluded that K[Poly} (2)] satisfies PBW property.
Thus, the commutation relation of K[Polyl (2)] is invariant in form under the action of M € Mat(2)

and has homogeneous grading, and K[Poly} (2)] satisfies PBW property. Using the relations in (5.10)
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it follows that there exist final reduction sequences R, R’ such that

(6.4) R(lsa(ay, a2, a3)ay) = R'(aslyi(oy, az, a3)).

Therefore, by the Diamond Lemma K[Poly2(2)] satisfies PBW property. Thus, the commutation
relations of K[Poly?(2)] are invariant in form under the action of M € Matx(2) and have homoge-
neous grading, and K[Poly2(2)] satisfies PBW property. Using the relations in (5.12) it follows that
there exist final reduction sequences R;, R}, i = 1,2, 3,4, such that

Ri(l32(ay, a3, a3, ag)ar) = Ri(aslyi(ay, az, a3, as))

Rao(lgz(ar, ag, a3, ag)a;) = Ry(agla(ay, oz, a3, a4))
(6.5)
R3(lya(o, a2, a3, aq)a;) = Ry(aslsi(ay, a2, a3, a4))

Ry(laz(a1, @2, a3, as)az) = Ry(aslsz(ar, a2, a3, a4)).
Therefore, by the Diamond Lemma K[Poly3(2)] satisfies PBW property. Thus, the commutation re-
lations of K[Poly3(2)] are invariant in form under the action of M € Mat;(2) and have homogeneous

grading, and K[Poly; (2)] satisfies PBW property.
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APPENDIX

o )
ajay = zja,0)

(A.1)
0? FM M2y = Zmagmy,
a0y :zymymgs + migmay = zimamys + 2ympmy,
aza; :zpmymaz + myzmo = z129mamg3 + zymagmyy
@y :2z3my Moz + MigMma = 2)23Ma M3 + 21MoeMmy2

azay :zgmiamaz + Mmizmoy = z124mam 3 + 21Mmo3my2

Gz :My3M23 = 2)M23M3
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o 1t 2
a a3 = zyaza; + 230

(A2)
2. _ 2
aj :myma; = zamamy + 23my,
aza) : zymyma + miama) = z12emamye + 22maemy + Z123moaMmas + 23maemay
azay :zamym +mm=zzm + mi1 + zaz3mamaz + 23maozm
3Qy : 22mMm)M33 1331 2M31M13 T 22M33my 223Mm21M23 3M23M2y
2. _ 2 2
aj :z3mymaz + myzmaz = 2223m31 Mz + 2amgamiz + 23Mmaimas + 23ma,

a3yt z4myamaz + Mmiamag = 2224m3amy3 + 2amazmag + 23zsmamas + 23mazmo;

2. — 2
a3 :my3maz = 2aMa3mys + 23mag
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P v
Qay = 24030,

(A3)
03 FM2iM3) = 24M3 M2y
Q2@ 1 z1Mg M3z + MMz = 2324ma Moz + 24M3amy
Q3a) :zaMg mas + Magmay = 2224M31Mas + 24M33myy
@} :z3mams + mogmay = z3zemaimas + zgmagmag
azay i zgMapmss + Masmaz = z2magmas + zgmaamag

2, =
@3 1 M23M33 = 24M33M23
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[ r s
aiag, = 2150,

ay 1M mz = Zmamyy
. _ .2
azay zymymaz + myama; = zimymyz + z21moemy
azay :zamymoz + mizma = z12omoymy3 + 2ymaamy

aqay P zgmymag + 2ymagmes + mygmoy = 2124mamyg + 2127Mmeemy3 + 21Mmaamyy

R
~

D zzmymos + maamar = 2123momg3 + 21Mgamy

azay :zymymog t+ zemyamas + mygmar = z12smaymyyg + 2126M22M3 + 21Mo3My2

agay 1 2gMi2Mag + MgMmaz = Z12gMoemyy + 21Mogm2

R
)

P zgmaoamog + Miamey = 2129Mazmag + 21Mozmas

agay :zipMy3maog + MigMaz = 21210M23Mag + 21mogmg3

Qg 1M Moy = Z3MyMyy
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o ot 12
ayaz = 23030, + 2305

(A.5)
a?:m = + 2
1 -Muma = 2ma My T 23My,
azay t zymymaz + MygMmay = zi2emgmag + 2emaamyy + z32amamar + 23maamag
: =23 + +
azay : zamymaz+ mygmgy = zgma My + zamaamyy + z223ma Moz + 23mazmy,
aga) i zgmy Mg + 2rmizmas + migma
=z2z4mz M4 + 2227maemy3 + 22maamny + 2324MmoMmag + 2327Maamas + 23mpgmy,y
2, _ 2 2
a3z :z3mymaz + migmaz = 2223M31ma3 + 2amaemy2 + 25ma1maos + 23Mm,
azay : zsmyymag + 26m2mas + mgmas
=z2z5mg Mg + 2226Maami3 + 22Ma3myg + 232sM1Mag + 23zemrmas + 23Mm3mar
agay : zgMmiaMmag + MigMmaz = 2228M32myg + 29Mmagm2 + 232gMoamay + 23M2gMa2
2, _ 2
a3 :zgmigmaq + mizma3 = 2229Mm3amg + 2em3amiz + 2329Mmaamag + 23ma;
agag : zom3mag + MigMaz = 22210M33Miq + 22Magmys + 23210M23M2g + 23M2ama3
2. _ 2
Qg I Migmag = zyMamyg + 23Mmyy
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o ) "t
ayay = 2404a, + zgaza;,

(A.6)

X

aza,

aza;

aqay

azaz

ayqaz

agagz

tmmy = zgmgmyy + zgmaima

Pzymymye + Miamyy = 2124MmaMaz + 2gmeemyy + 2125ma Moz + Zgmaama
Dzamy Mgz + MaMmy = 224mg M3+ Zgmysm + 2225Mma Mz + zsmasmay
PzamyMag + zempamys + mygmg

=z23mamig + 24zrmgamyy + z4megmyy + zezsmaimog + 25zymagmas + zsmagmyy
D z3myymygs + miamyz = 2324mmas + 24mgamie + 2325ma Mo + 2smamag2

