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ABSTRACT

An important part of linear programming is the transportation problem.
The transportation problem minimizes costs by selecting the optimal path for
transporting goods from a set of origins to a set of destinations. A discussion of
linear programming, and the simplex method are presented. This is followed by
theory supporting the balanced transportation problem, methods of finding the

optimal solution, variations of the transportation problem and selected applications.
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CHAPTER 1

INTRODUCTION

In this paper, we will discuss a specific problem in linear programming
called the transportation problem. We will begin by giving theoretical support for
the simplex method; a method for solving the classical linear programming
problem. This will be followed by an example using the simplex method. We will
then give theoretical support to show that a basic feasible solution to the
transportation problem exists followed by several methods for determining a basic
feasible solution. We will continue with giving theoretical support that an optimal
solution to the transportation problem exists followed with two techniques for
finding the optimal solution. We will conclude with looking at some special cases
involving the transportation problem. The main two sources in this paper are Gass
[1] and Dantzg [2].

The classical transportation problem arises in situations in which we must
determine an optimum schedule of distribution that:

1. originate at sources where fixed stockpiles of a commodity are available;
2. are sent directly to their final destinations where fixed amounts are required,;
3. exhaust the stockpiles and fulfill the demand such that total demand equals

total supply; and finally the cost must



4. satisfy a linear objective function; that is, the cost of each shipment is

proportional to the amount shipped, and the total cost is the sum of the

mndividual costs [2].

L. V. Kantorovich, in 1939, showed that a class of problems very similar to
the classical transportation problem has a wide variety of applications concerned
typically with the allotment of tasks to machines whose costs and rates of
production vary by task and machine type. The transportation problem was first
described in its original form by F. L. Hitchcock in 1941. It was developed in more
detail by T. C. Koopsmans in 1949. The linear programming formation of the
transportation problem was completed and first stated by George B. Dantzig in
1951. Several variations of solving the transportation problem have been
developed since. Among these are the northwest-corner method, the short-cut
method, and Russell's approximation [3].

T. C. Koopmans, as a member of the Combined Shipping Board during
World War II, used solutions of the transportation problem to help reduce overall
shipping times, for the shortage of cargo ships constituted a critical bottleneck.

The conditions required for the transportation problem make it useful over a
wide range of topics. These include finance, electrical power distribution,
economics, nutrition, waste disposal, and of course transportation.

The following notational conventions will be used throughout this paper:

All matrices will be denoted by capital letters in bold type and vectors will be



denoted by small case and capital letters in bold type. The symbols I and O
represent the identity matrix and the matrix with all zero entries respectively. The
ith component of a vector x will be denoted x, Throughout the paper, we will use
the convention of treating a vector as a row when it appears on the left of a
multiplication, and as a column when it appears on the right of a multiplication.
Finally an equation or system may be named by use of parenthesis and numbered,
1e. (1.1a).

Now let us begin by defining a few terms. Unless otherwise stated all of the

following terms comes from Gass [1].

Definition 1.1 An optimal solution is a solution that satisfies both the conditions of

the problem and the given objective.

Definition 1.2 A convex combination of the points U,, U,, ..., U, is a point

U=V +aU2+ ... + o Uy where the o; are scalars, a; > 0 and Zq,- =1.
]

Definition 1.3 A subset C of E_ is convex if for all pairs of points U, and U, in C,

any convex combination U = ot U4 + atoU> is also in C.

Definition 1.4 A point U in a convex set C is an extreme point if U cannot be

expressed as a convex combination of any other two distinct points in C.



Definition 1.5 The convex hull, C(S), of any set of points S is the set of all convex

combinations of sets of points from S. C(S) is the smallest convex set containing

S.

Definition 1.6 A simplex is an »-dimensional convex polyhedron having exactly

n+1 vertices.

Definition 1.7 A slack variable is an unknown nonnegative number that is used to

transform an inequality equation to an equality equation.

Definition 1.8 The linear-programming problem is a vector (X1,X2,...,Xj, ..., Xp)
which minimizes the linear equation

Z2=0C1X1+C2X2+ ... +CiXj+ ... + CpXp (1.1a)
subject to the following constraints:

a1 X1 +a81Xo+ ... +a@81Xj+ ...+t @pXp= b4
asixXq+apXa+...+ayXj+...+a@xuXs= bz

ai1X1 +apXz +...+aXj+ ... +a8ipXp=>b; (1.2a)

and
x;=0 i=1,2 ..,n (1.3a)

where a,, b, and ¢, are given constants and m < n.

1]'3

The linear-programming problem will also be referred to using one of the

next three forms.

1. Minimize



z=37 ¢z (1.1b)

subject to the following constraints:

}11 a;X;j=b; i=1,2 ...,m (1.2b)
and
x;z0 j=12 ...n (1.3b).
2 Minimize
z=cX (1.1¢)
(X1 \\
_| X2
wherec=(c1C2 ---Cp)and X =| ",
Xn
subject to the following constraints:
AX=b (1.2¢)
(an an - aiyj -+ ain ) ( by )
az1 az -+ 8y -+ Aap b,
where A=| ot SENN PR
aip ap - aj -+ ap bj
am 8mz - @mj - @mn \bm
and
X220 (1.3¢).
3. Minimize
z= ¢X (1.1d)
subject to the following constraints:
P, +xP, +xP,+ ... +xP =P, (1.2d)

where P, is the jth column of the A matrix and P, = b



and

X>0 (1.3d).

Definition 1.9 A feasible solution to the linear-programming problem is a vector

X =(x; X; --- X,)” which satisfies (1.2) and (1.3).

Definition 1.10 A basic solution to (1.2), AX = b, is a solution obtained by
setting » - m variables equal to zero and solving for the remaining  variables.

The m variables are called basic variables.

Definition 1.11 A basic feasible solution is a basic solution which also

satisfies (1.3), X > 0; that is, all basic variables are nonnegative.

Definition 1.12 A nondegenerate basic feasible solution is a basic feasible

solution with exactly m positive x; that is all basic variables are positive.

Definition 1.13 A minimum feasible solution is a feasible solution which also

minimizes (1.1), z = cX.

Definition 1.14 An optimal basic feasible solution is a basic solution that

satisfies conditions (1.1), (1.2), and (1.3).



scalars o and B. For example, let U=(9 3), V=(6 6),a:%,[3.—._§ and
fiX)=2x1 + X2. X=ocU+[3V=%(9 3 )+<-—§)(6 6)=
(31)+(-4 -4)=(-1 -3). SofiX)=2(-1)+(-3)=-2-3=-5. Also

offU) =7 and BR(V) = -12.
The transportation problem is actually a more specific linear-programming

problem. Its definition is as stated below:

Definition 1.16 The transportation problem is stated as follows:

Find values for the variables X, which minimize

z=25 Ll ciXi (1.4)
subject to the following restraints:
L1 X = 8 i=1,2,..,m (1.5)
7 Xj=b; i=1,2, .., n (1.6)
and
x>0 (1.7)

where each c, »a,and bj are given constants.



CHAPTER 2

THE LINEAR-PROGRAMMING PROBLEM AND

THE SIMPLEX METHOD

Before we can adequately cover the transportation problem, it is necessary
to discuss the linear-programming problem and the simplex method, the most
famous method for solving the linear-programming problem. The simplex method
involves using one basic feasible solution to the linear programming problem and
systematically moving toward the optimal basic feasible solution. The basic feasible
solutions can also be thought of as extreme points. We begin with one extreme
point and "hop” from extreme point to extreme point until the optimal solution is
found. The simplex method, actually, is one technique which can be used to solve
the transportation problem, but can be long and tedious.

The linear programming problem as stated in Definition 1.8 is again as
follows:

minimize

Z=eX t 60Xt ex tL T X, (1.1a)

subject to the following constraints:



a11x1+a12x2+...+a1,-x,~+...+a1,,x,,=b1
aznXi+apXa+...+a8Xj+...+a8mXp=b2

ainX1 +apXz + ...+ajXj+...+apXip=>b (1.2a)
amiX1+a8mX2+ ... +@mXj+ ... + @mnXn = bp

and
x;=0 j=12,..,n (1.3a)

where a, b, and ¢, are given constants and m < n.

Also the matrices and vectors defined in Definition 1.8, such as A, X, ¢,
etc. will remain as defined in this chapter. K will be defined as the set of X which
satisfies (1.2) and (1.3).

In this chapter, we will begin by showing that K is a convex sef; that there is
an extreme point of K at which the objective function takes on its minimum value;
that every basic feasible solution corresponds to an extreme point of K; and every
extreme point of K has m linearly independent vectors of the given set of »
associated with it. The simplex computational method will be presented. The
simplex method will be validated by proving theorems that support the simplex
method. Examples demonstrating the simplex method will be presented. This will
be followed by stating a transportation problem as a linear-programming problem.
The theorems and proofs unless otherwise stated shall be from or variations from

Gass [1].



Section 2.1 Preliminary Theorems

Theorem 2.1 The set of all feasible solution of the linear-programming problem is

a convex set.

Proof: If the set of solutions has only one clement, the theorem obviously holds.
Assume that the set of solutions has more than one element. It is sufficient

to show that every convex combination of any two feasible solutions is also a

feasible solution. Let X, and X, be any two feasible solutions of the
linear-programming problem such that AX,= b and AX,= b for X; > 0 and

X,>0.

Now for any aef0, 1], let X = aXy + (1 - o)X5. It follows that X >0 since
X, and X, >0 and X falls along the straight line between X, and X,. Now all that is
left to show is that X is a feasible solution. Multiplying A and X gives AX =
AloXy + (1-a)X2]= AaXy + AXz—~ AaXz = o0AX1 + AX2 — 0 AX; =

ob + b- ob= b, and we are finished.

As stated before, K is the set of solutions, for X, to the linear-programming
problem. K is a convex set and is determined by the intersection of the equations
or constraints (1.2) and (1.3). K is void, a bounded convex polyhedron, or a

convex polyhedron which is unbounded in some direction. We will assume K is

bounded for the rest of the chapter.

10




Theorem 2.2 The objective function, z =¢;x, + ¢,X, + ... + ¢X + .. + CX,,
assumes its minimum at an extreme point of he convex set K generated by the set
of feasible solutions to the linear-programming problem. If it assumes its minimum
at more than one extreme point, then it takes on the same value for every convex
combination of the particular points.

