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Abstract

This work examines generalized Stieltjes Sturm-Liouville boundary value prob-
lems with particular consideration of self-adjoint problems. Of central importance
is determining conditions under which the eigenvalues depend continuously and
differentiably on the problem data. These results can be applied to various physical
problems, such as constructing beams to maximize the fundamental frequency of
vibration, or constructing columns to maximize the height without buckling. These
problems involve maximizing the smallest eigenvalues of Sturm-Liouville equa-
tions, and the continuous dependence of the eigenvalues on the problem parameters
can be used to accomplish this.

We first consider the generalizea-dimensional initial value problemy =
Aydt + dPz, dz = (dQ — AMdW)y + Dzdt on an intervalla, b]. In the proof of
existence and uniqueness of a quasi-continuous solution, we establish some bounds
and continuity properties of the solution that will be used throughout this work.
Next we define a sequence of initial value problems and prove that the sequence of
solutions converges to the solution of the limit problem.

We then consider the eigenvalue problem, adding general boundary conditions
to the system of equations. The eigenvalues are shown to be the roots of an entire
function. Taking a sequence of eigenvalue problems, we show that a sequence of
eigenvalues converges. This result establishes conditions under which each eigen-
value depends continuously on the coefficients and on the boundary data. We find
separate conditions for the continuous dependence on the endpoints of the interval.

We next turn to ascertaining conditions under which each eigenvalue depends

differentiably on the problem data. For this topic, we consider the less gexeral



dimensional Stieltjes Sturm-Liouville probledy = dPz, dz = (dQ — A\dW)y

with separated boundary conditions. Considering each eigenvalue as a function of
the coefficients and of the boundary data, we conclude that these functions are dif-
ferentiable under the same conditions we found for continuity. Separate conditions
are found to guarantee the differentiability of each eigenvalue with respect to the
endpoints. In all cases, we find expressions for the derivatives of the eigenvalues
with respect to the problem parameters.

We conclude with an application to the problem of finding extremal values of
an eigenvalue. For the fourth order problémy”)” + (py')’ + qy = Awy with
boundary conditiong(a) = v'(a) = y(b) = y'(b) = 0, we consider the smallest
eigenvalue\, as a function of the coefficients. The continuous dependence of the
eigenvalue on the coefficients is used to find a sequence of coefficients converging
to a function that attains the supremum or infimumgfover a certain class of

coefficient functions.
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Chapter 1

Introduction

This work examines eigenvalues of generalizeddimensional Sturm-Liouville

problems of the form

dy = Aydt + dPz
dz = (dQ — \dW )y + Dzdt

on an intervalla, b] with general boundary conditions. One goal is to determine
conditions under which each eigenvalue depends continuously and differentiably
on the problem data, including the coefficients, boundary data, and endpoints of the
interval.

One motivation for this work involves finding extremal values of an eigenvalue,
which has applications in several types of physical problems. For vibrating elastic
systems, a typical problem is to maximize the lowest frequency, i.e., to find the
maximum of the smallest eigenvalue, under certain constraints. A simple exam-
ple is the construction of a vibrating string with specified length L and total mass

M to have the maximum or minimum lowest frequency possible. This problem is
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modeled by the second order differential equatiayf = \p(x)y with boundary
conditionsy(0) = y(L) = 0 [14]. The mass constraint iﬁf p(x)dx = M. Itis
known that the minimum frequency is achieved by placing all of the mass at the
center of the string. This leads to makipgr) to be the delta function (z — £) ,

and hence the problem is of the Stieltjes Sturm-Liouville type. The choice of ad-
missible coefficients determines if the maximum problem has a solution. Here, one
must place an upper bound pfr) in order for a maximum to exist.

For vibrating beams (transverse vibrations) or plates, the model is a fourth or-
der problem such agy")" — \ay = 0, wherep > 1. The cases wherge= 1,2, 3
are especially important because they correspond to beams with rectangular cross
sections of given uniform width. This problem can have various boundary condi-
tions. For example, the boundary conditions with the right end clamped and the
left end free are given by(1) = /(1) = 0, a?y"(0) = 0, (a®y")" (0) = Aqy(0).

The constraint here is(t) > 0 andfo1 a(t)dt = 1[19]. For the beam problem, the
objective is to determine the mass distribution that maximizes the fundamental fre-
qguency under the constraint of fixed total mass, which again involves determining
the maximum of the smallest eigenvalue. In chapter 7, we show how the results of
our work can be applied to a problem of fourth order.

Another type of problem involving extremal values of an eigenvalue is the prob-
lem of constructing the tallest column that will not buckle, under constraints such
as a specified volume. One such problem is modeled by the eigenvalue problem
—(a(x)?y) = A (f; a(t)dt) y, 0 < z < 1, with boundary conditiong(0) =
a(1)?y/(1) = 0, with the constraint that(¢) > 0 andfo1 a(t)dt =11[3], [8], [15].

Another motivation for this work is to be able to rely on calculations of eigen-



values when the problem data are approximated. Software packages for computing
eigenvalues often approximate the problem parameters, under the assumption that
the eigenvalues of the approximate problem will be close to those of the given
problem [13]. This work establishes some conditions under which this assump-
tion is valid, i.e., under which the eigenvalues depend continuously on the problem
parameters.

Previous work on this problem dealt with less general conditions. Kong and
Zettl [10], [13] and Kong, Wu, and Zettle [11], [12], consider eigenvalue depen-
dence for scalar, self-adjoint equations, whereas this work allows for Stieltjes Hamil-
tonian systems. They take sequences of eigenvalue problems to examine eigenvalue
dependence on the problem data, and they reduireonvergence of the coeffi-

cients. In the equatior (py')’ + qy = Awy, the approximate equation(p,y') +

1

@1y = Awyy is considered to be close to the original equatio[fal’li‘i —

+
[21g = @] + [ |w — w,| is small. We take the same approach of using sequences
of eigenvalue problems, but we allow for more general modes of convergence on
the coefficients, with two sequences of coefficients converging weakly ione
converging uniformly, and two converging pointwise.

Reid [16] addresses this problem for Hamiltonian systems, but we relax his
hypotheses on the data and on the modes of convergence. Further, the issue of
differentiability of the eigenvalues with respect to the problem parameters is not
addressed by Reid.

Knotts-Zides [9] extends Reid’s results to more general conditions, but her prob-
lem is only2-dimensional and contains fewer coefficients. We extend Knotts-Zides’

results concerning the initial value problem and the continuous dependence of the



eigenvalues to a more general Sturm-Liouville problem. Then we go a step further
by proving the differential dependence of the eigenvalues. We also give a brief
discussion of eigenvalue extremal problems, while Knotts-Zides gives a more de-
tailed analysis. Our analysis addresses the prolfterh” + (py')’ + qy =  wy

with boundary conditiong(a) = y(b) = y'(a) = v¥'(b) = 0, under the constraints
[Pp <My, [Pq < M, ['r < My, and [*w < M,. Knotts-Zides’ analysis ad-
dresses the problemy” + qy = Ay with separated boundary conditions and the
constraintfab lgl < M. We prove the existence of extremizing functions for our
problem, wheras Knotts-Zides actually characterizes the extremizing functions for
her problem (for certain boundary conditions).

We begin with the initial value problem. The existence and uniqueness of a
guasi-continuous solution was established by Hinton [6], but we present a proof
in order to establish certain bounds and continuity properties of the solution. In
Chapter 4, we take sequences of coefficients, leading to a sequence of initial value
problems. We prove that the sequence of solutipps, {z,} converges to the
solution of the limit problem, with they, } converging uniformly and th¢z, }
converging pointwise.

The eigenvalue problem is addressed in Chapter 5 by including general bound-
ary conditions. We show that the eigenvalues are the roots of an entire function.
Taking a sequence of eigenvalue problems, we prove that the sequéticeigen-
values converges to théh eigenvalue of the limit problem, where the eigenvalues
are listed in increasing order. This establishes conditions under which each eigen-
value depends continuously on the coefficients and on the boundary data. Separate

conditions are found which guarantee the continuous dependence on the endpoints



of the interval.

Next we turn to the issue of differentiability of the eigenvalues as functions of
the problem parameters. For this issue, we address the less gedaransional
Sturm-Liouville problem

dy = dPz

dz = (dQ — XdW)y
on [a, b] with separated boundary conditions. We determine conditions under which
each eigenvalue is differentiable as a function of the endpoints. For the dependence
on the coefficients and boundary data, we find that the same hypotheses that guar-
antee continuity also guarantee differentiability. In all cases, we derive expressions
of the derivatives of the eigenvalues with respect to the data.

We conclude with an application in Chapter 7 involving extremal properties of
eigenvalues. We consider the fourth order problent)” + (py')' +qy = Awy with
boundary conditiong(a) = v/(a) = y(b) = y'(b) = 0, viewing the smallest eigen-
value )\, as a function of the coefficients. We pose the problem of determining if
there exist functions that attain the supremum and infimung olver a certain class
of coefficient functions. We use the continuous dependenggarf the coefficients
to find a sequence of functions that approaches such an extremizing function.

There are several areas we plan to explore in future work. One area is to extend
our results to apply to singular problems. Also, the question of differentiability of
the eigenvalues with respect to the problem parameters is addressed in this work
for a less general problem, and we plan to extend these results to the original prob-
lem. More detailed study can be given to extremal eigenvalue problems to actually

characterize the extremizing functions rather than only proving their existence.
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Chapter 2

Preliminaries

Here we give a preliminary discussion of Stieltjes integrals and some previous re-
sults by D.B. Hinton [6].

Let NV be a non-degenerate ring. Ligt || be a norm forN and suppose that
N is complete with respect to this norm. In this work, we takdo be the ring
of 2n x 2n matrices and we define the norm as follows: First we define the vector
norm by||z|| := Y, |a;| for = (1,...,22,)". Then define the norm o by
[A]l == >, lai;| for A = {a;;}. It follows that for A in N andz a 2n-vector,
|AZ|| < ||A||||Z||- Let R™ be the space afi-vectors.

For some number intervéd, b] with a < b, a functionF : [a,b] — N is said to
bequasi-continuou# the left and right limits exist at each interior pointef 5] and
the appropriate one-sided limit exists at each endpoint. A fundtiona, b] — N

is said to be obounded variationf there exists a numbek such that

Y IF ) = Fltia)ll < K
=1
for any partitiona = ¢ty < t; < ... < t,, = b. The greatest lower bound of such
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constantds is called thetotal variationof ' and is denoted/’; For fab |dE(t)].

If a real functionF" is nondecreasing on an intenval b], then F' is of bounded
variation with\/’ F = F(b) — F(a). A function of bounded variation is also quasi-
continuous. Fot > « and a function/” of bounded variation ofu, ¢], define the

total variation function t

vp(t) == \/ F.
If Fis of bounded variation and is continuous, thenis also continuous [18,
Theorem 6.26].

If F"is a function from[a, b] to N, and if G is a function from[a, b] to N or to

R2" then theCauchy-left integral

() / 0F (2)G(x)

denotes an element of NV or R?*" with the following property: for each positive
numbere, there is a partitions = {s;}j from a to b such that for any partition

t = {t;}{ that is a refinement of, then

The Cauchy-right integral
b
() [ PG
denotes an elemeiit of N or R?" with the following property: for each positive

numbere, there is a partitions = {s;}j from a to b such that for any partition

t = {t;}{ that is a refinement of, then




The ordinaryStieltjes integral

/a ’ dF (1)G(z)

denotes an element of N or R?" with the following property: for each positive
numbere, there is a partitiors = {s;}; from a to b such that for any partition

t = {t;}{ that is a refinement of, then

for all tf such that € [t;_1,t;]. We can define similarly the Cauchy-left integral
(L) ff G(x)dF(z), the Cauchy-right integralR) ff G(x)dF(z), and the Stieltjes
integral f;’ G(x)dF'(z). These integrals are known to be unique if they exist. The
Cauchy integrals are known to exist/f is of bounded variation and' is quasi-
continuous. If in addition, eithef’ or GG is continuous, the Stieltjes integral is
known to exist. If the Stieltjes integral exists, then the corresponding left-Cauchy
and right-Cauchy integrals exist and all three integrals are equal.

Now we state some theorems that will be referenced in this paper [6]. They are

stated here without proof.

Theorem 2.1.If F'is of bounded variation frorfu, b] to N, G is quasi-continuous
from [a,b] to N or to R?", and f and g are real functions orja, b] such that for

<y, V; F < fly) - f(z), andg(z) = [|G(z)]|, then

b
< (\/ f) 191l1a.01;

a

o [ “ar(s)0(s)|| < w [ " (s)a(s)

where||g| a5 == sup{g(z) : = € [a, b]}.



Theorem 2.2.1f K > 0, h is a real nondecreasing function dam, b|, and if m is a

real function onfa, b] bounded above by sorfie> 0 and such that for each,

m(e) < K+ (L) [ m(s)dh(s),

then
m(z) < Kelh@-h(@)
for eachz.
Let F be the set of all function8’ : [a, b] x [a,b] — N such that
1. F(x,z) = I forall z,
2. F'is quasi-continuous with respect to its first place, and

3. there is a real nondecreasing functioon [a, b] such thay(a) = 0 and

[F(t,2) = F(t,y)ll < llg(z) — g(y)ll
for all ¢, =, andy. Such a functiory is called asuper functiorfor F.

