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ABSTRACT 

Much has been written to indicate the desirability of 

process operation at or near an unstable steady state. A 

new control philosophy has been applied successfully to a 

first order experimental system to provide stable operation 

using a nonlinear feedback control device, a relay with 

hysteresis. Based on these encouraging results, the present 

study undertook to examine application of this control 

concept to a higher order system the 

2-azobisisobutyronitrile initiated bulk polymerization of 

styrene in a continuous flow stirred tank reactor. 

The tenth order model developed for this polymerization 

system was studied using singular value decomposition, a 
mathematic al analysis relatively new to the field of 

engineering applications. This process resulted in a 

simplification of the model to a lower order through a 

quantitative approach onimproving the qualitative 

arguments previously employed, A further application of 

singular value decomposition indicated specific control 

loops to be examined for best response to a step input 

change. 
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Tsypkin's analysis, used when examining a relay control 

mechanism was shown to be the necessary technique for 

design of the nonlinear control element for higher order 

systems 1 as the added complexity led to improper conclusions 

based on the standard Van Heerden graphical analysis 

approach. Due to the highly exothermic nature of the free 

radical polymerization process control of the reactor 

temperature by inlet monomer concentration was shown to 

yield satisfactory process control about the unstable steady 

state. Period and amplitude of the oscillation as predicted 

by Tsypkin's analysis compared very well with those 

resulting from the nonlinear simulation. Several new 

phenomena not previously observed in the application of this 

nonlinear scheme are reported. Other results of Tsypkin's 

analysis of control strategies pointed toward interesting 

possibilities in the area of pushing (use of large relay 

drive levels) control theory. 
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INTRODUCTION 

The study of process control has become increasingly 

important in the years since World War II. Many of the 

questions regarding stability have been approached through 

investigations into process dynamics. 

Through these studies of the process dynamics, it 

became obvious that many processes spanning a wide variety 

industriallyof 
significant reactions, exhibited steady 

state multipiicity that is, more than a single unique set 

of operating conditions for any particular set of process 

parameter s. r or lumped-parameter systems having more than 

one stable steady state, there will be at least one unstable 

stead y state. Quite often it is the unstable steady state 

at which operation is desired , for example the lower steady 

state may have low yields associated with it and the upper 
stead y state may represent an impractical operating 

condition or even ftperhaps a runaway condition. The 

unstable steady state may then be the logical compromise to 

obtain good yields and reasonable operating conditions. 

Conventional linear control strategies have been 

applied successfully to a large number of industrially 

significant processes but there is impetus to implement new 

methods of process control. A novel approach to process 
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control could provide stability of a periodic nature in a 

region about the unstable steady state. Furthermore, this 

idea of control r? 

about” a steady state could yield some 

desirable pr oduc t qualities un attainable with 1 inear 

control. 

This concept of nonlinear feedback control was set 

forth and mathematically investigated by Bruns, et. al. , 

[23,24,253 and very recently by Matsubara and Onogi [273. 

In a related study, Paredes [28,62] demonstrated the idea on 

an experimental system. Part of this work endeavored to 

investigate the nonlinear feedback control for a multispace 
complex process, a free r ad ical polymerization reactor. 

Equally important in this current study was a survey of 

currently accepted models of the process. A comparison of 

the model used in this work and others was made to emphasize 

the role of process modeling and model simplification. 

A new analysis technique in the field of engineering , 

singular value decomposition, was employed to study reactor 
mod eling and control. Through the implementation of 

singular value decomposition, the process model was 

simplified to a reduced order using a quantitative approach 

rather than the qualitative If 

feel” generally employed for 
thi s purpose. Further application of singular value 

decomposition yielded an insight into the possible control 

strategies used to maintain process operation near the 



3 

unstable steady state. 



CHAPTER I 

LITERATURE SURVEY 

Background Information 

In a 1918 study by Liljenroth [1], the concept of a 

stability analysis in reaction engineering is first 

indicated, employing a Van Heerden [2] type of approach. 

Liljenroth used experimental data on the study of an ammonia 

oxidation burner (platinum wire gauze) to show that ammonia 

conversion to nitric oxide varied in a sigmoidal 

relationship with temperatur e; that is, a so-called 

f! 
conversion curve” was constructed that was S-shaped. 

Further, he showed that the burner temperature was 1inearly 

related to the conversion, yielding his "heat of reaction 

1 ine. ft 

By plotting both of these curves together, Liljenroth 

indicated the steady states of operation as the 

intersections of the lines. Even though he suggested the 

possibility of unstable steady states, he had observed none 

experimentally, 

Van Heerden [2], in 1953 used a similar graphical 

approach to that of Liljenroth in his analysis of 

autothermic reactors. His ideas were more mathematically 

based by examining the system of interest from an energy 
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balance standpoint. He viewed the energy balance as being 

comprised of a heat generation contribution and a heat 

removal contribution. In the graphical analysis, the heat 

generation curve was sigmoidal in shape and the heat removal 

curve linear. His reasoning was that, at the intersections 

of these two curves steady state conditions existed. 

Van Heerden further indicated the ft 
slope condition" of 

stability based on this graphical analysis. Now, it is 

well-known that the slope condition represents necessary and 

suf ficient criteria for a single variable system and only a 

necessary condition for stability of multivariable systems 

[55,56,57]. Van Heerden [3] extended these concepts to the 

analysis of exothermic inprocesses continuous fl ow 

stirred-tank reactors (CSTRs) and various plug flow reactor 

(PFR) configurations. 

Even though the mathematical analyses of Poincare [4] 

Lyapunov [5], and Minorsky [6] had been available, it was 

not until 1955 that these methods were applied by Bilous and 

Amundson [7] in the reaction engineering field, The idea of 

using perturbation theory of the linearized system was 

employed for an irreversible exothermic reaction occuring in 

a CSTR (continuous flow stirred tank reactor), a process 

described by two ordinary differential equations. Their 

results for the linearized system were then compared with 

analog reaction pa ths Tf 

or phase plots developed from the 
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nonlinear equations. 

In 1958, Aris and Amundson [8,9,10] investigated the 

stability problem in a now-classical Theseries of papers. 

problems of stability and transient behavior were 

mathematic ally theorized for the CSTR model used by Bilous 

and Amundson. Of equal significance was their presentation 

of stability analyses for the various modes of linear 

control (i,e,. proportional, proportional-integral, etc.) 

applied to systems at the unstable steady state. 

These initial investigations provided a firm base from 

which an ever-increasing volume of work has been 

accomplished. The following survey is but a brief review of 

some recent work which is central to the current research. 

Recent Publications 

Concepts and analyses illustrated by Van Heerden Aris, 

Amund son, and others have stood to encourage much 

investigative work in the area of process dynamics and 

control. Through subsequent studies, much has been learned 

about steady state multiplicity and osc il la tory chemical 

reactor behavior. Implementation of applicable control 

schemes to unstable systems has been a result of this work. 
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Chemical reactors have generally been designed under 

steady state conditions [37,51,52,531, with no regard to 

transient behavior. Since transients are encountered at 

reactor start-up and shutdown, as well as with any 

perturbation in operating parameters, these effects could 

well influence reactor performance and should, therefore, be 

consid ered. Further, steady state multiplicity and, thus } 

unstable steady states need to be accounted for in these 

designs. 

reviewIn a of practical applications of reactor 

stability ? Schmeal and Barkelew [11] drew from their 

industrial setting various problems encountered in the 

oper ation of continuous stirred-tank reactors (the 

autocatalytic effect in the hydration of olefins to alcohols 

using sulfuric acid as catalyst) , imperfectly mixed 

reactors, and packed bed reactors. Also discussed were the 

v arlous effects of steady state multiplicity in slurry 

reactions, two-phase reactions, and metal-fluid reactions. 

Similarly, ElNashaie, Marek and Ray [12] investigated 

the problem of catalyst deactivation in dispersed catalytic 
reactors. Their work showed that for some ranges of 

catalyst activity multiple steady states could occur. In 

their example they found when in a region of multiple steady 

states, operation at the unstable steady state was indicated 

nearer optimal based on the moderateas 
operating 
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temperature. Even though the upper steady state gave higher 

productivity initially, the higher operating temperature 

caused more rapid deactivation of the catalyst and a shift 

from a region of steady state multiplicity to a region of a 

single unproductive lower steady state. Therefore, 

operation at the unstable steady state provided a better 

time-averaged yield with slowly increasing moderate 

productivity and moderate decay rate. 

Reaction multiplicity is common in biological and 

enzyme systems [58,59,60]. Bruns, _et ^., [133 presented 

a mathematical investigation of an enzymatic reaction 

exhibiting an inhibited substrate reaction mechanism. A 

stable oscillatory state was shown for the case of a unique 

steady state. For the case of steady state multiplicity, 

oscillatory behavior was observed outside the region of 

asymptotic stability. Stalling e t al., [61] used this 

same system to illustrate, via numerical simulation 1 imi t 

cycle amplitud e reduction by employing a relay with 

hysteresis as a feedback controller. 

Chemical oscillations were found by Franck [15] to 

d epend heavily upon complex kinetic mechanisms: coupling 

between reactions and various transport phenomena. Gilles, 

et al., [16] expanded on this concept in their study of 

the catalytic fixed bed reactor for an endothermic reaction 

with self-inhibiting or self-accelerating steps. They 
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on anincluded simulations of the dehydrogenation of alcohol 

oxide catalyst. 

Ivanov, et al. , [1^] present investigations in the 

area of steady state multiplicity and stable limit cycles 

for a catalytic reaction system coupled to an adsorption 

process. In their study, periodic oscillatory behavior is 

correlated to the system kinetic and model parameters. 

Knorr and O’Driscoll [17] used batch reactor data on 

the bulk polymerization of styrene to demonstrate 

mathematically the possible existence of multiple steady 

states in an isothermal CSTR. Through a Van Heerden-type 

approach using the steady state mass balance, they show that 

the middle steady state is necessarily unstable. In the 

case of the polymerization reactor, operation at or near the 

unstable steady state is desirable since little or no 

product is made at the lower steady state and at the uppery 

Itsteady state, the so-called "gel effect causes the product 

to be of undesirable characteristics. To attain operation 

at the intermediate conversion level, Knorr and O’Driscoll 

suggest an oscillating monomer feed concentration and 

reactor recycling. 

In related work Ray [18] examined the effect on 

molecular weight distributions of sinusoidal perturbations 

in monomer feed concentrations for continuous stirred-tank 
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reactors. Laurence and Vasudevan [19] used very slow forced 

oscillations of feed concentrations of monomer and initiator 

to study the time-averaged effects on the molecular weight 

distributions. An experimental study of periodic operation 

of a styrene polymerization reactor using open loop on-off 

control of initiator feed was presented by Spitz, et , 

[20]. Additional experimental studies of forced periodic 

open loop operation of polymerization reactors are cited in 

the literature. 

Bruns, et al. [23,24,25] propose operation of a 

system near its unstable steady state using a nonlinear 

feedback control element. Matsubara and Onogi [27] recently 

showed for an example that, for performance at an unstable 

steady state, the nonlinear relay control should be used for 

stability reasons and that this novel controller is superior 

to the conventional linear controller in performance for 

this case. In an experimental study, Paredes [28,62] 

successfully applied the nonlinear feedback control element 

to maintain process operation near an unstable steady state 

in the bis-trichloromethyl-trisulfide-aniline reaction 

system in a CSTR [54]. 

These articles represent but a few of many regarding 

the phenomenon of steady state multiplicity, Further 

examples may be found in a comprehensive review of 

multiplicity by Schmitz [29]. 



11 

CHAPTER II 

REACTION SYSTEM 

Introduction 

Polymerization is the process by which molecular units 

known as monomers are combined to form aggregates known as 

polymers. Since the kinetic mechanism of the polymerization 

process is very com pi ex much effort in recent years has 

gone into the characterization of these processes so that 

consistent produc t properties might be maintained [30-39]. 

The example of interest in this research is the chain growth 

free radical polymerization in a CSTR of styrene with 

initiation by 2-azobisisobutyronitrile (AIBN). 

In polymerization reactions, there exists an 

essentially infinite 
esnumber of individual chemical sped 

(free radicals and polymers of varying chain lengths). 

Therefore, the kinetic expressions thedescribing 

polymerization process comprise an infinite set. This 

number of expressions is effectively reduced to a finite set 

through the use of number chain length distributions for 

radical and polymer species, To attain these distribution 

descriptions basically these methods have been employed: 

generating function technique, stepwise algebraic 
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substitution technique continuous variable technique, and 

discrete variable technique [40,^1,2J2]. Perhaps the 

simplest method to apply is the discrete variable technique 

which makes use of Z-transformations [19,22,^41]. 

Polymerization Kinetics 

Free radical unipolymeriza tion kinetics may be 

described by essentially five mechanisms: free radical 

generation, polymerization initiation chainpropagation, 

transfer and termination, Each mechanism will be discussed 

individually before combining all the steps to yield the 

full polymerization reactor model used in this research. In 

every case, the discussion will be directed toward the free 

r ad ical pol^Tner iza tion of styrene initiated by AIBN. The 

ensuing discussion is the result of modeling due to [30-50]. 

Free Radical Generation. Free radicals are generated 

when covalent bonds of monomer or free radical-producing 

agents are homolytically broken. The lower the energy 

required to break these bonds, the more stable the resulting 

free radical is; some free radicals may be so stable that 

they may not be capable of initiating polymerization, The 

methods of introducing this dissociation energy r equirement 

Varied :are 
e1ectrochemical1y, chemically (redox systems), 

photochemically or thermally. 
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I 

Of interest in this research is free radical generation 

by initiator decomposition and by thermal decomposition of 

the monomer: 

> 2 R 
1 Initiator Decomposition (2.1) 

^2
3M > 2 R 1 + M Monomer Decomposition (2.2) 

where: I initiator 

M monomer 

single unit free radical 

rate constants 

k2 

The thermal decomposition method, naturally, 1 s 

increasingly important as the reaction temperature is 

increased, and, in fact, becomes the predominant radical 

generating mechanism above 120°C [63]. These free radicals 

are avail able to initiate polymerization with monomer, 

polymer, or another radical. 

One problem encountered with an initiator is the 

so-called II 
effect"cage that essentially eliminates 

available radicals through reaction with itself. Consid er 

the case of AIBN as the initiator: 

Me Me Me 
Me-C-N==N-C-Me 

CN CN 
—> 2 Me-C* 

CN 

+ N 
2 (2.3) 

Me Me 
> Me--C C—Me 

CN CN 

As the two radicals are formed, they may recombine as shown 
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cage effect into account, 

if they are not sterically blocked from doing so or if they 
do not have the opportunity to diffuse away from one 

another. To take this 
an 

initiator efficiency is generally employed in the rate 

expressions involving initiator-initiated polymeriza tion 

[43-473. 

Initiation of Polymerization. Initiation occurs when a 

free radical reacts with another species, The most desired 

of these initiation reactions is that involving radical and 

monomer; 

R- + M > RM' 
(2.4) 

where: R* any free radical 

M monomer 

RM* a new free radical of 

increased length 

but as discussed earlier, undesired reactions may occur; 

R- + y > Non-polymeric products (2.5) 

The efficiency factor, f, is used in the current study to 

describe that number of free radicals actually initiating 

polymerization. In this way both the cage effect and side 

reactions are accounted for with the resulting initiation 

rate expression is: 

■"i = 2k-,fl + 2k2M 3 
(2.6) 

The particular correlation for the efficiency factor, f. i s 

the same as that used by Spitz [22]. 
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step where monomer 

units 
are added to a free radical of undetermined length to 

form a free radical of increased chain length: 

Propagation. Propagation is that 

^3 
+ M > R.

