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ABSTRACT

Several consensus methods have been studied and modified to process internally disjunctive

production rules. Oriented consensus methods have been developed which retain informa

tion concerning the intended use of production rules. The behavior of oriented consensus

is studied, and an antecedent-to-antecedent consensus is defined to be a widening. Widen-

ings can be distributed throughout a proof such that no widening occurs before any other

consensus. In fact, it is shown that the widenings themselves can be distributed when the

consensus is at distinct attributes. We examine the effects of preventing aU widenings from

occurring during the generation of prime rules.
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Chapter 1

Introduction

Production rules are the most widely recognized form of knowledge representation. How

ever, present techniques for codifying knowledge tis production rules often fail to produce a

concise and complete description of the problem domain. Inaccurate information can cause

a knowledge-based system to arrive at erroneous conclusions with potentially devastating

results. Even when the set of rules is correct, poorly represented knowledge can complicate

inference processes or handicap explanatory capabilities. Production rules should be concise

yet expressive. Nonsystematic methods of validating and refining expert knowledge may

prove insufficient for a large set of production rules.

We address such problems in this research by examining the analogous problem of

minimizing Boolean expressions. In the traditional approach to Boolean minimization, the

initial set of expressions for a function are used to generate the prime implicants of that

function and a minimal cover of those prime implicants is then found. Similar methods can

be devised to manipulate internally disjunctive production rules, which are based upon a

concise knowledge representation formulated by Michalski [32,33,34]. Existing methods of

generating prime implicants are studied and then modified to accept internally disjunctive

production rules and their dual representation, subproducts. After the prime rules have

been generated, a covering algorithm finds a minimal cover for the set of primes.
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1.1 Approach

We can transform production rules into a set of prime rules which can then be used to

generate a minimal set of rules. Constructing knowledge bases, however, is an iterative

process which encodes knowledge into production rules, tests the rules for accuracy and

consistency, and refines them to capture additional information. Therefore, the set of prime

rules must be constructed incrementally as each new rule is added. This permits domain

experts to examine the ramifications of each new rule and is one method of identifying

invalid production rules before a system is implemented. A domain expert can represent

his knowledge as production rules, using an interactive system to display the consequences

of a particular rule as it is introduced into the knowledge base. This makes it easier to

identify conflicting rules and eliminate redundant information.

An interactive system has been developed in PROLOG^ to generate incrementally prime

rules and to produce a minimal representation of these primes. During a session, the user

sees the eflfects of new rules upon an existing knowledge base. In addition, some primes

may express logical relationships more succinctly than the domain expert. The consensus

method for production rules produces a new rule. If the new rule is not subsumed, it is

prime and should added to the set of prime rules. Conversely, if the new prime subsumes

any existing rules, the subsumed rules are no longer prime and can be removed from the

set of prime rules.

Others have studied various forms of this problem. The consequence-finding problem

formulated by Lee [24] is as follows: Given axioms Ai,A2.. .An, find an axiom Am such

that it follows from Ai,A2...A„. Under this formulation, if Am is the empty clause,

consequence-finding reduces to refutation proof-finding. Minicozzi and Reiter [36] studied

the completeness of various linear resolution strategies for consequence finding. In par

ticular, they showed that linear resolution with merging and subsumption is complete for

programming language developed by the Groupe Intelligence Artificielle of the Faculte des Sciences
de LUMINY, Marseille, France.



consequence-finding. The difference between this research and previous efforts is that this

investigation concentrates upon internally disjunctive production rules. In doing so, several

issues arise which have not been considered previously.

1.2 Organization

Attribute systems are defined in Chapter 2. These are the models for internally disjunctive

production rules. After formalizing many of the notions behind internally disjunctive rules

and their prime representations, we extend the basic model by allowing half-open intervals

to serve as codomains for an attribute. The latter portion of the chapter describes the

actual algebraic operations which are performed for discrete or continuous domains.

Chapter 3 discusses consensus methods for generating the prime implicants (implicates)

for a set of conjunctive (disjunctive) Boolean expressions. Using results obtained in Chapter

2, these methods can be generalized so that they generate the maximal subproducts of an

attribute system. Literals in the Boolean case can be represented in an attribute system

which can take one of two values, 0 or 1. The maximal subproducts of an attribute system

are analogous to the prime implicants of a set of Boolean expressions.

Also in Chapter 3, those approaches to consensus are discussed which are particularly

well suited for handling internally disjunctive rules: The Quine-McCluskey algorithm, iter

ative consensus, and generalized consensus. The Quine-McCluskey algorithm manipulates

Boolean expressions in canonical form, i.e., all the variables in the function are present

in every expression. Iterative consensus is shown to perform consensus upon expressions

which are not in canonical form and to utilize explicit subsumption when eliminating those

implicants which are not prime. Generalized consensus (or Tison's method) presents a

more efficient form of consensus as the number of iterations is based upon the number of

complementary variables, i.e., both the positive and negative form of a variable are in a

function. Muroga [37] has published empirical results which support claims that generalized

consensus is more efficient for large minimization functions. Kean and Tsiknis [22] give an



incremental version of this algorithm which generates the prime implicants for a set of ex

pressions and recalculates the set of prime implicants when a new expression is added. The

incremental algorithm is then bounded by the number of complementary variables in the

new expression. This last method appears most promising in generating the set of prime

implicants for a constantly changing, yet monotonic, set of expressions.

Chapter 4 concentrates upon production rules and presents a consensus technique which

retains the original form of the rules. Classical resolution [47] must convert production rules

to their clausal form, losing valuable information concerning the original intended use of the

rule. Other techniques [1,7,8,38,53] have been developed to manipulate expressions which

are not in clausal form. Unbke these methods, the new consensus technique divides rules

into two parts: the logical rule and the form that the rule takes. Also introduced is a

convention to make the new rule more concise than its parents.

In Chapter 5, the covering algorithm is shown to be a sophisticated depth-first search

which locates essential rules at each level of the search. The user can direct the search by

indicating whether to remove a rule from consideration or to include it in a minimal cover.

When a rule is added which violates the minimality restrictions, the search fails, backtracks

to a preceding level and continues the search. Users can elect to produce minimal covers

interactively until all covers have been found, whereupon the system announces that no

additional covers can be obtained. Searching for covers can be interactive, allowing the

user to force or remove rules from consideration in a cover, provided that minimality and

covering constraints are not violated. We do not consider the elfects of orientation upon set

covering for production rules.

The thesis concludes by assessing the primary contributions of this research, suggests

possible applications of oriented consensus and proposes additional research topics. Appen

dices A and B are program traces showing unoriented consensus methods and their effects

upon a set of production rules. Appendix C shows covering techniques as they are applied



to a set of prime rules. While we have defined oriented consensus and studied its behavior,

we have not implemented these ideas.



Chapter 2

Attribute systems

Marek and Pawlak [28] and Pawlak [41] provide detailed descriptions of attribute systems.

The following definitions have been simplified for purposes of this discussion.

2.1 Objects in attribute systems

Definition 2.1 .4n attribute system, A, over the attribute sets Ai,...,An is a pair,

A = (A,(ai.. .an)), where X is the set of objects and each ai is an attribute map such

that

ai : X —> Ai.

For each x £ X, we say that x i—> a,(a:).

Elements of the object set are referred to as objects of an attribute system. If x is an object,

the ai attribute of x is ai{x) 6 Ai. Attribute sets are not necessarily distinct and can be

repeated throughout an attribute system.

One way of representing an attribute system is as a table with rows corresponding to

the objects and with columns corresponding to the n-tuple of attributes associated with

each object.

Example

Let the object set X be the set of chemical compounds {Mg,Mg0,C2,C02,02,H20}

and the attribute sets be respectively:



Ai =metallic?= {yes,no}

A2 =oxide?=: {2/65,no}

A3 =physical state?— {solid, liquid,gas]

To each of the six chemical compounds one can associate several descriptors. These cis-

sociations may be regarded as the attribute maps, metallic?, oxide?, and physical state?,

respectively. The attribute system which results can then be specified by Table 2.1.

Table 2.1: An attribute system in tabulax form.

chemical metallic? oxide?

physical
state

Mg yes no solid

MgO yes yes solid

C2 no no solid

O2 no yes gas

H2O no yes hquid

CO2 no yes gas

Note that the pair of objects {02,CC>2} have identical attributes in this system. Each

attribute map a,- induces an equivalence relation denoted by £'(a,). The intersection of all

such equivalence relations is denoted as E{A).

Table 2.2: The equivalence classes E{metallic1), E{oxide1) and E{physical state?).

Mg MgO

C2 O2
H2O CO2

Mg MgO MgO Mg

C2 O2 C2 O2
H2O CO2 H2O CO2

Table 2.3: The intersection of all equivalence classes E(A).

Mg MgO

C2 O2

CO2H2O

Definition 2.2 Two objects are indistinguishable if and only if they are in the same

equivalence class of E{A).



Indistinguishabillty can also be described by a map of attribute systems.

Definition 2.3 Let Ai = (^"1, (an .. .ai„)) and A2 = (-^2? (021 ••-0271)) attribute sys

tems over {A\ ...An) and f : Xi X2 a map, if the following equality holds for each

i = 1...n:

a,(x,) = a,(/(a:,)), Vx,- 6 Xi then f is a map of attribute systems.

For any collection of attribute sets, {A\,..., .(4„) there is a canonical form of an attribute

system, called the final attribute system.

Definition 2.4 The final attribute system has the object set, X ... X A„, and the

attribute maps, pi,.. .,Pn> where the map pi is the ith projection from the Cartesian product

Ai X •••X An.

There is a unique map from any attribute system over {Ai,..., A„} to the final attribute

system. If A = {X,{ai.. .a„)) is an attribute system over Ai x • • • X A„ then by definition

of a product there is a unique map (a;,..., a„) : X ̂  Ai X ■ • - X An x {ai{x),..., an{x))

such that a, = p,((ai,.. .,0^)) which makes it a map of attribute systems.

Lemma 2.1 Every attribute system has a unique map to the final attribute system. Fur

thermore two objects in an attribute system are indistinguishable if and only if they have

the same object type.

The object set of the final attribute system is referred to as the set of object types; con

sequently, every object in an attribute system has a unique object type associated with it

through the unique map of attribute systems.

An attribute system can be represented as a density function on the Cartesian product of

attributes. The attribute signature is a subset of this product where the density is non-zero.

Within this signature, relationships or dependencies among attributes can be identified.
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2.2 Attribute signatures and subproducts

Definition 2.5

1. A subset S of Ai X X An is called art attribute signature for attribute systems

over (yli,...A„).

2. An attribute system A = {A",(a,.. .a„)} over (j4i, .. An) satisfies the signature S

if the unique map of attribute systems:

(oi, • • •; On) • ̂  ^ Ai X • • • X An! ̂ ) ®n(®))

factors through the subset S.

Thus, for every object x of A, its object type (ai(a;),.. .,an(®)) is a member of S. In the

Cartesian product of attributes a signature represents the volume in which the object types

of any attribute systems which satisfy the signature must lie.

Given any attribute system {X, (oi... fln)}) there is a signature which it induces, namely

the image of the object type map,

• • • 5 ®n)) — • • •) ®Tl(®)) I ® ̂

An attribute system satisfies a signature 5 if and only if $>((ai,...,an)) is contained in

5. This induced signature provides the basis for inferring those properties satisfied by the

attributes.

If A'l C Ai then A'j x ••• X An C Ai X ••• X An is a subproduct and defines a signature. In

fact, every signature can be expressed as a union of subproducts. By expanding subproducts

until any further expansion would cover space not included in the signature, a maximal

subproduct can be obtained.

Definition 2.6

1. A subproduct of Ai x •• • x An is a product A^ X • • • X A(j where each A\ C A,-.



2. Let S be an attribute signature over AiX- • -xAn. A maximal subproduct satisfying

the signature is a subproduct P of Ai x ••• X An such that P is contained in S and

there is no strictly larger subproduct contained in S.

Maximal subproducts can be used for describing signatures.

Proposition 2.1 Every subset S of a product i4i x • • • X i4„ can be written as the union of

its maximal subproducts.