In this paper, we consider a problem that involves a funckiét), which is not
an element ofF since it is a function of only one variable. However, we can define
F(t,x) := I+ F(z)— F(t), which can be shown to be an elementffThis allows

the following two theorems to apply to our case.
Theorem 2.3.1f F € F, @ : [a,b] — N is quasi-continuousX = Lor X = R,
and P is defined oria, b] by
t
P(t) = (X) [ d.F(t5)Q06)

then P is quasi-continuous. Moreover, i is continuous with respect to its first

variable, thenP is continuous.



Theorem 2.4.GivenF' € F, there is a uniquel/ € F that is a solution of
t
Mt z) = I+ (L)/ d.F(t, )M (s, 7)

for all t andx. Moreover, ifF’ is continuous with respect to its first place, then so is

M.

Theorem 2.5.1f F' € F andG is a quasi-continuous function frofa, b] to N or

to R?*", then there is a unique quasi-continuous functiéon [a, b] such that

Y(t) = G(t) + (L) / d,F(t,s)Y ().

Now we state two convergence theorems for Stieltjes integrals [5], followed by

a convergence theorem for a sequence if functions.

Theorem 2.6. (Helly’s Integral Convergence Theorem).et f be a continuous
function on[a, b] and let{g,} be a sequence of functions, uniformly of bounded

variation onla, b], converging to a functiog at every point ofa, b]. Then

lim M% /f@

Theorem 2.7. (Osgood’s Theoreml.et ¢ be a function of bounded variation on
la,b] and let{ f,,} be a sequence of functions which is uniformly bounded and con-

verges pointwise to a functighon [a, b]. If fb fndg and ff fdg exist, then

Jim h@—/f@

Theorem 2.8. (Helly’s Pointwise Convergence Theorenij f,, is a sequence of
functions, uniformly of bounded variation dm b] such thatf, (a) is bounded in
n, then there exists a subsequerfge and a functionf of bounded variation such

thatlim,, ... f.,, = f at every point ofa, b].
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Here we introduce some notation that will be used throughout this paper. Let

Pla, b] denote the set of all partitions of the interyal b]. Also, definev(t) :=

V! fandl(t) == [ f.
The final theorem stated here can be found in [4, p.105].

Theorem 2.9.1f f € L'([a, b]), thenI;(¢) is absolutely continuous and of bounded

variation, and\/’ I; = [”|f].
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Chapter 3

The Initial Value Problem

We consider the system 8f equations

dy = Aydt + dPz

(3.1)
dz = (dQ — \dW)y + Dzdt
which can be written as the Stieltjes integral equation
t
y(t, A y(a, A A(s)ds dP(s y(s, A
(>:()+I (s) (s) (s,A) (3.2)
z(t, \) z(a, \) o | dM(s,\) D(s)ds z(s, )

on[a,b] x K, where K is a compact set i@, and M (t,\) = Q(t) — AW (¢).

Here,y andz aren-vectors and4, P, ), W, and D aren x n real matrices. We

12



require the following conditions on the coefficients, where each condition holds for
each element in the matrix:

A, D € Li([a,b]);

P = P7 is continuous and nondecreasing wWitha) = 0;

(3.3)
Q = Q7 is of bounded variation ofu, b];

W = WT is nondecreasing witi/ (a) = 0,

\

Remark 3.1. 1. When we say a matrix function is of bounded variation, we

mean that each component is of bounded variation.

2. When we say a real symmetric matrix A is positive, we mean that all of
the eigenvalues of A are positive. This is equivalent to the condition that
(Az,z) > 0for all z # 0. The meaning of a matrix functia#(¢) being non-
decreasing follows accordingly, i.e4(t) is nondecreasing ifi(t,) — A(t1)

IS nonnegative foty > t;.

3. The symmetry condition én P, andWW is needed later for self-adjoint prob-

lems, but it is not needed to prove existence of a solution.

In Reid’s paper [16], the derivatives @, ), and W are required to bd,
functions. We are allowing for more generality in the coefficients, not requiring a
Banach space.

We define the following terms:

13



Pt ) = [, A(s)ds P(t) ;

M(t,\) [ D(s)ds

f@m:/wMﬂm+/nmmm+VP+VM@M

Note that\/! M(-,\) < V' Q + |\ V. W.
Suppose we fix\ and letY (¢) := u(t: ) . Then (3.2) can be written in
z(t, \)

the formY (t) = Y (a) + [ dF(s)Y (s). We now show that for fixed, F(t, z) :=
I + F(z,\) — F(t,\) is an element ofF, which was defined in Chapter 2. The
first condition,F (z, z) = I is clearly satisfied. For the second condition, it suffices
to show thatF'(¢, \) is quasi-continuous in the first place. We knéWis continu-
ous by assumption. The remaining element$'are now shown to be of bounded
variation, which implies they are quasi-continuous. We knﬁm and fat D are
of bounded variation by Theorem 2.9, a@dis of bounded variation by assump-
tion. P andIW are of bounded variation because they are nondecreasing (the fact
that a nondecreasing matrix is of bounded variation is proved later, in the proof of
Lemma 4.1). The third condition is satisfied fgt) := \/! F. SinceF'(t,z) € F,
Theorems 2.3, 2.4, and 2.5 apply to our problem.

The existence and uniqueness of a quasi-continuous solution to the initial value
problem (3.2) was established in Theorem 2.5. We repeat the proof to establish
certain uniform bounds, to determine the continuity of the solution, and to establish

a Lipschitz condition with respect to a spectral parameter.

Define successive approximations fore= 1,2, 3, ... as follows: Given initial

14



conditionsy(a, \) andz(a, A), let

© a
00 || atan) | e
ZO(t, \) z(a, \)
soen | [aoen |
20 (t,\) 2O (¢, \)
‘| s)as S (k=1)(s
J A(s)ds  dP(s) y (s, A) (3.5)
o | dM(s,\) D(s)ds =D (s, \)

First we examine some properties of the successive approximations.

Lemma 3.2. If successive approximations are defined as in (3.4), (3.5) subject to

the conditions in (3.3), then

®) (¢, A (=1 (¢, \ k
yrEA) | YA RN

2B (¢, ) R TV | R

fork=1,2,3,...

Proof. The proof is by induction. First note that by definition,

y O (¢, \) y Ot ) ||| It A(s)ds dP(s) YO (s, \)
2D (t, ) 2Ot \) o | dM(s,)\) D(s)ds 20 (s, )

< Lf(t,A).

Assume the lemma is true for sorheNow
yFr(t,N) y®) (¢, )

2D (¢ )) 20 (¢, \)

15



rt

A(s)ds dP(s) Y™ (s, ) y* D (s, A)

Jo| dM(s,\) D(s)ds 20 (s, ) 2= (s, N)
(f *) (s, \ (k=1 (s, \
amon [ [0 ][y
a 20 (s, ) 2= (s, \)

Now we will find a bound for this last integral. |¢, d] is a subinterval ofa, b],

then overc, d] we have forT’ = {t,}* € Ple, d],

AvF—\/F— sup ZHFW — F(tiy, M|

TeP|e,d]

sup Z/ [1A(s) | ds + | D(s)|]] ds+

TGP[C d]

Z/ 1P(t) = P(tiy)l| + Mt A) — Mt V]

:/HNﬂW+/”Mwm+VP+VM@M
= f(d,A) = f(c,A) = Af.

HenceAvy < Af.

Now our bound is

TRICP VI IR IICPY
2D () 2R)(t, )
t (k=1) (5 )\
_ JdF(S,A) s, N EAICIRY
a Z(k)(S,A) Z(k_l)(SaA)
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rt
F(S
a

rt

(k) (s k=1) (g
i [ [ 7960 | [y
2B (s, ) 2k (s \)
<@ | are el

k!

f<t7a)\)k+1

<Y
=kl

where the second to last inequality follows from induction hypothesis and the last

inequality can be found in [6, p.318]. O

Lemma 3.3. If successive approximations are defined as in (3.4), (3.5) subject to

k) (¢, \ R (A
the conditions in (3.3), then @ | © ™ || and (i) Vel S -

bounded independently fand (¢, \) € [a,b] x K.

Proof. (i) Using Lemma 3.2,

WA || e SNIIRTRIPY YOIt A)
< + —
®) (¢, \) 2O, \) i=1 20 (¢, \) AR (DY
k (2
<SL+L)Y f%”
i=1
< Le/Y

Recall also that

t t t t t
fen< (Al [V PV er V@)

which is bounded independently @f \) € [a,b] x K.

(i) Let T" = {t;}i* € Pla,t]. Using Theorem 2.1 and letting be a bound on

17



(k) (.
vl from part (i),
z(k)(-,A)

\t/ vEEN sup Xm: yO) || (i)
N RECTEN TePlat) = 20 (¢,) 20 (t;_1)
m || (" A(s)ds dP(s)

= sup
TePld i1 || ), | dM(s,)) D(s)ds

m

< 03 [ ot

T€Pla,t] i1
¢
:C/ dvp(s)

= Cf(t, M),

gc /at df (5, )

y* (s, 2)

sinceAuvr is bounded by\ f. Independence follows from (3.6).

2= (s, X)

]

Now we examine the continuity of solutions, starting by proving that each suc-

cessive approximation is quasi-continuous in the first variable. This will be used in

the following theorem to prove the solution is quasi-continuous.

Lemma 3.4. As a function of the first variablg(*) (¢, \) is continuous and®) (¢, \)

is quasi-continuous ofu, b], for k = 0,1,2,... . If Q andW are continuous, then

2% (¢, \) is continuous offa, b], for k = 0,1,2, ... .

Proof. The quasi-continuity of/*)(-, \) and z*)(-, \) follows from the fact that

they are of bounded variation (Lemma 3.3). Now we provegHat-, \) is actually

continuous.

Fix A € K. By definition of successive approximations, for= 1,2,3, ...

y(k)(t, A) =y(a,\) + /tA(s)y(kl)(s, N)ds + /t dP(s)z(kfl)(s, A).

a
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Letg(t) = [I A(s)y*V(s,\)ds, andh(t) = [ dP(s)2* =D (s, \). To show thay
is continuous, note that

to

lg(ts) — g(t1)|| = A(s)y* (s, A)ds

t
to
<c [ Al
t1

o y® (L, N) .
whereC is a uniform bound o .SinceA € Ly([a,b]), Ijay(t) :=

20 (¢, \)
f; ||A(s)||ds is absolutely continuous by Theorem 2.9. Then

aytts) = Tt = [ A)]ds

t1
can be made arbitrarily small, and henjggt,) — g(¢,)|| can also. Thereforg is
continuous.

Now for h, we have

Ih(ts) — h(ts)] = \

/t th dP(s)2% (s, \) ‘ ‘
< / ? dup ()]s, )|

t1

S C(Up(tg) — Up<t1)).

SinceP is continuousyp is also. Thervp(ty) — vp(t;) can be made arbitrarily
small and hencdh(ts) — h(t;)|| can also. Now botly andh are continuous, so
() (¢, \) is continuous as a function of
If @ andV are continuous, therd® (¢, \) can be shown to be continuous using

a similar argument. O
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Theorem 3.5. The initial value problem (3.2) has a unique solution in the space of
guasi-continuous functions. This solution is bounded in norm and in total variation

independently of and A on [a, b] x K.

Proof. We prove the existence of a solution by showing it is the limit of the se-

guence of successive approximations. By Lemma 3.2, we hayefok,

VR B RGPV N p y“ (£, \) yiD(t, \)
®)(t, ) 20)(2,\) _, i) £\ (=1)(¢, \)
f FEA
<L Z L )
i=k+1 (k + 1)
k+1
< L&eﬂb’k) — 0 ask — oo.

(k+1)!
Thus{[y*), 2™]} is uniformly Cauchy ina, b]. Taking the limit ask — oo in
equation (3.5) and using the fact that the convergence of the successive approxima-

tions is uniform, we get that

y(t, ) AP

= lim

2(t,\) Fmoo | 2B (¢, A)

is a solution. We know that each successive approximation is quasi-continuous
in ¢t and uniformly bounded in norm and in total variation by Lemma 3.3, so this

solution has these same properties.

. U1 Y2 . .
To prove uniqueness, assume that | and are both quasi-continuous

21 Z9
solutions. For fixed\, let
t, A t, A
Y(t) = Yya(t, A) _ yi(t, A) ’
22(t7 >\) 21 (tu )‘>
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[IA(s)ds P(t)

F(t )=
) M(t,\) [!D(s)ds

as before, so that
t
Y(t) = / dF (s, \)Y (s).
Then
t t
1Y ()] S(L)/ [dF (s, MY ()] S(L)/ dop(s, \)[[Y (s)]|
Then by Theorem 2.2,

1Y (1)|| < 0elvrtEN—vr@h) —
hn
Hence = . [
21 22

The first part of the following corollary follows from the fact that thé) (¢, \)
are continuous with respect t@nd that they converge uniformly t@¢, ) ask —
oo. The second part follows from Lemma 3.4 and the uniform convergence of the

successive approximations.

