
July 11, 1967 

To the Graduate Council: 

I am submitting herewith a dissertation written by William Lewis 
Morris entitled "Minimal Weinstein Discs in a Subspace." I recommend 
that it be accepted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy, with a major in Mathematics. 

We have read this dissertation 
its 

Accepted for the Council: 

" �< d� 
Vice President for 
Graduate Studies and Research 



MINIMAL WEINSTEI N DISCS IN A SUBSPACE 

A Dissertation 

Presented to 

the Graduate Council o� 

The Universi ty o� Tennessee 

In Partial Fulfillment 

of the Requirements for the Degree 

Doctor of Philosophy 

by 

William Lewis Morris 

Augus t 1967 



ACKNOWLEDGEMENT 

The author is  most grateful for the advice and criticism offered 

by Dr. Al ston s. Householder . Appreciation is  al so expres sed to the 

Mathematic s  Divi sion of the Oak Ridge National Laboratory, operated by 

Union Carbide Corporation for the u. s. Atomic Energy Commission , for 

the use of of fice space and computing facilities and especially to 

Mrs. Margaret Elmore and Mrs . Barbara Luttrell for their careful prepara­

tion of the typewritten manuscript . 

ii 

770091 



TABLE OF CONTENTS 

CHAPTER 

I. INTRODUCTION • 

Notati on and Ter.minology • 

Statement of the Problem • 

II. A DECOMPOSITION THEOREM • 

III BOUNDS AND SPECIAL CASES • 

IV. STATIONARY POINTS • 

The General Case • 

Normal Matrices • 

V. IMPROVED BOUNDS • 

VI . ALGO RITHMS FOR SOLVDIJG Ay = )..y • 

BIBLIOGRAPHY 

ii i 

PAGE 

1 
1 
4 
7 

11 
19 
19 
23 
30 
41 
53 



CHAPTER I 

INTRODUCTION 

I. NOTATION AND TERMINOLOGY 

Let A denote a square matrix of order n over the field of complex 

numbers. For a nonzero vector y in the total vector space of order n 

over the complex numbers, consider the two scalar valued functions 

H H 
P(A;y) = r(A A;y) - r(A;y)r(A ;y) 

where the superscript H denotes the conjugate transpose. If a is a non­

zero scalar, then r(A;Qf) = r(A;y) and so also p(A;Qf) = p(A;y). Thus, 

without loss of generality, one can restrict y to be a unit vector, i.e., 

IIYII2 = yHy = 1. Denoting the complex conjugate of a scalar by a super­

script bar, it is clear that r(A;y) = r(AH;y) from which it follows that 

p(A;y) = II(A - r(A;y)I)yll2 where I is the identity matrix of order n. 

Thus p(A;y) is real and nonnegative. 

A matrix is said to be normalizable in case it is similar to a 

normal matrix. Since a matrix is normal if and only if it is unitarily 

similar to a diagonal matrix, it follows that a matrix is normalizable if 

and only if it is similar to a diagonal matrix. For each normalizable 

matrix A there is a real scalar �t(A) � 1 such that the disc 

D(A;y) ={A: IA- r(A;y)l � tt(A) .Jp(A;y) } (1.1) 
1 
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in the (complex) A-plane is known to contain at least one root (proper 

value, eigenvalue, characteristic root) of the matrix A for each unit 

vector y. If A is Hermitian then this last statement is known as 
* 

Weinstein's Theorem [6] and the disc (1.1) is called a Weinstein Disc. 

The details on extending Weinstein's Theorem to a wider class of matrices 

are given in Bauer and Householder [1]. Also it is known that if A is 

normal then K(A) = 1. 
The Weinstein Disc is a particular example of an inclusion region, 

i. e., a point set in the complex plane that contains at least one root of 

A. Other inclusion regions are given by 

Theorem 1.1 [1]: Let A be a normalizable matrix and let a(A} and 

� 13( 11.) be any two polynomials. For any nonnull vector w, 

is an inclusion region. 

Of particular interest is the set of polynomials 

( ) 
_ det{11.wliw - wHAw) 

cp 11. = ---�---m det{wliw) 

where W = (w, Aw, A2w, • . .  , Am-lw) and det denotes the determinant. 

(1.2) 

Theorem 1.2 [1]: Among all poJ.ynomials of degree m with leading 

coefficient unity, the choice a(A) = cpm(A) minimizes the rignt member of 

(1.2) for a given 13(�). 

*Numbers in square brackets refer to the bibliography at the end of this 
dissertation. 
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H 

Since �1(X) = A - w
H
Aw - X - r (A;w) , it follows that with 

w w 
a(X) = �1(X) and �(X) = 1 the inclusion region (1.2) becomes the Weinstein 

Disc D(A;w) . 
Since p ( A;y) can be expressed as the square of the Euclidean norm 

of a vector, it follows that p(A;y) = 0 if and only if (A - 7 ( A;y)I )y = 0 
so that 

Theorem 1. 3: p(A;y) = 0 if and only if y is a proper vector of A. 

In this case 7(A;y) is a root of A. 

At this point it should be noted that the symbol "0" has been used 

to denote both the scalar zero and the zero vector. Elsewhere it will be 

used to denote the zero matrix. It will be clear from the context which 

interpretation is intended. 

If B is a matrix with n rows then the subspace of the total vector 

space of order n that is spanned by the columns of B is called B-space. 

If the columns of S are an orthonormal basis for S-space and if T is a 

matrix whose columns are an orthonormal basis for the orthogonal comple­

ment of S-space then �T = 0 and W = (S, T) is a unitary matrix. Also, for 

a given S and T, every vector in the total vector space has a unique 

S-space and T-space component. 

The matrix �AS where SHS = I is called a section of A. If A and 
H S AS have a common property, then this property is said to be preserved by 

the section S. For example, if A is Hermitian then (gHAS )H 
= SHAHS = SHAS 

so that the Hermitian property is preserved by any section. One frequently 

used identity involving a matrix and a section is 
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1(A;Sx) = 1(SHAS;x). (1.3) 

Here and elsewhere the symbol "=" is used to denote a functional 

identity in the vector variable over the unit vectors in some total vector 

space. Also this symbol is used to denote a definition of a new notational 

form. Some other notational conventions are: matrices are designated by 

upper case Latin letters, vectors by lower case Latin letters and scalars 

by lower case Greek letters. Exceptions are made in the case of subscripts, 

order of matrices and vectors, dimensions of spaces and the like. The ith 

column of an identity matrix is always denoted by ei. 

II. STATEMENT OF THE PROBLEM 

The results to be presented concern the problem of determining for 

a given matrix the minimal Weinstein Disc over all vectors from a specified 

subspace. In particular, consider the subspace of the total vector space 

of order n that is spanned by the k � n orthonormal column of the n x k 

matrix s. The problem is to minimize p (A;y) over all unit vectors of the 

form y = Sx where x is a vector of order k. The constraint yHy = 1 becomes 

1 = xHSHSx = xHix = xHx since the columns of S are orthonormal. Thus the 

problem is to find the minimal value of p(A;Sx) 

function p (A;Sx) is continuous and the k- sphere 

subj ect to xHx = 1. The 
H specified by x x = 1 is 

closed and bounded so that some vector on the unit k-sphere minimizes 

p (A;Sx). 

Interest in the minimization of p(A;Sx) arises from Clanton's 

algorithm [2]. In this algorithm a sequence of unit vectors {y . J is l. 
generated so that the associated sequence {p (A;y.)} is nonincreasing. If l. 
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p (A;y . ) � 0 then by theorem 1. 3 the algorithm produces a proper vector and 
l. 

the associated root of A .  The y, are taken from specified k- dimensional 
1 

subspaces, i. e. , each y. = S. x .  where the columns of S.  are orthonormal. 1 1 1 1 

Each term in the sequence [p (A;S.x . )} is in general not the minimal value 
l. 1 

of p (A;Six). 

The analysis of p (A;Sx) begins by showing that it is expressible as 

p (A;Sx) = p (SHAS;x) + o(A:S;x) where o(A:S;x) is a nonnegative function. 