The proof of this can be obtained using the following result:

Lemma 2.2 Every subproduct contained in S is contained in a maximal subproduct.

Using Lemma 2.2, Proposition 2.1 can be proven:

Proof of Proposition 2.1

Every element of 5" is a trivial subproduct

{ai} X • • • X {an} = {(ai... a„)}.

Thus, every element is contained in a maximal subproduct, and the union of maximal

subproducts must be 5. □

Proof of Lemma 2.2

Let Aj X • • • X be a subproduct of finite sets. If there is a larger subproduct contained

in S then there is an A", I < i < n, such that A( C A" and Aj x • • • x A" x • • • x is

contained in S. The ith component of the subproduct can be enlarged until any further

expansion would cause the containment of the subproduct in 5 to fail. If each component

is successively enlarged then the result wiU be a maximal subproduct, since enlarging any

component would cause the containment to fail.

For infinite sets, the following observation is made. Since the union of an ascending

chain of subproducts contained in S is also a subproduct contained in 5, Zorn's lemma (See

[15]) may be applied. Therefore, A,- has at least one maximal element. □

10



The process of enlarging a subproduct is not unique; as evidenced by Figure 2.1, there

may be many maximal subproducts which contain a given subproduct. However, at least

one maximal subproduct wiU contain any given subproduct.

Figure 2.1: A subproduct contained in several maximal subproducts

Figure 2.2: A subproduct contained in two maximal subproducts.

It is useful to introduce a notation for subproducts before the algorithms to manipulate

subproducts are discussed. An attribute system A = (X, (oi,..., a„)) satisfies the attribute

restriction a, o A[ where AJ- C A,- if a,(x) G AJ for all a; G X. Attribute restrictions can

be combined both conjunctively and disjunctively. Notice that a conjunct of attribute

restrictions is equivalent to a subproduct in the set of object types. By indicating the

attribute map in the expression for a subproduct, AJ X • • • X AJi is represented as Ci o Aj A

• • • A a„ o Ajj where each term in the disjunction a, o AJ denotes

{x G Ai X • • • X A„ I pi(x) = j/i V • • • V pi{x) = ym} where yj G Aj and p,(x) G A,.

11



The set A\ is called an internal disjunction-, the attribute a,- may map into any of the values

in the attribute set.

By including the attribute map in the representation of a subproduct, the ordering of

attribute restrictions in an expression can be arbitrary. Also any term for which A, = A\

(i.e., aU elements in the attribute set for that coordinate are possible) can be omitted from

the expression; these are unrestricted attributes. The aim is to use maximal subproducts

to derive succinct expressions for attribute signatures.

2.3 Set operations on intervals and ordered lists

By ordering the codomains of attributes and designing set operators which exploit ordering,

significant savings can be realized. Intervals lend themselves to ordered operations, and

symbolic values can also be manipulated by alphabetic ordering. The three operators and

recursive procedures for implementing them are described below:

Operations on ordered lists

Intersect(Xi ,L2,L^)

This procedure intersects the ordered lists Li and X2, creating X3. It successively

compares elements of L\ and L^. For any comparison between two elements, x € Xi and

y £ L2, three outcomes are possible:

if X > y then return Intersect([x|ii],X2, X3).

if X = y then return Intersect(Zi, X2» [a^lXs]).

if X < y then return Intersect(Xi,[y|X2]»T3).

If there is no intersection between L\ and X2, the entire procedure fails, provoking

prolog's backtracking mechanism.

Union(Xi,i2»L3)

This procedure merges Li and L2, creating X3. It also compares elements of L\ and L2.

For any comparison between two elements, x £ L\ and y £ L2, three outcomes are possible:

12



if X > y then return Union(i/i, [y|i2]> [^l-^a])-

if X = 1/ then return Union(Xi,X2, [x = vlLs]).

if X < y then return Union([x|i/i], £25 [j/l^a])-

When all the elements of one list have been exhausted, the procedure halts after ap

pending the other list to L^.

Minus(£i 5X2,13)

This procedure subtracts all elements of Xi from X2, giving X3. For any comparison

between x £ L\ and y £ L2, three outcomes are possible:

if X > y then return Minus(Xi, X2, [xlXa]).

if X = y then return Minus(Xi, X2, X3).

if X < y then return Minus(Xi, X2, [ylXa]).

When all the elements of Xi or X2 have been exhausted, the procedure halts. If Xi is

not empty, the procedure appends Xi to X3 and returns X3.

Operations on intervals

Half-open intervals are allowed as codomains and may consist of only an upper or lower

bound. For instance, [inf,6] indicates that a <b\ similarly, [a,inf] indicates that any b> a.

Set operations for intervals differ from their counterparts for ordered lists in that intervals

often overlap. Consequently, two sets of values must be examined by each operation—both

the beginning and ending values.

Units of measure are associated with each set of intervals. The set operations do not

act upon attributes with differing units of measure. For example, kilos and grams would

never be intersected or merged.

Intersect intervals(/i,/2,/3)

This procedure intersects two sets of intervals, creating a third. Each interval [ui, hi] £ I\

is checked against successive intervals in I2 until it is intersected or all intervals in I2 have

been be examined. First, the intervals are checked to see if they are disjoint:

13



Given [ai,6i] e I\ and [02,62] € h

if 61 < 02 then return Intersect intervals(/i, [[02,62]|/2ila)-

if 62 < oi then return Intersect intervals([[oi,6i]|/i,/2,/3).

If the two intervals overlap, they are merged to form a third interval [o, 6]. In this case, the

following comparisons are required:

if 02 < 62 then o = 02

if oi < 61 then h = b\

otherwise 6 = oi.

otherwise oi > 02,0 = 62

if oi < 61 then b = b\

otherwise 6 = oi.

if 61 < 62 then 6 = 61; otherwise 61 > 62,6 = 62.

Then the procedure recurs:

return Intersect intervals(/i,/2, [[a,6]|/3]).

When all the elements of one hst have been exhausted, the procedure halts, returning

h.

Union intervals(/i,/2,/3)

This procedure merges /i and /2, creating J3. Each [oi, 61] 6 I\ is successively compared

against intervals in I2 until it is merged or appended to the end of I2. This operation first

determines whether the intervals overlap.

Given [oi,6i] G I\ and [02,62] G h

if 02 < 61 then return Union intervals(/i, I2, [[oj, 61], [02,62]|/3]).

if 62 < oi then return Union intervals(/i, I2, [[02,62], [oi, 6i]|/3]).

Again, if the intervals overlap, they are merged to form a third interval [0,6]. In this case,

the following comparisons are required:

if oi < 02 then 0 = 01; otherwise oi > 02,0 = 02.

14



if bj < 62 then b = hi; otherwise bi > b2,b = b2.

Then the procedure is recurs;

return Union intervals(/i,/2,[o,6](/3]).

When all the elements of one list have been exhausted, the procedure halts after ap

pending the other list to I3.

Minus intervals(/i,/25-f3)

This procedure takes a set of intervals Ii and subtracts them from another set I2 to

form I3. Each interval [ai,6i] G h is first negated:

[inf,6i] =;► [6i,inf],

[ai,6i] => [6i,inf], and

[ai,inf] [inf,ai].

The negation of [ai,6i] G Ii is then intersected with I2. This procedure is repeated for all

intervals in I\.

X > y call Minus intervals(/i,/2,[i|/3]) where i is a set of intervals.

When aU the elements of Ii have been exhausted, the procedure halts, returning Is] when

aU the elements of I2 have been exhausted, the procedure appends the remaining elements

of Ii to I3.

15



Chapter 3

Generalized prime implicants

In Chapter 2, the necessary definitions of attribute systems and their notation were in

troduced. This chapter describes three techniques for minimizing Boolean expressions and

discusses modifications required to process maximal subproducts. Among the earliest al

gorithms to minimize switching functions were those of Quine [43,44] and McCluskey [29].

Other techniques have been described in [9,18,21,39,40,46,48,52,55,56]. As digital circuitry

has become more complex, newer techniques have dealt with both exact minimization and

heuristics for approximate solutions [20,37]. In addition, increased attention has afforded

multivalued logics and their application in the design of programmable logic arrays (PLAs)

[4,10,16,49]. This investigation has not considered these newer techniques as a basis for more

sophisticated consensus mthods. Further research may consider modifying these approaches

to develop additional consensus methods for internally disjunctive production rules.

In Section 3.1, the problem of finding prime implicants is discussed, and the analogous

case for maximal subproducts is addressed. Section 3.2 describes the Quine-McCluskey

algorithm and introduces an example problem which is used extensively throughout this

chapter. Section 3.3 describes iterative consensus and explains its utility. In Section 3.4,

another consensus method, Tison's method, which is not iterative in the same sense as the

two earlier algorithms is discussed and an incremental version devised by Kean and Tsiknis

is described. In this chapter, we show that these methods can be extended to generate

maximal subproducts.

16



3.1 Prime implicant generation

A well-studied problem related to the generation of maximal subproducts is the mini

mization of switching functions. Both are disjunctions of conjunctive expressions. A

switching function is a map / : 2" —> 2 where 2 = {0,1} determined by the set 5 =

{(Q:i,...,a„)|/(ai,...,a„) = 1}. Thus to determine / it suffices to describe 5 or -iS. A

convenient description of 5 is as a union of d-cells

= {("1, • • M Q:n)|ari = A • • • A ar„_j = Sn-d)

where r : n — d —> n. These d-cells are often called implicants. We need only consider the

d-cells contained in S which are not contained in another larger d-ceU contained in 5. The

maximal d-cells contained in S are called the prime implicants of f. Using de Morgan's laws,

S can be described alternately as an intersection of the negation of d-ceUs. The negations

of the d-ceUs containing 5 are often called implicates and the maximal d-ceUs contained

in -iS are the prime implicates. Both forms are important in representing functions and

minimizing circuits.

A similar technique can be used to represent functions

f :AiX • ■•X An —>2

where Ai,..., are sets of attribute values. Again / can be described in terms of

S = {(ui, • • •) • • •» ®n) — 1}

or -i5. Clearly 5 is a signature. Instead of using maximal d-ceUs to describe S we shall use

maximal subproducts. A d-subproduct P = (Pi,..., Pn-d)

Pp = {(oi, . . ., Q!n)|®ri G Pi A • • • A OiTn-d ̂  Pfi—d}

where Pj C An. A maximal subproduct of 5 is one which is contained in S but not

contained in a larger subproduct which is contained in 5.
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These subproducts are useful for giving succinct conjunctive descriptions of S and thus

of /. Two expressions consense when they are used to create a new expression. The original

expressions are then referred to as parent clauses. When a more succinct expression implies

another, it is said to subsume the other expression. To obtain the union of maximal sub-

products from a description of S it suffices to consense subproducts and remove subsumed

expressions until no new subproduct is obtained. The problem of identifying the set of

maximal subproducts for S is the general case of determining the prime implicants of a

switching function.

The computational requirements of generating the prime implicants increase exponen

tially with the number of variables and clauses in the expressions. McMullen and Shearer

[31] show that any Boolean function / which can be expressed by a sum of conjunctive ex

pressions (sum of product form in Boolean terminology) using m product terms can contain

possibly 2*" - 1 implicants. It has also been shown that some functions generate many more

prime implicants than are needed to produce the minimal representations [11,35]. In fact,

the number of prime implicants for one class of n-variable functions is proportional to ̂

[13].

3.2 The Quine-McCluskey algorithm

The method originally developed by Quine [43] becomes computationally expensive as the

number of variables or clauses in the given canonical form increases. McCluskey [29] modi

fied this procedure by aggregating the clauses comprising the initial canonical form, thereby

reducing the number of comparisons. This technique arranges aU trivial subproducts (called

minterms in Boolean terminology) into groups, such that all subproducts in the same group

have the same number of I's in their binary representation. It begins with the least number

of I's and continues with groups of increasing numbers of I's. The number of I's in a term is

called the index of that term. The following description of the Quine-McCluskey algorithm

is given by Kohavi [23]:
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Algorithm 3.1 (The Quine-McCluskey algorithm)

Arrange all minterms in groups, such that all terms have the same number of I's in

their binary representations. Start with the least number of I's and continue with

groups of increasing numbers of I's. The number of I's in a term is called an index.

