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ABSTRACT

Classical orthonormal bases usually consist of functions whose supports are not local and
which, therefore, are not very efficient for representing functions that are local both in time
and frequency or in both space and wave number. Wavelet bases overcome this deficiency
matching the supports of their elements to their frequencies. In addition, the elements of a
wavelet basis are obtained by translation and dilation from a single function and concequently,
are especially suitable for use in computationally efficient algorithms.

The purpose of this thesis is to present a readable development of orthonormal bases of
wavlets. This development is approached through the concept of a multiresolution analusis. It
leads to the derivation of a few key-conditions, whose solutions, as we prove, produce wavelet
bases.

This thesis is roughly based on a recent presentation by R. Strichartz [8], but seeks to

provide greater rigor and clarity.
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Chapter 1

Introduction

The usefulness of various bases for the L? space of square integrable functions
on the real line or an interval (with Lebesgue measure) is well known. Recently a
new kind of basis was introduced — the “wavelet” bases. These bases are used in
many applications, such as audio and image processing, quantum mechanics, and
harmonic analysis, to mention just a few. We refer the reader to Strang [6] and
the references therein for a list of applications for such bases.

Each wavelet basis is created from a single function 1 through dilations and
integer translations. This fact makes computing with them simple and efficient.
In addition, 1 may have compact support so that the resulting basis is local. Also,
all wavelet bases have a nice scaling property. To be more precise, we suppose that
¥ has compact support and generates a wavelet basis {t; »} 7,n € Z. Then, as for
any basis, each f € L%(R) has a representation

F=20 citn)in.
JEZ neZ
This basis is local in the sense that to represent f on any restricted interval [a, 8],
one needs only those relatively few basis elements the supports of which intersect
[a, b]. With Fourier expansions, for instance, this simplification is impossible. Also,
as j Increases, the support of 1;, decreases, so that f can be approximated in
finer scale.
How wavelet bases arise is also very interesting. Most classical orthonor-

mal systems are assosiated with differential equations. However, no differential




equation is involved with a wavelet basis; instead, there is a dilation equation,
¢(z) = 3 ;ez ajp(2z — j), with a related ladder of subspaces of L.

These aspects of wavelet bases will be revealed in the example of Haar wavelets
in the next chapter. The Haar wavelets are not smooth, but they show clearly the
fundamental structure associated with wavelet systems.

In Chapters 3-5 we will show how to construct wavelet bases in a more general
setting. First in Chapter 3 we define and analyze a fundamental tool for our pur-
pose: a multiresolution analysis (MRA). Roughly, a MRA 1is a sructure consisting
of a function ¢ and a corresponding sequence of nested spaces --- C V_; C Vy C
V1 C --- related by a certain scaling property. In Chapter 4 we give conditions for
obtaining a MRA and in Chapter 5 we show that there exist functions satisfying
the conditions discussed in Chapters 3 and 4. The existence of these functions
implies, in turn, the existence of a wavelet basis. In Chapter 6 we present a result
on the smoothness of wavelets. Finally, in Chapter 7 we develop an algorithm for
constructing wavelets.

Several authors have presented developements of wavelet bases and multireso-
lution analysis. The presentation here roughly follows that of Robert S. Strichartz
in his paper “How To Make Wavelets” (8], but the organization is different, proofs
are given in greater detail, and additional theoretical and numerical results are
included. It is hoped that this thesis is a readable introduction to wavelet bases

and will encourage the reader to learn more about them and their uses.



Chapter 2
The Haar Example

This example leads to discontinuous wavelets, but it is sufficiently simple so that
the important structural features will be quite clear. Everything is built upon just
one function, the characteristic function ¢ of (0,1]. Note that (integrals without

limits are over R)

[et@yiz =1,

{¢(z — 7)},ez is an othonormal set,
e(z) = p(2z) + (22 - 1).

These are very important properties of ¢, that will arise again in the following
chapters. The last one is the reason we call ¢ the scaling function: its graph can
be reproduced from the compressed graphs of the functions ¢(2z —7) (here vy =0
and 1).

Let Vp denote the closure in L%(R) of the linear span of the functions
{p(z = v)}, v € Z. This subsbace consists of all piecewise constant functions
with jump discontinuities in Z and the set {¢(z — 7)}, ¢z is an orthonormal ba-
sis (ONB) for V;. If we now allow jump discontinuities in %Z, we get a bigger

subspace V; D Vj, which is clearly related to V; by the condition
flz) e = f(27'z) e V.
A simple change of variables shows that {2!/2p(2z — 7)}762 forms an ONB for

Vi. Similarly {2%50(2jx - 7)} 2 forms an ONB for the subspace V; of L*(R)
Y€
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determined by the condition f(z) € V; & f(277z) € V; . Clearly V; is the subspace
of piecewise constant functions with jump discontinuities in 2777Z .

We now have a sequence of nested closed subspaces of L%(R),
e CVLa SOV C

such that

NVi={0} and {JV;=IX(R),

(these properties are not difficult to check — proofs in a more general setting will

be given in Chapter 4). However, combining the bases of all the V; ’s does not

produce an ONB for L%(R). In fact, the set {2//2¢(2/z — 7)}762 jez 18 not even
orthogonal since, for example, [ ¢(z)21/2¢(2z)dz = v/2/2. There exists, though,
another “hidden” sequence of subspaces, whose combined bases do form an ONB
of L*(R).

Note that for each j € Z, V; is properly contained in Vj4;. Define W; to be the

orthogonal complement of V; in V1. Then we have the Hilbert space direct sums
(2.1) Vin=V,oW;
We claim that

(2.2) L*R) = é W;.

j=—o00

Fix 7 € Z and take k < j. Then repeated use of (2.1) and the nesting of the V;

give
7—1 oo j-1
V= Ve G Wa = (n vn) > W
n=k n=k n=k

Since Nie_.. V; = {0}, we also have

j=—o
j-1 j—-1
Vi={0}e @ Wa= P Wa.

n=—oo n=—oo

4




Combining this result and J;V; = L?*(R), we conclude that if f € L*R) is
orthogonal to P .- W, then f = 0. Finally, sincefor k < j, Wy C V;and V; L

n=-—oo

W;, {Wa}or _ is an orthogonal family of closed subspaces. Hence @, W,

is closed, [4]. Thus (2.2) holds, and combining the bases of all the W, gives an
ONB of L%(R).

The Haar wavelet v is a function whose integer translates form an ONB of W.

It may be defined by
1, z€(0,3]

v(e) = { -1, z€(},1].

The integer translates of i) are obviously orthonormal; the basis assertion follows
from Vi = Vy @ W, and the fact that each basis function of V; can be expressed
as a linear combination of a basis function of V4 and an integer translate of % :

27 (p(z = §) +¥(e — 3)), k even,
_o-1 <¢(x ~ Dy (g - “";”)) .k odd.