P zgmyimyg + 2emygmyes + mizmygo

=242smg1 Mg + 2426Mmazm s + 24Magmyz + 2ima Mo + 252emaamos + 2smazmag
D zgmoMmyag + MygMmyy = 2428Mgomgg T 24Mgemi2 + 252gMmaamag + 25M3zema

D 2gMomgg + Myzmyz = 2429Mygamg + 29Mg3ma3 + 25zomazamag + 2sma3mas

1210 3Mgq + MgMa3 = 24210Ma3Myg + 24myggmyz + 25210Mazmag + 25mgamas

2, —
IMygMyy = 24Myegmag + 25MagMay

40



ahay = zgayal + z7a4a)

(A7)

a? I maiMm3 = ZeM31 M2 + 27Meymy
azay :zymaimag + magmsy = 2126mamag + zZeMaamay + 2123Ma My + 2rMmeamn
30y zymayma3 + Mmaamay = 2226M31Mas + 26Mazmar + 2227m M3 + MMy

aqay t zgmagmay + zymogmas + magmy,

Z4Zemamag + 2621MazMmas + 2eMagmay + Zazrmamyg + 2imgms + Zymemy
a3z 1 z3mamaz + maamaz = z326Mm31Mm23 + 2eMmazmaz + 232mgmyz + 2emgaMmy2
azay :zymoimag + 2emazmaz + mogmae
Sz5zema1Mag + 2aMaamas + 26Mazmaz + 2521Mmg Mg + ZezrMazmis + 27Mgzm2
agay :2gMaamag + MyMa2 = 2628M32Maq + 26MaaMaz + 2728Ma2Myy + 27Mygmy2
a? @ zgmayamag + mogmys = 2629M3aMayg + ZeMaamas + Z72eMaamyy + ZrMgzmas
@qa3 :zjoM23Mmag + MaaM33 = 26210M33M24 + 26M3qMa3 + 27210M43M g + Z7Mggam3

2, _
Qy I MogMay = 2eM34Mog + 27MgeMiyg
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ahal, = 2gaay + 29alf

(A.8)
03 P moimy = zgmama + nggl
aza) :zyma Mgz + maamyg = 212smymae + 2gmama + 2129Mma1Mma2 + 29Mmaama,
aza) : 2am21My3 + Mmasmy = 2228Mamas + 2gmyama + 22z9maimaz + zomaamsa,
agay :zgma Mgy + zymaemys + mogmy
=2z42gMg1May + 2728Myamas + zeMegmar + 2429Mma1may + 2729Mazmas + 29Mmagmnay
0% t 23maoimy3 + Mmoamyz = 2328Mq M3 + zgMyamoz + 2azemaz mas + Z9m§2
azay : zsMma Mg + 26Mazmas + moamy:
=z5zgmy Mg + 2628Ma2Mz3 + 28M4a3Ma2 + 2529M31Mag + 2629Ma2™ma3 + 29MazMa2
a4z 2gMaaMag + MogMa = 22MaaMaq + ZeMaamaz + 282M32may + ZoMmaamay
@2 : zgmoymyy + mosmys = 2g29maamay + zgMmyzmos + ngszmm + zgm2,
@403 210M23Myq + MogMys = 25210M43M24 + 28MegMas + 29210M33M3g + 29m3agmas

2, — 2
Qy I MagMyy = 2gMeqMoag + 2omy,
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oo 1t
azay = zjpa4ag

(A.9)

@) M3 1My = Z10M41M31
azay :z1M31Man + Maamygy = z120m M3z + 210Ma2Ma
a3ay :zamamy3 + mazmyy = 23210Mmamas + 210Me3ma;

a0y 24y Mg + 29M3aMys + Magmyy = 24210M41™M34 + 27210M42M33 + 210M4eamay

R
~

: 23m31my3 + MaaMyz = 23210Mq1M33 + z10Mme2maz

azay :zsm3Mag + 26M32mys + MazMmyr = 25210Mq1M3q + 26Z10Ma2M33 + 210Ma3M32

aqay :2gMagmyg + MagMmys = 28210MeaM34 + 210M4aMa2

R
A

P 2gM3amgg + Mazmy3 = 29210Mg2M34 + 210Ma3M33

. _ .2
agQa3 1 210M33Myg + MaaMyz = 2jgMy3Mmag + 210M4aMas

R
-

FM3aMyg = 210Mg4MM34
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’r [P 2
aya) = z1@ 0, + hzyay

(A.10)
a2 i moymyy + hzgmagemy, + h22zemoamy; + A3z masmy
=zymymy + hzizomiamay + h2zizgmizmag, + A3z migmag + hzomd, + h¥2dmyamy,
+h3zaz6myzmy; + hfzaziimiam,
ajaz i mymip + zymaemy + hzsmagmyy + h¥zomaamy
=zymy map + 2imigmay + hzyzgmygmaey + h¥21zi0maamae + hzamyymas + hzizamyamy
+h2zzz5myamyy + h322210my3ms
ajaz : moymyz + zq4mazmyy + hzgmozm o
=zymymgs + 2124maama + hzizgmasmag + hagmyymag + hzazgmizmyy + h3zazgmizm s
a% I Moamyg + z3mozmyy + h2zgmazm 2
=z1myomag + z123my3may + hzyzemyzmag + hzgm?, + hzgzzmyamyy + h2zazamizmyy
azaz MMy + 2yMmaamyz = z2;Mm Mo + 2129myamag + hzamyamgg + hzezimazmy,

2, — 2
a3 :mazmyz = zymzmoz + hzymy,
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2
ayal = 230 + 2400} + hzgalial + h¥zgaf]

(A.11)