Compare every term of the lowest group with each term in the successive group; when

ever possible, combine the two by means of the combining theorem Aa + Aa = A.

Repeat this by comparing each term in a group of index i with every term in the index

i + 1, until all possible applications of the combining theorem have been exhausted.

The terms generated in Step 2 are now compared in the same fashion: a new term is

generated by combining two terms which differ by only a single 1 and whose dashes

are in the same position. This process continues until no further combinations are

possible. The remaining terms constitute the set of prime implicants.

Two terms from adjacent groups are combinable if their binary representation differ

by a single digit in the same position; the combined term consists of the original fixed

representation with the different digit replaced by a dash (—). A check mark (\/) is placed

next to every term which has been combined with at least one term (Note that each term

may be combined with several terms, but only a single y/ is required. This technique for

restricting the number of consensus operations cannot be generalized for the set-theoretic

case, as we intend to do here. To see how Algorithm 3.1 can be used on subproducts, we

define a trivial subproduct to be subproduct with all product terms in which all product

terms are singleton sets.

A trivial subproduct is analogous to a minterm in the canonical form of a Boolean

expression. Any nontrivial subproduct must be reformulated into the appropriate number

of trivial subproducts. This is necessary to generate the maximal subproducts by the

Quine-McCluskey algorithm. The following example illustrates why trivial subproducts are
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required by this variant of the Quine-McCluskey algorithm and how inefficient this approach

can be.

Example 3.1 We are given two subproducis

{1,2} X {1,3} X {2}

{1,3} X {1,2} X {2},

and would like to generate the set of maximal subproducts. The Quine-McCluskey algorithm

cannot consense these subproducts because they differ at two product terms. Reformulating

these subproducts as a set of trivial subproducts yields

{1} X {1} X {2}

{1} X {3} X {2}

{2} X {1} X {2}

{2} X {3} X {2}

{1} X {2} X {2}

{3} X {1} X {2}

{3} X {2} X {2}

After several iterations, the maximal subproducts are generated.

{1,2} X {1,3}X {2},

{1,3} X {1,2} X {2},

{l,2,3}x{l}x{2},

{l}x{l,2,3}x{2}.

In Section 3.3 an algorithm for generating the set of maximal subproducts from subprod

ucts in nontrivial form wiU be presented. Now we present the modified Quine-McCluskey

algorithm which accepts trivial subproducts as the initial set of expressions.

Algorithm 3.2 (The Quine-McCluskey algorithm for subproducts) Compute the max

imal Boolean subproducts of S as a signature over A\,..., An where each Ai is a finite set
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from the elements of S. Let So be the initial set of trivial subproducts and U = {} be the

initial set of unmarked subproducts. The algorithm returns the set of prime implicants PI,

the sum of all unmarked subproducts at the final iteration.

PI GENERATE SUBPR0DUCTS(5, U)
n = |5|; i = 0; j = 0; A: = 0;
if 5 = {} or 5" = {s} then return S + U

else

do i = l,n
do j = i + l,n

X:=S[{\-,
Y:=S[j];
(7;,Z)=C0NSENSE(X,y);
if v = TRUE

then

{X:=MARK(X);
y:=MARK(y);
S'[k] = Z\
A; = A: + 1}

U' =COLLECT UNMARKED SUBPR0DUCTS(5', U)
return (GENERATE SUBPR0DUCTS(5', U'))

CONSENSE combines two terms if their binary representations differ by a single digit.

The resulting term consists of those digits which are identical and the internal disjunction

{0,1} at the complementary digit. If additional digits are complementary, no consensus is

performed.

CONSENSE(A:,y)
c = |X|; i = 0;
do while {i < c)

x:=X[{\-,
y:=y[i]^;
if X = y then do while (i < c)

x:=:X[i];
y-=y[i]\
if X = y

then return (F, {});
return (T, {0,1} A X — x);
i = i + 1;

then return (F, {});

After aU consensus operations have been attempted, the subproducts are checked to see

which have not been consensed. Consensed terms are subsumed by their products. AU
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other terms are used at the next level.

COLLECT UNMARKED SUBPR0DUCTS(5)
U = {}j n = 15|; i = 0; j = 0;
do while i < n

X:=S[i\;
if-iMARKED(X) then { U[j] = X;
j = i + 1 }

i = i + 1;
return U

The algorithm successively enlarges the set of subproducts until they are maximal. Com

pare pairs of these subproducts down the list. If they differ in exactly one coordinate, and

in that coordinate each subproduct contains exactly one value not present in the other,

introduce the subproduct with the union set at that coordinate. Mark all the trivial sub-

products which can be enlarged in this manner. Now continue to the next level using all

unmarked or new subproducts.

The result of this consensus is a subproduct in which the consensed coordinate is the

union of the original subsets. For each level the process of attaining the next level consists of

performing all consensus operations and marking the enlarged subproducts in the current

level. The procedure continues until no consensus is performed at a level. The set of

all unmarked subproducts throughout aU levels are then the maximal subproducts. The

following example illustrates how the modified algorithm works; it wiU be used repeatedly

throughout this chapter so that the reader can compare how other consensus methods

perform against the same set of data.

Example 3.2 Given the following elements of the Cartesian product

{(1,1,1), (1,2,1), (1,3,2), (1,1,3), (1,2,3), (1,3,3), (2,2,1)}

find the maximal subproducts of this attribute signature. Table 3.1 shows the form that the

minimization table takes.

{l,2}x{2}x{l},

{l}x{3}x{2,3},
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Table 3.1: Maximal subproducts generated by the Quine-McCluskey algorithm.

List 1 List 2 List 3

1 {1}X{1}X{1} 1,2 {l}x{l,2}x{l} 1,2,4,5 {l}x{l,2}x{l,3}
2 {l}x{2}x{l} 1,4 {l}x{l}x{l,3} 4,5,6 {l}x{l,2,3}x{3}
3 {1} X {3} X {2} 2,5 {l}x{2}x{l,3}

4 {l}x{l}x{3} 2,7 {l,2}x{2}x{l}
5 {1} X {2} X {3} 3,6 {l}x{3}x{2,3}
6 {1} X {3} X {3} 4,5 {l}x{l,2}x{3}
7 {2} X {2} X {1} 4,6 {l}x{l,3}x{3}

5,6 {l}x{2,3}x{3}

{l}x{l,2}x{l,3},

{l}x{l,2,3}x{3}.

The algorithm generates the set of prime implicants, which overspecify the function. Chap

ter 5 discusses methods for obtaining minimal covers for a set of primes.

Note that consensi may not be unique if restrictions are not placed upon the consensus

process. For example, the prime impbcant

{1}X{1,2}X{1,3}

is produced by consensing either 1,4 and 2,5 or 1,2 and 4,5 in List 2 of Table 3.1.

Each level may be distinguished by the number of internal disjunctions. To increase

the number of internal disjunctions, one must find a consensus. Suppose that a maximal

subproduct is given; then it is easy to see how it may be broken down into subproducts

with fewer and fewer internal disjunctions. These subproducts can then be consensed to

form the original maximal subproduct. Clearly, every maximal subproduct is generated and

these are the only subproducts which cannot be further enlarged by consensus.

Although this algorithm arrives at the set of maximal subproducts, it does so by incre

mentally building successively higher levels. In the process, numerous intermediate results

may be generated and pruned in later stages of the operation. The next algorithm is de

signed to obtain the maximal subproducts at an earlier stage of the process.
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3.3 Iterative consensus

Iterative consensus [44] is a generalization of the Quine-McCIuskey algorithm which does

not require that terms be expressed in canonical expressions. It use a technique called

consensus.

Definition 3.1 The conjunction <t>il} is called the consensus of a(j> and aip provided that

it does not contain a variable which is both positive and negative.

We can now give the algorithm for iterative consensus.

Algorithm 3.3 (Iterative consensus) Perform 1 and 2 until no further results are ob

tained:

1. Drop tautologies. If one of the clauses subsumes another, drop the subsumed clause.

2. Add, as an additional clause, the consensus of two clauses.

Consensus does not apply if the result is subsumed by an existing clause; otherwise the

procedure could oscillate between 1 and 2.

In Section 3.2 we defined trivial subproducts and mentioned an algorithm which does

not require that the initial set of subproducts be in trivial form. Iterative consensus can be

generalized to subproducts by merging the codomains of that attribute on which consensus

is performed. All other attributes are intersected, with an empty intersection representing

a nonvalid result. Since a rule without a restriction for an attribute allows that attribute

to take any value, consensus at an attribute present in only one of the rules results in that

attribute restriction being placed in the new rule.

We now present an algorithm based on iterative consensus which is guaranteed to

produce the set of maximal subproducts in fewer consensus operations than the Quine-

McCluskey algorithm. However, subsumption is inherent in the Quine-McCluskey algo

rithm while subsumption checking is necessary for iterative consensus. Therefore, iterative
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consensus is not guaranteed to be more efficient than Quine-McCIuskey, but is guaranteed

to obtain the maximal subproducts at an earlier stage.

Algorithm 3.4 (iterative consensus for subproducts) Compute the maximal subprod

ucts given So as the initial set of subproducts. The algorithm returns PI, the set of maximal

subproducts. S is a vector which contains clauses. Each clause Si is itself a vector whose

entries correspond to pairs of attributes and their codomains for that clause. Since the ex

pressions are not in expanded form, the consensus algorithm must determine whether two

clauses share an attribute and the codomains for those attributes can be consensed.

PI ̂  GENERATE SUBPR0DUCTS(5)

n = |5|; fc = 0;
if 5 = {} or 5 = {5} then return S\

else { 5' = {};
do i= \,n

do 7 = I' + 1, n
X:=S\i\,
y:=s\j\,
Z=CONSENSE(X,F);
if ̂ SUBSUMED(Z,S)

then { S:=SUBSUMES(Z,5);
S'[k] = Z;
fc = fc + 1 }

I = t + 1;

j = j +1;
return (GENERATE SUBPR0DUCTS(5 U 5'))}

This version of CONSENSE differs from earlier ones in that those variables not merged

are intersected. In addition, the pair (attribute,value) is accessed by means of a dot operator.

If the structure being manipulated is x then the attribute portion of the pair can be obtained

by x.att. Similarly, the codomain of that attribute can be obtained by x.val.

CONSENSE(A,y)
c = |X[; i = 0;
do while i < c

x:=X[iJ;
j = 0; _
do while j < c

y:=y[i];
if x.att = y.att then {
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if x.val % y.val, y.val % x.val { then X' = X — x,Y' = Y - y
return (T, UNION(a:, j/)A INTERSECT(X',y')) } }
else 1 = 1 + 1;

In this algorithm, the routines SUBSUMED and SUBSUMES replace COLLECT UN

MARKED SUBPRODUCTS in the Quine-McCluskey algorithm. SUBSUMED takes X

and determines whether any existing expressions subsume it. If A is not subsumed, it can

be added to the set of subproducts.

SUBSUMED(X,5)
n = |5|; i = 0;
do while i < n

Let Y:=S[i];
c= \X\;j = 0;
do while j < c

x:=X[i];
t/:=y[i];
if a: C y

then I = t + 1;

else return FALSE]

return TRUE]

SUBSUMES determines whether X subsumes any existing expressions. If it does, those

expressions are deleted from the set of subsumed. SUBSUMES must be performed after

SUBSUMED to ensure completeness.

SUBSUMES(X,5)
n = |5|; i = 0;
do while i < n

Y:=S[{\]
c=\Y\]j = 0]
do while j < c

x:=X[j]]
y-=Y[j]]
if y.val C x.val then j = j 1;

else return FALSE]

5:=DELETE(y);
i = i + 1;

return 5;
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For each pair of subproducts

An X • • • X A\n and A21 x • • • x A2n

and 1 < i < n define the following consensus operation to form the new subproduct

(All A A21) X • • • X (Aii V A2i) X • • • X (Ai„ A A2„),

where A and V are set intersection and union respectively. If non-canonical expressions are

used, unspecified coordinates are logically equivalent to that attribute's codomain (i.e., an

internal disjunction comprised of aU possible values for that coordinate). Set intersection

between this set and a restricted set of values yields the restricted set.

