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I. INTRODUCTION

The main purpose of this thesis is to collect and coordinate
some known results in the study of characteristic roots of certain
real symmetric matrices. Specifically, most of the matrices considered

have their elements a,., = O except for |i - Jl £ 1 and are

1j
known as Jacobl matrices. The thesis fills in the details of two
papers by D. E. Rutherford [12; l}]l , with some translation of his
results for determinants to the problem of finding characteristic
roots of matrices. Some of the results obtained are briefly discussed
relative to certain theorems on bounds for characteristic roots.

The first part of the paper is an attempt to show some of the
physical sources of the problem and indicate some applications of the
results. The aim here is to exhibit matrices of the type considered
in the problem and little effort is mede to give a detailed theory of
the physical laws involved.

A background for the study is the purpose of the next section.
A rather general treatment of theorems concerning characteristic roots
is given, especially with respect to real symmetric matrices. More
recent discoveries concerning bounds of characteristic roots are given.
Proofs are either sketched briefly or omitted entirely since most of
the theorems are well known.

The main problem is introduced by solving one of the physical

problems discussed in the section on applications. The results obtained

lReferences in brackets,[ ], are to the bibliography at the
end of the thesis.
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are used as a basis for a more generalized treatment with the aim of
finding the characteristic roots of several classes of n by n
matrices.

The matrices to be considered are at best somewhat restricted
in scope. This seems to limit the usefulness of the results. HNowever,
it is feasible from a practical viewpoint to reduce any real symmetric
matrix to a Jacobi matrix in such a way as to preserve the characteristic
roots. This fact, [Gi] , glves added value to the results obtained.
Aside from the actual solution of certain physical problems, it is
hoped that results here obtained might be of some importance for at
least two reasons: first, it makes available several classes of
matrices of order n for which the proper values can be obtained
from tables of trigonometric functions and, secondly, the methods used
here might suggest an approach to the solution of the problem for more
general real symmetric matrices. Much remains to be done, even in the

special case of the Jacobi matrix.



II. PHYSICAL SOWRCE OF THE PROBLEM

The task of finding the characteristic roots of a matrix is
very often the crux of a physical pyoblem. The example below, which

deals with a real symmetric matrix, is taken from the theory of

oscillations [ll, D. lSh] .

Consider n + 2 particles, each of mass v , distributed
equally along a stretched string. Let the distance between two
consecutive particles at equilibrium be &a so that the length of the
string is (n + 1l)a . Let xi represent the displacement of the i-th
particle along a line perpendicular to the equilibrium l;ne, with
positive displacement on one side and negative displacement on the
other side, subject to the condition that only plane transverse motion
is to be considered. Suppose the tension in the string is K , that
gravity is not to be considered and that the end points of the string
are fixed; that is, x, = x

(0} n+l
desired to study the motion of the system after a small displacement

= 0 . With these hypotheses, it is

from equilibrium, assuming that each particle moves in a line perpen-
dicular to the equilibrium line at the equilibrium position of the
particle.

After a small displacement, the temsion in the string is still

approximately K . Then the resultant force acting on the i-th partiéle



to restore it to equilibrium is given by

vii = -Ksin© - Ksino ,
where
dzx.
f - L2
1 it

and 1i=1,2, ..., n.
For small displacement, sin © and sin ¢ are approximately

equal to tan @ and tan @ respectively. Hence the equation of

motion becomes

In matrix nota‘l:ion2 , this gives

- e - - .
» -2k K |
* ‘ “va “va ! 1
X, | K =X KX X X
2 va va va 2 2
X K -2k K
3 va va va x3 X}

K -2 K
y = va va va ’ = A ’
o K 2K K . o
va va va
K -2K
" ~a ~va||%a x,

2For purposes of this thesis, zero elements of displayed
matrices will generally be omitted.



It is immediately obvious that the 1-th particle does not
execute simple harwmonic motion unless very special initia) conditions
are imposed. However, by a suitable linear transformstion y = Tx
(y and x column vectors), an equation y =P A ot y can be
obtained vhere T A T . is a diagonal matrix (Th. 3.3). In this
equation the motion is simple harmonic motion and the normal modes of
vibration are obtained from the characteristic roots of T A T-l by

ly:-w2y where w=f/21f= the anguiar

the relation T A T~
frequency. It will then follow that x = et y gives the motion of
the original system.

The characteristic roots of T A T~ are tbe seme as the
characteristic roots of A , by similarity properties. So the solution
of the problem basically depends on the characteristic roots of A

or, in general, on the characteristic roots of a mstrix of the form

Various matrices of this general type may be obtained by
varying the initia)l conditions. For exmmple, if the distances
between the first two particles and the last two particles are changed

and denoted by a; and &

vl respectively, then



v =K K K
X (v a; - va )xl + T2 %
Jé = ':!'('(2}( - X - X ) i=2 3 . n-1
i va 1 i-1 i+l”? A
. K =K K
X, = Va*p-1 t ‘T o )%y
n+l

Now the solution of the problem depends upon the characteristic

roots of a matrix of the form

In general, if the distance between the i-th and (i-1)st

particle is a, , the equation of motion in matrix notation is

i
PR SRS X 1
1 ve,  va, ve,
X K K X
- V&a V&a V83 V83
s K X . K\ X
va3 V&B ‘V&u vah
" X KK
5 nl I van va.n V&IH—
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One is therefore interested essentially in the characteristic

roots of a matrix of the form

& by
b, 8 by
b, b
b2 %-1 Pp1
bn-l an .

