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. ABSTRACT

A tightly coupled approach is attempted to computp a hlodesttﬂuid-s’aucture interaction for high
subsonic flow through a convergmg nozzle with deformable walls. A globally convergent Newton
statement and 2 matrix-free GMRES linear equation solver are used to linearize and solve the coupled
system of equations w1thout explicitly fomung the left hand side jacobian matrix associated with the
Newton method. A variable forcing function term is successfully incozporatéd into the Newton statement
to balance inner (linear) and outer (nonlinear) iterations. The fluid-structure system is solved for
comparison pu_1pres using a loosely coupled approach. Residual convergence staghated in the tightly
E:oupled systerh approach but converged successfully in the loosely coupled approach using the same
coding for domain calculations. ‘

A nc;vel approach using time derivative precondiﬁhning is incorborated to speed convergence of
the GMRES hhear equation sol;re.r. No algebraic preconditioning ih used. The fluid flow eéuaﬁons
showed significant improvements using the tirhe derivative pheconditioning method but the error term
generated in the structural equations ‘o_verWhelmed ie physical solution increment.

The Taylor Weak' Statément dériiraﬁdh of the finite element form of the fluid flow equhtions with
time derivative‘pr?conditioning shows a strong connection to-the Streamwisé Upwind Petrov Galerkin
(SUPG) method. This connection is exploited to develop a theoretical basis for the damping term and the

i

time scale parameter common to the SUPG method.
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CHAPTER 1

INTRODUCTION

Fluid-structure interaction problems are pervasive in engineering. They cover a wide rauge of
_applications from aeroelasticity and panel flutter to bridges and dams to exhaust stacks and cables to
propellers and turbomachinery. The results of small experimental models for complex structures are

difficult to scale to full size and the full size fallures are often dramatic when they happen. Fortunately,

analyuc solutions and expenments do exist for some common structural shapes and nondlmensxonal scaling
paramete_rs are 'used to determine design loads.
The fluid and structure comimunicate through surface loads and shapes. The fluid exerts a load on
" _the structure through pressure forces normal to»the surface and shear forces tangent toit. If the fluidisa
gas, the shear forces (friction) are often omitted. This?is practical but dangerous as the nonlinear effects
generated by the v1sc051ty within the fluid may radically change the pressure d15tnbut10ns Also the
frictional forces can be s1gn1ﬁcant if taken over large areas, such as the surfaces of a Boemg 747 aircraft.

The solid communicates with the fluid through its shape or geometry The fluid typ1cally flows
around a solid shape or through channels in its body des1gned for the purpose. A change in the load

" distribution on the body may cause it to change shapes, thus altering the load distribution, which again
drives a different shape. lThis process can be cyclic and unstable'.

As structural shapes‘and their systems get more complicated, more sophisticated tools are needed
to predict the outcome of fluid induced motions. For example, the response of a high aspect ratio solid
block to a distributed side load may be predlctable but if the block is a skyscraper of modern construction
with active sway dampers, the response can be quite comphcated Likewise, classic aeroelastic problems
such as wing design are still at the forefront of research. The large aircraft manufacturers use sophisticated
‘codes to optimize wing profiles but these are immediately coupled with structural models to estimate
weight, wing twist and latetal deformation internal volume available for fuel, etc.

. Many computer codes have been developed over the last 50 years to assist in predicting the

performance of ﬂu1d-structure systems Typically, an initial shape is selected based on design criteria and



objectives. I?hen, fluid calculations about the ‘structure‘:?ahré‘ uséd to predict ’d}p loadsona éivén s-ui'face and
the total load. Structural designers will either design a system caéable of handling the loads or assess a
predetermined system’s abilitj to handle the fluid loads in combination with any other loads that may be
present. The loads may lead to unacceptz;ble structuﬁl response either as steady state defonnationé or as
transient defdnnétions, or both. The defof;n_ed system creates a new interﬁction with the fluid and the .
‘proce'ss may cycle repeatedly. Transient responses also add néw dimension§ of inertia, structural damping,
unsteady aerodynamics and con;rol system response.

| Engineers have historically developed computer codes to assist in analyzing the fluid or structure
in isolation. However, demands fbr a faster design process and the desire to understan;i nonlinear fluid-
structure interactions drove demand for coupled codes. Structural engineers typically added simple fluid
models to their complicated structural codes and fluid dynamicists typically added simple structural models
to their complicated fluid codes. These approaches are still prevalent today and the technical literature is
full of examples.

. Codes that contain full fidelity of both the fluid ﬂow dynamics andmsu'uctural deformation modes
simply don’t exist. There have been signiﬁcaht efforts towards developing' these in the past but the efforts
quickly became bogged down by complexity, inflexibility, and an insatiable need for more computational
horsepower. |

Fortuﬂateiy, a very good and practical aitemative takes advantage of the best of the fluid and
structural codes without adding complexity or limiting ﬂc;xibility. This is the (obvious) partitioning of the
problem into its various disciplines and iterating betwéen the existing codes to a converged solution. This
approach follows the same template as the design process and has been proven to work quite well.

However, the intent of this dissertation research is tc; revisit the fully coupled (xr;onolithic)
approach to fluid-structure modeling to determine if there is a way to use computer code that has high
fidelity for both fluids and structures in a tightly coupled fashion without adding complexity or special
requirerﬂents. Modem I;artial differential equaﬁon solvers such as the GMRES (Generalized Minimum
RESidual) method of [Saad and Schultz, 1986] do not restrict the problem to symmetric, positive definite

systems so, theoretically, any combination of problem statements is possible. In addition, matrix-free
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nnplementatron of the “left hand side” removes the need to develop specialized cross coupling terms
between the systems and eliminates the need to form and store the numerical (linearization) matrix. This
also eliminates issues associated with node numbering, storage strategies, and matrix bandw1dth.

In this Aresearch proiect I attempted a monolithic approach to solving a coupled fluid-structure-grid-
.system to steady state using a matnx-free GMRES solver and a globally convergent quasr-Newton method.
Additrve preconditioners were nnplemented as artificial mass matrices and stepped forward in pseudo trme
to speed convergence. The pnmary fluid-structure system simulated was Tepresentative of the nozzle
section in large flexible-wall wind'tunnels used"by the United States government and aerospace industry.
The physrcal system. dimensrons included a nozzle 8 feet long at the centerhne with a 2 foot (from
centerline) mlet and a 1 foot exit (area ratio 2). The system was modeled as two-dimensional plane flow
of inviscid air flowing through a simple '24)?8 node subsonic nozzle with a deformable wall and synimetry
along the cente'rline. The physical wall was 1.5-inch thick mild steel with rigid boundaries at the inlet and
exit and_an’ external pressure load equal to the nozzle exit pressure.” The wall was represented by
‘continuum solid equations ona 24x2 grid nsing bilinear quadrilateral elements. The fluid flow yvall
‘nodes were coincident with the structural nodes so no interoolation was needed at the ﬂuid—structure '
) mterface to al1gn nodal values The inviscid fluid flow acted on the structure through the calculated vyall
pressure distnbution In tumn, the structure deformed under the load causmg srrmlar deformahons in the
fluid ﬂow grid. The ﬂurd gnd was 1reated as a continuum solld w1th Dlnchlet conditions on wall node
drsplacements The deformed ‘wall nodes created displacements for the nodes mtemal to the ﬂurd flow grid
through a discrete structural calculation. “The fluid flow was then recalculated on the deformed ﬂurd grid
and the process iterated to convergence. | ' .
. During the course of the mvestlgatron I advanced the state of the art, demonstrated techmques or

' drscredrted approaches in numerical methods computatlonal ﬂurd dynarmcs structu.ral dynamlcs and

- Fp
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coupled ﬂurd—structure mteractlons
- Proved the benefits of using.an additive preconditioner to speed convergence of a globally convergent

Newton iteration using a GMRES solver for the iriner solution iterations




| Provrded direct companson hence beneﬁc1a1 assessments, of pseudo tnne steppmg versus pure ‘
. Newton iterations for both fluid flow and structural equauons ‘ .
Showed the correct fonn for add1t1ve precondmoners 1mplemented asa pseudo t1me step rather than a
K “multlphcatlve precondmoner in ﬂu1d flow calculatlons
ereveloped docurnented and unplemented various resrdual scalmg strategres to overcome numencal

. stlffness created by res1dua1 orders of magmtude for ﬂuld ﬂow equauons structural equatlons and

(SR

‘coupled ﬂurd—structure systems it SR ‘ .
: ‘Implemented and documented the 1mpact and mﬂuence of the number of Krylov vectors and restarts
’ ’ allowed i in GMRES for both fluid ﬂow and structural problems

‘ Implemented and documented the benefits of halting GMRES prior to full convergence of the inner
o ‘1teranon to speed the total solution process ” ‘ - ‘ -
’IImplemented and documented the beneﬁts of the Ersenstat Walker forcmg ﬁmctron for nonlmear
.1terat10ns and developed an optlmurn startmg cond1t10n for both fluid ﬂow and structural equauons :
Developed and unplemented a Taylor Weak Statement/Streamwrse Upwmd Petrov Galerkm
) (TWS/SUPG) formulatron for a fmrte element approach to mv1501d fluid flow usmg (dunens1onal)
pnmmve vanables ' j
Developed and documented the theoretlcal basis for the TWS/SUPG time scale pararneter 1' and
‘demonstrated srgmﬁcant perfonnance 1mprovements over the current state of the art - ‘
Developed the correct fonn for a TWS/SUPG dampmg term for fm1te élement ﬂurd ﬂow codes and
: demonstrated its 1mpact on both stabrlrty and cons1stency | | |
' Developed and 1rnplemented the correct form of the we1ght ﬁ.mcuon to use in a finite element weak
statement formulation of the mv1scrd fluid ﬂow equatrons in pnmmve vanables
'Documented the chorces for free parameters and mcorporated time derivative precondrtronmg into
‘ TWS/SUPG fluid flow equatron wrth pseudo time steppmg |
Developed both monolrthrc and partmoned approaches to solving co_upled flur'd-structure problems and

.implemented a matrix-free solution process while providing a direct compaﬁson of convergence results




- Documented computational shortfalls of the monolithic solution process for couplcd‘ﬂuid-s‘tructure
problems associated with the continued solving (oversolving) of converged don‘rainsﬂ whrie trying to get
difﬁc'nlt domains to converge |

L Déveloped the‘ theoretical basis and _irnplemented precondiu'oned structural eqhations using an implicit

form of the Adaptive Dynamic Relaxation techniqlre |

- Proved the beneﬁts of additive preconditioning by dramatically'speeding convergence of the inner

solution of a thin structnré, .diagnosed active terms, and docurnented adverse impact on the onter .
‘ ' rteraﬁon
| The GMRES method worked well but unCertaintv 'o‘ver‘ the numher of Krvlov vectors to ‘include'
and the impact of restarts:drove the need for a robust preconditioner to gnarantee convergence. The
additive preconditibner used in the fluid flow calculations proved to have signiﬁé;ant benefits but still
B required restarfs in 'GM‘RES“ The TWS/SUPG form of the finite element fluid flow equations worked well

-

) and thé theoretlcal development of the time scale parameter y1e1ded s1gmﬁcant 1mprovements over the
current state of the art. L o ‘
The structural precondrtroner eliminated the need to restart GMRES but the errors created were
unacceptable to the nonlmear (outer) iteration. " Ty ‘ A |
The'monolithic ‘approach‘to the coupled ﬂuid-etrucnnenproblem l')rovedvto hav‘e,sr"gniﬁcant flaws
. even with the r_natrik-ﬁee implementation. Common code was used to generate left and right hand side
vectors for both the monolithic and partitioned ‘approaches and time-derivative precondirionmglenhanced
convergence. 'However the monolithrc solution process was not competitrve with a partiﬁoned approach.in
‘ terms of its rate of resrdual convergence due to excessive read/write operatlons and oversolvmg in

converged domains. The partrtroned approach was successful with accuracy equal to that of calculations on

the individual domains in isolation.
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CHAPTER 2

APPROACH

The ﬂurd-structure-gnd problem has many facets and draws on several different engmeenng and’
mathematical disciplines. The overarchmg strategy is outlmed below but the background on each ‘of the’
different areas is saved for those specrﬁc chapters. ‘

At the top.level, there are three sets of field equations: ﬂuid.ﬂow on a fixed or mov‘ing“ grid \
structural deformation under external load, and a descnpuon of ﬂu1d grid motron driven by the structural
deformations. All the field equatrons have the common and familiar form

":Ax:b - - SR @-1)
The "left hand side" isan incremental form of conservation laws linearized about the current state where

A is a matrix of partral derivatives and X-is an mcremental change to the current state. The "nght hand

‘ side" is 2 nonlinear form of the conservatron laws where b is the re51dual vector generated by the current
‘ state vector A _ ‘
The ﬂurd gnd and structural gnd nodes are comcrdent at the ﬂurd-structure mterface Otherwrse a' |
: fourth set of field equa’uons would be needed to descnbe the relatronshrp between fluid and structure gnd
. " nodes The intent is to add pseudo time terms to the left hand side of a Newton statement for the coupled
r systems of equatrons toactasa precondmoner and speed nurnencal convergence of the hneanzed system |

of equatrons The precondmoner is developed for each of the computatronal domains (ﬂlIld su'ucture aid

- grid) separately and tested for effect. The well condrtroned individual systems are then trghtly coupled mto '

a single, monohthrc set of equatrons and tested for convergence and accuracy. If appropnate the

. precondmomng terms are mod1f1ed or a new one added to control convergence of the coupled system
Unlrke the multlphcatrve precondruoners commonly used today such as mcomplete factonzattons

[Axelsson, 1994] [Barrett etal,; 1993] the precondmonmg apphed in this effort is add1t1ve Incomplete

factonzatron precondluoners Tequire a left hand side matrix to be formed at’ least once ‘at t.he start of the

solutlon process before S0 1t can be factored mto the precondrtroner An add1t1ve precondmoner has no ‘

. such reqmrement and matrix-free lmplementatrons of the left hand side lmeanzatlon rnatnx may be used.




The nonlmear equanons are‘assembled in stnct conservanon law form on the nght hand side of the

Newton statement but a linearized form is used on the left hand 51de The left hand side equa’aons are fully T
integrated to the same order as the right hand side. The individual linearized element mtegratlon matrices

‘are formed at the same time as the right hand side residual and stored unassembled in a compact form for o

faster calculation of the left hand side linear residuals.
LAl codes used in the dtssertation were written and tested in the MATLAB computational

environment and run on a 200MH;, Pentium II personal computer. .

Numerical Solver

Details and references for each aspect of the numerical solver are described in Chapter 3. The

numerical solver puts to test some of the latest developments in partial differential equation solvers. The

. festarted Generalized Minimum Residual, or GMRES, method is implemented to solve iteratively the linear

system of equations within a globally convergent Newton statement of the coupled field equations. The

Newton statement forms a directional derivative for each new search direction, enabling a matrix-free

.. implementation of the left handJ side. The Eisenstat-Walker algorithm generates a \ta_riable sequence of

heavﬂy-on the code and theoretlcal developments‘ in [Kelly, 1995].- The major steps in the numerical
solution are: N o |

| form a hnearrzed set, ot' discrete equations and a ;globally convergent Newton method

2. solve the lmear set of equations using the GMRES iterative solution technique

3. control memory requiremeénts by creating a matrix ﬁee im;ilementation using forward difference

directional derivatives to simulate the 'Jacobi,an‘ matrix—vector product U
4 control memory requlrements for Krylov subapace vectors usmg restarted GMRES
5. accelerate convergence by using physics based (rather than algebra1c) precondltlom‘ng>

6. balance inner and outer iterations using the Elsenstat-Walker approach to create vanable forcing

functions in the outer jteration



" Fluid Flow

The disctetized fluid flow equations are developed in detail in Chapters 4 throngh 6. The fluid
flow solver implements a two dirnensional finite element formulation of the inviscid, compressible Euler
equations using linear triangle and bilinearcjuadrilateral elements. The equations are developed around the
‘ primitive ﬂoiv variables: pressure, temperature and the velocity vector.

'The time derivative preconditioning terms-aie ‘based on the approach outlined in [Merkle, 1995].
The mtent isto precondition the eigenvalues of the ﬂuid ﬂow contmuum descnption and adJust for any ill
condltiomng created by the discretization. A Taylor Weak Statement analys1s [Baker and Kim 19871 is

used to develop the appropnate dampmg terms for the pnmmve vanable formulation given the

preconditiomng strategy.
“The structural response to the fluid loads is expected to chan‘ge the geomeh'y of the flow domain.

Rather than developing a nevir grid for the new geometry, ‘the grid shape from the original geomen'y is

| warped to match the new boundaries.. l‘he motion of the gnd noides is taken into account m the fluid code

- «using the Arbitrary Lagrange Eulerian (ALE) approach.

Stri'lctu‘ral'Sol'ver |

The details of the structural solver are provxded in Chapters 7 and 8. The structural solver
unplements continuum finite elements based on the Navier equations rather than specmlized elements such
- as beams, plates and shells. The code follows the Total Lagrangian approach and is based heavxly on the ’
methods outlined in [Zienkiev‘vic; and T ayloi, 1589]. Both linear and nonlinear’ stiffness matrices are
incorporated using linear tria.ngle, bilinear qnadrilateral, and biquadratic quadrilateral eleinents. ‘

The structural solver also mplements a time derivative preconditioning« matrix to remove
numerical stiffness. The approach is base‘d" on an implicit iinplementation of the Adaptive Dﬁmﬁc

Relaxation algorithm outlined in [Oakley and Knight, 1995].



Grid Motion

Chapter 9 provides the details for generating a moving fluid grid that conforms to the deformed
structliral shape. Rather than using algebraic methods or generating a cornpletely new grid, the initial fluid
grid is treated 'as if it were a continuum solid. The motion of the physical structure then deforms the fluid
region to update the location of the fluid nodes. The field equations for the grid motion are the structural
‘ equations implemented over the geometry of the fluid grid. Boundary conditions are Dirichlet statements
for wall node locations rather than applied loads. The Dirichlet boundaries are determined by ‘the : A
deformation of the wall as produced by the structural solver. The grid does not contnbute to the stlffness of
: the wall The grid “pseudo structure” may . have artrﬁcial miaterial propertles if needed to provrde asmooth -
grid in the interior of the deformed region. The solid equations satisfythe ‘geometric conservatron laWs -

outlined in [Thomas and Lombard, 1978].

Coupled Fluid-Structure-'Glfid

Chapter 10 provides the details for the coupled ﬂnid-strdcmre-érid'systemf 'I"he'"‘eon\pled flaid-
structure- gnd problem is formed usmg an element by element approach The appropnate ﬁeld equatlons
are used for each element and the combinatioti of elements is assembled into a smgle vector reﬂectmg the
nodal residuals for the various conservation laws. Once assembled, the normahzed 2-norm of the right
hand side residual vector is checked against the converéence criteria and initiates a linear GMRES solution -
process. ’

The linearized left hand side residual v’éc»t‘ors‘ for the coupled system are formed using the, same
strategy as the right hand side. Since the logic in the GMRES algorithm simply requires the output ofa
matrix vector product (a vector), the product can be created using a finite difference approximation to the
directional derivative. Each vector in the finite difference approximation is Just a fully assembled residual
vector for the coupled system. The vectors inay be created using exactly the same nonlinear algonthms
used in to form the right hand side residual or a simplified version (for speed). The coupled system vectors

are formed element by element and assembled. This eliminates the need for special coding requirements,




- as the residual vector for a particular set of field equations is the same (prior to asseinbl&) whether the

domain is solved independently or as part of a coupled system -

10



CHAPTER 3
NUMERICAL SOLVER
Some form of numerical solver is at the heart of every cornputational engineering code The
"success of the code depends crrtrcally on the match between the physrcal set of equations, the partrcular '
solution method, and the computmg hardware The solver may be customized to the charactensucs ofa
' ﬂpartrcular set or class of procedures such as “skyline solvers” and conJugate gradlent methods for
symmetnc structural- equatlons or Thomas algonthm tri-diagonal solvers for fluid ﬂow calculatlons usmg
Alternating Drrectlon Imphc1t (ADI) schemes Computer archltecture and hardware isa pnmary
cons1derat10n as the processor may be sequential, vector, or parallel, and core memory may be centralized
or dlstnbuted and is sometimes shared between multiple processors |

The approach in this research pro_]ect isto use a general-purpose non-lmear partlal dlfferentlal

equation solver designed for a single sequentral processor with limited: memory. The interit is to’compare

monolithic and partitioned solution approaches for fluid/structure interactions without changing the solver. '

- The strategy is to:

l. | form a linearized set of equauons.usmg a globally convergent Newton method

2. ' solve the lmear set of equatlons usrng the GMRES 1terat1ve solutron techmque

3. control memory requirements by creating a matrix free unplementatron usmg forward difference

directional derivaﬁves to simulate the Jacobian matrix;vector product g

él. control memory requuements for‘Krylov subspace vectors usmg restarted GMRES

S. accelerate convergence by usmg physms based (rather than algebralc) precondmonmg

6. balance ihner and outer 1terat10ns using the Elsenstat-Walker approach to create variable forcing
| functlons in the outer iteration ( '

The various steps inthis" numencal approach follow very closely those descnbed in [Kelly, 1995] and the

M_ATLAB code descnbed in [Kelly, 1995] forms the bu]k of the numencal solver code used

K <
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| Gloi;ai_ Newton Method (Outer Iteration)
" The Newton method linearizes a set of equations through a truncated Taylor series expansion of
the oriéinal set of Vequations. ‘
£+ &%) = £(x)+ £ () + 8() G-1)
If vthe se‘t of ec;uaﬁoﬁs is such that f (x + Ax).= 0, then one can ignore the higher order terms and
. Tearrange to ‘ge'ti | | | ‘
Fe=sr@s T en
where f ' (x) ;s a matrix 'a;.ssocia;ted with the del:i’\;atvihve'(,)f f('x)?at' X '['Coélté and de Boor, p217] Thus,
" the sé}uﬁ;p ‘o‘f the li‘nea_n'zed'jsqivt of e:quation; is' giveﬂ by e o ‘ o

v\
Ax=—f(x)" f(x) : (3-3)
where Ax is a’\"fect(‘)r and x + Ax points in the direction of the sblﬁtion of the original set of equations

' f (x) = O .. The rﬂagnifude, of the Ax vector is not as clear as thé directing and X + Ax may'ov.efshoot

‘ the actual solution if X isnot within the basin of attraction.

.

- The 'gldbaﬂy convergent Newton algb'riihrh éséénﬁéﬁy acknowledges that there is a better solution
than the current state vector and treats the direction of Ax as a search direction. If f (x +'Ax) is greater
in magnitude than f (x) , the magnitude of A is reduced but the direction is maintained. The scaling
épplied to the search direction should incorporate logic to énfgrce a “sufficient” decrease in the residual
norm to avoid oscillation around a fixed point. The method implemented in the code s referred to as the
Armijo rule [Kelly, p137] énd declares that if .

. _ : .
d=-f(x) f(x) | - 6
then the searéh direction must produce a sufficient decrease defined by

| (“@l <(1-ad)f (X)I: | - (3-5)
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where 0 < A <1 and @ =107* [Kelly, p136]. Since the goal is to find a state vector, X , such that the

residual vector f(x" )= 0, new state vectors, X + Ad , must produce a residual, | f(x + Ad)|, that’s not
P

just smaller but sufficiently smaller than the current residual, ' f (x)l .

In the coded algorithm, the actual value for A is variable and is selected based on a three-point

parabolic interpolation model. In the model, f (x) is known initially and f(x + Ax) is tested for

sufficient decrease (so it is also known). If the decrease is not sufficient, A4 issetto Yjand f (x + A%) is
. s . n+l n Ax .
tested for sufficient decrease. If it is sufficient, X* =x" + —2— . fnot, anew A ;18 selected based on a

second order interpolating polynomial using the three known points: f(x) , [ (x + Ax) ,and

F(x+%4). The polynomial comes from a second order equation in A where p(A)=aXl +bi+c.

Solving for the unknown coefficients leads to

)= 1)+ fﬂ_'((ﬂ—i-)(f(x;lcd) /), (e )( (x;{d) f( ))] 6

c -
e . ~ ' .

where A, is the largest step of the three poin%'s and /i_ Yis thé middle s'te;p.ﬁ Only three points are used 50

the additional A_ becomes A in subsequent iterations. If p"(O)“> 0, then the parabola has a minimum

(70~ 702 -0 -7)2]
(0)- F(A ).~ (£(0)- £(2)A.]

An example case using a parabola to anticipate the correct step length reduction is graphically illustrated in

A=

G-7)

Figure 3-1.

A safeguarding step is included to ensure progress in reducing f (x +A.d ) . This is given by

0'0/1 if <o, :
A, =304, if A>0,A, where 0, =1 and 0'1 =5 (39

+

A otherwise

If p"(0)<0,simplyset A, = 0,4, [Kelly, pp 142-144].
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f(x+Lamda*d)
O=-a2NWHROIONOWOWO

0O 01 02 03 04 05 06 07 08 09 1
‘ Lamda‘

Figure 3-1: Sample Parabolic Step Length Reduction

In the Newton method, many techniques have been developed to ease the computational burden

associated with solvﬁg f (x)Ax =—f (x) . The Jacobian, f (x) , is typically a banded matrix with
significant off diagonal elemer;ts and may be exiremely complicated to form. In fact, for structural
dynamics problex.ns, £he correct form of the Jacobian for dynamic, large displacement problems was
contested until nearly 1971 [McNama and Marcal, 1973] and not entirely settled until 1978 [Cescotto,
Fréy, and Fonder, 1979]. .

Many attempts have been madé to simplify the Jacobian matnx or reciuce the effort required in its
formation and inversion [Venkatakrishnan, 1989]. The simplification techniques typically eliminate or

lump insignificant terms or “freeze” the Jacobian for reuse in later steps. More aggressive techniques may

replace the inverse Jacobian altogether with a new matrix, B(x) where the action of B(x) on a vector is
. . . ol .

less expensive to compute than an inversion of f" (x) . Here, Ax=—f (x) f(x) is replaced by

Ax=-B (x) f (x) . This is referred to as an “appr'bximate Newton.” If B is independent of x, then the
iteration can be viewed as

x; =x, - Bf (x) ' (3-9)
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a preconditioned nonlinear Richardson iteration [Kelly, p. 77]. Many of these attempts have been
practically successful even though they degrade the theoretical convergence possibilities associated with

using a true, up to date Jacobian.
Direct inversion methods for f (x) typically use some sort of factorization step or matrix

preconditioning to ease the computational burden. These tend to ﬁll the zeros in the (relatively) sparse
Jacobian and rnlay significantly increase storagé requirements. As a workaround, techniques such as the
“minimum degree” and “reverse Cuthill-McKee” algorithhms reorder the rows and columns to reduce the
bandwidth of the matrix and produce less fill during matrix facton'éation [Venkatakn'shnzin, 1989] {Pueyo

and Zingg, 1997], [Blanco and Zingg, 1997], [MathWorks, pp 505-509].
A matrix free difference approximation to f" (x)Ax avoids the problems associated with the

corrected form of the Jacobian, row/column order, memory requirements and fill during factorization. Note

that a difference approximation to the Jacobian, V, f (x) , multiplied by the solution vector, Ax , is not

the same as a difference approximation to the directional derivative, .D, ( f (x)Ax) , formed by the

matrix-vector product. For ill-conditioned problems, the difference approximation to the directional
~ derivative is usually more accurate [Kelly, pp 70-82] atid is inif»lemented in the computer code used in this
research effort.

The directional derivative concept is clever but subtle. The Jacobian is a matrix describing the
gradient of the function f (xc) in all directions at the point X,. However, the only direction desired is the

solution direction. The matrix is inverted to find the direction, Ax, that has the greatest overall slope. The

directional derivative method works by checking a sequence‘of guesses, Ax;, and selecting the one (or a

combination of them) that provides the “best” answer given by minimizing .

[Di(f1(x)Ax) + £(2)] L e
Thus, the problem shifts from one of matrix inversion to one of selecting a good sequence of search
vectors. If f '(x) is n X n , the solution can always be found with 7 or less independent search
directions [Kelly, 1995].
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- The concept of the forward difference aporoxnnaﬁon to the directional derivative is given by

flxr ) £(x)

| @11)

y .

The dift‘erence increment, A ~ 1,0_? , comes from minimizing the roundoff error in a computer with finite

precision of épproilmaitely- 107" . The error is minimizﬁl when h= precision . In the practical
, implementation, the difference increment is scaled by ” ”” Ax” to accommodate X and Ax not being the

same size.L Tl)is addresses the concerns identlﬁed in [Tidriri 1995] for‘éelecting step si‘ze‘. ‘In MATLAB

the smallest mcrement ona Pentlum II class personal computer is. 2 2%, 2204e 016 based on the

Yo

: IEEE anthmetlc used in the computer Tlns is the dlstance from 1. 0 to the next largest ﬂoatmg pomt

_ ._I;_umber [MATLAB User’s Guide, pp 2-6] and has a square root leading to h,.deal =1.4901e- 008 .

"~ Practical unplementauon is stralghtforward using the default value / =1 x 10 and the algonthm

»descnbed in [Kelly, p 81]
0 B - Ar=0
D, (f"(x)Ax) =1 ]| A ”xiufn )=7¢) x, x#£0 . (312
010 g e

Newton Iterations vs. Pseudo Time Steps

Pseudo time methods are standard practice in most fluid flow solvers where an artificial transient

is used to solve the system of equations to an asymptotic steady state. They have also been used in

structural calculations and typ'ically fall under the name of “dynamic relaxation” [Underwoo‘d,’ 1983]. The
transrent has no physrcal meamng and is d1scarded after convergence Also 1t is assumed any path

theoretlcally leads to the same converged state Thrs allows innovation in the convergence path and

techmques such as local time stepprng often lead to faster solutions. Some [Merkle, 1995] [Buelow,
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"Venkateswaran and Merkle, 1595] [Godfrey, Walters, and van Leer, 1993] [Turkei and Amone, 1993]
[Shuen, Chenand Choi, 1993] have developed special mass matrices for pseudo time transient methods in
fluids to accelerate convergence for incompressible flows, chemically reacting flows, and other numerically
stiff fluid calculations. [Oakley and Knight, 1995] have done the same for structures.

l Pseudo time stepping procedures also apply to @steady problems. The analcl)gy is not ciuite the

- same in this case, but the technique remains to step forward in pseudo time until the residual of the

imstea‘dy physical problem is converged at the new physical time level.

The pseudo time stepping techique is straightforward and [Venkateswar@ and Merklé, 1995]
categorize the Newton iterative method as a subset of pseudo time stepping. In the Newton method, a set

of equations is linearized around a state vector to form a Jacobian matrix. The set of linear equations has
the form Ax = b. This can be rewritten as a residual equation Ax —b = R’(w) where W is a vector of

" the dependent variables. The system can now be stepped forward in pseudo time such that R >0 using

the equation
ow . ‘
~+R =0 . N 3-13
FrRm=o. . e
,or .
QZ::+R.(W)='O‘ ' N X 1)

where ~ denotes the fictitious time [Alonso and Jameson, 1994], and QO is some mass artificial matrix.

Substituting and rearranging, this becomes

61vf+Ax=b A 3-15)
ot . .
or
ow
~+Ax=b 3-16
Qat (3-16)
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For clarity, b is actually the residual of the physical system of équations, Steady or unsteady‘;‘ A is the
Jacobian of the system of equations; Q is gAﬁctitiou‘s.r'ﬁasS mhatrix chosen for'convenience and x = Aw.

Redefining R(W) = —b to be the negative residual of the physical equation setand substituting yields

ot . ow Q

g:v + —a%w)'Aw = —R(w) | (3-17)
or
o BV ny Ry (3-18)

This shows the Newton method is actually a pseudo time stepping method with an infinite step size for the

pseudo time term, t ’ The-pseudo time term acts as a sink term to darnpen errors in the Newton ite;ations
[Venkateswmm and Merkle, 1995] and tﬁe m;ss matrix may be selected to improve convergence
properties. | | ) ‘

Some [Venkateswaran and Merkle, 1995] [Shuen, Chen and Choi, 1992] have developed the
pseudo time set of equations by adding a pseudo time term to the physical set of equations prior to

linearization. This makes it easier to determine the role the term can play in aiding convergence. In this

approach, Q-—a—tT + R(w) = 0 is linearized to produce

{05
ajt Aw+ 61;(:) Aw = —Q% -R(w) (3-19)
or,
ORW) prp= _02¥ _ .
™ Aw = Q P R(w) (3-20)
Rearranging gives
02 OB py = _R(w) | 321y

ot ow
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The result is the same as before and there are no. pseudo t1me terms in the right;hand side. Some have
included the pseudo time terms on the right hand side but experiments showed this greatlf .slowed
convergence for the Newton/pseudo time method. -

The pseudo time stepping procedure is discrete in time so

RwW)], S
[QN.A ‘aw} =—R(w) o (3-22).

or

[Q At‘ al;(ww)] =—At'R(w)‘ : P (3-23).

. . 1
This is a new set of linear equations of the form Ax=bor l:Xt,— 0+ A:l x = b. Any number of time

steppmg methods, direct inversion, or iterative matrix techmques may be used to solve the linear equation

" set. An iterative GMRES solver is used in the current effort

. Ultimately, the goal is to ‘ﬁnd the best linear combination of the vectors in the column space of A
to represent the data vector b. The set of coefficients is given by the solution, X, of the Newton system

Ax = b. The pseudo time approach addsto A the colums space of Q scaled by the pseudo time step

size A" . The time step may be held: constant, changed with each iteration, varied in a local time stepping

fashlon throughout the domain, or some combination. Local ume stepping mtultlvely holds the most

prormse but some set of rules must be provrded to select the best pseudo time step size based on grid size,

“velocity gradlent or some other measure. The literature on adaptlve grids contams many measures to

trigger grid refinement. These may also be useﬁllv for selectmg local time step sizes. A ﬁxed time step size

is used in the current_effort.

Precondltloned GMRES Lmear Equatlon Solver (Inner Iteratlon)

As stated earlrer the Newton statement f (x)Ax ~f(x) forms a linear equaﬁon set Ax=>b:

Normally, the choice is to solve the set of equations using a direct or iterative method In the current

effort, the left hand side is treated asa matnx—vector product representmg the drrectxonal denvatlve using
: 19 | '



the matrix-free ferwafd difference <apprcxrimation. This eliminates the possibility of using a direct solver
because there is no matrix to invert. Instead, the GMRES (Generelized Minimum RESidual) method of
tSaad and Schultz,'l986] is used and is irnplemented as described in [Kelly, 1995].

GMRES, as the name implies, solves the linear set of equations for x by minirnizing the residual,
r=b-Ax. Thi's‘is implemented as a solution to the ieast squares problem
| minimize Jb- 4], 62
Itis actualty a generalization of the conjug‘ate gradient method extended to uns,yr‘nmeuic matrices.

‘The key element in the GMRES concept is the formauon and orthogonahza’uon of a set of basis

vectors for the “Krylov subspace The Krylov subspace for Ax b is defmed as,

ry, Ar,, Ar,,. A" I+ for Thus the subspace is defined by the set of vectors generated by the
0s ATo> AT 0 xn *

product o_f a’sterﬁn'g \tector; 5 ,- and the powers of the matrix, A for 0<i<n. The starting vector, 7,
. “is arbitrary. dnd ’is nqrma.lly' taken as K= b. Notice that the matrix-vector product of 4 | with the previous
' Krylov g,ectcr 1n thc enbspe'ce forrns each subsetluent vector in the Krylov subspace (e.g.

A= ‘A"-‘Azrb ) A}ec, the ‘eigen\;alnes of the matrix;‘ A ; essentially determine the number of Krylov

 vectors needed to api)toximate the full .n -dimensional subspace.. Airo tends to zero for every ¥, if (and
only it)'the largest;;eigenvalue'ef A ts iess than one [NobIe, p 373]. ‘The behayior of the powers of the
C matnx, A is c‘entrolled by the relatiye siz’es cf the eigenvalues." These will converge at different ratés |
| according to /1' : fcr the i‘h plowe'r of the j'ﬁ ei‘ge;nveiue} if A canbe fa)ct—oredv into a diagonal matrix as
| s A= XDX then X contains the elgenvectors of A if A 1c normal. [Saad and Schultz, p866] show,

" the convergence of the GMRES method is govemed by the condition of the’ X matrix and a minimum

polynomlal in the maximim elgenvalue of 4 [Kelly, PP 34-36]

Msk ax(p,(z) I (3-25)
[l =

zep(A
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"I'his is included for reference only and is intended to’shovs,/ the importance of not only the
eigenvalue distribution, but the condition of tlre diagonalizing u'ansf(;rmation matrix as well. Appendix A
providgs background information on the sensitivity of eigenvaliles and eigenvectors to perturbations.
| Itis also irlteresting to note that even in their original work, [Saad and échultz, 1986] used
Incomplete Lower-Upper (ILU) and Modified Incomplete Lower-Upper (MILU) aige;t)ré;ic preconditioners
to improve convergence rates. These have become de facts standard preconditioners in most practical fluid

- flow applrcaﬁons: [B’am;tt, et al,.1993] prorlides a great synopsis of various preéonditiom'ng metlrods,

‘ costs,‘ and tradeoffs.l [Axelsson, 1994] pro'vides detailed dqscripﬁr)ns and theoretical basis for
preconditioners and their apbropriate uses based on matrix eigerivalue structure. The problem with most
precondmoners such asILU, is the left hand side Jacobian matrix must be explicitly formed at least once
to use them [Tidriri, 1995] [Pueyo and ngg, 1997].

The basic intenr of a preconditioner is to form a system of equaﬁons such tﬁat for =

MAx=Mb - o | (3-26)
then
|- M4, =p<t @
The errors, e, ,inthe iteratrdn' sequence are éﬁ;pe’é”céd to clieérééssv;itil sddiﬁsﬁal ’iterations. IWhile the
actual errors in a particular iteration sre not known until the soluuon rs known 1t is useful to krrosv how the
error behaves with respect to the known residual at each step ThlS is shown by [Kelly, p36] ro be related -

to the condition of the precondltloned system of equations by

bk, 000l
Je, <A

From a practical standpoint, all this means the condmon of the matrix associated with the directionél

(3-28) .

. derivative (matrix-vector produétj should be well conditioned to provrde rapid convergence. This may be
done by forming the vector, Ax, , and then modifying it as MAx;, or by ci1anging the set of equations so

- that Ais weﬁ cor1d_itioned from the outset. It is more than interesting to note that the left preconditioning
matrix represented by M may be irnplemented thr01rg11_ an s&dftion irrstead ofa nrulﬁplication step. For

example, if .
: 21



O+A4=MA
then - ; R v
0=(M-1)4-
or |
M=04"+I
Alternately, a right preconditioning operator could be implemented for 4Ax = b such that
- AMMx'=b |

or

AMs=5b : (3-33)
where s= M 'x. At convergence, X ~ 0 so s~ 0 also satisfies convergence criteria and there-is no

need to ever solve for X or modify b. As above, an additive matrix will have the same action as matrix

multiplication if M = I+ A™'Q. The composite equation becomes

AT+ Q)1 +470) ' x=b - (3:34)
or
A(I+A47Q)s=b : a (3-35)
. o
(4+Q)s=b (3-36)

In the current effort, the eigenvalues of the physical problem are modified so that A is reasonably well
cbnditionéd instead of using a matrix precéndiﬁoner, M . The approach is conceptuaily the same as
shown above where a matrix, (0, is added to the 4 mamx QO is develol;ed based on ;:ontrolling tt;e
continuum eigenvalues of the system of equationé represented in A. Since A represents a Jacobian for

thg system of equations f (x) , the résult is an approximate Newton method,

[0(x)+ £(x)]ax =—£(x) o =
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The matrix Q may be viewed as an additive preconditioner, a multiplicative preconditioner, a penalty or
LaGrange multiplier term, or a pseudo time stepping term. In the sections to follow, Q is developed and

justified as a pseudo time steppin'g term but the behavior of the solution ite.rates”seem to indicate it behaves

asa penalty or LaGrange ’multiplier term.

Techmcally, the GMRES algonthm is classified as a nonstatronary 1terat1ve method and generates
a sequence of orthogonal vectors (basis vectors for the Krylov subspace) The vectors are created as
indicated in the description of the Krylov subspace and made orthogonal through the modrﬁed Gram-
Schmidt procedure (descnbed in [Golub and Van Loan pp 218-219] and summanzed in Appendix B). As

the orthogonal vectors are formed, the coefﬁcrents are stored in an upper Hessenberg matnx The overall

‘procedure is referred to as the Amold1 iteration [Golub and Van Loan, p 501] The orthogonahzatron ,

process only breaks down 1f the solutron to Ax=b isin the space a]ready created Asa practrcal

con31derat10n the coefﬁcrents generated by the modlﬁed Gram-Schdet process must be scaled. For X

" example, if the modified Gram-Schnndt‘process is used to turn a set of independent vectors V..., vé into

(7)
4 (ul’u)

an orthogonal set u;,_ ceeslhy,s the coefficients of the process are where (u, U ) refers to the

" inner product operation. Ifan element_of Y; isofa sigm'ﬁcantly different order of magnitude than the other -

elements, it w111 dominate the orthogonahzatron process and mask the influence of lesser but equally

- s 1mportant components Nondxmensronahzmg the set of equatlons normally avords this problem. In the.
‘ current effort all equatlons and calcula’uons are kept in dimensronal form rather than nondlmensronahzmg

50, for example, the mass and energy equatrons were scaled to match the momentum equatron to overcome

the six order of magnitude dlfferences in the numencal values [Kelly, PP 37-46] descnbes the GMRES

a 1dea and other practical considerations for nnplementatron The GMRES algorithms used in this effort are

}modlﬁed versions of that provided by [Kelly, 1995]

'A problem with the GMRES algorithr'nfis"that all iteration vectors must be save‘d?ratlher‘ than just

o ~ the current iteration. If the solution does not converge qurckly, the computer memory. requrrements may

become overwhelming. For thrs Teason (and maybe the only good reason) the restarted GMRES algorithm
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is use‘d‘most often. In restarted GMRES, a limit is imposed on the number of Krylov vectors stored. If the

~ solution hasnot. converged, the best solution is found over the lirrlited'set of Krylov vectors, the vectors are

erased ‘and the process starts over with the “best solution” from the last set as the new starting point. This

;“ procedure defmrtely slows convergence and there are no general theones on convergence of-the restarted
- ‘ "GMRES method. F mdmg the “nght” number of Vectors to use for the restart point is a matter of
= lexpenence (read trial and error) and luck. Keeping more vectors before restarting does not necessanly lead
e vto faster solutions [Edwards et al 1994] Also, the number ‘of restarts allowed may be limited. Again,
| .. more restarts do not. necessanly lead to faster soluuons [McHugh Knoll, and Keyes, 1996] limited the

, number of Krylov vectors to 50 for atwo d.rmensmnal low speed combustron problem and did not use

L

restarts atall. Therr goal was to apply precondltroners on- subdomams of the global ﬂowﬁeld and

l N

accelerate the GMRES convergence 0 an adequate solutlon could be found on the rank 50 Krylov

subspace The subdomam flowfields were solved usmg ILU and BILU precondmoners w1th varymg

; , (hmlted) degrees of success.

Although not 1mp1emented in the current effort domam decompos1t10n within a single set of field

equations is not unlike partitioning between fluid and structure in a coupled field problem. Single field

decomposmons have historically been based on geometry and are sized to fit in the computer hardware of

~ the day.” The above philosophy also unphes numencal domain decomposmon methods based on

eigenvalue djsm'butions could be very effective. Decompositions based on eigenvalues may have great

promise on parallel architectures but have not been found in the literature. In the current context, Newton-

l(rylov-Schwarz methods are used vvith domain decomposition but are -usually ‘based on computational

.efﬁciencv‘ or geometry with heavy reliance on local (subdomain) preconditioners to provide rapid

convergence. [Cai, Keyes, and Venkataknshnan, 1995] use Newton-Krylov-Schwarz decomposition to -
assess an ILU based approxunatlon asa Schwarz precondmoner for elhptlc and potential flow equatlons
[McHugh Knoll, and Keyes, 1996] partluoned the field to make bestuse of ILU and BILU type

preconditioners but with limited success for a stiff system of low speed combustion equations. [Gropp,

‘Keyes, McInnes, and Tidriri, 1997] pull together a variety of algorithms and implement with a.focus on

archrtecture and “coarse grain” parallelism. They use additive Schwarz ¢ precondmomng” to spl1t the

problem and minimize mter-processor communications while usmg block Jacobi and ILU preconditioners
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for the inner iterations. They solve the 3-D transonic Euler equatlons using pseudo time steppmg The
domain decomposmon is based on computatronal efficiency rather than matnx or contmuum eigenvalues
and is effective if the inner iteration precondmoners perform well. [Kaushik, Keyes, and Smith, 1998]
e)rtend the method further still to a 3-D unstructured code using pseudo time stepping with application to
compressible,and ‘inco'mpressi‘ble flows. They selectively u.senChorin [Chorin, 1967] artiﬁcial
compressibility for iow speed blocks. Most 'of their focus is on scalability and minhntzing communications
-overhead between processors They use one Newton 1teratlon per pseudo time step, limit the Krylov
P subspace to 30 vectors and allow only one restart. They are commg close to the concept of using the
* pseudo time step to control elgenvalues and eliminate the need for matrix precondmomng but never quite

* go in that direction.

Inexact N ewton-GMRES with Varlable Forcmg Functlon

Drrect methods for mvertmg matrices present all or nothmg proposmons either the matrix is

J ,completely mverted oritisn’t. On the other hand, iterative methods may be stopped at any pomt 1f the
successrve (and hopefully convergmg) trial solutions are cons1dered “good enough” or meet'some"”
predetenmned limits. If the set of linear equations comes from a Newton lmeanzatron an approxunate

‘ K solutlon to the linear set does not rigorously satrsfy the Newton formulauon [Kelly, p 95] refers to this as
an “inexact Newton method. This opens the questron of how the approxrmate solutron from the hnear
(mner) iteration affects the Newton (outer) step. The answer comes by defmmg acceptance criteria for

mexact Newton iterations as .
g ASLSE {0 B ”f ) @38)
or

£(=)| SR (3-39)

loWas+ p(eax+ s <

where 0 < 77, <1 is referred to as the “forcing term.” The forcing term is used to set specific criteria for
acceptance-of an approximate solution to the linear equation set. In et‘fect,.,if the approximate solution
produces a linear residual that is sufficiently small compared to the nonlinear residual, then the

‘approx1mate solutron is accepted. [Kelly, pp 95-100] provides the theoretrcal aspects of the forcing
: . 25



function and its p0551ble 1mpact on the quadratlc convergence desu'ed ina Newton 1terat1ve method In the

r

* Newton-GMRES method, the forcmg term criteria 1s used to set terrmnatlon cntena and GMRES contmues

addmg vectors to the Krylov subspace until the forcmg term is sausﬁed

If the forcing term is small a heavy burden is placed on the inner 1terat10n to prov1de as‘accurate

_ of a solution as possible and the early outer iterations may be over emphasized when the cun'ent 1terate,

X, , is still far from the actual solution, X.. This may lead to a large number of GMRES iterations and/or

restarts. Conversely, if the fercing term is close to one, the burden is shifted to the nonlinear outer iteration

* and may require a large number of nonlinear steps to converge. The best choicé for a fixed forcing term is

abalancing act between the work associated with inner and outer iterations. [Pueyo and Zingg, 1997]

selected 77, = 0.1 as the optimum for fluid flow. However, there is no requirement for the forcing term to

be fixed so 77, may be replaced by a sequence of forcing terms, {77"} . Atstartup, while x, is still far

from the actual solution, X, ; 77, may be nearone. As the nonlinear iteration begins to converge, 7], is

reduced to force better and better linear solutions from the Jacobian. Finally, 7]',,' may be close to one

. again in the last iteration to meet termination criteria without over solving the linear step. If the linear

" solution cannot meet the forcing function goals on a given step, the “best solution” is used and the global

Newton logic takes over. The forcing function algorithm must then loosen the requirements for the next
step. The impact of the variable forcing function can be seen thrdughout the solution process, regardless of

the physical equation set. The algorithm applied in the cbde is referred to as the “Eisenstat-Walker”

" method and is described in [Kelly, pp 104-106]. Again, the baseline code also comes from [Kelly, 19951.

The Eisenstat-Walker method is summarized as

ﬂmax n= 0
7, = { min(7,,,,, 77 n>0,ym, <1 (3-41)

min(nma.x’ max(ﬂ:, 7/773—1)) n> O’ 777:—1 >'1
- 26.

' 77n = min[nmax’ max(ﬂ:’ .Sz- ”

where




and

TS . .
M=y - (42)
7ol |

The effect and impact of the various terms in the Eisenstat-Walker forcing function are shown graphically

in Figure; 3-2.

In the code developed for this research effort, }/ =9, 1, =5 and 7, ®1x 107, 7, is based
on th;e termination critéria described below. Since thése are arbitrary parameters, 7}, was tested over the
range .0l <77, <9999. ¥ was not changed. The best ove.rall values are shown. The parameter

}/ni_l >1 is a safeguarding sfep to avoid sharp decreases in 77, genefated by a “lucky guess” step. The

value .1 is also 'arbitr'ary. The graph shoﬁ,s a historical sequence of the Eisenstat-Walker forcing function
given a randomly generated but converging set of nonlinear residuals. The forcing function sequence

changes to accommodate the set of nonlinear residuals:

Eisenstat-Walker Forcing Function

1, —e—FEtana
0.8 | .

g . | —m—FEtanc
2 0.6: .
g, ) : "Gamma
£ —h—
S 0.4 : *Etan2” |.
)
0.2 e 27 -

0 - .| .

0 2 4 6 8 10 12 - | we—— 'Etamaxl
Iteration

Figure 3-2: Sample Eisenstat-Walker Fbrcing’ Function
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Termination Criteria

The forcing function essentially determines the nonlinear reduction goal for a given Newton step.

b

n

or

For the Ax = b system, the i iterative solution steps for 4AX continue until ”A,,x,', +b, <7,

some hard limit is reached. If the initial iterate x, =0, then 7, = Ax, + b= b. [Kelly, pp 33-35] shows
”r;”z < pillroll2 or “A.x, + bn2 < ,0'.”b”2 where 0 is the maximum eigenvalue of 4. This is essentially

the forcing function definition and shows thg value of controlling the spectral radius of 4 throughout the
nonlinear iteration process. A well-conditioned system may turn ill-conditioned as the solution evolves or
vice versa. This is especially true if the grid geometry is changing. It also implies more Or more exact
linear solution iterates are needed as the forcing function is féduéed. ‘ In yzaractice, more exact GMRES
solutions were generally needed as the solution éonx;erged and the; éox;vergence rate goals set by the forcing
function accelerated. Hard limits are set for the maximum number of Krylov vectors and the maximum
number of GMRES restarts.

The nonlinear iteration also has termination criteria based on hard limits and residual reduction
goals. The hard limit for maximum number of nonlinear iterations is set to 20. This was only reached
when doing parametric studis:s of other paraﬁié’térs. The Artiijo step length reduction was set to a
maximum of eight reductions for any given Newton step. This could probably have been reduced because
no attempt successfully converged after needing more than two or three step reductions. Some made it to
seven step length reductions on a given step only to fail at the limit on a subsequent s"tep. The step length
reductions turned out to be a good early indicator of stagnation in the nonlinear solution process. Even
single step length reductions set back the convergence rate and typically reset the Eisenstat-Walker forcing
function to the maximum value.

The termination criterion for nonlinear residual reduction was based on a relative and absolute

- measure of the residual. Convergence for the nonlinear iterations was defined as

|7 (x.)

£ (%) (343)

ST,+7,




where 7, is an absolute minimum threshold and 7, is a relative reduction parameter [Kelly, pp 72-73]. In
the code developed for this research effort, 7, =1x 107 and 7, =1x 107, Thus, the solution process
was terminated when the nonlinear residual norm was six orders of magnitude below the starting value or

below 1x107°. The absolute and relative thresholds do not have to be the same and should reflect

realistic objectives for the project.
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CHAPTER 4

1

FLUID FLOW PRECONDITIONING

Backgroupd ‘
Solving fluid flow problems numerically often léad's to p'robléms witﬁ st%ff systems of equations.
The stiffness can slow or stdgﬁate conyergende and may be driven by nume;i(;,al artifacts such as grid
aspect ratios or physicai aspects of the flow such as a wide speed range. There are numerous §Uategies to
resolve these stiffness issués but these pnmanly fall into three major categories\.- In no particular order, the
first major approach is one of algebréic preconditioning. It does not rely on aﬁy fﬂeoretical analysis of the
fluid system to be solved but attacks the linear algebra problem. The approach is basically to first form a
linéarized system of equations for a given geometry. The §tructure and elements of the
Ax=b
@)
P'4x=P'b

coefficient matrix, 4., ultimatel;} determine thé numerical stiffnesé. A typical approach is to form the
preconditioning matrix, P , based on fgatures of the cogfﬁcient matrix. ThJ.S may be the diagonal,

P = diag( A), for a simple point Jacobi me‘tilod or P~ Li] for a complete or incomplete factorization
method [Bmeﬁ, et. al., 1993). This basic ap;l)r’oach is very common m practical use but usually requires

formation of the coefficient matrix, A, at least once aqd storagev of the preconditioning matrix Pt

The second app'roac;h is to subdivide fhe fluid ﬂovs) region into overlapping or contiguous blocks
where each block is selected to have similar pro‘perties- and low stiffness. Each block is solved semi-
mdependently of the other blocks. The solutlon for one block prov1des updated boundary conditions for
adJacent blocks and the entire process is 1terated to convergence. This approach covers domain
decomposition or partitioned strategies as well as the multi-grid methods. The approach to the composite
problem can be viewed as a multiplicative preconditioner where the blocking strategy is
Ax=b ‘

' @-2)

B'Ax=B"b
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implemented through the operator, B. In this case, the preconditioning' operator combines a sequence of
operations to restrict the domain, solve on the subdomain, then exdapolate out te_the full domain tBarrett,
1993]. ﬁe preconditioner may be successfully implemented without the coarse gl;id“gvlobal solve famous
in the multi-grid method but it will require more iterations to reach convergence, Computer hardware
limitations and geometry have"historically driven the blocking strategy bdt numerical stiffness could also
be a driver. ﬂ

The third and more elegant approach is to attack the physical problem to remove ill conditioning.
This approach is prevalent in structural calculations where ‘aeam; plate, shell, and ptﬁér specialized ‘-
elements implemerit ddfferent forms, assumptions and boundary conditions for the basic std’ucﬁral .
equations. In ﬁuid flow, different codes are often used for creeping, low speed,‘compressiblle and

supersonic speeds but these are typically not used in combination. Real world situations such as transonic

flow over a wing actually have viscous dominated boundary layers, low speed sepa.ration or stag'nation

regions, and compres51ble core flow W1th supersomc pockets Ad hoc methods such as changing variables '

and under/over mtegratlon of vanables sometimes act to change the basic equation but [Chorin, 1967]

really opened t‘he door with the pseudo-compr_essibility methed. His early success using time-marching

pressure methods in low speed flow has been greatly expanded and now compresmble ﬂow codes may be
used for all speed regunes [Turkel and Amone 1993], [Turkel 1987], [Lee and van Leer 1993] ‘
[Godfrey, Walters and van Leer, 1993] [Merkle 1995] and others have developed methods to control the
charactens‘uc speeds within a fluid by usmg an artificial mass matnx with a tlme-steppmg approach to

steady state [Saleem, Pulliam, and Cheer, 1993] take a dlfferent tack usmg eigenvalue ann1h11at10n and '

" eigenvalue shifting to accelerate convergence.

1t is ‘_v‘vorth pointing out the three methods are not exclusive and a single i)reblem could aefually

use time derivative preconditioning equations with an algebraic preconditioner on each grid of a2 domain

\ ~"decomposition or multi-grid problem. This may iepre_sent the ultimate in convergence acceleration.
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‘N ewton Tirne Stepping with P'reconditioning
. The method unplemented in the current effort is based on the time denvatlve preconditioning

approach of [Merkle 1995]. HlS approach has been well tested [Reed and Anderson, 1997] [Zori and
'Rajagopalan 1997] with umforrnly good results for a vanety of methods that use time steppmg to approach
" ‘a converged steady state. ThlS research effort unplements a s1gmﬁcantly dafferent formulation of the fluid

" flow equat10ns where a Newton method is used to hneanze equations and the linear problem statement is

4 solved usmg a Krylov based (GMRES) 1terat1ve solver “The fluid flow equations are dlscreuzed usmg an

-unstructured ﬁmte element formulauon combmmg aspects of the Taylor Weak Statement (TWS) [Baker
.' and Kim, 1987] and the latest Streamw1se Upwmd Petrov Galerkin (SUPG) method [Aliabadi and
‘ Tezduyar 1993] ‘ .
The pure Newton method (as opposed to approxlmate Newton methods such as ADI) represents
. the limit of aruﬁcral time steppmg methods w1th an mfm1tely large time step. It has not been widely used
* for fluid flow problems due to‘practical problems as‘"soclate‘d with the. siae, fonna'tion, and inv;ersio_n of the
Jacobi'an matrix. [Venkatalcrishnan, 1989] >studied the convergence behavior of the Newton time stepping

method for the unsteady fluid flow equations using large time steps to converge to a steady state. He noted
. the left hand side formed a modified Neuvton staternent and the time térm acted as a damping term. R is
(—I— + %)Aw =—R 4-3)
A Bw) ,
the residual of the steady fluid flow equationi set at each of the riodes (continuity; Yand Y momentum,
'. en'ergy) and W is the set of unknown fluid ﬂovt variables (pressure, X velocity, Y velocity, and
temperature) at those nodes [Wood, 1§9Q]. Because he used a direct inversion technique, node numbering
and matrix bandwidths were signiﬁcan't i'ssue.s,- He was typically able to achieve convergence in less than
- '15 Newton (outer) iterations and increased the p‘seudo: time step size with each iteration. This reduced the
- | influence of the time term as the solution approached convergence.

. [Shuen, Chen, and Choi, 1992] expanded the ,“artiﬁcial time stepping to steady state” approach to

a dual tirne stepping approach for truly unsteady problems. The‘y note the convergence of the iterative

- . process is determined by the eigenvalue characteristics of the pseudo time space. To control the
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eigenvalues, they included a time derivative preéonditioning mass matrix on the pseudo time term based on
the work of [Merkle and Choi, 1988] [Merkle and Choi, 1987] [Choi and Merkle, 1993]. They used a

| modified strongly implicit procedure (MSIP) to split the left hand side m‘atrix into upper and 1§Wer ’

uiaqgular matrices and solvéd the coupled system through sequential inversion of these matrices. For large

aspect ratio nozzle flows with air dissociation and ;ecombinatioﬁ, the method co'n'vérgéd to ne;xr machine

zero in around 1000 steps. The residual was six to ten orders of magnitude smallgr than the non-

preconditioned case for the same I;uml;er of i*erations.

[Venkatesvs}aran and Me;kle, 1995] explored the undeflying mechaﬁisms for preconditiom'gg n
dual time stepping calculations. They also noted the Newton method is a subset of the pseudo time
procedure where the step size is infinite. The time term can be used to advantage; th.ough, to contfol the .
eigenvalue structure of the iterétion and improve convergence. The modified Newton or pseudo tirr‘le‘ |

algorithm now has the form

(L + %)Aw =-R | (4-4)
At ow | -

where [ is a preconditioning matrix and R is the residual of the stead)} or unsteady fluid flow equation .
set. They show how the terms in the preconditioning matrix 'muSt change depending on the i)hysical ti¥né
step size and physical time scales present. o
[Buelow, Venkateswaran and Merkle, 199’51.§ddr:ess the {ssue' qf ipreconditioning in gon’juﬁction
with local time step;;ing to remove or mitigate the ;ffects pf éﬁd aspec;t ratio. Thq lc))cal tin&e s,t-el.p should be

selected based on

) @-5)
u+c - v+c

A Max[ CFLAx CFLAy]

where # and Vv are the velocity components and ¢ is the acoustic speed. Precoﬂditioning artificially
controls the acoustic speed so it is close to the particle velocity. The Max[] operator takes care of
disparities in the time scales for particle speed charigcs, grid size and aspect ratiés.l This is suspiciously

similar to the scaling for the = parameter in the TWS/SUPG derivation but the comnection was not

pursued.




The basic goal of the preconditioning strategies above is to remove or control stiffness in the
numerical system of equations. Time derivative preconditioning effectively controls the physical
eigenvalues with the pseudo time stepping procedure. The time step size can be global or localized in each
element. Local time stépping with the time scale switch above targets the adverse effgcts of grid aspect
ratio. Chapter 5 describes the scaling paraimeters used to make the dimensional fluid flow equations have
similar magnitudes so one equation or the other does not dominate the residual vectors. It now stands to
reason that this could be used with a Newton-GMRES solver to speed convergence of the GMRES (inner)

iterations.

The Time Derivative Preconditioning Matrix

[Merkle, 1995] follows a very logical path to develop a time derivative preconditioning matrix for
steady fluid flow equations based, essentially, on the Jacobian associated with a change of primary

variables. Instead of using the consefvation variables,

r 3

P
pu
0={ "mw | (4-6)
2
P

&+
P

a set of primitive “viscous” variables are used

0,= @-7)

N < RN

The inviscid fluid flow equation is converted to the primitive variables through the normal chain rule of

a0 35(0) , 5F(0)
ot Ox Oy

=0 , 4-8)

calculus. "The conservative flux vectors can still be calculated from the primitive variables so the only

change is to the time derivative:
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50 20, 0E(Q,) , OF(Q,)

=0 (4-9)
80, or o &y '
where
a%p . a%u
Q_ opu w
= %% (4-10)
80, | . :
or
i p . . 0 O p T |
u 0 u
90 _ P L Pr @-11)
a0, PV 0 p Prv ‘
o b =(1-ph,) pu pv o+ phy

The subscript on the terms within the matrix denotes a partial derivative with reépect to the
subscripted variable. This provides a transformation of variables and the Jacobian matrix in front of the
time derivative is now a “mass” matrix for the new variables. The conserved quantities in the flux vectors

are now calculated from more primitive variables but the flux vectors have not changed.

N

pu
pu’+p
E= J ouy f ‘ | (4-12)

2
(p€+’0;/ +pJu

The subscript denotes a partial derivative of the primary variable with respect to tﬁe subscripted one and

2
h=h+ - is the stagnation enthalpy.

The flux Jacobians with respect to the primitive variables will be needed for the left hand side.

OE
The first of these, A, =

v

, 1s given by-
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P ~ p 0 Prit

o w+1 2 0o u '
4= P - Pr @-13)
PV m o o pawy '

_[pph" +php]u' p(h° +1?) puv u( prh’ -_i-ph,.)_

As always, the €igenvalues of the fluid flow equation are given by
A= {u —-c,u,u,u+ c} A (4-14)
The significant benefit of ﬁe primitive variable transformation is in the detailed relationship between the

partial derivatives and the acoustic speed

c= pPhr
pr(1=ph, )+ po, by

4-15)

. This reduces to the more familiar form ¢ = /yRT fora i)erfect gas.
Since the time transient is artificial, the mass matnx éaﬁ Be' modified to accelerate convergence
-without changing the converged solution. Note the flux Jacobiaris inusf not 'be>modiﬁed: "Let .
/0 0 g,
ro pyu p 0 Pru A
v ) 0 , ‘ (4-16)
p P v p p T 4
PR -, pu pv prh°+ph;

The variables marked by the apostrophe will be modified. There are now four parameters to select based

on the type of fluid and velocity considerations. If preconditioning is not neéde'd, the parameters may be

simply returned to their physical values. Fora perfect gas with constant specific heats, these are

v P/ .

"’,p“AaT

' _—P

Pz A&Tz (4-17)
K,=1-h,=1

r.=C,

[Merkle, 1995] provides a concise anaiysis for selecting the preconditioning parameters and extends them

. to viscous flows. His findings for Euler flows are summarized as
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7
pr=5
» V2,

Pr=krpr 4-18)
h', = arbitrary
ny=kh,

where V,ef is the magnitude of the local grid velocity at each node; kp equals ¥ or 1; and the free

parameters k., h;, ,and k;, are between 0 and 1. In this research effort, T used

|
p_/
P I/rzf

Pr=0 (4-19)
Bo=1
#e=C,

where Cp is the specific heat at constant pressure. This gives a preconditioning mass matrix of

[ 1 0 0 0]
Jr, 00
qu

p 0 O
r,=| 7, zf 0 5 0 (4-20)
Veer
24 Vrif_l pu v pC, |

The preconditioned Euler equations are now given?by o

r 90, , EQ,) oK)
ot ax dy

=0 @-21)

or, in linearized form,

r 5Qv+Aanv+B 9, _,

4-22
" o tB @-22)
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Discrete Implementation

From the Taylor Wealetatement (TWS) derivation in Chapter 5, ..,

00, , 9E(Q,) , 9F(Q,) _
o ox & LTy
=[j+,( D42 BJ‘:"H(R 0rt-0/ . D(aE(QV)) K b(aF(QV))]‘@_Z_,;)
C\Ox. Oy At . Ox oy
(A2, At A) |

where D is a spatial discretization operétor of arbitrary order. This has the basic form

r 9.  0), oF(Q)

! ot Ox oy - : w2
T : , 4-24
i er-er, pfEe)), e !
‘ YAt ox oy
where
W=1I+ r( AT+ %Bvl“;l] ' | (4-25)

is a weight function. In the TWS derivation, the flux opéi’ht’ﬁf’s in the weight function generate numerical
diffusion exactly tuned to offset negative diffusion associated with the inconsistency of the simple
discretization (Chapter 5). The diffusion terms are also eigenvalue driven and contain the inverse of the

preconditioning mass matrix. Fortunately, the inverse still has a relatively simple form given by

i ) -
V2, 0 0

1"5‘= / 0 lp 0 @26

Ve, e, e, e

Thus, the weighting term is also properly preconditioned.

Ona mo{'ing grid (Chapter 6), the time derivative and weighf terms change to reflect the new

variables and the preconditioning matrix
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g;”.[y(t) VV;-PvajdV + JHV(:) W:jl:a_)ack Qj(“k - Wk) + a—i5mpmi|dV =0 4-27)

In the Newton time stepping method, the right hand side does not include the pseudo time term bﬁt
the left hand side does. Using the GMRES method, the left hand side can use a linearized form of the fluid
flow equations or, since only the matrix vector product is needed, it can also use the right hand side
conservation form to create the directional derivatives. To speed up the vector iterations on the left hand
side, I used an element-by-element approach to both célculate the nonlinear conservation form for the right
hand side and store the element’s linearized matrix for later use on the left hand side. The global matrix
was never assembled and the left hand side vectors were formed element by element.

(T (R
z (E)e(i) +( an )e(i) (Q" +£AQV)E(£)

i=1

&

(4-28)
S| (T, OR gy
Z (-A—t_) . +[ aQ ) ) (Qv)e(i) n
B i=1 e(i) v Je(i) _ R .
< - _E RHs,(f.)
In residual form, this looks like
Zl R(Qv + EAQV )LHSe(i) - Zl R(Qv )LHSC(:) n

= i= == Rems,,, (4-29)

€ i=1
. The actual discrete form of the equations used to generate the right and left hand side residuals must
accommodate purely internal flow regions, solid wall boundaries, internal/external flow boundaries, and
combinations of these.

Since the right hand side does not include pseudo time, the time derivative terms and the grid
velocity are dropped for steady state problems. These will be inciuded on the left hand side. Dropping to

_ two dimensions

Rus =Y [ ”@[_E.*EF}W;‘” o e

k=1 O ’

g

.Ox




0

W=I-FT(—
: o

X

' 0
r +—Bv1“;’) ' (4-31)
4 oy : :

The I term is simply one in a scalar world. Itis the 'idcntity matrix here but will be used as a placeholder
for the discrete interpolation\ functions.
Separating the weight function into parts

-5 [ Zars » FH{;—E%F}{ -

k—l V(‘)e(k)

_z [ 17 [ E+—F]dV) | @

k—lV(t)(k) L

+Z I H AVF"+5B r‘lﬂ[;mgzr}dn(k)

k=1 V(‘) e(k)

or

"l. A ’ n # '\‘ 1-—1 ) _Eﬁ o
g e
=LV (0)n) k= (D

The first term on the right hand side can be rewritten using a Green-Gauss transformauon on the first term

to create a combination of volume and surface mtegrals Usmg

" Hef=" e )

C o - (4-34) -
E} . {E| E
V-4 4=V IS A=VIS
C\F : . F| - ‘ F
aﬁd subsﬁmﬁng, . s | | X
Rys=Y | V-I{ } D J’ [vI]- { } -
k=LY (1)) k=17 ()49
(4-35)

R BRI

Now, transform the first term to get
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Rms=j $ 1{?}-%33(,‘) 3 J’j [v1]- { }

k=1 S()ei) k=1 V(0e(r)

+i 0l [[—Avl“'l BF"]}{%E+%F]¢1K(,‘)

(4-36)

k=1 (0419
This form of the fluid flow equation set is very useful for all elements and includes a preconditioned
numerical diffusion term.