Note that if any coordinate in a new subproduct which is not the result of a UNION

operation is empty, the entire subproduct is empty. If the result is contained in an existing

subproduct, the new subproduct is subsumed. Conversely, if the new subproduct contains

existing subproducts, the existing subproducts are subsumed. We need not consider con

sensus between subproducts which have proper restrictions on the same attribute and no

disjoint restrictions on any other attribute.

Let there be a maximal subproduct P which is contained in S, the signature determined

by the union of subproducts. If P is in the initial set of subproducts, each consensus results

in a subproduct which is still contained in S so the subproduct is never subsumed. Other

wise, suppose we had started with trivial subproducts or at least subproducts which could

not be further divided. At each iteration we would obtain the non-subsumed subproducts of

the lower levels and the subproducts at the current one. The algorithm terminates when the

current level produces no new subproducts. Starting with an arbitrary set of subproducts

one observes that after each iteration there is a set of subproducts which subsumes those

of the previous algorithm. Thus it must terminate with the maximal subproducts.

Table 3.2 shows the minimization table formed by iterative consensus using the set of

trivial subproducts introduced in Example 3.2. The number of consensus operations is
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dramatically reduced. For example, the consensi 2,5 and 2,7 are not generated because 2

is subsumed by consensus 1,2.

Table 3.2: Maximal subproducts generated by iterative consensus (with trivial subproducts
as input).

List 1 List 2 List 3

1 {1}X{1}X{1} 1,2 {l}x{l,2}x{l} 1,2,4,5 {l}x{l,2}x{l,3}
2 {1} X {2} X {1} 3,6 {l}x{3}x{2,3} 3,4,5,6 {l}x{l,2,3}x{3}
3 {1} X {3} X {2} 4,5 {l}x{l,2}x{3} 1,2,7 {l,2}x{2}x{l}
4 {1} X {1} X {3}
5 {1} X {2} X {3}
6 {1} X {3} X {3}
7 {2} X {2} X {1}

If this example is reformulated so that the initial set of subproducts is expressed more

succinctly, the advantage of the second algorithm becomes even more apparent. This is

illustrated by Table 3.3.

Table 3.3: Maximal subproducts generated by iterative consensus (with nontrivial subprod
ucts as input).

List 1 List 2

1 {1}X{1,2}X{1} 1,3 {l}x{l,2}x{l,3}
2 {1} X {3} X {2} 1,4 {l,2}x{2}x{l}
3 {l}x{l,2,3}x{3} 2,3 {l}x{3}x{2,3}
4 {2} X {2} X {1}

In this example all subproducts differing in a single coordinate have been expressed as

a single subproduct. The complete set of maximal subproducts has been generated after a

single iteration.

An incremental version of this method can be devised by generating the prime implicants

P of a set of rules, and adding a new rule R. The new rule is then consensed with all primes

in P. Forward and backward subsumption are applied. If any new primes are produced,

they are consensed with all primes in P. This process proceeds until no consensus produces
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a new rule. It is obvious that the proof for the general algorithm holds for the incremental

approach.

3.4 Generalized consensus

Tison [56] describes a generalization of consensus in which all the consensus operations on

one attribute are preformed together. After a brief discussion of Tison's original algorithm,

slight modifications wlU be discussed which permit the processing of subproducts.

3.4.1 Tison's method

Tison [56] gives the following definition of generalized consensus:

Definition 3.2 Given a set of expressions E,

1. A variable x is monoform if x and x ̂  E.

2. A variable y is biform if y,y E E.

Let M = AJLjMi and M be the n-order generalized consensus of E if and only z/ J3i V • • • V

Bn = TRUE holds irredundantly.

Obviously a variable must be either monoform or biform. Tison states that the primary

contibution of this generalization of consensus is that the consensus operations can be

ordered so that the variables are eliminated one after the other. He then gives the following

algorithm:

Algorithm 3.5 (Tison's method) Let L be the set (Ai, A2,..., A„) which is called the

implicant list. At the end of the procedure, L consists of the prime implicants of E.

For each biform variable x in L,

1. For every pair of clauses A,-, Aj E L, add to L the consensus CS(A,-, Aj,a;) if such a

consensus exists.
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2. Delete from L all clauses Q such that there is a Q' € L which subsumes Q.

This method generates ail and only the prime implicants of E. The proof can be found in

[13] and [26].

3.4.2 Generalizing Tison's Method to subproducts

The key property which ensures the correctness of Tison's method is the following proof-

theoretic identity which allows the consensus operations to be reordered.

Lemma 3.1 Let R\, R2 and R3 be subproducts and q, q' be attributes in those subproducts.

CS{CS{RuR2,q),R3,q') = CS{CS{Ri,R3,q%CS{R2,R3,q'),q).

Proof of Lemma 3.1 by cases

The following notation is used: Ri denotes the ith rule, R^ the value of attribute x in

R, and Rf the value of x in Ri. Pi is the consensus proof before distributing R3 while P2 is

the consensus proof which results from the distribution. Only a; and y need be considered

as the remaining attributes are aU intersected. The proof is obvious for x — y. For x ̂  y

Pi P2
X y X y

{Rf u Rf) n Rf (Rf n Rf) U Rf {Rf n Rf) u {Rf n Rf) {R\liRl)n{RfuRf)

Corollary 3.1 Techniques which order the consensus operations (e.g., Tison's method) can

be used to generate maximal subproducts.

Tison's method must be modified before it can process subproducts. Note that in

Tison's method consensus is performed once for each variable because further consensi at

that variable cannot alter the final result. This is due to the fact that variables in the

Boolean case can have only two values. In subproducts, variables become attributes and

the values become attribute restrictions. This allows intermediate forms of consensus to be

created which may need to be consensed further at the same attribute to obtain aU possible
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subproducts. Therefore, an iterative step must be added to Tison's method to ensure that

all maximal subproducts are generated (See Table 3.4 for an illustration of this iterative step

and its necessity). This consists of iterating the consensus operation on all new consensi at

each attribute until no new subproducts are produced.

Tison's method for generating subproducts can be altered so that consensus is performed

on each attribute in turn:

Algorithm 3.6 (Tison's method for subproducts) Let L he the set (Ai, A2,..., A„)

which is called the implicant list. At the end of the procedure, L consists of the prime

implicants of II.

For each attribute a in L,

1. Initialize C = {}

2. For every pair of clauses Ai, Aj G L

(a) Add to C the consensus CS(A,-, Aj,a) if such a consensus exists

(b) Delete from C all clauses Q such that there is a Q' £ C which subsumes Q.

3. For every pair of clauses Ci, Cj G C

(a) Add to C the consensus CS(C,, Cj, a) if such a consensus exists.

(b) Delete from C all clauses Q such that there is a Q' £ C which subsumes Q.

4. Delete from C all clauses Q such that there is a Q' £ L which subsumes Q.

5. Add C to L

Using the earlier example, we find the maximal subproducts of this attribute signature

by Tison's method. This is shown in Table 3.4:

If the initial set of subproducts is expressed more succinctly. Table 3.5 is produced:
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Table 3.4: Maximal subproducts generated by Tison's method (with trivial subproducts as
input).

Consensing at the first coordinate

{1}X
{1}X
{1}X
{1}X
{1}X
{1}X
{2}x

{1}X{1
{2} X {1
{3} X {2
{1} X {3
{2} X {3
{3} X {3
{2}x{l

2,7 {l,2}x{2}x{l}

Consensing at the second coordinate
1

3

4

5

6

2,7

{1}X{1}X{1}
{1} X {3} X {2}
{1} X {1} X {3}
{1} X {2} X {3}
{1} X {3} X {3}
{l,2}x{2}x{l}

1,2,7

4.5

4.6

5,6

{1}X{1,2}X{1}
{l}x{l,2}x{3}
{l}x{l,3}x{3}
{l}x{2,3}x{3}

4,5,6 {l}x{l,2,3}x{3}

Consensing at the third, and final, coorcinate

1,2,7

2,7

3

4,5,6

{l}x{l,2}x{l}
{l,2}x{2}x {1}
{1} X {3} X {2}
{l}x{l,2,3}x{3}

1,2,4,5,6,7

3,4,5,6

{l}x{l,2}x{l,3}
{l}x{3}x{2,3}

In this example all subproducts which dilfer by a single coordinate have been expressed

as a single subproduct. The complete set of maximal subproducts has been generated after

a single iteration.

3.4.3 Incremental prime implicant generation

The IPIA (Incremental Prime Implicant Algorithm) of Kean and Tsiknis [35] takes a set

of prime implicants, II, and a clause, C. The algorithm returns E U 11, the set of prime

implicants for {C} U 11. As this algorithm is an incremental version of Tison's method, it

too must be modified to accept subproducts.

Algorithm 3.7 (IPIA)

Initialize S = {C}. IfC is subsumed by some clause in 11 delete C from E and halt

the procedure.
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Table 3.5: Maximal subproducts generated by Tison's method (with nontriviaJ subproducts
as input).

Consensing at the first coordinate

1,2

3

4,5,6

7

{l}x{l,2}x{l}
{1} X {3} X {2}
{l}x{l,2,3}x{3}
{2} X {2} X {1}

1,2,7 {l,2}x{2}x{l}

Consensing at the second coordinate
1,2

1,2,7

3

4,5,6

{1}X{1,2}X{1}
{l,2}x{2}x{l}
{1} X {3} X {2}
{l}x{l,2,3}x{3}

Consensing at the third coordinate
1,2

1,2,7

3

4,5,6

{1} X {1,2}X {1}
{l,2}x{2}x{l}
{1} X {3} X {2}
{l}x{l,2,3}x{3}

1,2,4,5,6

3,4,5,6

{l}x{l,2}x{l,3}
{l}x{3}x{2,3}

For each biform variable x occurring in C do

(a) For each 5 G S and P G 11 such that P,S have consensus on x do

i. T = CS{S,P,x)

a. E = s u r

(b) Delete any P G E U 11 such that there is a P' G E U 11 that subsumes D

The IPIA is modified in a fashion similar to Tison's method:

Algorithm 3.8 (IPIA for meiximal subproducts)

Initialize E = {C}. If C is subsumed by some clause in IT delete C and halt the

procedure.

For each attribute x occurring in C do

(a) Initialize E = {}

(b) Iterate until E U 11 is not modified

i. T — CS(5, P, x) such that 5 G E, P G H
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a. s = s u {T}

Hi. Delete any £) e S U 11 such that there is a D'm S U 11 that subsumes D

Again, using the earlier example:

Example

Find the maximal subproducts of this attribute signature. Table 3.6 shows the prime

implicant generation.

Table 3.6: Maximal subproducts generated by IPIA (with trivial subproducts as input).

Hi 1

{l}x{2}x{l}
1,{C} {l}x{l,2}x{l}

n2 1

{C}
{l}x{l,2}x{l}
{1} X {3} X {2}

Ha 1

2

{C}

{1} X {1,2} X {1}
{1} X {3} X {2}
{l}x{l}x{3}

1,{C} {l}x{l}x{l,3}

n4 1

2

3

{C}

{1} X {1,2} X {1}
{l}x{3}x{2}
{l}x{l}x{l,3}
{1} X {2} X {3}

h{C} {l}x{l,2}x{l,3}

Hs 1

2

{<^}

{1} X {3} X {2}
{l}x{l,2}x{l,3}
{1} X {3} X {3}

1,{C}
2,{C}

{l}x{3}x{2,3}
{l}x{l,2,3}x{3}

He 1

2

3

{C}

{l}x{l,2}x{l,3}
{l}x{3}x{2,3}
{l}x{l,2,3}x{3}
{2} X {2} X {1}

UC} {l,2}x{2}x{l}

If this example is reformulated so that the initial set of subproducts is expressed more

succinctly, Table 3.7 is produced:

Kean and Tsiknis [22] optimize their incremental algorithm by recognizing relationships

among consensi during subsumption checking. Although this optimization decreases the

average time complexity of the algorithm, it cannot affect the worst case complexity. As

we are concerned with the actual consensus methods, we close this section by noting that

the optimized version of IPIA can be generalized to generate the maximal subproducts of
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Table 3.7: Maximal subproducts generated by IPIA (with nontrivial subproducts as input).