The oscillation problem requires that the a, and bi satisfy

i

the conditions bi + a i=1,2, ..., n-2 and

141 F Pyp1 = 00

b, > 0, 1i=21,2, ..., n-1 , but these restrictions will be

ignored in the following mathematical investigations.



III. BACKGROUND

The matrix obtained from a matrix A by changing rows to

columns is called the transpose of A , denoted in this paper ty AT .

If the matrix A 1is such that A = AT , then A 1is said to be

symmetric. One says that A 1is a real symmetric matrix if A = AT
and all the elements of A are real numbers. It should be noted that
a symmetric matrix is necessarily square; that is, the nunber of rows
is the same as the number of columns. Hence one is Jjustified in
speeking of a symmetric matrix of order n where n indicates the
number of rows or columns.

If, for a square matrix A of order n with elements in the
field of complex numbers, there exists a non-zero column vector x
(an n by 1 matrix; that is, n rows and 1 column) such that
A X = A x for some complex number X , then XA 1is said to be &
characteristic root (proper value, latent root, eigenvelue) of A 3
and x 1is said to be a characteristic vector (proper vector, eigen-
vector) of A corresponding to A . It is clear that (A - A In)x =0
has a non-zero solution if and only if the determinant of the system
vanishes; that is, if and only if fA - A In l =0 . This is called the
characteristic equation of the matrix A . From it one obtains the
characteristic roots of A .

Theorem 3.1. The characteristic roots of a real symmetric
matrix are real.

Proof: Iet A be a characteristic root of a real symmetric

matrix A . Then there exists a non-zero column vector x for which



(1) Ax = Ax,

where one does not yet know that A 1is real and so must allow the
components of x to be complex. Multiplying both sides of (1) by

the transposed conjugate of x one obtains
(2) L Ax = A
Taking the transposed conjugate of both sides of (2) it follows

that
(x? A x)T = xX*Ax = Ax x = X

which implies that A = i’. Hence A 1is real. This proof is suggested
by an exercise in Birkhoff and MacLane [l, P. 509:] .

Definition 3.1. If x apnd y are two 1 by n row vectors

with real elements, then x and y are said to be orthogonal if and

only if x y’T = 0 . The length of the row vector x 1is defined to

be (x x.T)l/2

Definition 3.2. A square matrix P 1is called orthogonael if and

only if PT P =1 ; that is, each row of P has length one and any

two rows are orthogonal.

Definition 3.3. A square matrix A 1is called hermitian if

AT = AC where 2° = (Eij) .

It should be noted that hermitian matrices are important for

our purposes because a real symmetric matrix is an hermitian matrix.
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Hence results may often be obtained for real symmetric matrices as
special hermitian matrices.

Definition 3.4. A square matrix A 1is called unitary if

A+-A" =T1.

Theorem 3.2. Characteristic vectors corresponding to distinct
roots of a real symmetric matrix A are orthogonﬁl.

Proof: Let li and lj be distinct characteristic roots of
A . Then there are non-zero column vectors x and y (characteristic
vectors of A ) such that A x = ki x and Ay = lJ y .

From A x = li x it follows that xT A = li xT . Multiplying

both sides by Yy , one obtains

Since li # lJ , then x? y=0. Hence x and Yy are
orthogonal.

Definition 3.5. If A and B are n by n matrices over

a field F , then A 1is said to be similar to B over F if there

is a non singular matrix P with elements in F such that A = P.l B P.

If P-l = PT , then A 1is said to be orthogonally similar to B .
If P 1is a unitary matrix, themn A 1is said to be unitarily similar
to B .

Many of the properties of orthogonal similarity are implied
by the properties of unitary similarity.

Theorem 3.3. Every real symmetric matrix is orthogonally



similar to a diagonal matrix.

Proof: One proof of the theorem [io, p. 186] shows the
existence of an orthonormal basis of the vector space Vn(R) ,
consisting of characteristic vectors of the real symmetric matrix A .
If the matrix P 1s formed by letting these characteristic vectors of
A be the columns of P , then it is easily seen that P 1is orthogonal
and PT A P = diag. (kl, k2, coey kn) .

An important property of orthogonal similarity is that two
matrices which are orthogonally similar are both similar and congruent.
Hence they have the same characteristic roots and if one is symmetric,
so is the other.

A similar theorem is true for hermitian matrices, with the
substitution of unitarily similar for orthogonally similar and of
conjunctive for congruent.

