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ABSTRACT 

This work is concerned with upper semi-continuous, cel 1-1 ike de 

compositions of topological manifolds. The first major result is a 

theorem which states that a sliced decomposition of x is 

shrinkable if each slice yields an (n + l)-manifold factor. The 

second major theorem states that the product of two cel 1-1 ike, upper 

semi-continuous decompositions is shrinkable provided each yields an 

ANR and at least one is of codimension one in the source manifold. 

The first result is proved using a spreading and shrinking in 

stages technique which is similar to methods used previously by 

E. Woodruff. The second result is proved via R.D. Edwards' theorem 

on approximating cel 1-1 ike maps by homeomorphisms when the image 

possesses the Disjoint Discs Property. 
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1 CHAPTER I 

PRELIMINARIES 

It is assumed that the reader has a familiarity with basic con 

cepts concerning cel 1-1 ike, upper semi-continuous decompositions of 

topological manifolds. A good source for this background material 

is Daverman [7]. 

Whenever G is a decomposition of a topological space X , we 

elements of 6use the symbol Hq to denote the collection of those 

which contain more than one point. The union of the elements of 

set of G .Hq is denoted by Nq and is called the nondeqeneracy 
If, in addition, we have a space Y with a decomposition K , the 

decomposition G x K is defined to be the collection of all sub 

sets of X X Y of the form g x k where g € G and k e K . 

When we refer to the decomposition X of a space X , we mean 

that decomposition of X so that = <1) . For a subset C of 

X and a decomposition G(C) of C we define the trivial exten 

sion of G(C) ^ as that decomposition G of X with 

^G(C) " ^G • 
The earliest substantial results concerning upper semi-con 

tinuous (use) decompositions of manifolds are attributed to R.L. 

Moore. Moore [18] showed that subject to certain elementary connected 

ness requirements (cell-likeness, for example) on the elements of a 

2 
use decomposition of E , the decomposition space is homeomorphic 

to E^ . 
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In 1957, R.H. Bing [3] set forth an example of a decomposition of 

e3 sparsewhich showed that even if Hg consists of a relatively 
3 ? 

collection of tame arcs, E /G need not be homeomorphic to E . The 

decomposition space of Bing's example, known as the Dogbone Space, is 

not a manifold. However, Bing [4] did prove later that the product 

of his example with E^ does yield E^ . Eaton [12] generalized Bing's 

Dogbone Decomposition to higher dimensional Euclidean spaces to produce 

nonmanifold decomposition spaces of these dimensions. Bing [2] is also 

to be credited for isolating a criterion under which we may be assured 

that a decomposition space is homeomorphic to its source manifold. His 

notion of shrinkability can be stated in its most general form as follows: 

G is a shrinkable decomposition of a manifold M if, for any open cover 

of M and any G-saturated open cover U of M , there is a homeo-

morphism h of M to itself so that for each g € G , there exists 

some Vet/ so that h(g) c V and for each x e M , there exists some 

U e U so that both x and h(x) lie in U . In the manifold setting, 

G shrinkable implies that the decomposition space is homeomorphic to 

the source. A shrinkable decomposition is said to be strongly shrinkable 

if the shrinking homeomorphism h can be chosen to be the identity 

the Partialoutside any predetermined neighborhood of Ng . Using 
Straightening Lemma of Edwards and Kirby [14], one can show that a 

use decomposition of a manifold is shrinkable if and only if it is 

strongly shrinkable. For a proof of this see Daverman [7, Chap. XIV, 

Theorem 1]. If G is a shrinkable decomposition of a manifold M , 

then it is also well known that G is realized by a pseudo-isotopy. 
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That is, there is a homotopy of M to itself so that ’I'q = 1 » 

ip^ is a homeomorphism for 0 £ t < 1 , and is a closed map of 

M to itself so that G = {ij;^^(x)|x € M} • 
In the early to mid 1970's, the emphasis of decomposition theory 

shifted. For a number of years previous to then, the study of decom 

positions had focussed on properties of the nondegenerate elements and 

their relative positions in the source manifold. The new emphasis was 

placed on properties of the decomposition space itself which would 

assure shrinkability. J.W. Cannon [5] first isolated a property called 

the Disjoint Discs Property (DDP) which he showed in many cases implies 

shrinkability. The DDP requires that any two maps of the 2-disc 

into the decomposition space be approximable by maps with disjoint 

images. R.D. Edwards [13], in a work now being prepared for publi 

cation, proved that, for n ^5 , a finite dimensional, cell-like, 

use decomposition of an n-manifold is shrinkable if the decomposition 

space satisfies the DDP. Both Edwards' theorem and his techniques 

have been used to generate a flurry of new results in decomposition 

and manifold theory. 

In particular, R.J. Daverman [8] has shown that if G is a cell-

like, use decomposition of an n-manifold M where n^3 and M/G 

2 
is finite dimensional, then M/G x E is an (n + 2)-manifold. The 

major unanswered question in this area is whether cel 1-1 ike, USC 

decompositions of n-manifolds yield (n + l)-manifold factors. In 

Chapter II of this work, we examine a generalization of product decom 

positions which we call sliced decompositions and in Chapter III we 

prove a theorem about product decompositions where each factor is 

assumed to have high dimension. 
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CHAPTER II 

SLICED DECOMPOSITIONS 

/A decomposition G of X -x Y is said to be sliced with respect 

to Y if each decomposition element g lies in some slice X x {y^} 
x Y make up awhere Yg € Y . Product decompositions of the form G 

natural and important class of sliced decompositions. Moreover, there 

are powerful results concerning the shrinkability of cell-like product 

decompositions of E*^ x E^ . The major result of this chapter develops 

a connection, based on elementary techniques, between the shrinkability 

of such product decompositions and that of analogous sliced decompositions. 