Proof: Since we have assumed K to be a bounded convex polyhedron, K has a

finite number of extreme points. In two dimensions, it may appear like Figure 2.1.

Let's denote the objective function by f(X), the extreme points by X, Xy o, Xp
and the minimum feasible solution by X, . That is f(X ) < f(X) for all X sK.
A (1) If X, is an extreme point, the first part of the theorem is true.

(i) Suppose X, is not an extreme point, then we can write X,asa

combination of extreme points of K since . So we have X, =

Figure 2.1 The Convex Set K.

11



Z,’; a;X; for o; > 0 and 2,11 a; = 1. Now since f(X ) is linear

function, we have f(X,) = t(Z-lP:l Otzxz') =
flog X +a2Xz2+ ...+ apXp)= o1 f(Xq) + a2f(X2) + ... + apf(Xp)

=m (2.1), where m is the minimum of all X in K. Now let f{X ) =

min f(X,). Since all o; > 0, we do not increase the sum of (2.1) if
we substitute f{X_ ) for each f(X,). Now since E,’; a;i=1, we
have f(Xo) 201 f(Xpm) + 02X m) + ... + 0pfXm) =f(X_). Since we
assumed f(X,) <f(X) for all XeK, fiX,) = X_) = m. Therefore
there is an extreme point, X_, at which f(X) obtains its minimum

value. This completes the proof of the first part of the theorem.

B. Let f(X) assume its minimum value at more than one extreme point, say at

Xp Xy o X Thatis X)) =f(X,)= ... = f(X,) =m. If X is any convex
combination of X; (j=1,2, ..., q), thenX = 27=1 oX;j, o = 0,

2 ;7 =1 o= 1, by definition of a convex combination. Now by definition of
a linear function and substitution, AX)= o1 X1 + a2X2+ ... + agXq) =
a1 fXy) + 02 X2) + ... + ogfi X ), 2111 oim = m. This completes the

second part of the proof for the theorem.

For the next theorem, we will use the fourth notation for the
lincar-programming problem. We recall the linear-programming problem in this
notation is as follows:

Minimize

z=cX (1.1d)

12



subject to
P, +xP, +xP,+... +x P =P, (1.2d)
where P, is the jth column of the A matrix and P, = b

and
X>0 (1.3d).

Theorem 2.3 If a set of k < m vectors P,, P,, ..., P, can be found that is lincarly
independent and such that x,P, + x,P, + ... + xP, =P, and all x, > 0, then the
point X = (X, X,, ..., X,, 0, ..., 0) is an extreme point of the convex set of feasible
solutions. Here X is an »-dimensional vector whose last » - k elements are zero.
Proof: Let K be the convex set of feasible solutions. Suppose X is a feasible
solution, that is XeK, but not an extreme point. Since X is not an extreme point
then it can be written as a convex combination of two other points X, and X, in K.
So we have X = aXy + (1 - )Xz for 0 < < 1. Since all the elements x, of X are

nonnegative and since O < o < 1, the last # - k elements of X, and X, must also
equal zero; thatis X, = (x,,, X3, ..., X, 0, ..., 0) and

X2 = (X21,X22,...,X2,0,...,0). Now since X, and X, are feasible solutions, we
have AX, = b and AX, = b. Rewriting the equations in the vector notation we are

using, we have x11Py + X12P2+ ... + X14Px = Pp and

X21P1 +X22P2 + ... + XokPx = Pg. Now it is given that P,P,, P, .. Pisa

linearly independent set and hence P, can be written as a unique linear combination
in terms of P, P,, ..., P,. This implies that x =x, =x,. Therefore, X cannot be
expressed as a convex combination of two distinct points in K and must be an

extreme point of K.

13



Theorem 2.4 IfX = (x, x,, ..., X,) is an extreme point of K, then the vectors
associated with positive x, form a linearly independent set. From this it follows
that, at most, m of the x_ are positive.

Proof: Let the nonzero coefficients be the first & coefficients, so that
Zf=1 XiP;j=Po. We want to prove that the vectors with X; > O form a linearly
independent set first.

(by contradiction) Assume that P, P,, ..., P, is a lincarly dependent set.
Then there exists a linear combination of these vectors which equals the zero

vector,

diP1+dPo+ dsP3+ ...+ diPy =0 (2.2)
with at least one d = 0. It is given that

X1P1+ XoP2+ xaPs+ ...+ x,Px =0 (2.3).
For some d > 0, we multiply (2.2) by d and add and subtract the result from (2.3)
to obtain 2/, x;P;+d X dP;=Po, ZX, xP;—-d XX . diP;=Py. This will
give us two solutions to (1.2), which may or may not be feasible solutions:

X1 = (x4 +dd1,X2+dd2,...,Xkddk,0,...,0) and
X2 = (x4 —dd1,X2—ddz,...,Xk—ddk,O,...,O).

Since all X, >0, we can let d be sufficiently small such that the first &
components of both X, and X, are positive. Then X, and X, are feasible solutions.

Also X, + X, =X from above and X is an extreme point. This contradicts the

definition of extreme point. Therefore, there exist a set of vectors P,P,.. P

m?

P,., that are linearly independent.
Now since # is finite and x; > 0 foreachi = 1, 2, ..., », it follows that at

most m of the x; are positive. This completes the proof.

14



Theorem 2.5 Associated with every extreme point of K is a set of » linearly

independent vectors from the given set P, P,, ..., P

Proof: There are m vectors which form an independent set and at most & of these

are positive from Theorem 2.4, that is K < m.For k = m, we are finished. Letk <
m and that we can find only r - k additional vectors Pg.1, ..., P, such that the set

P4.P2,....Px,Pk,..., P, for » < m is linearly independent. That is the remaining
n - r vectors are dependent on P, P, ..., P.. But this contradicts that we always

have a set of m linearly independent vectors in the given set of P1,P2,...,Pp.
Therefore there must be m linearly independent vectors P4, P», ..., P, associated

with every extreme point, such that 2.* . x;P;+ X" 0eP;=Py.

Now the m of Theorems 2.4 and 2.5 is the rank of matrix A of (1.2), that is

AX =b. Also P,is the ith column vector of A and P;= b.

Theorem 2.6 X = (x,, X,, ..., X) is an extreme point of K if and only if the
positive x/'s are coefficients of linearly independent vectors P, in 2,11 xP;=Po.
Proof: (1) Assume X = (X,, X,, ..., X,) is an extreme point of K, then by
Theorem 2.4, the positive X/'s are coefficients of linearly
independent vectors P, in 3.7, /P, = Po.
2) Assume the positive x;' s are coefficients of linearly independent
vectors P, in Zj"=1 xPj=Pg and note thatallx 2 0, j=1,2, ..., 7,

then by Theorem 2.3, X = (x, X,, ..., X,) is an extreme point of K.

15



From the preceding set of theorems, we can conclude that we need only to
consider the extreme points, or the basic feasible solutions generated by m linearly

independent vectors to find the optimum solution of the linear-programming

m

T sets of m independent vectors. The

problem. There are at most [ :7 j , OF

number of basic feasible solutions can be very large. The simplex method devised
by Dantzig [1] is a procedure which begins at one basic feasible solution and

systematically progresses towards the optimum solution.

Section 2.2 The Simplex Method

The simplex method begins by generating an initial basic feasible solution
and tableau. This can easily be achieved by augmenting matrices A and b and
putting the matrix in row reduced echelon form. It is not necessary that the
resulting matrix be in row reduced echelon form. However, the resulting matrix
should have m unique column identity vectors. As we have shown the (A|b)
matrix should have m linearly independent vectors, where  is the number of rows
of (A | b), the resulting 0 row vectors may be deleted. (A | b) altered to row

reduced echelon form yields matrix D which will be as follows:

(1000 dima- drj dige dip X10 )
0100 domt - dojr dog dom Xao0

Pl N LT 24
0010 dymt ... djj - dix- din Xn 24)

\0 0... 0.-. 1 dm’m+1 .. de dm,k"' dm,n Xmo /

16



We will now redefine P, to be the Jjth column vector of D, j=1, 2, ..., »
with the last column being P,. ¢ will be defined as per the linear-programming
problem, which as we recall is to minimize z = ¢X (1.1d). For our initial basic

feasible solution, let X, = P,. For the tableau, we need to define
Zo= 2.7, CiXio (2.5)

and zj= 3,7, ¢;dj, j=1,2, ..., n. The initial tableau can now be set up as per
Table 2.1.

Now that we have the initial tablean, we can proceed to search for the

optimal solution. This achieved by following the simplex procedure:

1. From the tableau, view the bottom row (z;- ¢;) to determine if

there exist any positive elements. If not, that is z;— ¢; < O for all j,
then we have found the optimum solution. If there exist a positive

element, z;—¢;> 0, proceed to step 2.

2. Select the largest element in the bottom row, max (z;— ¢;. This is
j

our pivot column P).

3. Determine the min (2—7) forthosed>0and/=1,2, .., m. If
j /]
there is no element in the pivot column, excluding the bottom

element, that is positive then the solution is unbounded and we are

finished. The value d, which yield the min (2—';: becomes our pivot
i

element.
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4. Replace the P, in our basis with P, and multiply the row of our
pivot element with reciprocal of the pivot element; such that the
pivot element will be transformed to 1.

5. Use row addition and multiplication such that each element in the
pivot column ].S 0 with the exception of the pivot element which will
remain 1.

6. The transformed tableau becomes our new tableau. Now proceed
to step 1 and start over.

The flow chart in Figure 2.2, which is from Kwak [3], may make this

procedure seem simpler.
When the optimum solution has determined, Z i—Cj < O for all j, then Z,

is the optimum solution, z = z, and for each P, in the basis x,= x,;, and for each P ’

not in the basis x= 0. These values will yield our optimum solution.

- Section 2.3 Theoretical Proof of the Simplex Method

Now before we cover a couple of examples involving the simplex method,
let's give some theoretical support for the simplex method. For the remaining
theorems in this chapter we will assume that the linear-programming problem is
feasible, that every basic feasible sblution is nondegenerate, and that we are given a
basic feasible solution. Unless otherwise stated the theorems and proofs are close

variations of Gass[1].
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Referring to D (2.4), let the given basic feasible solution be
Xo=(X10 X20 --- Xmo )" and the linearly independent vectors be P1,P3,...,Pp.
Now we can write

X10P1 + X20P2+ ... + XmoPm =Po 2.5)
and X10C1 + X20C2 + ... + XmoCm = 20 (2.6)

where all x,, > 0 and ¢, are from the linear-programming problem. Now the set

P4,P2,...,Pnare linearly independent vectors and thus form a basis. Therefore

any vector from the set P4, P2, ..., P can be expressed in terms of P¢,P5,...,Pp.