A trivial corollary to Theorem 3.3 is that a real symmetric
matrix is orthogonally similar to a Jacobi matrix. This has
significance because the reduction to a Jacobi matrix is much more
feasible in actual practice than a reduction to diagonal form. Since
the characteristic roots of a Jacobl matrix can be calculated without
too much difficulty, one has -a practical method for obtaining the
characteristic roots of real symmetric matrices [6]

Theorem 3.4. Let A be a square matrix of order n over
the field F of complex numbers and denote the characteristic roots
of A by A, A

l 2, 0..’
then the characteristic roots of g(A) are g(ll), g(ka), ceey g(ln) .

ln . If g(x) 1is a polynomial in F [x] s
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Proof: The proof is indicated as an exercise in Perlis [iO,
p. 138] . A more concise presentation of the same method is given by
Zarmuhl [ih, P 228] . The latter proof is as follows:

Let the polynomial g(x) - y be written as
glx) -~y = a(x -~ xl)(x - xe) eee (x - xk) .
Then

g(A) -y I

a(A - X, I)(A - ng) oo (A = X I)

from which it follows that

[g(A)-yxl a.nlA-xlI'~'A-er| ...'A-ku,

g B n n
kﬂl “ l," LI Y l"
¢ f o o froe

im]
k k k

It is clear that
n
&(a) -y 1| = ’;I:Il 82 -¥v] .

Hence the characteristic roots of g(A) are g(ki), g(ka), ceny g(kn) .

Theorem 3.5. If the characteristic roots of a real symmetric
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matrix A are (ll < lg < el (L ln) and the characteristic

roots of the matrix B obtained by striking out the last row and the

last column of A are (Sl < 5, < ... < an-l) and if
'Y # 53 for every 1, J, then A < 8, < X} < B, < ... <
Sn-l < }‘n .

Proof: The matrix A has the form

B T
y
A = where y is a 1 by (n-1)
y &nn

row vector, and &n is a single element of A . Since B 1is a

real symmetric matrix there is an orthogonal matrix P such that

pT BP = diag. (61, )

P 0
0 1
is orthogonal and
o) w
o\ /B ¥ T 0 15 1
2 L]
a» l. : = Q.

0 1 y e 0 1 Bl Vo

2’ sy Bn‘l) .

The matrix
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where LA is a polynomial in the elements of y and P . Since Q
is orthogonally similar to A one knows that the characteristic

polynomial of A 1is given by

n-1 5 n-1
£(2) = jn-q[ -(r-a ) g(l)-iz;,l W ;gl(}"%)
J#Fi

where g(A) 1is the characteristic polynomial of B . It is then clear
that LA £0 for if w, = O then 61 is a zero of f(L) , contrary
to the hypothesis. If one lets 1\ take on values - —~< , Bl, 52,

v By 15 + oo, the alternation in sign of f(A) implies ll <
81 < ... < an-l < ln . It should be noted that the cases where
n 1is an odd number and where n 1is an even number must be treated
separately.

Removing the restriction that the characteristic roots of A
and B be distinct, the result is not a strict separation of roots,
since some of the characteristic roots of B might be equal to
characteristic roots of A . As an extreme example one might take A
to be a diagonal matrix. For a detailed discussion of these aspects
of the problem, the reader is referred to Browne [2] .

Theorem 3.6. The characteristic roots of A® B are the
characteristic roots of A together with those of B .

Proof: The symbol (#) indicates the direct sum. A®B 1is

defined to be the block matrix

-
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B-XII

The characteristic polynomial of A@B 1is then [A - A I

and the theorem follows immediately.

Theorem 35.7. [farker, p. 105] . If A 1is a characteristic
root of the matrix A and R 1is the greatest sum obtained for the
absolute values of the elements of a row and T is the greatest sum
obtained for the absolute values of the elements of a column, then
|)\| < min(R, T) .

Theorem 3.8. [Parker, P. 107] . If A= (aij) is an hermitisn
matrix with characteristic roots A

‘ 1
1
7 (g =) > mex[ay], 143

\< l'2 < ¢ \< ln ) then
Theorem 3.9. [Brauer, p..390] . The absolute value of one of
the characteristic roots of A equals R (see notation in Theorem

3.7) only if R Ry=...=R and arg.(aij) =9 +0Q, - P, where

1=
¢ and P15 Pps cver @ are arbitrary real numbers. Then R ei¢ is
a characteristic root of A .

The proofs of the last three theorems are found in the references
indicated.

Many other theorems concerning characteristic roots of matrices
might be included in this section. It was thought best, however, to
include only those which are used most in the thesis. The reader is

referred to the bibliography for references to more complete treatments.



IV. GENERAL RESULTS

1. An Oscillation Matrix

It has been briefly indicated that the matrices to be studied
arise naturally in certain physical problems. On the other hand, an
exact physical application is not always available when one begins to
generalize the first basic examples. It is hoped that the extensions
will at least be of some mathematical interest.

Consider first, then, the triple diagonal matrix A which arose
during the consideration of the modes of vibration of a system consisting
of certain masses attached to a stretched string. The solution of the
problem depends upon the characteristic roots of the following n by

n matrix:

where a and b are certain real numbers determined by the conditions
of the physical problem.

The task of finding the proper values of A can be reduced by
using the theorem that if A = g(B) where g(x) is a rational function,
then the characteristic roots of A are given by g(lk) ,k=1,2, ...,

n , where lk is a characteristic root of the matrix B . Applying
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this theorem (Th. 3.4) here, one sees that A = a I +bB where

It is then sufficient to know the characteristic roots of B .
These can be obtained by considering the characteristlc equation of B .