2
o)

a)az

aag

Q03

2
a3

tmaimyy + hzgmaamiy + h2zemazmyy + h32y mazma,

=z3m3; + hzazamapma + hP23zemasmay + h3z3z1imaaman + zgmumay + hzzzgmigma
+hZz4z6mizmay + h3zgz1imazmas + hzsmumay + h3zpzsmiomay + h3z5zemizmay + hizszy mazma
+h2zem?, + h3z326miamyy + hi2kmiamy, + RP2ezimismys

tmaymyz + 2ymagmyy + hzgmamyy + h¥zyomaamyg

=z3maimas + z123meemyy + hzazsmazmay + hizaziomasmas + zgmumaz + 2124mizma
+hzyzgmyamay + h2z4z10miamas + hzsmyymas + hzyzgmygma, + h222magmay + h3z5210misman
+hZzgmy mag + K2z 2emiamy; + hizszemagmyy + hizgziomaamaz

tmzymg3 + zg4mazmyy + hzgmaamge

=z3moymys + 2324moamay + hzazgmasmas + 24miyimas + z2migma; + hzazomiamas

2 3
+hzgmyymos + hagzsmaazmay + hizyzgmizman + h2zemyimys + h2zezemiamu + hzezemizmyg

2.,
: m3gmaz + 23maamyy + hzgmazmye

o2 2
=z3m3, + zimazmay + hzzzgmaama; + zgmyamaz + 2324m 3mar + hzgzgmizmse
2 2, .2 2 3
+hzgmigmas + hzzzsmizmay + h z52gmysmag + h%zemi, + hzazemazmy; + b 2628miamiaa
t mzamyz + 2ymazmy2
=z3maamas + z3zrmosmoz + 24myamas + 2429mazmsz + h2aymiamos + hzgzymyama:
2 2
+h zZeM 1213 + h 227M 1312

. _ 2 2, .2
P mazmyz = 23may + 24miamas + hzsmigmos + A zemis
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ahaly = zrahely + h(zgad + zga’al) + h2zj00)a) + h3zy 0

(A.12)

2
oy

aoz

ayag

Qa3

2
as

. 2 3
tmaymay + hzamzema + hzgmazman + R znimazman
_ 2 3 2 2
=zymoimg; + hzazrmaamay + h ze29magma) + h27z1 moama + hzgmyy + A 2zgmamn
+h32628mazmay + hizgz masmas + hagmyymsy + hZzaz9miamay + h3zezemismay + h¥zez11m13man
+h? +h? + At +h® + k32 m}, + bt

Zjomnm2 22z10M12Mm2 26Z10M313M2) 210%11M13M22 211Mmy, 2221M2M )y
+h° N

26211M13M11 ESPRUSF LIV
. 2
:m3imap + z1maema; + hzsmazmay + R 2i0maamar
- 2
=zymoimaz + 2129Moamay + hzszymazmay + h zyzi0maamaz + hzgmaymag + hzizgmasma,
+h2zyzgmagmay + h32gz10masmay + hzgmyymas + hz1zemiamay + h2zgzemigmsy + h3zez10m1ama;
+h2 B2 % B2 + B3 e

zyomnmaz + h°z1z10mi2ma + A z5210magmar + T zomaamae 21MmMmy2 21Z11M12Myy

4 3
+h%25z1ymizmyy + A7 210211m13ma2
tmgimas + z4mazmay + hzgmaama;
_ 2
=27maymaz + 2427ma3msy + hzrzemazmas + h2amaymos + hzgzgmazmay + h zz9maamar
2 2 2 3

+‘hagmyymas + hzazemyzmay + h222my3mag + h2z10myimas + h2z4210m13man + K292 0my3ma;

3 3 4
+h%zyymymas + A z4zyymasmy + R zez1imaamy

2,
: maamag + 23mazmay + hzgmazmae

=23moamaz + 2327ma3ma; + hzrzgmasmyy + hzgm2, + hazzgmazma, + hizkmazma,
2 2 2 3
+hzgmamas + hz3zgmiama; + h*zgzgmizmas + b ziomiamaz + A 23z10ma3ma; + h¥2g2z10m13ma:
A3 2 4 p3 Y
+h7zymi, 23211M13M 1 28211M13M )12
t mgamoz + 2ymazman
=zymagmays + 23maamas + hzgmaamag + hzyzgmasma; + hzomyamas + harzemizms;
+h? +h? +h® +h3
210M12M23 272307 13M22 Z)1Mmy2m;3 27Z11M13M12

t mgamoz = zyMmozmiaz + hzsmga + hzgmyzmas + hzzlomlsmzs + h3zum33
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r_t [
ajal = zjaah + hzzal?

(A.13)
af : mymyy + hzamaamy, + h2zgmagmy, + h3z18mo3myz + h3210magmyy + h4zoemagmys + hBzasmogmy;
=zympma; + hzizomigmyy + h2zy2gmi3may + h321218m3mag + h32y213my gmay + hizyz0smamny
+h%21235m 4mas + hzgm?) + h223miamy, + h3202myamyy + h¥2az18my3maz + hizozymgm 1
+h®2206m14m 12 + hO22235m 1 4m s
1@z i maymyz + 2imagmyy + hzymasmyy + h2zizmaamig + b2z maemy; + h3zsmaemg + Atzamagms
=zimuma; + 2imagma + hzyzgmigma + k32 z1myamas + h22y 2y myemay + k32 205mygmag
+h¥21234mgmas + hzamyymyg + hzyzamygmyy + h2zazgmyamy; + R3zoz13my3mag + 3202y mygmy,
+hizpzpgmigmyg + hozpz54m amyy
@jag : maymyz + z4moamay + h2yeMmaamyg + hzyomagmyy + hZ22gmagmag + h3235maems
=2mymogy + 2124myamy; + hzy216mizmas + hzyziomismay + h3zy204m amag + h32y233m 4mos
+hzgmimiy + haazemismyy + hzaz16mi3mas + h223210maamyy + h320204m pam s + hizazggmygmy;
ajay : maymyg + zygmozmyg + 28magmyy + hzgemagmyz + hzzymagmy;
=zimimag + 21214Mm1amae + 21 28Mmigman + hzyzeamagmar + hizzgymygmos + hzgmymyg
+hzaziamiamy; + h2azgmygmay + h2zp200mamyn + R32p23,my4m s
aj i mpmyg + za3magmyy + hzysmogmyg + hzemogmy, + hizp3maamiz + h3255maemy3
=zymigmoy + 2123myamay + hzyz1smazmas + hzyzomyemay + h2zy203my gmog + h321230m gmgs
+hzami, + hzgzgmigmyy + hlzazismazmyg + h2zpzomygmy, + R32p203mygm iz + hb2235m gm 3
@203 : mpmy3 + zamgmyg + zymaemyy + hzymagmys + hlzgemagmys
=z1miamas + 21213M13Ma2 + 21 29Mamg + hzizaymyemay + Az z30my gmas + hzymygmys
thzazizmaamyg + hzazemygmyy + hZz2291myemyg + h32p230m emys
20y MMy + z0moqmyg + Rzogmaogmys
=21miamag + z1220m1gmoy + hz1220m1amas + hzamagmyg + hzazoomygmga + h2zaz09myam;
af : masmys + 219magm s + haggmagmyg
=z1m13ma3 + z1210M1am oy + hzy28mygmas + hzamls + hzazigmaamag + h22z0mygmyy
azag I ma3myg + 227Mogmi3 = 21myzmaq + 21221Magmas + hzamaamyg + hzazarmgam;