J+1 j>0 (2.7) 

The rate of formation due to propagation for chain length 

growth from j-1 to j is given by: 

r 
P = - Rj) (2.8) 

Transfer Reactions. A transfer reaction is one in 

which something is transferred from one chemical species to 

another. Transfer reactions may involve the transfer of a 

chemical site (the site of kinetic activity) or the transfer 

of radical activity. Dependent upon the relative activity 

of the resultant radical species, a transfer reaction may be 

viewed as a termination reaction, an acceleration reaction 

inhibition oran 
retardation step. or a straight transfer 

from one polymer chain to another. Fur ther complications 

includ ed since transferare 
reactions may occur with any 

species (monomer polymer solvent etc .) . Due to these 

properties, transfer reactions are often used to control 

polymer product propertites. such as molecular weight. 

For this particular system of interest, transfer to 

monomer is the predominant transfer reac tion: 

+ M > R 
1 (2.9) 
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where: polymer of length j 

and the rate of transfer for radicals of length j is given 

by: 

'"tr = kijMCRj - RjS(j-l)) (2.10) 

where: S ( j- 1 ) dirac delta function 

Termination of Chain Growth. Termination is that step 

or reaction mechanism which effectively halts chain length 

growth through propagation, Common forms of termination are 

illustrated by: 

1. Coupling :Rj; + > Pn-Pm (2.11) 

2. Disproportionation:R‘ + r; > r:* + R (2.12)n m n m 

Other mechanisms for termination of polymerization include 

termination with monomer and through transfer reactions. 

Most specifically for the styrene system under study, 

termination is by radical recombination: 

R
j + Rj^ > P (2.13) 

OSTR Mod el Development 

With the kinetic expressions previously given, 

individual species balances may be written for the CSTR 

model where no polymer is fed to the reactor and constant 

reactor volume is assumed: 

Initiator:dl = - I) kil (2. U) 
■at 

e 
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Monomer: dM (M^ 
TZ ■ ■- - 2k2M- . Ic^MlR^ . kijMZR. (2.15) 

0 - j j 

Radical: dR. 
= -iiJ + (ak^fl + 2k2M-)S(j-1) 

e 

+ ^BMCRj.t - Rj) 
(2.16)+ k^M(RjS(>1) - R^) _ k5RjlRj^ 

Polymer: 
(2.17)= -£j * MMHj * kjXRj.^R;, 

where: ^0 initiator feed concentration 

monomer feed concentration 

e 
reactor residence time 

Through the use of Z-transformations, as previously 

described, differential equations for the moments of free 

radical distribution and of polymer distribution may be 

written [19,22,41]: 

dc* 

HI0 = -£:o + (2kifl + 2k2M3) - k^O-Q^ (2.IS) 

1 = 
d<r 

“£l + (2kTfI + 2k2M-) + (k, + kii)M(rQ 

<^1 (2.19) 

^ = -^2 + (2kTfI + 2k2M3) + (^<3 + ki|)M<rQ 

+ 2k^^(r^ _ k^H(r2 - k5crQcr2 (2.20) 

= -/«0 -*• k^M(crQ - R^) (2.21) 
e 

(2.22)^1 = -^1 . - R,) * kgO-gO-i 

^ = -A2 * k^MCCTj - R,) + k5«r3(r2 -uri^) (2.23) 
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where: ^0 0th moment of radical distribution 

^1 1st moment of radical distribution 

^2 2nd moment of radical distribution 

/o 0th moment of polymer distribution 

1 1st moment of polymer distribution 

^2 2nd moment of polymer distribution 

The moments of radical distribution are generally 

written to describe radicals of all chain lengths, But, in 

the initial development of this model, special consideration 

was given to the single-unit-length radical since it was 

involved in reactions that other radicals were not 

associated with ( ie. thermal initiation, initiator 

decomposition, transfer reactions). The rate equation for 

this species is given by: 

dR

oT 
1 = “^1 + (2k^fl + 2k2M-) - + ki|)MR^ 

e 

+ kyMO-Q - k50*08 1 (2.2^) 

Under normal circumstances, that is, single precision 

reaction dynamics studies, the term is left out entirely 
since its effect is not noted to any significant digit, 

Even though the effect of this term still appears to be 

negligible under the current double precision 

consid erations, an analysis discussed later in Chapter IV 
indicates that this term should be retained, Using the 

derived moment expressions and including the consideration 
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of the single-unit-length radical R -I, the monomer balance 

equation may be rewritten as: 

ST

dM 

" @
~ - 21<2M^ _ (k3 + kij)M(3r + ki|MR-| (2.25)0 

Since this study involves the case of the nonisothermal 
CSTR an energy balance must be included to describe 

temperature transients. In general, this balance is given 
by: 

- T„) - VpC (T - T^) 
a z Q 

- UApjd - T^) + V£(-AHi)ri (2.26) 

where: AH^ heat of reaction for reaction i 

V reactor volume 

P density of reaction mixture 

S heat capacity of reaction mixture 

To inlet temperature 

Tr reference temperature 

To coolant temperature 

u overall heat transfer coefficient 

heat transfer area 

Assumptions commonly made regarding this energy balance are: 

1. constant volume reactor: a standard practice for 

liquid-phase reaction sytems; 
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2. average coolant temperature: a standard practice 

described by Aris [533; 

3. constant density and heat capacity: although it is 

known that these properties do change over the 

entire range of operating conditions possible the 

ad ditional complexity encountered in the inclusion 

of variable properties in this model would not 

enhance the results of this study, The common 

approach used has been to assume constant density 

and heat capacity. 

n. significant heats of reaction for only thermal 

initiation, propagation, and transfer 

reactionsr20-22]; 

yielding the following energy balance: 

£I = 11.^. - T) _ UAaCT - T.) + 

(-AH ■;) koMCn (-AHm )k.,Mq-o') (2.27) 

fS 
Thus , the complete model describing the system under study 

1 s 
given by the ten ordinary differential equations written 

as (2.U), (2.l8)-(2.25), and (2.27). 

https://2.l8)-(2.25
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Phenomena of High Teroperature and High Conversion 

In general the total rate of propagation is expected 

to decrease in some closely-1inear relationship to monomer 
conversion. However , observations indicate that this total 

rate of reaction frequently will increase pass through a 

maximum, and then decrease. This behavior is due to 

diffusion-related effects 
orand is called the gel effect 

the Trommsdorf effect. The gel effect occuring at high 

conversions where the monomer concentration is low and the 

polymer concentration is high, is exhibited as an increase 

in the rate of pol3mier iza tion resulting from the combination 

of essentially immobile polymer chains and diffusion-mobile 

monomer units. 

An additional diffusion-related effect is noted at even 

higher conversions due to the very high viscosities 

encountered. Due to the higher viscosity and even lower 

monomer concentration, the combination of monomer and 

polymer free radicals 1 s slowed and the rate of 

polymerization decreases again, This phenomenon is known a S 

the glass effect. 

Gel and glass effects have been studied and modeled 

C^3-50j with the resulting correlations showing the effects 
in terms of the propagation and termination reaction rate 

constants. The correlation of Hui and Hamielec [47] has 
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been included as part of the model used in this research, 

and is given as: 

+ Bx^ + Cx^ ) )~2 (2.28)^5 ■ k^QCexpCAx 
where: A r 2.57 - .00505T 

B = 9.56 - .01761 

C -3.03 + .00785T 

X = (Mq - M)/Mo 
k rate constant at zero conversion50 = 

rate constant at actual conversion.^5 

Summary o f Mod el Parameters 

It was the intention of this study to choose a process 

of some industrial importance. Concurrent with this 

thinking was the selection of parameter values such that the 

results of this work might have some correlation to a real 

situation. TABLEThese model parameter values are noted in 

2-1. 
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TABLE 2-1. MODEL PARAMETER VALUES 

PARAMETER VALUE REFERENCE 

11.5 gmol/l 81 

C 
P 33.5 cal/gmol SI 

u 0.0005 cal/sec-cm^-'^K 82 

V 1000 1 

10080 sec 
e 

T 

"o 0.0106 gmol/l 

M 
o 4.81 gmol/l 

-LH 10000.2 26
-AH 16680.3 26 

16680. 26 

1 1.580 E15 26 
,^2 2.190 E 5 26
k, 1.050 E 7 26 

2.310 E-6 26
k.:'
5 1.255 E 9 26 

1 30800. 26
E 

!2 27441. 26
E 7067. 26 

12671. 26 
^5 1677. 26 

f 

^4' 

exp(-2x) 20,22 

t -f-'i-'(- /-r) 

k c ^ ^ ^ W ( ') / c p ( hU 
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CHAPTER III 

STEADY STATES AND STABILITY 

This section deals with the d etermination of steady 

states for any particular set of system parameters and the 

analysis of the resulting steady state operating conditions 

as regards stability, The term stability, here and in the 

remainder of the thesis, will mean local asymptotic 

stability unless otherwise noted, The problem of control at 

the unstable steady state and the stability of the resulting 

controlled process will be addressed later. 

General Introduction 

In the analysis of any dynamic system, the question of 

stability of a steady state becomes important; this is 

especially the case for systems involving steady state 

multipiicity. The criteria for determination of stability 
is well established [53,55,56,57,6i<l and will not be 

elaborated here. There are many available references which 

present the development of these criteria for a second order 

system [56,57,6^}]. In lieu of reiterating this development, 
some general comments pertaining to their results and the 

logical extensions to higher order systems will be made. 
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As referenced earlier, Van Heerden [21 presented a 

graphical approach to stability analysis which involved 

separation of the energy balance into heat generation and 

heat removal curves. Intersections of these curves 

represent steady state conditions and the slope condition” 

for stability established. Forwa s 
the single variable 

problem, this slope condition is necessary and suf ficient; 

but, for higher order systems the slope condition is only a 

necessary condition for stability. 

Local asymptotic stability (eg. that steady state 

where transients in ■an arbitrarily small region about the 
state die out as time progresses) analysis represents 

necessary sufficientand 
criteria for stability of higher 

order systems. Local stability is based on the linearized 

system about the steady state of interest where the 

equations may be written as: 

Y = AX 
(3.1) 

where: Y vector of derivatives of X 

X vector of perturbation variables 

A matrix containing the linearization 

coefficients evaluated at the steady 

state of interest: Jacobian matrix. 

thFor an n order system described as above, the 

characteristic equation is given by: 

det(A - XI) 0 
(3.2) 
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where: I identity matrix 

X 
roots of characteristic equation 

or eigenvalues 

Another 
representation of the characteristic equation is in 

the form of an n th 
order polynomial: 

b^X" * b,A"-’ * ••• * b„_,x. b„ = 0. (3.3) 

In order to have local asymptotic stability the eigenvalues 

of the Jacobian matrix (the roots of the characteristic 

equation) must have negative real parts, In the case of 

instability, the eigenvectors corresponding to the positive 

eigenvalues will indicate the source(s) of the instability. 

Another way of expressing the necessary and sufficient 

conditions for local stability is the Ro uth-Hurwitz 

criteria. That is, the successive determinants defined by 

A, = b,, A2 -- bl bo , Aj = b, (3.^) 

^3 ^2 bu b3 

b 0 0 0 0 0
b°b3 *^2 bi bo 0 0 .0

A. = >^5 b2 b.| bo 0 (3.5) 

^2n-1 ^2n-2 b 
n 

thmust all be positive for an n order system. 

With the advent of high-speed computers and available 

mathematic al technique s the second method of Lyapunov and 

Krasovskii's theorem [5,57,65] have been applied for 
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stability analyses. This method of analysis acts as a 

sufficient, but not necessary, condition for stability of 
the steady state, It gives additional information as it 

identifies a specific region where asymptotic stability 

applies, This method has been found. in general, to be very 
conservative for the actual region of stability is usually 

considerably larger thatthan indicated by the Lyapunov 
function. An example of a second order system is presented 

by Berger and Perlmutter [66,67]. 

Literature: Stability of Polymerization Reactors 

As noted in the literature survey, much effort has gone 
into investigating the dynamics of the free radical 

polymerization of styrene, with particular interest in the 

steady state multiplicity of the system, There has been 

some effort put forth in examining the stability of these 

systems. Basically, there are two types of stability 
problems enc oun ter ed in this class of r eac tions. 

Concentration stability is due to the auto-acceleration 

nature of the polymerization reaction and may present itself 

sven under isothermal conditions. Temperature or thermal 

stability involves both the auto-acceleration effects and 

the 
exothermic effects of the polymerization process. This 

review is intended only as a brief introduction to the 

available publications on the topic. 
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Warden and Amundson [35] applied the Routh-Hurwitz 

criteria to a monomer-terminated addition polymerization 

with first order initiation step i n a nonisothermal CSTR. 

Their system was described by three ordinary differential 

equations. They also investigated regions of stability for 

various modes of linear control applied to the system. One 

result of their study was that the unstable steady state 

could always be made stable using proportional control based 

on the reactor and 

average 

temperature several manipulated 

variables. Ranges of parameter values for the various modes 

of control were indicated for stable control of the 

molecular weight and of the total polymer concentration. 

Knorr and O’Driscoll [17] used a Van Heerden-type 

analysis using the steady state mass balance (monomer) 

equation to determine steady state multiplicity, They note 

that multipie steady states exist for the styrene 

polymerization CSTR for both nonisothermal and isothermal 

cases. Much of their work deals with the phenomena occuring 

at higher temperatures and higher conversions. In his 

dissertation, Knorr [^9] gives far more detail of the 

stability problems with suggestions for control. Also, he 

examines the additional complexities associated with the 

copolymerization process. 
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Shastry and Fan [37.1 depart from the classical analysis 

techniques using linearization to apply Lyapunov's second or 

direct method to determine regions of stability, Their 

studies used simplified kinetic models to examine the 

temperature stability of homopolymerization in two tanks in 

series and of copolymerization in a single CSTR. 

A s t ud y of d yn am i c behavior in free radical 

polymeriza tion reactors, where oscillatory phenomena is 

possible, is presented by Jaisinghani and Ray [481. 

Polymethymethacrylate and polystyrene systems were studied 

using simplified dimensionless equations. Lowering the 

order of their model to two ordinary differential equations, 

they used bifurcation theory to determine that un stable 

limit cycles are possible at the upper steady state only, 

More detail on the polystyrene system is available in the 

thesis by Jaisinghani [50]. One of the interesting results 

is that there was no qualitative changes in the ir 

simulations either with or without the initiator dynamics. 

Quantitative analyses predicting this result arrived at in 

their numerical study is presented later in Chapter IV. 

With this basic review of stability in general, and of 

some of the existing literatur e concerning dynamics and 

steady state stability of polymerization reactors the 

problem of steady state multiplicity and stability analysis 

of the specific system of interest will be investigated. 
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Analysis of the Reaction System 

Steady States. The search for steady state 

multiplicity for the reaction system under study was done 

through a Van Heerden-type approach of the nonisothermal 

system. All time-dependent derivatives (equations 

2. U,2. 18-2.25,2.27) were set equal to zero and the 

resulting equations solved for the steady state operating 

conditions: 

I = Iq/CI + k^e) (3.6) 

CTo = -1 1 + 8kc(kifl ^ koM3)e^ (3.7) 

2k5© 

= 2(k,fl k,M-) + (k, k^,)M(rn (3.8) 
1/© + k^M + k^ro 

(72 = (T^ 1 + 2k,M (3.9) 

1/0 + +k50'o 

Rl = 2(kifl + k,M-) k„M(rn (3.10) 

( k^ + K ) McTq - k^CTq 

= e ki<M((ro - R^) ^ (3.11) 

/il =0 k4M((rT - R ■] ) + k qO*qcT.| (3.12) 

M2 =S kijM(cr2 - R^) + k^fCTgcr^ + 0"^^) (3.13) 

0 = (Mq - M)/e - SkjM^ - (k, + kii)M(rg + k^^MR^ (3.1^) 

https://18-2.25,2.27
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Q (3.15)0 = Z(-AH^)r^ - (T-T^) + UA^d - T^) - Qr 
0 V/>Cp 

nineBy assuming temperatures, values for the remaining 

variables were determined [Program UTKVHA.FOR, Appendix A]. 