2z — k) = {

We can obtain a basis for each W; from ¢ in the same way we get a basis for

each V; from ¢. Since

W;={f : f(z) € Vjs1, f LV;}
={f : f(z) € Vg1, / 2/1%p(27z — k) f(z)dz = 0, VkeZ}

= {f : f(277z) e Wy, /@(y —k)f(277y)dy =0, Yk € Z}
={f : f277z) e Wo},

and {¢(z — 7)},¢z is an ONB for Wy, then {29/2p(2x — 7)}762 is an ONB for

W;. So finally, we have that the set

{21 y(@a - )}

Y€E€Z, JEZ
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is an ONB of L%(R).
This basis is generated through dilations and translations of a single function

1, 1t is local and for each representation

F=Y03 22z — ),

JEZ ~EZ
the partial sum taken over all j < N represents an approximation of f involving
details on the order of magnitude 2=V or greater. It is an example of a wavelet
basis. In subsequent chapters we will obtain wavelet bases for L?(R) which not only
have these properties, but which also have smooth basis elements with compact
support. However, the symmetric property of the Haar ¢ function, is not shared

by the scaling functions corresponding to any other wavelet basis, [2, p.971].




Chapter 3

Conditions for Obtaining a MRA

As the Haar example demonstrates, everything begins with and is based on a
scaling function ¢ and a corresponding sequence of nested subspaces --- C V_; C
Vo € Vi C --- satisfying certain properties. This structure (defined properly
later), is called a multiresolution analysis (MRA). The whole theory of wavelets is
based upon the fact that whenever a collection of closed subspaces is a MRA, there

exists a wavelet basis {1; ,}.__, of L*(R) generated by dilations and translations

7€

of a function % and such that for each j € Z
Piyif = Pif + ) (fitbio)tiv»
YEZ

where P; is the orthogonal projection onto V; and (-,-) denotes the inner product

in L%(R) [1].

In what follows we will construct this kind of basis explicitly. To do so, we will
consider ¢ and ¥ simultaneously. First we will derive conditions these functions
should satisfy. Next, we will prove that if these conditions are satisfied, then
{2j/2¢(21x - 7)}7€Z et is an ONB of L2(R) . Finally, we will construct functions

that satisfy these conditions.

DEFINITION 3.1. A multiresolution analysis (MRA)---CV_; C Vo TV, C---
with scaling function ¢ € V, is an increasing sequence of closed subspaces of L*(R)

satisfying the following conditions:

(1) (density) |J;Vj is dense in L*(R)



(ii) (separation) [;V; = {0}
(iii) (scaling) f(z) € V& f(277z) eV,
(iv) (orthonormality) {p(z — 7)},ez is an ONB for V.

We note that because of the scaling identity (iii) we get an ONB for every Vj,
given by the family of functions {2j/ 2p(2z — 7)}7 cz - For orthonormality it is

sufficient to note that

[P @@z —ds = [ ool =y
=6(7,0),
where 6(7,7) is Kronecker’s delta function. For the basis property note that if
f(z) € Vj, then f(277z) € V, so that f(277z) = >vez (7)p(z — 7) for some
constants ¢(). Another change of variable brings us back to the space V; and
establishes {27/2¢(2/z — 7)}7ez as a basis for V.

We are looking for conditions involving both ¢ and ¢ that will guide the con-
struction of the wavelets. For convenience put ¥y = ¢, ¥y = 1. The function ;
must be such that the collection {1x(z — )} ¢z r—¢ is an ONB for V. There-
fore 10,11 must both be elements of V;. Using the basis we already have, we can

represent the functions v¢,; in the form

(3.1) Yr(z) =D ar(v)e(2z —7) (k=0,1),

v€Z
where ) 7 lax(7)]> = 1 for k = 0,1. We refer to (3.1) with k = 0 as the scaling

identity. Of course, convergencein (3.1) is in the L? sense and (3.1) holds pointwise

only a.e.

We assume
(3:2) o € L'(R), /%(x)dx # 0.

8




It is possible to have a MRA with scaling function o ¢ L? (R) [1]; however,
the scaling function we construct will be bounded with compact support. If the
integral of 1 were zero, then we would have [ t¢(2/z —y)dz =0 for all j,v € Z,
and the density condition (i) could not hold. This condition on 3 allows us to

obtain a critical condition on the coefficients ay (7). We get it by integrating (3.1):

[ tol@yiz =3 aota) [ wo(2z = )iz

~€Z

= w2 [bolw)dy

v€Z

and hence

(3.3) Z ag(y) =2.

~EZ

(Changing the order of integration and summation here and in several later compu-
tations is justified by Fubini’s Theorem if, for example, the sequences of coefficients
{ax(7)}, £ = 0,1, are in £'. In our construction only finitely many of the ak(7y)

will be nonzero, so this condition will hold.)
Another condition involves the coefficients of both 1y and ;.

PROPOSITION 3.2. Suppose o,y satisfy (3.1). Then {yx(z — ¥)} ez k=0,1 is

an orthonormal set, i.e.,
G4) [ wERG - = 66,H60,0) (k=01 7€),
if, and only if,

(3.5) > a(V)ar@y +77) = 28(3,k)6(7,0)  (,k = 0,1;7 € Z).
Y EZ




PROOF. By (3.1)

[ @B = = [ 3 ai)e(2s 27 4) S arrpler — )

Y EZ HGZ

=Y > a4+ ak(v”)/ (2z — 27 — v)p(2z — y")dz

Y EZ~"EZ

_= Z Y ety )ak(y")/ap(y 27 — 7' )e(y —7")dy

‘7 '€ZY"€L

=3 3 3 a6 + 4,47

,YI EZ ’Y"EZ

=3 3 a7,

Y EZ

so, clearly, (3.4) and (3.5) are equivalent. O

We shall show that finding two sequences {ax(7)}, £ = 0,1, for which the
basic conditions (3.3) and (3.5) hold is essentially sufficient, via (3.1), to obtain
Yo and ¥; and, hence, a wavelet basis. However, we will not try to solve (3.5)
and (3.3) directly. Because of the convolutional structure of most of our identities
and the fact that the Fourier transform of a convolution is the product of the
Fourier transforms of the individual factors, it is much easier to work with Fourier
transforms.

For any f € L'(R) and z € R we define the Fourier transform fof f at z to be

flz) = / T f(y)dy  (—o0 < T < o00).

The Plancherel Theorem (5], extends the Fourier transform to functions in L*(R)

and includes the relations

@)= f(=2), Ifll2 = Ifl2-

We now state and prove a lemma regarding orthogonality which will be useful

in obtaining the Fourier transform conditions.