2, — 2
Qg iMmymiy = 2ymamag + hzomi,
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2
ahe!, = 230 + 2400l + hzgalal + h¥zea

(A.14)

2

@y

aaz

a,ag

a,ay

tmaimyy + hzamaomyy + h2zemazmyy + h3zigmagmyz + h3z1amagmiy + htzaemaamas + AP zzsmaemis
=z3m3, + hzazamaemay + h2zazemagma, + h323z18mosmas + h323210maema + hz3z26maema
+h523235maumas + zgmyyimay + hzazgmiamay + h2zgzemizma; + h324z18masmas + h324z12mi4may
+hizgzosmaamaz + hP2azzsmaigmas + hzgmyima, + h2zpzgmiamay + h3zyzemiamay + h¥zsziemiaman
+hizyzimiamay + P zszaemagmas + hO25235myamas + hPzem?; + h3z2zemiamyy + h2dmygmyy
+hPzgz18my3myg + hPzeziomygmyy + hO2e26maam iz + KT z623sm1amis

tmaymyg + zimagmyy + hagmagmyy + h2zirmaamyg + h2zimagmiy + A3 zasmaemaz + hfzamagmag
=zamaymay + 2)23magmay + hzazsmagma, + h223z1rmosmag + h22321maemay + h3zszasmagman
+hi2234magmag + zamyymag + 2124magmay + hzazsmaama, + hizgzizmazmas + hzezimagma,
+h3z4205myqmag + hiz4z34mygmas + hzsmyymop + hzyzemizmay + h2zfmiamar + h3z5217m 3ma;
+h325201m14ma + h4zg205maamas + hP2gzaemyamas + h2zemyymyz + h2z12zemuamyy + K 25zemsmn
+hizezirmaamyz + hizezyymugmyy + hPzgzasmigm s + hO26za4migms

T maimys + 2gmaamay + hzieMmazmag + hziomaamiy + hZzogmasmaz + hPzasmagms

=zymaimas + 23z4masmay + hazziemasmas + hzaziomaemay + hiz3z24masma; + h23253maamas
+zgmiimas + 23myamay + hzazigmigmas + hzeziomiamsy + hZzgzaemagmss + h3z4233mygmas
+hzgmymay + hzgzsmigmay + hlzsziemiamen + h22sziomiaman + hPzszaamiaman + hizgzzam i gmas
+h3zgmyymyz + h22gzemyzmy + h3zeziemysmya + h3zgziomiamyy + hizezaamagmys + hPzgzaamigmis
T maimyg + 214masmyg + 2emagmyy + hzzemaamas + hizzmamas

=23mg1 Mg + 23214M23Man + 2328Moama; + hz3zaamoeman + h2zgzsimaamas + zemymag
+24214M13m32 + 2428m1ama; + hzgzoamigmaz + hlzgzaimagmas + hzgmyymag + hzszigmaiama;
+hzszgmigmy; + hi2s200migmon + h32s25m14mas + hizgmy myg + 2 zgzimagmig + hPzezgmigmyy

3
+h326z00m1amyg + h¥z6z31m1am 3
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2
ay

az2a3

a0y

azay

2
oy

tmagmiz + z3masmyy + hzismagmig + hagmagmyy + h2223magm + h323maems

2 2 2 3
=23m3, + z3magmo) + h2gzismaamor + hzazemagma) + h z323maqmzz + h 2323amaemas
2 3
+zgmyamay + z3zgmyiama; + hzgzigmiamas + hzgzomiyma) + B 24z23magmaz + B724z30myamss
2 2 3 4
+hzgmigmag + hzazgmaamaoy + hzszismaamar + h%25z9myamo; + A z5223migmes + R z5230mamas
+h2z¢m?, + h? + 18 + 4 + A4 + 1t m
2672 2326M13M 1y 26215™M13M 2 2629 1471 26223M 1412 ZgZ32Mm14M 13
. 2
tmaamyy + 213mazmy2 + zrmaamyy + hzaymagmaz + B z5omamas
- 2
=23mMaomas + 23213Ma3mar + 2329memz) + hzazaimogmas + K z3230m24mas + 24miamas
2
tz4zi3miamag + ze27migma; + hzgzomigmas + hzg230migmas + hzsmiamas + hzsziamiama:

2 3 2 2 2
+hzszemigma; + h¥zs2ymygmag + h 25230m gma3 + B zemomis + R 26213mi3maz + A 2z627mymny
+h® +h?