Monomer concentration was solved through an iterative 

procedure using equations (3.6), (3.7), (3.10) and (3.14), 

-14 for the monomerusing an error specification of 10 

balance [ eqn . (3.14)]. Heat generation [Q ] and heat 

removal werecurves as functions of temperature[Q^.] 
constructed as shown in FIGURE 3-1. Intersections indicate 

steady state conditions and the slope condition is evident 

as a necessary condition for stability. It is important to 

thenote the the Van Heerden Analysis is only valid _at 

steady states. This point is vividly demonstrated by the 

control studies of Chapter VI. 

The heat generation curve is the sigmoidally-shaped 

curve shown in the figure. The auto-acceleration effect is 

Theevidenced by the very steep nature of this curve. 

inclusion of the gel and glass effects for higher 

temperatures and conversions is noted by the sharp increase 

and From thissubsequent decrease in the generation curve. 

graphical analysis, the middle steady state would be 

theunstable based on the slope condition. Stability of 

other steady states must be determined through an eigenvalue 

analysis. 
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FIGURE 3-1. VAN HEERDEN DIAGRAM: STANDARD CASE 
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Determination of the actual steady state conditions is 

done, again, through the Van Heerden approach outlined 

above. A trial-and-error solution via subroutine of program 
UTKVHA.FOR is made for the temperature of the state using 

the five equations involved in the solution of the energy 

balance (T, M, I, R-] andOTQ). When mass and energy balance 
-U

error criteria[10 ] are met for equations (3-1^) and 

(3.15) y all variables are then calculated, values, asThese 

noted in TABLE 3-1 for the standard case used here, are 

subsequently used for further analyses. Variable numbers 

shown in TABLE 3-1 are consistent with the order of 

variables used in analyses throughout this thesis. 

Eigenvalue Analysis. To determine stability of the 

lower and upper steady states and to verify the instability 

of the middle steady state an eigenvalue analysis was done 

at each steady state. Thus, the local asymptotic stability 

of the various steady states was determined. 

Using the values of the steady state conditions 

d etermined above, the coefficients of the linearized model 

are calculated and stored as the Jacobian matrix. These 

coefficients are derived by taking the partial derivatives 

of each nonlinear ordinary differential equation Y,.
1 > wi th1 

respect to each state variable, X i > such that the entries in 

the Jacobian matrix A are: 
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TABLE 3-1. STEADY STATE VALUES AND EIGENVALUES: 
STANDARD CASE 

STEADY STATE 

VARIABLE LOWER MIDDLE HIGH 

i 1 315.9 3^5. 1 411.6 

4.721 3.598 0.4038 

/o 3 0.9637 E-4 0.2614 E-2 

M 2 

0.8324 E-2 

0.4409 E+1
4 0.8880 E-1 0.1217 E+1 

/2 5 0.1300 E+3 0.9028 E+3 0.4525 E+4 

I 6 0.01052 0.007081 0.1513 E-4 

7 0.1375 E-7 0.9523 E-7 0.5837 E-6 

O’l 0.6938 E-5 0.2443 E-4 0.2565 E-3
8 

O'
2 9 0.6995 E-2 0.1251 E-1 0.2252 E 0 

10R 
1 0.0274 E-9 0.3738 E-9 0.1330 E-8 

EIGENVALUES: 

-0.9921 E-4 -0.9921 E-4 -0.9921 E-4
-0.9921 E-4 -0.9921 E-4 -0.9921 E-4
-0.9921 E-4 -0.9921 E-4 -0.9921 E-4
-0.9345 E-4 0.2S94 E-7 -0.6880 E-1 
-0.1002 E-3 -0.1108 E-7 -0.5234 E-3 

0.1681 E-4i 
-0.1133 E-3 -0.1108 E-3 -0.2063 E-3 

-0. 1681 E-4i 
-0.1270 E+1 -0.4940 E+1 -0.1706 E+1
-0.1270 E+1 -0.4940 E+1 -0.1706 E+1 
-0.2297 E+1 -0.8861 E+1 -0.1153 E+1
-0.6407 E+7 -0.1267 E+4 -0.7495 E+3 
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a, j = (3.16)= Ih 
j 

This procedure was done analytically for the specific 

styrene polymerization system studied. Eigenvalues of this 

matrix are then determined by means of a package routine 

employed. As a 

[Program OLDSVD.FOR Appendix A] from the Scientific 

Subroutine Package (SSP). This being a very stiff system, 
ie. eigenvalues are very wid ely separated by orders of 

magnitud e, double precision routines were 

result, no eigenvectors were determined since standard 

routines require complex arithmetic which is unavailable on 

the DECsystem-10 machine used for computations. 

Some of the interesting results, as noted in TABLE 3-1, 

from the eigenanalyses performed were: 

1. verification of stiffness of the polymerization 

system, 

2. verification of instability of the middle steady 
state , 

• determination of stability of upper and lower 

steady states, and 

repetition of roots (eigenvalues): at each steady 

state investigated, there were two sets of repeated 

roots (two roots equal and three roots equal). 
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To gain some insight into the global stability of this 

system for the chosen set of model parameters, simulations 

of t he nonlinear system were made around each steady state. 

These simulations showed that no limit cycles exist and 

confirmed the eigenvalue analyses, No open-loop phase plane 

plots or time traces are reproduced in this paper. 
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CHAPTER IV 

SINGULAR VALUE DECOMPOSITION ANALYSES 

General Background 

Singular value decomposition > also referred to in thi s 

work as SVD 
y is a linear algebra analysis tool that is 

applicable to matrices describing stable linear systems. 

Even though singular value decomposition has been 

established since 1889 (by Sylvester for real square 

matrices), significant engineering applications have been 

slow to develop. In fact 
J there have been very few 

applications of singular value decomposition in the 

engineering area. The main interest, here, in singular 

value decomposition is directed toward model 

simplification/reduction and identification of control 

loops. 

For very stiff systems, that is, systems with 

widely-separated eigenvalues, variables or combinations of 

variables may be seen as fast, while others are slow in the 

general comparison. Through a complete eigenvalue analysis, 

these variables or combinations may be determinable. If, 

for example, the macroscopic time element is of primary 

interest, the common procedure for handling fast variables 
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is to ignore their transients as noted in FIGURE 4-1 and 

make a quasi-steady state assumption (pseudo-steady state 

assumption); that is, assume that the fast variables are 

always in a steady state relationship with the remainder of 

the process variables retained as dynamic. 

u 

OQ macro 

< 

cc 

> 

micro
Q 
W 
CC 

CO 
<c 
w 

TIME 

FIGURE 4-1. FAST VS. SLOW VARIABLES: TIME RELATIONSHIPS 

A major stumbling block is often encountered when repeated 

eigenvalues theexist; interpretation of the eigenvalue 

analysis becomes quite difficult. 

This is the basic problem associated with modal control 

[55], although additional transformations will often 

alleviate the confusion involved in modal analysis, 

Singular value decomposition uses a variation of eigenvalue 

analysis which greatly simplifies systems analysis, even in 

the case of repeated eigenvalues. For the particular 

research problem of interest three varieties of singular 
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value decomposition analyses were employed to examine the 

steady state process, the dynamic process and the 

controlled process. Before discussing each of these 

analyses a brief overview of the procedure used will be 

presented . 

Mathematical Procedure 

In control theory, the linearized model of the 

nonlinear system is often used so that linear analysis 

techniques can be employed, This provides important 

information and insight into the dynamic behavior of the 

corresponding nonlinear system. The classical example is 

the determination of local asymptotic stability of the 

steady states of a nonlinear system. Thus, the linearized 

model of the nonlinear system is used here. This exercise 

results in a system described in a linear algebra form: 

Y = AX + BP (4.1) 

where: Y vector of state variable derivatives 

X state variable vector 

P input variable vector 

A Jacobian matrix 

B matrix containing coefficients of 

model linearized with respect to P. 

Now consider, for example, only an open loop system given 

by: 

Y = AX. (4.2) 
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Having now a simple linear algebra problem singular value 

decomposition can be applied to matrix A. 

In general 1 for any matrix D, singular value 

decomposition is basically an eigenvalue analysis of a 

transformation of the matrix D. The decomposition results 

in a reordered system given by: 

D = VZU^ (4.3) 

where: £ diagonal matrix containing singular 

values (T.
1» ^2 > • • • 

V matrix containing orthonormal 

columnsCeigenvectors of DD^) 

U matrix containing orthonormal 

columnsCeigenvectors of D^D). 

The values 
J • •given by ^^2 are the non-zero eigenvalues 

of D^D. Columns of matrix V are known as left singular 

vectors of D and the columns of U are known as the right 

singular vectors of D, The resulting system is an 

orthogonal geometric representation of the original 

linearized model; that is, inputs and outputs are described 

as elliptical surfaces given by the matrices U (output) and 

V (input) respectively, The relative magnitudes of each 

vector (ie. its length) of both U and V are given by the 

corresponding singular values. 
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To digress briefly on the topic of geometric 

representation: the outputs of the system may be viewed as 

an elliptical surface where the axes of the ellipsoid are 

given by U . In this way all axes are perpendicular to one 

another and the relative importance of each orthogonal 

direction (comprised of one or a combination of the original 

state variables) is given by the singular values 

corresponding to each vector. The larger the singular value 

is, the more significant is that particular coordinate 

direction. The same argument is made for the inputs of the 

system, with axes described by V. Moore [69] develops these 

concepts for a third order system with special emphasis on 

the geometric analogy, and indicates the extensions to 

higher order problems. 

The method of applying singular value decomposition is 

via the OR algorithm iteration scheme, Stewart [68] gives a 

thorough explanation of the mechanics of the OR algorithm 

and its use in singular value decomposition and eigenvalue 

analysis. The particular routine employed in this research 

is a Householder bidiagonalization with OR variant, a 

FORTRAN version of an ALGOL routine due to Golub and Reinsch 

[72]. 

This presentation is meant only as a brief introduction 

to singular value analysis. Stewart [68] gives a summary 
and additional references. Moore [69] indicates the 
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applications to control problems in general, He also makes 

some application of this analysis to the problems of 

controllability, observability and model reduction [70,71]. 

The implementation of singular value decomposition routines 

and the information contained in the analysis results are 

detailed below in terms of the styrene polymerization model. 

SVD 0f the Jacobian Matrix 

The first application of singular value decomposition 

to this research was directed toward the problem of model 

reduction/simplification. The distinction made, in this 

work, between model reduction and model simplification is: 

reduction indicates that variables are eliminated entirely, 

whereas simplification infers that the variables are 

retained , as in the case of pseudo-steady state variables. 

This is of particular interest since the system of equations 

used here are difficult and time-consuming to integrate 
(stiff differential equations and a 10th order model). Of 

initial importance is the reduction of order of the open 

loop system by model simplification, described as: 

Y = AX (4.2) 

where: Y vector of state variable derivatives 

A Jacobian matrix 

X state variables vector 
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Singular value decomposition of the Jacobian matrix 

yields information about the derivatives and which internal 

or,in this case, state variables affect the derivatives. 

For example, TABLE ^-1 is a typical singular value 

decomposition analysis of the Jacobian matrix this one 

representing the tenth order model at the unstable steady 

state. Each singular value is associated with its 

corresponding columns of matrices U and V; ie. SV(1) 

corresponds to the first column of both U and V. Further 
J 

each row of U represents an output variable and its 

contributions to the orthogonal column vectors(the first row 

i s the contributions to the column vectors of U due to the 

first output variable, etc.) and similarly, each row of V 

represents an input variable and its contributions to the 

orthogonal column vectors in V. For the analysis of the 

Jacobian matrix, the derivatives are the input variables and 

the state variables are the output variables. Thus, 

refering to TABLE the first singular value SV(1), being 

of the largest magnitud e, is indicative of the fastest 

derivative as g IV en as the major component of the 

corresponding vector of matrix V (the seventh variable 
? or 

other^o)- In words for this steady state, the total 

number of free radicals is changing faster than any of the 

other state variables as the system is perturbed slightly 

from the steady state. This is physically consistent with 

behavior.the ex pected And , this rate of change has its 
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greatest effect on the 1 X i. u 
State 

•r-i 

h(/2) and the ninth((r2) 
variables, as indicated by the principal components of the 

first column of matrix U. This analysis procedure is 

followed for each singular value. As an added note, should 

an input vector and an output vector be equivalent, it would 

represent an eigenvector and the corresponding singular 

value would also be an eigenvalue of the original matrix 

(for this example note SV(3) and SV(9)). 

The results of singular value decomposition of the 

Jacobian matrix for each steady state for various order 

models are given in Appendix E (along with eigenvalues), 

These analyses indicate that 
> for the lower and middle 

steady states, there are basically four variables with 

significantly faster derivatives than the remaining 

variables, as shown by consideration of the four larger 

singular values. These faster variables are the four 

free-radical oriented t erms ( cTq , (t^ , and and are noted 

as the principal components of the left singular vectors (V) 

of the four major singular values. Those state variables 

affected 
most strongly by these fast variables are given in 

the right singular vectors (U) which correspond to the same 

singular values(T, For this analysis at the 

upper steady state, the initiator derivative joins the other 

four as infast comparison to the other state variable 

derivatives. 
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This establishes a criteria and specific numerical 

reasoning for determination of which variables were 

considered to be fast. This method of examining stiff 

flsystems is a superior approach to the intuitive feel” used 

previously. Although numerically crude at this stage of 

development, additional research could be done to quantify 

the procedure further. These analyses verify the standard 

procedure for handling of the radical distribution moment 

equations, that is quasi-steady state assumption. But, it 
should be noted here that, in some instances, the 

quasi-steady state assumption may be inappropriate, since 

dynamics of the fast variables may have great influence on 

the total system dynamics, In such cases, singular value 

decomposition could be used to separate fast and slow 

variables for integration on separate time frames. 

An interesting result of this particular analysis is 

the changing character of the initiator derivative, In many 

oases, the initiator equa tion is handled through the 

quasi-steady state assumption [31]. And, in fact. one study 

showed no pathological differences in system dynamics when 

the initiator dynamics were includ ed and when initiator 

dynamics were ignored [48,50]. This analysis indicates 

regions where the initiator dynamics should be retained for 

numerical reasons. 



The singular value decomposition analysis of the 

Jacobian matrix at the steady state yielded information 

concerning the derivatives of the state variables. This is 

especially 
as arehelpful in the handling of stiff problems 

often 
encountered in polymerization processes of this class, 

The 
option of quasi-steady state assumption is left open to 

the researcher dependent upon the time frame of interest 

(microsc opic or macroscopic) and the option of an 

SVD-approach to integration is also available. Next an 

investigation of the dynamic system is to be made. 

Grammian Analyses 

Generaliza tions. The problem of model 

reduction/simplification has long been studied in the field 

of engineering in order to obtain systems of lower order 

that enable analysis by simpler means. One method, 

continued fraction inversion is an accepted means of 

handling systems described in the Laplace domain [55,73-79]. 

This method of model reduction is also applicable to system 

analysis based on time or frequency response data. The 

analysis procedure desc ribed here is an application of 

singular value decomposition for model reduction of linear 

systems using time domain response data. 



ns 

The preceding section dealt with an analysis which 

yielded information concerning the open loop derivatives of 

the system: determination of fast and slow variables in a 

relativ e sense. But, for model reduction, the dynamic 

system must be investigated. This is accomplished by 

examining the dynamic response of the system in terms of a 

grammian as defined by [69,70,71]: 

t ^ 
2 

H ’ (t)H(t)dtW 
j 

(n.n)h
1 0 

where: grammian 

H(t) impulse response matrix 

map :Ht 
1 Rm__>er[o,t^] 

grammianThe IS a symmetric matrix that is positive 

semidefinite (w ' w>0 for all uj) and that has a unique 

symmetric square root W = W’. Since this integration could 

be cumbersome, and does not allow for any on-line control 

applications, a better method of developing the grammian is 

through a response matrix, comprised of response values of 

the output variables, at consistent time intervals. due to 

perturbations in each of the state v ariables: 

w2 = R 'R 
(4.5) 

where: R N x n response matrix 

N dimension of system 

n number of samples at interval h 

JUsing this technique large quantities of data (accumulated 

on-line or through simulation) may be handled yielding the 
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singular value decomposition of the ac tual d yn am i c system. 