With this decomposition some of the fundamental properties of p (A;Sx) are 

derived. Also, the decomposition leads to the establishment of upper and 

lower bounds for the minimum of p (A;Sx). 

These bounds are examined in Chapter III and are used to define a 

set of vectors l1} that contains a minimizing vector for p (A;Sx). Some 

special cases are examined for normal matrices. 

M inimization of p (A;y) and p(A;Sx) is j ust  a special case of the 

problem of finding stationary points of these two functions. Necessary 

and sufficient conditions for a vector to be a stationary point of p are 

derived in Chapter rv. These conditions are compared for the general case 

of p (A;y) and the constrained case of p (A;Sx). If A is normal then it is 

shown that the stationary points of p (A;y) have a particularly simple 

geometric interpretation. 

The results of Chapter IV are applied to the problem of improving 

the bounds developed in  Chapter III. The approach used is based upon an 

iterative method. The behavior of this iterative method is studied for 

the general case as well as particular cases which can be realized in 

practical computations. 
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Finally, the basic features of Clanton's algorithm are reviewed 

and it is shown that the analysis of p(A;Sx) leads to a refinement of the 

algorithm. A new algorithm to solve Ay = � is  the concluding i tem i n  

this investigation. 



CHAPTER II 

A DECOMPOSITION THEOREM 

For a unit vector x let Su and Tv be the S-space and T-space com­

ponents respectively of (A- r(SHAS;x)I)Sx, i . e.,  let 

H (A - r(s AS;x)I)Sx = Su + Tv. 
MUltiplication of equation (2.1) by SH gives 

H _H H H u = S (A - r(o-AS;x)I)Sx = (S AS - r(S AS;x)I)x; 

and multiplication of equation (2.1) by TH gives 

v = THAsx • 

It follows from equation (2.1) that 

so that (2.2), (2.3), and (2.4 )  imply 

of A, S and x only follows from the observation that W = (S,T) is  a 

unitary matrix and therefore 

I = wJI = (S, T) (�) = sJI + TrH • 

7 

(2.1) 

(2.2) 

(2.3) 

(2.6) 



H H Thus TT = I - SS so that 

8 

and t hus 5 is independent of the particular choice of T. 

Using ident ity ( 1.3) ,  a restatement of identity (2.5) in functional 

notation is 

Theorem 2.1: p(A;Sx) = p(SHAS;x) + o(A:S;x). 

Since p and 8 are both nonnegative sc alar valued functions, an 

obvious consequence of t heorem 2.1 is 

Cor-ollary: p(A;Sx) = 0 if and on1y if both p( S
H

AS;x) and 

o(A:S;x) = o. 

From theorem 1 . 3 it is c lear that p(S
H

AS;x) = 0 if and only if x 

is a proper vector of BRAs. The solutions of o(A:S;x) = 0 are charac -

terized by 

Theorem 2. 2: 8(A:S;x) = 0 if and on1y if ASx = Sz for some 

vector z.  

Proof: o( A:S ; x) = 0 if and only if THASx = o. The null space of 

TH i s  S-space so that ASx is in the null space of TH i f  and only if 

ASx = Sz for some vector z .  

Corollary 1: o(A:S;x) = 0 if and only if S-space is an invariant 

subspace of A, i. e . , for eac h  x there is a z suc h t hat ASx = Sz . 

Corollary 2: If S- space is an invariant subspace of A then for 

eac h  x that is a proper vector of SHAS, Sx is a proper vector of A and 

conversely. 
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Proof: By corollary 1 { above) ,  p (A;Sx) = p (SHAS;x). The result 

follows from theorem 1. ;. 

Another way to express 8 is o(A:S;x) = p (TiHA;Sx) . This follows 

since y(TiHA;Sx) = y(SHTTHAs;x) = y(O;x) = 0, and 

y (A�tJTTH
A;Sx) = r(SHAHTTHAs;x) = o(A:S;x). Simi larly, it is  easy to 

verifY that p (SSHA;Sx) = p (SHAS;x). Hence an equivalent formulation of 

theorem 1.1 is 

p (A;Sx) = p (SSHA;Sx) + p (TTHA;Sx) . 

This last identity i s  a sort of additivity property since by (2 . 6) 

A = IA = (S� + TTH)A  = SSHA + TTHA. However, this property does not 

hold in general; a simple calculation shows that 

where Re denotes the real part of a scalar. 

A useful identity in  two vector variables i s  given by 

Lemma 2 . 3: For all unit vectors y and z, 

p (A;y) + I y (A;y) - y (A;z) 1 2 = Y
H(A-y(A;z) I)H(A-7(A;z) I) y. 

Proof: This identity can be verified directly. 

(A-y (A;z)I)H (A-r(A;z)I) =AHA - y(A;z) A - r(A;z)AH + l r(A;z) I 2I 

= [AHA-y (A;y)A] + [y (A;y)A-y(A;z) A - y (A;z) AH 
+ l r(A;z) j 2I] . 

Thus, 
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All proper vectors of A which are in S-space can be found in a 

systematic way. Two cases are to be considered. Case one: if  

det (iHAS)H(iHAs) r o then 8(A:S;x) > o and so by theorem 2.1 and its 

corollary there is no proper vector of A in S- space. In geometric 

terminology this case implies that AS- space and S-space are disjoint as 

stated in theorem 2.2 . Case two: if on the other hand 

det (THAs)H(THAs) = 0 then let the columns of Q be an orthonormal basis 

for the null space of (iHAS) H(THAS). Since 8 (A: S;x) = 0 if  and onlY if 

x = Qz, it  follows that x = Qz is a necessary condition for a solution 

of p (A;SX) = o. Hence a solution of p ( SHAS;Qz )  = 0 will yield a proper 

vector of A that is  in  S- space. By theorem 2. 1 

H H H  � p (S AS;Qz) = p ( Q  S ASQ;z) + 8 (��AS:Q;z) . (2. 8) 

Now the argument can be centered on the identity (2 .8) and the 

same two cases applied to the 8 term in this equation. Continuing in 

this  manner it can be determined that either there is no proper vector 

of A i n  S- space or all proper vectors that are in S- space will be isolated. 



CHAPTER III 

BOUNDS AND SPECIAL CASES 

H P Let p (A:S) = min (p (A;Sx) : x x = 1]; let �denote the set of all 

unit proper vectors of SHAS; and let 8 (A:S ) = min (8 (A:S;x ): xe C:J. Since 

(THAs )H (THAs )  is  nonnegative Hermitian it has k nonnegative ( not neces­

sarily distinct ) roots 0 �a� � . .. � �· 
Theorem ;.1: a� � p (A:S ) � 8 (A:S ). 

Proof: For any x, 8 (A:S;x ) � a� so that 
H 

a� � 8 (A:S;x) � p (S AS;x ) + 8 (A:S;x ) = p (A;Sx ). However, for some x, 

p (A:S ) = p (A;Sx ). Therefore a1 � p (A:S ). On the other hand, 

p (A:S ) � p (A;Sx ) = p (SHAS;x ) + 8 (A:S;x ) for all x. In particular, for 

xe �' p (A:S ) � 8 (A:S;x ) by theorem 1.;, and so p (A:S ) � 8 (A:S ). 

These bounds give rise to the following possibilities: 

(a) a1 < p (A:S ) < 8 (A:S ) 

(b) a1 < p (A:S) = 8 (A:S ) 
(3.1) 

(c ) a� = p (A:S ) = 8 (A:S ) 

(d) a1 = p (A:S ) < 8 (A:S ) • 

If as in cases (c) and (d) a1 = p (A:S ) then for some x, 

H 
a1 = p (A;Sx ) = p (S AS;x ) + o (A:S;x ). But since a1 is  the smallest root 

of (THAs)H (THAs ) then 8 (A:S;x ) � a1 so that 

a1 = p (SHAS;x ) + 8 (A:S;x ) � p (SHAS;x ) + a1 . This means that p (SHAS;x ) = 0 

11 



12 

which by theorem 1. 3 implies that X€ c; and so al = o{A:S;x) = o(A:S). 