10




LEMMA 3.3. For any ¢ € L%(R), {¢(z — 7)} ez is an orthonormal set in L*(R)

if and only if
SIBE+ =1 ae

Y€EZ

PROOF. Assume first that ¢ € L'(R)N L?(R) and put @(z) = ¢(—z),z € R.

Since ¢ € L(R), the convolution ¢ * @ of ¢ and &, defined by

(0 +3)(z) = / ()3 — y)dy,

exists for almost all z € R, and satisfies

(p*@)7(€) = @(£) ()7(€), E(€R.

An easy computation then gives

(3.6) (¢ *)7(€) = 2()2(E) = 1B(E)*, € €eR.

Now note that the orthonormality of {¢(z — )}, ¢ is equivalent to

/sO(y)so(y +v)dy = §(v,0), v € Z.

By (3.5), (3.6), the periodicity of e*, and Fubini’s Theorem [5],

[ el Ty = [ oW1 - iy
~(p*P)(-)
=(¢*¢)7(7)
= [ emeiaora

=3 [ e+ mpae

nezZ 0

1
=/ e2ﬂi752|§9\(£+n)|2d§'

0 nezZ

11




Thus, orthonormality of {¢(z —7)}, ¢z is equivalent to
(3.7) / e > 13 + n)2de = 8(v,0), v EZ.
0 nez

The left-hand side of (3.7) represents the Fourier coefficients of the function
h(€) = ez |6 +n)2 (0 < € < 1), which belongs to L([0,1]) by Fubini’s
Theorem, since

1
> [ 18+ mpde = [ 18wy < oo.
nez”?
The right-hand side of (3.7) gives the Fourier coefficients of the constant function
1, which also belongs to L([0, 1]). Thus, the two functions are equal a.e. on [0,1],
and by periodicity, on R.

For general ¢ € L?(R) it is not difficult to approximate ¢ with elements of
LY(R) N L*(R) and thereby obtain [ ¢(y)e(y +7)dy = [*™7¢|5(€)[2d¢ from
which the general result follows by the argument presented above. Thus, the
proof is complete. O

We now can obtain the needed Fourier transform conditions. First, recall that
the series in (3.1) converges in the L? sense. We wish to apply the Fourier trans-
form to the scaling equation (3.1) for k¥ = 0. Since € L!(R) (as well as L?(R) ),
we have for each £ € R

(3 awpee-0)©= T ez -n©

[vI<N |y|<N

i mi(k
=5 O k(e / e (y)dy
1 e~ €
- E i >
_2 ak(7)e 7¢(2)'

[+I<N

12




Thus from (3.1) and the continuity of the Fourier transform on L%(R) we obtain

PO = Y s B(S) (k=0,1)
(3.8) 1€z

= au$)ed) (k=01),
where

(39) AO) = 5 S a(n)ET (k=0,1)

~EZ
Here the infinite series representing i converges in the L? sense and the equality
in (3.8) holds pointwise a.e. Also, Ax(¢) € L%([0,1]),k = 0,1, since the sequence
of the coefficients is square summable. The A;(£) will be continuous if these

sequences are summable; for example, in our construction Ax(¢) will reduce to a

trigonometric polynomial. Notice that Ax(¢) is 1-periodic on R.

Condition (3.2) is easily transcribed as
(3.10) | Ao(0) = 1.

However, condition (3.5), which is equivalent to the orthonormality of the set
{Yr(z — v)}+yez k=01, is easier to rederive in the transform setting than to tran-

scribe. The first step is to prove

PROPOSITION 3.4. For v, € L*(R)

(3.11) Y k(e + Vi€ +) =80, k) ae  (j,k=0,1)

vEZ

is equivalent to the orthonormality of {$x(z — 7)} ez 1=01 -

PROOF. By Parseval ’s identity [5], the orthonormality of {¢x(z — )}, ez =01

is equivalent to

(3.12) / PO = @Vde = 805, K)6(1,0) (v € Z,j, k € {0,1}).

13




Fix 7,k € {0,1}. Then

[ @ = | M){ [ o+ v)dy}df

= / Jk(g){e-mev / e2wifz¢j(z)dz}d5

= / 2™y (E)eh; (€)dE

1 R -
= Z/ 2™V hr(T 4 n);(T 4+ n)dr

nezZ 0

= /0 2T (Z pr(T + )i (r + n)) dr .

nez

This last quantity is the vt® Fourier coefficient of the 1-periodic function h(7) =
Y onez Pi(r + n)¥;(r + n) which belongs to L'([0,1]). This last fact follows from
Fubini’s Theorem, since the product of two L? functions is an L! function and,

hence,

’;Z/O.l ‘12;1:(7' +n)g;(7 +n)|dr = / I'Zk’/’rll dr < 0.

Interchanging the order of summation and integration shows that

Y [Pr(r +n)d(r +m)
n€Z

th Fourier coefficient of h(7) also is

converges a.e. and is in L'(]0, 1]). Because the v
equal to 8(j, k)é(~y,0) which is the 4*" Fourier coefficient of the L!([0,1]) function
identically 8(j, k), we may conclude that (3.12) is equivalent to (3.11) and the

proof of Proposition 3.4 is complete. O

We now can obtain (3.5) in the Fourier transform setting.

PROPOSITION 3.5. Suppose g, satisfy (3.1) and {¢(z — )} ez is an or-

thonormal set, where ¢ = 1. Then (3.11) is equivalent to

(3.13) > A (g + n,,) Aj (g + n,,) =6(j, k) ae  (j,k=0,1),

r=1,2

14




where the Ay (€) are defined in (3.9) and g =0, 7z = 3.

PROOF. Every element of Z can be written as 2(y + 7,) for some v € Z and
p = 1 or 2. Thus, since the sum in (3.11) is absolutely convergent for almost all

£, it may be rewritten as

Yo D k(€ + 20y +mp))di (€ + 2y + 1)),

p=1,2~€7Z

or, using (3.8), as

do> A <§+7+np)¢(g+7+np)x41 <§+7+np>s3<g+7+np)

p=1,2~€Z
¢ £ (¢ :
=2Ak<§+np Aj 5t th o T+
p=1,2 v€Z

The orthonormality of {¢(z — 7)}7€Z makes the inner sum equal to 1 a.e., so that
we finally obtain that the condition (3.11) is equivalent to (3.13) and the proof of
Proposition 3.5 is complete. O

The final condition arises from the need for {yo(z — 7)} 4ez to be an orthonor-
mal set. The result we state requires that A¢(£) be defined at all points ¢, [¢] < 1;
this condition holds if, for example, < ay(y) >€ €', as will be the case in our

construction in Chapter 5.