26221M14M 12 26230711413
P maamag + 220Mmagmye + hzogmaamys
=z3maamag + 23220M24M22 + h23220Mmoamas + 24maMmag + 24220m14m32 + h24229Mmgmas
2 2 2 3
+hzsmyiagmog + hzgzoomigmaz + h zsz29mygmas + R zgmiamiy + h%z6220m14ma2 + R ze229m1gm s
tmazmyz + 219Maamy2 + hzogmaems
2
=z3my3 + 23219MagMay + hz3zosMogmas + 24myamas + 24219M1gmaz + hzgzogmigmsas
2 2, 2 2 3
+hasmamas + hzgzigmygmay + h 25z28migmas + hzem i3 + h°z6z10m1ami2 + R z6228m14m3
tmazmyg + 227M3aMa3
=2z3ma3May + 23229M2aMa3 + 24M13Mag + 24227M1gMa3 + hzsmiamog + hzszymigmas
+h? + h?
261314 26227MM 14713

. - 2 2 2
P maymyg = 23ms, + 24myamag + hzsmgmoag + h zemy,
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N ] 2 1t 3 ”2
oo = zranel + zgalal + h(zealf + zi0ala}) + hPzpiatah + k3220

(A.15)

2
@

ayaz

aaz

. 2 3 4 5
tmgmy, +hzgmemy + hZzemaamyy + h3ziamaamiz + A3ziamamn + hzaemaamag + R zasmaamas

2 3 3 4
=zemoma; + h2azemaama; + h%z¢zymaama; + h¥2z7218masmag + b 27212mogmsa + A 27226maams2

s 2 3 3
+hz7z35maogmas + zgmymay + hzazgmiamg + b zgzgmizmy + hPzgzigmizmaz + B zgz1omyama
+h2gz06myem gz + hB2g2asm amys + hzgm3, + hPzgz9mogmay + hPzgzomasmayy + h42gzismazmo;

4 5 6 2 3
+hizoz19mogma; + K% z9z06magmas + h02g23smagmas + h2iomyymar + R 22210m12ma; + k¥ z2z10m13ma,

4 4 3 6 2 3
+h¥z10218m13m32 + R 210212m1ama; + A 210226m14m32 + hOzy02z3sm1amas + Rz mpmay + R 22211my M
+h? + 4t +ht e +h7 + h32yom?

26Z11M13M2) Z11218™M 13722 zy1219mygmao; + RC211226m gm0 Z11235M14M23 212my,
Y BS + 46 K622 BT +h8

zozyomyamay + k¥ zeziamizmn z12218Mm13my2 + Ao zpmigmyy + R 2y2226myama2 Z32235M14™M3
. 2 2 3 4
tmamyg + 21Mmyamyg + hzsmasmyy + R zpamggmye + Az maamn + R z0magmaz + R 23amagmas
_ 2 2 3
=zymaymag + zyz9moam3y + hzszemaamay + h%2rzyrmaamae + A 27211mogman + R z7205maama

1 2 2
+h¥z9234maqmas + zgmyymyz + z128m2my + hzszsmiama + h 2gz1rmiamae + R zgz11muamy

3
+h32g205m amyg + hi2gzagmygm gz + hzomaymas + hzizemaomay + h2529masman + h3z9217mazmay

3 4 5 2
+h°292y magma; + h¥z9205magmay + R 29234mogmas + hzyomyimaz + hziziomiama; + R z5z10miama
+4® +h3 B4 R + kK2 r?

210717 13M32 zy0211M14m31 + A 210228magma2 + h7210234my4ma3 znumumez + R z1z211m2moy
+3 +he h,2 +h? 16 +h3
Z5211M13M2) znz1irmygmaz + A7z mygma Z11228Mm1gma2 + hU211234MaMm 23 Z12m 1My

3 4 5 5 6 7
+hz1z19myam g + i zs2z19myamyy + RP 21020 9maamag + Az ziemaemin + AP z12208myamae + R z12234magm 3
. 2 3
:mgymaz + 2amaamyy + hziemasmiz + hzyomagmyy + h%z24magmaz + A z33megmas
_ 2 3
=zymamaz + 2423mozm3; + hzrziemaamaz + hzrziomagmay + h 27224mogmaz + R 27233m2amas

2 3
+zgmyimaz + 2428m3mygy + hzgziemaamaz + hzgziomagmar + A zgz24maamyz + AT 2gzaamiamys
+hagmaymas + hzgzomazmay + B zgziemasmay + h2zez10maeman + h329224mogmis + hzgz3amaymas
2 2.2 3 4
+hziomy mas + hzgziomiamay + h zy0216mismaz + B z39m gmay + R 21072¢4m14ma2 + A7 210233M1aMma3

2 2 3 3 4 5

+hézyymyymos + k22421 1myama + R0z 1216myamar + h%zi0z1imagmar + B 211204maamag + B2y 233m 4m0s

3 3 4 4 5 6
+hz1amyymys + R zqzi9myamyy + h 2122 6maamaz + A z10210mgmyy + BCz12224mugmaz + B0212233m04M03
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a0y

a3

a0y

2. 2 3
tmgomyg + zamyamyy + hzysmaamyg + hzemyaamyy + h%223meamiaa + R 230meemas

. 2
tmamyg + z1gmezmyz + zgmggmyy + hzgpmggmaz + bz megmag

_ 2
=zema M3y + 27214M23Maz + 272sMaamay + hzrzoemagmaz + A 27231MogMaz + 2gM11Mas

2 2 |
+2g214mi13maz + 2gmyamyy + h2gzoamigmys + h2g231m 1 ama3 + hzgmamag + h2ozigmazma
2 3
+hzgzomaogmay + h zgzaamaogmas + h 29231 magmos + hziomyimay + hzyoziamizmsz + hzgzi0miams:
2 3 2 2 3
+h2210200m 1 4maz + h32102za1maamas + hEzyymumoy + b2z zimaaman + hPzgzmiaman + A3z zzemaymae

4 3 3 3 4 s
+h¥zy3233mamos + hPz1omymyg + h 21021 4m03myp + BO2g210maama + A z12zoemuamaz + A 212231mgmgs

=zymaymay + 232masmy; + hzyzismozmas + hzrzemaama, + h227z23magmaz + h3zrz3maemas

+2gmyamaz + 232gm13may + hzgzismizmas + hzgzemygmay + hzgzaamiamag + hPzgzomiamas

+hzgm3, + hzzzomagmay + hz9zi5mazman + h¥22magman + hP2ez23maaman + h*zgzaamaemas
+hzyomigmaz + hzzziamysma; + h2z10z1ismiamaz + h2zgzi0miamay + k3 zy0223m1amaz + hizi0230myamas
+h2z migmag + 22321 myame; + k32 zigmaamag + h32gzimaman + B2z z0smagman + AP 211250m1amzs
+h3z1am2, + h3a3z19maamy; + hiziazasmizmyg + hizeziamamyy + hP212203myamyp + h8210230magmys

