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ABSTRACT 

The purpose of this paper is to solve an example of an eigenvalue-

eigenvector problem which is formulated in Minimax Algebra. This exam 

ple is motivated by the Industrial Machine example which is explained 

in detail in Chapter 1. Also in Chapter 1 we list the basic definition 

of the binary operations. Next we give the standard axioms on which 

Minimax Algebra is based. 

In Chapter 2, we give some of the theoretical results that arise 

in Minimax Algebra. Also, the underlying algebraic structures in 

which the eigenproblem may be viewed is given. A summary of these 

structures is given in Definition 2.2. 

Next, in Chapter 3, we give the related theorems, lemmas, propo 

sitions, and corollaries that are needed to establish the procedure 

for calculating an eigenproblem. These statements make use of the 

ideas given in Chapter 2, along with some ideas from, graph theory. 

Finally, in Chapter 4, we state a particular eigenproblem and 

solve it using procedures that are established in the previous chapters. 
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CHAPTER 1 

INTRODUCTORY CONCEPTS OF MINIMAX ALGEBRA 

A study of Mlnimax Algebra begins with a study of an algebra of 

real numbers. We will introduce this algebra by giving the defin 

ition for binary operations, a list of axioms, and an example to which 

this algebra may be applied. 

Definition 1.1. The binary operations for minimax algebra are as 

follows: 

(I) (i) Let X ® y mean the arithmetical sum of two numbers 

i.e. "x + y" . 

(ii) Let the selection of the larger of two numbers be 

denoted by x © y which is also "max(x, y)" . Also 

we have max(x,,..., x )= x^ © x„ © ... © x . 
1 n 1 2 n 

(II) (i)' Let X ® y be the arithmetical sum of two numbers 

"x + y" . 

(ii)' Let the selection of the smaller of two numbers, in 

S3nnbols, be x ©' y or equivalently "min(x, y)" . 

Again we also have min(x,,..., x 
1 n 

)= x, ©' x„ ©' 
1 2 

... ©' X 
n 

Notice that operations (i) and (i)' are the same operation. 

The sets of operations (I) and (II) are said to be dual operations. 

We next state a list of axioms on which Minimax Algebra is based. 

Let S be any set of real numbers, then for all x, y e S we have: 

Aj^: X © (y ©' x) = X ©' (y © x) = x 

A2: X © (y © x) = (x © y) © 2 



 

 

 

 

A3: 
> 

00 

Vx, y€S , x©y= orX X © y = y 

A5: X © X = X 

x:0(y 0 z) = (x 0 y) 0z 

X 0 (y © z) = (x 0 y) © (x (g z) 

(y © z) ® X = (y 0 x) © (z (g x) 

Ag: X ©' (y ©' z) = (x ©' y) ©' z 

X ©' y = y ©' X^0= 

X^11' X ©' X = 

(y 0' z) = (x 0' y) ®' z^12: X 0' 

X 0' (y ©' z) = (x 0' y) ©' (x ®' z)^13' 

(y ©' z) 0' z = (y 0' x) ©' (z ®' x)^14" © 

^15' 3 (J) f S such that (j) 0 X and X 0 both equal x 
II 

for all K £ S . 
© 

a S € S such that for all x £ S , x®6 = x and 6 © x , 

X (g) 9 both equal 0 . 

VxgS ,ax'fS such that x ® x' = (jj and x ®' x' = 9 . 

If E, c s (where E, is the set of 1-tuples), then 
io i i 

Vx 6 E , [ I I 3)] ® X >_ X and 
©aeE' 

X ® [ 5! 
© 

(a ®' a*)] >_ X . 
aeE 

1 

Here the symbol 'V' is defined to be the usual linear ordering 

relation and means the element which corresponds to a under 

some bijactive mapping. 

A^^: X ® (y 0' z) <_ (x 0 y) 0' z and x 0' (y 0 z) (x ®' y) 

A^gi For all w, x, y, z in a belt V the following hold: 



 

If w _> X then y ® w ̂ y igi x and w ® y _> x ® y. 

If w >_ X and y ̂ z then w ® y _> x ® z . 

Vx, y€ S , x®y = y®x . 

Next we give an example to which Minimax Algebra may be applied. 

This example, which we will call the Industrial Machine Example, gives 

rise to the eigenvalue-eigenvector problem which is the topic of this 

paper, 

To begin with, we have a situation where there are several inter 

dependent machines involved in some industrial process. The relation 

ship between the machines is this: A particular machine cannot begin 

its cycle until certain others have completed their cycles. Thus, 

begin by labeling the machines 1, 2, 3,..., n . The recurrence 

relations between the machines takes on the form x^(r + 1) = 

max(x (r) + t (r), x (r) + t (r),..., x.(r) + t.(r),..., x (r) + t (r))
1 1 2 2 1 1 n n 

Here x^ denotes the thi machine; x^(r) is the starting time of 

the r*"^ cycle for the i^^ machine. Intuitively what this says 

is that machine x^ must wait to begin its (r + 1) cycle until the 
tVi 

other machines have finished their r cycle, where the duration of 

operation for each machine is t^(r) . In general the recurrence 

relation formula may be stated as follows: 

(1.1) x.(r + 1) = max(x,(r) + b. , x„(r) + b.„,..., x (r) + b. )
1 1 il 2 i2 n in 

where i= 1, 2,..., n . 

Now here the terms b^^(r) and x^(r) may have no physical signifi 

cance. If this is the case, then the term is assigned to them. 



and the max operator simply ignores them. In other words this formu 

lation allows for all possible relationships between the machines to 

be expressed. 

Expression (1.1) can now be stated as ® Xj^(r)) © ... © 

(b^^(r) ®x^(r)) by Definition l.l(ii). We can now introduce the 

matrix notation corresponding to these recurrence relations: 

^(r) = [b^^(r)] and X(r) = [x^(r)] . Now we have the precise formu 

lation X(r + 1) = ̂ (r) ® X(r), which in long notation becomes 

x^(r + 1) b-i x^(r)
11 12 in 

X2(r)^21 ^22 • • 2n 

x^(r + 1) b., b.„ . . . b. x.(r)
il i2 in 

X (r + 1) b . bn . . . b X (r) 
n ni ni nn n 

For an example, see Appendix 4. The formula X(r + 1) = ̂ (r) ® X(r) 

can be thought of in an iterative fashion: 

X(2) = B(l) ® X(l) 

X(3) = B(2) ®X(2) = B(2) ®B(1) ®X(1) 

X(4) = B(3) ® X(3) = B(3) ® B(2) ®B(1) ® X(l) 

X(r + 1) = B(r) ® X(r) = B(r) ® B(r - 1) ® ... ® B(l) ® X(l) 
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If we assume that the matrix ^(r) is not a function of r 

(i.e. B is the same matrix for B_(l), S(2),..., ̂ (r)), then 

X(r + 1) = ̂  igi X(l) . This models the behavior of the systems of 

machines over a period of time. 

The question "how must the system be set in motion to ensure 

that it progresses in regular intervals?" leads to the eigenvalue-

eigenvector problem. More precisely stated, this becomes "for what 

constant X will the interval between consecutive cycles on every 

machine be A ?" This leads us to solve X(r +1) = X ̂ X(r) . But 

X(r +1) = X(r) , which implies that we solve B ® X(r) = X ® X(r) 

which is an eigenvector-eigenvalue problem. We will later solve this 

problem. Now we give the needed theoretical background to solve the 

problem. 



CHAPTER 2 

THEOREMS AND DEFINITIONS FROM MINIMAX ALGEBRA 

In this chapter we present some of the theory behind Miniraax 

Algebra. The motivation here is to list the results that will be 

needed as background for the resolution of the eigenproblem. The 

following material may be found in greater detail in Cuninghame-Green 

"Minimax Algebra", if the reader wishes to investigate further. 