The boundary conditions for the fluid elements are completely implemented through the surface
integral. F or purely internal flow regions, the surface integrals cancel upon 'assembly and are not needed.
The pressure term in the surface integral must be included for solid wall boundaries but the flux terms are
zero. The surface flux is required for inflow/outflow boundax'les but the variables are determined based on
the characteristics of the flow. Fot subscm'c inflow, velocity and temperat'ure are set as Dirichlet conditions
and the pfessure is calculated. For subsonic oattlow, the pressure is set and the trelocity and temperature
are calculated. It takes some bookkeeping to keep straight which ,edgeS actually require surface integral
calcalaﬁons for combination elenlents such as a corner element with a solid wall on one edge, an
inﬂow/outﬂov;vl on an adjacent edge, and internal flow. on the others.

For the actual discrete implementation, the primitive van'ables are stored and calculated at the

nodes. In the element by element approach, the various matnces (Av B, T l" ) are also calculated at

the nodes from the current primitive vanables and Jomed with the mterpolatmg functlons On the nght ‘

t - !

hand s1de the ﬂux vectors act as the unknown nodal vanables but these are easﬂy calculated from the
primitive vanables.
Let
[N} 0 0o o0
o {¥} 0 o0
“0 0 N} o
0 o0 0 {N)

N= 4-37)

represent the appropriate interpolation function hyper-matrix of 2 given order for an element and N 5 beits
companion for surface integration. The n'glit hand side residual 'coxﬁes from the assembly of the element
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residuals. Intwo dimensioﬁs,' the surface integrals are simply line.integrals scaled by the length of the edge

_ and the orientation of the nermal to the line. The ele’ment integrals are formed by Gauss quadrature. -

MS—ZZ $ [NN ]dS<k)E+ZZ § [NN ]dS k)F

k=1 szdess(,) (k) k—l sxdess(t) (k)

X ZN N T]"VmE

k=1 V(t)e(k) x

[ (e e [ E e

X

0[5 rar

k=1 V()i L

+ jj ( AT + agyv BE; )}[a;v;]gr/(,f)p

: ' ON ‘
There are several ways to form the terms like -a—x— AT, !. Oneisto interpolate the primitive

variables and form the matrices at the Gauss pdint such'that AT, l=f ({N 5, N T~, N5, N T ,})

.. This requlres the mamces to be formed from scratch for each Gauss point in each element and is time

consuniing.

If the matrices are formed at the nodes, they can be reused. The question now centers on the -

' proper interpolation method. They could be linearly interpdla:ted ‘from.the nodes as some weighted average

. quantity such that

AT =N(4T) F P <)
However, this ignores the:dexivatien where the gradient 6peiaﬁon is supposed to be acting on the,
preconditioned flux Jacobians.

The best approach. is to eombige the nodal mati'ices with the iﬁterpolaﬁon function. The basic

_ procedure is to form the various matrices, (Av B F L ) at the nodes. Then form the specific matrix

‘combinations at the nodes (Such as Avl_‘v' ! ). Next, create a directional interpolation hypei-niat:ix. For
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example, if @ y represents the elements of 41, "ata given node, then @, represents the elements of

AVI"; ! atnode m. The matrix element at each node must be interpolated separately so the combination ' |

%AF;‘:%(AWF;')M 10 Sum on m
x S ' (4-40)

m"ijm

ox

ON a. '

In matrix form, the 7 and 7 indices are vertical and the j index is horizontal. This creates a full matrix

with the first row of each of the nodal matrices multiplied by the interpolation function in the top block. To

ON :
avoid confusion, let the element have three nodes. The a AT term will be 12 x 4 with the ordering
A . 21

given by

Na, Nga, Na, Na,
N,a,,, N, N, N,

Na,, ..
aaﬂAvF;‘ =\ @40
X -j\'fla;'l‘ ——————————————————————
Nay, ...

This corresponds to a nodal variable ordering




The matrix ordering will obviously change if the variable ordering changes. All the matrices are formed

using the same approéch.k The nodal matrices are re-used at each Gauss point within an element and on
adjacent elex;nents. I formed the 'matrices for a block of about 40 nodes at a time.

The left hand side residual equations are similar but the linearized form of the fluid flow equations
are used. The left hand side also iﬁcludes the pseudo time and grid velocity terms. The element integration
matrices are formed at the same time as the right ﬂand side residual and stored for left hand side use. The
order of the interpolation is thus the same as for the right hand side.

Starting with the weighted integral equatlon for fluid ﬂow on a moving grid, variants of the
equation show how the grid motion creates a source (or sink) for the conservation variables. The linearized
form is created around the primitive variables and gives an indication of the terms required in the left hand

side analysis.

ﬁ

0
-UJ.V(,) i vQ V'*'J‘J‘J-V(t) K aku( Wk,).,+—6—);;5h"p”}dr/=o.

Z‘”IV(O 4 "Q dV+.[.UV(;) ¥ —a%‘Ejk—%QjijldV=0 - (4-43)

) .
EJ-.[JVO) W:‘jr"QVJ av+ I ‘UV(E)

The left hand side Jacobian matrix-vector product is actually the difference between two residual

Q‘

Jmk a x

Av P Q ijk:IdV =

vectors. Each of these is similar to a linearized version of the conservation form. They do not have to be

equivalent to the linearized form as long as their difference approximates the Jacobian of the conservation

form. For example, E is a homogeneous function of degree one in the conservation variables but not the

primitive variables so E # 4,0, . However, its differential gives dE = A,dQ, . Using a finite

A4,(0,+4A0,)- 4,0,

&

difference approximation to the differential, dF ~ o E=4,0Q, isavalid

statement in the left hand side residual expression. These residual vectors are formed using the current
solution vector of primitive variables and the latest guess at the perturbed primitive variable vector. Since
the element integration matricés are stored during the formation of the right hand side residual, these
matrices do not change during the GMRES iteration process. The baseline (zero perturbation) left hand
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side residual is formed at the start of the GMRES process and stored. Each new Krylov vector then

" requires only.a éinglé evaluation of the left hand side residual opefator.

The conservation form is used for most of the left hand side residual formation. The terms are
linearized at the last possible step to avoid confusion over how to treat the flux Jacobians on a finite

element. Dropping to two dimensional form and switching to vector notation,

> VJ)'[( )|:I+TV{ ? H[I‘Q]dV

+kz_;y(,[;[( k) [ { Hdn(k)+gy(£{k)[ {;’vll:iﬂ[v { i}] dV;(k) (444)

S (U109, -3, [ | w45} [v-0sta,

L RO AN ‘ k=1 p (61 vty

Again, the Green-Gauss theorem transforms the second and fourth terms where

A " I

V-3 +=V-I{ L-VI. .

C\F F F (4-45)
IV-Qi=V-IQWw-VI-Ow

Substituting into the residual equation gives

—Z | [IHV-{;{ 1}][FQ]dV(k)

V(t)( K vy

3 1 vl E o0 v

k=1 y(,)c(k) k=1 V(‘)e(k)

szﬂy(ij [rv-{;zll:}l}}[v-{F}]dV(k) , (4-46)

—Z I[v: IdeV(k)+Z _[j [vI]-owav,,,

k=1 v @) (k) k=l () e(k)
n Ayr—l}:|
~ V- \Z Qw]dV
Zl: V(‘f[)‘e[(k) |: {B"r" “
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Now transform the volume integrals to surface integrals on the second and fifth terms to get

nod o ’ Avl—-—l}:| B
Ru=S2 ([ |1+v-4%" Ur07,

+i $ I{i}-ﬁdS?(“ jj [v1] { } e'k)ﬂ,

k=1 5(,)E(k) k=1 p(r) (k)

+§ (j)j [fv.{;vll:{ 1}}{V-{FﬂdV(k) N (4-47)
= Vtc(k) voy .

=y §100-7dS,y+Y [[[VI)- 0wV,
k=L $(0)y00) k=1 Y (6o

n

=y j j [N {Br H[v owldv,,,

k=1 (),

Finally, it is time to linearize thé flux vector terms but the chain rule must be satisfied. If G = 6_ , then
: 29

_9G 4, _ 0 B, _0 0,
20, = aan v aaQ

= Ade (4-48)

Substituting for the flux vectors gives

Ry = Z j | [1+ V. {;Vi iH[I" 0,Jdv,

”(') (k)
Q| . Q,
=1 V(¢ o(k) vy

k=1 5(2), (4 vy

407,
%A{iﬁ. ] K2 et
—2": §1Qw-ﬁdse(k)+§": I} [VI]-Q{{»dV

k=1 §(0),11 k=1 ¥ ()1

5 1 =i o o,

k=1 LG

x

The left hand side gets a little more complicated in discrete form but it repeats the same basic

analysis procedure as the right hand side. Again, let N and NN, be the interpolation functions. Expand all
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the products and discrétize each term. The interpolation terms will be coupled with the various nodal
matrices as described in the right hand side deﬁvaﬁon. The surface integrals are only needed for
inﬂow/outﬂqw boundaries and to correct for pres.sur¢ force contributions to the momentum along solid
walls. Othe;wise, the surface flux terms either cancel or are zero. 'If pseudo time stepping is used, the Az
term is included in the preconditioning mitrix. Since the integraﬁon matrices are stored and recalled from
a right hand side calculation, the volume iﬁtegfa} doesnft actually change with time so the first term in
equation (4-49) is actually
. - ‘
- ; V({){k) [1‘+ - {?VI‘:" }][Fva]d Vi (4-50)

The correct volume integral change-with-time would be created if the matrices were reformed
with each st‘étement of the left hand side residual. The simplification (and speedup) did not seem to have
any adverse effects since this is artificial transient. Also, the simplified term is correct for a fixed grid or
one with constant nodal velocities. The full discrete statement for the left hand side ;esidual is expahded in
equation (4-51). ”

Notice there are two primary sets of unknown nodal variables: the primitive variablés, 0, ,inthe

. ﬁrs.t six terms and the X and y direction grid velocities, W, in the secon& six terms. The left hand side
res‘idual statement with grid motion now has more unknowns than equations per node so additional
information is needed to bring closure. ’fhe gﬁd motion equation set will provide the additional equations.
A The grid inoﬁon serves as the intermédiary for coupling the ﬂuia to ﬁe structure but the pseudo ﬁansient
. grid motion is only geedéd for the tightly coupied approach. In the loosely coupled approach, the fluid grid
is const;nt and cancels in the finite differexi:ce approkim.zition. to the deﬂvaﬁve.
Iﬁ' equation (4-5i), thé consgll;;r.eéi vvarilables, 0 , afe treated as fixed ’quantitie‘s within the fluid
) &ox‘naiﬁ.and the source (or sink) in the conserved variables menﬁon¢d above comes from grid‘motion along
2 gradiént of these variables. Again, if the grid motion is zero or cdnstant, these teﬁns are not needed ;mce
tiley will cancel. This hold in both physicél and pse;udo ﬁfrie for ﬂ.ie ‘ié_oéelg;,couple';l épproz;ch.

oy
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k=1 stdess(t) %)
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A [NTBv]dI/e(k)év
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k=1 sidess(;) (%)

> ff

k=1 V(’)e(k)

k=1 szdess(;) ()

[ON _, e
axN Q:IdVe(k) x'

oN aN oNT
[6x AT + 5 £y H[ . Q]dV(k)w

6N
> NTQ]dV Wy

(—Ayl“—l aa]y\’ B )][agvy i Q}dV %,

Bv dI/e(k)Qv

[NTB ]ds Q

~

(k)"

(4-51)-

The boundary conditions for the fluid element are still completely implemented through the

" surface mtegral For purely mtemal flow regions, the surface mtegrals all cancel upon assembly and are

not needed. The pressure term in the surface integral must be mcluded for solid wall boundaries but the

ﬂux terms are zero. The wall may be moving though so the gnd velocity surface mtegrals must also be

included. The surface ﬂu:; is requlred for inflow/outflow boundanes but the vanables are determined based
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on the characteristics of the flow. The inflow/outflow boundaries may be moving so the grid velocity

surface integrals must be considered.
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| CHAPTERS =
DERIVATION OF A TAYLOR WEAK STATEMENT
One Dimensiona] Ih&iscid Fluid Flow with Conservation Variables

¢

" The conservatlon form of the single d1mens1onal equanon for mv1501d ﬂuld ﬂow is, g1ven by

oqg G - C s

o, f( ) _0 e a a
at Coax : )

where ¢ is é vector of conserved variables., This can be expanded ‘asra time Taylor series to describe the

evolutlonary process in dlscrete tune as the system moves from the curfent (lmual) state and asymptotically

, approaches the desned steady (or pseudo steady) state.

q’f“ —Iq” + aa_q At + a;’: Azt' a;q" A;' +9(At*) , (5-2)
Solving for 9 gives
‘ ot _
65; _ qn+1A:q”. —qtf%*qnt%—g(AfB) ., | (5_‘3)A
| 2
where 9 = ? , efc.

Using a sumlar a;iproach, the space dimension may be expanded about a point to s{desifed order
. of accuracy as

o)
0x

op@)ssat) e
where D( f (q)) descﬁees:e generic spatial discretization of the flux vector. Su"bsﬁtuting the Taylor series
"' into the original fluid flow equation gives

aq af(q)— qn+1 __qn ’ ] At - Atz
E‘i‘ ax— At +D(f(q )) qtt '2 Qm 31

3(A15 ,Ax’?) | (5-5)

* Now, since ¢, = —f, and the functions are continuous in time e.nd space, then ‘




2 | o (of a o
»a‘q,,;='—(ﬂ’),_ ==(/), =_(ﬂq‘)x'='5(%a_?) v (5-6) .

i

Defining .4 = 6i yields several useful, equivalent statements for g, :

e )2 )2 2ed) o
ox\ ..ot ox ox 6x ox) ox Ox ‘

-[Donea, 1984] used a time Taylor series expansmn as outlme above to initiate the Taylor-Galerkm method

for ‘eom{ective problems using finite elements. The new scheme used only the sphtial form of g,, (and

similar terms for g, ) to restate the convective problem as

iq_‘_'_ af(q) . .qn+lv_q"' +D(f(q")) ax(A af)Al‘ q A—t+.9(At3,Axk) (5-8)‘

ot x| Mt ox)2! " 3!
origin“arl PDE “‘\ basic discrete )
‘ ‘ ’ :enhane;drdiseréte
) . q»nﬂ _ qn i
If the basic form of the discrete equation is solved exactly T + D( f (q" )) =0 |, the solution

satisfies an equivalent partial differential equation

5_q+@r_(‘1)\=__a_(,43f )A’ Oy 59
ot ox ox\ oOx)2!

This new differential equation contams a negative v1sc051ty term that - makes. the equatmn unstable In order‘

‘ to satisfy the ongmal partial d1fferent1al equatlon (PDE), the discrete equatlon must include the denvatlve

of the flux gradient term. This also rnakes the finite element solution process stable.

n+l’ ‘n

=g oA - |
V)= ax(A 6x)2! | &1

[Donea 1984] also includes the q,, term and reformulates is as a mixed space/time denva’ave

G = [ ( 4Z H [A 0 ﬂ E[A (af aqﬂ 0 [_A a(Aaq)] (5-11)
CoLox\ & Ox{ Oxot] ox 6x 0q ot 6x Ox\ ot

He mcludes the mixed derivative as a correctmn to the mass matnx for the ume term. ThlS leads to

)
i
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| (I—ét—iA 9 A)u{rD(f(q"l)), e (A af )At L (-12)

o3l ox ex At .Ox ) 2!
“or
J———A—A|F—F 1 I———A D =0 .. (513
: ( C 3t ax ox ) At . 2! 6 (f( )) ST, (1)

The additional term in the spatial discretization adds artiﬁcial yiscosity while the extra term in the mass

o e N a,_.aq ~ A
: matnx (smce it could be wntten in space as ——=md 4— A ) mﬂuences the drspersrve :
_ T ) 3 6x S ox| ax - ,

- component of the truncauon exTor.
The equatlon reveals the dlffus1on and. dlspersmn roles of the vanous terms but the only real

- measure ‘of control is in the form of the t1me drscreuzauon (Euler backward Euler leapfrog, Crank-
‘ Nicholson, etc) and the order of the truncatron A more ﬂex1ble approach comes ﬁom [Baker & K1m
1987] where Donea s method is generalrzed to the Taylor weak statement (TWS) The basrc approach is
the same but the hrgher order txme denvat1ves are forrned from a combmatron of the possrble time and

space forms denved.

o( 04 af) | o
= . 5.14
%= 6x( at) 6x( ) - | G149

q,;, follows a similar development

[Baker & Kim, 1987] form a “convex” sum of the forms above to get

o ( &g ) (9 ‘
=ag—| A—= 2 5-15
%= a@ ( 61‘) 'Béx( 6x) " (15)

where ~o + ﬂ 1. (N ote: o+ f = 1 grves the same answer) This can be generahzed for a system of
equatrons where ¢ and ﬂ are diagonal matrices and —& + I . The diagonal elements donot have to
be equal in the given & or S matrices but must satisfy the convex relationship.

Substituting for g,, in the original equation gives
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3qu ‘6f(q) Pays "= A
gt-+ Oox o At - +D(f(q ))

P2l
ox\ ot /- ax Ox 2'

T :
—q;,,3—t!i I(A,Axt) -

This gives a gféat deal of éoxifrbl within the cﬁnsf:aintﬂs of the “convex” summaﬁoﬁ. ’[B;.ker & K1m, 1987]
- go on to show how specific ch‘oiées}for a and B (also ¥ and u for Tht; qm telnﬁ)‘a'ir;e‘ a:ct'ually

. equivalent to numerous popular algorithms of the time. Their lanamérk‘compleﬁon of the ‘TWS provides a
framework for analysis of various finite element algorithms for fluid ﬂov(v. |

Setting f=1+a -

P af(q) ‘ qn+1_ n : . .
a_3+ ax Atq +D(f3(q ))

SN af) L
—a—| A—=|+(1 . 5-17) -
‘[aax( 81.‘)'('-'-‘ )ax( ax] R

A S

- —+3At3;Ax"

and

?gfaf@)_q"“—q” ) At 8 Ogq af)
o o . A +D{/(g )) Z'I:Bx(A_at)f*-ax( ax]

~

- oﬁgin;(l PDE basic discrete . . B N
 origi . e S ~ (5-18)
enhanced discrete
) At ;e AP T
LA LA it —9(N3 Ax")
ax ox . 3' ,

If the enhanced discrete algonthm is solved exactly, the above form nnphes a negative ‘diffusion term is
st111 present as generated by the second order time manipulation. It may be eliminated by interactions with

the third order time term but it may also be avoided.
If the convex constraint is relaxed so that —z+ =0 or & = /3, thé extra diffusion term is not

produced. For & = f# 0, this is the equivalent of stating q, = 0. From above, '
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- o o 6f) I
" A— —_ - : 5-19
= ax( 61‘) ax( ) 19

Fora genéra‘l convex (weigh;ced) summation where a+b=c, q“- may be written

; of s\ By S
| =g 2| 4L |+ p 2 : . (520
| cgn ‘ a ax( ﬂ(at) o ax( ax\) o 'ﬂ":.' - y"' § :ﬂ , (( )

or - .

q,,=_£3(,4@)+33(,41)" G
cox\. &) cox\ ox) - - o
Iﬂtﬁi.s.'case a= —d, b=L,c=0 so
qn=££(,4%)’+£i(,4§£) .
Ooax\' o "05){? ax’ C
Either g, =—--a%(4 ZZ) —é-;( Z’Z) O or g, —>® for a= ,B;‘-' 0. Theproblem

(maybe) comes m justif};ing fhe _condiu'ops in whlch q,_; = 0 . If it 1s oﬁly used a:s a pséudb-transient to
" relax toa steady state, it may not matter. It is possible tolenforce éﬂ =0 in the solution proc?és but thls
implies q,“ is con§tar'1t. An altgmative may bé to mapipﬁlaté’the time Taylor serit;,s by adding 2 forward and |
* backward time ste:p to form.‘a leapfrog time scheme fhgt’ el@tes’ dy vﬂtoéemgri ' ]:3va1‘<.er and Klmmade .
the .sar)ne ;)bseﬁa‘tioné, noting that ;ssuming:q” =0 void:é the,e);zict Taylor series. They sh.owv';hét th;: —
choice ¢ = f £0 w1th third ordef time ’;erms4 setto z¢r‘o‘éo-rrespond‘s to the [R;ymond and éarder, 1 576]
formulation. | ‘ | | |

| : Settirixg,d = f#0 leads to the foi'nil'~

o g _qg"-¢
e M *D{f()

o:( 8q) 8.  of\]at L
4 42 ) |A R
[6x( 6t)+6x( 6x)]2! - (5 23

Ar?
qm 3 +8(At Ax")
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If the convex terms are changed so that @ + 8 = 0 (or rearranging to —¢ = ﬂ # (), the equation

changes slightly to

o0 @) =0 oy
e At'q )

+& —a—(Aaq)+ ( af) (529
ox\ o) ox\ ax)|2! A :

At
g, S 5(ar, )

',Notice vthe discrete portion of the eciuation as it may also be Written as |
53 9 (q) ( Ao Ng™—g"
—+——=|I+aq——A4 | ———+D "
ot ox 20 )| (7(a")

Af? :
- 3’. 3(At ,Axt)

{(5-25)

‘where — A is an operator.
. Ox

Th15 form does not produce negauve v1scos1ty and essentlally reconstructs the Streamline-Upwind
Petrov- Galerkm (SUPG) method of [Brooks and Hughes 1982] Itis also mterestmg to note the leading
error tenn above is a dispersion tenn This is consistent w1th the documented need [Hughes II, 1986] fora
' d15cont1nu1ty capturing term to control oscillations in flow regions with sharp internal gradients such as
shocks or boundary layers . | |
The evolvmg SUPG method has been thoroughly studJed and extenswely documented in technical
| literature. [Hughes et al. Parts I- IY, 19‘86, Tezduyar and Park, 1986; Tezduyar et al., 1987; Tezduyar,
' 1992; Johnson, 1992; Hughes et al. Part VI, 1987; Hughes; 1987, Hughels,l 1992; Tezduyar, 1992; Aliabadi
‘ and Tezduyar, 1993; LeBeau etal., 1993; Idelsohn etal., 1996] The most 'extensive treatment is given to
| ‘ selectmg the form of & asa scalar term or a matrix of intrinsic t1me scales and the development of a
dJscontmmty captunng term. [Hughes 1987 p 278] noted the need for a deeper understandmg of the

process for selecting the mtrmsm time scales.
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~ One Dimensional Inviscid Fluid Flow with Primitive Variables

If the original fluid flow equation is modified by a change to primitive variables, the equation may be

written
ow _ 8f,(w)
_—t = =0 52
0, 5 o (5-26)
or
ow  of (w)
—_—— 5-
0, or o (5-27)
or
ow -1 &,(w) -0 ' (5-28)
ot Ox
or |
ow _1 6fv(w)
A RCAANES 5-29
ot 2 ox (529)

where (J, is the jacobian matrix for the transformed variables and £, (w) is the flux function based on
the new variables. The development of an appropriate discrete formulation follows the same approach as
before but with some alternative versions.

2

W™ =W+ wiAL+ W %+ 9(Ar%) (5-30)

and
“n+l n n n Atz 3
OW™ =0 W' +Q WA+ 0w, — -+ 9(Ar%) (5-31)

Therefore,

aw ) ntl L oon 62 n At ’

Ay ' M; —-9(Ar%)  (532)

ot At . ot 2!

. or

ow w —w” *w" At
—= - —-—9(as
O ot Z At 9 or: 2! ( )

(5-33)
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Now, w,,=—(Q" 7, ) and O, = (Zg] Q‘l(: ‘Z)and

0 9 0
ow,= —(a—g) . A choice arises where —a'};l can be transformed in either the primitive or
X :

conservation variables. Primitive variables lead to

L2 (&, ow
--07 2 Z2]
o 2%\ | e
=-Q; [8w( Qv)ax) . (534
4 0 (8, 1 A1\ Of,
-0 (aw@v )g)

and -

o (o, ow
0w = 8x(8w 8t)

T 6x( f( Q_I)

4{ge

) . (5-35)

while conservation variables may be used to create the forms

. (5-36)




o o
va” = a ( q)
x\ Oq Ot

Gy -
-2(5(3) '

The four versions are equivalent statements of the time denvatlve of the original fluid flow equation if 0,
is the physical transformation jacobian aq .

dq_ o __oq__ oq0w_

=_Y9 _ =—40 22 5.38
Ot ox ox ow Ox Q -3
oq o, Bw . :
oG 5-39
ot Q ox A Ox ‘ 3.

so AQ, = A, and A= A4 Q;". However, if O, - Fv is viewed as a preconditioning mass matrix

chosen for convenience on the pseudo-transient, then 4 # 4., 1. (note: A, is always based on the

physical variable transformation.)

Returning to the second time derivatives, W, = Q; ! ;(%(Q_l) 5; )
X 29

ow, = e ( %, (Q_l) 7, ) form the convex summation as before where ¢+ f=0—> —a = f:

_ -1_3_(@1314’ - f, —1_3&)
We=al o Gwat) v (aw(Q”)ax

— o 29 19,
=-ag, a“aw(at q, )) (5-40)

car 2 (B, O
- x\Av(aﬁQ” axD

or
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__g 2 (& ), 50 (O T

Ot == 5 ow 8t]+ﬂ6x(6w(Qv)6x) |
__g2(% L 9, e
k_a&NW( +0, D V 64
__- _5_ i ow -1%
T %% Av(atJrQ” ax))

For a given matrix 3 or &, in general, Q' B # ﬂQ ,evenif [ is diagonal. However, if 8 =05,

then Q;'bI = bIQ;" . The implication is that & and S should be scalar in order to make the two forms

above equivalent.

Moving to the space dimension, the discrete form may be written as

LD ppesias) e

where D( f ( w)) describes a generic spatial discretization of the flux vector. Substituting the two time
Taylor series and the space discretization into the two versions of the original fluid flow equation gives

three alternative versions of the equivalent partial differential equation. Using the w,, form gives

20 B A ) ot 2420 L)
- | (5-43)

At

Lot

- éﬁi 9(At3 R Axk)
3!

. Multiply equation by Q, to get

ow 9f,(w) - w-w " -+ 0 + s
=2 ‘_Qv — +D(fv(w )) Q aQ, (AV( tO 6x))(5_44)

A 2
—Qw! 3—’!1 988, Axt)

0,

Using the O, W, form leads to

-



ow 0 w™ " N At 0 40
G D=0 () et 4G e )
, | . ’ (5-45)
o, B 1 (o axt)
vt 3 - >
Agam the two forms are the same if @ is a scalar.
Equatlon (5-43) can be factored as
LW (A 0 N wt—wr
A ( +—aQ;" —Ay) ————+0'D(£,(w"))
ox 21 Ox At .
, o » (5-46)
' . At " h
_wm—?)—!—ig(vAf,Axk)r “
' ‘ |
Equations (5-44) and (5-45) can glso be factored as_ |
| . 5 o
6W af (W) » . wn+1 —W" .
Zan 2 i D(f(w
O o Q AvQ I (£,(w)
: . . o (547).
A ‘
"'vam ? i 'Q(At3 > Axk‘)
and o ' '
02, T (1.4, AVQ*) W ()
’ at ox n” At - ’
(5-48)

AP '
—Q,w, 3—1; +9(A, Ax*)

In general, for a full matrix, 0, , and diagonﬂ a,C= Qan; ! is not diagonal. However,

'C=Q,aQ;" issimilar to ¢ . Similar matrices have the same characteristic polynomial and the same

eigenvalues so even if & is a diagonal matrix of intrinsic time scales rather than a scalar, the form

C = Q,a0;" should not produce a different result than using ¢ alone. Equations (5-47) and (5-48) are

equivalent if & is a scalar.
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4 0
A second smnlanty comes from the term E = Q,aQ;’

A0 = ONO;" where
N= aQ" Av Again, the similar matrix forms have the same eigenvalues even though the
. R, 40 ‘ L ‘
eigenvectors will be different. The term N = o, 3_ 4, is the same as the term in equation (5-46).
' X

Equation (5-48) has the same terms but the order is different: o a— 4,0; !, For scalar & , the difference
N . g

) ispre Vvs. post rnultiplying by Qv_ !, Atthis point there is strong enough evidence to assume & is a scalar.
Equation (5-48) gives the correct form for an “upwinded” weighting term. This represents a

modified version of the ‘original SUPG form that accommodates a time term with a general mass matrix. It

shows how the basic conservation variable equations may be transformed to any variables without having

to rely on an initial linearized form of the equation, conversion to entropy variables, or on symmetry
‘arguments for ‘0, and A, . It does not require an assumption of divergence free flow, V - [A,,, Bv] =0.

At worst it shows « tobea diagonal matrix related to C = 0,0, ~! and, at best, & may be safely treated
as a scalar. The flux jacobian matrix product is still to the nght of the gradient operator so it captures the
effect desired by [Aliabadi and Tezduyar 1993] because the SUPG term becomes stronger or weaker based
on the flux jacobian gradient. Thus the flux gradient and physical dimensions a_r_e connected without trying
to develop a different a for each physical dimension or artiﬁcially introducing a gradient based weighting. :
For pseudo transient solutions, the mass matrix is often modiﬁed to prov1de better convergence

properties. The form of the weighting term does not change but the weight must reﬂect the modiﬁed

version of the mass matrix. Replacing O, with I,
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. 2l )—(.éz‘ kJ ) W
A (A TR +D{£,(w)
LW, A; + 8(Ar )
‘ n+l n f. o L - .
At fwowt o aa))
47“7[“ ( DA ))D
T, 2 4 9, At o

This is the one-dimensional 'version of the partial differential équation to use in the Taylb'r weak statemeﬁt
Notice the mod1ﬁed mass matnx does not change the form of Av Also the ever-present dispersion term

reﬂects the change in the mass matnx $0 any dlscontmuxty captunng term would be modified accordmgly

Two Dimensional Inviscid Fluid Flow with Primitive Variables
Extens1on to two or more d1men51ons is stralghtforward usmg the steps outlmed above. The two

d1mens1onal PDE for mv1sc1d fluid flow may be written

ow LFw) dg(w)

. (5-50
6t  Ox & ¢ )
for generai variables. Reé.rranging, |
0 w__ow). og(w)
Yot . @ ‘
g o % (5-51)

v ) ds(h)
o e T by

The time Taylor series expansion gives

62w A? Pw" At
21

oW =

+ Q” ™ .9(At) | &52)




wl—w azfv" At o*w" AP (At ) |

ow )
—_— - - - —_— '——_l9 5-53
Q” ot < A Q”Aatz 2! Q” o’ 31 &5
‘ Taking the time derivative of the original’PDE in equation (5-50) éive; N ‘ o
vatt = af agv I - § (5-54)
"o\ oy o
s0 ‘
o= 2Ly D% | e
, : ax ot 8y o) .. -
and ‘

om=-2{E2)-2(52)
M= e\ Bw ot y\ow ot

) = af ~1 af agv 0 % _ af agv g
a5 s () e
o, o, 9%, || 9% o, %,
ax[@w(Q )(ax 'ay)}’ay(aw(g % ayD
As before, form the cox‘lvgx‘s\u‘mmation‘ of the second time derivative terms where ‘

Q'w' S (af aw)+ (agv )
v ox\ow ot ) oy 6w6!t

a+,B=‘O—>—a=,Btogéti

oo, (o o)), 8 (00, (@ o]
(Q” )Eax * oy ))+:5y (6w (Qv. )(3x * oy )J:|

Q)
%’

(5-57)




Using similar approximations, the space dimensions may be written as

20) - pfe, ) 8(a)  em

where D() describes a generic spatial discretization of the flux vectors.
Combining (5-57) with (5-53) and substltutmg that result, along with (5-58) and (5- 59) into the

_ original ﬂow equation (5-50) gives

0 ow . 6fv(W) N agv(w)‘= 0, W — N D(f; (W))+ D(g‘v (W)) -

ot ox Oy At
a2t 2y @+Q;la—f”+_g‘% :
2! ox Oy :
- S (5-60)
: ﬂi -1 f -1 agv v
SRC—
ow" A 3 Ak kY
—Qv—ét—:;—?-l'lg(At ,Ax”, Ay ) o
or, moving the dispersion term into the roundoff'élfor, ‘
ow of.(w) dg(w) _ wrlow N
—_— 2 D D
0t o Ty =0 DA+ Dlg,(w)
a ol o, ow o &)
a—— o Tt '
a2 2lpoo 2. %, %. )|
2! ay_ ot ox oy i
+3(AF, Ax*, AY*)

The factored form is
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Q‘v. o . ox dy
At wt—w -
1+a22 4o+ 2B ————+D(f,)+D 5-62
[ 1o Zag2no [0 X T e nr)+ 0le)| e
+9(Ar?, Ax*, Ay¥)
i P i -1 - . o1 -1 . -1
where.,ax A,Q; and % B,Q." are operators. Notice 4,0, and B,(," are used and not [A‘,Qv ]

S i
and [Bv o, 1] . This is somewhat confusing in the literature but the transposed matrices do not provide the

préper dimensional units unless they are symmetric and then the transpose is irrelevant.

Wave Analysis of Continuum Equation for Inviscid
Fluid Flow in Primitive Variables

After the change of variables described above, the partial differentiaiequation for inviscid fluid flow may

be written
ow &, (w)  dg,(w) -
0, %) 8H (5-63)
ot ox Oy
Let w= e’ =57 M) ~ where k, and k are the components of the wave number vector in the

X and y directions and @ = @, + @, is the (possibly complex) angular velog:ity. Linearizing the PDE

and substituting'for w gives S B e B
—iwQ, ”e'(k‘”k’y » yik Avﬁ)e'(k ”f‘y ) '+ik,B, we' kY _':”) =0 " (5-64)
‘OI'
0=kQ0;'4,+k,0,'B, | (5-65)
SO
o ko1, Kk | 2\ .
;=—k"—Qv Av'+?va B, where k= (k2 + &) | (5-66)
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- The wave number vector, £ = {kx, ky} +; gives the direction of propagation of waves in the domain and

the ratio ; describes the phase velocity [Hirsch I, p149]. The phase velocity is real because tithe and all

space derivatives are the same order.

Wave Analysis of biscrete Equation for Inviscid Fiﬁid” ol
 Flow in Primitive Variables
The discretized partial rlifferential equation yields to ; similar wave analysis. The speciﬁc apj;roach
depends on the ob_]ectrve In this case, the objective 1s‘ to determine the form of the free parameter a

mtroduced in the denvauon of the modified form of the fluid flow equatrons To sunphfy matters let

n+1 n

w

B0 e nel) so

1

- be the residual of the basic discrete form of the partial differential equation. The full discrete form is given

by
0.2 p{ ) Dl )
= ;{ iAvQ;‘(Q; WN 2 +'D(va'(w))+D(gv( ))): 68
»’+¢§§:ng;{@%17+ ( '(w))+b(gf( ))):=0
Substituting for ‘R.,;“ leads to
R+ 3‘ [A,Q-‘R"] gf:y[B 0 'R]=0 T e

This is a partial differential equation in space with the residual of the basic discrete form as the independent

s ik -
_variable vector. Usmg a seml-dlscrete version of the wave analysis techmque let R" = Re'( wrhyy-an)

Substituting and sunphfymg leaves




A . At 1 5], itk y-
Rex(kxx+kyy wt) —lk [AVQ_IR] i(kyx+k,y a;t) + aETiky[Bva 1R]ex(kxx+kyy wot) =0 (5-70)
Removing the common terms simpliﬁe§ equation (5-70) to

I+ a— k A0+ —-—zk B Q“ =0 o (5-71)

. Derivation of the SUPC} T Parameter
Solving for the free parameter, &z ,‘,yielids
! 2i N -1 -1 -1
a= —:—[kxAvQ +k,BO 1
'At ' : (5-72)

= Atk [” AvQ—l +n,B Q_I]_lj |

where 1, = I" and 72, = Ty (remember — = —i').- The eigenvalues of the matrix
: S i -

- Ifnx.Av o'+ n ';,Bv (o8 1] , gsso;iated with- the arbitrary. direcﬁgn of propéga.tiovnl ofa umt Wave nu'mllaﬂer‘ :
_vector /2 = {n;, n, }; iargely deterx;ﬁlié: jth:e b'eh;vior: of the'sbluti~olnsk Qf the Euler equgﬁbns [lesch 11,
p156]: The eiggﬁyail;és a;'e gi\l;énlb}y the set-j {ﬁ . E ,z'i . /? ‘+?"ck,~i£.' -k — ck} [IiIirs'clll ’ﬁ, p177] for rx;ulﬁ.
diménsiogal flow where tlie‘ful! \‘;vav;'e pmnber vector, E , vreﬁfegenm' the nuniber"bli{wz‘n’r'es_rover a 'diétancé
27 in the diréctionl’ of the vector and has units of llléngth.' Thus, if Qv is tﬁe J acdbian ?or the variable

transformation, then. .

At(zz-k+‘ck) o '

where % is the particie velocity‘vector and ¢ is the acoustic sﬁeed. Since all the terms involving’ « have

SAVEE
the form o — let -
’ 2!
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T= =—
“ar At(ii-k+ck) 2!
1
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1

—— 1

k(i-k+c)

The 7 parameter has units of time and represents an intrinsic time scale for the gradient of the residual
terms. Again, a great deal of effort in the SUPG literature has gone into developing a proper understanding
of the term and its affect on the accuracy and convergence rates of fluid flow problems.

This general form of the 7 parameter illust;etes the role the term plays in the overall equation and
 can take'on different specific forms depending on the particular choice of I—C. . Asan exemple, it is very
similar to the spaee-time/SUl?G parameter derived by [Aliabadi & Tezduyar, 1993] and reinforced by [Ray,

et al., 1997].

[Aliabadi & Tezdu);ar, 1993] use the normalized gradient vector of the 2-norm of the conservation -

variables as the direction for the wave number vector a.nd use the infmity—norm of the product of the
element dimension and the wave vector component as the measure of length A parameter a isused to.

ad_]ust for the time mtegratlon algonthm

max(ah,f,)

‘qwa+qh

The equivalent form using the wave number vectoris 7 =

||q||

I (no sum on repeated index) where ﬂ = ‘

k(ﬁ-l:t+c

. le= ! S and direction k ”q” ‘ ©(5-76)

ax(ah,f;) ”ahiﬂi”m }

The derivation using the TWS formulations indicates the 7 parameter should be independent of
the time discretization method so the parameter a is theoretically unnecessary Practical experience rhay

dictate otherw1se The grad1ent of the norm of the conservation variables seems to provide a legitimate
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(5-75)

) where 'k has magnitude given by



direction for defining the wave number vector« direction. The wave nuxnber vector magnitude (reference

length: (5-76)) seleets the reference length as the direction v’tith the largest gradient changes over the given

element dimensions. This leads to the.largest intrinsic time scale along the Caﬁesian directions (5-75).‘
[Allahadi & Tezduyar, 1993]’s method was tested in this research effort for reference and provides

convergence rates'similar to the best method below. It also suffers from the same problems to be described

in the analysis of the method. The method is described’here for referenee only to shovy the utility of the

* . general form deri\;ed above fc‘)r‘obtaim'ng an understamling of choic:'es for the i"parmneter. -

Several form'ulations for 7 were developed and tested in the present effort. Most were developed

using ad hoc eigenvalue or CFL justifications before applying the wave number vector derivation above.

-

The new theoretical basis immediately led to an improved selection for the wave number vecter, k ,and
improved computational results. -

The various forms derived and tested for the 7 parameter fall into four basic categories with some

I:va‘riations within _the'categeries. The categories were not known or deﬁned atthe time and the
r,development was ad hoc. ’Ifhecateéories come from after-the-fact theereﬁ'cal aﬁal&sesj' and are -
distinguishecl hy the :fundamental'di‘rections for the wave number vector, E .
A - In the ﬁrst cat‘egory,' the d:irection of the wave vector- was selectecl parallel to the velocity vector,
i , but various magmtudes were tested | These schemes were falrly snccessﬁrl and were used for most of
the effort pnor to the development of the theoretlcal basis. ,‘ i : |
Schemes (5-77) through (5-81) are vanatrons of the same idea- where Ax and Ay represent

' d1rect10nal length dunensrons for each md1v1dual element n the gnd Scheme (5-81) prov1des an
'iaddmonal vanatron on the theme where the speed.of a ﬂuld srgnal in the element is based on an artificial

acoustic velocrty modified to.match the partlcle velocrty Equatrons (5 82) and (5 83) are, srmlar in

concept but the d1mensrons L, and L represent global d1mens1ons rather than element dimensions. -
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Figure 5-1: Minimally Bounding Box

element

In schemes (5-77) through (5-81), Ax is calculated as max '.«WV ctemenc| | — AN [ XNV,
nodes nodes

where XN is a vector of the X location of the element nodes. Ay is calculated the same way. This

essentially describes a Cartesian box completely but minimally bounding the entire element (Figure 5-1.)

2 2 % -
o 2(Ax -y ) o I 1 : e
(] +<) ] 2(Ax? + 8y?)
2 VA -
o SO N N S K-
(] +¢) || (A" + 27"
AxZ A 2 yz ! < -
S Wy .l f-—2—  em
2(]1@] +c) ] (Ax® + ay?)"
3 2 % -
r= (Ax—tAy—)— et "E" = 4 i (5-80)
{[id] +c) || (A" + 2P




(Ax +Ay )/ . ",\ i e . 2 N o
ECEON b ey ew
b (Ax +Ay )

. )h—;mifé[ .

. T=

X global

global
*_nodes

nodes

J where X is a vector of the x location of

] L, is calculated as max(

 all the element nodes in the fluid domain. L, is calculated the same way. ‘T_hﬂl;vsressentially describes a.

Cartesian box completely but minimally bounding the entire fluid grid.

T=(i§+_L§)% é:{i‘ E ”/EH=_2”_ L (582)
27l +c) B 7 (I L’j)% -
(Z+1) A @

“\= ) E=2 k|| = —— 583

- B - iy

The second category has the wave vector perpendicular to the velocity vector (é ‘U= O) . These

" were generally unsuccessful. Ax, Ay, L ,and L, are the same as above.

Ve
r= CALIS k perpendicilar to - ”k“ = _ (5-84)
e uuu, o
%
L+ :
T= (_-;C_y)_ ' k perpendlcular fo o ”u” ”k” = (L—L;—)7 (5-85)
% -
T= (L +2L i) . 'k perpendicular to 4 “E" =-L (5-86)
7o | 7 o

The third category reflects the wave number vectors developed after the theoretical analysis.
These target the well-known 2Ax waves and the wave number vector direcfions reflect the shape of the

individual grid elements
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- The schemes in eqnations (5-87) and (5-88) use the full .wave number vector with one \;vave ’ox’(etr a
length 2A in each of the éaneSian directions. Scheme (5-87) uses the physical acoustic velocity to set the
time scale for s1gnals in the element wh1le scheme (5-88) uses a modified acoustic velocxty set equal to the
magmtude of the velocny véctor. Schemes (5-89) and (5-92) produce minimum time scales based on the

. direction with the shortest time of flight for an acoustic disturbance. Scheme (5-94) produces a maxunum
time of flight for an acoustic distlnbanCe moviné downstream. ‘
Schemes (5-87) and (5-88) esSentially reflect (Figure 5-2) twice'the time of flight for an acoustic
signal to transit the diagonal of a Cartesia'n box completely but minimally bounding the entire element. As
. a minimum, three gnd nodes are requlred to support a full wave. ThlS 1s equlvalent to half 2 wave between

‘ two gnd nodes or tw1ce the time of ﬂ1ght requlred ona smgle élement to support a full wave.

4 ' ‘ A . ' 1 N : 2. 2 % ’ .
S 1 ~ i 21Ax ”k“=M (5-87)
w ]y o lae?)” w) - 2MxAy
© |2ax +iza| T e 2hxhy o
: 2 c 2 21\%
T= 1 }/' k= zlA" o ”]}.“ =M (5-88)
. Y A eay?)? Ty o 2AxAY
'—"*'W U2ty e

" Notice (Flgure 5 3) that this is dlfferent than travelmg a d1stance equal to tw1ce the length of the
(dlagonal but in the dlrectlon of the velocity vector as shown in category one. In the second case (F igure 5-

3) the full veloc1ty magmtude is used. The first case (F 1gure 5-2) only uses the component of the velocity

in the d1rect10n of the diagonal.
(9 Aqe. ' Ay - 0 , o
7 =min ﬁ,ﬂ ck={"*Yoa k= . ' (5-89)
W+’ p+ec) |0 %)
o/ () . (o |
7 =min| —— Ar 4y k={**tork=14 (5-90)
[+c’ M+e 0 T ,
- | o (2 - (o o ‘
7 = max ﬁ,_ﬂ' k={*tork=4 (5-91)
. |u|+c |v|+c B 10 | o




2A wave

2Ay

u

2Ax

Figure 5-2: Wave Number Vector in Direction of Diagonal‘

—2A wave

Figure 5-3: Wave Number Vector in Direction of Velocity Vector



7 =min 2Ax 2Ay o k={ o k= L - (5-92)
o |u|+c |v|+c 10 2 IR
"7 =min| —— k={bork=4 ¢ (5-93)
o ]u]+c ]v|+c 0 - o
o {1 U (5 U R 0
7 = max 24x 24 k=" tor k=1 ; - (5-94)
“ o \|u|+c |v|+c Lo N 7 R

The fourth category essentially covers all other cases. _The primary method tested did not relate to
a wave number vector at all. It was a polynomial in ”ii” and ¢ 'developed to algebraically minimize the
ratio of different eigenvalues in a limit. The freé pﬁrameter P provided the' best results for this category at

p =S5 andthe 7 has the form -

wotes
TR +||unc) o N

. Summary -
" Chapter 4 p‘rovided the background anci dle:tailed,approach for usiflg t1me derivative

precohditiom'ng to control the éiéenvalues and thus any ill conditioning, of the inv'iscid fluid flow

| equations in the contmuum The ongmal ﬂu1d flow equanon set was lmeanzed usmg a classic Newton

} method to create a new equauon set with the nonlmear fluid equa’aons on the right hand side and a

“ linearized, incremental form of the equations on the left hand side.” The time derivative preconditioning
term was added in pseudo time to the lefthand '.side and shoy;'n tobea éeneralization of the Newton‘
method. The modiﬁed Newton statement was then' discretize;i using a Petrov-Galerkin finite element
approach with the welghtmg functlon derived in Chapter 5.
In Chapter 5, I used the Taylor Weak Statement (TWS) approach to derive appropnate d1ffusmn

termis t6 create a stable and consistent finite element formulation for a generic discretization with 2 generic

time preconditioning term. The Galerkin approach of TWS was shown to be equivalent to upwind methods
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typically referred to as Streamwise Upwind Petrov Galerkin (SUPG). I derived the appropriate form for the |
SUPG weight function using primitive variables and time préconditioning. Also,,a{ theoretical basis was

developed for the intrinsic time scale parameter common to all SUPG weight functions.




CHAPTER 6
FLUID FLOW ON A MOVING OR DEFORMING GRID
| Grid Motion Strategies
'Many problems' in fluid mechanics and ﬂuid-str-ucture interaction dictate the use of computational
domains'th'at move relatlve to some r'nertlal' system and/or deform from their original shapes. There are
three primary alternatives for ‘addressing' the changing grid locations and shapes. The Chimera method -
. [l3enek etal., 1986] u'ses rnultiple overset grids to describe complex shapes. The individual grids are .

’ typlcally fixed in shape but may be put in motion where one gnd moves through another accordmg to some
prescribed or calculated path [Alonso, Martmelh and J ameson, 1995] Pract1cal 1mplernentat10ns set
boundary condrtrons in one grid by mterpolatmg from nodes in another gnd or by locally adaptive gnd
nodes that “snap -t0” a’ background grid or some other gnd node [Janus & Whrtﬁeld, 1990] Gnds may be
?butted agamst each other without overlap for constrained motion problems such as propellers [Sheng, et al
1997] and rotor ﬂowﬁelds in turbomachmery 'Ihe ‘second primary strategy focuses on stretchmg initial -
gnds [Batma 1989] [Tezduyar, Behr & Liou, 1992] to a limit and “regnddmg” [Lohner 1992] The th1rd »

.’ strategy centers on contmuously adaptlve gnddmg where gnd nodes and cells are added or removed as o
local gradlents or some forcmg ﬁmcnon drctate [Som & Yang, 1992] [Thompson 1985]

All three strategres have been used wrth great success and cover a w1de range of apphcatnons

' However in sprte of the1r fundamental drfferences m approach, they all reqmre some techmque for
‘satlsfymg fluid flow conservatron laws on a non-mertral grid, some technique for settmg local ﬂow

A condltlons from mforrnanon at surroundmg locatlons and some techmque for estabhshmg the new

. locatrons of mdrvrdual grid nodes In the current- effort an Arbrtrary Lagrange Euler method is used to

: satrsfy the fluid conservatlon laws Only one ﬂmd gnd is used The fluid gnd deforms as if itisa lrnear‘

S ‘. elastic solid contmuum based on d1sp1acement boundary conditions rather than as a discrete set of pomts or
a networlc of springs. No pomts are added or'removed and the gnd does not adapt to flowfield condruons

Cor algebra1c werght funcuons Thus no spec1ﬁc mterpolatron method is needed between “before and after”

JENE gndsets. )




Derivation of a Weighted Arbitrary Lagrange Euler Statement

The “Arbitrary Lagrange Euler” (ALE) method began in the mid-1970s [Hirt, et al., 1974] [Pracht,
1975] and has become the standard approach for fluid flow problems on a moving or deforming grid. The
method was soon extended to fluid-structure interaction problems [Donea, et al., 1982] [Donea, 1983]. In
some-cases, it has also been used to describe the structul'al response of solids as in [Bendiksen, 1991] and
the Lawrence Livermore National Laboratories ALE3D [no reference available] code. It has been derived
for particles using kinematics and for arbitrary control volumes using a combination of Reynold’s transport
theorem [Aris, pp. 84-85] and Leibniz’s rule [Taylor & Mann, pp. 552.] In short, the method is well
established and very successful. A ' |

The standard approach for a finite volume computational method is to use the control volume form
of the ALE equations. For finite element methods, published derivations start with the differential form of
the ALE eqqaﬁons and move into a weighted residual integration. The current effort starts with the time
derivative of a weighted integral of the fluid flow variables where the weight function is not necessarily
constant in time or space. The end result is the same but the current approach places some restrictions on

the weight functions aa described below.
In Leibniz theorem, I(2) = J;/m f (55, t)dV where f (55, t) is any vector, scalar, or tensor

function. It can be shown

% (0= ——H J'V(t)f );iV ='IHV(:)_667[f(5E’ t)]dV * -”aV(t) f(i’ t)w- AdS (6_1?

where 7 is the outward normal to the surface dS and W is the absolute velocity vector of dS . The

integral is taken over any arbitrary closed region and doeé not have to be an infim'tesimal element.

o

_ Letthe funcuon f (x t) be the vector of conservatxon variables, Q { s pu, pE } If the

integral is taken over a closed material region movmg exactly with the ﬂuld so the volume always contains

the same material, then W = where # is the velocity of the fluid and the above becomes

£ (t)—_ HJV(,)Q —-UJV@) 5 [Qlv _[LV()Qﬁ -7dS 6-2)

Using the Green-Gauss theorem on the surface integral and combmmg with the volume integral,
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The term in brackets in the last integral reproduces the Eulerian form of the fluid flow equations without

the force terms (pressure, viscosity, heat flux, etc.). If W#u,

d ()——mme —mym[ VQW]JV 6-4)

where W is the arbitrary absolute velocity vector of the surface of the volume. Slibstituting the Euler

equations
0 L | '
5Q+V-Qu+Vp=O ‘ ‘ (6-5)

for the first term in the brackets leads to

L 10)=2[[[, 087 = [I],,,|-(V-0i+Vp)+ V- Qilg¥ ©9)

Rearranéing the terms, | |
% | H”“? Qdv + [ jy(t)[v-Q(a—rv)wp]dV =0 6-7)
%j Il,,07 + ||, [0G~%) * va] dS =0 (6-8)

This is an intégral statement of the Arbitrary Lagrange Eulerian sét of equations for fluid ﬂpw.
Now consider a weighted integration over an arbitrarily moving region. The change to indicial

notation (hopefully) removes some of the ambiguity from the operators.

-UJV(;) "J J - J..[.[y(t) |:( 'J)Q gt QJJ}JV + -[-[‘W(t) W:-J-ijknde ©-9

The last integral is transformed usmg the GTeen-Gauss theorem to give
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' SN (s (6-10).
S _ "8 .- 8 - :
=M f(2me (2o ) (£ e
J Rehfrangihg and grohpiﬁg terms . : , i S .
= (2 7 |loar
e N oMLY
, . , SR (6-11)
+.[.”V(z) Wy [( 2t i )"' (‘a_xk‘ QjWk'):ldV |
As before, substitute the Euler equatione'for the time deﬁvaﬁve in the second RHS integral to get |
dcer F) o '
EJ‘J..[V(;)W;J.' J _J‘_”y(,)l:(at ,,)+Wk(a ]:IQ AV o | .
+J-J‘J.V(t) [ (axk Q Uy + x /anp,,,) + ('55 QjWk )JJV
Rearrangmg gives o - | .
- | o5 1,
J.”V(t) ”QJ ” V(s). '1 —;: J(u Wk) +4— o x, kam -
: (6-13)

LG ,,)fw,,(agk ,,_)]Q;,:,’,@

The terms on the left hand side represent the weighted version of the integral ALE eqhqﬁon set derived
" above. However, the right hand side terms shdw the;veight function will act as a source for Q if the term

" in brackets is not set equal to zero. The term in brackets is sunply the passwe convective transport
equatxon for the welght function and mdlcates that a non-constant weight funcuon must change as the '

- 'locauon of the nodes in the ﬁmte element change. Thus, the welght function must satlsfy

—a%W.+W:VW.‘¥0 S » (6-14)

g i

or the source term in (J; must be included.
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Geometric Conservation Laws
[Thomas and Lombard, 1978] c‘oined the phrase “geometric conservation laws” in describing the

Leibniz integral operation.

d : e N R
EJ .[ .[Vc(lt) I jaw nds (6-15)

They essenﬁall}; poiﬁted out the need to treat the moving and distorting volumes associated with grid
rhotion ina conservati\'fé manner. The process is straightforward in finite volume and finite element
methods but may be elusiY.,e‘with finite difference methods. In fact, even geémetric variable
transfonnations; to bodyl ﬁttmg, cylindrical, or éph(ericai éoordinates may violate geometric conservation 1f
the metrics and Jacobians are not treated properly [Tamura and FuJu 1993] quantify the possxble €ITorS.
The geometnc conservation laws are satlsﬁed 1dent1cally in the integral form of the ALE equauons and the

space-time methods of [Tezduyar Behr and L1ou 1992]
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CHAPTER 7
STRUCTURAL EQUATIONS -

There are many techmques and levels of approx1mat10n employed for modeling structures and

: | structural dynamics All start with a set of d1fferent1al or, mtegral equations and are either solved in closed
,. form based ona set of limmng assumptlons and boundary conditions or discretized in some fashion and

o | solved numencally The flmdamental level isa set of contlnuum differentlal equations for solid mechamcs
based on lmear or non-lmear elastrcrty known as the Navier equations. The giants of apphed calculus such

: .as Bernoulli and Euler used lumtmg assumptlons to create specral forms of the equations apphcable to
‘simple shapes. Bemoulh-Euler beams prov1de great m31ght analytically and may also be used as a starting
I pomt for discrete models. Many other analync models have been developed for. special classes of structural
elements such as thick and thin plates, shells rods etc. These take advantage of the unique natures of .
,,51mp1e structural elements and their tendency to Tetain those natures under normal loading conditions
,Combinati_ons of these specialized models are probably the most widely, used basis for discrete models in
modem struCtural analysis;[MacMurdy, Gurusvvarny and Kapania, 1994]. :The behavior vof each specific
‘ 'shapeu.could also be solved usirig the Navier ‘equations but the specialized rnodels take advantage of
additional knovvledge‘ and typically provide temendous computational advantages.

Discrete models also come ‘in‘ many shapes, sizes and functionality depending on the need (Figure

- 7-1). ’l'hey may be simple approximations [Yang and Lohner 1597] with variable cross section and
lumped mass or fully three-dunensmnal models [Ray, Wren- and Tezduyar, 1997] with contmuously
vanable material properties and distnbuted mass. Combmatxon models are common. For low frequency
- structural dynamics comphcated models are often used to solve for the v1bratory mode shapes and
, ‘frequenmes The lowest (say 10) mode shapes are then comblned in alhnear summation to prov1de 2
sunphﬁed model of the structural response [Guruswamy and Tu 1994] [Yang and Lohner 1997] This

technique is éspecially common in ﬂuid-structure mteracuon problems where typically only the first one or
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Figure 7-1: Structural Models [Craig, 1981]

two structural modes are important. These models are limited to linear perturbations around the baseline
loading conditions.
While many techniques are available, finite element discretization of the Navier equations for

solid mechanics based on displacement variables was used in the current effort.

Solid Equations

Linear elastic solids deform under load and return to their original configuration when the load is

removed. The linear restriction comes from linear stress-strain relationships in material properties and

assumptions associated with small deformations. Most metallic structures operate in the linear range of




matenal properties but substances such'as rubber and conrposrte laminates do not. Structures with
nonlmear material properues may still exh1b1t elastic deformatlon under load and retum to their original

shape when the load is removed. The continuum equatrons are still va11d for plastic deformation but the
material properties are forever changed and the structure will not retum to its original cenﬁguration when
the load is removed. Nonlinear material properties are important in many fluid-structure mteracﬁon
problems such as composite wing aircraft; antenna and rader enclosures; and concrete/steel bridges in cross
~ flow.’ | |

‘ Nonlinearity in structural models may-also come from large deformation under relatively small{
apr)lied leads: This does not irnply ponlinear m'aten'al properties or plastic strains.. Very flexible sfrucurres
such as ropes, watch springs and fly fishing rods may exhibit very large geometry changes with very little
strain. Large geometry changes can be critical behavror for ﬂuld-structure interactions such as slender
missiles (javelins), high aspect ratio wings, and towed cables. |
Without derivation, the Navier equations of motion for continuum solids with linear isou'epic

material properties are written as [Malvern, 1969]

- .
p%;?:‘p% ,uV27¢+(/?,+ ,u)V(V-;) ' @
or
. 62u 62u . u
= pb. + +(A+pu)—=— 7-2
Por Pt Hoxox +( )aan +2)

vE .. E
T+ o)i-20) ™ #7201+ 0)

where A and 4 are the Lame’ coefficients ( A = ), # is a vector of

the displacements (% and \‘)‘) inthe x and y directions, and bisa borly force. The material properties

" determine the Young’s modulus E !, the Pqisson ratio. U %, and the material density P . The Navier

! Young’s modulus represents the ratio of the longltudmal stress to the corresponding longitudinal strain
% Poisson ratio is the numerical value of the ratio of the contraction in a transverse direction to the
corresponding extenswn in the longltudmal duecuon -
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‘equations describe the relationship between inertial, internal, and body forces acting ona structure due' to
displacements. They must be extended to cover generelized stresses due to nonlinear or non-isotropic
~material properties, large deformations, and’non-conservative frictional force.
" There are many forms for the structural equations using combinations of stress, strain and various
* deformation descriptiorrs as the dependent variables. Each has advantages in certain applications but the
ureducrble form using the deformatlon vanables is the most useful for fluid-structure applications because
the structural drsplacement provrdes the interactive coupling. The stress'and strains within the structure are
obviously important to its behavior and health and the deformation field may be post-processed to provide
" the ‘informaﬁorr.. C | |
Keeping deformation as the indeperrdent variable, adding ‘dampirrg' terms and droppmg body
forces, the structural dynamics equation set is generally written' o

M— C— K
’ ‘ a 2 + a + (u) f external (7_3)‘

f;'nertia‘ + f Sriction + f;'ntemal = Jexternal
The ineftia term is not a true force but may be treated as a pseudo force in the momentum equation. The

dens1ty is now included in the mass matnx the dampmg matnx C, may be a linear fiinction of the mass if
Titis hrmted to material dampmg of a homogeneous matenal or some other predeﬁned relatlonshrp, and the
mtemal force vector may bea nonlmear flmctron of the drsplacements The ﬂuxd pressure supplles the

ekternal force The real key in slructural calculanons is the form of the suffness matnx for the mtemal

<‘\").
;

force vector. ThlS is where the battle is won or lost and Where nearly all the srmphfymg assumptrons or
'nonlmear comphcatrons are 1mplemented The strffness ‘matrix isthe same whether the problem is stauc or
dynamrc. : g ;

In the classic $ense, the internal force vector for linear elasticity comes from the divergence of the

Cauchy stress tensor, f

intérial, = =divT". For linear elastic materials, the stress elements are related to the
strains by'a sunple relauonshrp o D(é‘ Sinma,) + O ity - The subscripted terms represent initial

strains and residual stresses. The matrix [ "is‘an elasticity matrix containing the material properties. For



v O ) ,
1 0 - | and for general two dimensional elasticity, or plane
0 L . ‘

I-vy

E
2

1
piane stress probléms, D= N v
-U
: k 0

2

1 /1 ) 0

strarlinz the matrix is D = M /1 U 0

(1+v)(1-2v) 0
. - ‘ (1 2u)
’ Al )

[Zienkiewicz and Taylor, Vol i]. This can be easily expanded to three dimensions and for anisotropic

méterials .

For nonlinear problems the dlvergence operator is still relevant in the current coordmates For

" small dlsplacements these can be considered the same as the 1mt1a1 coordmates but large displacements

_invalidate ﬂ’llS assumption and require more complex treatment. Nonlinear material properties are

mplemented,m the relationship between stress and strain. Using the notatlon descnbed in [Zlenklew/jqz

and Taylor Vol 2,p 213 and 285] the internal force vector may be written as f nternal = J.B TodV where

BT is now a linear or nonlinear differential operator in space relative to a specified coordinate system.
The stress term is still given by o= D(&‘ - £in,.,ia,) + O iy for most cases. This may be expanded to

o€

' oo
. show the relatlonshlp with deformation through the strain by notmg that do = -a—— du . The nonlinear

& Ou

| ‘ . 9o
material properties are contained in the tangential elasticity matrix D, = —OT and the differential strain

¢

Y 7 . — N . o
operator is given by B.= a . The matrix B can now be defined by its linear and nonlinear components

. as B=B,+ B, (u) respectively. The B, term contains-the linear infinitesinial strain relations and

B, (u) is the nonlinear component dependent on the deformation [Zienkiewicz and Taylor, Vol 2, 1991].
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Itis importanr to make the distinction about the reference state for the analysis. In rhe Lagrangian
(rather than Eulerian) frame of reference all the deformations are referred to the original configuration. For
general continuum solids, the Green/St. Venant descriptions or‘ Lagrangian su;mi componenrs for finite
' 'deformations are used [Malvern, 1969]. The second‘Piola-Kirchoff stresses are the symmetric stresses
conjugate to the Green/St. Venant strains in the reference state [Malvem 1969]. Development of a
" complete tangent stiffness matrix for this formulatron led to a great deal of confusion and some
dlsagreement in the literature between 1965 and 1980 [Hlbbltt? Marcal ar‘1dwR'1ce,--‘197,,‘0]’ [Stnel;lm, etal,
1972]‘ [Yamada, 1972] [Belytschko and Hsieh, 1973] [McNarrrara end Marcel »1973] [Bath‘enRamm and
Wilson, 1975] [Cescotto, Frey and Fonder, 1979]. Large deﬂectlon large rotation problems were typlcally
dealt with according one of three classes [Knight, Macy and McCleary, 1989]
1. the total Lagrangian approach where the deformed conﬁguratlon is referenced to the
initial undeformed configuration
2. the ﬁpdated Lagrangian approach where the deformation increment due to the load
| increment is reference back to an updated local coordinate system with residual stresses
aecounting for current deformation -
3. the corotational method where each element has a local coordinete system that rotates but
does not deform with the elernent | ‘
Though each a’pproacﬁ has some appealing properties, [Cescotto, Frey a;rrd Forrder, 1979] declared the total
Lagrangian approach ro be the rnost general and the r)ne that allews for history‘ depenrlent constitutive Iews.
[Zienkiewicz'and Taylor, Vol 2; 1991] base all nonlinear analysis on the toral Lagrarrgian_approach and that
is the method implemented in the current effort. The appropriate stiffness matrices generated by the
approach will be aemﬂed below closely following the technique and nomtron- descri‘eed in [Zienkiewicz and
Taylor, Vol 1 and Vol 2]. |

The Green and St. Venant finite strain eleménts are givenby .
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duon o ov
Ox oy Ox Oy

(7-4)

For small deformations, the higher order terms are ignored and &, and €, are interpreted as extensional

strains and 7, is a shear strain. (Here, 7, is actually twice the shear strain given by Green and St.

- Venant; written this way for convenience in forming &;.) The terms inside the brackets reflect the

nonlinear contributions and are used for small strain, large deformation problems as well as large strain.

Note these represent the complete finite-strain for large and small deformations and not just a second order

approximation to it. The derivatives are taken relative to the initial frame of reference.

From above, the differential strain operator is B = B,+B, (u) . The small strain operator, B,

is given by

Plo o 2lo

Qoo o

(7-5)

u
and for small strain, £, = Bo{ } where &, is the linear strain component. The full strain comes from
v

&= &, + &, where £ is a nonlinear strain. The total strain may be small but still requires the nonlinear

component if the deformation is large. The nonlinear differential strain component is a bit more

complicated and
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where 67 = l:% %} and 95 = |:-g—v %:I (7-6)
X ' 24

v
Il
=
D
>,
o Qo o Plo

Qo o Plo o

1 u
The nonlinear strain is &, =-2—BL{ }
14

As stated earlier, the stiffness matL"iX is the same for a static or dynamic problem. Thus a static
analyslis is used to develop the stiffness matrix based on the principle of virtual work. The process is to
apply a virtual displacement to each ﬁode and eéuaée the work done by the external forces with the internal
work. [Malvem, pp 235-248] provides a detailed derivation based on the Cauchy stress in local coordinates
and based on finite strains and the second Piola-Kirchoff stress in the initjal (Lagrangian) coordinates. The
final form shows the virtual work terms due to internal stresses as the integral of a scalar product of the
 second Piola-Kirchoff stress tensor and the variation of the Green/St. Venant strain tensor integrated over

the initial volume of the element.

w=| T .-GEdV, -7

From above, the strain tensor variation is B and the symmetric stress tensor may be written as a stress

vector 0. If Ou is the virtual deformation, this may be rewritten as
oW =du| BTadv, (7-8)
0
and the virtual work balance equation becomes

&lJ‘Vo ETUdVO =u- .}-E external (7-9)
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- The exterﬁallfor'ces may be point or distributed loads on the surface or body forces over the entire volume
of the element. The virtual work due to internal forces is-distributed over the region. Since the equality

rrrust hold for any defdrmgﬁon, the deformation term may be eliminated to leave
_[ B odv, = fmm, o o (7-10) S
or
J' B"0dV, = foigmat = o e
This is the conservative ferm“ef the summatipn;of the intemal and ‘extemai ferees used on ithe right-harld

side of a Newton 1terat1ve process. Substrtutmg the stress- relatronshlp o= D( &E— 3mma1) + O iy a0d
IR 1) . . 3 g
- Teiterating £ =&, + &, = B0 + EBL i , the internal force term becomes -
1 :
_[ BTDadV _[ BTD(B +ZB )udV : (7-12)

For the iterative process a hneanzed versron is needed for the left hand s1de The tangent »

. Stiffness matrt.x d J-V Blad v, provides the needed iteration matnx .In_the standard Newton method,
(dj BTodV )Au— (j BTO'dV fmm,) (1)
To evaluate the left hand srde the definition of the stram is. needed where d{-: B du Now

0
. 1

d.[FTo‘u’V" & r9 S
(nl' 0) jy auadV jB —dV (1-14)

| Since, B = B, +BL(u) then .




—==D,— . ’ ' (7-16)

ou T ou e e
but §=§ SO

ou

oo - ‘ .