Let us denote the characteristic polynomial of B by ¢n(x) so that

x, =1 x 1
-1, x, -1 l x 1
-1, x, -1 l x 1
¢n(X)=|xI-B|= e o e . e
-1, x, -1 1 x 1
-1, x 1l x

The last equality follows from elementary properties of
determinants. It is also clear from determinant theory that ¢n+2(x) -

X ¢n+l(x) + ¢n(x) = 0 where ¢n+2(x) and ¢n+l(x) are characteristic
polynomials of B when B is of order (n + 2) and (n + 1)
respectively. From the theory of finite differences [7, p. 5#3] one

then knows that

o (x) = Cy(r)® + Cylry)®
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vwhere ry and r, are roots of the equation r2 -Xr+1=0 and

C, and 02 are to be determined from two known values of wk(x) .

1

The roots of r2 -Xr+1l=0 are

1 1
2 2 2 2
x+ (x -4) x - (x -U)
rl ) and r2 = ) .

These are simplified if one makes the substitution x =2 cos 0 .

ie -ie

Then r,=e and r, =e and the value for ¢n(x) becomes
nie -nio
¢n(x) = C e + Cye .
ie -ie
It is easily seen that ¢l(x) =x=e  + e and ¢2(x) =
x2 -1l-= e219 + 1+ e-219 . Using these values, one finds that
ie -ie
e e
¢, = ¢ < ™ C =g
-e e -e
Hence

e(n+l)19 - e-(m‘l)ig , 8in (n+1)e

Qn(x) = eiQ -ie sin ©

which is a result that will be referred to throughout the paper. One

should note that it assumes the indeterminate form g when ]xl =2 .

Hovever, if one writes ¢n(x) as

(x) = E o(n-2r)10 o(ntl)ie _ -(n+l)i6
'  r=0 - gle _ 10




19
then it is clear that ¢n(2) =n+1 and ¢n(-2) = (-1)° (n+1) .
These are never zero so that all the zeroces of ¢n(x) can be obtained
from the expression

_sin (n+ 1)6
@n(x) N sin © ’

where x =2 cos © .

So the characteristic roots of the matrix B , where

are the roots of its characteristic equation

_ sin (n + 1) _
¢n(x) - sin © =0 .

k
i%;k=1)2:
kar

n+l ’

k=12, ..., n. It is then immediate that the characteristic roots

It is easily seen that ¢n(x) is zero for @ =

.«y n . Hence the characteristic roots of B are 2 cos

of the matrix A , where
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a b
b a
b b
A =
EERRERRRET:
L b a |
are L =a+2bcos 2L ,k=1,2, ..., n.

This result was obtained by Gantmakher and Krein [ﬁ, D. l3h]
who also found an explicit formula for the characteristic vectors of

A . If

is the characteristic vector corresponding to the characteristic root

lJ , then it is shown that vg =C sin k GJ where

a - lJ
cos GJ -

and C 1is some constant. When one substitutes the value already found

for A it follows that

J )
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Actually, this is shown in Rutherford's paper [?3, P. th] .
Before considering this section, however, it is necessary to discuss
some concepts of power series of matrices.

It is well known that the series

2 L
cos x = 1 = x + X -
27 LT
converges for every number x . If A 1s a square matrix, it is
natural to define cos A as
1,2 1,k
cos A = I - 5T A+ “ET A - ...

One would then ask what is meant by the convergence of such a series

as cos A . In general, the answer is that a series S_ = { o% Ar B
where A 1is a square matrix and a, is a real number, is zzgd to
converge as P —> o< if every element of SP converges as p— > coO.

It can then be shown that the series cos A converges for every

square matrix A . Furthermore, since A = diag. (al, 8y o9y an)

implies Ak = diag. (ai, a;, ceey ai) , 1t follows that if A =

diag. (al, 8.3 *o°» an) then cos A = diag. (cos 8,, COS 85, ..., COS an).

One can now develop a formula for the characteristic vectors of

the matrix



a b
b a b
A = b a b
b a
b .
Let
0O b
b O
A(0) = 0O b
P 0 ©®
P O .
- _

Then A =a I+ A(0) . It is asserted that
(3) A = al -+ 2bcosOn

where On = Bn *n Bn in which Bn is a matrix whose r , s-th

element is (2/n+l)l/2 sin -;;—?_-7—} and

The proof of (3) begins by proving Bi = I . From the definition
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2
of Bn it follows that if cij is the i, j-th element of C = Bn
then
c = _E_ § sin L X7 i J x 17
ij = n+l n+ 1o ol
x=1
By a trigonometric substitution one obtains
n . .
e = LT os Lo d)xar
ij n+l n+1l
x=1
n
1 T
_ T cos (1L + J)x7
n+l n+1
x=1
One now needs the fact (which is easily proved) that
§ cos X T ) 0 if r 1is an odd number
x=1 1 =1 if r 1is an even number
Using this it is immediate that
n 1 .
cij = m + m = 1 if 1 = ,j
iy = O - 0 = 0 if (i - Jj) 1is an odd number.
R S 0 if (i - J) 1is an even number
¢35 < L " omel 1 :

It has now been shown that Bi = I . From this it follows that



2k

cos @ = cos (Bn v, Bn) = Bn(COS Wn)Bn ’

which is obtained by exeamining the cosine series for On . The proof
of assertion (3) will be completed by showing that A(0) = Bn(2b cos vn)Bn-