We begin by giving a slight modification of the two basic 

binary operations. 

Definition 2.1. vx, y € S let x©y = x if x^y 

= y otherwise. 

Here © is denoted as "max". Similarly we have for the dual operation: 

Vx, y g S let x©' y = x if y^x 

= y otherwise. 

Here ©' is denoted as "min". 

Next, we will look at some of the algebraic structures that are 

found in Minimax Algebra. These structures may be listed in the 

following two part definition. 

Definition 2.2. Let S be a set of real numbers and let the binary 

operations ©, ©', ®, ®' be defined as in Definition 1.1. The 

following table (Table 2.1) lists the various algebraic structures in 

Minimax Algebra and the axioms which they satisfy. 
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(S> ©) is called a commutative band. 

(S> ©. 0) is called a belt. Notice here that (S, ©) is impli 

citly assumed to be a commutative band under the appropriate axioms. 

(S, ©, 0) is called a commutative belt. 

(8, ©, 2 called a belt with identity. 

(S, ©, 0)^ is called a division belt. 

(S, ©> 0, ©'j 0') is called a belt with duality. The differences 

here between a belt and a belt with duality are: (i) the inclusion of 

the dual operations ©', 0' ; (ii) a belt with duality satisfies 

axioms through under ©', 0' ; (iii) a belt with duality 

satisfies axiom A^^ which expresses the correlation between © and 

©' . 

(S, ©, 05 ©', 0') is a commutative belt with duality. 

(S 5 ©5 0, ©'5 0')2 is a belt with duality with identity. 

(S5 ©5 05 ©'5 0')2 is a division belt with duality. 

(S 5 ©5 ©') is a commutative band with duality. 

As an example consider the two systems (R5 max 5 +) and 

(R5 min5 +) . These two systems are respectively referred to as the 

principal interpretation and the dual principal interpretation. Both 

are examples of commutative division belts with identity. 

We now list as another definition the idea of a blog. This 

structure forms the abstract framework in which the eigenproblem can 

be cast. 

Definition 2.3. Let (G5 ©5 0) be a division belt. Now let 

W = G U {-"} U {+"} 5 i.e.5 Vx $ G 5 +« and -«= are the adjoined 

elements. 



We define a new system (W, ©, 0, ©', 0') which satisfies the 

conditions listed in Table 2.2. 

TABLE 2.2 

BLOG STRUCTURE 

X y X © y X ©' y X (gi y X 0' y 

—00 —oo —00 —00 —00 —00 

—CO —00 —00 —00y ̂  G y 

—00 +00 +0O —00 —CO +00 

—00 —00 —00 —00X g G X 

,-I ̂  -1--1 
X 6 G y € G X © y (x © y ) X 0 y X 0 y 

+00+00 +00 X +00 

+CO — +00 —00 —CO +00 

x€ G 

CO 

+C0 y 6 G +00 y +CO +00 

+00 +00 +00 +00 +CO +00 

Note: Here ()^ stands for the unique two-sided multiplicative 

inverse of x or y . 

Proposition 2.1. (R, max, min, ig') is a blog. 

Proof. The proof follows from straightforward verification of the 

conditions listed in Definition 2.3. ' 

We can now think of (R, max, 0, min, 0') as an extension of 

the original concepts of the principle interpretation and the dual 

principle interpretation. From now on (R, max, 0, min, ®') will 

be considered as the principle interpretation. 
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The next group of concepts we give will be the functionally re 

lated ideas that occur in Minimax Algebra. 

Definition 2.4. (1) Let (S)^ be the set of all functions from 

some given set U to another set S . Now let S = (the set of 

one-tuples defined over R) and = (E^, ©, (g) be a belt. Now sup 

pose ((E^)^, ©) is a commutative band. Then is called a 
function space. 

(2) Suppose that (U, ®) and (S> ©) are both commutative 

bands. For f^ ^^1^^ Vx, y6 Ej^ let f(x © y) = f(x) © f(y). 
This property is called a band homomorphism. 

(3) Suppose f is a band homomorphism; then this with partial 

ordering for © implies f(x) ̂ f(y) if x ̂ y . Such a function 

f is said to be isotone. 

Let f € ^ and f O A , A ® f 6 • Then 

define f g A and A g f as: 

(f g A)(x) = f(x) g \ 

Vx f U < 

(X g f)(x) = A g f(x) 

(4) Let S = (S, ©, ig) be a belt and let T = (T, ©) be a 

given system and define a right multiplication of elements of T by 

elements of S such that the following axioms hold: 

(vT, ©) is a commutative band 

B^: V X g T and vA,y^S (x®A)®y = x®(A®y) 

B^: V X, y g T and V A € S (x © y) ® X = (x ® A) © (y ® A) 
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V X € T and V X,p € S x ® (A © y) = (x ® A) © (x ® y) 

B;.: If S has an identity element (j) then VxgT, x®(j) = x . 

Then (T, ©) is a right band space over S . If (Q, ©) and (T, ©) 

are both spaces over S then g: (Q, ©) -> (T, ©) is a right linear 

homomorphism if and only if V x € 0, and V A 6 S , g(x ® A) = g(x) ® A 

A left band space and a left linear homomorphism may be defined anal 

ogously. 

(5) A ̂ sided space is a triple (L, T, R) such that the fol 

lowing axioms hold: 

Cj^: L is a belt and T is a left band space over L . 

C^: R is a belt and T is a right band space over R . 

C^: V A € L ,V X 6 T and V y € R: A ® (x ® y) = (A ® x) ® y . 

Next, we turn our attention to the idea of matrices. To begin 

with, let (Ej^, ©, ®, ©', ®') be a division belt with duality. Using 

elements from E., we can form the system (M , ©, ®, ©', ®') which 
i mn 

is also a division belt with duality. (Here the notation M stands 
mn 

for the set of all (m x n) matrices over E^ . We can further ex 

tend (Ej^, ©, ®, ©', ®') by adjoining the elements +«>, -«> such that 

the conditions of Definition 2.3 are met. Then, we will have the alge 

braic structure (y, ©, ®, ©', ®') which is a blog. Again, using 

elements from W , we can form the system (W , ©, ®, ©', ®') . 
mn 

What this means in terms of the eigenproblem is that we will look at 

the system (R , ©, ®, ©', ®') which is interpreted as 
mn 

(R , max, ®, min, ®') . It must be noted here that the operations 
mn 

of (W, ©, ®, ©', ®') and of (W , ©, ®, ©', ®') are different. 
mn 

The matrix operations are defined as follows: 
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Definition 2.5. Let a,, be any element in V'- and let [a..], [b..]
±2 ' 'ij 'ij 

be any elements of W ; then we have the following: 
mn 

(1) V[a..], [b..] €W , [a..]©' [b..] = [a..©' b..] €K 
ij ij mn ij ij ij ij mn 

V[a..], [b..l €W , [a..]© [b..] = [a..©b..] €W
^ 1.1"'i:' mn 'ij' 'ij' ^ ij ij mn 

(2) V [a.J. [b.J 6 , 
ij ij mn 

[a..] [b. ^ (a.. ®' b..)] € 17 
iJ iJ r=l® 

V [a..], [b..] 6 W , 
ij 11 mn 

[a..]® [b..] = [ )^(a. ® b .)] € W 
ij 11 r=I 

To give justification for the preceding paragraph, we will now 

establish the (G, B>, S)-hom-rep-statement. Let G,^ stand for 

matrices such that given m, n , then G , B represents classes 
mn mn 

of m X n matrices. The phrase (G, B, S) means Vm,n , P 1 

(G ,©) is a commutative band and (B , ©) is a function space 
mn mp 

over (S, ©, ®) ; for each A € G , the left multiplication 
mn 

g^: ^ I > A® ̂  is a right linear homomorphism of ^^^p' into 

(B , ©) over S and is isotone. The mapping x: A g is 
mp ~ A 

a representation of (G ,©) as a commutative sub-band (LG , ©) 
mn mn 

of (Honu(B , B ), ©) . (Here Hom^ stands for the set of homomor-
a np mp S 

phisms between B and B ). If m = n then (G , B , S) is 
np mp nn np 

a two-sided space and x is a representation of the belt 

(G ,©,®) as a sub-belt (LG ,©, ®) of (Hom„(B , B ),©, ®) . 
nn nn B np np 

We now state a theorem. 
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Theorem 2.1. Let be a belt. Then the (M, M, -bom-rep state 

ment is true where M stands for a class of m x n matrices over E^^. 