Therefore, case (d) is impossible, and case (c) implies that p (A:S) occurs 

at a common proper vector of {iHAS)H(iHAS) and SHAS. To summarize, 

Theorem 3.2: al < p(A:S) � o{A:S) if and only if al F o(A:S). 

nle bounds developed above can be applied to the problem of 

determining the vectors which minimize p(A;Sx). If p (A:S) = p { A;Sm) then 

by theorem 3 . 1, 

In addition, 

H 
a1 � p (A;Sm) = p (S AS;m) + o(A:S;m) � o(A:S) • (3. 2) 

Combining (3 . 2) and (3 . 3) yields a1 � p (SHAS;m) + a1 � o{ A:S), or 

0 s p(SHAS;m) s o(A:S) - a1• 

Let /J'l = (x : p (SHAS;x) s o(A:S) - a1 }. The last inequality 

establishes 

Theorem 3 . 3: p (A:S) = p (A;Sm) for some me 7J( . 

Remark 3 . 1: It is possible that theorem 3 . 3 may give no new in-

formation, i. e. , /ri could be the entire k-sphere. The content of 

theorem 3.3 depends not only on the numerical value of o(A:S) - a1 

but also on the behavior of p (SHAS;x) and in particular on the maximum 
H value of p (S AS;x). However, it is convenient to defer a discussion of 

this general problem. 
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Remark 3. 2: Of the three legitimate poss ibilities (3.1) it is 

clear that (b) and (c) hold if and only if a minimizing vector is a member 

of � , and therefore case (a) holds if and only if a minimizing vector is 

a member of the relative complement of r::; in 7rL . 

The bounds in theorem 3.1 hold for an arbitrary matrix. Additional 

information relating to these bounds can be developed under the assumption 

that A is normal. 

Lemma 3.4: .!! A is normal with Av = "A.v, PM = J.LW, wHv = O, 

llvll = llwll = 1, and t = CN + f'w where lltll = 1, � p(A;t) = lo:l2lt312I"A.-J.Ll2• 

Proof: Since l!tll2 = tHt = (avH + tMH) (o:v + 13w) = lo:l2 + lt312, it 

follows that 1 = II til = lltll2 = I o:l2 + I t3l2 • Now, 

p(A;t) = [A(o:v + Sw)JHcA(av + Sw)] - I (o:v + 13w)HA(av + f'w) 1 2 

which simplifies to 

Let lt. be the set of all unit proper vectors of (�AS)H(�AS). 

Theorem 3 · 5: .!f. A is Hermitian, p(A:S) = p(A;Sv) � v€ � then 

v€(� n b ) !- fjJ. 



14 

Proof: Since V€ G there is a A. such that SHASv = A.v. Let w be 

H H such that S ASw = �w where w v = o. Let t be as in the lemma so that 

p ( SHAS;t) = lai21�12(A.-�)2 where lal2 + 1 �12 = 1. 

By hypothesis, 

0 � p (A;St) - p ( A;Sv) = p ( SHAS;t) + o (A: S;t) - 8(A: S;v) , 

so that 

Since 

p(A;Sw) - p ( A;Sv) = o(A: S;w) - o(A: S;v) � 0, 

the above inequality is of the form 

with 

and 

o < lal2 < 1. 

Next, it is shown that e = 0 is a necessary and sufficient condition for 

this inequality to hold over all admissible a and �. Sufficiency is 

trivial. To establish necessity, let e =lei exp(iv), a =  lalexp(i9) 
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and � = � � � exp{ i�) so that 2Re(�e) = 2 lal l � l l e l cos (� - 9 + * ) · By  taking 

� and e such that cos{� - e + t) = -1 the inequality becomes 

Assume that 1�12 + 1�12 � 0 since otherwise it is trivially true that 

e = o. Then 

Since 

it follows that e = o. But e = vH(IJ!lAs) H(i1As )w = 0 if and only if 

(THAs) H(THAs)v is orthogonal to w. This argument holds for each proper 

vector that is orthogonal to v. Also since SHAS is Hermitian it has 

proper vectors which are orthogonal to v and are an orthogonal basis for 

the orthogonal complement of v-space. Thus {THAS) H(THAS)v is in v- space, 

i.e., v is a proper vector of (THAs) H(THAs) This completes the proof. 

Corollary: If A is Hermitian and �nh = � then a1 < p (A:S)< 8{A:S). 

Proof: Cases (b) and {c) in (3.1) are excluded by theorem 3·5· 

The only remaining possibility is case (a). 

Theorem 3·5 could have been established under the weaker assumption 

that SHAS is normal. However, in general, normality is not preserved by 

a section. The following results give necessary and sufficient conditions 

for a section of a normal matrix to be normal. 
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Lemma 3.6: The matrix A is normal if and only if p (A;y) s p (AH;y). 

Proof: If A is normal then AHA = AAH so that for all unit vectors 
HH H H H H H H H  H H y, p (A;y) s y A Ay - (y Ay)(y A y) = y AA y - { y  A y){y Ay) s p (A ;y). On 

the other hand, p (A;y) = p (AH;y) implies that yHAAHy s yHAH
Ay or 

H H H _ H H y (AA - A A)y = o. Since AA - A A is Hermitian, there exists a unitary 

matrix U and a diagonal matrix D such that 

and therefore 

yH{ AAH - AHA)y = (Uy)�{Uy) = O.  

The choice y = UHe. implies that the ith diagonal element of D is zero. 
l. 

Thus D is a zero matrix and therefore AAH - AHA = uliou = 0, or A is normal. 

Theorem 3 . 7: If A is normal then /-AS is normal if and only if 
H 5(A:S;x) = 5(A :S;x). 

Proof: Since A is normal, the above lemma and theorem 2.1 imply 

that p (A;Sx) = p (SHAS;x) + 5(A:S;x) = p (SHAHS;x) + 5(AH:S;x) = p (AH;Sx). 

If SHAS is normal then by lemma 3.6 we have 

so that 

I:f 

then 

H H H p(S AS;x) = p (S A S;x) 

H 5(A:S;x) = 5(A :S;x). 

5(A:S;x) = 5(AH:S;x} 

H H H  p(S AS;x} = p (S A S;x) 
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so  that SH
AS is normal by lemma 3.6. 

H Corollary: ..!! A is normal then S AS is normal if and on1y if 

At this point it is possible to resolve a particular case of the 

open question contained in remark 3.1. Let k = 2 and let SHAS be normal 

with �ASv = Xv, SASw = IJ.w, wHv = 0 and l lvll = / lwll = 1. Any vector x on 

the 2-sphere has a unique representation as x = � + � where 

lal2 + 1�12 = 1. Furthermore, by lemma 3 . 4  it follows that 

Since 

it follows that 

In this case� is a proper subset of the 2- sphere if and only if 

where 

8(A: S) = min (8(A: S;v), 8(A:S;w)]. 

Also from (3.4) it follows that xe� if and only if 
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Thus, in this simple case, members of �l are completely characterized by 

the quadratic inequality {in lal2) 



CHAPTER IV 

STATIONARY POINTS 

I. THE GENERAL CASE 

Minimization of p(A;y) and p(A;Sx) is j ust a special case of the 

problem of finding all stationary points of these two functions. It is 

shown that such points exist and necessary and sufficient conditions for 

a vector to be a stationary point of p are derived. These results are 

needed for an analysis of an algorithm to find p(A:S) and are used to 

analyze various algorithms of the Clanton variety. 

Two applications of a general lemma due to Forsythe and Golub [ 3] 

give the desired results. 

Lemma 4.1 [;]: Let cp(z,w) and 9(z,w) be reguJ.ar analytic functions 

of the two complex vector variables z = (81, 82, • • •  , 8n) T � 
w = (e1, e2, . . .  , en) T with the property that cp ( z, z) � e(z,z) are real. 