Let P, be given by
d1jp1+d2jpz+...+dmjpmzpj,j=1, 2, ..., 1 2.7)
and define d1jC1 +d2j02 +... +dijm =2, j=1L2 ...,n (2.8).

Theorem 2.7 If for any fixed j, the condition z, - ¢,> 0 holds, then a set of

feasible solutions can be constructed such that z < z, for any member of the set,

where the lower bound of z is either finite or infinite.
Proof: Multiply (2.7) by some number 6and subtract from (2.5). Also multiply

(2.8) by the same Sand subtract from (2.6) We get

(X10 = 0d1j)P1 + (X20 — 8d2)P2 + ... + (Xmo — 6dm))Pm + 6P; = Py (2.9)

and

(X10 = 6d1;)C1 + (X20 — 0d3))C2 + ... + (Xmo ~ Odmy)Cm + 6C; = Zo ~ 6(Z; - C})
(2.10).

Note that 6¢; was added to both sides of (2.10). If all the coefficients of the

vectors P, P2, ...,Pnp, P; in (2.9) are nonnegative, then we have determined a new
feasible solution whose value of the objective function is, by (2.10),
Z=2Z9—-6(Z;-c;). Since the variables in (2.9) are all positive, then there is a value

© > O (finite or infinite) for which the coefficients of the vectors in (2.9) remain
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positive. From the assumption that, for a fixed j, z;— ¢; > 0, we have
Z=25-9(Zj-¢j)< 2o for © > 0. Now there exist two cases: Case 1, d>0mn
2. 7)forsomei=1, 2, ..., m; or Case 2, d< Oforalli=1,2, ..., m for some

fixed ;.
Case 1 If for the fixed j, at least one d >0in(2.7)fori=1,2, ..., m, the largest

value of 6for which all coefficients of (2.9) remain nonnegative is given by

—min e
8o =min

>0 ford, >0. We have assumed that the problem is
i %

nondegerate, therefore all basic feasible solutions have m positive elements;
thus, O can be obtained for a unique ;. If Ogis substituted for O in (2.9)

and (2.10), the coefficient corresponding to this unique ; will disappear.
We then have constructed a new basic feasible solution consisting of P and
m - 1 vectors of the original basis. This new basis can be used as the
previous one. If a new z;- ¢,> 0 and a corresponding d, > 0, another

solution can be obtained which has an even smaller value of the objective
function. This process will continue cither until all z;— ¢; < 0, or until, for

some Z;-C;>0 alld,< 0. Ifall ;- ¢;< 0, the process ends.

Case I If we have for some j, Z;— ¢;> 0, and all djj < 0, then there is no upper
bound to ©and the objective function has a lower bound of —~ 0. We see
for this case, for an 6 > 0, all the coefficients of (2.9) are positive. We then
have a solution of m + 1 positive elements. Hence by taking 6large enough,
the corresponding value of the objective function given by the right hand

side of (2.10) can be made arbitrarily small. This completes the proof.
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Theorem 2.8 If for any basic feasible solution X = (X409, X20, ..., Xmo) the
conditions Zj—¢; <0 hold forall =1, 2, ..., n, then
X10P1 + x20P2+ ... + XmoPm = Py (2.5,
X40C1 + X20C2 + ... + XmoCm = 2o (2.6)
constitute a minimum feasible (optimum) solution.

Proof: Let
Y1oP1+y20P2+ ...+ YmoPm=Po (2.11)

and
¥10C1+¥20C2+...+¥moCm =2" 2.12)

be any other feasible solution with z_ the corresponding value of the objective

function.
We need to show zg < 2°. By our assumption Z;— ¢; < O for all , so that
replacing ¢, by z, in (2.12) yields
Y1021 + Y2022+ ... + YmoZm < 2" (2.13).

For each j, we substitute the expression for P, given by (2.7) into (2.11) and we get
y10(2,’21 di1P1) +y20(27‘=1 di2P2> + ... +y,,0(2i”l1 dmpn) =Py or

(E,L Ypdu) P+ (Z - .V}Ude) Pa+...+ (Z,L .V}Udmj) Pm=Po (2.14).
Now we substitute for each j, the expression for z, given by (2.8) into (2.13). We

now have
(Zf ypd1;)c1 + (Efﬂ ypdzj) Co+...+ (Efﬂ ypdmj) Cm<2Z" (2.15).

Now the set of vectors P, P, ..., P_ is linearly independent, therefore

Xxo = E;; Xpdkj, X10C1 + X20C2+ ... + XmoCm < Z' andz< 2.
This not only completes our proof, it verifies the simplex method.
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Section 2.4 Examples
Now let's look at a couple of examples of using the simplex method.
Example 2.1 Maximize
h=3x, +4x, + 2%,

subject to the following constraints

X, -2%, +4x,< 36
2%, + 3%, - 5%, < 40
3x, +2%, + x,<28

and

X, X, %20 [71
We have defined the linear-programming problem as a maximization

problem. This problem can easily be turned into a minimization problem by
multiplying h by -1, or letting z= - h. Also the inequalities can be transformed
into equations by the use of slack variables (x,, x,, and x;). The initial basic
solution generally are these slack variables. With these changes the problem
becomes

Minimize

z=-3%, - 4%, - 2%,

subject to the following constraints

X, - 2%, +4%;, +x, =36
2x, + 3%, - 5x, + X, =40
3%, + 2%, + x4 +x, =28

and
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x,20 fori=1,2,...,6.

We now have the problem in our general linear-programming problem.
From this we can set up the initial tableau in the form of Table 2.2.

Referring to Table 2.2 below, P,, P,, P, are in our initial basis. We now go
through our simplex procedure. There are three elements on the bottom row which
are positive, therefore we do not have an optimal solution. P, becomes our pivot
column with d,,= 3 becoming our pivot element. Performing matrix operations

with R, representing the respective rows, we pivot. The matrix operations are as

follows, in order: %—Rz =Rz, 2R, + R1 =R, -R, + R; =R;,

—4R; + R4 =Ry. The result will be Table 2.3.
Now referring to Table 2.3 on the following page, column P, has the

largest positive number of the bottom row and our test determines d,, to be

our pivot element. So we do the pivot operations and the result is Table 2.4

Table 2.2 Initial Tableau of Example 2.1

i |Basis|] ¢ P, 6

2| Bl o] w| 20 3) s| o 1| o3
N/
2

Pivot Column
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Table 2.3 Tableau 2 of Example 2.1

; -3 -4 -2 0 0 0
i |Basis c | Py 6
p, | P, | P | P | P | P,
1 P, 0 1622/3]1 21/3 0 2/3 1 2/3 0 94
2 P -4 1131/3 2/3 1 1-12/3 0 1/3 0
‘ 2
| 3 | P 0 {113) 123 o Glb 0| 23] 1| 413
\. XX
4 -53 1/3 173 0 8273 0 |-11/73 0
Pivot Column
Table 2.4 Optimal Tableau (Tableau 3) for Example 2.2
-3 -4 -2 0 0
i Basis c P, )
P1 PZ P3 4 PS P6
1 P 0 62 6/13 {21/13 0 0 10/13{-2/13
4
2 P -4 11311/13 11 4/13 1 0 1/13] 5/13
2
3 P, -2 4/13 5/13 0 1 -2/13} 3/13
4 -56 -3 0 0 0 -2
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(Table 2.4).
We now focus on Table 2.4. Since there are no positive numbers on the

bottom row, z;-¢;<0 forall j=1, 2, ..., 6, we have an optimal solution with
values x, = 0, x, = 13 % ) X, =14—3, z=-56 and h = 56. The values of the slack

variables are not important, but are x, = 62 %, X,=0,% =0.

Example 2.2 Minimize
z=2x, + 2%, + 4%,

subject to the following constraints

X+ 3x,+ 5x, > 2
3x,+ X+ 7x;, < 3
X+ 4x,+ 6x, < 5
and
X, %,% =20 [8]

For this example we will need to use an artificial basis. Our initial solution
will have x, = -2 a nonbasic solution since x, < 0. This is resolved by adding
another slack variable x, and putting x, in the z equation with a constant w. We
will have an additional row for w, where w = 0. When x, is removed from the
basis then the bottom row can be dropped. Column 7 (P,) can also be dropped

and we can proceed as before. So our linear-programming problem is as follows:

Minimize
z=  2x+ 2+ 4x,+ wx, wherew=0
subject to the following constraints

X, + 3%, + S5x,- x, + X, =2
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subject to the following constraints

2%, + 3x,+ 5x,- x,+ X, =2

X+ X+ Tx, + X =3

X+ 4x,+ 6X,+ X =35
and

X %,% 2 0

Now we can set up our initial tableau (Table 2.5).

Referring to Table 2.5, column P, has the largest positive number in the
bottom row so this is our pivot column with d,, determined to be our pivot element.
Now with the pivot, since P, is replacing P, in the basis, P. can be dropped. Also
note that row five has no positive numbers and thus can be dropped as we refer to
Table 2.6.

Now from Table 2.6 to Table 2.7, row 5 is essentially dropped from our
tableau and we use row 4 to check z, - ¢. Column P, is our pivot column with d,,
becoming our pivot element. Working through the pivot gives us Tableau 3 (Table
2.7).