Combining _2'111 ﬁs produces
dl| BlodV, |= [ 0B, ad}}+ j B’./;BdV (7-18)
BANLC . ° Y Oy ‘

»Thev first term on the right-hand side is commonly,referred to as ;he znmal stress mqtri?c or geometric

matrix, K, and is dependent on the stress level.

r . .
J' iBL_OdV B :
; (719)"
=] G_?MGdV;,‘ |
where
| 2
o. 0 7, O x P
06, 0 o] Y % -
M=\ . and G=| 5 - (7-20)
Ty, 0 o, 0 2 0 : -
0 7z, 0 o % 5
- 0.2
L
The second term may be written as K =J.V B bedl{, =K, +K; ‘where
K,= | BiDB,dY, | gy

 is the normal small deformation matrix. The matrix K, i due to the nonlinear strain and is expandéd as °

KL=.L (BgDBL*BLTDBo*BLTDBL)dVB T (& 7))




. K, is commonly referred to as the 'initlial displaberrient matrix dr ;che large ;iispiaeement matrix. The totsl ,
stiffness matnx or i:angential'stiffhess mamx is thlus the sum of the three mau'ices’ above [Zienkiewicz and ]
Taylor, Vol 2, pp 285-287].. ‘ _ | '
| § K=K +K6“'+,KLP o o o (7-23)
| 'I'he tangential qstiffness'ma‘trix for ﬂdnlinear deformation is now seen te be the suiali_dispiacement stiffness
] msirix correéted bsf ah initial sdess matnx and an iniﬁal displacement matnx
. The tangentlal s’uffness matrix, KT , ma}; or may not be requlred for matrix free unplementauons
of the Newton method Ifitis approxunated by a directional derivative, then |

OR(u) . Aar 'R(u + hA‘u) ~ R(u)‘

‘ 7-24
o 7 (=20

The various stiffness matrices ('Kol, K, .K;) are nht needed if the residual R(u) is fonhed from the
nonlinear equations on each ite;atioh since they are artifacts of lmeaﬁzdddh. The forward differencing in
the. direction_al‘ derivative takes care of the effocs If, however, a linearized form of the residual R(u) is
. used fo1; speed or eonvenience, all the ieleVant stiffness mst‘rices should be included. A linearized form is
used in this research effort'and‘the three stifﬁie'ss matrices are included as heeded by deﬁnihg‘a priori

~ whether the solution process is to be linear or nonlinear.

Discrete Implemenfation |
Discrete implerhentzition is straight forward based on the ma’dices snd infegfals described above.
An element by element approach is used to form the mtegrauon malncesva.nd the res1dual vectors are
assembled from these An mexact Newton method is used to linearize the equatlon set and is solved .

’1terat1ve1y using the GMRES algonthm Thls is wntten as -

R LHS(u+ ) R LHS( )"

=—R_RHS (7-25) .
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Thé left and right-hand residual vectors could use the same algorithm. waever, the left hand side residual

- module was irﬁplemented separately for speed and convenience in implemenﬁﬁg additional terms or

adjustments to the ieﬁ hand side calculation.

For nonlinear calculatioiis ﬁot dependent on time (steady), the right-hand side residual comes from

R_RHS = J’Vo B'Dedv, - L Forernat@A

U

- 1 ) =
= J'VOBTD(BO+EBL)4K, ) -1, fmm,dA' (7-26)

u

= Kel'ement - J. 4 .7. external dA

nonlinear | V

D is the generalized elasticity matrix and for plane stress is written as

0 .
0 (7-27)

w

]
=
o = c

1-v
2.
B, is the infinitesimal strain)displacémen‘t matrix from equation (7-5) and is written as

L

[ AnrT _ L
Cox ~ |
B=| 0o Bl gy
. %
oNT  oN”
R

where NV is the finite element shape function vector. The term 0 is actually a zero vector with the same

number of compohents as the shape ﬁmction.- Linear triangle, bilinear quadrilateral, and 8-node biquadratic

quadrilateral elements were implerhented.
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B, implemenfs the nonlinear terms in the strain/displacement relationship and is given by

ANt . -]
Ay
B , ox . r
, - ‘ON : ] u oN" u
- T . o | : - :
By=10 6| 7. . where 8, =|. v 1v[’ 0,= aNT Ny (7-29)
6r o7 : 0 . 0
A o ):| > ‘
o X N o < |
! o | | o i

In the right-hand side residual equation, the external force L ]?mem 444 is integrated over.the

‘ defoxj;ned area of the element. This provides the same nodal forces as if the eitemal loads were
umfoﬁed to the initial coordinate system and taken over the undeformed element shape. The nodal
foice§ are integrated in a separate module using line integration. |

The calculation procedures are somewhat sirnpliﬁéd for steady, linear (small deformation)

"problems. [_Zieniciewicé and Taylor, Vol 1, pp 468-474] describes a process for fofming the residval with

~ about a 25% reduction in the operation count compared to forming BOT DB, explicitly. In this case,

R_RHS = jyo BID&dV, ~ [ Fumat4

. u
ISR H P
i ‘ _‘[Vo B, DBO dK) v Lfextemal@ ‘ (7-3I0)
u
%Kif:g'a";‘_"‘ ) _J‘A fatemaldA‘
where
| K temens = AWz, +,u(Wa, + block_trace(Wac)) ST E Y T (7-3D)
linear . U , .
93



A and 4 are the Lame constants, and the W matrices are defined by

OV OV aN N |
Ox o&x Ox Oy,

Wffvo avon' aven 7o (732)
k2 |
[oN oNT oNoNT|
&y vy
ANONT aNaNT .
block_trace(ﬂ{,c)=jyo O ox Oy 6y NN aN ANT av,  (1-34)
0 o o o oy

In the code, W’“ is formed by element integration and the other matrices are simple rearrangements of it.

For unsteady problems, the second order system

& OF o 2
M—5+C—+ K(#) = fotuma . (7-35)

—

‘ . Ou
may be rewritten as a first order system. To do so, let W = 6_ be the velocity. Taking the time
. ¢ .

2= —

u
derivative, —6t2 = -gt— . Substituting into the original second order equation and writing the two equations
as a set,
o G =
Mg + CE + K(u) = fexternal

i (7-36)

——— ﬁ)

ot

Rearranging gives
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6u ow '

C5—+Ma_+K() fextemal 0 -
a—u—w 0
ot :

If the stiffness term K (ii ) is linearized and assembled element by element, the first order in time linearized ‘

equation set becomes

s ST ) o
=TT o o 0 -I{#f } o _
This provides direct access to the nodal yelocities, W, and the discrete time step may be _implemented ina
simple forward or backward Edler -step.-, The darnoing matnx C may be ignored, written as a scalar
multiple of the mass C=cM , or some other more irrtrieate relatibn— In this research effort, it is written-as
a scalar multxple of the mass matnx due to srmphclty and the artrﬁcral nature of the pseudo time transrents
Pseudo time stepping terms are treated as a first order system in time as descnbed above
However the pseudo time terms are not used on the right-hand side of the’ equauon In order to keep the
resrdual vector the same length on the left and right-hdnd sides, the nght-ha.nd 51de fora steady problem

wrth pseudo trme steppmg is formed as

. Tk . . - "’ AP s ,
_ R_RHS =| 0. l_f _ {trma - (7-39) -
T .0 0. w 0 o .

The second row of the matnx is rlot actually formed but illustrates an important ploint.. The nodal velocity, |

v"'{z s has no role in the right;\llarrd side ofa steady equation. lf the i_dentity matrix is included‘ in the stiffness
hypermatrix, .ﬁ/makes a contrihution_to the lriglrt-harrd side residual. This acts as a»pen.alty'term on the

veloeity and it will 'eventuall‘y damp out,' l)ut adds many more trnneeessary <steps to the process. The right-' : ':‘ o
hand side of an uns’teady (problem with pseudo time stepping remains exactly the_ same as given above and,

again, there are no .pseudo'time terms used in the ﬁglit-hand side. -
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In the current effort, the left hapd side of the Newton equation is formed using linearized
approximationg to the right-hand side residual. ms'may not be the best approach for fast, parallel
machinés but it is the fastest for a single proces;c;r with sufﬁcient memory. Aithough it is not required by
the matrix free technique, the vlinéa'rized elemt;.nt integration matrices are created and stored during the
‘ formatibp of the right-hand side residual and recalled for rapid calculation of the left hand side residuals.

Thus, eéch. leﬁ hand side residual ve'ct{)r is the assembly of the matrix vector products of the linearized

element intégiatidn matrices and the current estimate, u? |, for the deformation vector. -

e externa

' e — -~ =p — fn I =p
R_LHS, = [Q et * Kot Ja+hair} - fi+hait)
The matrix () generically représents the physical and pseudo time contributions to the left hand side

residual and K generically represents the tangent stifméss. ‘The external force is included as it may
change'wit'h the déforma.tiqn'increment for follower loads and as part of a tightly coupled fluid-structure
¢alculation. | .

| .. The complete left hand sidq resiaual is ggtually thle difference ‘t;etweqn two vectors. 'Tﬁe first is
stored from the first iteration and used repeatedly as the zefo increment step. The second 1:s formed with
each ne‘w,estimaterfp:r the defomaﬁon increment. | |

R_LHS (% + hAut? )— R_ LHS(ii)
- .

(7-41)

'I'he left hand side residuals follow the exactlsa';'phé‘mqthodolpgy described above and the total

pseudo time, physical time, nonlinear equation comes from. .. -
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CM pseudo M pseudo Cphysical M physical
R LHS=|| Ar Ar || A& A
| A e
At | A

o i} a1
+ (K°+K.°',+KL)» OD {i‘}+h{ f‘,} (7-42)
0 =I{)\|w ~ |Aw

_{ Fla+ hAm)m,}

0

The terms not needed are simply not included. For st“eady. problems without pseudo time stepping, this

simply reducesto.
R_LHS “[K,+K, K At ({u} * h{Aii”}) Fla+naw?) (7-43)
or noalioees defommatons o | o
- R_LHS:[K] ({u}+h{Au N-Fl@+haar) ()

. for linear deformations..

" Locking of ThinStructures ‘

The equations and deformation variables outlined ebow}e are general in nature and have appli’caﬁon :

 toawide range of structural conﬁguranons However, they often lead to convergence stagnauon or

“lockmg” when d150rete1y apphed to thin structures. There are a vanety of explananons for the phenomena

but they all essentially boil down to the mteractlon between shear and bendmg modes w1thm the structure
For thin structures, bending modes should dommate but strain energy may get trapped in shear modes that

appear during the numerical solutlon process. This-destroys convergence and »glves the structure the

' appearance of being stiffer than it actually ist -Thus, even conver‘ged‘ solutions n;ay be far from the actual

solution [Donea and Lamain, A1987'].

;;;;;
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A first explanation of the “locking” comes from basic wave analysis. For an isotropic solid,

A+2

bending (longitudinal) waves travel at £, ;... = # where p is the density, 4 and 4. are the

. Lame coefficients describe earlier. The shear (transverse) waves travel at £, = £ . The ratio of the
\/ P

wave speeds depends only on the Poisson ratio of the material and the ratio is not large (ill conditioned)

unless the material is nearly incompressible (as U —.5 the bending (longitudinal) wave speed approaches

infinity.)

§bending =\//1+2ﬂ =\/2+i

gshear H P H
VE
2+ w (7-45)
. 2(1+v)
_ |, (1=v)
=1 (1-2v)

. However, time scales depend on the aspect rati6 of the structure as well as the material properties.

dimension -

If the time for a wave to transit a dimension of the structure is given by time = taking a

B 2
wave speed

ratio of time scales (for example a bending wave transiting the large dimension and a shear wave transiting

the small dimension) gives

time,,, _ fbending - L Shear
time,,, ‘ _r t fbending
lew o
_L |(1-2v)
t\2(1-v)
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The ratio of time scales,is proportional to the aspect ratio of the structurev"and‘ asfqect ratios of 100,000 or
more are not unusual. Thus, shear (and bending) modes in the short dimension will transit the-thicl‘cness :

and be established in much'less time than'modes in the long dimension. ‘This traps or “locks” strain energy

\early in the solution process, which must eventually migrate to the bending mode in the long dirnension.

For the example given, it is temptmg to try to mampulate the material propertles w1th an art1ﬁc1al Poisson

'ratlo to offset the effects of the aspect ratio, This essentlally creates an artificial 10ng1tud1na1 (bending)

wave speed fast enough to tran51t the long dnnensron in the urne a shear wave would transit the short

4999999999

R dimension. A Poisson ratio very near 0.5 (specrﬁcally ————————— ) would offset the aspect ratio but

9999999999
the elasticity matrix, D -would be incorrect w1th the matenal appearing too suff
Although it was not vxgorously pursued in thrs effort logic would suggest a strong analogy exists

with artificial wave speeds created and eontrolled by time denvauve preconditioning techniques used in

4 tluid flow analysis. A future effort shouldr‘invesﬁgate this possibﬂity beyond the current dynamic

relaxation techniques used in- structures [Stolarskr and Belytschko Part I and II 1986] and others have

already developed the mode decomposition topic but not in the form of time derivative preconditioning.
Structural calculation procedures have an advantage over those for fluid analyses in that a beam,

thin plate, or shell typically remams a beam, thin plate or shell throughout the solution process Thus,

specral forrns of the continuum equations may be devised to better describe the behavior of the element

‘ Thrs is a hallmark of fimte element analysis and beam, plate and shell elements abound.

In their introduction to simple beam theory, [T1moshenko and Gere, 1972] show the transverse

displacement as a fourth order relation to the load

d 4Ay q
—_ T 7-4
dx4 EI - (47

. where' g is the Joad and " is the moment of inertia for the cross section. The fundamental assumption for

small deﬂecﬁons of thin beams (Bemotxlh—Euler) is that cross section cuts perpendicular to the neutral axis

remain perpendicular even as the neutral axis defonns. A second‘flmdamental assumption is that direct

5
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stresses in the transverse direction are small [Zienkiewicz and Taylor, Vol 2, p 3]. A direct finite element

implementation of the fourth order deformation equation above would require (6 continuity (7-continuous

slope) on any element. In practice, diépiécement and slope of the neutral axis are used as the dependent
variables and require only C’ continuity. This essentially decouples the rotation of the neutral axis from

its displacement and provides a surrogate variable such that C' ! continuity is no longer required. This
approach is actually a more correct physical implementation because the fourth order equation is a result of
the small deflection assumption. In the full derivation, the moment causing curvature in the beam is

proportional to the change in slope along the beam

a6 _ "[”“‘“‘(%)]

(7-48)
ds ds
rather than the small angle approximation along the original orientation given by
dw do d*w -
O~tanf=—y, ds~dx—>—r-— (7-49)
ds dx
Thus the change in slope along the beam is actually related to the deflection of the beam by .
d’w
dé 2 *
T de (7-50)
ds 275
( aw
1+ —
dx
.. de d*w . " dw ) ‘
-and the approximation —d— = e is a statement.that E <<1 [Timoshenko and Gere, p 168-170].
A K . . o

[Zienkiewicz and Taylor, Vol 2] develop the approach using a general theory for thick plates with
thin plates as a limiting case. They assume plane sections normal to the neutral axis remain plane (but not
necessarily normal) and direct strains in the transverse direction are negligible. The equations developed

are based on moment, normal, and shear stress resultants from cross sectional cuts of the structure. The -
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dependent variables are the neutral axis deflection and slope and ¢hanges are taken relative to the original

orientation. The stress resultant equations are given by

__EFo6
12 &
P= Et%':i : ‘ (7-51)
S= /J‘Gt(—0+%)
ox

M, P,and S are the moment, normal, and shear stress resultants; #, and W, are the normal and
transverse displacements; ¢ is the thickness, and G is the shear modulus (purposely stated independently

of E)." B is a shape factor particular to the cross section. The equilibrium equatibns are

ﬂ+8 =0
29
%—S—-l- f external = 0 - (7-52)
X
P o
Ox

In the thin limit, the shear modulus G —> © and S =—@+ 5_0 = 0. This is essentially an
e ;

ixﬁplementation of the time scale observation made above based on wave speeds (i.e. shear waves in the
thin direction effectively move with infinite speed relative to the rest of the structure). It also re-
implements the Bernoulli-Euler assumption thét sections normal to the neutral axis remain normal
(developed independently through small angle assumptions in equation (7-49).)

It is important to note that the specialized beam/plate formulation still does not avoid locking
behavior. In practice, using a lower order interpolation function (under-integrating) for the shear
deformation equation avoids locking. The under-integration acts as an artiﬁcial diffusive opeﬁtor and

filters or damps out high frequency modes [Stolarski and Belytschko, 1983]. This is again reminiscent of

» techniques developed to apply compressible fluid codes to incompreésible flows. However, w1th under-

integrated elements, special care must be taken (e.g. “pa&:h tests™ [Zieﬁkiewicz and Taylor; Vol 1]) to
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ensure spurious grid modes such as “hour-glassing” are not generated by rank deficiencies in the tangent

stiffness matrix [Belytschko and Bachrach, 1986] [Wriggers and Reese, 1996].
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CHAPTER 8
DYNAMIC RELAXATION IN STRUCTURES

Background

Dynamic relaxation techniques for structural equations first began to appear in the literature

around 1965. They were first used in explicit time-stepping algorithms and followed artiﬁcial transients to

reach a converged steady state. They are now widely used in fluid flow calculations but do not seem to
haye a strong following in the struetural world. Nevertheless, the basic technique is sound for structural
equations and seems to get dusted off about every 15 years for new applications or implementation .
concepts. "

[Underwood, 1983] presented a thorough review of the explicit dynam1c relaxation technique and
literature on the subJect, assorted methods for selecting equation parameters ‘and demonstrated application
of the method for h1ghly nonlinear problems such as snap-through calculations of an arch (the 011 can

problem) The. exphclt dynamic relaxation method requires a large number of 1terat10ns to converge in

artificial time for each load increment but nltimately converges to the nonlinear soluﬁon without overshoot.

[Oakley and Knight, 1'995] essentially pick up dynamic relaxation where [Underwood, 1983] left
off. They focused on the implementation issues of the adaptive dynamic relaxation (ADR) scheme on

vector and parallel computer platforms for an explicit pseudo-transient to steady state. Thev applied the’

~ method to a highly. nonl_inear analvsis of automotive tires. It is important to note that [Oakley and Knight,

1995] vvere'interested inphysjeal transient solutions as well as static solutions. Hovvever, they never
applied the ADR method as a pseudo-transient in a dual time stepping mode as has beeii done in ﬂuid flow
calculations [Venkateswaran and Merkie, 1995] [Shuen, Chen and Choi, 1992]. They also p_n.rpose_ly
dismiss imph'oit time stepping methods because of the pro‘blems'associated with dil—condiﬁoning of the
Jacobian matrix in the Newton step. | |

In the present effort, an adaptive dynarmc relaxatron scheme’ (ADR) is developed as part ofan-

1mphcrt pseudo transient algonthm for a static structure Artificial mass and dampmg terms are added to

remove numencal stlffness due to ﬂl—condlnonmg of the Jacobran matnx in- the Newton step, and thus ease -

the burden of solvmg the matrix w1th a GMRES algorithm.’
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Implicit Adaptive Dynamic Relaxation
The equations for structural dynamics are most commonly written as

62“ ou -
+C—+K
a a2 a + ( ) f external (8- 1)

f;‘nertia + f friction + internal = f external
The equation set is obviously second order in time with a first order (in time) damping term. This same
basic structure is used for both pseudo transient and physical transient problems. If a pseudo transient is to -

be used as part of a dual time stepping mode during a physical transient, additional inertia and friction

terms are added for the pseudo transient.

o7 ou o0’ ou . -
M —+C — Y Vi C—+K 8-2
a 61’ a 2 ( ) faxtemal ( )

* The dual time stepping is not pursued in the current effort.

The second order system may be rewritten as a first order system using the trivial relation

V= ou | (8-3)
ot
ora sligﬁtly more complex relation
Vv=A—+ B (8-4)
ot :

[Park and Felippa, 1Q83] elaborafte on the more complex version in their analysis of coupled systems. The
trivial case is a specific implemerrtation where A=1 and B = (. The trivial case was used in the current
effort but other choices for A and B may bear fruit. If the dampmg matrix, C is taken asa scalar
multiple of the mass matnx, C=cM , the first order system is given by ‘

Rrme -

I 0

. Some license has been taken writing the (possibly nonlinear) stiffness term as a matrix, K. The method is

_ not limited to linear stiffness problems and the product Kiui should be read as the appropriate internal force

vector K (n).
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For an explicit pseudo transient to steady state, this would be 'the starting point for developing the
iteration scheme. [Underwood, 1983] andl[Oakley and Knight, 1995] start here with the second order set
of equaﬁons. However, for the“implicit approach used in the current effort, an inexact Newton method is
used to form an incremental left hand side operator that implements the pseudo transient.

The left hand side operator is formed from a finite difference approximation to a Jacobian for the

‘right' hand side. This is written as

R_ LHS(ii + hAii)— R_ LHS(3)
, -

where R_ RHS(it) — O as the solution converges. For now, let

& rusd®y_[M M a{v} K 0Y#] [Frwm .
CRBRESQSO=l 1 o a tlo —1[5(7) o @D

As the solution converges toa steady state, the time denvatrve term drops out. The ultimate time step is to

push to convergence m a smgle step Thus, the artificial tlme denvauve term is now dropped from the right

hand side so as not to create right hand side residual errors that must be removed through additional outer

‘ 7). [K 0]fa
w2

itcrntions.l The —J/ term is also 1dropped from the stiffne'ss matrix to avoid a _residuai if the velocity does

not gotozeroina single step.” This residual would drive a non-zero velocity in the left hand side

-

o 7
increment. The goal is not to force &5 Vv=0but Kii—f pu=0. "

The left bhand side uses the same equat\on but keeps the time derjvative terms. Since the left hand

A 51de calculat10n is actually a difference, the extemal force vector could be dropped if the forces are fixed -

‘ i[. o L—.r ‘ ?"'; H ~_’;“\1 ~':‘;11 _ . s.” o N
' - M M| 9] ! )
r_zas“hy=|M ML K O WL el o g
‘ 57710 o)7ar TLo Zrl5[T] o |

for the iteration. The extemai force vector may be included for a tigh’djf cbupled solution procedure or

- deformauon dependent load. Also note the physical stiffness matnx K may be formed as the ongmal
105
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‘nonlinear version K(#) or, since the operator will simulate a Jacobian, it may be written as a tangent

oK (i)
ou

. The result is the same since

. stiffness matrix, K =

k(iz‘+ hAT)— K (i)
h

K AT+ Kyii— Kl Ko (i + hAT) - K, (i)
h o

~ K Au =

(8-10)

In the current effort, the element tangent stiffness matrices were formed during the right hand side
evaluation and stored for rapid generation of the left héﬁd sicie veptdrs. It shoﬁld b'elno§ed, this was not
required to form the lgft hand side vectors but presented the best. combination bf speed arid memory on the
computer hardware used.

In a discrete form, the left hand side may now be written in matnx fqm as

A .

‘R_LHS(ﬁ+hAiZ)—R_LHS(ﬁ)‘z _1_[cM M] ’[KT oﬂ {Aii} )

: +
I O

h A 0 -Ijj|av
M M (8-11)
—+K - -
oA T TT A (A
N g Y
At

If an infinitely large time step is used, A# — 0 and the matrix reduces to

[k, 07(Au | _
‘ - (8-12)
0 -IflAv

The equations are uncoupled and, since the right hand side velocity residual is forced to zero as described

“above, the active terms simplify to

-

KTAﬁ = "'(K(il.) - fartema‘l) Lo » ) A . (8'13)

-

v

. fAF= {A } is taken as AG = g""' —§" , an error analysis leads to an appropriate selection
of parameters for the péeudotimé steppiﬂg terms. Let the error in a given solution be given by.
n_ n *

R A O

where ¢ is the actual discrete solution. Substititing " = €" + ¢ gives - -

106



—+K, |—+K;
At At o At q‘
T r I
| = Il = - .
At L A - L (815)
cM M cM M ﬂ : , '
. —+ T _+KT Af * - i n ‘."
B VYRS R Y Af\g"=-R_RHS(e"+q")
1 T I : e
= - — -Iy ' -
At | At J
or - . .
cM +K; M. ﬂ"*‘KT M L ‘
| ar At |g_| At Al lg=_R_RHS("+q") =~ - (816)
I A : I . '
il -I| — -1 o
At - At

Assume the nght hand srde stiffness matnx is linear and the extemal load vector does not change w1th the

: deformatron over the current time step, Now, K=K (u) Expandmg the nght hand srde grves o

cM"»'M‘-"cM M

Ly -4 1K, = 1
At ) T ‘At e’”‘l_ At T At " = — K 0 K 0 q + fextemal (8-17)
T AR Il s 7l 0 - » 0_ -0 -0 S
S A At RE . T
‘Grouping like terms and simplifying, - | )
cM+K M cM M| .
— T — _— v ' ' . -
At 7 At en+1 = é[t “At e" : o 4(8-18)
A Ar
or .
M, . MM M
T A VA As L
en+1 = At ! At ‘ ’ AIt . At . e" ; (8-19)
, - I gL o .
At At

. The matnx product on the nght hand side represents a gain matnx for the 1mphc1t equatxon set. Itis well
known that for convergence, the spectral radrus of the gam matnx must be less than umty erewrse the
) spectral radrus of the inverse of the gam matrix must be greater than umty In thrs case, the inverse of the

gain matrix is easier to deal with so it-will be used 1o select the dynamic relaxation parameters. '
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The inverse gain matrix is

e MT M o M
GAm-l = AIl‘ At At I At
AN 0 o ~I (8-20)
[T -AtI ]
| MMTK (1+cAn)T

Get the eigenvalues of GAIN ! by forming the characteristic polynomial using

I-DD ~Ai .
2
| AM7'K  (1+cAt)[-DD @20
where DD =dd - I . Thus,
DD* —(cAt+2)DD+(cAt + )T +APM7K =0 . (8-22)

This can be restated in terms of the eigenvalues of M 'K by replacing M 'K with ~AI where A is

an eigenvalue of M 'K and satisfies the standard relation (M K-l )17 ... = 0. Making the

eigen
vector

substitutions, the problem becomes

dd*I —(cAt +2)ddI +(cAt +1+ AP A) =0 (8-23)

Solving for dd , the eigenvalues of GAIN ™ are by -

(cAt +2) £4)(cAt)’ — 47222
2

dd = (8-24)

where A is an eigenvalue of MK .
There are now three possibilities for dd depending whether the argument of the square root

operator is zero, positive, or negative. If the argument is zero,

(cAt)’ —4AFA =0 (8-25)
and
dd = c‘“z +2 (826)
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Since dd is an eigenvalue of the inverse gain matrix, Idd | > 1 is required for convergence. Substituting,

and solving for the damping coefficient

cAt+2
2 , .
2<cAt+2 | S (827
cAt>0
c>0

1<

since At is always positive. This is not much of a restriction and merely states the damping should resist

motion. Returning to the argument of the radical

(cAt) —4ArA =0
C2 =

42 - . (8-28)
c= ﬁﬁ *
but ¢ >0 from above so
: c=2J2 : o (8-29)

For the case where the term under the radical is positive, again Idd l >1 is required for convergence so

(cAt+2)+/(cAt) —4A2A
2

(cAt +2) £4J(cAt)’ —4APA
2

2 < (cAt +2)£+)(cAr) —4A2A

1<

(8-30)

cAt > Fof(cAt) - 4AFA
(cAt)’ > (cAr) — 484
4AP2 >0

Convergence is satisfied for all positive eigenvalues of M K regardiess of ¢ or At but only for

positive eigenvalues, 1.

The last case is for the argument of the radical less than zero. This unfblds as
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(cAt+2) % /(cAt) —4APA

dd =
2
cAt +2) £ 5,[4AP A — (cAr) ‘ ~
1<( . ) ‘/2 - () (831

- 2<(cAt+2) i»iJ4Atiz =(ep)”

0<cAt £iJ4Atzﬂ —(cAt)

" using the relaﬁqn |a + bi| = (0> + 5* )% for the magnifude of complex nuinbers, the last te1jm’ further
: re‘dﬁcv:‘e's;tol give . | * | B I’
0<((eat) + 4At21'.—:(éAt)2)y2: S
0< (4At2_,1)%" R

RS ¥:7)
AAPAS0 T T Y

This is the same restriction as for the case of the positive radical and is satisfied for all pos{ﬁve eigenvalues -

of MK .

Since dd represents the eigenvalues of the inverse gain matrix, GAIN ™, larger values for dd

should lead to faster convergence. In equation (8-24), either one or two eigénvalues are possible depending .

on the terms under the radical. [Oakley and Knight, 1995j put forth the argument that oxige'eigenyalué w1ll
( dWays lead to faster éqnvergence than'the other if two are allowed. To avoid this sifuatioﬁ, they set the

terms for the explicit gain matrix based on real repeated or imaginary eigenvalues. For the implicit case,
this essentially means (cAz‘)2 —4APA<0. Upon simplification, this limits the damping parameter so

that 0 < ¢ < 2\//1—0 where A, is the smallest (positive) eigenvalue of M 'K . The damping is now
tun?:gi to the lerst eig'énvalue. If the system 1s not positive Qefmite, the damping is set to zero. Notice the.
mg@ent only affects the damping coefficient arid not the time step size. The onl& résirictioh oﬁ: the time
's.te;; size so faris At >0 , which s always the case. |
As a remninder, the eigenvalues of the inve;s,e of the gain matrix should be greater than unity for
rapid convergeﬂce. ‘ Looking back to the original statement
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CY +‘z‘)~£',/(2cm)2 _aAPA

++/c?—-42

=1+ A E=

(8-33)

it is obvious larger (finite) values of. A¢ could lead to faster convergence. However, as

At —) 0, dd — o or dd™' — 0. As the step size bécomes infinite, the system of equations should
fetum t; the original (non-ADR) rate of convergence rate. The gain for the entire eigenvalue spectrum
should be less than unity but it is not zero as the above would imply. Therefore, additionalv énalysis is
needed based on the ratio of the maximum to mininium eigenvalues.

System convergence is controlled by the ratio of fastest to slowest eigenv‘alues.. If

-1

CAL +2:£in[4APA ~ (cAt)’

‘. \ 88w =(ddz) " = 2 . (834
} =(atbi)’
then o
; i = (e 4%
» o (cAz')2 +4cAt+44+ 4At21—_(CAf)2 ik (8-35)
 =[aa, enr 1]
e N o
88max =|:At2,10 +c'_At+1] , R N

The eigenvalue ratio for the gain matrix is the same as the_ei.genvalue ratio for the inverse gain matrix. The

two are linked as
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88mn L ddy,
dd_,
Substituting for dd , this becomes | ’
| | 2 % o | |
ldd |\ | A4, +cAt +1 . -
||| =2 (8-38)
ldd...| | | At lo tobt+l] ,

Now the restriction 0 < ¢ <2,/4, may be rewritten c= a’ﬂ, where 0 < @ <4 . Substituting for c,

|d | APA, + Atfady +1 d ‘(8_39)
\|dd.| ) | A4 o AtyJad, +1 | »

Now, it is easy to see -

(8-40)

tim [At% +At,/ +1]
At

Ay + Mtyfady +1 ,1_0

so the system convergence rate returns to ‘the non-ADR rate when the step size becomes infinite.

In order for the system to converge evenly, the ratio of eigenvalues should be as close to. unity as

poss1b1e Thls ensures all the system modes move at about the same rate or accordmg to the same time -

" scale. If R representsthls elgenvalue ratio, then

A2 +At1'/ 1 A
R*= m oty + (8-41)

CAPA+Atyad, +1

* Solving for the step size gives

S (B 1) (B 1) Joo B0 s A S AR
A= S (,1\/ oK) - ( i ) S

Assume Ay << A, . Thisis generahy true "for structural mechanics problems [Oelc‘ley and Knight, 1995]

(and is the basic reason’ preconditioning is needed for conjugate adient methods . Also assume R? is of
np itioning is n jugate gr _
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order one, R* = 3(1). Now Rzﬂ.o << A, and @A, << A,. Substituting and rearranging the time step

relationship above leads to the simplified form

NRCEE RSy
2(4
(B = 1)k, 44, ]

24,

(R 7]

. 2
AtzR 1

s

~

(8-43)

This is the same form achieved by [Oakley and Knight, 1995] with RZ~1=2 or R = Ilfg_maxll =4/3.
' ' ‘ 88 min ‘

A
An alternate analysis is based on the condition of the system. Let X'=—™ and rearrange the
’ ' 0
equation for the time step to form the condition term:

V(R 1) (- e () (5 AaR) [T

At = - N

2(4,,— A,R’) | NN
\/E(RZ —l)i(R2 —I)JQ(RZ_I)'“{%—RZ)
o z(j_z—Rz)‘/z | - | (8-44)
_ Na(R -1)£(R* 1) Jo(R 1)+ 4{x - F*) |
= BN

\/—+\/47< 4-a)R’ -a
2(x - RZ)JA_

Ar=(R*-1)

By definition, 1 < R < /1—"' ,0<ax _<_ 4 and At > 0. Only the positive root satisfies all these * ..
‘ : 0 B ‘ SRR

constraints. In the hmlt of zero damping, & =0 leads to . S
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(8-45)

If & >> R, this again reduces to

(8-46)

If not,

R

At = 7 a4

- If R is selected to be small but within it’s stated constraints such as in the case above from [Oakley and

Knight, 1995] where R =+/3 , then

At = (848)
N -
- In the limit of full damping where @ = 4, 4
At=(R? -1)———‘/‘T+ ot
BV
e | (8-49)

=(R? —1)(;%23_:/—17;-

Using the same scenarios as the zero damping case, K >> R’ (and & >> 1 by default since R* >1)

again leads to

(8-50)

If not, -
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At=(R2—1)J"/Z‘+M"I’—z° (8-51)

(2, = 2,R)

Substituting a desirable value such as R = JE leads to

At = 2[\/'1_0+ VA _1°] (8-52)

(A, —32,)

. The end result is that regardless of the damping parameter selected, if the system is ill conditioned
and good convergence is desired, the condition K >> R? holds true and, somewhat arbitrarily using
R= «/5 , the time step size is given by

A=

N

where A, is the largest eigenvalue of M K.
Although it has not been stated previously, M and Af are linked and only one may be selected
arbitrarily. Iselected ‘M . The particular value selected will be adjusted by the damping coefficient, ¢,

and the time step, A?. In summary,

0<c<2,2, - (8-53)

and

(8-54)

where A, and 1, are the minimum and maximum eigenvalues respectively of MK . Also, if =2
0

describes the condition number of M 'K then R’ can be viewed as the desired condition number of the

ADR equation set. Iselected R*> =3.




. Eigenvalue Estimates
Since /I’O and /?.-m» are generally not known ahead of time and may change as a nonlinear solution

progresses, they should be estimated or bounded-using established techniques such as Gerschgorin circle

" - theorem, RaYleigh quotients, Lanczos iterations, power iterations, etc..

Gerschgorin’s circle theorem places an upper bound on the maximum eigenvalue where

Jj=1 i

A disadvantage of the method is the K ‘matrix must be formed in order for the terms to be assembled for
the summation. This only provides an estimate of the upper bound and was not implemented.

" The Rayleigh quotient or Rayleigh iteration provides an estimate of the eigenvaluet associated with

the eigenvector closest to a starting vector. Most of the references to the Rayleigh quotient in the structural

literature assume it will-estimate the eigenvalue for the fundamental mode. This is onlsl true if the

* deformation vector is'closer to the ﬁmdamental mode vector than any. other ergenvector .However, the

startmg vector is typ1cally very srmple and associates with the ﬁmdamental mode and the thinimum

ergenvalue In th1s case,

: ‘T
1 =w2=uKu
0 0.= "7 -
u Mu

[Golub and Van Loan, 1989] d_escribe'the cubic convergence of the Rayleigh iteration method where # is a

starting vector. [Oakley and l(night, 1995] use the nodal velocity for the starl:ing vector and do not iterate.

: Other common choices for the starung vector are the nodal deformatron and the resrdual vector. ~ Again, the

Raylergh method, whether iterated or single pass prov1des an estJmate of the elgenvalue assoc1ated w1th

o ‘the closest eigenvector to the trial vector u. ThJS method was tested and used to verify the relauve

accuracy of the minimum elgenvalue esumate from the Amold1 method but was not rmplemented

In the current effort, Arnoldi 1terat10ns were used to srmultaneously estxmate the largest and

‘smallest eigenvalues. It was arbrtranly stopped after twenty iterations but this proved to be sufficient for
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the simple geometries tested. The damping coefficient is selected as ¢ = 2,JA, and At = \[Z— . The
' m

pseudo mass is taken as a multiple of the physical mass.

Arnoldi Process for Extreme Eigenvalue Estimates

The Lanczos iteration method provides estimates for both the maximum and minimum
eigenvalues. [Golub and Van Loan, 1989] devote an entire chapter to describing tfxe method and the
theoretical mechanisms that make in work. The extreme eigegvzilueé convérge fairly quickly [Strang, 1986, '
pp 416-417] [Golub and Van Loan, 1989, p 475] and do not require explicit formation of the matrix since

the only requirement is the matrix-vector product. Lanczos only applies to symmetric matrices and forms a
tridiagonal matrix, T = QT(M K )Q , that is similar to M 'K . Similar matrices have the same

eigenvalues. In the Lanczos iterative process, the extreme eigenvalues of 7 are estimates of the

Ln,Ln
eigenvalues of M 'K and become successively better with each ite?aﬁon, n. However, M 'K isnot
necessarily symmetric evenif M is diagonal and K is symmetric. In structural calculations, K is
symmetric for linear applications and unsymmetric for nonlinear ones.

For unsymmetric XK, the techniques is basi;:ally the same using Arnoldi iterations. [Saleem,
Pulliam, and Cheer, 1993] used the Amoldi process extensively while mapping the eigenvalue footprint of
the ARC2D fluid flow code under various conditioﬁs. They showed the largest eigenv;-llue of the ARC2D

~ gain matrix operator obtained from Arnoldi iterations matched the convergence rate of the code to within
.10'3 in most cases. [Golub and Van Loan, 1989] descﬁbe the Amoldi prbcess to form an upper
Hessenberg matrix, H , where H = QT(M ¢ )Q af each iteration rat‘hervthén a tridiagonal matrix, T,

as was the case in the (symmetric) Lanczos process. The basic Amoldi process is to form a sequence of
j#
vectors, ¢;, where Q = [ql,. . .qn] satisfies M 'Kq ;= Zhijqi . The g; are formed as the vectors
: = " RS

4 . ) .
spanning a Krylov subspace, span{q1 ,M'Kq,,:.., (M K )1 ql} , where each new vector is made
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orthogonal to the others throﬁgh a modified Gram-Schmidt process. The components of tﬁe upper

- Hessenberg matrix, H , are simply the scaling factors generated by the Gram-Schmidt orthogonalization.
The eigenvalues of &1e upper left 7 x m block of H are estimates of the eigenvalues of M "I‘K . Larger
blocks provide esﬁmates for more eigenvalues but the extreme eigenvalues of these blocks of H tgnd to
converge to the extreme ‘eigenw}alues of MK .long before the' mxm .Slock‘ rgaches the full n X n size
of H.

. The number of Lanczos or Arnoldi iterations to perform is not definite. More iterations could
provide better estimates but are more costly.. It is possible to track »cc‘mvergence of the maximum and
mmxmum eigenvalues of the 7 or H coefficient matricés generated by the iterations and stop when fche

'values stéart to convefge. However, this requires finding eig@éﬁ;fali;es: after éaéﬁ itér;lfioﬂ.. hThe .work ] |
"requiredl to do go grov;/s approximately as né wﬁere'fr:t. f}é 'fﬁia’ﬁit‘er;ﬁc;)'n\‘hu.’i;lber‘.: Another p0551b111tyls to
- check for loss of c;rfhogomﬁty of the g, \}ectors generétéd a:s this.indica-_tés éohvelrg.éﬁce to'; an :e‘ig‘enve.ctor.
It is not a very pfedicta‘ble estimate though. |
' The Kaniel-Paige convergénce theory [Golub and Van Loan, 1989] shows the. estimated

eigenvalues, @, and 6, will approaéh the actual eigenvalues from the middle of the spectrum as.

A,20, and G 2 A, . Thus, the estimated eigenvalues are not conservative estimates as

| 0 <c< 2,/ 0 S 2 9” \/— \/E The estimates usmg a fixed number (20) of

1terat10ns proved to be elther fully converged or “close enough” in practice and did not incur the additional

work of fmdmg elgenvalues for multlple matrices. The eigenvalues of the 20x20 matrix were found

using the built-in elgenvalue functlon in MATLAB.
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CHAPTER 9
" "FLUID GRID MOTION - -
Backgroﬁnd
.The hallmark of fluid-structure interaction problemé is the coupling between fhe changing shape

or orientation of the structure and the changing load distribution driving or being created by the changing

'shape. In sh01:t, either the fluid or the structure may be the actual ‘driver but the result is a changing shape

or orientation for the fluid domain. Some practical examples include the gross domain shape changes

associated with a folded ai;baginﬂatibn [Mestreau and Lohner, 1996]; a blast wave smashing a vehicle or

building [Baum, et.al., 1996]; large but constrained motion of an automotive piston with detailed

- combustion flame front and heat transfer; and the flutter response of a transonic wing with control inputs,

‘ [Guillot and Friedmann, 1994]. Since most practical problems do not have a.tial}'ltic solutions, the analysis

is typicélly performed on a discrete grid that must somehow change with the shape and still accommodate
th; nebgssary details of the fluid flow and meet “orid quality” criteria.

| There are numerous techgiqués to update the fluid gl'id." Some bring new nodes into thg
calculation tolca-pfure flowfield details, some redistribute the existing nodes, and some [Alonso and
Jameson, 1994j [Alonso, Martinelli and Jameson, 1995] need only update the orientéﬁon of the nodes with
the grid treated as a rigid body motion. All the methods reviewed position the wétted structure boundary

nodes based on the motion of the structure. Whether or not these boundary nodes can move or slide along

the solid boundary depends on the need. Normally, the boundary nodes are “glued” to the wetted surface

and only move as the surface moveés. Inflow and outflow boundary nodes may stay~ fixed in an inertial

frame, move as if attached to a point on the structure by a rigid body, or deform depending on the neéd.

Some use a combination approach by fixing the boundary nodes and étretching the adjoining cells to some
limit before “snappiﬁg” the boundary nodes to a new attachment point on a smooth and inertial background
grid [Sheng, et.al., 1997]. The inﬂow: and c;ﬁﬁlow boundary conditions must be hi)dated accordingly and a
given node or cell edge; may sﬁtch froﬁ1 inflow to outflow or vice versa.

Most nodes are internal to the flow domain and their position must be determined by some means.

_Experience and logic suggest the battle may be won or lost by how the nodes near (but not on) the
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boundary are treated. Cell size, aspect ratio, distortion, orthogonality to the surface, etc, 511 affect the
quality of the flow calculation and convergence properties.

Most fluid flow “solution adaptive” grid methods are also relevant to fluid-structure interaction
problems. One technique for ﬂuid—structure interactions is to move the boundaries and allow the interior
grid to adapt to the new fluid flow requirements. [Thompson, 1985] provides a comprehenstve overview of
solution adaptive grid methods and describes the strengths and weaknesses of each approach. Innovative
techniques and data structures have continued to evolve with extensions to three dimensions and
unstructured grids. Each technique requires a strategy or criteria for determining regions for refinement and
adaption as well as a means to alter the mesh [Biswas and Strawn, 1993]. Algebraic methods represent one
class of solution adaptive grid technique for altering the mesh. [Kania, 1996] provides a typical example
and describes an algebraic algorithm using three specifications to control near-wall clustering of grid nodes,
smooﬂ;ing, and adaption strength. The strategy for adaption does not have to be based on flow conditions
and may be global or localized. For example, [Yang and Lohner, 1997] only allow mesh movement in the
region near the moving structure. Algebraic methods may also be used to generate very quickly a new grid
with each deformation increment. They must be used cautiously, however, to avoitl violating the
“geometric conservation law” [Thomas and Lombard, 1978] [Lesoinne and Farhat, 1996]. Other solution
adaptive techniques inclutle mtnimizixig distributed weight functions and solving partial differential
equations. [Soni and Yang, 1992} describe a general-purpose technique for developing solution adaptive
grids against a fixed background mesh. ‘ |

A second strategy for mesh' motion is based on stretching an initial grid. [Batina, 1989] outlines a
strategy using a network of nodes connected by linear and torsional springs. In essence, the edges of the
elements are treated as linear spnngs with torsional springs at the nodes to control skewness The springs
may have a uniform stiffness or it may vary. This way,'sﬁff torsional ‘springs at boundarie's maintain
orthogonahty or some original angle and other, less critical, reglons may bear most of thé burden. A
closely related method is a continuum approach to mesh motion. In this case, the mcsh is viewed as the

_ discretization of a continuum “ether” that deforms as a solid with fixed or variable stiffness propertles. In
‘ essence, the deformations in the physical structure are treated as Dirichet boundary conditiens for the

imaginary structure. The equations to be solved are the linear or non-linear Navier equations for solid "
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iso&opic medié. The iocation and velocity of the fluid grid nodes are updated as if they were another
structural calculation. This continuum approach is the method kﬁplemented in the current effort and will
be described in more detail below.

A third strategy is based on using fast grid generatbrs to create a new grid with each step. The
data from the old grid is interpolated to the new grid. Thisisa critiéal step as the interpolation may be
diffusive or non-conservative.

A fourth possible strategy 1;ot found in the literature is based on domain decomposition. In this
approaéﬁ, a series of overlapping fixed grids would be attached to a flexible body. As the body deforms,
the amount of gﬁd overlap would change in a “Chinese fan” fashion. The actual grid motion would be a
.rigid body motion. An advantage here would be the potential for coarse grain parallel computations. The
doubly defined regions on the surface would require careful consideration before transferring pressure and
viscous loads to the surface. These issues have all been addressed individually [Benek, et.al., 1986] but,
again, have not been found in tﬁe literature for fluid-structure interactions.

’ | The ﬁnal approach is again a combination of the techniques above. [Lohner, 1992] describes the
basic technique for large-scale grid motion as stretching the initial grid to some limit and then regridding.
Any valid approach fnay be used for stretching the grid but some strategy is needed for defining the limit
criteria to triggpr regridding. The regridding may be global or localized and the yalue; for the new grid are
interpolated from the old grid. Unstructured grids are more amenable to this approach and clever data

sﬁuctures can greatly improve the speed [Biswas and Strawn, 1993].

Discrete Implementafion
In egplicit calculations of node locations using structural codes, a numerical disturbance may arise
in the shape of a sawtooth pattern of node displacements along a grid line. This is referred to as
hourglass'ing (Figure 9-1) when it occures in two adjacent grid lines. It is basically a .2Ax type wave and ‘
comes from a lack of coupling betb;'een adjacent verticés [Pchht, 1975]. Giving the nodes some mass so

they require an acceleration to move.effectively controls the mode. This couples each node to its nearest
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Figure 9-1: Zero Energy Mode (Hoilrglass;ing)

neighbors and reduces the relative velocities between them. This issue is only included for feference and is
not evident in implicit solvers.

The continuum equations for grid motion are the same as those for a structure:

o' ou
M—+C—+Ki= : 9-1
o o Jex e

M, C and K are mass, damping and stiffness matrices with artificial material properties for the

U

imaginary structure. % = { } is a deformation vector measured relative to an initial state. Since the

1w
imaginary structure is entirely arﬁﬁcial; the initia] state can be the original undeformed grid or simply the
most recent grid. The original grid is preferred for oscillatory motion so the fluid grid nodes retum to their
original positions each time the structure returns to the neutral position. Updating the grid may create path
dependence so that the original grid is never recreated. Comparison of differgnt cycles then requires
interpolation between grids. “Stress relieving” or updating the grid with each step may provide some grid

quality benefits for large scale, one-way motion but the baseline grid was used in the current effort.

122




P

The second order system of equations wis reduced to a first order system for 'consistcncy' with the
structural calculation and to ease the coupled implementation. The ALE fluid flow equations incorporate a

grid velocity term as a modiﬁcation,to the flux vector. In the first order system,lAthe grid nodal velocity,

<!

4 ' - A T
= { x} , is defined 4s a dependent variable and the grid pseudo-structure system becomes
4 . . ‘ : oo

| [C.M M]a{ﬂ} [K 0]{1{} {f“}
1=t (=Y = . (9-2)
I 0 [or|v 0 - v 0] .

lwherle the fricti_onal dampmg matrix is assumed proportional to the mass Thrs form provides direct access
to the position and velocity variables needed for the fluid integration re'gions and flux adjustments.
The external force vector, fm , ls set to zero and the deformaﬁon from -the‘physical structure is -
" implemented as l)in'chlet Boundary conditions for the positionf and velocity for boundary nodes on the
- wetted surface For the test problems selected, the inflow and outflow boundary nodes are also set by~
L ‘ D1nchlet condmons on the pos1t10n and veloc1ty '
| ’l‘he drscrete system of equations (9-3) is derived directly from a Galerkin vreak statement _uslng
homogeneous material properties.’”Ihe value for the scalar damping term, ¢ » Was determined by elgenvalue
' ) T B analysls when’ testing ‘dyn‘amic relaxation techniques (described in Chapter 8) for the grid motion.
However, dynarmc relaxatlon was not used for grid motion other than during experimentation. The scalar
damping term, ¢, was normally set to zero as the posmon and veloc1ty of all boundary nodes were
detemuned by Dmchlet boundary conditions. Variable material properues dlstnbuted across the grid could
also have been unplemented but were ynnecessary. This could have been used to make the pseudo-
structure very rigid near the walls to maintain grid orthogonahty and ﬂex1ble in less critical regions.
Only the linear elastic suffness matrix for plane stress was 1mplemented in thls study. The linear -
‘ § elasnc stlffness matnx determmed the distribution of mtemal nodes only as all bounda.ry nodes were set’
. using Dirichlet condxtrons.. The individual element contributions to nodal forces were calculated element-‘
by—elernent and the global residual force vector determined by assembly’ of the indiuldual elements. '
Through l’hlS procedure, global .matric‘:es were never created or needed. ’I"he weak statement form of
equation (9-2) with the assumpi:ions above is given as
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) r'epresents the plane stress form of the linear elasticity matrix, E is the Young’s modulus v the’
Porsson ratio, p the densrty, and S the finite element assembly operator The matenal propertles are

' completely artrﬁcxal and may be set to any convenient a.nd beneﬁc1a1 value For srmphcny, they ‘were set to

a &

. the same values as the actual structure.

A shortcut version of the stiffness matrix is actually 1mplemented in the code where

K= J‘ I B TDB dQ is replaced by (see equations 29-33 in Chapter 7):

124



.Kac=D12'W/:zc+D33'(Wca+5ach;b)

Tofw} oy ofn} oy’

W=A ox ox ox oy

AR AN LA LAY
oy ox & . Oy

" The tensor notation is included to highlight the block transpose and the block trace operator. This does not

follow the exact definition as given in [Zienkiewicz and Taylor, Vol 1, pp 468;474] for the first Lame’

coefficient but it is equivalent to the BT DB system and produces tﬂe correct results against analytic
solutions with a reduced operation count.
The boundary conditions aré all controlled by Dirichlet conditions so specific values are set for #

‘and V. This décfeases the number of degrees of freedom in the system. For ; rﬁsidual based iterative
solver, the residual corresponding to each boundary node value must also be set to zéro. This creates a two
step process for impleménting boundary conditions. In step one, the predetermined boundary values for %
§,nd V are overlaid to the state variable input vector. The global residual vector is formed as usual from
assembly of the inciiyidqal elements using the state variable input vector. In step two, the elements of the
residual vector ‘assAocﬂ:iated with the set boundary conditions are set to zero.

. A final step in’the solution process is included to accommodate the modified Gram Schmidt

orthogonalization in the GMRES solver. The first two-equations in the system have large values (typical

E=30x10° Ib% 2 .‘)~associated with the stiffness matrix, K . The second ﬁo equations do not havé any
such amplifiers so the residiléllvaluies will be on the order of the input variaﬁes. This leads to a stiffness in
the system of .equations'duve the disparity m residual values ;nd an unc‘l_er-exﬁpha;sis o-n ﬂ;e second set of
equations during the solution process. .F oftunately a simple and effective" solution is to simply scale the
residuals to a common or&ér of magnitude. Since the code implefnented contains dimensional units, the

scaling must be apﬁropn'ate to the units. The scaling values for a typical Young;s modulus .

E=432x10° I%z (notice square feet instead of square inches) are 1x 107 for the first two equations

and 1x 10° for the second two.
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are kept and the other time terms are dropped.

Solution Process

The deformed physical structure provides boundary conditions for the ;;setrdo structure that
describes the fluid grid. The deformed ﬂuid grid is found us'ing‘ a Newton-GMRES iterative process
modified for pseudo time steppmg There are two artlﬁcml processes to consider. The first unplements
artificial matenal propertles to treat the fluid grid region as if it were an actual sohd structure. The matenal
propertres (mass, dampmg, stlffness) should be chosen to create a smooth distribution of grid nodes. A low’
mass/high stiffness combination would most closely approximate a rigid body motion while high mass/low
sﬁffness would have a more ﬂllrid-'hke behavior. The time terms would be treated as actual physical

transients for unsteady fluid structure interactions. The second artificial process implements pseudo time

: stepping in the solution process to reduce numerical stiffness by adding more ‘artiﬁcial mass and damping

time terms to the equanon but now in pseudo time. These may be selected to be the same as the artificial .

properties just described but not necessanly The pseudo 1:|me matenal propertres (mass dampmg, )

P

lstlffness) should be chosen to speed convergence of the inner 1terat10n process and would most llkely come

" from some analy51s such as the ADR process descnbed in Chapter 8. The full set of unsteady equatrons

wrth pseudo time would be _-

Fr o %[‘é:Hﬁ%%ﬂ

where M does not necessanly equal M andsoon. Ifa steady solution is needed, the pseudo time terms’

|y

Forasteady problem-in pseudo time, the first order systerh of equations s . o
CfeeM Mo (@ [k ol@ {7 =

ol adfal 09
| 7 0ot |v] |0 —I||¥ 0

z=R(z) ©-10) .

‘may be written in the standard pseudo time form
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All the pseudo time artificial terms are contained in the matrix O, 2 isa vector of the dependent

K " 0-
variables, R(z) is the residual and K* = [ 0 IJ .

In the coupled solution process, a matrix-free restarted GMRES solver is used to create the search
directions for the solution vector. The matrix (though never formed) is held fixed throughout the linear

(inner) solve. The system has the form

Ry o T T L

The velocity is obviously zero for a steady problem but the terms are kept on the left hand side to feed to

the ALE fluid equations during tightly coupled (simultaneous fluid-structure-grid) solution transients.
They are not passed during a loosely coupled (cycling through ﬁuid, structure, grid) solution process but
are still necessary when using pseudo time for the first-order-in-time system of equations for the physical
structure. The identity term in the stiffness matrix must be dropped on the right-hand side since it was an
artifact of the unsteady (rather than pseudo time) derivation. The term would be retained along with the
other unsteady terms on both the left and right hand sides for truly time-varying problems.

During the linear solution of a tightly coupled approach to the fluid-structure system, the
displacement of the physical structure updates the Dirichlet boundary conditions for the fluid grid’s pseudo
structure with each new GMRES search'vector. For the loosely couplgd approach, these boundary
conditions are held fixed during the inner iterations of the linear solver and updated with each outer
iteration. Each approach ghould ultimately converge to the same solution. The intent of the current effort
is to see if the tightly coupled solution process can reach convergence faster than the loosely coupled

process can.
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CHAPTER10: -
F_LUID-STRUCTURE COUPLING
In. 1955 [Bisplinghoff, Ashley & Halfman, 1955] and [Fung, 1955] redefmed the term
aeroelastzczty to mclude mteractlons between aerodynamic, elasuc and mertral forces They subd1v1ded
,the field into dynamic and static aeroelastic phenomena dependrng on the strength and relevance of the .
inertial"forces. This was not a departure from earlier thinking so much as the additlon of the dynanaic
cornponent.. The concepts and terminology are directly applicable to all 'ﬂuid-stx'nctlrre interactions,
rega.rdless of whether the ‘ﬂuid is'air or any other fluid. In 1962, [Bisplinghoff and Ashley, 1962] extended
‘ the analysrs further and created the landmark work in aeroelasticity theory The basic theory has not

: changed since but a great deal of effort has been expended on developmg the rules, tools and technrques

, for specrﬁc aeroelasucrty applrcauons Examples include fixed and rotary wing aircraft; turbomachmery,

- cables bndges, buildings, stacks and chrmneys and other civil engineering applications; ﬂexrble aerospace

« apphcatlons and now optimal desrgn [Hajela, 1986].

Continuurn Interactions ‘
[B1sphnghoff Ashley & Halfman, 1955] used a diagram (Frgure 10-1) referred to as the
“aeroelastrc tnangle of forces” to mdrcate the varying degrees of mﬂuence of the aerodynarmc elastrc, and

-mertral forces The forces change over time and with actual ﬂurd loadmg condmons In a typrcal aircraft

i'desrgn, the structural aspects such as wing strffness and memal propertles are mostly fixed but must operate

§

“ overawide range of fluid loading condmons. On the other hand, structural stiffness and mertlal properties

rrray also change as fuél is removed from wing bladders or te‘mperatures change. Wing surface‘
temperanrres on the runway may exceed 100 degrees but thén”drop below ’aero' at altitude' or they may
exceed 500 degrees due to aerodynamrc fnc‘uon and compressrbrhty at very thh speeds Thus an

| aeroelastic assessment is a point assessment at actual physrcal condltlons and: does not lend 1tself to fully

non-dimensional treatment.

The “close-up” details of fluid-structure interaction are intuitive and well known but system

. behavior is elusive. At the conceptual level, the structure influences the fluid through the physical shape of
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Figure 10-1: Aerotlastic Triangle of Forces [Bisplinghoff, Ashley & Halfman, 1955]

Primary forces Aeroelastic phenomena
A:  Aerodynamic force SSA: Aeroelastic effects on static stability.
E: Elastic force L: Load distribution ‘
I Inertial force | C: Control effectiveness

D: Divergence
: R: Control system reversal
‘ Related Fields F: Flutter

V: Mechanical vibrations B:  Buffeting
DS: Dynamic stability Z Dynamic response

(rigid body) DSA: Aeroelastlc effects on dynamic stability

Aeroelastic effects on stability (SA) - influence of elastic deformations of the structure
] on dynamic and static airplane stability
. Load distribution (L) - influence of elastic deformations of the structure on the -
) distribution of aerodynamic pressures over the structure
_ Control effectiveness (C) - influence of elastic deformations of the structure on the
’ controllability of an airplane

.Divergence (D) - a static instability of a lifting surface of an aircraft in flight, at a speed
called the divergence speed, where the elasticity of the lifting surface plays an .
essential role in the instability

Control system reversal (R) - a condition occurring in flight, at a speed called the
control reversal speed, at which the intended effects of displacing a given '
component of the control system are completely nullified by elastic deformations
of the structure .

Flutter (F) - a dynamic instability occurring in an aircraft in flight, at a speed called the
flutter speed, where the elasticity of the structure plays an essential part in the
instability

Buffeting (B) - transient vibrations of aircraft structural components due to aerodynamic
impulses produced by the wake behind wings, nacelles, fuselage pods, or other

- components of the airplane

Dynamic response (Z) - transient response of aucraft structural components produced by
rapidly applied loads due to gusts, landing, gun reactions, abrupt control mouons
movmg shock waves, or other dynarmc loads R . L
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the structure and the'velocity of moving surfaces. Likewise, the ﬂuid inﬂuences. the structure through the

‘load distribution where the fluid load vector may be broken mto the pressure load normal to the surface and

. the frictional load tangent to the surface The magnitude of the ﬂuid friction force per unit area is typically - *

msrgmficant relative to the pressure force per unit area and is often ignored. However the aggregate :
'l(rather than per-umt-area) friction force over the surface (e 2. the wing of a Boemg 747) can 1 be srgmﬁcant
'I Also, the nonlmear effects of viscosity on the fluid pressure d1stnbut10n through boundary layer separatron

shock locat10n wake behavior, etc can drastrcally alter the ﬂuid behav1or In other. words many fluid-

structure interaction problems may be adequately solved with inviscid fluid assurnptmns but fluid viscosity -

_should not be ignored without some preliminary analysis: The test cases used in thlS research effort were
steady state with subsonic internial flow and a favorable pressure gradient so ﬂuid viscosity was excluded.
In an elastic continuum, disturbances propagate as waves until they are diffused or they encounter
some kind of boundary Both the ﬂU.ld and the structure are elast1c media and the ﬂuid-structure mterface
represents a physwal boundary Elastlc waves in the ﬂu1d and su-uctural contmuum respond to the
. boundary (Figure 10-2) according to the phys1cal laws as reﬂected or' refracted waves [Bnlloum, 1953]

[Bnlloum, 1960] [Redwood 1960] [Breskhovskikh and Goncharov 1994] Just as bendmg light waves

make objects appear to bend through a glass of water, ela_stic waves bend (refract) 1f the media on the s1des .

of the boundary have different propemes Since any pressure field may be descnbed by its waye
components through Founer analysis, the apphcation exténds beyond acoustic problems.
Snell’s law of refraction apphes to elastic waves as well as electromagnetic waves and describes' :

the amount of wave bending relative to the surface normal with the relation

V,sin@, = ¥,siné, -. ’ (10-1)
or - .
sinf, ¥
—_ = (10-2)
sind, V,

The change in phase velocity of an elastic disturbance as 1t stnkes the boundary determines the change in
direction of the disturbance propagatron If the change in velocity is large, there is a critical angle for the
‘incident wave beyond which the wave will be totally reflected. Dunng this total reflection, the field

amplitude in the substance with the faster phase velocrty decays exponentrally away from the surface. The
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Figure 10-2: Fluid-Solid Interface

constant phase surfacés,é;e perpendicular to the boundary and travel with the trace velocity parallél to the

-boundary [Ingard, 1988]. These are essentially Rayleigh or surface waves.

As an example, suppose the actual materials at the ﬂqid—structufe interface are air and steel. If the

air has an acoustic. (phase) velocity of V.. =330— and the steel has V,,,, = 5100—, then the critical
S L s s
éngle is given by
: V. 330 :
sinf,, =—%=—7-——>0, =37 degrees (10-3)
5100 critical ' . '

. critical Vsteel

If the disturbance strikes the surface at an angle greater than 3.7 degrees, the disturbance will be reflected

.and may have a trace component parallel to the surface. In the air-steel example, if the fluid disturbance

strikes the surface 1° off the normal, the disturbance will penetrate the solid at 15.6° .
An elastic wave in air is'a pressure disturbance acting normal to the surface. Howévér, this is only

a component of the total force vector and the tangential friction force must be considered (Figme 10-3).

- The total force vector will interact with the Isurfacé according to the size of the components. The‘angle' of

the total force vector relative to the normalis given by

' f. . Y%plC,A yM*C
.tanea,-,= f‘rwau =Ap;Af =}/2f o ) (10_4)

f pressure
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Figure«.‘10—3':ﬂFluid Force Vector

Using the notional critical angle above and a skin friction coefficient C, =.005,

A T a2 .
tan37=24 2('005)1 —> M <43

the skin fribtion does not ‘cause the force vector to exceéd the'critical angle below_ Mach _<_ 4.3. The same
type of analysis can be_used to shoyy a refraetion angie‘ of 10° (arbitrary) corresponds fo.an ineident angle |
4 ot .64° . Maeh‘ numbers belovy Mach’ <18 are within th1s incident angle for thexexarnple' parameters.
V1scous forces may be 1mportant in deterrmmng the aeroelastic effects on statzc stab111ty
,However viscous affects on dynamzc stab111ty W111 most hkely be felt through the nonlmear relatronshrps
between v1scosrty and pressure in the ﬂurd equatlons This will likely manifest itself through boundary
layer transitions, boundary layer separatron and unsteady wakes Creating a t1me dependent pressure
- dJsmbutlon | | )
It is also mterestmg to note the influence of a fluid-structure boundary on the time it takes for a”
ﬂmd “s1gna1” to reach anew loeauon The sohd does not change the ume of ﬂrght m the ﬂu1d but prov1des
» ., an altematrve path for the s1gna1 to follow (Frgure 10-4) Usmg the matenal propertres m the example |

«l'

, above let the disturbarice and receiver be IOCm off the surface and lm apart The dlrect srgnal path

through the‘ﬂuid only will take tof g = 330 =3 ><<1:0 ,3s . HoWever, the signal can take Jtheeomposite
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Figure 10-4: Signal Paths

. 1 1 1
path through the structure'in Zof, =8x107*s . The signal following the

omposie = 330 5100 © 330
composite path arrives almost 75% faster than the signal folldwing the dirqgt path. T‘ﬁus, itis bpssible for
the effeéts of a disturbance to be felt at other locations béfofe the fluid signal has arrived. This can provide
the equivalent of a feed-forward or anticipatory system response. It may be most evident in structural
response to large disturbances such as blast waves I;ut could be important in triggering boundary layer
separation for even small disturbances.

The structure may actually be modeled using a variety of techniques depending on the application
and the dgéree of detail needed. The si1’nple5’; models are rigid body models allowing motion or rotation
along one or two axes. The motion 1s resisted by elasi;ic spnngs w1th frictional type dampérs and the mass
distribution is contained in the moments of inertia [Cebral and Lohner, 1997] [Alonso gnd Jameson, 1994]
[Alonso, Martenilli, and Jameson, 1995]. An immediate extension of this is a flexible body model
connected by springs and dampers. This method is not often used however, as transonic flow solutions are
highly sénsitive to the ﬂey.cibility of the aerodynamic surfaces so the time accurate deformed shape must be
determined more carefully [MacMurdy, Guruswamy, Kapania, 1994]. |

More sophisticated models use special elements for different régions of the structure such as
beams, plates, shells, etc. The special elements are typicaily derived from the Naviér eﬁﬁaﬁéns forsolid
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mechanics with simplifying assumptions or specific boundary condiﬁons. These models are the most
common for nlodeling structures and may even lncorporate specialize elements for particular applications
such as wing-box structures [MacMurdy, Guruswamy,' Kapania, 1994]. This is probably the best approach
- for complicated structures and the impact of individual spars or ribs in a wing-box may be determined. It
also allows for non-linear and anisotropic structures such as composite laminates.

| ,A common technique used for dynamic structural equations is to build the complete static model
of the structure using plate and beam type elements and determine the eigenvalues and eigenvectors of the
system. Since most ﬂuid—strncture interactions are at relatively. low frequencies only the ﬁrst few
structural system modes are needed. A typ1ca1 modal equation model may use the first five eigenvectors of
the static system to capture the relevant harmonics and prov1de an accurate representation of the lower
frequency modes [Guruswamy, 1989] [Yang and Lohner, 1997]. However, the technique must be limited
t0.linear deformations for the eigehvector modes to be valid ‘[MacMurdy, Guruswarny, Kapania 1994].

Finally, full fmlte element models based on the Nav1er equauons for sohd mechamcs are also used

[Byun and Guruswamy, 1994] [Bendlksen 1991] [Ray, Wren and Tezduyar, 1997] Tlns is the approach

taken in the current effort. SEe

Equivalence of Two and Three Field Methods

A coupled fluid-structure system physically has only two sets of field equations (the governing
fluid equations and the governing structufal equations). However; it will have three sets of field equations ‘
(fluid, structure, fluid grid motion) in 4 discrete implementation.