THEOREM 3.6. Suppose ¢ € L'(R)N L*(R) satisfies $(0) = [p(z)dz = 1
and the scaling equation (3.1) with k = 0 for some sequence < ag(7y) > . Define
Ao(€) as in (3.9) and suppose that < ag(y) > is such that the infinite product
H;’Zl Ao(277€) converges absolutely and uniformly on compact sets. Finally, sup-

pose (3.13) holds for j = k = 0 and

(3.14) A€ £0  for <y

15




Then {¢(z — 7)}~ez is an orthonormal set in L*(R).

PROOF. The idea is to construct a sequence of functions ¢; such that
{pj(x — )}, v € Z, is an orthonormal set for every j € Z and ¢; — ¢ in
L*(R) . Then {¢(z — 7)},¢z Will also be an orthonormal set.

We start with oo such that $o(§) = x[-1/2,1/2/(§) (i-e., o(z) = sinmz/7z ).

Then, for every integer j > 1, we define ¢; by the requirement
N (v~ €
@;(€) = AO(E)‘Pj—l(E)'

We will use induction to prove the orthonormality of the set {¢;j(z — v)},v € Z,
for each 7 > 0.

Since Y7 |@o(€ +7)[? =1 a.e., it follows from Lemma 3.3 that {yo(z —7)},
v € Z, 1s orthonormal. By the same lemma, we can show that for fixed 7 > 1 the

set {¢;(z —7)}, v € Z, is orthonormal by showing

(3.15) Y Ipie+vIP =1 ae

YEZ

Since each @; can be written as

5(6) = Ao(3)A0(56) A2 Ox(-1/21/29(277¢),

it vanishes except possibly for £ € [—-2/7!,2/71]. Since Z has measure zero, we
may consider only non-integer €. For every such ¢ there are exactly 2/ successive
integer translates of £ in (—2/7!,2771]. Let A be the integer translate of £ in
(—2771,-2/71 4 1). Then (3.15) is equivalent to

27 -1

DB+ =1 ae.
1=0

16




Now fix j, and assume {p;_1(z —7)} ¢z is orthonormal, i.e., that

S g€+ =1 ae.

v€Z

Since Ag has period 1, we have by the induction hypothesis and (3.13) that for

almost all ¢

291
Y IBiE+ I =] 18+
YEZ ¥=0
27-11 2i-1-1
= Y GO+l S B+ 2w+ 1P
n=0 v=0
-1
A R A
= 3 14 +WPIE (G + P

n=0

27-13
A1 A1
A i - 2 A._ - - 2
+ ~ | 0(2+2+,/)I I(P] 1(2+2+V)|
j—1
AL Et
=|Ao(§)|2 > |<»°j—1(§+/t)l2
1=0
2711
. A1
Z |99j—1(§+§+'/)|2

v=0

A1
+ |A0(§ + §)|2

A

=l4o(5)P + 14u(5 + I

=1.

Thus, {@;(z —7)},¢z is orthonormal.
To show that ¢; — ¢ in L?*(R) , it is sufficient, by Parseval’s identity, to
show instead that ; — @ in L?(R) . First we note that the functions @; can be

written as

(3-16) @j(f) = <H A0(2_k5)> X[—2i-1,2i—1](§)-

k=1

17




On the other hand iteration of (3.8) for k¥ = 0, $(0) = 1, and the continuity of

give
(3.17) P(€) = H Ao(277¢).

(Convergence of this product is discussed after the proof is completed.) Hence @;
converges pointwise to @.

Now we use the Dominated Convergence Theorem [5] to complete the proof

that @; — @ in L?(R) . First, || € L'(R). Also,

3Ot o
(3.18) ‘;9\](6) — @(2—-1‘6) if |€I <2

0 otherwise

(compare (3.16) and (3.17) ). Next note that if £ € (—1/2,1/2), (3.14) ensures
that each factor Ag(277¢) # 0 and therefore that the denominator @;(277¢) =
[Tre; Ao(27U+H)¢) in (3.18) is never zero. Thus, since @ is a continuous function,
¢ := (inf(_1/2.1/27 1§]) " is finite, and we can deduce from (3.18) that |3;(€)| <
c|@(€)]. It follows that |@;(€) — @(6)* < (¢ + 1)%|3(€)|*. Thus, the Dominated

Convergence Theorem yields

/ 15,(6) — B(E)PdE — 0,

so that ; — @ in L?(R) and the proof is complete. O

Remark. If only finitely many of the ao(7y) are nonzero, as will be the case
in our construction, then the infinite product in (3.17) converges absolutely and
uniformly on compact sets. To establish this claim, note first that the relation

Ao(0) =1 = 33 cza0(7) (a finite sum now), the mean value theorem and the
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double-angle formulas give for some C < oo

o(©)] =|3 3 an(7)er ¢

YEZ
1 .
<L+ |5 Y an(r)(er™ 7€ — 1)
vEZ

1 , . .
<1+ 5 Z lao(7)|(|2 sin® mivé| + |2 sin wiv€ cos niyé])
YEZ

<1423 Jao(y)] [ive]

~€EZ
<1+ Cl¢]

Seclfl _
Thus,

3(6)] = [ 1o(276)|

j=1
<em{c 27}
1=1
—eClEl

Similar estimates can be obtained if infinitely many of the ao(7y) are nonzero,

but decay sufficiently rapidly, [1].
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Chapter 4
Sufficiency of the Conditions

In this chapter we show that the key conditions (3.9), (3.12) and (3.13) lead to
a MRA and to a function 3, for which the set

(4.1) {2541(22 — 7)}qez

is an ONB for L?(R) . We impose rather strong simlifying assumptions, but they
will hold in our construction in the next chapter.
Suppose < ar(y) >, k = 0,1 are sequences in ¢ for which the associated

functions A in (3.9) satisfy

(4.2) Ao(0) =1,

(4.3) > Ax (g + n,,) A; (% + n,,) =6(j,k) ae. (5,k=0,1),

p=1,2

(4.4) Ao(€) £0 for €l < 7.

(Of course, these conditions are precisely (3.9), (3.12), and (3.13); in particular,

m = 0,n2 = 1 in (4.3).) Suppose further that < ao(7) > is such that
(4.5) H Ap(277¢) converges absolutely and uniformly on compact sets.
i=1

Finally, suppose

Yo = ¢ 1s a bounded, measurable function of compact

(4.6) support which satisfies (3.1) with k=0, and

6(0):/99da::1.
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We want to associate 19 with a MRA. By Theorem 3.2, {¢o(z — 7)}762 is an
orthonormal set. Let Vj be the closed linear span in L%(R) of these functions.

Also, for each j € Z, let V; be the closed subspace of L?(R) defined by
flz) eV <= f277z) € Vo.

Clearly, conditions (iii) and (iv) of the definition of a MRA are satisfied by the
ladder of closed subspaces --- C V_; C Vp C V; C --- and the scaling function
1o = ¢ (Definition 3.1.) We must show that conditions (i) and (ii) of the definition

also hold.