If the p , q-th element of Bn(2b cos qrn)Bn is dpq then

4y o D X7 X7 . x qIr
(4) dpq = =3 x§1 sin &= cos —v sin =

+
<
-

which is obtained in a straightforward manner and makes use of the fact

that

zb cos I 7

29T
2b cos ol .
2b cos Fll
2b cos V=

i
2b cos —/ .
n+l

By a trigonometric substitution, dpq can be written as

Pd  n+l x=1 n+ 1

n
4 = 2o T |eos Bowl)x oo (pra-l)xr o (Prard)xgr
n+ 1 n+ 1

- cos (mq-l)xﬁf}

n+ 1
—d

From this it follows that

a 0 if p=
Py wop=a
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_ b

g —(n+1)=b if [p-q| = 1

g = 0 if [p-a]l > 1
Thus A(0) = Bn(2b cos Vn)Bn =2bcos § . Hence A=al+ A(0)=
& I + 2b cos Gn and the proof of assertion (3) is complete. It follows

that

AB = Bn(a I+ 2b cos vn)

Since the diagonal elements of the diagonal matrix (a I + 2b cos vn)

are exactly the characteristic roots of A , then the columns of Bn

are the characteristic vectors of A . But the elements of the j-th
. K i
column of B are vi = (2/n+l)l/2 sin E—%Z; s k=1,2, ..., n,

which is the result obtained by Gantmakher and Krein [ﬁ, p. l}h] .

2. The Fibonacci Numbers

As a curiosity, the result that

x 1
1l x 1
n K
q)n(x)= . .l. x .l. . e s =X @n_l(x)~@n_2(X)= lj; (x-2cos n+i
l1 x 1 -
1] x

can be related to Fibonacci numbers. Consider the numbers O, 1, 2, 3,

5, 8, 13, ... where the i-th number (i > 3) 1is the sum of the two
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numbers immediately preceding it and the first three numbers are O,
1 and 2 . It is interesting to note that the (n + 1)st number in
the sequence is in wn(-i) . For if one lets x = -i and multiplies
el .
@n(x) =X @n_l(x) - @n_e(x) through by i~ , it follows that

n-1

1% g (-1) = ()" @, (1) - 1" g _,(-i) =

"o (1) + (1) g (-1)

L
The facts that i cpl(-i) = -12 =1 and 12 cpz(-i) =i - 12 =2
complete the inductive process. Hence the n-th Fibonacci number could

be written as

n-1
(1), 4(-1) = (1T (-1 - 2 cos KT -
k=1

n-1 k47
TT (1L - 21 cos —EL)
k=1

3. Variations of the Oscillation Matrix

The next question might be a consideration of matrices which are

slight variaticns of the matrix A where

a b
b a b
A = b a b

b a b
b a
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If some of the elements are changed, could the characteristic roots
still be found? These changes might be due to changes in initial
conditions in the physical problem or to merely an arbitrary extension
to more general cases. In any case one might suspect that variations
in the elements of A would lead to quite different results.
First, suppose the first and last elements on the main diagonal

of A are changed, thus obtaining

a+d
b
b b
Rn - . . .. N .
b a b
b a+c .
. —

Proceeding as before, we note that Rn =al+ b C, where

—

[l oa Ko

olo |—'.

The proper values of C are obtained from the zeroes of

|xT-c| = o (x) - 3—%—2 P,.1(x) + ig Py _o(x)

where ¢k(x) has the same meaning as before. Substituting the values
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already found for ¢k(x) it follows that
sin (n+l)o - cT-rd

xI-C| = sin © -

d
sinn 0 + EE sin (n - 1)0
b

In particular, consider the following cases as examples:

l) If ¢c=-d=>b, then

sin (n + 1)0 - sin (n - 1)6

S1n 6 2 cos n ©

|x 1 -

which vanishes if © = (2k-1)7//2n, k=1, 2, ..., n . The proper

values of the matrix C are therefore 7y, = 2 cos ng:;lzz , k=1, 2,
k 2n ’
.., n . This implies in turn that the characteristic roots of Rn )
subject to the restrictions noted, are o =8+ 2b cos £§%%;IZf ’
k=l‘,2’ .-o,n.
2) If ¢c=0 and d = -b , then
2n+l
l sin (n + 1)6 + sinnd sin (5=) ©
|x I-cCl-= =
sin 9 .. O
sin 5

which is zero if © =2k77f2n + 1), k =1, 2, ..., n . For this

example, the matrix C has characteristic roots T = 2 cos g%;; )

k=1, 2, ..., n and the corresponding Rn has characteristic roots
2kIT

o =a+ 2b cos Eggi , k=1,2, ..., n.