: magmyz + 213mazmyz + 2emagmyn + hzaimaamys + hizgomaamas

=zqmaamas + 27213moamaz + 29maamar + hzrzamaamas + hZzrz50moemas + zsmizmas

+25213Mm13M a2 + 2r25M1gmay + h2gzamigman + hP2s230m14mas + hzomaamas + hzozizmazman
+hzyzomagma, + h22920magmas + h320z30maemas + hziomiomas + hzioz13migmaz + hz7zi0miamay
+h2210201m1gmag + h3z10230m1gmas + k221 maamas + h2zyziamyamaos + h¥zrzimygma; + B3z 20 magma;
+hizy1250m 1amas + BPziamyamays + B3 zi2z13miamyg + B3 2eziamugmyy + h20022m 0 emag + B2 202z30maamas
P mygomag + 290mygmyz + Rzgmaamys

=zeymoamag + 27220M24M32 + hz7229Mmaamas + 2gm2may + 2g220m 14z + hzgzomymys

+hzgmagmag + hzgzaomaqmas + h2zgz0magmas + hziomiamae + hzi0z20m1amaz + hzi0220mymss

2 2 3 3 3 4
+h2zy myamog + h¥zy1200mamon + h¥211229mgmas + Bz iomyamyg + R 212200m1amaz + A 212209m1am3

2,
i myamyz + 219Mygmy2 + hzogmagms

=2z7ma3ma3 + 27z19M2um3z + hz72smogmas + 28Mmi3ma3 + 2az19Mm 1Mz + hzgzmiamys
+hzomZ; + hzgzigmagmag + h2zgzagmagmas + hzyomizmas + hziozigmismaz + h2z102z28m14mas

2 2 3 3 2 3 4
+hizyymyamas + h 2y 219myamor + B2y 228maemas + hUz1omi; + BPz10219mama2 + A 212228 maamas
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azay Immag+ 2orMmegemy3
=2zyMmaaMay + 27221M2gMas + 2sM1amyg + za22rmgm 3 + h2gMmaamag + h2gzarmagmas
2 2 3 3
+hziomizmas + hziozarmagmas + h 2 miamog + h 2y 29myamas + hPzi9myamag + AP zy220rmygmys

2, _ 2 2 3 2
Qi IMegg = 27MaMmae + 2gMagmgg + hzomy + hzyomygmag + A%z mygmag + h7z12mY
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ot U] 3 2
ahal = z13aha + 240 el + h(z50? + 2160,a5) + hPz1r0ab + K320

(A.16)

2
o

ayaz

a)ag3

$ maimay + hzamaamar + hZzemaamar + h32ismasmas + h321amasma; + hzeemaama; + hzasmagmas
=213ma1m3a; + hzaziamaama; + h2zez13masmay + h3z13218masmas + h3210213maemay + h¥213206maema;
+h3213235maamas + z1amumar + hzaziamiama + h2zgziemizma + AP2iezismasman + BPzppzmuma
+hiziaz06m1amaz + hO214235migmys + hzysm2, + h2za2ismaama; + h3zezismasma + h42y5218mosma;
+h4z10215maama; + hB2ig2a6magmay + hO215235maemas + hziemuma; + h2z2zi6mi2ma; + hzezi6mi3may
+hiz16218m1amaz + hiz1az16migmay + h3216206m 1 4mag + hO21623smaamas + R zprmumay + h3zaz5ymygmay
+hizez17myamay + hB217218maamag + hBziazymygmay + K02 z0smagmas + BT zyr255m 1 amas + h32iem )
+h%zy218myamyy + hP2ezigmygmyy + h®2Zgmygm g + h82yazigmygmyy + 7z 15206maamy2 + 1Bz g235m14m 5
 maymaog + zimazma, + hazsmaama + hZzizmazmos + h2zyymagmay + h3zomagmog + hizamagmas
=z213mamaz + 21213Maama; + hzyziamazmay + h2z 1521 9mogmas + k2211 213magma; + h3213225magmss
+hiz13z0amagmas + 21amy mag + 2121amamyy + h2sziamisma + BP2izmiamys + K21 1215magma
+h3z14225m 1 gmaz + h214234m1amas + hoygmamas + hzyzismapma, + h2zyzigmasma; + hP2zisz1masma;
+h321 21 5magmayy + hizi5205mogmay + hB2ys2a4maamas + hziemuimas + hziziemiama; + hizyziemizma
+hiz16217mygmag + 32y 216maamay + hizis2asmiamas + hOzi623amaamas + R3zygmyymos + A2y 2y0mamy
+h3zgzizmyamay + hizdmiamay + Bz ziemagman + ¥ 2ir2smagmas + BO2irzagmiamas + h3zagmuma,
+h3z1218myamyy + hizgzigmygmyy + hOzyzigmiamyg + BP2nzismuamyy + h82iszosmaamag + KT z1szsamamas
i maimas + 24maama + hziemasmaez + hziomaamay + h2zaamagman + h3z33magmos

=z13maimas + z4Z13Mmasmay + hz1aziemasmas + hzioziamaamar + h2z1sz24magmaz + h213z53mamas
+riamnmas + zgz14miama + hzygziemiamas + hzioziamaama + b2 z0amiamaz + h321azamgmes
+hzigmaymas + hzezismasmay + h2zi5216maamas + h2z10z1smaemay + h3215z04maama; + h21sz33moaimas
+hzigmumas + hzaziemiamar + h2zlgmiamas + h2zi0z16mamar + h3216224m1amaz + hzi6z33maamas
+h2zyamyymas + h22z4z10mysmoy + h3216zi7miaman + h32i0ziomaamay + hziz20amiamas + K zi72a3my gmas

3 3 s 4 3 6
+h z1gmyymy3 + h”z4238my3myy + B 216218ma3mag + B z30z18maamar + R z18224m1ama2 + B 218233magmas
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a0y

azag

azay

. 2
1m3 mog + 214Mm33man + 2sM3gmay + hzopmagmon + A z3maemo;