Hi 1,2

{C}
{l}x{l,2}x{l}
{1} X {3} X {2}

n2 1

2

{C}

{l}x{l,2}x{l}
{1} X {3} X {2}
{l}x{l,2,3}x{3}

1,{C}
2,{C}

{l}x{l,2}x{l,3}
{l}x{3}x{2,3}

n3 1

2

3

{C}

{l}x{l,2,3}x{3}
{l}x{l,2}x{l,3}
{l}x{3}x{2,3}
{2} X {2} X {1}

2,{C} {l,2}x{2}x{l}

an attribute signature.

3.5 Discussion

In general, iterative consensus performs fewer consensus operations at each level than the

Quine-McCluskey algorithm, but must perform subsumption checking at each level. Intu

itively, iterative consensus should generate the maximal subproducts at an earlier stage of

the algorithm. The motivation for this algorithm is to take subproducts at the ith level

and generate subproducts in the i jth level where y > 1. Since the maximal subprod

ucts wiU lie in the outermost regions, an algorithm which reaches those frontiers quickly

is more appealing. However, it is possible that these subproducts would not subsume the

lesser subproducts at that particular level. It could be that the smaller subproducts were

not subsumed until one or more additional iterations. Tison's method also consenses fewer

times than the Quine-McCluskey algorithm and requires subsumption checking, but this

method should be more efficient than either the Quine-McCluskey algorithm or iterative

consensus.

For the sample problems, iterative consensus performs reasonably well. In fact, since the

initial set of subproducts are trivial all consensi at the first level wiU be subsumed by the

resulting subproducts. In this case, iterative consensus enjoyed a decided advantage against

the Quine-McCluskey algorithm. In practice, however, the advantages of iterative consensus
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are not so clear. It seems reasonable to assume that fewer intermediate subproducts wiU be

generated by iterative consensus, but subsumption checking could negate this benefit. In

this instance, the success of iterative consensus lies in the fact that most of the subproducts

in the lower levels were subsumed after a single iteration. Thus the similaj figures in

subsumption checking could be attributed to the initial use of trivial subproducts and the

large numbers of intermediate subproducts generated in the second level.

Let us begin to analyze these algorithms' performance by examining a special case

of iterative consensus. Iterative consensus is equivalent to Quine-McCluskey when it can

subsume all parent clauses at the lower levels and any clause which is not a parent is a

prime implicant. Then the number of subsumption checks is equal for both methods and

iterative consensus wiU perform no more consensi than Quine-McCluskey and possibly far

fewer. Otherwise, for each subproduct generated by iterative consensus, the number of

additional subsumption checks at level Si can be calculated as

j=0

Since the number of consensus operations in Tison's method and IPIA is bounded by the

number of attributes, both methods should be superior to the Quine-McCluskey algorithm

and iterative consensus in the general Ccise. Kean and Tsiknis [22] prove that the worst case

complexity of IPIA is where n is |n|, the number of prime implicants, and k is

the number of biform variables in {C}, the clause being added to 11.

We have generalized consensus techniques to maximal subproducts. As production rules

are merely the disjunctive case, we can apply these same methods to minimize internally

disjunctive production rules by using the dual algorithm. The dual algorithm for disjunctive

expressions intersects at the consensus attribute and merges at the nonconsensus attributes.

In converting the production rules to disjunctive expressions, however, we lose the original

forms of the rules. Chapter 4 discusses oriented consensus methods designed to retain
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the original forms of production rules and to use those forms to dictate the outcome of

consensus.
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Chapter 4

Oriented consensus and widenings

The attributes in a production rule must occur either in the antecedent or in the consequent

of that rule. This gives the rule an orientation which is an indication of how it is intended to

be used. Converting production rules to their clausal form loses the orientation information

and thus some valuable information concerning the original intended use of the rule.

In an oriented rule we distinguish the orientation information from the logical informa

tion and regard the rule as two separate components: the logical rule and the orientation.

Oriented consensus takes two oriented rules and produces another oriented rule which is

implied by the parents. In order to obtain an oriented rule from this consensus, it is neces

sary to follow some convention which determines the orientation of the result. A convention

which produces the strongest possible attribute restrictions is introduced in Section 4.1. At

tribute restrictions are strengthened when the disjunctive set is reduced or weakened when

it is enlarged.

Consensing oriented rules can produce an oriented rule whose conclusion has been weak

ened when compared to either parent. Such a consensus is called a widening and the result

is said to be wider than either parent. Widenings are undesirable because the conclusion is

strictly weaker. Consequently, the parents of a widening provide a more concise represen

tation than their widened offspring. In generating prime rules, these widened rules wiU also

consense with other rules to produce further undesirable rules with weakened conclusions.
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Widened rules wiU not subsume their parents, nor will their parents subsume them. It is,

however, desirable to remove them. Section 4.2 describes how the results of widenings can

be pruned from the set of primes.

In Section 4.3 it is shown that widenings can be distributed throughout a proof such

that no widening occurs before any other consensus. In fact, it is shown that the widen

ings themselves can be distributed when the consensus is at distinct attributes. When the

attributes are the same, it is possible for a widening to be completely eliminated by distri

bution. Section 4.4 examines the effects of preventing widenings from occuring during the

generation of primes, and discusses methods for eliminating any resulting rules which are

not prime. This chapter concludes by noting that oriented consensus is compatible with

the consensus techniques described in Chapter 3.

4.1 Oriented consensus

Consensus produces a new rule which is implied by its parents. When the rules are oriented,

there must be a convention for orienting the results of the consensus. In the remainder of

this section, the entailment operator h is used to separate the antecedents of a rule from

the consequents.

Definition 4.1

1. The surface form of a rule is given as

Ai-C

where A is the set of antecedents and C is the set of consequents.

2. An oriented rule R is a pair (S,ff) where S is the surface form of R and 0 is the

orientation of R. 6 is a set of attributes such that no attribute in the conseqeuent of

S is contained in 6 and every attribute in the antecedent of S is in 9.
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S. An oriented rule has minimal orientation if all antecedent attributes of the surface

form occur in the orientation.

The orientations of the parents wiU determine the orientation of the result of an oriented

consensus. Two rules Ri = and R2 = {S21G2) have the same orientation if and only

if 0\ =62.

Definition 4.2 Given two oriented rules Ri and R2, there is an orientation clash at

attribute q in Ri and R2 if q occurs in the orientation of one rule and the consequent of the

surface form of the other rule.

If there is an orientation cleish at an attribute then some uniform convention must be

followed for determining the placement of that attribute in the surface form of the new rule.

The orientation is important as an attribute restriction can be eliminated in consensus and

can still be in the orientation even though it is missing from the surface form. It is this

maintenance of orientation which ensures that the proof manipulations of Sections 4.3 and

4.4 will apply.

Definition 4.3 The oriented consensus of R\ = and R2 = (5'2,^2) attribute

q is denoted as

CS*(i?i, R2,q)-

The orientation of the new rule is defined as

U ̂2 9 G and q £ 62cs(6i,^2,g) = Ii,i,2,.ij ^ U 02 \ {9} otherwise

The following convention orients the result of consensus in the surface forms, and orienta

tion of the parents.

1. If 61 and 62 have an orientation clash at the consensiis attribute q, then the residual

of q is placed in the consequent of the surface form.

qoco 01
h qoci $2

b qoci-co 6 = cs{6i,02,q)
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2. If 0\ and $2 have an orientation clash at a non-consensus attribute q', then the residual

of q' is in the antecedent of the result.

q' o Co h 01
h ^ OCi 02

q'oco-ci h 0 = cs{0i,02,q)

3. If there is no orientation clash between Ri and R2 at q, q is brought into the new rule

with the same orientation and the new orientation is cs{0i,02,q).

Example 4.1 presents several consensus operations. In Example 4.1(3) the restriction gio[6]

is treated as an exception.

Example 4.1

1. At a consensus attribute q\

goo[a,c] Agio [a,b,c] f- q2o[a] 0i = {qo,qi}
goo[6,c] h gi o[g,c,e] V g2 o[ft] O2 = {go}
goo[c] f- gio[e] Vg2o[Q>fc] ^ = {go}

2. At a non-consensus attribute gi

goo[a,c] Agio[6,c,d] h 920 [a] = {9o,gi}

go o [b, c] h gio[a,c]Vg2o[fe] ^2 = {go}
goo[a,6,c]Agio[6,d] h g2o[a,6] ^ = {go,gi}

3. Switching gi to the consequent

goo[a] I- g2o[a] = {go}
go o [6] A gi o [6] h g2 o [ft] 02 = {go,gi}
goo[a,6] I- g2o[a,6] Vgio-iffc] ^ = {go}

With some slight modifications, subsumption can accomodate oriented rules with internal

disjunctions. Most notably, we address subsumption at both a logical and orientation level

since we have split production rules into two parts.

Definition 4.4 (Oriented subsumption) An oriented rule R' = (4' h C',0') subsumes

another oriented rule R = {A\- C,0) if and only if

1. AC A',
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2. C CC,and

3. 6' C0.

This is denoted as R' >- R.

Intuitively, this means that orientation subsumption is given by the least number of at

tributes in the antecedent, i.e., the less that must be assumed, the better. It is immediate

that

Lemma 4.1 If R[ y Ri and >- R2 then

CS*{R'„R'2,q)yCS*iRi,R2,q).

We must now prove that oriented consensus operations can be distributed:

Lemma 4.2

CS*(CS'(iZi,i?2,g),i?3,g') = CS*{CS'{Ri,R3,q%CS*iR2,R3,q'),q).

In order to prove this lemma, we introduce the predicate Ag. The predicate Aq{0) is

true if and only if attribute q is in the orientation. It is clear that

AgiCS'{0i,02,q)) = Ag{0i) A Ag{02), and Ag{CS*{0U02,q')) = Ag{0i) V Ag{02).

We must prove that

CS*(CS*(0i,02,9i),^3,92) = CS*{CS*{0i,03,q2),CS*{02,03,q2),qi).

Proof of Lemma 4.2 (by cases)

1- 9 7^ 91 5^ 92-

{Ag{0,) V Ag{02)) V Ag{03) = (4,(di) V Ag{03)) V (^,(^2) V A,(^3)).

This holds because V is associative and idempotent.
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2. q = qi= 92-

(A,(6>i) A A,(^2)) A A,(03) = (A,(0i) A A,(03)) A (A,(02) A A,(03)).

This holds because A is associative and idempotent.

3. 9 = 91, 9 7^ 92-

(A,(0i) A A,(02)) V A,(03) = (A,(0i) V A,(03)) A (A^(02) V A,(03)).

This holds as V distributes over A.

4. 9 7^ 91, 9 = 92-

(A,(0i) V A,(02)) A A,(03) = (A,(0i) A A,(03)) V (A,(02) A A,(03)).

This holds as A distributes over V.

An oriented consensus proof requires that the consensed attribute be present in the orien

tation of both rules.

4.2 Widenings and narrow primes

We can now discuss forms of oriented consensus called widenings which weaken conclusions

and consequently are undesirable. Those primes which cannot be generated from other

prime rules by one or more widenings are called narrow and form an important subset of

the generated primes.

Definition 4.5

1. A rule R' = (A' f- C, 0') is wider than rule R = {A h C,0) if and only if C C C

and 0 C 0'.

2. Consensus is a widening if the result is wider than both parents. A widening of R\

and R2 at q is denoted as

CS^{Ri, R2,9).
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A rule Jli is narrower than rule JI2 if and only if is wider than Jti.

Note that widenings always weaken the consequent of the new rule. Such rules are usu

ally undesirable since most knowledge-based systems require rules possessing the strongest

consequents. These ideals are illustrated by Example 4.2.

Example 4.2

1.

91 o [a] I- 92 oH = {91}
9io[6] h 92o[h] ^2 = {91}
9io[a,6] h 920 [a, 6] ^ = {91}

In this example, all attribute restrictions have been weakened.