Tableau 3 (Table 2.7) gives us our optimal solution which is as follows:

x1=0,x%x,= %, x,=0andz= 2%. Our slack variables have solutions x,= 0,
X5 = 2%, Xg = 2-;-.
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Table 2.6 Tableau 2 of Example 2.2

-3 -4 -2 0 0 0
i | Basis P, ‘ 0
Pl P2 PS P4 PS P6
1 P; 36 1 2 4 1 0 0
XX
2 Py 40| 2 (a S0 1 0 (13173
3 P, 28 3 1 0 0 1 14
4 0 3 4 2 0 0 0
Pivot Column
Table 2.7 Optimal Tableau (Tableau 3) of Example 2.2
2 2 4 0 0 0
i | Basis P, 3
Pl P2 PS P4 PS P6
1 P, 2/3 2/3 1 12/3] -1/3 0 0
2 P 21731 2173 0 51/3 1/3 1 0
5
3 P 21731 -123 0 23] 113 0 1
6
4 1173 2/3 0 -2/31 -2/3 0 0
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Section 2.5 The Transportation Problem as a

Linear-Programming Problem
Now let's look at the transportation problem set up as a linear-programming

problem. Recall from Chapter 1, that the transportation problem is as follows:

Minimize

z=201 2l CiX (1.4)
subject to the following restraints

Z}f’ﬂ Xjj = a; i=1,2, .., m (1.5)

> Xj=b; j=1,2,....n (1.6)
and

x>0

where a, b, and ¢, are given constants.

P
This can also be written as follows:
Minimize
ZZ 0y Xy FOpXyy T FOXy, T OXy T Okt F O X+ F X+
e T O X T C X, T T C X

mntmn

subject to the following restraints

Xll + X12 Tt Xln = a‘l
Xn T T Ty, )

xxl + Xx'2 oot X]n = az

Xml + Xm2 ot Xnm = am
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X12 + X22 + .t X12 + + Xm2 = b2
+ =

Xy, + Xt et X Xy b,

Xln + X2n+ -t Xm + + Xnm = brx

From this it can be seen that the transportation problem does have an
optimal solution if the constants are bounded below. It can also be seen that using
the simplex algorithm to solve the transportation problem will be time consuming

and tedious.
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CHAPTER 3
THE TRANSPORTATION PROBLEM AND

THE INITIAL BASIC FEASIBLE SOLUTION

In this chapter we will look at the transportation problem, define what
makes a balanced transportation problem, present the transportation tableau form,
theoretically verify that the transportation problem has a feasible and basic feasible
solution, and present several techniques for obtaining the initial basic feasible
solution.

The transportation problem is stated as follows:

Find values for the variables X, which minimize

m n
Z=Xoo=2, . i1 CiXj (3.1)
subject to the following restraints
n .
j=1 Xjj = 8j i=1,2, ....m 3.2)
m .
Z,‘=1 xij=bj _]=1, 2, ey (3_3)
and
x,>0 | (3.4)

where each a, b, and ¢, are given constants.

Definition 3.1 A balanced transportation problem is a transportation problem in
. m n
which 2" ai=2." | b;.
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We will assume that every transportation problem is balanced for the rest of

this chapter.

The cost constraints ¢, can be arranged in an m X » matrix such that

(011 C12 -+ Cqj -+ C1n\
C21 C22 -+ Cyj -+ C2p
C-=
Cit Cp - Cij “++ Cip
\Cm1 Cm2 - Cmj -~ Cmn)

The transportation problem can be placed in a tableau such as in Table 3.1.

Theorem 3.1 The transportation problem has a feasible solution.
Proof: Note that by definition of the transportation problem, each a, and b, are

nonnegative. Also note that we are assuming that the transportation problem is

balanced that is, Z, ,a;i= ZJ 1 bj. LetA= Z _1ai= Z! 4 bj, and let

n ap;
X,}— forall(zj) Nowxyzoforaﬂ(z])andz L Xj= j=1—A_=
a: _3 ab b j

Therefore, by the definition of a feasible SOlllthIl, we have shown that the

transportation problem has a feasible solution.

Now before we get into determining the initial basic feasible solution, let's

look at a specific example of the transportation problem. The following example

comes from Kwak [3].
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Table 3.1 The General Transportation Tableau
DESTINATIONS
1 2 J n
O
R 1 X1 Xy Xy X1n
I
Gl 2| x| % X X
I
N
S
z Xx'l Xﬂ Xz’j xx'n
m Xml Xm2 ij an
b, | b, b, b,

Xy Can also be represented by z.
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Example 3.1 The Burns Manufacturing Company has plants in Chicago, Detroit,

and St. Louis. The company produces and distributes sewing machines to dealers

in various cities. On a particular day, the company has 30 sewing machines in

Chicago, 40 in Detroit, and 30 in St. Louis. The company plans to ship 20 sewing

machines to Atlanta, 20 to Houston, 25 to Los Angeles, and 35 to New York,
following the orders received from dealers. The transportation costs per unit
between cities are given in Table 3.2

The problem facing the company is to distribute the available sewing
machines to the dealers in each city in such a manner as to minimize the total
transportation cost. From the above information, we can see that the cost matrix

associated with the example is

71014 8
C=|711126]. (3.5)
58 169

Other values are a, = 30, a,= 40, a,= 30, b, =20, b,= 20, b,= 25, and b,= 35.

Table 3.2 Cost to Transport Goods of Example 3.1

To| Atlanta | Houston| L A |New York| Supply
From
Chicago 7 10 14 8 30
Detroit 7 11 12 6 40
St. Louis 5 8 15 9 30
Demand 20 20 25 35
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Section 3.1 The Northwest Corner Method

The northwest corner method to obtain the initial basic feasible solution was

proposed by Dantzig and named by Charnes and Cooper [1]. The northwest

corner method is the simplest method for finding the initial basic feasible solution.

The steps are as follows.

L. Letx,, =min [a, b,].

2. If a, <b,, then all the other variables in the first row are to be given the
value zero and designated as nonbasic. Next delete the first row, reduce the
value of b, to (b, - a,), and proceed in the same manner to evaluate a
variable in the reduced array composed of the m - 1 rows and 7 columns
remaining.

3. If a, > b,, then, similarly, the first column is to be deleted and a, replaced by
(a, - b))

4. Ifa, = b,, then delete the row or column but not both.

5. Now move downward (as per step 2), rightward (as per step 3), or
downward or rightward (as per step 4).

6. Continue the procedure setting x,=min [a, b] and applying steps 2, 3, 4 as
they apply. The procedure will conclude at the bottom right cell.
Using the northwest corner method on Example 3.1 gives us the initial

tableau of Table 3.3
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Table 3.3 Initial Transportation Tableau of Example 3.1

From Atlanta | Houston L A [New York a
Chicago 20 10 0 0 30
Detroit 0 10 25 5 10
St. Louis 0 0 0 30 30
b, 20 20 25 35 950

This tableau gives us the values x;;= $20, x,,= $10, x,,= $10, x,,= $25,

X24 = $5, x;,= $30 and the total cost x,,= $950.

The northwest corner method may be the easiest way to find an optimal

basic feasible solution but it is not likely to give the optimal solution, since cost is

not even considered in determining the initial solution; thus, requiring more

iterations to obtain the optimal solution. We've shown this method first, because

this method is useful in proving that the transportation problem has a basic feasible

solution.

Theorem 3.2 The transportation problem has a basic feasible solution. A solution

of at most m + n - 1 positive X,/'s exist.
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Proof: Observe the transportation tableau of Table 3.1. Begin with variable x,, ,

and make it as large as possible, consistent with row and column totals, ie. set
X1 = min[a1 ,b1].

Case 1.If a, < bj, then all the other variables in the first row are to be given the
value zero and designated as nonbasic. Next delete the first row, reduce the
value of b, to (b, - a)), and proceed in the same manner to evaluate a
variable in the reduced array composed of the 7 - 1 rows and 7 columns
remaining.

Case 2.If a > bJ, then similarty, the first column is to be deleted and a, replaced by
(a-b).

Case 3.If a, = b, then delete either the row or the column but not both. However if
several columns, but only one row remain in the reduced array, then drop
the jth column, and conversely, if several rows and one column, drop the
ith row.

After completing each step move downward (as per Case 1), or rightward

(as per Case 2), or downward or rightward (as per Case 3) and continue the

procedure setting X,~ min [a, b] and applying each case as applies.

The rule will select as many variables for the basic set as there are rows plus
columns minus one, 7 + n - 1, since on the last step when only one row and one

column remain both will be dropped. This will also satisfy that there are at most
m-+n—1xs that are positive, since all other X,'s are equal to zero.

The resultant tableau will look something like Table 3.4 on page 40. Now

we need to show that the solution (3.6) is a basic feasible solution. Since the rank
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of the system is m + » - 1, a set of variables, X,» constitutes a basic set of its values,

satisfying all m + » equations, are given uniquely as linear combinations of any

m+n-1of the m + nmarginals a,, a,, ..., a, b,, b, ... , b, when the remaining

? .

values are set equal to zero. The value given each basic variable by the starting rule
is the same as a marginal total of some reduced ray; but this total, because of the
way in which it was derived, is equal to the difference between partial sums of the
original row and column totals. This shows the values are uniquely determined by

some particular set of m + » - 1 marginals. However, because of the condition

,-”i1 aj= Zf=1 bj, any one of these totals may be expressed as a linear
combination of the others. Also b, =27, &;- X" b;. Each x;20,
j-1 Xij=aj, and 2., X; = b; as per how the solution was derived. Therefore,

this solution is a basic feasible solution ([1],[2]).

Similar proofs can be written to verify the other methods used to obtain the

initial basic feasible solution.

Now before we cover other methods to obtain the initia] basic feasible
solution we need to alter the form of the transportation tableau. We need to
include the cost constraints in the tableau to obtain the general form of Table 3.5

on page 42.
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Section 3.2 Hartley's Current Line Method

The following method is from Roger Hartley [8]. The steps are as follows:

1. The current line initially is defined to be row 1. Choose the smallest cost in
row 1 (the current line) and assign min [a, b] to x; corresponding to that
cost. Adjust a, and b, accordingly.

2. Is the current line exhausted?

3. If no, the current line is unchanged. Choose the smallest unused cost in the
current line, and assign the value min (a, b)) to the X, corresponding to that
cost. Adjusta andb.

4. “If yes, cross out the current line, and the current line will change as follows:
Call the most recent cost used c,. If the current line was row i, then the
current line changes to column j. Conversely, if the current line was
column j, the current line now changes to row i. Return to step 2, and

continue until all supplies have been depleted, and all demands filled.