Proposition 2.2. Let E^^ be a belt with duality. Then 

(^nn' ®' ^ belt with duality. 

Proof. The proof follows from Theorem 2.1 since the (M, M, E^)~ 

bom-rep-statement is true. • 

The concept of conjugate is now defined in terms of Minimax 

Algebra. 

Definition 2.6. Let (V, ©) and (W, ©') be given commutative bands, 

(W, ©') is conjugate to (V, ©) if 3 a function g: V W such 

that: 

g is bijective. 

Q^: Vx, y s , g(x (gi y) = g(x) ©' g(y) . 

Q.: , e V , g(x (g y) = g(y) ®' g(x) . 
J X > y 

Also, if (S, ©, ©') is a commutative band with duality, then we say 

that (V, ©, ©') is self conjugate if (V. ©') is conjugate to 

(V, ©) . 

In terms of belts with duality, we say (S, ©, ®, ©', ®') is 

self conjugate if (V, ©', ®') is conjugate to (V, ©, ®) . Here 

we also have the idea of the conjugate for a matrix. It is defined 

as (l _<i_<m, I jij^n) • Tlie symbol 

stands for the conjugate. 

Proposition 2.3. If S and S* are conjugate systems, then x ̂ y 

in S if and only if x* _< y* in S* . Similarly, x > y in S 

if and only if x* < y* in S* . 
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Proposition 2.4. Every division belt is self-conjugate under the 

bijection x* = x ^ and every blog is self-conjugate under the bi-

jection (-00)* = +00 , (+<»)* = _oo , x* = x ^ if x is finite. 

We will now state and prove a theorem about conjugate systems. 

Theorem 2.2. Let (E*> ®') be conjugate. Then so 

are (M ,©) and (M *, ©') for any integers m, n > 1 . If 
mn mn j '=> — 

multiplications are also conjugate, then multiplications ®,®' 

are also defined for M , M * respectively, for each integer 
mn mn 

n > 1 , such that (M ,©,®) and (M *, ©', ®') are conjugate. 
— nn nn 

Proof; Start with V as a set of matrices over and let 

g: V V* be defined by g: A |—-> A" as A* = A ^ . Consider 

the restriction of g to M . Since the inverse of a matrix is 
mn 

unique this mapping is 1-1 and onto. 

A, B g M we have 
— — mn 

{g(A © B)}.. = {(A© B)*}. . = ({a1 .. © {bI..)* 
- - 11 - - 11 -11 -11 

({A}^.) ©' = {A*} _ ©' {B*}_ 

= {a^^ ©'■ B*}_ = {g(A) ©' 8(B)Kj 

So we now have g(A© = g(A) ©' g(^) . So Q2 is satisfied by 

all M matrices. Now { g(A g) B)}. . = {(A s B)*} . . by 0 . 

{ (A 1® B)*} . . = ({A ® B} . = 
- - 11 - - 11 
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J,e' <"2W*8' 

- ®' (A«)y) - (B^ ®' 

= {g(B) g(A)}_ = g(A (g) B^) = g(B) ®' g(A) 

So Q„ is satisfied for (M , ©, ®) , (M , ®') 
j mn mn 

We now look at the idea of pre-residuation. 

Definition 2.7. Let be a self conjugate belt. We say is 

pre-residuated if it satisfies A^^g: If J c is a finite set of 

elements, then: 

Vx € E, , [ y (a* ® a)] ®x > x 
I t© ~ 

aeJ 

and 

X ® [ y (a ®' a*)] > X . 
^T© ~ 

a€J 

Theorem 2.3. All division belts and all blogs are presiduated. In 

particular, the principal interpretation is pre-residuated. 

Proof. By Proposition 2.4 all division belts and blogs are self 

conjugate. Let J be a finite subset of a division belt or blog 



 

�
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and let a € J , x € E^^ be arbitrary. If E^ is a divisiion 

belt a* (g)' a = (j) (since a* = a ^ , then a ^ ®' a = (|)) . If E^ 
is a blog then a* ®' a = (J) or +<» by Proposition 2.3. So we have 

^ ^1 (a* ®* a) _> (j) . Now by Axiom 20 we have 
a€J® 

y (a* ®' a) ® X > d) ® X implies y , (a* ®' a) ® x > x . Also, 
aid® ~ aej® 

by Axiom 20 we have , (a* ®' a) ^ (f) implies 
asj® 

X ® I ®' a) ^ X ® ({) which implies x ® y , (a* ®' a) > x . 
T ® T©agJ agJ 

Thus all blogs are pre-residuated so the principal interpretation is 

pre-residuated. 

Theorem 2.4. Let E^ be a pre-residuated belt and J a given finite 

set of matrices over E^ . Let X be an arbitrary matrix over E^ . 

Then P®' X_<X_<^®X 1 . Also, X®' P__<X_<X®^ 1 where 

I' = (A® A^'O 1 , 0 = I (A* ®' A) [ . 
AeJ® Aej® 

Here the symbol " —|" means that the foregoing statement annlies 

only when the matrices involved are conformable for the relevant 

operations. The meaning of conformable is that if A ^ M and 
— mn 

B c M , then A and B are conformable for addition whenever 
~ pq - -

both m = p and n = q ; and conformable for A 0 B_ whenever n = p . 

Theorem 2.5. If E, is a pre-residuated belt, then M is a nre-
i nn 

residuated belt for each integer n _> 1 . 

Theorem 2.6. Let E^ be a pre-residuated belt satisfying Axiom A^^^ . 

The following inequalities apply for arbitrary matrices A, X over 

^1 • 
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(1) A* 0 (A 0' p < X ̂ A* 0* (A 0 X) _] 

(2) A ® (A* 0' X) < X < A 0' (A* 0 X) —| 

(3) (X 0' A) ® A* <X < (X 0 A) 0' A* —I 

(4) (X 0' A*)0 A £ X <_(X 0 A*) 0' A —I. 

Proof. We will use Theorem 2.4 and Axiom A^^g to prove the above 

statements. 

(1) A* 0(A 0' X) (A* 0 A) 0' X 5 X and 

A* 0' (A 0 X) > (A* 0' A) 0 X > X . 

(2) A 0(A* 0 X) £ (A 0 A*) 0' X £ X and 

A 0' (A* 0 X)^ (A 0' A*) ® X 1 X . 

(3) (X 0' A) 0 A* ̂ X 0' (A 0 A*) < X and 

(X 0 A) 0' A* ̂ X 0(A 0' A*) >X . 

(4) (X 0' A*) ® A ̂ X 0' (A* 0 A) > X and 

(X 0 A*) 0' A £ X 0 (A* 0 A') < X . • 

Here we assume A € M and X 6 M 
— mn — nr 

We now list some ideas from schedule algebra which are related 

to the eigenvalue-eigenvector problem. Let A be a matrix which 

defines a process for which the vector of earliest beginning times 

for the cycle 0 is X € E . Next, we look at the vector of actual 
— n 

start times. Let this vector be t_(0) . Evidently, we have _t(0) ̂ x -

This implies that we have A 0 for the vector for earliest start 

times for cycle one, and the vector of actual start times for the first 

cycle will be ;t(l) A0X . Continuing in this manner, we have: 

_t(r) ̂ A 0^(r - 1) ̂ ... A^ 0;^(0) ̂ A^ 0 X . 