2.

qo o [a, c] A 9i o [a] A 52 o [a] I" 93 o [a] ^1 = {90,91,92}
go o [g, e] A 94 o [a A 92 o [b] I- 93 o [6] ^2 = {9o»9i>94}
goo[a]A9io[a] A94o[a] A92 0[a,6] H 930(0,6] ^ = {90,91)92,94}

The antecedent is more restrictive, but the consequent is weaker.

3.

9io[a] 1- 920 [a] ^1 = {91}
giO-i[a] h 92 o [6] ^2 = {91}

h 92o[a,6] ^ = {91}

In this example, 91 is disappears from the surface form of the new rule, but remains

in the orientation.

4-

qo o [a, c] A 9i o [a] h g2 o [a] Oi = {90, gi}
go o [g, e] A gi o [g] h g2 o [a] 02 = {90,9i}
go o [g, c, e] A 91 o [g] I- g2o[g] ^={go,9i}

This consensus is not a widening because the new rule does not possess a weakened

consequent. Instead, the parents are subsumed by the new rule.

Widenings only occur in the presence of orientation and internal disjunctions. Consider the

widening

9io[g] h g2o[g] ^i = {gi}
9io[6] h 92 o [6] ^2 = {91}
9io[g,6] h 92o[g,6] ^ = {91}
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In clausal notation the parents become

{-^91 (a), 92(h)}, {--91(h), 92(h)}.

Resolution does not pair these clauses because there is no complementary set of literals;

resolution may be viewed as insisting upon orientation clashes while consensus for internal

disjunctions does not. Clauses may be implicitly oriented by collecting negated literals as

the antecedents and positive literals as the consequents. Generalizing consensus to inter

nal disjunctions makes orientation an imposed structure rather than an implicit structure.

However, this does not mean that there is anything productive about an antecedent-to-

antecedent consensus in which there is no orientation clash.

With their distinct characteristics, widenings can be identified as they are being formed.

Therefore, the most eificient method of eliminating widened rules would be to prevent their

formation in the pairing process. The price of such a strategy, however, may be the loss of

completeness. The aim of this section is to investigate how primes produced by widenings

can be identified for removal and the conditions under which the prevention of widenings

at the generation stage does not affect completeness.

Lemma 4.3 A consensus is a widening if and only if the consensus attribute is in the

orientation of both rules.

Proof of Lemma 4.3

Consequent-to-consequent consensus causes a restriction of the consequent and thus

cannot be a widening. Antecedent-to-consequent consensus is impossible because the ori

entation of the resulting rule is smaller. Finally, if antecedent-to-antecedent consensus is

performed then the consequent is weakened and a widening results. □

Corollary 4.1 Suppose that Ri = {Si,0i), R2 = (52,^2) aid P = CS*(Ri, 1X2,9) a

widening. Let R[ — (5i,0i) and R2 = (52,^2). If R'l ^ Ri> R2 ^ R2 and q £ 61(^62 then

P = CS*{R[,R2,q) is also a widening.
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Not aU primes are needed to retain the knowledge embodied in a set of production rules.

In this section, we examine a subclass of the primes generated by oriented consensus and

determine the difficulty of detecting membership in of that subclass. Our motivation is to

eliminate those primes which can be produced from widenings of other primes.

Definition 4.6 A wide prime is one which has a widening proof from other primes. A

prime which is not wide is called a narrow prime.

It is relatively simple to determine whether a prime is narrow by using the fact that it must

not be wide:

Lemma 4.4 A prime P is wide if and only if3Ri = R2 = (52,^2) € P such that

P = CS^{Ri, R2,q).

Proof of Lemma 4.4

If a widening proof exists, then consider the last step of the proof. Replace the parents

with primes. Since q is in the orientation of the result, it must have been in the orientation

of its parents. Thus, it must be a widening. □

4.3 Delaying widenings in proofs

We wiU show that widenings can be distributed through a proof tree so that they foUow all

other consensi. First, any proof tree can be transformed into one in which all the widenings

follow aU other consensi. It suffices to show that a proof tree of the form shown in Figure 4.3

can be transformed into the one shown in Figure 4.3.

In this distributed proof, no widening precedes a consensus which is not a widening.

This proposition is proven by Lemmas 4.5 and 4.6.
Lemma 4.5

CS'(CS^(Ri, R2,9), R3. q) = CS*{CS*{Ri,R3, q), CS*{R2, R3, q),q).
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Figure 4.1: The original proof.

Proof of Lemma 4.5 Let A,(^3) = J..

(A,(0i)AA,(02))AA,(^3) = 1.

{Aq{6i) A A,(03)) a (Ag(ff2) A A,(^3)) = 1.

In CS*(Ri,E3,q) and CS*{R2,R3,q) q is removed from the orientation of the resulting

rules. Thus,

CS*iCS*{R^,R3, q), CS*(i?2, Rs, q), q)

is a consequent-to-consequent consensus which cannot be a widening. □

Lemma 4.6

CS*{CSURuR2,q),R3,q') = CSUCS%RuR3,q'),CS\R2,R3,q%q).
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R3 "-2

Figure 4.2; The distributed proof.

Proof of Lemma 4.6 Let Aq{6z) = ±.

(A,(0i)AA,(02))VA,(03) = T.

(A,(fi) V A,(03)) A (A,(02) V A,(03)) = T.

CS*(iEi,il3,g') and CS*{R2,R3,q') have q in their respective orientations. Thus,

CS*(CS*(iZi, i?3, q% CS*(R2, R3, q'), q)

is a widening. Consequently, the widening distributes. □

The next theorem shows that these results can be used to distribute widenings over a

proof tree of depth n.

Theorem 4.1 All widenings in a proof V can be distributed such that all other consensi in

the distributed proof V' precede them.
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Proof of Theorem 4.1 by induction on the depth of V

Basis. depth(P) = 2

Follows from Lemmas 4.5 and 4.6.

Inductive step.

Assume that all proof trees of depth < n satisfy the theorem. Given two trees V\, V2

where depth(Pi) = n and depth(P2) < the proof tree formed by consensing Vi and V2

must be of depth n + 1; it is shown in Figure 4.3.

If i?3 is a widening, then the theorem holds since Pi, V2 satisfy the theorem and no

nonwidening has been introduced. If, however, Rz is a nonwidening it must be distributed

over Pi and V2 until no widenings precede it. Use Lemmas 4.5 and 4.6 after splitting Pi

into subtrees Pn, P12. The proof tree which results is shown in Figure 4.4.

By Lemmas 4.5 and 4.6, the widening has been distributed or eliminated. If depth(P2) <

n then the inductive hypothesis states that consensi a, (3 can be distributed such that the

theorem holds, because a, /? terminate at depth n. If depth(P2) = n, one more distribution

step is needed; this last step is shown in Figure 4.5.

At this stage, aU nonwidenings in P' occur at the nth level of aU subtrees and can be

distributed given the inductive hypothesis. □

4.4 Pruning the prime rules

Oriented consensus and subsumption produce the complete set of prime rules. By pre

venting widenings, some primes may not be generated and some generated rules may not

be prime. The set of rules which are generated by blocking widenings and eliminating rules

using oriented subsumption is caUed the modified set of primes Pm- In this section, we show

that all narrow primes wiU be present in the modified set of primes and that they can be

identified relatively easily.

Lemma 4.7 All narrow primes are present in Pm-
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Proof of Lemma 4.7 If P is narrow but P ̂ Pm, then every proof of P contains widenings

which cannot be removed by delaying widenings. Consider a proof of P which terminates

in a widening. This widening can be strengthened as in Corollary 4.1 to show that P is not

narrow. □

Definition 4.7 A widening proof of R is a consensus proof of R' in which only widenings

are used, where R' y R.

The following observation is useful in identifying the set of narrow primes.

Lemma 4.8 If there is a widening proof of W from Ci,...,Cn then Ci,..., C„ are nar

rower than W and C\,. . .,Cn ==y W.

Unfortunately, while this condition is necessary to find those rules in Pm, it may not be

sufficient. Were there no antecedent-to-consequent consensi, this condition would be suffi

cient; however, such consensi could occur. Further research may provide a more satisfactory

result.

4.5 Discussion

Distributing widenings is compatible with the consensus technique devised by Tison [56]

and extended by Kean and Tsiknis [22]. Lemmas 4.5 and 4.6 indicate that the distribution

of widenings is allowable as long as an attribute is only used once in the proof. However,

expressions with internal disjunctions may require more than one consensus operation at

an attribute. In Chapter 3, Tison's method was modified to permit iterative consensus on

each attribute in turn. This allowed Tison's method and the incremental version of Kean

and Tsiknis [22] to generate all primes from a set of expressions with internal disjunctions.

We strengthen the results of [56] and [22] by introducing oriented consensus and re

stricting widenings. In doing so, we keep more rules than is necessary because we have
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limited the power of subsumption by requiring that the orientation information in the rules

be identical.

54



Chapter 5

Covering prime implicants

When all consensi have been generated, the result is a set of maximal subproducts. As

depicted earlier in Chapter 2, not all maximal subproducts are required for a complete

description of the attribute signature. Since maximal subproducts are analogous to prime

implicants, we can modify covering techniques for prime implicants to obtain a means of

producing an irredundant set of maximal subproducts needed to represent an attribute

signature.

Covering a set of prime implicants has been accompbshed by branching techniques

[43,29,58], algebraic methods [5,18,19,27,42], and integer programming [6,12,50]. The cov

ering procedure discussed herein is a branching method which attempts to reduce the size of

the covering problem through the identification of unique components and subsumption of

covered elements. Branching is performed by either removing a prime implicant from con

sideration or adding it to the cover. Each branching step creates two new covering problems

of lesser size. Although this technique is guaranteed to generate aU irredundant covers, it

is computationally expensive as the number of irredundant covers grows exponentially on

the number of primes.

5.1 The set covering problem

The problem of finding an irredundant set of primes is related to set covering:
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Definition 5.1 Given sets V = {v\,V2... Vti}> P = {Pi^P2- • -Pn} where pj C V and

Upi = v-
j=l

Associated with each set pj may be a non-negative cost Cj ; P' C P such that

1. Vv,3pj G P' such that Vi £ P, and

2. ̂ Cj is minimal, where the sum is over j, such that pj £ P,

is said to be a minimal cost cover. If the set of all Cj's is identical, then the minimal cost

cover is the minimal cardinality cover.

The set covering problem is known to be NP-complete if all Pj's have [Pjl < 2; if aU Pj's have

|Pj| = 2 the problem can be solved by matching techniques [17]. The covering algorithm

described in this chapter is based upon the reduction of the covering problem into smaller

subproblems. Branching is performed when other types of reduction (e.g., subsumption)

are not applicable. By iterating this procedure, every problem can be reduced to the trivial

subproblem with Pj = 0. However, the generation of 2'^ subproblems from n branches in

the worst case is no better than enumerating aU possible covers and verifying that they are

irredundant. In most cases, however, the average complexity of this problem is much less

than 2".

Definition 5.2 Let S be a signature over {Ai,..., A„).

1. If S is the conjunction of prime rules

S = /\ Pj
jeJ

such that no rule Rj can be excluded without the equality failing, then the conjunction

is said to be an irredundant cover.

2. A prime rule which is contained in every irredundant cover is said to be essential.
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S. A prime rule which is not contained in any irredundant cover is said to be inessential.

Having found all prime rules, a table can be constructed to represent attribute-value pairs

as columns and prime rules as rows. An entry in the table indicates that the attribute-value

pair for that column is covered by the prime rule for that row. Attribute-value pairs covered

by only one rule must be included; other attribute mappings covered by this process are

then removed. The reduced table is analyzed to determine which remaining expressions

complete the cover. A table in which no mappings are uniquely covered is said to be cyclic.

Such tables can be analyzed to find all combinations which can cover the signature. This

branching technique is employed by the Quine-McCluskey algorithm.

At a particular stage in the algorithm there are two sets, those rules one has decided to

definitly include in the cover, C, and those rules which could stiU be used in the cover, S.

The set covering algorithm can be characterized by three basic operations:

1. Rule inclusion: If r G 5" is such that r ̂  S\JC then r is relatively essential and

must be removed from S and included in C.