Additional advantages which will not be explored in this 

research 
> for this method include the ability to examine 

changing singular values and vectors which would give 

insight into problems such as dead time. 

Once the grammian is supplied, the model reduction 

becomes an application of decomposition to a matrix 

reduction problem [68-71]. Mod el reduction involves the 

elimination of those variables which do not affect the 

overall nature of the matrix and from amay be examined 

Frobenius norm approach, A major concern in a grammian 

analysis is the normalization of variables such that equal 

or appropriate weight is given each variable in the 

decomposition process, This aspect of singular value 

decomposition is not highly developed and the normalization 

ftprocess is, therefore, the result of experience and feel TT 

for the system under investigation. rather than a simple 

mechanical procedure, This is an area where additional 

theoretic al results are needed. In the application of this 

analysis to the pr esent severalproblem, normalization 

procedures were used to provide some insight to the effects 

of the normalization scheme. 
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Normalization. 
wereFour sets of grammian analyses 

conducted on the response data collected from simulations 

with response values recorded as: 

1. perturbation variables about the steady state of 

interest; 

2. variables normalized with respect to the steady 

state of interest; 

3. variables normalized with respect to the expected 

range of values (inlet conditions to those at the 

upper steady state), where conversion was taken as 

the normalized variable for monomer; and 

variables normalized as in No. 3, but wa s
0 

taken as the normalized monomer variable. 

Perturbation variables proved inappropriate since the 

numerical magnitude of the variables was not masked, causing 

larger-valued variables such as temperature and the second 

moment of polymer distribution to appear to be of supreme 

importance and the remaining variables to be insignificant. 
This showed the need for some form of normaliza tion. 

Normalization with respect to the steady state was also 

somewhat unsatisfactory as it tended to enhance the 

importance of the f a ster variables. Basically this 



51 

i inresulted from the fast increase of the radical quantities 
comparison to their steady state values. The sets of 

analyses conducted with the range-normalized variables 

seemed to give the most understandable and reliable results. 

These procedures allowed each variable to range from zero to 

unity giving each variable weight in thean equal 

decomposition analysis. The latter of these tests, with 

monomer normalized as yielded the most reasonable 

information since monomer, not conversion, is taken as the 

state variable in this polymerization model. 

Analysis and Results. Grammian analyses [Program 

GRAM.FOR, Appendix A] were conducted for each steady state, 
even though the analysis procedure has been proved for 

stable systems only. Response values were collected from 

simulations at set time intervals wi th initial conditions 

taken as perturbations of 5" away from the values for the 

steady state studied in all variables, These perturbations 

were defined in terms of the dimensional values, Various 

tests were made where the dynamic model was represented by 

five, nine and ten ordinary differential equations, The 

lower order models retained the remaining variables under 

quasi-steady statethe 
assumption; that is, although 

reduced order dynamic models were used the system grammian 

was still described by ten variables, Additionally, various 

sampling time intervals were used. A runs madesummary of 
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is tabulated in TABLE L-2. Singular value decomposition 

analyses of the gramraians are located in Appendix C. In all 

runs given in this work 
J the number of samples, n, taken for 

the response matrix was ten. 

TABLE 4-2. SUMMARY OF GRAMMIAN ANALYSIS RUNS 

STEADY TIME MODEL NORMALIZATION 
RUN STATE INTERVAL ORDER 1 2 3 4 

sec. 

2 MID 0.01 10 * 

3 MID 10. 0 * * * *9 
5 MID 100.0 5 » # » * 

6 LOW 100. 0 5 * * * * 

7 LOW TOO. 0 * * * *9 
8 HI lOO.'O 5 » » » » 

Run No. discarded2 was since numerical problems were 

encoun tered in simulating the single unit radical equation 
(instability in integration) : values for R 

1 began 

oscillating between positive and negative values. For all 

other runs 
> the quasi-steady state assumption was employed 

for R 
1 dynamics a seemingly reasonable assumption since 

this would be a fast variable of minute proportion in 

comparison to the other state variables. This was the only 

problem encountered in the simulation process. The 

interpretation of the analysis results is done in the same 

manner as was done for the analysis of the Jacobian matrix 

decomposition wi th the difference that input variables are 
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now state variables as well as the output variables being 

state variables. 

The most striking element in these analyses is that 

only one ma j or singular value resulted from the 

decompositions performed, Based on the most reasonable 

normalization technique (No. U) , the vector corresponding 

to the major singular value has significant contributions 

due to every variable, The radical distribution moments 

appear to enjoy a larger role at the upper steady state 

explainable by the overproduction of free radicals at the 

elevated temperatures (glass effect). 

Based on the gramraian analyses conducted, all variables 

should be kept as part of the simulation model even though 

decomposition of the Jacobian matrix someindicates 

variables are faster, This seeming contradiction can really 

be viewed as an explanation for the quasi-steady state 

assumption. One disclaimer that should be made here 

concerns the retention of R 1 in the full model, as indicated 

by the grammian analysis. It has been noted that no 

essential differences in analysis or simulation results c an 

be seen 
for models including and for models that do not 

include R 
1 • Although the results of these tests indicate 

retention in the model, it wa s felt that this may have 

stemmed from the normalization process whereby the actual 

magnitude of the variables 1 s masked from the analysis 
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machinery. In reality, despite its importance in a reaction 

mechanism sense, the magnitude of R 
1 makes its effect on the 

other variables negligible. These conflicting results 

cannot be justified with the numerical analysis presented 
here. Further investigation of this observation is beyond 

the scope of this work, Understanding of this apparent 

shortcoming would certainly provide a guide to future use of 

this decomposition application. 

Two additional results of merit involve comparison of 

grammian decompositions for matrices construe ted from 

samples of different time in tervals for the same steady 
state. Results of grammian analyses with different time 

intervals were similar; further extended frames maytime 

begin to differences as the macroscopic scale is approached, 

Similarly common analysis results are given from grammians 

constructed from the response data of the different order 

dynamic models tested. This fact tends to reinforce the 

proposed model simplific ation via quasi-steady state 

assumption and verifies the contention of Jaisinghani [50] 

that initiator dynamics do not affect system pathology (in 

the 5-equation model the initiator was considered to be a 

pseudo-steady state variable). This theory is supported by 

the relatively small contributions of the initiator to the 

resultant vectors of the major singular value. 
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Through singular value decomposition of the Jacobian 

matrices and the grammian analyses, the complete 

ten-equation model describing the styrene polymerization 

process under investigation is not reduced. Instead, the 

model is simplified through the statequasi-steady 

assumption. The dynamics of the radical-oriented variables 

have been eliminated to le ave a model consisting of five 

dynamic variables (T, M, /*0' five quasi-steady 

state variables (1, 0"^, , R-,). These results are based 

on analyses for the middle steady state since it represents 

the state around which the nonlinear control will be 

investigated in Chapter VI. 

Input Response Analyses 

An insight into the controlled process may also be 

gained through another application of singular value 

d ecomposition. For the controlled process described by: 

Y = AX + BP 
(4.1) 

1 s:the process, at steady state, i

X = -a“‘'bp. 
(4.6) 

it is this new matrix defined (-A-''B) willby that give 

indications of most 
responsive control based on unit step 

changes in the control variable, Again normalization of 

the control 
variables is of utmost importance since a step 

change will reflect the normalization employed. 
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For the styrene polymerization process examined here 

the following five possible control variables were chosen as 

those available in an actual physical setting: 

1. residence time 0 (basically an indication of flow 

rate); 

2. inlet monomer concentration, M. ; 
o» 

3. inlet initiator concentration, 
0» 

a. 
average coolant temperature, ; and 

5. inlet temperature, T
0 • 

These control variables were normalized with respect to the 

range to consideredof values be as probable changes in the 

control theparameter ; construction of the B~matrix 

reflected 
this considerartion through row multiplication by 

the desired range for each control variable, The B-matrix 

construe tedwa s from the coefficients of the linearized 

system of equations (linearized with respect to the control 

variables) evaluated at the steady state: 

(^.7) 

where: b,-
-L J ■ i-th row,j-th column entry of E 

i-th derivative 

Pj = j-th input variable. 
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Singular value decomposition analyses were conducted 

[Program RESVDN.FOR, Appendix A] at each steady state and 

normalization of control variables were such that a 

reasonable step change was simulated. Also, various order 

models were tested. 

theFor interpretation of an input response analysis, 

wherematrix supplied to the decomposition routine is N x 5 

N is the model dimension studied and five represents the 

five system inputs (e , , and Tq) . Referring to 

TABLE 4-3 (Input Response Analysis of the Ninth Order 

Model), note there are five singular values, as indicated by 

columnsthe five non-zero entries, with five corresponding 

in matrices U and V. Each vector of U is comprised of nine 

components (dynamic state variables) and each vector of V is 

comprised of five components (system inputs). Scaling 

factors indicate the relative magnitudes of the tl 
unit step 

changes !! 
in each input to the system; for example, a unit9 

step change in residence time 6 for this analysis is 

actually a change of 2000 seconds. Now, for a unit step 

shownchange in all input variables, the third input (Iq) is 

as having the largest effect as given by its role as the 

theprincipal component of the vector in V corresponding to 

largest singular value SV(1). And,9 as before in the other 

decomposition analyses the fifth o ) is seen as theutput {^2 
state Thisvariable most affected by the unit step inputs. 
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process is carried through for each singular value. 

Finally, the nearly-zero singular value SV(5) indicates a 

repetition of input variables as is the case for control 

via temperature manipulation and Tq) and can be noted 

also by the entries in the B-matrix. 

The results of the input response decomposition 

analysis are given in Appendix D. For all the tests made, 

only four singular values are of importance, indicating a 

repetition of input variables, This is obviously the case 

for control via either T
ĉ or T 

o would yield a common control 

response. More importantly, though, is the indication of 

primary control variables (as given by the first singular 

value and vector). 
Inlet temperature (T^) , inlet initiator 

concentration (I^) and residence time (9) are shown to be 

primary control variables and inlet monomer concentration 

is seen as the dominant secondary control variable for 

case of thethe 
middle steady state, Since all of these 

variables play major roles in each of the singular values, 

it is difficult to determine precisely the single dominating 
control variable, if indeed one is better that the rest. 

A further extention of this analysis is to examine each 

control variable individually to obtain a general indication 

as to which state variables are most affected by a step 

change in each control variable. Generalized results of 

this procedure are given in TABLE ^-4. 
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TABLE 4-4. INDIVIDUAL CONTROL VARIABLE TEST RESULTS 

CONTROL VARIABLE STATE VARIBLES AFFECTED 

LOW MID HI 

e >■2 h h 
^2 /*2 
>^2 }^2

Ic >^2“T >^2 H
To >U2-T >^2 

The second moment of polymer distribution is indicated as 

that state variable most affected by step changes in control 

parameters, but this quantity is hardly measurable (although 

it may yet be attainable through the use of a filter). 

Dependent upon the region of interest, inlet monomer 

concentration or one of the temperature parameters may prove 

to be adequate as manipulated variables since reactor 

temperatur e an easily measured quantity, is seen to have 

strong, desirable dependence, as indicated by its role as 

the second most affected variable in these analyses. 

Co nclusions 

Through various applications of singular value 

decomposition, the model for the styrene polymerization 

process has been simplified to five dynamic equations (T, M, 

five varibles resulting from pseudo-steady 

state assumptions (Jj, R-l). The application of 
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these 1 inear algebra techniques has taken some of the 

guess-work out of model simplification/reduction and given 

some insight into the differences between these two results. 

Although theoretically limited to stable, linear systems, 

the techniques employed here, when applied to the unstable 
regions, yielded similar and anticipated results. The 

required theoretical extentions would be a fruitful area for 

continued research. 

Some of the important uses 0 f singular value 

decomposition are listed here: 

1. Jacobian matrix analysis yields information of 

system derivatives and the state variables affected 

by changes in those derivatives; 

2. 
grammian analysis highlights dynamic situations by 

giving information on the relative importance of 

the dynamic variables for the time frames desired; 
and 

3. input response analysis indicates possible control 

strategies based on the relative response values 

and vectors resultant from step changes in the 

control parameters. 

As a result, singular value decomposition is an area of 

analysis relatively new in the field of engineering and 
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offers interesting possibilities for new applications: 

1. new technique for handling of stiff differential 

equations; 

2. improvement and advantage over modal control 

analysis; 

3. on-line analysis directed toward multivariable 

control problems; and 

d ecoupling4. 
in multivariable control problems. 
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CHAPTER V 

STYRENE POLYMERIZATION MODELS 

In trod uc tion and Gener alizations 

In the development of the reaction system model used in 

this research, i t became evident that the free-radical 

polymerization of styrene had been the subject of much 

published research. Consequently 9 many approaches to the 

modeling of the process have been used , often tailoring the 

modeling efforts to suit the specific needs and goals of the 

study undertaken. Studies of reaction d yn am i c s wo ul d 

required a more simplified model than those studies 

concerned with the resultant polymer properties since 

polymer distribution moments have no dynamic effect on the 

polymerization process. 

Similarly, mathematical studies hav e oftentimes been 

conducted in terms of dimensionless variables to obtain more 

generalized solutions, as compared to those conducted in 

association with experimental results, where the modeling 

has been left in dimensioned form as a point of correlation. 

Other differences in modeling include: isothermal vs. 

nonisothermal studies, bulk solutionvs. polymerize tion, 

compensation for volumetric changes, and correlations for 
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properties (density } heat capacity gel effect and glass 

effect). 

This chapter is meant to direct attention to a few o f 

the other modeling efforts found in the literature and to 

point out some of the similarities and differences 

encoun tered. 

Comparison of Modeling 

The standard approach to modeling is by writing species 
material balances and an energy balance (if dealing with a 

nonisothermal case). ■ In the case of a polymerization 

process, this procedure results in an infinite series of 

equations for free radical and polymer species of varying 

chain length. Application of moments of distributions of 

free radical and polymer reduce this infinite series of 

equations to a finite set, generally given by three moments 
of distribution of free radical and three moments of 

distribution of polymer. 

Laurence and Vasudevan [19] conducted a study on the 

time-averaged effects on molecular weight distributions of 

very slow oscillations of the feed concentrations of monomer 

initiator.and 
Their model was that of an isothermal CSTR 

described by eight equations (moment equations, monomer and 

initiator equations) . The variables were normalized with 

respect to their steady state values and dimensionless 
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equations were subsequently derived, The system under study 

was the solution polymerization (benzene as solvent) of 

styrene, a s d esc ribed kinetically by initiator 

decomposition, propagation and termination mechanisms. 

Hamielec, et al. , [43-46] presented a series of 

articles on polymer properties and molecular weight 

distributions concerning free-radical polymerization in 

batch reac tors, CSTRs, and various configurations of CSTRs. 

Again, solution polymerization (benzene as solvent) of 

styrene was studied, but a correction for solvent effects 

was included for the transfer and termination reactions. No 

wascorrection, however, made thermally-inducedfor 

polymerization, and, although viscosity effects were evident 

in their experimental work, they were not accounted for in 

the model. Pseudo-steady state assumptions were made for 

handling radical distribution moments. 

In a later paper, Hui and Hamielec [47] explored the 

problems of gel and glass effects for thermally-induced bulk 

polymerization of styrene, Their model for this study, 

ignored initiation and transfer reactions 
9 employed the 

method of moments to reduce the number of equations 

involved, and was simplified through quasi-steady state 

assumptions applied to free radical moments of distribution. 

Also included in this model were compensations for 

volumetric changes. The result of their work was a 
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correlation involving the propagation and termination 

reaction rate constants to compensate for gel and glass 

effects encountered at high temperatures and conversions. 

In an earlier study of control of addition 

polymerization reactors, Warden and Amundson [35] developed 

modela for a nonisothermal CSTR. Their model was 

simplified to only three equations since their major concern 

was the reaction dynamics and control of these dynamics, 

Reduction to only three equations maintained the desired 

integrity of the model while allowing them to apply more 

easily the Routh-Hurwitz criteria for stability to their 

control study. 