An uncoupled fluid-structure system may be written

[ fluid 0 } - o
, - ' (10-5)
| 0 structure| . . . S
This has a characteristic equation
A = (fluid + st;*ucture)/l, + fluid - structure=0 . o _' - ii(’)—b)
and. \
A= /l( fluid), A(structure) R (10-7)
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N

". This is an unorthodox statement of the lemma froni {Golub & Vdn Loan, p. 333] whete

"’1( ) ( 11)U}u( ) h B

The lemma shows the elgenvalue spectrum of T 16 be the umon of the spectrums of the diagonal

S ksubmatnces ThlS also immediately leads to some notlon of the p0531ble 111-cond1t10nmg ofa combmed

ﬂuld-structure problem as the condition may be stated asa tatlo of the largest and smallest e1genva1ues

The condmon number of the ﬂu1d-structure ‘problem may be estlmated as

B max(l(structure))l‘“

min[2(ffuid))

(10-9)

gssu,mixig the eigenvalues of thev structure are mut:h larger (i.e. faster) than those of the fluid. This notion‘ is

‘ stmwxi g:apMCally on the complex plane zts' a*parabolzt of the (2™ ‘order) chztr;cteristié e-qilvatibn (Figure 10-
5) All the‘éigél_walues ;ntny lie on the real axis and the spéctrﬁm of the ﬂ'uid‘and structure may overlap. K'

" The c_ondition of the éystem may be improved by éhénging the shape of the parabola or trans_iating itup an'd'l

to the left so the eigenvalue spectrums are closer together. -

A

Sfluid + structure

’ — I (structure— fluid)

Figure 10-5: Fluid-Strpcture Eigenvalue Ciusters
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- If thé fluid and structure system are not coupled, one set of field eqﬁatiqns‘ may be scaled without
affecting the other field and the overall system condition reduced dramatically. For example, let s1 and

52 be écglars or diagonal matrices used to numerically scale the ﬂ_uid and structure field eciu'ations as

dlisl 'oHﬂu;'d 0 ]=[sl- fluid 0 ] | 010

0 s2 0 structure 0 s2 -i.s'tr’ucture
“and let, |
sl=1
(10-11)
s2= 107
Now _
[ fluid 0 -
17” ol . (10-12)
0  structurex10 X

leaas to tﬁe new systéni condition number
max(A(structure)) x 10

min(|A( fhiid )

(10-13)

or

; max()l(structﬁre))

* ™ min{A(haid)) x 10° i

Again, this is shown graphically as a parabola in the characteristic equation. Here, the parabol; has been
modﬁed by the scaling parameters to bring the decoupled eigegvalpe spectrums closer tbéether (F igﬁre 10-
o | |

An alternative for the uncoupled case is to take advantage of an eigenvalue shift technique given
: by :

Fluid 0" o 10-15
Lo tossmenpe]. - O
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Figure 10-6: Scaled Fluid-Structure Eigenvalue Clusters

In this case, the new eigenvalue spectrum of the structure, 4/, is related to the original structure spectrum

by

ﬂ’i (l_lut)
52

(10-16)

If a typical eigenvalue in the original spectrum is 4 =15,000 and 52 =10"%, the new shifted and scaled

eigenvalue is 1 =.99985 . Scaling alone gives £ =15x107*.

The above is an extreme case where two fields are solved simultaneously for convénience but
there is no relation or interaction between the two. Many fluid-structure problems are loosely coupled or
place greater emphasis on either the fluid flow or the structural motions. The normal case of a fluid-only
problem may be viewed as a fluid-structure problem where the structure is assumed rigid with infinitely

fast eigenvalues.

0 structure
A = A fluid)U A(structure)

|: fluid  shape :
(10-17)

The second set of equations is not considered in the calculation, which is the equivalent of scaling through

multiplying by zero. The condition number of the system is just the condition mumber of the fluid equation
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set. Likewise, a two step calculation to determine the pressure distribution on a structure may start with the
above and add the pre‘s'snre' cpupling‘for a fixed fluid field to determine a structural response.

-,"'A:|:ﬂuid shape }_{ ﬂ“’d 0 ]

0 structure pressure  structure (10-1 8)

- A=A fluid)U Astructure) . -
If the fluid and structure are fully coupled, the shape of the structure and the pressnie distribution 4

(inviscid assuxnption) of the flnid are included and the system of equations becomes - |,

l: fluid shape }

, , . '(10-19)
pressure  structure. BT

The fully couple_d systenl is normally the case of interest but the sysfem is usually decomposed to ease '
numerical calculations or as a natural part of a design process. If the problem is decomposed for numerical

reasons, the off-diagonal elenaents, pressure and shape ) become bodndai’y condiﬁons fdr the single

field equauon sets (structure or fluid , respecnvely) In the de51gn process, the ﬂu1d domam shape may

' be a design variable (such asa wing shape) w1thout any lcnowledge of i 1ts su-ucture The ﬂu1d ﬂow 1s

calculated over the glven shape to determine a  pressure dlstnbutlon The pressure dlsmbutlon is then used

asaninputtoa snuctural,calculation to determine the new shape. This process is repeated to “convergence. '

- From the system of equations perspecﬁve represented by equaﬁon '(10-19)',‘this is a domain or matrix

decompositicn.
If the system is not decomposed, this fully coupled syStem'ncw has a new characteristic equation,
anew eigenvalne spectrum, and a new condition number.
—(fluid + structure)A + fluid - structure— pressure-shape=0 " (10-20)

and

A

Sfluid + structure + \/ ( fluid — sz‘rucz‘ure),2 +4- pressure- shape (10-21)

3

If the pressure tenn or shape term is eliminated, this returns the spectrnm to the union of the ﬂuid

spectrum and the structure spectrunx given by equations (10-6) and (10-7).
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The characteristic equation gives a hint of the impact of the coupling on the eigenvalue spectrum.
Returning to the parabola, the shape of the parabola is determined by the coefficients of A . The offset is
determined by the additional term pressure- shape . This indicates the coupling terms cause the

parabola to be translated downward by an amount pressure-shape but does not change the location of

the vertex along the real axis. The effect is to widen the distance between the real axis crossings indicating

a broader eigenvalue spectrum. Also note it is possible for the low end of the spectrum to become more

negative. Again, this is shown graphically in the parabola in Figure 10-7.
Simple scaling of the equations may bring the clusters of eigenvalues together again even with the

pressure- shape terms. The system of equations becomes

1- fluid 1-sh
[ s1- flui s1-shape :l 1022
s

2. pressure S2-structure

]
H
'
'
1
'
[
H
H
]
?
’
1
:
i
'
i
I3

i
)
b
Y
[}
1
1
1Y

fluid + structure  }

.

pressure - shape

Figure 10-7: Fluid-Structure Eigenvalue Cluster Components




In the uncoupled cases, thé eigenvalue spectrum is simply the union of the individgal spectrhms
for the ﬁuid and structure. This does not say either of the two spectrums is well conditioned; only that the
_coupled Syétem condition will likely be much worse than either of the individual spectrums. Thus, the key
| to good conditioning for coupled fluid-structure interaction is to start with a well condiﬁoned fluid
spectnim and a well conditioned structure spectrum and scale the systems so the eigenvalues are of the
same order of magnitude.

Finaliy, the fluid-structure interaction problem may be expressed as a two or a threeA field problem.
In the continuum sense, only the fluid and structure actually exist. However, in discrete problems, the grid
may also be con'sidered as a third set of field equations [Farhat, et.al., 1995]. This is consistent with the
continuum approach if the continuum boundary interactions are considered.

The three field discrete set of equations may be written

Sluid 0 velocity .y || X guia b puia
pressure structure 0 - RKXuuer ¢ = Ot (10-25)
0 boundary,,,. grid X grig b
Structure :

The three field equation set is equivalent to the two field equation set but expands on the actual form and

content of the Shape submatrix in

10-26
pressure Structure ( )

|: fluid shape }
The equivalence can be shown by the Schur complement [Gdlub and Van Loan, p 103] of the three field
matrix. This proéess is known as static condensation in the finite element literature [Bz}kef, 1983].
Sluid 0 ; velocity X gia | - b pia
pressure structure 0 Xeoraet { =3 Dstruce ( (10-27)
0 boundary grid ||x,, | |b '

Let the subdifrided matrix be written as

[Fs FG|| xps} _ {zgs}

| GG || %56

| SG

bos (10-28) .




where

FS [ fuid 0 } T e

pressure Structure
Solving the second set of block equations in (10-28),
= GG“(bGG SGsz) (10-30)
Substitute into the first set of block equatlons in (10-28)

FSsz + FGxgg = by
FSxps + FG+GG™(bys — SGxpg )= brs - (10-31) -
[FS-FG-GG™-SGx = bys ~ FG: GG“‘bGG

Returning to the original submatrices
: ﬂuid 0 - 0 velocity - grid™ - boundary ||| % g
pressure structure| |0 a0 ] X

_ by velqc?w,7grid,lb- | o
- bsrruct ) 5 | R ' 0 <

l: fluid ~ velocity - grid bounda;y:| {xﬂuid} {bﬂuid velocity - grid™

pressure . structure x b

(;0-32)‘

or

struct struct

}(10—33) :
Equation (10-33) shows the two and three field problem stateients are the same with all the structural
feedback, static or dynamic, residing in the shape term and implemented through grid motion as
velocity - grid™ - boundary

[Lesomne and Farhat, 1997] extend the three field problem even further by formmg a hneanzed

matrix N about the solutlon such that g= Nq where ¢ is a vector of the all the fluid, su'ucture and grid

variables. From this, they use the inverse power series iteration to find the lowest e1genva1ues of the

coupled system and predlct the flutter boundary of a flat panel ina supersomc airstream,

142



| Discrete Interface and Int;eractions

In a discrete ﬂﬁid-strué:ture interaction pro‘t;ieﬁl, ';Heré is xllovréqui.r.eme;xt k'for the fluid and structure
to have the same grid nodes at the interface. }Some :ijfd;ﬁﬁ;inéfs do fhatch the nodes [Ray; W;én, and
Tezduyar, 1997] [Farhat and Lin, 1990] but the ﬂ_ilédiggﬁ‘d is much finer than the stniléturé;'s grid in most
applications (Figure 10-9). “This leads to losses of detail and load conservation when projecting results,
from a.fme toa coa;se gnd Likewise, thq fine fluid grid must somehow be given the correct shape or
deformation f;om a much coarser structural grici.‘ 'fhe implications and techniques for dealing with the
mismatch is a subject of current debate. Research to date has shown the problem is not n'i’vial for flexible
bodies and improper treatment can foul the coupled'solutioﬁ [MacMurdy, Guruswamy, and Kapania, 1994].
[Lesoinne and Farhat, 1996] also show the spurious modes that may be generated by not obeying geometric
conservation laws for the displacement and velocity of the fluid grid at the in‘terfac‘e. These inaccuracies in
the energy exchange befween the fluid and structure are due to discontinuities in the velocity of the fluid
* and structure at the interface.

[Smith, et.al;, 1996] explore the many possibilities for intérpolaﬁon and qxtrépolation between
grids of differing densities. These are used for load projection from the fluid to the solid as well as shape
changeé from ﬁe solid back to the fluid. They show the strengths and weaknesses of various spline and
mapping techniques and identify some definite winners and los'ers along with an excellent parametric study
of the ﬂlﬁd and 'structure results using the different methods. The commonly used infinite-plate spline is
not a strong contender but the thin-plate spline, multiquadrics, and non-uniform B-spline (NUBS) all work

well. .

Pressure

by

———

Fluid nodes

Structure nodes /ﬁ \

Figure 10-9: Mismatched Node Density
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[MacMurdy, Guruswamy,'and Kapania, 1994] use three techniques and introduce the concept of
‘ . local: conservation in the process They first use a simple nearest-node interpolation to- transfer forces but -
‘“‘ acknowledge that 1t looses the moment arm” for pressure forces away from the structural node. They next

- use a local conservation scheme for the bending and twist moments in addition to the normal force. This -

\jway, the resultant forces generated by the pressute disuibu'uon are treated asa normal force plus a bending
and a twist moment at each structural node In the global assembly, the set of force conservauve e‘quat10ns
is 111-cond1t10ned They ﬁnally develop a twist compensation for the sunple scheme and i 1gnore the bendmg
€rrors to avoid the ﬂl-condiuonmg of the two moment approach |
[Cebral and Lohner 1997] summarize several approaches and 1dent1fy the need fora conservatrve

prOJecnon of the total load. They deﬁne a scheme as conservative if the total load calculated on the fluid -

and sohd mesh are exactly the same. Th1s is not generally true for mterpolatron schemes They pomt out

the conservation properues are true for the virtual grid method developed by [Guruswamy and Byun, 1993] a
‘. but claim the addmonal work for the virtual grid is unnecessary. They ultnnately use a weak statement

' formulation on the definition of the load conservation property to enforce the requirement Tlus s
_[W‘ gl = [V, yudr ' 034
v _ - .

where W and V are weight functions and both integrals are‘evaluated over the vsame region. Deformation
transfer is also addressed A ‘;distance vector” is used to locate the analytic ﬂu1d su.rface relauve to a plate
structural- model [Cebral and Lohner, 1997] show the advantages of usmg mterpolated node nomrals
rather than face normals to maintain smooth aerodynamic surfaces even 1f the fluid and solid have very
different mesh densmes

[Farhat, etal, 1992] 'also" use'a weighted integration over the structural elements but. with a
. slightly different implementaﬁon. They develop a series of Gauss pointsvon the surface of the solid element
and interpolate fluid pressure to the Gauss points. Ifa high pressure gradient is present, more Gauss points
are 'added. Deformation is interpolated across su-ucturalielementshback to the fluid gnd nodes.
In the current effort, the fluid and solid meshes are the same dens1ty and the! nodes are glued

together at the surface (Figure 10- 10) Load prOJecuon and deformanon trackmg is strarghtforward
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Fluid nodes .. ,
Structure nodes ././.__FH‘.\.\.\

Figure 10-10: Matched Nodes

Discrete Time Synchronization

A final topic is the treatment of timing in the fluid and strilcture‘updates. If the two are' s_;olved
simultaneously [Bendiksen, 199‘1], there is no difference in the timing. This may lead to over-solving of
one or the other field as the time scales are often different. For example, many Nivier;Stokés codes have a
tendency for the inviscid pressure field to set. up long béfofe the full boundary layer is develoi)ed. In this -
Acase, the struct;lre coul& be idle‘while the fluid is updated many timés. Also, even for ﬁﬁscid ‘problems’,
fluid phenomena such as shock moﬁon may be very fast when compared to thel structural »réspolnse.

[Cebral and Lohner, 1997] use different time steps for the fluid and structure and present a
technique to iﬁterpolate boundary conditions i)etween time levels. They show the problems associated with
extrapolating time aqd present a third order Hermitian polynomial for interpolating.

[Farhat, et.al., 1995] use an explicit scheme for the fluid and an implicit for the structure. They
develop a series of subcycling strategies and address stability, speed, and accuracy. The logic is that many
aeroelastic prpblems séék the perturbation response around a steady fluid-structure system. Stable |
responses are typically desired but diverging responses are extremely important for determining stability
bounds of aefoelastic systems. Their general logic is to initially form a steady fluid-structure solution
assuming a perfectly riéid or heavily damped structure. Then, the structure is perturbed by allowing it to.
<respond to the fluid load or giving it some initial displacement. The fluid grid is updated to conform to the
new shape of the flow domain and the fluid flow is calculated on th;e new domain. Next, the new fluid load
distribution is applied to the st-ucturé and the process is repeated. Figure 10-11 shows a time varying

computation process where the fluid is updated several time steps for every. structure
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n+l

i qn-l—l

Figure 10-11: Fluid-Structure Update Strategy

update In thlS parucular strategy, q" 4 18 the average structure dlsplacement vector and w, is the ﬂuld
‘ state vector. Informatron is passed (1) between the fluid and structure usmg current mformatron (2) the
‘ ﬂuid is stepped forward in time to 72 + 4 (explicit solvers rnay réquire' mulu'ple ﬁfrie'steps) 'and the

. structure is taken ina smgle predrctor step.to n+1, (3) the average structure drsplacement 1s passed to the

: ﬂurd and the latest ﬂu1d pressure is passed to the su'ucture at trme n (4) the ﬂu1d is, stepped forward in

. timeto 7+1 and the structure is recomputed in a corrector step from n to n +1
In this research pro_]ect, only pseudo trme was used to compute a coupled system to a steady state.

In. the ughtly coupled solution process, the ﬂurd, structure and fluid grid were all calculated s1multaneously
so each field has the latest information from each of the other ﬁelds In the loosely coupled solutlon
process:

By fluid flow was calculated ‘on the fixed tluid grid |

2. the structural response to the updated fluid pressure distribution was caleulated- '

‘3. the fluid grid was updated to conform to the latest structural deformatwn |

4. 'returned to (1) and the process was repeated to convergence

Different pseudo time step sizes were used in the ﬂuld and the solid. This is roughly the equivalent of local

- time stepping in fluid-only calculations. -
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CHAPTER 11

ANALYSIS OF NUMERICAL SOLVER RESULTS

RS

Dlrectlonal Derlvatlve Step Slze Changes .
;Experie'nces v&;ith theiforward dlfference«versmn of thé ‘dlr’ecnopai deﬂvati;'e m .BA{iJ\ﬂuid and
'sﬁ'ucmrg solution procedures showed that fhe default /1, fixed at 107 ,wasa good d\ic;rall éhoice. The
solut.ic;n procgdure was relatively‘insensiti.v‘e to step size changes up to several orders of magnittiﬁe. In the
structure only calculations, the residuals associated with £he eqizations fér the x and y directions wére of .

the same order of magnitude and not scaled. For fluid only calculations, the residuals for the continuity

equation were scaled by 1x 10? and the energy equationby 2 x 107 . The step size did not become an

.issue for the fluid only calculations even though the residuals initially spanned six orders of magnitude.

" The combined fluid/structure problems ré’quired residual scaling on the order of nine orders of magnitude

with the already scaled fluid equations. Multiplying the fluid residual by 10° moved the truncation point -

" for the finite precision floating point mumber by nearly 30 bits (2°° ~ 107 x 10° ) or equivalently changed

the least significant bit to a value of 2.22 X107 and A, =47x107,
ideal

Numerical experiments were conducted using the fluid flow nozzle case (Chapter 12) with the
baseline scaling and the entire fluid residual multiplied (scaled) by 2 x 10®. The baseline and the scaled
residual were both tested with step sizes at h=1x10" and h=2x10™*. Since A, et (S€€ Chapter 3)
for the baseling i; close'to h=1x10"" , setting A =2x107* increése; the step size three orders of
mz;gmtll,de above the ideal. For the scaled residual, the Pigeni i closer to A=2x10"*. Thus, setting

h=1x 10_ reduces the step size to three orders of magnitude below the ideal. Table 11-1 summarizes
the relevant cases tested for fluid only calculations with thé relative and absolute stopping criteria described
in Chéptef 3.,

All four cases converged to tﬁe exact same solution. Case 1 and case 2 followed the exact same

.convergence paths and the nonlinear residuals matched to at least 14 significant digifs. Case 3and case4
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" Table 11-1: Effect of Residual Scaling on Directional Derivative Step Size

Step size | Scaling | Iterations | Relative | Absolute
1x107-7 ¢ 1 9 1x10M-6  1x10"-6
2x10-4 . 1 9 1x10~6  1x107-6
2x10~-7°  2x107°8 10 1x107-6 . 1x10™-6
2x1004  2x10"8 10 1x10%-6  1x107%-6

also matched each other to the sarne degree. The residual convergence paths for 1 and 2 are shown in
Frgure 11-1 with symbols and the paths for 3 and 4 are shown without symbols.

Cases 3and 4 had a very srmrlar convergence path to cases land 2 with only a slight variation
starting at Newton step five (Flgure 11-2). The converged nonlinear residuals were rescaled back to the
baseline and matched the baseline to 6 significant digits. The biggest difference between the case 1/2 and

case 3/4 solutions had to do with terminatiOn criteria. In each case, the termination criteria were set to

1x 107° for both the ‘relative residual reduction and the absolute residual thresholds. All cases terminated
against thelrelative threshold. The scaled cases needed one additional nonlinear iteration due to the slightly
lower 'convergence in l\Iewton steps five through nine. Figure 11-2 shows how the rescaled residuals for
cases 3 and 4 closely follow cases 1 and 2: o

The conclusion is the solution process is relatively ‘insensitive to‘ the actual step srze used in the
‘ forvvard diff_erence approximation to: the directional derivatlve. ‘The scaling process changed the residual by
eight orders of magnitude and did create some round off errors. However, these were relatively .
m51gmﬁca.nt in, the overall solution process The biggest 1mpact due to the scaling process-came from the

temunatron cntena dnvmg one addltlonal nonlinear 1teranon for the scaled cases

Number of Krylov Vectors VS. Restarted GMRES Tests

" Restarted GMRES is practlcal but unpredlctable in performance There isno solid. answer on
: how many Krylov vectors to carry before restartmg or how many resta.rts to allow Keepmg more Krylov

vectors in a hnear solve before restartmg usually gives better results but smce all the vectors must be

 stored, it may qurckly burden avarlable memory Also more keepmg more vectors adds to the size (n ) of

the orthogonahzauon matnx and may overwhelm the practrcal limits of QR factonzauon algonthm used in
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Figure 11-1: RHS Residual Convergence Paths with Sca]ing

1.E+00
1.E-01
1.E-02 -
1.E-03
1.E-04 -
1.E-05 -
1.E-06 |
1.E-07

—a—Cases 1&2
—— Cases 3 & 4 (scaled)

1 1 1 1 i 1 1 1 T

o 1.2 3 4 5 6 7 8 9 10 11

Nonlinear Iteration Count

Figure 11-2: Rescaled Residual Convergence Paths
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GMRES. -For a fixed number of Krylov vectors, additional restarts do not necessarily Jead to b.etter

' convergence rates and some cases will stagnate if restarted

Tables 11-2 and 11-3 outline a series of numerical experiments assocrated with GMRES restarts
using the fluid nozzle test case. The only change between the cases in Table 11-2 was the number of

restarts allowed. Each case had a first chance to satisfy hnear convergence cntena using 40 Krylov vectors

: (arbmary) before restarting, Thus the case with zero restarts (case 1) may be cons1dered as standard

GMRES (not restarted) limited to 40 Krylov vectors. Case 1 did not converge. vThe time ratio describes the

wall clock time of the cases relative to the baseline (case 3). The FLOP ratio is a measure of the number of

- floatmg pomt operations relat1ve to the basehne Itis well correlated with the wall clock time but indicates

the pure math operations wrthout the memory or storage device read/writes. The time ratio and FLOP

. ratios listed in Table 11-2 are shown graph1cally in Figure 11-3.

The mrmmum number of nonlmear iterations also correlates with the lowest time and FLOP ratio.
Cases 2 through 7 shown in Flgure 11-4 show a minimum of elght nonlmear Newton 1terat10ns are needed
for convergence Increasing the number of restarts puts more effort mto the lmear (GMRES) solver to try
and satisfy the increasing demands of the Elsenstat-Wa]ker forcmg funcuon (sée Chapter 3) As 1t turns
out, cases 4 through 7 are-identical in convergence until the fifth N_ewton step. ;Then‘, case 5 happens to
stop after 400 Krylov :vector‘s with a solution that is nearly ideal,» le'ading to even greater convergence in
step six. This can be seen in the residnal histories shown in Figure 11-5.

Table 11-3 shows the actual convergence times (m seconds) fora vv1de variety of test conditions,
all converging to the same solutron (if they converged at all). Most of these w111 be discussed in another

context in the ﬂuld flow analysis of Chapters 12 and 13. The additional parameters will be defined there as

well. Table 11-3 is included bere to illustrate some important points. First, limiting. the number of GMRES

" restarts performed better (faster convergence with equal accuracy) than allowing 18 restarts in every case,

sometimes by as much as 40%! The baseline value of 18 restarts comes from the strategy of allowing

GMRES the opportunity to hit every possible Krylov vector associated with the (virtual) left hand side

matrix. ‘rhé test case had 192 nodes with four degrees of freedom per node, or 768 total. Snbtracting

degrees of freedom lost for Dirichlet boundary conditions and dropping one degree of freedom for each
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Table 11-2: Impact of GMRES Restarts

Krylov Vectors | Restarts | Nonlinear Iterations | Time Ratio | FLOP Ratio

40 0 ,
40 3 18 - 1.482 1.495
40 5 - 9 1.000 " 1.000
40 7 8 0998 . . ;. 1.024
40 9 7 0.921 0.901
40 11 8 1.193 1.243
40 18 8 1.272 1316
Table 11-3: GMRES Restarts with Krylov Vector Changes
Tau=B | Tau=N
Wall amplification | No wall amplification
. 0 Pseudo time
NO | YES
Krylov vectors
Restarts 40 | 40 | 40 | 88 [ 40 | 56
0 -- - - - - Hokk
2 - - - - *kk -
3 - - 3293 - - -
‘ 5 4535 2671 2388 ° 1806 4552 -
| 7 - - 2217 - - -
| 9 - - 2047 . - - -
11 - - 2650 - - -
18 6642 4661 2826 = - 6497 -
*** did not converge ’
1.5 R '
1.25 : /: e —
1 \«( ( :
0.75 — :
g TiMe Ratio ~fp=—=FLOP Ratio
0.5 ——————— — -
0 5° 10 15 20
Restarts

Figure 11-3: Change in Convergencg Time with GMRES Restarts
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Figure 11-4: Nonlinear Itération Count with GMRES Restarts
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wall node leaves 692 degrees of freedom. Thus, the left hand side matrix to solve is 692 x 692. Theory
proves GMRES (without restarts) will provide the exact solution w1th 692 Krylov vectors or less. With 40
Krylov vectors per restart, 18 GMRES solves checks up to 720 total directions. The:theo‘ry‘ doesn’t apply
to restarted GMRES but it was a logical starting point for the‘inv,estigation-. - »

Table 11-3 also shows that including more Krylov vectors before re'statting also improves

© convergence times. This proved to be true in general, especially for the structur'al cases. Thetest case with

88 Krylov vectors comes from the number of vectors requlred to solve the structural domain used in the

e coupled ﬂurd—structure system. The need for 88 vectors was 1dent1ﬁed in structure only calculations which

would not converge if restarted with less than 88 vectors due to ﬂl—condruomng of the system Itis worth -

pointing out cases found in the literature commonly restart after forming only 20 Krylov vectors. This

turned out to be-unaccéptably slow. The trick, of course, is to provide a problem statement '(i.e.'left hand

side matrix) that is so well conditioned that it will converge within the alloted number of search iterations

. (Krylov vectors). Itis also important to reiterate the cost of carrying too many Krylov vectors. First, each -

vector must be stored 50 the storage requirement goes up. lmearly Second as outhned in Chapter 3and

[Kelly, 1985], each new vector must be made orthogonal to all the prevrous ones. One hundred vectors

- turns out to be practical limit for mamtammg orthogonality. Fmally, each of the vectors is used in the

least squares solutlon process GMRES uses to find the “best” solution in the space spanned by the Krylov .

vectors. GMRES uses a QR algonthm for this and QR isalso practrcally hmrted in accuracy to around a

“rank 100 matnx

Eisenstat-Walker Forcing Functions

The Eisenstat-Walker algorithm generates a sequence of forcing functions rather than using a

fixed value The forcing' function sets the nonlmear residual reduction goal for each lmear solve If the

value is ﬁxed at,.say 0 5, each lmear solution has a goal of producmg a solutlon that w1ll reduce the

nonlinear residual by a factor of 2. For a drrect matrix solver, this is not _relevant since the solution is all-

. or-nothing. For an iterative solver, it sets criteria on “how good” the solution miust be. [Pueyo and Zingg,

1997] selected a fixed forcing function of 0.1 as the optimum for fluid flow. With the Eisenstat-Walker
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algorithm, the forcing function is variable, based on the minimum acceptance criteria specified and success
at meeting goals in previous steps.

Table 11-4 shows the actual wall clock time for the fluid flow nozzle test case selecting various
“minimum” reduction criteria. The minimum is a default value ussd as a starting point. For example, 0.9
means on the first nonlinear iteration or an iteration aftera global step length reduction, the residual is to be
reduced by 10%. This may be reasonable for highly nonlinear problems far from the solution as there is no
sense working too hard to genesate a highly accurate linear solution when all that is nseded isa geseral
direction showing improvement. A starting point of 0.1 requires a 90% reduction in the residual on the first
step. This will drive add1t10na1 work for the linear solver. |

The Eisenstat-Walker algorithm mostly took care of itself, generating appropriate forcmg
functions with each step. A starting point of 0.9 was a bit too forg1vmg in that it ~d1d not demand enough of
the linear part of the solution process. Conversely, a starting pbint of 0.1 placed 't-oc.) much emphasis on the
early linear solutions while the nonlin‘ear equation set was still far from convergence. Selecting 0.5 turned
'out tobea reasonable' sompromise with good results. This could haye b’egﬁ set‘sngalleg‘i"o: “nqarly linear”
problems and updating a transient solution from one time step to the next may be just that sort of case.
However, ﬂuld flow solvers typically have to deal with harsh h1ghly nonhnear starts from umform mmal

flow. conditions that instantaneously dlscover a solld object. -

Table 11-4: Eisenstat-Walker Forcing Functions

Restarts allowed
EW 18 ] 5 | 2 | ©
0.1 6773 - - -
0.5 6497 4552 - @***
0.9 - - wo

@ 56 Krylov vectors allowed, 40 in all others
*** did not converge -
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| .GMRES Starting Vectors

GMRES forms a Krylov subspace about an lniﬁal linear residual vector as

‘ , {ro, Aro, 427'0, . .,'A"'lro} , where Ax — b = r0~. /For a'l\lewtonksol\;e‘r, b 1s the residual vector from the
nght hand s1de equations so a startmg vector . .;éo ,}rhust be selected If the startmg trector >1s the solution
vector, 'GMR-ES is already done and there is no Aneed for further tteratlons However the solunon rs not
known so the the algonthm needs a place to start. Intuitively, all startrng vectors (guesses) are 1ot created

: equal and a good startmg vector could lead to rap1d convergence In practice and i in the hterature one
guess is as good as another s0 the “keep it snnple > strategy applies. .

Table 11-5 shows the results of usmg three different startmg vectors (all temls set to zero, all
terms set to one, and the previous. solutlon mcrement) for some snnple ﬂmd ﬂow coupon test cases

- (described in Chapter 12). SRAND is a difficult test with flow moving through a gnd slanted to the -

. Cartesran coordinates and usrng a random number generator to set initial conditions (see Figure 12-3).

SLANTP is the same ge’ometry but with unifornl'initial conditions other than a pressure disturbance at a

single node. Setting the starting vector to X, =0 is the widely used default and causes the linear residual
‘  to match the negative residual of the right harid side, A{O} =R, =1,. As Table 11-5 shows, this

worked as well as the other starting vectors tested and was used throughout the effort.

. Table 11-5: GMRES Starting Vectors

: .. Cases
X0 | SRAND | SLANTP
0 . \ 17 6
T . 16 6
x-xold - 6 -

nonlinear iteration counts
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CHAPTER 12

ANALYSIS OF FLUID FLOW TWS/SUPG RESULTS:

The ﬂurd flow solver unplemented in the code uses lmear tnangle and bilinear quadnlateral
" elements. Eight-node brquadrauc quadnlateral elements were mcluded in the development but never

tested. The basic fluid flow equanon set is based on the two-dimensional Euler equations with the

" prirnitrve variable set { D>, 1‘), T } as the pnmary unknowns ﬁ‘oth steady state and time dependent
equations vr/ere implernented but cnly the steady state equations were tesfced. The equations were kept in

‘ dimensional forn'r throughout (i.e. not non-dimensionalized). The Euler equation ser was discretized
according to the Taylor Weak Statement derivation and tested for various choices of the scaling parameter,

7 . Grid motion terms were also included.

Numerical Solver

The discrete fluid flow equation equations were numerically solved using the matrix-free
‘Newton/GMRES methodolog‘y. The right hand side ecluations were kept in conservation form to create a
' ’residua:l vector. The left hand side solver used the linearized fluid ﬂow equations to create multiple
* residual vectore. These were ‘us‘ed in a finite difference to create an ar)proximafe Newton statement for the
left hand side. The GMRES solver controlled the number of left hand side solutions attempted, restart
logic, and residual reduction goals ' | |
Total ener;;y and ennopy tracking showed the discrete nnplementatron to be 1sentroplc errcept
where grids were too coarse to support the flow gradients with brlmear elements. There was never any

evrdence of 2Ax waves but overall convergence rates depended on the GMRES parameters and the

diffusion parameter T.

Residual Scallng
Before getting mto the test cases, 1t is 1mporta.nt to show the resrdual scalmg 10g1c Since the
equations were left in drmensronal form, the nurner_rcal yalnee rn the“connnurty, momenturn _and- energy
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equations were based on their consistent fundamenta) units. Continuity was stated in mass flux terms as

Ib,

slu o , o
g and, for sea level conditions at 500 f% , has numerical order 3(1) Momentum is stated in ﬁz— .

2

s

‘ , ' b _
and has numerical order 9(1 03) for the conditions stated. Energy is stated in z‘_f and has numerical
i -

order 9(1 06) for the conditions stated. Since the numerical values in the equations differ by six orders of

magnitude, a fixed percent variation in the equations would lead to a six order of magnitude difference in
the residuals associated with the equations. This causes a problem for the GMRES solver when it starts the

Gram-Schmidt process to make the various Krylov vectors orthogonal. When the Gram-Schmidt process
makes a set of vectors {V1,- .o v,,} .orthogonal by transforming to the 6rthogona1 set {ul .o un} , it

T

calculates a coefficient
Uu. u.

iT L. | If'these vectors are actually the residual vectors, the energy term will -
1] ] -

dominate the squared sum of the terms ThlS same problem would anse by actually foxmmg the left hand
side Jacobian matrix. It would contain some terms that would dominate and would dnve large p1vots ina
.~ direct solver. If left alone, the numerical 1mp1ementat10n would appear as a stiff system of equations.
qutunately, the situation' is easily resolved by simply scaling the equations to be of the same order of

magnitude. Selecting the momentum equations as the middle ground to use for the baseline, simply

" multiply all the continuity equations by 10° and all the energy equations By 1072, Scaling the residuals of
the equations‘a%ter formation does this most easily. The basic equations are not changed and the scaling is
all in one place in the code as a post process after formation of the individual right anci left hand side
residuals. The scaiing may change with location to emphasize a particular region 014r aspect of the flow field
(such as boundaries) but should not be cogvergence adapﬁve as the residual norm is the measure used to

determine convergence.
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Coﬁpon Test Cases

The test cases for the fluid flow equation set were simple “coupons” over a range of speeds both
" with and without walls and at various alignments with the flow. A simple convergent n‘o_zzie was also
tested. In the most basic coupon test, the code held free stream conditions Iexactly‘and did‘not attempt to
change or improve upon the exact solution inﬂial conditign. In other tests, ﬂm exact solution was perturbed
at a single node for one or several variables.
The residual scaling effect is easily shown on a simple 3x 3 element coupon (Figure 12-1)
_ aligned with the flow. All nodes except the one marked are set at free stream conditions. The marked node

s perturbed by a unit change in pressure, velocity, or teﬁpe;aMe both with.and without residual scaling.

Two free stream conditions are tested: a median speed of 565 %/ and a slow speed of 57/ . The twelve
cases are shown in Table 12-1 and thé residual reduction is shown in Figure 12-2. Since portions of the
residual were scaled over six ordersl of magniﬁlde, the residual norms for each iteration of eacil case were
normalized for comparison. The dashed‘\lines show the cases without residﬁal scaling and’ the solid lines

show the scaled cases. The residual reduction goal was nine, orders of magnitude relative to the starting

(iteration zero) residual or less than 10™ absolute. All the scaled cases converged but the high and low
speed pressure pertllrbaﬁon conditions for the unscaléd ;asés did not (toi) two dashed lines). Figﬁre 12-2
also shows ’the scatter in tﬁe convergence results for the unsc;aled cases but the fairly unifdxm con;'ergence
of the scaled cases. In each case, the last iteration may decrease the convergence slope because of logic in

the Newton-GMRES solver that prevents “over-solving” beyond the stated goals. All the lines do not end

below 10~ because of the normalization process.

As one would expect, the slowest convergence for the cases that did converge was for the velocity
perturbation in the low speed. The fastest convergence was for the high aﬁd low speed temperature
perturbation in the unscaled cases. This is because the tempemuge is primarily associated with the energy
and the energy residual is three to six orders of magnitude greater in numerical value than the momentum
and continuity equations. The implication is that residual scaling may also be used to advantage to
emphasize accuracy on a particular variable or location in the flow domain. This notion was tested but not

vigorously pursued in this effort.
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Figure 12-1: Simple Coupon

Table 12-1: Residual Scaling Test Cases

w/o scaling P | U |V[] T |[Iterations w/scaling | P | U.|V[ T |Iterations
basicp T20+1 565 0 530 - *** | |basicp  [720+1 565 0 530 5
basicu 720 ' 565+1 0 530 7 basicu 1720 565+1 0 530 5
basict 720 565 0 530+1 5 basict 720 565 0 530+1 5
slowp 72041 5 0 530 wk slowp  [720+1 5 0 530 5

- |slowu 720  5+1 0 530 6 slowu 720  5+1 0 530 5
|slowt 720 5 0 530+1 5 * |slowt 720 5 0 530+1 5

**% did not converge

1.E+00 -
1601 |
1.E-02
1.E-03

 without fesidual scaling’ H

———  with residual scaling

2 1E04 | : : A SLE
™ - AR ..~\, ‘e .'u
B 1.E05 : . i \ N
z ‘ \:‘\\\ \ -
~ 1.E-06 _ : : ' N D D
2 RN
1.E-07 : A ™ S
1E08 L - \' i
1.E-09 ' T el
1.E-10 .
0 1 2 3 4 5 6 7
Iteration #

Figure 12-2: Residual Scaling Results
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N stabrlrty of the TWS/SUPG method The’ harshest was probably the slanted case w1th walls (Figure 12-3)

Several other coupon conﬁguratmns were tested w1th residual scahng to venfy the code and to test the

where the‘mrtlal condrtrons for every vanable at every node were set using a random number generator

between zero and the nommal value The global Newton-Amullo step length reductron loglc came mto

~_ play and the effects of the Elsenstat-Walker forcmg function can be seen as the rate of convergence o

g changes. - F1gure412-4 shows the relative mﬂuence of including tirne ‘denvatlve-precondltionmg terms. The

“no pseudo time” case is the baseline with residual scaling but no time derivative preconditioning The “n

: local trme steppmg case has time denvatrve preconditromng with a fixed time step of one. The “CFL”

. ,cases change the local precondrtronmg time step using the logrc of [Buelow Venkateswaran & Merkle

1995] These will be drscussed more wrth the nozzle test cases.
The coupon test cases vahdated the codmg, basm stabihty of the algonthms speed and

convergence rates and boundary condltron treatment They all converged to the exact solution to the -

~ accuracy required to satrsfy the terrmnatron cntenal Not' shown are coupons wrth random vanauons to the ‘

mtemal node locations to vary gnd s1ze aspect ratio and skewness or tests of mixed triangular and

- quadralateral elements. -These were all tested and all converged at rates comparable to those already .

- .shown. .

L Stra_ighthhannel .Test:Cases '

The coupon teSts 'were fast checks of coding changes and quickly identified problem

Lo areds. A simple but much more dlfﬁcult test case was a long stralght channel with an aspect ratlo of 18 7:1

- ' as shown in F1gure 12-5 In the test, the mrtlal conditions on the 24 X 4 gnd were set for umforrn ﬂow

through the channel ata Mach number of 22 and the exrt pressure (Dinchlet boundary condmon) was

- changed (up or down) at startup by about 100 psf (16%) Th1s was s1gmﬁcant enough to cause a strong

: '(nonlmear) wave, that had to propagate. upstream and temporanly accelerated or decelerated the ﬂow until

the wave settled In the solution transient, the pressure wave remained very ﬂat throughout (orthogonal to

x
e o R

. the walls) but the velocrty and temperature created “srgnature” proﬁles along the walls near the exrt The
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Figure 12-3: Slanted Coupon with Walls
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Figure :12-4': Slanted Random Variable Coupon Results -
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Figpré’lZ-S: Straigﬁt Channel Test Casé‘
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» profiles were very small (less than .005% max variation for the cases shown) and could be made arbitrarily
small by forcing convergence of the residual to near machine zero. However, the profiles were indicative

" of problems to come in the nozzle test cases.

The entropy and total enthalpy profiles (aspect ratio not correct in figures) showed in Figure 12-6

and Figure 12-7 should be perfectly flat for the ideal solution: at convergence. The non-dimensional
entropy plot in Figure 12-6 shows a very small (l 0_6) negative entropy along the walls at the exit with

entropy production along the internal nodes at the evxvit.' There are no flow gradients, shocks, expansions ori

discontinuities so the profile seems to indicate a non—physical'tendencyr either at the wall boundary or the "

outflow boundary A non-linear gradrent operator (shock captunng term) might correct the problem but the
- gradients are very small and not a part of the physrcal ﬂow field.

The total enthalpy profile in Frgure 12 7 shows the same pattern. The actual enthalpy is non- ‘

dimensionalized by drvrdmg by Cp*5 30 Drvrdmg by _]ust Cp shows a temperature variation of 001

degrees Rankme Smce entropy and (statrc) enthalpy are thermodynarmc state variables, the pressure and
temperature primitive vanables are most suspect Obvrously all the variables are linked but the temperature

| is the most hkely suspect since it is the most strongly assocrated w1th the energy equatlon The problem is

not obvrous though as the mass, momentum .and energy are all conserved and the pnm1t1ve vanables are

correct to a hrgh degree of accuracy even after a strong’ drsturbance S [

| Codmg €ITOIs Were ruled out as the solution would not converge accurately here or in the coupon

tests otherwise. The wall boundary and outﬂow  boundary treatments are also correct or, agam, the solution
would not converge to the correct 'conservatlve results. This was venﬁed through numerous codmg

vanauons Grid resolutron skewness or ahgnment does not hm1t the soluuon Tests w1th a umforrn flow '

- field wrthout the mrtral pressure wave satlsfy the nght hand side resrdual equatron w1th a normahzed

.~ residual norm ”W% <5x 10_'1‘4 and no discernable pattern to the residual. Residual surfaces for the

test with the pressure wave show minimal to no pattern in continuity or y-moémentum but patterns similar to

‘ those above exist in the x‘-momemtum and energy residuals. There is no sign of any 2Ax instability b'ut

" tests with a smaller value for the intrinsic time scale (viscosity parameter), 7', showed the 2Ax wayes will
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generate if 7 is much'smaller. The proﬁle is obviously not related to 2Ax instabilities in the streamwise

.dlrectlon but the gnd is too coarse to determme problems normal to the main ﬂow Tests w1th larger

intrinsic time scales had little affect on the boundary profiles and scalmg 7 based on waves in the gradient

. duecuon showed no 1mprovement over scalmg to target 2A waves * The boundary proﬁles paced the rate
"of convergence for the global Newton statement The soluuon is perfectly adequate for all practical

. purposes but the boundary proﬁle isabad 51gn

‘In a ﬁnal look, a case was run using the inverse of the physical conserved-to;prinlitive'variable

) Jacoblan in the SUPG-like term as opposed to the time precondmonmg matrix. “The precondmomng matrix
Jwas strll ‘used iri the pseudo tlme tenn on the left hand side but there were no non-phys1cal terms on the
' nght hand side. In this case, the soluuon stagnated far from convergence but showed an interesting pattern

" in the entropy and enthalpy plots. Only the enthalpy is shown but the entropy (and temperature) were

similar in nature.

: l?igures l2—8 and 12-9 show the curious waviness of the pattern. These are clearly not 2A but

_seem to show three complete waves along the length of the 24 nodes of the channel. The pattern is

sym'm’etric and the wall enthalpy appears to be almost 180 Adegree's out of phase with the interior. A quick

" check back to F1gure 12-7 with the non—physrcal (preconditioning), J acobian shows the wall and mtenor are

‘ also out of phasc but only a half wave (fundamental mode) is present

[LeBeau et al, 1993] developed a Dirichlet treatment of wall boundanes by rotatmg the
momentum mterpolatron functions to be n‘omzal and tangent to the wall They were motivated by'the need
to get away from expllc1t treatments such as rotating vc1001ty vectors at the wall. In this research project,

an implicit wall treatment is used based on the transposed equatlons and the d1vergence theorem (see

' Chapter 4. The dlffusmn was left in its standard form as the werght functlons would not support a second

order denvatrve Lme mtegrals along the boundanes were tested both with and without defusmn terms).
This drd not cause the phase shift, though as the shift was st111 present when the ongmal (before
transposmg) equanon set was used. The apparent phase sh1ft may actually be part of a ‘beat frequency

generated by the d1fference between two h1gher frequency waves. Th1s is purely speculanon but the
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boundaries are soniehow connected to.the odd profiles. Again, at yconvergence the profiles have damped
out or reduced to rmmscule levels but the tran51ent snapshots shown in Figures 12-8 and 12- 9 mdicate
corruptron associated wrth the physrcal mass matnx that the precondltioned mass matrix somehow

minimizes or avoids altogether.‘ .

‘ lNozzle Test Cases

The coupons and straight channel test cases only had flow gradients tran51ent to the steady
solution. To provide a ﬂow with a steady gradlent, a subsomc nozzle works well The nozzle test case isa
2-D subsonic converlgent,nozzle with a 2:1 area ratio and a symrnetry along_ the centerline. Treating the
L centerline as a'tangent surface with slip‘walls‘ ‘eni'oreed s“yrnrnetry. (Cornp‘arisons with a full nozzle
calculanon showed th1s treatment correct. ) The nozzle prov1des a ﬂow gradrent, some aspect ratio and grid
srze’chauges ﬂow at vanous ahgnments to the gnd and: tests solunon accuracy A coarse gnd was used to
test vanous combmations of code parameters such as the nurnber of GMRES restarts, ‘the number of Krylov
- vectors allowed per GMl{ES solution, options for the 7' parameter and the time derivative‘preconditioning

logic The coarse gnd is 24x8 with a solid s1de wall and symmetry along the centerhne Umform

Dmchlet inflow boundary conditions {u v, T } are enforced at the mﬂow edge shown m Figure 12 10 and

ERS

a uniform Dlnchlet outﬂow boundary condition { p} 1s enforced at the outﬂow There was no need to

overtly enforce the sohd wall (tangent ﬂow) boundary based on the weak form of the equations used. In
reality, tlus reduces the degrees of freedom at the wall nodes by one. Several altemauve approaches were
tested for ngorously enforcmg tangency such as penalty terms, conﬁmng GMRES search directions to wall
* tangent direcnons and zeromg out the residual associated with the lesser component of the velocity vector
at the wall. There was no. obvrous benefit to any of the altematives The lost degree of freedom dld not
cause a problern wrth a reduced rank in the (virtual) left hand side matrix because GMRES was restarted
(typically at 40 vectors) long before the full rank (650) was needed.

'Ihe nozzle gnd used for most of the effort is shown in Figure 12-10 with no points removed or
hidden. Unifbrrn Dirichlet boundary conditions are set at thev inflow and outflow nodes shown. These

uniform flow conditions are too close to the nozzle for reality and would normally be set one or two pipe
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Figure 12-10 Nozzle Grid

diameters upstream and downstream on straight sections. The ‘grid' is also too coarse for best accuracy with
the linear interpolating functions used but it is adequate for the purposes of this research project.

There are no sh;)cks or discontinuous flow regions in the nozzle but the coarse grid still allowed
for relativ‘ely large cﬁanges in the flow variables over a single element. The theoretical role of th;
discontinuify (shoék) capturing term becaﬁle evident in the steeper éradient regions (3/4 of the way down
the nozzle) by its absence. These regions generated dispersion errors that nonlinear shock capturing terrhs
are~ designed to eliminate. The proper form of the term was hinted at but not de\;eloped in the theoretical
analysis. It should be complete;i and incl;xded in a production code even if shocks are not e);peqted because
. it should speed cdnve‘rg¢nce, in steep gradient regions. The coarse grid of a x;mlt‘i-grid cycle would likely
experience the sarﬁe issu;as of l%rge variable changes overé..single element. The gradient regiéns did not
- impact the stabﬂity but seemed to pace the rate of convergence for all code configuxatic:ons.

As for the accuracy of th;a resul%s, they are sufficient for the bulk flow changes creat:ed by the
nozzle between the inflow and outflow boundaries but slightly lacking in the detaéled internal flow. Asin
the straight chmel, enthalp'y' and entropy plots are the best ipdicatois §f any abnonnaﬁﬁes. Enthalpy and
entropy should be constant for a .subs-olnic, inviscid flow but the code does not explicitly enforce these
conditions. That is why they are sx;ch good measures of the quality of the calculated flow field. ‘ Figures
12-11 through 12-14 show the_eﬁthalpy and entropy surfaces along with the details from thé céﬁterline, mid
flowfield: (at f(he arrow in Fig1-1re 12-10), and wall gnd lines. The profile (line charts) also highlight the

theoretical results validated with a quasi 1-D analytic solution.
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Several important features are evident in Figures l2—, 11 through 12-14. First, the profiles are not
flat so enthalpy and entropy show non-physical traits locally over the flow. field near the wall. The most
corrupt region is‘loc‘alized in the maximum curvature region of the nozzle where the flow turns to realign

with the nozzle axis. The enthalpy disturbance peaks at node 21 (see Figure 12-12) along the wall at about

0. 05% This equates to about 0.25 degrees Rankme or roughly 2 f/ However, the temperature and

velocity may offset each other to-mask other problems. The enthalpy tries to make a quick recovery by

node 22. 'l‘otalenthalpvy should be constant even across a shock (compression or expansion) so the energy

: equationlb'ehaves as if work or heat is being added and then quickly removed along the wall.

" The entropy provides a different look at the problem. In Figure 12-13, the entropy should be
constant but instead decreases slightly from the centerline to the wall. The real probleni is the “negative

entropy generated along the wall. Enuopy production is mdicated by the slope of the profiles i in Figure

12-14 and appears to peak at about node 17 Negative entropy production begms as the flow begins to tun
.back ax1al at the wall mﬂecnon pomt about half way thIough the nozzle (node 13). The sudden change in
enthalpy between nodes 21 and 22 does not have a corresponding entropy production (negative or posmve)

so the mechamsm is rever31b1e. The entropy production is ,locahzed in the wall region and production

peaks in the steepest flow gradient regions.' The alignment with the enthalpy‘proﬁle shows the negative

entropy production corresponds to the increase in enthalpy};-D_'ecre"as‘es' in enthalpy do not co'r'telate: well

- with the entropy changes. : S : L P

[Baker, 1983, p178] poin_ts out a coarse grid discretization may cause negative entropy production '

and can be eliminated with proper.teﬁnement. [I-Iirsch; Vol II, pp. 5 19-.52‘5] expands on the need to satisfy

' the entropy condition for Euler flows and points out proper diffusion terms (artificial or physical) will

* ensure non-physical discontinuities will never appear. Both avenues were tested and will be summarized’

- after a review of the impact the non-physieal flow region has on the primitive variables: p,u,v,and T. .

Figu_re 12-15 shows the pressure profiles for the, centerline, mid flow line, and wall from

the calculation and compares it to the profile from the quasi 1-D analyti¢ solution. Surprisingly, the mid

flow line matched the analyﬁc solu'tion betteér than the centerline. The wall pressure shows the impact of
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Figure 12-15: Pressure Profile for Nozzle Flow Test Case

the problem indicated by the entropy and enthalpy profiles. First, the pressure increases as the flow slows
down (!) slightly before accelerating. Second, the flow over-accelerates while mrnmg back axial causing
the pressure to undershoot the exit pressure by about 0.6% (~0.03 psi). This is not enough to be a major
problem but it should be better. |

The same trends are apparent in the temperature profiles in Figure 12-16 as in the pressure. The
deceleration before the nozzle converging appears to be physically acceptable since there is no change in
entropy along the wall (nodes 2 through 8) in this region. The sa;ne is true in the deceleration region
recovering from the overshoot. The pressure and temperature ‘bottom out’ at wall node 20 and climb as the
flow slows to the exit. The wall entropy is essentially constant in this region also.

The velocity profiles in Figures 12-17 through 12-19 show the samé trends already dis;:ussed in
the pressure and temperature plots. The vector plot in Figure 12-20 combines the velocity components and
shows the velocity vectors follow the wall contours very well and the profile is flat at the nozzle exit.

Overall, the accuracy of the nozzle test case shown in Figure i2-10 is adequate for the current

research project since all calculated variables are within 1% of theoretical. Several variations were tested
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to remove some of the known problems stated in the introduction to the 'noiile section. Figure 12-21

shows an elongated entry and ex1t regron to! move the uniform boundary condmons away from the gradrent .

' .regrons The boundary cond1t10ns were more un1fonn at the gnd inlet and exit as one would expect

'However proﬁles at shces correspondmg to the ongmal mlet and exit locanons were essentlally the same
asin the ongmal conﬁguratron
Flgure 12-22 shows a refmed grid along and out from the wall It also h1ghl1ghts the abrhty of the

method to accept locahzed gnd ref’mement and a mixture of quadnlateral and triangular gnd elements The

. solutron on the refmed grid was better than the baselme n that the entropy and enthalpy vanauons along
the Wall were reduced (F 1gures 12 23 and 12-24). However the 1mpact on the pnmrtrve vanables was,
‘ small with the minimum temperature mcreasmg about 0.2 degrees (better) but the minimum pressure oL

» droppmg by 0.1 psf (worse ).

Itis reasonable to assume that continued reﬁnement would continue to reduce the etrors until

roundoff errors dommate However this is computatronally expensrve soa better approach would be to

unprove the algonthm In add1t10n the fully refined grid case seems to indicate non-physrcal condrtrons

are. > still’ present

Frgure 12-25 simply shows the basic nozzle without a syrnmetry assumptron 'I'he 24 x 8 gnd is

' even coarser than the ongmal relative to the flow gradrents but a companson of the solutrons at common

node locations shows 1no real difference. Thrs case was tested to vahdate the treatment of the hne of

. symmetry as an mv1sc1d wall.

Fmally, Ergme 12-26 shows the combmatron of all refmements ina smgle case. It
contams a reﬁned grid in both the axral and laterel dlrectrons as well as extended mﬂow and outflow
reglons The grid is 1 10x 16 w1th four degrees of freedom per node (7040 total), less boundary

condmons The: ongmal grid had 768 degrees of freedom (less boundary condmons) The degrees of

freedom mdrcate the upper bound on the computatronal work requlred to invert the (vrrtual) left hand side
k matnx by any given method As the degrees of freedom go up, the work to solve goes up exponentlally

. and the storage requlrements go up hnearly‘(exponentlally ifa full left hand side matrix is formed and
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stored). The basic nozzle (Figure 12-10) test case took between 30 minutes and’ 5 hours to nm ona
200Mhz PC with all diagnostics running, dependmg on the method and parameters selected (This same
operations count on a single processor of a modern parallel machine would take less than 7 seconds!) The

refined grid case (Figure 12-26) was estimated to need a few days to settle out all residuals but was

manually stopped after about 9 hours with a normalized residual around 1072 The residual surfaces show
‘some interesting pattems at this pre-convergence condition.
' Although not converged, the refined grid solution still shows the same basic pattern as the baseline
nozzle. F igures 15—27 through 12-31 seem to indicate that grid refinement alone will not resolve the issues
- already identified. ’The pressure contours are orthogonal to tlie centerline about 0.5 diameters upstream and
'downstream of the convergent region so distance from the boundaries is not an issue.

The'pressnre profiles in Figure 12-27 show the same bubble as the flow turns back axial after the
convergent region. It also shows the pressure increases immediately afterward and then steadily. decreases
to the e:tit. . The inflow region is similar where the pressure steadily increases to a peak as the nozzle wall
.starts to turn inward. This pressure ramp did not exist in the straight channel test case so it must be an
upstream effect generated by the convergence region. The good news is the minimum pressure point is
much closer to the exit pressure. Now the reprekssurizationdas the flow enters the straight exit pipe is more
curious.y Some of this might have damped if the solution hadheen allowed to continue.

The temperature profiles in Figure 12-28 show a depressed temperature at the wall and centerline
and a fair amount of sCatter still exists in the exit profile. The relevant point here is the wall temperature
overshot the target of ~510R while the core flow is lagging. Experience with the basic nozzle shows this
'.will eventually settle out and the wall temperatures and the mean flow will corne much closer to theoretical
conditions. -

The entropy profiles in Figures 12-29 and 12-30 show a significant difference between the wall
and centerhne entropy and that of the mean flow. This is based on a slightly different version of the
precondmonmg matrix but mdicates the wall behaves drfferently than the mean ﬂow even for relatively
fine gnd spacing. The depressed entropy is on the wall and the centerlme in this solutlon transient and
’ correlates closely with the enthalpy in Flgure 12 31. 'I'he enthalpy surface is not shown as it follows the

entropy surface very closely. The enthalpy profiles are shown for reference. '
‘ 177: ‘
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The group of ﬁgures (12-32 through 12-3 8) shows the residual proﬁles GMRES must ehmmate.'

A A ,The TWS/SUPG d1ffusmn is said to be re51dua1 based because it essennally works on the residual of a
g - ON , ., 0N . . N
discretized sét of equatlons |:N + ’L{ 3 AT+ EB r J:|{R} . GMRES then works with the

tesidual of this eqn'ation set as the data vector b in the linear system Ax = b. The >Krylov,vectors in the
\Aleft hand 51de are also based on th1s nght hand side residual by { s AR,hs, AzR,hs, } In the matrix-

free process a lmeanzed form of the nght hand 51de is used to operate on the Krylov search du'ectlons '

'relauve to the starnng vector. These hneanzed funcnons generate 51m11ar res1dua1s since they are Just

hneanzed versrons of the nght hand s1de The difference i in the current search direction residual and the

startmg d1rect10n residual is then used to determme if the search direction prov1des adequate residual

redugtlon. The process is'not unlike going to the optometrrst and flipping through various lens shapes and
' then combining the results to provide ‘the best’ overall combination. In the residual plots, greater |

- magnitude means the equation is further from convergence, regardless of the sign.
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The co~ntinuity residual surface in Figure 12-32 is fairly smooth and the down stream region seems
to be converging before the upstream. The boundaries in the upstream iegién are also markedly different
. - than ﬁe core flow regibn‘ but in the ‘good’ direction. A smooth surface is intuitively less complicatéd and
likely easier to solve. GMRES sees the sﬁi'face as a vector and is looking to find a better answer by‘
searching inr a djfccﬁon A-conjugate (conceptually orthogonal after mapping onto the columns of A) to the
fesidual. |

)Th'e momentum residuals are a very different ’story. _Figure 12-33 shows the problem the X-
'momenfu;n equation is having with the wall boundaries. It is disconnected from the main flow and is
starting to sho§v a long wavé pattern along.the wall an& some 2A waviness normal to the wall because of
the steep gradlent The search directions will be selected based on minimizing the norm of the residual so a
minor 1mprovement in the maJonty of pomts outwelghs a major improvement in a small number of points.
This spggested some strategies for i unprovgment based on:

1. ' giving a higher Weight to the wall residuals

2. . minimjzing the wall residuals in a s‘carcli separate from the rest
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3. using a linear combination of norms of the different regions to find the best solution (€.g. instead

of ||R”, use a1|[R1||+a2”R2||+...+a,.||R,.|| where Zai =1) - RS

4. or giving a non-linear weight to outlier points so they will be emphasized in the solution
Only the method giving higher a priori weights to wall boundaries was actually tested. The wall boundary
residuals were simply multiplied by a scalar. Without tracking the distributed residual reduction, it would
be difficult to prove the benefit. However, this non-linear weighting based on a gradient is the essence
behind the shock capturing diffusion operators. The difference is using the residual rather than a flow
variable. -

Artificial viscosity terms act as é filter and diffuse the energy from waves of various frequencies.
The TWS/SUPG term is a particular type of directional filter acting in the flow direction. The 7 term was
selected and tuned to damp high frequency 2A waves in this direction. The residual surfaces show it is
effective as there are no 2A waves in the flow direction. There are longer waves present in the flow
direction and localized 2A waves in directions normal to the flow.

The X-momentum residual surface (Figure 12-33) shows a single wave along the wall with
wavelength equal to the length of the flow domain. Normal to the flow, a 2A pattern is apparent at the
wall. The Y-momentum residual surface (Figure 12-34) looks like a (small) mess but various longitudinal
cross sections in Figure 12-35 show the frequency content. The highest wave taken along the mid flow
region shows three complete waves over 21 nodes or 7 nodes per wave. The waves are the worst in the
straight pipe sections where the Y-momentum is small and normal to the main flow and thus the damping
direction.

The energy residual surface in Figure 12-36 is the most illustrative with a reasonably flat basic
shape but very clear waves in different regions of the flow. The 2A waves normal to the flow at the exit
are obvious but the inflow region shows a iaeautiful wave pattern of about 10 nodes per wave normal to the
flow (Figure 12-37) and single waves of 16 nodes per wave normal to the flow (Figure 12-38). Meanwhile,
the wall seems to have composite wave with a short wave length of 20 nodes per wave decaying into a

much longer wave.
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The waves are not.evident in the primitive physical variables so they would be invisible to a‘
damping scheme based on theical variable gradients. Thjs alse clearly highlights the role of the third
order. (dispersion) term {crun'eated in the Taylor weak smten;ent derivation. The derivation of the ‘Taylor

 weak statement in Chapter 5 identified the role of the residual and should be explored further in-light of the
current findings. ‘ ‘ ‘ ,

The fmal{set of resulte comes from "doing less" damping rather than more. At the Beginm'ng of
the discussion about tﬁe nozzle test cases, the topie of the magnitude of the diffusion time scale was |
deferred. The short sﬁmmary is to say increasing the scalar weight (simplby multiply the calculated 'weight

. by2 or 10 er semething iarger) showed no improvement. Likewise, decreasing the Weight sometimes
allovézed 2A waves to'_form and slowed conv'ergenee. l The most interesting test started with a converged

solution and removed the damping term completely (set 7= 0). After the damping was remov‘ed; the
solution took four nen-linear iferations to re-converge. o _ |

There was a visible effect on the profiles for the pﬁmiti\;e variables, the eet;opy ane the enthalpy.
First, Figure 12-39 showé the enfropy profile gets just a little bit worse but not by much. It also picks a |
) little bit of 2A waviness but it doesn’t diverge. The surprise is m the % enthalpy profile (Figure 12-40).
The wall anomaly goes away! The enthalpy shows some waviness in a very‘closle up look but the enthalpy
profile is flat when ‘compared to the converged solution for the baseline case. |

Figures 12-41 through 12-44 show the-changes in the pnmmve vanables (ongmal current) along
the wall when the dampmg is removed. All show the charactensuc 2A expected for a Galerkin approach
The flow would have diverged quickly if started from the initial eqndmon_s but sta:_tmg from the converged
solution kept out most of the problems. All the variables changed some but the i—velocity (Figure 12-43)
was the real culprit driving the enthalpy profile. The x-velocity was over 2 fps higher with damping than
without demping. |

The pressure and temperature changes (Figures 12-41 and 12-42) were not in the right direction to
eliminate the entropy problem as there was little change when the éiamping was removed, Uniike the

enthalpy, the damping term is not causing the problem but it is not eliminating it either. ‘
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The profiles at the walls for the nozzle and straight channel test cases are not unprecedented as,
[Hughes, et.al. II, 1986) shows advection test cases with similar featilres at a boundary. In that case, the
profiles were in the pnmary variable and the boundaries were mﬂow/outﬂow boundanes He added
different versions of a shock capturing term and elumnated the boundary problem even though there were
no shocks.' [Tezduyar and Park, '1986] repeated the test cases with their own version of the SUPG term and
had similar reshlts. They also controlled the problem with a shock capturing term. [LeBean, et.al. > 1993]:
also noted the,limitations on accuracy of the SUPG method in the conseryation variables without shock ,
‘capture. They eliminated the accuracy problem for the conservation variables with the addition of an
appropriate term. |
The primitive variable set( { )2 u,v, T } m‘ay‘be t00 insensitive to be the object of a non-linear
gradient Vo\pe-rator. The.enttopy, enthalpy, or residual vectors may.be rnore appropriate. It is also important
‘ to reiterate the need for controlled diffusion ln;direcﬁona other than the stteamline. These have been

. developed for entropy and conservation variables but not primitive ya;l'ables.

Silmmary |

-'l‘lle preconditioned TaA}'lor weak statement derivation shows a st’I“ongl cAonnection with the
: Streammse Upwmd Petrov Galerkm method. The detailed ana1y51s avaxlable w1th the Taylor weak
statement prov1ded a theorencal basis for the TWS/SUPG dampmg term Thls led to the development of
) : fam111es of dampmg terms for the compre551ble ﬂu1d ﬂow equanon set using pnmmve vanables and tlme .
denvauve precondmomng It also prov1ded a framework for evaluatmg dampmg temxs developed by ad

- hoc means and led to the creation of a dampmg term superior to any fou.nd in the hterature ‘The’

' TWS/SUPG equation set still has some anomalies at solid wall boundaries associated W1th the damping
- term that limit the rate of con\;etgence and the detailed accuxacy of the converged -solution Howelrer the
errors are typlcally less than 1% and the accuracy is sufﬁc1ent for testmg vanous approaches to coupled
ﬂuld-structure mteractlons o '

- : Res1dua1 scahng greatly. imprhved_the rate of convergence of ‘the fluid flow equation set and

should be considered essential. A nondimensionalized equation set would be less sensitive to scaling issues
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but not immune. Residual scaling is similar in concept to row or column pivoting in used in direct methods
and is very easy to implement. It may be possible to improve the quality of solutions by using residual
scaling to emphasis particular fegioﬁs or variables within the flow.

The TWS/SUPG finite element equations set is applicable to any set of polynomial basis functions

and was successfully tested with both triangular and quadrilateral elements. -
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CHAPTER 13

ANALYSIS OF FLUID FLOW PRECONDITIONIN G RESULTS

" The fluid ﬂow preconditiomng approach was successful and deserves further mvestigation
Several essentlal elements must be correct to enjoy the full benefit but they are' somewhat mdependent of
each other and the’parametnc studies to follow will show the nnprovements are always in the direction of
the phys1cs based precondmonmg approach As a reminder, the approach is to add an artificial mass matmi

" totheJ acobian in the Newton tteration and treat the linear GMRES 1terat10ns as pseudo time steps This

OR(w ‘ ‘ oo ,
looks like ngl + 5‘(w ) Aw=—R(w;) o, in discrete form, [éQ +J :IAW =—R where Q%

[+
is selected to improye the condition number of the left hand side matrix.

In the cases tested, mcludmg the mass matrix worked better than leavmg it out but there were

nuances fo the form and treatment of the matrix. Also a Taylor Weak Statement/Streamw1se Upwmd

Petrov Galerkin (TWS/SUPG) term was developed around the pn'mitive flow variables { p,u,v,T } to

stabilize the ﬂuid’ﬂovx‘l equations. In the development‘ the inverse of the mass matnx Q'1 "shoWs up in

" the stabihzation terms In a sense, this is also an artiﬁcral term added to enhance the computation 50 it too
can be v1ewed as a possible source of addmve precondmonmg Finally, an effective form of the eluswe

, tirne scale parameter, .7 , associated with the T’YVS/SUPG term was finally uncovered and unplemented to
great effect. It WouId Abe difficult to rank or'der' the importance of one over the other or the 'iniportance of |

the fluid equation set relative to the number of Krylov vectors and restarts allowed.

TWS/SUPG Terms

' The mass matnx 1mplemented is based on the time- derivative precondmonmg approach of [Merkle 1995]
The basrc process is to'control the eigenvalues in the contmuum, then don’t destroy the good condltionmg
with the discretization If the various time scales are controlled relative to the' discretizatlon the condition
number of the left hand s1de miatrix should be controlled ThlS is not the only con51derat10n for o
‘preconditiomng a GMRES solver, but 1t’s a reasonable start. In reality, the GMRES method is controlled
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.’by the condition number of the eigenvector matrix of the left haiid side, X, where'.- s

XAX "= [ A o+J ] rather than eigenvalues of the left hand side matrix. This may help explain why
t'

t

lumping the mass matrix (adding diagonal dominance) 1:mp'ro‘vevd the rate of con'vergence.

As for the TWS/SUPG term, the full \;veight function used in the weak statement is given by

W=N+r(9]!AvQ:‘+§£ByQ:‘] S @3
Ox oy ‘

The subscript on the ‘matrices indicates 2 relationship to the primitive -variable set. I considered three main

" variations to the terms in the weight function. First, O ! may be based on either the physical Jacobian

between pﬁnﬁﬁve and conserved variables or an artificial mass matrix selected for preconditioning.
Second, if tixe arﬁﬁcial mass matrix is used, appropriate parameters. are needed to form the preconditioning
matrix. Third, a robust calculation is needed for the scalar time parameter, 7, to avoid under or over
diffusion. ‘Th;ese will be connected in the parametric studies and the trends are fairiy cléar. |

First, the artificial preconditioning matrix produced better results than the physical Jacobia;n

associated with the change of variables regardless of 7 or the preconditioning parameters selected. This is

_not to say anything would work for a preconditioning matrix but the range of acceptable parameters

outlined in [Merkle, 1995] all worked better than the physical Jacobian matrix. Without elaborating on the
different 7 definitions (A, E, or N) just yet, Table 13-1 shows the-time (in seconds) required for
convergence when the preconditioning matfix and the physical Jacobian were compared head to head for

two different test cases.
In Table 13-1, inv(L V) indicates the inverse of the preconditioning matrix is used in the weight

term and inv(QV) indicates the inverse of the physical Jacobian is used. The nozzle flow conditions

Table 13-1: Physical vs. Preconditioned Mass

: Jacobian .
Tau |Case inv(LV) | inv(QV)
A [Nozzle . 1866 *kk
E [Nozzle 2251 *kok
N  |SRAND 132 162

*#* did not converge
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were in the 250 (inlet) to 550 fps (outlet) range at sea level conditions and are described in Figure 12-10.
SRAND‘is a 4 x 4 node coupon with walls (Figure 12-3) where a random number generator sets the initial
conditions. The two-SRAND cases used the same initial conditions. The results in Table 13-1 show the
preconditioning matrix led to faster convergence in the coupon test and was necessary for convergence in
the nozzle tests. Three different 7 parameters are shown, all with the same outcome.