How the criterion we wish to impose is that we want the process to 



 

�

18 

stop at or before a given vector of completion times ^. We also 

assume the cycle will run up to and including cycle N . In symbols 

this requires ® 2^ 1^ • We say that the pair X, Z is compat 

ible for (A, N) if A^"^^ ® X _< Z . 

Definition 2.7. A sequence {t(r)} (r = 0, .,., N) will be called 

feasible for (X, 7^, N) if 

(1) _t(r + 1) _> A ® t(r) 

(2) _t(N + 1)1 Z 

(3) t(0) > X . 

Theorem 2.7. Let be a pre-residuated belt which satisfies 

Axiom A^q . If ACM ,X€E and Z € E , we have Z > A ® X 
lo — mn — n — m — 

if and only if X < A* ®' Z . 

Theorem 2.8. Let E^^ receive the principal interpretation. Let 

A € M and X, Z € E for some integer n > 1 . Let N > 0 be 
— mn — — n ^ — — 

a given integer. Then the following are equivalent: 

(i) X, ̂  are compatible for (A, N) 

(ii) a a sequence {t(r)} which is feasible for (X, N) 

(iii) Vr = 0, 1,..., (N + I) then A^ ® X = ®'^ 

where a'^ ® X = X and A^ ® ^ ~ ̂  where r = 0 , s = 0 . 

Proof. (i) and (iii) are equivalent by Theorem 2.7. Also 

N+1 

k".— + 1) A ® ̂ (N) 2. • • • 2. A ® ̂ (0) so (ii) implies (i) . 

Also if ^ 2. A
N+1 

® A. then the sequence {^(r)} defined by 

^(r) = A ® X (r = 0,..., (N+1)) is a feasible sequence for 

(X, Z, N) so (i) implies (ii) . 
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Theorem 2.9. With the ideas from Theorem 2.8, any sequence t(r) which 

is feasible for (X, Z, N) satisfies ® X £ t(r) £ r+1)* ^ 

(r = 0,..., (N + I)) . 

Definition 2.8. (X, N) - feasible y continuation of a sequence 

is a sequence t(r) , (r = 0,..., (s - 1)) and satisfies t_(s) = Y . 

Theorem 2.10. With Definition 2.9, a sequence {^(r)} (r = 0,..., 

(s - 1)) satisfying: 

(i) t(0) > X 

(ii) If S. 2 then ;t(r + 1) 2. A ® (r = 0,..., (s - 2)) 

has an (X, N)-feasible Y continuation if and only if 

A ® ;t(s - 1) £ Y _< z . 

Proof. From Definition 2.7 and Theorem 2.9 we have 

A ® X ̂ t(r) £ A^ ^ ®' Z and A ® ;t(s - 1) ̂ A ® X where 
CN-<5+1 

^(s) ^ A ® ̂ (s - 1) . Thus A®_t(s-1) _<Y_<A ®'^ where 

we let ;^(s) = y . Now suppose that A ® _t(s - 1) ̂ Y ̂ A^^ s+1) ^ ̂ 

Now by Theorem 2.7 we have A^^ s+1) © y^^ . Now from the conditions 

that 

(i) t(0) < X 

and 

(ii) If S ̂ 2 , then t(r + 1) ̂ A ® _t(r) , we have 

^(0),..., ^(s - 1) , Y, A ® Y,..., A*"^ s+1) feasible for 

(X, Z, N) . 

Definition 2.9. The vector of component-wise differences between 

(N-s+D*
If and A ®'^ is the total float vector. The vector of 

component wise differences between Y and A* ®' (A ® Y) is called 
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the free float vector. We now give an example of Definition 2.9, but 

first we need to introduce a new notation. Here the symbol means 

the component-wise differences between any two matrices A and B . 

Example 2.1. Let 

A = 2 

6 

.00 6 

A^ = 2 2 

6 3 

10 12 10 

6 8 5 

8 9 10 

For details of the calculations, see Appendix 1 

Now, let 

28 17 

X = z = 20 V = 13 

10 17 
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10 12 10 2 ~16~ 

0 X = 6 8 5 4 = 120 

_8 9 10 6 16 

-10 -6 -F "l8"" 
2* 

A ®'z = -12 -8 - 9 0 10 = 16 

-10 -5 10 18 

So 2 2* By Theorem 2.10 completion time ^ is 

achievable. Therefore, the total float vector is 

18 ~17~ '"l 

= 
-16 13 3 

18 17 1 

Here 

represents the time in which cycle 2 activities may be delayed. 

A ® Y = 

—— 

4 

.CO 

.00 

2 

6 

2 
0 

— 

17 

13 = 

p. 

23 

19 

4 6 3 17 21 
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"23" 27 

A''' ®' (A ® Y) = 19 = 23 

_4 6 ^ _21_ _27_ 

So the free float vector is 

J 
17 ""27" ~-l~ 

CM 

13 23 -10= 
- 00 

_17_ _27_ MC _-10 
I"' 

8 

Now, we will explain some different types of matrices that will 

be used in Chapter 3 to develop the theory behind the solution of the 

eigenproblem. 

A row stochastic matrix is a non-negative matrix in which the 

sum of the elements in each row equals zero. A column-stochastic 

matrix has the sum of the elements in each colum equal to zero. 

Double stochastic matrices are both row-stochastic and column-stochastic. 

In Minimax Algebra we can formulate similar ideas. 

Definition 2.10. Let (E^,© ,®,©', <8)') be a belt with duality 

and let (a ,©,®.©'>®') be a sub-belt with duality. Then S CE 

is a -astic if T ^ g a, . If a, is {<j)} , then 
* xis® * 

^ X = the identity (j) . 
X6S© 

Definition 2.11. A matrix over E, is row-a -astic if the elements 
i (p 

in each row form a a -astic set. Analogously there exists column-
<P 

a -astic and double a -astic matrices. If o is a group then we 
(j) <}) 9 

use the terminology G-astic. If G = {(j)} then use the term (Ji-astic. 
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We give examples of these ideas. 

Example 2.2. Let E, = R (the extended reals) and let a. = I,
i (P ^ 

(the set of integers including ±0°) , and look at 

8 10 

A = 

12 15 

so 

= [2, 4, 6, 8, 10] 

and 

$2 = [3, 7. 9, 12, 15] 

for row 1: ) x € a. since ) x = 10 which is an element 
X6S®^ ^ xes® 

; 

for row 2: ) x = 15 which is an element of a. . 

is® ^ 
So A is row-a^-astic. Similarly, it is easy to see that A is also 

column-o^-astic. Notice that is a group so A is G-astic. 

We now discuss the linear equation A ̂ X = ^ , where 

A f M , b € E . Here, we have to find a vector x such that 
— mn — m — 

A ® X = ^ . This may be interpreted as the solution set of simultaneous 

linear equations in Minimax Algebra. 
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Proposition 2.4. The set of solutions of A ® ^ is either empty 

or is a commutative band. 

Proof. Assume Xj i6 are solutions to A ̂ x = ^ • Then we have 

A ®(x © _y_) = (A ® x) ® (A ® y)"^ ^ ^ • 

Theorem 2.11 (Cunningham-Green [4]) . Let be a pre-residuated 

belt satisfying A^g . Then A ® 21 ~ ̂  l®ast one solution if 

and only if x = ®'A is a solution and Jl ~ A'^' ®'A i® 

greatest solution. 

Proof. For the "if" suppose x = A* ®'A • Then A ® (A*®' A^ ~ 

(A ® A*) ®' A ~ A ®° 21 is a solution. For the "only if" use 

_U € as a solution of A ® 21 ~ A • Then A ® (A* ®' A) ~ 

A ® (A* ®'(A ® Jl)) ~ A ® A ~ A • X ~ A* 'A is a solution of 

A ® X ~ A • hy Theorem 2.6 we have jj ■< A* ®' (A ® 22.) = A* ®* A ~ 21 

so X is the greatest solution. 