Spitz, et £l., [20] investigated the bulk fr ee 

radical polymerization of styrene initiated by AIBN in an 

experimental study. Their modeling efforts were focused on 

comparison ofthe 
theoretical prediction and experimental 

results of open loop on-off periodic control of inlet 

initiator concentration. Their model [20,21,22] consisted 

of nine equations writen in dimensioned form, where the 

following applied: 

1. pseudo-steady state assumption for moments of 

radical distribution; 
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2. compensation for initiator cage effect; and 

3. gel and glass effects through correlations due to 

[47]. 

For the nonisothermal portion of their study, variation of 

heat capacity was considered as a function of polymer chain 

length. 

In a more recent paper by Jaisinghani and Ray [48], 

reactor freedynamics of polymerization wereradical 

studied . Their model since polymer properties were 

inconsequential } consisted only of four equations 

( initiator, monomer, temperature and zeroeth moment of 

radical distribution), Further simplification resulted from 

the quasi-steady state assumption applied to the radical 

moment equa tion. In order to examine the process more 

generally the remaining equations were made dimensionless.1 

Other features of their model include a constant heat 

capacity and a heat of reaction for only the propagation 

reaction. Thermally-initiated polymerization was ignored. 

Probably the most significant difference in this model 

is the change in the correlation for the gel and glass 

effects. Since their study employed the use of bifurcation 

theory to test for limit cycles, the data used by Hui and 

Hamielec [47] was refit to another mathematical correlation 
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to simplify the differentiation demanded by the analysis 

technique. Although the correlation is intended to yield a 
similar compensatory effect, for they polystyrene system 

examined, this did not seem to be the case as noted in 

FIGURE 5-1. 
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Understandably V ariationsf are noted in the simulation 

results, as seen by the temperature-time traces of FIGURE 
5-2. 
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FIGURE 5-2. COMPARISON OF MODELS: SIMULATION 

Even with these differences 
) however, the same reactor 

pathology is maintained for both correlations. Since 

reactor dynamics only were of interest, their work included 

interesting studies of the
some 

influence of initiator 

dynamics. Again, they saw no pathological changes in the 

overall reactor dynamics due to initiator dynamics (included 
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or ignored) . 

Summary 

All models investigated were developed in similar 

manners, but some of the major differences have been 

outlined. A greater majority of differences in models 

results from the intent of the specific research. All 

models applied the pseudo-steady state assumption to some 

extent (depending upon the study) for simplification, 

although none had concrete reasoning for this assumption, 

Prior studies have relied on intuitive reasoning for this 

simplification , whereas this work has presented a 

quantitative approach through singular value decomposition. 

No other models included a single unit free radical equation 
variableor 

although many used it as a starting point in 

their model development. Retention of the R 
1 equation for 

this study has been explained earlier. 

Other features included and neglected in this model 

are: 

1. 
no compensation for solvent as in solution 

polymerization; 

2. consideration of thermal initiation (monomer 

decomposition) to free radicals; 
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3. constant heat capacity and density; 

consideration of heats of reaction for thermal 

initiation, propagation and transfer reactions; 

5. compensation for gel and glass effects through the 

correlation due to Hui and Hamielec [M73; and 

6. compensation for the cage effect of the initiator, 

as given by Spitz, et al., [20,22]. 
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CHAPTER VI 

THE CONTROL PROBLEM 

General Introduction 

The desirability of process operation at or near an 

unstable steady state has given way to designs of control 

systems to meet this need . Conventional linear feedback 

control systems are directed toward maintaining the unstable 

steady state conditions, In some cases, this conventional 

approach may prove difficult to implement or, for other 

reasons, an alternative concept may be desired. One such 

approach [23-25,27,28,62] will be examined here as it is 

applied to the styrene polymerization CSTR under 

investigation. 

A thorough and rigorous development of the design 

procedures will not be presented as these may be found 

elsewhere [23,28,65]. In stead an intuitive description of 

the nonlinear feedback control stategy will be given along 
with an ff 

applied ft 

approach to the nonlinear control element 

(relay) design. To initiate the study of the relay control 
scheme for a specified control loop (having chosen the 

measured and manipulated variables) , the effects of the 

change in the manipulated variable on stead ythe process 
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state behavior wa s studied through Van Heerden diagrams, 

This showed how the generation and removal characteristics 

were modified due to changes in the manipulated input. It 
also provided some "feel" for the suitability of the 

linearization of the asprocess required by the current 

analysis and design procedures, especially in terms of the 

manipulated variable. 

Then the nonlinear control element for the nonlinear 

system is formally analyzed by applying Tsypkin's method to 
the linearized model. This design method yields both 

amplitude and period of the resultant cyclic solution of the 

controlled process. 

The control objective of this section is the 

illustration that a nonlinear feedback control element 

(relay) may be applied successfully to the AIBN-initiated 

styrene polymerization carried out in a CSTR. In order to 

force this part of the research to remain within reasonable 

bounds for this thesis, the following constraints were 

placed on the study: 

1. Of the many new and intriguing results and 

characteristics in behavior not reported in other 

studies of nonlinear control for unstable reactor 

operation, only a selected few were investigated in 
detail. 
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2. Stability analysis of the predicted periodic 

solutions was not carried out. 

3. No attempts were made to examine the effects of the 

implemented control strategy on the various 

properties of the polymer product. 

Many of the details leading to the results trends, and 

conclusions reported, in this portion of the thesis are given 

in Applied Control Laboratories Report Number 7903 [85]. 

Tsypkin's Analysis 

When the nonlinear feedback control element under 

consideration is a relay, an analysis procedure set forth by 

Tsypkin allows treatment of the control element exactly 

[23,65,83]. Basically there are two sets of conditions 

which must be satisfied in this procedure: 

1. the switching conditions, which yield the predicted 

frequency of the periodic solution. and 

2. the continuity condition, which requires checking 

the waveform, and thus, gives the anticipated 

amplitude of the resulting oscillation. 

The switching conditions are necessary conditions for an 

oscillation, while the switching conditions and the 
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continuity conditions taken together constitute necessary 

and sufficient conditions for an oscillation. 

Br uns [23] presents the switching and continuity 

conditions for a symmetric relay with hysteresis (memory), 

as shown in FIGURE 6-1, for the case where the relay is in a 

negative feedback loop. These conditions are rewritten here 

for the same relay considered in a positive feedback loop 

where time zero is taken as a time when the relay changes to 

a positive drive level. The switching conditions are: 

(6. la)Passive: x(ntQ)=-S xCnt^X 0 

x(ccnr' ) = ^ x(ocnt.Q)> 0 
Active: X ( nt,* ) = S (6.1b)x(ntQ)> 0 

xCcnt') = -§ x(«ntn)< 0 

and the continuity conditions are: 

Passive: x(t) < S (6.2a)nto_<t<otn'C 
x( t) > - S n <t< (n+Dr0^ 0 

Active: x(t) > -S (6.2b)n Q_<t<‘cn'C 

x(t) < S n Q<t< (n+D^Q 
where: 'tZ lim (tn - e ) time of switch to D"*"

0 0 
6-0 

S = half-bandwidth, deviation from reference 

X = independent controlled variable 
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+ S 

- % 

D’ 

FIGURE 6-1. ACTIVE RELAY WITH HYSTERESIS. 

To analyze the switching conditions, a Tsypkin’s locus 

is constructed. in the complex plane by considering 

all values for the Tsypkin function according to: 

T ( JxZq ) = -2 X tt" ' - j xj" it” ■ (6.3)

^ L^oJ L-^oJ 

or: T(ja^) = _4D + J (6.i1) 
TT ^ Re GiCjkXLo) 1 Im G^Cjkft^) 

Thus the switching conditions may be rewritten to yield the 

following form for a relay considered in a positive feedback 

k 

sense: 

Passive: Im[T(jIl^)] = y 1 ImCG^ (jlcD' ) ] = -^CG-Cco) + S ] (6.5) 
^k 4 B 

Re[T(jIlQ)] r^ReCG^ (jk^l^) ] >-Tr_lim sG^(s) (6.6) 

Active: Im[T(jii^)] = T 1 ImCG^ (jka_) ] = TT[G_(<o) -11 (6.7) 
b^T< i 

Re[T(ji2^)] =£^Re[GT (jkilo) J <Tt_lim sG^(s) (6.8) 
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To simplify handling of these series summations, some 

closed forms have been provided by Gelb and VanderVelde 

[83]. Armed with these closed forms of summations, 

Tsypkin’s analysis becomes a cookbook procedure that can be 

applied to any linear process described as a partial 

fraction expansion in the Laplace domain, For a given 

bandwidth 2S and drive level D, a frequency of oscillation 

Ad is sought using the switching condition on the variable 

(eqn. 6.5 or eqn. 6.7). All real positive solutions that 

found are candidate solutions. candidate
are 

Any frequency 

is then tested . for the switching condition of the 

derivative (eqn. 6.6 or eqn. 6.8). 

Finally, for the solution to satisfy necessary and 

sufficient conditions and , thus, be a valid solution ? the 

continuity conditions must be met. Again 9 the expressions 

waveformfor the are written in terms of infinite series 

involving the process transfer function, with Gelb and 

VanderVelde providing the required closed forms to reduce 

the generation of the waveform to a numerical procedure. 

Polymerization Process 

Since this direct approach to Tsypkin's analysis was 

taken, it became necessary to examine the problem of 

obtaining transfer functions for the various control 

strategies under investigation as well as allowing the 
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flexibility of examining different order models of the 

process. Due to the multiple input-multiple output nature 

of the system, the solution was approached by developing a 

generalized numerical package. Note that,> for the tenth 

order model with five possible manipulated variables, fifty 

transfer functions would be needed to describe the reactor 

fully. Fur ther such a package would facilitate analysis of 

simplified models as well as being a general tool in the 

analysis of other systems. 

A subroutine package due to Melsa and Jones [80] wa s 

revised by Stelling 18^1] to allow for the construction of 

the resolvent matrix #, based on the input Jacobian matrix 

A, where: 

<!> = ad j (si - A) (6.9) 

and each element of is a polynomial which represents 

the numerator of the open loop transfer function. 

Cross-multiplication of the resolvent matrix with the input 

coefficient matrix B, as given by (4.7), yields the 

numerator of the closed loop transfer function for each of 

the fifty possible control strategies. 

The denominator of the transfer function is given as 

product of thethe 
eigenvalue terms, given by 

[s-)(S-X2)'* ■ 5 thus, the partial fraction expansion of 

the desired loop transfer function is derived through 

another subroutine package from Melsa and Jones s[80], a 
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modified for this work by Stelling [8U]. Again, since this 

is all done numerically, it becomes a simple process to 

examine any of the feasible control schemes for the 

considered process. 

Applied Tsypkin’s Analysis 

For the purpose of this initial study, five control 

loops were surveyed with regard to Tsypkin’s design 

procedure: 

1. 
second moment of polymer distribution controlled by 

flow rate manipulation (residence time) D=2000 

seconds; 

2. 
second moment of polymer distribution controlled by 

manipulation of average coolant temperature 

D=200K; 

3. second moment of polymer distribution controlled by 

manipulation of inlet initiator concentration, 

DsO.01 and .004 moles/liter; 

reactor temperature maintained through inlet 

monomer concentration manipulation, D=1.5 

moles/liter; and 
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5. monomer concentration controlled by manipulation of 

inlet monomer concentration D=1.5 moles/liter. 

Singular value decomposition involved in input response 

analyses indicated control of the second moment of polymer 
distribution and of reactor temperature, Control of monomer 

concentration was also indicated as the most probable 

secondary control variable. These particular control 

strategies and drive levels were chosen due to the seeming 

linearity of the system with regard to the control variables 

as given by the Van Heerden analysis, Tsypkin's analysis 

was conducted for these loops using the fifth order model 

and simulation verification was also done using the fifth 

order model. 

Based on the results of the input response analyses 

conducted using singular value decomposition control of the 

second moment of polymer distribution was tested (cases 1, 

2, and 3). Only Tsypkin’s analysis was performed on these 

loops with some interesting results. For Case 1, the 

acceptable ranges for half-bandwidths given by the switching 

conditions was 10<S<125, wi th corresponding oscillation 

periods of 1164-32442 seconds. The lower frequency 

oscillations exhibited increasingly nonlinear behavior. 
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For Case 3, where average coolant temperature wi th a 

drive level of 20°K was used to control the second moment of 

polymer distribution, Tsypkin's analysis indicated that the 

d esired relay should be a passive relay (positive feedback 

sense); this is contrary to that which would be anticipated 
from the Van Heerden diagram, An important concept is 

emphasized by this revelation; that is for higher order 

systems (strictly for any system other than first order 

C253 ) 9 the Van Heerden approach will only yield information 

about the steady states and not give reliable insight into 

the dynamics involved. This same phenomenon would be 

expected in the use of phase plane analysis where dynamics 

up to only second order are correctly represented [2^]. 

Thus the approach using Tsypkin's analysis is the 

appropriate analysis to implement in predicting the system's 

dynamic response and relay design. Here it should be 

pointed out that the limiting factor is the use of the 

linearized model. 

Case 3 provided further unexpected results as Tsypkin's 

analysis predicted that, for the chosen drive levels there9 

were no relay designs, active or passive 9 which lead to 

oscillatory behavior. Solutions were found for according 
to the switching condition of the variable, but these 

solutions failed the derivative test. 
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The specific control loop indicated by the input 

response anaylses discussed in Chapter IV was control of the 

second moment of polymer distribution by inlet initiator 

concentr ation. For inlet initiator drive levels that would 

provide multiple steady states, no solutions corresponding 

to realistic bandwidths solutions were determined that would 

provide a stable periodic solution, But 
> as the drive level 

was increased to the point that only a unique steady state 
existed for at least one drive level, some rather 

interesting results found:were for a small region of 

n arrow half-bandwidths- (0<S<8), two solutions for the 

frequency of oscillation were found. This phenomenon has 

not been reported in previous applications of this kind and 

immediately raises the intriguing question of stability of 

oscillation for the two cases. Further investigation into 

the control 
problem exhibited here is obviously indicated, 

and could be aided somewhat by results given by Spitz, et 

al. 
> [20,22] in their studies involving forced periodic 

control. Since this interesting phenomenon falls .outside 

the central scope of this thesis, the suggested studies will 

be left for future research. 

Controlling reactor temperature by manipulating inlet 

monomer concentration at a drive level of D=1.5 moles/liter 

proved to give stable control for ( 
max = 12°K using an 

active relay element (positive feedback loop). For this 
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Case 4, simulation of the nonlinear equations was also 

implemented . This procedure would normally be the final 

step in all detailed designs. This simulation showed the 

bandwidth was further restricted when applying the relay 

control to the nonlinear system; S 
max 

was reduced to a 

value of about 9°K. It should be noted that the resulting 

stable oscillation for the nonlinear system for S=5 a s
9 

shown by the simulation in FIGURE 6-2, is very much first 

order in character; this phenomenon can be explained by: 

1. five variables are taken as pseudo-steady state 

variables; 

2. moments of polymer distribution do not enter into 

monomer or temperature dynamics; and 

3. monomer concentration for stable oscillations is, 

in essence, at steady state. 

Period and total amplitude of the resulting 

oscillations as predicted by Tsypkin’s analysis were 

verified by the simulation results as being quite good and 

are indicated in TABLE 6-1. 
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TABLE 6-1. COMPARISON OF SIMULATION AND TSYPKIN RESULTS 
FOR CASE 4: D 1.5 

BANDWIDTH TSYPKIN SIMULATION 

PERIOD, sec. 5 1 3004 12803 

9 29970 35570 

AMPLITUDE 5 10 10 

9 18 20.9 

As the bandwidth was increased to its maximum value of 18°C 

the character of the resulting oscillation drifted from that 

of first order exhibited for a bandwidth of 10°C (S=5.). An 

overshoot of almost 3°C occurred at the upper switching 

level with none seen at the lower switching level for this 

maximum bandwidth. 