2. Rule dominance: If i? G 5 has R C then r can be removed from S.

3. If neither of the above can be performed, we may branch by picking an arbitrary rule

and either remove it from S or force it into C by removing it from 5 and placing it

in C.

If r is removed, this algorithm is similar to other branching techniques; for the forced

rules, another set F must be maintained. The set F contains all rules which have been

forced. As a rule may be derived from combinations of prime rules, forcing a rule could lead

to covers which are not irredundant. When a prime rule is forced, its unique components

(i.e., those found nowhere else in 5) are determined. If there are none, that rule is not

forced; instead, another rule is selected. When relatively essential rules are later added
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to C, they are checked again to verify that all rules in F stiU possess unique components.

Otherwise, C will not be an irredundant cover and that branch of the search should be

terminated. The algorithm then backtracks, removing the last forced rule and proceeding

down a new path.

The following example demonstrates the covering procedure prescribed by McCluskey

[29]. As the expressions are in conjunctive form, the search for essentials can be perfomed by

inspection. Similarly, the reduction techniques can be apphed in a straightforward manner.

Example The prime imphcants generated in Chapter 3 will not be covered. The initial

prime implicant table is given in Table 5.1:

Table 5.1: Initial prime implicant chart.

Coordinate 1 Coordinate 2 Coordinate 3

subproduct 1  2 3 1  2 3 1  2 3

1 X X X

1 X X X

2 X X X

2 X X X

3 X X

3 X X

3 X X

3 X X

4 X X X

4 X X X

4 X X X

After the first set of operations. Table 5.2 results:

Table 5.2: The chart after one reduction.

Coordinate 2

subproduct 2

3 X

4 X
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At this stage, either of the remaining rules may be used. Thus, the set of irredundant

covers are obtained:

{{PuP2,P3}ApuP2,Pi}}-

5.2 Subtraction of subproducts

In the case of disjunctive expressions, covering by inspection is more difficult. Roth [48]

presents the or sharp algorithm which subtracts vertices of one cube from another. The

sharp operation takes a set of vertices A and subtracts the set of vertices from B, forming

the set of subcubes in A which are not included in B. This operation may produce more

than one subcube. Denoted A#B, this operation is algebraically defined by Table 5.3.

Table 5.3: Coordinate ̂ ^-operation

Oi bi

0  1 X

0 z  y z

1 y  z z

X 1  0 2

To describe the ^-operation between two subproducts, let c*" = (01,02,.. .,an) and

c' = {bi,b2,...,bn).

if a, #6, = y for any i
if ai^bi = for aU i

Uj(oi,..., o,_i, Q„ o.+i,..., o„) where Oi#6, = = 0 or 1
c^#c' = .

The i^-operation has the following properties:

c'"#c® = c*" if c*" n c® = 0.
c'-#c^ C c\

^  (noncommutative).
(c''#c®)i(ic' ̂  (nonassociative).

It also satisfies the distributive laws

(c'- U c^)#c* = (c'-#c') U
(c'- n c^)#c' = (c^#c') n (c^#c').
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and the following commutative law

(c'-#c-)#c' = (c'-#cO#c».

A similar operation can be defined for sets. First the coordinate operation must be mod

ified for this algorithm to manipulate sets. Table 5.4 illustrates the coordinate operations

for sets.

Table 5.4: Coordinate subtraction Ai - Bi.

Ai

Bi

-^Bi Bi X

->Ai Ai - Bi y z

Ai y Ai - Bi z

X Bi -^Bi z

This subtraction operation must be altered to reflect that individual attributes com

prising subproducts may not be completely subtracted as in the Boolean case. Let c'" =

(ai,a2,...,a„) and c® = (61,62,.. .,6n)-

c*" if a,#6j = y for any i
= < 0 if = z for all i

• • • > a.-i, oii, a.+i,..., a„) where a,- ̂  y, a,- 2;

The sharp algorithm was devised for vertices expressed as conjuncts; however, a dual

operation can be defined for disjuncts using the identity

(xi A • • • A x„) = -ixi V • • • V -iXn.

Consequently, only the set minus operations need be reversed to provide the dual coordinate

operation. Table 5.5 reflects this change.

We now present an algorithm which performs this subtraction routine for maximal

subproducts.

Algorithm (Subproduct subtraction)
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Table 5.5: Dual of subtraction for disjunctive expressions.

Ai

Bi

-tBi Bi X

-lA,- Bi - Ai y z

A. y Bi-Ai z

X Bi ^Bi z

Procedure: Let A and B be two arrays consisting of a set of vertices. Each vertex is itself

an array representing the coordinates. The algorithm returns A', an array which contains

the set of subcubes in A which are not included in B.

A' ̂  MINUS(A,5)
A' = {}; n = |A|; i = 0] j = 0;
do while i < n

{a:=A[i];
b:=B\i];
if a n 6 = 0 then return {A}

else if a = 0 and 6^0 then {A'[j] := A[i]:=6
j:=J + 1}
else if a 51^ 0 and b ̂  ̂ then {a':=a — b
if s' {} then {A'[j]:=A[i]:=s'

+ 1}}
i:=i + 1}

return A'

5.3 The set covering algorithm

Algorithm (Basic covering algorithm)

Procedure: Find the set of all irredundant covers for a set of prime implicants. Let PI be

the initial set of prime implicants, F = {} be the set of prime implicants forced into a cover

and F = {} be the set of essential prime implicants. Backtracking is controlled by a global

stack.

C ̂COVER(P/,F,F)
i = 0;
if PI = {} or PI = {pi} then return PI U F;

else { E' =FIND ESSENTLA.LS(P/, F);
PP:=DELETE(F');
do while i < |F1 {

if F'[i]:=MINUS(F U F', F[i]) = 0 then backtrack;
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else i:=i + 1 }
/:=FIND INESSENTIALS(P/', E U E');
P/':=DELETE(/);
if PI' = PI then 5:=DIRECT SEARCH(P/);
if 5 = 0 then return (COVER(P/', F', EUE'U 5));
else return (COVER(P/', F', E U E'))-,

}

The routines FIND ESSENTIALS and FIND INESSENTIALS identity essential and

inessential subproducts. A subproduct is essential if there is some component which is not

contained in any other subproduct. Conversely, a subproduct is inessential if it is completely

covered by the union of all other subproducts.

FIND ESSENTIALS(P/,E)
P' = {};n = |P/|;t = 0; j = 0;
do while i < n

{pi:=PI[{\
if MINUS(pz,P/U P) ̂ {} then {E'[j]:^pi

3-=j +1}
i:=i+ 1}

FIND INESSENTIALS(P/,P)
/={};n=|P/|;i = 0;j = 0;
do while i < n

if MINUS(P,P/[i]) = {}
then {/[jf]:=P/[i]
j '■ = j + 1}
i:=i + 1

return I

The next routine is performed when reductions 1-3 do not affect the set of primes at

that stage. The user may request to control the removal and inclusion of subproducts into

the cover. The system must then "remember" which operation was performed, so that the

other may be attempted upon backtracking.

DIRECT SEARCH(P/)
if PI = {pi} then return pi
else {

if no backtracking then { 5:=P/[1]
if queryl = TRUE then action:=QUERY();
else action:^REMOVE;
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{{ action=REMOVE then { STACK:=PUSH(5,F0i2C£);
return 5 }
else { STACK:=PUSH(5,/?£'M0F^;
return 0 }

else { nea:t:=POP(STACK);
if next.action =FORCE then return next.s]
else return 0

}

Description

To generate all minimal covers, start by finding all essential primes at the root of a

search tree T. Next, direct the search by either

1. arbitrarily removing a prime Pi, or

2. forcing Pi to be relatively essential.

At each successive level of the search tree, find those primes which are relatively essential

at that particular level (given the absence of previously removed rules). Ensure that the

addition of any new primes wiU not cause a forced rule to violate minimality requirements.

Eliminate any inessential rules at that level and proceed to the next. Repeat this proce

dure until there are no remaining primes. To generate additional covers, backtrack to an

unexplored branch.

We now illustrate the covering technique for disjunctive expressions, i.e., production

rules. In Appendix A, the following set of prime rules is generated:

Pi: seizure is myclonic, petit mal or pyschomotor.

Pz'. if seizure is not pyschomotor then drug is depakene or tridione.

Pq: if seizure is not myclonic or petit mal then drug is tegretol.

Pj: if seizure is not pyschomotor and drug is not tridione then dangerous reaction is

hepatic failure.

Ps: drug is depakene, tegretol or tridione.

Pio: if drug is not tegretol or tridione then dangerous reaction is hepatic failure.
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pii: dangerous reaction is bone marrow depression or drug is depakene or tridione.

Pi2' if drug is not tridione then dangerous reaction is bone marrow depression.

The prime implicant chart for this set of rules is shown in Table 5.6:

Table 5.6: Initial prime implicant chart for production rules

Seizures Drugs Dangerous reactions

bone

petit marrow hepatic

myclonic mal psychomotor depakene tegretol tridione depression failure

X X X

X X X

X X X

X X X

X X X

X X X

X X X

X X X

X X X

The covering algorithm finds {^2} to be the set of essentials. After removing p2? Pi is

removed as the covering algorithm selects the next prime in order. Pi is not the best choice

that could have been made. By inspection, p2 and pa can produce pi and P4; consequently,

neither pi nor p4 should be forced into the intermediate cover. Another expression, ps is

removed and the first minimal cover is produced.

Other minimal covers can be generated by backtracking, forcing ps into the intermediate

cover and proceeding to remove other expressions as needed. The complete set of minimal

covers for P is given as

c = {{P2,P4,Ps}AP2,P3,P7,P8},{P2',P3,P6,P7},{P2,P3,P4,P6}}-

Determining whether a set of rules cover another rule is to subtract successively each rule

from the one being tested. If a nuU value is not obtained, then there is no complete covering.

As several forms of a prime may be present, the system must also prevent relatively essential
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rules from violating minimality constraints. The depth-first search with backtracking used

to generate C is shown in Figure 5.1.

5.4 Discussion

As previously mentioned, arbitrarily choosing primes for inclusion or exclusion in a possible

cover may not be the most efficient approach. One alternative is to suggest candidate

expressions and allow users to make the final determination. Another might employ a

greedy heuristic to choose those primes thought most likely to be in a minimal cover. Such

a heuristic might select those primes which represent the largest portion of the attribute

signature. This approach is motivated by the fact that the prime which holds the greatest

amount of the signature may be in the cover. At each level of the search, the next largest

prime would be included in the cover. This would select the most general rules first and

then could proceed to locate more specific rules. Other heuristics could also be employed.

Baker [3] presents heuristic algorithms for the weighted set covering algorithm.

Several researchers have studied the behavior of set covering algorithms. Lifschitz and

Pittel [25] analyze an entire class of set-covering algorithms which employ branching when no

other reduction is feasible. Specifically, they study the computation time of these algorithms

as a function of the number of steps needed to find a minimum cover. Stone and Sipala [54]

analyze algorithms for depth-first search of binary trees. Their research provides insight into

why some instances of NP-complete problems are solvable with a low average complexity.
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Chapter 6

Conclusions

We have generalized consensus methods to internally disjunctive production rules. Using

Tison's method and the incremental algorithm, the logical consequences of a set of internally

disjunctive production rules can be generated efficiently as new rules are added. Thus,

all possible inferences from a set of production rules can be generated during the early

stages of knowledge base design, assisting the validation and verification processes. More

importantly, the effects of new rules upon the entire knowledge base can be studied in a

reasonable amount of time as the computational requirements of the incremental consensus

algorithm depends upon the number of attributes in the new rule and the number of rules

already present. Consequently, a new rule with few attributes could be tested without too

much difficulty.

A production rule may contain vital information in the form of its orientation. Consensus

methods shoxdd retain this information. We have established a form of oriented consensus

for use with internally disjunctive production rules. This orientation information is utilized

by consensus to produce the most concise, yet expressive production rules. We have briefly

examined methods to generate minimal sets of maximal subproducts. Most importantly, we

have studied the behavior of oriented consensus and devised techniques for eliminating those

consensi which are not narrow. This represents the primary contribution of this research

to Computer Science. We conclude with a few comments about possible applications of

67



oriented consensus and some suggestions for future research directions.