More specifically, we prove that a sliced decomposition of E*^ x is 

shrinkable if the decomposition space induced in each slice E 
n 

X {s} 

is an (n + l)-manifold factor. 

From this point on, we shall compactify to consider sliced decom 

positions of X . In this setting, shrinkability can be reduced 

to epsilonic controls and our work is considerably simplified. Tech 

niques like ours will apply to sliced decompositions of E*^ x to 

give the results alluded to above. 

With any sliced decomposition G of x , we can associate 

two new decompositions for each slice x {5} . The decomposition G^ 

defined by 

G^ = {g c S"|g X {s} 6 G} 

is a decomposition of S
n 

and G(s) defined by 
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G(s) = {g € Gig c x {s}} u [s" x (S^ - {s})] 

n 1
is a decomposition of S' x s' . The latter is the trivial extension of 

1
X {s} to all of X . Observe that if G^ x E is a shrink-

able decomposition of x , then so is G^ x {s} trivally extended 

to X [7, Chap. XIV, Theorem 2] . 

The following theorem is the main result of this chapter. 

Theorem 2.1. Suppose G is a sliced, cell-like USC decomposition 
n 1

of S” X s satisfying 

1 1
(1) For each s € S , the decomposition G(s) of S*^ x S is 

shrinkable 

and 

1 
(2) S' contains a countable, dense set D = {d(i)} for which 

d(i)
each of the decompositions G of S*^ yields an (n + 1)-

G
d(i) 1

manifold factor (that is, X E is shrinkable). 

Then G is shrinkable. 

Before proving Theorem 2.1, we state and prove several lemmas. 

Lemma 2.2. Suppose that G is a sliced, USC decomposition of 

n 1 1
S" X s and that C is a compact, 0-dimensional subset of S 

satisfying 
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(1) NgCS"x C 
and 

(2) for each c € C , the decomposition G(c) is shrinkable. 

Then G is shrinkable. 

n 1
Proof. Fix a positive number e and a metric p on S x S /G . 

1
We shall produce a homeomorphism h of x S to itself so that 

n 1 n 1
(1) p(nh, n) < e where n: S" x S’ -»■ S" x S'/G is the decom 

position map 

and 

(2) the diameter of h(g) is less than e for all g € G . 

Since n is uniformly continuous, we may choose 6 € (0, e/3) 
n 1 

so that if F is a homeomorphism of S" x S to itself moving points 

less than 5 then p(n, nF) < e/3 . According to hypothesis (2) and 

an earlier remark, each decomposition G(c) is strongly shrinkable. 

1
Let h be a homeomorphism of x S to itself shrinking each 

g e G(c) to diameter less than e/3 , satisfying p(n, nh^) < e/3 
and fixing points outside x U. where denotes the 6/2-neighborhoo d 

c c 

of c in . 

Since h (G) is a USC decomposition for each c € C , there is an 
c 

open interval J such that c € c U , C n (Bdry J.) = <j) , and
C ' c c c 

for each g € G lying in x J the diameter of h.(g) is less 
c c 

than e/3 . We extract a subcover {J i = 1. 2 » • N} of C and cutc(i) • • 

back each J if necessary to make J n J = <f> for i / j .c(i) c(i) c(j) 
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For 1 = 1,2 5 • • • J N , let be a homeomorphism of C£ U 
c(i) 

onto Cx, J fixing J n C pointwise. Letc(i) c(i) 
n 1 n 1

F.. = 1 X f..: S ' X S S X S and let h be defined by
1 1 

-1 n 
on S X J 

..I c(i) 

n elsewhere 

Clearly h satisfies the conditions required for our shrinking homeo-

morphism. 

n 1
Lemma 2.3. Let G be a decomposition of S such that G X s 

n 1
is a shrinkable decomposition of S" x S' . Also let C be a compact 

x csubset of S^ and e a map of S*^ x s^ to itself realizing G 

trivially extended to S*^ x s^ . Then for each point c of C , 

n 1
X {c}) is bicollared in S X S . 

n 1 nProof. Let n: S" x s' ^ S" x sVg xS^ = (s"/G) x S^ denote the 

decomposition map. By [7, Chap. XIV, Corollary 2A], the decomposition 
1

I

9(G X s ) is strongly shrinkable. Thus there is a map 9 of 

-n - 1 1
S X S to itself fixing 9(S x c) and realizing 9(G X S') . 

The map 9'9 n"^s" x sVg x s^ ^ s" x s^ is a homeomorphism and takes 

s'^/G X {c} to the set 

X9'9 n'Vs"/G X {c}) = 9'9(S" X {c}) = 9(S n 
{c}) . 