When we apply this method to Example 3.1, we get the initial tableau of
Table 3.6. So the values are x,,= $10, x,,= $20, x,,= $25, x,,= $15, x;,= $20, and
X;,= $10 with the remaining X 's equal to zero. The X, value is equal to $830,
which is $120 less than the initial basic feasible solution determined by the
northwest corner method. As a matter of fact this initial solution is the optimal

solution, as will be shown in the next chapter.
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Table 3.6 Initial Tableau of Example 3.1 using Hartley's

Current Line Method

Atlanta | Houston | L A |New York a,
. 7 10 14 8
Chicago
0 L~ 0 | CBY 30
Detroit 7 1 1 6
0 0 25 15 40
St. Louis| 2 8 1 2
20 10 0 0 30
b, 20 20 25 35 830

Section 3.3 The Minimum Entry Method or the Shortcut Method

Before we look at this method, let's introduce another example from
Winston [4].
Example 3.2 Powerco has three electric power plants that supply the needs of
four cities. Each power plant can supply the following number of kilowatt hours
(kwh) of electricity: plant 1, 35 million; plant 2, 50 million; plant 3, 40 million.
The peak power demands in these cities, which occur at the same time (2 pm) are
as follows (in kwh):  city 1, 45 million; city 2, 20 million; city 3, 30 million; city
4, 30 million. The cost of sending 1 million kwh of electricity from plant to city
depend on the distance the electricity must travel. Minimize the cost of meeting

each city's peak power demand.
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The cost to supply 1 million kwh to each city is given in Table 3.7. From

Table 3.7 we can see that the cost matrix associated with the example is

8§ 6 1089
C=| 912137 3.7
14 9 105

The shortcut method is taken from Kwak [3].

1. Begin with the minimum cost in C.

2. Let the minimum cost be in the (i, /) position in C. Assign to X, the value
min (a, b).

3. Adjust a, and b, to reflect the amount assigned. Cross out the row or

column where the supply or demand has been exhausted. If both a, and b,
have been exhausted, cross out the remaining of each row and column.
4. Find the minimum cost from among the remaining entries in C. Go to step

2, and continue until all supplies and demands are exhausted.

When we apply this method to Example 3.2, we get the initial transportation
tableau of Table 3.8. This method is so effective in finding an initial basic feasible
solution that often the initial basic feasible solution is the optimal solution. The
shortcut method gives the initial values of x, as follows: x,,= 815, x,,= $20, x,,=
$30, x,,= $20, x,,= $10, x;,= $30, with the remaining x, values equal to ZeT0 Xy, is

equal to $1080.
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Table 3.7 Example 3.2 Cost Table

To| Cityl City 2 City 3 City 4 | Supply
From
Plant 1 $8 $6 $10 $9 35
Plant 2 $9 $12 $13 $7 50
Plant 3 $14 $9 $16 $5 40
Demand 45 20 30 30

Table 3.8 Initial Tableau of Example 3.2 Using the Shortcut

Method
To| City1l City 2 City 3 City 4 a,
From
Plant 1 8 6 10 9
15 2(_)) 0 0 35
Plant 2 9 12 13 7
30 0 20 _J 0 50
Plant 3 14 9 16 5
0 0 10_4 304 40
bj 45 20 30 30 $1080
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Section 3.4 The Vogel Advanced Start Method

The Vogel advanced start method (VAM) is named after W. R. Vogel and
is taken here from Strayer [10]. The steps are as follows:

1. Compute the difference of the two smallest entries in every row and column
of the tableau and write the difference opposite the row or column. If there
is only one entry in any row or column, write that entry.

2. Choose the largest difference and use the smallest cost in the corresponding
row or column to empty a warehouse (a,) or completely fill a market
demand (b). If there is a tie for the largest difference, use the smallest
entry in the corresponding row and/or column. If there is a tie for the
smallest entry, use any such entry. Circle the cost used and write above the
circle the amount of goods shipped by that route. Reduce the supply and
demand in the row and column containing the cost used.

3. Delete the row or column corresponding to the emptied warchouse (a,) or
fully supplied market (b)); if both happen simultaneously, delete the row
unless that row is the only row remaining in which case delete the column.

4. If all tableau entries are deleted, stop; otherwise go to step 1.

This method uses the cost matrix to get an advanced start in finding the
optimal solution. This method is more effective in finding an initial basic feasible
solution closer to the optimal solution than the shortcut method. Using Example

3.2 and applying the first run through the procedure we get Table 3.9. Applying
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Table 3.9 Example 3.2 Using VAM (First Run)

Difference 1 3 3 2 a,
8 6 10 9
2 0 35
’ 9 12 13 7
0 50
4 14 9 16 5
30 1 40
b, 45 20 30 30

the procedure a second time will give Table 3.10. Continuing to run through the
VAM procedure will yield the initial basis feasible solution of Table 3.11.

Table 3.11 shows the initial basic feasible solution of Example 3.2 using the
VAM method. The values are as follows: x,,= $10, x;= $25, x,,= $45, x,,= 85,
x,,= $10, x,,= $30 and all other x, = 0. The value for x,, is equal to $1020. This

value is $60 less than the initial value obtained using the shortcut method.

Section 3.5 Russell's Approximation Method (RAM)

Before we cover this method, let's present another example. The next

example is from Kwak [3].

Example 3.3 The M&P Company plans to ship its product manufactured in three

plants, to four customers in different locations. The amounts supplied and
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Table 3.10 Example 3.2 Using VAM (Second Run)

' Difference 1 3 3 - a,
|
| 8 6 10 9
2
0 35
| 9 12 13 7
| 3
| 0 50
5 14 9 16 5
0 10 ) J 0 30j 10(40)
bj. 45 20 30 0 (30)

Table 3.11 Example 3.2 Initial Tableau Using VAM

To| Cityl City 2 City 3 City 4 a,
From
8 6 10 9
Plant 1
0 10/ 25 _J 0 35
Plant 2 9 12 13 7
45 ) 0 SJ 0 50
Plant 3 14 9 16 5
0 10 0 30 J 40
bJ 45 20 30 30 $1020
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Table 3.12 Example 3.3 Cost Table

From To I I m v Supply
A 9 6 8 4 50
B 6 4 3 4 40
C 5 5 6 7 30
D 6 5 7 6 40

Demand 40 50 35 35 160

demanded, together with the unit transportation costs ($), are given the cost table of

Table 3.12.

From the information of Table 3.12, we can see that the cost matrix

associated with the example is

(9684)

_ 16434
=lcss7 (3.8).

6576

The objective is to minimize cost to transport the product to the four markets.

The Russell approximation method is named for Edward J. Russell [3]
The procedure for the Russell approximation method is as follows:

1. Select the maximum unit transportation costs of each row and each column.
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2. Formulate a table consisting of new cost elements. A new cost element is
obtained by subtracting the cost element in the table from the sum of the

maximum cost of row and the column used.

3. Allocate as many units as feasible to the cell with the largest cost in the new
table.
4. Delete any row or column in which either supply or demand is exhausted.

Then formulate a new table by following steps 1 and 2.
5. Repeat steps 3 and 4.
6. When all the available resources are fully allocated as required, evaluate the

empty cells to test for optimality.

With our first run through Example 3.3 using Russell's approximation
method we get Table 3.13. Applying the procedure a second time we get Table
3.14. There is no need to do a third run. Filling in the missing elements is fixed
due to the requirements. The result is the initial transportation tableau of Table
3.15. From the information of Table 3.15, we can assign initial values: X, = 815,
X4~ 835, %,= 85, x,,= 835, x,,= $30, x,,= $10, x,,= $30, and with the remaining
x,= $0. The value for x, is equal to $715.

Russell's Approximation Method may be long and drawn out by hand.
However, it can be easily programmed into a computer and often generates an

initial basic feasible solution closer to the optimal solution than VAM [9]. This has
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Table 3.13 Example 3.3 Using RAM (First Run)

Maxima 9 6 8 7 a
9 9 9 9 12
35 4 50
6 9 8 11 9
0 40
7 11 10 9 7
0 30
7 11 8 8 8
0 40
bj 40 50 35 35

Table 3.14 Example 3.3 Using RAM (Second Run)

Maxima 9 6 8 a,
9 9 9
0 0] 50
9 8 10
0 35 40
10 7 8
30 ) 0| 30
10 8 8
10 ) 0 40
40 50 35

52




Table 3.15 Initial Transportation Tableau of Example 3.3 Using

RAM
To I I m v a,
From
9 6 8 4
A
0 15 ) 0 35 J 50
6 4 3 4
B
0 5 J 35 J 0 40
7
C 5 5 6
30 0 0 0 30
D 6 5 7 6
10 4 30 _J 0 0 40
bJ 40 50 35 35 $715

advantages when dealing with large problems. Since the initial basic feasible
solution is closer to the optimal solution, it will require less pivots to generate the
optimal solution. This will reduce the time to generate the optimal solution. Also

fewer pivots when using a computer means less roundoff error, and thus a more

accurate answer.
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CHAPTER 4

FINDING AN OPTIMAL SOLUTION TO THE

BALANCED TRANSPORTATION PROBLEM

In this chapter, we will present the loop, or cycle, in the transportation
problem tableau, verify theorems regarding the algorithm to find an optimal
solution, verily that the transportation problem always has an optimal solution, and

present the stepping stone method and u-v method of determining an optimal

solution.

Section 4.1 Verification That the Transportation Problem Always

has an Optimal Solution

Let us again present the transportation problem. The transportation
problem is to minimize
Xoo = 21’21 ;,=1 CijXjj “4.1)

subject to the following constraints

j=1 Xi = 8 i=1,2,..,m (42)
in1 Xij=b; j=1L2,.,n 4.3)

and
Xjz0 (4.4).
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The constraints can also be written in the form:

Xt Xt X, =
Xt Xpt . T Xy =

Xm1+ Xm2+ -t an = am (45)
X, 7 X2 oot X1 =b
Xj2 + X Tt X2 =b,
Xy + X, +..+ X, =b,

Now let's write the system (4.5) in matrix notation (from Cooper and

Steinberg [7]). We define
y = [xll’ x127 "t Xln’ XZI’ X22’ st x2n’ tre e Xml’ Xm27 et xmn]T7

b T
b=[a,a,..,a,b,b, ...,b]" and
A= [é11,é121---gé1n-éZ1;622'----é2n- ---:ém1:ém2'---:émn]

where & is the column of the coefficient matrix A corresponding to the variable

X,- Then (4.5) becomes
Ay=b (4.5a).

Note that all of the coefficients are either 1 or 0. If @, denotes the kth column of

the identity matrix I (m + n) then &= &, + &m., since as we can see from (4.5) x,,

appears only in the two constraints 7 and m + .