Corollary 3.6. 1. y(t, \) is continuous with respect to

2. If @ andWW are continuous offu, b], thenz(t, A) is continuous ofja, b].

We conclude with some additional properties of solutions. First a Lipschitz

condition in\, and then a property concerning total variation of the solution.
Lemma 3.7. For any \; and )\, in K, we have the Lipschitz condition

») »)
y(t, Az) B y(t, A1) < cfha — M,
Z(t, )\2) Z(t, )\1)

wherec is a constant independent 0 [a, b].
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Proof. Let

¢(t) =

y<t7)‘2) _ y<t7 )‘1)
Z(t,)\g) Z(t,)\l)

= lly(t; A2) =yt M)+ [12(2, Az) = 2(8, M)

Using the equation(t, \;) = y(a, N) + [ A(s)y(s, \i)ds + [ dP(s)z(s, \i)

fori = 1,2 and the fact thag(a, A1) = y(a, \2), we have

vt e =yt M) = [ A2 =u(s s [ dPE)[a(s00)~2( M)

a

Similarly, we have

“(t.00) = 2(.0) = [ dQo)ly(s.2) = y(s. )
/ dW (s)[Aay(s, A2) — Ay(s, A1)] / D(s)[z(s, A2) — z(s, A1)]ds.

a

By adding and subtracting the terfcrﬁ dW (s)A\1y(s, A2), we get

“(00)=2(.0) = [ dQo)lus. 2 =yl Al = [ V()= Ayt o)

t
—/dW(s))\l[ (s,A2) —y(s, \1)] /D 2(s, A2) — z(s, A1)]ds.

y(t,A)
z(t, \)

(1) < / LA g(s, o) — (s, An)llds + / dop()]|2(s, M) — 2(5.0)|

a

LetC' > 0 be a bound o* , from Theorem 3.5. Then

+ [ doals.32) — yls A + e = M| [ i) 2]
[ dows)ly(s ) = yls Ml + [ IDEN (s 22) = 2L M)lds
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a

< / doa(s)B(s) + / dop(s)6(s) + (L) / dg()0(5) + Cls — M| \/ W
M) / dow ()6(s) + / dup (5)6(s)

By Theorem 2.2, it follows that

b
o(t) < <O|/\2 — M| \/W) emt),

where
m(t) = va(t) + vp(t) + vo(t) + [Mlow (t) + vp(t).
Then
¢(t) < ¢fAa — M,
where

b
c=C \/ We™®),
]

Theorem 3.8.There is a nondecreasing functigmon [a, b] such that\/7? y(z, A) <

q(x2) — q(x1) and /32 z(x, A) < q(x2) — q(y) forz; < zpand all\ € K.

Proof. Fix A € K. ForanyT = {t;}§" € P|x1, x2],

T2 m
1 TE'P[J:l,JJQ} i=1

m

= sup
TE'P[J:l,JJQ} i=1

< s 30 [ A s+ [ 1dPE)(s )]

TGP[:E1,I2] i=1 ti— i

/ A s+ | P53

= [ 1A Nasl + [ 1aPs)=. 0]

1 1
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< 0/ 1A(s)||ds + C'\/ P

X1 1

= 91(952) - CI1($1),

. y(t, A)
where(C is a bound o and

2(t, \)

q(x) = C/m | A(s)]|ds + C\/P.

Note thatq, is continuous sincé” is continuous [18, Theorem 6.26] and since

A € Ly([a,b]) (see Theorem 2.9). Now

T2 m

V@A) = sup Yzt A) = 2(tio, A
z1 TEP[zl,xg] i=1
m ti ti
= s Y| [ @) Ao+ [ Dls)as Vs
TeP[z1,22] i=1 ti—1 ti—1

m

< sup 2/ H(dQ(S)—AdW(S))y(S,A)IIﬂL/i 1D(s)2(s, A)ds||

TGP[CCLSCQ] i=1 ti—1 ti—1

)

gc/m 1dQ(s)l +0<r§1€afg<|Al)/ |dW (s)] +0/m |D(s)||ds

= q2(22) — q2(21),
where
@) =C\/Q+ C'(max [[A]]) W+ C/a 1D (s)l|ds
Note thaty, is nondecreasing but may have discontinuities.

Theng(z) := ¢ (z) + ¢2(z) satisfies the conclusion of the theorem. O
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Chapter 4

A Sequence of Initial Value Problems

In chapter 1, we examined the continuity of a solution to the initial value problem
as a function ot and of . Now we study continuity as a function of the problem
coefficients. To accomplish this, we define a sequence of initial value problems
satisfying the same conditions as the problem in the previous chapter (therefore the
results from chapter one apply to each problem in the sequence). We will show that

the sequence of solutions converges to the solution of the limit problem.

The sequence of problems is defined as followspfer 1,2, 3, ... :

dy, = Apypdt + dP,z,
(4.1)

dz, = (dQn — \dW,)yn + Dy zpdt

on[a,b] x K, which written as a Stieltjes integral equation has the form

Yn(t, N) yn(a, \) N Jt A, (s)ds dP,(s) Yn(5,N)
Zn(t, N) Zp(a, \) o | AM,(s,\) D,(s)ds Zn (8, \)
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where A,,, P,, M,, = Q, — \W,, and D,, satisfy the same conditions as P,
M, and D, respectively, as stated in (3.3). We also require thatand IV/,, be
uniformly of bounded variation, stated below along with the types of convergence

that are required:

A, — Aweakly inL,([a,b]);

D,, — D weakly in L ([a, b]);

P, — P uniformly in [a, b];

Q. — Q pointwise in|a, b|;

W, — W pointwise in[a, b]; (4.2)
yn(a, A) = y(a, A);

zp(a, N) — z(a, \);

VP Q, < Qforall n;

P W, < W foralln,

\

for some constant§ and 7. The modes of convergence required here are more
inclusive than in previous work [16], which is appropriate due to the increased

generality in the classes of coefficients.
. . . | y(@)
For the remainder of this section we fixand write =

understanding that there is still a dependence.on

We define the following terms for use in the proof:
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yn(a
L — (a) ;

2n(a)

16 = [ 1AGlds+ [ 1D]ds+\/ P\

t t t t
Fult) :/a ||An(s)\|ds+/a IDn(s)lds + \/ Pu + \/ M.
Recall that in Lemma 3.3 we proved the existeslce of aauniform bound on all
successive approximations for one initial value problem. Now we extend that uni-
form bound to all successive approximations for all of the initial value problems in

the sequence.

(k)
n t
Lemma4.1. Let y(k)( ) ,k=1,2,3,... bethekth successive approximation
zn (1)

for thenth problem in the sequence (4.1) for= 1,2,3, ..., defined in the same
()
manner as for problem (3.1). Then under assumptions (4.2), and
a0 (t)
(k)

\/b o are bounded independently of &, andt.

A

Proof. By the proof of Lemma 3.3, we have
< Lye™®;

t y(k)
" < Lo £, (b).
VA R fn(0)

a n
Therefore the proof will be complete when we find a uniform bound bp}$°
and{f.(b)}3°. The sequencéL,};° is bounded because of the assumption that

L, — L.
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For f,(b) = [7[|Au(s)llds + [ | Du(s)||ds + /% P, + \/° M, first observe
that the weak convergence ofi,, }° and{D,, }5° guarantees a uniform bound on
f | A, (s)]|ds andf | Dy (s)||ds for all n [16, p.430]. If P(t) = {P;;}, then for
T = {t;}1" € Pla,b],

b m

\/P= sup ZHP(tk)—P(tk—l)H

o TePla,b]

— sup ZZmJ tr) — Py(te_1)|-

TePla,b] ig=1 k=1

Since P is symmetric and nondecreasing, together with the fact thaj >

P(a) = 0, any component of’ is bounded by the square root of the product of
the corresponding diagonal entries (which are nonnegative)|Fg..< /P, P};.
Then using the fact thafab < %(a + b) for any positive numberg andb, we have

|P;;| < 1(Py; + Pj;). Then continuing from above, we have

\/P< Z sup Z\Pu tr) = Pii(te—1) + Pjj(te) — Pjj(te-1)]

1T€’Pab]k 1

SNV

i,Jj=1 a
Now defineP(t) := .7, P,(t). Since the diagonal entries @ are nonde-

creasing and have initial value zero, we havé  \/° P, = \/* P. Therefore,

/733 (V)

ey

28
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b
= n\/f’ = nP(b),

with the last equality holding becauge is continuous and nondecreasing with

~

P(a) = 0. Similarly,
b
\/ P < nPy(b).

SinceP;(b) — P(b), there exists a bound ofP; (b) }3°. Hence there exists a bound
on\/" P, for all ;.
Recall we have a uniform bound (\/ﬁ M, for all n by assumption. Therefore,

{fn(b)}>2, is bounded and the proof is completed. O

In preparation for showing the convergence of the sequence of solutions, we

now show the same is true for each set of successive approximations.
Lemma 4.2. Under the assumptions in (4.2), for each= 0,1, 2, ....
1. 4 (t) — y®(¢) uniformly on[a, b] asn — oo, and
2. 20 (t) — 2®)(t) pointwise ona, b] asn — co.
Proof. The proof is by induction ot. First, note that
ly @) =y Ol = ly(a) = yu(a)l| — 0

and

129() = 27 @) = llz(a) = zu(a)]] — 0

by assumption. Assume the lemma to be true for sémend now considey and

z separately to show the lemma is true fo# 1.
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1. By definition of successive approximations,

I =0 = o)+ [ (A ($)ds + dP)s)
@)~ [ T s + a9
Then
SE0 0 = )~ )+ [ TaPG) - a0
~ [P 6 — )+ [ TAG) - Al s)ds
~ [ A6 s @3
We will show that each of these terms converges to zero uniformy, in.

First,||y(a) — y.(a)|| — 0 by assumption.

For the second term in (4.3), we use integration by parts and the fact that

P(a) = P,(a) = 0 to write

[ 1ar(s) = a5 =
- 1P = B0 + [P0 - P00, (4.)

SinceP and P, are continuous and therefore boundedam),

/ (dP(s) — dP,(s)]2%)(s)

<

(max 1P H> \/z FIPE@) — P 12® ).

tela,b]

This converges to zero as — oo since\/” z*) and||2("(t)| are bounded

(by Lemma 3.3) and sincB, — P uniformly by assumption.

30



Rewrite the third term in (4.3) as

[ AR OO ~ 296 = [ 1dP() ~ dPOIEs) - ()
+ /t dP(s)[z2W(s) — 2 (s)]. (4.5)

Now treat the first of the two integrals on the right-hand side of (4.5) the same

way as in (4.4). Performing integration by parts and taking the norm, we get

[ 1aPa(s) = aPE)ED () - )

tela,b]

< (s 120 = PO Vit
IR0 = PO @) — 20|,

which converges uniformly to zero for the same reasons as in (4.4).

The pointwise convergence of the second integral on the right-hand side of
(4.5) follows from Theorem 2.7. This theorem applies siftcis of bounded
variation, sincdz{"(s) — 2" (s)] is uniformly bounded, and sincé" () —

2*)(¢) pointwise by induction hypothesis. Now we use the Ascoli-Arzela
Theorem to show the convergence is actually uniform and not only pointwise.
The sequencg/’ dP(s)[z" (s) —z®(s)]}22 , is uniformly bounded ofu, 0]

since

b
‘ ‘ < (f?% 1209(8) — z<k><t>u> \/ P,
€la, a

which is finite since:® andz" are quasi-continuous and by Lemma 4.1

/ 4P(s)[2P (s) — 2% (s)]

are uniformly bounded. To show the sequence is equicontinuous afind &

and letg(t) = [ dP(s)[2 (s) — 2®)(s)]. Now
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/ " dP(s)[2(s) — 2¥)(s)

t1

< (tzl[lpb] [ ) Ve
_ <sup 209 (¢) - z<k><t>|r) (vp(t2) - ve(t)

lg(t2) — g(t2)] = \

t€la,b]

Now P being continuous implies thats is continuous, and thereforgis

also continuous by this last inequality. Singg" (1) — 2®(¢)| is bounded
independently of, k&, andt by Lemma 4.1, the sequence is equicontinuous on

la, b]. Then the Ascoli-Arzela Theorem says that the sequence has a uniformly
convergent subsequence. Since the sequence converges pointwise and has a

uniformly convergent subsequence, the sequence itself converges uniformly.

We rewrite the fourth term on the right-hand side of (4.3) using the the func-

tion 74(¢ f A(s)ds. Then exactly as done in (4.4), integrate by parts and

.

< (Sup [11a(s) —IA,,L(S)II> V™ +12a(t) = Lo, Oy @) (4.6)

te(a,b]

take the norm to get

/ [A(s) — Ay ()]y® (s)ds / (dIa(s) — dI, (s)]y™® (s)ds

which converges uniformly to zero sin§# y* and||y*)(t)|| are bounded,
and sinced,, — A weakly inL;([a, b]) implies thatl 4, — 14 uniformly [16,
p.430].

For the last term in (4.3), we have

\ < <sup (1 H) / 1 A4u(s)llds,
tela,b]
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Now fj |A,.(s)||ds is uniformly bounded sincd,, — A weakly inL;([a, b])
[16, p.430], and,"” (¢) — y®(¢) uniformly by induction hypothesis. There-

fore the term on the right-hand side of (4.6) converges uniformly to zero.

We have shown that fay* ) (¢) — y{¥ (¢) written as the sum of five terms,
each term converges to zero uniformly @nb|, completing the inductive

step.
. Similarly to part 1, we write
t
AD() = () = 2(a) + / [dM (s)y™ (5) + D(s)2")(s)ds]

~ (a) - / (M ()5 (5) + Do(5)2%) (5)dls].

Then

A0 = o) = [s(a) — a)] + [ [@M() — M)

- [ aM @) s) = 56 + [ (DGs) - Duls)s)ds
- tDn(s)[zgk)(s)—z(k)(s)]ds. 4.7)

We will show that each of these terms converges to zero pointwige ih

First, ||z(a) — z,(a)|| — 0 by assumption.

The pointwise convergence to zero of the second term on the right-hand
side of (4.7), [ [dM(s) — dM,(s)ly™®(s), follows from Theorem 2.6, not-
ing thaty® (¢) is continuous, the M7, }$° are of uniform bounded variation,

andM,, — M pointwise in[a, b].