Since s’^/G x {c} is bicollared in s'^/G x s'
1 

, its image 9(S"
n 

x {c}) 

is also bicollared in S*^ x . 
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Lemma 2.4. Let G be a shrinkable, sliced decomposition of 

n 

S X 
1 

s , 9a map of 
n

S" x 
1 

s to itself realizing G , and s 6 
1

S so 

that G^ X is shrinkable. Then 9(s’^ x {s}) is bicollared in 
cn
S X pi

S . 

Proof. Since G^ x 
1

S' is shrinkable, we know that G(s) is a 

shrinkable decomposition of x . Hence, there exists a map f 

of X to itself realizing G(s) . As in the proof of Lemma 2.3, 

f(6) is a strongly shrinkable decomposition of x , Thus there 

is a map f of S
n 

x s 
1 

to itself fixing f(s'^ x {$}) and realizing 
-1

f(G) . The map f'f 9 is a homeomorphism. By Lemma 2.3, the set 

nffCS*^ X {s}) = f(s'^ X {s}) is bicollared in S X so that 

(f'f 9"^) ^ (ffCS*^ X {s})) = 9(S'^ X {s}) is bicollared n 1
in S X S . 

s • • • 5Lemma 2.5. Suppose that for j = 1,2 there exists an embedding 

h. of a compact space X. x [-1, 1] in S*^ x s 1 
satisfying

'J J 

(1) hj(Xj X {±1}) is bicollared 

(2) hj(Xj X [-1, 1]) n h^(X^ X [-1, 1]) = <j. for j f k 

and 

(3) Xj = Max{diameter of hj(p x [-1, 1]) p € X^} approaches 
000 as j approaches 

n 1
Then the decomposition G of S" x s into points and the arcs 

9 • • •h^-(p X [-1, 1]) where p € X. and j = 1,2 is DSC and shrinkable. 
J J 
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Proof. G is use since Nq is the disjoint union of nondegeneracy 
sets of countably many USC decompositions with maximal diameters going 

to zero. The proof that G is shrinkable is modelled on the proof given 

by R.J. Bean [1] that a null sequence, star-like equivalent decomposition 

of is shrinkable. 

Fix e > 0 and U a neighborhood of Nq . The fact that 
approaches zero means that we may assume that only h^(X^ [-1, l])x 
has any fiber arcs of diameter at least e . We need only find a homeo-

1
morphism h of x $ to itself which is the identity outside U 

than e withoutand shrinks the arcs of h^([x^ x [-1,1]) to size less 
stretching any other nondegenerate elements bigger than e . 

By hypothesis (1), we may assume that h is actually an embedding1 

of X-i X [-2, 2] in S"
n 

X s‘
1 

. Let V be a neighborhood of 

in U and in theh-j(Xi X [-1, 1]) which is G-saturated and contained 
is uniformly continuous, there exists 6 > 0image of h-j . Since h 1 

< e for andso that if d(x, y) < 6 , then d(hi(x), h^{y)) X y in 

X-j X [-2, 2] . Choose a positive integer K so that K6/16 >1+6/8 

and numbers $. > 1 for i = 1,2 > • • • J K so that 
1 

-1

(1) X^ X 3j^] c h"'(V) n (x^ X (-1 - 6/16, 1 + 6/16)) 

(2) < B for i < K
i+1 

and 

(3) if g' € G and g' n h^(X^ x [-1, 1]) = <t> but 

g' n h^(Xi X [-3^., 3^-]) <j) then the diameter of hj'^(g') 
is less than 6/16 and if i < K , then g' c h^(X^ x [-3 

i+1 
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Now define h': x [-2, 2J -> X-j x [-2, 2] by 

h'(x, -B.)
1 = (x, -i5/16) if B,

1 
> i5/16 

= (x, -B^O if not 

and 

h'(x, bJ = (x, i6/16) if B,-
1 

> i6/16 

= (x, B^-) if not . 

The map h 
I 

fashioncan be extended to all of X^ x [-2, 2] in a linear 

on X"! X ([-B^-j U 3^]) and as the identity outside 

Xi X 3|^] . Then 

-1
h = h, h' h

1 1 on h^(X^ X [-2, 2]) 

= 1 elsewhere 

stretches ha::othershrinks the fibers of h^(X x [-1, 1]) to e-size and 
nondegenerate elements bigger than e-size. 

Proof of Theorem 2.1. 

1
Step 1_: Stretching the original decomposition iri ;Ui^ S direction. 

Let f: s' + S denote a monotone map with the property that 

Nf = {f'(<J(1)) 1 = 1,2 } . Such an f is easy to construct using9 « • • 
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1
the fact that any two countable dense subsets of S are equivalently 

S
1

embedded there. We denote the product map 1 x f: s 
n 

X s" X 

by F and the decomposition induced by F we call Gp . ^F resembles 

G except that elements of G from the d(i) levels have been stretched 

in the 
1

S direction. 

that, weWe show that Gp is shrinkable. Before proceeding with 
point out how to establish the shrinkability of G assuming Gp is 
shrinkable. 

Consider the diagram: 

n 1 F n 1
S" X s S X S 

n
G 

S” X SVG .S" X sVtip 
H n 1 

is shrinkable,H = HgF Ep^ is clearly a homeomorphism. Assuming Gp 
we also know that F and Ep are approximable by homeomorphisms. We 

-1 
is approximable by homeo-shall show that this implies F* = Ep F 

also approximablemorphism so that by uniform continuity HF* = Eg is 
by homeomorphisms. 

