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Abstract

Nonnegative systems are dynamical systems with nonnegative states for random non-
negative initial conditions. A subclass of nonnegative systems are compartmental
systems characterized by conservation laws.Nonnegative and compartmental systems
have widespread applications in biological systems, medical systems, thermodynamic
systems, network systems, economic systems, etc.

In this dissertation we have investigated the applications of nonnegative systems
in biological and network systems. The specific focus in biological systems has been in
the area of pharmacokinetics and we have addressed the consensus problem in network
systems. We have specifically focused on the time-delay present in compartmental
systems and have investigated the behavior of these systems in the presence of time-
delay.

This dissertation describes necessary and sufficient conditions that guarantee mono
tonic decline of the drug concentration after drug administration to the patient has
been discontinued. Results are presented for the cases when there is no delay in the
transfer of the drugs between the body compartments and when there are multiple
delays present in the system.

We developed an adaptive controller for uncertain linear nonnegative systems. The
adaptive controller framework developed guarantees set-point regulation of the system
in addition to guaranteeing nonnegativity of the control signal. We demonstrated the
framework on a drug delivery model for general anesthesia.

Nonnegative and compartmental models are also widespread in agreement prob-
lems in networks with directed graphs and switching topologies. We use compart-
mental dynamical system models to characterize dynamic algorithms for linear and
nonlinear networks of dynamic agents in the presence of inter-agent communication
delays that possess a continuum of semistable equilibria, that is, protocol algorithms
that guarantee convergence to Lyapunov stable equilibria. In addition, we show that
the steady-state distribution of the dynamic network is uniform, leading to system
state equipartitioning or consensus.

Finally, we incorporated the inertial effects into the dynamics of the multiagent
system and have extended existing results in the literature to develop time-domain
sufficient conditions in order to achieve consensus of the agents in the presence of
time-delay.
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Chapter 1

Introduction

1.1. Motivation

Complexity is one of the main characteristics of a physical process, especially
physiological processes, and there should be a method to address this. As a result
of this it is not often possible to measure directly (in vivo) the quantities of interest.
Indirect methods have to be used, implying the need for some model to be able to
infer the value of the quantity of real interest. Also, often we have to deal with
measurement, constraints in the process. Thus, complexity of the process coupled
with limitations on the measurement process calls for a model of the system that can
aid to our understanding [1]. In an effort to model systems accurately, it has been
observed that dynamical systems theory has played a very important role, especially
in understanding biological and physiological processes [2].

One of the most interesting questions to ask about a dynamical system is: what is
the behavior of the trajectories of the system as time increases? It is natural to expect
that almost all the trajectories either converge to an equilibrium or asymptotically
approach a periodic trajectory. Unfortunately, there are many systems that not only
lack this convenient property, but cannot even be approximated by systems that have
it. Thus, it is very hard to discover the end-behavior of any systems other than the
simplest systems.

As a consequence, much research has gone into determining the end-behavior of



special systems or a class of systems that arise in biology, chemistry, economics and
similar fields [3-8]. Algebraic techniques play a very prominent role in the analysis
of these systems. The specific systems that we are considering in this dissertation
have been used to model a variety of biological, chemical, network and economic
systems [9-12]. They are known as Nonnegative Systems.

The trajectories of nonnegative systems always stay in the positive orthant of
the state space. An important observation is that generally the quantities of inter-
est for example in biological systems are blood values in body tissue, respiratory
rate/volume, concentration of gases, blood pressure etc have values that are zero or
positive classifying biological systems into a specific class of systems called nonneg-
ative systems. Nonnegative systems are dynamical models derived from mass and
energy balance considerations that involve dynamic states whose values are nonneg-
ative [13-15]. The dynamical models of many biological and physiological processes
such as pharmacokinetics, metabolic systems, epidemic dynamics, biochemical reac-
tions, endocrine systems. Nonnegative systems are essential in capturing the phe-
nomenological behavior of a wide range of dynamical systems involving dynamic
states whose values are nonnegative [13-16]. It follows from physical considerations
that the state trajectories of such systems remain in the nonnegative orthant of the
state space for nonnegative initial conditions. Consider the linear dynamical system
of the form

&(t) = Az(t) + Bu(t), x(0)==x9, t>0

where z(t) is the state of the system, u(¢) is the input to the system and A and B
are the system matrices. For nonnegative initial conditions zy, if the input u(¢) to
the system in nonnegative then the state of the system x(t) is nonnegative.
Consider a simple continuous-time second order system with a nonnegative input
and random nonnegative initial conditions. Figures 1.1 and 1.2 show the trajectories

of the system for random initial conditions.
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Figure 1.2: Zero Initial Conditions



Some other examples of nonnegative systems are chemical reaction systems [3,
4], large-scale systems [5, 6], ecological systems [8], pharmacokinetics [17, 18] and
metabolic systems [19].

A subclass of nonnegative dynamical systems are compartmental systems [8,20—-28]
whose dynamical models are characterized by conservation laws (e.g., mass,energy
and information) capturing the exchange of material between coupled macroscopic
subsystems known as compartments. Each compartment is assumed to be kinetically
homogeneous; that is any material entering the compartment is instantaneously mixed
with the material of the compartment. A compartmental system may be used to
model either the kinetics of one substance, in which case the compartments occupy
different spaces and the inter-compartment transfers represent flow of material from
one location to another, or the kinetics of two or more substances (such as a drug and
its metabolites) in which case different compartments may occupy the same space and
some of the inter-compartment transfers represent transformation from one substance
to another.

Figure 1.3 shows a linear compartmental system where z;(t), 7 = 1,...,n, denotes
the mass of the ith subsystem of the compartmental system, a;; > 0 denotes the loss
coefficient of the ith subsystem, w;(t) > 0, ¢ = 1,...,n, denotes the flux (inflow)
supplied to the ith subsystem, and ¢;;(t), ¢ # j, i,7 = 1,...,n, denotes the net
flow from the jth subsystem to the ith subsystem given by ¢;;(t) = a;;x;(t) — a;iz;(t),
t > 0, where the transfer coefficient a;; > 0,4 # j, ¢,7 = 1,...,n. The compartmental
system with no inflows, that is w;(t) = 0,7 =1,...,n, is said to be inflow-closed [26].
If there are no losses(outflows) from the system it is said to be outflow-closed [26]. A
compartmental system is said to be closed if it is inflow-closed and outflow-closed.

The range of applications of nonnegative systems and compartmental systems
includes biological and medical systems, network systems, chemical reaction systems
[29,30], queuing systems [31], large-scale systems [5], stochastic systems (whose state

variables represent probabilities) [31], ecological systems [32], economic systems [7],
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Figure 1.3: Linear Interconnected Compartmental System

demographic systems [26], telecommunication systems [33], transportation systems,
power systems, thermodynamic systems [34], and structural vibration systems.

In the next section, we are going to discuss the presence of time-delay in com-
partmental systems and present the effect of time-delay on the behavior of these

systems.

1.2. Compartmental Systems with Delays

Nonnegative and compartmental dynamical system models are derived from mass,
energy and information balance considerations and involve the exchange of nonneg-
ative quantities between subsystems or compartments. It is often assumed that the
transfer of material between the compartments is instantaneous. The model of the
system does not take into account the material that is currently transferred from
one compartment to another. Thus, there is no account for the material in transit.
Thus, the transfers between compartments is not instantaneous and realistic models
for capturing the dynamics of such systems should account for material, energy or
information in transit between the compartments [26, 35, 36].

Hence, to accurately describe the evolution of compartmental systems, it is neces-
sary to include in any mathematical model of the system dynamics, some information

of the past system states. This leads to (infinite-dimensional) delay systems [37-39].



In the specific field of pharmacokinetics [40,41], the state variables of compart-
mental dynamical systems represent masses or concentrations of drug disposition from
the body. If a bolus of drug is injected into the circulation of a physiological process
and we seek its concentration level in the extracellular and intercellular space of some
organ, there exists a time lag before it is detected in that organ. Hence, assuming
instantaneous drug transfer between the compartments will lead to inaccurate models
of the system. Introduction of time-delay in the system could destabilize the equilib-
ria of the system. It could introduce oscillations into the system which may otherwise
be nonoscillatory. Hence, when dealing with drug administration in biological models
it is important to take into account the delay present in the system.

In applications involving multiagent /multivehicle systems, the agents of the sys-
tem are remotely located. The time taken for the information to transmit from one
agent to another gives rise to a delay in the system. One of the other factors which
could cause a delay in the system is the unreliability of the communication medium.
Some systems have switching networks in which existing links between the agents are
disconnected and links with new agents are formed. This delay in the system causes
the transmission time of the information in between the agents to increase. It could
also result in unstable behavior of the system. Thus, it is very important to take into

account the time-delay present when modeling the system.

1.3. Applications of Compartmental Modeling

Next, we will consider some areas where compartmental modeling has played a
major role in the better understanding and modeling of these systems that we have

focussed on in this dissertation.

1.3.1. Pharmacology

Compartmental systems have been found useful for the analysis of experiments

in various branches of biology. The majority of the work on compartmental systems



upto the early 1940s was of a qualitative nature. During the 1940s, there was a
trend of towards treating the data in a more quantitative manner, so that differential
equations and, consequently, compartments can be used to describe the behavior of
tracers. The term “compartment” was first introduced by Sheppard in 1948. One
of the significant early papers was that of [42] discussing the mathematical basis for
interpreting tracer experiments. Teorell was one of the earliest to conduct a systematic
study of the kinetics of drugs [43,44]. Some other work carried out in the area of
bio-modeling is in the regulation of blood glucose level [45], model gas exchange in
lungs [46]. Extensive work has been done in the field of pharmacokinetics in the early
1970s. The use of compartmental models in ecosystem modeling began in the late
1950s.

The area of clinical pharmacology is a discipline in which mathematical modeling
has had a prominent role. Some of the most important advances in modern medicine
have been in the area of pharmacology. In this dissertation we will talk about com-
partmental modeling in drug-delivery systems. Pharmacology is the study of the
interactions of the drug with the body and study their effects. Pharmacokinetics is
the study of the concentration of the drugs in various tissues as a function of time.
Pharmacodynamics is the study of the relationship between drug concentration and
effect. By developing techniques to relate the drug concentration (pharmacokinetics)
and the drug effect (pharmacodynamics) we can generate a model for a drug-delivery
system.

The most common pharmacokinetic models are linear and mammillary. These
models consist of a central compartment which receives the intravenous drug. The
central compartment exchanges material reversibly with one or more peripheral com-
partments or metabolizes and eliminates the drug from the body. Drug elimination
from the peripheral compartment is ignored since this compartment is identified with
tissues such as muscle or fat which do not metabolize the drug. Most drugs are metab-

olized in the liver or kidney, organs that, along with the heart and brain, equilibrate



rapidly with the intravascular blood and are identified with a central compartment
that receives the intravenous dose. The transfer between the central and peripheral
compartments is governed by linear kinetics. Figure 1.4 shows a three compartment

mammillary model The state-space model can be described as

#(t) = Az(t) + Bu(t), x(0)==z9, t>0,

where,
—(an1 +an +az) az  as 1
A= asy —a12 0 s B = 0
asq 0 —a13 0

with = = [z1, wo, x3]T is the state vector representing the masses of the drug in the
three compartments, a;; is the transfer coefficients from the jth compartment to the
1th compartment, aq; is the rate at which the drug is eliminated from the central
compartment.

Doctors have often observed that once the drug is injected into the body, their
concentrations do not decay monotonically but in fact, in some cases oscillations of
the drug concentrations in the compartments has been exhibited leading to errors
between the model predictions and experimental data. In the presence of time-delay
in the system, even non-oscillatory systems could exhibit oscillations. This could

result in the destabilization of the equilibrium of the system. Hence, it is important

to identify compartmental dynamical systems which guarantee nonoscillatory and

u (t)
~N ainXo s ~N asz1 Xy ~
Central
Compartment 2 Compartment 3
Compartment
J a21Xq § J a13X3 -
anXy

Figure 1.4: Three Compartment Mammillary Model



monotonic solutions.

1.3.2. Clinical Anesthesia

Anesthesiologists use general anesthetics to prevent the awareness of pain and
attenuate the body’s “stress” response to injury. Until the mid-20th century, only in-
haled anesthetics were available to create the state of general anesthesia. Their onset
of action was slow and was accompanied by other side-effects. In the 1940s, intra-
venous agents were introduced and nowadays anesthesiologists have access to agents
that can act within a minute of their administration and can block specific mecha-
nisms such as cognition, awareness, memory, stress response and muscle movement.
These anesthetic agents are characterized by their fast metabolism and elimination.

The unconsciousness produced by general anesthesia is accompanied by a depres-
sion of the respiratory(e.g., hyperventilation), cardiovascular(e.g., increased heart rate
and blood pressure) and endocrine responses to surgery. Since the degree of surgi-
cal stimulation changes during surgery, anesthesiologists must constantly adjust the
extent of anesthetic depression to avoid both under- and over dosing. Otherwise,
excessive activation of the sympathetic nervous system or pharmacological depres-
sion could in turn lead to injury of critical organs, especially in patients with limited
respiratory and cardiovascular reserves. Hence, constant monitoring of the delivery
of these drugs is necessary to provide patients with an adequate drug regimen during
surgery.

Anesthesiologists have succeeded in making anesthesia a safe procedure. It is
therefore natural to wonder whether automation in clinical anesthesia is a valuable
research endeavor. But it is important to realize that the complex highly uncer-
tain and hostile environment of surgery places stringent performance requirements
for regulation of the physiological variables. For example, during cardiac surgery,
blood pressure control is vital and is subject to numerous highly uncertain exogenous

disturbances. Vasoactive and cardioactive drugs are administered resulting in large



disturbance oscillations of the drug. Low anesthetic levels may cause the patient to
react to painful stimuli, thereby changing the patient response characteristics. Thus,
extensive research is going on for the development of reliable system models for high
performance drug delivery systems [47-50].

Open-loop control by clinical personnel can be very tedious, imprecise, time con-
suming, and sometimes of poor quality. It is convenient to compare the closed-loop
control of anesthesia to that of an automated flight control [51]. The role of the anes-
thesiologist is that of a pilot: after take-off (induction), the pilot usually maintains
an adequate flight trajectory (hypnosis, analgesia, immobility). Nowadays such tasks
are performed by flight controllers able to plan ahead, optimize fuel consumption and
minimize the duration of the flight. In this sense closed loop anesthesia is somehow
similar since by changing the concentration of the intravenous drug, the anesthesiol-
ogist can drive the patient into a deeper or lighter analgesic state according to the
requirements of the surgical procedure.

Using proper feedback quantities and drug models the possibility to automate the
drug delivery and to allow the anesthesiologist to concentrate on higher level tasks
seems attractive. It is important to realize that closed loop anesthesia would not
replace the anesthesiologist but on the contrary the workload of the anesthesiologist
will be reduced allowing him to attend to emergencies when the override of the con-
troller will still be required. Even though the comparisons are not exactly justified it
just demonstrates the importance of closed-loop control in anesthesia.

Closed-loop control can achieve desirable system performance in the face of such
highly uncertain and hostile environment of surgery and intensive care unit. Ro-
bust controllers may unnecessarily sacrifice system performance whereas adaptive
controllers are useful since they can tolerate far greater system uncertainty levels to
improve system performance [52-55]. Fixed-gain robust controllers maintain specified
constants within the feedback control law to sustain robust performance but adap-

tive controllers directly or indirectly adjust feedback gains to maintain closed-loop
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stability and improve performance in the face of system uncertainties. Specifically,
indirect adaptive controllers utilize parameter update laws to identify unknown sys-
tem parameters and adjust feedback gains to account for system variations, while
direct adaptive controllers directly adjust the controller gains in response to system
variations.

Consider the general anesthesia model as shown in the Figure 1.5. The anesthetic
agent is injected directly into the blood volume from where it is exchanged with
the various organs and tissue groups and finally eliminated from the blood volume.
Note that x1(t), xo(t) and x3(t) are the masses of the anesthetic agent in the three
compartments, u(t), t > 0, is the infusion rate of the drug, a;; > 0,4 # j, 4,j = 1,2, 3,
are the rate constants for the transfer of drug between the compartments, a;; > 0
is the rate constant for the elimination of the drug from the central compartment
and 7 represents the transfer times between the compartments. This system can be

represented in state-space form as:

(t) = Az(t) + Aqz(t — 7) + Bu(t)

where,
—(CLH + a921 + CL31) 0 0 0 12 Q13 1
A= 0 —Qa19 0 ,Ad = a9 0 0 ,B = 0
0 0 —ai3 asy 0 0 0

u =Continuous Infusion
a21$1, T CL13$1337
Tissue Blood Oreans
Groups Volume &
P Ta12%2, T Tazixy, T

airy
Figure 1.5: General Anesthesia Model
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Critical care patients, undergoing surgery or recovering in intensive care units, require
drug administration to regulate key physiological state variables within desired levels.
The rate of infusion of each administered drug is critical and any changes in the infused
drug level along with uncertain exogenous disturbances will effect the patient response
characteristics. Even though the drug transfer and loss coefficients are nonnegative,
they can be uncertain due to patient gender, weight, pre-existing disease, age and
concomitant medication. Thus, the system matrices A, Aq and B are uncertain and
unknown. Hence, the need for a adaptive control drug administration is severe.
Even though active control of drug delivery systems for physiological applications
additionally require control inputs to be nonnegative, in many applications such as
biological systems, population dynamics, and ecological systems, the positivity con-
straint on the control input is not natural. For example, in biological systems in-
volving interacting species, a nonnegative input constraint effectively implies that
species can only be injected into the system and no species can be eliminated (killed)
from the system. Hence, it is important to develop an adaptive controller without
any restriction on the sign of the control signal but at the same time the controller
guarantees that the system states remain in the nonnegative orthant and converge to

a desired equilibrium state.

1.3.3. Network Systems

Over the last few years the problems of coordinating the motion of multiple au-
tonomous agents has attracted significant attention [11,33,56,57]. Research in this
area is motivated by recent advances in communication and computation, as well as in-
spiring links to problems in biology, statistical physics, and computer graphics [57-59].
Efforts have been directed in trying to understand how a group of autonomous moving
creatures such as flocks of birds, schools of fish, crowds of people, mobile autonomous
agents, can cluster in formations without centralized coordination [58-66]. Control

of dynamic agents coupled to each other through an information flow network has

12



emerged as a topic of major interest in recent years. Such a setting can be used to
model many real-life situations, such as air traffic control, satellite clusters, swarms
of robots, UAV formations.

Over the last few years there has been extensive research reported in the area
of distributed coordination of networks of dynamic agents [67]. This is due to the
broad applications of multiagent systems in areas like unmanned air vehicles (UAVs),
formation control [59,61,62,68], flocking [63,64,69], distributed sensor networks [65],
congestion control in communication networks [58].

Consensus problems have a long history in the field of computer science partic-
ularly in automata theory and distributed computation [57]. In network of agents
(or dynamic systems), “consensus” means to reach an agreement regarding a certain
quantity of interest that depends on the state of all agents. A “consensus algorithm”
(or protocol) is an interaction rule that specifies the information exchange between
an agent and all of its neighbors on the network [56].

Formal study of consensus problems in groups of experts originated in management
science and statistics in 1960s [70]. The theoretical framework for posing and solving
consensus problems for networked dynamic systems was introduced [60,68]. Graph
Laplacians and their spectral properties are important graph-related matrices that
play a crucial role in convergence analysis of consensus and alignment algorithms
[71-74].

Consider the network system as shown in Figure 1.6. The agents ¢ and j exchange
information with each other. This information exchange is governed by transfer coef-
ficients a,; and aj;. The information transferred between the agents could be attitude,
position, temperature or velocity of the agents. Since there is a transfer of information
between the agents, the network system is a compartmental system. In many appli-
cations, involving multiagent/multivehicle systems, groups of agents need to agree
upon certain quantities of interest. The main area of research in network systems is

the development of consensus protocols for a network of dynamic agents. Distributed
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Figure 1.6: Network System

decision-making for coordination of networks of dynamic agents involving information
flow can be naturally captured by compartmental systems.

One of the challenges of this multiagent agreement problem is to analyze the
effects of information flow topology among the agents. This determines how the
local action of each agent propagates throughout the group of agents. Scientists from
diverse disciplines including animal behavior, physics and biophysics, social sciences
and computer science have been fascinated by consensus in multiagent systems via
local interactions [63, 64,69, 75-84].

The primary aim of any consensus problem is to achieve agreement among the
agents. For example, if we have n agents then we want xz;(t) — wx(t) or x;(t) —
xp(t) — 0, Vi, k € {1,2,...,n}. Here, z;(t) is the variable of interest for the agent i.
Depending on the applications this variable z;(¢) could be position [66], velocity [85],
or orbiting speed [86].

The main idea behind the consensus problem is to develop consensus protocols for
network of agents with directed information flow, switching network topologies and
in the presence of time-delays. We have developed linear and nonlinear consensus
protocols for network systems with directed and undirected information flow in the
presence of time-delays.

Even though the main focus of this dissertation is on nonnegative systems, the
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network systems may not always satisfy the nonnegativity condition. But they are
still compartmental systems and hence compartmental modeling can be used for the
analysis of these systems. All the results that we have for nonnegative systems can
be easily extended to network systems by imposing the nonnegativity constraint on

the system.

1.4. Brief Outline of the Dissertation

Nonnegative and compartmental dynamical system models are widespread in bi-
ological, physiological, ecological sciences, and network systems and play a key role
in understanding these processes.

In this dissertation Chapters 2 and 3 focus on the application of compartmental
models in biological systems and results for monotonicity and set-point regulation
of the drug concentration are presented. Chapter 4 presents the linear and nonlin-
ear consensus protocols that we developed for network systems, which guarantees
semistability and equipartitioning of the system states. In Chapter 5, we present the
conclusions of our research. We also discuss possible future extensions in solving the
consensus problem.

In the specific field of pharmacokinetics involving the study of drug concentrations
(in various tissue groups) as a function of time and dose, nonnegative and compart-
mental models are vital in understanding system wide effects of pharmacological
agents. Since drug concentrations are often assumed to monotonically decline after
discontinuation of drug administration, standard pharmacokinetic modeling may ig-
nore the possibility of system oscillation. However, nonnegative and compartmental
system models may exhibit non-monotonic solutions resulting in differences between
model predictions and experimental data.

Hence, it is necessary to determine conditions for identifying nonnegative and
compartmental systems that only admit nonoscillatory and monotonic solutions. We

have developed necessary and sufficient conditions that guarantee nonoscillatory and
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monotonicity of nonnegative and compartmental systems with specific focus on phar-
macokinetic models. We have also developed analogous necessary and sufficient con-
ditions that guarantee monotonic solutions for discrete-time nonnegative and com-
partmental systems.

As explained in the previous section since time-delay arises in all systems in order
to develop a more realistic model we have to consider the delay present in phar-
macokinetic models. This time-delay in the dynamical pharmacokinetic model may
destabilize equilibria and thus introduce oscillations in the system solutions that may
otherwise be nonoscillatory in the absence of time delay. In Chapter 3 we present
necessary and sufficient conditions for identifying nonnegative and compartmental
dynamical systems that only admit nonoscillatory and monotonic solutions.

Thus, the necessary and sufficient conditions presented in Chapters 2 and 3 guar-
antee monotonic solutions that can be used to develop refined pharmacokinetic mod-
els.