3) If ¢c=4=>b, then
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sin (n+1)0 - 2 sin n@ + sin (n-1)@
sin ©

|x I -c|

_ 2sin n@ (cos © - 1)
sin @

which vanishes if @ = k/n , k=1, 2, ..., n . It should be noted

that © = 77 gives an indeterminate form but x = -2 is easily

verified directly to be a zero of |x I -C | . Bence the characteristic
roots of
a+b
b b
R = b a b
n e e e e e e e .
b b
a+b
k77

are lk = a + 2b cos - k=1,2, ..., n.
One special combination of results already obtained may be

mentioned. Suppose

[
X P
[

o (x) =

and



30

o (¥) =

where ¢n(x) is the determinant of a matrix Pn(x) and ¢n(y) is

the determinant of a matrix Pn(y) . Then

(z-1), 2a, 1
2a , z, Z2a, 1

1, 2a, z, 2a, 1
[P,(x) ()] =

1, 2a, 2, 2a
1, 2a, (z-1)

where z =xy+ 2 and 2a =(x + y) . Since it has already been

shown that

n
k:
@n(r) = TZ;(I‘ - 2 cos %) k)

then it follows that

o n
an(x) Pn(y)| B 12; (x - 2 cos %5%) El;(y - 2 cos %f%)
T (e o0+ (a2 con K?]



This implies that

are 2 + a

4. Alternating values on the diagonal

1, -28,, -1
-2a, o, -2a, -1
-1, -2a, o,
k17,2
- (a - 2 cos w1 k=1, 2,

-2a,

the characteristic roots of

At least one case in which the terms on the main diagonal

alternate in value can be solved by the results already obtained.

2n

Then

llIQn-SQn‘ =

[ (x-a), -2
-1, (l‘b):
-1, (l-a)J

— 2n by 2n

(l'a), -1

-1, (a-b)

31

_nbyn

-2a

Let
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It is easily seen that A =a or A =b are not zeroes of |112n-82n|-

Hence one is permitted to multiply each row containing (A - a) by

(x - b)l/2 , multiply each row containing (A -Db) by (X - a.)l/2

1/2

J
divide each column containing (A - a) by (A - a) and divide
each column containing (A -b) by (A - b)l/2 . One thus obtains

the result that

z, -1
-1, z, =1
-1, z, -1
IlIQn"SQn‘ i T S
-1, z, -
-1, z

sin (2n + 1)0
sin ©

1/2
vhere z = [ﬁl -a)(a - b):} =2cos © . It follows easily that

the characteristic roots of S2n are

1/2
a+b+ [(a - b)2 + 16 cos® gﬁg&
g J

By a similar argument one finds that the characteristic roots of

the matrix
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a 1
1 b
1 1
Saml = - L] . . . L4 . . . L] . L] . -
1 b 1
1
are
1/2
2 2 k 1r
a+b1[(a-b)+l6cos e ’

2

k=1,2, ..., n, together with the characteristic root A = a which

may be verified directly.

5. The Inverse of a Certain Matrix

Another possible means of extending the results thus far obtained
is to find inverses for some of the matrices for which characteristic
roots have already been found. This can be done in a straightforward

manner in at least one case. Consider the matrix

Rn(x’ a, b) =

The inverse of Rn(x, a, b) is found by meking use of the relationship
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R (x, & b)| =g (x) + (2 +1) p_(x) +abo_,(x)

where the value of Qk(x) is the same as before.
If the r, s-th element of [Rn(x, a, b)] "1 s denoted by

hrs , 1t is not too difficult to see that

(-1™® R _1(x, 0, )| *| R __(x, 8, 0)

h _=h _ = rg s .
rs sr ]Rn(x, &, b)| » T<

This is obtained by considering the cofactors of the elements of
Rn(x, a, b) divided by the determinant of the matrix. If onme

substitutes the value found previously for ¢n(x) , then

yT+s [éin re+b sin(r-l)O} [§in(n-s+l)9+a sin(n-s)é]

h_ = (-1
rs sin © [%in(n+l)9+(a+b) sin n6+a b sin(n-l)é]
This expression can be simplified by letting a = - sin g © and

sinZB+l§9
_ _ sinas®e
b = SToler o ° By certain trigonometric manipulations one gets

sin20 sin(r + a)o sin(n+p-s+1)@
sinBO sin(n + p + a + 1)@

rs

sin(r + a)0 sin(n + B - 5 + 1)0
s8in 6 sin(n + B + a + 1)0

r+s
)

(-1 o, (=) 9, (%)

- ?_ . (%)

b4
n+p+

n+B-s

It should be noted that the last form of hrs is not valid
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unless we extend our definition of @n(x) so that even when n 1is

not an integer, we have

_ sin (n + 1)0
@n(2 cos @) = ST o s, © £ 0,77
and @n(e) =n+ 1, mn(-2) = (-l)n (n + 1) . This must be done
because, in general, «a and £ would not be integers.

As a simple example to illustrate the method suppose one wishes

to find the inverse of R,(2, 0. 0) . Then

3
_ r+s (r) (4 - s)
by = By = (1) - < s
from which it follows that
-1 - _
~ [2 1 o] | 3 -2 1
]}23(2, 0, o)j = 1 1 = ﬁ- | -2 b2
10 1 2 [1 -2 3
[ — —3

Since the characteristic roots of R5(2, 0, 0) are 2 + 2 cos EEZ‘,

k =1, 2, 3, then the characteristic roots of

}

‘,3 -2 1
Q = '-2 )4-2

Do

L

are q, = 21+ cos kT ) = sec2 k1T , k=1, 2, 3.
k RS B

Another case where the matrix is of order n gives the result

that



1
3

a |13

-2 [Rn(‘z’l"l.ﬂ =l
1 3
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2n-1
—

It follows that the characteristic roots of H are

%cgcaia-%i-L’Ti—/’ kal’ 2’ ...,n-

6. Symmetric Circulants

Another class of matrices for which it is possible to find

exact solutions for characteristic roots are the matrices which are

called circulants.

a 0 B.l a

8p-1 a'O a1
E =

&l 8.2 &3

A circulant matrix is a matrix of the form

where the elements of the i-th row are the elements of the (i - 1)st

row permuted in the cyclic manner indicated.