So let e > 0 be given and choose a homeomorphism 

closeh-i: s" X X sVCp which is U = {N^^4(x)|x € s" x sVCp} 
tO E 

F • Since F Ep^(U) is an open cover of S*^ x , we can find 
a homeomorphism h^ of S

n 

x S 
1 

to itself which is F Ep^(U) close 
to F . If X e X s\ then h2h2

-1
(x) = X and F h"^ (x) belong to 



12 

some common element of F np^(U) which we shall call F n'\u) . Thus 

-1

F"^(x) and F"^ Fh^^Cx) are each subsets of F"^ F npVu) = np'(U) . 
€ U . But sinceThis implies that Ip F'^(x) e U and Hp F’^ Fh2^(x) 

and^1 is a-close to Hp , there is some V, 6 U so that h^h^^x) 
-1

Hp h2^(x) = Hp F ^ Fh2^(x) both lie in V . Therefore, Hp F"\x) and 
than e . Soh.jh2^(x) both lie in U u V which has diameter less 

p(np F-\ h^h'b < e . 
We now proceed to show that Gp is shrinkable. 
Step 2: SI icing the stretched decomposition. 

decomWe will shrink Gp in stages by shrinking several related 
positions. The first of these is a sliced decomposition which is a 

kind of stratification of Gp , defined by 

= {Qp n (s” X {s})|gp^€ Gp and s. € sb . 

Step 3: Opening the stratified version of Gp . 
The second related decomposition is a fenestration of G obtained

1 

by eliminating nondegenerate elements from a certain dense and open 

collection of levels. Specifically, if we let denote the nondegen 

fromerate point inverses of f: S^ S^ , G2 consists of singletons 
S" X Int together with {gp n (s'^ x {s})|gp € Gp and s € Cl(S^ - Np)} . 

precisely thoseIn other words, the nondegenerate elements of G2 are 
nondegenerate elements of G 

1 from levels not interior to any elements 

of Np . 
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Step 4: Shrinking Gp . 

According to Lemma 2.2, the fenestrated decomposition G2 is shrink 

able. Hence, there exists a map ©2 of s"^ x to itself realizing 

G2. That is, G2 = {e2^(x)|x e S^ x s^} . We may assume that 82 is 
2 n 1 2

where is conthe end of a pseudo-isotopy 4;^ defined on S" x S 
in advance. Bytrolled by any G2-saturated open cover that we choose 
can insure thatselecting the cover {np^(N^^^Cx))|x € s"^ x sVSp) we 

p(np, Ep < e/3 . 
Naturally, we turn our attention to the decomposition 02(Gi) whose 

nondegenerate elements are partitioned into countably many (curvilinear) 

product decompositions. Explicitly, for each inverse set = f"^(d(i)) 

in S^ , ^ ^ ^i^) ^ decomposition which is equivalent 
to d(i)

G X which by hypothesis is shrinkable. Hence, there is a 

homeomorphism of x to itself, fixed outside 62(5'^ x A^.), which 
of smallness.shrinks e2(G.j n (S*^ x A^.)) to any preassigned degree 

92(Gi)- nondegenerateOnly a finite number of indices i give rise to a 
element of diameter greater than any preassigned positive number since 

the images underthe only nondegenerate elements of 92(Gi) occur in 
02 of levels interior to some A i • Thus 92(Gi) is shrinkable and 

to itself which is the endcan be realized by a map 0^ of x 
1

of a pseudo-isotopy such that p(np, Ep 4;^ < e/3 . 

from which all ofFinally, we turn to the decomposition 0i92(Gp) 
the strata have been crushed to points, leaving only products of an arc 

with associated with a dense set {d(i)|i = 1,2 » • • • } of 

levels. These fiber arcs can be shrunk using Lemmas 2.4 and 2.5, so 

that we get a pseudo-isotopy 4;^ with 9p = SO that ep realizes 
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0102(Gp) and p(ilp, Up ;f»^) < e/3 . 
By choosing y € [0, 1) close enough to 1 , we get a homeomorphism 

n 1
of S X S 

Y Y Y to itself which shrinks 6p to small size and 

e .p(np, Hp / < p(np, + p(np, np4»l) + p(np, n^. /) < 

Therefore, is shrinkable. 

n+1
Corollary 2.6. If G is a sliced, USC decomposition of E 

such that, for each s € , 6^ x is shrinkable, then G is 

shrinkable. 

rS (.1
Proof. As stated earlier. G X E shrinkable implies G(s) 

shrinkable. 

n+1 .
Corollary 2.7. If G is a sliced, USC decomposition of E 

such that, for each s € E^ , G^ is a shrinkable decomposition of 

E 
n 

, then G is shrinkable. 

Corollary 2.7 is a special case of a result proved by Sher E9 

and Walsh [zoj . Using Corollary 2.7 and results of Moore jl^ , we 

can offer a proof of a result by Dyer and Hamstrom [ll] . 

Corollary 2.8. Every sliced, cell-like decomposition of E^ is 

shrinkable. 

Corollary 2.9. If G is a sliced, cel 1-1 ike, USC decomposition of 

pn+1 and e'^^Vg is an ANR , then G x E^ is shrinkable. 

