
To the Graduate Council:

I am submitting herewith a dissertation written by Laurie Elizabeth Battle enti-

tled “Eigenvalue Dependence on Problem Parameters for Stieltjes Sturm-Liouville

Problems.” I have examined the final electronic copy of this dissertation for form

and content and recommend that it be accepted in partial fulfillment of the require-

ments for the degree of Doctor of Philosophy, with a major in Mathematics.

Don Hinton

Major Professor

We have read this dissertation

and recommend its acceptance:

Bo Guan

Suzanne Lenhart

Marianne Breinig

Accepted for the Council:

Anne Mayhew

Vice Provost

and Dean of Graduate Studies

(Original signatures are on file with official student records.)



Eigenvalue Dependence on Problem

Parameters for Stieltjes

Sturm-Liouville Problems

A Dissertation

Presented for the

Doctor of Philosophy Degree

The University of Tennessee, Knoxville

Laurie Elizabeth Battle

August 2003



Acknowledgments

I want to express thanks to my advisor, Dr. Don Hinton, for his guidance in this

research. I appreciate the knowledge, experience, and insight he has shared with

me. I also thank Dr. Bo Guan, Dr. Suzanne Lenhart, and Dr. Marianne Brienig

for serving on my committee. I especially thank Dr. Guan and Dr. Lenhart for the

personal support they have shown for me during my time as a graduate student.

I thank my parents, Ronald and Linda Battle, for many years of supporting my

education. Their encouragement helped me through many years of formal education

and helped me to choose to continue learning beyond earning formal degrees.

I also thank my friends and colleagues at the University of Tennessee who have

shared each step of the graduate student experience with me. I appreciate their

openness in sharing knowledge and assistance along the way.

ii



Abstract

This work examines generalized Stieltjes Sturm-Liouville boundary value prob-

lems with particular consideration of self-adjoint problems. Of central importance

is determining conditions under which the eigenvalues depend continuously and

differentiably on the problem data. These results can be applied to various physical

problems, such as constructing beams to maximize the fundamental frequency of

vibration, or constructing columns to maximize the height without buckling. These

problems involve maximizing the smallest eigenvalues of Sturm-Liouville equa-

tions, and the continuous dependence of the eigenvalues on the problem parameters

can be used to accomplish this.

We first consider the generalized2n-dimensional initial value problemdy =

Aydt + dPz, dz = (dQ − λdW )y + Dzdt on an interval[a, b]. In the proof of

existence and uniqueness of a quasi-continuous solution, we establish some bounds

and continuity properties of the solution that will be used throughout this work.

Next we define a sequence of initial value problems and prove that the sequence of

solutions converges to the solution of the limit problem.

We then consider the eigenvalue problem, adding general boundary conditions

to the system of equations. The eigenvalues are shown to be the roots of an entire

function. Taking a sequence of eigenvalue problems, we show that a sequence of

eigenvalues converges. This result establishes conditions under which each eigen-

value depends continuously on the coefficients and on the boundary data. We find

separate conditions for the continuous dependence on the endpoints of the interval.

We next turn to ascertaining conditions under which each eigenvalue depends

differentiably on the problem data. For this topic, we consider the less general2-
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dimensional Stieltjes Sturm-Liouville problemdy = dPz, dz = (dQ − λdW )y

with separated boundary conditions. Considering each eigenvalue as a function of

the coefficients and of the boundary data, we conclude that these functions are dif-

ferentiable under the same conditions we found for continuity. Separate conditions

are found to guarantee the differentiability of each eigenvalue with respect to the

endpoints. In all cases, we find expressions for the derivatives of the eigenvalues

with respect to the problem parameters.

We conclude with an application to the problem of finding extremal values of

an eigenvalue. For the fourth order problem(ry′′)′′ + (py′)′ + qy = λwy with

boundary conditionsy(a) = y′(a) = y(b) = y′(b) = 0, we consider the smallest

eigenvalueλ0 as a function of the coefficients. The continuous dependence of the

eigenvalue on the coefficients is used to find a sequence of coefficients converging

to a function that attains the supremum or infimum ofλ0 over a certain class of

coefficient functions.
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Chapter 1

Introduction

This work examines eigenvalues of generalized2n-dimensional Sturm-Liouville

problems of the form 
dy = Aydt+ dPz

dz = (dQ− λdW )y +Dzdt

on an interval[a, b] with general boundary conditions. One goal is to determine

conditions under which each eigenvalue depends continuously and differentiably

on the problem data, including the coefficients, boundary data, and endpoints of the

interval.

One motivation for this work involves finding extremal values of an eigenvalue,

which has applications in several types of physical problems. For vibrating elastic

systems, a typical problem is to maximize the lowest frequency, i.e., to find the

maximum of the smallest eigenvalue, under certain constraints. A simple exam-

ple is the construction of a vibrating string with specified length L and total mass

M to have the maximum or minimum lowest frequency possible. This problem is
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modeled by the second order differential equation−y′′ = λρ(x)y with boundary

conditionsy(0) = y(L) = 0 [14]. The mass constraint is
∫ L

0
ρ(x)dx = M. It is

known that the minimum frequency is achieved by placing all of the mass at the

center of the string. This leads to makingρ(x) to be the delta functionδ
(
x− L

2

)
,

and hence the problem is of the Stieltjes Sturm-Liouville type. The choice of ad-

missible coefficients determines if the maximum problem has a solution. Here, one

must place an upper bound onρ(x) in order for a maximum to exist.

For vibrating beams (transverse vibrations) or plates, the model is a fourth or-

der problem such as(apy′′)′′ − λay = 0, wherep ≥ 1. The cases wherep = 1, 2, 3

are especially important because they correspond to beams with rectangular cross

sections of given uniform width. This problem can have various boundary condi-

tions. For example, the boundary conditions with the right end clamped and the

left end free are given byy(1) = y′(1) = 0, apy′′(0) = 0, (apy′′)′ (0) = λqy(0).

The constraint here isa(t) > 0 and
∫ 1

0
a(t)dt = 1 [19]. For the beam problem, the

objective is to determine the mass distribution that maximizes the fundamental fre-

quency under the constraint of fixed total mass, which again involves determining

the maximum of the smallest eigenvalue. In chapter 7, we show how the results of

our work can be applied to a problem of fourth order.

Another type of problem involving extremal values of an eigenvalue is the prob-

lem of constructing the tallest column that will not buckle, under constraints such

as a specified volume. One such problem is modeled by the eigenvalue problem

−(a(x)2y′)′ = λ
(∫ 1

x
a(t)dt

)
y, 0 < x < 1, with boundary conditionsy(0) =

a(1)2y′(1) = 0, with the constraint thata(t) > 0 and
∫ 1

0
a(t)dt = 1 [3], [8], [15].

Another motivation for this work is to be able to rely on calculations of eigen-
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values when the problem data are approximated. Software packages for computing

eigenvalues often approximate the problem parameters, under the assumption that

the eigenvalues of the approximate problem will be close to those of the given

problem [13]. This work establishes some conditions under which this assump-

tion is valid, i.e., under which the eigenvalues depend continuously on the problem

parameters.

Previous work on this problem dealt with less general conditions. Kong and

Zettl [10], [13] and Kong, Wu, and Zettle [11], [12], consider eigenvalue depen-

dence for scalar, self-adjoint equations, whereas this work allows for Stieltjes Hamil-

tonian systems. They take sequences of eigenvalue problems to examine eigenvalue

dependence on the problem data, and they requireL1 convergence of the coeffi-

cients. In the equation−(py′)′ + qy = λwy, the approximate equation−(p1y
′)′ +

q1y = λw1y is considered to be close to the original equation if
∫ b

a

∣∣∣1p − 1
p1

∣∣∣ +∫ b

a
|q − q1| +

∫ b

a
|w − w1| is small. We take the same approach of using sequences

of eigenvalue problems, but we allow for more general modes of convergence on

the coefficients, with two sequences of coefficients converging weakly inL1, one

converging uniformly, and two converging pointwise.

Reid [16] addresses this problem for Hamiltonian systems, but we relax his

hypotheses on the data and on the modes of convergence. Further, the issue of

differentiability of the eigenvalues with respect to the problem parameters is not

addressed by Reid.

Knotts-Zides [9] extends Reid’s results to more general conditions, but her prob-

lem is only2-dimensional and contains fewer coefficients. We extend Knotts-Zides’

results concerning the initial value problem and the continuous dependence of the
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eigenvalues to a more general Sturm-Liouville problem. Then we go a step further

by proving the differential dependence of the eigenvalues. We also give a brief

discussion of eigenvalue extremal problems, while Knotts-Zides gives a more de-

tailed analysis. Our analysis addresses the problem(ry′′)′′ + (py′)′ + qy = λwy

with boundary conditionsy(a) = y(b) = y′(a) = y′(b) = 0, under the constraints∫ b

a
p ≤ M1,

∫ b

a
q ≤ M2,

∫ b

a
r ≤ M3, and

∫ b

a
w ≤ M4. Knotts-Zides’ analysis ad-

dresses the problem−y′′ + qy = λy with separated boundary conditions and the

constraint
∫ b

a
|q| ≤ M. We prove the existence of extremizing functions for our

problem, wheras Knotts-Zides actually characterizes the extremizing functions for

her problem (for certain boundary conditions).

We begin with the initial value problem. The existence and uniqueness of a

quasi-continuous solution was established by Hinton [6], but we present a proof

in order to establish certain bounds and continuity properties of the solution. In

Chapter 4, we take sequences of coefficients, leading to a sequence of initial value

problems. We prove that the sequence of solutions{yn}, {zn} converges to the

solution of the limit problem, with the{yn} converging uniformly and the{zn}

converging pointwise.

The eigenvalue problem is addressed in Chapter 5 by including general bound-

ary conditions. We show that the eigenvalues are the roots of an entire function.

Taking a sequence of eigenvalue problems, we prove that the sequence ofith eigen-

values converges to theith eigenvalue of the limit problem, where the eigenvalues

are listed in increasing order. This establishes conditions under which each eigen-

value depends continuously on the coefficients and on the boundary data. Separate

conditions are found which guarantee the continuous dependence on the endpoints
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of the interval.

Next we turn to the issue of differentiability of the eigenvalues as functions of

the problem parameters. For this issue, we address the less general2-dimensional

Sturm-Liouville problem 
dy = dPz

dz = (dQ− λdW )y

on [a, b] with separated boundary conditions. We determine conditions under which

each eigenvalue is differentiable as a function of the endpoints. For the dependence

on the coefficients and boundary data, we find that the same hypotheses that guar-

antee continuity also guarantee differentiability. In all cases, we derive expressions

of the derivatives of the eigenvalues with respect to the data.

We conclude with an application in Chapter 7 involving extremal properties of

eigenvalues. We consider the fourth order problem(ry′′)′′+(py′)′+qy = λwy with

boundary conditionsy(a) = y′(a) = y(b) = y′(b) = 0, viewing the smallest eigen-

valueλ0 as a function of the coefficients. We pose the problem of determining if

there exist functions that attain the supremum and infimum ofλ0 over a certain class

of coefficient functions. We use the continuous dependence ofλ0 on the coefficients

to find a sequence of functions that approaches such an extremizing function.

There are several areas we plan to explore in future work. One area is to extend

our results to apply to singular problems. Also, the question of differentiability of

the eigenvalues with respect to the problem parameters is addressed in this work

for a less general problem, and we plan to extend these results to the original prob-

lem. More detailed study can be given to extremal eigenvalue problems to actually

characterize the extremizing functions rather than only proving their existence.

5



Chapter 2

Preliminaries

Here we give a preliminary discussion of Stieltjes integrals and some previous re-

sults by D.B. Hinton [6].

Let N be a non-degenerate ring. Let‖ · ‖ be a norm forN and suppose that

N is complete with respect to this norm. In this work, we takeN to be the ring

of 2n × 2n matrices and we define the norm as follows: First we define the vector

norm by‖x̄‖ :=
∑

i |xi| for x̄ = (x1, . . . , x2n)T . Then define the norm onN by

‖A‖ :=
∑

i,j |aij| for A = {aij}. It follows that forA in N and x̄ a 2n-vector,

‖Ax̄‖ ≤ ‖A‖‖x̄‖. Let Rm be the space ofm-vectors.

For some number interval[a, b] with a < b, a functionF : [a, b] → N is said to

bequasi-continuousif the left and right limits exist at each interior point of[a, b] and

the appropriate one-sided limit exists at each endpoint. A functionF : [a, b] → N

is said to be ofbounded variationif there exists a numberK such that

m∑
i=1

‖F (ti)− F (ti−1)‖ ≤ K

for any partitiona = t0 < t1 < . . . < tm = b. The greatest lower bound of such
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constantsK is called thetotal variationof F and is denoted
∨b

a F or
∫ b

a
‖dF (t)‖.

If a real functionF is nondecreasing on an interval[a, b], thenF is of bounded

variation with
∨b

a F = F (b)−F (a). A function of bounded variation is also quasi-

continuous. Fort ≥ a and a functionF of bounded variation on[a, t], define the

total variation function

vF (t) :=
t∨
a

F.

If F is of bounded variation and is continuous, thenvF is also continuous [18,

Theorem 6.26].

If F is a function from[a, b] toN, and ifG is a function from[a, b] toN or to

R2n, then theCauchy-left integral

(L)

∫ b

a

dF (x)G(x)

denotes an elementY of N or R2n with the following property: for each positive

numberε, there is a partitions = {si}n
0 from a to b such that for any partition

t = {ti}m
0 that is a refinement ofs, then∣∣∣∣∣

∣∣∣∣∣Y −
m∑

i=1

[F (ti)− F (ti−1)]G(ti−1)

∣∣∣∣∣
∣∣∣∣∣ < ε

TheCauchy-right integral

(R)

∫ b

a

dF (x)G(x)

denotes an elementY of N or R2n with the following property: for each positive

numberε, there is a partitions = {si}n
0 from a to b such that for any partition

t = {ti}m
0 that is a refinement ofs, then∣∣∣∣∣

∣∣∣∣∣Y −
m∑

i=1

[F (ti)− F (ti−1)]G(ti)

∣∣∣∣∣
∣∣∣∣∣ < ε
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The ordinaryStieltjes integral ∫ b

a

dF (x)G(x)

denotes an elementY of N or R2n with the following property: for each positive

numberε, there is a partitions = {si}n
0 from a to b such that for any partition

t = {ti}m
0 that is a refinement ofs, then∣∣∣∣∣

∣∣∣∣∣Y −
m∑

i=1

[F (ti)− F (ti−1)]G(t∗i )

∣∣∣∣∣
∣∣∣∣∣ < ε,

for all t∗i such thatt∗i ∈ [ti−1, ti]. We can define similarly the Cauchy-left integral

(L)
∫ b

a
G(x)dF (x), the Cauchy-right integral(R)

∫ b

a
G(x)dF (x), and the Stieltjes

integral
∫ b

a
G(x)dF (x). These integrals are known to be unique if they exist. The

Cauchy integrals are known to exist ifF is of bounded variation andG is quasi-

continuous. If in addition, eitherF or G is continuous, the Stieltjes integral is

known to exist. If the Stieltjes integral exists, then the corresponding left-Cauchy

and right-Cauchy integrals exist and all three integrals are equal.

Now we state some theorems that will be referenced in this paper [6]. They are

stated here without proof.

Theorem 2.1. If F is of bounded variation from[a, b] toN, G is quasi-continuous

from [a, b] to N or to R2n, and f and g are real functions on[a, b] such that for

x ≤ y,
∨y

x F ≤ f(y)− f(x), andg(x) = ‖G(x)‖, then∣∣∣∣∣∣∣∣(L)

∫ b

a

dF (s)G(s)

∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣(L)

∫ b

a

df(s)g(s)

∣∣∣∣ ≤
(

b∨
a

f

)
‖g‖[a,b],

where‖g‖[a,b] := sup{g(x) : x ∈ [a, b]}.
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Theorem 2.2. If K ≥ 0, h is a real nondecreasing function on[a, b], and ifm is a

real function on[a, b] bounded above by someT > 0 and such that for eachx,

m(x) ≤ K + (L)

∫ x

a

m(s)dh(s),

then

m(x) ≤ Ke[h(x)−h(a)]

for eachx.

LetF be the set of all functionsF : [a, b]× [a, b] → N such that

1. F (x, x) = I for all x,

2. F is quasi-continuous with respect to its first place, and

3. there is a real nondecreasing functiong on [a, b] such thatg(a) = 0 and

‖F (t, x)− F (t, y)‖ ≤ ‖g(x)− g(y)‖

for all t, x, andy. Such a functiong is called asuper functionfor F.

In this paper, we consider a problem that involves a functionF (t), which is not

an element ofF since it is a function of only one variable. However, we can define

F̃ (t, x) := I+F (x)−F (t),which can be shown to be an element ofF . This allows

the following two theorems to apply to our case.