For the third term on the right-hand side of (4.7), we have

b
‘ ] < (s?pb] 1% (2) —y<k><t>||> <sup\/Mn>,
t€la, no
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which converges uniformly to zero sinl\:,éC’L M, is bounded independently of

n and sincey” (t) — y® (¢) uniformly by inductive hypothesis.

We rewrite the fourth term on the right-hand side of (4.7) using the function

Ip(t) = f(f D(s)ds and the same method of integrating by parts, getting

b
< (sup 1p(s) —IDn(S)H) V= + 1n(8) = Lo, @) I1l1z® @)

/ [D(s) — Do(s)]2%¥)(s)ds

/ [dlp(s) — dlp, (s)]2%)(s)

te(a,b]
The right-hand side converges uniformly to zero sie:* and ||z (t)||

are bounded and sinde, — D weakly in L;([a, b]) implies that/p, — Ip

uniformly.

We write the last term in (4.7) as

/ Do(s)[z9(s) — ¥ (s)]ds = / (dIp, (5) — dIp(s)] [z (s) — =) (s)
+/ d]D(s)[zgk)(s)—z(k)(s)].

The first of these two integrals can be shown to converge uniformly to zero
using integration by parts as seen before. Theorem 2.7 can be used to show
pointwise convergence of the second integral. This theorem applies because
D € Li(|a, b)) implies thatl}, is of bounded variation, and becaus® (t) —

2(*)(¢) pointwise by induction hypothesis. The convergence can be shown to
be uniform using the Ascoli-Arzela Theorem as in part 1, i.e., as in the last

term of (4.5).

Having shown that*+1(¢) — z,(f“)(t) can be written as the sum of five

terms, one converging pointwise and four converging uniformlyin], the
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inductive step is complete.
O

Corollary 4.3. The convergenctz®(t) — 21 (t)|| — 0 asn — oo is uniform on

la, b] if M,, — M asn — oo uniformly on[a,b], fork =1,2,....

Proof. In the proof of Lemma 4.2 (2}*+1)(¢) — ) (t) was written as the sum of
five terms, all of which converge uniformly to zero except for the tg{lflfdM(s) -
dM,(s)]y™ (s), which converges pointwise. Under the assumption dat— M
uniformly, we now show that this term converges uniformly. Using integration by

parts in the same manner as used in the proof of the previous Lemma,

<

[ 1ans) ~ a5 )

b
(“MM@”WWOVWWMM%MNWWMW

tela,b]

which converges uniformly to zero sin§# y* and||y|| are bounded and since

M,, — M uniformly. O

y(t) . Yn(t) .
Theorem 4.4. Let be the solution of (3.1) an be the solution

z(t) Zn(t)
of (4.1), and assume (4.2) holds. Themas> oo,
1. y,(t) — y(¢t) uniformly in[a, b], and
2. z,(t) — z(t) pointwise in[a, b].
Proof. 1. We write
ly(®) = vl < lly(@) = y™ O + [ly™ (@) = w2 Ol + 192 ) = g (D]
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As in the proof of Thoerem 3.5, using Lemma 3.2, we have

(k) oo ;
yn (t) Yn(t) fa(D)
Zn (t) Zn(t) i=k+1

which tends to zero & — oo. Since thel,, andf,,(b) are bounded indepen-
dent ofn, this convergence is independentgfand it is clearly independent
of t andk as well. So given any > 0, there exists &, > 0 such that if

k > ko, then
€

927 ) = ()]l < 3

foralln =1,2,3,...andt € [a, b].

Also, by the convergence of successive approximations to the solution as
shown in the proof of Theorem 3.5, we can assume for the Janikat

k > ko implies

ly(t) =yl <

foralln =1,2,3,... andt € [a,b]. By Lemma 4.2, we can assume that for

the same, thatk > k, implies

€

I5(0) =y P )] < <

Therefore, fork > k),

ly(t) —yn(D)]| <€

foralln=1,2,3,... andt € [a, b].
2. Write
12(8) = za ()] < [12(8) = 2@ O + [120 () = 2 O] + 1128 (1) = za(®)]],
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and in a similar manner obtain

|2(t) — zu(t)]| <,

but this time the convergence of the middle term is pointwise rather than
uniform (see Lemma 4.2).

O
The next corollary follows directly from Corollary 4.3 and Theorem 4.2 (2).

Corollary 4.5. The convergence,(t) — z(t) is uniform if M,, — M is uniform.
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Chapter 5

The Eigenvalue Problem

In this section, we add boundary conditions to the problem (3.1) and examine the

eigenvalue problem:

dy(t,\) = A(t)y(t, \)dt + dP(t)z(t, \)

(5.1)
dz(t, ) = (dQ(t) — MW (t))y(t, \) + D(t)z(t, \)dt
on[a,b] x K, assuming hypotheses (3.3), with boundary conditions
A b, A
r (. ) +Q u(h, ) = 0. (5.2)
z(a, A) z(b, A)

Here we assume tHéands2 are2n x 2n constant matrices such tha{<2] has full

rank2n. For the self-adjoint problem, we require that
FET* = QEQ", (5.3)

where



and/, is then x n identity matrix. This condition will be discussed further later,
but self-adjointness is not assumed for this chapter. Even when self-adjointness is
assumed, the number of eigenvaluesf (5.1)-(5.2) may actually be finite since
difference equations are included in this formulation.

Let ®(¢, \) be the2n x 2n matrix whose columns are the solutions of (5.1) such

that®(a, \) = I»,. The existence of suchd&is guaranteed by Theorem 3.5. Then

y(a, A)

the solution of (5.1), when initial conditions are given{ig, \)
z(a, \)
Now we will see that the eigenvalues of this problem are the zeros of an entire

function. This fact will be used later in proving the convergence of a sequence of
eigenvalues to the eigenvalue of the limit problem. Define the funatiof — R
by

d(b, \) = det [I" + Q®(b, \)] .

Lemma 5.1. For fixedb, the eigenvalues of (5.1), (5.2) are the roatef d(b, \).

£\
Proof. The eigenvalue problem has a nontrivial solutigi, \) = u(t:2) if

z(t, \)
and only if(t) = ®(t, \)o(a), whereg(a) # 0, andT'¢(a) + Q¢(b) = 0. But this

holds if and only if[I" + Q®(b, )] ¢(a) = 0. Since¢(a) # 0, this equation has a
solution\ if and only if det [I' + Q®(b, \)] = 0. O

Lemma 5.2. For fixedb, d(b, \) is an entire function in\.

Proof. Let K be a compact subset @fand fix A in K. Define successive approxi-

mations tod (¢, A) as follows:
OOt \) =1,
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' A(s)ds dP(s)

OEHD(t \) =T + J ok (5, \).

o | dQ(s) — XdW (s) D(s)ds

Now {®®) (¢, X)}2, is uniformly Cauchy irfa, b] x K and converges uniformly to

t

A(s)ds dP(s)
O(t,\) =1+ P(s,A),
o | dQ(s) — AdW (s) D(s)ds
as shown in the proof of Theorem 3.5. In particufdt®) (b, \) — ®(b, \) ask —

oo, and hence
det [I' + Q0™ (b, \)] — det [[' + Q& (b, \)] = d(b, \)

ask — oo uniformly for A € K.

A proof by induction shows that each componentdf (b, \) is a polynomial
in X. Hencedet [I" + Q@®*) (b, \)] is a polynomial im\. Since) is in a compact set
K and sincel(b, ) is the uniform limit of polynomials im\, d(b, \) is analytic on

the interior of K’ and is therefore entire since K is arbitrary [2, Thm 2.1]. [

For the initial value problem, we took sequences of coefficients to examine the
dependence of solutions on the coefficients. Now we take sequences of coefficients
and also sequences of boundary data to examine the dependence of solutions and the
dependence of eigenvalues on these parameters. We assume the sefildghces
{D,},{P.}, {Q.}, and{W,,} satisfy the same conditions as D, P, @, andW,
respectively, as stated in (3.3). We also require the same hypotheses as stated in
(4.2).

The sequence of eigenvalue problems is given by
Ay, (t, N) = A, (O)yn(t, N)dt + dP,(t)z,(t, \)
(5.4)
dzp(t, N) = (dQu(t) — MW, (£))yn(t, A) + Dy (t) 2, (t, N)dt
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on[a, b] x K, with boundary conditions

n(a, A (b, A

. yn(a, A) La, Yn(D, A) _o. (5.5)
Zn<a/7 >\) Zn(b, )\)

forn =0,1,2,... . Here,I', — I, Q, — Q, andl',,, ,, satisfy the same con-

ditions asI', (2, respectively. Also, each coefficient in this problem satisfies the
same conditions as the corresponding coefficient in (3.3), and each sequence of
coefficients satisfies the conditions given in (4.2).

Let @, (¢, \) be the2n x 2n matrix whose columns satisfy (5.4) such that

®,(a,\) = I, and let
dn(b, A) = det [, + Q, P, (b, M)].

By Lemma 5.1, the roota of d,,(b, A\) = 0 are the eigenvalues of thegh problem

in the sequence.

Lemma 5.3. Assume (4.2) holds and thBf, — I, 2, — © asn — oo. Then for

fixedb, d,, (b, \) — d(b, \) uniformly on compact subsets@fasn — oc.

Proof. Let K be a compact subset @fand fix A\ € K. We know that®,,(¢,\) —
®(t, ) pointwise as shown in the proof of Theorem 4.4, and we knowlthat: T’
and,, — Q by assumption. Thereford,,(b, \) — d(b, \) pointwise. To show
this convergence is uniform, we appeal to Montel’s Theorem [2, Thm 2.9].
First we verify that{d,, (b, ) }>2, is a uniformly bounded sequence. Let

1 0 0
0 1 0

c=1|°|,[°|,...or
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Using the bound in the proof of Lemma 3.3 and the fact that, ) has columns
satisfying (5.4),
1@0(8, ) - cll < [[@ula, )| - ce™®.

Recall that

fult) = [ As)lds [ 1Du)ds +\/ P\ M,

was shown to be bounded independently:adnd A € K in the proof of Lemma
4.1. Then sinc®,,(a, \) = I, {d,.(b, \) }>°, is uniformly bounded.

We also know that eachi, (b, \) is analytic by Lemma 5.2. Then by Mon-
tel's Theorem, there exists a subsequence that converges unifornily &mce
{d.(b,\)}>2, converges pointwise and every subsequencgipfb, \)}>° , has a
uniformly convergent subsequence @i the sequence itself must be uniformly

convergent on. (]
The continuity ofd(b, \) andd,, (b, A) is discussed in the following lemma.

Lemma 5.4. For fixed \, d(b, \) (d,.(b, \)) is quasi-continuous in. If Q) and W
(@, andW,,), are continuous, thed(b, \) (d,(b, \)) is continuous irb and \.

Proof. We give the proof forl. The proof ford,, is similar. By definition ofd(b, ),
it has the same type of continuity @b, \). For fixed\, ®(b, \) is quasi-continuous
in b by Theorem 3.5, and hendgb, \) is also.

By Corollary 3.6,y(b, \) is actually continuous in. If we assume thaf) and
W are continuous, we can show thab, \) is continuous inb. This follows by
first observing that the successive approximatiotigb, \) are continuous irb,

using a parallel argument as the proof of the continuityéf(¢, \) in Lemma
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3.4. The proof fory®)(¢, \) depended on the continuity @t Likewise, the proof
for 2*)(¢, \) will depend on the assumption th@ and 1V are continuous. The
continuity of 2 (b, \) along with the uniform convergence t¢b, \) ask — oo
gives the continuity ot (b, A). Therefore ®(b, \) is continuous irb, assuming that
@ and W are continuous. For fixetl ®(b, \) is continuous in\ because of the
Lipschitz condition from Lemma 3.7. Therefot#p, \) is continuous in both and

A if Q andWW are continuous. O

In the next theorem, we prove the continuous dependence of each eigenvalue
and the solution on the coefficients and on the boundary data, under certain con-
ditions. One condition is that all eigenvalues, which are the rootsasfdd,,, are
real. This condition will always be true in the self-adjoint case. The other condition

is that there exists a uniform lower bound on the eigenvalues.

Theorem 5.5. Given the sequence of eigenvalue problems (5.4), (5.5) under the
hypotheses of Lemma 5.3, {et; }; and{)\l(.”)}i be the roots ofl(b, \) andd,, (b, \),
respectively, for fixe. Assume that all of these roots are real and listed in increas-
ing order, and that there exists a constantsuch that\; > m and A§“> > m for

all n. Then)\gn) — \; asn — oo, for each)\;. Moreover, taking the normalized

eigenfunctions such that

Yn(a, /\z(n)) 1
2l A")
and asn — oo, for eachi,
Yala, A™) y(a, \i)
_)
zn(a, )\En)) z(a, \;)
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thenfori=0,1,2,....
L.y (t, A = y(t, A;) uniformly in[a, b, and

2. 2, (t, M) = 2(t, \;) pointwise ina, b]

asn — oo.