Proof. The important observation is that G x E^ can be viewed 

n+2 
as a sliced decomposition of E where each slice is a product 

n 1
decomposition of E" x E' . By Daverman [8], each slice is an (n + 2)-

manifold factor so that the hypotheses of Theorem 2.1 are satisfied. 
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In support of our conviction that sliced decomposition theory must 

parallel product decomposition theory, we offer the following general 

ization of Daverman's result concerning products of cel 1-1 ike decom-

2 
positions with E . 

Corollary 2.10. If G is a sliced, cell-like decomposition of 

2[.n £.2E X E € Ein the sense that for each g € G , there exists s^ 

so that g c E*^ X {s^} , then G is shrinkable. 
Proof. This follows directly from Corollary 2.9 and Theorem 

2.1. 

Corollary 2.11. If G is a 0-dimensional, cel 1-1 ike .decom 

position of E*^ considered as E*^ x {0} c E*^ x , then the trivial 

n+1
extension of G to all of E is shrinkable. 

Proof. Using methods similar to those in [15, Chapter V], we can 

Let 9get a map f: e'^/G -» E^ so that f jnCNg) is an embedding. 
denote the E^-coordinate preserving homeomorphism of E 

n+1 
to itself 

defined by 9(<x, s>) = <x, s + fn(x)> . Then 0(G) is a sliced, 

n+1
cel 1-1 ike decomposition of E and in each slice there is at most a 

single nondegenerate element. Therefore, each slice is an (n + 1)-

manifold factor. This requires the use of Cannon [5] and Edwards [13]. 

Thus, by Corollary 2.6, 0(G) is shrinkable and G must be also. 

Corollary 2.12. Suppose that G is a sliced, cell-like USC 

finite dimendecomposition of E'^'^^(n ^4) such that e'^'^’Vs is 
sional and E^ contains a dense subset D for which the decompositions 

G^ yield E n+1 
factors. Then G is shrinkable. 
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1
Proof. It follows from Daverman [8] that, for each s € E , 

G(s) is shrinkable. 

Corollary 2.13. Suppose G is a sliced, cel 1-1 ike USC decom-

position of E 
n+1 

(n ^ 4) such that, for each s € , G(s) is a 

closed, (n - 2)-dimensional decomposition in the sense that Cl(n(N
G(s) )) 

is (n - 2)-dimensional. Then G is shrinkable. 

Proof. Cannon [5] and Edwards [13] show that G^ x E^ is shrinkable. 

Corollary 2.14. If G is a sliced, cell-like, USC decomposition 
4 1 

of E such that, for each s e E , G(s) is 0-dimensional, then 

G is shrinkable. 

Proof. By [10], G^ X E 1 
is shrinkable and by Corollary 2.11, 

G(s) is shrinkable. 

Corollary 2.15. If G is a 1-dimensional, cell-like, USC decom 

position of E^ X {0} c E^ X , then the trivial extension of G to 

E^ is shrinkable. 

Proof. Much as in the proof of Corollary 2.11, we can spread G 

to be 0-dimensional on each slice and then apply Corollary 2.14. 

Corollary 2.16. If G is a sliced, cel 1-1 ike, USC decomposition 

of E^ such that, for each s € E^ , N
G(s) has embedding dimension 

less than two then G is shrinkable. 

Proof. Since N is of embedding dimension one, it hasG(s) 

dimension one. Then Kozlowski [16] shows that its image in E^/G(s) 
is also 1-dimensional. By Corollary 2.15, G(s) is shrinkable. By 

[9], G^ X E 1 
is shrinkable as well. 
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Corollary 2.17. If G is a sliced, cel 1-1 ike, USC decomposition of 

^n+1 (n ^4) so that each is (n - 3)-dimensional, then G is 

shrinkable. 

Proof. Daverman [8] shows that G^ x is shrinkable. 
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CHAPTER III 

PRODUCTS OF DECOMPOSITION SPACES 

As we observed in Chapter I, one of the major open questions in 

decomposition theory concerns products of decomposition spaces with 

E*^ . For n = 2 , Daverman [8] has completely resolved the issue. 

In this chapter, we study products of decomposition spaces with other 

decomposition spaces. Daverman's work coupled with that of Moore [18] 

covers the question of shrinkability when one factor has dimension 

at least three and the other has dimension two. Thus, our work can 

be restricted to product decompositions of manifolds M*^ x where 

m, n ^ 3 . We should point out that if G and G* are decompositions 

of m"’ and respectively, then M/G x N/G* is homeomorphic to 

M X N/G X G* . Our main result is the following theorem where we again 

restrict our attention to decompositions of spheres in order to simplify 

the epsiIonics. 

Theorem 3.1. Let G be a cel 1-1 ike, USC decomposition of S
n 

n
that is (n - 1)-dimensional in the following sense: If n: -* S"/G 

let G' beis the decomposition map, then dim n(NQ) ^n - 1 . Also, 
a cel 1-1 ike, USC decomposition of which yields a finite dimensional 

space or equivalently, an ANR . Then if n, m x 3 , s'^/G x s'^/G' is 

homeomorphic to x s"’ and G x G' is shrinkable. 
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Before presenting the proof, we offer several lemmas which are 

needed for it. 