If f(z) €V, then

flz)=)" /f(y)so(y —7)dye(z —7)

v€EZ

- / K(z,y)f(y)dy

where K(z,y) := Y.z ¢(z —7)¢(y — 7). Since ¢ has compact support, each of
these sums is actually a finite sum. Clearly, then, for each fixed z, we have by the
orthonormality of the translates of ¢ that [|K(z,y)|?dy = >ovez lp(z =) In
addition, since ¢ is bounded with compact support, > ovez lo(z — v)|? is bounded
uniformly in z. Therefore by Hélder’s inequality [5]

1/2
/()] < (Z o(z — 7)|2) 1£l2 < Cliflla

v€EZ

for some finite C. Condition (ii) now follows from the following general lemma,

which does not require that the subspaces V; form a ladder.

LEMMA 4.1. Let Vy be a subspace of L?>(R) which is contained in L®(R) and

which has the property that

| flloc SC|fllz2 forall f€ V.
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Then, if V; is defined by the scaling condition (iii), the separation condition
N,ez Vi = {0} holds.
PROOF. Fix j € Z, let f € V; and define g(z) = f(277z), r € R. Then g € V,

and

[ flleo = llglleo < Cllgllz = C272)|f]2 -
Thus, if f € ();czVj, then taking the limit as j —» —oo yields ||f|lcc = 0 and
therefore f =0. O
Weaker conditions on ¢ also yield the separation condition (ii) [1], but the ¢
we construct will be bounded with compact support. Only the latter assumption

1s needed to obtain the density condition.

LEMMA 4.2. Assume ¢ is as in (4.6) (but not necessarily bounded). Then the
density condition | J; V; = L*(R) holds.

SKETCH OF PROOF. Fix f € L*(R). For each j € Z

Pif(z) =2 S p(27z — ) / ()2 @y = 7)dy

~EZ

is the orthogonal projection of f onto V;. Since V; C Vj4; for all j € Z, it suffices to
show that ||f — P;f|l — O as j — oo. But P;f L (f — P;f), so the Pythagorean
theorem yields [I£3 = Il(f = P;f) + P,fI3 = I(f — Pyl + 1P 13, and we
may equivalently show that ||P; f|| — ||f||2 as j — oo. Moreover, by a standard
density argument, it suffices to consider only f = x4, where A may be any finite
interval of R .

For such f note that

2
12718 =23 | [ o2y =y
~ez /A
2
=277y / ey — 7)dy
vez /2 A
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As j — oo, the interval 2/ A becomes very large, so except for integers v “near”

the endpoints of 27 A, we have that if ¥ € 274, then supp oy —v) € 27A and if

v ¢ 27A, supp p(y — ) N27A = @. Thus for large j,
. 2
IPifls ~27 )2

/ ey —7)dy
vEZ~E2 AT A

~ 27 #{y € 27 A} ~ length (A)

= |lxallz,

and as j — 0o, |[Pfllz — [|fll2, for f=xa. O
This result completes the task of showing that there is a MRA with ¢ as its scaling
function.

Now define ¢; = 9 by (3.1) with k¥ = 1. (Since < a;(7y) > is in €2, ¢; € L*(R))
Our next goal is to obtain this chapter’s main result which establishes the set in
(4.1) as an ONB of L*(R) .

First, recall that 19 = ¢ and ¥; = 9 satisfy (3.1) and that {¢1(z — 7)} ez is
an orthonormal set. Since (4.3) is the same as (3.12), it follows from Propositions
3.2, 3.4, and 3.5 that {¢x(z — ¥)}yezk=0,1 also is an orthonormal set in L%(R) .

Next we establish
PROPOSITION 4.3. The set {tx(z — 7)}yez k=0, is a basis of V.

PROOF. By the fact that {2%to(2z — 7)}, v € Z, is a basis for V;, and the

scaling property, it is sufficient to establish for fixed ¥ € Z the representation

(4.7) Y2z =F)= ) D ckti(z — ),

k=0,1~€Z

where ci 4 will be the Fourier coefficients of Yo(2z — 7).
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It suffices to show (4.7) holds only for ¥ = 0,1. For if ¥ = 2\ ;A € Z, and (4.7)

holds for ¥ = 0, then for z =z — A

Yo(2z —7) = o(22) = D Y crathr(z —7)

k=0,1v€Z

=Y D ckatrle—(v+A)
k=0,1 yEZ

= Z Z be,nk(z — n)
k=0,1 n€Z

where by n = cg n—». Similarly if (4.7) holds for 4 = 1, it will also hold for any odd
5 in Z.
The coeflicients ¢k 4 in (4.7) are given by
iy = [ (20 = 3z = 7)o
=/99(2z =) Y ax(Y)e(2z = 27 — 7")dz

Y EZ

=Y ax(y )/99(236 - ¥)p(2z — 2y — v')dx

Y EZ

! ——<1 !

= a(y) )58(3, 27 +7")

Y €Z
_la ("’ 2 )
=3 1144 v)-

Thus, we must show that for ¥ = 0,1

Yo (22 — Z > ar(¥ —270i(e — 7)

k 0,1 ~€Z
in L?(R) or, by (3.1), that

Po(2z —7) = % Yo Y a3-27) > a(v )2z — 27— 7).

k=0,1 v€Z Y €L
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Changing indices in the right-hand side of the last equation yields

.;- Z Z ar(7 + 2u') Z ar(7 )2z — (7' = 2u"))

k=0,1u'€Z Y €Z

_—_% Z Z ar(y + 2u') Z ar(u + 2u')p(2z — u)

k=0,1u'€Z u€Z

= Z(% Z Z ar(¥ + 29")ar(y + 2’)")) ¢(2z —7),

~YEZ k=0,1v€Z

which simplifies to ¢(2z — 7), if we establish

LEMMA 4.4. The sequences (ar(7)), k = 0,1, satisfy for ¥ = 0, 1,

(4.8) Yo > a{+29)ar(y +2v) = 26(1, 7).
k=0,14'€Z
PRrROOF. We prove this algebraic statement in the Fourier transform setting.

For £ € R fixed, and n; =0, n; = %, consider the matrix

Ao(€+m) Ao(€ +n2)
Ai(E+m) A€+ n2)

Condition (4.8) implies that for almost all £ the £2 norm of each row is 1, while
the inner product of the two rows is zero, and hence the matrix is unitary by rows.
Equivalently the matrix must be unitary by columns, so that for p,q € {0,1} and

for almost all €

(4.9) > A€+ mp)Ac(€ +ng) = 6(p,q).-

k=0,1

| By (3.9), equation (4.9) can be written as

> (% > ak(./)ezm(mp)) (% 3 me—zm'@m)) — §(p.q).

k=0,1 ~YEZ Y €Z
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Rewriting the product of the two sums over the integers as an iterated sum (with
the outer sum over v'), replacing v by v + 4’ and then interchanging the order of

summation, we obtain

1 A 2T ! —2miy
Z(Z DD aly 4 )ar(y)er O @)= “’(f+”°))=5(1’14),

YEZ k=0,1+4'€Z

which simplifies to

| 1 - . iy :
i Z(Z Z Z ar(y +¥")ar(y')e M ™ (”P_"q))ez""’f = (p,q).