Proof. Note that by Lemma 5.1); is the:th eigenvalue of (5.1)-(5.2), amf”) is
theith eigenvalue of (5.4)-(5.5).
First consider = 0. There exists a symmetric convex cont@ythat encloses
the numbersn and )\, on the real line, but no other eigenvalues : i # 0} are on
or enclosed by, except possibly multiplicities ok,. Such aC|, exists because
the eigenvalues are real and are the roots of an entire function (by Lemma 5.2) and
therefore have no finite point of accumulation.
Now we will appeal to Rouche’s Theorem to compare the number of roots of
d(b,\) andd, (b, \) inside the countou€’,. Since no eigenvalue lies af, the

points\ € C, form a compact set such that if
no := min{|d(b, \)| : A € Cy},

thenny > 0. Let e be an arbitrary positive number. Without loss of generality, we
may assumé < e < nyg. Sinced,, (b, \) — d(b, \) uniformly on compact sets by
Lemma 5.3, there exists a positive numB&rsuch thatd,,(b, \) — d(b, )| < € for

alln > Ny, and all\ € (. Sincee < ng, we have
|dn (b, A) — d(b, \)| < [d(b, N

for all A € Cy. We also know that/ andd,, are entire and hence analytic on and

insideCy. Therefore, fom > N, d andd,, have the same number of roots inside
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Cy by Rouche’s Theorem. By the construction(f, the number of roots of,,
insideC is equal to the multiplicityn, of the first eigenvalue),. Due to the lower
boundm on all the eigenvalues, the roots &f that lie insideC; must be the first
m eigenvalues of theth problem \J”, AT ... Al

Now letr, be a positive number. We may assume that
0 < ro <min{|\ — Xo| : A € Co}.

Form the contout’, with center), and radius-, soC, C Cy. By the same argu-
ment used foCy, d,, hasm, roots inside the contout, for largen, wheremy is
the multiplicity of \,. These roots must b&™. A, ... A™__ Since all of these

s Ymo—1-

values lie inC, and since\y = \; = ... = Amo—1, We conclude
|>\Z — )\gn)| < Tg,

fori = 0,1,...,my — 1 and largen. Hence)\f.”) — N\, asn — oo, fori =
0,1,...,mo— 1.

This proves convergence for the firsf, eigenvalues. To prove the same for
further eigenvalues, construct another contGur_et p, be the point of intersection
of Cy andR such thap, > \g. Let C; be a symmetric convex contour that passes
throughp,, encloses),,,, and does not contain or enclose any other eigenvalue
{\i : i # my}, except possibly multiplicities ok,,,. The pointsA € C; form a

compact set such that if

ny := min{|d(b, \)| : A € C4},

thenn; > 0. Let e be an arbitrary positive number, and we may assmee <

ni. There exists a positive numbeé¥, such that/d,,(b, \) — d(b, \)| < e for all
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n > N; and for allA € ;. Using Rouche’s Theorem as beforg, must have
exactlym, roots enclosed by, wherem;, is the multiplicity of \,,,. Form C,

in the same manner &), to reach the conclusion thaﬁn) — \; asn — oo, for

1 =mg,mo+1,...,mg+my—1. Continue in this manner to prove the convergence

for all .

The proof of 1 and 2 follows from a slight modification of the proof of Theorem

4.4. ]

Having found conditions under which each eigenvalue depends continuously on
the coefficients and on the boundary data, we now consider the dependence on the
endpointsz andb. Here we will examine the dependencetmenoted\ = \(b),

noting there are similar results for the dependence.on

Theorem 5.6.Under the assumptions of Theorem 5.5(f) is one of the eigenval-
ues of (5.1)-(5.2), thei(b) is continuous id(b, A) is continuous irb. Otherwise,

A(b) is quasi-continuous.
Proof. Consider the sequence of boundary value problems ferl, 2.3, ...,

dyn(t, \) = A()yn(t, N)dt + dP(t) 2 (L, \)
(5.6)

dzp(t, N) = (dQ(t) — XdW (£))yn(t, A) + D(t)z,(t, \)dt

on [a,b,] x K, whereb, — b. Again, assume the hypotheses (3.3) on the coeffi-

cients. We also have boundary conditions

+ Q
Zn(a, \) Zn(bny )

= 0. (5.7)
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Similarly to an earlier discussion, defifg (¢, \) to be the2n x 2n matrix whose

columns satisfy (5.6) such thét,(a, \) = I,,, and let
d(bn, A) := det [[' + Q®,, (b, \)] .

Let {\;}2, and{Agn)};ﬁl be the roots ofi(b, \) andd(b,,, \), respectively, for
n=1,2,3,....As seen earlier, these roots are the eigenvalues of the correspond-
ing problems. An argument similiar to that in the proof of Theorem 5.5 shows that
/\E") — )\; asn — oo, foreachi = 0,1,2,... . The proof in Theorem 5.5 appeals

to Lemma 5.3, so we must show that the Lemma’s conclusion holds in this case. If

d(b, \) is continuous irb, then
d(bn, \) — d(b, \),

i.e., the conclusion of Lemma 5.3 is valid. Otherwig@, \) is quasi-continuous in
b, because by definition it has the same type of continuit® ashich was shown

earlier to be quasi-continuous. O
Theorem 5.6 together with Lemma 5.4 yield the following corollary:

Corollary 5.7. Under the assumptions of Theorem 5.5\(i§) is an eigenvalue of

(5.1)-(5.2), thenm\(b) is continuous ifY and W are continuous.

By reworking Theorem 5.6 and Lemma 5.4 in terms of one-sided continuity, we

can generalize the previous corollary to read

Corollary 5.8. Under the assumptions of Theorem 5.5\(i§) is an eigenvalue of
(5.1)-(5.2), them\(d) is right (left) continuous if) and W are right (left) continu-

ous.
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Chapter 6

Stieltjes Sturm-Liouville Equations

In this chapter, we let = 1 and we eliminate the coefficients and D, resulting

in the Sturm-Liouville equations

y(t,A) = y(a, \) + [/ dP(s)z(s, \)

(6.1)
2(t,N) = 2(a, \) + [[dQ(s) — MW (s)]y(s, \)
on [a, b], assuming the same conditions BnQ, andWW as before, i.e.,
P is continuous and nondecreasing witfa) = 0;
Q is of bounded variation ofu, b]; (6.2)
W is nondecreasing witd/ (a) = 0.
\

In addition, assume that these coefficients are defined on some ifjtgrvg] such

that[a, b] C [ao, bo]. We attach separated boundary conditions
(cosa)y(a, ) — (sina)z(a, \) =0, (6.3)

(cos B)y(b, \) — (sin B)z(b,\) =0 (6.4)
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where) < a < mand0 < g < .

. Ay A) | o .
Finally, we assume that i (54) is a nontrivial solution of (6.1) and
z(t, \)

e, d] C |agp, byl, then
/d ly(s, \)[2dW (s) > 0. (6.5)

In the previous chapter, we proved the continuous dependence of each eigen-
value on the coefficients, boundary terms, and endpoints, under certain assump-
tions. For (6.1)-(6.4), we will determine conditions under which each eigenvalue is
differentiable as a function of all problem data. First we will show that under the

mild additional assumption (6.5), all eigenvalues of (6.1)-(6.4) are real and that the

problem is self-adjoint.

Theorem 6.1. Under assumption (6.5), all eigenvalues of (6.1)-(6.4) are real and

simple.

Proof. Let A be an eigenvalue of (6.1)-(6.4) with eigenfunctignand z. Using

integration by parts and a Leibnitz rule for Stieltjes integrals, we have

NN = [
_ /aby(s, N dz(s,A) + 2(s, dg(s, \)
_ / " 55, ) [Q(s) — AW ()] (5, A) + 2(5, NAP(5)2(5, \
= /ab [y(s, M)I* [dQ(s) — AW ()] + | 2(s, ))[* dP(s),

Then solving for\ yields

=L Ny + S Ty(s VI dQs) + [ [=(s, I dP(s)
S (s, AP dW ()
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The denominator and the last two terms in the numerator in (6.6) are clearly real-
valued. We can show that(s, \)y(s, \)|? is also real-valued by examining the

boundary conditions (6.3) and (6.4):

(

0, if 6=
(25)(b, A) =

Cot5|y(b,/\)|2, if0<f<m,

(

0, fa=mn
(zgj)(a, )‘) =

cotarly(a, N>, if0<a<m.

Since every term on the right-hand side of (6.6) is r&as also real.
Now we show that all of the eigenvalues are simpl€ifs not identically zero
by considering two cases.

First, if « = 7, then the initial conditions (6.3) can be written

y(a,\) ¢
z(a, \) 0
o(t,A) : : .
for any nonzero real numberLet be the eigenfunction corresponding
Pt A)
to the eigenvalue in the case where = 1. Then the eigenfunction corresponding
. | ot A) : .
to A\ in any other case is , due to the uniqueness of the solution to
U(t, A)

the initial value problem. Hence, in the case where 7, the eigenvalué\ has a
one-dimensional family of eigenfunctions.

Second, if # 7, then then the initial conditions (6.3) can be written

y(a, \) c

z(a, \) ccot
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for any nonzero real number A similar argument to the first case shows that the
eigenvalue\ has a one-dimensional family of eigenfunctions. Thus, in both cases,

the eigenvalua is simple. O

Using the notation from the more general problem in the previous chapter, the

boundary conditions (6.3)-(6.4) have the matrix form

cosa —sina y(a, \) 0 0 y(b, \) 0
_.I_ =
0 0 z(a, \) cos3 —sinf z(b, \) 0

It can be verified that (5.3) holds with

cosa —Ssino 0 0

, Q= . (6.7)
0 0 cos(3 —sinf

I' =

Therefore, (6.3)-(6.4) is a self-adjoint problem.

Consider the eigenvalues of (6.1)-(6.4) as a function of the endpaint as-
sume that all the eigenvalues have a uniform lower bound. Then Corollary 5.7
applies since the eigenvalues are known to be real by Theorem 6.1. This corollary
indicates that the eigenvalues depend continuously on the right endp@iranti
W are continuous. We now show that for Dirichlet boundary conditions at the right
endpoint, the continuity af) andWV is not needed. Writing the fundamental matrix

as

Cb(t, )\) _ Y1 (ta )‘) y2(t7 )‘) 7

21 (t, )\) Zg(t, )\)

a calculation using (6.7) shows that
d(b, \) = det[[' + Q& (b, \)]
= cos a[cos Bya (b, A) — sin Bz9(b, \)] — sin a[cos By (b, A) — sin Bz (b, V)]
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Then for Dirichlet boundary conditions at the right endpojhtf ),
d(b, \) = — cos ays(b, \) + sin ay; (b, A),

which is continuous i sincey(¢, \) is continuous in the first parameter. Then
A(b) is continuous by Theorem 5.6.
The following example illustrates these continuity properties as well as some

differentiability properties.

Example 6.2.By lettingz = ', a = 0, P(t) = t, W(t) = t, and

0, 0<t<1
Qt) = problem (6.1) becomes

1, t>1,

—y +5(t—1)y =Ny on |0, b], (6.8)

whered is the delta function.
Letting \q denote the smallest eigenvalue, we examine the continuity and dif-
ferentiability of \y as a function of the right endpointfor two different boundary

conditions.

1. First consider Dirichlet boundary conditiong0, A\) = y(b, A\) = 0. We first
show that\, > 0, by multiplying both sides of equation (6.8) fynd inte-

grating from0 to b, yielding

/0 b —y"(s)y(s, Ao)ds + /0 ba(s— 1)y (s, Ao)ds = Ag /0 by2(s, o) ds.

Using integration by parts and taking into account the Dirichlet boundary

conditions,

Ay = fob(y/(sv)\()) 2d8+f0b 3 — ].) (S Ao)d >0
’ fo (s, Xo)ds -
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Now assuming thaX, = 0, the previous equation indicates thétt, \o) = 0
on|[0,b]. Theny(t) = 0 on |0, b] sincey(0, Ag) = 0, which is a contradiction
sincey is a nontrivial solution. Thereforg, > 0.
We compute the formula fog (b) separately fob < 1 andb > 1. Forb < 1,
d(t —1) = 00on|0,b]. Then equation (6.8) becomeg” = \y. Since\ > 0,
the solution is

y(t, Ao) = c1sin(6t) + ¢ cos(6t),
wherec; andc, are constants and = /). The boundary conditiop(0, \) =

0 yields the solution to be
y(t, \g) = ¢ sin(6t),

and the boundary condition(b, \) = 0 along with the fact that the eigenval-
ues are positive requires that

«9:’%, k=1,2,3,....

Therefore, the smallest eigenvalhghas the formula
7T 2
Y= (3)
forb < 1.

For b > 1, the formula for the solution is

sin(6t), 0<t<l1
y(t,A) = , (6.9)
csin(0(t — b)), 1<t<b
wherec is a constant. Sinceg(-, \) is continuous, we observe that

y(1,\) =sinf = csin(f(1 — b)). (6.10)
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By integrating equation (6.8) froto ¢, the problem can be written as
t t
YN YO+ [ Qs N = A [y Nds (61
0 0
Taking the limit of equation (6.11) as— 1, we get
1 1
N +YON + [ dQsys N <A [ s s (6.42)
0 0
Taking the limit of equation (6.11) as— 11, we get
1 1
SN ON [ Qs N) 1y =2 [ y(sds. (613
0 0
By subtracting (6.13) from (6.12),

v (1T 0) =y (17,0) + y(1,\). (6.14)

From (6.9),

/ 6 cos(6t), 0<t<1
y(tA) = :
ch cos(0(t — b)), 1<t<b

and substituting this into (6.14), we get
Occos(0(1 — b)) = 6 cos + sinb. (6.15)

Equations (6.10) and (6.15) together give

Occos(0(1 —b))  Ocosb +sinb
csin(6(1 — b)) sin ¢ ’

and hence

cot(0(1 — b)) = cot 6 + % (6.16)
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This implies that

1
6(1 —b) = arccot [cot& + 5} -7

(we subtractr to obtain the correct branch of the cotangent), which leads to

the parametric equations

1 1
b=1-— ] [arccot (cotH + 5) — 7T:|

)\0:92
forb > 1.