Theorem 2.3. If F ∈ F , Q : [a, b] → N is quasi-continuous,X = L or X = R,

andP is defined on[a, b] by

P (t) = (X)

∫ t

a

dsF (t, s)Q(s),

thenP is quasi-continuous. Moreover, ifF is continuous with respect to its first

variable, thenP is continuous.
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Theorem 2.4.GivenF ∈ F , there is a uniqueM ∈ F that is a solution of

M(t, x) = I + (L)

∫ t

x

dsF (t, s)M(s, x)

for all t andx. Moreover, ifF is continuous with respect to its first place, then so is

M.

Theorem 2.5. If F ∈ F andG is a quasi-continuous function from[a, b] to N or

to R2n, then there is a unique quasi-continuous functionY on [a, b] such that

Y (t) = G(t) + (L)

∫ t

x

dsF (t, s)Y (s).

Now we state two convergence theorems for Stieltjes integrals [5], followed by

a convergence theorem for a sequence if functions.

Theorem 2.6. (Helly’s Integral Convergence Theorem)Let f be a continuous

function on[a, b] and let{gn} be a sequence of functions, uniformly of bounded

variation on[a, b], converging to a functiong at every point of[a, b]. Then

lim
n→∞

∫ b

a

fdgn =

∫ b

a

fdg.

Theorem 2.7. (Osgood’s Theorem)Let g be a function of bounded variation on

[a, b] and let{fn} be a sequence of functions which is uniformly bounded and con-

verges pointwise to a functionf on [a, b]. If
∫ b

a
fndg and

∫ b

a
fdg exist, then

lim
n→∞

∫ b

a

fndg =

∫ b

a

fdg.

Theorem 2.8. (Helly’s Pointwise Convergence Theorem)If fn is a sequence of

functions, uniformly of bounded variation on[a, b] such thatfn(a) is bounded in

n, then there exists a subsequencefnm and a functionf of bounded variation such

that limm→∞ fnm = f at every point of[a, b].
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Here we introduce some notation that will be used throughout this paper. Let

P [a, b] denote the set of all partitions of the interval[a, b]. Also, definevf (t) :=∨t
a f andIf (t) :=

∫ t

a
f.

The final theorem stated here can be found in [4, p.105].

Theorem 2.9. If f ∈ L1([a, b]), thenIf (t) is absolutely continuous and of bounded

variation, and
∨b

a If =
∫ b

a
|f |.
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Chapter 3

The Initial Value Problem

We consider the system of2n equations


dy = Aydt+ dPz

dz = (dQ− λdW )y +Dzdt

(3.1)

which can be written as the Stieltjes integral equation

 y(t, λ)

z(t, λ)

 =

 y(a, λ)

z(a, λ)

+

t

a

 A(s)ds dP (s)

dM(s, λ) D(s)ds


 y(s, λ)

z(s, λ)

 (3.2)

on [a, b] × K, where K is a compact set inC, andM(t, λ) = Q(t) − λW (t).

Here,y andz aren-vectors andA, P, Q, W, andD aren × n real matrices. We
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require the following conditions on the coefficients, where each condition holds for

each element in the matrix:

A,D ∈ L1([a, b]);

P = P T is continuous and nondecreasing withP (a) = 0;

Q = QT is of bounded variation on[a, b];

W = W T is nondecreasing withW (a) = 0,

(3.3)

Remark 3.1. 1. When we say a matrix function is of bounded variation, we

mean that each component is of bounded variation.

2. When we say a real symmetric matrix A is positive, we mean that all of

the eigenvalues of A are positive. This is equivalent to the condition that

〈Ax̄, x̄〉 > 0 for all x̄ 6= 0̄. The meaning of a matrix functionA(t) being non-

decreasing follows accordingly, i.e.,A(t) is nondecreasing ifA(t2) − A(t1)

is nonnegative fort2 ≥ t1.

3. The symmetry condition onQ, P, andW is needed later for self-adjoint prob-

lems, but it is not needed to prove existence of a solution.

In Reid’s paper [16], the derivatives ofP, Q, andW are required to beL1

functions. We are allowing for more generality in the coefficients, not requiring a

Banach space.

We define the following terms:

L :=

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(a, λ)

z(a, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ ;
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F (t, λ) :=

 ∫ t

a
A(s)ds P (t)

M(t, λ)
∫ t

a
D(s)ds

 ;

f(t, λ) :=

∫ t

a

‖A(s)‖ds+

∫ t

a

‖D(s)‖ds+
t∨
a

P +
t∨
a

M(·, λ).

Note that
∨t

aM(·, λ) ≤
∨t

aQ+ |λ|
∨t

aW.

Suppose we fixλ and letY (t) :=

 y(t, λ)

z(t, λ)

 . Then (3.2) can be written in

the formY (t) = Y (a) +
∫ t

a
dF (s)Y (s). We now show that for fixedλ, F̃ (t, x) :=

I + F (x, λ) − F (t, λ) is an element ofF , which was defined in Chapter 2. The

first condition,F̃ (x, x) = I is clearly satisfied. For the second condition, it suffices

to show thatF (t, λ) is quasi-continuous in the first place. We knowP is continu-

ous by assumption. The remaining elements ofF are now shown to be of bounded

variation, which implies they are quasi-continuous. We know
∫ t

a
A and

∫ t

a
D are

of bounded variation by Theorem 2.9, andQ is of bounded variation by assump-

tion. P andW are of bounded variation because they are nondecreasing (the fact

that a nondecreasing matrix is of bounded variation is proved later, in the proof of

Lemma 4.1). The third condition is satisfied forg(t) :=
∨t

a F̃ . SinceF̃ (t, x) ∈ F ,

Theorems 2.3, 2.4, and 2.5 apply to our problem.

The existence and uniqueness of a quasi-continuous solution to the initial value

problem (3.2) was established in Theorem 2.5. We repeat the proof to establish

certain uniform bounds, to determine the continuity of the solution, and to establish

a Lipschitz condition with respect to a spectral parameter.

Define successive approximations fork = 1, 2, 3, . . . as follows: Given initial
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conditionsy(a, λ) andz(a, λ), let y(0)(t, λ)

z(0)(t, λ)

 =

 y(a, λ)

z(a, λ)

 , (3.4)

 y(k)(t, λ)

z(k)(t, λ)

 =

 y(0)(t, λ)

z(0)(t, λ)

+

t

a

 A(s)ds dP (s)

dM(s, λ) D(s)ds


 y(k−1)(s, λ)

z(k−1)(s, λ)

 . (3.5)

First we examine some properties of the successive approximations.

Lemma 3.2. If successive approximations are defined as in (3.4), (3.5) subject to

the conditions in (3.3), then∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(k)(t, λ)

z(k)(t, λ)

−
 y(k−1)(t, λ)

z(k−1)(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ ≤ L

f(t, λ)k

k!

for k = 1, 2, 3, . . .

Proof. The proof is by induction. First note that by definition,∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(1)(t, λ)

z(1)(t, λ)

−
 y(0)(t, λ)

z(0)(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
t

a

 A(s)ds dP (s)

dM(s, λ) D(s)ds


 y(0)(s, λ)

z(0)(s, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

≤ Lf(t, λ).

Assume the lemma is true for somek. Now y(k+1)(t, λ)

z(k+1)(t, λ)

−
 y(k)(t, λ)

z(k)(t, λ)


15



=

t

a

 A(s)ds dP (s)

dM(s, λ) D(s)ds



 y(k)(s, λ)

z(k)(s, λ)

−
 y(k−1)(s, λ)

z(k−1)(s, λ)




=

t

a

dF (s, λ)


 y(k)(s, λ)

z(k)(s, λ)

−
 y(k−1)(s, λ)

z(k−1)(s, λ)


 .

Now we will find a bound for this last integral. If[c, d] is a subinterval of[a, b],

then over[c, d] we have forT = {ti}m
0 ∈ P [c, d],

∆vF =
d∨
c

F = sup
T∈P[c,d]

m∑
i=1

‖F (ti, λ)− F (ti−1, λ)‖

≤ sup
T∈P[c,d]

m∑
i=1

∫ ti

ti−1

[‖A(s)‖ds+ ‖D(s)‖] ds+

m∑
i=1

∫ ti

ti−1

[‖P (ti)− P (ti−1)‖+ ‖M(ti, λ)−M(ti−1, λ)‖]

=

∫ d

c

‖A(s)‖ds+

∫ d

c

‖D(s)‖ds+
d∨
c

P +
d∨
c

M(·, λ)

= f(d, λ)− f(c, λ) = ∆f.

Hence∆vF ≤ ∆f.

Now our bound is∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(k+1)(t, λ)

z(k+1)(t, λ)

−
 y(k)(t, λ)

z(k)(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
t

a

dF (s, λ)


 y(k)(s, λ)

z(k)(s, λ)

−
 y(k−1)(s, λ)

z(k−1)(s, λ)



∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

16



≤ (L)

t

a

dvF (s, λ)

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

 y(k)(s, λ)

z(k)(s, λ)

−
 y(k−1)(s, λ)

z(k−1)(s, λ)



∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

≤ (L)

t

a

df(s, λ)L
f(s, λ)k

k!

≤ L
f(t, λ)k+1

(k + 1)!
,

where the second to last inequality follows from induction hypothesis and the last

inequality can be found in [6, p.318].

Lemma 3.3. If successive approximations are defined as in (3.4), (3.5) subject to

the conditions in (3.3), then (i)

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(k)(t, λ)

z(k)(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ and (ii)

∨t
a

 y(k)(·, λ)

z(k)(·, λ)

 are

bounded independently ofk and(t, λ) ∈ [a, b]×K.

Proof. (i) Using Lemma 3.2,∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(k)(t, λ)

z(k)(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ ≤

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(0)(t, λ)

z(0)(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣+

k∑
i=1

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(i)(t, λ)

z(i)(t, λ)

−
 y(i−1)(t, λ)

z(i−1)(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

≤ L+ L

k∑
i=1

f(t, λ)i

i!

≤ Lef(t,λ),

Recall also that

f(t, λ) ≤
∫ t

a

‖A‖+

∫ t

a

‖D‖+
t∨
a

P +
t∨
a

Q+ |λ|
t∨
a

W, (3.6)

which is bounded independently of(t, λ) ∈ [a, b]×K.

(ii) Let T = {ti}m
0 ∈ P[a, t]. Using Theorem 2.1 and lettingC be a bound on

17



∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(k)(·, λ)

z(k)(·, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ from part (i),

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

t∨
a

 y(k)(·, λ)

z(k)(·, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ = sup

T∈P [a,t]

m∑
i=1

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(k)(ti)

z(k)(ti)

−
 y(k)(ti−1)

z(k)(ti−1)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

= sup
T∈P [a,t]

m∑
i=1

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
ti

ti−1

 A(s)ds dP (s)

dM(s, λ) D(s)ds


 y(k−1)(s, λ)

z(k−1)(s, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

≤ sup
T∈P [a,t]

C
m∑

i=1

∫ ti

ti−1

dvF (s)

= C

∫ t

a

dvF (s) ≤ C

∫ t

a

df(s, λ)

= Cf(t, λ),

since∆vF is bounded by∆f. Independence follows from (3.6).

Now we examine the continuity of solutions, starting by proving that each suc-

cessive approximation is quasi-continuous in the first variable. This will be used in

the following theorem to prove the solution is quasi-continuous.

Lemma 3.4.As a function of the first variable,y(k)(t, λ) is continuous andz(k)(t, λ)

is quasi-continuous on[a, b], for k = 0, 1, 2, . . . . If Q andW are continuous, then

z(k)(t, λ) is continuous on[a, b], for k = 0, 1, 2, . . . .

Proof. The quasi-continuity ofy(k)(·, λ) and z(k)(·, λ) follows from the fact that

they are of bounded variation (Lemma 3.3). Now we prove thaty(k)(·, λ) is actually

continuous.

Fix λ ∈ K. By definition of successive approximations, fork = 1, 2, 3, . . .

y(k)(t, λ) = y(a, λ) +

∫ t

a

A(s)y(k−1)(s, λ)ds+

∫ t

a

dP (s)z(k−1)(s, λ).

18



Let g(t) =
∫ t

a
A(s)y(k−1)(s, λ)ds, andh(t) =

∫ t

a
dP (s)z(k−1)(s, λ). To show thatg

is continuous, note that

‖g(t2)− g(t1)‖ =

∣∣∣∣∣∣∣∣∫ t2

t1

A(s)y(k−1)(s, λ)ds

∣∣∣∣∣∣∣∣
≤ C

∫ t2

t1

||A(s)|| ds,

whereC is a uniform bound on

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(k)(t, λ)

z(k)(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ . SinceA ∈ L1([a, b]), I‖A‖(t) :=

∫ t

a
‖A(s)‖ds is absolutely continuous by Theorem 2.9. Then

I‖A‖(t2)− I‖A‖(t1) =

∫ t2

t1

‖A(s)‖ds

can be made arbitrarily small, and hence‖g(t2) − g(t1)‖ can also. Thereforeg is

continuous.

Now for h, we have

‖h(t2)− h(t1)‖ =

∣∣∣∣∣∣∣∣∫ t2

t1

dP (s)z(k−1)(s, λ)

∣∣∣∣∣∣∣∣
≤
∫ t2

t1

dvP (s)‖z(k−1)(s, λ)‖

≤ C(vP (t2)− vP (t1)).

SinceP is continuous,vP is also. ThenvP (t2) − vP (t1) can be made arbitrarily

small and hence‖h(t2) − h(t1)‖ can also. Now bothg andh are continuous, so

y(k)(t, λ) is continuous as a function oft.

If Q andW are continuous, thenz(k)(t, λ) can be shown to be continuous using

a similar argument.
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Theorem 3.5.The initial value problem (3.2) has a unique solution in the space of

quasi-continuous functions. This solution is bounded in norm and in total variation

independently oft andλ on [a, b]×K.

Proof. We prove the existence of a solution by showing it is the limit of the se-

quence of successive approximations. By Lemma 3.2, we have forp > k,∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(p)(t, λ)

z(p)(t, λ)

−
 y(k)(t, λ)

z(k)(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ ≤

p∑
i=k+1

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(i)(t, λ)

z(i)(t, λ)

−
 y(i−1)(t, λ)

z(i−1)(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

≤ L

p∑
i=k+1

f(t, λ)i

i!
≤ L

f(t, λ)k+1

(k + 1)!
ef(t,λ)

≤ L
f(b, λ)k+1

(k + 1)!
ef(b,λ) → 0 ask →∞.

Thus{
[
y(k), z(k)

]
} is uniformly Cauchy in[a, b]. Taking the limit ask →∞ in

equation (3.5) and using the fact that the convergence of the successive approxima-

tions is uniform, we get that y(t, λ)

z(t, λ)

 := lim
k→∞

 y(k)(t, λ)

z(k)(t, λ)


is a solution. We know that each successive approximation is quasi-continuous

in t and uniformly bounded in norm and in total variation by Lemma 3.3, so this

solution has these same properties.

To prove uniqueness, assume that

 y1

z1

 and

 y2

z2

 are both quasi-continuous

solutions. For fixedλ, let

Y (t) :=

 y2(t, λ)

z2(t, λ)

−
 y1(t, λ)

z1(t, λ)

 ,
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F (t, λ) :=

 ∫ t

a
A(s)ds P (t)

M(t, λ)
∫ t

a
D(s)ds


as before, so that

Y (t) =

∫ t

a

dF (s, λ)Y (s).

Then

‖Y (t)‖ ≤ (L)

∫ t

a

‖dF (s, λ)‖‖Y (s)‖ ≤ (L)

∫ t

a

dvF (s, λ)‖Y (s)‖.

Then by Theorem 2.2,

‖Y (t)‖ ≤ 0e(vF (t,λ)−vF (a,λ)) = 0.

Hence

 y1

z1

 =

 y2

z2

 .
The first part of the following corollary follows from the fact that they(k)(t, λ)

are continuous with respect tot and that they converge uniformly toy(t, λ) ask →

∞. The second part follows from Lemma 3.4 and the uniform convergence of the

successive approximations.

Corollary 3.6. 1. y(t, λ) is continuous with respect tot.

2. IfQ andW are continuous on[a, b], thenz(t, λ) is continuous on[a, b].

We conclude with some additional properties of solutions. First a Lipschitz

condition inλ, and then a property concerning total variation of the solution.

Lemma 3.7. For anyλ1 andλ2 in K, we have the Lipschitz condition∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(t, λ2)

z(t, λ2)

−
 y(t, λ1)

z(t, λ1)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ ≤ c|λ2 − λ1|,

wherec is a constant independent oft ∈ [a, b].
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Proof. Let

φ(t) :=

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(t, λ2)

z(t, λ2)

−
 y(t, λ1)

z(t, λ1)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

= ‖y(t, λ2)− y(t, λ1)‖+ ‖z(t, λ2)− z(t, λ1)‖.