� cp(z,Z) is stationary at z = y with respect to all z such that 

e(z,z) = 9(y, y) if and on!y if there exists a real constant A such that 

og> A ae _ 0 
�- de7-

for z = y, w = y � i = 1, 2, • • .  , n. 

19 
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As a first application of the lemma, let 

TH T TH �(z,w) = w A Az - (w Az) (w A z) 

e(z, w) T = w z. 

Both �(z, w) and e(z,w) are polynomials in the vector variables and are 

therefore regular analytic. Also �(z, z) s p(A;z) and llzl l2 are both real 

valued. For notational convenience let 

and 

� 
= 
(�, �e

' . ..  , �e
en
)T . 

oe oe � oea o 

By a straightforward calculation, 

acp o9 H T H TH dS - A 08 = A Az - (w Az) (A z) - (w A z)Az - ).z. 

From the lemma it follows that �(z, z) s p (A;z) is stationary at z = y 

with respect to all z such  that 9(z,�) = e(y,y) if and only if 

(4.1) 

for some real A • 

By taking e(y,y) = 1 and multiplying (4.1) by yH it follows that 

and so ). is  real. 
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Substituting (4.2) in (4 . 1) gives 

[ H H H H I] A A - r ( A;y)A - r ( A  ;y)A + r ( A;y)r (A ;y) y = p ( A;y)y, 

or 

( A  - r ( A;y)I)H{ A  - r ( A;y)I)y = p ( A;y)y; YHY = 1. (4.3) 

Let 

H 
M ( A;y) = ( A - r ( A;y)I) (A - r ( A;y)I). 

A restatement of (4 . 3 )  in  this notation is 

M (A;y)y = p ( A;y)y ; Y
H
Y = 1. 

The stationary points of p( A;Sx) can be characterized by a 

condition that is analogous to (4 . 3) . To do t his, let 

and 

T H H T H T-H H ) �( z,w) = w S A ASz - {w S ASz){w ��A Sz 

�(z, w) T = w z. 

(4 .4 ) 

Then �(z, z) = p (A;Sz). In applying the lemma to this case, the calcula-

tions are almost identical to those in the first application and lead to 

the condition 

S� ( A;Sx)Sx = p (A;Sx)x ; xHx = 1. (4 . 5) 

Notice that the left side of (4.5) is equal to 

H H H _H H H S ( A - r (S  AS;x)I) (Tr- + SS ){A - r ( S  AS;x)I)Sx 

by (2.6), and this simplifies to 
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Thus lemma 4 . 1  implies 

Theorem 4.2: ( a) A unit vector y is a stationary point of p(A;y) 

if and only if y satisfies (4.4); 

( b) A unit vector x is a stationary point of p(A;Sx) 

if and only if x satisfies (4.5)·  

A comparison of the soluti ons of (4.4) and (4.5 ) shows the essential 

difference between the general and the constrained minimization problem. 

Theorem 4.3: If y = Sx is a solution of (4.4)  �x is a solution 

of (4.5). 

Proof: Substitution of Sx for y in (4.4) followed by premultipli­
H cation by S yields (4.5 ). 

The converse of theorem 4.3 is certainly not true i n  general. If 

x is a solution of (4.5)  then 

S�(A;Sx)Sx = p (A;Sx)Sx 

and from {2.6) it follows that 

M (A;Sx)Sx = p (A;Sx)Sx + TiHM(A;Sx)Sx. 

Thus Sx is a solution of (4.4)  if and only if 

h(A;Sx)Sx = 0 .  

Theorem 4.4: If x is a solution of (4.5)  then y = Sx is a 

solution of (4.4) if and on� if (4.6) holds. 

(4.6) 
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II. NORMAL MATRICES 

If U is a unitary matrix, then for each unit vector y there exists 

a unique unit vector z such that 

y = Uz. (4 . 7 )  

If (4 .7) is substituted in (4.3) then 

[A - r(JiAU;z)I]H uJirA- r(JiAU;z)I]Uz = p(JiAU;z)Uz 

and on multiplying this by Jl 

[B - r(B;z)I]H [B - r(B;z)I)z = p(B;z)z (4.8) 

where B = JiAu and zHz = 1. 

Thus it follows that (4.3) and (4.8 ) are equivalent in that any 

solution of the one gives a solution of the other via (4.7) .  

The above remarks simplify the analysis of (4. 3) if A is  taken to 

be a normal matrix.  Since a normal matrix is unitarily similar to a 

diagonal matrix, U can be chosen so that B = JiAu is  diagonal. To be 

specific, let 

B = diag( A.1, Aa, . .. , An) , 

where � 'F A.j for i :f: j ,  and take the columns of U to be unit proper 

vectors ordered so as to produce the stipulated choice of B. With these 

selections of U and B it is clear that any vector z which satisfies (4.8 )  

yields a vector y which i s  a solution of (4 . 3) where y i s  a linear 

combination of unit proper vectors of A and the coefficients of this 

linear combination are j ust the components of z. 
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Since B is diagonal wi th distinct roots it follows that z is a 

unit proper vector of B if and only if z = �iei where l �i l = 1. From 

theorem 1.3 it follows that p(B;z) = 0 if and only if  z = �. e. . Thus l. l. 
if z is a solution of (4.8) with p (B;z) f 0 then z must have two or more 

nonzero components so that 

(B - y (B;z) I)H (B - y (B;z) I) 

must have a root of multiplicity at least two. If the multiplicity is 

r � 2 then, after a possible permutational transformation 

Also, if only the first r components of z are nonzero and z satisfies 

(4.9) then clearly z is a solution of (4.8 ) .  

The geometric interpretation of (4.9) is a disc D(B;z) with roots 

� � i = 1, 2, • • •  , r, on the boundary. Since the center of D(B;z) is a 

convex combination of the �' not all of the � can be on an open 

semicircle. 

Also, if � � i = 1, 2, . . .  , r, are on a circle with center y and 

radi us squared p and not all X. are on an open semicircle then there l. 
exists solutions of 

(4.10) 
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T Let z = (n1, �, • • •  , �' o, ... , o) where the � satisfy (4. 10). It 

follows from {4.10) that 

r = r(B;z) 

and by hypothesis 

Let 

Then 

(B - r(B ;z)I)H (B - r(B;z)I)z = p*z. (4 . 11) 

On multiplying {3. 6) by zH 

p(B;z) = zH(B - r(B;z)I)H (B - r(B;z)I)z = p*: 

Thus z satisfies (4.9) and hence is a solution of (4.8). Relating these 

observations to equation (4.3) implies 

Theorem 4 . 5 :  Let A be a normal matrix. A unit vector y � 
solution of (4.3) if and only if D(A;y) is a point or a disc with two 

or more roots of A on its boundary, not all of which are on an open 

semicircle and y is a linear combination of those and only those proper 

vectors of A associated with the roots on the boundary of D(A;y) . 

The number of solutions of (4.3) depends upon the relative 

position of the roots of A in the complex plane. Any two roots can be 

thought of as diametrically opposed on a circle and therefore for any 
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r(A ;y) = �(Ai + Xj), 

p(A ;y) = I i(X. - A.) 12 
l. J 

define D(A;y) for some y that satisfies (4.3). 

(4.12) 

(4.13) 

If Ai' Xj and Ak are three noncollinear roots of A that are not 
on an open semicircle then some elementary calculations give that 

?'(A ;y) 

p(A ;y) 

= (�-Xj)(IXil2 - 1Xkl2) - (�i-�)(l�il2 -l�jl2) 
2i (ID[ (Xi-�) (Xi - Xj )] }2 

= 1Xi-Xjl21�i-Xki21Xj-�12 
4 (Im[ (!i- �)( � -Xj )] }2 

define D(A ;y) for some y that satisfies (4.3). 

(4.14) 

(4.15) 

If more than three roots of A are on the same circle, then, in 
general, a different solution of (4.3) is possible. However, since 
three points completely determine a circle, the values of ?' and p will 
be of the form (4.14 )  and (4.15) no matter how many additional roots 
are on the circle. 