Note: Here "greatest solution" is in the context of the property 

of being linearly ordered. 

We will now list a set of equations P and their principal 

solutions Q in Table 2.3. 
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TABLE 2.3 

EQUATIONS OVER A BLOG 

A ® X = B A* ®' B 

A* i5p X = B A «''1 

A ®• X = B A* Cg) B 

A*'5' X = B A ®) B 

X ® A = B B 2)' A* 

X ® A* = B B ®" A 

X ® = B B (2) A*' A 

X ® • A* = B B ® A 

To give some justification for the solutions listed in Table 2.3, 

look at A ® X ~ ̂ ' Since each column of ^ is produced by the 

action of matrix A on the corresponding column of x , the truth of 

this statement follows from Theorem 2.11. (Note: Here x is a matrix) 

The other statements follow similarly. 

We now give some further results concerning the equation 

A ® X = ^ • 

Theorem 2.12. Let E^^ be a blog. If all elements of b are -«= , 

then A ® (A* ®' has ^ as its unique solution. If all elements 

of b are 4-» , then solutions to A ® (A* ®' are exactly those 

elements of E which have at least one element equal to +«> . 
n 
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Theorem 2.13. Let E, be a blog and let A € M be doubly G-astic 
i — mn 

and b € be finite. Then a necessary and sufficient condition that 

the equation A ® x = b have at least one solution is that we can find 

a finite number of elements x,, x„,..., x such that 
1 2 n 

matrix ̂ = [({b}J4® ^^^ij ^j^ doubly (jj-astic. 

Proof. A ® X = k has a solution if and only if it has the principal 

solution 2i = A* ®' h_ which is finite, i.e., if and only if we can 

find finite elements x,,..., x such that: 
i n 

m 

= I©' ®' {b}^) (j = 1,..., n) 
i=l 

1,..., m)J,® ® h*" 

which are the same as 

111 

-1 
,)) ® = (j) (j = 1,..., n) ,t.I e' ((A-'lji®' ̂ i' 

1=1 

({b}.)
-1

® y ({A}..®x.) = (f) (i=l,...,m) . 
- 1 j= - 11 1 

Now we will have 

m _ m 

: I ©. ®' {b}.))"' =( I ©. . ®' {b}.))* = 
i=l ^ i=l 

m m 

.1^© {b}.)* = _ly({b}|) ® ({A-^}..)'^) 

1I.©(({b},)-^® {A} ) 
i=i 
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which gives 

I @(({b}^)-1 ® {A} ® X ) = <1) (j = 1,..., n) 
i=l J J 

and 

I -(({b}/) ® {A} ® X.) = <{, (i = 1,..., m)
j=l ^ ^ ^ 

which implies that these are respectively 

m 

I 0 (j = 1,..., n) 
i=l 

and 

I © {B} = <() (i = 1,..., m) . 
j=l^ 

The last topic in this chapter deals with linear dependence. 

We will give the appropriate definition and then two examples. 

Definition 2.12. If A $ M , and A has n columns and each 
— mn — 

column is an m-tuple i.e. a(i) 6 E , then the equation A (gi x = b 
— m — — — 

n 

may be written as ) a(j) g x. = b . This situation is right linear 
i=i® ^ 

dependence. Analogously we can define 

n 

X. ® I a(j) ® X. = b 
3 j=l ^ 

to be left linear dependence. 
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Example 2.3. Let be a non-coiranutative division belt, and let 

a^^, c, X g E^ be chosen so that c ® x 7^ x ® c and define: 

^2 ~ ^1 ^ 

~ ̂ 1® ^ b = 

^2"^2® ^ 

Then we have ® X ; hence ^ € E2 
.^2. - ^2-

dependent on a. € • Suppose _b were also left linearly dependent 

on ^ i.e., for some y g Ej^ we have: 

1 1 
= y 

Then a2 ® x = y ® a^ . Substituting for a^ we have 

a^ ® c = v ^ ® c . But y ® a^^ = b^ = a^^ ® X . SoX 

a^ ® c = a X ® c which implies c ® x = x ® c (since E^ isX 

1 

a division belt) which is a contradiction of the hypothesis that we 

had a non-commutative division belt. So left linear independence and 

right linear independence do not imply one another. 

Example 2.4. Let 

0 20 100 110 

A = 20 4 10 b = 30 

2 18 10__ 38 
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We will show that we have right linear dependence over . The 
n 

equation V a(j) ® x(j) = b is the following where we pick 
i-fi' 

10 

""(j) 
20 

10 

Thus, 

0 20 100 10 

20 4 10 20 

2 18 10 10 

(0 0 10) © (200 20) © (1000 10) 110 

(20 0 10) © (4 0 20) © (100 10) 30 

(1 ® 10) © (180 20) © (100 10) 38 
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CHAPTER 3 

THEORY OF THE EIGENVALUE-EIGENVECTOR PROBLEM 

In this chapter we give several definitions, statements, and 

theorems which will supply the needed theoretical background for the 

solution of the eigen-problem. Again, as in Chapter 2, we refer the 

reader to Cuninghame-Green "Minimax Algebra" for further study. 

Definition 3.1. Let A 6 , x £ E^ (n tuples). Then x is an 

eigenvector of A and ^ is an eigenvalue of A if and only 

if A®x=X®x . 

Proposition 3.1. Let E, be a blog and let ASM for given inte-
i — mn 

gers m, n > 1 . Then there exists a matrix B G M for which every 
— mm 

m-tuple in the column-space of A is an eigenvector with corresponding 

eigenvalue ((, . Namely B_= A* . 

Proof. y is an eigenvector of B with corresponding eigenvalue 

(f) (identity) means that v = (j) g _y . The column space of A 

means that for A is> x = h(l) we look at the set of all b g E^ for 

which (1) is soluble for x . Let A = [a(l) a(n)] . The notation 

(a(l),..., a(n)) is the column space of A generated by 

a(l),..., a(n) . Of course each a(i) S (a(l),..., a(n)) . Let 

B_ = (A A*) then (A g' A*) g A = A = 

® A 



 

�

 

31 

where this is an identity matrix and 0 is the null (zero). So 

(A®' A*) ® [aCD,..., a(n)] = 

<() 6 

6 <j) 

[a(l),..., a(n)] 

[(A <§ A*) ® a(l), (A A*) ® a(2),..., 

(A®' A'^) ® a(n)] = ® a(l),..., (ji ® a(n)] . 

So (A®' A*) ® a(i) = (}>® a(i) for every i . Hence a(i) is an 

eigenvector of ^ = (A ®' A*) with corresponding eigenvalue (}) . 

If _b 6 a(n)) , then _b is an eigenvector of ^ with 

corresponding eigenvalue ({> . 

Lemma 3.1. Let be a blog, and let _B 6 for given integer 

n ̂ 1 . Let a be a circuit in A(^) > of circuit product p(a) and 

let T j of circuit product p(t) > be any circuit obtained from a 

by cyclic permutation of the nodes on a . Then p(t) 4) if and 

only if p(a) 4) j where v is any one of the symbols or 

Lemma 3.2. Let be a blog and let B g , for given integer 

n 1 . Let ^ be definite. Then F(^) is definite and if j is an 

eigennode of A(B), then {F_(^)Kj = <i' • Conversely, if Ej^ is linear, 
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and ^ for some index j (1 £ j £ n) then j is an 

eigen-node. 

Definition 3.2. The eigenproblem is finitely soluble (when is 

a blog) if a finite X and x can be found satisfying A0 x = X ® x . 

Lemma 3.3. Let E, be a blog and let B ^ M for given integer
1 — nn 

n _> 1 . A necessary condition that the eigenproblem for ^ be finitely 

soluble is that ^ be row-G-astic. A sufficient condition is that 

^ be row-(j)-astic. 