=z213momag + 213214Maama  2aZ13Magaman + h2i3zzemasmaz + h2213231maamas + 2MmI M

+elimigmyg + zaz1gmagmar + hzigz2emiamas + B2z miemas + hzismaimay + hzygzismasman
+hzgzismagmay + h2zi5209maumag + h3215231magmgs + hzismiimae + hzigaziemiamar + hzgziemigma
+h2z16299m14maz + h3216231m amas + h2ziamumag + h221ziimiaman + h22gz1imuamar + hP21729m 1 gma;

4 3 3 3 4 3
+h2y723mgmoz + hoz1igmyimag + h7214208m 13m0 + hT28218m My + RT218220maamy2 + AV 218251m M3

2, 2 3
Tmagmag + zamazma; + hzygmazmag + hzgmagmay + hTzagmagmar + A z3amaemas

- 2 3
=z13moam3z + 23213M3may + hz13215m23maz + h2gzizmamay + A 253223mamaz + A 213230ma4mas
2 3

+234mi2maz + 2321ami3may + hzigzismizmag + hzgziamagmgy + B z14225maamaz + R z14230m4mys
+h 2 4 + 12,2 + A2 423 Y

ZisMa2 Z32zy5M23M2) ZysM23Mm22 292)5M24M2) 215%223M24M 22 Z15232M 2423

2 2 3 4

+hzyemyamag + h2zziemiama; + hzisz16miamaz + b z9z16m14may + A 216223m 142 + K 216232Mm 14Ma3

2 2 3 3 4 5
+hizggmyamaz + A 23z19musmay + A 215219maamar + hU292 9mgmay + R z17223maamaz + R 217230m M3
+h3z,sm2; + 1® +h? +h? +h® +h®

Z18M o 23218M13™M 1) 215218M™M13M 2 29Z18M14M 11 218223M 142 2182321413
. 2
tmaamasz + zi3mazman + zymagmay + hzoymagmoz + h¥zzomaemas
- 2 2
=z13M22m33 + 273M2ama2 + 27z13Mmaamay + hzi32z21Moamaz + R 213230m2amas + 214 2Mgs
2
+213214m13myr + 27214ma4may + hagzoymyemyg + B 214z0magmys + hzismaeemog + hzi3zismasmas
2 3
thzyzismaqmay + h%2y529,mogmar + R 255230m24mas + hzyemiamas + h2yaziemiamaz + hzrziemiama
+h? +h3 +h? +h? +h? +43
2162211432 216230 14M33 Z17M 223 213217M13M22 27Z171M1aM2y Z37221My4Mm22

4 3 3 3 4 5
+h%zy7250miamas + R zigmyomys + hz13z18maamae + R zrzigmagmay + A% z1s221maamaz + B z18230m 143
tmaamag + zoomagmag + hzggmagmag
=zy3moamaq + 213220M24ma2 + h213220M 2433 + 21ama2Mgg + 214220M1aMy2 + h214220m1amgs

2 2

+hzismosmog + hzis220maemaz + h 215220moamas + hziemiamsy + hziez20miamaz + b z16229m14ma3

2 2 3 3 3 4
+hizyemagmog + b2 7220m1ama + h217229myamaos + RPzyamyamyg + RPzyrz00mugmaz + AT 217220m gms

2,
1m3amaz + 219Magmag + hzgmaema;

=z13ma3ma3 + 213219M24m32 + hz13228Moama3 + 214Mi3Mys + 214219M 1Mz + R21g22sM1gmgs
2 2 2
thzismyz + hzygzi9magmas + h 2 5208maamas + hziemyamas + hziez19m1amaz + A z16228m14mas

2 2 3 3 2 3 4
+hezyymizmas + b2 7219mgmap + B2 7228myamas + R zigmy; + hP218219m4mag + A 218228 Mg
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azay :mazmay+ zaymagmas
=2z13Maamaq + 213227MoqM33 T Z14M13Myg + 214227Myamys + hzismasmag + h2isz2rmagmos
2 2 3 3
+hzigmiamag + hzi6221migmas + h 2 rmyamog + Rz 7207mgmos + RUz1gmsmag + R Z18227mgmn 3

2, - 2 2 3 2
Qg 1 mzamog = z)3MoaMmag + 21 4Maamag + hzigmyy + hziemiamag + B zirmagmog + R 218my,
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[ ”2 r t s ! 2 2 I 3 7 4 2
oy = zi9ay + ze00hay + h(za105a) + 250aal) + B3 (2305 + zo40)al) + hPzaalial + hizpsa

(A.17)
2, 2 3 3 4 5
aj :mqmay + hzomgama + h zemasma; +h21gmazmas + hz19meqamay + A 226megmar + A7 z3smeamas
_ 2 2 3 3 4
=z19m3; + hze219m3amay + B 26z19mazma; + b 2 8219ma3maz + B 212210m34ma; + A 219226m3ems2
13 2 3 3
+h%219235m34ma3 + 220m21Ma1 + h22290maomyy + h zez20maamye; + hU218220m23mg2 + AT 212200M24m
4 5 2 3 4
+h%200226m2ama2 + R 220235moamys + hzzimoymay + hez201maemar + h%zez21mosmar + A% z18221maamae
4 5 6 2 3
+h%z12251m4m3) + B 221226moamas + hU221235moamas + hzgemyimyy + h%22200myamyy + R¥z6200myzmyy
+hiz + A4 h® h$ h?zo3m3, + k3
18222113 ™M 42 212222M1aMa1 + R 220206Mmyamy2 + b 22223smi1gmys + R z03m3, Z2223Maamay
4 5 5 6 7 2
+h%z6223mazmay + hz18203ma3mas + K 21203mogmay + h¥223z06m2amaz + A 223235m2amos + h204mymy,
3 4 5 5 6 7
+hz0294myamay + R ze224mama; + A 218224ma3mae + R 212224mgma) + RO 224226 14ma2 + R T224235Mm4Mss
3 4 3 6 6 7
+hzosmymay + h22225maama; + B zezasmyzmay + ROz 1g29smaamar + hUz12228mgman + A 225206m e
+hE +hd 2 4 g8 + 16 +A7 + 87
225235 14M23 Z26My, Z2%26M 1271 26226MM13M ) 218226132 Z12226M 14T
18,2 o
Fh 256m1amyg + R z26z35m 1 4m3
. 2 2 3 4
ayaz I magmag+ zymeamoy + hasmyzma + B ziymaamog + ATz imaamar + R zosmygmar + R 23gmagmos
_ 2 2 3
=z1gm3imaz + 21219M32ma1 + hzszi9maamay + h 217219m33mae + A 211210maama; + A z19225Magmse
4 2 2
+h%z19234m3gmas + z0maimyz + 21200mozmyy + hagzzomazmyy + b zir200mazmyg + h 2y 200mogmy
3 4 2 3
+h¥zg0205maamas + R 200234mogmys + hzaymaymag + hzyzoimogmay + h 2529 magmay + RV z17201mosmae
3 4 3 2
+hoz11201maamay + R 21225 magmag + R z202394mogmas + hagamyimys + hzyzamyamyy + h%25299my3my,
3 3 4 5 2 2
+h%zy7200myaman + Rz 200magmgy + R 200208 mygmyn + B 202234m i gmys + B 2o3may mag + B z1z23maama;
3 4 4 5 6 2
+h¥z5203maoamar + R z17293masmag + R zy1293meqmay + B 223225moqmas + R 293234magmas + h z94myymag
2 3 4 4 5 6
+h%z1294mamay + h¥z5294myamay + A 2y7294m3man + B2y 204myamay + BP224205magmag + h224234myamas
h3 h3 h‘ hﬁ h5 hG 2
thozpsmyimoy + h 2z 25moma + A 25225myamay + RV 21728myamge + ROz 25magamar + R 25smaamn
+h7 Bl +ht K® né S
225234M14aM23 + R z2emma2 z1z26myamy + R 25296myamay + hU2)7226my3mgg + A2 1226muamy