~YEZ k=0,1+'€Z

We note that since (ag(7')) and (a1(v')) are in €2, for fixed v the term in paren-
theses in the left-hand side is absolutely convergent.

Viewing the last equation as a Fourier series expansion for é(p, ¢), we see that
if p # ¢, so that 8(p,q) = 0, then all the coefficients in the above sum must be
zero, and if p = ¢ so that §(p,q) = 1, then the only non-zero coefficient will be the

one corresponding to 4 = 0, and it will be equal to 1. We may summarize these

results as
1
(4.10) Z Z ak("/ + ‘)/ ak(')’ )e2m‘rﬂpe2m‘r (np—nq) __ 6(p’q)6(7,0)
Y EZ
|
Note that

(4.11) Z e—27inng — { 2 ifpe ?Z

—12 0 otherwise.

Thus if we set p = 1 so that 5, = 0 in (4.10) and we take the sum over ¢, we

obtain

ar(y +7)ae(¥)e ™M = Y~ 8(p,9)8(7,0)

9=1,2 k=0,1+'€Z ¢=1,2
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which, when we use (4.11) and put 4/ = 2, becomes the case 7 = 0 of (4.8):

Z Z ak(2X + 7)ar(2X) = 26(7,0).
k=01 \eZ

To obtain the case ¥ = 1 of (4.8), we set p = 2 so that n, = 1/2 in (4.10), multiply

(4.10) by €2™" and then sum over gq. We obtain

1 —' ' | |
Z Z Z ak(7+7’)ak(7l)eﬂl(‘7+7) Z 627”(1—7 )nq

k=0,1+'€Z g=1,2
=Y e™6(p,q)8(7,0)
g=1,2
= - 6(7? 0)

By (4.11) - ;2 e~2mi(1=7)ns — 9 for 4' = 2A+1 for A € Z, (and zero otherwise).
Setting v/ = 2A + 1 for A € Z, we get
1 -
e mi(y+2A+1) _
25 > a@A+ 1+ y)ar(2X + 1) = —&(v,0).
k=0,1 A€Z
For v := v + 1 the latter equation becomes
30 ar(@A+ vyar(@h + Dem D = 26(1, 1),
k=0,1 A€Z
which is clearly equivalent to (4.8) withy =1. O
Therefore, {Yx(z — )}, v € Z, k = 0,1 is an ONB of V;, and we are now in a

position to show that the set of functions {27/2¢,(2/z — 7)}762 jez is indeed an
ONB of L*(R).

THEOREM 4.5. Suppose (4.2)-(4.6) hold and v, is determined by (3.1) with
k = 1. Then the collection of sets in (4.1) is an ONB of L*(R) .

PROOF. We have shown that ¢ generatesa MRA --- CV_; CV, CV C---.

We also have that {¢o(z — 7)} ¢z is an ONB of Vo, and {¢x(z — )} ez k=01 i
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an ONB of V;. Let Wy denote the orthogonal complement of Vg in V3. Then
Vi = Vo & Wy and {¢1(z — 7)},¢z must be an ONB for Wy. Since {V}},c is a
MRA, the scaling identity (f(z) € V; & f(277z) € Vy ) and the relation

/ 23124, (2 x — 7 )i (Da)de = / b1y — 7)P1 (B)dy

= 6(7v 0)

imply that {21/21/)1(2j:c — 7)}762 is an ONB for W;, where W is the orthogonal
complement of V; in V41 —ie., Vi =V, @ W,

The closed subspaces W; are mutually orthogonal, since if £ < j, then Wy C V;
and V; is orthogonal to W;. In addition, each W is orthogonal to each Vi, k < 5.
As a result we have for & < 7,

j—k—1

Vi=Vi® €D Wiim.

m=0
Now it follows from the density and separation properties of a multiresolution

analysis that L2(R) = jez Wj and, hence, the combined set

{21/2¢1(2j$ _ 7)}

. )
YEZ,JEZ

consisting of the orthonormal bases of all the Wj, is an orthonormal basis of
L*(R). O
A basis for L%(R) of the form (4.1) is called a wavelet basis. Usually +; (and,

hence, each basis element) has compact support, so that the basis is local.
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Chapter 5
Finding Wavelets

Finding wavelets depends on finding functions

1 .
Ax(€) = 5 ) ar(m)e™, k=0,1,
YEZ

which satisfy the three basic conditions we derived in a previous section, namely

(4.2), (4.3) and (4.4). Since substituting (3.17) into (3.8) yields

(5.1) ¥e(€) = An(3O) ] 40277¢) (k=0,1),

J=2
the wavelets are completly determined by the functions Ay .

We begin by finding A of the form

Ao(é) = lz ag(7)e?™ ¢ (finite sum)
2

v€Z
satisfying (4.2), (4.4) and (4.3) for j = k = 0, which then reads
(5.2) [4o(§)* + [Ao(€ + P =1.
It is easy to check that

1 2mif mig

A0(§)=§(1+e ) = e™ cosmé

is a solution: (4.2) and (4.4) are obvious, while

B i 1
€™ cosmE[? + [+ 2) cos(m(¢ + 1)) = (cos 7E)? + (= sinmE)? = 1
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establishes (5.2). Unfortunately this solution corresponds to the Haar wavelets,
which as we have seen are not continuous. To correct this deficiency we might try
to take Ao(¢) = (e’”f cos 7r§)N , since products of Fourier transforms correspond
to convolutions, and convolutions typically increase smoothness. However, then
(5.2) would not hold. The reason why (5.2) was so easily proved in the Haar case
lies in the fact that cos(w(£+ 1)) = — sin ¢ so that | cos m€|? + | cos(m(£+1))|? = 1.
Trying to make use of these identities motivates the next “guesswork” steps, which
are due to Daubechies [1].