Proof. If B0X=X0X with X , x finite then 

n 

((BJy « (X,.) = X © {x}^ is finite, (i = 1,..., n) . No 

can be +oo and no row of B can be made up of -« entries. So B 

is row-G-astic. If is row-(J)-astic let x g E^ be defined by 

{x}^ = (j) (i = 1,..., n) and let X = (j) . Then 

r 

{B 0 x} = y ® = ((> = {X 0 x} . 

We now need some concepts from graph theory in order to solve 

the eigenproblem. 

Definition 3.3. A directed graph consists of a pair (N, F) where 

N is a finite set consisting of n ̂ 1 elements called nodes, de 

noted by numerials 1, ..., n and F is a mapping which associates 

to each node i € N a subset F(i) of N . A pair of nodes (i, j) 

with j € F(i) is an arc. To each arc (i, j) we associate a weight 

^ij ̂  ^ given belt. We say that (N, F) 
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is a weighted graph. A path (from i^ £ N to i^ g N) is a sequence 

(i , i i ) of nodes i^ N such that i g ~ 1) > 
U i t K K cC 

k= 1, 2,..., t . The length of the path is t . A path is a circuit 

if i^ = i^ . A path is an elementary path if the nodes iQ,...j i^ 

are pairwise distinct. A circuit is elementary if i^ = i^ and the 

path (i^, ij^,..., i^ is elementary. 

Definition 3.4. The path product (if i^ = i^) the circuit product) 

is defined by a. . ig ... igi a. 

Definition 3.5. A graph (N, F) is strongly complete if for every 

pair of nodes i, j g F , then j g F(i) . We can also define the 

associated matrix of the directed graph. 

Definition 3.6. The matrix of the directed graph is denoted by 

A € M where {A}.. = [a..] , i, i = 1,..., n . (Here a.. is 
- nn - ij 'ij' ■' 13 

the weight assigned to each arc). 

Definition 3.7. Let A(^) denote the graph associated with the given 

matrix A . 

Definition 3.8. Suppose is a blog, and B g . B is definite 

if it satisfies the following condition: Each circuit a in A(B) 

has product p(a) _< (j) and at least one such circuit has p(a) = (p • 

Definition 3.9. For any given matrix B_ g , the metric matrix 

generated by B^ is F (B^) = ^ ® ® . . . g or dually 

r*(B) = B* gi' B^'^ g' ... g' b"* . 

r(B) may be thought of as the least distance from node to 

node - Cuningham-Green [3] . 
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Definition 3.10. Suppose a certain matrix ^ over a blog is 

definite. Then A(^ contains at least one circuit with circuit pro 

duct equal to ip . An eigen-node of A(^) is any node on such a 

circuit. Two eigenvectors are equivalent if they are on the same 

circuit whose circuit product is equal to (f) . Now we give some more 

theorems which will help in solving the eigenproblem. 

Theorem 3.1. Let be a blog and let ^ g for any given inte 

ger n 1 . If B is definite then < r(B) for every integer 

n _> 1 . 

Theorem 3.2. Let E^ be a blog and let B ̂  M , for a given inte-
t — nn ° 

ger n 1 let ^ be definite. Then _r(^) is definite and if j is 

an eigennode of A(^) then: = (p . Conversely, if E^ is 

linear, and {1.(3)}^^ = cf) for some index j (1 j ̂ n) then j is 

an eigennode. 

Theorem 3.3. Let E^^ be a blog and let ^ g for a given integer 

n ̂ 1 . Also, let ^ be definite. If j is an eigen-node of A(^) 

t" 

then B ® £(J) = C.(J) where ^(j) is the j— column of T . 

Proof. 

B ® _r(;^ ^X(B) for the j— column . 

B ® £(J) _< 5(J) so {B ® ^(B)}.. = {b^ © ... © B^ © B^"'"^} 
13 - - - ij 

i = (1,..., n) 

{g. © ... © b'^} (i = 1,..., n) . Also 

{B ® r(^}.^ = [
n
^ 

^ 
® {r(B3 (i = 1,. . ., n) 

k""1 

X (BKj © Xj (i = 1,..., n) . So 
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{B ® > {B}^. (i = 1,..., n) . 

^ ®... (g) }.. (i=l,..., n) ,
^J ^3 

i.e., ^ ® ̂ (J) ^^(J) and also ^ ® ̂ (J) ^^(J) , therefore 

B(x) ® ^(J) = (J) . 

This theorem states that the columns of F(^) which correspond to 

eigen-nodes furnish eigenvectors for ^ with eigenvalue ({) . The 

columns of are called the fundamental eigenvectors of ^ . 

Definition 3.11. If ^ is a definite square matrix over a blog , 

let ^(jp, 5(32^' ^ ^ maximal set of non-equivalent 

fundamental eigenvectors of B . The space (5(J,),..., £(J )) 
— ^— 1 — n' 

generated by these eigenvectors will be called the eigenspace of ^ . 

Theorem 3.4. Let E, be a linear blog and let B € M 'for a given 
i — nn 

integer n > 1 , let B be a 'I'-astic definite matrix. If n g E 
— — — n 

is a finite eigenvector having corresponding eigenvalue <i> , then n 

lies in the eigenspace of ^ . 

Proof. Let 5(3^,..., ?(3 ) be a set of maximal non-equivalent 
s 

eigenvectors for ^ . Show n = I (?(jv) ® (n}. ), where 
k=l® ~ \ 

form a subset of the columns of . Now 

s 

y ̂  (SCji,) ® {n}.:) £ T ® n = n because 
=i "k 

r.(^) ® n = (^ © ... © B^) ®n = n©n© ...©n = n . Let j be an 

eigennode of A(^) . Then one of jg is equivalent to j : 

say . We have then 
s 

^ I ©(i(3v> ® - ^5.(3^,)}. ® (R). = ̂  ® (H). = {£}. • Now
k=l ^ ^k ' -'h J J 

let j be a non-eigennode of jA(^) . Then 3 eigen-node d such 

that {il}j ~ ^^^d' ^s equivalent to 
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s 

d : say j, is. Then { I UCj.)® • = 
k=r " J ^h 

s 

® {n}^ = {n} . So n = I ̂  ® {n}. ). 

Theorem 3.5. Let E, be a linear bios and let A € M for a given
1 — mn " 

integer n ̂ 1 . If the eigen-problem for A is finitely soluble then 

every finite eigenvector has the same unique corresponding finite eigen 

value X . The matrix X ^ ® A is definite, and all finite eigenvectors 

of A lie in the eigenspace of X ® A . The non-equivalent funda 

mental eigenvectors which generate this space have the property that no 

one of them is linearly dependent on any subspace of the others. 

We now give an example which will serve to illustrate the ideas 

presented thus far. Here we are considering the principal interpretation 

where the identity (j) is 0 . 