Using the equationy(t, λi) = y(a, λi) +
∫ t

a
A(s)y(s, λi)ds +

∫ t

a
dP (s)z(s, λi)

for i = 1, 2 and the fact thaty(a, λ1) = y(a, λ2), we have

y(t, λ2)−y(t, λ1) =

∫ t

a

A(s)[y(s, λ2)−y(s, λ1)]ds+

∫ t

a

dP (s)[z(s, λ2)−z(s, λ1)].

Similarly, we have

z(t, λ2)− z(t, λ1) =

∫ t

a

dQ(s)[y(s, λ2)− y(s, λ1)]

−
∫ t

a

dW (s)[λ2y(s, λ2)− λ1y(s, λ1)] +

∫ t

a

D(s)[z(s, λ2)− z(s, λ1)]ds.

By adding and subtracting the term
∫ t

a
dW (s)λ1y(s, λ2), we get

z(t, λ2)−z(t, λ1) =

∫ t

a

dQ(s)[y(s, λ2)−y(s, λ1)]−
∫ t

a

dW (s)(λ2−λ1)y(s, λ2)

−
∫ t

a

dW (s)λ1[y(s, λ2)− y(s, λ1)] +

∫ t

a

D(s)[z(s, λ2)− z(s, λ1)]ds.

LetC > 0 be a bound on

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(t, λ)

z(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ , from Theorem 3.5. Then

φ(t) ≤
∫ t

a

‖A(s)‖‖y(s, λ2)− y(s, λ1)‖ds+

∫ t

a

dvP (s)‖z(s, λ2)− z(s, λ1)‖

+

∫ t

a

dvQ(s)‖y(s, λ2)− y(s, λ1)‖+ |λ2 − λ1|
∫ t

a

dvW (s)‖y(s, λ2)‖

+ |λ1|
∫ t

a

dvW (s)‖y(s, λ2)− y(s, λ1)‖+

∫ t

a

‖D(s)‖‖z(s, λ2)− z(s, λ1)‖ds
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≤
∫ t

a

dvA(s)φ(s) +

∫ t

a

dvP (s)φ(s) + (L)

∫ t

a

dvQ(s)φ(s) + C|λ2 − λ1|
b∨
a

W

+ |λ1|(L)

∫ t

a

dvW (s)φ(s) +

∫ t

a

dvD(s)φ(s)

By Theorem 2.2, it follows that

φ(t) ≤

(
C|λ2 − λ1|

b∨
a

W

)
em(t),

where

m(t) = vA(t) + vP (t) + vQ(t) + |λ1|vW (t) + vD(t).

Then

φ(t) ≤ c|λ2 − λ1|,

where

c = C
b∨
a

Wem(b).

Theorem 3.8.There is a nondecreasing functionq on [a, b] such that
∨x2

x1
y(x, λ) ≤

q(x2)− q(x1) and
∨x2

x1
z(x, λ) ≤ q(x2)− q(x1) for x1 < x2 and allλ ∈ K.

Proof. Fix λ ∈ K. For anyT = {ti}m
0 ∈ P [x1, x2],

x2∨
x1

y(·, λ) = sup
T∈P[x1,x2]

m∑
i=1

‖y(ti, λ)− y(ti−1, λ)‖

= sup
T∈P[x1,x2]

m∑
i=1

∣∣∣∣∣∣∣∣∫ ti

ti−1

A(s)y(s, λ)ds+

∫ ti

ti−1

dP (s)z(s, λ)

∣∣∣∣∣∣∣∣
≤ sup

T∈P[x1,x2]

m∑
i=1

∫ ti

ti−1

‖A(s)y(s, λ)ds‖+

∫ ti

ti−1

‖dP (s)z(s, λ)‖

=

∫ x2

x1

‖A(s)y(s, λ)ds‖+

∫ x2

x1

‖dP (s)z(s, λ)‖
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≤ C

∫ x2

x1

‖A(s)‖ds+ C

x2∨
x1

P

= q1(x2)− q1(x1),

whereC is a bound on

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(t, λ)

z(t, λ)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ and

q1(x) = C

∫ x

a

‖A(s)‖ds+ C

x∨
a

P.

Note thatq1 is continuous sinceP is continuous [18, Theorem 6.26] and since

A ∈ L1([a, b]) (see Theorem 2.9). Now

x2∨
x1

z(x, λ) = sup
T∈P[x1,x2]

m∑
i=1

‖z(ti, λ)− z(ti−1, λ)‖

= sup
T∈P[x1,x2]

m∑
i=1

∣∣∣∣∣∣∣∣∫ ti

ti−1

(dQ(s)− λdW (s))y(s, λ) +

∫ ti

ti−1

D(s)z(s, λ)ds

∣∣∣∣∣∣∣∣
≤ sup

T∈P[x1,x2]

m∑
i=1

∫ ti

ti−1

‖(dQ(s)− λdW (s))y(s, λ)‖+

∫ ti

ti−1

‖D(s)z(s, λ)ds‖

≤ C

∫ x2

x1

‖dQ(s)‖+ C(max
λ∈K

|λ|)
∫ x2

x1

‖dW (s)‖+ C

∫ x2

x1

‖D(s)‖ds

= q2(x2)− q2(x1),

where

q2(x) = C

x∨
a

Q+ C(max
λ∈K

‖λ‖)
x∨
a

W + C

∫ x

a

‖D(s)‖ds

Note thatq2 is nondecreasing but may have discontinuities.

Thenq(x) := q1(x) + q2(x) satisfies the conclusion of the theorem.
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Chapter 4

A Sequence of Initial Value Problems

In chapter 1, we examined the continuity of a solution to the initial value problem

as a function oft and ofλ. Now we study continuity as a function of the problem

coefficients. To accomplish this, we define a sequence of initial value problems

satisfying the same conditions as the problem in the previous chapter (therefore the

results from chapter one apply to each problem in the sequence). We will show that

the sequence of solutions converges to the solution of the limit problem.

The sequence of problems is defined as follows, forn = 1, 2, 3, ... :


dyn = Anyndt+ dPnzn

dzn = (dQn − λdWn)yn +Dnzndt

(4.1)

on [a, b]×K, which written as a Stieltjes integral equation has the form yn(t, λ)

zn(t, λ)

 =

 yn(a, λ)

zn(a, λ)

+

t

a

 An(s)ds dPn(s)

dMn(s, λ) Dn(s)ds


 yn(s, λ)

zn(s, λ)


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whereAn, Pn, Mn = Qn − λWn, andDn satisfy the same conditions asA, P,

M, andD, respectively, as stated in (3.3). We also require thatQn andWn be

uniformly of bounded variation, stated below along with the types of convergence

that are required: 

An → A weakly inL1([a, b]);

Dn → D weakly inL1([a, b]);

Pn → P uniformly in [a, b];

Qn → Q pointwise in[a, b];

Wn → W pointwise in[a, b];

yn(a, λ) → y(a, λ);

zn(a, λ) → z(a, λ);∨b
aQn ≤ Q̃ for all n;∨b
aWn ≤ W̃ for all n,

(4.2)

for some constants̃Q andW̃ . The modes of convergence required here are more

inclusive than in previous work [16], which is appropriate due to the increased

generality in the classes of coefficients.

For the remainder of this section we fixλ and write

 y(t)

z(t)

 =

 y(t, λ)

z(t, λ)

 ,
understanding that there is still a dependence onλ.

We define the following terms for use in the proof:

L =

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y(a)

z(a)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ ;
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Ln =

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 yn(a)

zn(a)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ ;

f(t) =

∫ t

a

‖A(s)‖ds+

∫ t

a

‖D(s)‖ds+
t∨
a

P +
t∨
a

M ;

fn(t) =

∫ t

a

‖An(s)‖ds+

∫ t

a

‖Dn(s)‖ds+
t∨
a

Pn +
t∨
a

Mn.

Recall that in Lemma 3.3 we proved the existence of a uniform bound on all

successive approximations for one initial value problem. Now we extend that uni-

form bound to all successive approximations for all of the initial value problems in

the sequence.

Lemma 4.1. Let

 y
(k)
n (t)

z
(k)
n (t)

 , k = 1, 2, 3, . . . be thekth successive approximation

for thenth problem in the sequence (4.1) forn = 1, 2, 3, . . . , defined in the same

manner as for problem (3.1). Then under assumptions (4.2),

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y

(k)
n (t)

z
(k)
n (t)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ and

∨b
a

 y
(k)
n

z
(k)
n

 are bounded independently ofn, k, andt.

Proof. By the proof of Lemma 3.3, we have∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y

(k)
n (t)

z
(k)
n (t)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ ≤ Lne

fn(b);

t∨
a

 y
(k)
n

z
(k)
n

 ≤ Lne
fn(b)fn(b).

Therefore the proof will be complete when we find a uniform bound on{Ln}∞1

and{fn(b)}∞1 . The sequence{Ln}∞1 is bounded because of the assumption that

Ln → L.
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For fn(b) =
∫ b

a
‖An(s)‖ds +

∫ b

a
‖Dn(s)‖ds +

∨b
a Pn +

∨b
aMn, first observe

that the weak convergence of{An}∞1 and{Dn}∞1 guarantees a uniform bound on∫ b

a
‖An(s)‖ds and

∫ b

a
‖Dn(s)‖ds for all n [16, p.430]. IfP (t) = {Pij}, then for

T = {ti}m
1 ∈ P [a, b],

b∨
a

P = sup
T∈P[a,b]

m∑
k=1

‖P (tk)− P (tk−1)‖

= sup
T∈P[a,b]

n∑
i,j=1

m∑
k=1

|Pij(tk)− Pij(tk−1)|.

SinceP is symmetric and nondecreasing, together with the fact thatP (t) ≥

P (a) = 0, any component ofP is bounded by the square root of the product of

the corresponding diagonal entries (which are nonnegative), i.e.,|Pij| ≤
√
PiiPjj.

Then using the fact that
√
ab ≤ 1

2
(a+ b) for any positive numbersa andb, we have

|Pij| ≤ 1
2
(Pii + Pjj). Then continuing from above, we have

b∨
a

P ≤ 1

2

n∑
i,j=1

sup
T∈P[a,b]

m∑
k=1

|Pii(tk)− Pii(tk−1) + Pjj(tk)− Pjj(tk−1)|

=
1

2

n∑
i,j=1

(
b∨
a

Pii +
b∨
a

Pjj).

Now defineP̂ (t) :=
∑n

i=1 Pii(t). Since the diagonal entries ofP are nonde-

creasing and have initial value zero, we have
∑n

i=1

∨b
a Pii =

∨b
a P̂ . Therefore,

b∨
a

P ≤ 1

2

n∑
i,j=1

(
b∨
a

Pii +
b∨
a

Pjj

)

=
1

2

(
n

b∨
a

P̂ + n

b∨
a

P̂

)

28



= n
b∨
a

P̂ = nP̂ (b),

with the last equality holding becausêP is continuous and nondecreasing with

P̂ (a) = 0. Similarly,
b∨
a

Pj ≤ nP̂j(b).

SinceP̂j(b) → P̂ (b), there exists a bound on{P̂j(b)}∞1 . Hence there exists a bound

on
∨b

a Pj for all j.

Recall we have a uniform bound on
∨b

aMn for all n by assumption. Therefore,

{fn(b)}∞n=1 is bounded and the proof is completed.

In preparation for showing the convergence of the sequence of solutions, we

now show the same is true for each set of successive approximations.

Lemma 4.2. Under the assumptions in (4.2), for eachk = 0, 1, 2, ....

1. y(k)
n (t) → y(k)(t) uniformly on[a, b] asn→∞, and

2. z(k)
n (t) → z(k)(t) pointwise on[a, b] asn→∞.

Proof. The proof is by induction onk. First, note that

‖y(0)(t)− y(0)
n (t)‖ = ‖y(a)− yn(a)‖ → 0

and

‖z(0)(t)− z(0)
n (t)‖ = ‖z(a)− zn(a)‖ → 0

by assumption. Assume the lemma to be true for somek, and now considery and

z separately to show the lemma is true fork + 1.
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1. By definition of successive approximations,

y(k+1)(t)− y(k+1)
n (t) = y(a) +

∫ t

a

[A(s)y(k)(s)ds+ dP (s)z(k)(s)]

− yn(a)−
∫ t

a

[An(s)y(k)
n (s)ds+ dPn(s)z(k)

n (s)].

Then

y(k+1)(t)− y(k+1)
n (t) = [y(a)− yn(a)] +

∫ t

a

[dP (s)− dPn(s)]z(k)(s)

−
∫ t

a

dPn(s)[z(k)
n (s)− z(k)(s)] +

∫ t

a

[A(s)− An(s)]y(k)(s)ds

−
∫ t

a

An(s)[y(k)
n (s)− y(k)(s)]ds. (4.3)

We will show that each of these terms converges to zero uniformly in[a, b].

First,‖y(a)− yn(a)‖ → 0 by assumption.

For the second term in (4.3), we use integration by parts and the fact that

P (a) = Pn(a) = 0 to write

∫ t

a

[dP (s)− dPn(s)]z(k)(s) =

−
∫ t

a

[P (s)− Pn(s)]dz(k)(s) + [P (t)− Pn(t)]z(k)(t). (4.4)

SinceP andPn are continuous and therefore bounded on[a, b],∣∣∣∣∣∣∣∣∫ t

a

[dP (s)− dPn(s)]z(k)(s)

∣∣∣∣∣∣∣∣ ≤(
max
t∈[a,b]

‖P (t)− Pn(t)‖
) b∨

a

z(k) + ‖P (t)− Pn(t)‖‖z(k)(t)‖.

This converges to zero asn → ∞ since
∨b

a z
(k) and‖z(k)(t)‖ are bounded

(by Lemma 3.3) and sincePn → P uniformly by assumption.
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Rewrite the third term in (4.3) as

∫ t

a

dPn(s)[z(k)
n (s)− z(k)(s)] =

∫ t

a

[dPn(s)− dP (s)][z(k)
n (s)− z(k)(s)]

+

∫ t

a

dP (s)[z(k)
n (s)− z(k)(s)]. (4.5)

Now treat the first of the two integrals on the right-hand side of (4.5) the same

way as in (4.4). Performing integration by parts and taking the norm, we get

∣∣∣∣∣∣∣∣∫ t

a

[dPn(s)− dP (s)][z(k)
n (s)− z(k)(s)]

∣∣∣∣∣∣∣∣ ≤ (max
t∈[a,b]

‖Pn(t)− P (t)‖
) b∨

a

[z(k)
n −z(k)]

+ ‖Pn(t)− P (t)‖‖z(k)
n (t)− z(k)(t)‖,

which converges uniformly to zero for the same reasons as in (4.4).

The pointwise convergence of the second integral on the right-hand side of

(4.5) follows from Theorem 2.7. This theorem applies sinceP is of bounded

variation, since[z(k)
n (s)− z(k)(s)] is uniformly bounded, and sincez(k)

n (t) →

z(k)(t) pointwise by induction hypothesis. Now we use the Ascoli-Arzela

Theorem to show the convergence is actually uniform and not only pointwise.

The sequence{
∫ t

a
dP (s)[z

(k)
n (s)−z(k)(s)]}∞n=1 is uniformly bounded on[a, b]

since

∣∣∣∣∣∣∣∣∫ t

a

dP (s)[z(k)
n (s)− z(k)(s)]

∣∣∣∣∣∣∣∣ ≤
(

sup
t∈[a,b]

‖z(k)
n (t)− z(k)(t)‖

)
b∨
a

P,

which is finite sincez(k) andz(k)
n are quasi-continuous and by Lemma 4.1

are uniformly bounded. To show the sequence is equicontinuous, fixn andk

and letg(t) =
∫ t

a
dP (s)[z

(k)
n (s)− z(k)(s)]. Now
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‖g(t2)− g(t1)‖ =

∣∣∣∣∣∣∣∣∫ t2

t1

dP (s)[z(k)
n (s)− z(k)(s)]

∣∣∣∣∣∣∣∣
≤

(
sup

t∈[a,b]

‖z(k)
n (t)− z(k)(t)‖

)
t2∨
t1

P

=

(
sup

t∈[a,b]

‖z(k)
n (t)− z(k)(t)‖

)
(vP (t2)− vP (t1))

Now P being continuous implies thatvP is continuous, and thereforeg is

also continuous by this last inequality. Since‖z(k)
n (t) − z(k)(t)‖ is bounded

independently ofn, k, andt by Lemma 4.1, the sequence is equicontinuous on

[a, b]. Then the Ascoli-Arzela Theorem says that the sequence has a uniformly

convergent subsequence. Since the sequence converges pointwise and has a

uniformly convergent subsequence, the sequence itself converges uniformly.