6.1 Possible applications for oriented consensus

An immediate area for the application of oriented consensus is as a validation procedure for

internally disjunctive production rules. Many commercially available expert system shells

do not allow internal disjunctions within production rules. Therefore, several rules must be

formulated when a single rule containing internal disjunctions would best suit the domain.

Such a cumbersome procedure might also introduce errors into a knowledge base as the

resultant set of rules might be incomplete. Furthermore, there is no systematic approach

to generating the consequences of a set of production rules in most commercial products;

presently, verification is a strictly manual procedure.

Michalski [32,33] has employed internally disjunctive expressions in inductive learning

experiments. It is conceivable that oriented consensus could augment learning techniques

which employ internally disjunctive expresssions to describe problem domains. Oriented

consensus could serve to determine whether production rules supplied by experts are com

patible with those produced by inductive methods. Oriented consensus methods could also

serve as a unifying framework for machine learning systems.

The IPIA algorithm of Kean and Tsiknis [22] was motivated by a research problem in

truth maintenance. Reiter and de Kleer [45] defined a clause management system (CMS)

which used the prime implicates of a datum as the minimal sets of support needed to believe

that datum. They raised the problem of efficiently generating the prime impUcates of

these data as new information entered the system. They suggested that existing consensus

methods be studied to determine whether any method could incrementally generate the

prime implicates needed by the CMS. Tsiknis and Kean [57] show how the CMS can be

employed for diagnostic reasoning.

68



6.2 Further research

Several extensions to oriented consensus for internally disjunctive rules are possible. First,

variables could be allowed in the production rules. Rules with variables might produce

an infinite set of prime rules. Steps would need to be taken to avoid this occurrence.

Further consideration of orientation could be given in covering the set of prime rules. We

have discussed one approach: ignoring orientation altogether, allowing logically equivalent

primes to cover the set of all possible primes. Another approach might preserve orientation

completely, perhaps permitting several logically equivalent primes with different orientations

to reside in the minimal cover. Clearly, the first approach may be inadequate as vital

orientation information could be lost, but the second approach appears to be too costly.

One troubling question concerning this research is whether our notion of orientation

is useful. We have not implemented the results on oriented consensus; therefore, we have

not established its utility. Furthermore, the problem of identifying the narrow primes after

blocking needs further study.
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Appendix A

An example of iterative consensus
on production rules

Here is the original set of rules:

seizure is myclonic, petit.mal or pyschomotor.

it seizure is pyschomotor then drug is tegretol.

if seizure is not pyschomotor then drug is depakene or tridione.

if drug is tegretol then dangerous_reaction is bone_m£u:row_depression.

if drug is depakene then dangerous_reaction is hepatic_failure.

Rule(2) is weaker than Rule(6). It has been removed.

Rule(2) and Rule(l) have been paired to get Rule(6):
if seizure is not myclonic or petit_mal then drug is tegretol.

Rule(5) and Rule(3) have been paired to get Rule(7):
if drug is not tridione and seizure is not pyschomotor

then dangerous_reaction is hepatic_failure.

Rule(6) and Rule(3) have been paired to get Rule(8):
drug is depakene, tegretol or tridione.

Rule(6) and Rule(4) have been paired to get Rule(9):
if seizure is not myclonic or petit_mal

then dcmgerous_reaction is bone.meorrow.depression.

Rule(5) is weaker than Rule(lO). It has been removed.

Rule(7) and Rule(6) have been paired to get Rule(lO):
if drug is not tegretol or tridione then dangerous_reaction is hepatic_failure.
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Rule(4) is veaRer than Rale(ll). It has been removed.

Rule(8) and Rule(4) have been paired to get Rule(ll}:
if drug is not depeikene or tridione

then dangerous.reaction is bone_marrov_depression.

Rule(9) and Rule(3) could be paired. The result is equivalent to Rule(ll).
if drug is not depakene or tridione

then dangerous.reaction is bone_marrov_depression.

Rule(9) and Rule(7) have been paired to get Rule(12):
if drug is not tridione

then dangerous.reaction is bone_marrow_depression or hepatic.failure.

Rule(10) and Rule(3) could be paired. The result is equivalent to Rule(7).

Rule(li) and Rule(6) could be paired. The result is equivalent to Rule(9).

Rule(ll) and Rule(10) could be paired. The result is equivalent to Rule(12)

Rule(12) and Rule(6) could be paired. The result is weaker than Rule(9).

Here is the set of prime rules:

Rule(l): seizure is myclonic, petit.mal or pyschomotor.

Rule(3): if seizure is not pyschomotor then drug is depeikene or tridione.

Rule(6): if seizure is not myclonic or petit.mal then drug is tegretol.

Rule(7): if drug is not tridione and seizure is not pyschomotor
then dangerous.reaction is hepatic.failure.

Rule(8): drug is depakene, tegretol or tridione.

Rule(9): if seizure is not myclonic or petit_mal
then dangerous.reaction is bone.marrov.depression.

Rule(lO): if drug is not tegretol or tridione
then dangerous.reaction is hepatic.failure.

Rule(ll): if drug is not depakene or tridione
then dangerous.reaction is bone_marrov.depression.

Rule(12): if drug is not tridione
then dangerous.reaction is bone.marrov.depression or hepatic.failure.
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Appendix B

An example of Tison's method on

production rules

Here is the original set of rules:

seizure is myclonic, petit_mal or pyschomotor.

if seizure is pyschomotor then drug is tegretol.

if seizure is not pyschomotor then drug is depakene or tridione.

if drug is tegretol then dangerous_reaction is bone_m2u:row_depression.

if drug is depakene then dangerous_reaction is hepatic_failure.

Pairing with respect to drug

Rule(4) and Rule(2) have been paired to get Rule(6):
if seizure is pyschomotor then demgerous.reaction is bone_m2irrov_depression.

Rule(5) and Rule(3) have been paired to get Rule(7):
if drug is not tridione and seizure is not pyschomotor

then demgerous.reaction is hepatic.failure.

Pairing vith respect to seizure

Rule(2) is weaker than Rule(8}. It has been removed.

Rule(2) and Rule(l) have been paired to get Rule(8):
if seizure is not myclonic or petit_mal then drug is tegretol.

Rule(6) is weaker than Rule(9). It has been removed.
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Rule(6) and Rule(l) have been paired to get Rule(9):
if seizure is not myclonic or petit_mal

then dangerous.reaction is bone_marro«_depression.

Rule(4) is vezdcer than Rule(lO). It has been removed.

Rule(6) and Rule(3) have been paired to get Rule(lO):
dangerous.reaction is bone_marroB_depression or drug is depahene or tridione.

Ruie(8) and Rule(3) have been paired to get Rule(ll):
drug is depakene, tegretol or tridione.

Rule(5) is weaker than Rule(12). It has been removed.

Rule(8) and Rule(7) have been paired to get Rule(12):
if drug is not tegretol or tridione then dangerous.reaction is hepatic.failure.

Rule(9) and Rule(3) could be paired. The result is equivalent to Rule(lO).
dangerous.reaction is bone_marrow_depression or drug is depakene or tridione.

Rule(9) and Rule(7) have been paired to get Rule(13):
if drug is not tridione

then dangerous.reaction is bone_marrow_depression or hepatic.failure.

Here is the set of prime rules:

Rule(l): seizure is myclonic, petit.mal or pyschomotor.

Rule(3): if seizure is not pyschomotor
then drug is depakene or tridione.

Rule(7): if drug is not tridione and seizure is not pyschomotor
then dangerous.reaction is hepatic.failure.

Rule(8): if seizure is not myclonic or petit.mal then drug is tegretol.

Rule(9): if seizure is not myclonic or petit_mal
then dangerous.reaction is bone.mso-row.depression.

Rule(lO): dangerous.reaction is bone.marrow.depression
or drug is depakene or tridione.

Rule(li): drug is depakene, tegretol or tridione.

Rule(12): if drug is not tegretol or tridione
then dangerous.reaction is hepatic.failure.

Rule(13): if drug is not tridione
then dangerous.reaction is bone.marrow.depression or hepatic.failure.
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Appendix C

Covering a set of prime rules

Here is the set of prime rules.

Rule(l): seizure is myclouic, petit_mal or pyschomotor.

Rule(3): if seizure is not pyschomotor then drug is depahene or tridione.

Rule(7): if drug is not tridione and seizure is not pyschomotor
then dangerous_reaction is hepatic_failure.

Rule(8): if seizure is not myclonic or petit.mal then drug is tegretol.

Rule(9): if seizure is not myclonic or petit_mal
then dangerous_reaction is bone_m2urroH_depression.

Rule(lO): dangerous.reaction is bone_marrov_depression
or drug is depakene or tridione.

Rule(ll): drug is depeikene, tegretol or tridione.

Rule(12): if drug is not tegretol or tridione
then deingerous.reaction is hepatic.failure.

Rule(13): if drug is not tridione
then dangerous_reaction is bone_marrov_depression or hepatic.failure.

Interactively direct the search? no.

Essentials at this stage:
if seizure is not myclonic or petit_mal then drug is tegretol.

Removing . . . if seizure is not pyschomotor then drug is depakene or tridione.

Essentials at this stage:

if drug is not tridione suid seizure is not pyschomotor
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then dangerous.reaction is hepatic.lailnre.
dangerous.reaction is bone_marrov_depression or drug is depahene or tridione.

Minimum set of rules 1:

if seizure is not myclonic or petit_mal then drug is tegretol.
if drug is not tridione and seizure is not pyschomotor

then dangerous.reaction is hepatic_failure.

dangerous.reaction is bone_marrou_depression or drug is depahene or tridione.

*******************************

Find another cover? yes.

Forcing . . . if seizure is not pyschomotor then drug is depahene or tridione.

Removing . . . if drug is not tridione and seizure is not pyschomotor
then dangerous.reaction is hepatic.failure.

Essentials at this stage:

if drug is not tegretol or tridione then dangerous.reaction is hepatic.failure.

Removing . . . if seizure is not myclonic or petit.mal
then dangerous.reaction is bone_marroH_depression.

Essentials at this stage:
dangerous.reaction is bone_marrow_depression or drug is depahene or tridione.

Minimum set of rules 2:

if seizure is not pyschomotor then drug is depahene or tridione.

if seizure is not myclonic or petit.mal then drug is tegretol.
if drug is not tegretol or tridione then demgerous.reaction is hepatic.failure.
dangerous.reaction is bone.meurrov.depression or drug is depahene or tridione.

* :|i * 41 * « * * « * 4c * « « V * * V If * <)> # >•>

Find another cover? yes.

Forcing . . . if seizure is not myclonic or petit.mal
then dangerous.reaction is bone.marro«.depression.

Minimum set of rules 3:

if seizure is not myclonic or petit.mal

then dangerous.reaction is bone.mairrov.depression.

if seizure is not pyschomotor then drug is depahene or tridione.
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if seizure is not myclonic or petit_msLl then drug is tegretol.
if drug is not tegretol or tridione then dangerous.reaction is hepatic_failure.

Find another cover? yes.

Forcing .. . if drug is not tridione and seizure is not pyschomotor
then dangerous_reaction is hepatic_failure.

Removing . . . if seizure is not myclonic or petit_mal
then dangerous.reaction is bone.marrov.depression.

Essentials at this stage:
dangerous_reaction is bone_meu:row_depression or drug is depakene or tridione.

A forced rule is not relatively essential.

This can't be a minimal cover!

Forcing . . . if seizure is not myclonic or petit_mal
then dangerous.reaction is bone_mca:rov_depression.

Minimum set of rules 4:

if seizure is not myclonic or petit_mal

then deoigerous.reaction is bone.mairrow.depression.
if drug is not tridione and seizure is not pyschomotor

then dangerous.reaction is hepatic.failure.
if seizure is not pyschomotor then drug is depakene or tridione.
if seizure is not myclonic or petit.mal then drug is tegretol.

Find another cover? yes.

Mo additional minimal covers!
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