Next, various parameters for the preconditioning matrix were tested. [Merkle, 1995] identifies

four parameters to be considered: p'p , p'T , H " ,and H T In physical terms, these are the partial

p >
derivatives of the density and enthalpy with respect to the primitive variables, pressure and temperature.
The trick is to replace the physical partial derivatives with values selected to improve the eigenvalue

condition number of the local flow.

The nozzle tests were forgiving and all combinations worked...but not in the SRAND tests. Table

13-2 shows the how the enthalpy based parameters fared with p'p = 1/ ,; and p'T =0. It shows time
to convergence in seconds for different values of H. T and H;, for the test case SRAND.
The H;, parameter is defined by H:D =1— pH, so the best result is actually the physical one

since H, =0 for an ideal gas. Surprisingly, H. T was intolerant so the physical case worked the best here

as well.
The other two preconditioning parameters varied were ©O » =5 and p, = KT Pr. The
C ‘ - .

reference veldcity starts with the local particle velocity at each node (variation A.)

Table 13-2: Preconditioning Parameters

Hp=0 | Hp-1
- dokeok

*¥* did not converge
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V., case A=u’+v* A C(13-2)
In variation B, a Courant number based velocity is included similar to that shown in>[Veln‘kat‘e'swaran' and

Merkle, 1995].

2 S \2 : :
4 caseB 2 + 2 v (13-3)
o At nA o -
where £, £, are reference léngths and Af" is the pseudo tlme s‘te;').:"’ Méa{nvirhile,' tli:e term K. is used to
scale the physical partial derivative of the denéity with'fééppéi fo tgnif)éiaﬁiie. The two extremes of
K, =0and K; =1 were tested and provided the results shown in Table 13-3. -

Setting pp =1/ V where V,ef = w1 + Vi is a standard approach with roots all the way
back to-Chorin’s artificial compressibility [Chorin, 1967], but K. =0 is a choice to simplify the matrix
inversion. As it turns out, K, = 1 provides the fastest convergence but it did not have a strong impact. ‘
Table 13-3 gives the time to convergence in seconds for the basic nozzle test case with two different
versions (A and N) of the 7 parametér.

I assumed the four preconditioning parameters were independent but that’s really not the chaée; ‘

The TWS/SUPG term multiplies the conservative form of the flux gradients on the nght hand side and the

linearized ﬂux gradient on the left hand side creating the four products

j2 r)

N ‘ } D P

0 L, 0 |u|- o |u a o lul ‘o 8 lu
T—AT 4 — F‘IB —BI'4—{ -}, 7—BI'B — 13-4
1w4’4&‘ 4 e AT ¥ ”@v()

T T AT T

Table 13-3: Preconditioning Parameters for Nozzle Test Case

Vref

Tau' | .. Kt A ] B
N - 0 6497 8007
A 0 1866 -
A 1

1711 - -
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Each contains the term I 1A‘, or I'7'B, . Expanding the first of these gives

: : \
pu(pTHT - pTHT)

d
0

0
u( pp, Hy - prH,)

(13-5)

u[b}(l—pH,,)wp,,H}] O H,

ld - d

r;'4, = {f X
u[ppH;J —p;,(l—pHp)] | pH'p

d d

d

* where d = pp'p H.+p.H ; . Multiplying this by the x-derivative of the primitive variables leads to

upr(1-PH,)+ oo, Hy | op” g2, 0w pul(prHy - prHy) OT
= s — (13-6)
d Oox d Ox d ox

" continuity =

w(pp,Hy - prH,) oT

d ox d o Ox

dp = p(1-H,) op  pH, ou

13-
d Oox (13-

energy eqn =

for the continuity and energy equations, respectively. The momentum equations do not contain

preconditioning pafameters so they are excluded from this analysis.

First, d # 0 so pp'pH} # —p'TH;. Substituting for p and p, in d = pp;,H; +p'TH'p

P Vot —K P ' °
EPPHT # = R_;z H, , (3-8)
or h
p,H.T#K H, (13-9)

Setting any of the parameters ( p'p ) p'T , H ; ,or H. 'T) equal to zero glways satisfies the constraint
d#0 as long as one is not set to zero on the opposite side of the equation. Substifuting the parameters

P

u2+v2

selected previously, #1 is another constraint. The flow would have to be supersonic to violate

the constraint and the preconditioning is typically turned off as the flow reaches.transonic speeds so there is
no real danger of violat_ing.it.

" Rearranging the continuity equation (13-6) gives
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' ' : 0T
continuz’tyxd=upT—2——uprH —g£+upppH g + sz Zu;i- pb{pTH?:.afx,
or ; ' .
pupTH P A
x ' ’
op oT op ou - . T
[upr ™ — pup H, ax] [upp,,H o —+p H i +pupTHT—a-; (13-10)
0
~uprpH, ap
| Op or op 10u or : Op
= ——pH. +puH | p, =+ p——+ p.— |- H —
’upr[ax Piir o :| pu I:p ? B Apu,ax Pr 6x:| Uprp. ? B

Substituting for 0, p,, Pr, H.,and H , gives

& p . 0T fpop 16u por
commy 4= up’[ﬁﬁ—ff Pax}puHT[zai’Lp udx ;Bx}

_ o KpRI1p G 10T b, 1op 10u_10T
P T R|pox RTox Tou pax uox T ox

\ g LT Rl [l 1o 10T
| T ox pox pox udx T ox

The first term on the right hand side is recognized as the enthalpy variation of the entropy (Gibb's)

dT d
equation from thermodynamics where ds = C, T RZ g r directly scales its influence in the

p

continuity equation. Since the continuity residual must ultimately go to zero, this equates to enforcing
| ds=0 aslongas K, #0. K doesn’t appear anywhere else 5o it’s sole purpose amounts to scaling the
entropy condition. It strikes me as odd that it should appear in the continuity equation rather than the -

energy equation.

The second term on the right hand side of equation (13-11) is the derivative of the mass flux where

d ( pu) = pu( dp @ - d?T) The continuity equation can now be written
p U ‘

continuity x d = P[KTP“? + H 6(6pu)} (13-12)
' x

Similar analysis shows the energy equation form to be
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opw) . op |
— 13-13
o (13:13)

energy X d = Hp

It appears the four preconditioning parameters could be optimized for best influence over entropy, mass '

* conservation, and work. The entropy and work were identified as areas of concern in Chapter 12.

The final influence factor in the TWS/SUPG term is the intrinsic time scale, 7. It evolved quite a

- bit over the course of the investigation, providing significant improvements in performance. The various

parametric studies were performed at different times so 7 and other paranieters may be different between

" tables. Comparisons within a table are identified with a letter A through N They are not in chronological

order in Figure 13-1 50 here’s a brief summary.
Early on, it was unclear whether the time scale should be localized to the element or reflect some

sort of global time scale. Literature investigations and some misguided one-dimensional Von Neuman

" analyses produced ~‘vari01rs combinations and assorted terms with 7 in the length scale. Eventually, type N

came to the front as the “best of breed.”* This was typically coupled with too many Krylov vector restarts
so the convergence times were very long. There was no requirement for the numerous restarts; I just didn’t
know.any better:

Type N was. used for most of the early part of the effort and it wasn’t untll much later, after I had

’ started a multrdlmensmnal Von Neuman analysis of the Taylor Weak Statement denvatlon, that the idea of

. using a wave nur'nber vector came out. _This gave me a basis to analyze the different approaches and

develop speciﬁé targeted improvements. Many of the parameters 'rTeported in the literat'me have a solid

basis but they are not as good as they can be 'Ihere were qu1te a few more parameters tested but none are

worth menuomng Several of the ones shown in the ﬁgure only vary by a constant factor Other factors

’

such as multrplymg or dlvrdmg by 10, were tested just to check the mﬂuence of scaling but the ones listed
had some log1c behind them at the time. A version of type A was also tested where the acoustic velocity,
c was replaced by the reference velocrty from the precondmomng parameter. This was an attempt to

su_nulate the preconditioned elgenvalue_s. Itis not really the correct form of the precondiuoned eigenvalues
but was tested anyway. Types J.and L contain the correct preconditioned eigenvalues. It turns out 4,1, '

' . } -1
has the same eigenvalues as I v A‘, .
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Pia at

| oy i‘aﬁ}c 13-4 shows @e‘ lhéad to head co;nparisqn of the various methpds. ‘Al} the n6m1é~ cases ﬁsed
» _ the:sax‘nelz ﬁmﬁbér of Krylov \"e;:tors (40) with 5 restarts and an lEiseﬂstat-Walke’r startmg goal of 0.'5. 'Tyb_e
N was used exteﬁsi\;ély carly in the effort and was a logical choice. The speédup with the befte_r choices is"
obviqus. | |
o ‘ A T&pe B ;pc;:et;déd..'f};pe N as the v;(orkhérse. Tt uses a reference length of ﬁice ‘tAheh maximum
. Aiaggnal of an‘eler‘n,ei.itl but projects it m the direction of the velocity vector. This was‘pre':viousvlwy explained
' ‘in the t.he;)reticai analysis (see Chapter 5). Type A was developed later and is the ciém choice. - It taréets
: - 2A waves and cor;éctiyl co_mbines the c;ompox'ignts of the \}eibcity vectorm the possible wavevd;'rections.
;'It’-;s vmiépt usiilg ;:he precoﬁdition'ed acoustic speed is a close sec:;pnd.
Type K Showg the term réc'ci)'mm_e?dcd by [Aliabaai and Teéqum; 1993]. TypeL is a variant of K

* using the preconditioned acoustic velocit'y'.‘ .

Table 13-4: Convergence Times forvTa“u Cases

"Kt -
o {4 .0 . 1.
Tau] SRAND | Nozzle | Nozzle

A . - 1866 1711
B - 2222 -
C - 2382 -
D | - 2475 -
E x 2251 -
F - 2470 -
G - 1995 -
| = - 2455 -
I - 2324 oo

. - - 1832

K - - 2571

L - - 2114
M. 24* T .-
N 13* 4552 -

* nonlinear iterations, others in second
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Table 13-4 also shows an improvement stemming from changing the precbnditioning parameter
K, from0to 1. It didn’t fix the problem with tﬁe entropy or qnﬂ}alpy‘ des’cﬁbe.c.i"at fipl}gth in Chapter 12
. but it did slightly improve the convergence time (s_sg ;I'abl.es. 13-‘-3 and: 13-4) for'the same acSu‘;dcy. There
is probably more to ‘be. found here given the form of eéuation (13-i2) but it vgvast not invpsﬁggted any further
in this effort. B o L

A shock capturing term was not developed for the primitive variable set of equations. It haé been

discussed throughout but would likely reqﬁire a focused effort based on the conditions already mentioned.

Newton Tiine Stepping with Time Derivative Preéondiﬁoﬁmg'

The re;c,ults have already shown the need for the preconditioning. matrix (inverse) in the

TWS/SUPG term and the proper time scale ( 7 parameter) to use. The theoretical development shows the
-time scalg is independent of the time step (physical or pseudo time) used in the Newton statement.

All the fluid flow cases tested indicate a b‘eneﬁt‘ associated with including 2 p§eudo time term in
the Newton statement. The cases are admittedly simple and all use basically the same flow conditions so
the benefit admittedly may not be general.

Figure 13-2 shows a short series of tests on tﬁe SRAND test case using local time stepping. The

grid is uniform so.cell size and aspect ratio is not an issue. However, a random number generator set the

1.E+03

1.E+02

1.E401 |

1.E+00

1.E5-01

1.E-02

1.E-03

RHS Residual Norm

1.E-04

-+ 1.E05

1.E-06 - \ 3\\
1.E-07 " . . . — v . _ r——r - \'\

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
Iteration #

|'_._No pseudo time —m—No local time)stepping —&— CFL 5000 —e— CFL 500 —y— CFL 50000 |

>Figure 13-2: Impact of Pseudo Time Stepping on SRAND -
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initial conditions so velocities may vary by hundreds of feet per second. The 1arger CFL numbers tend to

- :reﬂect larger AtA step sizes. Figure 13-2 shows that as Af becomes lerger it weakens the inﬂuence of the
time denvatlve precondltlonmg and mirrors the case where no pseudo time stepping is used. L]kew15e
b smalier CFL numbers represent smaller time steps and can make the pseudo ume term dommate slowing
: convergence "I'he case w1th CFL—SOOO closely reflects the case w1th a fixed time step size and shows a
. good batance between the convectlve terms, the :vrscous damping terms, and the 1_nert1a (mass). The
s difference is not overly 51gmﬁcant here dﬂue to the strong nonlinearities associated with the initial
o condmons '
Flgure 13-2 shows the benefit of including pseudo time steppmg rather than i ignoring it. The test
o K'..case was small and GMRES was not restarted so the linear solve associated with each nonlinear step could
) provrde an exact solu‘uon 1f needed Table 13-5 shows the outcorne of a'series of cases with the
. precondmomng mass matnx tumed on or off for different TWS/SUPG time scales and dlfferent
precondltlomng parameters.» ‘The “Jacobian” refers only to the mass matrix used as the preconditioning
" -matrix in'the time term_. The nonphysrcai matrix (LV) was used in the TWS/SUPG term for all cases. The
table reﬂects time to convergenc‘e in seconds and a pseudo time- step size of Af =1 was used.
The tests show that mcludmg the pseudo time steppmg term is about 40% faster than leaving it

nout Using the physreal Jacobian as the mass matrix did not give as much benefit but t1me step size studies

- show At = 0.1 may be more appropriate for the physical Jacob1an,) QV.

,: » '
Y v ‘. 6r. :
L

Table 13-5: Impact of Time Precondltlonmg on Nozzle Test Case Convergence Tlmes

, Tau—B | . “TaoeA
Nozzle Kt .
Pseudo T | Jacobian 0 | 0 | 1
" On Lv .1 2222 1866 1711
On . Qv .- - 2454*
Off none | 3988 - 2642
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The pseudo time step size studies are shown in Table 13-6 for a range of time step sizes, T
parameters, and flow tests. Reading left to right essentially shows an evolution as 7 moved from type N to
type B, then A. The cases with type N used 18 Krylov restarts so the timés are long»er. The trends are the
same though.

An important distinction between Table 13-5 and Table 13-6 is the treatment of the TWS/SUPG
term. In Table 13-5, all cases used LV in the damping. In Table 13-6, the mass matrix and the TWS/SUPG
term used the same form. If the mass was QV, QV™! was in the damping term. The type N time scale was
apparently more tolerant of this. | ) |

Adding an artificial mass matrix turns the Newtqn statement into a quasi-Nev'vton method. It’s
also worth repeating (see Chapter 3) that a multiplicgﬁye preconditioner operates on both sides of thé linear
equation statement Ax = b. The multiplicative matrix preconditioner is commonly described by

MAx = Mb (13-14)
By the same logic, the additive preconditioner should be given by
[Q+4]x=0x+b (13-15)

To show this, equate the two left hand sides to get

[0+ A]x = MAx
(13-16)
M=04"+1
Table 13-6: Pseudo Time Step Size Studies
Tau=N ‘ [ Tau=B | Tau=A
SLANTPP Nozzle .
Delta T' Qv I LV Qv I LV Qv I Lv Qv | LV
0.01 8* 10* *xk - - - - -
01] e 7% 6867 - ek - - - -
1 6* 6* 13370 6497 *kk 2222 kK 1711
10 - - - 15437 - - - -
100 6* 6* e - - - - -
1000 - - 12608 17493 - - - -
infinite - .- - - - 3988 - 2642
*nonlinear iterations, otl ***did not converge

hers in seconds
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Subsﬁtutiﬁg back into the multiplicative preconditioner gives

MAx = Mb
: G (13-17)
[0+ 4]x=047b+b
: but A7'b=x so
[O+A4Jx=0x+b , ’ (13-18)

* appears to be appropriate with.a preconditioning term on the right hand side as well as the left hand side.

This is at odds §vith the 'coneept of an artificial transient where the time transient is only on the left hand

*side (Chapter 3)
0F s tx=b : (13-19)
T ot . '
or
[0+A]x=b . (320

B . 0
where Q is a discrete operator for O a0

Table 13-7 reﬂects the convergence times m seconds resulting from tests with the time derivative
preconditioning mass matnx on the right hand side as equauon (13-18) suggests rather than omitting it as in
, equatlon (13-20) All cases used the type B time scale with the LV matrix. The time step size shown was
" .the same on both s1des of the equatlon Also since the transient is artlﬁc1a1 it was tested by. addmg it to
both sides and subtracting it frox'n both sides.

The more physical deseriptien of adding the time transient to both sides workecf better than .

e subtracting it, bﬁt 'excluding it from the right hand side was sigﬁiﬁcantly better still. It appears - -

L Table 13-7: Pseudo Tlme on Right Hand Slde

‘ How applied to RHS

Delta T' -(: | noRHS | - -
T0.] k= Co- T
S 3344 - 2222 . 4658
10{. 3054 . - 4124

***did not converge
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[Q+A]x§'b

(13-21)

is the more correct form for the matrix given. Results may be different if different logic is used to select

the preconditioning matrix.

Residual Scaling as a Preconditioner

The residual scaling described in Chapter 12 acts as a multiplicative preconditioner,

MAx = Mb, where the preconditioning matrix is diagonal with the scaling terms on the diagonal.

Assuming the equations are arranged continuity, momentum, then energy; the scaling terms are applied as

‘M(Q+A)x= Mb where M =

1x10°

0
0
0

0
1
0
0

0
0
1
0

0

0

0
2x107

(13-22)

The same approach is used for any manipulation to the residuals such as spot scaling residuals to emphasize

particular variables in specific regions of the flow, zeroing out residuals, rotating them to control the search

directions, etc. These were all tested to some minimal degree but most of the effort was not controlled

enough to draw conclusions. The actual application wasn’t a mattix multiplication but it had the same

effect.

Table 13-8 shows the impact of changing the scaling for the energy equation in the nozzle test

case. This was motivated by observations of the bubble in the total enthalpy profiles at convergence

(described at length in Chapter 12) and was intended to add more emphasis to the energy equation. As it

turns out, it slowed convergence and had no impact on the total enthalpy profile.

Table 13-8: Energy Residual Scaling Effect on Nozzle Test Case Convergence Times

Scale Time
2.00E-04. 2671
1.00E-02 4668
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A case that was tested a few times in a controlled manner was scalihg loeal residuals. This was an
attempt to emphasis the residuai at boundary no:dés to itnprove the accuracy along the wall and because of
numerous observations that the boundary residuals were not converging at the same rate as in the c-ore flow
reglon (Chapter 12). Table 13-9 shows wall resuiual ampllﬁcatlon to be surprising ineffective and actually
slowed convergence. The test results (seconds to convergence) lead to a conﬁguranon with pseudo time

n” but no wall residual scaling. Many variations could be tested but it is important not to create a

residual value that will overly dominate the modified Gram Schmidt process within GMRES.

Mass Matrix Variations

Returmng to the amﬁcml mass matrix, two nuances were d1scovered that also contnbuted to faster
cenvergence First, the mass matrix was ongmally treated as a leg1t1mate term in the fluid flow equatlon
Finite element rigor led to the conclusion it should be mulnphed,by the full weight function (including the
TWS/SUPG term) frem the weak statement. In fact, the motivation behind putting the inverse mass matrix
in the TWS/SUPG term stemmed from this product. This most likely remains true for a physical transient

but numerical tests show convergence to be faster without it. This can be showxi simply by

T |
[Nﬂ[a_m; N p )] [r N_] , 1329
ox oy At

o R o
N r—| .. . = » R
[ ]x[ N AIJ ; - (13-24)

Versus

‘ Table 13-9: Impact of Amplifying Wall Residuals on Nozzle Test Case Cohvergenee Times

Nozzle - Pseudo Time
Tau |AmpWall] ON | OFF
B yes 2671 4535
B no 2222 3988
A no 1711 2642




The second case shows a srmphﬁed weight function actmg on the pseudo time term versus the full
- weight function. Table 13-10 shows the results of an early test of the two approaches and shows a clear

improvement by simplifying‘ the term. The convergence times were long as 18 GMRES restarts were used

with a tnne scale parameter of type N.

Moving a little further in the ,direction of simplicity, “lumping” the mass matrix also provided a
small beneﬁt The mass matnx is typ1ca11y Iumped in explicit methods to forma dlagonal matrix, greatly
srmphfmg drrect inversion. It is also known to change the eigenvalues relatlve to the consistent matrix and

improves stability in exphclt methods. Since the problem statement is based on irnplicit solution °

techniques, the benefit was unexpected.

The approach in the current effort is to form the cons1stent rnass matrix and then lump it usmg an
absolute value row sum. Table 13-11 shows themrhoderate beneﬁts assoc1ated w1th lumpmg |
A ﬁnal observatlon somewhat unrelated to the precondltlonmg and dampmg terms deals w1th the
inijtial conditions. In the no_zzle test case, the_ mrtral condltlons were set as a uniform ﬂow suddenly )
introduced to the nozzle'walls.' Flow charactcristics ,dictate the pressure should be setyat the noaz_le exit
‘with the other flow parameters set at the inlet for 'subsonic Iﬂow.l If the uniform flow initial conditions were -

set to match the downstream pressure, this amounted to the incoming flow filling the nozzle and’

‘Table 13-10: Effect of Simp]ifying Weight Function 'for Mass Matrix on Nozzle Converéence Time

oy
" ;

k4

SUPG Time .
Yes 6497 .
No 5609

~ Table 13-11: Impact of Mass Matrix Lum]iing on Nozzle Test Case Comfergence Times

) Tau
Nozzle B | A
Consistent 2222 . 1872
Lumped 2151 1711
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pressurizing it in the upstream region. The charactéristics f6r this were moving from upsﬁeam to

' downsu;eam. If the uniform initial conditions were set using the anticipated upstream pressure, the startup
was more like a shock> tube problem where a sudden decrease in the pressure at the exit had to propagate
upstream. The second sceﬁario was used ﬁoughout the effort but Table 13-12 shows the moderate benefit
of at least starting with the information working along the faster characteristics pointing in the same

direction.

Summary

The test results shown support the concept of preconditioning th;: continuum flow before mapping
toa discrete space. The TWS/SUPG derivation, analysis, and test results sh(;w the approach works for the
compressible Euler equations based on primitive variables. They also validate the form of the time scale
parameter, 7. From Chapter 12, there is more work to be done with developing and adding an appropriate
shock capturing term. This should improve accuracy as well as speed convergence even further,

The time deﬁvaﬁve pl;econditioner is easily implemented with a GMRES solver and inclusion of |
an appropriate term has proven to speed convérgence without impacting accuracy. Selection of

preconditioning parameters should be investigated further to develop an optimum set.

Table 13-12: Impact of Initial Conditions on Nozzle Test Case Convergelice Times

P initial Time

720 2222
629 1923




CHAPTER 14

ANALYSIS OF STRUCTURAL SOLVER RESULTS

The structural solver lmplemented in the code uses hnear tnangle bihnear quadnlateral and 8-
node biquadratic quadnlateral elements. The equation set is based dn the v1rtua1 work form of the general
elastic (Navier) equations. Dlstnbuted external forces (such as pressure) are mtegrated extemal to the

, structural solver and resultant nodal force values are given as inputs. The total Lagrangian methodology is
used so all integrals are taken oyer'the initial configuration. The stiffness matrix may be linear or :
nonlinear. In the nonlinear case, the second PlOla-KerhOff stress is used w1th its finite strain conJugate the

Green/St. Venant stram (see Chapter 7) Only steady state (m physical time) cases were tested.

| Implementation and Validation

Structural solver lmplementation is relatively straightforward and is based heav1ly on the’
methodology outlmed in [Zienkiewmz and Taylor, Vol 1 and Vol 2). Accuracy was very good forall .
converged solutions but solution speeds and rates of convergence were very problem and element
dependent; The numerical solver was implemented using the matrix-ﬁ'ee Newton/GMRES methodology.

The suite of validation test cases consisted mostly of long and short beams and blocks in tension,
compression, and shear. Various combinationshof element arrangements were tested and oriented along
and at angles to the coordinate axes. The simple cases served as patch tests (see [Zienkiewicz and ’l'aylor,
VOI 1] for a detailed description) for the elements and coding validation for linear and non-linear stiffness.
All the beams and blocks were two-dimensional. |

Numerical results along the neutral axis matched analytic results for small deﬂections using both
linear and nonlinear stiffness algorithms for all element types. Linear stiffness algorithms were accurate to
the precision required by the termination criteria. »Nonlinear stiffness algorithms matched linear results to
the limit of the linear assumption. Figure 14-1 and Figure 14-2 sho'ww the basic configurations for the

tension and shear test cases. The actual dimensions and element configurations are given in Table 14-1,

"Cases 1-8. Convergence was very fast and the results matched small deflection theory.




7

"

~ Figure 14-1: Finite Element Representation of a Beam in Tension

Figure 14-2: Finite Element Representation of a Block in Shear

Table 14-1 : Structural Coding Validation Test Cases

Case] Shape] Load [ Dimensions| Elements [ Element Sizes [ Type Elements
1 bar tension 02x6 4x3 equal 4-node quad
2 bar tension 10x1 20x2 . unequal 4-node quad
3 bar tension 10 x 1 1x1 equal  4-node quad
4 bar tension 10x1 5x1 equal " 8-node quad
5 | block shear 1x1 4x3 ~ equal 4-node quad
6 | block shear 05x1 1x2 - equal 4-node quad
7 | block shear 1x1 1 x4 ' équal ' 4-node quad
8 | block shear C1x1 . 4xi - equal 4-node quad
9 bar side pressure load 10x4 20x2 - unequal 4-node quad
10 | bar side pressureload =~ 10x1 20x2 equal 4-node quad
11 bar side pressure load 10 x 1 20x2 unequal 4-node quad
12 | bar side pressure load 10x1 40x 4 unequal 4-node quad
13 | bar side pressure load 10x 1 5x1 - equal 8-node quad
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For large loads leading to large, nonlinear deﬂectién&, element type played an important role in

both accuracy and rate of convergence. An exarhple is the idealized slqnder beam with a point lqad at the
tip shown in Figure 14-3. Table 14-1, Cases 9-13 shows the configurations tested using both large and
small loads with linear and nonlinear stiffness; assumptions. } ‘

Figure 14-4 shows the linear stiffness results matche;d linear theory for all element types as long as
the slender beam’s deflected curvature did thA become too large. If it did, the linear elgments added
artificial stiffness to the structure-a; shown by _thé 4-pode quad linear (4-node brick type ele;nent with

 op e _ |
linear stiffness model) point at N = 2. Biggadratik: elements (8-1'1’od§, quad linear) were able to follow
the curvature with ease and produced very’acg‘l‘lia't‘e results when compar'-e'd‘wlith Hﬁea;r théolr'y, ;ven for
large deflections. o

Figure 14-4 shows that the nonlinear stiffness algorithm also produced very accurate results for
the validation cases when matched with biquadratic el‘ementg. Bilinear elements “locked” tse'e Chapter 7)
in large deflection cases as predicted in the patch test studies of [Zienﬁewicz and Taylor; Vol 1 and Vol é].

Distributed (pressure type) fixed and follower loads wére also tested. The configuration shown'in

Figure 14-5 duplicates a large displacement case tested by [Bathe, Ramm, and Wilson, 1975] for a

cantilever beam with a distributed load. Table 14-1, Cases 10-13 shows the two-dimensional cases tested.

As in the tests with point loads, the linear solution converged very quickly. Consn'ucﬁoﬁs with biquadratic
elements matched linear theory very well as shown in Figure 14-6. Bilinear elements could no‘t follow the
curvature and created artificial stiffness, even as the number of elements increased and the distribution
clustered around high curvature regions. Calculated deformations using finite element techniques and
nonlinear stiffness models also matched analytic results very well f01; biquadratic elements. Bilinear

elements. with nonlinear stiffness models locked and never produced a significant reduction to the residual.
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Figure 14-3: Slender beam with point load
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Figure 14-4: Results of slender beam with point load
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Figure 14-5: Slender beam with distributed load
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Figure 14-6: Results of slender beam with distributed load

Summary

The test cases show the steady state finite element structural solver described in Cﬁapter 7 was
coded properly and‘produced accurate results when compared with analytic solutions. Both linear and
nonlinear stiffness models were incorporated with bilinear, biquadratic and (not shown) linear triangular
elemeﬁt shapes. The matrix-free Newton/GMRES solver wqued well with the finite element structural

equation set.
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CHAPTER 15

ANALYSIS OF ADAPTIVE DYNAMIC RELAXATION RESULTS

Tests with the Newton/GMRES solver applied to the steady state fmrte element structural equanon

* setshowed a large number of Krylov vectors (sometlmes needmg the full rank of the left hand side matnx)

were reqmred for each linear solution step due to numencal stlffness m the left band side matrix. An

‘ adaptlve dynaJmc relaxatmn (ADR) method was 1mplemented on the left ha.nd side of the Newton
“statement to reduce the number of Krylov vectors required. The ADR terms were only used on the left
" “hand side and were intended to act as an additive preconditioner, sinrilar’in action and implementation to

. _the time derivative preconditioner used in fluid flow.

' 'An'alysis.
Only relatlvely'simple steady state cases wereteSted and the results showed the method to be
extremely successful at reducing the number Krylov vectors required for the GlVIRES (inner) iterations but
atan unacceptable cost to nonlmear (outer) jterations. Optimal ADR was extremely effective at removing

numencal stiffness from the left hand side matrix and the GMRES solver typically converged in less than

- four iterations for a system with 120 degrees of freedom. Convergence of the left hand side typically

reqmred more than 55 iterations without ADR and often did not converge if GMRES was restarted. -
However, the artificial mass and damplng error terms on the left hand side dominated the converged
solution increment. This led to very small displacement increments and drove excessive outer iterations of

the Newton statement. Instead of expeditlng the solution process; it silb'-optimiz'ed the ﬁroceés for a rapid

' GMRES ‘inner iteration solution at the expense of many more oilter iteration iterations. In some'eas‘es;' the

solution increment did not pass the right hand side resi»dual_‘ reduction criteria.and the solution process

' failed. The deformation increments for each Newton step seemed to slowly “‘ooze” the total solution

forward.
* Figure 15-1 shows the overall baseline (non ADR) system convergence for a2 1x10 cantilever bar

w1th a distributed side load. The line shows the rapid reduction of the right hand side residual at each outer

" step of the iterative Newton process. This performance is typical for systems where linear stiffness models
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Figure 15-1: Baseline System Convergence

are relevant. In this particular case, the number of Krylov vectors allowed for the left hand side (inner)
iteration is equal to the total number of degrees of freedom of the system (120). This is only possible for
small problems. The columns on the chart show the total number of Krylov vectors required to meet

convergence requirements set by the Eisenstat-Walker forcing function. The solution started with a

residual reduction goal of 0.5. It is evident that all the steps converged in less than 120 iterations. The
Eisenstat-Walker “algorithm makes the convergence criteria more aggressive with each outer iteration so
more and more inner iterations were required as the solution progressed. The last step shows the part of the
solution logic that avoids over-solving the left hand side as the right hand side termination criteria comes
into effect.

For large systems, it would not be possible or advisable to include enough Krylov vectors for each
degree of freedoxh. A practical limit seems to be around 100 vectors as they tend to lose orthogonality and
the QR algorithm normally used to provide the least squares solution after the GMRES iterations also starts
to waiver. This is where restarted GMRES comes to the rescue. However, there are no general
convergence theories for restarted GMRES and success is very dependent on the number of vectors
included before restart and the number of restarts allowed. Figures 15-2 and 15-3 show the same baseline
problem (no ADR) with 40 Krylov vectors and eight restarts allowed (nine total LHS solves per RHS step).

The solution process was arbitrarily stopped after 10 outer iterations. It is readily evident that many more
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total Krylov vectors are eventually used for the restarted approach. In this case, the full limit of 360 was
used to provide the inner solution for each Newton step. It is also évident the right hand side convergencé

is lacking when compared to the first case (Figure 15-1). Restarted GMRES has only reduced the riglit
hand side residual by around two orders of magnitude in 16 stef;é ﬁvhert;aé t'he"i;'uil GI\;IRES provided over
nine orders of magnitilde reduction in just five stepsff Théuse 6f 40 Kr}}:ldv vect'o;s is zjlctlliarrlly.‘ire.ry&l
generous given most cases found in the literature onl;: allowed 20 vectors befor; restarting. Limiting the
number of restarts is the equivalent of not allo@g for the full solution of the left hand side. In this case -
the limited restarts were detrimental but the fluid flow analysis showed (Table 11-2) it can actually pr(‘)duce '
a significant benefit. The key point is that restarted GMRES cannot be counted on to provide a converged
solut{on. Figure 15-4 will shed some light on this and the motjvgtion behind the ADR approach. .

The successful portion of the ADR algorithm comes from its extreme acceleration of the

convergence of the left hand side iterative prdcess. -If the GMRES process always converges after only

four or five iterations, there is no need to gaﬁble with restarted GMRES. Figure 15-4 shows a comparison
of thé ieft hand side (':onvergence rates for the first step of an iterative Newton solution. The baseline case
(no ADR, full GMRES) converged with 57 Krylov vectors. The ADR case using the optimai paf;meters ,
derived in Chapter 8 converged with only two'Krylov~vecto1:s.:‘ The residual reduction goai for the step was
0.5so0 eachiline in Figure 15-4 stops aﬁér it cuts the initial left hand side residual in half.‘ The sharb drop

on the right side of the baseline convergence line shows the impact of moderate numerical stiffness. Each
new Krylov vector is oniy gradually chipping away at the résiduai. Each new ‘v,eétor adds a new dimension
to the Krylov sui)spaqe but the desired solution vector is r-mt w1thm or close to this subspace. Once the
subspace starts to grq\}v in thle‘ general direction of the solution vector, the residual reduces éuipkly. |

There must be a balance between the number of Krylov vei:tors allovyéd and the residual reduction ,

goal. The shape of the baselihe convergence path suggests a more aggressive goal (sz;y Q.l) couid h'ave‘ :
been satisfied with only one or two more Krylov vectors. However, different cases showed the solution
bprocess coulci plateau anili withou_t warning. Either way, this is not known ahead of time. The restarted
GMRES case stopped its initial pass after 40 vectors. This is in the plateau region of the convefgencé pa‘th'.
The restarted process finds the best soluﬁon within the subspace spanned by the 40 Krylov ,véctors and uses

that as the starting place for the next 40 iterations. This intermediate solution is not in the general direction
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of the solution and now, the restart begins to build a new orthogonal subspace around that vector. The next
40 vectors rhay move q'uickiy in the direction of the solution or they may rebuild a slight variation to the

prev1ous subspace The full GMRES case mdlcates a good solutxon is only 17 1terat10ns away from the 40th

vector However, the restarted case doesn’t start with the 40" vector and, even 1f it d1d, it doesn’t have the
. other 39 yectors to force the solutron into new ‘duectlons Again, there is no theory to gulde restarted
GMRES A

Figure 154 shov{'s the ADR solution w1th the optirnum parameters converged in just two

iterations. The other conuergence paths shovi',.the effects of varying the strengths of the inertial and
- ‘damping terms in thepseudo"time equation. Strong damping Iseems to be Ithe dominant mechanism whefeas
e thh inertia actually degrades the process. These will be exammed further

i,
)

The dampmg model used in the pseudo tlme equatlon set on the left hand s1de is s1mp1e mass

proportlonal dampmg M does not appear without Az and the two are dependent The second order (in

¥

tJme) set of equations is Wntten as a first order system as
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AIZ. At Ag+| &q 0 Ag = ‘—{ (@) , } - (15-1)

= I 0 0 0 |

At

term
where
Aii)  [Adeformation L

Ag={ _bt= ] - (15-2)
' AV Avelocity o

I arbitrarily set ‘M =1 and used a lumped mass matrix. Some earlier versions of dynamié relaxation just

o .- - ' 1
took the maximum value of the diagonal of the stiffness matrix as the mass. At (actually, _A—i‘) and C.

" ‘now act as scaling terms for the strength of the inéljtial and damping terms in the equation set. Since a

lumped mass matrix is used, both inertia and damping ar'e{dllagohal matrices. T"he full effect is not just a
simple addition to the diagonal of the‘ tangent stiffness matrix though. Figure 15-4 shows A? = 1 >< 107
(inertial term weight of 1x 10° ) actually fiegradels the left hand side solution while an equivalent weight
(C=1x10° and At =1)on the dampng greatly improves convergence. The opﬁmufn cqﬁbinat_ion

1
A 639x107

provides a weight on the inertial term of =2.45x10° and on the damping term of

CM _279x10°x1
At 639x10°

=437 x10°. The trends in Figure 15-4 suggest the damping term is actually the

dominant influence and very strong damping alone produces nearly the same results.
The damping dominance is actually good news from an implementatioh standpoint. If the full
benefit can be achieved without the inertial terms, the system given in equation (15-1) can be reduced to a

simple first order system given by

% + % Adisplacement = —(K(q) ¥ F) . (153)
m"
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" The left hand side of equation (15-3) talces the form, of 2 diffusion equation and, éssentially diffllSes applie\d‘ o
forces through the structure This effect is seen in the deformatron examples of ﬁgures 6- 10 where the top
and bottom move on the first step but the neutral axis doesn t T

In some _of my _early efforts, I tried to develop an inertial term mass matrix to iniprove the

’condit‘ion without damping. ‘In simple terms, these efforts took the forrn _ ' _
a b} B
u 0 , . (154
[cd}at KK{}{} o 0

-and tried to determine the best values for a, b, ¢ and d. Thisis the same basic approach used by -

: [Turkel, 1987] for developmg a fluid flow preconditioner. As it turns out, the dragonal parameters scale the
bendmg and shear elgenvalues equally so they have no affect on the ratlo Meanwhrle the off- diagonal
parameters do not prov1de scaling and simply rotate the eigenvalues around a circle in the imaginary plane.

»' Upon retlection, this was to be expected. |

The dismal failure part of the ADR method is the extremely small deformation increment it
produces. .[Underwood, 198}5] noted the number of iterations_ required for convergence could be quite large

" for explicit dynamic relaxation methods. This also tums out to be the case for the implicit version. Figure

15-5 tracks_ the lateral deflection increment of a node near .the trp at the end of the first Newton (outer)

iteration. It shows how aggressive each combination of parameters 1s at moving t’owards the converged

solution. The horizontal axis tracks the strength of the damping term while the vertical axis shows the

lateral deforrnatlon At convergence, the companson node deflects 8185 x 10 s0 all the cases on the
chart are less than the converged deflection, as they should be. The upper left point shows the baseline case
without ADR and a full complement of Krylov vectors is the most aggressive. It produces an mltial

deformation mcrement in the same order of magmtude as the converged solutron. If the ‘number of Krylov
vectors is capped at three to match the better ADR requirements, the increment drops to 1.3x 107 at the
lower left comer.‘ The }optimum inner convergence point produces the smallest increment for the outer
iteration. Itis interesﬁng to note thc linear log-log relationship between the damping coefficient and the

lateral deflection but I haven’t found any practical value. The na'i‘ve‘conclusion would seem to be that
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Figure 15-5: Deflections Near the Tip

less Krylov vectors lead to a smaller solution increment. This does not hold, though, as a single Krylov
vector could produce the full solution increment for a linear deflection if it pointed in the direction of the

solution. A good starting vector should lead to faster convergence, as should an operator that aggressively

The Krylov solution process for the linear (inner) solve is non-stationary. However, the Newton
(outer) step is still a nonlinear version of a standard fixed-point iteration. The ADR term works very well
for accelerating convergence of the inner iteration but produces too small of an increment, driving
excessive outer iterations. A reasonable next step is to see if the inner solution might be over-relaxed to

_produce a larger displacement increment. The Newton statement has the basic form

Ax=b (15-5)
F'(x")Ax" = —F(x") (15-6)
Ax" =-F' (x”)_l F(x") (15-7)
x™ = X"+ Ax" (15-8)
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The baseline case shows yx' (the'converged soluu'on) should have an order of magnitude of 1% 10'3 for
. the neutral axis deﬂectlon at the tip of the beam The first step of the non-ADR case creates this srze

- mcrement on the first step and adjusts to full convergence with decreasmg mcrements The opumum ADR

case pro‘duces (Figure 15-5) an initial increment around 1x 10'9 A large over-reta}raﬁon. parameter " N
»—x " £10° x Ax" R “.*7(15-9) |

(l 0 ) would make the ADR ‘step and the basehne step about the sarne size. If the solution vector from the

ADR method were in the same dtrecﬁon as the baseline vector; ‘the simple over-relaxation of the step‘would
 provide the needed deformation tncrement. ‘ - |
Unfortunately, .that’s not the case. figure 15:6 shows a rnagniﬁed .view of the lateral movement of
: the baseline case for the deformed beam' after a single Newton step The deformation is appropnately
drstnbuted across the length and thickness of the beam with the largest deformatron at the tip. The
‘ optrmum ADR case in Frgure 15- 7 shows a different pattem The deformauon pattem shows dlsplacement
at the surface along the length of the beam but not. at the heutral axis. The max1mum deflection is near the
t1p but not at it. This pattern will be dissected further in Figure 15-8 and Flgure 15 9.

Fi 1gure 15 8 shows the pattem produced with an mertral term the same as the opt:mum ADR but -
no dampmg The deformation is extremely magmﬁed for visualization but shows a pattem completely
. unrelated to the deformatlon expected ﬁ'om a umformly distributed load along the top and bottom surfaces
of the beam. In the case of inertial dominance, the equation set has the form of a wave equatron with a low
fundamental frequency. The best analogy is one of a beam (or noodle) with extreme mass and minimal
stiffness Subj'ected to a sudden load. From a modal perspective, the baseline case in Figure 15-6 shows a
. deformation .consistent with the.expected ﬁrst (fundamental) mode for the bearh. The cas‘e with inertial
‘dominance seems to reflect the expected thrrd bendmg mode -

Minimal mertra and very large dampmg produce the magmﬁed pattem in Frgure 15 9. As in the
: optir'nal ADR « case, the main deﬂectron is along the\top and bottom surfaces but the maximum deﬂectron is
not at the tip. The centerline of the beam det]ects some but is no longer at the centerline of the deformed

beam. In the damping dominated case, the governing equations take on the form of a diffusion equation.
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This is consistent with the pattern in Figure 15-9. The equation set diffuses the applied load through the

. : — stiffness
interior of the beam with a directional rate equal to ————.
damping

A final check is the baseline case without ADR but the number of Krylov vectors are limited

(Figure 15-10) to the same number as needed for the ADR case (three). No restarting is allowed. The
deflection is now very small, 9(1 0—8) , compared to the full baseline case and‘shows the same basic

second mode pattern as the damping dominated case. Severely.limiting the nur;lber of Krylov vectors tends
to destroy the convergence properties of the Newton step. The mode shape may indicate a cluster of
eigenvalues where the fundamental mode isn’t clearly separated> from the others. From a physical
standpoint with this geometry, it is possiblyvan indicator of the right hand side residual exciting a higher
order mode and the energy hasn’t yet cascaded down past the second mode to the first. Again, the left hand

side solution could be found in just a few steps with a good starting vector.

12 . Baseline Limited to 3 Krylov Vectors
1
5 oo w
> 02 i
0. :
020 2 4 3 8 =10
X location

Figure 15-10: Baseline with Limited Krylov Vectors
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Summary

The various shapes in figures 6-10 show the deformation vectors are not in the same direction as
the baseline case. Over-relaxation is unlikely to speed convergence of the outer iterations and this held true
in numerical experiments. The optimum and damping dominated cases also show the goveming equaﬁons
taking on the characterisﬁ0§ of diffusion equations.

In summary, the inclusion of ADR terms on the left hand side dramatically accelerated
- convergence of the inner iteration by reducing numerical stiffnes but did so at an unacceptable price to the
outer iteration. ADR makes sense as an approach for explicit solvers but is too costly for implicit ones.

None of the ADR cases were followed to full convergence of the outer iteration, as this would have taken at

least 10° stéps.
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CHAPTER 16

ANALYSIS OF COUPLED FLUID-STRUCTURE SOLVER

Background

'[Fthat, et.al., 1995] present a well fonnded‘ strategy for solving the three field fluid-structure-grid
problem based on partitioning the full system into it’s three components and iterating‘between tnem to
eliminate lags. They point out “the numerical solution of [the three field problem] via a fully coupled
monolithic scheme is computationally challenging and software-wise unmanageable.”’

1 would have to agree with the first part but the second is mostly solved by the matrix-free
GMRES approach. Unfortunately, there appears to be a conservation law in computational engineering
known as “conservation of misery.” The residual'statgnllent of the noupled ,ﬁgld problem is relatively
straightforward using the element by element ‘zl;s;eml;l)rj pro;:edure prevalent in applications of the finite
element method. The matrix-free GMRES approach eliminates the need for one tn bé concerned about
bandwidth and coupled terms in the left hand side matrix because the residual assembly procedure accounts
for these. The misery comes from two places: thé preconditioning required to solve the left hand side
‘ matrix (the structure additive preconditioning didn’t perform up to expectations); and the numerous disk
read/write operations required as each residual vector calls the appropriate data and equation set from
memory. These both turned out to be fatal flaws. The first may eventually be overcome by more clever
preconditioning schemes. The second is cause for concern as, duriné testing, it literally (physically)
destroyed the hard drive on my personal computer on the first attempt at the nozzle flow problem with a
flexible wall.

[Bendiksen, 1991] presented the results of a successful monolithic approach to the coupled field
problem using explicit methods. He highligh;ed the phase accuracy as one of the significant benefits.

Since the same phase accuracy can be obtained by performing sub-iterations of the partitioned problem, the

! C. Farhat, M. Lesoinne, P.S. Chen, and S. Lanteri, “AIAA-95-1290-CP, Parallel Heterogeneous
Algorithms for the Solution of Three-Dimensional Transient Coupled Aeroelastic Problems.” Proceedings
of the AIAA/ASME/ASCE/AHS/ASC 36% Structures, Structural Dynamics, and Materials Conference and
ATAA/ASME Adaptive Structures Forum. 10-13 April 1995. New Orleans, LA., p1147.
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advantages of the monolithic approach do not outweigh the ﬂﬁmerbué disadvahtages. [Pafk and Felippa,
1983] provide a very thorough analysis and moﬁvatioxi forpartmomng large $yétems and this res%:arch

project has led me to strongly support the partitioned approaé:h for practical applications.

Tightly Coupled Fluid-Structure-Grid Solution Results

The fully coupled ﬂ1:1id-structure-grid interaction test éase was an 8-foot long subsonic fluid
nozzle with an area ratio of 2. The walls were made of 1.5-‘inch>t1’1ick mild stéel and supported only at the
inlet and exit. This was expected to be a simple initial test .with a steady state pressure gradient along the
wall and small deflections. The fluid and structure used the same wall discretization so this avoided the
issues associated with interpolating variables at the fluid-structure interface (Figure 16-1).

Chapter 15 already showed the failure of ADR as a preconditioner so it was not used in any of the
coupled fluid-structure-grid calculations. Chapter 14 also pointed out the need to carry the full coﬁlplement
| of Krylov vectors for the thin structural problems. The structure in the coupled case ﬁad 88 degréeé of
freedom after accounting for boundary conditions so the coupled problem was allowed 88 Krylov vectors
before restarting. Eleven restarts were allowed but the portion of the residual vector representing the solid
would theoretically converge before restarting if taken in isolation. Time derivative preconditionin;g was
used in the fluid equations to speed convergence. Chapter 13 showed the fluid converged more quickly

with 88 Krylov vectors but 40 was adequate. This highlights the first problem associated with the

L7/
NEENE
L]
[ 1]]

Figure 16-1: Coupled Fluid-Structure Geometry '
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monolithic approach: the solver must satisfy the worst case needs for an individual domain in the coupled
system and apply it to the every domain in the system. This drives a great deal of additional work in the
solution process by forcing the solver to perform unnecessary calculations.

The second issue with the coupled problem has already been discussed: the residual assembly
process drives multiple read/write operations to a storage device for every vector. As the number of Krylov
vectors increased so did the number of read/writes. Before the convergence stagnated, it drove over 34,000
such read/write operations to the hard drive. Most of these were associated with the relatively fast linear
residuals on the left hand side so the read/write operations were nearly continuous and paced the
calculation. Figure 16-2 shows how this influenced the overall performance of the computer. The first bar
shows the average number of floating point operations per second (FLOPS) the system was able to generate
over about 50 fluid only nozzle test cases with 40 Krylov vectors and anywhere from 0 to 18 GMRES
restarts. (Higher FLOPS mean faster calculations.) The results were very similar for other test cases with
more and less degrees of freedom. The second bar shows a single fluid only nozzle test case with 88
Krylov vectors. This shows better performance because more floating-point operations were accomplished
(88 vectors worth) once the data was loaded. The third bar shows the drop in performance for the coupled

case. Although it had 88 Krylov vectors, the read/write operations slowed the overall performance.

350000

318331

300000

250000

230337

FLOPS

150000

100000 1

Fluid only avg, 40 Krylov Fluid only, 88 Krylov Fluid-structure-grid, 88 Krylov

Figure 16-2: Computer Performance
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The third’ﬁnding has to do with the convergence of the coupled prohlem. I probably should have

. startedwith a converged fluid flow before introducing the ﬂuid-structure,interactions butIdidn’t. I started

wrth uniform ﬂow mrtral condmons as'in all the other nozzle test cases. I hoped the inifial convergence

- would be 110 worse than ﬂuzd only calculatlons smce ‘more than enough Krylov vectors were allowed to
' _satrsfy the structure even wrthout precondrtronmg Also, the structure is relahvely strong compared to the
a expected pressure load 50 deformatrons were not expected to radrcally alter the geometry However, the

8 trghtly coupled ﬂuld-structure-gnd problem did not converge. After over 7 hours of calculations and 12

nonlinear Newton steps, the coupled residual was only reduced by a single order of magnitude. The exact

~ same case was completed in just less than 59 minutes when the fields were decoupled and subrterated

Table 16- 1 provrdes a summary of the convergence results. The partitioned approach is the clear -

winner by all counts, even if the monollthrc case had converged The accuracy of the decoupled case 1s the

“ same as for the individual domains.-

Summary
The softwére for a coupled ﬂuid-su'ucture-grid system is really not much more co‘mplex' than the-

software for the three ﬁelds taken separately using the matnx—free GMRES algorithm and element-by—

e element assembly procedures The codes were not modrﬁed mtemally for the coupled or uncoupled

" approach so existing codes could work in either approach..

“ Table 16- 1; Fluid-,Structur'e—Grid Convergence

| _Coupling | Domain | Domain Iteration | Nonlinear Iterations | Time | @ | Residual
Tight Al — 12 25431  5.86E+00  3.64E+02
Loose - Fluid 1 T T e e e
Structure - 1 3" T - - -
-Grid 1 VoS s ens ast ' TIS3E+0L
Fluid . 2 RO - - - I
,‘Structure"‘ 2 . 3 T T .
Grid 2 A ULl 405B-02 |
Fluid 3 0 - E B
Structure . "3 2 , - - -
Grid 3 4 - 3533 1.03E+09  1.36E-12
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The performance results for the monolithic case were not what I had hoped. In spite of some
success §vith the time derivative preconditioner in the fluid flow equations, I was never able to
precondition the individual domajn; to an acceptable level so that GMRES restarts would not be needed.
Without being able to control the individual domains, there was little hope of adequately preconditioning
the tightly coupled system. The numerical difficulty associated with solving the ﬂi—condiﬁoned, coupled
system is enormous. Even if some future technoloéy eliminates tﬁe need for mechanical disk drives, the
additional work associatéd'with oversolving some domains with too many Krylov véctors_ while others are
lagging negates any benefit from a simultaneous solution. Subcycling between the domains removes any
phase errors and there are numerous examples in the literature documenting the accuracy of the approach

for transient problems.
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CHAPTER17 . - ..
CONCLUSIONS - "

The fluid-structure-grid problem has many faéefs and draws on several different ‘engliheering and
mathematical disciplines. In the author’s opinion, there isn’t a single silver bullet to eliminate the
complexities.or difficulties associated witﬁ a tightly coupled fluid-structure system but rather a shotgun
blast with a thousand silver BB’s. The relevant disciplines have been explored in depth with some
retracing of prior developments and others venturing into new ground. All the concepts outlined in the
approach were iniplemented into a computer code and tested 1n numerical experiments and simple
applications. ‘

Many new ideas have been presented. Some ideas worked well and others failed. These have
been discussed at length b}} category in the previous chapters and will be summarized below. However,
some of the significant conﬁ'ibutions include:

- Proved the benefits of using an additive preconditioner to speed convergence of a globally convergent
Newton iteration using a GMR]éS solver for the inner solution iterations

- Provided direct comparison and the benefits of pseudo time stepping versus pure Newton iterations for
both fluid flow and structural equations

- Showed the correct form for additive precondiﬁonérs, implementing as a pseudo time step rather than a
multiplicative preconditioner in fluid flow calculations

- Developed, documented and implemented various residual scaling strategies to overcome numerical
stiffness created by residﬁal ordérs of magnitude for fluid flow equations, structural equations, and
coupled fluid-structure systems

- Implemented and documented the impact aﬂd influence of the number of Krylov vectors and restarts
allowed in GMRES for both fluid flow and structural problems

- Implemented and documented the beneﬁ§ of halting GMRES prior to full convergence of the inner
iteration to si)eed the total solution process |

- Implemented and documented the benefits of the Eisenstat-Walker forging function for nonlinear -

" iterations and developed an optimum starting condition for both fluid flow and structural equations
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- Developed and implemented a TWS/SUPG formulation for a finite element approach to inviscid fluid
flow using (dimensional) primitive variables
- ,Developed and docmented the theoretical basis for the time scale parameter, 7, and
. demonstrated significant performance improvements over»the current state of the art -
- Developed the correct form for the TWS/SUPG dampiﬁg term and demonstrated its impact on
both stability and consistency | | B
- Developed and implemented the correct form. of the weight‘ﬁmc‘;tion to use in'a fmité elément
weak statement formulation of the inviscid ﬂuld ﬂow equatlons in pnm1t1ve va.nables »
- Documented parameters and incorporated tlme denvatlve preééndlhonmg into the TWS/SUPG
fluid flow equation with pseudo time stepping ‘
- Developed both monolithic and partitioned approaches to solving coupled fluid-structure problems and
implemented a matrix-free solution process while providing a direct éomparison of ‘convérgence results
- Documented shortfalls of the monolitﬁic solution process for coupled fluid-structure problems in
both disk read/wnte operations and oversolving of converged domains :
- Developed and implemented the theoretlcal bas1s for preconditioning su'uctural equations usﬁg an
implicit form of the Adaptive Dynamic Relaxation technique
- Proved the benefits of additive preconditioning by dramatically speeding convergence of the inner
solution of a thin structure, diagnosed active terms, and documented adverse impact on the outer
iteration » |
The overarching strategy for preconditioping by adding‘ a pseudo time term to the left hand side appears to
have merit but there is still a great deal of room for improvement.

Implementation in the MATLAB computational environment turned out to be a great experience.

Code development was straightforward and MATLAB’s basis as a matrix oriented laﬁguage eliminated

- some rather tedious coding. It-was relatively fast and allowed for interactive jnrogrgm development and

execution. Flow variable and residual surface plots pi'dvided insight into convergence evolution of the
numerical methods and points toward areas for improvement. It was also possible to develop and test
algorithms on a personal computer. Although limited in speed and memory, I was able to develop and test

the algorithms and perform some rather complex calculations for small but relevant problems.
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Numerical Solver -

The GMRES solver should come with a warning label. It Was relatively robust when‘sufﬁcient
'Klrylov vectors could be kept to solve the linear problem without restarting. Restarts were unpredictable
and always degraded performance:. Hovvever, more restarts were not necessar'ily better and a lot of time
was spent doing unnecessary work. In general, the concept of partiallv solving the left hand side of a linear
equation set to a desired degree of accuracy is great. It enables the solution process to be tailored so the |
l amount of computational effort is always the minimum required to meet the estabhshed goals

The magnitude of the md1v1dua1 terms in the residuals should be scaled to a common order This
is very smular to p1votmg in dlrect solvers and applies for the same basic reasons. The problem 11es with
the modlfied Grarn Schrmdt process used in the current version of GMRES but may be more forgrvmg if
the Householder reﬂectlon method of orthogonalization were used instead.

The globally convergent Newton statement worked well with the parabolic line search but nothing
" ever survived to convergence after two step length reducuons Elght reductions were allowed throughout
- the effort but two would have been adequate. |

‘The Eisenstat-Walker algorithm drove faster convergence tirnes than a fixed value for the forcing
functior. - There are other algorithms available but none were tested in this effort. It appears.that having a
- variable forcing function is hetter then having one that is flnced. ’

The matrix-freeimplementation of the left hand side matrix-vector product worked well. It was
.simple to code and’ allowed for easy mampulauon of the left hand side operations. It also eliminated

4 concerns about node numbenng, matrix bandwidth and storage.

"Fluid Flow
The fluid flow solver results are encouraging. The pr1m1t1ve variahle‘ form of the cornpressible
. Euler equations worked fairly vvell in renns of both ac'curacv anchnverg‘ence times. Ajnonlinear shock
. capturing term s‘.hould_bevadded* and vvill likely lead to accuracy conrparable to any.fluid flow code

available. The code developed in this effort was able to accommodate a mixture of triangle and
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quadrilateral elements and any order of node numbering so localized grid refinement was possible. This
could be extended to solutlon adaptlve gnd refmcment
- The TWS/SUPG dampmg term worked well when coupled with the tlme denvatlve

precondmonmg matrix and the appropnate nme scale parameter The convergence ‘was stable and there

was never a sign of a CFL type constramt. The global Newton statements accepted relatrvely harsh startup

condltlons without any mstabllltles

An analysis | of the trme scale parameter consohdated the ﬁndmgs of all the parameters reported in

- the 11terature The theoretical development allowed a term to be developed and 1mplemented that prov1ded

faster convergence than any found in the hterature for the given set of equatrons. This development should"
contmue w1th a shock captlmng term :

The timé denvatrve precondmon approach showed promrse Convergence trmes were always

faster w1th an appropnate mass matnx than wrth the pure Newton statement all other thmgs bemg equal It ’

drdn’t provide convergence fast enough to ehmmate the need for GMRES restarts but maybe that will be

‘possrble in the future

The results for the ALE approach to the movmg gnd problem were not presented The codmg s
worked but the test cases never created a ﬂow field deformauon large enough to dlstort the gnd s0 the
results w1th gnd motlon were mdlstmgulshable from those w1thout The ALE approach has been proven

many times so there was nothing new to report.

‘Structural Solver
The structural solver worked as planned and was accurate for both linear and nonline'ar'stifﬁ.ress

matrices over relatively large deformations when compared to classic test cases. A biquadratic

quadrilateral element was required to accurately model large‘deforﬂmations. Greatly increasing the number

© "of linear elementsvi’ntroduced artiﬁcial sﬁfﬁress and coul_d‘not dhplicate the accuracy of the biquadrati_c'

. element.

Adaptive Dynamic Relaxation was ineffective as a matrix preconditioner. It worked extremely

well in reducing the number of GMRES iterations but introduced such a large error in the solution transient
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“that convergence was destroyed Any future effort in this area should consrder a ﬁrst order pseudo time:
© term rather than the standard approach of usmg a second order tenn ” I ‘. |
Lockmg in thm structures wasa recumng 1ssue The problem is well documented and pracucal '
workarounds already exrst The symptoms and the workarounds are extremely similar to. those used to
resolve problems wrth pressure velocrty decouplmg in compressrble ﬂow codes in low speed flows. ‘The :
fluid ﬂow time denvauve precondmonmg matnx effecuvely elrrmnates these problems $0 there may bea
way to generate a srrmlar effect in solids. The trme scales assocrated with the aspect ratio of the physmal ‘

N "geometry may be a lnrutmg issue though

. Grid Motion

Gnd mouon never became an issue and was not ngorously tested since 1t used the exactsame .
' algonthms and routines as the structural solver The “eyeball” test showed grid pomts were reasonably

well distributed for the few cases tested.

Coupled Fluld-Structure-Gnd

‘The monolrtluc ﬂurd-structure—gnd approach d1d not work but for drfferent reasons than

‘ antrcrpated The software aspects of coupling the ﬁelds was relatrvely strarghtforward usmg the element-
by—element assembly procedure and the matnx-free unplementatron of the left hand s1de avorded the ‘

| problems with a large Jacobran matrix wrth comphcated CIOoSS denvatrve terms. I was never able to assess -
‘the time denvatrve precondmonmg of the coupled problem because it d1d not work for the field equatlons

: assocrated with the structure (and thus the grrd)

The monohthrc approach also drove a great deal of unnecessary calculatrons as the structural
equatrons were solved many times more than theoretically needed for an exact solution. Fonmng the
residuals drove numerous read/wnte operatlons to the hard drive as each set of ﬁeld equatrons was recalled
~ from memory Thrs actually:paced the calculauon and drove such a long and raprd cychng that it actually

: physrcally desu'oyed the hard drive on the computer Since the: solutron had also stagnated, the effort was

" abandoned.
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A partitioned approach to the coupled problem with subiterations performed on each set of field
equations converged rapidly with each field as accurate as if it had been calculated in isolation. A great |
deal of time, money and effort has been invested in devel(‘>ping singlg domain codes and these should not
be put aside. The partitioned approach with subcycling is the best approach from the perspective of code

reuse, ease of implementation, solution time and accuracy.
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' APPENDIX A

EIGENVALUES

Rayleigh Quotient

(From [Noble and Daniel, pp 417-418].) The Rayleigh quotient of a hermitian matrix A is the

function & defined for v # Oby

Tdv . e
§=-.v AU S N Y
vivoe

This minimizes "(A =& )v"2 . If Ais p x pand has ;ig«;,ﬁv;iﬁés 2.,1' < /12 < S A 1; and an associated
set of orthonormal eigenvectors then 4; S E< A forall v 0. '11_is the minimum value of & for
v#0,and &= A,if and only if v is an eigenvector associated with 4,. 4, is the maxlmum value of
Sfor v#0,and £= 4, if and only if v is an eigenvector associated with 4, . Since E=2, 1f and only
if v is an eigenvector associated with A, , it is can be shown that & will be near A, when V is near an
eigenvector associated with 4, . A version of the Rayleigh quotient for non-symmetric matrices derives
ﬁor‘n premultiplying AV = Av with an arbitrary vector 7 to get y7 AV = Y7 Av . Rearranging gives

yTAv
T

yv

A=

(A-2)

Rayleigh Quotient Iteration

.(From [Golub and Van Loan, pp. 440-441].) The Rayleigh quotient has numerous practical

applications including determining the eigenvalue associated with an approximate eigenvector.

Conversely, the eigenvector associated with an approximate eigenvalue comes from (4 — Al)v = bas
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b—>0. The Rayleigh quo"ﬁent iteration combines these to quickly determine an approximate eigenvalue

and eigenvector from an initial guess.

given Vos vqll =1
fork=0,1,...
T
_vidv,
tuk V{Vk
: . (A-3)
Solve (4—u 1)z, =v, forz,,
Ven = Zin
: "Zk+1”z
end ’

The Rayleigh quotient iteration converges globally and achieves a cubic rate of convergence.

Eigenvalue Boumis ‘

-(From [Irons, 1970] and [Wood, PP 10-13].) Start w1th the general form of eigenvalue-
gigenyector problems stated as ‘
) Ax=Ix (a4

If A4 is not positive definite, a multiple of the identity may be added to make it so [Strang, 1986].
(nl+A)x=px (A5)
.The eigenvec?ors will be the sarﬁe but the eigenvalues W111 be shifted. Alter;atively, a negative shift may

be implemented as

(I-hd)x = ‘ (A-6)

are related by

PO ) R
h

@

- where /2> 0 is a scalar. Again, 4 and J— A share the same set of eigenvectors and the eigenvalues
|
|




The concept is the same if # = 7!-

Partial differential equations stated as a first order in time with 2 mass and a stiffness matrix, may .

be written as
Kv = oMy whete 4= (A-8)
Second order problems with zero damping may be similarly written as
Kv = 0* My where A = &* (A-9)
If K and M are symmetric (or hermitian) and M is positive definite, the eigenvalue bounds are given by

the generalized Rayleigh quotient

_ V'K
v My

&

(A-10)

In finite elements, the mass and stiffness matrices are usually calculated element by element and

then assembled into a global mass and stiffness matrix. This process can be writtenas .

- 7@y,
Sy

‘f:_f_‘?_.'____ (A-11)
M(e)
Z"j i v
I

where K;e) and M }e) are the stiffness and mass matrices for the jthelementand v;is the conesponding

component of the vector V. Then if 5(;) is the Rayleigh quotient for the jth element,

T (o) : T 2(e) T gr(e) ‘ L
y v, KPv, v, K% v, K;¥v : ~
é,(je) A e B ée) =1 1 W) 22 72 . A (A-12)

T, Ta@y, T T Ay, 292 T Tase), >
vy My Y M;"y, v, M;%v,
& can be rewritten as a weighted mean in f(je) using positive weights
B y e)
Za,-g‘(f } : 4 .
&= —’—Z——-—— and @; =V M, >0 ©(AA13)
a. :
J : :

j‘ i
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since the mass matrix for each element is positive definite. Since the Rayleigh quotient, &, is a weighted

mean ot‘ the element l(ayleigh quotients, é‘(je) with positive weights, it is bounded above and below b)vr the
elemen't dudﬁents. ' ‘ o ‘-’ |
! o 3 é;(e) <§< ,f(e) S ;,fu.' - A (A-14)
Th15 descnbes the bounds on the e1genvalues of the global problem from the Raylelgh quotlents of the

elements. . .

. Lu’mped and Consistent Mass Matrices -

It is pos51ble to estimate the d1fference in the global bounds for cons1$tent and lumped imass -
o mamces usmg the same approach. The elgenvalues of an md1v1dual element are bounded by the rat10 of

elgenvalues from the spectru.m of the mass and stiffness matrices.

| ;: §(e< max{v K(e)v }
j

<l M“”v }where max{va(e)v }and mm{v M(“)v = (A-t5) ,

| ' ‘represent the maxnnum and minimum elgenvalues from the spectrum of the elements sufﬁless and mass
‘ - N . ' .
I matnces respectlvely

Usmg natural linear elements in one and two dlmensmns the dlstnbuted elemental mass matrices

‘are "

h, 2’"1 !
M(De) k M(e) — AJ (A-16)
6 122 1)

L e N
_— N =
N =

- -where h .'and', A. are measures of the length and area of the elements. The associated eigenvalues

: ok k)[4 A ‘A. o |
: specu'ums are and W1th lumped mass matrices,
126 12 1273 | ,
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h[1 0] VA |
MP=- |ad MP=-L0 1 0 : Al
: 2[0\1]an Y DO I
10 0 1 S
L h. h. |4, 4. A,
and the associated elgenvalue spectrums are \—%,—L¢ and 2,1, —L
| 1272 37373

For a given stiffness matnx spectrum, element eigenvélues are reduced in the raties of 3:1 and 4:1
for the one and two dirnensionel elements first order in time. For systems second order in time, these are
Gilad2zl

This glves an idea of the magmtude of the effects produced by, lmepmg mass mamces Lumpmg
scales the eigenvalues of the elements in the given ratios whlch in turn scales the bounds on the global

elgenvalues. However, if lumping is applied for all elements in'a system, all elements are scaled equally.

-While this scales the global spectrum of eigenvalues,:it does not necessarily change the condition.

: Cex‘shgprin Circle Theorem
(From [Noi)le and Daniel, pp 31 7-318] .) Each (real or complex) eigenvalue A4 of p X p matrix

A with (A) =a; satlsﬁes at least one of the mequahnes

llzlr—a;.,.|'5r,. where 7;=i|a,.}.|(z:=l;.:.,p) o EE (A-18)

J=1
Ji

-ie. each eigenvalue lies in at least one of the discs with center a;= (A)l.'. and [radiqs 7;. If the union of

. ~nof the discs is disjoint from the remainder, then there are precisely n eigenvalues of A in that cluster.

. Condition
(From [Noble and Daniel, pp 317-318] and [Golub and Van Loan, pp 341-349] .) The general

>

notion of the condition applies to both physical and discrete proBlems. It is a measure of how the “answer

changes in comparison to changes in the “data.” The “data” Iﬁay come from physical properties, geometry,
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. measuréments, models, etc and have inherent values and inaccuracies. If small changes in the data produce

small changes in the answer, the problem is well-conditioned. If small ehanges' in the data can sometimes
produce large changes in the answer, the problem is ill-conditioned.
There are differing but closely related measures of condition that come into play. The primary

definition for condition of a matrix is

=l e

for : any matrix norm. The matnx A, may be coefﬁcwnts in 2 continuous lmeanzed system of equations or

the d1screte representatmn of the system.