The highly complex uncertain and hostile environment of surgery places imposes
stringent performance requirements for closed-loop set-point regulation of physio-
logical variables. The uncertainty in the patient response characteristics requires
an adaptive controller which can tolerate system uncertainty and improve the sys-
tem performance. We developed a direct adaptive controller which directly adjusts
the controller gains in response to the system variations during drug administra-
tion. These results are presented in Chapter 4. We develop a direct adaptive control
framework for uncertain linear nonnegative and compartmental dynamical systems
with unknown time delay. The specific focus is on compartmental pharmacokinetic
models and their applications to drug delivery systems. In particular, we develop a
Lyapunov-Krasovskii-based direct adaptive control framework for guaranteeing set-
point regulation of the closed-loop system in the nonnegative orthant in the presence
of unknown system time delay. The framework additionally guarantees nonnegativity

of the control signal. Finally, we demonstrate the framework on a drug delivery model

16



for general anesthesia involving system time delays.

From Chapter 5 we focus on network systems and use compartmental models to
analyze these systems and develop consensus protocols for the system. A network sys-
tem consists of computing elements, processors or spatially distributed agents located
at the nodes of a directed network graph. We have addressed the problem of reaching
a consensus among a group of agents in a network in the presence of time-delays.
It is important to develop consensus protocols for networks of dynamic agents with
directed information flow, switching network topologies, and possible system time-
delays. We use compartmental dynamical system models to characterize dynamic
algorithms for linear and nonlinear networks of dynamic agents in the presence of
inter-agent communication delays that possess a continuum of semistable equilibria,
that is, protocol algorithms that guarantee convergence to Lyapunov stable equilib-
ria. In addition, we show that the steady-state distribution of the dynamic network is
uniform, leading to system state equipartitioning or consensus. These results extend
the results in the literature on consensus protocols for linear balanced networks to
linear and nonlinear unbalanced networks with time-delays.

In Chapter 6, we provide concluding remarks and discuss future extensions of this
research. Omne of the main extensions we discuss is the development of consensus
protocols for network systems with second-order dynamics for the agents. We discuss
the effects of time-delay on the behavior of the systems and we propose a consensus
protocol of the system.

Throughout the dissertation numerous illustrative examples and specific applica-
tions to the to the problems of drug-delivery systems and network systems is provided

to demonstrate the efficiency of our proposed methods.
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Chapter 2

On Nonoscillation and
Monotonicity of Solutions of
Nonnegative and Compartmental
Dynamical Systems

2.1. Introduction

In recent years, dynamical systems have played an increasing role in the under-
standing of biological and physiological processes [2]. Many biological and physio-
logical processes such as pharmacokinetics [17,18], metabolic systems [19], epidemic
dynamics [2], biochemical reactions [2,87], endocrine systems [19], and lipoprotein
kinetics [2] are nonnegative systems and mathematical modeling of these systems
help us in understanding the behavior of these systems. Compartmental systems
have wide applicability in biology and medicine, but their use in the specific field of
pharmacokinetics [40,41] is particularly noteworthy.

The goal of pharmacokinetic analysis often is to characterize the kinetics of drug
disposition in terms of the parameters of a compartmental model. This is accom-
plished by postulating a model, collecting experimental data (typically drug con-
centrations in blood as a function of time), and then using statistical analysis to
estimate parameter values which best describe the data. Differences between exper-

imental data and that predicted by the model are attributed to measurement noise.
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Because the ultimate disposition of exogenous drugs is metabolism and elimination
from the body, it is frequently assumed that drug concentrations will monotonically
decline after discontinuation of drug administration.

However, compartmental systems may admit non-monotonic solutions (e.g., un-
derdamped oscillations); that is, they can predict drug concentrations which do not
decay monotonically with time after discontinuation of drug administration. Hence,
it would be useful to identify compartmental systems which guarantee monotonicity
of solutions in order to avoid attributing error (differences between model predic-
tions and experimental data) to random noise, when the problem is in fact model-
misspecification. Similar considerations are also relevant to the other applications
of nonnegative and compartmental dynamical systems. In this chapter, we present
necessary and sufficient conditions for identifying nonnegative and compartmental
dynamical systems that only admit nonoscillatory and monotonic solutions. Further-
more, we provide sufficient conditions that guarantee the absence of limit cycles in
nonlinear compartmental systems. Then, we proceed to extend our results to show

monotonicity in the case of discrete-time nonnegative systems.

2.2. Mathematical Preliminaries

In this section, we introduce some key results concerning linear nonnegative dy-
namical systems [7,13,16,27] that are necessary for developing our main results. The

following definition introduces the notion of a nonnegative function.

Definition 2.1. Let 7" > 0. A real function u : [0,7] — R™ is a nonnegative

(resp., positive) function if u(t) >> 0 (resp., u(t) >> 0) on the interval [0, T].

The next definition introduces the notion of essentially nonnegative matrices.

Definition 2.2 [16,27]. Let A € R™". A is essentially nonnegative if A(; ;) > 0,

ij=1,...,n,i#j.
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We begin by considering a linear nonnegative dynamical system of the form
x(t) = Ax(t), x(0) = xo, t>0, (2.1)

where z(t) € R", ¢ > 0, and A € R™" is essentially nonnegative. The solution to
(2.1) is standard and is given by x(t) = e*'z(0), t > 0.

Lemma 2.1 [16,27]. Let A € R™™. Then A is essentially nonnegative if and
only if e/ is nonnegative for all + > 0. Furthermore, if A is essentially nonnegative

and xy >> 0, then z(t) >> 0, t > 0, where z(t), t > 0, denotes the solution to (2.1).

Next, we consider a subclass of nonnegative systems; namely, compartmental
systems. As discussed in the Introduction, linear compartmental dynamical systems
are of major importance in biological and physiological systems. For example, almost
the entire field of distribution of tracer labeled materials in steady state systems can

be captured by linear compartmental dynamical systems [26].

Definition 2.3. Let A € R™*". A is a compartmental matriz if A is essentially

nonnegative and y ;. A ;) <0,7=1,2,...,n.

If A is a compartmental matrix, then the nonnegative system (2.1) is called an
inflow-closed compartmental system [16,26,28]. Recall that an inflow-closed compart-
mental system possesses a dissipation property and hence is Lyapunov stable since the
total mass in the system given by the sum of all components of the state z(t), t > 0, is

nonincreasing along the forward trajectories of (2.1). In particular, with V(z) = e'x,

where e 2 [1,1,---,1]T, it follows that V(z) = eTAz = Sy Do Ay ] 25 <0,
z € R, Furthermore, since ind(A) < 1 [16,27], where ind(A) denotes the index of
A [13], it follows that A is semistable; that is, lim,_., e** exists. Hence, all solutions of
inflow-closed linear compartmental systems are convergent. Of course, if det A # 0,
where det A denotes the determinant of A, then A is asymptotically stable. For
details of the above facts see [16,27].
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2.3. Nonoscillation of Linear Nonnegative Dynamical Sys-
tems

In this section, we present sufficient conditions that guarantee nonoscillatory be-
havior of nonnegative systems. Consider a linear nonnegative dynamical system of
the form

x(t) = Ax(t), x(0) = xo, t>0, (2.2)
where z(t) € R*, t > 0, and A € R™" is essentially nonnegative. The solution

to (2.2) is standard and is given by x(t) = ex(0), t > 0. We, first introduce the

following definition.

Definition 2.4. The linear nonnegative dynamical system (2.2) is nonoscilla-
tory if there exists a finite time 7" > 0 and a matrix ¢ € R™ " such that ) =
diaglqi, ..., qu), ¢ = £1, i = 1,2,...,n, and for every xy € @Tfr, Qx(ts) << Qx(ty),

T <t; <ty, where x(t), t > 0, denotes the solution to (2.2).

Next, we present a result that shows that every two-dimensional compartmental

dynamical system is nonoscillatory. First, however, the following lemma is needed.
Lemma 2.2. Consider the linear nonnegative dynamical system (2.2) where n =
2 and A € R?*? is a compartmental matrix. Then the following statements hold:
i) For every xy € ﬁi such that Axy << 0, (t) = Az(t) << 0,t > 0.
i1) For every z( € Ri, eli(t) <0,t>0.
iii) For ¢ = 1,2, if 4;(0) < 0, then ;(t) <0, t > 0.

Proof. i) Since A is essentially nonnegative it follows from Lemma 2.1 that
e >> 0, t > 0. The result now follows immediately by noting @(t) = AeAlzy =
et Az,

i1) Since A is essentially nonnegative it follows from Lemma 2.1 that z(¢) >> 0,
t > 0. Now, since A is additionally a compartmental matrix, it follows that ez (t) =

eTAx(t) =30, X0, Auy] i) <<0,6>0.

i=1
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iti) Assume #1(0) < 0. If #2(0) < 0, then it follows from i) that () << 0,
t > 0. Alternatively, let #2(0) > 0 and suppose, ad absurdum, there exists a finite
time 7" > 0 such that (7)) > 0. Now, since Z(t), t > 0, is continuous it follows
that there exists 7 > 0 such that @,(7) = 0. In this case, it follows from i) that
0> eTa(r) = @1(7) + 22(7) = 22(7). Hence, it follows from i) that @(t) << 0, t > T,
which is a contradiction. The proof of the case in which z5(0) < 0 is completely

analogous and hence is omitted. O

Theorem 2.1. Consider the linear nonnegative dynamical system (2.2) where
n =2 and A € R?*? is a compartmental matrix. Then the linear compartmental

dynamical system (2.2) is nonoscillatory.

Proof. It follows from i) of Lemma 2.2 that for every zq € Ri, eT7(0) << 0
which implies that either (a) @1(0) < 0, ©2(0) < 0, (b) ,(0) > 0, #9(0) < 0, or (c)
#1(0) < 0, @5(0) > 0 holds. If (a) holds, then it follows from ¢) of Lemma 2.2 that
#(t) << 0, t > 0. Alternatively, if (b) holds, then it follows from i) of Lemma 2.2
that @9(t) < 0, ¢ > 0. In this case, if @1(¢) > 0, ¢t > 0, then 4;(¢), t > 0,1 = 1,2, is
monotonic. However, if there exists a finite time 7" > 0 such that 41(7") < 0, then it
follows from ¢) of Lemma 2.2 that () << 0, t > 7. Similarly it can be shown that
if (c) holds, then there exists T' > 0 such that ;(¢), t > T, ¢ = 1,2, is monotonic.
Hence, for every zy € @i, there exists 7' > 0 such that @;(¢), t > T, i = 1,2, is
monotonic or, equivalently, there exists Q) = diag[qi, ¢2|, ¢ = £1, ¢ = 1,2, such that
Qi(t) << 0,t>T. Now, it follows from (2.2) that for every T' < t; < to,

Qu(ts) = Qulty) + / " Qit)dt << Qulty).

which proves that (2.2) is nonoscillatory. O
Theorem 2.1 shows that two-dimensional compartmental systems have monotonic
solutions after a finite time T. However, this result is not true in the case of higher

dimensions. In the next section, we give necessary and sufficient conditions for mono-
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tonicity of solutions over all time of nonlinear n-dimensional nonnegative dynamical

systems.

2.4. Monotonicity of Nonlinear Nonnegative Dynamical Sys-
tems

In this section we consider monotonicity of solutions over all time of nonlinear non-
negative dynamical systems. Specifically, we consider nonlinear dynamical systems G

of the form
it) = f@) + Ga@u@),  2(0) =z, 120, 2.3)

where x € R", u € R™, f: R" — R" and G : R" — R™™. We assume that f(-) and
G(-) are continuously differentiable mappings and f(z.) = 0, z. € R"™. The following

definition generalizes the notion of essential nonnegativity to vector fields.

Definition 2.5 [4,16]. Let f = [f1, -, fa]T : R® — R™. Then f is essentially
nonnegative if f;(x) >0, for alli =1,...,n, and = € Rz such that z; = 0, where x;

denotes the ith element of x.

Note that if f(x) = Az, where A € R"*" then f is essentially nonnegative if and

only if A is essentially nonnegative.

Definition 2.6. The nonlinear dynamical system given by (2.3) is nonnegative
if for every z(0) € R} and u(t) >> 0, t > 0, the solution z(t), t > 0, to (2.3) is

nonnegative.

The following proposition is required for the main theorem of this section.

Proposition 2.1 [16]. Consider the nonlinear dynamical system G given by (2.3).
If f:R" — R" is essentially nonnegative and G(z) >> 0, = € EZ, then G is

nonnegative.
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Definition 2.7. Consider the nonlinear nonnegative dynamical system (2.3) where
19 € Xy C @1, f: R" — R™ is essentially nonnegative, G(x) >> 0, u(t), t > 0, is
nonnegative, and X denotes a set of initial conditions contained in Ei. Let n < n,
{ki, ks, ... ka} € {1,2,...,n}, and &(t) = [z4,(t),..., 2z, (t)]". The nonlinear non-
negative dynamical system (2.3) is partially monotonic with respect to & if there exists
a matrix Q € R™" such that @ = diag[q1,...,qn], ¢ =0, ¢ & {k1,..., ka}, ¢; = 1,
i € {k1,...,ka}, and for every xy € Xy, Qx(ty) << Qx(t1), 0 <ty < to, where z(t),
t > 0, denotes the solution to (2.3). The nonlinear nonnegative dynamical system
(2.3) is monotonic if there exists a matrix ¢ € R"*" such that @ = diag[qi, ..., ),
¢ ==x1,i=1,...,n, and for every zq € Xy, Qz(tz) << Qz(t1), 0 < t; < ts.

Remark 2.1. The notion of partial monotonicity with respect to part of the sys-
tem states is very important in pharmacokinetic modeling since it allows for some com-
partmental masses/concentrations to exhibit oscillations while guaranteeing nonoscil-

lation in the other compartments which can include the central compartment.

Next, we present necessary and sufficient conditions for monotonicity of a nonlin-

ear nonnegative dynamical system.

Theorem 2.2. Consider the nonlinear nonnegative dynamical system G given by
(2.3) where zg € Ri, f :R™ — R" is essentially nonnegative, G(z) >> 0, z € @Z,
and u(t), t > 0, is nonnegative. Let n < n, {ki,ks,...,ks} C {1,2,...,n}, and
Z(t) = [z, (1), ..., x, (1)]T. Then the following statements hold:

i) If there exists a matrix @ € R™™ such that @ = diaglqi,...,q), ¢ = 0,7 &
{ki, ... kat, o =x1, i € {k,... ka}, Qf () << 0,2 € K:LL, and QG(x) << 0,

T € Ki, then G is partially monotonic with respect to Z.

ii) If u(t) = 0, then G is partially monotonic with respect to & if and only if
there exists a matrix Q € R™*" such that @ = diag|q1,...,qu), ¢ = 0, ¢ &

n

{k1,... ka}t, g =£1, i € {ki,... ka}, and Qf(x) << 0, :BGR+.
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Proof. i) It follows from (2.3) that

Qi(t) = Qf(z(1)) + QG(x(t))ult),  =(0) =z, 120,

which further implies that

Qults) = Qulty) + / Qf(2(1) + QG (a())ult)]dt.

t1
n

4, and

Next, since f : R" — R" is essentially nonnegative, G(z) >> 0, z € R
u(t), t > 0, is nonnegative it follows from Proposition 2.1 that x(t) >> 0, t > 0.
Hence, since —Qf(z) and —QG(x) are nonnegative for all z € @i it follows that
Qf(x(t)) << 0 and QG(x(t))u(t) << 0, t > 0, which implies that for every z, € R,
Qx(ty) << Qx(ty), 0 <ty < to.

i1) Sufficiency follows from ¢) with u(¢) = 0. To show necessity assume that G

with u(t) = 0 is partially monotonic with respect to Z. In this case, it follows from

(2.3) that
Qi(t) = Qf(x(t)), x(0)==xz9, t>0,

which further implies that for every 7 > 0,

Qu(1) = Qo + /0 ' Qf(x(t))dt.

Now, suppose, ad absurdum, there exist J € {1,2,...,n} and xy € Ei such that
[Qf(zo)]; > 0. Since the mapping Qf(-) and the solution z(t), t > 0, to (2.3) are
continuous it follows that there exists 7 > 0 such that [Qf(z(¢))]; > 0,0 <t < T,
which implies that [Qz(7)]; > [Qz]s, which is a contradiction. Hence, @ f(x) << 0,
HAS ﬁi. O

Corollary 2.1. Consider the nonlinear nonnegative dynamical system ¢ given
by (2.3) where xy € Ri, f: R™ — R" is essentially nonnegative, G(z) >> 0, x € @i,

and u(t), t > 0, is nonnegative. Then the following statements hold:

i) If there exists a matrix @ € R™" such that @ = diaglq,...,q.), ¢ = £1,
i=1,...,n, Qf(x) << 0, z € R}, and QG(z) << 0, € R, then G is

monotonic.
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it) If u(t) = 0, then G is monotonic if and only if there exists a matrix @) € R"*"

such that @ = diag[q1,...,qn], ¢ = £1,i=1,...,n,and Qf(z) << 0,z € @Z.

Proof. The proof is a direct consequence of Theorem 2.2 with n = n and
{k1,... ki ={1,...,n}. O
Corollary 2.1 provides some interesting ramifications with regards to the ab-
sence of limit cycles of inflow-closed nonlinear compartmental systems. To see this,
consider the inflow-closed (u(t) = 0) compartmental system (2.3) where f(z) =

[fi(x), -, fu(x)]T is such that

n

file) = —a(@) + Y [ai(z) — a5i(@)] (2.4)

J=1i#]

and where the instantaneous rates of compartmental material losses a;;(+), 1 = 1,...,n,
and intercompartmental material flows a;;(-), ¢ # j, ¢,j = 1,...,n, are such that
a;(x) > 0 and q;;(x) > 0, z € @1, 1,7 = 1,...,n. Since all mass flows as well as
compartment sizes are nonnegative, it follows that for all i« = 1,....n, fi(z) > 0
for all x € Ei whenever x; = 0 and whatever the values of z;, 7 # ¢. Hence, f is
essentially nonnegative. As in the linear case, inflow-closed nonlinear compartmental
systems are Lyapunov stable since the total mass in the system given by the sum of
all components of the state x(t), ¢ > 0, is nonincreasing along the forward trajectories
of (2.3). To see this, let V(x) = e'z and assume a;;(0) = 0, 4,7 = 1,...,n, then it
follows that

n

V(r) = Zw ==Y @)+ Y Y lay(x) - az()]

i=1 i=1 j=1,i#j
= — Z%’(ﬂﬂ) <0, z€R}, (2.5)
i=1

which shows that the zero solution x(t) = 0 of the inflow-closed nonlinear compart-
mental system (2.3) is Lyapunov stable and hence for every xy € @i, the solution to
(2.3) is bounded. However, unlike the case of linear compartmental systems [16,27],

the zero solution z(t) = 0 to (2.3) with u(t) = 0 is not necessarily convergent. In
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fact, (2.3) with f(z) given by (2.4) can exhibit limit cycles, bifurcations, and even
chaos [28].

In light of the above, it is of interest to determine sufficient conditions under which
masses/concentrations for nonlinear compartmental systems are Lyapunov stable and
convergent, guaranteeing the absence of limit cycling behavior. The following result
is a direct consequence of Corollary 2.1 and provides sufficient conditions for the

absence of limit cycles in nonlinear compartmental systems.

Theorem 2.3. Consider the nonlinear nonnegative dynamical system G given by
(2.3) with u(t) = 0 and f(z) = [fi(z), -, fu(z)]" such that (2.4) holds. If there
exists a matrix () € R™" such that Q = diaglqi, -, q.], ¢ = £1,i=1,...,n, and

Qf(x) <<0,z € Ei, then for every x, € Ei, lim;_, o () exists.

Proof. Let V(z) = e"z, 2 € R,. Now, it follows from (2.5) that V(z(t)) < 0,
t > 0, where z(t), t > 0, denotes the solution of G, which implies that V' (z(t)) <
V(zg) = evzg, t > 0, and hence for every zy € Ei, the solution z(t), t > 0, of G
is bounded. Hence, for every i € {1,---,n}, z;(t), t > 0, is bounded. Furthermore,

it follows from Corollary 2.1 that x;(t), ¢ > 0, is monotonic. Now, since z;(-), i €

{1,---,n}, is continuous and every bounded nonincreasing or nondecreasing scalar
sequence converges to a finite real number, it follows that lim; .. z;(t), i = 1,...,n,
exists. Hence, lim; o, x(t) exists. O

2.5. Monotonicity of Linear Nonnegative Dynamical Systems

In this section, we specialize the results of Section 2.4 to linear nonnegative dy-

namical systems of the form
(t) = Ax(t) + Bu(t), z(0) = o, t>0, (2.6)

where z € R", u € R™, A € R™" and B € R™"™. Recall that the linear dynamical
system given by (2.6) is nonnegative if and only if A € R™*™ is essentially nonnegative

and B € R™™ is nonnegative [16].
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Theorem 2.4. Consider the linear nonnegative dynamical system given by (2.6)
where o € E:LL, A € R™" is essentially nonnegative, B € R™ " is nonnegative,
and u(t), t > 0, is nonnegative. Let n < n, {ki,ks,...,ks} C {1,2,...,n}, and

i(t) = [xr, (1), ..., xp, (1)]T. Then the following statements holds:

i) If there exists a matrix ¢ € R™ ™ such that Q = diaglgi,...,q.), ¢ = 0,
i € {ky, ... ka}, ¢ =x1, 0 €{ky, ... ka}, and QA << 0 and @B << 0, then

(2.6) is partially monotonic with respect to .

i) If u(t) = 0, then (2.6) is partially monotonic with respect to & if and only
if there exists a matrix @ € R"*" such that Q = diaglqi,...,q), ¢ = 0,
’ig{k’l,...,kﬁ}, q; ::|:1,z'€ {l{?l,...,k’ﬁ}, and QA << 0.

Proof. The proof is a direct consequence of Theorem 2.2 with f(z) = Az and

G(z) = B. O

Corollary 2.2. Consider the linear nonnegative dynamical system given by (2.6)
where x( € @i, A € R™" is essentially nonnegative, B € R™ ™ is nonnegative, and

u(t), t > 0, is nonnegative. Then the following statements hold:

i) If there exists a matrix @ € R™" such that @ = diaglq,...,q.), ¢ = £1,

i=1,...,n,and —QA and —@Q B are nonnegative, then (2.6) is monotonic.

i) If u(t) = 0, then (2.6) is monotonic if and only if there exists a matrix ) € R™*"

such that @ = diag[qy,...,q.), s = £1,1=1,2,...,n, and QA << 0.

Proof. The proof is a direct consequence of Theorem 2.4 with n = n and

{k1,... ki ={1,...,n}. O
Finally, we present a sufficient condition for weighted monotonicity for a linear

nonnegative dynamical system.

Proposition 2.2. Consider the linear dynamical system given by (2.2) where A

is essentially nonnegative and zy € Aj 2 {SAzy << 0: 29 € R"}, where § € R™"
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is an invertible matrix. If SAS™! is essentially nonnegative, then for every z, € Aj,

Si(t) = SAx(t) << 0,t >0, and Sx(ty) << Sz(ty), 0 <t; < to.

Proof. Let y(t) = —SAz(t) and note that y(0) = —SAz, € R’.. It follows from
(2.2) that
y(t) = —SAi(t) = —SA%z(t) = SAS 'y(t), t>0.
Next, since SAS™! is essentially nonnegative, it follows from Lemma 2.1 that y(t) €
R", t > 0. Now the result follows immediately by noting that y(t) = —SAx(t), t > 0.