Definition 4.1 The (i, ;) cell of the transportation tableau is the "box" in row i and

column ; of the tableau.
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Definition 4.2 A loop or cycle is a sequence of cells such that:

(a) each adjacent pair of cells lies in either the same row or the same column of
the tableau;

(b)  no group of three or more consecutive cells in the sequence lies in the same
row or in the same column; and

© the first and last cells in the sequence are in either the same row or the same

column.

Every loop is described by a sequence of cells of the form (i, j), (%, j), ...,
(u, v), (4, v).
The theorems and proofs which follow unless otherwise stated are from

Cooper and Steinberg [7].

Theorem 4.1 Every loop contains an even number of cells.

Proof: Suppose we have a loop containing N cells. Choose any one of the cells as
the starting point, and either of its two adjacent cells in the sequence as the second
cell. Number these cells 1 and 2, and continue numbering the remaining cells in
the loop, in order, from 3 to N. Now, cells 1 and 2 either lie in the same row or in
the same column. Without loss of generality assume they are in the same row.
Then from cell 2 to cell 3 must be a column change, the step from cell 3 to cell 4
must be a row change, etc. Alternating in this manner, we see that the step from

any cell tto cell t +1. is a column change if t is even, and is a row change if t is
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odd. But, the step from cell N to cell 1 must be a column change, since the next

change is a row change, from cell 1 to cell 2. Hence, N must be even.

Theorem 4.2 Let T denote any subset of columns & of coefficient matrix A of a

transportation problem. Then the columns of T are linearly dependent if and only
if the corresponding cells, or a subset of them can be arranged in a sequence S

which forms a loop.

Proof:

@) (<) Assume a sequence of cells forms a loop. Then the sequence is of
the form: (7, j), (%, /), (&, D), ..., (u, ¥), (i, v). The corresponding columns
of T are @j, ayj, Ay, ..., Auy, Ajy.

Suppose we alternately add and subtract these columns, forming the

linear combination
Wzé,‘j—ékj+ék/—...+éw—éjv 4.7).
Substitution of (4.6) into (4.7) yields

W= (él + ém+j) - (ék + ém+j) + (ék + ém+l) +...F (éu + ém+v)‘(éi + ém+v)=
(ei—-€e)+(emj—€emj)+(€x—ex+...+(€myv—€mn)=0

Since there are an even number of terms in the right-hand side of (4.7), a
nontrivial linear combination of the columns a, &y, ax, ..., au, ajy
equals the null vector, and the set is therefore linearly independent.

®) (-) We must now show that any linearly dependent set T of columns of
A has a corresponding sequence of cells which forms a loop. For such a set

T, there exist scalars o not all zero such that
2 aer %585 =0 (4.8).
Henceforth, we shall say that a vector a; "appears” in the sum of (4.8) if

and only if its corresponding scalar o # 0.
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Suppose that a; appears in (4.8); hence the term
®jaj = oj(€; + €myj) appears. This implies that at least one other &
corresponding to row i of the tableau must also appear in (4.8); if this were
not the case, then the ith component of the vector 2, o ja; would be equal
to o 1 4 0, which contradicts equation (4.8). Let & be one such vector
appearing in the sum of (4.8), k#j. Then by the same reasoning, there
must be at least one other vector appearing in the sum of (4.8)
corresponding to column j and one corresponding to column %, of the
tableau. These conditions can be met only in one of two ways: (1) The
vectors ap; and &g« both appear in the sum (4.8), p# /. Then a loop is
formed by the cells corresponding to the four vectors a5, @ik, apk, Apj. (2)
The vectors ap; and &g« appear in the sum of (4.8), p#qand p,g#i. In
this case the sum of (4.8) must also contain at least one additional vector
corresponding to row p and one corresponding to row g. These conditions
can also be met only in one of two possible ways: either the vectors ap,
and a4 are in the sum of (4.8), in which case a loop is formed by the cells
corresponding to the vectors &, ik, Agk, Aqr, Apr, Apj; Otherwise, two
vectors ap, and a4 must appear in the sum of (4.8), r# s. In this case,
the same reasoning leads us to the conclusion that either an eight cell loop is
formed by the appearance of at least two more vectors corresponding to
columns » and s of the tableau, a4 and a4, ; or that at least four more
vectors must appear which, in turn, either leads to the conclusion that a ten
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cell loop is formed or else more vectors must appear in the sum of (4.8)

We can continue the above argument only a finite number of times,
because there are only a finite number of vectors which can appear in the
sum of (4.8). In each step of this argument, we find that the required
addition of two vectors either forms a loop, or, in turn requires the addition
of at least two more vectors. Finally, we must reach a stage at which we
have either formed a loop or must add the last two vectors. Clearly, when
all vectors in the tableau are included, a loop is formed.

Hence we have shown that any linearly dependent set of columns of

A has a corresponding sequence of cells which forms a loop.

Now let's define y,, as the coefficient of the kth basis vector in the

representation of the nonbasic vector @ in the terms of the current basis vectors.

Also let's define b x = kth current basis vector, k=1,2, ... ,(m+ n-1).

Theorem 4.3 Given any set of basis vectors for the transportation problem, the

elements

+1, if l;k is one of the vectors appearing in the
i = right-hand side of (4.12) (4.9)
0, if bz 1s not one of the vectors in 4.12

and

¥, l,iftiseven
Yy = { 0, if tis odd } (4.10)

where a,, is the only nonbasic vector in a loop and is number 1 and the basic vector
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b ¢ 1s the rth vector in this list,

Proof: Now we have
a,= 2 by (4.11).

The m + »n vectors él-,, f)l, 62, . an_l are linearly dependent; hence these
vectors have a corresponding sequence of cells which forms a loop. Furthermore,
the cell (7, /) must be in this loop, since the vectors 61, f)z, ey Bm,,_l are lincarly

independent, and their corresponding cells cannot form a loop by Theorem 4.2.

Let this loop consist of the cells (7, /), (G ¢), (&, q), (2, 7), ... , (u, V), (%, j).
This implies that the vectors a,, a,;, 8y, ..., a,, and a,, are basic vectors. Then
as we have seen in part (a) of the proof of Theorem 4.2,

Ay — Ay Tlpg —Ap, ..t By — 8y, =0
or,

A=Ay — Apg + Ay — ...— Ay, T Ay, (4.12)
So when we compare and fit (4.12) into (4.11) we get (4.9).

Furthermore, if we number the vectors corresponding to the cells in the

loop in sequence, starting with the nonbasic vector a,; as number 1, so that basic

vector by is the #th vector in this list, then

}c_{ 1, if ¢t is even }
lj - .
0, if 71s odd (4.10)

Now suppose we know which (m + ») variables are basic and their current
values. Let's define x,, k=1, 2, ..., m + n - 1, be these current values.
Now let's cover the Transportation Algorithm before we cover the next two

theorems.
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Transportation Problem Algorithm

1. Find an initial basic feasible solution.
2. Calculate the quantities (z,,- ¢,,) for each nonbasic variable. If z,;~ ¢,y <0

for all nonbasic variables, the solution is optimal.

3. Choose the variable x, to enter the basis, according to

Zy— ¢y q‘;gx {Zog — Cpg}

4. Determine the loop formed by the nonbasic cell (;, j) and the basic dells.

Number the cells in this loop consecutively, starting with (i, 7 ); let yf_‘, = 1for
even numbered cells, and yf; = ~1for odd numbered cells.

5. Choose the variable x; 1o leave the basis, according to

Xpr =min {xs, Iyl =1}

6. Compute the new basic feasible solution, by adding the quantity x;_to each
basic variable whose cell is odd numbered in the loop determined in step 4,
and by subtracting the quantity x; from each basic variable whose cell is
even numbered. Also set X, = X5,

7. Return to step 2 [7].

We will cover this in more detail, particularly steps 2 and 3, in the next

section. Steps 4, 5, and 6 are important for the next theorem.
Theorem 4.4 If the a, and b, for the transportation problem are all nonnegative

integers, then every basic feasible solution obtained by the transportation problem

algorithm has integral parts [1).
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Proof: Now we can determine an initial basic feasible solution by using the
northwest corner method. Using this method will give integer values for each of
the initial basic variables. Now by Theorem 3.2, we know that at most m + 7 - 1
variables are basic. If less than m + » - 1 variables are basic, we can treat some
nonbasic variables as basic to have m + # - 1 basic variables. Let X K=1,2, ...,
m + n - 1 be these current values.

Using the transportation algorithm, we choose a nonbasic vector to enter the

basis. Suppose we have chosen vector a,,. We then choose the vector to leave b,

from
XBr : X3r k 1
25 —min {2 | v* > 0 4.13).

Now from Theorem 4.3, we know that if yf; > 0, then yf;- = 1. Therefore (4.13)
becomes

Xpr =min {Xg lyi=13 (4.14).
Once the vector to enter the basis, a,;, and the vector to leave the basis, B,,

have been determined, the values of the new basic variables are computed by

o= Xp—YiXs, k# 7 4.15)
x’Br = Xp; . .

Now since x;, and x;,, are integers for all & then the new basic variables will
be integers, since integers are closed under addition and multiplication. If another
nonbasic variable is chosen to enter the basis, the same argument ensures that the
new basic variables will be integers Therefore every basic feasible solution

obtained by the transportation problem algorithm has integral parts [7]-
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Now let's look at one last theorem. This theorem along with the

accompanying proof comes from Gass [1].

Theorem 4.5 A finite minimum feasible solution to the transportation problem
always exist.

Proof: By Theorem 3.1, the problem is feasible. Since coefficients for equations
(4.2) and (4.3) are nonnegative and since we assume that all a, and b, are
nonnegative and finite, no X, can be made arbitrarily large. In fact the X, cannot be
greater than the corresponding a, or b. If the a; and b, are integral, then a basis
minimum feasible solution has integral parts. Now we note that, for any basic

minimum feasible solution, at least one X,, equals its corresponding a, or b.

In summary, every transportation problem has a finite minimum basic
feasible, or optimal, solution. If each a_ and b, have integral values, then the
optimal solution will be integral. Also for each element in the transportation

tableau, there exist a loop of basic variables.