The 2-norm, ” " , equals the maximum smgular value of A (maxnnum elgenvalue of A'A )”Z

Thus, if the matrix is symmetric, the condition may also be written .

. A) = —max . : : . -20
K( )‘/1 | o . (A20)

min

‘Many )au‘thors‘ use this definition (or approximsation) for the condition outside the'limits of matrix

symmetry

Matrix condmon (actually its reclprocal) nieasures Liow far a matrix is from the nearest smgular '

matnx A well-condmoned matrix is far from a singular matrix and and 111-cond1t10ned matnx may be very

neartoa smgular matnx If a matrix has a condition of 105, a smgular matrix is w1t1nn about 10%.

Other measures used to indicate the condltlon are more specialized to specific applications. For

- discrete fluid flow prhhléms, the ratio of CFL numbers gives ]

(lAyAx) - . | | (‘A—21)
CPLyy (A uia

ThlS reduces to the defmmon based on elgenvalues if the time step and gnd size are constant. However,

K=

fluid matrices are seldom symmetnc
Fer physical problerns, the condition miay be inferred from the various_"ti'me scales invelved in the

b

problem. Without a rigorous definition, the condition is related t
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o= L L (A22)

- Fast movin'g events or thin physical dimensions have small time scales While slow moving events oi large
‘ phys1cal dimensions may have large time scales. If the e1genva1ue is v1ewed as the speed with which a
’ 51gna1 or. event is commumcated in the medlum, then time scale is the physwal dimensmn d1v1ded by the

- ,ve10c1ty.

The condition provides insight into possible sensitivity to pertnrbations.‘ For example; a simple-

" disturbance to the system Ax = b leads to [B] = ] < 2.} and |68 = [ 4] 2 A ]

' Rearranging gives’ ‘

Ms max"5[’" KM R  (a2)

T e BB

. by the prev1ous defmmon Changes in the data vector b can (but not necessanly) lead to large changes in

the solution. Pertm'bations may be-extended to changes in the coefﬁc1ent matnx as well through the

RN ‘,-‘

concepts of eigenvalue and eigenvector condmon
The Bauer-Fike theorem for eigenvalue,c‘onditidn supposes pxpA has avlin'e'arl'y independent
set of eigenvectors xl 3+u s X, With associated eigenvalues /7,,.‘ ,and that P is the nonsingular matrix of

eigenvectors -P =[x, -+ x »]. If Ais an eigenvalue of the perturbed matrix A+ 04 , then A satisfies at

least on of the inequalities

sl s unaA [ori=top a3

If Pis umtary or orthogonal (asit vvould be for A symmetnc) so that "P ”"P " = 1 then /1 satisfies at

~ least one of I/’L - ﬂ,il < "5A” .

This shows that the condition _(s_ensitivity to pe“rtutbations) of the eiéenvalués of A depends

directly on the conditi'on K= "P “"P'IU of the matnx Pof eigenvectors of A. A normal matrix

( ATA= AAT) cannot have extreme eigenvalue sensitivity while a non-normal matrix can have well-

conditioned, ill-conditioned or a mixture of well-conditioned and ill-conditioned eigenvalues.
- Css




The Bauer-Fike theorem does not really address the sensitivity df’a particular eigenvaltie.
Suppose A is a simple eigenvalue of 4 and that x and y are the hormalizetlﬁght and left eigem)ectors

of A associated with A . Golub and Van Loan show that 4 moves by an amount less than or equal to the

N

inverse of , yTxl . The reciprocal of
s(Z)'#;j{Tx]: | L A

is the condition of the simple eigenvalue A . If the disturbed matrix is written as

(A+¢- 5A)x(8) = ./l(e)x.(é) where ) (0) =0 then an order _

- & perturbation may perturb an eigenvalue A by an amount % ( Z,) . Note that s(/l) is actually the

cosine of the angle between the left and right eigenvectors so a small value implies provides ill- ‘
eondiﬁoning and implies A isneara matrix with a repeated eigenvalue at A .

Sensitivity of repeated eigenvalues is more difficult and much less specific. In general, O(é‘)
o perturbatlons in A can result in O( /e ) perturbations in A if A is a defective eigenvalue associated with

Cap -dimensional Jordan block. (A defective eigenvalue is an eigenvelue repeated P times with less than P
associated independent eigenvectors.)

Eigenvectors may elso be sensitive to changes in 4 -and eigenvector condition follows the same
general analysis as eigenvalues. For- A with distinct eigen'values,:a perturbation to A4 moves’an
eigenvector as

g)ka-i-zﬂ, /?,)y x+0() : (A-26)

i=1
i=k

In effect, the condition of an elgenvector depends on the eigenvalue sensitivity and the sepa.ratlon of the
assocmted eigenvalue from the other eigenvalues.
Matrices with distinct and well-separated eigenvalues are expected to have well-conditioned

eigenvectors but matrices with repeated or clustered eigenvalues may have ill-conditioned eigenvectors.
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A fmal form of condition measures the sensmvrty of the invariant subspace of a matrix. An
mvanant subspace %o of A isa subspace of VP or 9 for whrch Ax isin g whenever x 1s in 6. The

e1genvectors of A form an mvanant subspace The analysrs above shows that as the ergenvalues begin to
. cluster, the elgenvectors begm to merge and become less detenmnant Golub and Van Loan pomt out that
~"a collection of sensitive’ ergenvalues can still define an msensrtrve mvanant subspace 1f the cluster of -

elgenvalues is well separated from other elgenvalues or other ergenvalue clusters

'

The measure of dlstance between two matrices 4, and A22 is the smallest smgular value of the

linear transformatxon X N A“X X’422 The transformauon is nonsmgular 1f and only 1f the

#

intersection of the eigenvalue spectrums of All and A22 is the null set Z(Au) N /l.(Azz) @ The

separatlon between A” and A,, is defined by

(An’Azz) x:o "A“‘lel XHXA'ZZHF (A-27)

where ”” - is the Frobenius norm. If 4 and A4,, represent blocks on the diagonal of 4 from a Schur
~ decomposition and Q1 represents the invariant subspace range of A, , the reciprocal of the separation can

be thought of as a condition number that measures the sensitivity of the range of (), as an invariant

subspace.

_ 1, ) where 4= Q" BQ =[ (A-28)

4, A12:|
Sep(Aua 4,

0 4,

is a Schur deconiposition of B.
Condition of Finite Element Basis
(From [Strang and Fix, pp 205-207].) At the heart of the finite element approach rests the basis

elements '¢ j'.> Although the finite element solution is independeént of the basis chosen roundoff error in the
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computed solution and stability do depend on the basis. The linear independence of the basis elements is

quantified by the inner products of the various basis elements

Mjk = (¢j’ ¢k) = j%%dg | ) | (A-29)
2 | ‘

" The M, makeup the elements of the Gram matrix, M . This is essentially the mass matrix. The

*.. condition number based on eigenvalues is appropriate since M is symmetric and positive definite;

. On a regular mesh; the finite element basis functions are uniformly linearly

independent; K( M ) S eonstant, anti the eigenvalues of M are all of the same \o_r‘der. With irregular
elements, the various basie elements may be greatly different in size and the condition will inerease but
remam bounded. The condmon may be improved by rescahng the elements usmg a d1agona1 matrix D S0
that K= K(DMD ) is well conditioned. Howevér, [Strang and Fix, 1973] point out that \}:rhen the

condition number (due to irregular elements) is improued by rescaling, the numerical difﬁculties cured by

rescaling were never likely to propagate throughout the whole problem In effect, rescahng cures local

- difficulties and may improve the accuracy at a partlcular node but does not affect any global measure. The

standard rule in scaling a sparse, positive definite matrix is to make all the diagonal elements equal.

- Condition of Discrete vs. Continuous Problems
(From [Strang and Fix, pp 209-223].) Ultimately, the condition number of:' a numerical

approximation is based on the govemmg physics (specifically the smallest eigenvalue and order of the

governing equations) of the continuous problem and the finite element discretization chosen. Strang and

Fix state that, for each variational problem and each choice of finite element, there is a constant ¢ such that
Kk <chr - : : (A-30)

where A is a measure of the smallest element and 2 is the order of the equation. The constant

depends on the inverse of the smallest eigenvalue of the continuous prohlem and 1t increasés if the
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geometry i)f the discreﬁzeq elements -bécomes degenerate. If the physical'probiem is poorly conditioned,
that must be reflected in the associafed finite elemeﬁt approximation. ance the order of the finite element
basis polynomial dbes not come into play, an ixlnplication is to improve condition by increasing the size of
hand mamtam ac‘cﬁracy by increasing the degree of the polynoniials in the trial functions.

’fhe fundamental (smallest) eigehvalue for a given continuéus p;oblem is often the most
important. Strang and Fix prove the appfoxixﬁationin the discrete problem always equals or exceeds the
fundamental eigenvalue in the continuo‘us‘problem. For sirhétmes, this means the discrete structure is

always stiffer than the continuous one. In fact, every _éigenvalue»in the continuous pr_oblém is

approximated from above by its discreté analog so A, < A" forail 7.

Perturbed Matrjx Inverse
o (F;bm [Golub'and Val; Lo;n, p 51] apd [Nqble apd Daniel, pp. 1-«=2;9-,132]') Suppose a given matrix
A has inverse ‘A;l , the Séerman—Mon‘ison-’W@?lzyq formula provides a ’dpscriﬁtiop of the :in’v'erse ofa
matrix summation (.A + UV T) where UV”. is not limited to'a small perturbzllﬁqh. The components
U and V maybe n-by-kif 4 is keby-k and real,
| :‘(4 + 'ny )\ = - AUV ) YA (A-31)

U and V are k-by-k and V is the identity matrix ] , manipulation yields a variety of useful forms.
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(A4+U)" =47 - 4'U(1+ A".U)" A7
=4 - AU(4+U)
= 4 I-U(4+U) “)

= 4(1-(1+4v) )) B (@a32)

(

(

A‘(I+AU" )7+ AU (144U ) )

‘(1+AU'1 11+ 4U7)
a'{(a

(4+0) "= a(4U™) I+AU" )= 4P where P = (4U)(1+ 4U™)

note: (PA) =4"'P
In effect, the add1t1ve matrix U/ may be restated asaleft precondltlonmg matrix for A . Also
(A +U)" = A7 - A7U(1+ A"U) A7
Ry ~((1+a Uy A) A

-((r+ A"U)U"A)")4" ”

(Ua+1(U U+ ) - (U ) )4

‘A+I ) -1A+1)"A*‘

(f N

( U“A+I )A‘1 ‘ _ - (A-33)
=

=(w

(-

(4+U) ‘A)(U“A+I) A =Py whereP‘l (U4 vta+1)”

so the addmve matrix. may also be restated asa nght precondmomng matnx for A

. The Sherman-Morrzson Woodbury fonnula may also be used as a techmque to solve large systems
of equatlons related to coupled field systems F or example a fluid-structure-grid system contains a small
" - number of large, almost mdependent subsystems with a smgll number of interconnections between the

systems. ..
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»
o
=3

wdF 0 070 0000 W 0
A=w|0 § O|P 000 00 0 (A-34)
w0 0 G| [0 0O B O 000
In this case,
wdF 0 0] w0 0 W] oI 0 0 0 0 0 0
A=w|0 8§ 0[,U=w|P 0 O|andV " =w|0 0 I 0 0 O O|. The 4
Wo 0 .G v 0" B p“oo,oz_,:o

"0 looo<0'

matrix contams all the information for the internal relatlonshlps for the md1v1dual ﬂuld structure and grid A

- systems. The U matrix contains the coupling mformatlon thiat descnbes the interactions between the

systems. Solvmg the fully coupled system by direct ehmmauon would take around

k% = 1000 +100+ 1000) K ~11x10' operations. However, solving tlsing the Sherman-.

Morrison-Woodbury formula leads to

3 3 3 '
k14+k%+k3g+k2+nk2+'n2k+”33'= ‘ ’
(A-35)

1000°" +100° 7 1000°/+ 2200 + 600 x 22007 + 6007 x 2200+ 600%4 = 57 x 10°

operations. This represents about a 50% saving over the direct method.
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APPENDIX B
GRAM SCHMIDT PROCESS

(From [Noble and Damel PP 229-233] ) Let B'= {ul u2 u 1 be'hu orthogonal spanning set

for a given subspace Any vector w may be expressed asa hnear combmatron of the vectors as

c

Fowe) i

u,w) . I
) s ,'ji B-1)

w= alu! + -;+qguq ‘where @, =
‘ Uit

.

;The tradmonal and modlﬁed Gram Schmrdt processes are desrgned to form an orthogonal set of basrs

vectors given a spannmg set of vectors for a grven subspace The tradltronal method unfolds as follows."

Traditional Gram Schmidt
" Given a'spanning set V;,...,V,, define 1= v,.

¢ For2<i<, define

=V, = O Oy | Whete 0 =:( L w0 and &, =0 if 4, =0 (B2).

This fomrs aud orthogonal set of vectors' ul, U, froma grven spannmg set Vv v Tradmonal

Gram Schmldt works through a series of orthogonal prOJectrons The workmg vcctor is first pro_]ected ontov
the space defined by the orthogonal bas1s vectors Th1s prece is subtracted from the workmg vector so the
remainder defines a new vector orthogonal to all the previous vectors. The process cons1ders the vectors

one at a time. Numerical experiments prove the method to be very sensitive to computer round off and the -

- . N A , modified Gram Schmidt process is used in practical applications. ' .
| The rnodified Gram Schmi‘dt is similar in concept to the u'editional version. In the tradrtional '
process, at the ith step only the vector v; | ris:a’ltered: ’it is, changed tol u; -aind is orthogouﬂ to all the previous
uj‘_ In the mocjif‘red process, at the ith step, 511 the remaining V; are altered so as'to he- made‘ orthogonal to
’thevrecently corrrputed u vector. The modified Gram Schmidt process unf.olds' as follows.
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Modified Gram Schmidt

inenaspannir;g set Vise+» V, , défine vlo,...,v: as vl0 = vl,...,vf; =v,.
‘ Atthe_ii;hstep, fori=1,...,q
define u, = v/ . E | ‘ .(B-3)
. g vu,(u.,v'.._l) o . ' . --
define v = v ————=~ for j=i=l.ug. s S B

()
This produces the same results as the traditional pro‘ééés in perfect arithmetic. It produces much better
results in practical applications.

A coupie' of points are worth noﬁng. First, zeros in v; may be filled in during orthogonalization.

Second, by definition the inner products (u,., ui) and (u,., v j) use a root sum square type of process

\4
(u,-,u,.)=(zk:u;) . (B-5)

or

N
(9;) = (Z ”ik"jk) : (B-6)
k

If an element of #%; or V; is significantly greater than the other elements, it can dominate the inner product.

" This is éspecially true of the (u,., u,.) product.
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APPENDIX C
CODE ARCHITECTURE

The computer code is Wﬁﬁen using the MATLAB desktop computer coding environment. It
attempts to use matrix and vector operations whereever posgible to increase coding efficiency and speed
computations. The structure is such that code is either commoﬁ to all routines or it may be reused.

The hierarchy is best illustrated. Figure C-1 shows the cgmmonalify of the partial differential
équation solver é,nd~ how it is instigated using a top level (master) routine. The particular problem
geometry and governing equations are called or coded into the left and ﬁght hand side residual ﬁmctioﬁs
f Ihs and f rhs. These two routines may be exactly. the same code or thef may be totally different. Any

preconditioning is performed in these residual statements.

master

knsolgma

I | B
kidgmres | | parab3p f rhs

I |
givapp | {kdirder| | f_lhs

f Ihs

Figure C-1: Code Hierarchy .
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The pﬁcﬂms of the reutines reflected in Figure C-1 are detailed in Appendices D through H.
Howevef; the master routine typicélly sets the nmllerical iteratiph.parameters, creates the workspace,
initializes relevant vectors and matrices, and leunclles the numerical solver, It performs these tasks

-iteratively in the loosely coupled solution process describecl in Appendix H.

The le‘ft and right hand side funetions are also hiel'archicel. At the top level is an 6rga1'1izli1g
routine (see Figure C-2) that typically calls subroutines to perform the various boundary condition,
integration, assembly, and scaling tqsks. A Gause integration routine is used on the right hand side to
perform element-by-element integration of the conservation laws coded into another subroutine. At the
lowest level are the generic shape functions aesociated wlth the finite element method. 'In this
implementation, the right hand side creates and stores elemelit iptegration matrices to be recalled in left

" hand slide e‘alculations.l | |

The left hand side ﬁmclion (see Figu:e C—3) tékes tl1e current solution increment created by the
GMRES solver and adjusts it for boundary conditions. The left hand s1de residual associated with the
current solutlon increment is formed element-by-element from the recalled mteglahoe rl1atnces and
assembled into a single vector. The res1dual elements assoc1ated w1th Dirichlet boundary conditions are
zeroed out to remove the degrees of freedom. | . “

Tl1e tightly couialed solution process describeel in Ap;;endlx H adds one more level to the process
for the right and left hand side functionﬁ. Instead of calculating the residual for a single domaill using
x'rariables passed to it from a higher level routine, it steps through each of the domains separatel;l by
opening a demain start file and then callitig the single domain residual function shown in Figures C-2 and

C-3. This interim level calls upon the cxect same coding as the single domaln or loosely coupled approach

but combines the residuals into a single composite vector. On the left hand side, this equates to the domain

-coupling being updated with each iteration of the GMRES selvel'.

267




f_'rhs‘ ‘

- Apply Dirichlet boundary conditions
= Calculate nodal matrices and variables
— Call generic Gauss element integration routine

— Call eIement,partial'differentiai equation routine -

I— Call basic trianglé or quadrilateral shape function routine

— Combine Gauss point integration matrices

— Update integration matrices for boundary elements

— ' Assemble right hand side residual

— Zero out residual at nodes with Dirichlet boundary conditions

= . Scale residual to speed LHS computations'

Figure C-2: Right Hand Side Residual Hierarchy

f_lhs

Apply Dirichlet boundary conditions

Assemble Ieft hand side residual element by element
using stored element integration matrices

| | Zero out residual at nodes with Dirichlet boundary conditions

Scale residual to match RHS factors

Figure C-3: Left Hand Side Residual Hierarchy
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| _APPENDIX D
NUMERICAL SOLVER ROUTINES

The numerical solver routines are generic to nonsymmetric (or symmetric), nonlinear partial

dlfferentlal equations and unplement the algorithms outlined in Chapters 3 and 11. The conservation laws

or differential equations are mdependently described in separate routmes and proved a residual statement to

‘-_the numerical solver for resolution. Nonlmear equations are lmeanzed ina globally convergent Newton

statement The nght hand side res1dua1 represents the full nonlinear equation set while left hand side
res1duals used in the GMRES algonthm may be the full nonlinear statement or a linearized version: The
left hand slde Jacobian matnx-yector product is approxmated with a finite difference. directional .
derivative. ‘

The routines are suramarized below with the interactions shown in Figures D-1 and D-2.

" function knsolgma

*  Newton-GMRES giobally convergent solver for f(x) 0

‘= Uses Eisenstat-Walker forcing term

»  Uses parabolic line search via three point interpolation .

function kfdgmres - GMRES linear eduation solver for usein Newton-GMRES solver

functlon kdirder - Finite difference directional denvative approx1mates [f(x)]dx

function karnoldi Amoldi process for implementing an orthonormal basis for the Krylov subspace using
a finite difference method to estimate the action of the matnx/vector product. Used for estimating extreme
e1genvalues

function givapp - Apply a sequence of k Givens rotations used within GMRES codes

function parab3p - Apply three-point safeguarded parabolic model for a line search.
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knsolgma

kfdgmres | | parab3p

gi.vapp

kdirder

Figure D-1: KNSOLGMA Code Hierarchy

karnoldi

givapp

kdirder

Figure D-2: KARNOLDI Code Hierarchy




KNSOLGMA

function [sol, it hist, ierr, outstat] = knsolgma(f 1lhs,f rhs,

. tol,parms,x,xpml, : »

" p1,P2,P3,P4,P5,P6,P7,P8,P9,P10,P11,P12, ...
P13,pP14,P15,P16,P17,P18,P19,P20,

- P21,pP22,P23,P24,P25,P26,P27,P28,P29,P30)

% function [sol, it_hist, ierr, outstat].=
knsolgma (f_lhs,f rhs,tol,parms,x,xpml, .
p1,P2,P3,P4,P5,P6,P7,P8,P9, P10, Pll P12
P13,P14,P15,P16,P17,P18,P19,P20,
P21,P22,P23,P24, P23, P26 P27, P28 P29 P30)

od% 6P o o

oo

Newton-GMRES globally convergent solver for f(x) = 0
Uses Elsenstaﬁ -Walker forcing term .
Uses parabolic line search via three point interpolation

oo oo

oo

Original: C: T. Kelley, July 1, 1994
Modified by Kevin Kilpatrick, 19 Oct 96, to include more input
arameters

oo

oo

14 Dec 96, more parameters

b

% INPUTS:

% £ lhs = left hand side function NAME

% f rhs = right hand side function NAME

% tol = [atol, rtol, dof] relatlve/absolute error tolerances for

% the nonlinear iteration and number of degrees of freedom at
each node. :

$ Try [1lE-6, 1E-6, #], or (dx)~2

% parms = [maxit, lmaxit, etamax, lmeth, restart limit]

maxit = maxmium number of nonlinear iterations, défault = 40
‘lmaxit = maximum number of inner iterations, default = 40
|etamax| = Maximum error tolerance for residual in inner
iteration. The inner iteration terminates when the
relative linear residual is smaller than
eta*| F(x_c) |. eta is determined by the modified
Eisenstat-Walker formula if etamax > 0. If etamax < O,
then eta = |etamax| for the entire iteration.
default: etamax=.9, however, setting this smaller
may give significant speedups. Try etamax = .1
lmeth = choice of linear iterative method
1 (GMRES), 2 GMRES(m),
3 (BICGSTAB), 4 (TFQMR)
default = 1 (GMRES, no restarts)
currently hardwired to 1

oe

ov

0P d® 09 dP o° o° O° o oo

0% o9 o°

o° o0 o°

restart limit = max number of restarts for GMRES if

% lmeth = 2
% default=20 -
$ x = initial iterate

o°

%

OUTPUTS:
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sol = solution )
it_hist{(maxit, 3) = scaled L2 norms of nonlinear residuals
for the iteration, number function evaluations,
. and number of steplength reductions
error indicator '
0 upon successful termination
= 1 if either after maxit iterations the termination criterion
is not satsified or the ratio of successive nonlinear
esiduals
exceeds 1. In this latter case, the iteration is terminated.
= 2 failure in the line search. The iteration is terminated if
. too many steplength reductions are taken. Currently not an
ption. x
outstat= [iteration count, residual norm, inner iteration count,
residual norm ratio, number of Armillo step length

ierr

o0 o® o0 H o° of o° P d° o° o° o\°.

eductions]

INTERNAL PARAMETERS:
debug = turns on/off iteration statistics display as
the iteration progresses c

alpha = 1.d-4, parameter to measure sufficient decrease

e

.1, sigmal=.5, safeguarding bounds for the linesearch

sigmal-

5, maximum number of steplength reductions before
failure is reported

maxarm

Requires kfdgmres.m and parab3p.m

o 00 AP o0 dO OO A OO0 O O9 O° I % d° KB o° o° O

global nfti
nfti=zeros(51,1);

'%. Set the debug parameter, 1 turns display on, otherwise off

$ initialize it_hist, ierr, and set the default iteration parameters
debug=0; 3%1; $RXXXX

gamma=. 9;

ierr = 0; maxit=40; lmaxit=40;lit_histx=zeros(maxit,3); etamax=.9;

% Set default alpha, sigmaO, sigmal, maxarm, and restart_limit
alpha = 1.d-4; sigma0=.1l; sigmal=.5; maxarm = 8;
Imeth=1; restart_limit=20;

% Initialize parameters for the iterative methods
maxit=parms (l); lmaxit=parms(2); etamax=parms(3);

gmparms=[abs (etamax), lmaxit];

if length(parms) ==

Imeth = parms(4); % Only GMRES and GMRES (m) supported
elseif length(parms) >= 5 ~
Imeth = parms(4); % Only GMRES and GMRES (m) supported
restart_limit= parms(5);
end :

if length(tol)<3
dofnode = 1;
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else
dofnode = tol(3);
end
rtol=tol(2); atol=tol(l); n = length(x)*dofnode; fnrm=1; itc=0;

% Set up arguments for function call

OOOODOOOZ}OO 000000000 0O Q. (o] [ ~) 00,0000
5555555555555 5%%%%%%%5%%%%%%%%%%%%%%%

o°
o°
oo

[4
0. [=} 0.0 0O 0000 0 0 . 0 O
55552533393 %%%%95%%%

for j
args = [args,',P',int2str(]j)];
end
% Evaluate initial iterate, find the norm of the residual
% and compute the stop tolerance
s 0552500502030 00 00000525500 000%55250050%5%%%55%%5%%%%%%%%%%%%%%%%%%%
$%%%%%%%%%%% MOD HERE
fO=eval ([f_rhs, ' (x,xpml’',args,')"']);
fnrm=norm(f0) /sqrt(n);

% Book keeping . .
it_histx(itc+l,l)=fnrm; it_histx(itc+l,2)=0; it_histx(itc+1l,3)=0;
fnrmo=1;

stop_tol=atol + rtol*fnrm;

outstat (itc+l, :) = [itc fnrm 0 O 0];

% MAIN ITERATION LOOP

while(fnrm > stop_tol & itc < maxit)

oe

Keep track of the ratio (rat = fnrm/frnmo) of successive
residual norms and the iteration counter (itc)

oe

rat=fnrm/fnrmo;
fnrmo=fnrm; .
itc=itc+1;

Linear iterative method. Nofe only GMRES and GMRES (m) are’currently
supported. ) ‘

o0 o

x0 = zeros(size(x)):
x0 = ones(size(x));
x0 = x—-xpml;
x0=x;

kinn = 0;

if lmeth == | lmeth ==

o° oo
oo o
o0 oo

oo
oo
oo

% Compute the step using a GMRES routine especially designed
% for this purpose
[step, errstep, inner_ it count]l= ...
eval (['kfdgmres (£0, £_lhs, gmparms,x0,x,xpml’,args,"’')']);

$trial overlaxation parameter
$step=step*1lE5;
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% Restart at most restart limit times
while * inner it count == lmaxit &
errstep(inner_it count) > gmparms(1l)*norm(f0) &
kinn < restart_limit
kinn = kinn + 1;

x0 = step;
[step, errstep, inner_it count]= .
eval (['kfdgmres (£0,f lhs, gmparms,x0,x,xpml’',args,"')']);
end

inner it_count = inner it count + kinn*lmaxit;
end

[+

inner f evals = 0; % More book keeping
% PLOTTING STUFF - lots of diagnostic looks
global RHSR RHSR_CTR
RHSR CTR = itc;
figure (2)
pte=round (( ({itc-1)/4)-fix((itc-1)/4))*4)+1
%ends=(6,7,10,11,22,23,26,27,38,39,42,43,54,55,58,59];
subplot (4,2,2*ptc), plot(step):
grid on
if ptc ==
-.subplot(4,2,2), title('STEP');
end
hold on;
%plot (ends, zeros (16,1), "r+');
hold off;’ :
subplot (4,2,2*ptc~1), plot (RHSR);
grid on
subplot (4,2,2*ptc-1), ylabel (['ITC ',int2str(itc)])
if ptc ==
subplot (4,2,1), title('RHSR');
end
hold on;
%plot (ends, zeros (16,1), 'r+');

. hold off;

uicontrol('Style','pushbutton','Callback',’zoom','Units',...
'normalized', 'Position’', [.45,0,.1,.05], 'String', '2Z00M") ;
drawnow;

o

The PARABOLIC LINE SEARCH starts here.

xpml = x;

xold=x;

lambda=1; lamm=1; lamc=lambda; iarm=0;
xt = x + lambda*step;

ft=eval ([f_rhs, ' (xt,xpml’',args,')']);

nft=norm(ft); nfO0=norm(f0); ffO0=nf0*nf0; ffc=nft*nft; ffm=nft*nft;
nfti(iarm+1l)=nft;

oo

ARMIJO loop, iarm




while nft >= (1 - alpha*lambda) * nf0;
% apply the three point parabolic model

if iarm ==
lambda=sigmal*lambda;
~else A . )
lambda=parab3p(lémc, lamn, ££0, ffc, f£fm);
end

oe

update x; keep the books on lambda

xt=x+lambda*step;
lamm=lamc;

lamc=lambda; el T
% keep the books on the function norms . :
EERE R R E R L EEEEE R LR R LR R b bRt R E R E R AR AR R AR AR R A L LA R AL
3%%%%%%%%%%% MOD HERE

ft=eval ([f rhs, ' (xt,xpml’',axrgs,')"']):;

% flag for armijo step length reductions
iarm

nft=norm(ft);
nfti(iarm+l) = nft;
ffm=ffc;
ffc=nft*nft; .
iarm=iarm+l;
if iarm > maxarm
disp(' Armijo failure, too many reductions '};
ierr=2;
disp(outstat)
it_hist=it_histx(l:itc+l,:);
sol=xo0ld; '
return;
end
end % end of Armijo 'while' loop
x=xt; ‘
f0=ft;

end of line search

o0

fnrm=norm(£f0) /sqgrt (n);
it_histx(itc+l,1)=fnrm;

oe

How many function evaluations did this iteration require?
'it_histx(itc+1,2)=it_histx(itc,2)+inner_f_evals+iarm+l;
if(itc == 1) it_histx(itc+l,2) = it_histx(itc+1l,2)+1; end;
it histx(itc+l, 3)=iarm;

rat=fnrm/fnrmo;
% adjust eta as per Eisenstat-Walker

if etamax > 0O
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etaold=gmparms (1) ;

etanew=gamma*rat*rat;

if gamma*etaold*etaold > .1
etanew=max (etanew, gamma*etacld*etaold) ;

end
gmparms (1)=min ([etanew, etamax]);
gmparms(1)=max(gmparms(l),.5*stop_tol/fnrm); ZXXXX
end ’
outstat (itc+l, :) =.[itc fnrm inner_ it count rat iarm];
if debug==1
disp(outstat (itc+l,:)); FXXXX
end
% end while
end
sol=x;

it _hist=it histx(l:itc+l,:);

if debug== . . .
disp{outstat); - ' S FKRKKX
it_hist=it_histx(l:itc+l,:); : N

end
% on failure, set the error flag

~if fnrm > stop_tol
ierr =.1;
end

KFDGMRES

function [dx, error, total iters] ="
kfdgmres (£0_rhs,f lhs,params,w,xc,xold,...
p1,pP2,P3,P4,P5,P6,P7,P8,P9,P10,P11,P12,...
P13,pP14,P15,P16,P17,P18,P19,P20, ...
P21,pP22,P23,P24,P25,P26,P27,P28,P29,P30)

% function [dx, error, total_iters] =
kfdgmres (£0_rhs, £ lhs,params,w, xc,xold, ...
Pl,P2,P3,P4,P5,P6,P7,P8,P9,P10,P11,P12,...
P13,P14,P15,P16,P17,P18,P19,P20,...
P21,P22,P23,P24,P25,P26,P27,P28,P29,P30)

o0 d0 oo

oo

GMRES linear equation solver for use in Newton-GMRES solver

oP o oP

Original: C. T. Kelley, July 24, 1994
Modified: Kevin Kilpatrick, 19 Oct 96
' 14 Dec 96, added more parameters

oo

oo oo

oe

INPUT:
f0_rhs = right hand side function evaluated at the current point
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oo

f lhs = nonlinear function NAME for the left hand side function
the format for f is function fx = f(x,Pl..Pn)
Note that for Newton-GMRES we incorporate any
preconditioning into the function routine.
params = two dimensional vector to control iteration

o oo o

%

% params (1) = relative residual reduction factor

% params (2) = max number of iterations

% params(3) (Optional) = reorthogonalization method
% 1 -~ Brown/Hindmarsh condition (default)

% 2 -- Never reorthogonalize (not recommended)
% 3 —=- Always reorthogonalize (not cheap!)

w = initial iterate. w=0 is a valid default. This
is a reasonable choice unless restarted GMRES
will be used as the linear solver. Previous value of dx may
be useful for time stepping problems.

xc = current state vector

oe

oP o

oo

% Pl..P30 = input parameters for function, £ lhs
o :
% OUTPUT:
% dx = solution
% error = vector of residual norms for the history of the iteration
$ total iters = number of iterations
Requires givapp.m, dirder.m

a0 o°

% initialization

errtol=params(1);

kmax=params (2) ;

reorth=1;

if length(params) ==
reorth=params (3);

end

% right side_ of linear equation for the step is -f0 _rhs

b = - £0_rhs;
n = length(b):
% set up arguments for function call
args = '';
2535395235 %%%9%%5252%%22%%0%%0%0052%0252%5%52%%2%0%5%%%%%%9%%%%%%%%%%
$%%%%%%%%%%% MOD HERE
for 3 = l:nargin-6
args = [args,',P',int2str(j)];
end

% Use %nput vector as initial iterate for Newton step, calculate
% the LHS function at the current value, and perform the
% first iteration

dx = w;

£0_1lhs zeros (size(xc));

r = zeros(size(xc));
5555530555505 555%%5 505530855055 055%555%5055%5%9%5%%%%%5%%%%%%
$%%%%%%%%%%% MOD HERE

f0 lhs = eval([f_lhs,'(xc,xo0ld',args,"')"']); ,
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% initialize memory and iteration parameters
h=zeros (kmax) ; '

v=zeros (n, kmax) ;

c=zeros (kmax+1l,1);

s=zeros (kmax+1,1);

rho=norm(r);

g=rho*eye (kmax+1,1);
_errtol=errtol*norm(b);
error=[];

% test for termination on. entry

error=[error,rho];
total_iters=0;
if(rho < errtol)
-disp(' early termination ')
return
end -

% initialize the rest of the iteration parameters
v {:,1)=r/rho; ) o
beta=rho; ‘

k=0;

% plotting data initiation
rhos=zeros (kmax, 2) ;
rhos (k+1, :)=[{k,rho];

% begin . GMRES ITERATION
while((rho > errtol) & (k < kmax))

k=k+1; . '
% call directional derivative function
sttt 508% 8555525555552 2%5%55%2%%%%%%5%%
$%%%%%%%%%%% MOD HERE

v(:,k+1)

= eval (['kdirder(xc,xold,v(:,k),f _lhs,f0_lhs',args,"')'l);

% v(:,k) was normalized before going into the directional derivative.
Internally, ‘ :

% the algorithm will scale it to match norm(xc). However,
norm(v(:,k))=1 is not

% necessarily what I want. In fact, it scales the entire result.

normav=norm (v{:,k+1));
% Make the current vector, V, orthogonal to previous vectors
% .

using modified Gram-Schmidt
' " 279




for j=1:k :

h(j, k)=v(:, k+1)"*v(:,3);

v, k+l)=v(:, k+1)-h(3, k) *v(:,3);
end -

h(k+1, k)=norm(v(:,k+1));
normav2=h{k+1,k);

% reorthogonalize?

if (reorth == 1 & normav + .00l*normav2 == normav) | reorth == 3
for j=1:k , , S o
hr=v(:,k+1) "*v(:,3);
h({(j,k)=h(j, k) +hr; S
v(:, k+t1l)=v(:,k+1)-hr*v(:,3);"
end
h(k+1l,k)=norm(v(:, k+1));
end .

% watch out for happy bréakdown
if(h(k+1,k) ~= Q)

v(:, k+1)=v(:, k+1) /h(k+1, k) ;
end

oo

Form and store the information for the new Givens rotation
if k>1

h(l:k,k)=givapp(c(1:k—l),s(l:k—l),h(l:k,k),k—l);
end :

Don't divide by zero if solution has been found

oe

nu=norm(h(k:k+1,k));

if nu~=0
c(k)=h(k, k) /nu;
s(k)=-h(k+1, k) /nu;
h(k,k)=c(k)*h(k, k)-s(k)*h(k+1,k);

h(k+1,k)=0;
glk:k+1)=givapp(c(k),s(k),g(k:k+1),1);
end

% Update the residual norm

rho=abs (g(k+1));
error=[error, rhol;

rhos (k+1,:)=[k,rhol; % plotting data

% end while, end GMRES ITERATION
end ' ‘

oo

At this point either k > kmax or rho < errtol.
% It's time to compute dx and leave.
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yeh(l:k}l:k)\g(l:k);
total iters=k;
dx = dx + v(l:n,1l:k)*y;

figure (1)

hold on

plot (rhos(1:k+1,1),rhos(1l:k+1,2),'*")
drawnow

KDIRDER

function z =

kdirder (x,xold,w,£,£0,P1,P2,P3,P4,P5,P6,P7,P8,P9,P10,P11,P12, ...
P13,P14,P15,P16,P17,P18,P19,P20,...
pP2Y1,P22,P23,P24,P25,P26,P27,P28,P29,P30)

%

¢function z = o A
kdirder (x,xo0ld,w, £, £0,P1,P2,P3, P4, P5,P6,P7; P8, P9,P10,P11,P12,...
P13,P14,P15,P16,P17,P18,P19,P20,... ‘
P21,P22,P23,P24,P25,P26,P27,P28,P29,P30)

oe

o0 o° oP

Finite difference directional derivative
Approximate f'(x) w o

oo o°

Original: C. T. Kelley, November 25, 1993
Modified: Kevin Kilpatrick, 19 Oct 96, to include more parameters

o o°

% for use in function evaluation

% 14 Dec 96, added still more paremeters
%

% INPUTS:

% x = current state vector about which to form evaluation

$ Ww = direction in which to form derivative

$ £ = function name

f0 = £(x), in nonlinear iterations’
f(x) has usually been computed before the call to dirder

[

oo

oo

QUTPUTS:
z = vector representing f'(x) dx

oo

n=length(x);

set up arguments for function calls

o\O'q’U

0.

% Hardwired difference‘increment
epsnew=1.d-7; .-

281



do = o0 d0 o°

% scale the step
if norm(w) ==
z=zeros(n,1l);
return
end
epsnew = epsnew/norm(w);
if norm(x) > 0
epsnew=epsnew*norm(x) ;
end

% del and f1 could share the same space if storage
% is more important than clarity

del=x+epsnew*w;

AR AR R R L L e E L R PP R R PR LR LR R R P LR R R R L L LR
$%%%%%%%%%%% MOD HERE

f1=eval([f,'(del,xold',args,')']);

z = (f1 - £0)/epsnew;

KARNOLDI

function [maxee,minee,minabs,error,total iters] =
karnoldi (f name,params,w,xc,xold,...
Pl,p2,P3,P4,P5,P6,P7,P8,P9,P10,P11,P12,...
P13,P14,P15,Pl16,P17,P18,P19,P20,...
P21,P22,P23,P24,P25,P26,P27,P28,P29,P30)

function [maxee,minee,minabs,error;total iters] =
karnoldi (f_name,params,w, xc,xold, ...
p1,P2,P3,P4,P5,P6,P7,P8,P9,P10,P11,P12,...
P13,pP14,P15,P16,P17,P18,P19,P20, ...
p21,Pp22,P23,P24,P25,P26,P27,P28,P29, P30)

Arnoldi process for implementing an orthonormal basis for the Krylov
ubspace ‘
using a finite difference method to estimate the action of the
matrix/vector

product. Used for estimating the extreme eigenvalues.

00 U O° o O oP O o oP

ov°

oo

Created: Kevin Kilpatrick, 1 Jan 99
- based on original coding for FDGMRES by C. T. Kelley, July 24,
994
% INPUT:

o°

f name = nonlinear function NAME for the matrix vector product
function .
% the format for f is function fx = f(x,Pl..Pn)

% Note that any preconditioning is incorporated into the function
routine.

% params = three term vector to control iteration
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% params (1) = relative residual reduction factor

% params (2) = max number of iterations

% params (3) {(Optional) = reorthogonalization method

% 1 -- Brown/Hindmarsh condition (default)

% 2 -- Never reorthogonalize (not recommended)
3 -- Always reorthogonalize (not cheap!)

oo oP

w = initial iterate. w={l}/norm(w) is a valid default.
xc = current state vector

xold = another state vector,

P1..P30 = input parameters for function, f name

o0 oo oo

oe

OUTPUT:

maxee = maximum eigenvalue estimate

minee = minimum eigenvalue estimate

error = vector of residual norms for the history of the iteration
total_iters = number of iterations

o0 oo

oo

o0 0% oo

Requires givapp.m, dirder.m

oo

o

initialization
errtol=params (1) ;
kmax=params (2) ;

reorth=1;

if length(params) == 3
reorth=params (3) ;

end

% set up arguments for function call

args = ;
for j = l:nargin-5
args = .[args,',P',int2str(j)1; ~ |

end ‘ '

Use input vector as initial vector around which to build

% Krylov subspace

o0

dx = w;
f0 zeros (size(xc));
r = zeros(size(xc));

perform initial function evaluation...f name (xc)

will dither xc later and evaluate f_name(xc+eps*dx) and form
directional derivative to evaluate [df_name/dxci*dx as the
matrix*vector product

oe

o0 op

oo

f0 = eval([f _name, ' (xc, xold',args,')']):
b = £0;
n = length(b);

form directional derivative to simulate matrix vector product
= eval (['kdirder(xc, xold, dx, f _name, £0',args,')'l):;

R o°

oe

initialize memory and iteration parameters
h=zeros (kmax) ;
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v=zeros (n, kmax) ;

. c=zeros (kmax+1l,1);

s=zeros (kmax+1,1);

‘% initialize iteration values

rho=norm(r);

g=rho*eye (kmax+1,1);
errtol=errtol*norm(b);
error=[];

% test for termination on entry
error=[exrror,rhol;
total iters=0;
if (rho < errtol)
disp(' early termination ')
return
end

% initialize the rest of the iteration parameters
v(:,1)=r/rho; ' '
beta=rho;

k=0;

% begin ARNOLDI ITERATION

while((rho > errtol) & (k < kmax))
k=k+1;

call directional derivative function

e

v{:,k+1l) = eval(['kdirder(xc,xold;v(:,k),f_name,fO',args,')']);

normav=norm(v(:, k+1));

oo

Make the current wvector, V, orthogonal to previous vectors
using modified Gram-Schmidt
for j=1l:k
h(j,k)=v(:,k+1)"*v(:,]);
vi:, ktl)=v(:, k+1l)-h(F, k) *v(:,7);
end

oo

h(k+1l,k)=norm(v(:,k+1));
normav2=h (k+1, k) ;

% reorthogonalize? .
if (reorth == 1 & normav + .00l*normav2 == normav) | reorth ==
for j=l:k
hr=v(:,k+1) '*v(:,3);
h(3,k)=h(j, k) +hr; |
v{:,ktl)=v(:,k+1l)-hr*v(:,]);
end
h{(k+l,k)=norm(v(:,k+1));
end .
% watch out for happy breakdown
if(h(k+1l,k) ~= 0)
v(:,k+l)=v(:,k+1)/h{k+1,k);
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‘end

% Form and store the information for the new Givens rotation

ifk>1
end

3 Don't divide by zero if solution has been found
nu=norm (h(k:k+1,k));
if nu~=0
c(k)=h(k, k) /nu;
y==h(k+1, k) /nu; :
k)=c(k)*h(k, k)-s(k)*h(k+1l,k);

s(k
h({k
h(k+1 k)=0;
glk:k+l)=givapp(c(k),s(k),g(k:k+1),1);
end

% Update the residual norm

rho=abs (g (k+1));
error=[error,rho]l;

% end while, endlARNOLDI ITERATION
end :

$ At this point either k > kmax or-rho < -errtol.
% It's time to compute the eigenvalues of h

total_iters=k;

for i=l:total_iters
TE=sort (eig(h(l:1i,1:1)))"
minee (i)=min (TE) ;
maxee (i) =max (TE) ;
minabs(i)=min(abs(TE));

end

" %min (minee)
. %max (maxee)

$min (minabs)

GIVAPP

function vrot=givapp(c,s,vin, k)

o0 o0

e

C. T. Kelley, July 10, 1994

o0

a0 oo

oe

function vrot=givapp(c, s, vin, k)

oo

vrot=vin;
for i=1:k
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h(l:k, k)—glvapp( c(l:k-1),s(1l:k-1),h{l:k,k),k-1);

Apply a sequence of k Givens rotations, used within gmres codes

This code comes with no guarantee or warranty of any kind.



wl=c (i) *vrot(i)~-s(i)*vrot (i+1);
w2=s (1) *vrot (i)+c (i) *vrot (i+1);
vrot (1:i+1)=[wl,w2];

end '

" PARAB3P

function lambdap = parab3p(lambdac, lambdam, ££f0, ffc, £fm)
Apply three-point safeguarded parabolic model for a line search.

oo

oe

C. T. Kelley, June 29, 1994

oo

This code comes with no guarantee or warranty of any kind..

oo oo oP

o°

function lambdap = parab3p(lambdac, lambdam, ff0, ffc, ffm)

oe

oo

input:
lambdac current steplength
lambdam = previous steplength
ff0 = value of \| F(x_c) \|"2
ffc = value of \| F(x_c + \lambdac d) \["2
ffm = value of \| F(x_c + \lambdam d) \|~"2

oo

oe op
I

oo o

o o

output:
lambdap = new value of lambda given parabolic model

oe

o

internal parameters:

o0 o o°

oe

o°

set internal parameters

oo

igmal=.1; sigmal=.5;

o° O

compute coefficients of intérpolation polynomial

oe

oe

p(lambda) = f£f0 + (cl lambda + c2 lambda”2)/dl

o°

o

dl = (lambdac - lambdam)*lambdac*lambdam < O
so if c2 > 0 we have negative curvature and default to
lambdap = sigaml * lambda

o0 o oo

oo

c2 = lambdam* (ffc-f£f0)-lambdac* (£fm-f£0);
if c2 >= 0 ’

lambdap = sigmal*lambdac; return

end
cl=lambdac*lambdac* (ffm-ff0)-lambdam*lambdam* (ffc-££0) ;
lambdap=-cl*.5/c2; - :

if (lambdap < sigmaO*lambdac) lambdap=sigmaO*lambdac; end
if (lambddp > sigmal*lambdac) lambdap=sigmal*lambdac; end
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FLUID FLOW ROUTINES
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APPENDIX E

FLUID FLOW ROUTINES

The fluid flow routines implement the SUPG/TWS algorithms developed in Chapters 4-6 and 12-
13. The routines follow the hierarchical structure described in Appendix C. Figures E-1 through E-3 are
specific implementations of the methodology illustrated in Figures C-1 through C-3. The coding is original
and attempts to take advantage of MATLAB's intrinsic functions.

The blocks shaded in Figure E-1 are specific fluid flow routines. The blocks not shaded are
generic and did not change. Figures E-2 and E-3 expand the hierarchical structure for the right and left
hand side residual functions. All the functions in the diagram were accomplished. Shaded blocks show
where a specific subroutine was called while the tasks in the unshaded blocks were performed in the parent

block. The routines are summarized and listed in full detail.

knsolgma

kfdgmres

parab3p

|

givapp

kdirder

Figure E-1: Fluid Flow Master Hierarchy
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— Calculate nodal matrices and variables

— Combine Gauss point integration matrices

- Assemble right hand side residual

|
|
— Scale residual to speed LHS computations
Figure E-2: Right Hand Side Residual of Fluid Flow

using stored element integration matrices

__ Assemble left hand side residual element by element
|
\

Scale residual to match RHS factors

Figure E-3: Left Hand Side Residual of Fluid Flow
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script masflo - Master routine for single domain fluid flow calculations

‘ function blok_rhs

Driver routine for RHS fluid flow calculations

. Forms a variety of nodal variables and calculates nodal matrices for later use in the element by element

calculations
Nodal calculations are.done here to avoid the duphcatlon inherent to element by element calculatlons
that share a node

.Evaluates the flowfield by calling a gauss quadrature routme to mtegrate the variables over the

elements using an SUPG formulation
Stores the integrated element matrices as global variables for raprd use on the LHS calculations
Assembles the element contributions to give the RHS Tesidual -

function bcl_rhs

- Forms nodal tangent vectors for all boundary nodes accordmg to right hand rule

Determines inflow/outflow conditions based on supersomc/subsomc normal flow and directions of the
characteristics. Then sets appropriate Dirichlet boundary conditions for primitive vanables

Updates the current vector of primitive nodal variables

BC2. RHS adds line integration contributions along the boundaries for subsomc inflow and outflow

boundary conditions

Residuals at Dirichlet bou.nda.ry nodes are mampulated in BC3_RHS after assembly -

functlon be2b_rhs

Integrate along boundary edges for subsonic mﬂow/outﬂow boundaries and to adjust zero flux terms
for pressure along solid boundaries
Incorporate contribution into the various integration matrices for RHS and LHS residual calculations

” function be32_ rhs

Modifies fully assembled residuals at Drnchlet boundary nodes by setting appropnate components to
zero. Used in both LHS and RHS

function tau_calc - Calculates the SUPG paramieter TAU

function gauss - Performs gauss quadrature integration over a regular interval

‘functlon kflowl

Evaluates the flowfield at a point within an element using a pseudo-nme precondmoned TWS/SUPG
finite element method. Intended for use in gauss quadrature -

Uses Green-Gauss theorem to transform flux gradient term to volume plus: surface integrals. Surface
integrals are not evaluated due to known cancellation at assembly .
Complete algorithm for elements not. touchmg a boundary of any type

Impermeable wall boundaries must be corrected for pressure (BC2B_RHS).

. Inﬂow/outﬂow boundanes must be corrected for surface flux (BC2B_ RHS) ;

function brrkshap Evaluates various aspects of the hnear quadralateral shape function

function triashap - Evaluates vanous aspects of the linear triangle shape ftmcnon using natural (area)
coordinates ' . :

function ﬂow lhs Driver‘routine for LHS fluid flow calculaﬁons

function bel lhs Enforces Dirichlet and impermeable wall boundary condmons on LHS residual using

~ RHS definitions of mﬂow/outﬂow and tangent vectors

290



MASFLO

o°

Master script program for fluid flow

oo

o°

created 5 Mar 97

initialize wvariables
¥N, YN = original X and Y location
EIMAT = nodes assigned to elements

oP oo o°

oo

MP = fluid properties .

BCTYPE = vector of nodal definition of boundary condition type
" type.0 = not on a boundary ‘ '
type 1 = inflow/outflow

type 2 impermeable wall

matrix of type 1 boundary conditions

: [node number, P, U, V, T] ,

DOFNODE = degrees of freedom per node (currently 4)

NN = order of gauss infegration (1,2, or 3)

o0 oo

oe

oo oe

oo

BC1

a0 o° o° o°

oo

global variables

% MFLOW = flat file containing summation of element integration
matrices for LHS ’

% MOUT = matrix of.nodal RH rule tangent vectors and boundary type
information

% [node number, dx, dy, type (1 - 54), index into BCI, DX,
DY] -

% BC conditions l=supersonic inflow, 2=subsonic inflow

% 3=supersonic outflow, 4=subsonic outflow

% S5=impermeable wall, :

% S5l=wall+super .in, - 52=wall+sub in

% 53=wall+super out, 54=wall+sub out-

% [dx,dy] = wall tangent and in/out tangént

% [DX,DY] = in/out tangent'if [dx,dy] has wall fangent for a
corner,

% ) otherwise original direction of velocity vector
% GFLOW = flat file containing summation of element integration
matrices for LHS )

% grid motion in pseudo time -

global MFLOW MOUT GFLOW

eval(['load ',name]);
disp('any changes’')
keyboard '

% set some Newton (outer) and GMRES (inner) iteration parameters
% [absolute error tolerance, relative error tolerance, degrees of
freedom/node]

" TOL={1lE-6,1E-6,5];

- %TOL=[1E-9,1E-9,4];"
LXN = length (XN);
NBC1l = length(find(BCTYPE == '1));
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NBC2 = length(find(BCTYPE == 2));

Max number of GMRES iterations min (hard limit,DOF, rank) where
% type 2 BC loose 1 DOF and in/out BC loose 2 DOF on average

LIN ITS = min{[40, DOFNODE*LXN, DOFNODE*LXN~-NBC2-2*NBC1]) ;
$LIN_ITS = 88;

oo

‘% [max Newton steps, max linear iterations, etamax, linear soln method,
- max restarts] :

op

- 20 Newton steps

40 GMRES iterations per try

.9 etamax .

2 = Restarted GMRES(LIN_ITS)

1 = max number of GMRES restarts -> linear its max/Newton step
PARMS=[20,LIN_ITS,.5,2,5]; '
$PARMS=[50,LIN ITS,.5,2,5];

o0 o oo

o

T_TOL=[1E—6,1E—6]; % [absolute time error tolerance, relative
error tolerance] ' ey .

T STEP=1; % max time steps

DEL T = 0; % physicalviime step size, 0 = steady state
DEL_TAU = 1 % pseudo time step size

" $DEL_TAU=0

%disp(['no pseudo time'])

flops(0);
tic

% Initialize matrices for element by element storage
[NEL, LARGEST]=size (ELMAT) ;
MFLOW=zeros (NEL, (4*LARGEST)"2);
LBC = length(find (BCTYPE));
MOUT = zeros (LBC,7);

into BC1l, DX, DY]

MOUT (:,1)=find (BCTYPE) ; load boundary node numbers
GFLOW = zeros (NEL, 2*DOFNODE*LARGEST"2) ; % Fluid flow correction for
grid motion -

LHS element integration matrix
number of boundary nodes ’
[node number, dx,dy, type, index

o° o

oo

oe

% Create space space for time solution vectors .

QP = zeros (LXN*DOFNODE, 1); ‘ % current solution initial guess
QP1l = zeros (LXN*DOFNODE, 1) ; -most recent solution vector

QP2 zeros {LXN*DOFNODE, 1) ; next most recent solution vector
SOLN = zeros (LXN*DOFNODE, 1) ; current solution vector
T_HISTORY=zeros (4*LXN,T_STEP+1); '

oe o

oo oo

FNRM=1; .

STOP_TOL=T_ TOL(l) + T_TOL(2)*FNRM;

ITC = 0; .

QP1 = reshape (QINITIAL,LXN*DOFNODE,1); % load initial conditions

SOLN = reshape (QINITIAL, LXN*DOFNODE, 1) ;

while (FNRM > STOP_TOL & ITC < T_STEP)
ITC=ITC+1;
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QPé = QP1;

QP1 = SOLN;
QP = SOLN;
% Set up figure windows
& figure(l)
% clg
% set(l,'Position',[2 35 447 3801);
% figure(2) .
% clg )
$ set(2,'Position',[457 283 560 420]);
% .figure(3) o ‘
% clg
% set(3,'Position',[2 455 400 2501);
figure (1)
clg
set (1, 'Position’', [2 30 447 340]);
‘figure (2) ’ :
clg
set (2, 'Position’, [456 414 371 310]);
figure (3)
clg
set (3, 'Position', [2 415 447 308]);
figure (4) \
clg :

set (4, 'Position', [456 30 370 339]); . S ' - “

[SOLN, HISTORY, IERROR, STATS] =’ :
knsolgma ('FLOW_LHS', 'BLOK_RHS', TOL, PARMS,QP,QP, ...

XN, YN, UN, VN, QP1,QP2,DEL_T,DEL_TAU,MP, ELMAT, BCTYPE, BC1,MOUT PTR, DOFNODE,
NN) ;

disp([STATS(:,1),zeros(size (STATS(:,2))),STATS(:,3:5)1])
format long T ' .

disp(STATS(:,2))

- format short

% update SOLN for inflow/outflow BC values
SOLN reshape (SOLN, LXN, DOFNODE) ;
SOLN = bcl lhs(SOLN, BCl);
SOLN = reshape (SOLN, LXN*DOFNODE, 1) ;

I

'T_HISTORY (:, ITC+1)= SOLN;

% FNRM = norm(SOLN-QP1l)/sqrt (length (SOLN))
FNRM = norm(SOLN) /sqgrt (length (SOLN) )

end % time stepping

toc

flops

figure (1)

clg .

semilogy (HISTORY (:,1))
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BLOK_RHS

function R =

blok rhs(QP QPM1, XN, YN, UN, VN, QP1,QP2, DEL 'T,DEL: TAU,MP, ELMAT, BCTYPE BC1,
MOUT_PTR, DOFNODE, NN)

'$ function R =

blok rhs(QP QPM1, XN, YN, UN, VN QPl QP2, DEL T,DEL TAU,MP,ELMAT, BCTYPE, BC1,
MOUT PTR, DOFNODE, NN) R

17 Feb 97, original ‘

4 Mar 97, matrix and flux calculations moved inside element loop
27 Mar 97, completed characteristic boundary conditions

1 Sep 97, updated to new algorithm and boundary conditions

Driver routine for RHS fluid flow calculations.

Forms a variety of nodal variables and calculates nodal matrices for
later use in the element by element calculations. The nodal
alculations .

are done here to avoid the duplication inherent to element by element
calculations that share a node.

o0 o o0 AP () O° O° O° O° J° OO O° O° OO c;\

Evaluates the flowfield by calling a ‘gauss quadrature routlne to
integrate
the variables over the elements using an SUPG formulation.

o0 o o K

Stores the integrated element matrices as global variables for rapid
1se ‘on
the LHS calculatlons

o

Assembles the element contributions to give the RHS residual

%

g Qp = vector of primitive nodal wvariables [P- U; v; T]

% QPM1 = QP at last (p-1) iteration

% XN = vector of current X locations of nodes

& YN = vector of current Y locations of nodes

$ UN = vector of X velocity of nodes

$ VN = vector of Y velocity of nodes

$ QP1 = vector of primitive nodal variables [P; U; V; T]

% QP2 = vector of primitive nodal variables [P; U; V; T]

% DEL T = physical time step size

% DEL:TAU = pseudo time step size

‘% MP = thermodynamic properties of fluid, MP = [R, CP, GAMMA]
% ELMAT = matrix listing the nodes assigned to each element

% BCTYPE = vector of nodal definiticn of boundary condition type
% ‘ ‘not necessarily the most efficient implementation but it
forces . ’

% a single definition of boundary state for nodes

% type 0 = not on a boundary

% type 1 = inflow/ocutflow

% type 5 = impermeable wall

% type 6 = combination wall and inflow/outflow (i.e. a corner
node) ‘ ’

% type 21= definitely inflow
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type 22= definitely outflow

% .
% type 26= combination wall and definitely inflow

% type 27= combination wall and definitely outflow

% BCl © = matrix of type 1, -6, .21, 22, 26 & 27 boundary conditions

% [node number, P, U, V, T]

% MOUT_PTR =nodal vector giving index for boundary nodes in MOUT matrix
s DOFNODE. = degrees of freedom per node (currently 4)

% NN = - order of gauss integration (1,2, or 3)

% global variables

% MFLOW = . flat file containing summation of element integration
matrices for LHS

$ MOUT = matrix of nodal RH rule tangent vectors and boundary type
information

2 " [node number, dxz, dy, type (1 - 54), index into BC1l, DX,
DY} ' '

% BC conditions l=supersonic inflow, 2=subsonic inflow

$ ' 3=supersonic outflow, 4=subsonic outflow

% 5=impermeable wall,

% 51=wall+super in, 52=wall+sub in

% 53=wall+super out, 54=wall+sub out

% [dx,dy] = wall tangent and in/out tangent

% [DX,DY] = in/out tangent if [dx,dy] has wall tangent for a
corner, : .

% otherwise original direction of velocity vector
% GFLOW = flat file containing summation of element integration
matrices for LHS . .

% grid motion in pseudo time

global MFLOW MOUT GFLOW

% initialize

NNODES = length (XN);

[NEL, VERTICES] = size(ELMAT);
any element

numberiéf nodes
VERTICES is the max number of nodes in

o°

" 'op

% reformat into a matrix shape with columns of prlmltlve variables
QP = reshape (QP, NNODES, DOFNODE) ;

QPM1 = reshape (QPM1, NNODES, DOFNODE) ;

QP1 = reshape (QP1, NNODES, DOFNODE) ;

QP2 = reshape (QP2, NNODES, DOFNODE) ;

% Safeguard against'negative pressure or temperature
QP(:,1)=max(1,abs(QP(:,1)));
QP(:,4)=max(1,abs(QP(:,4)));

% Calculate some ﬁseful constants
CONST1 = MP(3)*((MP(3)-=1)* (MP(2)+MP(1))"2+MP(1)"2);
1) (Cp+R) *2+R"2)

o°

gamma ( (gamma-

CONST2 = -MP(3)/MP(2); % —gamma/Cp
CONST3 = MP(3)/(MP(2)*MP(1)); % gamma/ (Cp*R)
CONST4 = MP(3)/MP(1); % gamma/R

CONST5 = (MP(3)*MP(1l))/(4*MP(2)"2); %
{gamma*R) / (4*Cp*2)

CONST6 = MP(3)*MP(1); % gamma*R

CONST7 = % (gamma-1)/gamma

(MP(3)-1)/MP(3);




gamma*R/Cp

oe

CONST8 = MP(3)-1;

LX = ((max(XN) - min(XN))/pi); % X reference
dimension '

LY = ((max(YN) - min(¥N))/pi); +% Y reference
dimension

LREF = norm([LX,LY]); % reference
length

R = zeros (NNODES*DOFNODE, 1) ;

' $ VERTICES = determines the shape of the region (1 = rectangle, 2 =

triangle)
if VERTICES == % triangle
FLAT = zeros(7,1272);
QP _MAT = zeros(l1l2);
QC_MAT = zeros(12);
F MAT = zeros(l2);

G_MAT = zeros(l12);

elseif VERTICES == 4 % rectangle
~ FLAT = zeros(7,16"2); e
QP _MAT = zeros(16);

QC MAT = zeros(l6);
F MAT = zeros(1l6);
G_MAT = zeros(l6);
end
% plotting stuff
figure(3)
clg

if MOUT(1,4) ~= 0
step=QP-QPM1;
end ,
quiver (XN, ¥YN,QP(:,2)-QPM1(:,2),QP(:,3)=0PM1 (:,3))
gplot (XN, YN, 'y. ")
drawnow

“%******************************#****** BOUNDARY CONDITION RO&TINE 1 * %
% Finds boundary node tangents and enforces Dirichlet inflow/outflow

% boundary conditions
%****************************%****************************************
MOUT = zeros(size (MOUT)):;

MOUT (:,1)=find (BCTYPE) ;

QP = bcl_rhs (QP,QPM1, XN, YN, UN, VN, MP, ELMAT, BCTYPE, BC1, MOUT_ PTR DOFNODE),
QPM1=bcl lhs(QPMl BCl);

G F e e de ke ode ok e e e ok e e gk ke e e e ok ok ke ok ke ok ks ok ke gk ok o ok Sk ke e ok K ok ke e ok ke ok ke sk ok ok ok Sk ok ok %k ok e e e ok ke ok g ek ok

% Set.up blocking instructions
%*********************************************************************

BLOCKSIZE=23; ' . % # of elements
in block '
if NEL > BLOCKSIZE )

NBLOCKS = flx(NEL/BLOCKSIZE), ] . % # of full

blocks




LASTBLOCK = NEL - BLOCKSIZE * NBLOCKS; % # of elements
in last block
if . LASTBLOCK >= 1

BLOCKMAT = BLOCKSIZE * ones (NBLOCKS+1,1); % BLOCKMAT is a
vector with the
BLOCKMAT (NBLOCKS+1) = LASTBLOCK; % number of
elements in each
else % block
BLOCKMAT = BLOCKSIZE * ones (NBLOCKS,1):
end
else

BLOCKMAT = NEL;
NBLOCKS = 1;
end

%***************************** START BLOCK CALCULATIONS

% Kk ke ke ke ke ke ok ke ek ke ok ok ke '

% -
%**********************************************************************

* %k

RB_ELEMENT = 0;
for ib = l:length(BLOCKMAT)
LB _ELEMENT = RB_ELEMENT + 1; % first element
in the block '
RB_ELEMENT = LB _ELEMENT + BLOCKMAT (ib) - 1;
the block o
[m,n] = size(ELMAT(LB_ELEMENT:RB’ELEMENT, :));

lasf,element'in

oo

[}

% some :eally‘fancy sorting o : S
LIST = reshape (ELMAT(LB_ELEMENT:RB_ELEMENT, :),m*n,1); & make list of
all nodes in elements )

LIST = sort (LIST); % sort into
ascending order

BLOCK_PTR = zeros (NNODES,1); % make a pointing
vector .

ibc = ones(size (LIST)):; $ initialize
temporary subscripting vector

ibc(2:m*n) = LIST(l:m*n-1) ~= LIST(2:m*n); % identify
duplicate node numbers

LIST = LIST(ibc); % cull out
duplicate node numbers

LIST = LIST(find(LIST)): : % get rid of any
Zeros XxX

BNODES = length(LIST); % how many unique
nodes? )

oe

BLOCK PTR(LIST) = 1:1:BNODES; form index into

node block storage

Ghdkkkhkdkhkdkdhkhhhhkhhhhhhdkkkhkkhkdhkdkdhdhdhhkhkhdhhdkhhkdhhdhhdkkdkhhkdkk ok kdkkhhdhdkhddr

% Initialize maximum element workspace
%*********************************************************************
PVEC = zeros (BNODES,1);
UVEC zeros (BNODES, 1) ;
VVEC zeros (BNODES, 1) ;
TVEC = zeros (BNODES, 1)

o

element nodal pressure vector

element nodal X velocity vector

element nodal Y velocity vector

element nodal temperature vector
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TAU = zeros (BNODES,1); % element nodal time scale parameter
vector

PS_PVEC = zeros (BNODES,1); element nodal delta pressure vector

%
PS UVEC = zeros (BNODES,1); % element nodal delta X velocity vector
PS_VVEC = zeros (BNODES,1); % element nodal delta Y wvelocity wvector
PS_TVEC = zeros(BNODES,1); % element nodal delta temperature vector

transpose of conserved variables at

oe

QC = zeros (BNODES, 4);
time n ]

QCM1 = zeros (BNODES,4);
time n-1

oo

transpose of conserved variables at

% space for element by element system matrices

FT = zeros(BNODES, 4); % transpose of X flux Vector for all
nodes .

"GT = zeros (BNODES,4); % transpose of Y flux vector for all
nodes

flat file of conservative variable

oo

QV = zeros (BNODES, 16);
transformation matrix
QVI = zeros(BNODES,16);
LV = zeros (BNODES, 16);
matrix

LVI = zeros(BNODES, 16);
AV = zeros (BNODES, 16) ;
nodes

BV = zeros (BNODES, 16);
nodes ‘

AVLI = zeros (BNODES,16);
BVLI zeros (BNODES, 16) ;

oo

inverse of QV
flat file of steady preconditioning

o

oo

inverse of LV
flat file of X flux jacobian for all

oP

oo

flat file of Y flux jacobian for all

oe

flat file of AV*LVI for all nodes
flat file of BV*LVI for all nodes

o

% these require interactions with shape functions

VR2 = zeros (BNODES,1); nodal velocity magnitude squared
C2 = zeros (BNODES,1); nodal acoustic speed squared
LVR = zeros{(BNODES,1); nodal reference length/velocity

o0 oo

oo

0.