O

2.6. Mammillary Systems

The most common pharmacokinetic models are linear and mammillary, that is,
they are comprised of a central compartment from which there is outflow from the
system and which exchanges material reversibly with one or more peripheral com-

partments. An inflow-closed mammillary system is given by (2.2) with A given by

— (k11 + ko1 + k31) ko k13
A= ko1 —k1a 0 , (2.7)
ka1 0 ki3

where the transfer coefficients k;;, © # j, 4,7 = 1,2, 3, and the loss coefficient k;; are
nonnegative. It follows from Theorem 2.4 and Corollary 2.2 that mammillary models
are neither monotonic nor partially monotonic with respect to any compartment. In
numerous pharmacological applications, the initial state (at ¢ = 0) is characterized
by a non-zero concentration in the central compartment with all other compartments
having zero initial concentrations. This, for example, can happen when a drug that
is not synthesized by the body is administered as an impulsive intravenous injection.
It is well documented via simulations that in this case the central compartment con-
centration monotonically decays. In the next theorem we state and prove this result
for three-dimensional mammillary models. For the following theorem z1(t), x(t),
and z3(t), t > 0, denote the concentrations of the first (central), second, and third

compartments, respectively.
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Theorem 2.5. Consider the mammillary system given by (1) where A is given

by (2.7). If zo = [1 0 0], then the following statements hold:
i) If #o(t) > 0 and d5(¢) > 0, t > 0, then 41 (¢) < 0, £ > 0.

ii) If k19 > ki3 and there exists 7" > 0 such that 1(¢) < 0,t < T, and 5(T) < 0
or &3(T) < 0, then there exists T < T such that To(t) > 0, 23(t) > 0,t < T,

~

and 25(7T") = 0.

iii) If k12 < ki3 and there exists 7' > 0 such that 1(¢) < 0, ¢ < T, and @3(T) < 0
or i5(T) < 0, then there exists T < T such that d,(t) > 0, @5(t) > 0, t < T,

~

and 23(7") = 0.

i) @1(t) < 0,t >0, or, equivalently, the mammillary system is partially monotonic

with respect to x;.

Proof. i) Assume that @9(t) > 0 and 23(¢) > 0, ¢t > 0. It follows from (2.7)
that @1 (t) + 2(t) + #3(t) = —k1121(t), t > 0, which implies that & (t) = —ky121(t) —
o(t) — a3(t) <0,¢>0.

it) Since Z(t) = Ax(t), t > 0, it follows from Lagrange’s formula that &;(t) =
e Mg (0) + [} e M=k iy (7)dT, j = 2,3. Next, since z = [1 0 0]7, it follows
that ;(0) = kj1, j = 2,3. Hence, it follows that

t
i;(t) = e M, {1 + / 6k1jT.CI'31(T)dT:| . j=2,3 (2.8)
0

Now, if there exists T > 0 such that @1(t) <0, ¢t < T, and @5(T") < 0, then it follows
from the continuity of #(-) that there exists 7' < T such that @5(7) = 0. Hence, it
follows from (2.8) that 1+ fOT ef27 3, (1)dr = 0. Furthermore, since 4 () < 0,¢ < T,
and ki > kys it follows that 1 + fg eM37i (1)dr > 0, ¢ < T, and (2.8) implies that
t3(t) >0, t < T. In the case where there exists T > 0 such that (t) <0,t<T
and @3(7") < 0 the proof is similar and hence is omitted.

i1i) The proof is identical to that of i7) and hence is omitted.
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iv) Assume k1o > kiz. If 29(t) > 0 and @3(t) > 0, ¢ > 0, then it follows from
i) that ;(t) < 0, t > 0. Alternatively, if there exists 7' > 0 such that @,(t) < 0,
t < T, and @5(T) < 0 or @5(T) < 0, then it follows from i) that there exists 7 < T
such that @o(t) > 0, 23(t) > 0, ¢t < T, and xg(T) = 0. Next, suppose, ad absurdum,
there exists 17 > 0 such that #1(7}) > 0. It follows from the continuity of #;(-) that
there exists Ty € [T',T}) such that @(t) < 0, t < Ty, iy(Th) = 0, and i1 (Ty) > 0.
Note that #1(Ts) = k12@2(T2) + k1323(T3). Furthermore, note that io(Ts) + 23(Ts) =
—kpz1(Ty) < 0. Now, since @5(T) = 0, @1(t) < 0, t € [T, Ty], it follows from (2.8)
that @9(T2) < 0. Hence, &1(T3) = kio@2(T3) + ki3i3(Ts) < kis(d2(Ts) + 23(73)) < 0,
which is a contradiction. Hence, #1(t) < 0, ¢ > 0. The proof for the case where
ki3 > kio is similar and hence is omitted. O

While identifying monotonicity of the central compartment when it is the only
compartment to have a non-zero initial condition is interesting, it should be noted
that the results in this chapter provide necessary and sufficient conditions for mono-
tonicity and partial monotonicity for all initial conditions. Thus, the main application
of this research is for models in which the initial conditions are less constrained, with
non-zero initial states in multiple compartments. Noteworthy among potential ap-
plications is the exogenous administration of a pharmacological agent that is also
endogenously synthesized. For example, consider the endogenous modulator of coag-
ulation, antithrombin III (AT-3). The action of the exogenous anticoagulant, heparin
is dependent on activation of AT-3. AT-3 deficiency (congenital and acquired) is not
uncommon and sometimes necessitates exogenous administration of AT-3. Hence,
there has been interest in the pharmacokinetics of AT-3. In a study of transgenic
AT-3, Lu et al. [88] assumed partial monotonicity of the central compartment with a
two-compartment mammillary model. Since there is endogenous synthesis of AT-3, it
is not immediately clear that the assumption of central compartment monotonicity af-
ter a single bolus dose was valid. However, Lemma 2.2 indicates that this assumption

was, indeed, valid since 441(0) < 0. Note, however, that this lemma is applicable only
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to two compartment models. There are numerous examples of other endogenously
synthesized pharmacological agents, such as hormones, whose kinetics are described
by more complex models after exogenous supplementation. Theorem 2.4 and Propo-
sition 2.2 (weighted monotonicity) should aid in identifying monotonic behavior for
these more complex models.

Another area of potential applicability of our results is the kinetics of plasma vol-
ume expanders, especially hypertonic volume expanders. The kinetics of intravenous
fluids, such as hypertonic saline, used for plasma volume expansion can be described
by compartment models, and, obviously, the initial conditions will be comprised of
material (in this case, fluid volume) in all compartments [89]. The dilution of various
compartments could be complex depending on the exact initial conditions.

An interesting, although more speculative, application is to the effect of cardiopul-
monary bypass (CPB) on pharmacokinetics. The institution of CPB can be expected
to result in a nearly step-wise decrease in the central compartment concentration
of any drugs previously administered, due to the mixing of the patients circulating
blood volume with the priming volume of the extra-corporeal circulation circuit. In
contrast to bolus administration into the central compartment, in which the initial
state is non-zero for this compartment only, the initial state at the institution of CPB
may be characterized by a central compartment concentration that is less than the
peripheral compartments due to hemodilution of the central compartment. As an
example, consider a three compartment mammillary CPB model. Applying Theorem
2.4 rules out partial monotonicity with respect to any compartment.

Figure 2.1 shows a simulation of a three compartment mammillary model with
model parameters ky; = 0.001, ko = 0.2, k15 = 0.2, k3; = 0.01, and k13 = 0.02 and
initial conditions z1(0) = 0.5, 22(0) = 1, and z3(0) = 1. While these parameters and
initial conditions are arbitrary, they serve to illustrate the implications of Theorem
2.4. There is a monotonic decrease in the concentration of compartment 3. However,

the concentration of compartment 1 increases, then decreases before settling into a
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Figure 2.1: Nonmonotonicity of a Mammillary Model

monotonic decay. Alternatively, the concentration of compartment 2 decreases, then
increases before settling into a monotonic decay. If compartment 2 is also identified
as the site of biological effect, for example a peripheral compartment comprised of
primarily of muscle and hence the site of action of muscle relaxants, then institution
of CPB could be expected to result in a sudden decrease in the concentration of the
muscle relaxant at its site of action which, if treated with additional muscle relaxant,

could result in a subsequent relative overdose.

2.7. Monotonicity of Solutions of Discrete-Time Nonnega-
tive and Compartmental Dynamical Systems

In this section we present analogous results for monotonicity of linear nonnegative
dynamical systems. We introduce several definitions and some key results concerning

discrete-time, linear nonnegative dynamical systems.

Definition 2.8. A real function u : N' — R™ is a nonnegative (resp., positive)

function if u(k) >> 0 (resp., u(k) >>0), k € .
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Consider the discrete-time, linear nonnegative dynamical system of the form
x(k+1) = Az(k) + Bu(k), z(0) = xo, keN, (2.9)
where z € R", u € R™, A € R™", and B € R™*™,

Definition 2.9. The linear dynamical system given by (2.9) is nonnegative if for
every z(0) € R, and u(k) >> 0, k € N, the solution z(k), k € N, to (2.9) is

nonnegative.

Proposition 2.3 [90]. The linear dynamical system given by (2.9) is nonnegative

if and only if A € R™" is nonnegative and B € R"*™ is nonnegative.

Definition 2.10. Let A € R™*". Ais a compartmental matrizif A is nonnegative

and Y0 Apy <1, j=12...,n

If Ais a compartmental matrix and u(k) = 0, then the nonnegative system (2.9) is
called an inflow-closed compartmental system [26,28,90]. Recall that an inflow-closed
compartmental system possesses a dissipation property and hence is Lyapunov stable
since the total mass in the system given by the sum of all components of the state x(k),
k € N, is non-increasing along the forward trajectories of (2.9). In particular, with
V(z) = eTx, where e = [1,1,---,1]T, it follows that AV (x(k)) = eT (A — Ixz(k) =
> i1 [0 Aug —1]z; <0, 2 € R}. Hence, all solutions of inflow-closed linear
compartmental systems are bounded. Of course, if det A # 0, where det A denotes
the determinant of A, then A is asymptotically stable. For details of the above facts
see [90].

2.8. Monotonicity of Linear Nonnegative Dynamical Systems

The definition of monotonicity for the discrete-time linear nonnegative dynamical

system given by (2.9) is stated as follows.

34



Definition 2.11. Consider the discrete-time, linear nonnegative dynamical sys-
tem (2.9) where zg € Ay C @Tfr, A is nonnegative, B is nonnegative, u(k), k € N,
is nonnegative, and X denotes a set of feasible initial conditions contained in Ei.
Let 1 < n, {ky, ko,... Kz} € {1,2,...,n}, and #(k) = [z, (K), ...z, (k)]T. The
discrete-time, linear nonnegative dynamical system (2.9) is partially monotonic with
respect to T if there exists a matrix @ € R™*™ such that @ = diag|q1,...,q.], ¢ =0,
i€k, ... ka}, g =E1, 0 € {ky,... ky}, and for every zg € Xy, Qr(ks) << Qu(ky),
0 < ki < ko, where x(k), k& € N, denotes the solution to (2.9). The discrete-
time, linear nonnegative dynamical system (2.9) is monotonic if there exists a matrix

@ € R™" such that Q = diag[qy,...,q.), ¢ = 1,7 =1,...,n, and for every zq € Xj,
Qu(k) << Qu(ky), 0 < ky < k.

Next, we present a sufficient condition for monotonicity of a discrete-time, linear

nonnegative dynamical system.

Theorem 2.6. Consider the discrete-time, linear nonnegative dynamical system
given by (2.9) where xy € Ri, A € R™" is nonnegative, B € R™™ is nonnegative,
and w(k), k € N, is nonnegative. Let n < n, {ki,ko,...,ka} C {1,2,...,n}, and
i(k) = [zg, (K), ...z, (K)]T. Assume there exists a matrix Q € R™" such that Q =
diag[q1,...,qn], « = 0, 4 & {k1,..., ka}, ¢ = £1, 0 € {k1,..., ks}, and QA << Q

and QB << 0. Then the discrete-time, linear nonnegative dynamical system (2.9) is

partially monotonic with respect to z.
Proof. It follows from (2.9) that
Qx(k+1) = QAx(k) + QBu(k), z(0) = o, keN,

which implies that

ko—1

Qu(ks) = Qu(ki) + Y [Q(A = Dz (k) + QBu(k)].

—
Next, since A and B are nonnegative and u(k), k € N, is nonnegative it follows from

Proposition 2.3 that z(k) >> 0, ¥k € N. Hence, since —Q(A — I) and —QB are
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nonnegative it follows that Q(A — Iz(k) << 0 and QBu(k) << 0, k € N, which

implies that for every z( € @i, Qr(ks) << Qu(k1), 0 < ky < ko. O

Corollary 2.3. Consider the discrete-time, linear nonnegative dynamical system
given by (2.9) where xy € RZ, A € R™™ is nonnegative, B € R™™ is nonnegative,
and u(k), k € N, is nonnegative. Assume there exists a matrix @ € R™ " such
that @ = diaglq1,...,qn), ¢ = £1,i=1,...,n, and QA << @ and @B << 0 are
nonnegative. Then the discrete-time, linear nonnegative dynamical system given by

(2.9) is monotonic.

Proof. The proof is a direct consequence of Theorem 2.6 with n = n and

{k1,..., kit ={1,...,n}. O
Next, we present partial converses to Theorem 2.6 and Corollary 2.3 in the case

where u(k) = 0.

Theorem 2.7. Consider the discrete-time, linear nonnegative dynamical system
given by (2.9) where 2y € R, A € R™" is nonnegative, and u(k) = 0. Let 7 < n,
{ki, ko, ... ka} € {1,2,...,n}, and &(k) = [z, (K),..., 2, (k)]T. The discrete-time,
linear nonnegative dynamical system (2.9) is partially monotonic with respect to &
if and only if there exists a matrix @@ € R™*™ such that Q = diag[q1,...,q.], ¢ = 0,
ik, .. kat, o =210 € {ki,... ka}, and QA << Q.

Proof. Sufficiency follows from Theorem 2.6 with u(k) = 0. To show necessity
assume the discrete-time, linear dynamical system given by (2.9) with u(k) = 0 is

partially monotonic with respect to #. In this case it follows from (2.9) that
Qz(k+1) = QAx(k), z(0) = zy, keN,

which further implies that

ko—1

Qu(ka) = Qu(kr) + > [Q(A — T)AFzy).

k=k1
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Now, suppose, ad absurdum, there exists I,J € {1,2,...,n} such that M 5 > 0,
where M £ QA — Q. Next, let g € ]RTZLF be such that xg; > 0 and zo; = 0, ¢ # J, and
define v(k) = A¥zy so that v(0) = x¢, vs(k) >> 0, k € N, and v;(0) > 0. Thus, it
follows that

ko—1

[Qz(1)]; = [Quoly+ Y _[Mu(k)],

= [Qzo]s + Z Mg, pyvs(k)

k=k;
> [Qxo)y,

which is a contradiction. Hence, QA << Q. O

Corollary 2.4. Consider the discrete-time, linear nonnegative dynamical system
given by (2.9) where 2y € R}, A € R™™ is nonnegative and u(k) = 0. The linear
nonnegative dynamical system (2.9) is monotonic if and only if there exists a matrix

Q € R™" such that Q = diag[q1,...,qn], ¢ =1, i=1,2,...,n,and QA << Q.

Proof. The proof is a direct consequence of Theorem 2.7 with n = n and

{k1,... ki ={1,...,n}. O
Finally, we present a sufficient condition for weighted monotonicity for a discrete-

time, linear nonnegative dynamical system.

Proposition 2.4. Consider the discrete-time, linear dynamical system given by
(2.9) where A is nonnegative, u(k) = 0, 2o € Xy = {20 € R" : S(A — I)zy << 0},
where S € R™" is an invertible matrix. If SAS™! is nonnegative, then for every

i < X(), Sm(kﬁg) SS Sl’(k’l), 0 S k’l S k?g.

Proof. Let y(k) = —S(A — I)z(k) and note that y(0) = —S(A — I)zy € R,.
Hence, it follows from (2.9) that

yk+1) = =S(A—DNz(k+1)
= —S(A—1)Ax(k)
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= —SAST'S(A - Ia(k)
= SAS Yy (k).

Next, since SAS™! is nonnegative, it follows that y(k) € @i, k € N. Now the result
follows immediately by noting that y(k) = —S(A — Iz(k) >> 0,k € N, and hence
S(A —Dx(k) << 0, k € N, or, equivalently, Sz(k + 1) << Sz(k), k € N, which
implies that Sz (ke) << Sx(ky), 0 < ky < ko. O

2.9. Monotonicity of Nonlinear Nonnegative Dynamical Sys-
tems

In this section we extend the results of Section 2.8 to nonlinear nonnegative dy-
namical systems. Specifically, we consider discrete-time, nonlinear dynamical systems

G of the form
z(k+1) = f(x(k)) + G(z(k))u(k), z(0) = o, keN, (2.10)

where z(k) € D, D is an open subset of R” with 0 € D, u(k) € R™, f : D — R",
and G : D — R™™. We assume that f(-) and G(-) are continuous in D and f(x.) =
Ze, Toe € D. For the nonlinear dynamical system G given by (2.10) the definitions
of monotonicity and partial monotonicity hold with (2.9) replaced by (2.10). The

following definition generalizes the notion of nonnegativity to vector fields.
Definition 2.12 [90]. Let f = [f1,---, fa]T : D — R", where D is an open subset
of R™ that contains R". Then f is nonnegative if f;(x) > 0, for all i = 1,... n, and
T c @i.
Note that if f(x) = Az, where A € R™*", then f is nonnegative if and only if A

is nonnegative. The following proposition is required for the main theorem of this

section.

Proposition 2.5 [90]. Consider the discrete-time, nonlinear dynamical system G
given by (2.10). If f : D — R" is nonnegative and G(z) >> 0, = € R, then G is

nonnegative.
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Next, we present a sufficient condition for monotonicity of a nonlinear nonnegative

dynamical system.

Theorem 2.8. Consider the discrete-time, nonlinear nonnegative dynamical sys-
tem G given by (2.10) where z( € @Z, f : D — R™ is nonnegative, G(z) >> 0,
x € @i, and u(k), k € N, is nonnegative. Let n < n, {ki,ko,..., ka} C{1,2,...,n},
and &(k) = [z4,(k),..., 2k, (k)]T. Assume there exists a matrix Q € R™" such
that Q@ = diag[q1,...,qu), ¢ = 0, i & {k1,..., ka}, ¢ = £1, i € {k1,... ka},
Qf(x) << Qx, x € 11_%1, and QG(z) << 0,z € Ri. Then the discrete-time, nonlinear

nonnegative dynamical system G is partially monotonic with respect to z.

Proof. The proof is similar to the proof of Theorem 2.6 with Proposition 2.5 invoked

in place of Proposition 2.3 and hence is omitted. O

Corollary 2.5. Consider the discrete-time, nonlinear nonnegative dynamical sys-
tem G given by (2.10) where zy € Ei, f : D — R™ is nonnegative, G(z) >> 0,
x € m, and u(k), k € N, is nonnegative. Assume there exists a matrix Q € R™*"
such that Q = diag[q1,...,qn), ¢ = £1,i=1,...,n, Qf(x) << Quz, x € Ei, and
QG(z) << 0, z € @1 Then the discrete-time, nonlinear nonnegative dynamical

system G is monotonic.

Proof. The proof is a direct consequence of Theorem 2.8 with n = n and
{k1,... ki ={1,...,n}. O
Next, we present necessary and sufficient conditions for partial monotonicity and

monotonicity for (2.10) in the case where u(k) = 0.

Theorem 2.9. Consider the discrete-time, nonlinear nonnegative dynamical sys-
tem G given by (2.10) where zy € E, f : D — R" is nonnegative, and u(k) =
0. Let 2 < n, {ki,ko,....ka} C {1,2,...,n}, and &(k) = [z, (k),...,z, (k)]
The discrete-time, nonlinear nonnegative dynamical system G is partially mono-

tonic with respect to 2 if and only if there exists a matrix () € R™" such that
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Q = diaglgr,---,qn), & = 0, @ & {ky,.... ka}, ¢ = x1, i € {ky,...,ks}, and
Qf(x) << Qu, z € R,

Proof. Sufficiency follows from Theorem 2.8 with u(k) = 0. To show necessity
assume the nonlinear dynamical system given by (2.10) with u(k) = 0 is partially

monotonic with respect to z. In this case, it follows from (2.10) that

Qu(k+1) = Qf(z(k), x(0) =z, keN,

which implies that for every k € N,

ko—1

Q(ks) = Qu(kr) + Y _ [Qf (x(k))].

k=k1

Now, suppose, ad absurdum, there exist J € {1,2,...,n} and xy € Ki such that

[Qf(z0))]s > [Qwo];. Hence,

[Qx(1)]; = [Quols + [Qf (x0) — Qo) s

> [Qxol s,
which is a contradiction. Hence, Q f(z) << Qx, x € ﬁi. O

Corollary 2.6. Consider the discrete-time, nonlinear nonnegative dynamical sys-
tem G given by (2.10) where zy € R, f : D — R" is nonnegative, and u(k) = 0. The
discrete-time, nonlinear nonnegative dynamical system G is monotonic if and only if
there exists a matrix @ € R™" such that Q = diag|q1,...,¢.), ¢ = £1,i=1,...,n,
and Qf(r) << Qx, x € @1

Proof. The proof is a direct consequence of Theorem 2.9 with n = n and

{k1,... ki ={1,...,n}. O
Corollary 2.6 provides some interesting ramifications with regards to the ab-

sence of limit cycles of inflow-closed nonlinear compartmental systems. To see this,
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consider the inflow-closed (u(k) = 0) compartmental system (2.10) where f(x) =
[fi(z), -+, fu(x)] is such that

n

filz) = 2 —aa(e) + ) lay(x) — a;i(2)] (2.11)

=1,

and where the instantaneous rates of compartmental material losses a;(+),i = 1,...,n,
and intercompartmental material flows a;;(-), ¢ # j, ¢,j = 1,...,n, are such that
a;j(x) >0,z € Ri, 1,7 =1,...,n. Since all mass flows as well as compartment sizes
are nonnegative, it follows that for all : = 1,...,n, fi(z) > 0 for all x € Ei. Hence,
f is nonnegative. As in the linear case, inflow-closed nonlinear compartmental sys-
tems are Lyapunov stable since the total mass in the system given by the sum of all
components of the state z(k), k € N, is nonincreasing along the forward trajectories
of (2.10). In particular, taking V(z) = €Tz and assuming a;;(0) =0, i,j =1,...,n,
it follows that

AV(z) = Z Ax; = — Z a;i(z) + Z Z la;;(x) — aji(x)]

i=1 j=1i#j

= =) ai(x) <0, zeR], (2.12)
=1

which shows that the zero solution z(k) = 0 of the inflow-closed nonlinear compart-
mental system (2.10) is Lyapunov stable and for every z, € E:LL, the solution to (2.10)
is bounded.

In light of the above, it is of interest to determine sufficient conditions under which
masses/concentrations for nonlinear compartmental systems are Lyapunov stable and
convergent, guaranteeing the absence of limit cycling behavior. The following result
is a direct consequence of Corollary 2.6 and provides sufficient conditions for the

absence of limit cycles in nonlinear compartmental systems.

Theorem 2.10. Consider the nonlinear nonnegative dynamical system G given
by (2.10) with u(k) = 0 and f(x) = [fi(x),- -, fu(x)] such that (2.11) holds. If there
exists a matrix @) € R™*" such that Q = diag[qs,---,qn], ¢ = £1,i=1,...,n, and

Qf(x) << Qx, x € Ei, then for every g € @i, limy o, z(k) exists.
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Proof. Let V(z) = eTxz, z € R’ Now, it follows from (2.12) that AV (z(k)) < 0,
k € N, where z(k), k € N, denotes the solution of G, which implies that V' (x(k)) <
V(zo) = €T, k € N, and hence for every zy € R, the solution x(k), k € N, of G
is bounded. Hence, for every i € {1,---,n}, x;(k), k € N, is bounded. Furthermore,
it follows from Corollary 2.6 that x;(k), k € N, is monotonic. Now, since z;(),
i € {1,---,n}, is bounded and monotonic, it follows that limy . z;(k), i =1,...,n,

exists. Hence, limg_o, 2(k) exists. O

2.10. A Taxonomy of Three-Dimensional Monotonic Com-
partmental Systems

In this section, we use the results of Section 2.8 to provide a taxonomy of lin-
ear three-dimensional, inflow-closed compartmental dynamical systems that exhibit
monotonic solutions. A similar classification can be obtained for nonlinear and higher-
order compartmental systems but we do not do so here for simplicity of exposition. To
characterize the class of all three-dimensional monotonic compartmental systems, let
Q= {Q e R¥3: Q = diag[q, ¢2, qs], ¢ = 1, i = 1,2,3}. Furthermore, let A € R¥>3
be a compartmental matrix and let x1(k), z2(k), z3(k), k € N, denote compartmental
masses for compartments 1, 2, and 3, respectively. Note that there are exactly eight
matrices in the set Q. Now, it follows from Corollary 2.4 that if QA << Q, Q € Q,
then the corresponding compartmental dynamical system is monotonic. Hence, for
every @ € Q we seek all compartmental matrices A € R**? such that ¢;Au,) < ¢,
i=1,2,3and ¢;Au; <0,i#j,1,5=1,2,3.