2 n
Lemma 3.2. If f and g are maps of B into S /6 where G 

is cell-like, DSC, and (n - 1)-dimensional and n > 3 , then f and 

g can be approximated by maps f* and g* where 

dim n g,(B^)) < 1 and 

dim g;'(f.(B2) n g.(B^)) <1 . 

no openProof. The proof relies on the fact that nCNg) contains 
subset of s'^/G which in turn depends upon the fact that a cel 1-1 ike 

map of a manifold without boundary to an ANR cannot lower dimension 

[see 7, Chap. 12]. 

We shall obtain f* and g* as limits of maps f^. and 9i • 

Let fg = f and Qq = g and let Q = {r^, * • • • } be a countable, 

dense subset of 
2

B . Fix e > 0 . We intend to choose f^. and 9i 
so that 

i+1
(1) P(f.. < e/2 

(2) p(g^., g^._i) < e/2 
i+1 

• • • J(3) {r^, r2, r,}cB^ - [f''(f,(B2) n g,(B^)) u g:’(f,-(B^) 
n g,(B^)>] . 

and property (3) is preserved in the limit. These properties will 
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clearly imply the desired conclusion. 

To choose f,1 and , consider . Since s'^/G is locally 

so thatpath connected, we can choose a neighborhood U of fg{r^) 

any point in U can be connected to fQ(r^) by a path in N 

Because G is (n - 1)-dimensional, there is a point of'•i 
be a map ofU - n(Ng) . Let f 1 in s'^/G which agrees with f^ 

1
outside N.(r,) where 5 is so small that N-(rT)cfZ (U) , sends6'‘1 5''1 

to ® "linear" fashion, andNgCr^) - N 
sends N so that-j) along the path between fg(ri) and '-i 

f-j(ri) = rj . Note that p(fQ» f-j) < e/4 and since n"^(rT) is a 
and generalpoint in , we can use an approximate lift of gg to S

n 

position is to get a map gj of in s"/G which is e/4 close to g^
0 

with r] g] (B^) . 
Now consider g-jC'"]) • As with fg , we can find a map g^ of 

in s'^/G agreeing with g 1 outside a small neighborhood of r1 

and sending r-j to a point -•i' which is not in n(Ng) . By a careful 
choice of the neighborhood mentioned above, we can insure that 

we can alsopCQq* g-i) < e/2 and that f-jCr.]) i 9-1(62) . As before, 
find a general position map f of B^ in s'^/G so that

1 

gi(ri) ^ fi(B^) and so close to f-j that p{fQ5 f-j) < e/2 and 
The maps f

1i g,(B^) . and g^ have the desired properties, 
Now suppose that f. and g have been chosen so that 

1 i 

for j = 0, 1, 2 9 • • 5 i - 1•(U fj+^) < e/Z^ 
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> • • • J 1 - 1(2) p(gj, < e/2'^ for j = 0, 1, 2 

(3) {r,.r2,...r.} c fl g,(B^)) u g-'(f,.(B^) 
n g,(B2))] 

+ 2(4) p(f,(rj). g^CB^)) > (1 + i 
1 

■) 9j(B^>) > 0 
for j = 1, 2 J • • • J i - 1 

and 

1

(5) p(g,(rj), f^(B2)) 2:(^ + r+T) p(gj('^j). j > 0 
for j = 1, 2 9 • • • J i - 1 . 

The last two conditions preserve condition (3) in the limit. To con-

struct f and g , consider •i+1 i+1 If f,(r,„) = f,(r.) 
) off offor some j £ i , then we do not need to adjust g^. (B 

fi(ri^l) . Otherwise, choose y > 0 so small that 

p(f^-(ri^.i), f^-(rj)) > Y and p(f^.(r i+1 )> lY for j £i and 

so that any point of N (f^- )) can be joined to f^(r^._j_^) by a 

path in N i+l.^^•^'"i+l^^• • As in the i = 0 case, find a point 
e/2 

’^1+1 ^i+l ® in 

S^/G which sends a small neighborhood of which misses^•+1 

9 • • • 9{r,. rj r^.} to the path mentioned above and which sends '‘i+l 

= 9 • • • 9 ito r
i+1 • We can require p(f,., fj^^) < e/2 

i+2 
and for j 1,2 
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p(f-+l(B^) , > (^ 4(i + 3) 4('i V 2)^ * 
Now let be a map satisfying 

i+2 

(1) P(gi. gj+i) < e/2 

(B^)(2) fi+,(ri+i) « g i+1 

(3) p(f;,,(B2). g|,,(rj)) > . p(f,(B2). g.{r.)) 
> • • 5for j = 1, 2 • i 

and 

(4) p(g5+1(8 ), fj+i(rj)) _> (2 + 2(i +3) 2(i + 2)^ p(9j(B ), 
for j = 1, 2,..., i . 

If t , we can let f and
i+1 9i+l = 9i+l • 

Otherwise, consider Exercising controls similar to those 

above, we can move g ■j+l('^j+l) to a point nearby off which we can push 

fl+l(B^) to get maps fi+1 and g i+1 subject to the controls we 

need. 