We rewrite the fourth term on the right-hand side of (4.3) using the the func-

tion IA(t) =
∫ t

a
A(s)ds. Then exactly as done in (4.4), integrate by parts and

take the norm to get∣∣∣∣∣∣∣∣∫ t

a

[A(s)− An(s)]y(k)(s)ds

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∫ t

a

[dIA(s)− dIAn(s)]y(k)(s)ds

∣∣∣∣∣∣∣∣
≤

(
sup

t∈[a,b]

‖IA(s)− IAn(s)‖

)
b∨
a

y(k) + ‖IA(t)− IAn(t)‖‖y(k)(t)‖ (4.6)

which converges uniformly to zero since
∨b

a y
(k) and‖y(k)(t)‖ are bounded,

and sinceAn → A weakly inL1([a, b]) implies thatIAn → IA uniformly [16,

p.430].

For the last term in (4.3), we have∣∣∣∣∣∣∣∣∫ t

a

An(s)[y(k)
n (s)− y(k)(s)]ds

∣∣∣∣∣∣∣∣ ≤
(

sup
t∈[a,b]

‖y(k)
n (t)− y(k)(t)‖

)∫ t

a

‖An(s)‖ds,
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Now
∫ t

a
‖An(s)‖ds is uniformly bounded sinceAn → A weakly inL1([a, b])

[16, p.430], andy(k)
n (t) → y(k)(t) uniformly by induction hypothesis. There-

fore the term on the right-hand side of (4.6) converges uniformly to zero.

We have shown that fory(k+1)(t)− y(k+1)
n (t) written as the sum of five terms,

each term converges to zero uniformly on[a, b], completing the inductive

step.

2. Similarly to part 1, we write

z(k+1)(t)− z(k+1)
n (t) = z(a) +

∫ t

a

[dM(s)y(k)(s) +D(s)z(k)(s)ds]

− zn(a)−
∫ t

a

[dMn(s)y(k)
n (s) +Dn(s)z(k)

n (s)ds].

Then

z(k+1)(t)− z(k+1)
n (t) = [z(a)− zn(a)] +

∫ t

a

[dM(s)− dMn(s)]y(k)(s)

−
∫ t

a

dMn(s)[y(k)
n (s)− y(k)(s)] +

∫ t

a

[D(s)−Dn(s)]z(k)(s)ds

−
∫ t

a

Dn(s)[z(k)
n (s)− z(k)(s)]ds. (4.7)

We will show that each of these terms converges to zero pointwise in[a, b].

First,‖z(a)− zn(a)‖ → 0 by assumption.

The pointwise convergence to zero of the second term on the right-hand

side of (4.7),
∫ t

a
[dM(s) − dMn(s)]y(k)(s), follows from Theorem 2.6, not-

ing thaty(k)(t) is continuous, the{Mn}∞1 are of uniform bounded variation,

andMn →M pointwise in[a, b].

For the third term on the right-hand side of (4.7), we have∣∣∣∣∣∣∣∣∫ t

a

dMn(s)[y(k)
n (s)− y(k)(s)]

∣∣∣∣∣∣∣∣ ≤
(

sup
t∈[a,b]

‖y(k)
n (t)− y(k)(t)‖

)(
sup

n

b∨
a

Mn

)
,
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which converges uniformly to zero since
∨b

aMn is bounded independently of

n and sincey(k)
n (t) → y(k)(t) uniformly by inductive hypothesis.

We rewrite the fourth term on the right-hand side of (4.7) using the function

ID(t) =
∫ t

a
D(s)ds and the same method of integrating by parts, getting∣∣∣∣∣∣∣∣∫ t

a

[D(s)−Dn(s)]z(k)(s)ds

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∫ t

a

[dID(s)− dIDn(s)]z(k)(s)

∣∣∣∣∣∣∣∣
≤

(
sup

t∈[a,b]

‖ID(s)− IDn(s)‖

)
b∨
a

z(k) + ‖ID(t)− IDn(t)‖‖z(k)(t)‖.

The right-hand side converges uniformly to zero since
∨b

a z
(k) and‖z(k)(t)‖

are bounded and sinceDn → D weakly inL1([a, b]) implies thatIDn → ID

uniformly.

We write the last term in (4.7) as∫ t

a

Dn(s)[z(k)
n (s)− z(k)(s)]ds =

∫ t

a

[dIDn(s)− dID(s)][z(k)
n (s)− z(k)(s)]

+

∫ t

a

dID(s)[z(k)
n (s)− z(k)(s)].

The first of these two integrals can be shown to converge uniformly to zero

using integration by parts as seen before. Theorem 2.7 can be used to show

pointwise convergence of the second integral. This theorem applies because

D ∈ L1([a, b]) implies thatID is of bounded variation, and becausez(k)
n (t) →

z(k)(t) pointwise by induction hypothesis. The convergence can be shown to

be uniform using the Ascoli-Arzela Theorem as in part 1, i.e., as in the last

term of (4.5).

Having shown thatz(k+1)(t) − z
(k+1)
n (t) can be written as the sum of five

terms, one converging pointwise and four converging uniformly in[a, b], the
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inductive step is complete.

Corollary 4.3. The convergence‖z(k)(t) − z
(k)
n (t)‖ → 0 asn → ∞ is uniform on

[a, b] if Mn →M asn→∞ uniformly on[a, b], for k = 1, 2, . . . .

Proof. In the proof of Lemma 4.2 (2),z(k+1)(t)−z(k+1)
n (t) was written as the sum of

five terms, all of which converge uniformly to zero except for the term
∫ t

a
[dM(s)−

dMn(s)]y(k)(s), which converges pointwise. Under the assumption thatMn → M

uniformly, we now show that this term converges uniformly. Using integration by

parts in the same manner as used in the proof of the previous Lemma,∣∣∣∣∣∣∣∣∫ t

a

[dM(s)− dMn(s)]y(k)(s)

∣∣∣∣∣∣∣∣ ≤(
sup

t∈[a,b]

‖M(t)−Mn(t)‖

)
b∨
a

y(k) + ‖M(t)−Mn(t)‖‖y(k)(t)‖,

which converges uniformly to zero since
∨b

a y
(k) and‖y(k)‖ are bounded and since

Mn →M uniformly.

Theorem 4.4.Let

 y(t)

z(t)

 be the solution of (3.1) and

 yn(t)

zn(t)

 be the solution

of (4.1), and assume (4.2) holds. Then asn→∞,

1. yn(t) → y(t) uniformly in [a, b], and

2. zn(t) → z(t) pointwise in[a, b].

Proof. 1. We write

‖y(t)− yn(t)‖ ≤ ‖y(t)− y(k)(t)‖+ ‖y(k)(t)− y(k)
n (t)‖+ ‖y(k)

n (t)− yn(t)‖.
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As in the proof of Thoerem 3.5, using Lemma 3.2, we have∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 y

(k)
n (t)

z
(k)
n (t)

−
 yn(t)

zn(t)


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ ≤ Ln

∞∑
i=k+1

fn(b)i

i!
,

which tends to zero ask →∞. Since theLn andfn(b) are bounded indepen-

dent ofn, this convergence is independent ofn, and it is clearly independent

of t andk as well. So given anyε > 0, there exists ak0 > 0 such that if

k ≥ k0, then

‖y(k)
n (t)− yn(t)‖ < ε

3

for all n = 1, 2, 3, ... andt ∈ [a, b].

Also, by the convergence of successive approximations to the solution as

shown in the proof of Theorem 3.5, we can assume for the samek0 that

k ≥ k0 implies

‖y(t)− y(k)(t)‖ < ε

3

for all n = 1, 2, 3, . . . andt ∈ [a, b]. By Lemma 4.2, we can assume that for

the samek0 thatk ≥ k0 implies

‖y(k)
n (t)− y(k)(t)‖ < ε

3
.

Therefore, fork ≥ k0,

‖y(t)− yn(t)‖ < ε

for all n = 1, 2, 3, . . . andt ∈ [a, b].

2. Write

‖z(t)− zn(t)‖ ≤ ‖z(t)− z(k)(t)‖+ ‖z(k)(t)− z(k)
n (t)‖+ ‖z(k)

n (t)− zn(t)‖,
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and in a similar manner obtain

‖z(t)− zn(t)‖ < ε,

but this time the convergence of the middle term is pointwise rather than

uniform (see Lemma 4.2).

The next corollary follows directly from Corollary 4.3 and Theorem 4.2 (2).

Corollary 4.5. The convergencezn(t) → z(t) is uniform ifMn →M is uniform.
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Chapter 5

The Eigenvalue Problem

In this section, we add boundary conditions to the problem (3.1) and examine the

eigenvalue problem:
dy(t, λ) = A(t)y(t, λ)dt+ dP (t)z(t, λ)

dz(t, λ) = (dQ(t)− λdW (t))y(t, λ) +D(t)z(t, λ)dt

(5.1)

on [a, b]×K, assuming hypotheses (3.3), with boundary conditions

Γ

 y(a, λ)

z(a, λ)

+ Ω

 y(b, λ)

z(b, λ)

 = 0. (5.2)

Here we assume theΓ andΩ are2n× 2n constant matrices such that[Γ|Ω] has full

rank2n. For the self-adjoint problem, we require that

ΓEΓ∗ = ΩEΩ∗, (5.3)

where

E =

 0 −In

In 0


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andIn is then × n identity matrix. This condition will be discussed further later,

but self-adjointness is not assumed for this chapter. Even when self-adjointness is

assumed, the number of eigenvaluesλ of (5.1)-(5.2) may actually be finite since

difference equations are included in this formulation.

Let Φ(t, λ) be the2n×2nmatrix whose columns are the solutions of (5.1) such

thatΦ(a, λ) = I2n. The existence of such aΦ is guaranteed by Theorem 3.5. Then

the solution of (5.1), when initial conditions are given, isΦ(t, λ)

 y(a, λ)

z(a, λ)

 .
Now we will see that the eigenvalues of this problem are the zeros of an entire

function. This fact will be used later in proving the convergence of a sequence of

eigenvalues to the eigenvalue of the limit problem. Define the functiond : C → R

by

d(b, λ) = det [Γ + ΩΦ(b, λ)] .

Lemma 5.1. For fixedb, the eigenvalues of (5.1), (5.2) are the rootsλ of d(b, λ).

Proof. The eigenvalue problem has a nontrivial solutionφ(t, λ) =

 y(t, λ)

z(t, λ)

 if

and only ifφ(t) = Φ(t, λ)φ(a), whereφ(a) 6= 0, andΓφ(a) + Ωφ(b) = 0. But this

holds if and only if[Γ + ΩΦ(b, λ)]φ(a) = 0. Sinceφ(a) 6= 0, this equation has a

solutionλ if and only if det [Γ + ΩΦ(b, λ)] = 0.

Lemma 5.2. For fixedb, d(b, λ) is an entire function inλ.

Proof. LetK be a compact subset ofC and fixλ in K. Define successive approxi-

mations toΦ(t, λ) as follows:

Φ(0)(t, λ) = I,
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Φ(k+1)(t, λ) = I +

t

a

 A(s)ds dP (s)

dQ(s)− λdW (s) D(s)ds

Φ(k)(s, λ).

Now {Φ(k)(t, λ)}∞k=0 is uniformly Cauchy in[a, b]×K and converges uniformly to

Φ(t, λ) = I +

t

a

 A(s)ds dP (s)

dQ(s)− λdW (s) D(s)ds

Φ(s, λ),

as shown in the proof of Theorem 3.5. In particular,Φ(k)(b, λ) → Φ(b, λ) ask →

∞, and hence

det
[
Γ + ΩΦ(k)(b, λ)

]
→ det [Γ + ΩΦ(b, λ)] = d(b, λ)

ask →∞ uniformly for λ ∈ K.

A proof by induction shows that each component ofΦ(k)(b, λ) is a polynomial

in λ. Hence,det
[
Γ + ΩΦ(k)(b, λ)

]
is a polynomial inλ. Sinceλ is in a compact set

K and sinced(b, λ) is the uniform limit of polynomials inλ, d(b, λ) is analytic on

the interior ofK and is therefore entire since K is arbitrary [2, Thm 2.1].

For the initial value problem, we took sequences of coefficients to examine the

dependence of solutions on the coefficients. Now we take sequences of coefficients

and also sequences of boundary data to examine the dependence of solutions and the

dependence of eigenvalues on these parameters. We assume the sequences{An},

{Dn}, {Pn}, {Qn}, and{Wn} satisfy the same conditions asA, D, P, Q, andW,

respectively, as stated in (3.3). We also require the same hypotheses as stated in

(4.2).

The sequence of eigenvalue problems is given by
dyn(t, λ) = An(t)yn(t, λ)dt+ dPn(t)zn(t, λ)

dzn(t, λ) = (dQn(t)− λdWn(t))yn(t, λ) +Dn(t)zn(t, λ)dt

(5.4)
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on [a, b]×K, with boundary conditions

Γn

 yn(a, λ)

zn(a, λ)

+ Ωn

 yn(b, λ)

zn(b, λ)

 = 0, (5.5)

for n = 0, 1, 2, . . . . Here,Γn → Γ, Ωn → Ω, andΓn, Ωn satisfy the same con-

ditions asΓ, Ω, respectively. Also, each coefficient in this problem satisfies the

same conditions as the corresponding coefficient in (3.3), and each sequence of

coefficients satisfies the conditions given in (4.2).

Let Φn(t, λ) be the2n × 2n matrix whose columns satisfy (5.4) such that

Φn(a, λ) = I, and let

dn(b, λ) = det [Γn + ΩnΦn(b, λ)] .

By Lemma 5.1, the rootsλ of dn(b, λ) = 0 are the eigenvalues of thenth problem

in the sequence.

Lemma 5.3. Assume (4.2) holds and thatΓn → Γ, Ωn → Ω asn → ∞. Then for

fixedb, dn(b, λ) → d(b, λ) uniformly on compact subsets ofC asn→∞.

Proof. LetK be a compact subset ofC and fixλ ∈ K. We know thatΦn(t, λ) →

Φ(t, λ) pointwise as shown in the proof of Theorem 4.4, and we know thatΓn → Γ

andΩn → Ω by assumption. Therefore,dn(b, λ) → d(b, λ) pointwise. To show

this convergence is uniform, we appeal to Montel’s Theorem [2, Thm 2.9].

First we verify that{dn(b, λ)}∞n=0 is a uniformly bounded sequence. Let

c =


1

0

0

.

.

.

0

 ,


0

1

0

.

.

.

0

 , . . . or


0

0

.

.

.

0

1

 .
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Using the bound in the proof of Lemma 3.3 and the fact thatΦn(t, λ) has columns

satisfying (5.4),

‖Φn(t, λ) · c‖ ≤ ‖Φn(a, λ)‖ · cefn(b).

Recall that

fn(t) =

∫ t

a

‖An(s)‖ds+

∫ t

a

‖Dn(s)‖ds+
t∨
a

Pn +
t∨
a

Mn

was shown to be bounded independently ofn andλ ∈ K in the proof of Lemma

4.1. Then sinceΦn(a, λ) = I, {dn(b, λ)}∞n=0 is uniformly bounded.

We also know that eachdn(b, λ) is analytic by Lemma 5.2. Then by Mon-

tel’s Theorem, there exists a subsequence that converges uniformly onK. Since

{dn(b, λ)}∞n=0 converges pointwise and every subsequence of{dn(b, λ)}∞n=0 has a

uniformly convergent subsequence onK, the sequence itself must be uniformly

convergent onK.

The continuity ofd(b, λ) anddn(b, λ) is discussed in the following lemma.

Lemma 5.4. For fixedλ, d(b, λ) (dn(b, λ)) is quasi-continuous inb. If Q andW

(Qn andWn), are continuous, thend(b, λ) (dn(b, λ)) is continuous inb andλ.

Proof. We give the proof ford. The proof fordn is similar. By definition ofd(b, λ),

it has the same type of continuity asΦ(b, λ). For fixedλ,Φ(b, λ) is quasi-continuous

in b by Theorem 3.5, and henced(b, λ) is also.

By Corollary 3.6,y(b, λ) is actually continuous inb. If we assume thatQ and

W are continuous, we can show thatz(b, λ) is continuous inb. This follows by

first observing that the successive approximationsz(k)(b, λ) are continuous inb,

using a parallel argument as the proof of the continuity ofy(k)(t, λ) in Lemma
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3.4. The proof fory(k)(t, λ) depended on the continuity ofP. Likewise, the proof

for z(k)(t, λ) will depend on the assumption thatQ andW are continuous. The

continuity of z(k)(b, λ) along with the uniform convergence toz(b, λ) ask → ∞

gives the continuity ofz(b, λ). Therefore,Φ(b, λ) is continuous inb, assuming that

Q andW are continuous. For fixedb, Φ(b, λ) is continuous inλ because of the

Lipschitz condition from Lemma 3.7. Therefore,d(b, λ) is continuous in bothb and

λ if Q andW are continuous.