One of the more interesting cases examined was Case 5 » 

control of monomer concentr ation by inlet monomer 

concentration. A passive relay (positive feedback loop) was 

indic ated for implementation through the Van Heerden 

approach; this is reversed from control relays for the 

other state variables since monomer is the one function that 

decreases with increasing temperature. When applied in the 

Tsypkin analysis design, the passive relay surprisingly 

would not satisfy any of the switching conditions. This 
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again illustrates the absence of dynamic information in the 

Van Heerden diagram. Normally, the limiting case for relay 

design is S = 0 > or the case of the "ideal" relay. This 

case also failed to meet the switching criteria. 

Upon closer examination of this unique problem it wa s9 

noticed that, beginning at the unstable steady state if a 

step increase of inlet monomer concentration was made, the 

reactor monomer concentration would initially increase, then 

decrease as the reactor temperature would rise rapidly. 

Conversely, if a step decrease in inlet monomer 

concentration was made, reactor monomer concentration would 

initially decrease. This phenomenon is sometimes called 

wrong way behavior and has been noted in other processes. 

Wrong way behavior presents special problems in the design 

of process control systems. This situation of wrong way 
behavior is dramatically illustrated in FIGURE 6-3. 

M T 
o 

M 

M 

M T 

FIGURE 6-3. RESPONSE TO STEP CHANGES IN INLET MONOMER 
The linearized system used for al soTsypkin’s design 

demonstrated the wrong way behavior seen in the nonlinear 

simulations reinforcing the contention that control design 

for higher order systems cannot be done through the Van 
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Heerden diagram, Thus based on Tsypkin results, an active 

relay wa s(positive feedback loop) employed for Case 5. 

This turnabout from the design implied by the Van Heerden 

approach to the design given by Tsypkin’s analysis can be 

noted by studying the changing character of the relay from 

passive to active as shown in FIGURE 6-4. 

i f ti f f I I 

i— .1 

FIGURE 6-4. PASSIVE TO ACTIVE CHARACTER OF RELAY 

Ba sing ona Tsypkin design controlling , monomer 

concentration using inlet monomer concentration with the 

active relay gave still fur ther interesting results. 

Solutions 
were found for frequency of oscillation, based on 

the switching condition on the variable that did not 

satisfy the switching condition on the derivative. This 

case is an example of the problems arising when 

discontinuities in the derivative are encountered, and can 

be noted mathematically by the finite value taken by 

lim sG.(s). It
S~»m I is more easily recognised intuitively from 
FIGURE 6-3: 

1. values falling within the indicated gap would 

satisfy the switching condition of the variable; 
and 
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2. of each pair of values within the gap only one 

value has the proper sign on the derivative to 

satisfy that switching condition. 

So, under f» 

normal" conditions, the frequency of 

oscillation given by Tsypkin's analysis is expected to be 

greater than that attainable through simulation due to 

nonlinearities. But, in this case, before simulation is 

attempted, the range of allowable frequencies is reduced due 

to the switching criteria on the derivative. This range is 

noted in TABLE 6-2. 

TABLE 6-2. ILLUSTRATION OF FREQUENCY LIMITATION DUE TO 

SWITCHING CRITERIA OF TSYPKIN’S ANALYSIS FOR 
CASE 5: D 1.5 

BANDWIDTH PERIOD RE[T(jIl^)] tLLIM sG.(s) CHECKS 

ifii, 

0.10 1200 0.0054 < *0.033 

0.25 3030 0.0333 < 0.084 * 

0.50 *6333 0.1308 < 0. 176 

1 . 00 20667 0.7545 > 0.574 

1.06 36370 1.3984 > 1.016 

The nonlinear simulation of Case 5 as shown in FIGURE 6-5 

ind icates that control is lost for this strategy due to the 
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extreme asymmetry of the system, The process is far more 

temperature-dependent than it is dependent upon monomer 

concentration. As seen in FIGURE 6-5, temperature increased 

with time, finally reacting monomer at a rate fast enough to 

force loss of control based on the monomer concentration. 

The stable oscillations indicated by Knorr [49] for the open 

loop forced oscillation situation are for the isothermal 

CSTR. Based on these discoveries, control of the reactor 

temperature yielded the better control (Case 4). 

3.658 
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3.525o r-TT T T r I r 
z I I I { I I T r-n-r I 1 

O 3 <333 2333 3833 -4333 5333 

TIME, t (sec.) 

FIGURE 6-5. ILLUSTRATION OF CASE 5 CONTROL 
USING AN ACTIVE RELAY: D=1.5, S=0.05 
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Conclusions 

Based on these initial investigations, the following 
important conclusions were drawn. 

1. Relay control is applicable to the AIBN-initiated 

styrene polymerization process modeled. 

2. Relay design for higher order systems must be done 

using Tsypkin’s analysis since the Van Heerden and 

phase plane approaches do not give any indication 

of the actual dynamic behavior. 

3. Longer period-borderline case studies(such as 

Case D=1.5, S = 9.) showed an overshoot at the 

upper switching level, resulting from the 

combination of the longer period of oscillation, 
wider bandwidth and the highly exothermic nature 

of the polymerization process. 

Although Tsypkin's analysis may indicate a 

reasonable stable oscillation the nonlinear 

simulations could well prove that the actual stable 

oscillations possible are for unrealistic 

bandwidths. 

5. For the nonisothermal CSTR under control of monomer 

concentration by inlet monomer concentration 

manipulation the stability of the oscillations 
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predicted by Tsypkin's analysis was not tested, 
but based on the nonlinear simulations attempted, 

these oscillations were unstable. 

Out of this survey there are indicated other avenues that 

should be investigated: 

1. 
control based on inlet initiator concentration; 

2. control of various pol3mier properties, either as 

state variables or calculated variables; and 

3. time-averaged effects of relay control on the 

various polymer properties. 
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CHAPTER VII 

RECOMMENDATIONS FOR FUTURE STUDY 

There are many areas that could be explored using this 

present work as a base. Quite a large number of 

difficulties were encountered due to the ill-conditioning of 
the system, that is, due to the widely spread range in 

magnitudes of values for all the variables used. This 

problem is particularly evident from the condition numbers 

for the various order models as given in TABLE 7-1. The 

condition number of a matrix is merely the largest singular 

value divided by the smallest singular value, with a 

condition number of unity representative of a singular 

matr ix . To further investigate this styrene polymerize tion 

model, as a complete model of ten dynamic equations, 

normalization of state variables to dimensionless form is 

indicated. 
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TABLE 7-1. CONDITION NUMBERS FOR MODELS 

MODEL ORDER CONDITION NUMBER 

2 1.886 E02 

5 3.851 E04 

6 4.762 E08 

7 1.805 E14 

9 1.666 Ell 

10 
1.11? E15 

Further refinements to the styrene polymerization model 
employed in this study could be made to better represent the 

process over a large region of operating conditions. More 

specifically, correlations for the changing nature of the 

density and the heat 
ascapacity could be included, as well 

adding the influence of the solvent in the solution 

polymerization process. Also much remains to be done in the 

way of examining the various models presented in the 

1iterature; simulations could indicate differences not 

readily detected in the survey approach used in this thesis. 

inA large amount of research is open to investigation 
the engineering applications area of singular value 

d ecomposition. For the system investigated, the conflicting 
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results concerning the use of the single unit radical in the 

model should be studied further, This could, perhaps, best 
be accomplished through the normalization techniques 

employed. Following this line of study, a quantitative 

guideline for normaliza tion could well be developed, 

possibly involving time scaling employed in the grammian 

analyses. The same techniques applied in this study could 

be applied to other systems of interest. In order to apply 

these techniques to unstable processes, the required theory 

needs to be formalized, The analysis tool could be modified 

to allow an effectiv.e method of integrating the stiff 

differential equations used here, or for any system of stiff 

equations. And, singular value decomposition could easily 
be applied in other process control areas such as 

decoupling problems and on-line analysis directed toward 

multivariable control. 

Some of the unexpected, and previously unreported, 
results found in this research d eserve fur ther 

investigation: 

1. 
multiple solutions for the pushing control example 

of polymer properties controlled by inlet initiator 

concentration; 
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2. 
asymmetry of resultant oscillations and comparison 

to predictions by Tsypkin’s analysis; and 

3. wrong way behavior noted in the case of monomer 

controlled through inlet monomer concentration 

manipulation. 

Specific to the nonlinear control problem addressed in 

research,this 
the most promising new area of investigation 

would be in the application of nonsymmetric relays (unequal 

bandwidths, unequal drive levels or a combination of these 

features) to the feedback control system. Since there are 

many sev ere nonlinearities encountered in this system 

especially near the unstable steady state, nonsymmetric 

relays could provide some compensation for these effects and 

allow better control, This idea should be included in the 

analysis of the effects of relay control on the 

time-averaged polymer properties. Finally, since this 

research represents merely a mathematical study the ideas 

investigated should be experimentally verified. 
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APPENDIX A 

FORTRAN PROGRAMMING 

FORTRAN compiler listings for the following programs 

are given in this appendix: 

1. UTKVHA.FOR - Van Heerden analysis and steady state 

solutions; 

2. OLDSVD.FOR - eigenvalue analysis and SVD of the 

Jacobian matrix; 

3. GRAM.FOR - grammian analysis of the dynamic system 

by SVD; and 

4. RESVDN.FOR - analysis of input responses for full 

and simplified models. 

Eigenvalues found 
means 

of matrix routines 

using OLDSVD.FOR were determined by 

from the Scientific Subroutine Package 
(SSP) supplied by the International Business Machines 

Corporation. Singular value decomposition was done using 

the FORTRAN version of an ALGOL routine by Golub and Reinsch 

[72]. 
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Simulations of the nonlinear system of equations were 

done using a variable step size, variable order 

Ad ams-Mo ulton pr edictor-corrector routine. Also tested was 

a Gear method, specifically applicable to systems of stiff 

ordinary differential equations. The routine used was 

subroutine DVOGER from the International Mathematical and 

Statistical Libraries, Inc. 
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APPENDIX B 

ANALYSES: 

EIGENVALUES AND SVD OF THE JACOBIAN MATRIX 

The twelve sets of results given in this appendix 

represent the examination of the three steady states for 

andtenth, ninth, sixth, and fifth order models. The model 

steady state focused in each test is indicated in the 

EIGENVALUE ANALYSIS RUN NAME: 

1. the first four characters represent the model 

tested, and 

2. the fifth character (L,M,H) represents the low. 

middle or high steady state. 

TABLE B-1 gives the cross reference between state variables 

discussed in the text of the thesis and the INPUT STEADY 

STATE VALUES variables indicated on each analysis sheet. 
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TABLE B-1. CROSS REFERENCE OF VARIABLES 

INPUT 

VARIABLE 
VARIABLE 
NUMBER 

STATE 
VARIABLE 

T 
M 

PO 

PI 

P2 

I 

RO 

R1 

R2 

RAD 

1 

2 

3 
4 

5 
6 

7 

8 

9 
10 

T 
M 

/o 

4^ 
(T 
0 

<r 
1 

(T 

R?
1 
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APPENDIX C 

GRAMMIAN ANALYSES 

The singular value decomposition analyses of the 

dynamic model or grammian analyses, for three forms of 

normalization discussed in Chapter IV (techniques 2, 3, and 

4) are given in this appendix. The sixth character of the 

DATA FILE of each analysis indicates the run number, a s 

given also in TABLE 4-2 on page 52. 

The first set of five analysis results (pages 160-164) 

were done according to normalization technique 2. Likewise, 

normalization technique 3 was used for the analyses given on 

pages 165-169 and normalization technique 4 was used for the 

final set of analyses (pages 170-174). 



160 

ooooeooooo 

oooooooooo 
9, ^ ^ « -o -« <0 o 

o e o o tu e 
oooooooeeo 
♦ « I « • t I ♦ » I 
oooooaoooo 
«on^'0<Mo<\j<n^ 

OOOOO OAI** (M 

♦ « « ♦ «•• I I I I 

0000000000 
e^^ OO K9»««<r O 

r>(D»M«<69‘9«9»*^ 
^ ^ -n - r* rg 
• • • • t * * * * * 

I 

m 
• • 

01 ^> (u 
• • • « 

I I 

t>i 
• • 

if* 
• • 

I 
• • 

I 
• • 

I 
• 

I 
• « • • • 

I 

M AJM fM 
oeoo oeeeee 

e-«oooefgo M 

o o 00 000000 
« ♦ ^ ^ o < ® ^ 

^ n »9 9 9 ■* •# -4 
(V ^ (M <h (V O n ® > 

in (M 
• « • • • • • • • • 

I I I I I I I I 

« I 4 « ♦ « I « I I 
0000000000 

9 9tSi <n <*> 
«< • fn en OK- I/I rv» 
«l«^. ^ K. n •# CO ir» 
• • • • • • • • • 

I I I 

• i I 

0000000000 

99fti 99 o o 
O M P* r> -# ftim 

® « K- «A 
• • • • 

f t I I 

n M o e o M o O M e O O (\l (M 

« 4 4 4 « « « « * « 

0000000000 
<*iMm(/i9e-«^^p» 
«p (/) » o (A > ® 9 
tu • «i/i®e«/in^ 
n 01 otfi n »*i <*> 
• • • • • • • • • • 

I 

I « « I I 

0000000000 
OKIMOOeOO® go 

K fK. m ® o n iM 

I I I I I I I I 

oe o oo o oe o o 
» ♦ I « « I t t I 
0000000000 
O K> < (Tl M O CM O* 
O O ® -4 Kk •# ® 
OU> « (M « ^ <M O 
o K» (n fvi <r 'n «N 
• • • • • • • • 

I I I I I I 

4 4 44 4 44 4 44 

OOOOOOOOOO 
a 4- m o O to 
9 9 9 9 9 * f\i 
aa^>oe««o o 
(W K «n •« M <n O 
• • 4 « 4 4 4 4 

» 

o <v 
000 000 0 09 0 
♦ 4 4 I 4 ♦ I « I I 
oooooooooo 

oi/>i»-i/i.‘*>f\jO(ro 
a <n oj (M o -r 

K«M(n«0Of*>O<M(MK-
0 rg o 

I I I 

O O »J 
eo o oo ooo o e 

4 I 

oooooooooo 
e « ® i/> O4 o a o 

lA K- 01 fn M 
00 o in a a o M 

a Ai 
• • 

II I ti l 

fst tst 
oooooooooo 
4144414444 
oooooooooo 
e a xn o o 9 -c 9 
m 9 o M •# in 9 5* 
«n o a o o <# <0 o o 
» ^ (W o n 

fu 

1 4 4 4 4 4 1 4 I 

OOOOOOOOOO 
\ti99'Jih‘-9J>-^99 

o non o atgAt 
(Vf*iiriOinK-o<\too 
9 

o o o o o o «« 
oo o o o oo o o o 
4 4 4 4 4 4 1 1 It 
oooooooooo 
oao^no atn 
00 -r o^ ♦ ooj 
oa4»ao e4>-^f«>o 

^ n 9 

t I I I I I 

o 

X 
< 
K 
a 

a 

rw 

9 

o o e o o o M Al tst 

OOOOOOOOOO 
•# 0 in ni o a K- -r 

a nt a ri K- M in 9 9 
<v K-r«i<#0O(ntga 
«*i M a a (*1 m m 
• • • • • 4 « 4 a 

-4 00 M O 
OOO O OO O OO O 
4 4 4 4 1 4 1 I 

OOOOOOOOOO 
a<gnjafvi«nonr)o 

O M (*l m (V o a 
a a ni M M a a 
4 4 4 4 4 4 * 4 4 

I I I I I 

O Al O 
e o o e o o 

♦ I 4 I 4 4 

OOOOOOOOOO 
ooK-oo<na» oa 
999'^9 9’*9 
e ♦ n K- ^ e m M 
OK-tgnjtgtnmatn 

• 4 

till 

ui a 
o z 
000 
X a -4 
a 

UUi 
a 

X 

o < 

UJ i 
z 
a z a 

II. < O 
O i» a 

a 
w cr 

a 

> UI u. 
.1^0 

z tk. a 

<9 
3 X 
> < 
A a 

9 

1 

I 

a 

a 

< 

u. 
o 

X 

9 

UI 

< 
O 

a 

_ 
3 
j 
«c 
> 

X 

z 

X 

_
Z 

Z 

z 
o 

e o M M n 

4 4 4 4 4 4 4 4 4 4 

oooooooooo 
O'^oaamaa'# 
99^9t^9999 
o <g n mt/i9 •* 9tSt 
9 n a a a 
4 4 4 4 4 4 4 4 4 4 