Thus, one characterization of the solutions of ( 4.3) in the case 
of a normal matrix is 
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Theorem 4. 6: If A is normal and y is a stationary point of 

p(A ; y) then either y (A ; y) � p(A;y) are given by ( 4. 12) � (4.13) !2! 
some choice of i and j (i = j not excluded) or by (4. 14) � (4.15) � 
some choice of i, j ,  and k. 

Since the number of solutions of (4. 3) depends upon the geometry 

of the roots of A, same special cases specified by particular geometric 
constraints are of interest . If, for example, all of the roots of A are 
collinear, then solutions involving three or more roots on a circle are 
eliminated. In particular, 

Corolla�: Let A be a Hermitian matrix. 1£ y is a solution of 

(4.3) then y (A ;y ) and p(A ;y) are given by (4 . 14) � (4.15) for some 
choice of i and j.  

The essence of this corollary was reported by Hufford [4]. 

Finally, for a normal matrix, 
Theorem 4.7: (a ) For each choice of i � j there exists a unit 

vector y such that ( 4. 3), (4. 12) and ( 4.13) are simultaneously satisfied. 
(b) For each choice of i, j ,  � k such that 

X . , X . ,  l. determine a circle whose center is in their convex hull there 
� J -� 

exists a unit vector y such that (4. 3), (4.14) and ( 4. 15)  are simultane-
ouslY satisfied. 

As a first application of the results of this chapter we return 
to the Remark 2.1 and the open question contained therein. To this end 

H suppose that the roots of S AS are X1, X2, • • •  , Xk · Let 
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This scalar valued function is called the spread of SHAS. Let 

H ( H H � (S AS) = max p( S AS;x) : x x = 1} 

H and let S AS be normal. It follows from theorem 4.7 that 

Inequality (4. 16) could be a strict inequality in the case of a maximal 
Weinstein disc through three roots of SHAS. 

If �(SHAS) s: o (A:S) - a�, then �l is the entire sphere defined by 
H x x = 1 and so theorem ;.; is trivially true . On the other hand, if 

�(SHAS) > o{A: S) - a1 then �1 is a proper subset of the k-sphere. There­
fore theorem;.; is nontrivial if and only if 

A sufficient condition that 1.ry be a proper subset of the k-sphere is 
that 

(4.17) 

Thus, inequalities relating the elements of a matrix to its spread are 
applicable. For example [5], if SHAS = (aij ) is normal then 

(4 . 18) 
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Combining (4 .17) and (4 .18) gives 

Theorem 4. 8: If SH AS ;: {a. . ) is normal and l.J 

then 171 is  a proper subset of the k- sphere. 

In much the same way each of the spread inequalities for normal 

matrices in [5] will yield a theorem of a type similar to theorem 4 . 1. 

Finally, we note that 

with equality if and only if 

'1t = 5(A:S). 



CHAPTER V 

IMPROVED BOUNDS 

As noted in remark 3·2 there are three possibilities with regard 
to the bounds for p(A: S). If (3-lc) holds then p(A:S) is detennined. 
If (3.lc) does not hold then there is a need to determine which of the 
remaining two cases hold. Finally, if it can be shown that (3-la) holds 
then there is a need to improve the upper bound for p(A:S). These 

problems are treated in the course of investigating an iterative method 
to solve (4 . 5) ·  

The iteration to be studied is: 

sHM(A;Sx.)sx.+ = �ix'+ l. l. 1 l. 1 (5-l) 

where �i is the smallest root of S�(A;Sxi)S, xi+l is an associated 
unit proper vector and A is normalizable. 

If xi and xi+l are linearly dependent, i .e. ,  if xi+l =�xi for 
some scalar �, then 

so that x .  is a solution of (4 . 5) · 
l. 

After selecting an initial vector x1, the iteration produces a 

sequence of vectors (xi} and an associated sequence of nonnegative 
numbers (P{A;Sx1)}. If the smallest root of S�(A;Sx1)s is simple for 
each i then for a given initial vector the members of [x.} are unique 

l. 

30 
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up to a scalar factor and since p(A ;Sxi) = p(A; S�xi) the sequence 
(p(A ;Sxi)J is unique. 

Theorem 5·1: For any initial vector the sequence (p(A;Sx.)} is 
1 -

nonincreasing. 
Proof: Since S�(A;Sxi)S is Her-mitian, it follows that 

�·=min (vHS�(A;Sx.)Sv: vHv = 1} and p(A;Sxi) € (vHS�(A;Sx.)Sv: 
1 1 1 

H v v = 1}. Therefore, �is p(A;Sxi). Also, from theorem 1.2, 

But 

Thus 

for all i· This completes the proof. 

(5.2) 

Since �i = x�+ 1S�(A;Sxi)Sxi+l it follows from lemma 2.3 that 

�i = p(A;Sxi+ 1) + lr(A;Sxi+l) - r(A;Sxi)l2• Thus 

or 

0 s jr(A ;Sx.+)- r(A;Sx.) l2 s p(A; Sx.) - p(A ;Sx.+) · (5.3) 
1 1  1 1 1 1  

Inequality (5.3) could be used in a proof of theorem 5·1 that is inde-
pendent of the general theorem 1.2. 
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This inequality has a nice geometric interpretation. Let a be a 

point on the boundary of D(A;Sx.) such that the line segment from 
1 

r(A;Sx.+ ) to a is perpendicular to the line segment from r(A;Sx.) to 
1 1 l. 

r(A;Sx.+ ). Then 
l. 1 

Thus (5-3) becomes 

or 

Thus the boundary of D(A;Sxi+ 1) meets the line segment from r(A;Sxi+ 1) 

to a or a diameter of D(A;Sxi+ 1) is in D(A;Sxi). An immediate conse­
quence of (5 .3 )  is 

Theorem 5 .2: For any initial vector x1, 
(a) if p(A;Sx.) = p(A;Sxi+ ) for some i then - l. 1 

r(A;sxi+1) = r(A;Sxi}; 
(b) if r(A;Sxi+l) � r(A;Sxi) � p(A;Sxi+J.) < 

p(A;Sx.). 
1 

Theorem 5 .3 : If xi is a solution of (4 .5 ) and p(A: S) = p(A;Sxi) 
then p(A;Sx.) is the smallest root of s�(A;Sx.)s. - l. l. 

Proof: If p(A;Sxi} is not the smallest root, i.e., if 
�. < p(A;Sx.}, then by (5 .2) 

l. 1 
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p(A;Sxi+l) � �i < p(A;Sxi) 

and this contradicts the assumption that p(A:S) = p(A;Sx.). 
� 

If xi and xi+l are unit vectors such that xi+l = �xi then clearly 
p(A;Sx1) = p(A;Sxi+1). Conversely, if p(A;Sxi) = p(A;Sxi+l) then 

�i = p(A;Sx1) since p(A;Sxi+l) � �is p(A;Sxi). Thus xi and xi+l are 

both unit proper vectors associated with the smallest root of 
S�(A;Sxi)s. If the smallest root of this matrix is simple then it 
follows that xi+l = �xi. From the Cauchy-Schwarz inequality, 
jx�+l xij � jxi+ll jxij = 1, with equality if and only if xi+l and xi 
are dependent. Thus, 

Theorem 5 .4: If the smallest root of S�(A;Sx. )S is simple 
1 

� p(A;Sxi+l) = p(A;Sxi) if and only if fx�+l xil = 1 . 

Corollary: If the smallest root of sHM(A;Sxi)S is simple then 

p(A;Sxi+l) < p(A;Sxi) if and only if jx�+l xil < 1. 
If for same i the smallest root of S�(A;Sxi)S has multiplicity 

r > 1 let the columns of R be orthonormal proper vectors of sHM(A;Sxi)S 
associated with �i· Since sHM(A;Sxi)s is Hermitian, R exists. Then 
xi+l can be any unit vector from R-space and r(A;Sxi+1) = r(A;SRv) = 

r(RHSHASR;v) for some unit vector v. If for same unit vector v, 
H H r(R s ASR;v) F r(A;Sxi) then it follows from ( 5 ·3) that p(A;Sxi+l) < 

p(A;Sx.) with x.+ = Rv. Thus in the case of multiple roots of l 
� 1 

sHM(A;Sx.)S (5 .3) gives a sufficient condition for the sequence to be l 
strictly decreasing. 