In the next theorem, we prove the continuous dependence of each eigenvalue

and the solution on the coefficients and on the boundary data, under certain con-

ditions. One condition is that all eigenvalues, which are the roots ofd anddn, are

real. This condition will always be true in the self-adjoint case. The other condition

is that there exists a uniform lower bound on the eigenvalues.

Theorem 5.5. Given the sequence of eigenvalue problems (5.4), (5.5) under the

hypotheses of Lemma 5.3, let{λi}i and{λ(n)
i }i be the roots ofd(b, λ) anddn(b, λ),

respectively, for fixedb. Assume that all of these roots are real and listed in increas-

ing order, and that there exists a constantm such thatλ1 ≥ m andλ(n)
1 ≥ m for

all n. Thenλ(n)
i → λi asn → ∞, for eachλi. Moreover, taking the normalized

eigenfunctions such that ∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 yn(a, λ

(n)
i )

zn(a, λ
(n)
i )


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ = 1,

and asn→∞, for eachi, yn(a, λ
(n)
i )

zn(a, λ
(n)
i )

→
 y(a, λi)

z(a, λi)


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then fori = 0, 1, 2, . . . .

1. yn(t, λ
(n)
i ) → y(t, λi) uniformly in [a, b], and

2. zn(t, λ
(n)
i ) → z(t, λi) pointwise in[a, b]

asn→∞.

Proof. Note that by Lemma 5.1,λi is theith eigenvalue of (5.1)-(5.2), andλ(n)
i is

theith eigenvalue of (5.4)-(5.5).

First consideri = 0. There exists a symmetric convex contourC0 that encloses

the numbersm andλ0 on the real line, but no other eigenvalues{λi : i 6= 0} are on

or enclosed byC0, except possibly multiplicities ofλ0. Such aC0 exists because

the eigenvalues are real and are the roots of an entire function (by Lemma 5.2) and

therefore have no finite point of accumulation.

Now we will appeal to Rouche’s Theorem to compare the number of roots of

d(b, λ) anddn(b, λ) inside the countourC0. Since no eigenvalue lies onC0, the

pointsλ ∈ C0 form a compact set such that if

n0 := min{|d(b, λ)| : λ ∈ C0},

thenn0 > 0. Let ε be an arbitrary positive number. Without loss of generality, we

may assume0 < ε < n0. Sincedn(b, λ) → d(b, λ) uniformly on compact sets by

Lemma 5.3, there exists a positive numberN0 such that|dn(b, λ)− d(b, λ)| < ε for

all n ≥ N0, and allλ ∈ C0. Sinceε < n0, we have

|dn(b, λ)− d(b, λ)| < |d(b, λ)|

for all λ ∈ C0. We also know thatd anddn are entire and hence analytic on and

insideC0. Therefore, forn ≥ N0, d anddn have the same number of roots inside
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C0 by Rouche’s Theorem. By the construction ofC0, the number of roots ofdn

insideC0 is equal to the multiplicitym0 of the first eigenvalue,λ0. Due to the lower

boundm on all the eigenvalues, the roots ofdn that lie insideC0 must be the first

m0 eigenvalues of thenth problem,λ(n)
0 , λ

(n)
1 , . . . , λ

(n)
m0−1.

Now let r0 be a positive number. We may assume that

0 < r0 < min{|λ− λ0| : λ ∈ C0}.

Form the contourC̃0 with centerλ0 and radiusr0, soC̃0 ⊂ C0. By the same argu-

ment used forC0, dn hasm0 roots inside the contour̃C0 for largen, wherem0 is

the multiplicity ofλ0. These roots must beλ(n)
0 , λ

(n)
1 , . . . , λ

(n)
m0−1. Since all of these

values lie inC̃0 and sinceλ0 = λ1 = . . . = λm0−1, we conclude

|λi − λ
(n)
i | < r0,

for i = 0, 1, . . . ,m0 − 1 and largen. Henceλ(n)
i → λi asn → ∞, for i =

0, 1, . . . ,m0 − 1.

This proves convergence for the firstm0 eigenvalues. To prove the same for

further eigenvalues, construct another contourC1. Let p0 be the point of intersection

of C0 andR such thatp0 > λ0. Let C1 be a symmetric convex contour that passes

throughp0, enclosesλm0, and does not contain or enclose any other eigenvalue

{λi : i 6= m0}, except possibly multiplicities ofλm0 . The pointsλ ∈ C1 form a

compact set such that if

n1 := min{|d(b, λ)| : λ ∈ C1},

thenn1 > 0. Let ε be an arbitrary positive number, and we may assume0 < ε <

n1. There exists a positive numberN1 such that|dn(b, λ) − d(b, λ)| < ε for all
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n ≥ N1 and for allλ ∈ C1. Using Rouche’s Theorem as before,dn must have

exactlym1 roots enclosed byC1, wherem1 is the multiplicity of λm0 . Form C̃1

in the same manner as̃C0, to reach the conclusion thatλ(n)
i → λi asn → ∞, for

i = m0,m0+1, . . . ,m0+m1−1.Continue in this manner to prove the convergence

for all i.

The proof of 1 and 2 follows from a slight modification of the proof of Theorem

4.4.

Having found conditions under which each eigenvalue depends continuously on

the coefficients and on the boundary data, we now consider the dependence on the

endpointsa andb. Here we will examine the dependence onb, denotedλ = λ(b),

noting there are similar results for the dependence ona.

Theorem 5.6.Under the assumptions of Theorem 5.5, ifλ(b) is one of the eigenval-

ues of (5.1)-(5.2), thenλ(b) is continuous ifd(b, λ) is continuous inb. Otherwise,

λ(b) is quasi-continuous.

Proof. Consider the sequence of boundary value problems forn = 1, 2, 3, . . . ,
dyn(t, λ) = A(t)yn(t, λ)dt+ dP (t)zn(t, λ)

dzn(t, λ) = (dQ(t)− λdW (t))yn(t, λ) +D(t)zn(t, λ)dt

(5.6)

on [a, bn] × K, wherebn → b. Again, assume the hypotheses (3.3) on the coeffi-

cients. We also have boundary conditions

Γ

 yn(a, λ)

zn(a, λ)

+ Ω

 yn(bn, λ)

zn(bn, λ)

 = 0. (5.7)
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Similarly to an earlier discussion, defineΦn(t, λ) to be the2n×2nmatrix whose

columns satisfy (5.6) such thatΦn(a, λ) = I2n, and let

d(bn, λ) := det [Γ + ΩΦn(bn, λ)] .

Let {λi}∞i=1 and{λ(n)
i }∞i=1 be the roots ofd(b, λ) andd(bn, λ), respectively, for

n = 1, 2, 3, . . . . As seen earlier, these roots are the eigenvalues of the correspond-

ing problems. An argument similiar to that in the proof of Theorem 5.5 shows that

λ
(n)
i → λi asn → ∞, for eachi = 0, 1, 2, . . . . The proof in Theorem 5.5 appeals

to Lemma 5.3, so we must show that the Lemma’s conclusion holds in this case. If

d(b, λ) is continuous inb, then

d(bn, λ) → d(b, λ),

i.e., the conclusion of Lemma 5.3 is valid. Otherwise,d(b, λ) is quasi-continuous in

b, because by definition it has the same type of continuity asΦ, which was shown

earlier to be quasi-continuous.

Theorem 5.6 together with Lemma 5.4 yield the following corollary:

Corollary 5.7. Under the assumptions of Theorem 5.5, ifλ(b) is an eigenvalue of

(5.1)-(5.2), thenλ(b) is continuous ifQ andW are continuous.

By reworking Theorem 5.6 and Lemma 5.4 in terms of one-sided continuity, we

can generalize the previous corollary to read

Corollary 5.8. Under the assumptions of Theorem 5.5, ifλ(b) is an eigenvalue of

(5.1)-(5.2), thenλ(b) is right (left) continuous ifQ andW are right (left) continu-

ous.
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Chapter 6

Stieltjes Sturm-Liouville Equations

In this chapter, we letn = 1 and we eliminate the coefficientsA andD, resulting

in the Sturm-Liouville equations
y(t, λ) = y(a, λ) +

∫ t

a
dP (s)z(s, λ)

z(t, λ) = z(a, λ) +
∫ t

a
[dQ(s)− λdW (s)]y(s, λ)

(6.1)

on [a, b], assuming the same conditions onP, Q, andW as before, i.e.,
P is continuous and nondecreasing withP (a) = 0;

Q is of bounded variation on[a, b];

W is nondecreasing withW (a) = 0.

(6.2)

In addition, assume that these coefficients are defined on some interval[a0, b0] such

that [a, b] ⊂ [a0, b0]. We attach separated boundary conditions

(cosα)y(a, λ)− (sinα)z(a, λ) = 0, (6.3)

(cos β)y(b, λ)− (sin β)z(b, λ) = 0 (6.4)
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where0 ≤ α < π and0 < β ≤ π.

Finally, we assume that if

 y(t, λ)

z(t, λ)

 is a nontrivial solution of (6.1) and

[c, d] ⊂ [a0, b0], then ∫ d

c

|y(s, λ)|2dW (s) > 0. (6.5)

In the previous chapter, we proved the continuous dependence of each eigen-

value on the coefficients, boundary terms, and endpoints, under certain assump-

tions. For (6.1)-(6.4), we will determine conditions under which each eigenvalue is

differentiable as a function of all problem data. First we will show that under the

mild additional assumption (6.5), all eigenvalues of (6.1)-(6.4) are real and that the

problem is self-adjoint.

Theorem 6.1. Under assumption (6.5), all eigenvalues of (6.1)-(6.4) are real and

simple.

Proof. Let λ be an eigenvalue of (6.1)-(6.4) with eigenfunctionsy andz. Using

integration by parts and a Leibnitz rule for Stieltjes integrals, we have

z(t, λ)ȳ(t, λ)|ba =

∫ b

a

d(zȳ)(s, λ)

=

∫ b

a

ȳ(s, λ)dz(s, λ) + z(s, λ)dȳ(s, λ)

=

∫ b

a

ȳ(s, λ) [dQ(s)− λdW (s)] y(s, λ) + z(s, λ)dP (s)z̄(s, λ)

=

∫ b

a

|y(s, λ)|2 [dQ(s)− λdW (s)] + |z(s, λ)|2 dP (s).

Then solving forλ yields

λ =
−z(t, λ)ȳ(t, λ)|ba +

∫ b

a
|y(s, λ)|2 dQ(s) +

∫ b

a
|z(s, λ)|2 dP (s)∫ b

a
|y(s, λ)|2 dW (s)

. (6.6)
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The denominator and the last two terms in the numerator in (6.6) are clearly real-

valued. We can show thatz(s, λ)ȳ(s, λ)|ba is also real-valued by examining the

boundary conditions (6.3) and (6.4):

(zȳ)(b, λ) =


0, if β = π

cot β |y(b, λ)|2 , if 0 < β < π,

(zȳ)(a, λ) =


0, if α = π

cotα |y(a, λ)|2 , if 0 < α < π.

Since every term on the right-hand side of (6.6) is real,λ is also real.

Now we show that all of the eigenvalues are simple ifP is not identically zero

by considering two cases.

First, if α = π
2
, then the initial conditions (6.3) can be written y(a, λ)

z(a, λ)

 =

 c

0



for any nonzero real numberc. Let

 φ(t, λ)

ψ(t, λ)

 be the eigenfunction corresponding

to the eigenvalueλ in the case wherec = 1. Then the eigenfunction corresponding

to λ in any other case isc

 φ(t, λ)

ψ(t, λ)

 , due to the uniqueness of the solution to

the initial value problem. Hence, in the case whereα = π
2
, the eigenvalueλ has a

one-dimensional family of eigenfunctions.

Second, ifα 6= π
2
, then then the initial conditions (6.3) can be written y(a, λ)

z(a, λ)

 =

 c

c cotα


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for any nonzero real numberc. A similar argument to the first case shows that the

eigenvalueλ has a one-dimensional family of eigenfunctions. Thus, in both cases,

the eigenvalueλ is simple.

Using the notation from the more general problem in the previous chapter, the

boundary conditions (6.3)-(6.4) have the matrix form cosα − sinα

0 0


 y(a, λ)

z(a, λ)

+

 0 0

cos β − sin β


 y(b, λ)

z(b, λ)

 =

 0

0

 .
It can be verified that (5.3) holds with

Γ =

 cosα − sinα

0 0

 , Ω =

 0 0

cos β − sin β

 . (6.7)

Therefore, (6.3)-(6.4) is a self-adjoint problem.

Consider the eigenvalues of (6.1)-(6.4) as a function of the endpointb and as-

sume that all the eigenvalues have a uniform lower bound. Then Corollary 5.7

applies since the eigenvalues are known to be real by Theorem 6.1. This corollary

indicates that the eigenvalues depend continuously on the right endpoint ifQ and

W are continuous. We now show that for Dirichlet boundary conditions at the right

endpoint, the continuity ofQ andW is not needed. Writing the fundamental matrix

as

Φ(t, λ) =

 y1(t, λ) y2(t, λ)

z1(t, λ) z2(t, λ)

 ,
a calculation using (6.7) shows that

d(b, λ) = det[Γ + ΩΦ(b, λ)]

= cosα[cos βy2(b, λ)− sin βz2(b, λ)]− sinα[cos βy1(b, λ)− sin βz1(b, λ)].
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Then for Dirichlet boundary conditions at the right endpoint (β = π),

d(b, λ) = − cosαy2(b, λ) + sinαy1(b, λ),

which is continuous inb sincey(t, λ) is continuous in the first parameter. Then

λ(b) is continuous by Theorem 5.6.

The following example illustrates these continuity properties as well as some

differentiability properties.

Example 6.2.By lettingz = y′, a = 0, P (t) = t, W (t) = t, and

Q(t) =


0, 0 ≤ t ≤ 1

1, t > 1,

problem (6.1) becomes

−y′′ + δ(t− 1)y = λy on [0, b], (6.8)

whereδ is the delta function.

Lettingλ0 denote the smallest eigenvalue, we examine the continuity and dif-

ferentiability ofλ0 as a function of the right endpointb for two different boundary

conditions.

1. First consider Dirichlet boundary conditionsy(0, λ) = y(b, λ) = 0. We first

show thatλ0 > 0, by multiplying both sides of equation (6.8) byy and inte-

grating from0 to b, yielding∫ b

0

−y′′(s)y(s, λ0)ds+

∫ b

0

δ(s− 1)y2(s, λ0)ds = λ0

∫ b

0

y2(s, λ0)ds.

Using integration by parts and taking into account the Dirichlet boundary

conditions,

λ0 =

∫ b

0
(y′(s, λ0))

2ds+
∫ b

0
δ(s− 1)y2(s, λ0)ds∫ b

0
y2(s, λ0)ds

≥ 0.
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Now assuming thatλ0 = 0, the previous equation indicates thaty′(t, λ0) ≡ 0

on [0, b]. Theny(t) ≡ 0 on [0, b] sincey(0, λ0) = 0, which is a contradiction

sincey is a nontrivial solution. Thereforeλ0 > 0.

We compute the formula forλ0(b) separately forb < 1 andb > 1. For b < 1,

δ(t− 1) = 0 on [0, b]. Then equation (6.8) becomes−y′′ = λy. Sinceλ > 0,

the solution is

y(t, λ0) = c1 sin(θt) + c2 cos(θt),

wherec1 andc2 are constants andθ =
√
λ0. The boundary conditiony(0, λ) =

0 yields the solution to be

y(t, λ0) = c1 sin(θt),

and the boundary conditiony(b, λ) = 0 along with the fact that the eigenval-

ues are positive requires that

θ =
kπ

b
, k = 1, 2, 3, . . . .

Therefore, the smallest eigenvalueλ0 has the formula

λ0 =
(π
b

)2

for b < 1.

For b > 1, the formula for the solution is

y(t, λ) =


sin(θt), 0 ≤ t < 1

c sin(θ(t− b)), 1 < t ≤ b

, (6.9)

wherec is a constant. Sincey(·, λ) is continuous, we observe that

y(1, λ) = sin θ = c sin(θ(1− b)). (6.10)
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By integrating equation (6.8) from0 to t, the problem can be written as

−y′(t, λ) + y′(0, λ) +

∫ t

0

dQ(s)y(s, λ) = λ

∫ t

0

y(s, λ)ds. (6.11)

Taking the limit of equation (6.11) ast→ 1−, we get

−y′(1−, λ) + y′(0, λ) +

∫ 1

0

dQ(s)y(s, λ) = λ

∫ 1

0

y(s, λ)ds. (6.12)

Taking the limit of equation (6.11) ast→ 1+, we get

−y′(1+, λ)+y′(0, λ)+

∫ 1

0

dQ(s)y(s, λ)+y(1, λ) = λ

∫ 1

0

y(s, λ)ds. (6.13)

By subtracting (6.13) from (6.12),

y′(1+, λ) = y′(1−, λ) + y(1, λ). (6.14)

From (6.9),

y′(t, λ) =


θ cos(θt), 0 ≤ t < 1

cθ cos(θ(t− b)), 1 < t ≤ b

,

and substituting this into (6.14), we get

θc cos(θ(1− b)) = θ cos θ + sin θ. (6.15)

Equations (6.10) and (6.15) together give

θc cos(θ(1− b))

c sin(θ(1− b))
=
θ cos θ + sin θ

sin θ
,

and hence

cot(θ(1− b)) = cot θ +
1

θ
. (6.16)
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This implies that

θ(1− b) = arccot

[
cot θ +

1

θ

]
− π

(we subtractπ to obtain the correct branch of the cotangent), which leads to

the parametric equations
b = 1− 1

θ

[
arccot

(
cot θ +

1

θ

)
− π

]
λ0 = θ2

for b > 1.