I 

O o M fU -1 

4 4 4 4 4 4 4 4 4 4 

oooooooooo 
anioo o9^aa >«■ 
o K- M ♦ a 9 9 9 
a N a a ru o 

a a tg a f- a a 

I 

tst M 

4 4 4 4 4 1 4 4 4 4 

OOOOOOOOOO 
aoAt^#aK.Aj«^ 
aoK-^iMoatn^M 
oaaAt—^a — ^a 

aaAi9>MAtK.« 

I 

oooooog^Mu 
oo oooooooo 
4444444444 

oooooooooo 
a a a o o a a 9 
Aiaoa-4Ai« *—a 
eo«*9>AtaaMAia 
a«-*«^fa — Ata 

I 

o 

a 

o 
a 
X 
a 
u 
w 
o 

z 

I 
s 
o 

z 
o 
z 

a 

3 
.J 

> 

Z 
< 

o 

z 

a 

aa<aaaaf«^»K 

t 4 I I t I I I t I 
oooooooooo 
m a o f\j 9 >♦ -a o 
a 0 a a a 9 a M a 
fy ^ ^ K* 9 
♦ ^nfVK-f-fgo 
9'nK>«ojo a aaK> 
a a 0 a 0 a a 

K-a'e(V>K-(>n,i-«’a9‘ 
tst r» <\j ^ 
a «• a a a e « a 
a«-aaaaao 
rM aK-orw a a ^ e a 
(gaK>^aa<\ia(gr^ 
n)'^««eaa*4»M4» 
^i».aK-oaa»*-n4^ 
o a a a (M f*. a 

a.Mini«>®o>oooa 
M — (Via fviaojK-inoj 
af>4«a(y(V4«4a afg 

oo oo o oo o oo 

H II ■ ■ ■ N n H II 

Aia^aaA-aoo 

>>>>>>>>>> 
aaaaaaaaaa 

a 

z 
x 

o 
u 

o 
iU 

< 
z 
oe 
o 
z 
o 
z 

K 
3 

I 

3 

X 

z 

X 

O 90 N 0 M 
ooo o oo o oo o 
4 4 I 4 4 4 I 4 I I 
oooooooooo 

o M n ^ m a a 
♦ n a a a a o m o 
K> a K 9 fsi 9 9 

I I I I I 

tst tSi 
ooo o oo o o o o 
I I I I t I » 4 « 4 
oooooooooo 
9 9 r\i (St 9 XK*K-

9 9 9 rg K- a a a o 
nj a nt a a a 0* 

M a (\i n 04 a a 9 

I t I I 

nj At Al Al At e 

I II 1114 14 4 
oocoooocoo 
a — aAJoa.^rao' 
aaAtaao0O-«e 
K>>#oAio9 a<«aAi 
ant a « 9 

I 

^;g<-4AigAi o 
ooo o oo o oo o 
1111114 14 4 
oooooooooo 
a a ^ A- At -A o 
Al a 9 tst 9 tst * 9 
ooaaa.^a^'Aja 

At a At Al CA A 

II I I I 

K 

X 

< 
z 
o 
o 
o 
z 

I 

> 

X 

z 

X 

(M 

4 I I I I I 4 4 4 4 

00 oooooooo 
oaa«o aaa ao 
0'#a(^a<^ta'naa 
ooni^r><Ma<*>nja 
oK-^«44»tgp»>(vi<#m 

4 

o nj o e o 

4 f I I 1 4 4 4 1 

oooooooooo 
oo>roa > a^ a a 
o 9 « a o a 
onja^a aoe oK-

a aigo a a a a 

I I 

At At Al At Al O 
ooooo ooo 00 
■I ‘I - I I I 4 f 4 4 
oooooooooo 
a aAJaa.4^^0 
aaAiai/ioa o o 

a .# O At O 9> a a Al 
a Al a ^ a a 9 

I 

4 I I I I I I I I 
oooooooooo 
oaACAaAi^^aA-a 
oo a aa o ^a a a 
o^'iaaaAtaaA*^ 
O a At a a 

• • 4 4 4 4 4 4 

I I I I I I I I 



161 

o e o oo o 

ooooooooos ^ ^ e o (V 
^ «> M l\l M 

® m « A| ® M ® M® 
• • • • • • • • « 

I I I 

• « I I 4 t » I t I 
oooooooooo 

<y o <«> o to ^ 
« o ^ > o ® 9^ 
< ® <v m » « « « 

N9» « ® (M ® 
• • • • • « • • « • 

I till I I 

♦ ♦ ♦ « « I I « I I 

oooooooooo 
o ® ^ « <n ® 'A O ® 
o ® ® n ♦ *n ^ o 
O 4- ® OJ Ai 
® <n 01 9 9^ Al ^ 
• • • • • • • • • • 

I < I I I 

N oiojoifominm^ oi 

« « 4 4 « * 4 4 « « 

aooooooooo 
® ® ♦ <♦ ® ® ® 

<# 9 « ® OI 
IW ® «4» ® o* o* 
® ♦ OI ® — fW 

♦ « I I 4 4 I I I I 
oooooooooo 
® O* O' ® ^ ® ♦ 

®^I*»«OJA|OOI®® 
® #•> ® n OI OI ® ® ® 

e o o e o o o o e o 

* * ♦ • * I I • I I 
oooooooooo 
O ® 4- 0< ® •O « ® 
o o ® o oj e ^ « o* 

® » ® <# 9 OJ ® 
o ® ® (M fn ® rg (V 

I I I I I I I I I I I I t I I I I I 

fwoioioii^ioimio 
ooooeeoooe 

ooooooooao 
'99010190)9® 

o®®f»oioim«ot® 
9 OI 9 (*) h> •« 9 

O OJ o o e o oj 
o®e®oeo®oe 

I 4 ■ 4 4 I 4 4 I 
eoooQOoooo 
O* 9 ® fO in 9 o ® 9 

® 

9 0 9 0 0 901 
99090 00909 
4 4 4 4 4 1 1 1 I 

oaooooooao 
9 ♦ ♦ 9 -9 -® OI -® 
9«^S9<*)0® 0® 
9<#in«*1909'9«9 

4- 9 9 m o* 

» I I I I I i I I I I I • I 

oioimm 01 n 9 r>m 9 
0090999009 
4 4 4 4 4 4 4 4 4 4 

oooooooooa 
9 9 ® m 9 OI O Ot 
®99rg®(no'<n-#iM 
^ 4> 9 OI ® 9 m 4- 9 
n Oi -4 ® 9 m ® OI 
• 4 4 4 • • « 

I I f 

0-4009 01 9 9 OI 
0000000909 
4 1 4 4 4 1 1 4 4 ( 

oooooooooo 
OI ® 9 9 9 
® n 9 9 ® 9 O P-> 9 
n«4®o9»«o^®n9 
m 9 -4 OI 4- n 
4 4 4 4 4 4 « « 

I • I I I 

9 9 9 O 9 O 01 
0 99 90 9 00 0 0 
4 1 1 4 4 4 4 4 1 

oooocoaoao 
9 OI ® OI 9 o 9 
9 Oi m 9 OI f- f» ^ 
9«9®99««P*>« 
09in®®0l0l0l(*)® 
• 4 4 • • • • 

I I I I 

<woiOiiomonnr» 
0099909999 

9 0 0 0 9 fn 

OOOOOOOOOO 
<nor>«nm®4>9®9 
9in®999'n99 
>4 ^ 9 n ® Oi ® 
• 9 ® «n 9 9 

I I 4 4 I 4 4 4 - I 
oooooooooo 
®9r-9 99®90l® 
99l^999^'<nfM® 
M««999r)«®99 
Oi ® M ^ OI 9 

4 I I 4 4 4 4 t 4 I 

ooooaooooQ 
99 9 99 9 ® 0 ®4-
oo«oif-«noi^oio 
09 000994^019 
9 O r» 9 1^ 4- 9 

I I • I I I I I I I 

4 

® 

< 

O 

9 

OI 
® 

01 
M 

9 

-49-4-4*4010101011*) 
9900909099 

OOOOOOOOOO 
^^99^^90190 
4-®,-*)®4-.9®999 

<*) 9 ® O ® ® Oi 
9 O- 9 OI ® OI 

i I I 

9 9 9 9 Oi Oi 9 
099999090 0 
4 1 4 4 4 4 1 1 4 ) 
OOOOOOOOOO 
®^•90|0199®r)® 
®999 9*40j®9 » 
■^^-“9®90JO0l 
Oi-4 Oi 9-4 9 9 m OI 
4 4 4 4 4 4 4 4 4 4 

I I I I I • 

9 Oi 9 9 9 O 9 O OI 
90 9 99 00 0 0 0 
4 I 4 4 4 4 I 4 4 I 

OOOOOOOOOO 
9 9 Oi f4) -.r o 4^ 

9 9 9 0® 9 9 9 <•> 
® ♦ 

ro -4 m ® ® 
4 4 

I I I I 

a: 

.itel 
W® 

fiCL -4 
® 

UUI 
MS -
_z L‘® 
< Ul Ul 
zxo 
>4--J 
o 
o > 

I- 2 ® 

< O 
a 

z ® 
® OUJ 
o ® 

® 
> Ul 
.J & 
< 
Z Ik s 

r_ 
< « 

o X 

9 

f 

I 

® 

® 

o 

UJ 

® 

UJ 
o 

OI OI OI )*) OJ <v lO 
oooooooooo 
4 4 4 4 4 4 4 4 4 4 

o o OOOOQOOO 
9<09<nnM^9 

®9449®90I'0 9 
®»->90®r)Oii4 4^10 
M ^ m Oi •# Oi 
4 • • • • • • 

I I 1 

— OlOi OI r> OI OJ m 
oooooooooo 
4 4 4 4 4 4 4 4 4 4 

oooooooooo 
f»>99r)« 99^ 

Oi ♦ 44 m ® ># 44 9 
I«)l-)09990®®0 

OI OI 44 ® OI ^ 4- ^ 

I I I 

OI OJ 

4 4 4 4 4 4 4 4 * 4 

QOOOCOOOCO 
—® ® ® o o 

o#>»o®<neo44^ 
99)-»(-)m44 44»®jn 

Ol 9 « -4 «-) 9 D 

I I I I I I 

z 
O 

® 

o 
a. 
X 
o 
u 

O 

z 

s 
9 

z 
o 
X 

® 

®^*^-#-#^®®94-
-4 9 
I 4 I I I I I I I 
OOOOOOOOOO 
®oi-#'#9®^f4®r) 
® 9099®®9-r 
9®>#®09®^4>-^ 
9 ® « <r 
®®®®o®>®®rg 
^ 9 -<-) -® - -* OI'/) 
991401444^ O®® 
9 -♦ ® <0 »0 44 o ® 
♦ 4-9®<*>*®®44<M 
OI ® ® 9 ® ® « 
®0«®9 90i®f00 
0|900®f40 ® ♦© 
44 9 9 9 •# ® n 

®909® •»0)-«<#r) 
O 9 44 ® 

9 44 « o O ^ ® -O 9 
9 •# « O o fO ® ® 

9 44 r) OJ M 44 «o 
• * • • • 

OOOOOOO OOO 

® 

2 
z 
o 

O 
U 

O 

4*1 

< 
z 

o 

O 
z 

09 00 000 
9000999909 
I 4 4 4 4 4 4 4 I 
OOOOOOOOOO 
«94-®99®®99 

«4-i*)994>®rw 
® O 9 O OI O ® 4^ 9 

® ® OI OJ n <n ^ 

I II I I 

ooo oo o ooo o 
I 1 4 4 1 4 4 

oooooooooo 
OOl 9 4- -m -9 OI -{-> 
r)9^44a>o»<-)<M®9 
9 ® 9 9 m * <-» 1-1 
® Oi ♦ 9 OJ ® OI 9 

I I I 

OJ M 
OOOO OO O OO O 
t I I I I 4 * I 4 4 

OQoooooooa 
99 ®®^ n ®ojo 

® *4 Oi O ® O 
r)OO990i«®449 
9 ® 9 fO ♦ 9 « 

I t 

X 

a 

I 

< 

r 
o 
O 
o 
X 

o o o oo o o o o o 
4 I I 4 I 4 1 4 4 4 

OOOOOOOOOO 
0441099011-)® 
0®9'#®9'*>9449 
0444444«440l9f*) 

OI OI — ® ® 
• • 4 • • • 

I I I I 

9 OI 
oo o oo o o o o o 
4 I I II 1 4 4 4 4 

oooooooooo 
o Oi ® 9 ♦ « 44 

90I9«®099 
« ® 9 9 « « ® 

9 (•) 9 OI <•) ♦ 

I I I I 

OJ OI 
oo o o o o o o o o 
It I 11 4 4 1 * 4 

oooooooooo 
99®®^fO®fV© 
m ® •r OI O ® o 

r»OO990j*r944^ 
9 ® 9 m ^9-4® 

I r 

9 O X o 
< 

Z 
< 

Z 
Z 

z 

O o OI - -v >4 
oooooooooo 
4 4 4 4 4 4 4 4 4 4 

OOOOOOOOOO 
® f4 ^ ® («> e ® 9 
®eM®44.#®.« 
9 9 <-) ® o Ol 
9 r) ♦ OJ ® « 
• • • 4 * « * * 

I I I 

X 

o 
z 

® 

OIIO#®©?^®©® 

>>>>>>>>>> 
®®®®®®®®®® 

a 
O 

I 

O 

K 

z 

z 

>4i-)g«-«09®se 
oooo oo oo o o 
I I I I I 4 4 4 4 4 
oooooooooo 
®—9»0|0«®g'0 
9 9 9 M 9 •# 9 
-•f409®«r)44<#44 
♦ 90i<-l ♦ — 9-4® ♦ 

I I I I 

z 
9 

I 

X 

z 

< 
z 

\ivnrMv 
o o o o o o o o o o 
4 1 1 11 1 I I 
OOOOOOOOOO 
o ® - -® Ol -o 9 ■* 
09^9<-)^©r4«® 
O 9 9 ® ® o 
♦ ® n # 9 « 

III II I 



162 

o o«« 

ooooooooao 

lA N 

♦ I f I 
OOOOOOOOOO 
9> n « 9> 

« ♦ t ♦ « 

ooooooaooo 
0<S4 O CD o 

AJ M (V -10 M ^ M IM 
n (A « iA (V e o 

<n (\i ♦ « ^ M ^ m A4 N 

I 
I I • I I I 

(M Ai A< M 1^ 

eoocaoooooo 

• »> « « m < 4a m 
A»(A®f>»9»(n<r«cn 

0* ^ «M 
• • • • • • 

I I I I 1 I i 

M M e o 
ooeoooooo 
« I I « ♦ i ♦ « I 
ooooooooo o 

(A ® ® ^ 

lA tA A4 fV 
A« # tA « fn (V ^ 
• * • • • • • • • • 

I I I I I I 

♦ « I t ♦ t I « I 
QOOOOOOOOb 

-O r» 
e>n{«>-«iA^< 0*0 
OiA A*- o* ® A. ® « 

I I II 

AJM n <M (Ni m 
oooeoeoooe 
«♦ «♦ ♦ ♦« ♦ ♦♦ 

oooooaooos 
® ® o ® o ♦ ^ > 
M <0 *4 IM ® **> O « A 
♦ lA <n ® o A « n 
N AI(V « <A (V nj 