If

e e e 0
oo 0
LA ] 0
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then

E = a_ I X K° n-1
= ao + al + 32 + oo + a1
Hence the characteristic roots of E can be obtained if the charac-

teristic roots of K are known. The characteristic equation of K

is easily seen to be

b d -1 0 o o
0 b'd -1 (o} .o 0
0 0 b'd -1 ..
. e e . . . = xn -1=0
0 0 0 o x =1
=1 o o o .o x

2kl
It follows that the characteristic roots of K are e = , k=1, 2,

..., n . Hence the characteristic roots of the circulant E are
2k i hx-mri 2(n-1)k7ri
=a +a, e ° +a e 0 4 + a e n
G =8+ 8 2 et Bp ’

k=1,2, ..., n. If E 1is symmetric so that 8. =8 . then the

proper values are

2kTTi 2(n-1)kari hiari 2(n-2)kTri
ak=ao+a.len + € n +a2Qn + e n

+ ... + L , k=1,2, ..., n
_ 2k bk 7
Hence o =a,+ 2al cos +42a2 COS ———— + ... + L,k=1, 2,
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28k 71T
o if n

where L is 2 a_ cos 2s +1 and L = (—l)k a if

n=2s .
As a special case, choose al =a ;= 1l and a; = 0 for
i % l, n-1 . This gives a matrix of the form

o 1 1
1 1
G = 1 o0 1
_»l 1 0| .
It is immediate that the characteristic roots of G are 2 cos 2k;r »

k=1, 2, ..., n. Actually, one could just as easily obtain the more

general result that the characteristic roots of a matrix

b

o p o

are a + 2 b cos

T. An Extension by using the Direct Product

A further extension to other matrices for which the characteristic
roots can be found requires another theorem.

Theorem 4.1. If G and H are real symmetric matrices of order
n and m respectively, then the characteristic roots of G(H) =

G®%rﬂ%®ﬁ are ), + a; where 1, ..., A are the characteristic

i J 1
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roots of G and Qs --e> @ are the characteristic roots of H .
The symbol @ 1is used to indicate the direct product. For a
discussion of direct product the reader is referred to MacDuffee EB, p- 82].

Proocf: S8ince G and H are reai symmetric matrices it is

Ll

possible to find orthogonal matrices ?l and P2 such that Pl G

T
diagc ()l’ cesy ln) am P2 HP2 = di&g. (a]-, very %)o If Pl GP

b Pg are denoted by Dl and D2 respectively, then

=1

and P2

(P, ®F,) [o(8)] (7, ®2,)" = (P, ®P(C@ )P, @FF) +

(P1®P2)(IB®B)(P§®P3) = D, ®L +I @Dy = np

vhere Dp is a diagonal matrix with the characteristic roots of G{H)

along its dt{agomml. The matrix Dp is of the following form:

Dp = diagu (Bl, 32, evey Bn) + diago (Cl’ 02, seey Cn)

where

mbym==

Bi diag: (11, li’ evey li)

c’i’bym= diag. (@, 0y -5 @) -



%0

Hence

mn by mn _

DP hand diago (Kl, Ke, Kﬁ, v ey Kn)
where

K, = diag. (li g, M Oy eee, A4 Oh)

and the proof is complete.

As an example of an application of this theorem, suppose

B ]
a b
b a b
Gn by n b a b
b a b
b a
_ _
and
d c ]
c d c
e by m - c d c
c d c
c d

Then G(H) is the matrix in which the diagonal elements of G are
replaced by (a I+ H) and the elements b are replaced by b I s
with zeroes elsewhere to complete a matrix of order m n . We know

that the characteristic roots of G are



11

k7T

)k=a+2b005m 3

and the characteristic roots of H are

It follows that the characteristic roots of G(H) are

a+d+2Db cos 511 + 2 ¢ cos Q;Qf
n+l m+l

where k=1,2, ..., n and jJ =1, 2, ..., m , with all possible

combinations being taken.

8. Bounds for Characteristic Roots

Let us now consider the results obtained for at least one case

with reference to bounds for characteristic roots. Specifically, take

—
a

b

o p o

for which the characteristic roots are lk =a+ 2Db cos %gg‘ s

k=1,2, ..., n and
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— -
atb b
b b
a b
B =
b a b
a+b_J
. R k17
with characteristic roots czk = a+ 2'bcos—r—l— ;s k=1,2, ..., n
For matrix A we have that
kT ' i k1T <
’)\kl—,a+2bcosm <Ia’+2lbl lcosm’
,a[ + EIbl

Here, then, we have a strict inequality for Theorem 3.7 which
concluded that l}‘k] R la\ + 2|b| . That strict inequality does not
hold in general is immediately seen in the case of matrix B . For

matrix B we have
o] < [a] v 2| [cos S| [a] + 2]]

with the equality holding when a > 0, b < 0 and k =n . General

conditions necessary for the equality to hold are given in Theorem 3.9.
Let us examine the spread of the characteristic roots of A

and B relative to Theorem 3.8, where the spread is indicated as

1
l) and §(an'al) if )\l< }\2\< cee < A and

1
3 (-2 n



b3

1 _ _ T .
E(}‘n )‘1) = b(2cos-n+—l) > b if b > 0

and

Sla - ) = () (L+cos L) > [b]if b< 0.