First we raise cos? 7€ + sin® 7€ = 1 to an odd power, in this case 5:

1= (cos2 7€ + sin® 7r§)5
= cos'® 7€ + 5cos® n€ sin? n€ + 10 cos® 7€ sint 7é

+ 10 cos* € sin® 7€ + 5cos? € sin® 7€ + sin!® 7€ .
Next we let |4g(£)|? to be the first half of the above trigonometric polynomial:
(5.3) |40 (€)|* = cos® 7€ + 5 cos® 7€ sin? m€ 4 10 cos® né sin? 7€ .
Then

|Ao(€ + %)|2 =cos'® 7(€ + %) + 5cos® 7(€ + %)sin2 (€ + %)
+ 10cos® m(€ + 1)sin® x(€ + 1)

=sin'® 7€ + 5 cos® € sin® 7¢ + 10 cos® 7€ sin® ¢,

which is the second half of our trigonometric polynomial. Hence for this choice of
[Ao(€)|?, condition (5.2) follows immediately, while (4.4) is obviously true.
It remains to show that there is a trigonometric polynomial A¢(¢) for which

(5.3) holds. Moreover, we ask that the coefficients ag(y) be real, in order to get
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real-valued t;’s. Since the right hand side of (5.3) is a positive trigonometric
polynomial and an even function, a result of F. Riesz (cf. [1, p.172] ) guarantees
that there is a trigonometric polynomial with real coefficients for which (5.3) holds.
In our particular case it is possible to determine Ag(¢) by inspection and we now

do so. Note that

| 40(€)]* = cos® ¢ (cos* 7€ + 5 cos? € sin® 7€ + 10sin? )

= cos® 7¢ ((cos2 7¢ — v/10sin? 7€)% 4 (5 + 2V/10) cos? 7€ sin® 7r£) .
Now take Ay(&) to be

Ao(€) = (e™¢ cos 7r§)3 {0032 7€ — V10sin® 7€ + 1\ 5+ 2v/10 cos € sinﬂf}

‘ 1 1
(6271'15 + 1)3 {(5 + %COSZ 7{£ — 5\/ 1OSiD2 7l'£)
V10 1
+ _2_(__1 + COS2 ﬂ_g _ Si112 7(6)51, 54+ 2v 1081[1(271'6)}

1 g 1—y/
:§(62,,5+1)3{ 21o+1+2\/ﬁ

+1iy/5 +2\/E% sin(21r£)}

1 : 1- 1
=5 (e +1)3{ A2+ 0

+ i\/;-i-_z\/T_Oz sin(27r£)}

O = o~

(cos® w€ + sin’ nf)

2 cos(27€)

___% (621ri£ + 1)3 { 1 _2\/m + 1+ V10 (e2m‘5 + 6—27”'6)
4
+ % 5+ 2v/10 (e:')""f - 6_2”i€) } .

The first line here defines a suitable A¢(¢) which clearly satisfies (4.2). The

last two lines establish that it is of the desired form 4y(¢) = %E%Z ao(y)ermivé

31




where

1,1+vV10  5+2/10

ao(=1) = (= T )

ao(O)=i(1—2ﬁ0+31+4ﬁ0—35+iﬁ0),
a0(1)=%(31_2\/T0+41+4ﬁ0—25+i\/1—0),
00(2):2(31—2\/10+41+4ﬁ0+25+i\/10),
a0(3):%(1—2\/T0+31+4\/Io+35+i\/10),

a0(4):%(1 +4\/T0+5+i\/10).

The coefficients ag(y) are all real and ao(y) # 0O only if -1 <y <4.

We still need to find A;(£). It must be of the same form as A¢(£) and satisfy

(54) A (OF + A€+ DI =1,

(5.5) Ao(O)A(E) + Ao(E + DAi(E+ D) = 0.

Both these conditions are special cases of (4.3) and they are the only conditions

involving A;(¢). We can take
Ai(€) = ™ Ag(E+ 3),

for then the fact that Ag is 1-periodic allows us to deduce (5.4) from (5.2) and to
obtain (5.5):

Ao(O) A1)+ A€+ A(E+ D)
=e 2 A () Ao (€ + 1) + eT2MEFD A5 (€ + DY Ag(E+1)
=Ao(€)Ao (€ + %) {6—2"i£ + e—z"iee—"i} =0.
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Note that our choice of A;(£) leads to
(5.6) ay(7) = (=1)"ao(1 — ),

so the coefficients a;(7) are real and satisfy a1(v) # 0 only if —3 <y < 2.

The developement so far shows that there exists ¢; = ¢ € L%(R) for which the
set in (4.1) is an ONB for L?(R) . Rather than obtaining ¢; from formula (5.1)
for 1y, it is easier first to find ¢ = ¢ and then to obtain ¥y from (3.1) with k =1,

Since ¢ is a solution of (3.1) with k = 0, it is a fixed point of the operator

(5.6) Sf(z) =Y ao(y)f(2z —7)

YEZ
and one can seek ¢ through iteration: ¢ = lim,_ . S™f for a reasonable choice of
an initial function f.

In the first part of this chapter we exhibited suitable trigonometric polynomials
Ap(€), A1(€) from which one can obtain the (finite) sequences < ar(y) > . In
Chapter 7 a program for finding ¢ and ¢ numerically is described and graphs of
its output are presented.

We do not discuss convergence of the iterative process. However, we do note
here some properties of S. By (4.2), %Zvez ao(y) = 1, so if [ f(z)dz = 1, then
[ Sf(z)dr = 1. Thus, one can easily obtain [ ¢(z)dz = 1. In addition, when the
Ar(§) are trigonometric polynomials, as in our case, ¢ and ¥ will have compact
support if f is chosen to have compact support. In particular, if ax(y) = 0 for
|v] > N, then for f with support in [—N, N], it is easy to see from (5.5) that Sf
also has support in [~ N, N] and hence, so will ¢ and . The computer-generated

functions presented in Chapter 7 have compact support.
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Chapter 6
Smoothness

In many cases we are interested in considering wavelets which are as smooth
as possible. The simple Haar wavelet is not even continuous, but if we follow the
construction described in Chapter 5, starting with (cos?(7¢) + sin®(7¢))M = 1 for
M = 5(N + 1), it turns out that our wavelet 1) will be in CV(R), cf. [7]. However
as we shall show, compactly supported wavelets cannot be in C'*°.

We still assume that only a finite number of the coefficients a¢(y) appearing in

the scaling identity
p(z) = ao(7)e(2z - 7)
~EL

are non-zero. Since the wavelet function is given by

Y(z) = a(r)e(2z —7)

YEZ

where a;(v) = (=1)" ao(1 - v) (Eq.(5.5)), ¥(z) inherits the smoothness of ¢(z).
Also notice that if ¢(z) = Eivz_M ao(7)p(2z — v) where M, N € N, and
9(r) = p(z — M), then

N
g(z) =z —M)= Y ay(y)e(2z —2M — 7)
y=-M
N+M
= Z ap(k — M)p(2z — M — k)
Now

= Z bo(k)g(2z — k) .
| k=0

\

|
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Since smoothness is translation invariant, we may assume that ¢ satisfies

N

(6.1) o(z) = Y _ a(n)p(2z —n)

n=0

for some N € N, with a(N) # 0.

We now state and prove a theorem regarding the differentiability of ¢, cf. [3].