Example 3.1. Let the following be a diagraph. 

a..= 4 
12 a_ = -5-1 = a 2211 

a.. = -4 
21 

7 = = -6 
23 

-9 
33 

Let the arcs be: a^^^ = -1 , a^^ ~ > ^22 ~ ^23 ~ '^32 

I33 = -9 , a^^ = -4 , ̂ 3^ = _7, and ^,^3 -3 . Here 0. © . and 

are the nodes 
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TABLE 3.1 

CIRCUIT TABLE FOR MATRIX A 

POSSIBLE ELEMENTARY POSSIBLE ELEMENTARY 

CIRCUIT PRODUCTS CIRCUITS 

^2 ® (g) ajj.4 - 6 .- 7 = -9 (1, 2, 3, 1) 

7 + 4 = -9 (2, 3, 1, 2)^23 ® ̂ 3 ® "12 - -6 -

- 6 = -9 (3. 1, 2, 3)^31 ® ̂ 12 ® "23"-7 + 

® o ®^3 
^32 "21 - -3 - 8 - 4 = -15 (1, 3, 2, 1) 

^32 ® 32^ ® aj3.-8 - 4 - 3 = -15 (3, 2, 1, 3) 

^21 ® a^2 ® "32• - 8 = -15 (2, 1, 3, 2)- 3 

^1 = -1 (1. 1) 

= -5 (2, 2)^22 

= -9 (3, 3)^33 

(1, 2, 1)^12 ® "21 0 

^23 8 832 - -14 (2, 3, 2) 

^31 8 a;3 - -10 (3, 1, 3) 

0 (2, 1, 2)^21 ® "12 

-14 (3. 2, 3)^32 ®"23 

(1, 3, 1)^13 ®"31 -10 

Now the matrix corresponding to a(A) is formed as follows: 

-1 4 -3 
'11 12 13 

-4 -5 -6 which is A 

21 22 23 

-7 -8 -9 
31 32 33 
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a2 = 

-1 

-4 

-7 

4 

-5 

-8 

-3 

-6 

-9 

-1 

-4 

-7 

4 

-5 

-8 

-3 

-6 

-9 

0 

-5 

-8 

-1 

0 

-11 

-2 

-7 

-10 

For details of the calculation see Appendix 2. 

A^ = 

0 

-5 

-1 

0 

-11 

-2 

-7 

-10 

-1 

-4 

-7 

4 

-5 

-8 

-3 

-6 

-9 

-1 

4 

-7 

4 

-1 

-4 

-3 

-6 

-11 

For details of the calculation see Appendix 3. 

Now, by Definition 3.9 we have: 

r(A) = A ® A^ gi A^ = 

-1 

-4 

-7 

4 

-5 

-8 

-3 

-6 

-9 

0 

-5 

-8 

-1 -2 

0 -7 

-11 -10 
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-1 4 -3 -2 -7 -8 

=4 -1 -6 -5 -6 -19 

-7 -4 -11 -22 -23 -30 

By Definition 3.8 A is definite since each circuit product is less 

than or equal to 0 . Hence the circuits (1, 2, 1) and (2, 1, 2) 

have circuit products equal to 0 . Since an eigen-node is any node 

in a circuit whose circuit product is 0 , then the eigen-nodes are 

1 and 2 . Theorem 3.3 says that if j is an eigen-node of A(A) 

then the eigenvectors of A are just the j— columns of F(A) . 

-2 -7" 
So the ei<»eni'ectors of A here are -5 and -6 , each with 

.-22. -23 

eigenvalue equal to 0 . Now since both eigen-nodes 1 and 2 lie 

in the same circuit, they are equivalent by Definition 3.10. So a 

maximal set of non-equivalent eigenvectors, corresponding to the eigen 

r -2 -7 

value 0 , is either -5 or -6 Now by Definition 3.11 
-22 -22 

-2 -7 

the eigenspace is generated by^ -5 > or < -6 > 
-22 -23 

Next we introduce the idea of a circuit mean. This concept will 

play an important role in the eigenproblem we solve. 

Definition 3.12. is radicable if for each a 6 and integer 

t ̂ 1 there is a unique x g such that x^ = a . 

Theorem 3.6. Let E^^ be a linear radicable blog and for a given 
, _ n - 11 

integer n ̂ 1 , let x, y, a, b £ satisfy x = a _> b = y , 

then X _> y . x (fi if and only if a 'V' j) where 'v is _>, =, or 
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Definition 3.13. Suppose E, is a radicable belt and A f M for 
1 — ̂  nn 

given n ̂ 1 . Then for each circuit o in A(A) , of length t^a) 

and circuit product p(a) , we can compute a unique circuit mean u(a) € E, 

^ / \ 

by (y(a)) = p(a) • Define A(A) = where the sum is 

overall elementary circuits in j^\(A) . 

We now use information from Example 3.1 to establish Table 3.2. 

TABLE 3.2 

EXTENDED CIRCUIT TABLE FOR MATRIX A 

ELEMENTARY CIRCUIT CIRCUIT PRODUCT CIRCUIT LENGTH CIRCUIT MEAN 

(1, 2. 3, 1) -9 3 -3 
(2, 3, 1, 2) -9 3 -3 
(3, 1, 2, 3) -9 3 -3 
(1, 3, 2, 1) -15 3 -5 
(3, 2, 1, 3) -15 3 -5 

(2. 1, 3, 2) -15 3 -5 

(1, 1) -1 1 -1 
(2, 2) -5 1 -5 
(3, 3) -9 1 -9 
(1, 2, 1) 0 2 0 
(2, 3, 2) -14 2 -7 

(3, 1, 3) -10 2 -5 
(2, 1, 2) 0 2 0 
(3, 2, 3) -14 2 -7 
(1, 3, 1) -10 2 -5 

As an example of the computation for (3, 2, 1, 3) we have -8 (8> -4 ® -3 

= -15. To get the corresponding circuit mean we must solve 

X^ = X0X®X = -15 or 3X = -15 or X = -5 . 

Definition 3.14. A, B g M over a blog are directly similar if there 
— — nn 

are n finite elements n,,..., n € E such that 
1 n 1 

{B} = n~^ ® {A}., (g) n. . The notation for this is A ̂  B . 
ij 1 - ij J " 
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Next we state several results that will be used in the proof of 

Theorem 3.8, which proves the necessary and sufficient conditions for 

the solution of the eigenproblem. 

Theorem 3.7. Let be a commutative linear radicable blog and let 

A € for a given integer n >_ 1 . If the eigenproblem for A is 

finitely soluble then X(A) is finite and A(A) is then the only 

possible value for the eigenvalue in any finite solution to the 

eigenproblem for A . 

Lemma 3.3. Let be a blog and let A, ^ € M ̂  for a given integer 

n^ 1 such that A ^. Let (s ̂ 1) be indices 

(1 £ £ n , k = 1,..., s + 1) . The column in ^ is linearly 

dependent on columns 3i' 32»***> 3g in ^ if and only if the same 

holds in A . A similar result holds for the rows. 

Lemma 3.4. Let E^ be a blog. Then v is an equivalence relation 

on for any given integer n ̂ 1 . If A, ^ and A ^ 

then 2 f» Q € M such that B = P ® A ® Q and P®Q = Q®P = I , 

the identity matrix. Then ^ ® A^ ® for all integers r > Q 

and ^ ® ® Q • 

Lemma 3.5. Let E, be a blog and let A, B f M , for given inte-
i — nn 

gers n >_ 1 . Suppose A,^ are directly similar. Then A is definite 

if and only if B is definite, and then a set of indices i,,..., i 
— I s 

give a set of non-equivalent eigen-nodes in A(A) if and only if they 

give a set of non-equivalent eigen-nodes in A(B) . 

Lemma 3.6. Let E, be a blog and let B € M . For a given inte-
i — nn 

ger n ̂ 1 , let be row 4) astic. Let £(j^),..., £(jg) be a 
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maximal set of non-equivalent fundamental eigenvectors for ^ and 

let € M be the matrix whose columns are ^(j, ^(j ) 
ns j. s 

in that order. Then ^CB) is doubly (jj-astic. 

Lemma 3.7. Let be a commutative linear radicable blog and let 

A € for a given integer n 1 . If X(A) is finite then the 

matrix (x(A)) ^ ® A) is definite. 

Theorem 3.8. Let be a commutative linear radicable blog, and 

let A 6 for a given integer n 1 . Then the eigenproblem for 

A is finitely soluble if and only if X(A) is finite and 

^((X(A)) ^ ® A) is doubly G-astic, where $_((x(A)) ^ ® A) is any 

matrix whose columns form a maximal set of non-equivalent fundamental 

eigenvectors for the definite matrix (x(A)) ^ ^ . 