One then notes that the equality holds in the first case for n =2
but that strict inequality holds for the characteristic roots of B .
Much work is currently being done in this area of bounds for
characteristic roots. Results that are sharper than those listed in
this thesis are contained in the papers of Brauer [5] together with
references to other writers in this field. However, the notation and
background that must be built up limits us here to this brief mention

of a topic that seems to offer opportunities for much further exporation.

9. The General Case

It would clearly be desirable to consider the matrix

& B
b & b
Al by n - b2 a3 b3
bn-2 8n-1 bn-l
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One can at least prove the following theorem:

Theorem 4.2. Givens [5]. If A has a characteristic root
of multiplicity k , then at least (k - 1) of the bi's must be
zero.

Proof: The theorem is shown true for k = 2 and extended by
induction. If lj is a double characteristic root of A , then
(A - lj I) has rank at most (n - 2) . By striking out the first row
and last column cf (A - lj I) one obtains immediately an (n ~ 1) by
(n - 1) submatrix whose determinant is T bi . If the rank of
(A - lj I) is at most (n - 2) , then [/ b, equals zero. Hence
some bi is zero. One can then use the theorem that the characteristic
roots of the direct sum of two matrices B and € are the charac-
teristic roots of B together with those of C . For if lj is a
characteristic root of A of multiplicity k , then certainly at
least one bi is zero. Then A can be represented as a direct sum
of two matrices which we may call B and C . If k > 2 then
either B or C {or both) must have at least a double characteristic
root; hence, another bi is zero. Continuing in this way it follows
that if lj is of multiplicity k , then at least (k - 1) of the
bi's are zero.

Another resuit applicable to the general case is contained in
Gantmakher and Krein [ﬁ, P 134] and concerns bounds for the largest

and smallest characteristic roots of A . If the characteristic roots

of A are kl < le < ... <K ln , then the results obtained are
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min &, - 2(cos ﬂ:l-)(max bi) < N £ max 8, - 2(cos -;E)(min bi)

s 8 A
min &, + 2(cos n_'_l)(mfi.n bi)< }‘n\< mex &, + 2(cos n+l)(ma.x bi) .
A general method for calculating the characteristic roots of A

for arbitrary a, and b, is given in [6] .

10. Summary
Characteristic roots were found for several classes of real
symmetric matrices. It was thought desirable to tabulate these

results in order to maeke them more readily accessable.

Matrix Characteristic Roots
a b - nbyn
b a b
a b }k=a+2bcos§%,k=l,2,...,n.
b a b
b a
_ J
— . nbyn
a=b b
b a b
b'?‘b...)k=a+2bcos-—-——g§z, k=1,2, ..., n ,
b a b
. b -
n by n
a-b b ]
b a b
. . .b- ao' -bo . « e l‘k =a+ 2b cos (2k;l ) k = l’ 2, sy n .
b a b
b ea+b
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_ nbyn
at+b b ]
b a b
b ab )k=a.+2bcosl—{g—r,k=l,2,...,n
b a b
b atb
1 22 1 TjRby
2a 0 2a
l1 2a 2a 1 _ kg2 , 2
)k_(a-z cos m) (a“+2) ,
l 22 0 2a k=1,2, ..., n .
l 22 -1
— n by 2n
a 1 T Y /
1/2
ted a+b [( b)2+16 os> KT
l a1l A= g 8- cos 2n+l
= = ,
l a 1
l k=l, 2’ ---,n .
- 1 - (2n+1) by (2n+1)
1 b1 1/2
2 2 k17T
l a 1l . a+b+ [(a-b) + 16 cos 2n+2:|
. . . . = b
1 b 1 2
1l a k=1, 2, ..., n and A=a.




8% & %
an-.‘L ao 8y
8 8 &

vhere L = Zas cos

W7

—1x by n
cee 8 5
oo an_2 It ar = an_r then
_ k11 hx
).k-ao+2alcos = +232cos 2t
. ao 6
- Za3coak—lr+...+l.,k=1,2, cesy I
28:” :Lft|==2£s+lam’lL:(-l)ka.s if n=2s .
- nbyn
1
3 1 2 (2x-1)7r
5 lk=§csc -——E——,k=l,2, ceey
(2n-1)
nbyn
b I, | (b1ocks)
(aIm+H) bIm )
bI (a1m+n) Illl
b I (a.Im+lI) .
.
d c
c 4 c
_ c d c
c d c
c d




IIn is the unit matrix of order m , then

- k1T rqr
ar,k = a+d+2bcosn+l+2ccosm )

k=1,2, ..., n; r=1,2, ..., m .
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