First, we consider the case where Q) = diag[l, 1, 1]. In this case, ¢;Au: < @,
i=1,2,3and ¢Au; < 0,7 # j,1,7=1,2,3,if and only if Ay 0) = An g = Ay =
A1y = Ap2) = Apgs = 0. This corresponds to a trivial (decoupled) case since
there are no intercompartmental flows between the three compartments. Next, let
Q = diag[l, —1, —1] and note that ¢;As: < ¢, i = 1,2,3 and ¢; Ay ;) < 0, 7 # j,

’i,j = 1, 2, 3, if and OIlly if A(272) = A(373) =1 and A(Lg) = A(173) = A(273) = A(g}g) =0.
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Finally, let @ = diag[—1, 1, 1]. In this case, ¢;A¢) < ¢;, i =1,2,3 and ¢; A ;) <0,
i#J,1,7=1,2,3,if and only if A1) =1 and Ap) = Ay = Az = Aps) =0
Figures 2.2(a), (b) and (c) show the corresponding compartmental structures.

It is important to note that in the case where @) = diag|—1, —1, —1], there
does not exist a compartmental matrix satisfying QA << @) except for the identity
matrix. This case would correspond to a compartmental dynamical system where all
three states are monotonically increasing. Hence, the compartmental system would
be unstable contradicting the fact that all compartmental systems are Lyapunov
stable. Finally, the remaining four cases corresponding to @ = diag[—1, 1,—1],
Q = diag[—1, —1, 1], Q@ = diag[l, —1, 1], and Q = diag[l, 1, —1] are dual to
the cases where ) = diag[l, —1, —1] and @ = diag[—1, 1, 1] and hence are not

presented.
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Figure 2.2: Three-Dimensional Monotonic Compartmental Systems
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Chapter 3

On Monotonicity of Solutions of
Nonnegative and Compartmental
Dynamical Systems with Time
Delays

3.1. Introduction

In the specific field of pharmacokinetics [40,41], the state variables of compart-
mental dynamical systems represent masses or concentrations of drug disposition from
the body. If a bolus of drug is injected into the circulation of a physiological process
and we seek its concentration level in the extracellular and intercellular space of some
organ, there exists a time lag before it is detected in that organ. However, the in-
troduction of time delay into the dynamical pharmacokinetic model may destabilize
equilibria and thus introduce oscillations in the system solutions that may otherwise
be nonoscillatory in the absence of time delay [26,91]. Since drug concentrations
should monotonically decline after discontinuation of drug administration, it is of
interest to determine necessary and sufficient conditions under which these systems
possess monotonic solutions. In Chapter 2, necessary and sufficient conditions were
developed for identifying nonnegative and compartmental dynamical systems that
only admit nonoscillatory and monotonic solutions in the absence of time lags. In

this chapter we present analogous results for nonnegative and compartmental systems
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with time delays for both continuous and discrete-time nonnegative systems.

3.2. Notation and Mathematical Preliminaries
In this chapter we consider linear time-delay dynamical systems G of the form
B(t) = Ax(t) + Y At —7) + Bu(t), x(0)=n(0), -7<0<0, t>0 (3.1)

where z(t) € R™, u(t) € R™, t > 0, A € R"™" is an essentially nonnegative ma-
trix, Aq; € R™" ¢ = 1,...,nq, and B € R™ are nonnegative matrices, T =
,,,,, na}Tis N(-) € C = C([—7,0],R™) is a continuous vector valued function spec-

ifying the initial state of the system.

The following definition is needed for the main results.

Definition 3.1. The linear time-delay dynamical system G given by (3.1) is non-
negative if for every n(-) € C4, where C, = {1(-) € C: () >>0, 6 € [-7,0]}, and

u(t) >> 0, t > 0, the solution x(t), t > 0, to (3.1) is nonnegative.

Proposition 3.1 [92,93]. The linear time-delay dynamical system G given by
(3.1) is nonnegative if and only if n(-) € Cy, A € R™" is essentially nonnegative,
Ag; € R™™ 4 =1,... nq is nonnegative, and B >> 0. In the case where u(t) = 0,
G is nonnegative if and only if ¢(-) € C1, A € R™ " is essentially nonnegative, and

Aq; € R™™ 4 =1,...,ngq is nonnegative.

3.3. Monotonicity of Nonnegative Dynamical Systems with
Time Delay

Consider the linear time-delay dynamical systems G of the form
nq
x(t) = Az(t) + ZAdia:(t — 1)+ Bu(t), z(0)=n0), —-T<60<0, t>0(3.2)
i=1

where z(t) € R™, u(t) € R™, ¢t > 0, A € R"™" is an essentially nonnegative ma-

trix, Aq; € R™™ ¢ = 1,...,nq, and B € R™" are nonnegative matrices, 7 =
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Max;c1,..na} 7, N(-) € C = C([—7,0],R™) is a continuous vector valued function speci-
fying the initial state of the system and C([—7, 0], R™) denotes a Banach space of con-
tinuous functions mapping the interval [—7,0] into R™ with the topology of uniform
convergence. Note that the state of (3.2) at time ¢ is the piece of trajectories x be-
tween t — 7 and t, or, equivalently, the element x; in the space of continuous functions
defined on the interval [—7,0] and taking values in R"; that is, x; € C([-7,0],R"),
where x,(0) = x(t +0), § € [-7,0]. Furthermore, since for a given time ¢ the piece of
the trajectories x; is defined on [~7, 0], the uniform norm ||z[| = supye;_- g [|[2(t+0)],
where || - || denotes the Euclidean vector norm, is used for the definitions of Lyapunov
and asymptotic stability of (3.2) with u(t) = 0. For further details see [37,94]. The
following definition is needed for the main results.

Next, we present a definition for the monotonicity of solutions over all time for a

time-delay nonnegative dynamical system of the form given by (3.2).

Definition 3.2. Consider the linear nonnegative time-delay dynamical system
(3.2) where ¢(-) € Cy, A is essentially nonnegative, Ay; is nonnegative, i = 1,...,nq,
B is nonnegative, and u(t), ¢ > 0, is nonnegative. Let 7 < n, {kq,ko,..., kn} C
{1,2,...,n}, and &(t) = [z, (t),..., 2k (t)]T. The lincar nonnegative time delay
dynamical system (3.2) is partially monotonic with respect to & if there exists a matrix
Q € R™™ such that Q = diaglqi,...,qu), ¢ = 0, ¢ & {ki,..., ka}, ¢ = £1, i €
{k1,...,ka}, and for every ¢(-) € Ci, Qx(ta) << Qx(t1), 0 <ty < ty, where x(t), t >
0, denotes the solution to (3.2). The linear nonnegative time delay dynamical system
(3.2) is monotonic if there exists a matrix @ € R™*" such that @ = diag[qi, ..., ¢,
¢ ==x1,i=1,...,n, and for every ¢(-) € Cy, Qz(t2) << Qx(t1), 0 < t; < to.

Next, we present our main results. Specifically, we present necessary and sufficient
conditions that guarantee partial monotonicity and monotonicity for nonnegative dy-

namical systems with multiple time delays.

Theorem 3.1. Consider the linear nonnegative dynamical system with multiple

delays given by (3.2), where n(-) € Cy, A € R"*" is essentially nonnegative, Aq; €
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R™ " is nonnegative, i = 1,...,nq, B € R™*™ is nonnegative, and u(t), t > 0, is non-
negative. Let 7 < n, {ki,ka,..., ka} € {1,2,...,n}, and &(t) = [z, (), ..., 2k, ()]
Assume there exists a matrix @ € R"™*"™ such that @ = diag[qi,...,q.), ¢ = 0,
i {ky,. .. kit s =E1, i €{ky,... kay}, and QA << 0, QAg; << 0,i=1,...,nq,
and @B << 0. Then the linear nonnegative dynamical system (3.2) is partially

monotonic with respect to .

Proof. The proof is a direct consequence of Theorem 2.2 with B replaced by
>0 Ags Bl,i=1,...,nq4, and u(t), t > 0, replaced by [zT(t — ) v ()]", ¢ > 0. D
The following result gives necessary and sufficient conditions for monotonicity in

the case where u(t) = 0.

Theorem 3.2. Consider the linear time-delay nonnegative dynamical system given
by (3.2), where ¢(-) € C,, A € R™" is essentially nonnegative, Aq; € R™ ™,
i = 1,...,n, is nonnegative, B € R™™™ is nonnegative and u(t) = 0. Let 7 < n,
{ki, ko, ... ka} € {1,2,...,n}, and &(t) = [24,(t),. .., 2, (t)]T. Then the linear time
delay dynamical system is partially monotonic with respect to Z if and only if there
exists a matrix Q € R™" such that Q = diag[q1,...,qn), ¢ = 0, i &€ {k1,...,ka},
¢ ==l i€ {k,... .k}, QA << 0 and QAq; << 0.

Proof. Sufficiency follows from Theorem 3.1 with u(¢) = 0. To show necessity
assume the linear time-delay dynamical system given by (3.2) is partially monotonic

with respect to Z. In this case, it follows from (3.2) that
Qi(t) = QAx(t +ZQAdZ ), x(0)=nl0), —-F<0<0, t>0,
which implies that for some t; > 0 and t5 > tq,
Qux(ts) = Qu(ty) + /t : [QAx(t +ZQAdz ,)]dt

Now suppose, ad absurdum, there exists I,.JJ € {1,2,...,n} such that My ;5 > 0,
where M £ QA. Next, let n(-) € Cy be such that n(t) = 0, —7 < t < 1 — Twin, and
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let ¢(0) = ey, where Ty, > 1 > 0 and e; € R” is a vector of zeros with one in the
Jth entry. Next, it follows from continuity if solutions that there exists 0 < e < n

such that z;(t) > 0, 0 <t <e. Thus, for every t € [0, ¢], it follows that

Qa(t)]: = [Qu(0)]; / QAx(s +Z@Adz )]ids
— [Qx(O)]I—i-/O [QAx(s)]Ids—i—/_ .T‘ ZQAdZ )]1ds

t
— 1Qul0); + [ [QAa(s)uds
0
> [Qx(0)], (3.3)
which is a contradiction. Hence, QA << 0. Now, suppose, ad absurdum, there

exists I,J € {1,2,...,n} such that My 5 > 0, where M £ QAq,. It follows from
Lagrange’s formula that the solution to (3.2) is given by

z(t) = ex(0) / At=0) ZAdz —7;)d

which can be rewritten as

Qx(t) = QeAtx(O) + /t QeAt=9) Zd Aq;x(0 — 1;)dO

— Qeta(0) / Qe[ A, a( Z Agjz(0 —7)]d0  (3.4)

J=1j#i

Next, let {v,}5°, C C, denote a sequence of functions such that lim,, . v,(0) =
es0(0 —n+m7;), where 0 < n < min(r; — 7;) and (-) denotes the Dirac delta function.
Furthermore, let ¢(-) € C; be such that ¢(t) = lim, . v,(t), =7 < t < 0, where

nyTi- In this case, it follows from (3.4) that for all t > 7

-----

Qun(t) = Qez(0) /Qe = [Ag,es6(0—n)+ Z Ag;es0(0—n+1,—1;)]do (3.5)

J=1j#i
where x,,(-) denotes the solution to (3.2) with ¢(-) = v,(¢). Now, note that
i’(t) = JLH;O[QJIn(t)][ = QAdZBJ.

Hence, 2(t) = [Qz(t)]; > [Qx(0)]; = 2;(0) = 0. O
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Corollary 3.1. Consider the linear time-delay dynamical system given by (3.2)
where ¢(-) € C;, A € R™" in essentially nonnegative, Aq; € R™™, i = 1,...,nq,
is nonnegative, B € R™" is nonnegative, and u(t) = 0. The linear time delay
dynamical system is monotonic if and only if there exists a matrix () € R™*" such
that Q = diag[q1,...,q), ¢ = £1, i = 1,2,... ,n, QA << 0, and QAq; << 0,

izl,...,nd,.

Proof. The proof is a direct consequence of Theorem 3.2 with n = n and

{ki,... ka} = {1,... n}. 0

3.4. Monotonicity of Discrete-Time Nonnegative Dynamical
Systems with Time Delay

Next, we consider the linear discrete-time nonnegative time-delay dynamical sys-

tem G of the form

x(k+1) = Ax(k) + iAdix(k: — ;) + Bu(k), z(0)=n(0), —-x<6<0, keN

- (3.6)
where z(k) € R, u(k) e R™, k e N, A e RV Ay, e R™"™ i =1,...,nq, k € N,
B € R™™ are nonnegative matrices, n(-) € C = C({—x,---,0},R") is a vector
sequence specifying the initial state of the system, and C denotes the space of all
sequences mapping {—+,---,0} into R" with norm ||¢| = maxye(_, ... 0y [|¢(k)|]. The

following definition proves nonnegativity of (3.6).

Definition 3.3. The discrete-time, linear time-delay dynamical system G given
by (3.6) is nonnegative if for every n(-) € C,, where Cy = {ip(-) € C : (0) >>
0, 0 € {—k,---,0}} and u(k) >> 0, k € N, the solution z(k), k € N, to (3.6) is

nonnegative.

Proposition 3.2 [92]. The discrete-time, linear time-delay dynamical system G

given by (3.6) is nonnegative if and only if n(-) € C;, and A € R™*" and Aq; € R™*",
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i = 1,...,nq are nonnegative and B >> 0. In the case where u(k) = 0, G is
nonnegative if and only if n(-) € C; , A € R™™ and Aq; € R™", i =1,...,nq are

nonnegative.

Definition 3.4. Consider the discrete-time, linear nonnegative time-delay dy-
namical system (3.6) where n(-) € C, A and Aq;, ¢ = 1,...,nq, are nonnegative,
B >> 0, u(k), k € N, is nonnegative. Let n < n, {k1,ko,..., ka} C {1,2,...,n},
and (k) = [z, (), ...,z (k)]T. The discrete-time, linear nonnegative time-delay
dynamical system (3.6) is partially monotonic with respect to & if there exists a ma-
trix @ € R™" such that Q = diag[q1,...,qn], ¢ = 0, i & {k1,..., ka}, ¢ = £1,
i € {ky,..., kn}, and for every xy € Xy, Qr(ks) << Qu(ky), 0 < ky < ko, where z(k),
k € N, denotes the solution to (3.6). The discrete-time, linear nonnegative time-
delay dynamical system (3.6) is monotonic if there exists a matrix ) € R™*" such that
Q = diag[q1, ..., qn], ¢; = £1,i=1,...,n, and for every zq € Xy, Qr(ks) << Qz(ky),

0 <k <ks.

The following theorem presents a sufficient condition for the monotonicity of a

discrete-time linear nonnegative dynamical system with time-delays of the form (3.6).

Theorem 3.3. Consider the discrete-time linear time-delay nonnegative dynam-
ical system given by (3.6) where n(-) € C;, A € R™" Ay, € R™™ i =1,...,ng,
and B € R™™ are nonnegative, and u(k), k € N, is nonnegative. Let 7 < n,
{ki, ko, .. ka} € {1,2,...,n}, and &(k) = [zx,(K), ..., x5, (k)]T. Assume there ex-
ists a matrix @ € R™™ such that Q = diaglqi,...,qu), ¢ = 0, i & {k1,...,ka},
¢ ==x1, i€ {ky,... kp}, and QA << Q, QAq; << 0,i=1,...,nq, and @B << 0.
Then the discrete-time linear time-delay nonnegative dynamical system (3.6) is par-

tially monotonic with respect to .

Proof. The proof is a direct consequence of Theorem 2.7 with B replaced by
> Ag; Bl, i = 1,...,nq, and u(k), k € N, replaced by [z7(k — ;) u™(k)]",
keN. O
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The following result gives necessary and sufficient conditions for monotonicity in

the case where u(k) = 0.

Theorem 3.4. Consider the discrete-time linear time-delay nonnegative dynam-
ical system given by (3.6) where n(-) € C;, A € R™" Ay; € R and B € R>™
are nonnegative, and u(k) = 0. Let n < n, {ki,ko,..., ka} C {1,2,...,n}, and
i(k) = [xx, (k), ..., 2, (k)]T. Then the discrete-time linear time-delay nonnegative
dynamical system is partially monotonic with respect to Z if and only if there exists
a matrix ) € R™" such that @ = diag[q1,...,qn], ¢ =0, ¢ & {k1,.. ., ka}, ¢; = 1,
i€{ky,... kn}, QA<<Q and QAy; << 0,i=1,...,nq.

Proof. Sufficiency follows from Theorem 3.3 with u(k) = 0. The discrete-time

linear time-delay nonnegative dynamical system given by (3.6) is equivalent to

z1(k+1) A Aqy Ao Adm-r Adam | z1(k)
wEk+1) | =lo o I 0 0 za(k) (3.7)
$(K+1)(k’ + 1) ] i 0 0 0 .- I 0 ] SB(H+1)U<})

A
From Theorem 2.7 we know that the necessary and sufficient conditions for the system
(3.6) to be monotonic are QA << @ and QAy; << 0, where i = 1,...,nq. Thus, the
necessary and sufficient condition for the first compartment of the system given by
(3.7) to be monotonic is QA << Q where Q is defined as Q = blockdiag[@, 0, ---,0].
This implies that QA << @Q and QAgq; << 0,7 = 1,...,nq, and hence the result

follows. o

Corollary 3.2. Consider the discrete-time linear time-delay nonnegative dynam-
ical system given by (3.6) where n(-) € Cy, A € R Aq € R i=1,...,nq, and
B € R”™ are nonnegative, and u(k) = 0. The discrete-time linear time-delay non-

negative dynamical system is monotonic if and only if there exists a matrix ) € R™*"
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such that @ = diag[q1,...,qu), s = £1,i=1,2,...,n, QA << @ and QA4; << 0,

izl,...,nd.

Proof. The proof is a direct consequence of Theorem 3.4 with n = n and

{kl,...,kﬁ}zl,...,n. U

3.5. A Taxonomy of Three-Dimensional Monotonic Compart-
mental Systems

In this section, we use the results of Section 3.3 to provide a taxonomy of linear
three-dimensional, inflow-closed (i.e., u(t) = 0) compartmental dynamical systems
that exhibit monotonic solutions. To characterize the class of all three-dimensional
monotonic compartmental systems with time delay, let @ £ {Q € R¥>3 . Q =
diaglqi, g2, qs], ¢ = £1, i = 1,2,3}. It has been shown in [92] that a compartmental
dynamical system with a single time delay satisfies the property that A € R™™" is
essentially nonnegative, Aq € R™" is nonnegative, and A + Aq is a compartmental
matrix. Let z1(t), z2(t) and z3(t), t > 0, denote compartmental masses for compart-
ments 1, 2, and 3 respectively. Note that there are exactly eight matrices in the set
Q. Now it follows from Corollary 3.1 that if QA << 0 and QAgq << 0, Q € Q, then
the corresponding compartmental dynamical system is monotonic. Hence, for every
Q € Q we seek all matrices A € R¥3 and Ay € R**3 such that ¢;4;; < 0 and
qiAauy <0,1,5=1,2,3.

First, we consider the case where @) = diag[1, 1, 1]. In this case, ¢;A(; ;) < 0 and
qiAagy < 0,4, = 1,2,3, if and only if Ayg = Ang) = Aey = Asy) = Az =
Apg) = 0. Similarly, ¢;Aq(; ;) < 0 if and only if A3 = 0. This corresponds to the
trivial (decoupled) case since there are no intercompartmental flows between the three
compartments. Next, let @ = diag[l, —1, 1] and note that ¢;Aq(;; <0,4,j=1,2,3
if and only if A(; 2y = A(1,3) = 0. In addition, since A+ A4 is a compartmental matrix,
it follows that A2y = As2) = A3 = Ag) = 0. Finally, let @ = diag[—1, 1, 1]. In
this case ¢;Aqij) < 0,4,7 =1,2,3 if and only if A1) = Aps) = Api) = Az = 0.
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Since, A + Aq is compartmental, A9 = 0. Figures 3.1 (a), (b) and (c) show the
corresponding compartmental structures.

It is important to note that in the case where @) = diag|—1, —1, —1], there
does not exist a compartmental matrix A 4+ Aq satisfying QA << 0 and QAq << 0
except for the zero matrix. This case would correspond to a compartmental dynamical
system where all three states are monotonically increasing. Hence, the compartmental
system would be unstable contradicting the fact that all compartmental systems are
Lyapunov stable [16,92]. Finally, the remaining four cases corresponding to @ =
diag|—1, 1,—1], @ = diag[—1, —1, 1], @ = diag[l, —1, 1], and @ = diag[l, 1, —1]
are dual to the cases where @ = diag[l, —1, —1] and @ = diag[—1, 1, 1] and hence

are not presented.

3.6. Illustrative Numerical Example

In this section we consider a numerical example involving a compartmental system
with three compartments. Here, for simplicity of exposition, we assume that all
transfer times between compartments are equal and given by 7. Now, a mass balance
for the compartmental system, with state variables and transfer coefficients a;; > 0,
i=1,2,3, yields (3.2) with u(t) =0, and A and Ay given by

3 o .

LR i wb v RTRS il SR
where 7,7 = 1,2,3. Note that A is essentially nonnegative, Aq is nonnegative, and
A+ Aq is a compartmental matrix.

Here, we are interested in the monotonicity of the first compartment and hence
choose () = diag[l, 0, 0]. Now, it follows from Theorem 3.2 that if QA << 0 and
QAq << 0, then the first compartment is monotonic. Note that QA << 0 and

QA4 << 0 if and only if

Ang) = Apg) = Aaaa) = Aaae) = Aaps = 0. (3.9)
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Figure 3.1: Three-Dimensional Monotonic Compartmental Systems with Time-Delay
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For our simulation we let

5 0 0 000
A=l 0 -5 0|, Ay=|10 0
0 0 -5 2.0 0

With 7 = 2 and the initial condition ¢(¢) = [1, 0, 0]*, —7 <t < 0, Figure 3.2 shows

that the mass of the first compartment is monotonic. Next, let

5 0 0 02 2
A=l 0 -5 0|, Ay=]10 0
0 0 -5 2.0 0

Figure 3.3 shows the mass of the first compartment with respect to time for 7 = 2
and the initial condition ¢(t) = [1, 0, 0]T, —7 < t < 0. However, since (3.9) is
a necessary and sufficient condition for monotonicity for the first compartment, the
mass in the first compartment does not exhibit a monotonic behavior. Next, we
consider a compartmental system involving three compartments with the transfer

times between the compartments given by 7 and 7.

12

0.8 B

0

0.4 i

0.2 i

2 4 6 8 10 12 14 16 18 20
Time

Figure 3.2: Monotonicity of the First Compartment with 7 = 2
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Figure 3.3: Nonmonotonicity of the First Compartment with 7 = 2

Now, a mass balance for the compartmental system, with state variables and
transfer coefficients a;; > 0, 7 = 1,2, 3, yields (3.2) with u(t) =0, nq = 2 and A and
Aq; given by

3 . .