In order to get an improved upper bound for p(A:S) as given in 
(3.1 ) ,  a natural choice for the initial vector is x1 € � such that 
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o(A:S;x1) = o(A:S). Let )a = (x e Q: 5(A:S;x) = 5(A:S)). It follows 
from theorem 5.1  that with X € 1J' p(SHAS;x.) + o{A:S;x.) = p(A;Sx.) :s; 1 1 1 1 
o(A:S) or p(SHAS;xi) :s; o(A:S) - o(A:S;xi). But o(A:S;xi) � a1 = 

min (o(A:S;x):xHx = 1). Thus p(SHAS;x.) :s; o(A:S)- a for all i. This 1 1 
last inequality assures that xi e � for all i and therefore 

Theorem 5.5: The iteration ( 5  .1) .ill!! x1 € ..S yields a sequence 
of vectors [xi} with xi e )'>z. and a corresponding bounded nonincreasing 
seguence (p(A;Sxi)) such that the limit of p(A;Sxi) is no greater than 
B(A: S) · 

Next, conditions under which lim p(A;Sxi) < 8(A:S) are developed 
for the general case, i.e., with no restrictions on A or on S other than 
orthonormality. To begin this development, let x1 e.,& and let 
U = (x1,V) be a unitary matrix. Then sliM(A;Sx1)S has the same roots as 

But 

and 

so that 
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The submatrix in the lower right block of (5 .4) is Hermitian so that 

zJYisliM(A; Sx1 )SVZ is diagonal for some unitary matrix z .  Premultipli-

cation of ( 5 .4)  by ( � �) and postmul.tiplication by (: :) gives 

a matrix that is unitarily similar to (5 . 4) and has a diagonal sub-

matrix in the lower right block . Thus without loss of generality 

�(A ; Sx1 )SV is  as sumed to be diagonal . 

Under thi s as sumption the diagonal elements of yHsHM(A ; Sx1 )SV 

are v�sHM(A ; Sx1 ) Sv
i 

where V = (v ,  . . •  , v
k 

) . From lemma 2.3 
1 1 - 1 

If x1  is  a proper vector of (T
H

AS )H(T
H

AS ) then both 

x�(T
H

AS )H(�AS )V and VH(�AS )H(T
H

AS )x1 are null vectors so that B(A:S ) 

i s  a root of sHM(A ; Sx1 )s .  In this case B(A:S ) is the smalle st root if 

and only if 

for each column v
i 

of v. On the other hand, if x1 i s  not a proper 

vector of (�AS)H(�AS) and the smalle st root of S�(A ; Sx 1 ) S i s  simple 

then B(A:S ) > �1• Thus, for the iterati on (5 .1), 

Theorem 5. 6: Let x1 E � • { a) 1! x1 is  not a proper vector of 

(iHAs)H(THAs) and the smallest root of S�(A ; Sx1 )S i s  simple then 

p(A ; Sx2 ) < B(A:S ) . 
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(b) If x1 is a proper vector of (THAS)H (THAS) and p(A; Sx2) < 

8(A: S) then 

p(A;Sv) + lr(A; Sx1) - r(A; Sv)l2 < B(A: S) 

for some v orthogonal to x1 • 
Sharper results can be obtained in the case of k = 2, i.e ., S 

has just two orthonormal columns. This case is of interest since it is 
the only one suitable for practical computations. 

Suppose that )9 includes at least one proper vector of 
(THAS)H(�AS) and let x1 be one of these . If the roots of (THAS)H(THAS) 
are a1 � a2 then 

(1) a1 = a2 implies that 8(A: S) = a1 so that 
8{A: S) = p(A;Sx1) = p(A: S) ; 

(2) a1 < a2 and 8(A: S) = a1 implies that 
8(A:S) = p(A;Sx1 = p(A: S) ; 

( 3) a1 < a2 and 8(A: S) = a2 implies that SHAS has only one 
linearly independent proper vector. 

The conclusion follows in case (3) since if there is a unit vector 

z e _..e such that z -F l)x1 then 8(A: S ; z) < a2 and this contradicts the 
definition of 8(A: S). In this case SHAS is not normalizable. 

If the roots of SHAS are distinct then SHAS is normalizable. If 
SHAS has a double root and is normalizable then SHAS is a scalar matrix. 
In this .case p(A:S) = B(A: S) = a1 and this can be found without using 
the iteration. 
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If SHAS has a double root and is not normalizable then if 
a1 s 5(A:S) < a2 the iteration can be used to get either p(A:S) or an 
�proved upper bound for it. If 5(A:S) = a2 then this is the 

exceptional case. However, this case can be treated directly. 

Suppose SHAS is not normalizable, v is a unit vector such that 
H S ASv = "A.v and 5(A:S;v) = a2 > a1• Let z be a unit vector such that 

vHz = O . Since (THAS)H(THAS) is Hermitian it follows that 
(iHAS)H(iHAS)z = a1z . Now U = (v,z) is a unitary matrix and 

where 

and 

and 

H H f3 = v S ASz 

Let y = (� ,� )T be a unit vector. Then 
l 2 

r(uRsHASU;y) = xl� 1 2 + f3 � � + x1� 12 = x + f3 -, 
l l 2 2 l �2 

-f3 fi l 



Thus 

and 

Therefore 

where 

Thus p(A:S) can be found by minimizing a second degree real polynomial, 

namely (5.5) . I f  x = � v + � z where 1� J2 minimizes (5·5)  and 
l 2 2 

��112 = l - ��2J
2 then p(A;Sx) = p(A:S)· 

The preceding remarks along with part (a ) of theorem 5 .6 

establishes 

Theorem 5 · 7: Let k = 2 � x1 € 1:) • H (a ) If the roots of S AS 
are distinct or SHAS is not normalizable and 8(A:S) < a2 then the 

iteration (5.1) gives either p(A:S) or an upper bound for p(A:S) � 
is less than 8 (A:S). 

(b ) jlf SHAS is normalizable and has a double root then 

p(A:S) = a1 • 

( c ) _g SHAS is not normalizable and 5(A:S) = a2 then p(A:S) 
can be found by minimizing (5 .5). 
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If SHAS is normal and k = 2 then theorem 5 ·7 implies that 
p(A;Sx2) < B(A:S) if and only if x1 is not a proper vector of (THAS)H 

(iHAS). This situation prevails for arbitrary S, i.e., for S with 
k columns where n � k � 2. 

Theorem 5 . 8: Let x1 € �. And let the smallest root of 
S�(A;Sx1)s be simple. If SHAS is normal then p(A;Sx2) < B(A: s) if and 
only if x1 is not a proper vector of (THAS)H(THAS). 

Proof: Without loss of generality SHAS can be taken to be 
diagonal, SHAS = diag (8 , 8 , . • .  , Bk), and B = (f3 .. ) can be taken to 1 2 lJ 
be unitarily similar to (iHAB)H(THAS) with f3 = min {f3 .. : i=l,2, ... k}. 11 11 . 
Then x1 = e1 and 

f3l.k 

Since S�(A;Sx1)S is Hermitian it follows that the diagonal entries of 

this matrix, i.e., e� sHM(A;Sx )Sei, are convex combinations of the 1 1 
roots of S�(A;Sx1)S and f3u is the smallest diagonal entry. Thus 
f311 � �1 and, since �1 is assumed to be a simple root, f311 = �1 if and 

only if e1 is a proper vector of S�(A;Sx1)s. But e1 is a proper 
vector of S�(A;Sx1)S if and only if e1 is a proper vector of B. Thus 
8(A:S) = �1 if and only if x1 is a proper vector of (TffAS)H(THAS). 
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Since a section of a Hermitian matrix is lfermitian, an immediate 

corollary is 

Corollary· If x € J9, the smallest root of sliM(A;Sx.)S is 1 1 

simple and A is Hermitian then p(A;Sx2) < o(A:S) if and only if x1 is 
_H H H · not a proper vector of (T-AS) (T AS). 