THEOREM 6.1. If p € L}(R), ¢ # 0, ¢ satisfies (6.1) and is in C™(R), then
m<N-—1.

By [3, p.1395], ¢ has compact support. Notice that if [a,b] is the smallest
closed interval containing supp(z), then suppyp(2z —n) C [ + 7, % + 31,
and [£ + 2, 2 4 2] has exactly half the length of [a,b]. Also, as n increases by
1, the support of ¢(2z — n) moves to the right by 7. Since (6.1) gives ¢ as a
linear combination of these “half functions”, we see that the larger the support
of ¢ is, the bigger the value of N must be in (6.1) and vice versa. So the above
theorem actually states that if ¢ 1s compactly supported, it cannot be infinitely

differentiable.

PROOF. Suppose ¢ satisfies (6.1) and ¢ € C™ for some m € N. Let [qa,b)
be the smallest interval containing supp . Since supp (E,]:;O a(n)p(2z —n)) C
(5, % + %], and ¢ satisfies (6.1), it must be the case that 7 < a and % + %r_ > b,
which imply a > 0 and b < N. Moreover, since ¢ is continuous, ¢(0) = ¢(N) = 0.
Hence, p(j)=0forjeZ-{1,...,N —1}.

Now define M € RIN-DX(N-1) by M. = a(2i —j), j =1,---N —1, and
v? € RN-1 by v? =), 7j=1,---,N-1.

We claim that v° # 0; otherwise ¢(j) = 0 for all ; € N and (6.1) used repeatedly

would imply ¢(5x) = 0 for all n € Z, k € N, so by the continuity of ¢ we would

have ¢ = 0 which is a contradiction.




Also for ¢ € {1,--+ ,N — 1} fixed, ¢(2i —n) # O only for 0 < 20 —n < N —1 or,

equivalently, for 2: — N +1 < n < 2: — 1, therefore

N 2i—1
v) =p(i)= ) a(n)p(2i—n)= > a(n)p(2i —n)
n=0 n=2i-N+1

N-1
=2 a2 = j)e(j) = (Mv°)s.

Consequently Mv® = v°, and since v # 0, 1 is an eigenvalue of M.
Forl=1,--- ,mdefinevectorsv! € R¥N"1byo'(j) = (), j=1,---,N-1
We claim v! # 0 - otherwise ¢! = 0 as before, which would imply eU=1) =
constant, and since ¢!~ is compactly supported, =1 would be also identically
zero. By induction we would have ¢ = 0 which is a contradiction.

‘ Again for 1 fixed,
| N N-1
vf :cp(l)(i) = 2! Z a(n)go(l)(2i —-n)= 2! Z a(2: — j)9°(l)(j)
n=0 J=1
.—_'21(M’Ul)i )

hence v' = 2!Mv!, and since v # 0, 2! is also an eigenvalue of M, for each

l=1,---,m.

Since the number of eigenvalues of M cannot exceed N — 1, it must hold that

m+1<N-lorthat m<N-1. O




Chapter 7

Implementation

In this chapter we consider briefly the numerical implementation of an iterative

scheme for solving

(7.1) fz) =) ao(7)f(2z — 7).

YEZ
We operate under the assumption that there exists a function ¢, generating an
MRA, which solves (7.1) for a given set of coefficients ag(y), v € Z. The wavelet

¥ then can be constructed according to

(7.2) P(z) =) ar(7)e(2s — ),

v€Z

where a;(7) = (—1)"t1ag(1 — 7), v € Z. In practice the sums in (7.1) and (7.2)
are finite with real coefficients ag, a;.

The algorithm proceeds as follows : We start with a suitable function fo with
[ fo(z)dz = 1 and compact support C [a,d], a,b € N. The interval [a,b] is
subdivided with N = (b — a)27, J € N, equally spaced points {z;}¥ ,, where
fo is evaluated. Next we construct the various integer translates of fo(2z;), ¢ =
1,...,N. The new iterate is now computed by

fz) =) ao(n)fo(2zi—7), i=1,...,N,

v€Z

for a given set of coefficients ao(7y), v € Z. In general, at the (£ + 1)—th step, the

algorithm computes f¢(2z; —v), 1 =1,...,N, v € Z and obtains the new iterate
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f[+1(:1:,'), 1= 1, e ,N from

fer1(zi) = Zao('y)fg(Zmi —5), ¢=1,...,N.

YEZ

The algorithm terminates either if a certain number of iterations is performed or
if the discrete £, relative error ||fet1 — fell2/||follz, £ = 0,1,..., is less than a
prescribed tolerance e.

The last iterate is taken as the scaling function ¢ and is used to compute the
wavelet ¢ according to (7.2).

Several initial functions fy are implemented in the code: the characteristic
function of [0,1], two hat functions and a sinusoidal function. All of them are
evaluted in [a,b]. Furthermore, 7 different sets of coefficients ao are included.
In particular we have included those derived in Chapter 5, two different sets of
Daubechies, [1], and those reported in Strang, [6]. Different initial functions and
coefficient sets can be included in the code. However, if f; is evaluated on [a, 3]
and ag(7) # 0 for v € {m,m 4+ 1,...,n}, then it must be that m > aand n < b
to ensure that supp fe C supp fo for £ =1,2,....

On the interval [a,b] = [~1,8] we put a uniform mesh consisting of N=9216
points (J=10). A maximum of 100 iterations was allowed, although the algorithm
converged in all test cases in less than 30 iterations with e = 1078, On the output
the graphs of fy,,1 are presented. All the computations were performed on
a SUN SPARC 1 workstation using double precision arithmetic. The required
computational time was less than I min. for each test case.

First we took fy to be the characteristic function of [0,1] along with
ao(0) = 1, ao(1) = 1. In this case fo remains invariant, so that ¢ = X[0,1]>
and ¥ turns out to be the Haar wavelet mentioned in Chapter 2, as one would

expect. The graph of the characteristic function as well as the resulting ¢, are
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presented in FIGURE 1. Next we computed ¢ and v using the characteristic

function of [0,1] and two different sets of 4 and 10 coefficients reported in [1]. The
corresponding graphs are shown in FIGURES 2 and 3. These graphs are also pre-
sented in [1]. Notice that the set of 10 coefficients produces an obviously smoother
wavelet, as one would expect from the discussion in Chapter 6. In FIGURE 4 the
graphs of ¢ and ¢ are shown for the box function and the 6 coefficients derived
in Chapter 5. FIGURE 5 shows the plots of ¢ and ¥ with f; being a sinusoidal
function, and using again Daubechies’ set of 10 coefficients. The graphs of ¢ and
Y are the same as those in FIGURE 3.

Each set of coefficients was tested for all the different functions fy mentioned

above. For each set the resulting wavelet was always the same.
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