Auj = { - 216—71 i z ;i: Adii ) = { a(z;’ Z ;j: (3.10)
where 7,7 = 1,2,3. Note that A is essentially nonnegative, Ag; is nonnegative, and
A+ Z?:l Ajq; is a compartmental matrix. Here, we are interested in the monotonicity
of the first compartment and hence choose Q = diag[l, 0, 0]. Now, it follows from
Theorem 3.2 that if QA << 0 and QAg; << 0, where ¢ = 1,2, then the first

compartment is monotonic. Note that QA << 0 and QAq; << 0 if and only if

Ang) = A = Aaian = Adiae) = Adias) = Ade) = Adea2) = Aaeas) = 0.

(3.11)
For our simulation we let
-5 0 0 000 0 00
A= 0O -5 0 , Ayy=1|1 0 0|, Agp=|1 00
0 0 -5 2 00 300

With 71 = 2 and 75 = 3 and the initial condition ¢(t) = [1, 0, 0T, —7 < ¢t <0,
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Figure 3.4 shows that the mass of the first compartment is monotonic. Next, let

5 0 0 01 2 010
A= 0 =5 0|, Au=|1001]|, An=|100
0 0 -5 2 0 0 300

Figure 3.5 shows the mass of the first compartment with respect to time for 7 = 2 and
75 = 3 for the initial condition ¢(t) = [1, 0, 0]T, —7 < ¢ < 0. However, since (3.11) is
a necessary and sufficient condition for monotonicity for the first compartment, the

mass in the first compartment does not exhibit a monotonic behavior.
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Figure 3.4: Monotonicity of the First Compartment with 73 = 2 and 7 = 3
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Figure 3.5: Monotonicity of the First Compartment with 73 = 2 and 7, = 3
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Chapter 4

Direct Adaptive Control of
Nonnegative and Compartmental
Dynamical Systems with Time
Delay

4.1. Introduction

Even though advanced robust and adaptive control methodologies have been (and
are being) extensively developed for highly complex engineering systems, modern ac-
tive control technology has received far less consideration in medical systems. The
main reason for this state of affairs is the steep barriers to communication between
mathematics/control engineering and medicine. However, this is slowly changing and
there is no doubt that control-system technology has a great deal to offer medicine.
For example, critical care patients, whether undergoing surgery or recovering in in-
tensive care units, require drug administration to regulate key physiological (state)
variables (e.g., blood pressure, cardiac output, heart rate, glucose, etc.) within desired
levels. The rate of infusion of each administered drug is critical, requiring constant
monitoring and frequent adjustments. Open-loop control (manual control) by clinical
personnel can be very tedious, imprecise, time consuming, and often of poor quality.
Hence, the need for active control (closed-loop control) in medical systems is severe;

with the potential in improving the quality of medical care as well as curtailing the
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increasing cost of health care.

The complex highly uncertain and hostile environment of surgery places strin-
gent performance requirements for closed-loop set-point regulation of physiological
variables. For example, during cardiac surgery, blood pressure control is vital and
is subject to numerous highly uncertain exogenous disturbances. Vasoactive and
cardioactive drugs are administered resulting in large disturbance oscillations to the
system (patient). The arterial line may be flushed and blood may be drawn, cor-
rupting sensor blood pressure measurements. Low anesthetic levels may cause the
patient to react to painful stimuli, thereby changing system response characteristics.
The flow rate of vasodilator drug infusion may fluctuate causing transient changes in
the infusion delay time. Hemorrhage, patient position changes, cooling and warm-
ing of the patient, and changes in anesthesia levels will also effect system response
characteristics.

In light of the complex and highly uncertain nature of system response character-
istics under surgery requiring controls, it is not surprising that reliable system models
for many high performance drug delivery systems are unavailable. In the face of such
high levels of system uncertainty, robust controllers may unnecessarily sacrifice system
performance whereas adaptive controllers can tolerate far greater system uncertainty
levels to improve system performance [95-98]. In contrast to fixed-gain robust con-
trollers, which maintain specified constants within the feedback control law to sustain
robust performance, adaptive controllers directly or indirectly adjust feedback gains
to maintain closed-loop stability and improve performance in the face of system un-
certainties. Specifically, indirect adaptive controllers utilize parameter update laws
to identify unknown system parameters and adjust feedback gains to account for sys-
tem variation, while direct adaptive controllers directly adjust the controller gains in
response to system variations (drug administration).

In a recent paper [99], the authors present a direct adaptive control framework

for set-point regulation of linear nonnegative and compartmental systems with appli-
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cations to clinical pharmacology. In this chapter, we extend the results of [99] to the
case of nonnegative and compartmental dynamical systems with unknown system time
delay. Specifically, we develop a Lyapunov-Krasovskii-based direct adaptive control
framework for guaranteeing set-point regulation for linear uncertain nonnegative and
compartmental dynamical systems with unknown time delay. The specific focus of
the chapter is on pharmacokinetic models and their applications to drug delivery sys-
tems. In particular, we develop direct adaptive controllers with nonnegative control
inputs as well as adaptive controllers with the absence of such a restriction. Finally,
we demonstrate the framework on a drug delivery model for general anesthesia that

involves system time delays.

4.2. Mathematical Preliminaries

The following results are necessary for the development of the main results.

Lemma 4.1 [100]. Let A € R™™ be an essentially nonnegative matrix. Then
A is Hurwitz if and only if there exists a vector ¢ € R™ such that ¢ >> 0 satisfies
ATq <<.

Corollary 4.1. Let A € R™™ be an essentially nonnegative matrix such that

A = AT If there exists ¢ € R” such that ATq << 0 then A <0.

Lemma 4.2. Let X € R™" and Z € R™™ be such that X = X' and Z = Z7,
and let Y € R™™ be such that Y = Y Z#Z. Then

X Y
Mé[YT Z]go (4.1)
if and only if Z <0 and X —YZ#YT < 0.
I —-YZ# . T
Proof. Let T' = 0 I and note that det T" # 0. Now, noting that TMT" <

0 if and only if M <0 and

I -YZzZ# X Y I 0
T _
R I | e
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X-YzZ#YT 0
0 A

Soa

the result follows immediately. O

Lemma 4.3. Let A € R™" be an essentially nonnegative matrix and let Aq; €
R™™ ¢=1,...,p, be nonnegative matrices such that Ae << 0 and ATe << 0 where
A2 A4 > P | Ag;. Then there exist diagonal matrices @Q; > 0, i = 1,...,p, such that

P
AT+ A+ (Qi + ALQF Ag) < 0. (4.2)
i=1

Proof. For each i € {1,...,p}, let Q; be the diagonal matrix defined by

Qigp = D Adigim)-
m=1

Now note that (A + 37" Qi)e = (A+ > Ag)e << 0, (Aq; — Qi)e = 0, and
Qin#Adi = Aq;. Hence, Me << 0 where

AT+ A+ Z?:l Qi AdTl Agz e AdTp
A Q1 0 - 0
e o o0t (13)
Ay 0 0 - —Q,

Now, it follows from Corollary 4.1 that M < 0 and since QiQfEAdi =Ag,i=1,...,p,
it follows from Lemma 4.2 that M < 0 if and only if (4.2) holds. O

Theorem 4.1. Let A € R™™ "™ be an essentially nonnegative matrix and let Ay, €
R™™ ¢=1,...,p, be nonnegative matrices such that AL A+ P Ag; is Hurwitz.
Then there exist diagonal matrices P, @; € R™", P >0and Q; > 0,71 =1,...,p,
such that )

AP+ PA+Y (Qi + ALPQf PAy;) < 0. (4.4)

=1

Proof. Since A = A + > P | Ag; is essentially nonnegative and Hurwitz, by Lemma

4.1 there exists | € R%, | = [ly,...,1,]", such that AT] << 0, which implies that
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ATLe << 0, where L = diag|ly, . ..,1,]. This further implies that LA is compartmen-
tal and Hurwitz.

Since LA is compartmental and Hurwitz it follows that ATL is essentially nonneg-
ative and Hurwitz and by Lemma 4.1 there exists m € R}, m = [my, ... ,my,]* such
that LAm << 0, which further implies that LAMe << 0, where M = diag[myq, ..., my].
Furthermore, since ATLe << 0 it follows that M AT Le << 0 and hence LAM is com-
partmental and Hurwitz.

Next, we define A = LAM and Agq; = LAg;M, i = 1,...,p. By construction A
is an essentially nonnegative matrix and f[di, 1 =1,...,p, are nonnegative matrices.
Hence, A + Y77 | Ay, is essentially nonnegative and Hurwitz by noting that A +

P Ag = LAM. Now since (A + 37, Ag;)e << 0 and (A + 37, Ag;)Te << 0,
by Lemma 4.3 there exist diagonal matrices Q;,i=1,....p, such that
p
AT+ A+ Qi+ AJQF Ag) <0 (4.5)
i=1
which further implies that
p
MATL + LAM + ) (Qi + MAGLQF LA M) <0, (4.6)
i=1
and hence
P
ATLM™ + MT'LA+ Y (M7'Q:M ™' + AZLQF LAy, < 0.
i=1

Now, (4.4) follows with Q; = M~*Q;M~',i=1,...,p, and P = LM~" as a soft
inequality. The strict inequality follows by noting that the proof remains valid by
replacing A with A + I, for sufficiently small € > 0. O

In this chapter, we consider a controlled linear time-delay dynamical system G of

the form
P
x(t) = Ax(t) + ZAdim(t — 1)+ Bu(t), z(0) =n(0), —7<60<0,t>0, (4.7)
i=1

where z(t) € R™, u(t) € R™, t > 0, A € R"*" is an unknown essentially nonnegative

matrix, Ag; € R™" i=1,...,p, and B € R are unknown nonnegative matrices,
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specifying the initial state of the system, and C([—7, 0], R™) denotes a Banach space of
continuous functions mapping the interval [—7, 0] into R™ with the topology of uniform
convergence. Note that the state of (4.7) at time ¢ is the piece of trajectories x between
t—7 and t, or, equivalently, the element x; in the space of continuous functions defined
on the interval [—7,0] and taking values in R™; that is, z; € C([—7,0],R"™), where
74(0) £ x(t +0), 6 € [-7,0]. Furthermore, since for a given time ¢ the piece of the
trajectories z; is defined on [~7,0], the uniform norm ||z = supye(_- g [|=(t + )],
where || - || denotes the Euclidean vector norm, is used for the definitions of Lyapunov
and asymptotic stability of (4.7) with u(¢) = 0. For further details see [37,94]. Finally,
note that since 7(-) is continuous it follows from Theorem 2.1 of [37, p. 14] that there
exists a unique solution z(n) defined on [—7, c0) that coincides with n on [—7,0] and

satisfies (4.7) for all ¢t > 0.

Theorem 4.2 [92,93]. Consider the linear nonnegative dynamical system G given
by (4.7) where A € R™ " is essentially nonnegative, Aq; € R™" i = 1,...,p, is
nonnegative, and u(t) = 0. Then, G is asymptotically stable for all 7 € [0, c0) if and

only if there exist p,r € R™ such that p >> 0 and r >> 0 satisfy

0=(A+ i Ag) '+ (4.8)

=1

Remark 4.1. It follows from Lemma 4.1 and Theorems 4.1 and 4.2 that G is
asymptotically stable for all 7 € [0,00) if and only if there exist diagonal matrices

PQ, e R P>0and Q; >0,7=1,...,p, such that

p
AP+ PA+Y (Qi+ ALPQi# PAy;) < 0.

=1

The proof follows from standard arguments using the Lyapunov-Krasovskii functional

V() =g OP0) + 3 [ vT(0)ALPQF PAGH(0)d0.

—T;
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The following proposition is needed for the main results of the chapter.

Proposition 4.1 [92,93]. The linear dynamical system G given by (4.7) is non-
negative if and only if A € R"*" is essentially nonnegative, Ag; € R™" is nonnegative,

and B € R™"™ is nonnegative.

It follows from Proposition 4.1 that the control input signal Bu(t), ¢t > 0, needs to
be nonnegative to guarantee the nonnegativity of the state of (4.7). This is due to the
fact that when the initial state of (4.7) belongs to the boundary of the nonnegative
orthant, a negative input can destroy the nonnegativity of the state of (4.7). Alterna-
tively, however, if the initial state is in the interior of the nonnegative orthant, then
it follows from continuity of solutions with respect to the system initial conditions
that, over a small interval of time, nonnegativity of the state of (4.7) is guaranteed
irrespective of the sign of each element of the control input Bu(t) over this time in-
terval. However, unlike open-loop control wherein lack of coordination between the
input and the state necessitates nonnegativity of the control input, a feedback control
signal predicated on the system state variables allows for the anticipation of loss of
nonnegativity of the state. Hence, state feedback control signals can take negative
values while assuring nonnegativity of the system states. For further discussion of
the above fact see [99,101].

Next, we present a time-varying extension to Proposition 4.1 needed for the main
theorems of this chapter. Specifically, we consider the linear time-varying delay dy-

namical system

p

(t) = A(t)x(t) + ZAdi(t)x(t —7;) + Bu(t), z(0) =n(0), 0 € [-7,0], t >0, (4.9)
i=1

where A : [0,00) — R™™ and Ay, : [0,00) — R™*" i =1,...,p are continuous. For

the following result the definition of nonnegativity holds with (4.7) replaced by (4.9).

Proposition 4.2. Consider the time-varying delay dynamical system (4.9) where

A:[0,00) = R™™ and Ag, : [0,00) — R™™ i=1,...,p, are continuous. If for every
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t € [0,00), A : [0,00) — R™" ig essentially nonnegative, Aq; : [0,00) — R™ "
i=1,...,p, is nonnegative, B € R™™ is nonnegative, and u(t) is nonnegative, then

the solution z(t), t > 0, to (4.9) is nonnegative.

Proof. The result is a direct consequence of the nonlinear analogue to Proposi-
tion 4.1 by equivalently representing the time-varying delay dynamical system (4.9) as
an autonomous nonlinear time-delay system by appending another state to represent
time. O

Since stabilization of nonnegative systems naturally deals with equilibrium points
in the interior of the nonnegative orthant @1, the following proposition provides
necessary conditions for the existence of an interior equilibrium state z(6) = z. € R”,
0 € [—7,0], of (4.7) in terms of the stability properties of the system matrices A and
Aq;. For this result, recall that a matrix M € R" " is semistable if and only if

M

lim,_, o, eM? exists.

Proposition 4.3. Consider the nonnegative time-delay dynamical system (4.7)

and assume there exist r, € R’ and u. € @T such that

p
0=(A+) Aq)ze + Bue. (4.10)

=1

Then, A+ )" | Ay, is semistable.

Proof. The proof is a direct consequence of ii) of Theorem 3.2 in [100] with A
replaced by A+ >"" | A4, p = ze, and r = Bue. O

It follows from Proposition 4.3 that the existence of an equilibrium state xz(0) =
z. € RY, 0 € [—7,0], for (4.7) implies that the matrix A+ Y7 | Aqg; is semistable.
Hence, if (4.10) holds for 2, € R” and u. € R}, then A+ Y7 | Ay, is Hurwitz or 0 €
spec(A+Y"" | Aq;), where spec(A+>""_ | Aq;) denotes the spectrum of A+>""_ Ay,
is a simple eigenvalue of A+ Y7 | Ay; and all other eigenvalues of A+ ? | Ag; have
negative real parts since —(A + Y7 | Ag;) is an M-matrix [7].
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Definition 4.1 [92,93]. The linear time-delay dynamical system (4.7) is called
a compartmental dynamical system if A and Aq £ P | Ag;, are such that A is
essentially nonnegative, Aq;, @ = 1,...,p, is nonnegative, and A + 7  Ay; is a
compartmental matrix.

Note that if A and A4 are such that

_ _Zzzlakb ZZ]: _ 07 ZZ]?
Ay = { 0, iy DT ay, it (4.11)
where a; > 0, i € {1,---,n}, denote the loss coefficients of the ith compartment

and a;; > 0,4 # j, i,j € {1,---,n}, denote the transfer coefficients from the jth
compartment to the ith compartment then the linear dynamical system (4.7) is a

compartmental system.

4.3. Adaptive Control for Linear Nonnegative Uncertain Dy-
namical Systems with Time Delay

In this section we consider the problem of characterizing adaptive feedback control
laws for nonnegative and compartmental uncertain dynamical systems with time delay
to achieve set-point regulation in the nonnegative orthant. Specifically, consider the

following controlled linear uncertain time-delay dynamical system G given by
p
B(t) = Az(t)+ Y Aqa(t—7)+Bu(t), z(0) =n(0), —7<60<0, t>0, (412)
i=1

where z(t) € R", ¢t > 0, is the state of the system, u(t) € R™, ¢t > 0, is the control
input, A € R™"™ is an unknown essentially nonnegative matrix, Agq; € R™*" and B €
R™ ™ are unknown nonnegative matrices, n(-) € {¢(-) € C.([—7,0],R"™) : ¢(0) >> 0,
0 € [-7,0]},and 7 > 0, T = max;c(1,. p)7; is an unknown system delay amount. The
control input u(-) in (4.12) is restricted to the class of admissible controls consisting
of measurable functions such that u(t) € R™, t > 0.

It follows from Proposition 4.1 that the state trajectories of nonnegative and com-

partmental dynamical systems remain in the nonnegative orthant of the state space
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for nonnegative initial conditions and nonnegative inputs. However, even though ac-
tive control of drug delivery systems for physiological applications requires control
(source) inputs to be nonnegative, in many applications of nonnegative systems such
as biological systems, population dynamics, and ecological systems, the positivity
constraint on the control input is not natural. Hence, in this section we do not place
any restriction on the sign of the control signal and design an adaptive controller that
guarantees that the system states remain in the nonnegative orthant and converge
to a desired equilibrium state. Specifically, for a given desired set point z, € @Z,
our aim is to design a control input u(t), t > 0, such that lim; . ||z(t) — z.|| = 0.
However, since in many applications of nonnegative systems and in particular, com-
partmental systems, it is often necessary to regulate a subset of the nonnegative
state variables which usually include a central compartment, here we require that
limy oo x;(t) = xg; > 0 for i = 1,---,m < n, where x4, is a desired set point for the
ith state z;(t). Furthermore, we assume that control inputs are injected directly into
m separate compartments such that the input matrix is given by

B— {O( B 1 (4.13)

n—m)xm

where B, = diag[b,---,b,) and b; € R, i = 1,---,m. For compartmental systems

this assumption is not restrictive since control inputs correspond to control inflows to

each individual compartment. Here, we assume that for i € {1,---,m}, b; is unknown.
For the statement of our main result define z, £ [z}, 21", where 24 £ [zq1, -+, Tam|®
and Ty = [:Uula o 7xu(n7m)]T'

Theorem 4.3. Consider the linear uncertain time-delay dynamical system G
given by (4.12) where A is essentially nonnegative, Aqg;, @ = 1,...,p, is nonnega-
tive, and B is nonnegative and given by (4.13). Assume there exist nonnegative

vectors x, € Riﬁm and u, € @T such that

p
0=(A+) Ag)ze+ Bue. (4.14)

=1
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Furthermore, assume there exists a diagonal matrix K, = diaglks,,---, kg, |, such
that As + > 7 | Ag; is Hurwitz where A 2 A+ BKg and f(g £ K, Ox (n—m))-
Finally, let ¢; and ¢;, = 1,-- -, m, be positive constants. Then the adaptive feedback
control law

u(t) = K(t)(£(t) — xa) + (1), (4.15)
where K (t) = diag[ki(t),- -+, kn(t)], 2(t) = [21(¢), -, 2 (t)]*, and ¢(¢) € R™, ¢ > 0,

or, equivalently,
uit) = ki(t)(i(t) — za;) + &i(t), i=1,---,m, (4.16)
where k;(t) € R, t > 0, and ¢;(t) € R, t > 0,4 =1,---,m, with update laws

ki(t) = —qi(zi(t) — 2q;)%, ki(0) <0, i=1,---,m, (4.17)

B 0, if ¢;(t) =0 and z;(t) > zq;, ¢:(0) >0,

9ilt) = { —qG;(z;(t) — xq;), otherwise, i =1,--- m, (4.18)

guarantees that the solution (x(t), K(t), ¢(t)) = (e, Kg, ue) of the closed-loop system
given by (4.12), (4.15), (4.17), (4.18) is Lyapunov stable and x;(t) — xq;, 7 = 1,-- -, m,

as t — oo for all n(-) € C,. Furthermore, x(t) >> 0, ¢t > 0, for all n(-) € C,.

Proof. Note that with u(t), ¢ > 0, given by (4.15) it follows from (4.12) that

p

B(t) = Ax(t) + Z Agir(t — 7) + BK(8)(£(t) — xa) + Bo(t),

z(0)=n0), —T<60<0, t>0, (4.19)

or, equivalently, using (4.14) we obtain

l’(t) - As(‘r(t) - xe) + Z Adz(x(t - Ti) - xe)
+ B(K(t) = Kg)(£(t) — wa) + B(o(t) — ue),

2(0) =n(0), —F<0<0,t>0.  (4.20)

Since As+ > 7 | Aq; is essentially nonnegative and Hurwitz it follows from Theorem

4.1 that there exists diagonal matrices P > 0 and Q; > 0, i = 1,...,p, and a
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positive-definite matrix R € R™*" such that

AP+ PA, + Z Oi + ALPO#*PAy) + R =0 (4.21)

=1
To show Lyapunov stability of the closed-loop system (4.17), (4.18), and (4.20) con-

sider the Lyapunov-Krasovskii functional candidate V' : C, x R™*™ x R™ — R given

by
V(¢7 Ku ¢) - (1/)( ) - xe>TP(¢(0) - J]e)
+ Z / — 1) TAL PQ¥ P A (4(0) — z,)d0
+ tr(K - Kg) Q7K ~ Kg) + (¢ — Ue>TQ_1(¢ —ue), (4.22)

or, equivalently,

Vi, K, ¢) = sz Vi(0) — 2e;)* + Z/ — 2)TAY PQ¥ PAg; ((6) — x.)dd
pib; pibi
Z (ki — kgZ Z (i — ue;)?,
- i - i
where Q = diag [plbl e pimm] and Q = diag [plbl cee p ] Note that V (e, Kg, tte) =

0, where 1.(0) = ., 0 € [—7,0]. Furthermore, note that there exist K-class functions

a;(+), as(+), as(+) such that

V(, K, 0) = an([[9(0) = ze[]) + aa(|[ K — Kgllp) + as(ll¢ — uel]),

where || - || denotes the Euclidean vector norm and || - ||g denotes the Frobenius
matrix norm. Now, letting x(t), ¢t > 0, denote the solution to (4.20) and using (4.17)
and (4.18), it follows that the Lyapunov-Krasovskii directional derivative along the

closed-loop system trajectories is given by

Vi, K(t), 6(t)) = 2(z(t) — zo) T Pi(t) +Z ) — 2)TAL PQ¥ PAq,(x(t) — x.)

p

= > (@t = 7) — 2e) "ALPQF PAy;(a(t — 1) — )
=1

- pibi

q;

m

(Ki(t) — kg, i () + 2

i=1

P (4,() — ue)ult),  (4.23)

%

+ 2

i=1
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and it follows from (4.20) that
Ve, K(t), 0(t) = (z(t) — 2o) (AT P 4+ PA) (z(t) — x.)