The study of decomposition spaces has been greatly advanced in 

recent years by the examination of general position properties which 

they possess. The DDP is known to imply shrinkability of decompositions 

provided that the decomposition space is an ANR. The Disjoint Arcs 

Property (DAP) requires that any two maps of the unit interval into 
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M/G be approximable by maps with disjoint images. The following lemma 

asserts that all decomposition spaces that we shall study possess the 

DAP. 

Lemma 3.3. If G is a cel 1-1 ike, DSC decomposition of an 

orientable n-manifold M where n ^3 , then M/G has the DAP. 

Proof. Let f and g be maps of I = [0, 1] into M/G and 

e a positive number. Our first step is to find a map F which is 

e-close to f so that F(I) is 0-LCC in M/G . To this end, let 

small mesh0 = to < ti < ... < tk = 1 be a partition of I of such 
• • » k-1.J •that f([t^., has diameter less than e for i = 0,1,2 

connected,Since f([t^., tj+i]) is a Peano continuum and hence arcwise 

we can find a map f^ of [t^, into f([t^., so that 

fi([ti, is an arc running from f(t^.) to or is a 
point if f(t^.) = ■^(^1+]) • Let F be the union of the maps 

) • • • 9 k - 1} .{f^-li = 0,1 

Observe that A^. = F([t^., is 0-LCC in M/G for 
i = 0,1,2 » • •• 5 k - 1 . For if U is a neighborhood of a € A^ , then 
there is a connected neighborhood V of a , contained in U , so that 

V n A. is connected. Then V n A is either a point or homeomorphici 

00to or [0, ) . A simple duality argument will show that 

Hq(V - (V n a.)) = 0 so that A. is 0-LCC. 
9 • • • 9Now, since A^. is 0-LCC for i = 0, 1, 2 k-1. 

k-1 
F(I) = U A. is 0-LCC. For this, it suffices to show that if 

i=0 ^ 

a € A. n Aj. and U is a neighborhood of a , then there is a neighborhood 
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V of a so that pairs of points in V - (A^. u A^) bound singular arcs 
in U - (A. u A.)* So let V be a neighborhood of a satisfying 0-LCC 

' J 

conditions for A^. and let x and y be points of V -(A^. nAj). We get a 
map a of [0, 1] into U-A..so that a(0),=x and a(l) =y. Since A. is 0-LCC, 

I- J 

connected, weAj n a([0, 1]) is compact, and M/G is locally path 
1] and acan find a partition 0 = Sq < S-j < ... < = 1 of [0, 

map a of [0, 1] into U which agrees with a on {0, 1} and 

SO that either a a([Sk. Sk+i]) n Aj = (|) or c('(Sk) and 
singular arcmiss Aj and are so close together that they bound a 
the propertyin U - (A^ u Aj) . This last condition will give us 

needed for 0-LCC. 

Finally, to see the DAP, we need only approximate g by a map 

G so that G(I) n F(I) = (j) . This is accomplished in a manner similar 

to that used above to show that a(I) can be pushed off A. u A. . 
' J 

One can easily prove that any map of a 1-complex into a reason 

able space with the DAP can be approximated by an embedding. The next 

lemma generalizes this result. 

Lemma 3.4. If Q is a compact, locally contractible, separable, 

metric ANR with the DAP, then any map of a 1-dimensional compactum 

into Q can be approximated by an embedding. 

of X intoProof. Let M^(X, Q) denote the space of e-mappings 
Q and M(X, Q) the space of all mappings of X into Q . Clearly 

We shallM^(X, Q) is an open subset of M(X, Q) if X is compact. 
show that if X is also 1-dimensional and Q has DAP, then 

this willMg(X, Q) is also dense in M(X, Q) . By Baire's Theorem, 
suffice to prove the lemma. 



25 

Let f be a map of X into Q and e and 6 be positive 

numbers. We shall find an e-map f of X into Q that is 6-close 

there is ato f . Since Q is locally contractible and compact, 

positive number g so that any g-subset of Q contracts in an 

(e/5)-subset of Q . Let y be a positive number so that, for any 

y-subset A of X , f(A) has diameter less than g and 5/4 . 

Let a = {U • * 9•

1’ “2- U^} be an order 1 cover of X by open sets of 
diameter less than y/2 and e/2 . Without loss, we assume that we 

can also pick a point of U.. for each i = 1,2 5 • • 5 r .•^i 

be theDenote by N the nerve of the covering U and let y^. 
shall mean thevertex of N corresponding to U^. . By [y^., y^] we 

and y. whenever U. fi U . / (|) . Let1-simplex of N joining y^. J • J 

g denote the U-map of X onto N promised by Hurewicz and Wallman 

[15, Theorem V9]. Note that g(U. - u UJ = y. for i = 1,2 • r.9 • • 9 

' ji-i J ' 
We have a map h of the vertices of N into Q defined by 

?« ((> ,h(y^-) = f(x.) . Since p(x^., x^) < y when U^. n Uj 
of N . Thus,p(h(y^-), b(yj)) < B whenever [y^., y^] is a 1-simplex 

we can find an extension of h to all of N which sends [y., y.] 
* J 

into a subset of Q of diameter less than e/5 . Let h' be an 

embedding of N into Q which is so close to h that h'([y^., y^.]) 
is contained in an (6/4) subset of Q and p(h'(y^.), f(x^.)) < 6/4 
for all choices of i and j for which the above make sense. 