To determine ifλ0(b) is continuous atb = 1, note thatθ → π as b → 1+,

which can be shown by examining the parametric equations above. Then

λ0(1
+) = lim

b→1+
λ0(b) = lim

θ→π
θ2 = π2.

Referring to the solution forb < 1, we have

λ0(1
−) = lim

b→1−
λ0(b) = lim

b→1−

(π
b

)2

= π2.

Therefore,λ0(b) is continuous atb = 1.

To determine ifλ0(b) is differentiable atb = 1, we calculate the left and

right-sided derivatives ofθ(b), becauseλ0(b) is differentiable ifθ(b) is differ-

entiable. For the left-sided derivative, recall that forb < 1

θ(b) =
π

b
.

Then

θ′(1−) = lim
b→1−

−π
b2

= −π.
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For the right-sided derivative, differentiate (6.16) with respect tob :

(− csc2(θ(1− b)))

[
(1− b)

dθ

db
− θ

]
= (− csc2 θ)

dθ

db
− 1

θ2

dθ

db
,

which simplifies to

(1− b)
dθ

db
− θ =

sin2(θ(1− b))

sin2 θ

dθ

db
+

sin2(θ(1− b))

θ2

dθ

db
.

Take the limit of both sides of this equation asb → 1+, which means that

θ → π, using L’Hôpital’s Rule to find the limit of the first term on the right-

hand side. The result is

−π =

(
π

θ′(1+)

)2

θ′(1+),

which implies thatθ′(1+) = −π. Sinceθ′(1−) = θ′(1+), θ(b) is differentiable

at b = 1, and henceλ0(b) is also. Figure 6.1 contains the graph ofλ0(b) for

the casesb < 1 andb > 1, illustrating the continuity and differentiability at

b = 1.

2. Now consider mixed Dirichlet and Neumann boundary conditionsy(0, λ) =

y′(b, λ) = 0. We can show thatλ0 > 0 by a similar argument as in the

Dirichlet case.

For b < 1, the argument used in the Dirichlet case shows the solution is

y(t, λ0) = c sin(θt),

for some constantc. The boundary conditiony′(b, λ) = 0 requires thatcθ cos(θb) =

0, and hence

θb =
π

2
+ kπ, k = 0, 1, 2, . . . .
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Figure 6.1: Dirichlet Boundary Conditions

Therefore, the smallest eigenvalue has the formula

λ0(b) =
( π

2b

)2

for b < 1.

For b > 1, the solution is

y(t, λ) =


sin(θt), 0 ≤ t < 1

c cos(θ(t− b)), 1 < t ≤ b

, (6.17)

wherec is a constant. Sincey(·, λ) is continuous, we observe that

y(1, λ) = sin θ = c cos(θ(1− b)). (6.18)

Note that (6.14) holds for any boundary conditions, and in this case we use
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(6.14) and (6.17) to get

−cθ sin(θ(1− b)) = θ cos θ + sin θ. (6.19)

Equations (6.18) and (6.19) together give

−cθ sin(θ(1− b))

c cos(θ(1− b))
=
θ cos θ + sin θ

sin θ
,

and hence

tan(θ(1− b)) = − cot θ − 1

θ
. (6.20)

This leads to the parametric equations
b = 1− 1

θ
arctan

(
− cot θ − 1

θ

)
λ0 = θ2

for b > 1.

To determine ifλ0(b) is continuous atb = 1, we use a computer to approxi-

mate

λ0(1
+) = lim

b→1+
λ0 ≈ 4.12,

which can be shown by examining the parametric equations above. Referring

to the solution forb < 1, we have

λ0(1
−) = lim

b→1−
λ0(b) = lim

b→1−

( π
2b

)2

=
π2

4
≈ 2.47.

Therefore,λ0(b) is discontinuous atb = 1. The graph ofλ(b) is given in

Figure 6.2 forb < 1 andb > 1, illustrating the discontinuity atb = 1.

In this example,Q(t) has a point of discontinuity att = 1. This discontinu-

ity does not preventλ(b) from being continuous in the case of Dirichlet boundary
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Figure 6.2: Mixed Boundary Conditions

conditions, as explained immediately before this example. This example illustrates

that the discontinuity ofQ can result inλ(b) being discontinuous for other bound-

ary conditions. In this chapter, the conditions for continuity and differentiability of

each eigenvalue will be compatible with the results of this example.

The identity in the following lemma will be used throughout the remainder of

this chapter.

Lemma 6.3. If


dyi = dPizi

dzi = (dQi − λidWi)yi

for i = 1, 2, then

−z1y2 + z2y1|ba =

∫ b

a

(λ1dW1 − λ2dW2 − dQ1 + dQ2)y1y2 +

∫ b

a

(dP1 − dP2)z1z2.

Proof. Using integration by parts followed by a Leibnitz rule for Stieltjes integrals,
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we have

−z1y2 + z2y1|ba =

∫ b

a

d(−z1y2 + z2y1)

=

∫ b

a

−dz1y2 − z1dy2 + dz2y1 + z2dy1

=

∫ b

a

−(dQ1 − λ1dW1)y1y2 − z1dP2z2 + (dQ2 − λ2dW2)y2y1 + z2dP1z1

=

∫ b

a

(λ1dW1 − λ2dW2 − dQ1 + dQ2)y1y2 +

∫ b

a

(dP1 − dP2)z1z2.

First we examine the eigenvalue dependence on the endpointsa andb.We write

λ = λ(a) andλ = λ(b) to represent this dependence. In Theorem 5.6 and Corol-

laries 5.7 and 5.8, we found conditions under which the eigenvalues depend contin-

uously on the right endpoint. Now we explore further the eigenvalue as a function

of the endpoints and find conditions under which this function is of bounded vari-

ation, absolutely continuous, and differentiable. The result on absolute continuity

is of particular interest when examining differentiability, because any absolutely

continuous function is differentiable almost everywhere. All of these results have

a corresponding result fora in place ofb. First we state some Lemmas and general

results.

Letλ(a) be an eigenvalue of (6.1)-(6.5) with eigenfunction

 y(t, λ(a))

z(t, λ(a))

 , and

letλ(b) be an eigenvalue of (6.1)-(6.5) with eigenfunction

 y(t, λ(b))

z(t, λ(b))

 . From the

identity in Lemma 6.3, withi = 1 corresponding to the right endpointb + h and

i = 2 corresponding to the right endpointb, we have
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[λ(b+ h)− λ(b)]

∫ b

a

dW (s)y(s, λ(b+ h))y(s, λ(b)) =

− z(t, λ(b+ h))y(t, λ(b)) + z(t, λ(b))y(t, λ(b+ h))|ba. (6.21)

Note that the identity is simplified here because the only difference between the

two problems (i = 1, 2) is λ1 = λ(b + h) andλ2 = λ(b), while the coefficients are

the same between the two problems. We can use the following lemma to simplify

the right-hand side of this equation.

Lemma 6.4. For any f andh in the same class of functions, withα andβ as in

(6.3)-(6.4),

1. if α(f) = α(f + h) and y(t, λ), z(t, λ) satisfy (6.3) forλ = λ(f) and for

λ = λ(f +h), thenz(a, λ(f +h))y(a, λ(f))−z(a, λ(f))y(a, λ(f +h)) = 0;

2. if β(f) = β(f + h) and y(t, λ), z(t, λ) satisfy (6.4) forλ = λ(f) and for

λ = λ(f + h), thenz(b, λ(f + h))y(b, λ(f))− z(b, λ(f))y(b, λ(f + h)) = 0.

Proof. 1. Letα := α(f) = α(f + h). We consider two cases. First, ifα = π
2
,

then the boundary conditions (6.3) indicate thatz(a, λ(f)) = z(a, λ(f +

h)) = 0, proving the lemma in this case. Second, ifα 6= π
2
, theny(a, λ) =

(tanα)z(a, λ) for anyλ. So

z(a, λ(f + h))y(a, λ(f))− z(a, λ(f))y(a, λ(f + h)) =

z(a, λ(f + h))(tanα)z(a, λ(f))− z(a, λ(f))(tanα)z(a, λ(f + h)) = 0.

2. The proof is similar.
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Throughout the remainder of this chapter, we choosey andz by the initial con-

ditions

y(a, λ) = sinα,

z(a, λ) = cosα

so that (6.3) holds.

Lemma 6.5. For anyb ∈ [a, b0], let λ(b) be an eigenvalue of (6.1)-(6.5) with eigen-

function

 y(t, λ(b))

z(t, λ(b))

 .Assume that forh such thatb+h ∈ [a, b0],
∫ b

a
dW (s)y(s, λ(b+

h))y(s, λ(b)) 6= 0. Then

λ(b+ h)− λ(b) =

y(b, λ(b))
∫ b+h

b
[dQ(s)− λ(b+ h)dW (s)]y(s, λ(b+ h))∫ b

a
dW (s)y(s, λ(b+ h))y(s, λ(b))

−
z(b, λ(b))

∫ b+h

b
dP (s)z(s, λ(b+ h))∫ b

a
dW (s)y(s, λ(b+ h))y(s, λ(b))

.

Proof. Lemma 6.4 allows us to simplify (6.21) to

λ(b+ h)− λ(b) =
−z(b, λ(b+ h))y(b, λ(b)) + z(b, λ(b))y(b, λ(b+ h))∫ b

a
dW (s)y(s, λ(b+ h))y(s, λ(b))

. (6.22)

We can rewrite the terms

y(b, λ(b+ h)) = y(b+ h, λ(b+ h))−
∫ b+h

b

dy(s, λ(b+ h))

= y(b+ h, λ(b+ h))−
∫ b+h

b

dP (s)z(s, λ(b+ h)),

z(b, λ(b+ h)) = z(b+ h, λ(b+ h))−
∫ b+h

b

dz(s, λ(b+ h))
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= z(b+ h, λ(b+ h))−
∫ b+h

b

[dQ(s)− λ(b+ h)dW (s)]y(s, λ(b+ h)).

These substitutions into (6.22) yield

λ(b+ h)− λ(b) =

[−z(b+ h, λ(b+ h)) +
∫ b+h

b
[dQ(s)− λ(b+ h)dW (s)]y(s, λ(b+ h))]y(b, λ(b))∫ b

a
dW (s)y(s, λ(b+ h))y(s, λ(b))

+
z(b, λ(b))[y(b+ h, λ(b+ h))−

∫ b+h

b
dP (s)z(s, λ(b+ h))]∫ b

a
dW (s)y(s, λ(b+ h))y(s, λ(b))

. (6.23)

We consider two cases. First assume thatβ = π
2
. In this case,z(b, λ(b)) =

z(b+h, λ(b+h)) = 0, and this substitution into (6.23) completes the proof for this

case. For the case whenβ 6= π
2
, we can write the boundary conditions atb as

z(b, λ(b)) = (tan β)y(b, λ(b)),

z(b+ h, λ(b+ h)) = (tan β)y(b+ h, λ(b+ h)).

This implies that

− z(b+ h, λ(b+ h))y(b, λ(b)) + z(b, λ(b))y(b+ h, λ(b+ h)) =

− (tan β)y(b+h, λ(b+h))y(b, λ(b))+ (tan β)y(b, λ(b))y(b+h, λ(b+h)) = 0.

This substitution into (6.23) completes the proof for the second case.

Lemma 6.6. Assumeλ(b) is continuous inb, and leta < c < d < b0. Then there

exist positive constantsc1 andh0 such that ifc ≤ t, b ≤ d and|h| ≤ h0, then∫ t

a

dW (s)y(s, λ(b+ h))y(s, λ(b)) ≥ c1.
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Proof. Our strategy is to prove that this term is arbitrarily close to
∫ t

a
dW (s)y(s, λ(b))2,

which for t = c we now prove has a positive lower bound independent ofb ∈ [c, d].

If we suppose not, then we can assume there exists a sequencebn ⊂ [c, d] such

that ∫ c

a

dW (s)y(s, λ(bn))2 → 0 (6.24)

asn → ∞. By the Bolzano-Weirstrass Theorem, there exists a subsequence{bnj
}

such thatbnj
→ b for someb ∈ [c, d]. Sinceλ(b) is continuous by assumption and

y(t, λ) satisfies a Lipschitz condition inλ,∫ c

a

dW (s)y(s, λ(bnj
))2 →

∫ c

a

dW (s)y(s, λ(b))2.

By (6.24) we conclude that∫ c

a

dW (s)y(s, λ(b))2 = 0.

This contradicts (6.5), so
∫ c

a
dW (s)y(s, λ(b))2 must have a positive uniform lower

bound independent ofb.

Now we will prove that
∫ c

a
dW (s)y(s, λ(b+ h))y(s, λ(b)) is arbitrarily close to∫ c

a
dW (s)y(s, λ(b))2. We have∣∣∣∣∫ t

a

y(s, λ(b))2dW (s)−
∫ t

a

y(s, λ(b+ h))y(s, λ(b))dW (s)

∣∣∣∣ =∣∣∣∣∫ t

a

y(s, λ(b)) [y(s, λ(b))− y(s, λ(b+ h))] dW (s)

∣∣∣∣ .
The right-hand side approaches zero ash→ 0 uniformly in b becausey is bounded

and becausey(s, λ(b)) − y(s, λ(b + h)) → 0 uniformly in b due to the continuity

of λ(b) and the Lipschitz condition inλ of y(t, λ). Since
∫ t

a
y(s, λ(b))2dW (s) and∫ t

a
y(s, λ(b + h))y(s, λ(b))dW (s) can be made arbitrarily close by taking small
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enough values ofh and since
∫ c

a
y(s, λ(b))2dW (s) has a positive uniform lower

bound, the proof is complete, as
∫ t

a
y(s, λ(b))2dW (s) ≥

∫ c

a
y(s, λ(b))2dW (s) for

t ≥ c.

Theorem 6.7.Assume thatλ(b) is continuous on[a0, b0]. Then for fixeda ∈ (a0, b0),

λ(b) is of bounded variation on any interval[c, d] such thata < c < d < b0. For

fixed b ∈ (a0, b0), λ(a) is of bounded variation on any interval[c, d] such that

a0 < c < d < b.

Proof. We give the proof forλ(b), noting that the proof forλ(a) is similar. Fix

a ∈ (a0, b0) and leta < c < d < b0. Let T = {ti}m
1 be any partition of[c, d] with

mesh small enough so that for eachi,∫ ti−1

a

dW (s)y(s, λ(ti))y(s, λ(ti−1)) ≥ c1

by Lemma 6.6. From Lemma 6.5, we have

d∨
c

λ = sup
T∈P[c,d]

m∑
i=1

|λ(ti)− λ(ti−1)|

= sup
T∈P[c,d]

m∑
i=1

∣∣∣∣y(ti, λ(ti))
∫ ti

ti−1
[dQ(s)− λ(ti)dW (s)]y(s, λ(ti))∫ ti−1

a
dW (s)y(s, λ(ti))y(s, λ(ti−1))

+
z(ti−1, λ(ti−1))

∫ ti
ti−1

dP (s)z(s, λ(ti))∫ ti−1

a
dW (s)y(s, λ(ti))y(s, λ(ti−1))

∣∣∣∣
≤ K sup

T∈P[c,d]

m∑
i=1

[∫ ti

ti−1

|dQ(s)|+
∫ ti

ti−1

dW (s) +

∫ ti

ti−1

dP (s)

]
Here,K is a positive constant, which exists by the following argument. We have

already shown thaty(t, λ) andz(t, λ) are uniformly bounded int. We have also

shown thatλ(b) is continuous and is therefore bounded on[a, b0]. This fact, together

with the fact thaty(t, λ) andz(t, λ) are continuous inλ, implies thaty andz are
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bounded inλ. Finally, we use the fact that the denominator is uniformly bounded

below by a positive constant as shown above. Now we can write

d∨
c

λ ≤ K

[
d∨
c

Q+
d∨
c

W +
d∨
c

P

]
,

which is finite sinceQ, W, andP are of bounded variation. Recall thatQ is of

bounded variation by hypothesis, whileW andP are of bounded variation since

they are nondecreasing. Therefore,λ(b) is of bounded variation on[c, d].