+2(x(t) — 2)"P Y Agi((t — ) — )

=1

+2(x(t) — o) 'PB(K (1) — Kg)(2(t) — wa) + 2(2(t) — xe) " PB(g(t) — ue)
+ Z ) — 2o) AL PQ¥ P Ay, (x(t) — )
- Z (t —7;) — 2o) TALPQF P Ay (2(t — 7)) — )
+ zzp;‘?%ki(t) () 23 P 60 i), (429)
Now, using (4.21), (4.24) yields
V(z, K(1),6(t) = —(x(t) — ze) "R(x(t) — )
- Z[@@-(ar(t) — xe) = PAq(a(t — 71) — )] QF [Qi((t) — we) — PAg((t — ) — )]
+ 2 Z pibi(ki(t) — kg,) (2s(t) — x4)?
+ QZpibi(xi(t) — x0)(di(t) — tes)
" 2fpj,’"<kz<t> 0

+2Zp”¢z — ue)dilt)
< —<x<t> — )T R(a(t) - a.)
+ Qsz i) = ) (@i(®) = 2a) + 2O, 020 (425)

Now for the two cases given in (4.18), the last term on the right-hand side of (4.25)

gives:
i) If ¢;(t) = 0 and x;(t) > zq;, then ¢;(t) = 0 and hence

Pibi(Di(t) — wes)[(wi(t) — za;) + %¢z(t)] = —pibitle; (74(t) — x4;) < 0.

72



i) Otherwise, ¢;(t) = —;(z;(t) — zq;) and hence
psOx(®) = e (a5(0) = i) + = 65(0)] =0
Hence, it follows that in either case
V(s K1), 0(1)) < —(a(t) — 2) " Ra(t) —z) <0, >0,  (426)

which proves that the solution (z(t), K(t), ¢(t)) = (e, Kg, ue) to (4.17), (4.18), and
(4.20) is Lyapunov stable. Furthermore, since the positive orbit v (n(), Ky, ¢g) of the
closed-loop system (4.17), (4.18), and (4.20) is bounded and vt (n(0), Ko, ¢) belongs
to a compact subset of C; x R™*™ x R™ [102], and since R > 0 it follows from the
Krasovskii-LaSalle invariant set theorem for infinite dimensional systems [37, p. 143]
that z(t) — x. as t — oo for all n(-) € C,.

Finally, to show that z(t) >> 0, ¢ > 0, for all n(-) € C,, note that the closed-loop
system (4.12), (4.15), (4.17), and (4.18) is given by

#(t) = Ax(t) + Y Aga(t — ;) + BK(t)(&(t) — za) + Bo(t)

i=1

= (A+ B[K(t), Opx(n_m)])z(t) + Z Aqiz(t — 1) — BK (t)zq + Bo(t)

p
= A@t)z(t) + Y Agr(t — ) +v(t) + w(t), (4.27)
=1
where
[ a11 + bk (1) a2 e A1 ims1 o0 Gin |
agq o9 + kaQ (t) . Aon
A(t) é am1 e Amm + bmkm(t) Amm+1 e Amn
Am+11 e Am+1m Am+1m+1 " Qm+ln
L Qan1 e Qnm Anm+1 T Ann
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[ b1k1<t).ilfd1 i b1¢1( ) 1
o(t) & — bmkmét)xdm | w(t) 2 bmcﬁén(t)
0 o

Now, since by (4.17) and (4.18), k;(t) < 0,t >0,i=1,---,m, and ¢;(t) > 0, t > 0,
i=1,---,m, it follows that v(t) >> 0, ¢t > 0, and w(t) >> 0, t > 0. Hence, since for

every t € [0,00), A(t) is essentially nonnegative, it follows from Proposition 4.2 that

x(t) >>0,t >0, for all n(-) € Cy. O

Remark 4.2. Note that the conditions in Theorem 4.3 imply that x(t) — x, as
t — oo and hence it follows from (4.17) and (4.18) that (z(t), K(t),¢(t)) — M =
{(z, K,p) € CL x R™™ x R™ : 1, = ze, K =0, ¢ = 0} as t — 0.

It is important to note that the adaptive control law (4.15), (4.17), and (4.18)
does not require the explicit knowledge of the system matrices A, Aq;, 1 = 1,...,p,
and B, the gain matrix K,, and the nonnegative constant vector ue; even though
Theorem 4.3 requires the existence of K, and nonnegative vectors z, and wu, such
that Ay + > 7 | Aq; is asymptotically stable and that the conditions (4.14) holds.
Furthermore, in the case where A+ %" | Ag; is semistable and minimum phase with
respect to the output y = %, or A+ Y 7 | Ag; is asymptotically stable, then there
always exists a diagonal matrix K, € R™*™ such that A;+>_"_; Aq, is asymptotically
stable. In addition, note that for i = 1,--- m, the control input signal w;(t), ¢t > 0,
can be negative depending on the values of x;(t), k;(t), and ¢;(t), t > 0. However,
as is required in nonnegative and compartmental dynamical systems the closed-loop
plant states remain nonnegative.

In the case where our objective is zero set-point regulation, that is, ve(0) = x, =
0, 0 € [-7,0], the adaptive controller given in Theorem 4.3 can be considerably
simplified. Specifically, since in this case x(t) >> x, = 0, t > 0, and condition (4.14)

is trivially satisfied with u, = 0, we can set ¢(t) = 0 so that update law (4.18) is
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superfluous. Furthermore, since (4.14) is trivially satisfied, A can possess eigenvalues
in the open right-half plane. Alternatively, exploiting a linear Lyapunov-Krasovskii
functional construction for the plant dynamics, an even simpler adaptive controller

can be derived. This result is given in the following theorem.

Theorem 4.4. Consider the linear uncertain time-delay system G given by (4.12)
where B is nonnegative and given by (4.13). Assume there exists a diagonal matrix

K, = diaglkg,, -, kg,,| such that As + Y7 | Ay, is asymptotically stable, where

Ag = A+ Bf(g and f(g = [Kg, Opx(n—my]. Furthermore, let ¢;, i = 1,---,m, be

positive constants. Then the adaptive feedback control law
u(t) = K(t)z(t), (4.28)
where K (t) = diag[ky(t), -, kn(t)] and () = [x1(t), -+, 2m(t)]T, or, equivalently,
wi(t) = ki(t)x;(t), i=1,---,m, (4.29)
where k;(t) € R, i =1,---,m, with update law
K(t) = — diaglqz1(t), - -+, gmam(t)], K(0) <<0, (4.30)

guarantees that the solution (z(t), K(t)) = (0, K) of the closed-loop system given by
(4.12), (4.28), (4.30) is Lyapunov stable and z(t) — 0 as t — oo for all n(-) € C,.

Proof. Note that with u(t), ¢ > 0, given by (4.28) it follows from (4.12) that

z(t) = Az(t) + zp:Adix(t — 1)+ BK(t)z(t), x(0)=nl), —-T7<6<0, t>0.

. (4.31)
Now, since for every ¢ € [0, 00), A(t) = A+ B[K (), Opxn—m] is essentially nonnegative
and Aq; is nonnegative it follows from Proposition 4.2 that xz(t) >> 0, t > 0, for all
Ty € @i Next, using A; = A+ Bf(g, note that (4.31) can be equivalently written as

#(t) = A(t) +§pj Aqa(t—7) + BIK (t) — Kp)a(t), 2(0) =n(0) —7 <0 <0, t >0.

(4.32)
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Furthermore, since Aj is essentially nonnegative, Aq; is nonnegative, and As+> 7 | Aqg;
is asymptotically stable it follows from Theorem 4.2 that there exist vectors p >> 0

and r >> 0 satisfying
p
0= (A+ > Aw)p+r (4.33)
i=1

To show Lyapunov stability of the closed-loop system (4.30) and (4.32) consider the

Lyapunov-Krasovskii functional candidate V' : C, x R™*™ — R given by

p 0
V(, K) = p (0) + Z /_ _pTAdiw(e)de + %tr(K — K)TQ YK — Ky), (4.34)

where @ = diag[-4-,---, -], Furthermore, note that V(¢e, K,;) = 0, where

p1b1’ 7 pmbm

Ye(f) =0, 0 € [—7,0], and there exist IC-class functions ay(+), as(-) such that

Vi, K, 0) = an([[¢(0)[]) + az([| K — Kglle).

Now, letting z(t), t > 0, denote the solution to (4.32) and using (4.30), it follows that
the Lyapunov-Krasovskii directional derivative along the closed-loop system trajec-
tories is given by
. p p
V(z, K(t) = p"Aa(t) +p" > Aga(t — ) + p" B(K(t) — Kp)&(t) +p" > Aga(t)
i=1 i=1
p .
—p" > Aga(t — ) + tr(K(t) - Kp)" Q' K(t)
i=1
= —rTa(t)
<0, t=0,
which proves that the solution (z(t), K (t)) = (0, K,) to (4.30) and (4.32) is Lyapunov
stable. Furthermore, since r >> 0 it follows from Corollary 3.1 of [37, p. 143] that

z(t) = 0 ast — oo for all n(-) € C,. O

4.4. Adaptive Control for Linear Nonnegative Dynamical Sys-
tems with Nonnegative Control and Time Delay

In drug delivery systems for physiological processes, control (source) inputs are

usually constrained to be nonnegative as are the system states. Hence, in this section
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we develop adaptive control laws for nonnegative retarded systems with nonnega-
tive control inputs. However, since condition (4.10) is required to be satisfied for
Te € Ki and u, € KT, it follows from Brockett’s necessary condition for asymptotic
stabilizability [101] that there does not exist a continuous stabilizing nonnegative
feedback if 0 € spec(A + >0 | Aq4;) and z. € R" (see [99] for further details). Hence,
in this section we assume that A + > 7 | Ag; is an asymptotically stable compart-
mental matrix. Thus, we proceed with the aforementioned assumptions to design
adaptive controllers for uncertain time-delay compartmental systems that guarantee
that lim; o 2;(t) = x4; > 0 fori =1,---,m < n, where xq; is a desired set point for

the ith compartmental state while guaranteeing a nonnegative control input.

Theorem 4.5. Consider the linear uncertain time-delay system G given by (4.12),
where A is essentially nonnegative, Aq;, ¢ = 1,...,p, is nonnegative, A + > 7 Ay,
is asymptotically stable, and B is nonnegative and given by (4.13). For a given
zq € R™, assume there exist vectors z, € R and u, € RT such that (4.14) holds.
Furthermore, let ¢; and ¢;, © = 1,---,m, be positive constants. Then, the adaptive

feedback control law
w;(t) = max{0,a;(t)}, i=1,---,m, (4.35)

where

ﬁz(t) = kz(t)(xz(t) - xdi) + ¢i(t)v 1= 1’ T, M, (436)

ki(t) e R, t >0, and ¢;(t) e R, t >0,i=1,---,m, with update laws

= {0 i) <0, a
(t) = { —q;(z:(t) — xq;)%, otherwise, ki(0) <0, i=1,---,m, (4.37)
dilt) = 0, if ¢;(t) =0 and x;(t) > xq;, or if 4;(t) <0,
T —Gilwi(t) — wa,),  otherwise,
¢i(0) 20, i =1,---,m, (4.38)

guarantees that the solution (z(t), K(t), ¢(t)) = (xe,0, u.) of the closed-loop system
given by (4.12), (4.35), (4.37), (4.38) is Lyapunov stable and x;(t) — xq;, 7 = 1,-- -, m,
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as t — oo for all n(-) € Cy. Furthermore, u(t) >>0,¢ >0, and z(t) >> 0, t > 0, for

Proof. FiI‘St, define Ku é diag{k'ulﬁ)u e 7kum] and (bu(t) é [¢u1(t)> T (bum]Ta

where
B 0, ifa(t) <0, .
ki (£) = { ki(t), otherwise, t=1em, (4.39)
0, ifa(t) <o, -
Pui(t) = { ¢i(t), otherwise, t=1-m. (4.40)

Now, note that with w(t), ¢ > 0, given by (4.35) it follows from (4.12) that

i(t) = Az(t) + Z Agir(t — 73) + BK () (2(t) — 24) + Bou(2),

2(0) =n(0), —F<0<0, t>0, (4.41)

or, equivalently, using (4.14),

Since A+ Y P | Ag; is essentially nonnegative and Hurwitz it follows from Theorem
4.1 that there exists diagonal matrices P > 0 and Q; > 0, i = 1,...,p, and a

positive-definite matrix R € R™*" such that
p ~ ~
AP+ PA+Y (Qi+ ALPQFPAL) + R=0 (4.43)
i=1

To show Lyapunov stability of the closed-loop system (4.37), (4.38), and (4.42) con-
sider the Lyapunov-Krasovskii functional candidate V' : C; x R™*™ x R™ — R given

by

Vi, K, ¢) = ($(0) = ze) " P(1(0) — ze)
230 [ w0 - ) TAEPGE PA((O) — )

+trKTQ 'K 4 (¢ — ue)TQ M (¢ — o), (4.44)
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or, equivalently,

V(Y K, ¢) = sz i(0) — ;) +Z / ) — xe) "ALPQY P A (¢(6) — we)dd

pib; k2 sz i ;) 2

5| and Q = diag[-LZ

where () = diag[-Z-

z—]. Note that V (v, 0, ue) =

pibi p1b1”’ “’P

0, where 1.(0) = z., 0 € [—7‘,0]. Furthermore, there exist K-class functions a(+),

as(+), ag(+) such that

Vi, K, 0) = an([[9(0) = ze[]) + aa(l[ Klp) + as(ll¢ — uell)-

Now, letting z(t), t > 0, denote the solution to (4.42) and using (4.37) and (4.38),
it follows that the Lyapunov-Krasovskii directional derivative along the closed-loop

system trajectories is given by

V(w, K(t),6(t) = —(2(t) — ze) "R(x(t) — ze)

- il[@(x(t) — 1) PAa(a(t — ) — 2 )] QFIQu at) - w) — PAsi(a(t — 7) 2.
+2 szb i (8) (2:(t) — 24)% + 2 sz i(@i(t) = 7o) (Pui () — e
42 Zl qu (Kit) — kg, )es(t) +2 il p’%f(aﬁz-(t) — 11ei)0i(t)
< —((t) — 1) R(2(t) — 30) +2 sz b b () s(8) = ac)? + k(01
+2 ipb [(l6) = 20 slt) = ) + 7 (6x) ~ w)(0)]. (1.45)

Now, for the two cases given in (4.37) and (4.38), the last two terms on the right-hand
side of (4.45) give:

i) If 4;(t) < 0, then ky;(t) = 0, ¢y;(t) = 0, ki(t) = 0, and ¢;(t) = 0. Furthermore,

since ¢;(t) > 0 and k;(t) < 0 forall t > 0 and ¢ = 1,---,m, it follows from
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(4.36) that 4;(t) < 0 only if z;(t) > z4; and hence

Fui (8)(i(t) — wag)? + Ski(8)ki(t) = 0,
(i(1) = 2ai) (Dui(t) = tei) + =(i(t) = ues)di(t) = —(wi(t) — wa;)ue; < 0.

i) Otherwise, ky;(t) = k;(t) and ¢y;(t) = ¢;(t) and hence

bl () — 22+ k() () = 0,

(£:(t) — 2a)(Guslt) — ttes) + %(@(t) ue)dilt)
{ —(i(t) — g ue; <0, if ¢;(t) = 0 and z;(t) > xq,,

0, otherwise.

Hence, it follows that in either case
Ve, K(t),6(t) < —(2(t) — 2)"R(z(t) —z) <0, t>0, (4.46)

which proves that the solution (x(t), K(t),¢(t)) = (2., 0,ue) to (4.37), (4.38), and
(4.42) is Lyapunov stable. Furthermore, since the positive orbit v*(1n(0), Ko, ¢g) of the
closed-loop system (4.37), (4.38), and (4.42) is bounded and v+ (n(0), Ko, ¢9) belongs
to a compact subset of C; x R™ ™ x R™ [102], and since R > 0 it follows from the
Krasovskii-LaSalle invariant set theorem for infinite dimensional systems [37, p. 143]
that x(t) — x. as t — oo for all n(-) € C,.

Finally, u(t) >> 0, ¢t > 0, is a restatement of (4.35). Now, since B >> 0 and
u(t) >> 0, t > 0, it follows from Proposition 4.1 that z(t) >> 0, t > 0, for all
n() € Cy. O

As in the case of Theorem 4.3, it is important to note that the adaptive control law
(4.35), (4.37), and (4.38) does not require the explicit knowledge of the nonnegative
constant vector u.; even though Theorem 4.5 requires the existence of nonnegative

vectors x, and wu, such that the condition (4.14) holds.
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4.5. Adaptive Control for General Anesthesia

In this section, we illustrate the adaptive control framework developed in this
chapter on a model for the disposition of the intravenous anesthetic propofol [99,103,
104] for induction and maintenance of general anesthesia. This model is discussed
in [99] and is based on the three-compartment mammillary model shown in Figure 4.1
with the first compartment acting as the central compartment and the remaining two
compartments exchanging with the central compartment. The three-compartment
mammillary system with all transfer times between compartments given by 7 > 0
provides a pharmacokinetic model for a patient describing the distribution of propofol
into the central compartment (identified with the intravascular blood volume as well
as highly perfused organs) and other various tissue groups of the body. A mass

balance for the whole compartmental system yields

jfl(t) = —((111 + a9y + &31)1’1(t) + &121’2(t — 7') + a13$3(t — ’7') + U(t),
z1(0) =m(0), —17<60<0, t>0, (4.47)
To(t) = —aiza(t) +anxi(t —7), 22(0) =ma(0), —7<0<0, (4.48)

xg(t) = —CL13.§C3(t) + agll’l(t - 7'), $3<9) = 773(‘9), —7 < 0 < 0, (449)

where (1), z2(t), x3(t), t > 0, are the masses in grams of propofol in the central
compartment and compartments 2 and 3, respectively, u(t), ¢ > 0, is the infusion
rate in grams/min of the anesthetic (propofol) into the central compartment, a;; >

0,49 # 7, 14,5 = 1,2,3, are the rate constants in min~! for drug transfer between

u = Continuous infusion

ai12x2, T T a1, T
Central
Compartment, 2 Compartment 3
Compartment
a1y, T ) a13%3, T

1171

Figure 4.1: Three-Compartment Mammillary Model for Disposition of Propofol

81



compartments, and a;; > 0 is the rate constant in min~' for elimination from the
central compartment. Even though these transfer and loss coefficients are positive,
they can be uncertain due to patient gender, weight, pre-existing disease, age, and
concomitant medication. Hence, adaptive control for propofol set-point regulation
can significantly improve the outcome for drug administration over manual control.
It has been reported in [105] that a 2.5-6 pg/mé blood concentration level of
propofol is required during the maintenance stage in general anesthesia depending on
patient fitness and extent of surgical stimulation. Hence, continuous infusion control
is required for maintaining this desired level of anesthesia. Here we assume that the
transfer and loss coefficients aq1, a2, a1, a3, and as; are unknown and our objective is
to regulate the propofol concentration level of the central compartment to the desired
level of 3.4 pg/m/ in the face of system uncertainty. Furthermore, since propofol mass
in the blood plasma cannot be measured directly, we measure the concentration of
propofol in the central compartment; that is, z7/V., where V, is the volume in liters
of the central compartment. As noted in [104], V, can be approximately calculated by
Ve = (0.159¢/kg) (M kg), where M is the weight (mass) in kilograms of the patient.
Next, note that (4.47)—(4.49) can be written in the state space form (4.12) with
]T

xr = [xla Ta, T3],

—(a11 + az + az) 0 0 0 ap a3 1
A= 0 —ai12 0 s Ad = 921 0 0 s B = 0
0 0 —ai13 a3y 0 0 0

(4.50)
Now, it can be shown that for x4;/V. = 3.4 ug/mt, all the conditions of Theorem 4.5
are satisfied. Even though propofol concentration levels in the blood plasma are a
good indication of the depth of anesthesia, they cannot be measured in real time dur-
ing surgery. Furthermore, we are more interested in drug effect (depth of hypnosis)
rather than drug concentration. Hence, we consider a more realistic model involving
pharmacokinetics (drug concentration as a function of time) and pharmacodynamics

(drug effect as a function of concentration) for control of anesthesia. Specifically,
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we use an electroencephalogram (EEG) signal as a measure of drug effect of anes-
thetic compounds on the brain [106]. Since electroencephalography provides real-time
monitoring of the central nervous system activity, it can be used to quantify levels
of consciousness and hence is amenable for feedback (closed-loop) control in general
anesthesia. Furthermore, we use the Bispectral Index (BIS), a new EEG indicator, as
a measure of anesthetic effect [107]. This index quantifies the nonlinear relationships
between the component frequencies in the electroencephalogram, as well as analyzing
their phase and amplitude. The BIS signal is a nonlinear monotonically decreasing

function of the level of consciousness and is given by

CW
BIS(ceg) = BISo [ 1 — ——=f 4.51
s =015 (1= 7). e

where BIS, denotes the base line (awake state) value and, by convention, is typi-
cally assigned a value of 100, ce is the propofol concentration in grams/liter in the
effect site compartment (brain), ECso is the concentration at half maximal effect
and represents the patient’s sensitivity to the drug, and v determines the degree of
nonlinearity in (4.51). Here, the effect site compartment is introduced as a corre-
late between the central compartment concentration and the central nervous system
concentration [108]. The effect site compartment concentration is related to the con-

centration in the central compartment by the first-order delay model

Coir(t) = ae(21(8) Ve — con(t)),  co(0) = 21(0), >0, (4.52)

where g in min~!

is an unknown positive time constant. In reality, the effect site
compartment equilibrates with the central compartment in a matter of a few minutes.
The parameters a.g, ECso , and v are determined by data fitting and vary from patient
to patient. BIS index values of 0 and 100 correspond, respectively, to an isoelectric
EEG signal and an EEG signal of a fully conscious patient; while the range between
40 and 60 indicates a moderate hypnotic state [109].

In the following numerical simulation we set ECsy = 3.4 pg/ml, v = 3, and

BISy = 100, so that the BIS signal is shown in Figure 4.2. The target (desired) BIS
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Figure 4.2: BIS Index Versus Effect Site Concentration

o

value, BIS;arget, is set at 50. In this case, the linearized BIS function about the target

BIS value is given by

-1

BIS(cor) ~ BIS(EC50) — BIS, - ECZ, - (aﬁf—gcgo)? = 125 — 22.06ceq

(4.53)

Furthermore, for simplicity of exposition, we assume that the effect site compartment

equilibrates instantaneously with the central compartment; that is, we assume that

aeg — 00 and hence ce(t) = x1(t)/Ve, t > 0. Now, using the adaptive feedback
controller

uy(t) = max{0, 4y (¢)}, (4.54)
where
i1 (£) = —k1 (1)(BIS(1) — BISger) + 01(1), (455)

ki(t) € R, t >0, and ¢;(t) € R, t > 0, with update laws

. B 07 if Uy (t) < O,

ka(t) = { —qprs, (BIS(t) — BIS;aget)?,  otherwise, #(0) <0, (4.56)
0 if ¢1 (t) =0 and BIS(t) > BIStarget7

él(t) _ ’ or if uy(t) <0, »1(0) >0,

dpis, (BIS(t) — BlStarget), otherwise,
(4.57)
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Table 4.1: Pharmacokinetic parameters
Set | ai1 (min~!) ag; (min~!) a2 (min~!) a3 (min~!') ay3 (min~t)
A 0.152 0.207 0.092 0.040 0.0048
B 0.119 0.114 0.055 0.041 0.0033

where ¢pis, and ¢pis, are arbitrary positive constants, it follows from Theo-
rem 4.5 that the control input (anesthetic infusion rate) u(t) > 0 for all ¢ > 0 and
BIS(t) — BlSiarget as t — oo for any (uncertain) positive values of the transfer and
loss coefficients in the range of cog where the linearized BIS equation (4.53) is valid.
It is important to note that during actual surgery or intensive care unit sedation the
BIS signal is obtained directly from the EEG and not (4.51). Furthermore, since our
adaptive controller only requires the error signal BIS(¢) — BIS;aeet Over the linearized
range of (4.51), we do not require knowledge of the slope of the linearized equation
(4.53), nor do we require knowledge of the parameters v and ECs. To illustrate the
robustness properties of the proposed adaptive control law, we use the average set
of pharmacokinetic parameters given in [110] for 29 patients requiring general anes-
thesia for noncardiac surgery. For our design we assume M = 70 kg and we switch
from Set A to Set B given in Table 4.1 [110] at ¢ = 25 min. Furthermore, we as-
sume that at ¢ = 25 min the pharmacodynamic parameters EC5y and v are switched
from 3.4 pg/ml and 3 to 4.0 ug/ml and 4, respectively. Here we consider noncardiac
surgery since cardiac surgery often utilizes hypothermia which itself changes the BIS
signal. With ggrs, = 1 x 107% g/min?, ggis, = 1 x 1073 g/min?, and initial conditions
z(0) = [0, 0, 0]T g, k1(0) = 0 min™!, and ¢;(0) = 0.01 g/min~!, Figure 4.3 shows
the masses of propofol in all three compartments versus time. Figure 4.4 shows the
BIS index versus time. Figure 4.5 shows the propofol concentration in the central
compartment and the control signal (propofol infusion rate) versus time. Finally,

Figure 4.6 shows the adaptive gain history versus time.
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Chapter 5

On System State Equipartitioning
and Semistability in Network
Dynamical Systems with Arbitrary
Time-Delays

5.1. Introduction

Nonnegative and compartmental models are also widespread in agreement prob-
lems in networks with directed graphs and switching topologies [60,111]. Specifically,
distributed decision-making for coordination of networks of dynamic agents involv-
ing information flow can be naturally captured by compartmental models. These
dynamical network systems cover a very broad spectrum of applications including
cooperative control of unmanned air vehicles, distributed sensor networks, swarms of
air and space vehicle formations [59,68], and congestion control in communication
networks [58]. In many applications involving multiagent systems, groups of agents
are required to agree on certain quantities of interest. In particular, it is important
to develop consensus protocols for networks of dynamic agents with directed infor-
mation flow, switching network topologies, and possible system time-delays. In this
chapter, we use compartmental dynamical system models to characterize dynamic
algorithms for linear and nonlinear networks of dynamic agents in the presence of

inter-agent communication delays that possess a continuum of semistable equilibria,
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that is, protocol algorithms that guarantee convergence to Lyapunov stable equilib-
ria. In addition, we show that the steady-state distribution of the dynamic network is
uniform, leading to system state equipartitioning or consensus. These results extend
the results in the literature on consensus protocols for linear balanced networks to

linear and nonlinear unbalanced networks with time-delays.