To determine if\y(b) is continuous ab = 1, note thatd — 7w asb — 17,

which can be shown by examining the parametric equations above. Then

Mo(11) = lim Ag(b) = lim 6 = 72

b—1t 00—

Referring to the solution fa¥ < 1, we have

Therefore \y(b) is continuous ab = 1.

To determine if\y(b) is differentiable ath = 1, we calculate the left and
right-sided derivatives af(b), because\(b) is differentiable i) (b) is differ-

entiable. For the left-sided derivative, recall that fox 1

T
0(b) = —.
=7
Then
11— . d
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For the right-sided derivative, differentiate (6.16) with respedi to

(1= 0) [0 0)% 0] = (o) - 5

which simplifies to

do sin?(6(1 — b)) df  sin*(0(1 — b)) db
R T

Take the limit of both sides of this equationias— 11, which means that

0 — m, using L’'Hopital’s Rule to find the limit of the first term on the right-

hand side. The result is

== (57imy) 700

which implies that’ (1) = —=. Sinced’(17) = 0'(17), 6(b) is differentiable

atb = 1, and hence\(b) is also. Figure 6.1 contains the graph &f(b) for
the case$ < 1 andb > 1, illustrating the continuity and differentiability at

b=1.

. Now consider mixed Dirichlet and Neumann boundary conditigfis\) =
y'(b,\) = 0. We can show thah, > 0 by a similar argument as in the

Dirichlet case.

For b < 1, the argument used in the Dirichlet case shows the solution is
y(t, o) = csin(0t),

for some constant The boundary conditiog (b, A) = 0 requires that6 cos(0b) =
0, and hence

Hb:g—i—km, k=0,1,2,....
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Figure 6.1: Dirichlet Boundary Conditions
Therefore, the smallest eigenvalue has the formula

o = (5)

forb < 1.

For b > 1, the solution is

sin(0t), 0<t<1
y(t,A) = 7 (6.17)
ccos(0(t — b)), 1<t<b

wherec is a constant. Sincg(-, \) is continuous, we observe that

y(1,\) =sinf = ccos(0(1 — b)). (6.18)

Note that (6.14) holds for any boundary conditions, and in this case we use
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(6.14) and (6.17) to get
—clsin(6(1 — b)) = O cosf + sin 6. (6.19)

Equations (6.18) and (6.19) together give

—cOsin(f(1 — b))  fcosf +sinf
ccos(f(1—b)) sin 6 ’

and hence

tan(f(1 — b)) = —cot § — % (6.20)

This leads to the parametric equations

1 1
b=1-— garct(m (— cot 0 — 5)

)\0:92
forb > 1.

To determine if\y(b) is continuous ab = 1, we use a computer to approxi-
mate

Ao(1F) = lim g =~ 4.12,

b—1+
which can be shown by examining the parametric equations above. Referring

to the solution fob < 1, we have

2

2
Mo(17) = lim Ao(b) = lim (-) - % ~ 2.47.

Therefore,\o(b) is discontinuous ab = 1. The graph ofA\(b) is given in

Figure 6.2 forb < 1 andb > 1, illustrating the discontinuity ab = 1.

In this exampleQ(¢) has a point of discontinuity & = 1. This discontinu-

ity does not prevenk(b) from being continuous in the case of Dirichlet boundary
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Figure 6.2: Mixed Boundary Conditions

conditions, as explained immediately before this example. This example illustrates
that the discontinuity of) can result in\(b) being discontinuous for other bound-
ary conditions. In this chapter, the conditions for continuity and differentiability of

each eigenvalue will be compatible with the results of this example.

The identity in the following lemma will be used throughout the remainder of

this chapter.
dy; = dP;z;

Lemma 6.3. If fori =1,2, then
dz; = (sz - )\idWi)yi

b b
—Z1Y2 + ZQZI/HZ = / (/\1dW1 — )\QdWQ — dQl + dQ2>y1y2 +/ (dPl — dPQ)ZlZQ.
Proof. Using integration by parts followed by a Leibnitz rule for Stieltjes integrals,
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we have

b
—21y0 + 20|} = / d(—z1y2 + 2201)
ab
= / —dz1y2 — 21dys + dzoyr + 29dy;
b
= / —(dQ1 — M dW1)y1ya — 21dPazg + (dQo — AadWa)yays + 20d P2y
b b
= / ()qul — )\QdWQ — dQl + ng)ylyz —|—/ (dPl — dPQ)ZlZQ.
O

First we examine the eigenvalue dependence on the endpants. We write
A = Aa) andX = A(b) to represent this dependence. In Theorem 5.6 and Corol-
laries 5.7 and 5.8, we found conditions under which the eigenvalues depend contin-
uously on the right endpoint. Now we explore further the eigenvalue as a function
of the endpoints and find conditions under which this function is of bounded vari-
ation, absolutely continuous, and differentiable. The result on absolute continuity
is of particular interest when examining differentiability, because any absolutely
continuous function is differentiable almost everywhere. All of these results have

a corresponding result farin place ofb. First we state some Lemmas and general

results.
. o | y(t, Aa))
Let \(a) be an eigenvalue of (6.1)-(6.5) with eigenfunctipn , and
z(t, Ma))
. L | y(t.A())
let A\(b) be an eigenvalue of (6.1)-(6.5) with eigenfunctipn . Fromthe
z(t, A())

identity in Lemma 6.3, with = 1 corresponding to the right endpoilt+ » and

1 = 2 corresponding to the right endpointwe have
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b
G-+ 1) =AW [ dW ($)y(s, b+ 1)yl A0) =
— 2(t, (b + h))y(t, A(b)) + 2(t, A(B))y(t, A(b + h))[5. (6.21)
Note that the identity is simplified here because the only difference between the
two problems{= 1,2) is A\; = A(b+ h) and\, = A(b), while the coefficients are

the same between the two problems. We can use the following lemma to simplify

the right-hand side of this equation.

Lemma 6.4. For any f and i in the same class of functions, withand g as in

(6.3)-(6.4),

1. ifa(f) = of + h) andy(t, N), z(t, \) satisfy (6.3) forA = \(f) and for
A= A(f+h), thenz(a, A(f +h))y(a, A(f)) — z(a, A(f))y(a, A(f+ 1)) = O;

2. if B(f) = B(f + h) andy(t, \), z(t, \) satisfy (6.4) forx = A(f) and for
A=A+ h), thenz(b, A(f + h))y (b, A(f)) = 2(b, A(f)y (b, A(f + h)) = 0.

Proof. 1. Leta := aff) = a(f + h). We consider two cases. First,df= 7,
then the boundary conditions (6.3) indicate théi, \(f)) = z(a, A(f +
h)) = 0, proving the lemma in this case. Secondyit/ 7, theny(a, \) =

(tan a)z(a, A) for any . So

Z(a’ /\<f + h))y<a’ )‘(f)) - Z(av )‘(f))y(a’? A(f + h)) =
z(a, A(f + h))(tan a)z(a, A(f)) — z(a, A(f))(tan &) z(a, A(f + h)) = 0.

2. The proof is similar.
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Throughout the remainder of this chapter, we chapaad: by the initial con-
ditions

y(a, \) = sinq,
z(a, \) = cos «

so that (6.3) holds.

Lemma 6.5. For anyb € [a, by, let A(b) be an eigenvalue of (6.1)-(6.5) with eigen-
| y(t A()) b
function . Assume that fok such thab+h € [a, bo), [ dW (s)y(s, A(b+
z(t, A(D))
h))y(s, A(b)) # 0. Then

D+ h) — \b) =
y(b, AD)) [dQ(s) — A(b+ R)dW ()]y(s, A(b + 1))
7AW (s)y(s, A(b+ )y (s, A(B))
2(b,Ab)) fy " dP(s)2(s, A(b + h)
2 AW (s)y(s, A(b+ R))y(s, A(B))

Proof. Lemma 6.4 allows us to simplify (6.21) to

Ao+ 1) — Ap) = ZZBAOE BB + 2By AGER) g oo

J2 AW (s)y(s, Ab + )y (s, A(b))

We can rewrite the terms

b+h
(B AD+ 1)) = y(b+ h A(b+ 1)) — / dy(s, A(b+ )

=yb+h,Ab+h)) — /b+h dP(s)z(s,A\(b+ h)),

b+h
S A+ 1)) = 2(b+ b A(b + h)) — / d=(s, A(b+ 1))

62



—z@+mA@+M)—A%[ﬂX) A + B)AW (8)]y (s, A(b + h).

These substitutions into (6.22) yield

Ab+h) = A\b) =
[—2(b+ R, A(b 4+ h)) + [771dQ(s) — A(b + h)dW (s)]y(s, A(b + h))]y(b, A(D))
S AW (s)y(s, A(b + h))y(s, A(b))
4&M®M®+hA(+h» Y AP(5)2(s, (b + h))]
S AW (s)y(s, Ab + )y (s, A(b)) '

(6.23)

We consider two cases. First assume that 7. In this casez(b, \(b)) =
z(b+h, A(b+h)) = 0, and this substitution into (6.23) completes the proof for this

case. For the case when# 7, we can write the boundary conditionsieds

z(b, A(b)) = (tan B)y(b, A(D)),

20+ hA(b+ b))

(tan B)y(b+ h, A\(b+ h)).

This implies that
— (tan B)y(b+ h, A(b+h))y (b, A(b)) + (tan 3)y(b, A(b))y(b+ h, A(b+ h)) = 0.
This substitution into (6.23) completes the proof for the second case. O

Lemma 6.6. Assume\(b) is continuous irb, and leta < ¢ < d < by. Then there

exist positive constants andh, such thatifc < ¢, < d and|h| < hy, then

/t dW (s)y(s, \(b+ h))y(s, A(b)) > c;.

a
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Proof. Our strategy is to prove that this term is arbitrarily cIos%tdW(g)y(g, A(b))?,
which fort = ¢ we now prove has a positive lower bound independenht®fc, d).
If we suppose not, then we can assume there exists a segyeack, d| such

that
/C dW (s)y(s, A\(by))* — 0 (6.24)

a

asn — oo. By the Bolzano-Weirstrass Theorem, there exists a subseqygénge
such that,,, — b for someb € [c, d]. SinceA(b) is continuous by assumption and
y(t, \) satisfies a Lipschitz condition ik,

[ aw s, 70,7 = [ dwis)uts. 20>

a

By (6.24) we conclude that

/C dW (s)y(s, A\(b))? = 0.

This contradicts (6.5), s¢ dWW (s)y(s, A(b))* must have a positive uniform lower
bound independent of

Now we will prove that[* dW (s)y(s, A(b+ h))y(s, A(b)) is arbitrarily close to
[ dW (s)y(s, A(b))*. We have

/y(s,A(b))QdW(S)—/ y(s;, Ab + 1))y (s, A(b))dW (s)

t/y@ﬁ@”b@ﬂ@b—y@kw+hmdww)

The right-hand side approaches zerg.as 0 uniformly in b because is bounded
and becausg(s, A(b)) — y(s, \(b + h)) — 0 uniformly in b due to the continuity
of A(b) and the Lipschitz condition in of y(t, \). Since [* y(s, A(b))2dW (s) and

fcfy(s,/\(b + h))y(s,\(b))dW (s) can be made arbitrarily close by taking small
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enough values of and since[" y(s, A\(b))?dW (s) has a positive uniform lower
bound, the proof is complete, g$y(s, A(b))2dW (s) > [ y(s, A(b))2dW (s) for

t > c. O]

Theorem 6.7.Assume thak(b) is continuous offug, by|. Then for fixed: € (ag, by),
A(b) is of bounded variation on any interval, d] such thata < ¢ < d < by. For
fixedb € (ag,by), A(a) is of bounded variation on any intervit, d] such that

ag < c<d<hb.

Proof. We give the proof for\(b), noting that the proof for\(a) is similar. Fix
a € (ap,bp) and leta < ¢ < d < by. LetT = {t;}* be any partition ofc, d| with

mesh small enough so that for each

/ AW (s, Aty (s, A (B)) >

by Lemma 6.6. From Lemma 6.5, we have

Va= T;glgd] Do) = At
o S| )) [ [dQ(s) — Alt:)dW (s)]y(s, A(t:))
TePled] -, fjl 1 dW( ) (8 )\( i))y(&)\@fiil))

2(tim1, AM(ti1)) fttz ldP( s)z(s, A(t; ))‘
+ -
L7 AW (s)y(s, A(t:))y (s, Atiz1))

< KT:;DI[Izd] ZZI [/ttl 1dQ(s)| + /tjl dW (s) + /j1 dP(s)}
Here, K is a positive constant, which exists by the following argument. We have
already shown thag(t, \) and z(¢, \) are uniformly bounded in. We have also
shown that\(b) is continuous and is therefore bounded@rb,|. This fact, together

with the fact thaty(¢, \) andz(¢, ) are continuous in\, implies thaty and > are
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bounded in\. Finally, we use the fact that the denominator is uniformly bounded

below by a positive constant as shown above. Now we can write
d d d d
Vi< |\Je+\/w+\P|,

which is finite since), W, and P are of bounded variation. Recall th@tis of

bounded variation by hypothesis, whil& and P are of bounded variation since

they are nondecreasing. Therefok€)) is of bounded variation ofz, d. O

The following theorem gives conditions under whitfw) and \(b) are abso-

lutely continuous.