The following theorem gives conditions under whichλ(a) andλ(b) are abso-

lutely continuous.

Theorem 6.8. For fixeda ∈ (a0, b0) and a < c < d < b0, λ(b) is absolutely

continuous on[c, d] if P (t), Q(t), andW (t) are absolutely continuous on[c, d]. For

fixedb ∈ (a0, b0) anda0 < c < d < b, λ(a) is absolutely continuous on[c, d] if

P (t), Q(t), andW (t) are absolutely continuous on[c, d].

Proof. We give the proof forλ(b), noting that the proof forλ(a) is similar. Fix

a ∈ (a0, b0) and leta < c < d < b0. Let T = {(ci, di)}m
1 be any collection

of disjoint intervals in[c, d] with the length of each interval small enough so that∫ ci

a
dW (s)y(s, λ(di))y(s, λ(ci)) is uniformly bounded below by a positive constant,

as in the proof of Theorem 6.7. SinceQ andW are assumed to be absolutely

continuous, we know thatλ(b) is continuous by Corollary 5.7. Referring to Lemma

6.6, we see that the conditions of Lemma 6.5 are satisfied. Thus,

m∑
i=1

|λ(di)− λ(ci)| ≤
m∑

i=1

∣∣∣∣y(di, λ(di))
∫ di

ci
[dQ(s)− λ(di)dW (s)]y(s, λ(di))∫ ci

a
dW (s)y(s, λ(di))y(s, λ(ci))

+
z(ci, λ(ci))

∫ di

ci
dP (s)z(s, λ(di))∫ ci

a
dW (s)y(s, λ(di))y(s, λ(ci))

∣∣∣∣
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≤ K
m∑

i=1

∫ di

ci

[|dQ|+ dW + dP ]

for some constantK, which exists sinceλ(b) is bounded andy(t, λ) andz(t, λ) are

uniformly bounded in botht andλ, and since the denominator is uniformly bounded

below by a positive constant. Then

m∑
i=1

|λ(di)− λ(ci)| ≤

K
m∑

i=1

[(vQ(di)− vQ(ci)) + (W (di)−W (ci)) + (P (di)− P (ci))] . (6.25)

By recalling thatvQ(t) =
∫ t

a
|Q′(t)|, we see thatQ is absolutely continuous implies

thatvQ is also absolutely continuous. Thus, applying the definition of absolute con-

tinuity, we see thatλ(b) is absolutely continuous sincevQ, W, andP are absolutely

continuous (recall assumption (6.25)).

We introduce the notation for a right-sided limit and left-sided limit:

f(c+) := lim
t→c+

f(t)

f(c−) := lim
t→c−

f(t).

Theorem 6.9. For fixeda ∈ (a0, b0), λ(b) is right (left) differentiable at a point

b ∈ (a, b0) if P (t), Q(t), andW (t) are right (left) differentiable atb; for fixed

b ∈ (a0, b0), λ(a) is right (left) differentiable at a pointa ∈ (a0, b) if P (t), Q(t),

andW (t) are right (left) differentiable ata. In this case,

λ′(b+) =
y(b, λ(b))2[Q′(b+)− λ(b)W ′(b+)]− z(b, λ(b))z(b+, λ(b))P ′(b+)∫ b

a
y(s, λ(b))2dW (s)

,

λ′(b−) =
y(b, λ(b))2[Q′(b−)− λ(b)W ′(b−)]− z(b, λ(b))z(b−, λ(b))P ′(−b)∫ b

a
y(s, λ(b))2dW (s)

,
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λ′(a+) =
−y(a, λ(a))2[Q′(a+)− λ(a)W ′(a+)] + z(a, λ(a))z(a, λ(a+))P ′(a+)∫ b

a
y(s, λ(a))2dW (s)

,

λ′(a−) =
−y(a, λ(a))2[Q′(a−)− λ(a)W ′(a−)] + z(a, λ(a))z(a, λ(a−))P ′(a−)∫ b

a
y(s, λ(a))2dW (s)

.

Proof. We give the proof forλ(b+), noting that the proof for the other cases are

similar.

First observe that the hypotheses of Lemma 6.5 are satisfied due to the continu-

ity of Q andW (see argument in the proof for Theorem 6.8). Dividing both sides

of equation in Lemma 6.5 byh, we get

λ(b+ h)− λ(b)

h
=

y(b, λ(b))
∫ b+h

b
[dQ(s)− λ(b+ h)dW (s)]y(s, λ(b+ h))

h
∫ b

a
dW (s)y(s, λ(b+ h))y(s, λ(b))

−
z(b, λ(b))

∫ b+h

b
dP (s)z(s, λ(b+ h))

h
∫ b

a
dW (s)y(s, λ(b+ h))y(s, λ(b))

. (6.26)

We calculate the limit of the right-hand side of this equation ash → 0+, which

will prove the existence of the derivativeλ′(b+). Now λ(b) is right continuous by

Corollary 5.8, andy(t, λ) satisfies a Lipschitz condition inλ. Therefore, ash→ 0+,∫ b

a

dW (s)y(s, λ(b+ h))y(s, λ(b)) →
∫ b

a

dW (s)y(s, λ(b))2 > 0. (6.27)

Next we show that1
h

∫ b+h

b
dP (s)z(s, λ(b+ h)) → P ′(b)z(b+, λ(b)) ash→ 0+.

First we write

1

h

∫ b+h

b

dP (s)z(s, λ(b+ h)) =
1

h

∫ b+h

b

dP (s)[z(s, λ(b+ h))− z(b+, λ(b+ h))]

+
1

h

∫ b+h

b

dP (s)z(b+, λ(b+ h)), (6.28)

and we now show that the first of the two terms on the right-hand side converges

to zero. We find a bound onz(t, λ(b + h)) − z(b+, λ(b + h)) for b < t ≤ b + h,
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recalling that

z(t, λ) = z(a, λ) +

∫ t

a

[dQ(s)− λdW (s)]y(s, λ).

For b ≤ t ≤ b+ h,

|z(t, λ(b+ h))−z(b+, λ(b+ h))| =
∣∣∣∣∫ t

b+
[dQ(s)− λ(b+ h)dW (s)]y(s, λ(b+ h))

∣∣∣∣
≤ max

b≤t≤b+h
|y(t, λ(b+ h))|

b+h∨
b+

[Q+ |λ(b+ h)|W ].

Then∣∣∣∣1h
∫ b+h

b

dP (s)[z(s, λ(b+ h))− z(b+, λ(b+ h))]

∣∣∣∣ ≤
max

b≤t≤b+h
|y(t, λ(b+ h))|

b+h∨
b+

[Q+ |λ(b+ h)|W ]
1

h

b+h∨
b

P

= max
b≤t≤b+h

|y(t, λ(b+ h))|
b+h∨
b+

[Q+ |λ(b+ h)|W ]
P (b+ h)− P (b)

h

sinceP is continuous and nondecreasing, and we now show that this converges to

zero. SinceQ andW are of bounded variation,

b+h∨
b+

[Q+ |λ(b+ h)|W ] → 0

ash→ 0+. Sincey is bounded and

P (b+ h)− P (b)

h
→ P ′(b)

(P ′(b) exists by assumption), we conclude that

1

h

∫ b+h

b

dP (s)[z(s, λ(b+ h))− z(b+, λ(b+ h))] → 0

ash→ 0+.
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For the second term in (6.28),

1

h

∫ b+h

b

dP (s)z(b+, λ(b+ h)) = z(b+, λ(b+ h))
1

h

b+h∨
b

P

= z(b+, λ(b+ h))
P (b+ h)− P (b)

h

sinceP is continuous and nondecreasing. Note that

z(b+, λ(b+ h)) → z(b+, λ(b))

sinceλ is continuous andz(t, λ) satisfies a Lipschitz condition inλ. Therefore as

h→ 0+,

1

h

∫ b+h

b

dP (s)z(b+, λ(b+ h)) → P ′(b+)z(b+, λ(b)). (6.29)

All that remains is to show that the second term in (6.26) converges, i.e., that

1

h

∫ b+h

b

[dQ(s)−λ(b+h)dW (s)]y(s, λ(b+h)) → [Q′(b+)−λ(b)W ′(b+)]y(b, λ(b))

ash→ 0+. First we write

1

h

∫ b+h

b

[dQ(s)− λ(b+ h)dW (s)]y(s, λ(b+ h)) =

1

h

∫ b+h

b

[dQ(s)− λ(b+ h)dW (s)][y(s, λ(b+ h))− y(b, λ(b+ h))]+

1

h

∫ b+h

b

[dQ(s)− λ(b+ h)dW (s)]y(b, λ(b+ h)), (6.30)

and we now show that the first of the two terms on the right-hand side converges to

zero. We find a bound ony(t, λ(b+h))−y(b, λ(b+h)) for b < t ≤ b+h, recalling

that

y(t, λ) = y(a, λ) +

∫ t

a

dP (s)z(s, λ).
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For b ≤ t ≤ b+ h,

|y(t, λ(b+ h))−y(b, λ(b+ h))| =
∣∣∣∣∫ t

b

dP (s)z(s, λ(b+ h))

∣∣∣∣
≤ max

b≤t≤b+h
|z(t, λ(b+ h))|

b+h∨
b

P

= [P (b+ h)− P (b)] max
b≤t≤b+h

|z(t, λ(b+ h))|.

Then∣∣∣∣1h
∫ b+h

b

[dQ(s)− λ(b+ h)dW (s)][y(s, λ(b+ h))− y(b, λ(b+ h))]

∣∣∣∣ ≤
[P (b+ h)− P (b)]

h
max

b≤t≤b+h
|z(t, λ(b+ h))|

b+h∨
b

[Q+ |λ(b+ h)|W ] (6.31)

and we now show that this converges to zero. SinceP is differentiable,

P (b+ h)− P (b)

h
→ P ′(b).

It has been shown thatmaxb≤t≤b+h |z(t, λ(b+h))| is bounded. We have also shown

that
b+h∨

b

[Q+ |λ(b+ h)|W ] → 0

ash→ 0+. Now we conclude that

1

h

∫ b+h

b

[dQ(s)− λ(b+ h)dW (s)][y(s, λ(b+ h))− y(b, λ(b+ h))] → 0

ash→ 0+.

For the second term on the right-hand side of (6.30), use the assumption thatQ

andW are right differentiable and hence right continuous to conclude that for small

h,
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1

h

∫ b+h

b

[dQ(s)− λ(b+ h)dW (s)]y(b, λ(b+ h)) =

y(b, λ(b+ h))
1

h
[(Q(b+ h)−Q(b))− λ(b+ h)(W (b+ h)−W (b))]

→ y(b, λ(b))[Q′(b+)− λ(b)W ′(b+)]

ash → 0+ sinceλ(b) is continuous andy(t, λ) satisfies a Lipschitz condition in

λ.

Remark 6.10. 1. Theorem 6.9 has an analogous result if the hypotheses are

changed so thatP, Q, andW are differentiable att = a or t = b. By Coral-

lary 3.6,z(t, λ) is continuous ata or b so thatz(b, λ) = z(b+, λ) = z(b−, λ)

andz(a, λ) = z(a+, λ) = z(a−, λ).

2. We can find specific results of this Theorem for Dirichlet and Neumann bound-

ary conditions. Referring to (6.26), we see that the differentiability ofλ(b) de-

pends only on the differentiability ofP in the Dirichlet case, sincey(b, λ(b)) =

0. In the Neumann case, the differentiability ofλ(b) depends only on the dif-

ferentiability ofW, Q, andvQ sincez(b, λ(b)) = 0. If we add the assumption

thatvQ is differentiable, we could rewrite the right-hand side of (6.31) as

[P (b+ h)− P (b)] max
b≤t≤b+h

|z(t, λ(b+ h))|1
h

b+h∨
b

[Q+ |λ(b+ h)|W ].

Using the assumption thatP is continuous, we know that

P (b+ h)− P (b) → 0

ash→ 0. Nowvw = W sinceW is nondecreasing withW (a) = 0. SovW is

differentiable sinceW is assumed to be differentiable. Then using the added
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assumption thatvQ is differentiable, we conclude that

b+h∨
b

[Q+ |λ(b+ h)|W ] → v′Q(b) + λ(b)W ′(b)

ash → 0. Then we can conclude thatλ(b) is differentiable in the Neumann

case only assuming thatW, Q, andvQ are differentiable (differentiability of

P is not needed).

Having found conditions guaranteeingλ(a) andλ(b) to be continuous and dif-

ferentiable, we now turn toλ = λ(α) andλ = λ(β). In Theorem 5.5,λ was

shown to depend continuously onα andβ under the stated hypotheses. Now we

prove differentiability under the same hypotheses, and again we derive differential

expressions for the eigenvalues.

Theorem 6.11.Under the hypotheses of Theorem 5.5,λ(α) andλ(β) are differen-

tiable. Moreover,

λ′(α) = −y(a, λ(α))2 + z(a, λ(α))2∫ b

a
y(s, λ(α))2dW (s)

,

and

λ′(β) =
y(b, λ(β))2 + z(b, λ(β))2∫ b

a
y(s, λ(β))2dW (s)

.

Proof. We give the proof forλ(β) and note that the proof is similar forλ(α).

Assumeβ 6= π
2

(the proof whenβ = π
2

is similar). The boundary conditions

(6.3)- (6.4) can now be written as

y(b, λ(β)) = (tan β)z(b, λ(β)), (6.32)

y(b, λ(β + h)) = (tan(β + h))z(b, λ(β + h)).

By Lemma 6.3 together with Lemma 6.4 (1),
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− z(b, λ(β + h))y(b, λ(β)) + z(b, λ(β))y(b, λ(β + h)) =

[λ(β + h)− λ(β)]

∫ b

a

y(s, λ(β + h))y(s, λ(β))dW (s).

Substitution from (6.32) yields

− z(b, λ(β + h))(tan β)z(b, λ(β)) + z(b, λ(β))(tan(β + h))z(b, λ(β + h)) =

[λ(β + h)− λ(β)]

∫ b

a

y(s, λ(β + h))y(s, λ(β))dW (s).

The integral in this equation is nonzero sinceλ(β) is continuous (Theorem 5.5

and Lemma 6.6). Therefore,

λ(β + h)− λ(β)

h
=

tan(β + h)− tan β

h

z(b, λ(β + h))z(b, λ(β))∫ b

a
y(s, λ(β + h))y(s, λ(β))dW (s)

.

(6.33)

We now prove that the limit of the right-hand side exists ash approaches zero,

which implies thatλ′(β) exists. The denominator∫ b

a

y(s, λ(β + h))y(s, λ(β))dW (s) →
∫ b

a

y2(s, λ(β))dW (s) > 0

sinceλ(β) is continuous andy(t, λ) satisfies a Lipschitz condition inλ. Similarly,

the numerator

z(b, λ(β + h))z(b, λ(β)) → z2(b, λ(β)).

Also, since d
dx

tan x = sec2 x,

tan(β + h)− tan β

h
→ sec2 β.

Then by (6.33),λ′(β) exists, and

λ′(β) =
(sec2 β)z(b, λ(β))2∫ b

a
y(s, λ(β))2dW (s)
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=
(1 + tan2 β)z(b, λ(β))2∫ b

a
y(s, λ(β))2dW (s)

=
y(b, λ(β))2 + z(b, λ(β))2∫ b

a
y(s, λ(β))2dW (s)

,

where the final equality follows from the boundary conditions (6.32).

Finally, we examine the dependence of eigenvalues on the coefficientsP, Q, and

W. In Theorem 5.5, the continuous dependence was proven for each eigenvalue un-

der the stated assumptions. Now we will prove that each eigenvalue is differentiable

with respect to the coefficients, under the same hypotheses. Since the coefficients

are functions, we use the Gateaux derivative, defined by

dλf (h) := lim
ε→0

λ(f + εh)− λ(f)

ε

for anyf andh that are in the same class of functions.

Theorem 6.12.Under the hypotheses of Theorem 5.5, the Gateaux derivatives for

P, Q, andW exist, and

1. dλP (h) = −
∫ b

a
z(s, λ(P ))2dh(s)∫ b

a
y(s, λ(P ))2dW (s)

;

2. dλQ(h) =

∫ b

a
y(s, λ(Q))2dh(s)∫ b

a
y(s, λ(Q))2dW (s)

;

3. dλW (h) = −λ(W )

∫ b

a
y(s, λ(W ))2dh(s)∫ b

a
y(s, λ(W ))2dW (s)

.

Proof. 1. By the identity in Lemma 6.3,

− z(t, λ(P + εh))y(t, λ(P )) + z(t, λ(P ))y(t, λ(P + εh))|ba =

[(λ(P + εh))− λ(P )]

∫ b

a

dW (s)y(s, λ(P + εh))y(s, λ(P ))
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+

∫ b

a

[d(P (s) + εh(s))− dP (s)]z(s, λ(P + εh))z(s, λ(P )).