5.2. Mathematical Preliminaries

In the first part of this chapter, we consider linear, time-delay dynamical systems

G of the form
B(t) = Ax(t) + Y Aga(t—7), x(0)=n0), -7<0<0, t>0,  (51)
=1

where z(t) € R", t > 0, A € R™", Ayg, € R™" i = 1,...,nq, T = MaXie{1,...ng}Tis
n(-) € Cy 2 {Y(-) € C([-7,0,R™) : (#) >> 0,0 € [-7,0]} is a continuous vector-
valued function specifying the initial state of the system, and C([—7,0],R™) denotes
a Banach space of continuous functions mapping the interval [—7,0] into R" with
the topology of uniform convergence. Note that the state of (5.1) at time ¢ is the
piece of trajectories x between t — 7 and t, or, equivalently, the element x; in the
space of continuous functions defined on the interval [—7,0] and taking values in R",
that is, 2, € C([—7,0],R"), where z;(0) £ x(t + ), § € [-7,0]. Furthermore, since
for a given time t the piece of the trajectories z; is defined on [—7,0], the uniform
norm ||z¢f| = supgei_z g l2(t + )|, where || - || denotes the Euclidean vector norm,
is used for the definitions of Lyapunov and asymptotic stability of (5.1). For further
details, see [37,94]. In addition, note that since 7n(-) is continuous it follows from
Theorem 2.1 of [37, p. 14] that there exists a unique solution z(n) defined on [—7, c0)
that coincides with 7 on [—7,0] and satisfies (5.1) for all ¢t > 0. Finally, recall that
if the positive orbit v (n(#)) of (5.1) is bounded, then y*(n(0)) is precompact [102],
that is, y*(n(#)) can be enclosed in the union of a finite number of e-balls around

elements of v (n(0)).
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The following theorem gives necessary and sufficient conditions for asymptotic
stability of a linear time-delay nonnegative dynamical system G given by (5.1). For

this result, the definition 3.1 and proposition 3.1 with u(t) = 0 are needed.

Theorem 5.1 [93,112]. Consider the linear time-delay dynamical system G given
by (5.1) where A € R™*" is essentially nonnegative and Agq; € R™*" i =1,...,nq, is
nonnegative. If there exist p,r € R™ such that p >> 0 and r >> 0 (resp., r >> 0)

satisfying

nq T
0= (A + Z Adi) p+r, (5.2)
=1

then G is Lyapunov (resp., asymptotically) stable for all 7 € [0, 00). Conversely, if G
is asymptotically stable for all 7 € [0, 00), then there exist p,r € R™ such that p >> 0
and r >> 0 satisfying (5.2).

Definition 5.1 [93,112]. The linear time-delay dynamical system (5.1) is called

a compartmental dynamical system if A+ 3" Aq; is a compartmental matrix.

Note that the linear time-delay dynamical system (5.1) is compartmental if A and

Aq £ 371 Ag; are given by

. _Zzzlakia ZZ]) o 07 Z:.jv
A(l’]) B { 07 i 7& j) Ad(ld) B Qjj, { 7é jv (53)
where a; > 0, ¢ € {1,...,n}, denotes the loss coefficients of the ith compartment

and a;; > 0, @ # j, 1,7 € {1,...,n}, denotes the transfer coefficients from the
jth compartment to the ith compartment. The following results are necessary for

developing some of the main results of this chapter.

Proposition 5.1 [113]. Let A € R™" be essentially nonnegative and assume
there exists p € R} such that ATp << 0. Then A is semistable, that is, Re A < 0, or

A =0 and A is semisimple, where A € spec(A).
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5.3. Semistability and Equipartition of Linear Compartmen-
tal Systems with Time-Delay

In this section, we present sufficient conditions for semistability and system state
equipartition for linear compartmental dynamical systems with time delay. Note that
for addressing the stability of the zero solution of a time delay nonnegative system,
the usual stability definitions given in [37] need to be slightly modified. In particular,
stability notions for nonnegative dynamical systems need to be defined with respect
to relatively open subsets of Ri containing the equilibrium solution z; = 0. For
a similar definition see [113]. In this case, standard Lyapunov-Krasovskii stability
theorems for linear and nonlinear time delay systems [37] can be used directly with
the required sufficient conditions verified on Ei. The following lemma is needed for

the main theorem of this section.

Lemma 5.1. Let A € R™" and Agq; € R™™, i = 1,...,nq, be given by (5.3).

Then there exist nonnegative definite matrices @); € R"*", i = 1,...,nq, such that
ng
A+ AT+ Qi+ ALQF Ag) < 0. (5.4)

i=1
Proof. For each i € {1,...,nq}, let @; be the diagonal matrix defined by
Qian = D Adigm) (5.5)
m=1,l#m
and note that A+ >, @Q; =0, (Aq; — Qi)e =0, and QiQ7 Ag; = Agsy i =1,... ng.

Hence, Me = 0, where

A+AT+Z?:(11 7 AdTl A;irz AdTnd
) A I (5.6

Adn, 0 0 - —Qn,
Now, it follows from Corollary 4.1 that M < 0 and since QiQ;#Adi = Ay, @ =
1,...,nq, it follows from Lemma 4.2 that M < 0 if and only if (5.4) holds. O
For the next result, recall that the equilibrium solution z; = z. to (5.1) is

semistable if and only if x. is Lyapunov stable and lim; ., x(t) exists.
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Theorem 5.2. Consider the linear time-delay dynamical system given by (5.1)
where A and Aqg;, i = 1,...,nq, are given by (5.3). Assume that (A4 " Aqg;)Te
(A4 >0 Agy)e = 0 and rank(A + >4 Ag;) = n — 1. Then for every a > 0, ae is

a semistable equilibrium point of (5.1). Furthermore, z(t) — a*e as t — oo, where

e"n(0) + 327, [ e Aan(6)dd
af = . (5.7)
n+y. TleTAdie

Proof. It follows from Lemma 5.1 that there exist nonnegative matrices Q);, 1 =
1,...,ngq, such that (5.4) holds. Now, consider the Lyapunov-Krasovskii functional

V :C, — R given by

V() = ¢ (0)1(0) + Z / 0 VT (0)ALQY A (0)d0, (5.8)
i=1 " "Ti
and note that the directional derivative of V(z;) along the trajectories of (5.1) is
given by
V(zy) = )+ Zx ()AL QF Agx(t) — nz 2Tt — 1) AL Q¥ Agsa(t — 13)
i1
— 227 (t) Ax(t) + 227 ZAd, )+ Zaz HALQY Agi(t)
- i: 2" (t — 1) ALQT Aqa(t — 7))
< — Z — 2T () Agiz(t — 73) + 2T (t — 1) AL QF Agx(t — 7))
= - Z[—Qﬂ(t) + Agr(t — )] QF [~ Qix(t) + Agix(t — 7))
<0, - t>0. (5.9)

Next, let R = {¢(-) € Cy : —Qiwo(0)+Ag0(—7:) = 0,3 =1,...,nq} and note that
since the positive orbit 7 (n(6)) of (5.1) is bounded, v (n(#)) belongs to a compact
subset of C;, and hence, it follows from Theorem 3.2 of [37] that x; — M, where
M denotes the largest invariant set contained in R. Now, since A+ > Q; = 0,
it follows that R ¢ R £ {1(:) € C4 : Ap(0) + Yo Agp(—7i) = 0}. Hence, since
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rank(A + > Ag;) = n—1 and (A+ > Agy)e = 0, it follows that the largest
invariant set M contained in R is given by M = {¢) € C : ¥(0) = ae, € [-7,0], 0 >
0}. Furthermore, since M C R C R, it follows that M = M.

Next, define the functional £ : C, — R by

ng 0
B(6() =)+ Y [ e Auui)s (5.10)
i=1 /=i
and note that F(z,) = 0 along the trajectories of (5.1). Thus, for all ¢ > 0,
nqg 0
Blw) = E(() = e"(0)+ Y [ e Aun(0)a0, (.11
i=1 /=i

which implies that z; — M N &, where € £ {¢(+) € Cy : E(Y(+)) = E(n(-))}. Hence,
since M N E = {a*e}, it follows that z(t) — a*e, where o* is given by (5.7).
Finally, Lyapunov stability of ce, o > 0, follows by considering the Lyapunov-

Krasovskii functional
V(i(-) = (¥(0) — ae)' (1(0) — ae) + Z/_ (W(0) - ae)"ALQY Ay (1 (0) — ae)dd

and noting that V(1) > ||¢(0) — ce||3. O
Note that if ng = n*—n, Ag = AL, and (A+ Aq)e = 0, then (5.1) can be rewritten

as

n

Bi(t)=— Y aylri(t) -zt — 7)), x2(0)=n0), -T<0<0, t>0, (5.12)

j=1,j#i
where ¢ = 1,...,n, and 7; € [0,7], ¢ # j, ¢, = 1,...,n, which implies that the
rate of material transfer from ith compartment to jth compartment is proportional
to the difference x;(t — 7;;) — ;(¢). Hence, the rate of material transfer is positive
(resp., negative) if x;(t — ;) > x;(t) (rvesp., z;(t — 7;) < x;(t)). Equation (5.12) is
an information flow balance equation that governs the information exchange among
coupled subsystems and is completely analogous to the equations of thermal transfer
with subsystem information playing the role of temperatures. Furthermore, note

that since a;; > 0,4 # j, ¢, = 1,...,n, information energy flows from more energetic
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subsystems to less energetic subsystems, which is consistent with the second law
of thermodynamics requiring that heat (energy) must flow in the direction of lower

temperatures.

5.4. Semistability and Equipartition of Nonlinear Compart-
mental Systems with Time Delay

In this section, we extend the results of Section 5.3 to nonlinear compartmental
systems with time delay. Specifically, we consider nonlinear time-delay dynamical

systems G of the form

a(t) = f(x(t) + fa(x(t = 71),...,2(t = 7,)), @(0) =n(0), —-T<6<0, =0,
5.13)

(
where z(t) € R", t > 0, f : R" — R" is locally Lipschitz continuous and f(0) = 0,

fa: R x -+ x R" — R" is locally Lipschitz continuous and f4(0,...,0) =0, T
vector-valued function specifying the initial state of the system. Note that since 7(-)
is continuous it follows from Theorem 2.3 of [37, p. 44] that there exists a unique
solution x(n) defined on [—7, 00) that coincides with 7 on [—7, 0] and satisfies (5.13)
for all ¢ > 0. In addition, recall that if the positive orbit 4" (n()) of (5.13) is bounded,
then v*(n(0)) is precompact [102]. The following definitions generalize the notions of

essential nonnegativity and nonnegativity to vector fields.

Definition 5.2 [113]. Let f = [f1,..., f.]* : D — R", where D is an open subset
of R™ that contains Ki. Then f is essentially nonnegative if f;(x) > 0 for all i =
1,...,nand z € Ei such that x; = 0, where z; denotes the ith element of z. f is

compartmental if f is essentially nonnegative and e® f(z) <0, z € @i.

Definition 5.3 [114]. Let f = [f1,..., fu]* : D — R", where D is an open subset
of R that contains m Then f is nonnegative if f;(x) > 0 for all i = 1,...,n and

-n
x€R+.
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Note that if f(z) = Az, where A € R™", then f(-) is essentially nonnegative if
and only if A is essentially nonnegative, and f(-) is nonnegative if and only if A is

nonnegative.

Definition 5.4 [112]. The nonlinear time-delay dynamical system G given by
(5.13) is nonnegative if for every n(-) € Cy, where C, = {¥(-) € C : () >>
0, 6 € [-7,0]}, the solution x(t), ¢t > 0, to (5.13) is nonnegative.

Proposition 5.2 [112]. Consider the nonlinear time-delay dynamical system G
given by (5.13). If f(-) is essentially nonnegative and fq(-) is nonnegative, then G is

nonnegative.

For the remainder of this chapter, we assume that f(-) is essentially nonnegative
and fy(+) is nonnegative so that for every n(-) € Cy, the nonlinear time-delay dynami-
cal system G given by (5.13) is nonnegative. Next, we consider a subclass of nonlinear

nonnegative systems, namely, nonlinear compartmental systems.

Definition 5.5. The nonlinear time-delay dynamical system (5.13) is called a

compartmental dynamical system if F(-) is compartmental, where F(z) = f(x) +

falz,x, ... ).

Note that the nonlinear time-delay dynamical system is compartmental if f(-) and

fa(+) are given by

n

filx() = = Y au(at),  fa(@t—mn),... 2t —7,))
j=1,j#

= > ay((t—7y)), (5.14)

=1,
where a;(z(-)) > 0, z(-) € Cy, a;(0) =0, ¢ € {1,...,n}, denotes the instantaneous
rate of flow of material loss of the ith compartment, a;;(z(-)) > 0, () € Cy, i #
J, i,7 € {1,...,n}, denotes the instantaneous rate of material flow from the jth

compartment to the ith compartment, 7;;, ¢ # 7,4, j € {1,...,n}, denotes the transfer
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time of material flow from the jth compartment to the ith compartment, and a;(+)
and a;;(-) are such that if z; = 0, then a;;(z) = 0 and a;;(x) =0 forall i,j =1,...,n,
and x € Ri. Note that the above constraints imply that f(-) is essentially nonnegative
and fy(+) is nonnegative. The next result generalizes Theorem 5.2 to nonlinear time-

delay compartmental systems of the form
#(t) = f@(®) + Y fa(x(t—7)), @(0) =n(), —7<6<0, t>0, (5.15)
i=1

where f: R}, — R} isgiven by f(2) = [fi(21), ..., fu(za)]T, £(0) =0, fa; : R} — R,
i=1,...,nq, and f3(0) = 0. Furthermore, we assume that f;(-), ¢ = 1,...,n, is a

strictly decreasing function.

Theorem 5.3. Consider the nonlinear time-delay dynamical system given by
(5.15) where f;(-), ¢ = 1,...,n, is strictly decreasing and f;(0) = 0. Assume that
e"[f(x) + 320 fai(2)] = 0, x € R, and f(2) + 31, fa;(x) = 0if and only if 2 = ae

for some o > 0. Furthermore, assume there exist nonnegative diagonal matrices

=NnXn

P,eR, ", i=1,...,nq, such that P =3 " P, >0,

PZ#Plde('x) = fdi(x>7 z Eﬁia L= 17"'7nd7 (516)
> faf (@)Pifa(x) < fT(2)Pf(z), xR (5.17)
=1

Then, for every o > 0, e is a semistable equilibrium point of (5.15). Furthermore,

x(t) — ae as t — oo, where o* satisfies
ng nd 0
na* + Z e’ fq;(a"e) = eTn(0) + Z/ e’ fq;(n(0))de. (5.18)
i=1 i=1 Y 7T
Proof. Consider the Lyapunov-Krasovskii functional V : C; — R given by
n ¥;(0) nd r0
VEO) =23 [ RuhlOdc+ Y [ Al o) @) (519)
i=1 70 i=1 7T

Since, fi(+), i = 1,...,n, is a strictly decreasing function it follows that V(¢) >
2> i Pl
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1i(6:4:(0)]3(0) > 0 for all ¢»(0) # 0, where 0 < §; < 1, and hence, there exists a
class K function «(-) such that V() > a(][(0)]]). Now, note that the directional

derivative of V'(z;) along the trajectories of (5.15) is given by
V(e) = =2f7( ) + Zfdz £)) Py fai(2(t))
—Zfd, (t = 7)) Pifa;(x(t — 7))
= —2f"(x(t)) - 2ZfT ))P fai(a(t — 7))

+Zfdz t))Pifai(@ Zfdz (t = 7)) Pifai(x(t — 7))

< —f"(=(t)) —2Zf )PP P, fa,(x(t — 7))

—Zfd, w(t — 7)) P PE P fa,(x(t — 7))
= - Z[Pf (2(8)) + Pifai(a(t = 7)) P[P f(x(t) + Pifay(x(t — 7))
<0, l_t >0, (5.20)

where the first inequality in (5.20) follows from (5.16) and (5.17), and the last equality
in (5.20) follows from the fact that fT(z)Pf(z) = 3.1, fT(x)PPF Pf(z), v € R.
Next, let R £ {¢(-) € Cy : Pf(¢(0)) + Pifa;(¥(—7)) = 0,i = 1,...,nq} and
note that since the positive orbit v*(n(6)) of (5.15) is bounded, v (n(#)) belongs to
a compact subset of C, and hence, it follows from Theorem 3.2 of [37] that x; — M,

where M denotes the largest invariant set (with respect to (5.15)) contained in R.

Now, since e (f(x) + 31, fa(z)) = 0,2 € R, it follows that

RCR & [p() €y : F(0) + Zd Fas((—7)) = 0)

= {Y() € Cy : (0) = ae, (96[ 7,0], a > 0},

which implies that x; — R as t — o00.
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Next, define the functional £ : C, — R by
na 0
Bw() =)+ Y [ et hufuie)ds (5.21)
=1 i
and note that F(z,) = 0 along the trajectories of (5.15). Thus, for all ¢ > 0,
na A0
Blw) = E(n() = e"n(0) + Y [ " fun(0))a6, (522
=17 i

which implies that z; — RN E, where £ £ {¢(-) € C4 : E((-)) = E(n(-))}. Hence,
RNE = {a*e}, it follows that x(t) — a*e, where a* satisfies (5.18).

Finally, Lyapunov stability of e, @ > 0, follows by considering the Lyapunov-
Krasovskii functional

VO) = <23 [ PualhlQ) - Ala)dd

i=1 v

+2/—n [fa:(0(0)) — fa;(ce)]" P fa;(¥(0)) — fa;(cve)]do,

and noting that V(¢) > 23" | Py »[fi(a) — fila+6;(¥:(0) — a))](¢(0) — ) > 0, for
all 1;(0) # o, where 0 < ¢; < 1. O

Theorem 5.3 establishes semistability and state equipartition for the special case
of nonlinear compartmental systems of the form (5.14) where f(-) and fq(), i =
1,...,n, satisfy (5.16) and (5.17). For general n-dimensional nonlinear compart-
mental systems with time-delay and vector fields given by (5.15) it is not possible
to guarantee semistability and state equipartition. However, semistability without
state equipartition may be shown. For example, consider the nonlinear time-delay

compartmental dynamical system given by

|
ll
A
<>
A
VO
~
V
uO
o
No)
Ko

T1(t) = —an(z1(t)) + arz(w2(t — 712)), 21(0) = M (0

Bo(t) = —ara(22(t)) + ax (21 (t — 721)), 22(0) = 12(0

|
Rl
A
>
A
vC)
~
V
“O
=
)
=

where x,(t),25(t) € R, t > 0, a1o : Ry — Ry and ag; : Ry — R, satisfy a12(0) =

a21(0) = 0 and a12(+) and a9 (+) are strictly increasing, T, 791 > 0, 7 = max{7s, 791},
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and 1, (-), m2(+) € Cy = C([-7,0],R,). Note that (5.23) and (5.24) can have multiple
equilibria with all the equilibria lying on the curve ag (u) = ai2(v), u,v > 0. It
follows from the conditions on aj2(-) and ag;(-) that all system equilibria lie on the
curve y = agy (as1(z)) in the (z,y) plane, where aj; (-) denotes the inverse function
of aja().

Consider the functional £ : C, x C; — R given by

0 0

&12('[#2(9))(10 + / agl(wl(H))dH (525)

—T21

E(v1,v2) = 1(0) 4 1(0) +/

—T12

Now, it can be easily shown that the directional derivative of E(1)1,1) along the
trajectories of (5.23) and (5.24) is identically zero for all ¢ > 0, which implies that,

for all t > 0,
0

E(x14,w9:) = E(n1,m2) = m1(0) +12(0) +/ aia(n2(0))do

—T12

—T21

Next, consider the functional V : C; x C; — R given by

¥1(0) 1¥2(0)
V(wlal/}Q) = 2/ a21(9>d9 + 2/ alz(e)de
0 0

n / 2, (162(6)) 0 + / o2, (11 (6)) 6, (5.27)

—T12 —T21

and note that the directional derivative of V (1, 19) along the trajectories of (5.23)
and (5.24) is given by

V(wy, 2or) = —las(21(t) — ara(2a(t — 112)))?

— Jara(22(t)) — ag1 (21 (t — 1)) (5.28)
Now, using similar arguments as in the proof of Theorem 5.3 it follows that
(z1(t), 22(1)) — (@7, agy (az ("))
as t — oo, where o is the solution to the equation

o + apy (az (@) + (712 + To1)agr (@) = 11(0) + 12(0)

+/ a12(772(9>)d0+/ agl(m(e))de, (529)

—T12 —T21
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and (a*, aj; (ag;(a*))) is a Lyapunov stable equilibrium state. The above analysis

shows that all two-dimensional nonlinear compartmental dynamical systems of the
form (5.23) and (5.24) are semistable with system states reaching equilibria lying on
the curve y = ayy (az1(x)) in the (x,7) plane.