Theorem 6.8. For fixeda € (ag,bp) anda < ¢ < d < by, A(b) is absolutely
continuous one, d] if P(t), Q(t), andW (t) are absolutely continuous da, d]. For
fixedb € (agp,by) anday < ¢ < d < b, \(a) is absolutely continuous ofa, d] if

P(t), Q(t), andTV (t) are absolutely continuous dn, d|.

Proof. We give the proof for\(b), noting that the proof fol\(a) is similar. Fix
a € (ap,bp) and leta < ¢ < d < by. LetT = {(¢;,d;)}7" be any collection
of disjoint intervals in[c, d] with the length of each interval small enough so that
[ dW (s)y(s, AM(d;))y(s, A(c;)) is uniformly bounded below by a positive constant,
as in the proof of Theorem 6.7. Sincg and W are assumed to be absolutely
continuous, we know that(b) is continuous by Corollary 5.7. Referring to Lemma

6.6, we see that the conditions of Lemma 6.5 are satisfied. Thus,

m 1 y(d;, A(d d Ad)dW (8)]y(s, \(d;
S @) Z ) S [Q() (di)dW (s)]y(s, A(d;))
z(ci,

Jo AW (s)y(s, Adi))y(s, Aci))
) Jot dP(s)z(s, A(dy))
fa dW( )y (s, Mdi))y(s, Alci))
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m d;
gKZ/ Q| + dW + dP]
i=1 v ¢

for some constank’, which exists since\(b) is bounded ang(¢, \) andz(¢, \) are
uniformly bounded in bothand ), and since the denominator is uniformly bounded

below by a positive constant. Then

> Ad) -

K [(vg(di) = vg(e:) + (W(di) = W(e)) + (P(di) — P(c:))] . (6.25)
=1
By recalling thatg(¢) f |@Q'(t)|, we see thaf) is absolutely continuous implies

thatv, is also absolutely continuous. Thus, applying the definition of absolute con-
tinuity, we see thak(b) is absolutely continuous sineg, IV, and P are absolutely

continuous (recall assumption (6.25)). ]

We introduce the notation for a right-sided limit and left-sided limit:

f(e) = lim f(t)

t—ct

f(e7) == lim f(¢).

t—c—
Theorem 6.9. For fixeda € (ag,bo), A(b) is right (left) differentiable at a point
b € (a,by) if P(t), Q(t), and W (t) are right (left) differentiable ab; for fixed
b € (ag,bo), A(a) is right (left) differentiable at a point € (ag,b) if P(t), Q(t),
andW (t) are right (left) differentiable at. In this case,
N(b+) = y(b, A(B))?[Q"(6F) — MD)W (b7)] — 2(b, A(D))z (b, A(b)) P'(b*)
S ys, A(b))*dW (s)

N(-) = y(0, A(0))*[Q"(07) = AW’ (b7)] — 2(b, A(b))(b~, A(b)) P'("D)
Sy y(s, A(b))2 AW (s)
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N(a) —y(a,A(a))*[Q'(a*) — Ma)W'(a")] + 2(a, Ma))z(a, A(a™)) P'(a™)
Ji y(s, M@))2d W (s)

N(a~) = —y(a,A(0))*[Q'(a”) = Ma)W'(a”)] + =(a, A(a))z(a, A(a7)) P'(a")
fa y(s, A(a))2dW (s)

Proof. We give the proof for\(b"), noting that the proof for the other cases are

I

similar.
First observe that the hypotheses of Lemma 6.5 are satisfied due to the continu-
ity of @ andW (see argument in the proof for Theorem 6.8). Dividing both sides
of equation in Lemma 6.5 bk, we get
Ab+ h) — A(D)
h
y(0, D)) ;" [dQ(s) = Ab+ h)AW (s)]y(s, A(b + 1)
hfa dW (s)y(s, A\(b+ h))y(s, A(b))

2(b, M) [ dP(s)z(s, A(b + h))
B f AW (s)y(s, (b + h))y(s, A(b))

We calculate the limit of the right-hand side of this equatiorhas> 0*, which

(6.26)

will prove the existence of the derivativé(b™). Now A(b) is right continuous by

Corollary 5.8, and(t, \) satisfies a Lipschitz condition ik Therefore, aé — 07,

/ AW (3)y(s, Ab + 1)y (s, A(b)) — / AW (s)y(s, A(B))2 > 0. (6.27)

Next we show that [ dP(s)z(s, \(b+ h)) — P'(b)z(b*, \(b)) ash — 07,

First we write

1 b+h 1 b+h N
ﬁ/b AP(s)2(5, A(b + b)) :E/b dP(5)[2(5, A(b + 1)) — 2(b%, A(b + h))]
! b+hd b ANb+h 6.28
e [ AP0 G+, (629

and we now show that the first of the two terms on the right-hand side converges

to zero. We find a bound oa(t, A\(b + h)) — z(b", A\(b+ h)) forb < t < b+ h,
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recalling that
t
ALY = 20 ) + [ dQs) MV (9)y(s. ).
Forb <t <b+h,

|2(t, A\(b+ h))—2z(bT, A0+ h))| =

[dQ( ) = Alb+ h)dW (s)]y(s, A(b + 1))

b+h

<
2185, A+ DV 1Q+ N+ V)

Then

‘% /bb% AP(s)[2(5,\(b + ) — 2(b", A(b+ h))]' <
b+-h b+h

max [y(t A(b+ h) |\/ [Q + [A(b+ h) W]~ \/P

b+h

= max [y(t, \b+h))| \/[Q + [A(b+ k)| W]

b<t<b+h
b+

P(b+ h) — P(b)
I

sinceP is continuous and nondecreasing, and we now show that this converges to

zero. Since) andWW are of bounded variation,

VIQ+ [Ab+h)W] =0

bt

ash — 0". Sincey is bounded and

P(b+ h) — P(b)
h

— P'(b)

(P'(b) exists by assumption), we conclude that

1 b+h
! /b dP(s)[z(s, A(b+ b)) — 2(b", A(b+ h))] — 0

ash — 0F.
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For the second term in (6.28),
b+h

1 b+h
E/b dP(s)z(b", A\(b+ h)) = b+ h)) \/ P
P(b+ h) — P(b)
h

= 2(b", \(b+ h))

sinceP is continuous and nondecreasing. Note that
207, Mb+ h)) — 2(b", A(D))

since) is continuous and(t, \) satisfies a Lipschitz condition iN. Therefore as

h — 0%,

h

1 b+h
/ AP(s)2(b" (b + h)) — P'(51)=(b", A(b). (6.29)
b
All that remains is to show that the second term in (6.26) converges, i.e., that

F [ Q) AW )yt A1) — (@7 NI )la(b,30)

ash — 0*. First we write

L / (dQ(s) — Mb+ h)dW (3)]y(s, A(b + h)) =
i 1) — A+ WYAW ($)][y(5, A5+ B)) — (b A+ W)+

h
I/b+ [dQ(s) — A(b + h)dW (s)]y(b, A(b+ h)), (6.30)

h

and we now show that the first of the two terms on the right-hand side converges to

zero. We find a bound og(¢, A(b+h)) —y(b, A(b+h)) for b < t < b+ h, recalling

that
y(t, \) = y(a, ) +/ dP(s)z(s, A).
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Forb <t <b+h,

ly(t, A(b+ h)) =y (b, A(b + h))| =

/b dP(s)z(s, A\(b+ h))‘
< max |z(¢, A(b+ h))| \/ P

T b<t<b+h

— [P(b+h) — P(b)] max |2(t,\(b+h))|.

b<t<b+h

Then

2@ A0+ ATl N0+ )~ 070+ )] <
[P(b+h) — P(b)] v

- bgghpmxw+mnYmruxh+mmq(am)

and we now show that this converges to zero. SiRés differentiable,

P(b+ h) — P(b)
h

— P'(b).

It has been shown thatax,<i<y1 |2(t, A(b+ h))| is bounded. We have also shown
that
b+h
VIQ+ A+ h)W] — 0
b

ash — 0*. Now we conclude that

%A%[MXﬁ—A@+hMW@mm&A®+M)—M@Mb+@ﬂHO

ash — 0.
For the second term on the right-hand side of (6.30), use the assumpti@h that
andWW are right differentiable and hence right continuous to conclude that for small

h,
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%/b T 1dQ(s) — A+ BYAW ($)]y(b. b + b)) =

y(b, A0+ ) =[(Q(b + h) — Qb)) = A(b+ h)(W (b + h) — W(b))]

1
h
=y, A0)[Q'(07) = MD)W (b7)]

ash — 07 since\(b) is continuous ang(t, \) satisfies a Lipschitz condition in

A ]

Remark 6.10. 1. Theorem 6.9 has an analogous result if the hypotheses are
changed so thaP, ), and W are differentiable at = a or ¢t = b. By Coral-
lary 3.6, z(t, \) is continuous at: or b so thatz(b, \) = z(b™, \) = 2(b™, \)
andz(a,\) = z(a™,\) = z(a™, \).

2. We can find specific results of this Theorem for Dirichlet and Neumann bound-
ary conditions. Referring to (6.26), we see that the differentiability(bf de-
pends only on the differentiability &fin the Dirichlet case, sincg(b, A\(b)) =
0. In the Neumann case, the differentiability)dh) depends only on the dif-
ferentiability of W, @, and v sincez(b, A(b)) = 0. If we add the assumption
that v, is differentiable, we could rewrite the right-hand side of (6.31) as

b+h

(P(b+h) — P(b)] max |z(t,>\(b+h))]%\/[Q+|/\(b+h)|W}.

b<t<b+h
b
Using the assumption thdt is continuous, we know that
P(b+h)—P(b) —0

ash — 0. Noww,, = W sincelV is nondecreasing withl’ (a) = 0. Sovyy is

differentiable sincéV is assumed to be differentiable. Then using the added
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assumption that,, is differentiable, we conclude that

V(@ + A+ )W) = v (b) + A(B)W' ()

ash — 0. Then we can conclude thatb) is differentiable in the Neumann
case only assuming th&t, (), anduv, are differentiable (differentiability of

P is not needed).

Having found conditions guaranteeinga) and A(b) to be continuous and dif-
ferentiable, we now turn to. = A(«) and A = A(f). In Theorem 5.5\ was
shown to depend continuously enand 3 under the stated hypotheses. Now we
prove differentiability under the same hypotheses, and again we derive differential

expressions for the eigenvalues.

Theorem 6.11.Under the hypotheses of Theorem 5.&y) and A(/3) are differen-

tiable. Moreover,
yla, A@)* + 2(a, A\(a))?
S (s, Aa))2dW (s)

N(a) =

and
N (3) = LMD + 20, A(B))?
J2y(s, M(B))2dW (s)

Proof. We give the proof for\(3) and note that the proof is similar fo«).

Assumefd # 7 (the proof when3 = 7 is similar). The boundary conditions

(6.3)- (6.4) can now be written as
y(b’ )‘(5)) = (tan ﬁ)z(bv )‘(ﬁ))v (632)
y(b, M8+ h)) = (tan(G + 1)) z(b, (B + h)).

By Lemma 6.3 together with Lemma 6.4 (1),
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- Z(b> )‘(ﬁ + h))y<b> A(ﬁ)) + Z(bv )\(5))1/(57 A(ﬁ + h)) =
b
B+ B) — A(B)] / y(5, M8+ B)y(s, A(B)) AW (s).

Substitution from (6.32) yields

(b M8+ B))(tan B)2(b, A(F)) + 2(b, AB) (tan(B + 1)z(b, A5 + ) =
B+ B) — A(B)] / y(5, M8+ B)y(s, A(B)) AW (s).

The integral in this equation is nonzero sindg’) is continuous (Theorem 5.5
and Lemma 6.6). Therefore,

MG+ h) —AB) _ tan(3 + h) — tan (3 2(b, A\(B + h))z(b, A\(5))

h h 12 y(s, A(B + 1))y (s, A(3))dW (s)
(6.33)

We now prove that the limit of the right-hand side exists.agproaches zero,

which implies that\'(5) exists. The denominator

/ y(5, M8 + h))y(s, A(B)) AW (s) — / Y (5, M(B))dW () > 0

since)\((3) is continuous ang(t¢, \) satisfies a Lipschitz condition ik. Similarly,

the numerator
2(b, A(B + h))z(b, \(B)) — 2%(b, A(B)).
Also, since-L tan z = sec? z,

tan(8 + h) — tan 8

N — sec? 3.

Then by (6.33)\' () exists, and

_(sec? B)2(b, A(B))?
[P y(s, A(B))2dW (s)
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(Lt tan? )z(b, A(5)?
J2 (s, A(9))2dW (s)
(b AB) + 2(0. M(B))?

J2 (s, A(9))2dWV (s)

where the final equality follows from the boundary conditions (6.32). H

Y

Finally, we examine the dependence of eigenvalues on the coeffi¢ieftsand
W.In Theorem 5.5, the continuous dependence was proven for each eigenvalue un-
der the stated assumptions. Now we will prove that each eigenvalue is differentiable
with respect to the coefficients, under the same hypotheses. Since the coefficients

are functions, we use the Gateaux derivative, defined by

02 (1) = tim AR = AU

e—0 €

for any f andh that are in the same class of functions.