7 8
+hizo5226m1amy + A 226234m4m3
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. 2 3
aya3 i mymaes + 24mazmao; + hziemeamas + hziomagma + A zoymegmaz + h z33memog

a)ag

- 2 3
=2z19m31M33 + 24219M33Mm31 + h2162190Mma3maz + h210Z19Maamar + R 219224m34maz + h219233Mm34M3s3
2 3
+zo0ma1myas + 24220ma3myy + hzisz20moa3maz + hzioz2omogmy + A 220224M2am a2 + R 220233m24my3
2 2 3 4
thigmaoymas + hzgzaimagmay + h 216221maamaz + A z10221maqmay + A 291224m2qmaz + A 221233Mm M3
2 3 4
+hzomyimas + hzgzoamizmay + h3zi6z00miamys + h3210200masma + hP222204m 1 amas + B200233mumas
+hZz3maymas + hZzgz03masma; + h3216223masman + h32i0z23masman + hizagzamagman + hP2a3zasmogmas
+h? + A2 h? 3 +ht22 +4®
22411 M33 24224m13m3; + h¥216224m13maz + BT 250224 14ms 224M14M32 224733 14M33
3 3 4 4 5 6
+hz2smyymaz + h°2525my3may + h z16228mi3man + h¥z10225migmay + A z24228mygmag + RP295233m14mos
4 4 5 5 6 7
+h%226m1maz + hz4206miaman + B 216226m13myz + AU 210226miamyy + B z24296Mmygma2 + R 226233m 143
. 2
tmgimag + 214Mmyamag + 2gmagma + hzagmagmag + hz3megmos
_ 2
=2z19Mm31M3q + 214219M33M32 + 28219M34M31 + Rz1922om3amaz + b 219231M34M33 + 220Mm21Myy
2
+2z14220moamyz + 28220m2amar + hzagzoamagmyz + h 220251Mmosmas + hzaimaimag + hzygz21mozms:
2 3
thzgzoymagmay + h 22 200moamaz + R z1231moamas + hzoamymyg + hzygz2omyamye + hzg2z2omiama
+h%2} +h? +h? +h? +h? +h3
Z22M14M42 222%31M14M43 223M21M24 Z14223M23M22 28223M2q4M2} 222223M24M22
+hiz + K2 K? K? B B3
23231M24M23 zoamumag + h 2 4224m 3ma2 + R 2g294myamay + A 222224m1amaz + R 224231m14mss
3 3 3 4 3 4
+h¥zasmyimag + ROz1qz25maaman + R zgzosmaama + b zg2295magman + R 225251mgmes + A z0emyimyy

4 4 5 s
+h%z14226m13m 2 + R zg206migmyy + A 222206ma1ama2 + hoz26231m14m 3

2, 2 3
tmygmop + 23myaamay + hzysmyaman + hzgmggamay + h%223magman + h230meqmoa;

- 2 2 3
=2z19M3y + 23219Ma3Mm3z1 + hzis210mazmar + hzgzi9maema; + h z19223maamar + R z19230maamas
2 3
+220maamyz + 23220m23my1 + hziszaomaesmyz + hzozoomoagmar + A z20223magmaz + h220232moemys
2 2 3 "
thzoimagmaz + hzzzaimaesma + A 215221mo3may + A zgzaymogms; + h¥221223meqmse + B 221230m4ms3
2 2 3
+hazgamigmas + hzazgemiama + h2z15220maamag + h%2020miemay + h32a0223magmaz + hizazz5amyamas
+h2z93m3, + h? +hd +h8 + b1zl +h®
Z23My, 23223M23M2y Z15223M237M22 29%23M24M 21 Zy3M24M22 22323212423
2 2 3 3 5 6
+h%224m12maz + R 23224m13mar + kT 215224miamar + R zgz24m1gmsy + B 293204maamar + RO 224250m4mss
3 3 4 4 5 6
+h¥zosmigmag + A z3z0smyama; + A zy520smiaman + A zg2asmagman + b 223208migmoz + AT z25232m4mas

4 2 4 5 3 6 7
+h%z06miy + K 232z26maamy; + R0 zi1sz06my3maz + B zgzeemgmyy + hO2a3226magamyg + A 2o2z32mem 3
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. 2
azay mgaomas + 213myzmag + 2megman + hzamygma + B z3omegama;

QqQy

a3y

=z19maemas + 213210Mmaamaz + 27219Maama; + hzigzaymagmay + h2210230masmas + zomasmys
+213220m23Maz + 27220M24mas + hZoozoMaemas + hizo0zomaogmys + hzyymagmas + hz1322lm23m32.
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