Proof. If the eigenproblem for A is finitely soluble then by 

Theorem 3.7 X(A) is finite and using Lemma 3.2, the matrix 

(1(A)) ® A) is directly similar to a certain row-(})-astic matrix ]B 

and hence r_((l(A)) ^ ® A) is directly similar to r.(B} by Lemma 3.4. 

Now the matrix ^(^ which has the same columns from P.(^ as 

'J'((X(A) ^ ® ̂  has from ZSh) Lemma 3.5 and Lemma 3.6 doubly-

<|)-astic so doubly G-astic. _£_((1(A)) ® A) comes from ^(B) by 

multiplying matrix elements by finite scalars, so we have that 

$((X(A)) ^ ® A) is also doubly-G-astic. 

If X(A) is finite, then (X(A)) ^ ® A) is definite by Lemma 3.7. 

So the definition of ®((X(A)) ^ ® A) given in the theorem makes sense. 

If this matrix has s columns, and x € E is finite then so is 
s 

u € E^ where y = o((X(A)) ^ ® A) ® x . Hence y_ is a finite element 



43 

of the eigenspace of (X(A)) ^ ® A). So (A(A) ^ ® A) ® _u = £ and 

A ® p = X(A) ® £ . Thus the eigenproblem for A is finitely soluble. 

Corollary 3.1. Let be a commutative linear radicable blog and 

let A g for given integers n £ 1 be finite. Then the eigen 

problem for A is finitely soluble • 
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CHAPTER 4 

CALCULATION OF THE EIGENPROBLEM 

We will now briefly outline the procedure to solve the eigenproblem 

in general, and proceed to calculate the solution to a particular 

eigenproblem of the form A ® X(r) = \ ® X(r) . Here X(r) will be 

some eigenvector which we will call d and X will be X(A) , the 

eigenvalue. 

Theorem 4.1 - Cuninghame-Green [2] . The only possible value of 

X(A) is given by the greatest circuit mean in A . 

The steps to calculate the eigenproblem are as follows: 

(1) Find X(A) ; 

(2) Evaluate ""1£(X(A) ® A) ; where the tilj columns having 

{Xjj} = (j) are the fundamental eigenvectors ; 

(3) Eliminate equivalent eigenvectors; 

(4) If the remaining columns do not form a doubly-G-astic 

matrix, then the finite eigenproblem has no solution. If they do, 

then we have the finite eigenspace by taking finite linear combinations 

of these columns. 

These steps are presented in the flow chart form in Figure 3.2. 

We label each of the above steps at the appropriate place in the flow 

chart. 

To illustrate the procedure for solving an eigenproblem, we give 

the following figure (Figure 4.1), Table 4.1 (circuit table for Matrix 

A), and appropriate calculations. 
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Example 4.1. 

1 2 -2 4 7 

1 3 -6 -5 8 

A = and ^ = 
1 -5 1 -4 10 

-2 -4 3 -3 20 

We should note here that we are considering the blog which we 

called the principal interpretation. The idea for ^ is that of the 

specified times at which the next following cycles must be completed 

for the machine example discussed in Chapter 1. The idea here for A 

is just the description of the interaction of four specific machines 

(as mentioned in Chapter 1). 

So we want to minimize the maximum earliness relative to ^ . 

We now proceed to solve the problem using Figure 4.1 and Table 4.1. 

First we note that A is clearly row-G-astic. 

a.„ = 2 2212 

a„. = 1 
21 

24 

5 = a 
-2 = a a,, = 4 = 1 = -641 14 

42 = -4 31 

a,„ = 3 
43 

44 33 a„, = -4 
34 

FIGURE 4.1 

GRAPH ASSOCIATED WITH A 
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X(A) =^^p(a) =3 by Definition 3.13 and by Theorem 4.1: 

-2 -1 -5 1 

(X(A)) ^ ® A) = 
-2 

-2 

0 

-8 

-9 

-2 

-8 

-7 

= B 

-5 -7 0 -6 

-3 -1 1 -1 -1 -1 1 I 

-2 0 -7 -1 -2 0 -1 -1 

b2 = r(B) = 
-4 -3 -4 -1 -2 -3 -1 -I 

-2 -6 -2 -4 -2 -3 0 -1 

j 

-1 -1 -1 -2 -3 -1 -2 0 

-2 0 -1 -1 -2 0 -1 -1 

„4 
B = 

-5 -3 -1 -3 -3 -3 -3 -4 

-4 -3 -4 -1 -5 -3 -1 -3 

Here has one column with diagonal equal to ({) , so it is the 

fundamental eigenvector. The other three columns may be written as 

-1 

linear combinations of these. So "JCB) = 
0 

which generates the 
-3 

-3 

eigenspace since it is doubly-G-astic. Now 
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-1 

0 

1(B)® (O(8)=^ ®'b) = 

-3 

-3 

-1 

0 

[1033]
-3 10 

-3 20 

-1 

0 

(d®' 7)©' (0®' 8)©' (3®' 10)©' (3®' 20)1 
-3 

-3_ 

-l" 

0 

® [8] 
-3 

-3_ 

7 

8 

5 

5 

Now to calculate the times when the next following cycles must be 

initiated, we subtract X(A) from each entry of £ to get 
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4 

5 

= d 

2 

2 

Also 

1 2 -2 T~ "4"" 

1 3 -6 -5 5 

A (g) d = 
1 -5 1 -4 2 

-2 -4 3 -3 2 
— —' 

7 4 

8 5 

3 ® = X(A) ® 
5 2 

5 2 

Hence A ® ^ = X(A) ® d . 

So this is indeed in the form for an eigenvalue-eigenvector 

problem as stated in Chapter 1 , where X(A) is an eigenvalue and d 

is an eigenvector. 
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START 

V. 

A € M is given 
nn 

NO Eigenproblem not 
row as finitely soluble 

7N 

YES 

Compute X(A)(1) 

(2) Compute r_((A(A))~^ (g A) 

^ Is \ 

{r}..= <t> 
NO 

for some 
jj 

Select columns of 

(2) r having {F}^ ̂  = (() 

/ 

Eliminate equivalent 
(3) eigenvectors by point-

wise comparison 

1 
Establish 

(4) f̂STOPj
K(1(A))"^® A) 

Figure 4.2 

Flow Chart for Non-Equivalent Fundamental Eigenvectors 
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APPENDIX 4 

The following are examples of calculations involving the matrix 

operations ©, , ®, and ®' . 

Example 1. Suppose we have the relationship X(r +1) = ^ ® X(r) 

where r= 1, 2,..., n . 

T 7 
Let B = and let Xj^(l) = 2 , X^Cl) = 3 then we

13 4  nc 
1 

have: 

X^(2) 1 2 2 fa ® 2) (2 ® 3) 

X2(2) 3 4 3 (3 ® 2) (4 ® 3) 

Now suppose we have the relationship X(r + 1) = B ®' X(r) ; 

then 

X^(2) 1 2 2 (1 ®' 2) ®' (2 ®' 3) 

* 

X2(2) 3 4 (3 ®' 2) ®' (4 ®' 3) 
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Example 2. Suppose we have X(r + 1) = X ®' X(r) where r = 1, 2,..., 

n , and let A = 3 and let Xj^(l), X2(l) be defined as in Example 1 . 

Then 

X^(2) X^(l) 2 

= A ® = 3 ® 

X„(2) X2(l) 3 
_2 _J 

3 2 

3 3 

Note: Here A ® X(r) is analogous to the conventional operation of 

multiplying a matrix by a scalar. 

1 2 5 6 

Example 3. Let A = and B = Then we 

3 4 7 8 

have 

1 2 5 6 1 © 5 2 © 6 

A © B = © = 

3 4 7 8 3 © 7 4 © 8 

5 6 



  

 

 

59 

1 2 5 T" 1 ©' 5 2 ©' 6 

=A ©' B = ©' 

_3_ _7_ _3 ©' 7 4 ©' 8 

1 2 

3 4 
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