Section 4.2 The Stepping Stone Method

Now that we have verified that an optimal solution exists let's look at the
algorithm in more detail. We first need to make two adjustments to the
transportation tableau of Table 3.5. Since the nonbasic variables are all set equal
to zero we can replace them with z, - ¢,. we can circle the basic variable to
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distinguish them from the 2, - ¢, values. The result is the tableau of Table 4.1,
which will we will use to determine the optimal solution for the transportation
problem.

Now when we fill in the tableau on each pivot, we begin by writing in the
c,'s and basic variables. For the cells of the nonbasic variables, we find a loop of
basic variables or cells. Now z, - ¢, is determined by alternately adding and
subtracting each constant value in each respective cell beginning with the cell
following the nonbasic variable. To illustrate let's take Example 3.1 with the initial
basic feasible solution obtained by the northwest corner method as shown in Table

4.2 on page 66.
Now Z31 =Ci1— C12+ Cy2—Ca4+ C34 and Z - Cy =¢; - 012+ Cypy = 024+ Cay” Cq

—7-10+11-6+9-5=6. Now when each cell is determined by its respective

loop we get Table 4.3. Note that for the basic cells z - ¢,= 0.
Now z, - ¢, i like the Z, - €, used in the simplex method. If Zj - Cj <0 for

all i and j, then the solution is optimal. If thereis a cell in which z, - ¢, >0 then we
must pivot; that is pick a new variable to enter the basis. This can be verified in
proofs similar to those in Theorem 2.7 and 2.8. This procedure satisfies the second
step of the transportation algorithm.

The nonbasic cell with the most positive value will determine the variable to
enter the basis. In the case of a tie, just pick one of the variables. In this case, cell
(3, 1) will be the new basic variable. This will satisfy the third step of the

transportation algorithm.
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Table 4.2

Initial Tableau of Example 3.1 with Cost Constraints

To Atlanta | Houston | L A |New York a
From I
1 2 3 4

Chicago 7 10, 14 8
20 ) 10 30

Detroit 7 1 12 6
10 A 5 A 40

St. Louis 3 8 1 2
6 30) 30
b, 20 20 25 35 950

Table 4.3 Initial Tableau of Example 3.1 with Z;rC,
To Atlanta | Houston | L A |New York a
From '
1 2 3 4

Chicago 7 10 14 8
20 _A 10 _J -3 -3 30

Detroit 7 1 12 6
1 10 _A 25 A S5 40

St. Louis 3 8 15 9
*6 6 0 30/ 30
b, 20 20 25 35 950
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Steps 4, 5, and 6 can be satisfied by letting the variable entering the basis to
be 6 and subtracting and adding 6to each cell in the loop alternately as shown in

Table 4.4. 0 is determined by the value that will cause the first basic element to

equal zero; In this case cell (2, 2) or variable x,,. In case two or more cells
decrease to zero, pick only one to leave the basis. The transportation algorithm is
illustrated in Figure 4.1 as a flow chart on page 69.

Now adjust the basic variables for Example 3.1 with x,, leaving the basis.
Then determine each z, - ¢,. The result can be shown in Table 4.5.

As we can see from Table 4.5, there is a tie with cells (1, 3) and (1, 4).
Let's choose x,, to enter the basis. The 6 value for this pivot will be 10 with x,,
determined to leave the basis. Running through the algorithm a third time vields

Table 4.6.
Now cell (3, 2) has the most positive z,- ¢,, therefore x;, will enter the

basis. x,, will leave the basis. As we can see from each pivot x, will decrease each
time. The © value for this pivot will again be 10. Another run through the
transportation algorithm will give Table 4.7.

Table 4.7 gives the optimal solution since all Zp; - ¢, < 0. Note that this
tableau gives us the initial basic feasible solution for Example 3.1 using Hartley's

current line method. Alsoif z, - c,, = 0 for a nonbasic cell. This corresponding
variable can be substituted into the basis, for a different optimal solution. So for
Example 3.1 the optimal solution assigns values as follows: x,= $10, x,,= $20,

X= $25, %), = 815, %, = 820, and x;,= $10 with the cost, X, being $830.
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Table 4.4 Determining The New Basic Element for Example 3.1

To Atlanta | Houston L A [|New York a
From
1 2 3 4
Chicago 20-6 10+96 30
Detroit 10-6 25 5+6 40
St. Louis 0 30-6 30
20 20 25 35

Table 4.5 Second Transportation Tableau of Example 3.1

To Atlanta | Houston L A |[New York a,
Fro
1 2 3 4
Chicago 7 10 14 8
10 4 20 _J 3 *3 30
Detroit J 1 12 6
-5 -6 25 15 ) 40
St. Louis > 1 2
10 J 0 0 20 ) 30
b, 20 20 25 35 890
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Table 4.6 Third Transportation Tableau of Example 3.1

To Atlanta | Houston L A |New York a
From
1 2 3 4
Chicago 7 10 14 8
-3 20 J 0 10 4 30
Detroit 7 1 12 6
-5 -3 25 _/ 15_A 40
St. Louis > 8 1> o
20 ) *3 0 10 ) 30
b]. 20 20 25 35 860

Table 4.7 Optimal Transportation Tableau of Example 3.1

To Atlanta | Houston L A |NewYork] a
From
1 2 3 4
Chicago 7 10 14 8
0 10 J 0 204 30
7
Detroit > 12 6
-2 -3 25 ) 151 40
St. Louis > 8 P /
20 J 10 -3 -3 30
b, 20 20 25 35 830
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Section 4.3 The U-V Method

The u-v method is very similar to the stepping stone method. The only
difference is with determining each z,- ¢, for the nonbasic cells. An advantage in
using the u-v method is that it does not require finding a loop for each nonbasic
variable. Finding a loop requires a little intuition and can be time consuming or
even hard to understand. This method is taken from Gass [1] and Kwak [3].

We let a constant u, be assigned to each corresponding row and a constant
v, represent each corresponding column. Now for each constant ¢, corresponding
to the basic variable X,» we letu, + Vv, =c,. We assign one of the u-v values to zero,
normally u, is chosen. We can then solve for the remaining u-v values . We then
define each z,, for the nonbasic cell to be z,=u, + V. Therefore for z - ¢, we have

Ly Cy T B TV Gy

Now Example 3.2 with the initial basic values as determined by the shortcut
method is shown Table 4.8.

Using the information from Table 4.8 we have the following:

u, +v, =8 u+v,=9 u +v, =16

u, +v,=10 w,+v; =13 W +v, =3,

Now if we assign u, = 0, then the other values are assigned as follows: v, = 8,
v,=10,u,=1,v,=12,u, = 4, and v, = 1. With this information we can complete

the first tableau as shown in Table 4.9.

71




Table 4.8

Initial Transportation Tableau of Example 3.2

To City 1 City 2 City 3 City 4 a
From
v, \A v, v,
8 10 10 9
Plant 1
153, 20 35
9 12 13 7
Plant 2
30 20 50
5
Plant 3 14 9 16
103 30 40
bj 45 20 30 30 1080

Table 4.9 Initial Transportation Tableau of Example 3.2 Using

Shortcut Method
To Cityl | City2 | City3 | Ciy4 a
From
8 6 12 1
Plant 1 8 6 10 9 35
15 _J 20 4 *2 -8
Plant 2 9 12 13 7 50
30_4 -5 20_4 -5
Plant 3 14 9 16 3 40
-2 1 10_4 30 _/
45 20 30 30 1080
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We can see from Table 4.9 that the initial tableau does not yield the optimal
solution. Now cell (1, 3) has the most positive value; therefore, X,; will enter the
basis. We must find the loop for this cell to adjust the other basic values and to
determine the basic variable to leave the basis. The result is that x,, will leave the

basis and the other values are as shown in Table 4.10.

Again from Table 4.10, we do not have the optimal solution. We now have
X;, entering the basis and x;; leaving the basis. Another run through the
transportation algorithm will give Table 4.11.

The tableau of Table 4.11 gives the optimal solution since 2, - €, < O for

all the nonbasic cells. This solution is the same initial basic feasible solution
obtained for Example 3.2 using the Vogel advanced start method. The basic values
for the optimal solution is as follows: x,, = $10, x,, = $25, x, = $45, x,, = $5,
X3, = $10, x;, = $30 and x,, = $1020.

The initial basic feasible solution for Example 3.3 using the Russell
approximation method is the optimal solution. This can verified by using the

stepping stone method or the u-v method as shown in Table 4.12.

The basic values for Example 3.3 as verified from Table 4.12 are as
follows: x,, =815, x,, = $35, x,, = 85, x,, = $35, x,, = $30, x,, = $10, X, = $30,

and x,, = $160.
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Table 4.10 Second Transportation Tableau of Example 3.2

To ciyl | city2 | Ciy3 | City4 a,
From
6 6 10 -1
Plant 1 8 6 19 o 35
2 20 ) 15 -10
Plant 2 ’ 12 13 7 50
45 ) -3 5 ) -5
Plant 3 14 2 16 > 40
) *3 10 1 ~C 30
b 45 20 30 30 1050
J
Table 4.11 Third (Optimal) Tableau for Example 3.2
To ciyl | Ciy2 | City3 | City4 a
From
6 6 10 2
Plant 1 8 6 10 ? 35
) 10 3 A2 7 -7
Plant 2 9 12 13 7 50
45 ) 3 s Y7 2
Plant 3 14 9 16 > 40
-5 10 _J -3 30 4
b, 45 20 30 30 1020
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Table 4.12 Optimal Solution For Example 3.3

To I i i v a
From
\ 7 6 5 4
ul

A 0 9 6 8 4 50
2 15 ) 3 35)

B -2 6 4 3 4 40
-1 5 ) 35 ) 2

o 5 5 5 6 7 30
30 ) -1 3 -5

D a | ¢ > 7 ¢ 40
10 ) 30 ) -3 -3

b, 40 50 35 35 715
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CHAPTER S
SPECIAL CASES INVOLVING

THE TRANSPORTATION PROBLEM

In this chapter we will look at some special cases using the transportation
problem. These special cases include the maximization problem, unbalanced
transportation problem, restricted routes, dual problems, and the transshipment

problem.

Section 5.1 The Maximization Problem

The transportation problem involving a maximization of profits is not used
nearly as often as the minimization problem we have been covering. The
maximization problem is as follows:

Find values for the variables X, which maximize

Z=Xpo Zl-m=1 Z;=lczszj (51)
subject to the constraints

DS ST i=1,2 ...m 5.2)

Z;’;lxlj = bj J= 1, 2, ., (53)
and

X,> 0 5.4)

where each a,, b, and c_ are given constraints.