CHAPTER VI 

ALGORITHMS FOR SOLVING Ay = A,y 

In this chapter the results of chapter 5 are applied to the 

problem of solving Ay = A,y where A is a no�alizable matrix. The 

methods which are developed are refinements and extensions of a basic 

algorithm due to Clanton [2). A basic theorem in Clanton's development 

is 

Theorem 6 .1 [2J: Let A be a no�izable matrix of order n and 

� q be a unit vector . .!! S is an n by k {n ;;a: k) matrix of orthonormal 

columns with S = ( q, V) and if p = Sw where w is a unit proper vector 

associated with the smallest root of 

Q = [ ( A  - r ( A;q)I)S]H [ ( A - r ( A;q)I)S] · 

then p ( A;p) � p( A;q). If the smallest root of Q is a simple root then 

equality holds if and only if p = �q where 1 �1 = 1 .  

Repeated application of theorem 6 .1  yields a nonincreasing 

sequence of Weinstein discs and is the basis for a Clanton algorithm. 

If the radii of the sequence of discs have limit zero then the 

algorithm produces an approximate root and proper vector of A· 

Consider first the case where n = k, i.e., the case where S is 

a unitary matrix . Assume that A and w are the smallest root and 

associated proper vector of Q, i.e., 

Qw = S� ( A;q)Sw = Xw , 

41 

(6.1)  
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Multiplication of (6.1) by S gives 

where 

M(A;q)p = AP , 

p = Sw . 

From this it is clear that in this case the algorithm is based on the 
iteration 

( 6 .2) 

where A. is the smallest root of M(A;y.) and y.+ is the associated unit 
� � � l 

proper vector. 
H If y1 = �yi+l then on multiplying (6.2) by yi+l we have that 

Ai = p(A;yi) and thus yi is a solution of (4.4 ). Therefore this algo­
rithm represents an iterative method to solve (4.4 ). From theorem 4 .7 

it follows that not all sequences of iterates (6.2) produce a sequence 
of Weinstein discs that approaches zero radius; for example, if A is 
normal then the iteration (6.2) could produce a sequence (p(A;yi)J that 
approaches one of the stationary values (4.13) or (4.15)· If yi = �Yi+l 
then y. is called a stationary vector of the algorithm. l 

In the general case, i.e., n � k, the matrix Q expressed in 
partitioned for.m is 

Q = 
( p(A;q) 

n(A;q)q 

q�(A;q)V) 
nt(A;q)V • 

(6.3) 

If q is a solution of (4.4) then it follows that the nondiagonal entries 
in (6.3) are zero submatrices. In this case p(A;q) is a root of Q with 
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unit proper vector e1 and the remaining roots of Q are roots of the 

submatrix in the lower right block of Q · Since p = Sw = (q , V)w = �q if 

and only if w = �e1, it follows that if q is a solution of (4.4) then q 

is a stationary vector of the algorithm if and only if p(A;q) is less 

than every root of �(A;q)V. 

On the other hand, Clanton proves that 

Theorem 6 .2 [2] :  If q is a stationary vector of the algorithm 

(for all choices of V) then Q is null in row one and column one except 

for the diagonal entry. 

Not all solutions of (4.4) are stationary vectors of the alga-

rithm . For example, 

Theorem 6.3: If A is normal then q is a stationary vector of 

the Clanton algorithm if and only if q is a solution of (4.4)  and no 

roots of A are interior points of D(A;q). 

Proof: If q is a stationary vector of the algorithm then, from 

theorem 6 .2, h(A;q)q = 0 for all admissible V. Thus, fran theorem 

4.4, q is a solution of (4 .4).  Since q is stationary the smallest root 

of Q is p(A;q) which implies that all of the roots of vffM(A;q)V are 

greater than p(A;q). But vliM(A;q)V is a section of a matrix with roots 

of the form f xi - r(A;q)f2 where Ai is a root of A. Thus p(A;q) is 

less than the roots of VHMCA;q)V for all V if and only if no roots of A 

are interior points of D(A;q). 

If q is a solution of (4 . 4) and no root of A is an interior point 

of D(A;y) then, from the observations following (6.3), q is a stationary 

vector of the algorithm. 
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Corollary: If A is Hermitian with roots A.1 < A < ... < A , q a n 
is a. stationary vector of the Clanton algorithm and p (A;q ) '# 0 � 

p (A;q) = [�(A. - A.+1)]2 and r (A;q) = �(Ai + A. ) for some 1 1 --- 1+1 
i = 1,2, . . . , n-1. 

The mechanics of Clanton's algorithm can be stated quite simply 

in terms of the iteration (5.1). 

Clanton's Algorithm 

( a) Choose S such that SHS = I; 

(b) Apply (5.1) for one iteration with x1 = 
( c) Choose S1 such that S1e1 = Sxa and siis1 = I; 

(d) Replace S with s1; 

( e) Return to step ( b) . 

Thus, this algorithm is based upon a. search for a minimum of p (A;y) by 

taking y from a.n initial subspace, making one iteration of (5.1) and 

choosing a new subspace so that the next application of (5.1) yields a 

disc with radius no larger that the preceding one. In each subspace S 

no attempt is made to find p (A:S) . 

There is no particular reason for using only one application of 

the iteration (5.1) in step (b) . In fact if the required sections of A 
H and A A are computed for a. first iteration then they need not be recom-

puted for successive iterations. Also, since the purpose of the 

algorithm is to find a proper vector of A, knowing p (A:S ) is of primary 

interest since A has a proper vector in S-space if and only if 

p (A:S) = 0. 
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As for the initial vector x1 in ( 5 . 1), x1 � � if and only if 

which implies that 

Thus x1 � t1J1., if and only if 

Therefore, if e1 t "?, then 

p (A;Se1 ) > o (A:S) · 

It follows from the corollary to theorem 2.1  that if there is a proper 

vector of A in S- space then the choice x1 € � will cause the iteration 

tb terminate after one step and a proper vector of A will be found. A 

simple example shows that this need not be the case with x1 = e1• 

For the example, let 

and let 

1 2 1 

A= 2 3 1 

0 0 1 
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There are two linearly independent proper vectors of A in S-space, yet 

the algorithm finds neither of them. In fact p (A;Se1 ) = 4 whereas for 

any x e: 8 ,  p (A; Sx) = 0. 

For these reasons, a modification of the Clanton algorithm is 

in order. The mechanics of a modified algorithm are: 

( a) 

( b) 

( c) 

( d) 

( e )  

Modified Algorithm 

Choose S such that SHS = I ;  

Apply ( 5 .1) until j x� xi+l l = l with x1 e: � ;  
Choose sl such that s e = Sx and sHS = I ·, l 1 i l l 

Replace S with 81 ;  

Return to step ( b) . 

Step ( c) insures that p (A:S1 ) � P(A;Sxi) since Sxi is a member of 

81- space . 

Both of these algorithms are in fact families of algorithms with 

a different one for each method of implementing step ( a) and step ( c) .  

In addition, if the algorithms are to be applied to the problem of 

finding all solutions of Ay = � y, then once a proper vector of A is 

found a procedure for continuing the algorithm without "rediscovering" 

the known proper vector is needed. These requirements can be satisfied 

and lead to a version of the modified algorithm which can be realized 

in practical computations. Interest is restricted to the case of k = 2 

in order to simplify the calculations and to take advantage of the 

results in theorem 5 · 7 ·  

Let A be a normalizable matrix of order n and let 

w , 2 . • .  , w )  be a unitary matrix with columns arranged so that n 
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p {A;wn) s p {A;wi) for i= 1,2,  • • •  , n-1. The algorithm to be described 

depends only on W and is called the W-algorithm. 