% temporary variables

HH = zeros (BNODES, 1); % nodal static enthalpy

HO = zeros (BNODES, 1) ; % nodal total enthalpy

TI = zeros (BNODES, 1); % nodal 1/temperature

RHOP = zeros(BNODES,1): % nodal pressure derivative of density
RHO = zeros (BNODES, 1) ; % nodal density

RHOT = zeros(BNODES,1); % nodal temperature derivative of density

RHOU = zeros(BNODES,1l):;
RHOV = zeros(BNODES,1);
RHOI = zeros(BNODES,1)

oo

nodal X momentum (rho U)
nodal Y momentum (rho V)
nodal 1/density

.
4

0P oP
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% Start calculating the variables for all nodes in the block
%*********************************************************************

PVEC = QP(LIST,1l): . . % current element nodal pressure
vector

UVEC = QP(LIST,2); % current element nodal X velocity
vector

VVEC = QP (LIST, 3): % current element nodal Y velocity
vector
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current element nodal temperature

)

TVEC = QP(LIST,4);
vector

oo

PS_PVEC = PVEC delta QP(pressure) in pseudc time

QPMI1 (LIST,1);

PS UVEC = UVEC - QPMIL(LIST,2); $ delta QP(u velocity) in pseudo

time '

PS_VVEC = VVEC -~ QPM1(LIST, 3); % delta QP(v velocity) in pseudo

time

PS TVEC = TVEC - QPMI (LIST,4); % delta QP(temperature) in pseudo
time

| % calculate the working variables using MP = [R, CP, GAMMA]
C2 = (MP(3) * MP(1)) * TVEC; c”2 = gamma*R*t

o o°

VR2 = UVEC.”2 + VVEC."2; vrr2 = ut2 + vh2
VP2 = VRZ; : % + (LREF/DEL_TAU)AZ;
LVR = 1/2./(sqrt (VR2) + sqrt(C2)); $ 1lvr = 1/2(|ul]+c)
$LVR = 2./ (sqgrt(VR2) + sqrt(C2)); % lvr = 2/(|ul+c)
$LVR = 1./(sgrt(VR2) + sqrt(C2)):; $ lvr 1/ (lul+c)

$LVR = 1/pi./(sqrt(VR2) + sqrt(C2)):;
$LVR = LREF/2./(sqrt(VR2) + sqrt(C2));
$LVR = LREF ./ (sqrt(VR2)*pi);

$LVR = 1/2./(sqrt (VR2) + sqrt(VR2));

$pk = 5; ) % pk = polynomial constant

$LVR = LREF* (VR2 + C2/pk) ./ (pk*(sqgrt(C2).*VR2 + sqgrt(VR2).*C2));

$LVR = LREF ./ sqrt(C2); ' lvr lref / c;

SLVR = 1./ sqrt(C2); lvr =1 / c;
FXXXXXKXXXXXXXXXXXXXXKXXKXXXXKXXXK ’
$TI = 1" ./ TVEC;

RHOP = 1/MP(1)./TVEC;

RHO = PVEC .* RHOP;

RHOT = -RHO ./ TVEC;

RHQU RHO .* UVEC;

RHOV. = RHO .* VVEC;

RHOI 1./RHO;

HH = MP(2) * TVEC;

HO REF=MP (2)*535.2;

lvr = 1/pi(lul+c)
lref/2(jul+c)
lref/ (pi*vr)

00 o°
Ll d
< «
[a ]
I 0 ool

oo

oo

ti = 1/T

rhop = 1/ (R*t)
"rho = p/(R*t)
rhot = -p/ (R*t"2)
rhou = rho*u
;hov = rho*v
rhoi = 1/rho

h = Cp*T

odP o0 o° d° o o o° o°

EQC _REF=(MP(2)~MP(1))*535.2;
$HH. = PVEC./RHO/CONST7;

HO = HH + .5 * VR2 - HO_REF; % ht = Cp*T + (u”2 + v*2)/2
EE = (MP(2)-MP(1))* TVEC ; % ee = Cv*T
EO = EE + .5*VRZ - EO_REF; % et = Cv*T + (u™2 + v*2)/2

calculate the FLUX VECTORS at the nodal locations

oo

% X mass flux = density U

% XX momentum flux = density U U + P

% XY momentum flux = density U V

$ X energy flux = density U Ho (total specific enthalpy)

FT(:,1) = RHOU;

FT(:,2) = RHOU .* UVEC + PVEC;
FT(:,3) RHOU .* VVEC;
FT(:,4) RHOU .* HO;

It

density V

% Y mass flux
% density U V

YX momentum flux
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$ YY momentum flux density V

$ Y energy flux = density V
GT(:,1) = RHOV;

GT(:,2) = RHOV .* UVEC;
GT(:,3) = RHOV .* VVEC + PVEC;
GT(:,4) = RHOV .* HO;

$ calculate the CONS
ocations ‘
as flat files

oo =

QV (node)
24, g34,

[qll, qur q3l, g4
q44]

— o, Q oe

QV(node) = [1/(R*t), u/(R*t)
Cp*t+(ur2+v~2)/2)/ (R*t)~1
% 0 ’ p/(R*t)
% 0. , 0
% -p/ (R*t"2), -u*p/(R*
_p* (Cp*t+ (u"2+v"2) /2) / (R*E"2) +p*
ZRO .= zeros (BNODES, 1) ;
WON = ones (BNODES,1);
QV = [RHOP , UVEC.*RHOP, VVEC.
. ZRO , RHO , ZRO -
ZRO , ZRO ., RHO
RHOT VVEC.

UVEC. *RHOT,

"alternate version modified to

oo oo,

QV = [RHOP , UVEC.*RHOP, VVE
3 'ZRO , RHO . ZRO
ZRO , ZRO , RHO .

o° o0

g

% Inverse of consérved variable
QVI=[CONST8*VR2/2, -UVEC.*RHOI,

- CONST2*VR2/2) .*RHOI, ..

—CONST8*UVEC, RHOI
-CONST8*VVEC, ZRO
. CONST8*WON ZRO

’

14

14 ’

oo

Merkle preconditioning matrix
Kp=1, Kt=0, Hp=1l, Ht=Cp
HT=MP (2) *ones (size (RHO)) ;;

oe oo

2good$HT=MP (2) ; .
$HT=(MP(2)-MP (1)) *ones (size (RHO
$HT=VR2./TVEC/2;

$LV = [1./VP2, UVEC./VP2, VVEC.
% ZRO , RHO , ZRO
% ZRO , ZRO , RHO
% ZRO  , ZRO , ZRO
%good&LV = [1./VP2, UVEC./VP2,
%good% ‘ZRO °~ , RHO. ’
%good% . ZRO , ZRO ’
ggood% ZRO , ZRO .

RHOT , UVEC.*RHOT, VVEC.

V+ P
(total specific enthalpy)

ERVED VARIABLE TRANSFORMATION JACOBIAN at the nodal

1, 0, g22, 0, g24, 0, 0, g33, g43, ql4,
, v/ (R*t) ,
¢ 0 , u*p/ (R*t)
. P/(R*t) ., v*p/(R*t)
£°2), =v*p/(R*t"2), - .
Cp/ (R*t)] Ty
*RHOP, HO.*RHOP-1 .
, RHOUr .
, RHOV .
*RHOT, HO.*RHOT+MP (2)*RHO] ;

make HO constant
C.*RHOP, HO.fRHOP—l
, ZRO
v ZRO
*RHOT, HO.*RHOT

[

’

transformation jacobian (QV).

'-VVEC.*RHOI, (-TVEC -~

ZRO ;, CONSTZ2*UVEC.*RHOI, ...
RHOI , CONST2*VVEC.*RHOI, .
ZRO , —CONST2*RHOI];

- ¢changed VR to VP

Cp

%

VY Cv

/VP2,

14

EO./VP2’
RHOU
RHOV
HT. *RHO] ;

AR

14

14

VVEC./VP2, (HO./VE2)-1,...

ZRO , RHOU roee
RHO , RHOV P
" ZRO HT*RHO] ;
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oo

Inverse of Merkle preconditioning matrix

%$LVI = [VP2 , -UVEC./RHO, -VVEC./RHO, (-EE+VR2/2)./(RHO.*HT),...

% ZRO , 1./RHO , ZRO P -UVEC./(RHO.*HT), ...

2 ZRO , ZRO , 1./RHO ’ -VVEC./ (RHO.*HT), ...

% ZRO , ZRO , ZRO ; 1./(RHO.*HT)];
$good3LVI = [VP2 , ~UVEC./RHO, -VVEC./RHO, (-HO+VR2+VP2)./(RHO*HT),...
%good% ZRO , 1./RHO , ZRO ' -UVEC./ (RHO*HT), ..
%good% ZRO , ZRO , 1./RHO p ~VVEC./ (RHO*HT), ...
%good$% ZRO , ZRO , ZRO ' 1./ (RHO*HT);

% Alternative Merkle preconditioning matrix

% Kp=1, Kt=0, Hp=0, Ht=Cp

%LV = [1./VR2, UVEC./VR2, VVEC./VR2, (HO./VR2)-1 ,...

% ZRO , RHO , ZRO , RHOU . PR

% ZRO , ZRO , RHO ' , RHOV PN

% ZRO , ZRO ; ZRO , MP(2)*RHO];

$LVI = [VR2 , ~UVEC./RHO, -VVEC./RHO, (-HO+2*VR2)./(RHO*MP(2)),...
% ZRO , 1./RHO ; ZRO ’ -UVEC./ (RHO*MP (2)}, ...

% ZRO ,. ZRO , 1./RHO r -VVEC./ (RHO*MP (2)), ...

% ZRO ZRO , ZRO ’ 1./(RHO*MP(2))1;

00 oP

4
strategy: need rho(kt) '
may or may not need ht but definitely need one or the other

included to enforce entropy condition

- - RHOPP=1./VR2;

ov

if ht is dropped,

& 1/vref”2
RHOTP = 1*RHOT; % kt=1
HTP = MP(2)*WON; % ht=Cp
HPP = WON; $ hp=1

DD = RHO.*HTP.*RHOPP+HPP.*RHOTP;

need to include hp to enforce mass conservation

(HPP+ (~

RHOPP. /DD

LV = [RHOPP , UVEC.*RHOPP, VVEC.*RHOPP, HO.*RHOPP-HPP /
ZRO , RHO , ZRO .+, RHOU e,
ZRO ; ZRO , RHO , RHOV
RHOT , UVEC.*RHOT , VVEC.*RHOT , HO.*RHOT+HTP.*RHO};
% Inverse of conserved variable transformation jacobian (QV)
LVI=[ (RHO.*HTP+ (HO~VR2) .*RHOTP) ./DD, -UVEC./RHO , -VVEC./RHO,
HO+VR2).*RHQPP)./DD,
UVEC. *RHOTP. /DD , 1./RHO + ZRO ’
UVEC. *RHOPP. /DD ’
VVEC.*RHOTP./DD , ZRO , 1./RHO .
VVEC.*RHOPP. /DD ' ’
: -RHOTP. /DD , ZRO , ZRO .
1;
$LV = QV;
$LV(:,1:4) = [1./VR2, UVEC./VR2, VVEC./VR2, (HO./VR2)];
%%temp=VR2./(MP{2) *TVEC-VR2) ;
$temp=VR2./ (MP(2) *TVEC) ;
$LVI=QVI;
$LVI(:,[1,5,9,13])=[VR2.*temp/2, -UVEC.*temp, -VVEC.*temp, temp];
$%templ=MP (2) *TVEC-VR2;
%$%temp=WON. / (RHOT. *templ) ;
$temp=WON. / (RHO*MP (2) ) ;
%%
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LVI(:,[4,8,12,16])=[(templ—VR2/2).*temp,UVEC.*temp,VVEC.*temp,—temp];



%LVI(:,[4,8,12,16])=[(—MP(2)*TVEC+VR2/2).*temp,—UVEC.*temp,—

VVEC. *temp, temp];’

Calculate the primitive variable FLUX JACOBIANS at the nodal

%
locations as flat files

=%
]
ad
%

*

oo o

p*
p*

o3

-]

=

AV = [RHOP.*UVEC, RHOP.*(UVEC."2)+1

AV (node) = [all, a2l, a3l, a4l, al2, a22, a32, a42, al3, a23, a33,
3, al4, a24, a34, add] ’ ,
(1/ (R*t))*[u , R*t+u~2 , u*v
(Cp*t+ (un2+v~2) /2)

p ¢, 2%p*u , P*V r
(Cp*t+ur2+ (u"2+v"2) /2)

-0 , O , p*u ’
u*v

- (p*u)/t, —-(p*u~2)/t , —(p*u*v)/t ¢

pru* (ur2+v~2) )/ (2*t)

RHOP. *UVEC. *HO

PR
RHO .. 2*RHCU

RHO. * (HC+UVEC."2)

Fose
ZRO r ZRO

7 v e

RHOT.*UVEC, RHOT.* (UVEC."2)

UVEC. *QV (:, 16) 1;

%

b4

o~ gon op

oo ~

’

BV
'RH

RH
RH

'A%

%

oo ~
.

6\0 -~
.

1
%
1:
%

r

RHOP . *UVEC. *VVEC,
RHOV ,
RHOU - ,

RHOT . *UVEC. *VVEC,

RHOU. *VVEC

BV(node) = [bll, b2l, b31l, b4l, bl2, b22, b32, b42, bl3, b23, b33,

3, bl4, b24, b34, bd4]
(L/(R*t))*[v , u*v
v* (Cp*t+ (un2+v"2) /2)
' 0. s P*V
p*u*v !
b , p*u

p* (Cp*t+v 2+ (ut2+v"2) /2)

-(p*v)/t , —(p*v*u)/t

- (p*v* (u"2+v~2) )/ (2*t)

= [RHOP.*VVEC, RHOP.*UVEC.*VVEC
OP.*VVEC. *HO Fooo
ZRO , RHOV
OV.*UVEC PRPI
RHO , RHOU

O.* (HO+VVEC."2) ,... "
RHOT.*VVEC, RHOT.*UVEC.*VVEC
EC.*QV(:,16) 1:

alternative version modified to make
$AV = [RHOP.*UVEC, RHOP.*UVEC."2+1

RHO , 2*RHOU

ZRO . , ZRO

RHOT.*UVEC, RHOT.*UVEC."2

alternative version modified to make
302

]

14

-, R*t+v”"2

, O

, 2*p*v'

' -(p*QAZ)/t

RHOP. * (VVEC."2)+1

ZRO

2*RHOV

RHOT. * (VVEC."2)

’

14

HO constant
RHOP.*UVEC. *VVEC,

RHOV ’
RHOU p
RHOT . *UVEC. *VVEC,

HO constant

RHOP. *UVEC. *HO
RHO.*HO
ZRO

UVEC. *RHCT. *HO




$BV = [RHOP.*VVEC, AV(:,3) , RHOP.*VVEC,"2+1 , RHOP.*VVEC.*HO

' - . .
% ZRO , RHOV , ZRO , AV {(:,12)

r - .

% RHO , RHOU , 2*RHOV -, RHO.*HO

% RHOT.*VVEC, AV(:,15) ;, RHOT.*VVEC."2 , VVEC.*RHOT.*HO
17

% Calculated the CONSERVED VARIABLES

% density = p/(Rt)

% X momentum = (pu)/{Rt)

% Y momentum = (pv)/(Rt)

% energy = (p/(Rt))*(CpT+ (u"2+v"2)/2)-p

.% Note: Currently looks at steady state only. ' Need to update here and
in KFLOW ' :

for transient capability.

% Calculated the CONSERVED VARIABLES at time n‘

% QC(:,1) = QPI1(LIST,1) ./ (MP(1l) * QPl(LIST 4));

% QC(:,2) = QC(:,1) .* QP1(LIST,2);

% QC(:,3) = QC(:,1) .* QP1 (LIST, 3);

% QC(:,4) = QC(:,1) .* (MP(2)*QP1(LIST,4) +. ...

% .5*(QP1(LIST,2)."2 + QP1(LIST,3).”2)) - QP1(LIST,1);
QC(:,1) = RHO;

QC(:,2) = RHOU;

QC(:,3) = RHOV;

QC(:,4) = RHO.*HO-PVEC;

if DEL T ~= 0
% Calculated the CONSERVED VARIABLES at tlme n- 1

QCM1(:,1) = QP2(LIST,1) ./ (MP(1l) * QP2 (LIST, 4))

QCM1(:,2) = QCM1(:,1) .* QP2(LIST, 2),

QCM1(:,3) = QCM1(:,1) .* QP2(LIST,3) ;

QCM1(:,4) = QCM1(:,1) .* (MP(2)*QP2(LIST 4)'+ .o

.5*% (QP2(LIST,2).”2 + QP2(LIST,3)."2}) - QP2(LIST,1);

end ' T . C
3055225555535 %2%32%%5%%9%%%%%%%%
$ form AV*LVI and BV*LVI %
5998892925555 55225%929%999%29%%%%%
for i = 1:BNODES

r i

TEMP = reshape(LVI(i,:),4,4);

TEMP2 = reshape(AV(i,:),4,4);

$ TEMP2(2,1)=TEMP2(2,1)-1; %take out the pressure element
AVLI (i, :)=reshape (TEMP2*TEMP,1,16); % multiply LV inverse
TEMP2 = reshape(BV(i,:),4,4);

% TEMP2(3,1)=TEMP2(3,1)-1; %$take out the pressure element
BVLI (i, :)=reshape (TEMP2*TEMP,1,16); % multiply LV inverse

nd

$%

o° (D

000000000000000000060600000000809
e eeTT55%%%5%%%5%9%%9%%%%%%%%%%

oo

°***************************** RESIDUAL FORMATION

************************
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Form the RESIDUAL vector using local vector operations and an element

element approach .
ek Kk ke %k de ok ok R ok kR o ok ok ke sk sk sk ke ek ke ke e Yo ok ok sk sk ok sk ok ok sk ok ok ok sk vk v S e okt sk ok ke ok vk Sk e ok ke ok s ok ok ok ok ok ke ok Rk sk ke ke ok ok

%

by

* %k %k

for j = LB_ELEMENT:RB_ELEMENT

% check the shape of each element and set up its needed workspace size
INDEX=find (ELMAT(j,:)); % INDEX contains the non-zero node numbers

for the element ) )
VERTICES = length(INDEX);

if VERTICES == % Triangle
REGION = 2;
LLL.= 12;
. MMM = 144;
GGG = LLL* (2*3);
NNN = 72; ,
elseif VERTICES == % Quadralateral
REGION = 1; o
LLL = 16;
MMM = 256;
GGG = LLL* (2%4); ‘ o
NNN = 128; . ‘ ‘ .
end

oe

SLIST = ELMAT (j, INDEX); index into variables stored in
data file ‘
ELIST = BLOCK PTR(SLIST): % index into variables calculated

in block
% FLAT: Build flat matrix of element integration arrays for each

= sum of RHS matrices for Q primitive (shock capture+)

e
% Row 1

% Row 2 = sum of RHS matrices for Q conserved (transient physical time)
% Row 3 = sum of LHS matrices for pseudo time terms

% Row 4 = sum of RHS matrices for F (X flux vector) operations

% Row 5 = sum of RHS .matrices for G (Y flux vector) operations

% Row 6 = sum of global LHS matrices for Q operations

Row 7 = sum of global LHS matrices for pseudo time moving grid

calculate the element SUPG parameter TAU at each of the element nodes
TAU, TSHOCK] = TAU_CALC(XN(SLIST),YN(SLIST),..
PVEC (ELIST),UVEC(ELIST),VVEC(ELIST), TVEC (ELIST), ...
C2(ELIST),VR2(ELIST),LVR(ELIST),DEL_TAU);

—~ 0P

hhkhkhkkkdkhkkdehhkkhdkdkhkhkx CALL.THE GAUSS INTEGRATION PROCEDURE % %k Kk Kk ok kK ko Kk
KFLOWl contains element integration .routines based on shape functions

and nodal values -calculated above
************************}*********************************************

o° o° oP

oo

FLAT = gauss('kflowl', NN,REGION,XN(SLIST),YN(SLIST),
PVEC (ELIST), UVEC(ELIST), VVEC(ELIST), TVEC(ELIST),
FT(ELIST,:), GT(ELIST,:), QV(ELIST,:), LV(ELIST,:),
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LVI(ELIST,:), AV(ELIST,:), BV(ELIST,:),
LVR(ELIST), C2(ELIST), VR2(ELIST), DEL_T,
DEL_ TAU, DOFNODE, ...
\ QC(ELIST,:), TAU, AVLI(ELIST,:), BVLI(ELIST,:));

Q e e e de e e ke ok ke ke o S kK ok e e ke e ke ek BOUNDARY CONDITION ROUTINE 2 de sk %k sk ke g ok ok e ok ok ok Kk ok ke kK
Integrate along boundary edges for subsonic inflow/outflow boundaries
and to adjust zero flux terms for pressure along solid boundaries.
Incorporate contribution into the various integration matrices for

RHS and LHS residual calculations.
%**********************************************************************

o0 o0 oo

o

. if length(find(BCTYPE (SLIST) == 1 |
BCTYPE (SLIST) == 5 |
BCTYPE (SLIST) == 6 |
BCTYPE (SLIST) == 21 |
BCTYPE (SLIST) == 22 |
~ BCTYPE (SLIST) == 26 | ...
BCTYPE (SLIST) == 27)) > 0 | j==26

FLAT = bc2b_rhs (FLAT,XN(SLIST),YN(SLIST),AV(ELIST,:),BV(ELIST,:),...
BCTYPE (SLIST) , DOFNODE, QC (ELIST,:),...
TAU, AVLI (ELIST, :),BVLI (ELIST,:)); .

end

QP_MAT‘= reshape (FLAT (1, 1:MMM) ,LLL, LLL) ; % matrix for current Q
primitive (shock capture+) o .

QC_MAT = reshape (FLAT (2,1:MMM),LLL,LLL); $'matrix’ for past Q

conserved (transient physical time)
QPV_MAT = reshape(FLAT(3,1:MMM),LLL,LLL)%
pseudo time terms o :
F MAT reshape (FLAT (4, 1:MMM) , LLL,LLL) ;
G_MAT reshape (FLAT (5,1:MMM) , LLL, LLL) ;.-
MFLOW(j,1l:MMM) = FLAT(6,1:MMM); '
GFLOW(j,1:GGG) = FLAT(7,1:GGG);
motion

- oo

matrix for ' (LHS) .
matrix for X flux
matrix for Y flux
matrix for LHS
matrix for LHS grid

o
o0 g0 oo

oo

Index into residual

oo

vector
SHUFFLE= [SLIST, SLIST+NNODES, SLIST+2*NNODES, SLIST+3*NNODES];

if DEL T == % form RHS residual for STEADY STATE
fluid flow equations -

} R(SHUFFLE)= R(SHUFFLE) +

‘ (QP_MAT* [PVEC (ELIST); UVEC(ELIST); VVEC(ELIST);
TVEC (ELIST)] + .
| F_MAT*[FT(ELIST,1); FT(ELIST,2); FT(ELIST,3):;
‘ FT (ELIST,4)] +
| G_MAT* [GT (ELIST,1); GT(ELIST,2); GT(ELIST,3);
‘ GT (ELIST,4)]);
‘ % o

QPV_MAT*[PS_PVEC (ELIST) ; PS_UVEC (ELIST) ; PS_VVEC(ELIST);PS_TVEC(ELIST)];
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else ' % form RHS residual for TRANSIENT
fluid flow equations
% NEED TO UPDATE
R(SHUFFLE)= R(SHUFFLE) + QP_MAT*[PVEC; UVEC; VVEC; TVEC] +
QC_MAT* (reshape (QCM1,LLL,1)-
4*reshape (QC,LLL,1))/(2*DEL_T) +
F MAT*[FT(:,1); FT(:,2); FT(:,3); FT(:,4)] + ...
G_MAT*[GT(:,1); GT(:,2); GT(:,3); GT(:,4)] +
QPV_MAT*[PS_PVEC; PS_UVEC; PS_VVEC; PS TVEC];
end

end % End of RESIDUAL FORMATION locp (for j=LB_ELEMENT:RB_ELEMENT)
end % End of BLOCKING CALCULATIONS loop (for ib = l:length(BLOCKMAT))
**********************‘BOUNDARY CONDITION ROUTINE 3 LR R E R EEEEEEE R SRR X R

Update fully assembled residual vector to zero out residual at nodal

variables with Dirichlet boundary conditions.
Fhhkdkhhkhkhhhkbkhhkkhkhkkhkhkdhkhkdhhdhdhhkhdhhkhdhhdhhdkdhhdkrohhdkhrhhhkhhkhkhhkhdrrkhhhkhdhihkdkik

oo o0 oo

o

%% R = bc3 rhs(R,NNODES, DOFNODE, 1) ;
R = be32 rhs(R,QP,BC1,NNODES, DOFNODE, 1) ;

Scale the residual to make all perturbations to all equations

oo

have ‘
roughly the same order of magnitude. Makes the Gram-Schmidt
orthogonalization step in GMRES more accurate. Must be used in

oo o°

LHS

oo

residual as well

global FLUID_SCALE
global RHSR

FLUID SCALE=[lE-3;1;1;5E3;0];: % last term turns on boundary scaling
$FLUID SCALE=[1;1;1;1;0];
_ %FLUID SCALE=[1E-3;1;1;5E2];

$FLUID SCALE = FLUID SCALE * 5E-9; % scale to structure
temp=length (R) /4; ‘
R(l:temp)=R(1l:temp)/FLUID_SCALE(1l);
R(temp+l:2*temp)=R(temp+1l:2*temp)/FLUID SCALE(2);
R(2*temp+l:3*temp)=R(2*temp+l:3*temp)/FLUID SCALE(3);
R(3*temp+l:4*temp)=R(3*temp+l:4*temp)/FLUID_SCALE(4);

% add emphasis to boundary residuals
if FLUID_SCALE(5)==
INDEX=£find (BCTYPE>0) ;
R=reshape (R, NNODES, 4) ;

R({INDEX, :)=2*R(INDEX, :); % double all boundary residuals
INDEX=find (BCTYPE>20) ; ‘ ‘
R(INDEX, : )=2*R(INDEX, :); % double corner residuals again
R=reshape (R, NNODES*4, 1) ; ‘
end
RHSR = R;

0,

% Diagnostic plotting routines
% calculate and plot total enthalpy
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E=MP(2)*(QP(:,4)-530)+.5*(QP(:,2).72+QP(:,3).72);

figure (3) '

clg

if length(E) == 16
surfc(reshape(E,4,4)"'), view(37.5,30)

elseif length(E) == 96
surfc(reshape(E,24,4)'), view(37.5,30)

elseif length(E) == 192
surfc(reshape(E,24,8)"'), view(37.5,30)

elseif length(E) == 1760
surfc(reshape(E,110,16) '), view(37.5,30)

elseif length(E) > 192
surfc(reshape(E(1:192),24,8)"'), view(37.5,30)

elseif length(E) == 1600

surfc(reshape (E,80,20) '), view(37.5,30)
end
drawnow

% calculate and plot entropy
S=(MP(3)/(MP(3)-1))*1og(QP(:,4)/530)~-1og(QP(:,1)/629.2411);

figure (4)

clg SN

if length(S) == 16 ) ) .
surfc(reshapets,4}4)'), view(-37.5,30)

elseif length(S) == 96
surfc(reshape(S,24,4)"'), view(~37.5,30)

elseif length(S) == 192 ’
surfc(reshape(S,24,8)'), view(-37.5,30)

elseif length(S) == 1760 :

surfc(reshape(s,110,16Y'), view(-37.5,30)
elseif length(S) > 192 ) .
surfc(reshape(S(1:192),24,8)'), view(-37.5,30)
elseif length(S) == 1600 .
surfé(reshape(S,SO,ZO)'), view(-37.5,30)
end C
drawnow T .
% prepare for LHS GMRES residual plots
figure(l)
clg:;

[}

% create restart file

‘global RHSR_CTR
if RHSR CTR > 0
.CTR = RHSR_CTR;
else .
CTR = 1;
end
[m,n]=size(R);
eval(['cd c:\matlab\restarts']);
fname=(['ITC',int2str(CTR)1]);
fid=fopen (fname, 'w+'); .
fprintf(£fid, '%g gg\n', [R, reshape (QP,m,n)]"');
fclose (fid); . '
eval(['cd c:\matlab']);
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BC1_RHS

function QP =
bcl_rhs(QB,QPMl,XN,YN,UN,VN,MP,ELMAT,BCTYPEPBC1,MOUT_PTR,DOFNODE)
% function QP =

bcl _rhs (QP, QPM1, XN, YN, UN, VN, MP, ELMAT, BCTYPE, BC1, MOUT_PTR, DOFNODE)

oe

oo

Forms nodal tangent vectors for all boundary nodes accordlng to RH

o° K
o
[
o®

Determines 1nflow/outflow conditions based on supersonlc/subsonlc
ormal flow

and directions of the characteristics. Then sets appropriate
irichlet '

boundary conditions for primitive wvariables.

Updates the current vector of primitive nodal variables

00 o° J° o o0 [J o° :3

BC2_RHS adds line integration contrlbutlons along the, boundarles for
ubsonic ‘

inflow and outflow boundary condltlons

Residuals at Dirichlet boundary nodes are manlpulated in BC3 RHS
fter assembly

QP = vector of primitive nodal 'variables [P; U; V; T]-

QPM1 = QP at last (p-1l) iteration

XN = vector of current X locations of nodes

YN = vector of current Y locations of nodes

UN = vector of X velocity of nodes

VN = vector of Y velocity of nodes

MP = thermodynamic properties of fluid, MP = [R, CP, GAMMA]
ELMAT =- matrix listing the nodes assigned to each element
BCTYPE = vector of nodal definition of boundary condition type

not necessarily the most efficient implementation but it
orces o ‘

a single definition of boundary state for nodes

type 0 = not on a boundary

type 1 = inflow/outflow
type 5 = impermeable wall
6 = combination wall and.inflow(outflow (i.e. a corner

o0 o0 o o° o Hh o0 d° G0 AP P I O° d° O° O A0 M o° e W

3
(o}
Q.
(0]

type

type 21= definitely inflow
type 22= definitely outflow
type 26= combination wall and definitely inflow
type 27= combination wall and definitely outflow
BCl - = matrix of type 1, 6, 21, 22, 26 & 27 boundary conditions
) [node number, P, U, V, T} :
MOUT PTR =
DOFNODE = degrees of freedom per node (currently 4)

o0 o0 ¢0 oP

oo

o0 oo.

oo oP o°

global variables
MOUT = matrix of nodal RH rule tangent vectors and boundary type
nformation

oo ‘.

i
g

DY]

[node number, dx, dy, type‘(l - 54), index into BC1l, DX,
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BC conditions l=supersonic inflow, 2=subsonic inflow
3=supersonic outflow, 4=subsonic outflow
5=impermeable wall,
51=wall+super in, 52=wall+sub in
53=wall+super out, 54=wall+sub out

[dx,dy] = wall tangent and in/out tangent

[DX, DY] in/out tangent if [dx,dy] has wall tangent for a

o0 o°

oo

o0 oP A oP

orner,

o Q

otherwise original direction of velocity vector

global MOUT
% initialize -
NNODES = length(XN); % number of nodes

[NEL, VERTICES] = size (ELMAT); % VERTICES is the max number of nodes in
any element

% gamma*R

CONST6 = MP(3)*MP(1);

% VERTICES = determines the shape of the region (1 = rectangle, 2 =

" triangle)
if VERTICES == % triangle
FLAT = zeros({5,1272);
QP MAT = zeros(1l2);
QC MAT =, zeros(1l2);
F MAT = zeros(l2);
G_MAT = zeros(1l2);

elseif VERTICES == % reétangle

FLAT = zeros(5,16"2);

QP_MAT = zeros(16);

QC MAT = zeros(16);

F MAT = zeros(16);

G_MAT = zeros(16);
end

% Step through the elements
. for j = 1:NEL

% check the shape of each element and set up its needed workspace size
INDEX=find (ELMAT (j,:)); % INDEX contains the non-zero node numbers
for the element -
VERTICES = length (INDEX);

e

if VERTICES ==
REGION = 2;
LLL = 12;
MMM = 144;
elseif VERTICES ==
REGION = 1;
LLL = 16;
MMM = 256;
end

Triangle

oo

Quadralate;al
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% Is this element exposed to a BOUNDARY on more than one node?
nonzero=£find (BCTYPE (ELMAT (j, INDEX))) ; ‘
% Caiculate the right hand rule tangent vector on each side of the
element
if length(nonzero) > 1;
% Get the proper cyclic order of the nodes
for left = 1:VERTICES

if left < VERTICES % kicks out if left = VERTICES
right = left + 1;

else
right = 1;

end

oo

Form and assemble TANGENT vectors {DX,DY] in RH rule direction
Normal vectors [DY,-DX] will be OUT of region

. Entire side must be exposed to boundary since tangents are
formed at

3 the midpoints and assembled at the nodes

% oo

O

if (BCTYPE (ELMAT (j,left)) ~= 0) & (BCTYPE(ELMAT(j,right)) ~= 0)

)
DX = XN(ELMAT(j,right))-XN(ELMAT(j,left));
DY = YN(ELMAT (j,right))-YN(ELMAT (j,left));
DN = norm([DX,DY]):; %
normalize

MOUT_LEFT = MOUT_PTR(ELMAT (3, left));
MOUT_RIGHT = MOUT_PTR(ELMAT (3, right));

if ((BCTYPE (ELMAT (3, left)) == 6) |
(BCTYPE (ELMAT (j, left)) == 26) |
(BCTYPE (ELMAT (j,left)) == 27)) &
( (BCTYPE (ELMAT (j, right)) == 1) | ...
(BCTYPE (ELMAT (j, right)) == 21)| ...
(BCTYPE (ELMAT (j, right)) == 22))

oo

MOUT (MOUT_LEFT, 6:7) = MOUT (MOUT_LEFT,6:7) + [DX,DY] /DN;
separate corner tangents . '
MOUT(MOUT_LEFT,4) = 6; : %
mark it ‘ -
else
‘ MOUT (MOUT_LEFT, 2:3) = MOUT (MOUT LEFT,2:3) + [DX,DY]/DN;
assemble at. nodes :

oo

end
if ((BCTYPE(ELMAT (j,right)) == 6) b
(BCTYPE (ELMAT (j,right)) == 26) |
(BCTYPE (ELMAT (j,right)) == 27)) &
( (BCTYPE (ELMAT (j, left)) == 1) | ...
(BCTYPE (ELMAT (j, left)) == 21) | ...
(BCTYPE (ELMAT (j, left)) == 22))

MOUT (MOUT RIGHT,6:7) = MOUT (MOUT RIGHT,6:7) + [DX,DY]/DN;
separate corner tangents

MOUT (MOUT_RIGHT,4) = 6;
mark it '

oe

oo

else




MOUT (MOUT_RIGHT,2:3) = MOUT (MOUT_RIGHT,2:3) + [DX,DY]/DN;
% assemble at nodes . o ,

end
end
end’ - A -
end % will need to renormalize nodal tangent vectors
after element assembly

,end

% renormalize tangent vectors at BOUNDARY nodes
NBC = length(MOUT(:,1));

for j=1:NBC
MOUT (§,2:3) = MOUT(Jj,2:3)/norm(MOUT(3,2:3));
if MOUT(j,4) == 6 | MOUT(3,4) > 50 ' %

corner node
MOUT (j, 6:7) = MOUT(j, 6:7)/norm(MOUT (J,6:7));
end .
end

3%%%%% apply INFLOW/OUTFLOW

oo
o°
oe

=) Q. [~ 0 Q0O
$5%%%%%%%%%

oo

%% R R R LR LR T
boundary conditions

INDEX = BCl(:,1)"';

in/out node numbers

NBC1l = length (INDEX) ;

the length of BC1l

create a list of all

oe

oo

this should also be

% Step through the inflow/outflow nodes
for j=1:NBC1 '
QPL = QP(INDEX(j),:)";
for node o
% QPL1l = QPM1 (INDEX(j),:)"';
for node
MOUT_INDEX = MOUT_PTR(INDEX(Jj)):

oe

QP=[P;U;V;T];
current [P; U; V; T]

oo

oQ

time n-1 [P; U; V; T]

if BCTYPE (INDEX(j),1l) == 6 |
BCTYPE (INDEX (j),1) == 26 |
BCTYPE (INDEX (j),1) == 27 -
TAN_VEC=MOUT (MOUT PTR(INDEX(j)),6:7)"'; % nodal tangent vector
[dx;dy] , ’ ' .. 1
else " . ~
TAN_VEC=MOUT (MOUT PTR(INDEX(j)),2:3)"'; % nodal tangent vector
[dx;dy] ) .
end

NORM _VEC = [-TAN_VEC(2);TAN VEC(1)]; nodal inward normal
vector [-dy;dx]
VIN = QPL(2:3)'*NORM VEC; % nodal inward normal

velocity component

oo

B E AT AL TLLDLLLTLLT2005205522%%92%9%%%%%%% INFLOW
if (VIN >= 0 | BCTYPE(INDEX(j),1l) == 21 | BCTYPE{INDEX(3j),1l) == 26)
& BCTYPE (INDEX(j),1) ~= 22 & BCTYPE (INDEX(J),1) ~= 27
if VIN"2-CONST6*QPL(4) > 0 % SUPERSONIC RELATIVE
INFLOW (1)
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if BCTYPE (INDEX(j),1)

) == 1 | BCTYPE(INDEX(j),1) == 21
- MOUT (MOUT_INDEX, 4) =.1; ' % remember BC type
else )
MOUT (MOUT INDEX,4) = 51; % remember BC type
end . : .
MOUT (MOUT_INDEX,5) = 3; $ remember index into
BC1 : .
QP (INDEX(j),:) = BC1l(j,2:5); % set all boundary
values '
else %.SUBSONIC RELATIVE
INFLOW (2) o ,
' if BCTYPE (INDEX(j),1) == 1 | BCTYPE(INDEX(j),1l) == 21
MOUT (MOUT _INDEX,4) = 2; % remember BC type
else
MOUT (MOUT_INDEX,4) = 52; % remember BC type
end .
MOUT(MOUT;INDEX,S) = j; % remember index into
BCl
QP (INDEX(j),2:4) = BC1(j,3:5); % set [U,V,T] boundary
values
end
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%.QUTFZOW4
else

if VIN~2-CONST6*QPL(4) > 0
OUTFLOW (3)
'~ if BCTYPE(INDEX(j),1) ==
MOUT (MOUT INDEX,4) = 3;
else ‘
MOUT (MOUT INDEX,4) = 53;
end
MOUT(MOUT_INDEX,S) = j;
BC1

values

. else
OUTFLOW (4)
-if BCTYPE (INDEX(j),
MOUT (MOUT_INDEX,4) = 4;
else

MOUT (MOUT INDEX,4) = 54;°

end
MOUT (MOUT_INDEX,5) = j;
BC1 .
QP (INDEX(j),1) = BCl(j,2);
value
end
end

end

% apply TYPE 5, 6, 26,
INDEX = find(BCTYPE == |
NBC2 = length(INDEX);

& 27 BOUNDARY CONDITIONS
BCTYPE == |

A~% SUPERSONIC RELATIVE

|. BCTYPE (INDEX () ,1) == 22
% remember BC type

o

remember BC type

remember index into

o°

% set no boundary

% SUBSONIC RELATIVE

1) == 1 | BCTYPE(INDEX(Jj),1l) == 22

% remember BC type

oo

rémember BC type

o

remember index into

oe

set [P] boundary

(impermeable wall)

BCTYPE == 26 | BCTYPE == 27);
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for j=1:NBC2

MOUT INDEX = MOUT_PTR(INDEX(Jj)); % index for node in
MOUT
if MOUT (MCUT_INDEX,4) < 50
its not a corner node
MOUT(MOUT_INDEX,4) = 5;
end
end

oo

check to make sure

remember BC type

o

BC2B_RHS

function FLAT =
bc2b _rhs (FLAT, XN, YN, AV, BV, BCTYPE, DOFNODE, QC, TAU, TAVLI, TBVLI)

oo

oo

function FLAT =
bc2b_rhs (FLAT, XN, YN, AV, BV, BCTYPE, DOFNODE, QC, TAU, TAVLI, TBVLI)

oe

Adds line integration contributions along the boundaries for subsonic
inflow and outflow boundary conditions. Contributions are used to

update the

RHS matrices and stored in MFLOW for the LHS calculations. Expects

input data

% to be for a single element.

o° o

oo

% BCl _RHS:

% Forms nodal tangent vectors for all boundary nodes accordlng to RH
ule L ]
Enforces impermeable wall flow tangency conditions by rotatlng
velocity vector

% Determines inflow/outflow condltlons based on supersonlc/subsonlc
normal flow

% and directions of the characteristics. Then sets appropriate
Dirichlet .

boundary conditions for primitive variables.

o° H

oo

BC3 RHS:
Modifies fully assembled RESIDUALS at Dirichlet boundary nodes by

d® o oo

setting

% appropriate components to zero. Used in both LHS and RHS.
%

% Variables: .

% FLAT = flattened matrix of the various integration matrices needed
for both

% the RHS and LHS residual formation

% XN = vector of current X locations of nodes

% YN = vector of current Y locations of nodes

% AV = flat matrix (row = node) of the X flux jacobian

$ BV = flat matrix (row = node) of the Y flux jaccbian

BCTYPE = vector of nodal definition of boundary condition type

oe
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not neceséarily the most efficient implementation but it

forces ‘ .

% ~a single definition of boundary state for nodes

% type 0 = not on a boundary

% type 1 = inflow/outflow

2 type 5 = impermeable wall

3. type 6 = combination wall and inflow/outflow (i.e.-a corner
node) ' '

‘type 21= definitely inflow
type 22= definitely outflow
type 26= combination wall and definitely inflow.
type 27= combination wall and definitely outflow
NNODES = number of nodes in global domain
DOFNODE = degrees of freedom pér‘node (currently 4)
QC = Matrix of conserved variables [rho, rho*U, rho*V, rho*Ho-
]. Used as ‘
LHS source terms during grid motion.

o0 o o°

oo

o0 o g o° o oo

NNODES = length (XN);
NDOF = DOFNODE*NNODES;
MMM = NDOF~2;

GGG = NDOF*NNODES*2;

% form TAU*AV*LVI and TAU*BV*LVI for all the nodes in the element
for i=1:NNODES ' )

TAVLI(i,:) = TAU(i) * TAVLI(4i,:);

TBVLI(i,:) TAU (i) * TBVLI(i,:);
end

$ Put the integration matrices in a useful shape
QP_MAT = reshape (FLAT (1, 1:MMM) , NDOF, NDOF) ;
variables )

F MAT = reshape (FLAT (4,1:MMM), NDOF,NDOF) ;

G_MAT = reshape (FLAT (5, 1:MMM) , NDOF', NDOF) ; matrix for Y flux
LHS MAT = reshape (FLAT (6, 1:MMM),NDOF,NDOF) ; matrix for LHS
GRID_MAT = reshape(FLAT(7,1:GGG),NDOF, NNODES*2) ; $ matrix for LHS
grid motion )

oo

matrix for primitive

oo

matrix for X flux

oo

oe

% Create matrices to represent the edge flux contribution [2 1]* LE *
n_hat (component)

2 ) [1 2] 6
% The edge length and outward normal component will be accounted for
later '

¢ Matrices are used to work one node at a time

EDGE = [2,1;1,21/6; % use with pressure terms

oe

use with F, G
use with AV, BV
use with grid métion

EDGEMAT1 = kron(eye (DOFNODE) , EDGE) ;
EDGEMAT2 kron (ones (DOFNODE) , EDGE} ;
EDGEMAT3 kron (ones (DOFNODE, 1) , EDGE) ;

oe

oo

% Step through the edges one at a time. Currently assumes linear edges

for i = 1:NNODES
NODE = 1i;
if NODE == 1
NODEM = NNODES;
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else
NODEM = NODE - 1;
end
% Index for the rows of the node in question
RINDEX = kron({0;1;2;3];[1;1]) * NNODES +
kron (ones(4,1), [NODEM; NODE] ) ;

RXP_INDEX = 1*NNODES + [NODEM;NODE]; $ Index for the row with the
X pressure flux o

RYP_INDEX = 2*NNODES + [NODEM;NODE]; % Index for the row with the
Y pressure flux ' . '

Is the primary node on an inflow/outflow boundary? If so, proceed.
if (BCTYPE(NODE) == 1 |

o°

BCTYPE (NODE) == 6 |
BCTYPE (NODE) == 21 |
BCTYPE (NODE) == 22 |
BCTYPE (NODE) == 26 |
BCTYPE (NODE) == 27)

% Is the preceding node on an inflow/outflow boundary? If so, add in
the edge flux
% contribution

if (BCTYPE (NODEM) == 1
BCTYPE (NODEM) == 6
BCTYPE (NODEM

I
) ..
) == 21 | .
. BCTYPE (NODEM) == 22 |
BCTYPE (NCDEM) == 26 |
BCTYPE (NODEM) == 27)

% Outward normal = [DY, -DX]/LE

DX = XN (NODE)-XN (NODEM) ;
DY = YN{NODE)-YN (NODEM) ;
LE = norm([DX,DY]);

CINDEX = RINDEX';

AV_NODE = reshape (AV (NODE, : ), DOFNODE, DOFNODE) ;
AV_NODEM = reshape (AV(NODEM,.: ), DOFNODE, DOFNODE) ; '
BV_NODE = reshape (BV (NODE, : ), DOFNODE, DOFNODE) ;
BV_NODEM = reshape (BV (NODEM, : ) , DOFNODE, DOFNODE) ;

% Update the matrices with this edge's contribution
F_MAT (RINDEX, CINDEX) = F_MAT (RINDEX, CINDEX) + EDGEMAT1 * DY;
G_MAT (RINDEX, CINDEX) = G_MAT (RINDEX, CINDEX) + EDGEMAT1 * (-DX);
LHS_MAT(RINDEX,CINDEX) = LHS_ymE(RINDEX,CINDEX) +
) kron (reshape ([AV_NODEM;AV NODE], DOFNODE, 2*DOFNODE) , [1;1]) .*
EDGEMAT2 * DY +
kron(reshape ( [BV_NODEM; BV_NODE] , DOFNODE, 2*DOFNODE) , [1;1]) .*

EDGEMAT2 * (-DX); ‘
% shock capture .

EDGE_DNDX = kron(eye(4),[-1,1])*DY/LE;
(4x8) normal

EDGE_DNDY = kron(eye(é),[—1,1])*(-DX)/LE;
(4x8) normal . :

o°

o°
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(

Q.
o
%

oo

BIG_N = kron(eye(4,4),[1,11/2);
4x8) for use with flux

take shock capture out of edge terms
delta—mean(TAU)/lOO
delta=0; ‘ .
QP MAT (RINDEX,CINDEX) = QP MAT (RINDEX,CINDEX) -

delta*BIG_N'* (EDGE_DNDX+EDGE DNDY);

LHS_MAT (RINDEX,CINDEX) = LHS MAT(RINDEX CINDEX) -

delta*BIG_N'* (EDGE_DNDX+EDGE DNDY) ;

e

%

oo

P
g

o Q

n

[}

]

(

o0~

e

oo

— o0

% nd further flux changes needed for grid motion
end
nd

Is the primary node on a solid wall boundary? If so, proceed.
if (BCTYPE(NODE) == 5
BCTYPE (NODE) == 6

BCTYPE (NODE) == 26 |
BCTYPE (NODE) == 27

'Is the preceding node on a solid wall boundary? If so, add in the
ressure : L

force contrlbutlon to the surface on the prlmary node. The pressure
ontribution
to the other node will be accounted for when it becomes the primary

ode.
if (BCTYPE(NODEM) == 5 |
BCTYPE (NODEM) == 6 .
BCTYPE (NODEM) == .26 |
BCTYPE (NODEM). == 27)

% Outward normal = [DY, -DX]/LE
DX = XN (NODE)-XN (NODEM) ;

DY YN (NODE) -YN (NODEM) ;

LE norm( DX, DY]);

CINDEX = RINDEX';

form TAU*DN/DX*AV*LVI and TAU*DN/DY*BV*LVI
EDGE_DNDXAVLI reshape (TAVLI ( [NODEM, NODE], :),4%*2,4) ..
.* (kron(ones(4,4),[-1;1])*DX/LE) ;.

oo

o

8x4) tangent
-EDGE_DNDYBVLI

reshape(TBVLI([NODEM,NODE],:),4*2,4)2
.* (kron(ones{4,4),[-1;1])*DY/LE);

oo

8x4) tangent
EDGE_DNDXAVLI

kron(eye(4), [<1;1])*(DX/LE) *
: reshape (mean (TAVLI ( [NODEM, NODE],:)),4,4);
% (8x4) tangent . ‘ ’ : T
EDGE_DNDYBVLI = kron(eye(4),[-1;1])*(DY/LE)*
reshape (mean (TBVLI ( [NODEM, NODE], :)),4,4); %
8x4) tangent : ST

ov

SUPG = (EDGE_DNDXAVLI + EDGE DNDYBVLI)'; (428) transpose later
BIG N = kron(eye(4,4)([l,l]/2); % (4x8) for use with F,
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oe

BIG_NP = zeros(4,2*4); (4x8) start building
pressure contribution
BIG NP(2:3,1:2)=[DY,DY; (-DX), (-DX)]/LE/2; % (4x8) add in edge
normal vector components
EDGE_FLUX = SUPG'*BIG_N;

flux terms

o

(8x8) for use with

oe

% take out wall flux created by SUPG terms and add pressure back in
F_MAT (RINDEX,CINDEX) = F_MAT (RINDEX, CINDEX) ~ EDGE_FLUX * DY/LE;
G_MAT (RINDEX, CINDEX) G_MAT (RINDEX,CINDEX)} - EDGE FLUX * (-

DX) /LE;
QP MAT (RINDEX,CINDEX) = QP MAT (RINDEX,CINDEX) + SUPG' * BIG_NP;

% Create the nodal matrices for the LHS and remove the pressure force
terms

AVMP _NODE = reshape (AV(NODE, : ), DOFNODE, DOFNODE) ;

AVMP_NODE (2,1)=AVMP NODE(2,1)-1; ‘

AVMP NODEM = reshape (AV(NODEM, : ), DOFNODE, DOFNODE) ;

AVMP NODEM(2,1)=AVMP_NODEM(2,1)-1;

BVMP NODE = reshape (BV(NODE, :), DOFNODE, DOFNODE) ;

BVMP_NODE (3,1)=BVMP_NCDE (3, 1)-1;

BVMP_NODEM = reshape (BV(NODEM, : ), DOFNODE, DOFNODE) ;
BVMP_NODEM (3, 1)=BVMP_NODEM(3,1)-1;

% take out wall flux created by SUPG terms
LHS_MAT (RINDEX, CINDEX) = LHS_ MAT (RINDEX,CINDEX) - SUPG' *

(reshape ( [AVMP_NODEM; AVMP_NODE] , DOFNODE, 2*DOFNODE) * DY/LE/2
. +

reshape ( [BVMP_NODEM; BVMP_NODE] , DOFNODE, 2*DOFNODE) *”(—DX)/LE/2);
% form DNDX*nx and DNDY*ny for shock capture removal

EDGE_DNDX = kron(eye(4),[-1,1])*DY/LE; -
(4x8) normal

EDGE_DNDY = kron(eye(4),[-1,1])*(-DX)/LE;
(4x8) normal . ;

o

oL

% take shock capture out of wall terms
delta=mean (TAU)/100;
delta=0;
QP MAT (RINDEX,CINDEX) = QP MAT (RINDEX,CINDEX) -
delta*BIG_N'* (EDGE DNDX+EDGE_ DNDY) ;
LHS MAT (RINDEX,CINDEX) = LHS MAT (RINDEX,CINDEX) -
delta*BIG_N'* (EDGE_DNDX+EDGE_DNDY) ;

o0

CINDEX = [NODEM, NODE];

% Update the matrices with this edge's pressure force
contribution

QP MAT (RXP_INDEX, CINDEX)

QP _MAT (RYP_INDEX,CINDEX)

QP MAT (RXP_INDEX,CINDEX) + EDGE * DY;
QP MAT (RYP INDEX,CINDEX) + EDGE * (-

DX) ;

LHS_MAT(RXP_INDEX7CINDEX) = LHS_MAT(RXP_INDEX,CINDEX) + EDGE *
DY; :

LHS_MAT(RYP_INDEX,CINDEX) = LHS_MAT(RYP_INDEX,CINDEX) + EDGE * (-
DX) ; ' ‘
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GRID_MAT (RINDEX, [CINDEX, CINDEX + NNCDES]) =
GRID MAT (RINDEX, [CINDEX, CINDEX + NNODES]) +
[kron (QC(CINDEX, 1: DOFNODE)',[l 1]) . *EDGEMAT3*DY,
kron (QC(CINDEX,1:DOFNCDE) ', [1;1]) . *EDGEMAT3* (-DX) ] ;

o° d° o

o°

end
end
end " % looping through edges

% reshape matrices to flat array
FLAT([1,4:6],1:MMM)= [reshape(QP_MAT,1,MMM);
- - reshape (F_MAT, 1,MMM) ;
reshape (G_MAT,1,MMM); ..
reshape (LHS_MAT,1,MMM)];

BC32_RHS

function R = bc32_rhs(R,QP,BCl, NNODES, DOFNODE, NFLAG)

o°

function R = bc32_rhs(R,QP,BCl,NNODES,DOFNODE,NFLAG)

do o

o

Modifies fully -assembled RESIDUALS at Dirichlet boundary nodes by
etting )
appropriate components to zero. Used in both LHS and RHS.

o))

P oo

BC1_RHS:

Forms nodal tangent vectors for all boundary nodes according to RH
rule

%* Enforces 1mpermeable wall flow tangency conditions by rotatlng
velocity vector

% Determines inflow/outflow conditions based on supersonic/subsonic
normal flow

% and directions of the characteristics. Then sets appropriate
Dirichlet :

boundary conditions for primitive varlables

oo

BC2_RHS:
inflow and outflow boundary conditions

Variables:

R = ‘ right hand side residual

NNODES = number of nodes in global domain

DOFNODE = degrees of freedom per node (currently 4)

odes

‘ NFLAG = 1 ... Do 1it, NFLAG = 0 ... Don't do it
- use if rigorously enforcing wall BC during LHS solve
- use or not if using wall penalty during LHS solve

P 00 d® O 00 3 O d° I° O° OC AP OGP O o° d° o°

global wvariables
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MOUT = matrix of nodal RH rule tangent vectors and boundary type
information ‘

- o0

[node number, dx, dy, type (1 - 54), index into BCl, DX,

=

BC conditions l=supersonic inflow, 2=subsonic inflow

3=supersonic outflow, 4=subsonic outflow

5=impermeable wall,

51=wall+super in, . 52=wall+sub in

53=wall+super out, 54=wall+sub out !
[dx,dy] = wall tangent and in/out tangent
[DX,DY] in/out tangent if [dx,dy] has wall tangent for a

d0 oP o0 P o° o o0 {J o°

orner;

o Q)

otherwise original direction of velocity vector
global MOUT

$ initialize
NBC = length(MOUT(:,1));
for j=1:NBC % step through the boundary

elements .
INDEX = NNODES*[0:1:DOFNODE-1]+MOUT (j,1);

if MOUT(j,4) == 5 %
impermeable wall
if NFLAG == ) .
if abs(MOUT(j,2)) .> abs(MOUT (3, 3)) % remove a
DOF by making
% R(INDEX(3)) = 0; % an
element of the residual zero
else
% R(INDEX(2)) = 0;
end - ’ ‘
% R(INDEX(2:3))= norm(R(INDEX(2:3)))*MOUT(j,8:9)'; % rotate
"onto original velocity |
end
%% R (INDEX)=R (INDEX)*2; % amplify
wall boundary ‘ Y co
elseif MOUT(j,4) == | MOUT(j,4) == 51 ‘ . . %
supersonic inflow ‘ o s
, R(INDEX) = [0;0;0;0]; s % Dirichlet
{p,U,V,T]
$% R(INDEX)=QP (INDEX(1l),1:4)' - BC1l(MOUT(3,5),2:5)"';
elseif MOUT(]j,4) == |"MOUT (j,4) == 52 % subsonic
inflow .
% [P]
calculated .
. R(INDEX(2:4)) = [0;0;0]; % Dirichlet
- [0, V,T]
$%R(INDEX (2:4))=QP (INDEX(1),2:4)' - BCl1(MOUT(j,5),3:5)';
elseif MOUT(j,4) == 3 | MOUT(j,4) == 53 - %

supersonic outflow
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if MOUT(,4) == 53 .

wall/outflow corner
if NFLAG == i )
if abs(MOUT(j,2)) > abs(MOUT(j,3))
% R(INDEX (3)) = 0;
else ’
% R(INDEX (2)) = 0;
end
% R(INDEX(2:3))= norm(R(INDEX(2:3)))*MOUT(j,8:9)'; % rotate-
onto original velocity ’ . :
end ,
%% R(INDEX)=R(INDEX)*2; . ‘ % amplify
wall boundary . )
end ‘ .
% do nothing % [PIUIVIT] '
calculated ‘
elseif MOUT(j 4) == 4 | MOUT(j,4) == 54 % subsonic
outflow ) ; : :
if MOUT (j,4) == 54 %
wall/outflow corner
if NFLAG == .
if abs (MOUT(j,2)) > abs(MOUT(j,3)) . TR
% R(INDEX(3)) = 0; ' . CER
else .
% R(INDEX(2)) = 0;
end ) ' .
% R(INDEX(2:3) )= norm(R(INDEX(2:3)))*MOUT (j,8:9)" % rotate
onto original velocity E o
end
$% R (INDEX)=R (INDEX) *2; $ amplify
wall boundary '
end
R(INDEX(1)) = O; % Dirichlet
[P]
%% R(INDEX (1) )=QP(INDEX(1l),1)"' - BC1(MOUT(j,5),2)";
‘ ' ' % {UIVIT]’
calculated
end

end

TAU_CALC

function [TSUPG, TSHOCK] =
TAU CALC (XN, YN, PVEC, UVEC, VVEC TVEC,C2,VR2, LVR DEL_TAU)

o.

° &
$function [TSUPG, TSHOCK] =
TAU_CALC (XN, YN, PVEC UVEC, VVEC, TVEC, C2,VR2, LVR DEL_TAU)

\O

Calculates the SUPG parameter TAU |

%
%
% Variables:
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XN = ‘ vector of current X lbéations of nodes

o°

% YN = " vector of current Y locations of.nodes'

% AV = flat matrix (row = node) of the X flux jacobian
$ BV = flat matrix (row = node) of the Y flux jacobian
$ LVI = © flat matrix (row = node) of the inverse time precondltloner
% PVEC = nodal pressure vector

% UVEC = nodal velocity in X direction

% VVEC = nodal velocity in Y direction

% TVEC = nodal temperature vector

& C2 = nodal acoustic velocity squared vector

% VR2 = nodal reference velocity vector

% LVR = nodal reference dimension '

oe

DEL _TAU = pseudc time step size

oe

Output:

TSUPG = nodal time scale parameter for SUPG term.

TSHOCK = nodal time scale parameter for the shock capturing. Still
needs delta ) ) ‘ -

o°e o°

o

NNODES = length (XN);
TX max (XN) -min (XN) ;
TY = max (YN)-min (YN);
M2=VR2./C2;

SKIP=0;
if. SKIP ==

KKK=norm( [TX, TY])/ (2*TX*TY); % great version

% VEL DOT K = abs (UVEC/2/TX) +abs (VVEC/2/TY) ;
% TAU—l /(VEL DOT_K. *(1+M2)/2 + sqrt((VEL DOT_K.* (1- M2)/2). +
C2*KKK"™2)):

TAU=1. /(abs(UVEC/2/TX)+abs(VVEC/2/TY)+KKK*sqrt(CZ))} % best
version i e

% TAU=1. /(abs(UVEC/Z/TX)+abs(VVEC/Z/TY)+KKK*sqrt(VR2))

% TAU=max(2*TX./(abs(UVEC)+sqrt(C2)L,2*TY./(abs(VVEC)+sqrt(C2)));
% TAU=min (2*TX./(abs(UVEC)+sqrt (C2)),2*TY./ (abs(VVEC)+sgrt(C2)));
% TAU=min (TX./ (abs(UVEC)+sqrt(C2)),TY./ (abs(VVEC)+sqgrt (C2)));
TSUPG = TAU;
TSHOCK .= ze;os(size(TAU));
else % calculate gradient based version

SHAPE = length(XN);

if SHAPE == % quadralateral
TYPE = 1;
elseif SHAPE == % triangle
TYPE = 2;
end
QNORM2 = (PVEC."2+UVEC.”"2+VVEC.”"2+TVEC."2);

[DNIDXJ] = gauss('KBl11lBL',1,TYPE, XN, YN);
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BETA = DNIDXJ'*QNORM2;
if norm(BETA) ~=0

BETA = BETA/norm(BETA);
“end

LTERM=max ( [TX;TY] .*abs (BETA) ) ;
KKK=1; .
VEL_DOT_K = abs ([UVEC, VVEC] *BETA) ;
TAU = 1./(VEL_DOT K.*(1+M2)/2 + sqrt((VEL_DOT K.*(1-M2)/2).72 +
) )

%
C2*KKK"

2)):
TAU = 1./(VEL_DOT_K+sqrt(C2));

TSUPG = LTERM*TAU;
TSHOCK = TAU.”2;

end

end

GAUSS

function [M, MM] = gauss(fun,N,T,Pl,PZ,PB,P4,P5,P6,P7,P8,P9,P10,...
pl11,pP12,P13,P14,P15,P1l6,P17,P18,P19,P20, ...
P21,P22,P23,P24,P25,P26,P27,P28,P29,P30)

¢ function [M, MM] = gauss(fun,N,T,P1l,P2,P3,P4,P5,P6,P7,P8,P9,P10,..

% P11,pP12,P13,P14,P15,P16,P17,P18,P19, P20, .

% P21,pP22,P23,P24,P25,P26,P27,P28,P29,P30)

s Performs gauss quadrature integration over a regular interval

% fun = string variable of the name of the function to be integrated
$ N = integer (1, 2, 3 for linear, gquadratic, cubic) describing the
% order of the integration (see Pgauss.m for details)

$ T = integer (l=rectangle, 2=triangle, 3=line). describing

% the shape of the region over which to integrate (see Pgauss.m)
% Pl-P30 = parameters to be passed to the function being integrated.
The '

% program checks for the number of parameters and passes them to
the ,

% function as FUN(ZETA,Pl,P2,...).

3 M = the output variable equal to the sum of products of the
function

% evaluated at the gauss points times the gauss weight

% MM = optional second output variable egqual to the sum of products
of the

function evaluated at the gauss points times the gauss weight

oo

% get gauss points and weights
[ZETA,WT]=pgauss (N, T);

% set up arguments for function call
argsl = ' (ZETA(';
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-o\° do 9o d° d° dP d° o o dP (T OO o o° O° O 0P oP

args2 = ',:)';
for j = l:nargin-3
args2 = [args2,’',P',int2str(j)];
end
args2 = [args2,')']:

% evaluate function at gauss points, multiply by weights, and sum
for j = l:length(WT)
args = [argsl,int2str(j),args2];
if nargout ==
y = eval{[fun,args])*WT(J);
elseif nargout ==
[v,z] = eval([fun,args]);
y =y *WT(3):
z =2z * WI(j);

end
if j ==
M = zeros(size(y)):
end
M=M+y;
if nargout ==
if j ==
MM = zeros(size(z)):
end
MM = MM + z;
end
end

KFLOW1

function MFLAT = kflowl (ZETA, XN, YN, PVEC, UVEC, VVEC, TVEC, ...
FT,GT,QV,LV,LVI,AV,BV,LVR,C2,VRZ, ...
DEL_T,DEL_TAU, DOFNODE, QC, TAU, AVLI, BVLI)

function MFLAT = kflowl (ZETA, XN, YN, PVEC, UVEC, VVEC, TVEC, ...

‘ FT,GT,QVFLV,LVI,AVIRANS;BVTRANS,ﬂ,.

DNDXAVLI,; DNDYBVLI, TAU,C2,VR2, ...

DEL_T, DEL_TAU, DOFNODE, QC, TAU,AVLI, BVLI)

Kevin Kilpatrick, 9 Jan 98
21 Oct 98 - updated to include LHS grid motion
erms

Evaluates the flowfield at a point within an element using a
pseudo-time preconditioned TWS/SUPG finite element method.

Intended for use in gauss gquadrature.

Uses Green-Gauss theorem to transform flux gradient term to volume
plus surface integrals. Surface integrals are not evaluated due to
known cancellation at assembly.

Complete algerithm for elements not touchihg a boundary of any type.
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% Impermeable wall boundaries must be corrected for pressure
(BC2_RHS).
% Inflow/outflow boundaries must be corrected for surface flux
(BCZ2_RHS) .
% Variables: ,
$ ZETA = row vector of the current position in local coordinates
g XN = - column vector of the global X position of the element nodes
$ YN = column vector of the global Y position of the element nodes
% PVEC = column vector of the nodal pressures
% UVEC = column vector of the nodal X velocities
% VVEC = column vector of the nodal Y velocities
% TVEC = column vector of the nodal temperatures
% FT = matrix (row = node)of the nodal X flux variables
[FP,FU,FV,FT]
% GT = - matrix (row = node)of the nodal Y flux variables
[GP,GU, GV, GT] g
$ QV = flat matrix (row = node) of the conserved/primitive
jacobian .
% LV = flat matrix (row = node) of the preconditioning matrix
% LVI = flat matrix (row = node) of the preconditioning matrix
nverse ,

AV = flat matrix (row = node) of the X flux jacobian

BV = flat matrix (row = node) of the Y flux jacobian- -

LVR = column vector of the reference - lerngth/nodal velocities

C2 = column, vector of the nodal acoustic velocities squared
DEL T = phy51cal time step size (0 4if steady state)

DEL TAU = pseudo time step size

DOFNODE = ‘degrees of freedom per node (4) .

QoC = Matrix of conservéd variables [rho,’ rho*U, rho*Vﬁ'rho*Ho—

A0 o0 00 OO0 P o° g O° 0 o0 IC O° O° I° o° -

]. Used as
LHS source terms during grid motion.

TAU = nodal SUPG time scale parameter

AVLI = nodal combination AV*LVI

BVLI = nodal combination BV*LVI

MFLAT = flat (row relates to vector multiplier) matrix of element
integration
% matrices at the current location
% [QP_MAT RHS term multiplying current Q
primitive (shock capture) .
% QC MAT RHS term multiplying past Q
conservative
% QPV_MAT RHS term multiplying pseudo time Q
primitive
% F_MAT RHS term multiplying X flux
variables
% G_MAT : RHS term multiplying Y flux
variables
% ' - QP _LHS total LHS matrix multiplying
Delta Q primitive
% GRID] *AE; ‘ LHS matrix multiplying pseudo time

grid motion terms

NNODES = length (XN);
NDOF = DOFNODE*NNODES;
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MMM = NDOF"2;
GGG = NDOF*NNODES*2;

[=

triangle)

if NNODES == % Triangle
DNIDZJ = zeros(3):

DZJDXK = zeros(3,2);

DXJDZI = zeros(2,3);
NI = zeros(3,1):
DNIDXK = zeros(3,2);

ZIP = zeros(3,1); .
[DZJDXK, DNIDZJ, NI, DXJDZI, AE] = triashap (ZETA, XN, ¥YN);

elseif NNODES == % Rectangle
DNIDZJ = zeros(4,2);

DZJDXK = zeros(2,2);
DXJDZI = zeros(2,2);
NI = zeros(4,1):
DNIDXK = zeros(4,2);

ZIP = zeros(4,1);
[DZJDXK, DNIDZJ, NI, DXJDZI, AE] = brikshap(ZETA,XN,YN);
end

% calculate a few more variables of convenience
DNIDXK = DNIDZJ*DZJDXK;

DNDXAVLI = zeros
DNDYBVLI

f
N
D
H
O
7]

% form TAU*AV*LVI and TAU*BV*LVI
for i = 1:NNODES
DNDXAVLI (i, : )=TAU(i)*AVLI(i,:);.
DNDYBVLI (i, : )=TAU(i)*BVLI(i,:);
end

% form TAU*DN/DX*AV*LVI and TAU*DN/DY*BV*LVI

DNDXAVLI=reshape (DNDXAVLI, 4*m,4) .* kron(ones(4,4),DNIDXK(:,;));

multiply

DNDYBVLI=reshape (DNDYBVLI, 4*m,4) .* kron{ones(4,4),DNIDXK(:,2));
multiply

AVTRANS = zeros(m,n);

BVTRANS = zeros(m,n):;
NAV = zeros(m,n);
NBV = zeros(m,n);
DNDXAV = zeros(m,n);
DNDYBV = zeros(m,n);

% transpose matrix blocks

for i = 1:NNODES .
AVTRANS (i, :) = reshape(reshape(AV(i,:),4,4)',1,16);.

transpose AV
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e

BVTRANS (1, :) = reshape (reshape (BV(i,:),4,4)',1,16);
transpose BV

Qv (i, :) = reshape(reshape(QV(i,:),4;4)',1,16);
transpose QV -

"LV(i, ) = reshape (reshape(LV(i,:),4,4)"',1,16);
transpose LV
end

% form interpolated NI*AV and DN/DX*AV

NAV = reshape (AVTRANS,4*m,4)' .* kron(ones(4,4),NI'");
transpose & multiply
DNDXAV = reshape (AVTRANS,4*m,4)' .* kron(ones(4,4),DNIDXK(:,1)');

transpose & multiply

% form interpolated NI*AV and DN/DY*BV

NBV = reshape (BVTRANS,4*m,4)' .* kron(ones(4,4),NI");
transpose & multiply
DNDYBV = reshape (BVTRANS,4*m,4)' .* kron(ones(4,4),DNIDXK(:,2)");

transpose & multiply

¢ form interpolated NI*QV and NI*LV

Qv = reshape (QV,4*m,4)' .* kron{ones(4,4),NI");
transpose & multiply . »
LV = reshape(LV,4*m,4)' .* kron(ones(4,4),NI');

transpose & multiply

% terms used for grid motion

NQC = [kron(NI,ones(l,DOFNODE)).*QC]"';

multiply and transpose

DNDXQC = [kron(DNIDXK(:,1),ones(1,DOFNODE)}).*QC]";
multiply and transpose , -

DNDYQC = [kron (DNIDXK(:,2),ones(1,DOFNODE)).*QC]";
multiply and transpose

0. [~ ) 0.C o ] [«3
$5%%%%%%%%%%%%%%%%

% form BIG matrix interpolation functions
BIG N = kron(eye(4),NI");

BIG DNDX = kron(eye{4),DNIDXK(:,1)"); ’
BIG_DNDY = kron(eye(4),DNIDXK(:,2)"');
SUPG = (DNDXAVLI+DNDYBVLI)';

oo

transpose later
transpose later
transpose later
transpose later

do o0 oo

TEST = BIG_N + SUPG; % transpose later
BIG DXN = BIG DNDX' * BIG_N; % dN/dX * N'
BIG_DYN = BIG_DNDY' * BIG_N; % dN/dY * N’
BIG_DXNAV = BIG_DNDX'* NAV; % dN/dX * NAV
BIG_DYNBV = BIG_DNDY'* NBV; % dN/dY * NBV

LHS and RHS physical time and shock capture terms
need definition for DELTA before putting shock capture back in

%
%

if DEL_T == % STEADY STATE
version

% QP MAT = ... % 1993 Tezduyar
version .