Becauseα andβ are constant, the left-hand side of this equation is zero by

Lemma 6.4. So

[(λ(P + εh))− λ(P )]

∫ b

a

dW (s)y(s, λ(P + εh))y(s, λ(P ))+

ε

∫ b

a

dh(s)z(s, λ(P + εh))z(s, λ(P )) = 0.

The term
∫ b

a
dW (s)y(s, λ(P+εh))y(s, λ(P )) is nonzero for sufficiently small

ε sinceλ(P ) is continuous (by Theorem 5.5) andy(b, λ) satisfies a Lipschitz

condition inλ. It follows that

λ(P + εh)− λ(P )

ε
= −

∫ b

a
dh(s)z(s, λ(P + εh))z(s, λ(P ))∫ b

a
dW (s)y(s, λ(P + εh))y(s, λ(P ))

.

Letting ε→ 0,

dλP (h) = −
∫ b

a
z(s, λ(P ))2dh(s)∫ b

a
y(s, λ(P ))2dW (s)

,

sinceλ(P ) is continuous andz(t, λ) satisfies a Lipschitz condition inλ.

2. The proof is similar to the proof in part 3 below.

3. By the identity in Lemma 6.3,

− z(t, λ(W + εh))y(t, λ(W )) + z(t, λ(W ))y(t, λ(W + εh))|ba =∫ b

a

[λ(W+εh)d(W (s)+εh(s))−λ(W )dW (s)]y(s, λ(W+εh))y(s, λ(W )).

Again, the left-hand side of this equation is zero. So

[λ(W + εh))− λ(W )]

∫ b

a

dW (s)y(s, λ(W + εh))y(s, λ(W )) =
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− λ(W + εh)ε

∫ b

a

dh(s)y(s, λ(W + εh))y(s, λ(W )),

which implies that

λ(W + εh))− λ(W )

ε
= −λ(W+εh)

∫ b

a
dh(s)y(s, λ(W + εh))y(s, λ(W ))∫ b

a
dW (s)y(s, λ(W + εh))y(s, λ(W ))

.

Reasoning as in case 1, we have

dλW (h) = −λ(W )

∫ b

a
y(s, λ(W ))2dh(s)∫ b

a
y(s, λ(W ))2dW (s)

.
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Chapter 7

Eigenvalue Extremal Values

We now consider an application of Theorem 5.5 to problems of finding extremal

values of eigenvalues. In such a problem, an eigenvalue is viewed as a function

of one or more problem parameters, and we examine the supremum and infimum

of the eigenvalue where the parameters vary over a predetermined set. The goal is

to determine the existence of an element, that may or may not be included in this

set, that attains the extremal values of the eigenvalue. Here we consider a specific

example, the fourth order problem
(ry′′)′′ + (py′)′ + qy = λwy on [a, b]

y(a) = y′(a) = y(b) = y′(b) = 0

, (7.1)

where the real, measurable coefficientsp, q, r, andw satisfy
p, q, w,∈ L1(a, b),

w, r ≥ m on [a, b],

r ≤ m̂ on [a, b]

(7.2)
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for some constantsm, m̂ > 0. We will consider the dependence of the smallest

eigenvalueλ0 on p, q, r, andw. We will show that under certain conditions there

exist functions that achieve the extremal values ofλ0(p, q, r, w).

First we rewrite problem (7.1) in the form used in the previous chapters. Define

Y =

 y

y′

 , Z =

 (ry′′)′ + py′

ry′′

 .
Then we can rewrite (7.1) as

Y ′ =

 0 1

0 0

Y +

 0 0

0 1
r

Z, (7.3)

Z ′ =

 λw − q 0

0 −p

Y +

 0 0

1 0

Z (7.4)

with boundary conditions

Y (a) = Y (b) = 0.

From this form, the problem can readily be written in the form of problem (5.1),

with

A(t) =

 0 1

0 0

 ,
D(t) =

 0 0

1 0

 ,
P (t) =

 0 0

0
∫ t

a
1
r

 ,
Q(t) =

 −
∫ t

a
q 0

0 −
∫ t

a
p

 ,
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W (t) =

 −
∫ t

a
w 0

0 0

 .
It is easily verified that these coefficients satisfy the hypotheses given in (3.3).

The smallest eigenvalue for problem (7.1) is the minimum of a Rayleigh quo-

tient [17, Theorem 11.1], defined as follows: Let

Q = {y : y, y′ ∈ AC[a, b], y(a) = y′(a) = y(b) = y′(b) = 0,

∫ b

a

r(y′′)2 <∞},

whereAC[a, b] is defined to be the set of all functions that are absolutely continuous

on [a, b]. Then

λ0 = min
y∈Q

∫ b

a
[r(y′′)2 − p(y′)2 + qy2]∫ b

a
wy2

. (7.5)

Our goal is to prove the existence of extremizing functions forλ0 over the set

of coefficients with the condition that the integral of the coefficients have a uniform

bound. We considerλ0(p, q) andλ0(r, w) as separate cases.

For the first case, fixw andr, and let

S1 = {(p, q) : p, q satisfy(7.2),

∫ b

a

|p| ≤M1,

∫ b

a

|q| ≤M2}

for some positive constantsM1 andM2.We will prove the existence of extremizing

functions forλ0(p, q) overS1. We begin by finding bounds onλ0.

To find an upper bound forλ0 overS1, consider the functiony(t) = (t−a)2(t−

b)2.Notice thaty satisfies the boundary conditions in (7.1). Sincey is a polynomial,

there exists a constantk > 0 such that

|y|, |y′|, |y′′| ≤ k

on [a, b]. Then ∫ b

a

r(y′′)2 ≤ k2

∫ b

a

r ≤ k2m̂(b− a),
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proving thaty ∈ Q. Now from (7.5),

λ0 ≤
∫ b

a
[r(y′′)2 − p(y′)2 + qy2]∫ b

a
wy2

≤
k2
∫ b

a
r + k2

∫ b

a
[|p|+ |q|]∫ b

a
wy2

,

≤ k2m̂(b− a) + k2(M1 +M2)∫ b

a
wy2

,

which is an upper bound sincew > 0 andy is not identically zero implies that∫ b

a
wy2 > 0.

To find a lower bound forλ0 overS1, we first find a bound ony andy′ using a

result from Brown and Hinton [1, Theorem 2.3]. This theorem applies to a problem

on an infinite interval, so we extend problem (7.3) to the interval[a,∞) by defining

y(t) =


y(t), if a ≤ t ≤ b

0, if t > b

,

p(t) =


p(t), if a ≤ t ≤ b

p(b), if t > b

,

w(t) =


w(t), if a ≤ t ≤ b

w(b), if t > b

.

We rewrite the theorem here without proof in a version that applies to this particular

problem:

Theorem 7.1.Let

D = {y : y is real and measurable,y′ is locally absolutely continuous on[a,∞),
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∫ ∞

a

wy2 <∞,

∫ ∞

a

r(y′′)2 <∞,

∫ ∞

a

r(y′′)2 6= 0.}

Let j = 0 or j = 1, and letβ = 3/4− j. If

sup
t≥a,ε>0

(
1

ε

∫ t+ε

t

1

w

)1/2

<∞ (7.6)

and

sup
t≥a,ε>0

(
1

ε

∫ t+ε

t

1

r

)1/2

<∞, (7.7)

then there exists a constantK such that for ally ∈ D,

∣∣y(j)(t)
∣∣ ≤ K

(∫ ∞

a

wy2

)β/2(∫ ∞

a

r(y′′)2

)(1−β)/2

for all t ≥ a.

First we prove that (7.6) and (7.7) are satisfied for our problem. To prove that

(7.6) holds, we have
1

ε

∫ t+ε

t

1

w
≤ 1

ε

( ε
m

)
=

1

m

sincew ≥ m. The same argument proves that (7.7) is satisfied sincer ≥ m.

Since (7.6) and (7.7) hold, we conclude from Theorem 7.1, usingj = 0 and

j = 1, that there exists a constantK such that
|y(t)| ≤ K

(∫ b

a
wy2

)3/8 (∫ b

a
r(y′′)2

)1/8

,

|y′(t)| ≤ K
(∫ b

a
wy2

)1/8 (∫ b

a
r(y′′)2

)3/8

.

(7.8)

Note that we need only integrate over[a, b] sincey(t) = 0 for t ≥ b.

Before continuing to find a lower bound forλ0,we normalize so that
∫ b

a
wy2 = 1

for all solutionsy. Now∫ b

a

[r(y′′)2 − p(y′)2 + qy2] ≥
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∫ b

a

r(y′′)2 −
(∫ b

a

p+

)
max
a≤t≤b

(y′)2 −
(∫ b

a

|q−|
)

max
a≤t≤b

y2, (7.9)

where

p+(t) = max{0, p(t)},

q−(t) = min{0, q(t)}.

Now by (7.8) and (7.9), using the normalization
∫ b

a
wy2 = 1, we have∫ b

a

[r(y′′)2 − p(y′)2 + qy2] ≥∫ b

a

r(y′′)2 −
(∫ b

a

p+

)
K2

(∫ b

a

r(y′′)2

)3/4

−
(∫ b

a

|q−|
)
K2

(∫ b

a

r(y′′)2

)1/4

≥∫ b

a

r(y′′)2 −m1

(∫ b

a

r(y′′)2

)3/4

−m2

(∫ b

a

r(y′′)2

)1/4

,

wherem1 = K2M1 andm2 = K2M2. Then∫ b

a

[r(y′′)2 − p(y′)2 + qy2] ≥ F (X),

where

X =

∫ b

a

r(y′′)2

and

F (X) = X −m1X
3/4 −m2X

1/4.

All that remains to prove thatλ0 has a lower bound is to prove thatF (X) has a

lower bound for0 < X <∞. Observe that

F ′(X) = 1− 3

4
m1X

−1/4 − 1

4
m2X

−3/4.

ThenF is increasing when

3

4
m1X

−1/4 +
1

4
m2X

−3/4 < 1.
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This must be true forX ≥ c for somec > 0 since

3

4
m1X

−1/4 +
1

4
m2X

−3/4 → 0

asX →∞ (recall thatm1,m2 > 0). Also note thatF (X) is continuous on[0, c].So

F (X) is bounded on[0, c] and is increasing on[c,∞). Therefore,F (X) is bounded

below on[0,∞).

Now that we knowλ0 is bounded overS1, we are ready to prove the existence

of functions that attain the extremal values ofλ0 overS1. Let (pn, qn) ⊂ S1 be such

that

λ0(pn, qn) → sup
S1

λ0(p, q).

Let

Qn =

 −
∫ t

a
qn 0

0 −
∫ t

a
pn

 .
Then

b∨
a

Qn =

∫ b

a

[|pn|+ |qn|] ≤M1 +M2.

Since the{Qn} are of uniform bounded variation, there exists a subsequence, which

we take to be{Qn} itself, such thatQn → Q̄ for some functionQ̄ of bounded

variation, by Theorem 2.8. Now to use the same notation as in the previous chapters,

we writeλ0(Qn) = λ0(pn, qn).We will apply Theorem 5.5 after verifying that all of

the hypothesis are satisfied. We already showed thatQn → Q̄, satisfying condition

(4.2). We also showed thatλ0 has a lower bound overS1. Also, the hypothesis

of Lemma 5.3 are satisfied since the boundary conditions are the same for each

problem in the sequence of problems. Then by Theorem 5.5 we conclude that

λ0(Qn) → λ0(Q̄).
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This proves the supremum ofλ0 overS1 is attained by some function̄Q. How-

ever, we do not know that̄Q has the form

Q̄ =

 −
∫ t

a
q̄ 0

0 −
∫ t

a
p̄


for somep̄ andq̄ in S1.We know thatQ̄ is of bounded variation by Theorem 2.8, but

we do not know that it is absolutely continuous. We do not expect the extremizing

function to be an element ofS1 without generalizing the setS1 to include a larger

class of functions. A similar argument shows the existence of functions that attain

the infimum.

For the second case, fixp andq, and let

S2 = {(r, w) :

∫ b

a

1

r
≤M3,

∫ b

a

w ≤M4}

for some positive constantsM3 andM4. We will prove the existence of functions

that attain the extremal values ofλ0 overS2. As in the first case, we begin by finding

bounds onλ0.

To find an upper bound forλ0, consider the functiony(t) = (t − a)2(t − b)2,

which we already showed to be an element ofQ. From the first case, there exists a

constantk such that

|y|, |y′|, |y′′| ≤ k

on [a, b]. Then from (7.5),

λ0 ≤
∫ b

a
[r(y′′)2 − p(y′)2 + qy2]∫ b

a
wy2

≤
k2
∫ b

a
[r + |p|+ |q|]
m
∫ b

a
y2

.
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Now we show this gives a finite bound. Sincer ≤ m̂,
∫ b

a
r ≤ m̂(b − a). Since

p, q ∈ L1(a, b) are fixed,
∫ b

a
[|p| + |q|] is finite. Finally, sincey is not identically

zero,
∫ b

a
y2 > 0.

To find a lower bound forλ0, we again use Theorem 7.1. As before, we extend

the problem to the interval[a,∞), and we use the same argument to obtain∫ b

a

[r(y′′)2 − p(y′)2 + qy2] ≥∫ b

a

r(y′′)2 −
(∫ b

a

p+

)
K2

(∫ b

a

r(y′′)2

)3/4

−
(∫ b

a

|q−|
)
K2

(∫ b

a

r(y′′)2

)1/4

.

Then we have∫ b

a

[r(y′′)2 − p(y′)2 + qy2] ≥∫ b

a

r(y′′)2 −m1

(∫ b

a

r(y′′)2

)3/4

−m2

(∫ b

a

r(y′′)2

)1/4

,

where,m1 = K2
∫ b

a
p+ andm2 = K2

∫ b

a
|q−| (recall thatp andq are fixed in this

case). The remainder of the argument is the same as in the first case.

Now that we knowλ0 is bounded overS2, we are ready to prove the existence

of functions that attain the extremal values ofλ0 overS2. Let {(rn, wn)} ⊂ S2 be

such that

λ0(rn, wn) → sup
S2

λ0(r, w).

Let

Pn =

 0 0

0
∫ t

a
1/rn

 ,

Wn =

 −
∫ t

a
wn 0

0 0


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Then
b∨
a

Pn =

∫ b

a

1

rn

≤M3,

b∨
a

Wn =

∫ b

a

wn ≤M4.

Since the{Pn} and {Wn} are of uniform bounded variation, there exists sub-

sequences, which we take to be the sequences themselves, such thatPn → P̄

andWn → W̄ for some functionsP̄ and W̄ of bounded variation, by Theo-

rem 2.8. Now to use the same notation as in the previous chapters, we write

λ0(Pn,Wn) = λ0(rn, wn).

We will apply Theorem 5.5 after verifying that all of the hypothesis are satis-

fied. For condition (4.2), we already showed thatPn → P̄ andWn → W̄ , but

we must show that the convergencePn → P̄ is uniform. We will use the Ascoli-

Arzela Theorem, so we must show that the sequence{Pn} is uniformly bounded

and equicontinuous. The sequence is uniformly bounded since

|Pn(t)| =
∫ t

a

1

rn

≤ 1

m

by assumption. To prove the sequence is equicontinuous, letε > 0, and letδ =

mε, wherem is the uniform lower bound onr. Then for anyt1 and t2 such that

|t2 − t1| < δ, we have

|Pn(t2)− Pn(t1)| =
∣∣∣∣∫ t2

t1

1

rn

∣∣∣∣ ≤ 1

m
|t2 − t1| < ε

for all n. Since we already know thatPn → P̄ pointwise, we conclude that the

convergence is uniform by the Ascoli-Arzela Theorem.

For the remaining hypotheses of Theorem 5.5, we already showed thatλ0 has a

lower bound. Also, the hypothesis of Lemma 5.3 are satisfied since the boundary
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conditions are the same for each problem in the sequence of problems. Then by

Theorem 5.5 we conclude that

λ0(Pn,Wn) → λ0(P̄ , W̄ ).

As in the first case, this proves the existence of functions that attain the supre-

mum ofλ0 overS2. Again, we do not expect the extremizing functions to be ele-

ments ofS2 without enlarging the classS2. A similar argument shows the existence

of functions that attain the infimum.

Remark 7.2. The hypothesis that the coefficient functionr must have a uniform

positive lower bound was used to prove that the convergence of the{Pn} is uni-

form. We could have replaced this hypothesis with the assumption that there exists

a sequence{rn} converging to the supremum ofλ0 overS2 such that for alli,

1

ri+1

>
1

ri

.

Then Dini’s Theorem guarantees that the convergence of{Pn} is uniform [2, p.150].
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