VP
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Finding the initial basic feasible solution for the maximization problem is
similar to those for the minimization problem with the emphasis being placed on the

higher cost constraints. The transportation problem algorithm is the same except

we want evi - ¢_> 0 and if we must pivot we choose the most negative
1Y 25~ Cpg p g

Zpg— Cpg to enter the basis as shown below.

Transportation Problem Algorithm for the Maximization Problem

Find an initial basic feasible solution.

2. Calculate the quantities (z,,- ¢,,) for each nonbasic variable. If z,,— ¢, > 0
for all nonbasic variables the solution is optimal. If at least one
Zpg— Cpg < 0, proceed to step 3.

3. Choose the variable X,; to enter the basis, according to

2= 0 = Min {25~ Cpo}.

4. Determine the loop formed by the nonbasic cell 7, /) and the basic cells.
Number the cells in this loop consecutively, starting with (i, /); let yf;- = 1for

even numbered cells, and yfj = -1 for odd numbered cells.

5. Choose the variable x;_ to leave the basis, according to

X3, =min {xa:l y5 = 13.

6. Compute the new basic feasible solution, by adding the quantity Xg, to each
basic variable whose cell is odd numbered in the loop determined in step 4,
and by subtracting the quantity X,_from each basic variable whose cell is
even numbered. Also set X, = x, .

7. Return to step 2 [7].
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Example 5.1 The Vol-Mart Company plans to ship its product, manufactured in
3 plants, to four customers in different locations. The amounts supplied and
demanded, together with the unit profits ($) are given in Table 5.1.

The Hartley line method is used to determine the initial basic feasible
solution. The first run through the transportation algorithm gives the initial tableau
of Table 5.2.

As we can see from Table 5.2, cell (3, 3) is chosen to enter the basis. Cell
(3, 4) will leave the basis. A second run through the transportation algorithm will
give us the optimal tableau of Table 5.3.

The optimal tableau of Table 5.3 could have been determined initially using
the shortcut method. The optimal values then are as follows: x;, = $20, x,, = $30

?

X,; = $30, x,;, = 810, x;, = $40, x,, = $20, and z = $930.

Table 5.1 Example 5.1 Cost Table

To I I m v Supply
From
A 5 4 5 7 50
B 4 8 6 5 40
C 6 3 4 5 60
Demand 40 30 50 30 150
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Table 5.2  Initial Tableau for Example 5.1
To| I I il v a
From
A |73 50
3 3 40 ) 10 )
B 4 6 40
5 30 ) 10 ) 3
C 6 4 60
40 ) 2 *.1 20)
b 40 30 50 30 910
J
Table 5.3 Optimal Tableau for Example 5.1
To| I I il v a
From
A 5 4 7 50
2 3 20 }_AC 30
4 8
B 40
4 30 ) _AC10) 3
c | ¢ 3 60
40 ) 3 20 ) 1
bj 40 30 50 30 930
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Section 5.2 Unbalanced Transportation Problem

, Definition 5.1 An unbalanced transportation problem is the transportation problem

with unequal supply and demand.

There are two types of unbalanced transportation problems; (1) supply
exceeds demand, and (2) demand exceeds supply. The problem of uneven supply
and demand is easily remedicd by adding a "dummy" column, where supply
exceeds demand; or a "dummy" row, where demand exceeds supply, with cost O.
When we find the initial basic feasible solution, the "dummy" column or row is
ignored until the other rows and columns are filled. Another way to handle a
situation where demand exceeds supply and where overtime is possible to remedy
the problem, additional rows can be added with overtime and transport costs to
balance the problem.

The following is from Kwak [3] and is an example where supply exceeds

demand.

Example 5.2 Let's return to the Burns Manufacturing Company which has plants
in Chicago, Detroit, and St. Louis. On a particular day, the company has 30
sewing machines in Chicago, 40 in Detroit, and 30 in St. Louis. The company
plans to ship 20 sewing machines to Atlanta, 20 to Houston, 25 to Los Angeles,

and 30 to New York. The cost matrix is the same as for Example 3.1 (see
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Table 3.2, page 34). The first run through the transportation algorithm with the
shortcut method used to find the initial solution gives the initial tableau of Table

5.4.
The initial tableau shows that the initial solution is also the optimal solution
with the following basic values: x, = $10, x, = $15, x; = 85, x,, = $10, x,, = $30,

Xn = $207 X5 = $10, and z = $790.

Table 5.4 Initial and Optimal Tableau to Example 5.2

To| Atlanta | Houston L A |[New York| Dummy a,
From
Chicago 7 10 14 8 0 30
0 10_4 15 _/ 0 3 A
Detroit | 11 12 6 0 40
-2 -3 10 _/ 30 _4 -2
St.Louis | - 8 15 g 0 30
20 _4 10_J -3 -3 -2
b, 20 20 25 30 5 790

Section 5.3 Prohibited Routes

Prohibited routes pose another problem for the transportation problem.
Reasons for prohibited routes include road construction, weight limits on bridges,

unexpected floods, and local traffic ordinances.
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One way to handle prohibited routes in the cost matrix is to assign an
exceptionally large value to that route which we will call M. This will ensure that
the prohibited route is not taken on the transportation tableau. An alternative to
using M on the transportation tableau is simply cross out that route with an X. This

removes this route from consideration [3].

Example 5.3 The St. Louis Metropolitan Transportation Company has five relief
buses in Garage A, five in Garage B, and eight in Garage C. During rush hours,
the traffic manager wishes to dispatch four retief buses to Clayton, five to
Crestwood, five to Ferguson, and four to Overland. The dispatch of relief buses
from Garage A to Overland and from Garage C to Ferguson is temporarily
impossible because of road repair work. The expected number of minutes for a
relief bus to reach each of four destinations from each garage is given in Table 5.5.

The resulting initial tableau using the Hartley line method is as shown in
Table 5.6. As we can see from Table 5.6 on page 80, the initial tableau is again the
optimal tableau. Therefore the basic optimal solution is X,, = 4 minutes, x,, = 1
minute, X,; = 4 minutes, X,, = 1 minute, x,, = 5, x,, = 3 minutes and z = 261
minutes.

Section 5.4 Transshipment Problem

The transportation problem allows only shipments from supply points to
demand points. The transshipment problem allows some points (called

transshipment points) to act as both a supply point and a demand point; that is,
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Table S.5 Time Cost Table for Example 5.3

To { Clayton [Crestwood |Ferguson | Overland | Supply
From
Garage A 12 17 20 M 5
Garage B 18 20 12 15 5
Garage C 20 10 M 16 8
Demand 4 5 5 4 18

Table 5.6 Initial and Optimal Tableau for Example 5.3

To | Clayton [Crestwood [Ferguson | Overland a

From ’

Garage A 20 17 20 5

4 A 0 1 _A

Garage B 18 20 12 15 5
-6 =3 4./ 1/

Garage C 20 10 16 8
-7 5 A 3

b 4 5 5 4 261
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points that can both give and receive goods [4]. The transshipment problem has
algorithms used to solve the problem that are different from the transportation
problem. However, the transshipment problem can also be treated as a

transportation problem as Example 5.4 shows.

Example 5.4 Widgetco manufactures widgets at two factories, one in Memphis
and one in Denver. The Memphis factory can produce up to 150 widgets per day,
and the Denver factory can produce up to 200 widgets per day. Widgets are
shipped by air to customers in Los Angeles and Boston. The customers in each
city require 130 widgets per day. Because of the deregulation of air fares,
Widgetco believes that it may be cheaper to first fly some widgets to New York and
Chicago and then fly them to their final destinations. Figure 5.1 shows the air

shipping costs between each city per widget.

Figure 5.1 Air Routes and Costs for Example 5.4
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To set this problem up as a transportation problem, we establish the
transshipment points as supply points and destination points with supply and
demand equal to the total supply. The transportation cost for the transshipment
point to itself is of course zero. Also since supply exceeds demand, that is the
problem is unbalanced, a dummy column is necessary. The amounts supplied and
demanded also with the cost per item to transport is given in the cost table in Table
5.7 and the initial transportation tableau is shown in Table 5.8 using the shortcut
method.

Two runs through the transportation algorithm gives the optimal solution of
Table 5.9. The optimal route is given in Figure 5.2 with 20 widgets remaining in

Memphis and 70 widgets remaining in Denver. The optimal cost is $6370.

Table 5.7 Cost Table for Example 5.4

To | New York| Chicago LA Boston | Dummy | Supply
From
Memphis 8 13 25 28 0 150
Denver 15 12 26 25 0 200
New York 0 6 16 17 0 350
Chicago 6 0 14 16 0 350
Demand 350 350 130 130 90

85



Table 5.8 Initial Tableau for Example 5.4

To |New York| Chicago LA Boston | Dummy a
From
Memphis 8 13 25 28 0 150
0 1 1304~ -3 20
Denver | 13 12 26 25 0 200
-7 2 -1 130/ 70 _A
New York| O 6 16 17 0 350
350 _4 0 A 1 0 -8
Chicago 6 0 14 16 0 350
-12 350 -1 -3 -12
b, 350 350 130 130 90 6500
Table 5.9 Optimal Tableau For Example 5.4
To |New Yorkj Chicago LA Boston | Dummy a
From ‘
Memphis 8 13 25 28 0 150
130 4 -1 -1 -3 20
Denver 15 12 26 25 0 200
-7 0 -2 130) 70 )
New York| © 6 16 17 0 350
220 ) -2 130 0 -8
Chicago | © 0 14 16 0 350
-2 350 -2 -3 -12
b, 350 350 130 130 90 6370
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Figure 5.2 Optimal Route and Quantities for Example 5.4
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bounded transportation problem, 33 transportation problem, 7, 33
basic feasible solution, 6 transportation problem algorithm, 61

basic solution, 6 unbalanced transportation problem, 80

basic variables, 6

@, cell, 55

convex, 3

convex combination, 3

convex hull, 4

cycle, 56

extreme point, 3

feasible solution, 6

linear functional, 6
linear-programming problem, 4, 8
loop, 56

minimum feasible solution, 6
nondegenerate basic feasible solution, 6
optimal basic feasible solution, 6
optimal solution, 3

simplex, 4

simplex method, 17, 20

slack variable, 4
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