Theorem 6.12.Under the hypotheses of Theorem 5.5, the Gateaux derivatives for
P, Q, and WV exist, and

Jy 25, A(P))?dh(s)

S y(s, A(P))2dW (s)

Ji (s, M(@Q))%dh(s)

L y(s,M(Q))2dW (s)’

12 y(s, NW))2dh(s) |
12y (s, A(W))2d WV (s)

1. d\p(h) = —

2. d\g(h) =

3. dhw(h) = —A\(W

Proof. 1. By the identity in Lemma 6.3,
— 2(t, \(P 4 eh))y(t, \(P)) + 2(t, \(P))y(t, \(P + €h))|’ =
[((A(P + €h)) = A(P)] / dW (s)y(s, A(P + €h))y(s, A(P))
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+ / [d(P(s) + €h(s)) — dP(s)]z(s, \(P + €h))z(s, A(P)).

Becausey and 3 are constant, the left-hand side of this equation is zero by

Lemma 6.4. So

[(A(P +€h)) — A\(P)] / dW (s)y(s, A\(P + €h))y(s, \(P))+
e/ dh(s)=(s, \(P + €h))=(s, A(P)) = 0.

The termfab dW (s)y(s, A\(P+€h))y(s, A(P)) is nonzero for sufficiently small
e since\(P) is continuous (by Theorem 5.5) apth, \) satisfies a Lipschitz

condition in\. It follows that

AP +eh) = A(P)  [J dh(s)z(s, \(P + €h))z(s, \(P))

‘ S AW (s)y(s. AP+ eh)y(s. A(P)).
Lettinge — 0,
2 2(s, \(P))?dh(s)
L (s AP)2dW (s)
since)(P) is continuous and(¢, \) satisfies a Lipschitz condition ik.

dAp(h) =

. The proof is similar to the proof in part 3 below.

. By the identity in Lemma 6.3,

— 2(t, AW + €h))y(t, A\(W)) + 2(t, \(W))y(t, \(W + €h))|% =

/ AW +eh)d(W (s)+€h(s))—=A(W)dW (s)]y(s, \(W+eh))y(s, \(W)).
Again, the left-hand side of this equation is zero. So
AW +€h)) — N(W)] / dW (s)y(s, \(W + €h))y(s, \(W)) =
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—\W + eh)e/ dh(s)y(s, \(W + €h))y(s, \(W)),
which implies that

MW +eh)) =2XW) _ o) J2dh(s)y(s, \(W + eh))y(s, A\(W))

. Sy AW ($)y(s, OV + €h))y (s, (W)

Reasoning as in case 1, we have

(k) = —A(W)
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Chapter 7

Eigenvalue Extremal Values

We now consider an application of Theorem 5.5 to problems of finding extremal
values of eigenvalues. In such a problem, an eigenvalue is viewed as a function
of one or more problem parameters, and we examine the supremum and infimum
of the eigenvalue where the parameters vary over a predetermined set. The goal is
to determine the existence of an element, that may or may not be included in this
set, that attains the extremal values of the eigenvalue. Here we consider a specific

example, the fourth order problem

(ry")" + (py') + qy = Awy  onla, b

7 (7.1)
y(a) =y'(a) = y(b) = y'(b) =0
where the real, measurable coefficients, r, andw satisfy
P ¢, w, € L'(a,D),
w,r > monla,b), (7.2)

r < monla,b|

\
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for some constants:, m > 0. We will consider the dependence of the smallest
eigenvalue\, onp, ¢, r, andw. We will show that under certain conditions there
exist functions that achieve the extremal valuesgp, ¢, r, w).

First we rewrite problem (7.1) in the form used in the previous chapters. Define

Yy ry") + py’
g (ry")
/ /!

Y Ty

Then we can rewrite (7.1) as

0 1 0 0
Yy = Y + Z, (7.3)
00 0 1
Aw—q 0 0 0
7 = Y + Z (7.4)
0 —p 10

with boundary conditions

From this form, the problem can readily be written in the form of problem (5.1),

with _ -
0 1
At) = :
00
0 0
D(t) = :
10
0 0
P(t) = . )
0 [+
—Jia 0
Q(t) = e
0 —/p



—fjw 0

0 0

W(t) =

It is easily verified that these coefficients satisfy the hypotheses given in (3.3).
The smallest eigenvalue for problem (7.1) is the minimum of a Rayleigh quo-

tient [17, Theorem 11.1], defined as follows: Let

Q= 1{y:y.y/ € AC[a,b],y(a) = y/(a) = y(b) = ¥'(b) = 0. / Fy")? < oo,

whereAC|a, b] is defined to be the set of all functions that are absolutely continuous

on[a,b]. Then
b
v = i da T = P + ay’]
07 yed f: wy? '

Our goal is to prove the existence of extremizing functionsXpover the set

(7.5)

of coefficients with the condition that the integral of the coefficients have a uniform
bound. We consideX,(p, ¢) and\y(r, w) as separate cases.

For the first case, fix» andr, and let

b b
S = {(pq) : p. q satisfy(7.2), / ip| < M, / g < My)

for some positive constanfg; andM,. We will prove the existence of extremizing
functions for\,(p, ¢) overS;. We begin by finding bounds oky,.

To find an upper bound fox, overS;, consider the functiop(t) = (t —a)?(t —
b)?. Notice thaty satisfies the boundary conditions in (7.1). Sipéga polynomial,

there exists a constaht> 0 such that

lyl, [y'], [y < k

on[a, b]. Then
b b
/ r(y")? < kz/ r < k*m(b—a),
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proving thaty € Q. Now from (7.5),

L") = p(y)? + gy

Ao <

R L R Ll ]

B S, wy? |

_ Kb — a) + K2(M, + My)
B S, wy?

which is an upper bound sinee > 0 andy is not identically zero implies that

bl

fab wy? > 0.
To find a lower bound foi, overS;, we first find a bound om andy’ using a
result from Brown and Hinton [1, Theorem 2.3]. This theorem applies to a problem

on an infinite interval, so we extend problem (7.3) to the intefvalo) by defining
y(t), ifa<<t<b
0, ift>0b

p(t), fa<t<b

p(b), ift>b

w(t), fa<t<b

w(b), ift>0b

We rewrite the theorem here without proof in a version that applies to this particular

problem:

Theorem 7.1. Let

D = {y : y is real and measurable is locally absolutely continuous dn, o),
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[ ot [r < s

Letj=0o0rj=1,andlets =3/4 —j. If

1 t+e 1 1/2
sup <— / —> < 0 (7.6)
t>a,e>0 \ € J¢ w

1 t+e 1 1/2
sup <—/ —) < 00, (7.7)
t>a,e>0 \ € J¢ r

then there exists a constafit such that for ally € D,

y(#)| < K (/a“ wy2>ﬁ/2 (/aoo T(y”)Q) (1-5)/2

and

forall ¢t > a.

First we prove that (7.6) and (7.7) are satisfied for our problem. To prove that

1 /t+€ 1 1/e€ 1
ey wT e\m m

sincew > m. The same argument proves that (7.7) is satisfied sineen.

(7.6) holds, we have

Since (7.6) and (7.7) hold, we conclude from Theorem 7.1, ugiag 0 and

j =1, that there exists a constaftsuch that

o) < & (o) (Srwn?) "
ol < & (fwg) " (1)

Note that we need only integrate oVerb| sincey(t) = 0 for ¢t > b.

(7.8)

Before continuing to find a lower bound fag, we normalize so tha}ﬁ: wy? =1

for all solutionsy. Now

/ ") — (' + @] >
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/:7»(3/’)2 _ (/abm) max(y)* — (/ab,qo max y*, (7.9)

where

p+(t) = max{0, p(t)},

¢ (1) = min{0, ¢(1)}.

Now by (7.8) and (7.9), using the normalizatiﬁfmy2 = 1, we have

[ - p + )2
/GbT‘(y")2 - (/abm) K? (/abr(y”)2>3/4 - </ab |q_|> K> (/abr(y")?) v >
/abr(y")Q —m (/b T(y”)2)3/4 —my (/b r(y”)2> 1/4,

wherem; = K%M, andm, = K%M,. Then

/ (") — p(y') + ) = F(X),

X = /:7“(@/’)2

F(X) =X —m X% —myXx1/4,

where
and

All that remains to prove thak, has a lower bound is to prove th&f X') has a

lower bound forl) < X < oco. Observe that

3 1
F'(X)=1- Zle’l/“ — Zm2X*3/4.

ThenF is increasing when

3 1 .
Z—lleil/Ll + ngX*‘i/ll < 1.
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This must be true foX > ¢ for somec > 0 since

3 1
Zle_lM + ngX_3/4 — 0

asX — oo (recall thatn,, ms > 0). Also note thaf'(X) is continuous off0, ¢|. So
F(X) is bounded or0, ¢] and is increasing ofz, co). Therefore F'(X) is bounded
below on|0, co).

Now that we know)\, is bounded oves&;, we are ready to prove the existence

of functions that attain the extremal values\gfoverS;. Let (p,, ¢,) C S; be such

that
Ao(Pns @n) — Sup Ao (P, q)-
Let
o ~Jian 0
0 —[ipn
Then

b b
V Q= [ lnl + laall < My + M

Since the{@,, } are of uniform bounded variation, there exists a subsequence, which

we take to be{Q,} itself, such that), — @ for some function) of bounded

variation, by Theorem 2.8. Now to use the same notation as in the previous chapters,

we write \o(Qr) = Ao(pn, ¢.). We will apply Theorem 5.5 after verifying that all of
the hypothesis are satisfied. We already showed@hat- (), satisfying condition

(4.2). We also showed thay, has a lower bound ove$;. Also, the hypothesis

of Lemma 5.3 are satisfied since the boundary conditions are the same for each

problem in the sequence of problems. Then by Theorem 5.5 we conclude that

Mo(@n) = Xo(Q)-
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This proves the supremum af overS; is attained by some functiof. How-

ever, we do not know thap has the form

—Jua 0

0 —[p
for somep andg in S;. We know that( is of bounded variation by Theorem 2.8, but
we do not know that it is absolutely continuous. We do not expect the extremizing
function to be an element &, without generalizing the s&; to include a larger
class of functions. A similar argument shows the existence of functions that attain
the infimum.

For the second case, fixandg, and let

b b
sgz{(r,w):/ %gMg,/w§M4}

for some positive constant®/s and M. We will prove the existence of functions
that attain the extremal values @f overS,. As in the first case, we begin by finding
bounds on\.

To find an upper bound fok,, consider the functiony(t) = (t — a)?(t — b)?,
which we already showed to be an elemen@ofFrom the first case, there exists a

constant: such that
yl, 1Y) 1" <k

on [a, b]. Then from (7.5),

" = p(y)? + av?

Ao <
S wy?
b
_ k2 [Clr + [pl + lql]
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Now we show this gives a finite bound. Since< m, ffr < m(b — a). Since
p,q € L'(a,b) are fixed,ff[|p| + |¢|] is finite. Finally, sincey is not identically
zero,[” 4> > 0.

To find a lower bound fon,, we again use Theorem 7.1. As before, we extend

the problem to the interva, o), and we use the same argument to obtain
b
/ (") = p(y')* +ay’) =

/abr(y”)2 - (/abm) K? (/abr(y”)2>3/4 - (/b |Q—|) K* (/abr(y”)z)m-

Then we have
b
[ = ot + )=

Lo (7)o [ o)

where,m; = K? fabp+ andm, = K? fab lq_| (recall thatp andq are fixed in this

3/4 1/4

case). The remainder of the argument is the same as in the first case.
Now that we know)\, is bounded oves,, we are ready to prove the existence

of functions that attain the extremal values)gfoverS,. Let {(r,,,w,)} C S, be

such that
Ao (s wy) — sup Ao(r, w).
Sa
Let
0 0
Pn - P
0 [I1/r,
— swn 0
W, =
0 0



Then

b bl
Vr= [ <,
. b
\/Wn:/wnSM4

Since the{P,} and {W,} are of uniform bounded variation, there exists sub-
sequences, which we take to be the sequences themselves, suéh that P
and W, — W for some functionsP and W of bounded variation, by Theo-
rem 2.8. Now to use the same notation as in the previous chapters, we write
Mo (P, Wi) = Ao(7Tn, wy).

We will apply Theorem 5.5 after verifying that all of the hypothesis are satis-
fied. For condition (4.2), we already showed ti#at — P andW, — W, but
we must show that the convergenBe — P is uniform. We will use the Ascoli-
Arzela Theorem, so we must show that the sequdri¢g is uniformly bounded

and equicontinuous. The sequence is uniformly bounded since

tq 1
P,(t)] = — < —
| ()| /CLrn_m

by assumption. To prove the sequence is equicontinuous, }et), and let§ =

me, wherem is the uniform lower bound on. Then for anyt; andt¢, such that

[
t1 Tn

for all n. Since we already know tha®, — P pointwise, we conclude that the

|ta — t1] < 6, we have

1
| Pa(ta) — Pa(t1)] = §E|t2—t1\<€

convergence is uniform by the Ascoli-Arzela Theorem.
For the remaining hypotheses of Theorem 5.5, we already showeithat a

lower bound. Also, the hypothesis of Lemma 5.3 are satisfied since the boundary
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conditions are the same for each problem in the sequence of problems. Then by

Theorem 5.5 we conclude that
/\0(an Wn) - )\O(pa W)

As in the first case, this proves the existence of functions that attain the supre-
mum of Ay overS,. Again, we do not expect the extremizing functions to be ele-
ments ofS, without enlarging the class,. A similar argument shows the existence

of functions that attain the infimum.

Remark 7.2. The hypothesis that the coefficient functiomust have a uniform
positive lower bound was used to prove that the convergence dfiheis uni-
form. We could have replaced this hypothesis with the assumption that there exists

a sequencér, } converging to the supremum &f overS, such that for alk;,

1 1
> —.
Tit1 i

Then Dini’'s Theorem guarantees that the convergengépf is uniform [2, p.150].
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