To demonstrate the utility of Theorem 5.3 we consider a nonlinear two-compartment

time-delay dynamical system given by

1’1(t) = — Zaz(lj(t)) + ai(xg(t — 7'0),271(9) = 7’]1(9), —T S 9 S O,t Z O, (530)

To(t) = iai(m(t — 1)) — a;(z2(t)), z2(0) = n2(6), —7 < 0 <0, (5.31)
i=1
where a; : Ry — R, i=1,...,nq, are such that for every i = 1,... ,nq,
[a;(x1) — a;i(z2)|(x1 — 22) >0, x1 # 9, (5.32)
and a;(0) = 0, ¢ = 1,...,nq. If 2y and x5 represent system energies, then (5.30)

and (5.31) capture energy flow balance between the two compartments, and (5.32)
is consistent with the second law of thermodynamics, that is, energy flows from the
more energetic compartment to the less energetic compartment [34]. Furthermore,
since a;(0) = 0, (5.32) implies that a;(-), i = 1,2, is strictly increasing. Now, note
that (5.30) and (5.31) can be written in the form of (5.15) with

ORI e PR i PSR ACES

i=1 di
which implies that f;(x;), 7 = 1,2, are strictly decreasing. Next, with P, = I,,,
i =1,...,nq, (5.16) and (5.17) are trivially satisfied, and hence, it follows from
Theorem 5.3 that x;(t) — z2(t) — 0 as t — oc.

Next, we consider nonlinear compartmental time-delay dynamical systems of the

form
Bi(t)=— Y au(zit)+ Y ay(zi(t-7)), x(0) =n@), -T<H<0, t>0,
J=Lj#4 j=1,j%i
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where i = 1,...,n, a;; : Ry — Ry, i # 7, 4,5 € {1,...,n}, are such that a;;(0) =0
and a;;(-), @ # j, i,j = 1,...,n, is strictly increasing. Note that since each transfer
coefficient a;;(-) is only a function of z; and not x, the nonlinear compartmental
system (5.34) is a nonlinear donor controlled compartmental system [28]. In this case,

(5.34) can be written in the form given by (5.15) with nq = n,

n

filz;) = — Z aji(x;), fa;,(z) =e; Z a;j(x;), i=1,...,n. (5.35)

j=1gi
Next, with P, = e;el, i = 1,...,n, so that P = I,,, it follows that (5.16) is trivially
satisfied and (5.17) holds if and only if

Z [Z aij(z;)| < Z LZ @ji xz)] ; TE Ez (5.36)

i=1 Lj=1,i#j =1,i#j

In the case where n = 2, (5.36) is trivially satisfied, and hence, it follows from Theorem
5.3 that x1(t) — 22(t) — 0 as t — oo. In general, (5.36) does not hold for arbitrary
strictly increasing functions a;;(-). However, if a;;(-) = o(-), i # j, i,j = 1,...,n,
where o : R, — R is such that ¢(0) = 0 and strictly increasing, (5.36) holds if and
only if

n n 2

Z[Zw] <Z[Z ] semn 5.37)

i=1 Lj=1,i%j =1,i%j

In this case, since

> (n—1)202(azi) + (n —2) Z Z (n—1) ZO’ x;)

=1 j=1,j#1
-9 Y ol - ole)
i=1 j=1,j7#i
(5.37) holds, and hence, it follows from Theorem 5.3 that x;(t) —x;(t) — 0 as t — oo,
where i £ 7,4, 7=1,...,n.

Next, we specialize Theorem 5.3 to nonlinear time-delay compartmental systems

of the form
(t) = Ad(x(t)) + iAdza(x(t —-7)), ©(0) =n(0), —7<60<0,t>0, (5.38)



where 6 : R, — R is given by 6(2) = [0(21),0(22), .. .,0(2,)]", where o : Ry — R
is such that o(u) = 0 if and only if u =0, and A and Ag;, ¢ = 1,...,n4, are given by
(5.3).

Theorem 5.4. Consider the nonlinear time-delay system given by (5.38) where
o : Ry — R, is such that ¢(0) = 0 and o(-) is strictly increasing. Assume that
(A+>30 Ag)Te = (A+ D1, Ags)e = 0 and rank(A+ Y1, Aq;) = n— 1. Then for
every a > 0, ce is a semistable equilibrium point of (5.38). Furthermore, z(t) — a*e

as t — oo, where o* satisfies

ng nd 0
no* +0(a”) S meT Age = eT(0) + 3 / T A o(n(0))do.  (5.39)
=1 i=1 Y T

Proof. It follows from Lemma 5.1 that there exists );, i = 1,...,nq, such that
(5.4) holds with Q; given by (5.5). Now, since A = — 374, Q; = — Y., P/ = — P!,
where P =" P, it follows from (5.4) that, for all z € Ri,

nd

0 > 26" (x)A6(x) + 6" () Z(Qz + Aa; QF Aa;)o(x)

i=1

= —fM(x) +Zfdz )P fai(2),

where f(z) = Ad(z) and fg,(x) = Ag;0(x),i=1,...,nq,2 € Ei. Furthermore, since
P*P Ay = Ag;, i@ = 1,...,ng, it follows that PP, fq,(z) = fa(z), i = 1,...,nq,
T € @i. Now, the result is an immediate consequence of Theorem 5.3 by noting that
el[f(z)+ >0 fa;(x)] =0 and f(z)+ >, fa;(x) = 0if and only if z = e for some
a > 0. O

5.5. The Consensus Problem in Dynamical Networks

In this section, we apply the results of Sections 3 and 4 to the consensus problem
in dynamical networks [57,58,60,111,115]. The consensus problem appears frequently
in coordination of multiagent systems and involves finding a dynamic algorithm that a

enables a group of agents in a network to agree upon certain quantities of interest with
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directed information flow subject to possible link failures and time-delays. As in [60],
we use directed graphs to represent a dynamical network and present solutions to
the consensus problem for networks with balanced graph topologies (or information
flow) [60] and unknown arbitrary time-delays. Specifically, let G = (V, &€, A) be a
weighted directed graph (or digraph) denoting the dynamical network (or dynamic
graph) with the set of nodes (or vertices) V = {v,...,v,} denoting the agents, the
set of edges &€ C V x V denoting the direction of information flow, and a weighted
adjacency matrix A € R™" such that A; ;) = a;; > 0,4,5=1,...,n,if (v;,v;) € &,
and a;; = 0 otherwise. The in-degree and out-degree of node v; are, respectively,
defined as deg;, (v;) = > iy aji and degg,(v;) = > i1 aij. We say that the node v; of
a digraph G is balanced if and only if deg,, (v;) = deg,(v;), and a graph G is called
balanced if and only if all of its nodes are balanced, that is, 2?21 a;; = Z?Zl Qji,
1 =1,...,n. Furthermore, we denote the value of the node v;, 2 = 1,...,n, at time
t by z;(t) € R. The consensus problem involves the design of a dynamic algorithm
that guarantees system state equipartition, that is, x;(t) —z,(t) — 0 ast — o0, ¢ # j,
ij=1,...n

The consensus problem is a dynamic graph involving the trajectories of the dy-

namical network characterized by the dynamical system
(t) =u(t), =(0)=umzy, t=>0, (5.40)

where z(t) = [21(t), ..., 2,(t)]T is the state of the network and u(t) = [uy(t), ..., un(t)]T
is the input to the network with components u;(t) only depending on the states of the
nodes v; and its neighbors. Specifically, the consensus problem deals with the design
of an input u(t) such that x(t) converges to ae as t — oo, where o € R. Due to the
presence of directional constraints on information flow and system time-delays, w;(¢)
is constrained to the feedback form w;(t) = fi(ws(t), ;. (t — 755,)s -, 5, (= Tij,00)),
where 75, > 0, jx € N; = {j € {1,...,n} : (vj,v;) € £}, are unknown constant
time-delays between nodes v; and v;,. For notational convenience we additionally

define the parameters 7;; £ 0 if (v;,v;) € .
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As an example, consider the dynamical network given in Figure 5.1 where V =
{v1,v9,v3}, & = {(v1,v2), (ve,v3), (V1,v3), (v3,v1)}, with adjacency matrix A such that
a3, as1, azy, and azs > 0, and with the remaining elements being zeros. In this case,

the input to the network is given by

ur(t) = fi(za(t), 23t — 713)),
us(t) = fa(wa(t), z:(t — 721)),

uz(t) = fa(ws(t), v2(t — 732), 21 (t — 731)),

so that for i = 1,2,3, &;(¢) is only dependent on the states (values) of the nodes that
are accessible by node v; and with 7;; denoting the communication delay from node
v; to node v;.

Next, we apply Theorem 5.2 and 5.4 to present linear and nonlinear solutions for

the consensus problem. Specifically, first we choose

fa®) == > aumt)+ Y ayzi(t—my), i=1....n, (5.41)
J=Lli#j J=Lli#j

so that the closed-loop system is given by

I‘Z(t) = — Z (lﬂ,Il(t) + Z aijxj(t—nj), ZL‘Z(Q) = 771(0), —T S 0 S 0, t Z 0,
J=Li#j J=li#j
(5.42)
for all e = 1,...,n, or, equivalently,

#(t) = Ax(t) + nZdAd,x(t —7),  a®) =), —T<0<0, t>0, (5.43)

a T
9 32, 132 3

Figure 5.1: Dynamic Network
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where nqg £ n?, A € R, and Aq; € RV, 1 =1,...,nq, with

n—1
A = diag Z i1y -y Z ain |, (5.44)
j=1
Ad((i—1)ntj) = aijeie;-r, and T((i—1yntj) = Tij> 4, J = 1,...,n. Note that if (v;,v;) is not

in £, then Aq(;-1)n4;) = 0, which implies that the algorithm is consistent with the
directional constraints.

Furthermore, it can be easily shown that (4 + Aq)Te = 0, where Aq £ >}, Aq;,
and rank(A + Aq) = n — 1 if and only if for every pair of nodes v;,v; € V there
exists a path from node v; to node v; [116]. Here, we assume that the adjacency
matrix A is chosen such that (A4 Aq)e = 0 so that the linear time-delay closed-loop
dynamical system (5.43) satisfies all the conditions of Theorem 5.2. Hence, it follows
from Theorem 5.2 that the dynamical network given by (5.43) solves the consensus
problem, that is, lim ..x;(t) = z;(t) = a*, 1,7 = 1,...,n, i # j, where a* is given
by (5.7). Alternatively, it follows from Theorem 5.4 that the nonlinear dynamical

network given by
() = )+ ZAdz w(t—m7)), x(0)=n(), —T<6<0, t>0, (545)

also solves the nonlinear consensus problem where o(-) and &(+) satisfy the conditions

*

o, 1) = 1,...m, 1 # 7,
where o is a solution to (5.39). Note that if o() = 60, (5.45) specializes to (5.43).

in Theorem 5.4. In this case, lim; . x;(t) = z;(t) =

Although both (5.43) and (5.45) solve the same network consensus problem, the
nonlinear function o(-) within &(-) may be used to enhance the performance of the
dynamic algorithm or satisfy other constraints. For example, choosing o(6) = tanh(#)
we can constrain bandwidth information from one agent to another.

To illustrate the two algorithms given by (5.43) and (5.45) consider the dynamical
network given by the graph shown in Figure 5.2 [60] where a;; and 7;; denote the
weight and the time-delay for each edge shown. Here, we choose a; ;) = 1if (v;,v;) € €

so that (A+Aq)e = 0. In addition, it can be easily shown that rank(A+A4) =n—1 =
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Figure 5.2: Balanced Dynamic Network

9. With o =[123456 789 10]T, Figures 5.3 and 5.4 demonstrate the agreement
between all nodes for the algorithms given by (5.43) and (5.45), respectively, with
o(0) = tanh(#) in (5.45). Finally, Figures 5.5 and 5.6 show the control input versus
time for both linear and nonlinear consensus algorithms. Note that the maximum
amplitude of the linear consensus algorithm is about six times that of the nonlinear
consensus algorithm and, as expected, the settling time of the nonlinear algorithm is

longer than that of the linear algorithm.
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Figure 5.3: Linear Consensus Algorithm
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Figure 5.4: Nonlinear Consensus Algorithm
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Figure 5.5: Control Inputs for Linear Consensus Algorithm

Control Inputs

-3 1 1 1 1
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Figure 5.6: Control Inputs for Nonlinear Consensus Algorithm
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Chapter 6

Conclusions

6.1. Concluding Remarks

The focus of this dissertation was to address several issues in the field of nonneg-
ative systems with specific applications to biological systems and network systems.

In Chapter 2, necessary and sufficient conditions were given under which linear
and nonlinear nonnegative and compartmental dynamical systems are guaranteed to
possess monotonic solutions. Furthermore, sufficient conditions that guarantee the
absence of limit cycles in nonlinear compartmental systems were also provided. Nec-
essary and sufficient conditions were given under which linear and nonlinear discrete-
time nonnegative and compartmental systems are guaranteed to possess monotonic
solutions. The results presented in this chapter can be used to develop refined pharma-
cokinetic models that match experimental data thereby fostering the understanding
of system wide effects of pharmacological agents.

Chapter 3 is an extension of Chapter 2 but here we have considered a more
realistic situation in which there is a delay present in the transfers between the com-
partments. We have presented necessary and sufficient conditions for both continuous
and discrete-time nonnegative dynamical systems with multiple time-delays.

We developed a direct adaptive control framework in Chapter 4 for linear un-
certain nonnegative and compartmental dynamical systems with unknown time de-

lay. In particular, a Lyapunov-Krasovskii based direct adaptive control framework
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for guaranteeing set-point regulation for nonnegative and compartmental time-delay
systems with specific applications to mammillary pharmacokinetic models was de-
veloped. Finally, we demonstrated the framework on a drug delivery pharmacoki-
netic/pharmacodynamic model with time delay. The adaptive control law we devel-
oped does not require the explicit knowledge of the system matrices A, Aq and B,
the gain matrix K,, and the nonnegative constant vector u.. The control input signal
u(t) can be negative but the closed-loop plant input states remain nonnegative. We
have also developed an adaptive controller which admits only nonnegative inputs to
the system and also guarantees nonnegativity of the system.

In Chapter 5 we presented sufficient conditions for semistability and equipartition
of energy in linear compartmental systems with time-delay. This result provides an
extension of existing work on linear compartmental dynamical systems in the absence
of time-delay. Next, we extend this result to two-dimensional nonlinear compartmen-
tal dynamical systems with time-delay. Our results extend the results in the literature
on consensus protocols for linear balanced networks to linear and nonlinear unbal-
anced networks with time-delays. Finally, we presented an open problem involving
semistabilty of higher dimensional nonlinear compartmental systems with time-delay.

Majority of the research in this area assumes that the evolution of each agent
can be represented well enough by its kinematics, that is, by the single integrator
dynamics [60,117-119]. But in many applications it is not directly possible to control
the velocities and only the acceleration of the agents can be controlled through the
inertia of the agents. Neglecting the inertial behaviors could cause unstable behaviors
[120].

A future extension of our existing consensus protocols is to solve the consensus
problem for multiagent systems by incorporating the inertial effects (that is, double
integrator dynamics) in the presence of time-delays.

In the following sections we present some preliminary results that we have for

solving the consensus problem for a network of dynamic agents with second-order
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dynamics. We first solve the consensus problem for the multiagent system with no
delay. We then present the effects of delay on the system and also present a delay-

independent condition that guarantees consensus of the agents.

6.2. Consensus of Multiagent Systems with Second-Order
Dynamics

In this section, we consider the multiagent system with no delay present in the
system. We show that the agents of system always arrive at a consensus. Consider a

multiagent system G of the form:
#(t) = u(t), (6.1)

where z(t) € R™ and n is the number of agents in the system. Our objective is to
design a consensus protocol u(t) which will cause the agents to arrive at a consensus.
The simplest second-order system we can think of is a spring-mass-damper system.

Hence, we propose a consensus protocol of the form
ut) = —M'Ci(t) — M ' Kax(t), (6.2)

where M,C, K € R™ " represent the mass, damping and stiffness parameters of the
system respectively. Assume that M and C are diagonal matrices and M > 0, C' > 0,
K > 0. The structure of K is constrained by the information flow graph and hence
K > 0. Also assume that Ke =0 and rank X =n — 1.

We represent the system (6.1) in the state-space form for further analysis. Define

y(t) = [z(t) 2(¢)]", then (6.1) is equivalent to

y(t) = Ay(1), y(0) =y, =0, (6.3)

0 I
~-M'K —M~'C
The following lemma is needed for the main result of this chapter. This lemma

where A £

provides a necessary and sufficient condition for the stability of (6.1).
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Lemma 6.1 [121]. Consider the multiagent systems described by (6.1). Suppose
K > 0. Then A is Lyapunov stable if and only if

rank{é{} =n.

Remark 6.1. Note that the above lemma holds true even without the assump-

tions C' > 0, K > 0 and Ke = 0.

The following theorem establishes semistability of G, and shows that the agents

of the system arrive at a consensus and the velocity of the agents decreases to zero.

Theorem 6.1. Consider the multiagent system given by (6.1), where C' > 0,
K >0, Ke =0 and rank K = n — 1. Then, z(t) — a*e as t — o0, a* € R and

(t) > 0ast — 0.

Q=

Proof. It follows from Lemma 6.1 that since C' > 0 and rank =n, Ais

Lyapunov stable and hence the solutions to (6.3) or equivalently, (6.1) are bounded.

~—

Next, consider the energy function
: It I :
Vi(xz(t), z(t)) = 3% (t)Kz(t) + 5% (t)Mx(t).
Then the time-derivative of V' (z(t), Z(t)) is given by

V(x(t),#(t) = 5 (t)Kx(t) + T Mi(t)

= —iT(t)Ci(t)

IN

0, t>0. (6.4)

Next, let R £ {(z,4) € R* x R" : V(z,4) = 0}. It follows from (6.4), from the fact
that V(ae,0) = 0, and rank K = n — 1, that M is the largest invariant set contained
in R, where M = {(z,%) € R" x R” : x = ae,z = 0}. Hence, it follows from the

LaSalle invariant set theorem [37] that (z(t),%(t)) — M as t — oo. O
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Now that we have proved the consensus of a multiagent system, we apply Theorem
6.1 to a balanced multiagent system. Consider a balanced multiagent system where

the dynamics of each agent i can be described as

Zi(t) = wi(t) (6.5)
where u; is the consensus protocol for each agent i. Using (6.2) the consensus protocol
can be described as

wlt) = = Lai(t) = o 3 hylailt) — 23(0) (6.6)

]GN
where i,7 = 1,...,n and N is the set of neighboring agents of the agent i. The values
of k;; are constrained by the information flow between the agents ¢ and j.

The closed-loop group dynamics can be written as

Mi(t) + Cz(t) + Kz(t) =0

where
M = diag[m, ma,...,my],
C = diag[cy, ca,. .., ¢)
Kij = { _ZZJ'=U#J' kij 1=
7 ki i F ]

Note that, C' > 0, Ke = 0 and K > 0. Therefore, all conditions of Theorem 6.1 are

satisfied and hence we have consensus of the agents.

6.3. Consensus of Multiagent Systems with Time-Delay

Next, we consider the time-delays present in the system in the information trans-
fers between the agents in order to develop a more realistic model. In this section,
we consider a time-delay multiagent system model and investigate the conditions for
the agents to arrive at a consensus.

Consider the multigent time-delay system G of the form



We introduce a delay in the transfer of information from one agent to another. We

propose a protocol of the form
ut) = —M'Ci(t) — M ' Kaz(t) — M ' Koqz(t — 7) (6.8)

Note that the position matrix K now consists of two components, the no delay com-
ponent denoted by K4 and the delayed component denoted by K,q. Also note that
K = Kq + Koq with Ke = 0. Then, (6.7) can be represented in the state space form
as

(t) = Ax(t) + Aqz(t — 1), x(0) =n(0), —7 <0 <0, t >0,

0 I 0 0
WhereA—{_Kd _C}andAd—[_KOd 0}.
To demonstrate clearly, the effect of delay on the consensus problem, we present

the example of a two-agent system. We show that even though for a particular value
of 7, the agents arrive at a consensus, when we change 7, keeping all other parameters
of the system constant, the agents may or may not arrive at a consensus.

The K and C matrices for a two-agent system have the form

S e

For our simulation we chose k = 0.1338, ¢ = 0.2071 with 7 = 1 for random initial
conditions. Figure 6.1 below show the consensus of the agents and Figure 6.2 shows
the convergence of the velocity of the agents to zero.

Keeping the values of k and ¢ the same, we changed the delay values of the system
to 7 = 2. Figure 6.3 shows that both the agents do not converge to the same point
and Figure 6.4 shows that the velocity of the agents does not converge to zero. Thus,
we cannot conclude that the system (6.7) is stable for all delays.

Having seen from the simulations we can conclude that the consensus of the agents
are delay-dependent. Since, it is difficult to obtain delay-dependent conditions we
impose additional conditions on our system, so that we can obtain a sufficient delay

independent condition for the consensus of the agents of our system.
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Figure 6.2: Velocities of the Agents with 7 =1
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Velocities of the Agents
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Figure 6.4: Velocities of the Agents with 7 =2
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Consider the multiagent system G; with agent ¢ having dynamics of the form:

where ¢ = 1,...,n and n is the number of agents in the system. Each agent ¢ can

Ai | B;
Ci| 0
each agent i is given by w;(t) = > . . y;(t — 7;) where 7; is the time-delay for the

be represented as shown in Figure 6.5 where G; ~ [ } and the input to

information transfer from agent j to agent i.

We assume that for each agent ¢ there exists P; > 0 such that

A;FP@' + PA; + CZTCZ‘ P;B;
B P —1
C;A7'B; = —1. (6.12)

<0 (6.11)

where A; is Hurwitz. Note that (6.11) implies v} u; — yly; > 0, t > 0 where
wi(t) = wyyt—m7), ij=1,...n (6.13)
JEN;
where w(;;) > 0 is a weight assigned to each edge between the agent i and agent j
and Z?Zl,i;éj Wi; = 1.

Then, the following theorem proves the consensus of the multiagent system.

yi(t)

e % Gi

9i 5,0 .

e—STi

u;(t)

Figure 6.5: System Representation of Agent i
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Theorem 6.2. Consider the multiagent system described by (6.9) and (6.10)
satisfying conditions stated by (6.11) and (6.12). Then all the agents arrive at a

consensus, that is, y — a*e, a* € R and y = [y1, ..., yn]T

Proof. The theorem can be proved by using the Lyapunov-Krasovskii function
n n t
Vi®.t) = S et OPa) + Y [ s Ouod
i=1 i=1 Yt

Consensus of the agents can be shown by using the LaSalle invariant set theorem. O

Consider the example of a two agent system of the form

l‘l(t) = All’l(t) + Blul(t), (614)

yi(t) = Ciaa(1),

l‘g(t) = Azl’g(t) + BQUQ(t), (615)

Y2(t) = Cama(l),

where A;, B; and C; are of the form

1
Ai:{_ok_i _&],Bi:[_ol],@:[kiO},z’:l,z (6.16)

It can be easily seen that the condition (6.12) is satisfied and the (6.11) can be
satisfied by imposing the following condition on ¢;, m; and k;, v2m;k; < ¢; ( [122]
See Corollary 12.3).

For our simulations we picked a random value of 7 and picked values of k;, ¢;
and m; such that all conditions of Theorem 6.2 are satisfied. Figure 6.6 shows the

consensus achieved by the two agents and Figure 6.7 shows that the velocities of the

agents tend to zero.

Remark 6.2. The result presented by Theorem (6.1) shows the consensus of the
agents at all times when the conditions on K and C' are satisfied. But for the time-

delay system given by (6.7), the consensus of the agents depends on the delay in
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Figure 6.7: Velocities of the Agents in a Two-Agent System
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the system. Hence, we need some additional conditions on the system to obtain an
delay-independent result. This result is presented in Theorem 6.2.

The time-domain conditions (6.11) and (6.12) on G; is equivalent to
| Gi(jw) [< 1, Gi(0) = —1,

where G;(s), i = 1,...,n is stable. These conditions are presented in [123]. The
importance of a time-domain result is that the result can be extended to nonlinear
systems. Note that the order of the multiagent system is not important.

The time-domain results we have can be applied to very general systems but the
results are restrictive as they can be applied to only systems which satisfy (6.11) and
(6.12). Thus, though the results are restrictive it is possible to develop consensus

protocols for multiagent systems with nonlinear dynamics.
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