Let S. = (w. , w ) for i =  1,2,  • • .  , n-1. Clearly w is in each 
� � n n 

Si-space so that p (A: S . ) s p(A;w ) for i= 1,2 ,  • • .  , n-1 . By applying 
� n 

theorem 5 · 7  for each S .  a set of n-1 unit vectors, say x. , can be found 
� � 

such that p (A;Sixi) s p (A;w ).  Suppose that p {A;S .xj) s p (A;S . x . ) for n J � � 

i = 1 ,2 ,  • • .  , n-1. If xj = (� ,� )T then y .  = (-� ,� ) is a unit vector 
l 2 J 2 l 

orthogonal to x . • Thus by replacing w with Sj x .  and wj with S . y .  the 
J n J J J 

matrix W is again unitary and the condition p {A;wn) s p {A;wi) for 

i = 1 , 2, . • •  , n-1 is satisfied. Repeated application of this procedure 

gives a sequence of unitary matrices for which the radius of the disc . 
for the last column of W is nonincreasing . Also at each step the best 

choice for w is made in the sense that the smallest disc over all n-1 n 
S . - spaces is selected . 

� 

If p (A;Sj xj) = p (A;wn) � 0 then it can be shown that either wn 
is a stationary point of p (A;y) or p(A: S. )  < p (A;w ) for same i ·  To do 

� n 
this, first apply iteration ( 5 .1) for each Si with  e2 as the initial 

vector. If for same Si a vector x2 is produced by one application of 

( 5.1) such that p (A;Six ) < p (A;S . e ) then p (A: S1) < p {A;w ) and the 2 � 2 n 
algorithm can be continued. If this is not the case then by inequality 

( 5 ·3) 

(6 .4) 

By hypothesis 

S�i (A;Sx )Six = p (A;S . x )x = p (A;w )x 2 2 1 2 2 n 2 
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S�(A;Sx )S. = 
1 2 1 

(6 . 5) 

( p(A;w. )+ I r(A ; Sx )-r(A;w . ) 1 2 1 2 1 

wH(A-r(A;Sx )I)H(A-r(A;Sx )I)w . n 2 2 1 

w�(A-r(A;Sx )I)H(A-r(A;Sx )I)w ) 
1 2 2 n 

p(A;w )+j r(A;sx )-r(A;w )j 2 n 2 n 

by lemma 2.3. Therefore (6.4) and (6 .5) imply that 

w�(A - r(A;w )I)H(A - r(A;w )I)w = 0 
1 n n n 

(6.6) 

for i =  1, 2, • • •  , n-1 . But from Theorem 4 .4 (6.6) implies that w is a 
n 

stationary point of p(A;y). In thi s case w is called a stationary 
n 

vector of the W- algorithm . Thus the sequence of discs generated by the 

W-algorithm have strictly decreasing radii and in general converge to 

a disc defined by a stationary vector . If A is normal and w is a 
n 

stationary vector then p(A;w ) and r(A;w ) are characterized in 
n n 

chapter IV .  

If  A i s  normali zable and p(A;w ) = 0 then 
n 

where Aw = A w and U = ( w , w , . . •  , w ) . In this case the W-n n n 1 2 n- 1 

(6.7) 

algorithm can be applied to UHAU by selecting a new unitary matrix of 
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order n-1 . Repeated appli cation of this procedure amounts to reducing 

A to triangular form by unitary similarity trans formations and thus 

producing all roots of A .  

If A is normal and p(A;w ) = 0 then it is  known that exactly n-1 . n 

mutually orthogonal proper vectors of A are in the orthogonal comple-

ment of w - space . In thi s case the W-algorithm can be continued in the 
n 

orthogonal complement of w - space by first rearranging the columns of 
n 

W so that p(A;w 1) � p(A;w. ) i = 1,2,  . . •  , n-2 and then applying theorem 
� 1 

5 · 7 to the n-2 subspaces defined by S .  = {w
i

, w  ) i = 1, 2 ,  • • •  , n-2 · By 
� n- 1 

continuing in this manner A can be reduced to diagonal form by a unitary 

similarity trans formation without calculating sections of A as in the 

normalizable case . Thus for a normal matrix the W-algorithm represents 

a way of finding all roots and proper vectors of A .  

Finally i f  w is  a stationar,y vector of the W- algorithm then the 
n 

algorithm can be continued in the orthogonal complement of w - space, 
n 

i . e . , by using only the first n-1 columns of W, and i f  a vector w
i 

i s  

found such that p (A ; w . ) < p(A;w ) then one can continue using all 
� n 

columns of W in the calculations and w is  no longer a stationary 
n 

vector . 

Implementation of the W-algorithm in the form of a computer code 

calls for the solution of some additional problems most of which are 

machine dependent, i . e . ,  depend upon the characteristics of the 

particular computer being used . To illustrate the nature of the se 

problems cons ider the following simplified version of the W- algorithm . 
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For a normal matrix A the basic step in the W-algorithm are 

these: 

(1) 

(2) 

(3) 

(4) 

W-algorithm 

Set m = 0. 

Find j such that p (A;wj) � p( A;wi) for i =  1 , 2, • • .  , n- m. 

Interchange w .  and w • 
J n-m 

Set S . = (w. , w  ) for i = 1,2,  • • .  , n-m-1 . 
J. J. n-m 

T ( 5) Apply theorem 5·7 for each Si to obtain vectors xi = (ai, �i) for 

(6) 

(7) 

(8) 

(9) 

(10) 

i = 1, 2, ... , n-m-1 . 

( - -)T Set y1 = -�i,ai for i= 1,2 ,  • . •  , n- m-1 . 

Find j such that p (A;Sjxj) :s; p ( A;S1xi) for i = 1 ,2 ,  . . •  , n- m-1 · 

Set wj = Sj yj and wn-m = Sjxj . 

If p ( A;w ) = 0 set m = m+l; otherwise go to step (4). n-m 
If n-m > 1 go to step (2); otherwise terminate the algorithm . 

Techniques for handling stationary vectors have been excluded since 

they are not central to the discussion. 

Each time step (8) is executed a new matrix W is generated . It 

is  essential that each W be a unitary matrix whereas this might not be 

so due to the effects of rounding errors in  the machine arithmetic. 

Let a be a fixed positive number and suppose that W satisfies 

I I h - Ill > a ( 6 • 8) 

where II II is any convenient matrix norm. Inequality (6.8) could then 

be used as a criterion for orthonormalizing the columns of w .  However, 

since orthonormalizing the columns of W entails rounding errors , it i s  
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pos s ible the new W satisfies (6 .8). Thus the min�al value of a is 

machine dependent . Nonethele ss condition (6 .8) or something equivalent 

would have to be included in a practical algorithm in order to minimize 

the effects of W being a nonun itary matrix . 

In step (9 )  the condition p(A;w ) = 0 would, in practice, be 
n-m 

replaced by 

p (A;w ) < E (6 .9) 
n-m 

where E is an as signed positive number . Of course the number of 

iteration of the W-algorithm neces sary to satisfy (6 .9) for a given e 

might be too large to be practical in a given computer .  This could be 

controlled by keeping a tally of the number of times step {8) i s  

executed for a given m and thereby limit the number of iterations to an 

assigned max�um . 

A s�ilar situation prevails in step (5) in that the number of 

t�es the iteration (5 . 1) is computed would have to be limited to an 

assigned max�um . A criterion for convergence of the iteration (5 .1) 

is given in theorem 5 .4 ,  but in practice it would have to be modified 

to 

(6 .10)  

where 8 i s  an assigned pos itive constant . Thus the iteration (5 .1) 

could be halted when successive iterates satisfy (6 .10) . 

No matter what the criteria for controlling the iterations 

within the algorithm or for terminating the algorithm, the inclus ion 
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theorem 1 .1 as sures that some specific information about the roots of 

A is  obtained from the calculations · Therefore , the application of the 

W- algorithm to a normal matrix always yields a set of Weinstein discs 

and in the favorable cases, as discussed above , the di scs can (within 

the capabilities of the computer ) be made arbitrarily small . 

In summary, the problem of calculating p(A:S) arises in con­

sidering an algorithm to solve Ay = AY and the theoretical treatment of 

the problem has as its main application a new algorithm to solve Ay =A Y •  
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