* • 4 • • 

I 

OM M 
ooooeoeoo o 
♦ ♦ ♦ * ♦ ♦ 1 * 1 « 

ooooooooao 
•0««Al9‘N.®iA®9r>^ 
0O^^®^«4IA-# * 

Al^r»-«M®AAJ.VtA 
• • • • • * « • •.• 

I I I 

O OM Al 

♦ I ♦ « I t I 4 « ♦ 

oooooooooo 
of^e^etf>^»<Aeo 

lA A 
09i9>etA4»rif* 
0(VJi-««lAA>iA® 
• • t * # * * * 

I I I I I 

oooeooeooo 

OOOQOOOOOO 
lU m o A n 

o m •^9-9 
K4»en®<vc»o<A 
9 ® A OJ ♦ 9 

I I 

o o ® e e 

4 ♦ I 4 4 4 4 4 I I 

OOOOOOOOO o 
«A>®f»®®(MAOO 

fv»o9>ANieAe«(\( 
® Al ♦ K A| r) ■® “ n 
• • • • • • • • • 

I I I I I 

ooooe ooo oo 
♦ ♦ ♦4 4 4 44 * | 
oooooooooo 
omAOiOOfnAnAj 
o® * n > (M ^ » o 
e® A ® n ® A 

^ ® AI n A 

I I I 

o 

•c 

Z 

O 

M 
4 

<# 
A 

A| 

® 

e OAJ (M 

oooooooooo 
O 9> A M ^• 9n 
®^®®f^(*1®r>.(4)^ 

® « O <NJ fn 9 
m Ai n ® ^ AJ M 
4 4 * 4 « « « * « « 

t I t I 1 I I 

OfW M 
oooooooooo 
4 444 44 4 4 44 

OOOOOOOOOO 
h> O 4» o P) K ^ 91 P> 
^•99f*ttOP^99 9 

® AOtn ® rg ® « ® 

eoeeeoeooo 
4 4 4 I 4 t 4 4 I 
oooooooooo 
M « « -® - -O A ® 

<nAr)<e«o^efNj9i 

A A 
4 4 4 4 4 4 4 4 « 

> I I I 

*4000 

4 t I 4 4 

OOOOOOOOO o 
AJ ■# ® P) O <«■ Aj <M PJ 

0 0(^® ^AP»-# 
»®*«®Mi^®r>o® 
® <Vi p> ♦ 9 A 0» 

e e e o e e 

ooooo ooooo 
4 4 4 4 4 4 I I I 
oooooooooo 
O (St >0 9 CM -̂  -fA A > 
O A ® AJ a A ® 
e ^ 9* A « f4. ® A ►-

9-*r)(n9if>(ur^ 

III II 

M O 

4 4 4 4 I 4 t I 4 I 
OOOOOOOOOO 
OP- ® “ AJ A 01 
o>#^9^A®<npfru® 
o o p> rg o n A 

«n ♦ ♦ 9* « n 

I I I r r r r I 

A* AJ AJ 

Ul A 
O Z 

*r 
U UJ 

Z A 

zr^ 
> ♦- -J 
e < 
o > 

w z 
X MU 
M Z A 

u < o 
O M CL 

A § A 
U 

u ec 
A 

> U U 
u u o 

zu z 

< ® 
o z 
> < 
A a i 

9 

I 

A 

A 

•J 

O 

u 

a 

A 

o 

> 

S 

z 

z 

or 
o 

OOOOOOOOOO 
A^9e®rgp>®Aj9i 
®^AiAjp>»^-g®^ 
M P>OA®'^P»4-A( 

A 9 
4 4 4 4 4 

I I 

Al Al n M Aj n 
OOOOOOOOOO 
4 4 4 4 4 4 4 4 4 4 

OOOOOOOOOO 
®94»AAjo®# 

p) p- Al 9 O # ® 
A P> ® O A ® P» 

Al Al Ai ® m Al Al 

I I 

e o AJ 
ooeoooooo 

oooooooooo 
- - 09- -® A 

^ 9 9 -C 9 9 
c A O 

Ai Al A Al ® Al Al 

I 

o o g 
eooeeeoeee 
♦ 4 4 4 4 4 4 4 4 4 

oooooooooo 
P» O Pt A O 9 ® P> P> 
AOPtOP. aCAIO® 
P) # Al # O P> 9 Al 
AJ Al Al ® PI 9 Al Al 
4 4 4 4 4 

I I 

z 
O 

A 
o 
a 
r 
O 
U 

O 

z 

z 

S 
O 

o 
a 

A 

X 

3 
o 

A 

®®®AAA®A®P> 

f 4 f t t I I i 
OOOOOOOOOO 
P) A PI Al P» A a AJ # 
9 ^ P) P> P> •# A A 

P* # Ai 9 Al ® ® Ai 
A A 9 9 AJ 9 
®p-«org®Aiop-« 
AI9#P)OP-»-P>® 

AOA9'AOA® ®P) 
#90®OP*9P>AA 

A» ® A A ® Al A| 
®P-A|09A-«*# o 
(gp-P)f»fn4-A|AlfP# 
Al A 9 A O A P> 
A®aPIP*®# # A 
A A ® Al « P. A 
A Al A •# ® PI Al A 
O ® # A ® P) O ® 

AIP-0# M9P)Al 
P> Al Pf P) P» 9 

NIIMtIIIMNMMII 

A|P)#A®»-®90 

>>>>>>>>>> 
AAAAAAAAAA 

A 

z 
Z 
o 

o 
u 

O 

Z 
z 
o 

I 

X 
a 

I 

O 

X 

Z 

144444414 4 
OOOOOOOOOO 
9AMeAjep>p>op» 
Ai9®®^>.®®^P>A 
«Ai«e^a«90Ai 
P) A Ai Al # 

• 4 4 4 4 4 4 4 

1 I I I 

e o 

♦ 44 4 14 414 4 
OOOOOOOOOO 
A O © O « PI P> ® # 
# #0 ©9'AA A'n ® 
#OA#P>®®P|P>® 

Aj P> 9 P» A P- Al 

I II ! I I 

Al Al 
o o eo oo o oo o 
I I I I I t 4 I t 4 
O OO O O O O OO O 
« 9 p. ® — Al ® -

PlM#9®Al®A|®® 
p^r. ®oAAJA®ee 
9®9AAi — P>9P*9 
4 4 4 4 c 

I I t • I t I I 

AI30«t.4990»0 
o oe e ee o ee o 
I 4 4 I I 4 4 4 4 4 

OOOOOOOOOO 
p»#P»Ai9A4*OOP-
P» P- Al ® PI O - -9 O -AJ 
«P-9.®OfnOA|P>P-

PI 9 P» ® Al Al 

I I I 

«( 

a 

o 
O 
O 
Z 

X 
o 

t 

> 

X 

4 4 4 4 4 4 4 4 | | 

OOOOOOOOOO 
o ® •9 9 9 \n 9 9 
0-#A®Ai^A®'#Ai 
O Ai ^ •#94-00® 
O ® A Al •# Aj r-

I I I I 

e Al o e Al O 
ooooo ooooo 

1 4 4 1 1 4 114 
ooooooooo§ p) O A M ® f* 9 
9 ® Al Al Al O ® 
09999AIP1® 

O Al Al P) O Al A n 

I I I I I 

Al Al 

ee oee oeeoo 
I I I I t I 4 I t 4 

oooooooooo 
CD^ip*® — M ®p. 

P>Al#9®Al®Al©® 
P)P)®OAAl®® oa 
9 « 9 A Ai P» 9 P- 9 
4 4 4 4 4 

I I I I I I I I 

n^p^nAi-nog 
~~ ~oe eoeoo 

I I I I I t I I t 
OOOOOOOOOO 
0««4#®f-0A|P>.# 
ep»eA9#Aj®«M® 
- - - ® 9 ® •# 

P- 9 -♦ Al p> ® ® ® 
4 4 4 4 4 « 

lilt I I 



163 

oooooooooe 

OQOOOOOOOO 
Al^ChAlOO# 
P*9‘>9> Ai a c « « 

M Al Al « 04 <M A< Ai 

I 

e e Ai 

• ♦ I I « • I I I 1 
oooooooooo 

r»KAjo^i^“ — — 

* • • • • • • • • « 

II I II 

AJ 
oooooooooo 
♦ ♦♦♦♦ ♦ I I I I 
oooooooooo 
oh>»io<no««troino 
0«AI>A^Aj^9><n 

«o«/v9>i*>eoiA 
<#«•«.nu) 

• • • • • • • • • • 

I I I 

Al Al -« AJ Al A« i«> 
ooooooeeoo 

oooooaoooo 
m e o -.v e o o 
A* in to n in o ^ ^ 
9* ♦ ^ ^ e o e 

Al <n •« o M AJ 
« • • • • • • • 

I I I I I • I I 

oo o o oo 
0000090000 

I I I 
0000000006 

^ o M in 
o^-^.n^►•oo^ 
oo<*><oinAiA>^> 

<« AJ 9 (M o O 
• • • • • • • • • 

I I I I I 

O O o A« 
ooooooooeo 

♦ « « « I I I 

oooooooooo 
Ai»^oh*o»n<fn 

OO O O A4 O 
Ofno^Ajtnjitnom 

Al ^ o 
• • • • • • • • » • 

I I I I 

^AJAI ■« m (V Al (A 
o o o o e e o o AJ Aj«« O AJ Ai 

oooooooooo 
A» O « 9^ O O in e o 
o « o o ^ 9 9 9 

9«nA>Aje4noin 
Al AJ AJ 9 AJ AJ Al AJ 

♦ 4 1 * 4 I t 

OOOOOOOOOO 
9 O « AJ AJ O 9 

e Al ># fn AJ o 
A> n 9 9 9 9 

n Al AJ m ♦ 

« I t « ♦ ♦ I t I t 
OOOOOOOOOO 
e9Aj<#tnno^-io = 
oAjin<mAi«m«<« 
oooo^tnoinAio 
O^(n4*)«9<»0P»0 

I II I II r * I* r r I 

AJ l«1 Al AJ m n AJ 9 
o o o 

oooooooooo 
9 o <mA| 9 m Al 
m^#n<nino<®99 

9 9 <^in O 9 o 
in Al o •« 

• • • • • • • • • « 

I 

O O O Al 
OOOOOOOOOO 
4 I I ♦ 4 I I I I 
oooooooooo 
O K ^ M O ♦ f. m ^ 
99<m*n>r4*in^A-
9 9 AJ O N> 9 in o o 
nAif*irA94»(n9 

• • • • • • • • 

I I 1 I I 

o O O O o 
oooooooooo 
♦ ♦ ♦ « ♦ I 1 I • I 
oooooooooo 
oin«r>oAi9>>ino 
e 4» O 1^ AJ m fn 
O 9 o © — o 9 m 
o AJ in AJ 
• • • • • « • • 

I I I I I 

AJ 
ooooooooeo 
4 4«« * J« «« * 

oooooooooo 
Ajm9'/iA>9in9Aie 
Al 9 ««0 e o AJ 

9 O m Al ^ AJ 
«V<MAj*«inMO AJ««AI 
• • • • • • • • • • 

I 

e e o o 

4 ♦ « « t 4 I * « I 

oooooooooo 
ooAioMO^'Ofwin 
99m0AJ0994>n 
fninAI99e990^ 
^ — Al ♦ o Al f- AJ l>-

4 4 4 4 4 4 » a 

I I I I 

«■« o 

eoeeeeeooe 
I 4 t 

oooooooooo 
e 9 m e e .■> o o 

in ^ Al e Al 
e AJ 9 A» Al ^ 9 A» 
O Al Al A* ^ «■ 9 AJ 
4 4 4 4 • • • 

I I 
o 

X 

s Al 

9 

e Al AJ 
eeeeoooeoo 
4 4 4 4 4 4 4 4 4 4 

OOOOOOOOOO 
oinotn^A>’#99o 
A»09>^inon 

9 A» 9 9 9 4* < 9 
9 9 A- A) in Al 9 in 9 

eeoeeeoee e 
4 4 4 4 1 4 14 4 ! 
OOOOOOOOOO 
9ei*>ooA>9oo-« 
909 O 9 A- > 9 9 
09AJ9A10A.AJ 
AJ Al 9 N. 9 r» 9 r> 

Al e e Al 
oeooeeeeoe 
4 I 4 I I I I 4 4 I 
oooooooooo 
e4^4>9AifnoinoAi 
OAIA19’# OA>0 ♦K 
eee99AiAjAjin'r 
©►. 9 Al A» 9 AJ 9 

I I I I III II 

^ Al-a AJ M AJ A) 

^UJ 
Ul 9 

O e 
X & 
9 

U Ul 
« -

» 9 

< ati kl 
XXO 
► -i 
o < 

.i> 
4- Z 9 

lA « O 
O 4- & 
Z 9 

9 O W 
U X 

9 
> Ul 

O 
< 

ZU.S 
« W 
< O 

s 

55? 

o 

I 

•3 
I 

9 

9 

Z 

lA 
O 

u 

< 
o 

9 

o 

X 

< 
Z 

z 

z 

X 

4 4 4 4 4 4 4 * 4 4 

oooooooooo 
eeA)099A)0 Al 
A199990A)® O 
A) « « 9 9 "1 

ry 9 
4 4 * 4 * 4 * 

I 

Al AJ Al Al AJ n 
eoeeoeoeeo 
4 4 4 4 4 4 4 * * 4 

OOOOOOOOOO 
OOOA10»-.^90k 
99-490-AA1090 
9AI99 mA1m9 m9 
AJAlAJ^^poAjMAlAjAl 

I 

AJ 

OOOOOOOOOO 
9eoe9nojc oai 
0 9 9 9 9 0 9 9 0 
e 9 AJ 
AJ AJ 9 O Al Al 

I 

9 O 9 9 M M 
oeeeeeee ee 
4 4 4 4 4 4* 4 4 4 

ooooooooeo 
Ai9eoeAj94.AiAi 
90941—AIA194. 
Al e 9 1*1 9 0 9^9 
Al Al Al — 9 Al Al Al 
4 4 4 • • * 

I 

z 
O 

9 
O 
Q. 
z 
o 
U 
UJ 

O 

z 
z 

» 
o 

X 
o 
X 

9 

o 
J 

> 

s 

O 
O 
z 

99^99994^99 

I ♦ t I t I I I I ( 
OOOOOOOOOO 
94-99900A19A1 
9A|99e09AIAl0 
9 O Ai 9 Al Al to 
9 9 9 O 0 9 9 0 9 
nA.9094-Ai9A|4-
Al A) * rtj f%j 
909Ai009A>9e 

Al AJ A. ri9 9 0 9 
0<n99Al**00^^ 
SS2SSS''-®? 
99AI9r-09e09 
e9eco99A»OAi 
Al Al ® Al 9 Al « 9 AJ 
9 0 99>« 9e 0 
e M 9 O 9 9 9 9 O 
9 <?> O 9 9 9 9 
AJ Al AJ AJ 9 9 

AJA><99f«.®>o 

>>>>>>>>>> 
9 9 9 9 9 99 9 9 9 

9 
Z 
Z 
D 
J 
Û 
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APPENDIX D 

INPUT RESPONSE ANALYSES 

areThe input response analyses discussed in Chapter IV 

given in this appendix. The cross reference of variable 

given in TABLE B-1 on page 146 is also applicable to these 

analysis results, Scaling factors for each input isprocess 

indicated at the base of each analysis, Run numbers are 

given as the fifth and sixth characters of the RUN NAME. 

Pertinent information about these runs are given in TABLE 

D-1 . 

TABLE D-1. INFORMATION ON INPUT RESPONSE ANALYSES 

RUN STEADY MODEL VARIABLE 
NUMBER STATE TESTED 

1 L 10 
2 M *10 
3 H 10 * 

4 M 10 © 
10 

6

5 

M

M 

10 
':!o 

7 M io
10 !c8 M 

9 
10

9 ^9M 
1 0 M 6 * 

1 1 M *5 

* all input variables tested. 
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