Finally, let f = h'g . Since h is an embedding and g is an 

e-map, f is an e-map. Also p(f, f) < 6 since if x e U^. 

p(fCx), f'(x)) <.p(f(x), f(x.)) + p(f(x.), f'(x^)) 
+ p(f'(x.), f'(x)) < 6/4 + 6/4 + 6/4 < 5 . 
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n m
Proof of Theorem 3.1. We shall show that S'VG x S"76'

I 
has the 

DDP. Let f and g be maps of into s'^/G’x s'^/G' and let 

mapsand P2 respectively represent the cartesian projection 
of S'^/G X s"’/G‘ to S'^/G and s'^/G' . By Lemma 3.2, we can approxi 

mate p-jf and p^g by maps f* and g* so that if 
X = f*(B^) n g*(B^) , then f*^(X) and g*^(X) are 1-dimensional 

2 
subsets of B . 

Now let Y represent the disjoint union of the sets f*^(X) 
.and g*^(X) . We have a map P2f U P2g ol" Y into s'"/G' 
andLemmas 3.3 and 3.4 now give us maps f^ and g^ of f*^(X) 

the setsg*^(X) respectively which approximate P2f and P2g on 
over which they are defined and which have disjoint images. By 

2
B into[7, Chap. 12], we can extend f^,# and g^ to maps of 

S
m 

/G' which are close to P2f and P2g • 

Let f = f* X f^ and g 
I 

Clearly f and g'
I 

have
# = 9* ^ 9^ • 

disjoint image and could have been chosen to approximate f and g 

as closely as desired. Thus, by Edwards [13], we have that G x G' 

is shrinkable and so S^/G x s”’/G' is homeomorphic to x s"’ . 

We shall list several corollaries of Theorem 3.1 but first we will 

need the following lemma which we feel is worth stating for its own 

sake. 

M ontoLemma 3.5. If n is a cellular, USC map of an m-manifold 

an ANR Q , then n can be approximated by a cel 1-1 ike, USC map f with 

f(N^) having dimensions less than m . 
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Proof. First observe that a subset of Q is m-dimensional if and 

only if it contains an open subset of Q . This follows since n 

cannot lower dimension on manifolds without boundary or raise dimen 

sion when it maps a locally compact ANR onto an ANR. We shall find 

subsetf close to n so that f(N^) misses some countable, dense 
of Q . 

Let R = {r. i = 1,2 » • • ♦ } be dense in Q . The map f will be 

• J = <!>defined as a limit of maps f^. where f^. (N^ ) n {r^, r^. 
. We show onlyand f^. can be chosen as close as desired to f i-1 * 

how to construct f-, from n .
1 

-1 

Consider n (r^) = X and assume X is not a point. Then X 

is cellular in M so the decomposition {X} u {singletons of M - X} 

is shrinkable. Let 9 be a map of M to M fixed outside a very 

small neighborhood of X and realizing the decomposition described 

-1
above. Then f, = n 9

1 is one to one over {r^ } as we desired. 
Corollary 3.6. If G is a celluar, USC decomposition of an m-

a cell-likemanifold M (m ^ 3) such that M/G is an ANR and G' is 

decomposition of an n-manifold N (n ^ 3) such that N/G' is an ANR, 

then G X G' is shrinkable. 

Proof. This follows easily from Theorem 3.1 and Lemma 3.5. 

Theorem 3.1 gives us a simple proof of a special case of a result 

by Curtis and McMillan [6] concerning cellularity of products of cell-

like sets. This result is given as the next corollary and Corollary 

3.8 makes use of that result. 

Corollary 3.7. If G-j and G2 are cel 1-1 ike, USC decompositions 
of manifolds n"^ and nT (n ^ 2, m ^ 3) so that N,/Gt1 and M/G2 
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of N x M .are ANRs then G-j x 62 is a cellular decomposition 
Proof. Let X and Y be elements of G

1 and G2 respectively. 
We need to show that X x Y is cellular in N x M . For this we need 

only show that the decomposition K of N x M defined as the product 

of the decompositions {X} u {singletons of N - X} and 

{Y} u {singletons of M - Y} is shrinkable. Since each of these is a 

codimension one decomposition, Theorem 3.T gives the desired result. 

In case n = 2, Daverman [8] gives the conclusion. 

Corollary 3.8. If G 
r G2, and G^ are cel 1-1 ike, USC decompositions 

of spheres S*^, and respectively so that each decomposition space 

is an ANR, then G-j x G2 x G^ is shrinkable. 
CorollaryProof. If m, n, q ^ 3 , then G-j x G2 is cellular so 

3.6 applies. If any one of m, n, and q is two, or if any two of 

m, n, and q sum to two, then Daverman [8] and Moore [18] give the de 

cellular bysired result. If m = T and n > 3, then G-j x G2 is 
McMilian [17] so that Corollary 3.7 applies. Finally, if m = 1, 

n = 3, and q = 3, then McMillan [17] shows that G^ x G2 is cellular 
3

since handbodies in S can be pushed into 3-cells nearby when we 

1 
cross with S . 

I wish to point out to the reader that shortly after completion of 

this paper, Charles Bass announced that he has proved that the product 

of any two cell-like decompositions is shrinkable provided that each 

factor is an ANR. His result is being prepared for publication and 

should appear soon. 
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