% kron(DELTA*eye (4),DNIDXK(:,1)*DNIDXK(:,1)') + ... % QP shock
capture
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% kron(DELTA*eye(4),DNIDXK(:,2)*DNIDXK(:,2)"); . % QP shock

capture
QC_MAT = zeros (NDOF); . . :
QP MAT = zeros (NDOF); . % drop shock

capture for now
% delta = mean(TAU)/100;
delta=0;
QP _MAT = delta* (BIG_DNDX' * BIG DNDX + BIG DNDY' * BIG_DNDY);

else ' $needs work i -% TRANSIENT -
version ’

QP _MAT = ... . . ' % 1993
Tezduyar version ' :

(3/(2*DEL_T)) * kron(QV,NI) + % QP
physical time - -

(3/(2*DEL_T)) * kron(AV_TAU*QV,DNIDXK(:,1)) + % QP
physical time - :

(3/(2*DEL_T)) * kron(BV_TAU*QV,DNIDXK(:,2)) + % QP
physical time . o ,

kron (DELTA*eye (4) ,DNIDXK(:,1) *DNIDXK(:,1)") + % QP shock
capture ‘ L

kron (DELTA*eye (4) ,DNIDXK(:,2) *DNIDXK(:,2)"'); $ QP shock
capture . '

QC_MAT = ...

oo '

kron(eye (4),NI*NI') +
physical time ‘ ‘

kron(AV;TAU,DNIDXK(:,l)*NI') + ... % QCN and QCN-1
physical time

‘kron (BV_TAU,DNIDXK(:,2)*NI');
physical time
end

QCN and QCN-1

oo

QOCN and QCN-1

% LHS and RHS pseudo time terms

QPV_MAT = zeros(NDOF) ; % No pseudo
time terms

if DEL TAU ~= 0

%$QPV_MAT = TEST' * (LV / DEL_TAU); % All test
function terms ’
$QPV_MAT = BIG_N' * (QV / DEL_TAU); % QV mass
matrix - o i o o .
QPV_MAT = BIG N' * (LV / DEL'TAU); . % No SUPG
terms ‘ . 5 e ‘
QPV_MAT=diag (sum(abs (QPV MAT'}))); % make it
diagoﬁal
end

oo

'RHS use only (interpolate nodal flux functions)

F_MAT = -BIG_DXN + SUPG'*BIG_DNDX; $ F x flux
G_MAT -BIG_DYN + SUPG'*BIG DNDY; % Gy flux

% LHS use only - form and sum element integration matrices
QP_LHS = QPV_MAT - BIG_DXNAV -. BIG_DYNBV .
+ SUPG'* (DNDXAV+DNDYBV)+ QP MAT;
$ LHS use only - form and sum grid motion matrices
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GRID_MAT = [BIG_ DNDX'*NQC - SUPG'*DNDXQC, BIG DNDY'*NQC -
»SUPG'*DNDYQC]

% reshape matrices to fldt array

MFLAT. = zeros (7,MMM) ;

MFLAT (1:6,1:MMM) = [reshape (QP_MAT, 1, MMM) ;
reshape (QC_MAT, 1,MMM) ;
reshape (QPV_MAT, 1, MMM) ;

. reshape (F_MAT, 1, MMM)

- reshape (G_MAT, 1, MMM) ;
o ’ reshape (QP_LHS,1,MMM) ] *AE;
MFLAT (7,1:GGG) = reshape (GRID_MAT,1,GGG) *AE;

BRIKSHAP

function [DZIDXJ, DNIDZJ, NI, DXJDZI, AE]=brikshap (ZETA,XN,YN)
function [DZIDXJ, DNIDZJ, NI, DXJDZI, AE]=brikshap (ZETA,XN,YN)

Evaluates various aspects of the LINEAR QUADRALATERAL shape function

o0 o o° o

oo

Calculates the 2x2 GLOBAL to LOCAL jacobian DZIDXJ - (dZi / dX3)
Calculates the 4x2 local shape derivative matrlx DNIDZJ (aNi / de)
Calculates the 4x1 local shape ‘function ' (N1)

Calculates the 2x2 LOCAL to GLOBAL jacobian DXJDZI (dX3j-./ dZi)
Calculates the scalar GLOBAL tQWLOCAL.area“ratio of the element (AE)

oe

do 0% oe

oe o

ZETA is a row vector of the current position in.local coordlnates
XN is a column vector of the global X p051tlon of the element nodes
YN is a column vector of the global Y position of the element nodes

o\

oo

oe

initialize space

DZIDXJ zeros (2,2);
DXJDZI = zeros(2,2):;
NI zeros (4,1);
DNIDZJ = zeros(4,2);

DNDZ1
DNDZ2

i

zeros(4,1);
zeros (4,1);

% create some common terms
MZ = ones(l1l,2) ~ ZETA;
PZ = ones(1,2) + 2ETA;

% local‘shape matrix
NI = [MZ(1)*MZ(2); PZ(1l)*MZ(2); PZ(1l)*PZ(2); MZ(1)*PZ(2)]/4;

'$ local shape derivative matrix
DNIDZJ(:,1) = [-MZ(2), MZ(2), PZ(2), -PZ(2)]'/4;
DNIDZJ(:,2) = [-MZ2(1l), ~PZ(l), PZ(1l), MZ(1l)]'/4;

$ form LOCAL to GLOBAL jacobian matrix
DXJDZI = [XN'*DNIDZJ;
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YN'*DNIDZJ];

% form GLOBAL to LOCAL jacobian matrix using adjoint/det formula
AE = det (DXJDZI);
DZIDXJ = [DXJDZI(2,2), -—~DXJDZI(1,2);
-DXJDZI(2,1), DXJDZI(1,1)]/AE;
AE = abs(AE);

TRIASHAP

function [DZIDXJ, DNIDZJ, NI, DXJDZI, AE]=triashap (ZETA,XN, YN)
function [DZIDXJ, DNIDzJ, NI, DXJDZI, AE]=triashap (ZETA, XN, YN)

oo

Evaluates various aspects of the LINEAR TRIANGLE shape function
using natural (area) goordinates

o0 o o0 oP oo

Calculates the 3x2 GLOBAL to LOCAL jacobian DZIDXJ (dzi / dX3j)

% Calculates the 3x3 local shape derivative matrix DNIDZJ (dNi / dZj)
% Calculates the 3x1 local shape function ) (Ni)
% Calculates the 2x3 LOCAL to GLOBAL jacobian DXJDZI (dX5 / dzi)

oo

Calculates the scalar GLOBAL to LOCAL areairatio of the element (AE)

oo o°

ZETA is a vector of the position in local coordinates
XN is a vector of the global X position of the element nodes
YN is a vector of the global Y position of the element nodes

[

oo

% initialize space
DZIDXJ = zeros(3,2):
- DXJDZI = zeros(3,3);

NI = zeros(3,1);

% local shape matrix
NI = ZETA';

% local shape derivative matrix
DNIDZJ = eye(3,3);

% form LOCAL to GLOBAL jacobian matrix
DXJDZI = [XN';YN';ones(1,3)]:

TWO_AE = det (DXJDZI);

AE abs (TWO_AE/2) ;

DXJDZI DXJDZI(1:2,:);

If

% form GLOBAL to LOCAL jacobian matrix

DZIDXJ = [YN(2)-YN(3), XN(3)-XN(2);
YN(3)-YN(1), XN(1)-XN(3);
YN(1)~¥N(2), XN(2)-XN(1)]/TWO_AE;
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FLOW_LHS

function R = !

flow_lhs (QP,QPM1, XN, YN, WX, WY, QP1, QP2 DEL T,DEL TAU,MP,ELMAT,BCTYPE,BC1,
MOUT_PTR, DOFNODE, NN)

% functlon R =

flow_lhs (QP,QPM1, XN, YN, WX, WY,QP1,QP2,DEL_T,DEL TAU,MP,ELMAT, BCTYPE, BC1,

MOUT_PTR, DOFNODE, NN)

P oo

17 Feb 97, orlglnal

4 Mar 97, matrix and flux calculations moved inside element loop
7 Apr 87, completed characteristic boundary conditions

8 Sep 97, updated with new boundary condition routines

Driver routine for LHS fluid flow calculations.

QP = ‘vector of primitive nodal variables [P; U; V; T]

XN = vector of current X locations of nodes

YN = vector -of current Y locations of nodes

WX = vector of X velocity of nodes

WY = vector of Y velocity of nodes

QPl = vector of primitive nodal variables [P; U; V; T]

QP2 = - vector of primitive nodal variables [P; U; V; T]
DEL_T = physical time step size

DEL TAU = pseudo time step size

MP = thermodynamic properties of fluid, MP = [R, CP, GAMMA]
ELMAT = matrix listing the nodés assigned to each element

BCTYPE = vector of nodal definition of boundary condition type
not necessarily the most efficient implementation but it
orces
a single definition of boundary state for nodes
type 0 = not on a boundary.

type 1 = inflow/outflow
type 2 = impermeable wall
BC1l = matrix of type 1 boundary conditions

[node number, P, U, V, T]
DOFNODE = degrees of freedom per node (currently 4)
NN = order of gauss integration (1,2, or 3)

global variables

oQ o° o\° dO o0 OG0 AP O° OO0 J° O Hy 00 JO O O° AP O° O° P O° d° o° o\°'o\° o0 P o o° o o° o

MFLOW = flat file containing summation of element integration
matices for LHS
% MOUT = matrix of nodal outward normal vectors. and boundary type
information )
% [node number, dx, dy, type (0 1 2 3 4 5), index into BC1,
c, rho]
% BC conditions l=supersonic inflow, 2=subsonic inflow
% 3=supersonic outflow, 4=subsonic outflow
% S5=impermeable wall
% GFLOW = flat file containing summation of element integration
matrices for LHS
% grid motion in pseudo time

global MFLOW MOUT GFLOW




¢ initialize

NNODES = length (XN); number of nodes .

[NEL, VERTICES] = size(ELMAT); % VERTICES is the max number of nodes in
any element '

oo

R = zeros (NNODES*DOFNODE, 1) ;

% reformat into a matrix shape with columns of primitive variables
QP = reshape (QP,NNODES, DOFNODE) ; ,

% Safeguard against negative pressure or temperature”
QP (:,1)=max(l,abs(QP(:,1)));
QP(:,4)=max(1,abs(QP(:,4)));

% initialize maximum element workspace

PVEC = zeros (VERTICES,1); element nodal pressure vector
UVEC = zeros (VERTICES,1); element nodal X velocity vector
VVEC zeros (VERTICES, 1) ; element nodal Y velocity vector
TVEC = zeros (VERTICES,1); element nodal temperature vector

I
o2 o0 o

oo

WXVEC = zeros(VERTICES,1); % element nodal X grid velocity

WYVEC = zeros(VERTICES,1); % element nodal Y grid velocity

QP MAT = zeros (VERTICES*DOENODE) ; - % element integration
matrix

GRID MAT = zeros(VERTICES*DOFNODE,VERTICES*2); % grid motion matrix

************************ﬁ************ BOUNDARY CONDITION ROUTINE * %k kK
enforce BOUNDARY CONDITIONS using RHS definitions of inflow/outflow

and tangent vectors
e ek K e ok K ok kK gk Kk e ok ok ok ok ok sk ok sk ok ok sk ok 3k ok ok ke ke ok e s ok e ok ok ok ok ok ok ok ok e ok ke sk Sk ok o ok ok Sk ok ok ok ok e ke ok o ok ke ok ke ok ok

oo o o

oo

QP = bcl_lhé(QP,BCl);
% Form the residual vector using local vector operations and an element
:yelement approach
for j = 1:NEL
% check the shape of each élement and set up its néeded workspace size

INDEX¥find(ELMAT(j,:)); % INDEX contains the non—éero no&e}numbers
for the element . -

VERTICES = length (INDEX):;

if VERTICES == % Triangle

REGION = 2;
LLL = 12;
MMM = 144;
GLL = 2*3;
GGG = LLL*GLL;
elseif VERTICES == 4 % Quadralateral
REGION = 1; ‘
LLL = 16;
MMM = 256;
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GLL = 2*4;

GGG = LLL*GLL;
end
PVEC = QP (ELMAT (j,INDEX),1); % current element nodal

pressure vector

UVEC = QP(ELMAT (j, INDEX),2);
velocity wvector

VVEC = QP (ELMAT (j, INDEX),3);
velocity vector :

TVEC = QP (ELMAT (j, INDEX),4);
temperature vector

current element nodal X

oe .

current element nodal Y

o

oo

current element nodal

WXVEC = WX(ELMAT (j,INDEX),1); % current element nodal X
grid velocity ' . ‘ :

WYVEC = WY(ELMAT(j,iNDEX),l); ' ¢ current element nodal Y
grid velocity

QP_MAT = reshape (MFLOW(j,1:MMM),LLL,LLL); % matrix for current Q
.primitive

GRID_MAT = reshape(GFLOW(j,1:GGG),LLL,GLL); -% matrix for grid
motion )
SHUFFLE=[ELMAT (j, INDEX) , ELMAT (j, INDEX) +NNODES, ...
ELMAT (j, INDEX) +2*NNODES, ELMAT (j, INDEX) +3*NNODES] ;

% form LHS residual for fluid flow equétions

R(SHUFFLE)= R(SHUFFLE) + QP _MAT*[PVEC; UVEC; VVEC; TVEC] +
GRID_MAT* [WXVEC; WYVEC];
end

*********************************;*** BOUNDARY CONDITION ROUTINE * %k % %k
Update fully assembled residual to refléct Dirichlet boundary-
conditions. Routine is common to RHS and LHS.

Relies on action of DIRDER to form delta terms for boundary

conditions
%*********************************************************************

o0 o oo

oV

R = bc32_rhs (R, QP, BC1, NNODES, DOFNODE, 1) ;

% apply residual scaling

global FLUID_ SCALE

temp=length(R)/4;

R{l:temp)=R(1l:temp)/FLUID_SCALE(1l);
R(temp+l:2*temp)=R(temp+l:2*temp) /FLUID SCALE(2);
R(2*temp+1l:3*temp)=R(2*temp+l:3*temp) /FLUID_SCALE(3);
R(3*temp+l:4*temp)=R(3*temp+1:4*temp) /FLUID_ SCALE(4);

% add emphasis to boundary residuals
if FLUID_SCALE(5)==
INDEX=find (BCTYPE>O0) ; °
R=reshape (R, NNODES, 4) ;

R(INDEX; :)=2*R(INDEX, :); % double all boundary  residuals
INDEX=find (BCTYPE>20) ;
R({INDEX, : }=2*R(INDEX, :); % double corner residuals again
R=reshape (R, NNODES*4, 1} ;

end
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BC1_LHS

function QP = bcl 1lhs(QP,BC1)

oe

function QP = bcl lhs(QP,BCl)

o0 o oo

8 Sep 97, original

oo

Enforces Dirichlet and impermeable wall BOUNDARY CONDITIONS on LHS
residual '
using RHS definitions of inflow/outflow and tangent vectors

oe

oo

a0 oe

Variables:
% QP = matrix of primitive nodal variables [P, U, V, T]
% BCl = matrix of-type 1 and type 6 boundary conditions

oe

[node number, P, U, V, T]

oe

[

global variables

% MOUT = matrix of nodal RH rule téngent-vectors and boundary type
information

% . [node number, dx, dy, type (1 - 54), index intec BCl, DX,
DY)

oo

BC conditions l=supersonic inflow, 2=subsonic inflow
3=supersonic outflow, 4=subsonic outflow
S5=impermeable wall,

oo

oe

% S5l=wall+super in, 52=wall+sub in

% 53=wall+super out, 54=wall+sub out

% [dx,dy] = wall tangent and in/out tangent

% [DX,DY¥] = in/out tangent if [dx,dy] has wall tangent for a

orner,

o° ()

otherwise original direction of velocity vector
global MOUT

NBC=length (MOUT(:,1));
for j = 1:NBC

if (MOUT(j,4) == 5) % apply TYPE 2 BOUNDARY CONDITIONS |

(impermeable wall)

% TAN VEC=MOUT(j,2:3); % nodal tangent vector
% UV = QP (MOUT(j,1),2:3)"'; % [U, V] for node

% QP (MOUT (j,1),2:3) = sign (TAN_VEC*UV) *norm(UV) * TAN_VEC; %
take tangent vector component of [U,V]

% QP (MOUT (j,1),2:3)= UV'-(TAN_VEC*UV) * TAN_VEC; %

normal component of velocity at wall

% apply TYPE 1 BOUNDARY CONDITIONS
{characteristic inflow/outflow)

elseif MOUT (j,4) == % supersonic relative
inflow (1)
QP(MOUT (j,1),:) = BCl(MOUT(j,5),2:5); % set all boundary
values
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elseif MOUT(j,4) == 51 o % !supersonic fglative
inflow (1) w/ wall o ‘ '

QP(MOUT (j,1),:) = BCl(MOUT(j,5),2:5); % set all boundary
values o e
TAN_VEC=MOUT (j,2:3): % nodal tangent vector
UV = QP (MOUT(j,1),2:3)"'; % [U, V] for node
QP (MOUT (j,1),2:3) = sign(TAN_VEC*UV) *norm(UV) * TAN_VEC; %

ake tangent Vector component of [U,V]
QP (MOUT (5,1),2:3)= UV'-(TAN_VEC*UV) * TAN VEC;
normal component of velocity at wall

o0 t d° oo oe

oe

elself MOUT(j,4) == 2 % subsonic relative inflow
(2) - :
QP (MOUT(j,1),2:4) = BC1(MOUT(j,5),3:5);
values

oo

set [U,V,T] boundary

= 52

oe

elseif MOUT (3, 4) subsonic relative
inflow (2) w/ wall

QP (MOUT (j,1),2:4) = BCL(MOUT(3,5),3:5);

o°

set [U,V,T] boundary

values .

% TAN VEC=MOUT (j,2:3); % nodal tangent vector
2 UvV = QP(MOUT(j,1),2:3)"; % [U, V] for node

% QP (MOUT (j,1),2:3) = sign(TAN_VEC*UV) *norm(UV) * TAN_VEC; %
take tangent vector component of [U,V]

% QP (MOUT (j,1),2:3)= UV'-(TAN_VEC*UV) * TAN VEC; %

normal component of velocity at wall

elseif MOUT(j,4) == 3 % supersonic relative outflow
(3) »
% set no boundary
values
elseif MOUT(j,4) == 53 ) % supersonic relative

outflow (3) w/ wall
% set no boundary

values

% TAN VEC=MOUT (j,2:3); % nodal tangent wvector
% UV = QP(MOUT (j,1),2:3)"'; % [U, V] for node

% QP (MOUT (j,1),2:3) = sign(TAN_VEC*UV)*norm(UV) * TAN VEC; %
take tangent vector component of [U,V]-

% QP (MOUT (§,1),2:3)= UV'-(TAN VEC*UV) * TAN_VEC; %

normal component of velocity at wall

elseif MOUT (j,4) == 4 % subsonic relative outflow
(4)
QP (MOUT (3,1),1) = BCL(MOUT(j,5),2); % set [P] boundary
value '
elseif MOUT(j,4) == 54 % subsonic relative

outflow (4) w/ wall
QP (MOUT (j,1}),1) = BC1(MOUT(J,5),2);
value
% TAN_VEC=MOUT (j,2:3);
% Uv = QP (MCUT(j,1),2:3)";

oo

set [P] boundary

[

nodal tangent vector
[U, V] for node

oo
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% QP (MOUT (j,1),2:3) = sign(TAN VEC*UV)*norm(UV) * TAN_ VEC;
take tangent vector component of [U,V]
%  QP(MOUT(j,1),2:3)= UV'-(TAN VEC*UV) * TAN VEC;
normal component of velocity at wall
end
end
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APPENDIX F
SOLID ROUTINES .

336



APPENDIX F
SOLID ROUTINES

The structural solver (solid) routines implement the linear and nonlinear stiffness algorithms
outlined in Chapters 7 and 14 for a two-dimensional continuum solid. They include the implicit Adaptive
Dynamic Relaxation (ADR) methods derived in Chapters 8 and 15. The coding is original and was
developed in the MATLAB environment.

The code structure closely follows the architecture illustrated in Figures C-1 through C-3 and
Figure D-2. Figure F-1 illustrates the specific names and relationships of the scripts and subroutines. The
shaded blocks designate algorithms specific to the structural solver while unshaded blocks show generic
routines that did not change. Major elements the right and left hand side residual algorithms are further

illustrated in Figures F-2 through F-3.

knsolgma

i
kfdgmres | | parab3p

i
givapp | | kdirder

Figure F-1: Structural Solver Master Hierarchy




S——

— Apply Dirichlet boundary conditions

— Combine Gauss point integration matrices |

—  Create tangential stiffness matrix from integration matrices

- Assemble right hand side residual

H

—  Zero out residual at nodes with Dirichlet boundary conditions |

- Scale resicual to speed LHS computations |

i E

Estimate LHS tangential stiffness matrix eigenvalues g

‘Create interal force vector

i

-* Calculate ADR time step and damping terms using eigenvaiues!g

i

=~ Update LHS matrices with ADR terms i

Figure F-2: Right Hand Side Structural Deformation Residual
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Apply Dirichlet boundary conditions

Assemble left hand side residual element by element
using stored element integration matrices

| Zero out residual at nodes with Dirichlet boundary conditions

Scale residual to match RHS factors

S

Figure F-3: Left Hand Side Structural Deformation Residual

The shaded blocks in Figures F-2 and F-3 indicate where a specific subroutine is called to perform
a function. The unshaded blocks show a task to be performed in the parent block.

The right hand side residual statement in Figure F-2 follows the same general logic as outlined
Figure C-2. It has an option to calculate the internal force vector using either a linear or nonlinear stiffness
matrix. Large (nonlinear) deformations are possible even with a linear stiffness. At the lowest level of
indenture, the option is available to use biquadratric, bilinear, or triangular elements. The right hand side
residual routine adds an additional step to estimate the extreme eigenvalues in the tangent stiffness matrix
using the Arnoldi method described in Chapter 8 and Appendix D. The left hand side residual statement in

Figure F-3 follows the generic logic in Figure C-3 exactly.

script master - Master routine for single domain continuum solid deformation calculations

function str_rhs

*  Combines different routines to form the static or dynamic structural equations
= Output is the residual (want R = 0 at equilibrium)

*  Damping is selected to provide proportional mass damping

function Iforce - Calculates the internal forces at the nodes based on linear elastic material properties

function nlforce

= Calculates the LHS and RHS stiffness matrices based on non-linear deformations and linear elastic
material properties with consistent or lumped mass matrices

= Mass matrices may be used with physical and/or pseudo time

function lin_mat
* Forms the tensor function Transpose(B)*B for the linear stiffness matrix using linear quadralateral
(brick) or triangle shape functions
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* . Similar to the function (le/dX_]) * transpose(dN1/dX_]) * Area but also forms the cross ‘elements
" needed in the stiffness calculations
=- . Forms the pseudo time mass imatrix for LHS operatlons and breaks pseudo time motion into a first
order system of equations in DX, DY, VX, and VY
. Intended for use in gauss quadrature.’ ‘

function nlin_mat

= Calculates the miatrix for forces at the nodes based on non-hnear deformatlons and linear elastic
. material propertles : :

= Intended for use in gauss quadrature

E ‘ functlon br1k20rd Evaluates various aspects of the serendlplty blquadratlc shape function

function str_eig - Combines different routmes to qu1ckly form the static structural equations for use in
estlmatmg the elgenvalues of the tangent stlffness matrix

functlon str_lhs :

"= Combines dlfferent routines to form the residual of the mcremental static or dynanuc structural
equations .
Treats time and pseudo-tlme as a system of first order dlfferentlal equations ©

MASTER

oo

Master script program

aa

oo

oo

la'st modified 22 Dec 96 to include MB200 ‘as'a gl“‘ébal‘ value

oo

TR . - BN ‘ v

initialize varlables :
XN, ‘YN = original X and Y locatlon

o0 do oo

ELMAT - = nodes assigned to elements , . .. - '’ R R
$ MP = material properties . : ’
% NN = Gauss integration .order

oo

DOFNODE= number of degrees of freedom per node

PTX,PTY= external nodal loads in X and Y direction

BCX,BCY= displacement boundary conditions in X and Y directions
DX, DY = initial displacement vectors in X and Y directions

oo

o o°

oo

oe

load rod
load bar
load beam

single element in tension
long and skinny in tension
long and skinny with side load

oo oo
a0 o° o

oo oo

eval(['load ',name]);
. @

global STIFF

eval(['load ',name]);

DOFNODE "= 4; .

%DOFNODE = 2; FXXXX

% set some ‘Newton (outer) and GMRES (inner) iteration parameters
TOL=[1E-6,1E-6]; " % [absolute error tolerance, relative error
tolerance] : ’

[MX,NX] = size(BCX):;




[MY,NY] = size (BCY);
NNODES = length (XN); '

% Max number of GMRES iterations min{384, rank)
LIN_ITS = min (96, DOFNODE*NNODES-MX~-MY) ; ‘

etamax]

% [max Newton steps, max linear iterations, etamax, linear soln method,
max restarts]

10 Newton steps

40 GMRES iterations per try

.5 etamax

2 = Restarted GMRES (LIN_ITS)

t 4 = max number of GMRES restarts -> linear its max/Newton step
%PARMS=[10,LIN_ITS,.5,2,8]; %xxxx

$PARMS=[10,40,.5,2,8];

$PARMS=[10,LIN ITS,.5,1,0];

PARMS=[80,LIN_ITS,.5,1,0];

$PARMS=[80,2,.5,1,0];

$PARMS=[20,LIN_ITS,.9]; % [max Newton steps, max GMRES its/Newton step, 1

o0 o o oo

oo

T TOL=[1E-9,1E-9,2]; % [absolute time error tolerance, relative error
tolerance, DOF per node

o0 —

T _STEP=5; max time steps
% l=linear, 2=nonlinear
LIN = [1,0; 1,0; 1,0; 1,0; 1,0; 1,0; 1,0; 1,0; 1,0; 1,01;
DEL_ T = 0; % physical time step size
DEL TAU = 1; % pseudo time step size
3DEL_TAU = 0; FXXXX

% DEL T = (5.73E-1)/3;
$LIN(:,1) = 2*LIN(:,1); % non-linear
T_HISTORY=zeros (DOFNODE*NNODES,T STEP+1);

3load temp6 % DX DY
DX = zeros(size (XN));
DY = zeros(size (¥YN))
$DX=DX1I; s

$DY=DYI;
"DX(BCX(:,1))=BCX(:,2);
DY (BCY(:,1))=BCY(:,2);

’

if DOFNODE ==
VX = zeros(size(XN});
VY = zeros(size(¥YN));
VX (BCX(:,1))=BCX(:,3);
VY(BCY(:,1))=BCY(:,3);
end ’

% Initialize matrices for element by element storage
[NEL, LARGEST]=size (ELMAT) ;
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% STIFF = [c*M/del_tau+KO+KL+KS ’ M/del_tau} ' C -
5 [1/del_tau , -1 ] -
%STIFF=zeros (NEL, (4*LARGEST)"2); :
STIFF=zeros (NEL, (DOFNODE*LARGEST)"2) ;

% decide how many load increments to use
NL = 1; :
SCALE=ones (NL, 1) ;
for 1 = 1:NL

SCALE(i)=i/NL;

end
FNRM=1; o
 STOP_TOL=T_TOL(1) + T_TOL(2)*FNRM;
ITC = 0;
if DOFNODE ==
SOLN = [DX;DY;VX;VY];
else
SOLN = [DX;DY];
end
T STEP=NL; . % match to NL for load increments

while (FNRM > STOP_TOL & ITC < T_STEP)
ITC=ITC+1;
NODE_VEC = SOLN;

figure (1)

clg

set(l,'Position',[2‘30 447 340]);
figure (2)

clg

set (2, 'Position', [456 414 371 3101);
figure (3)

clg -

set (3, 'Position', [2 415 447 308]);
figure (4)

clg

set (4, 'Position', [456 30 370 339]):

[SOLN, HISTORY, IERROR, STATS] =
knsolgma ('STR_LHS', 'STR_RHS',T_TOL, PARMS, NODE_VEC, . ..

NODE_VEC, XN, YN, ELMAT, PTX, PTY, SCALE(ITC),BCX,BCY,MP, DEL_T, DEL_TAU,
NN, DOFNODE, LIN(ITC, :));

% [SOLN, HISTORY, IERROR, STATS] =

knsolgma ('STR_RHS', 'STR_RHS',T_TOL, PARMS,NODE VEC, ...

K

NODE_VEC, XN, YN, ELMAT, PTX, PTY, SCALE (ITC), BCX, BCY,MP,DEL_T,DEL TAU,
% NN, DOFNODE, LIN(ITC, :));

disp([STATS(:,1),zeros(size(STATS(:,2))),STATS(:,3:5)1)
format long
disp (STATS(:,2))
format short
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o o° o° o0 O° % 0 o° A° O o° (D o° oP 0\0. Hh o° o° o° o° oo oe

FNRM = norm(SOLN-NODE_VEC)/sqrt (length (SOLN) )

% put solution SOLN back into input for next step
T HISTORY(:,ITC+1)=SOLN; '

end

DX = SOLN(1:NNODES) ;
DY = SOLN (NNODES+1:2*NNODES) ;
if. DOFNODE ==

VX = SOLN (2*NNODES+1 :3*NNODES) ;
. VY = SOLN (3*NNODES+1 : 4*NNODES) ;
end

toc

flops

figure(1)
semilogy(HISTORY(:,l))

STR_RHS

function R =

str_rhs (NODE_VEC, dummy, XN, YN, ELMAT, PTX, PTY, SCALE, BCX, BCY, MP, DEL_T, DEL_T

AU, NN,
DOFNODE, LIN, XM1,VM1)

% function R =

str_rhs (NODE_ VEC dummy, XN, YN, ELMAT, PTX PTY SCALE, BCX, BCY,MP,DEL T,DEL T
AU NN,

DOFNODE; LIN,XM1, VM1)

15 Dec 96 - created )

22 Dec 96 - added call to 1n1t1allze PTIME

12 Jan 97 - added parameter to select linear or nonlinear force
24 May 98 - changed overall structure to be more con51stent with

luid flow method
11 Nov 98 - updated to include 1st order system in tlme

Combines different routlnes to form the statlc or dynamlc structural
quations -
Qutput is the residual (want R =0 at equilibrium).

c*d/dt (dx;dy) + rho*d/dt (u;v) + K*(dx; dy) l =0
d/dt (dx;dy) - (u;v) = 0
o . or ,

[c, rhol*transpose{dx, dy, u, v}+[K, 0]*transpose{dx, dy, u, v}=0

[I, 0] - dt : [0, -I]

c is selected to provide proportional mass damping, (alpha*rho)

INPUT VARIABLES:
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NODE_VEC = nodal deformation and velocity vector (DX, DY, U, V)
dummy = place holder for GMRES solver

XN = X location of nodes

YN = Y location of nodes

ELMAT = matrix listing the nodes assigned to each element
PTX = external point (ncdal) loads in the X direction |
PTY = external point (nodal) loads in the Y direction

SCALE = scaling factor used to gradually apply loads

BCX = X deformation (and velocity) Dirichlet boundary conditions

[node #, X, VX]

$ BCY = Y deformation (and velocity) Dirichlet boundary conditions

[node #, Y, VY]

$ MP = material properties (E...lbf/sgft, Nu, density...lbm/cuft,

damping)

% DEL_T = physical time step size

% DEL TAU = pseudo time step size

% NN = order of gauss integration

% DOFNODE = number of degrees of freedom per node

$ LIN = 2 element vector of calculation choices

% term 1l: linear or non-linear selection, 1 = linear, 2 =

onlinear :

o0 o

g0 o JdP o o oo

o

n

% term 2: not used
$ XM1 = [DX;DY] at t-1

$ VM1 [VX;VY] at t-1
%

OUTPUT VARIABLES: :
R = residual of summation of external and internal forces

global STIFF

% ‘initialize variables and workspace

NNODES = length (XN) ; :

R = zeros(size(NODE _VEC));

'F_APPLIED = zeros(size(NODE VEC)); .- .. . ' : .
[NEL, VERTICES] = size (ELMAT); % VERTICES is the max number of nodes in
any element , '

‘NDOF = VERTICES * DOFNODE;

triangle

o0

'if VERTICES ==
FLAT = zeros(4,1272);
MASS MAT = zeros(12);
STIFF MAT = zeros(12):
(BBAR'*STRESS)

physical time consistent mass matrix
internal force vector matrix

oo

oo

' elseif VERTICES == $ rectangle
FLAT = zeros(4,1672); ' ’
MASS MAT = zeros(1l6);

STIFF MAT = zeros(16);
elseif VERTICES == ' % rectangle

FLAT = zeros(4,16"2);

MASS MAT = zeros(16);

STIFF _MAT = zeros(1l6);
end

%******************************&****** BOUNDARY CONDITION ROUTINE l * %
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% Form deformation vectors and apply dirichlet boundary conditions
hdhkhkhkhkdkkhkdrhkdhkhhkhhddkhkrhhkdhhhkrhhkdhbhrhhddhddhdkhrhrhkdkdhkhbhrdhhhkrrhhhhhhbhhhkkk

oe

DX = NCDE_VEC (1:NNODES) ;

DY = NODE_VEC (NNODES+1:2*NNODES) ;
DX (BCX(:,1))=BCX(:,2);

DY (BCY(:,1))=BCY(:,2);

if DOFNODE ==
VX = NODE VEC (2*NNODES+1:3*NNODES) ;
VY = NODE VEC (3*NNODES+1:4*NNODES) ;

VX(BCX(:,1))=zeros(size(BCX(:,2))); % zero out dirichlet boundary
velocity

VY(BCY(:,1))=zeros(size(BCY(:,2))); % zero out dirichlet boundary
velocity ‘
end

if DEL T ~= 0
DX1 = XM1 (1:NNODES) ;
DY1 = XMl (NNODES+1:2*NNODES) ;
DX1(BCX(:,1))=BCX(:,2);
DY1(BCY(:,1))=BCY(:,2);
if DOFNODE ==
VX1l = VM1 (1:NNODES);
VY1l = VM1 (NNODES+1:2*NNODES) ;
VX1(BCX(:,1))=BCX(:,3);
VYL(BCY(:,1))=BCY(:,3);
end
end

% scale applied nodal loads and put into a single vector

F_APPLIED(1:2*NNODES) = SCALE * [PTX; PTY];
R = -F APPLIED;

% plot deformed structure
figure (3)

clg;

hold on
maxx=max ( [XN; YN])
minx=min ([XN;YN]);
maxdx=max ( [abs (DX) ;abs (DY) ]) ;

7 o

if maxdx ==
maxdx = 1;
end
amp=.1l* (maxx-minx) /maxdx;
amp=1;

plot (XN+amp*DX, YN+amp*DY, 'y+"')
axis('equal')

grid on

drawnow

3keyboard
%***************************** ELEMENT CALCULATIONS
Kk %%k ke ok ke ke ok gk ok kK ok ke keoke ok ko . ‘
% Form the RESIDUAL vector using local vector operations and an element
by '
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% element approach based on a total Lagrangian’formdlationg‘~
%*********************************************************'*4«***********

* k%

for j§ = 1:NEL

% check the shape of each element and set Up.its .needed workspace size
INDEX=find (ELMAT (j,:)); % INDEX contains the non-zeroc node numbers
for the element
VERTICES = length (INDEX) ;

NDOF = VERTICES * DOFNODE; % this element
SLIST = ELMAT (j,INDEX); $ index into variables stored
in data file

% pseudo time matrix terms
if DEL TAU ~= 0

% PSEUDO_MP = 1E5*MP(3); FXXXX
PSEUDO MP = 1;
else
PSEUDO_MP = 0O;
end

oo

FLAT: flat matrix of element integration arrays for each element
Row 1 = sum of LHS stiffness matrices for [DX;DY] operations

o°

% Row 2 = consistent mass matrix for physical and pseudo time [DX;DY]
operations '

% Row 3 = lumped mass matrix for physical and pseudo time [DX;DY]
operations :

% Row 4 = matrix for RHS internal forces for [DX;DY] operations
% first order systems for physical and/or pseudo time will be-built
from these matrices

if LIN(l) == % calculate and sum linear forces
FLAT = lforce (XN(SLIST),YN(SLIST),DX(SLIST),DY(SLIST), ...
MP, PSEUDO_MP, NN, DEL_T,DEL_TAU, 2) ;

elseif LIN(1l) == % calculate and sum nonlinear forces
FLAT = nlforce(XN(SLIST),YN(SLIST),DX(SLIST),DY(SLIST),...
MP, PSEUDO_MP, NN, DEL T,DEL_TAU, 2) ;
end

RHS use only

internal force matrix = BBAR'*STRESS_MAT

LHS use only o : oo

KT.= KO+KL+KS = tangential stiffness matrix (a.k.a. total stiffness
matrix) ' .

oo oP o

oe

% LHS tangent stiffness matrix (KO+KL+KS) -
LHS STIFF = reshape (FLAT(1,1: (2*VERTICES) ~2), 2*VERTICES, 2*VERTICES);
% consistent mass matrix [NI*NI',0;0,NI*NI']

‘ C_MASS = reshape (FLAT (2, 1: (2*VERTICES)~2), 2*VERTICES, 2*VERTICES) ;
| % lumped mass matrix [NI*NI',0;0,NI*NI']
L_MASS = reshape (FLAT (3, 1: (2*VERTICES)"2),2*VERTICES, 2*VERTICES) ;

oo

internal force matrix. [BB'*STRESS] -
STIFF_MAT = reshape(FLAT(4,l:(2*VERTICES)A2),2*VERTICES,2*VERTICES);
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SHUFFLE = [1;

for ii = 1:DOFNODE C - $ Index into
residual vector '
SHUFFLE = [SHUFFLE, SLIST+NNODES*(ii-1)];
end ..

if DEL T == 0 . % form RHS residual for STEADY STATE
structural equations ' ' ‘
NOTE FOR PSEUDO TIME WITHOUT PHYSICAL TIME:
'If STIFF MAT is of the form [K,0;0,-I], the -I will )
cause nonzero terms in the residual if the velocity is not zero.
Therefore, do not include any velocity contribution.to the RHS
residual.

o0 oo o°

[

. R(SHUFFLE (1:2*VERTICES) )= R(SHUFFLE (1:2*VERTICES))
+ STIFF_MAT +* [DX(SLIST);DY(SLIST)];

else g lst order time derivative = (Un-Un-
1) /DT '
zippo = zeros(size (STIFF_MAT));
if length (MP)>3 -
DAMP = MP(4):;
else
. DAMP = 0;
end
R(SHUFFLE)= R(SHUFFLE) .
+ [STIFF_MAT, zippo;zippo,-C_MASS]
* [DX(SLIST);DY(SLIST);VX(SLIST);VY(SLIST)]
+ ([DAMP*C_MASS, MP(3)*C_MASS; C_MASS,zippo] /DEL_T)
* [DX(SLIST)—DXI(SLIST);DY(SLIST)—DYl(SLIST);...
VX (SLIST)-VX1(SLIST);VY(SLIST)-VY1(SLIST)];
end

% set up LHS matrix

if DEL_T~=0 & DEL_TAU~=0 % physical and pseudo time present
% mixed physical and pseudo time not tested or developed

theoretically .
% pseudo time terms will be added

later
CDT = C_MASS/DEL_T; o . :
STIFF(j,:) = reshape ([LHS_STIFF+DAMP*CDT, MP(3)*CDT;
cor - ¢ , -C_MASS

1,1, (4*VERTICES)"2) ; S
elseif DEL T==0 & DEL TAU~=0 ' - % pseudo.time only
% pseudo time terms will be added

later .
STIFF(j,:) = reshape([LHS STIFF, C MASS ; .
C_MASS , -C_MASS 1,1, (4*VERTICES)"2);
elseif DEL_T~=0 & DEL_TAU==0 % physical time only
CDT = C_MASS/DEL_T;
STIFF(j,:) = reshape([LHS_STIFF+DAMP*CDT, MP(3)*CDT;

CDT , —C_MASS
1,1, (4*VERTICES)"2); '
else
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STIFF(j,:) = FLAT(1,:); $ no time stepping
end

end

%***sl:********************************* BOUNDARY CONDITION ROUTINE 2 %* %
% Zero out Dirichlet boundary conditions in the residual
' %*********************************************************************
“[MBX, NBX] = size(BCX); o
[MBY, NBY] = size(BCY);
if MBX > 0 .
R(BCX(:,1)) = zeros(MBX,1):;
. dirichlet BC
if DOFNODE ~= 2 .
R(BCX(: ,1)+2*NNODES) = zeros'(MBX,1l):
dirichlet BC )
end
end’
if MBY > 0
R(BCY(:,1)+NNODES) = zeros(MBY,1l);
dirichlet BC
if DOFNODE ~= 2
~ R(BCY(:,1)+3*NNODES) = zeros (MBY,1);
dirichlet BC
end -
end

zeros residual for DX

oo

oe

zeros residual for VX

zeros residual for DY

o°

zeros residual for VY

e

& ¢k ok ok e K ok ke dodk ke dk ok sk de ok ke ke e ke o ok e ke ke ek ok e e ok ok SCALING ROUTINE **d %k kkkdkkkkkkk*k

[

Scale the equations to make the associated residuals roughly the same
order of magnitude for equivalent perturbations. Greatly aids
orthogonality in LHS modified Gram Schmidt process

° *********************************************************************

global STRUCT SCALE

oo

oo

temp=length (R) /DOFNODE;
if DOFNODE == 4
STRUCT_SCALE=[1E5;1E5;1E-3;1E-3];
STRUCT SCALE=[1E5, 1E5, 1E-5, 1E-5];
STRUCT SCALE= [1E1;1E1;1E-3;1E-3];
'STRUCT SCALE=[1E1;1E1;1E-1;1E-1];
R(2*temp+1:3*temp) R(2*temp+1:3*temp)/STRUCT_SCALE(B);
R(3*temp+1 4*temp)=R (3*temp+l:4*temp)/STRUCT_SCALE(4);
else
STRUCT_SCALE=[1;1];
end

oo oP

oe

R(l:temp)=R(1:temp)/STRUCT_SCALE(1l);
R(temp+l:2*temp)=R(temp+l:2*temp)/STRUCT_SCALE(Z);
% plot the scaled residual
$figure (1)

%clg

%plot (RHSR)

$drawnow

| global RHSR
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RHSR=R;
‘norm (R)
%**************************‘*********** EIGENVALUE ROUTINE ERE AR E R RS L XS]

oo

run 10 or 20 steps of an Arncldi process to estimate the largest
and smallest eigenvalues of (KO+KL+KS)/M. Used to set damping
coefficient and pseudo-time step for LHS operations.
%*********************************************************************

if DEL_TAU ~= 0

oo

oo

[maxee,minee,minabs, error,total iters] = karnoldi('str eig', [1E-
"9,20,11,...

ones (2*NNODES, 1) /sqrt (2*NNODES), ...

[DX;DY], [],%XN, YN, ELMAT, BCX, BCY, ... :
' 2,4,PSEUDO_MP) ;

oo

determine c and del tau

ALPHA=2;

% C=ALPHA*sgrt (min{minee)) % calculated

% DEL_TAU=2/sqrt(max(maxee)) % calculated .
C=1E8 % hard wired S |
DEL TAU=1 % hard wired -

o°

divide top right and lower left blocks by del tau
add c*upper right block/del tau to KO+KL+KS

o°

[NEL, VERTICES] = size (ELMAT); % VERTICES is the max number of
nodes in any element ‘

NDOF = VERTICES * DOFNODE;

TEMP zeros (NDOF) ; % max space needed

for j = 1:NEL

% check the shape of each element and set up its needed workspace size

INDEX=find (ELMAT (j,:)); % INDEX contains the non-zero node numbers
for the element

VERTICES = length (INDEX) ;

V2 = 2*VERTICES;

V4 = 4*VERTICES; o . ' :
VERTICES * DOFNODE; ‘ B % this element

NDOF =
TEMP = zeros (NDOF):; .
TEMP = reshape(STIFF(j,1:NDOF~2),NDOF, NDOF) ; % unwrap element

STIFF matrix
TEMP(1:V2,1:V2) = TEMP(1:V2,1:V2)...
- TEMP(V2+1:V4,V2+1:V4)*C*PSEUDO_MP/DEL_TAU;

% KT block

TEMP (1:V2,V241:V4)
% Mass block

TEMP (V2+1:V4,1:V2)
% Identity block

- TEMP(V2+1:V4,V2+1:V4)*PSEUDO_MP/DEL_TAU;

- TEMP(V2+1:V4,V2+1:V4) /DEL_TAU;

STIFF(j,1:NDOF"2) = reshape (TEMP,1,NDOF"2); % rewrap element STIFF
matrix '
end
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end
figure (4)
clg
plot(R);
drawnow;

figure (1)

$%%%%%% form global matrix

KT=zeros (2*NNODES) ;
"for j = 1:NEL . ; )
INDEX=find (ELMAT (J,:)); % INDEX contains the non-zero node
numbers for the element -
VERTICES = length (INDEX) :;
NDOF = VERTICES * DOFNODE;
SLIST = ELMAT (j, INDEX);

NDOF for the élement
index into variables stored in data

oe

oo

file . .

LHS MAT = reshape(STIFF(j,l:NDOF“Z),NDOF,NDOFf; "% recall stored
LHS integration matrix

SHUFFLE = []; 2 '

for ii = 1:DOFNODE . 2 ' : % Index into

residual vector
SHUFFLE = [SHUFFLE, SLIST+NNODES* (ii-1)];
end . . i
KT (SHUFFLE, SHUFFLE)=KT (SHUFFLE, SHUFFLE) +LHS_MAT;
end ’ . 4
KT (BCX(:,1),:)=[];
KT (length (XN)+BCY(:,1),:)=[];
KT (:,BCX(:,1))=[1:
KT (:, length(XN)+BCY(:,1))=[];
disp('Condition'); cond(KT)
tmp=eig (KT) ; )
min(tmp)f-
max (tmp)
end

LFORCE

function FLAT = ,
lforce(XN,YN,DX,DY,MP,PSEUDO_MP,NN,DEL_T,DEL_TAU,DOFNODE);
$function FLAT = ,
,lforce(XN,YN,DX,DY,MP,PSEUDO_MP,NN,DEL_T,DEL_TAU,DOFNODE)f

e

o°

14 Dec 96 - created ‘
24 May 98 - update for more consistency with fluid flow method
"13 Nov 98 - updated to include system lst order in time

oo oo

oo
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Calculates the internal forces at the nodes based on linear
elastic material properties

oo o°

oo

Could be combined with NLFORCE and moved into STRUCT

oe

do oo

XN = column vector of global X POSITION of element nodes
% YN = column vector of global Y POSITION of element nodes
% DX = column vector of global X DEFORMATION of element nodes (not
used)
% DY = column vector of global Y DEFORMATION of element nodes (not
used) )
$ MP = vector of material properties {E, Nu, density}. Assumes
constant
% material properties and plane stress case (easily modified)
% PSEUDO MP = artificial material properties for pseudo time mass

matrix ‘

NN = integer describing the order of integration to use in
gauss quadrature (1,2,3 for linear, quadratic, cubic)
NN = 2 is the normal value

DEL_T = physical time step size

DEL_TAU = pseudo time step size

DOFNODE number of degrees of freedom per node

00 o dP d0 o°

o0 oP

o

FLAT: flat matrix of element integration arrays for each element

% Row 1 = sum of LHS stiffness matrices for [DX;DY] operations
% Row 2 = consistent mass mass matrix for [DX;DY] operations

% Row 3 = lumped mass mass matrix [DX;DY] operations

% Row 4 = matrix for RHS internal forces for [DX;DY] operations

% initialize
NNODES = length (XN);
"NDOF = DOFNODE*NNODES;

% Constitutive equation for material properties.

% This could be moved inside the element loop if variable material
properties

% were needed

% plane stress model: D11 = E/(1-Nu~2) D12 = Nu*D1ll D33 = (D11-D12)/2
D11 = MP(1)/(1-MP(2)"2);

D12 = D11 * MP(2);
D33 (D11 - D12)/2;

oo

Plane strain model= General 2-D isotropic¢ elastic tensor _
LAMDA = Nu*E/((1+Nu) (1-2Nu) .Mu-= E/2(1+Nu) - v

oo

% [lamda+2mu lamda 0 1]
% [lamda . lamdameu 0 ] - ST el
% [0 0 mu] T

LAMDA = MP(2)*MP(1)/(1+MP(2))/(1-2*MP(2));
MU = MP(1)/2/(1+MP(2)); ‘
$D11=LAMDA+2*MU;

$D12=LAMDA;

$D33=(D11-D12)/2;

if NNODES‘==' % triangle
REGION = 2;: . o .
elseif NNODES =='4 % rectangle
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REGION = 1;

elseif NNODES == % rectangle
REGION = 1;

end

FLAT = zeros (4,NDOF*2);

W = zeros (NDOF) ;

WT = zeros (NDOF) ;

STIFENESS = zeros (NDOF):;

TR = zeros (NDOF) ;

C_MASS = zeros (NDOF);
L_MASS = zeros (NDOF);

oe

Build PDE integration for each element
FLAT: flat matrix of element integration arrays for each element

oe

% Row 1 = sum of LHS stiffness matrices for [DX;DY] operations
% Row 2 = consistent mass mass matrix for [DX;DY] operations

% Row 3 = lumped mass mass matrix [DX;DY] operations

$ Row 4 = matrix for RHS internal forces for [DX;DY] operations
FLAT =

gauss('lin mat', NN, REGION, XN, YN, MP, PSEUDO_MP,DEL_T, DEL_ TAU, DOFNODE) ;

oe

W = reshape (FLAT (1, 1:NDOF~2),NDOF, NDOF) ;

C _MASS = reshape (FLAT (2, 1:NDOF~2), NDOF, NDOF) ;
matrix :

L MASS = reshape (FLAT (-3, 1:NDOF~2) , NDOF, NDOF') ;
matrix '

[W]
consistent mass

e

oo

lumped mass

oo

form correct stiffness matrix for element

% block pseudo-transpose - reverses 1nd1ces on 1nd1c1al notation (Wac

vs. Wca) . T

WT = [W(l:NNODES,l:NNODES), W (NNODES+1:2*NNODES, 1:NNODES);
W(1:NNODES, NNODES+1:2*NNODES),, R

W (NNODES+1 : 2*NNODES, NNODES+1: 2*NNODES) ] ;

% block matrlx trace
TR = [W(1l:NNODES, 1: NNODES)+W(NNODES+1 2*NNODES NNODES+1:2*NNODES),
zeros (NNODES, NNODES) ;

zeros(NNODES,NNODES),_
W(l:NNQDES,1:NNODES)+W(NNODES+1:2*NNODES,NNODES+1:2*NNODES)];

linear stiffness matrix

plane strain
STIFFNESS = LAMDA * W + MU * (WT + TR);

plane stress
STIFFNESS = D12 * W + D33 * (WT + TR);

$STIFFNESS= [STIFFNESS(1:4,1:4), zeros (NNODES, NNODES),zeros(NNODES NNODES
) ,STIFFNESS(5:8,5:8)];
$STIFFNESS=[STIFFNESS(1:4,1:4), zeros (NNODES, NNODES) ; zeros (NNODES, NNODES
) » zexros (NNODES, NNODES) ] ; . '
$STIFEFNESS(5:8,5:8)=zeros (NNODES, NNODES) ;

$STIFFNESS = LAMDA * W + 2*MU * [W(1l:4,1:4),

zeros (4,4);zeros(4,4),W(5:8,5:8)71;

:

o o0 oo oP

[

% FLAT: flat matrix of element integration arrays for each element
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% Row 1 = sum of LHS stiffness matrices [KO+KL+KS] for [DX;DY]:
operations
Row 2 = consistent mass mass matrix for [DX;DY] operations

oe

% Row 3 = lumped mass mass matrix [DX;DY] operations
% Row 4 = matrix for RHS internal forces for [DX;DY] operations
FLAT = zeros(4,NDOF*2):;

FLAT

[reshape (STIFFNESS, 1,NDOF"2) ;
reshape (C_MASS, 1,NDOF"2) ;
reshape (L _MASS,1,NDOF"2);
reshape (STIFFNESS,1,NDOF"2)];

NLFORCE

function FLAT =

nlforce (XN, YN, DX, DY, MP, PSEUDO_MP, NN, DEL,_T, DEL_TAU, DOFNODE) ;
¢function FLAT =

nlforce (XN, YN, DX, DY, MP, PSEUDO_MP, NN, DEL_T, DEL_TAU, DOFNODE) ;

o

15 Dec 96 - created
25 May 98 - update for more consistency with fluid flow method
14 Nov 98 - updated to include system lst order in time

oo

o

oe 0P

Calculates the LHS and RHS stiffness matrices based on non-linear
deformations and linear elastic material properties and consistent
and lumped mass matrices. Mass matrices may be used with physical
and/or pseudo time.

a° oP o°

oo oo

oo

Interim routine to add possible functionality

oe

% XN = column vector of global X POSITION of element nodes

% YN = column vector of global Y POSITION of element nodes

$ DX = column vector of global X DEFORMATION of element nodes

% DY = column vector of global Y DEFORMATION of element nodes

% MP = vector of material properties {E, Nu}. Assumes_conétant
% material properties and plane stress case (easily modified)
% NN = integer describing the order of integration to use in .

oo

gauss quadrature (1,2,3 for linear, quadratic, cubic)
NN = 2 is the normal value { ' ' '

DEL_T = physical time step size

DEL TAU = pseudo time step size

DOFNODE number of degrees of freedom per node

oe

oe

do o° o©

oo

FLAT: flat matrix of element integration arrays for each element

% Row 1 = sum of LHS stiffness matrices for [DX;DY] operations
% Row 2'= consistent mass mass matrix for [DX;DY] operations

% Row 3 = lumped mass mass matrix [DX;DY] operations

% Row 4 =

matrix for RHS internal forces for [DX;DY] operations

oo

initialize
NNODES = length (XN);
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NDOF = DOFNODE*NNODES;

if NNODES == 3~ % triangle
REGION = 2; s ~

elseif NNODES == 4 % bilinear‘rectangle ~* .~
REGION = 1;

elseif NNODES == 8 % biquadratic rectangle .
REGION = 1;

end

FLAT = zeros (4, (2*NNODES)*2);

% integrate the non-linear matrix over the element. DOFNODE hardwired
to 2

FLAT = . :

gauss ('nlin mat',NN,REGION, XN, YN, DX, DY, MP, PSEUDO_MP, DEL_T,DEL_TAU, 2);

FLAT: flat matrix of element integration arrays for each element

Row 1 = sum of LHS stiffness matrices [KO+KL+KS] for [DX;DY]
perations

Row 2 = consistent mass mass matrix for [DX;DY] operations

Row 3 lumped mass mass matrix [DX;DY] operations

Row 4 = matrix for RHS internal forces for [DX;DY] operations

o0 O o° oe

oo

oe

LIN_MAT

function MFLAT = lin_mat(ZETA,XN,YN,MP,PSEUDO_MP,DEL_T,DEL_TAU,DOFNODE)
$function MFLAT =
lin_mat(ZETA,XN,YN,MP,PSEUDO_MP,DEL_T,DEL_TAU,DOFNODE)

14 Dec 96 - created -
24 May 98 - update for more consistency with fluid flow method
13 Nov 98 - updated to include system lst order in time

Forms the tensor function Transpose(B)*B for the linear stiffness
matrix using linear quadralateral (brick) or triangle shape
unctions.

Similar to the function (dNi/dXj) * transpose (dNi/dXj) * Area but
lso .
'forms the cross elements needed in the stiffness calculations.

Alsc forms the pseudo time mass matrix for LHS operations and breaks
pseudo time motion into a first order system of equations in DX, DY,

00 00 o° d° U o° Hh o0 O o0 o° o d° oo

14

and VY. .

The module checks ZETA to figure out which shape to use.

Routine assumes a vector parameter (2-D) is to be distributed over
the element. Intended for use in gauss quadrature.

00 o o of o° d° o §

ZETA = row vector of current position in local coordinates
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o° o o® o°

oo

od® 0 o° O° o o O

Rho}.

= column vector of global X position of the element nodes

Assumes constant

XN
YN = column vector of global Y position'of the element nodes
MP = vector of~material properties {E, Nu,

material properties and plane stress case (easily modified)
PSEUDO, MP = properties in pseudo time mass matrix [diag X, off XY;
f£f YX, diag Y]
DEL_T = physical time step size

DEL_TAU = pseudo time step size
DOFNODE

number of degrees of freedom per node

_MFLAT: flat matrix of element integration arrays for each element

[DX;DY]

operations

Row 1 ='sum of LHS stiffness matrices for
% Row 2 = consistent mass mass matrix for [DX;DY] operations
% Row 3 = lumped mass mass matrix [DX;DY] operations
% Row 4 = matrix for RHS internal forces for [DX;DY] operations
NNODES = length (XN):
NDOF = NNODES*DOFNODE;
MFLAT = zeros(4,NDOF"2);

" SHAPE=length (ZETA) ;

if SHAPE

DZJDXK =
DNIDZJ
NI

DXKDZJ.
DNIDXK
[DZJIDXK,

il

zeros (3,2);
zeros (3,3);
zeros(3,1);

- zeros(3,2);

zeros(3,2);
DNIDZJ, NI,

elseif SHAPE ==

if length (XN)

DZJDXK
DNIDZJ
NI

DXKDZJ
DNIDXK

[DZJDXK, DNIDZJ, NI, DXKDZJ, AE]

elseif length (XN)

DZJDXK
DNIDZJ
NI
DXKDZJ
DNIDXK
[DZJIDXK,
end
end

Zeros

14

= zeros(2,2);
zeros (8,2);
zeros(8,1);
zeros(2,2);
zeros (8,2);

DNIDZJ, NI,

DNIDXK = DNIDZJ*DzZJDXK;

DXKDZJ,

DXKDzJ,

basis for stiffness matrix

B211

3

. % Triangle

AE] = triashap(ZETA, XN, Y¥N);

[)

% Brick

bilinear

oP

brikshap (ZETA, XN,

o°

biquadratic

brik2ord (ZETA, XN,

AE].

consistent and lumped mass matrices
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YN) ;

YN);

[DNIDXK(:,1);DNIDXK(:,2)] * [DNIDXK(:,1);DNIDXK(:,2)]"';



€ MASS = kron(eye(2),NI*NI');
= diag(sum(abs{C_MASS'))');

| [l
5
(9]
[#7]

|

% MFLAT: Build flat matrix of element integration arrays for each

= sum of LHS stiffness matrices for [DX;DY] operations
consistent mass mass matrix for [DX;DY] operations
lumped mass mass matrix [DX;DY] operations

matrix for RHS internal forces for [DX;DY] operations

2s)

o

=

}_l
|

o]

O

=
W N

I

[reshape (B211,1,NDOF"2) ;
reshape(c MASS, 1,NDOF~2) ;
reshape(L MASS,1,NDOF"2) ;
reshape (B211,1,NDOF~2)] * AE;

=z
]
=
5
_
I

NLIN_MAT

function MFLAT =

.nlin_mat (2ETA, XN, YN, DX, DY, MP, PSEUDO_MP, DEL._T, DEL_TAU, DOFNODE)
_%function MFLAT =

nlin. mat (ZETA, XN, YN, DX, DY, MP, PSEUDO_MP, DEL_T, DEL_TAU, DOFNODE)

oo

oo

14 Nov 98 - updated to include system lst order in time

o

Calculafes the matrix for forces at the nodes based on non-linear
deformations and linear elastic material properties. Handles both
linear triangular and bilinear quadralateral elements

% o° o0 o©

o°

BBAR' * D * BBAR * Area
Intended for use in gauss quadrature.

oo

oe

$ ZETA = row vector of current p051tlon in local coordinates .

% XN = column vector of global X initial p051tlon of the element
nodes ) . .

% YN = column vector of global Y initial position of the element
nodes ‘

% DX = column vector of global X DEFORMATION of element nodes

$ DY = column vector of global Y DEFORMATION of element nodes

% MP =" vector of material properties {E, Nu, Rho}. Assumes constant
% material properties and plane stress.case (easily modified)

% PSEUDO_MP = properties in pseudo time mass matrix [diag X, off XY;

ff YX, diag Y]
DEL T = physical time step size
DEL TAU = pseudo time step size i
DOFNODE = number of degrees of freedom per node: 2 for basic system,
for . '
first order system in pseudoc time or physical time

MFLAT: flat matrix of element integration arrays for each element
Row 1 = sum of LHS stiffness matrices for [DX;DY] operations

Row 2 consistent mass mass matrix for [DX;DY] operations

Row 3 lumped mass mass matrix [DX;DY] operations

00 o° O o° O o0 x o° o o° O
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Row 4 = matrix for RHS internal forces for [DX;DY] operations

oo

$ initialize

NNODES = length (XN);
NDOF = NNODES*DOFNODE;
MFLAT = zeros (4,NDOF*2);
SHAPE=length (ZETA) ;

% Constitutive equation for material properties.

% Plane stress model: D11 = E/(1-Nu”2) D12 = Nu*Dll D33 = (D11-D12)/2
D = zeros(3);

D(1,1) = MP(1)/(1-MP(2)"2);

D(1,2) = D(1,1) * MP(2);
D(3,3) = (D(1,1) - D(1,2))/2;
D(2,2) = D(1,1);
D(2,1) = D(1,2);

% Plane strain model= General 2-D isotropic elastic tensor
% LAMDA = Nu*E/((1+Nu) (1-2Nu) Mu = E/2(1+Nu)

% [lamda+2mu lamda 0 ]
% [lamda lamda+2mu 0 ]
% [0 -0 mu]

LAMDA = MP(2)*MP (1) / (1+MP(2))/(1-2*MP(2));
MU = MP(1)/2/(1+MP(2));
%D = zeros(3): )
$D(1,1)=LAMDA+2*MU;
oD(l 2)—LAMDAI
$D(3,3)=(D(1,1)-D(1,2))/2;
9D(2 2) = D(1,1);

) D(1,2);

% SHAPE = determines the shape of the region (2 = rectangle, 3 =
triangle)
DNIDZJ = zeros (NNODES, SHAPE);

DZJDXK = zeros (SHAPE, 2);
DXKDZJ = zeros(2,SHAPE);
NI = zeros (NNODES, 1) ;

DNIDXK = zeros (NNODES, 2); A
nonlinear tangent strain matrix

BBAR = zeros (3,NDOF) ; % 1t
STRAIN_LIN = zeros(3,NDOF); % linear strain (E_ L = STRAiN_LIN *
{dx;dyl}") . , o
STRAIN NI = zeros(3,NDOF); % nonlinear strain E_NL = STRAIN NL *
{dx:;dyl}")
Bl = zeros(3,NNODES) ; % matrix of convenience
B2 = zeros (3,NNODES) ; % matrix of convenience
Z1P = zeros (NNODES, 1) ; % zeros
if SHAPE == % .Triangle

[DZJDXK, DNIDZJ, NI, DXKDZJ, AE] = trlashap(ZETA XN, YN) ;
elseif SHAPE == % Brick

if NNODES == % bilinear

[DZJDXK, DNIDZJ, NI, DXKDZJ, AE] = brikshap(ZETA, XN, YN),

elseif NNODES == % biquadratic
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[DZJDXK, DNIDZJ, NI, DXKDZJ, AE] = brik2ord(ZETA, XN, YN);
end
end

DNIDXK = DNIDZJ*DZJDXK;

L

- form the non-linear strain tangent matrix BBAR=B_linear + B_nonLinear

% see Zienkiewicz & Taylor, Vol 2, Chapter'8, 1991
Bl = [DNIDXK(:,1)'; ZIP'; DNIDXK(:,2)']; ’
B2 = [ZIP'; DNIDXK(:,2)'; DNIDXK(:,1)"'];
GG = [DNIDXK(:,1)', ZIP'
ZI1Pp' , DNIDXK(:,1)"’
DNIDXK(:,2)', ZIPp'
Z1p' , DNIDXK(:,2)'];
. STRAIN LIN = [BI1,B2]; :
STRAIN NL = .5*[B1*(DX}, Bl* (DY), B2*(DX), B2*(DY)]*GG;

FF=[DNIDXK(:,1) '* (XN+DX),DNIDXK(:,2) '* (XN+DX)
DNIDXK(:,1) '* (YN+DY),DNIDXK(:,2) "* (YN+DY)];
EE=.5*(FF'*FF—eye(2));

$BBAR= infinitesimal + large displacement
BBAR = STRAIN LIN + 2*STRAIN NL;

% form the point integral of the non-linear matrix product BBAR' * D *
BBAR
KBAR = BBAR' * D * BBAR;

$form the stress vector and internal force matrix
STRESS_MAT = D * (STRAIN_LIN + STRAIN_NL);

STRESS = STRESS_MAT * [DX;DY];

‘ INT_FORCE = BBAR' * STRESS_MAT;

% initial stress matrix ., : : _

MM = [STRESS(1)*eye(2), STRESS(3)*eye(2); STRESS(3)*eye(2),
STRESS (2) *eye (2)];

KS = GG' * MM * GG;

% consistent and lumped mass matrices
C_MASS = kron(eye(2),NI*NI');
L MASS = diag(sum(abs{C_MASS'))');

% MFLAT: Build flat matrix of element integration arfays for each
lement ' '
Row 1

sum of LHS stiffness matrices for [DX;DY] operations
consistent mass mass matrix for [DX;DY] operations
lumped mass mass matrix [DX;DY] operations

matrix for RHS internal forces for [DX;DY] operations

Pl

(o]

5
B W N

1

=
b
5
€]
1

[reshape (KBAR+KS, 1, NDOF"2) ;
reshape (C_MASS, 1,NDOF"*2) ;
reshape (L_MASS, 1,NDOF"2) ;
reshape (INT_FORCE, 1,NDOF~2)] * AE;
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BRIK20RD

function [DZIDXJ, DNIDZJ, Ni, DXJDZI, AE]=brik2ord(ZETA,XN, YN)
function [DZIDXJ, DNIDZJ, NI, DXJDZI, AE]=brik20rd(ZETA,XN,YN)

* Evaluates various aspects of the serendlplty BIQUADRATIC shape

o° 00 Hy o° o Go

unction

Calculates the 2x2 GLOBAL to LOCAL jacobian DZIDXJ (dzi / dX3j)
% Calculates the 8x2 local shape derivative matrix DNIDZJ (dNi / dZj)
% Calculates the 8xl local shape function (Ni)
% Calculates the 2x2 LOCAL to GLOBAL jacobian DXJDZI (dXj / dzi)

Calculates the scalar GLOBAL to LOCAL area ratio of the element (AE)

oo

o°

ZETA is a row vector of the current position in local coordinates
XN is a column vector of the global X position of the element nodes
YN is a column vector of the global Y position of the element nodes

oo oP

oe

initialize space
Z21=ZETA (1) ;
Z2=ZETA(2);

DZIDXJ = zeros(2,2);
DXJDZI = zeros(2,2);

o

NI = zeros(8,1);
DNIDZJ = zeros(8,2);
DNDZ1 = zeros(8,1);
)DNDZZ = zeros(8,1);

$ create some common terms

MZ = ones(1l,2) - ZETA;
PZ = ones(1,2) + ZETA;
MZ2 = ones(l,2) - ZETA."2;
PZ2 = ones(1l,2) + ZETA."2;

% local shape matrix

NI = [MZ(1)*MZ(2)*(-21-22-1);
PZ(1)*MZ(2)*(Z1-22-1);.
PZ(1)*PZ(2)*(Z21+Z22-1) ;...
MZ (1) *PZ(2) * (-21+422-1);
2*MZ2 (1) *MZ(2); ...
2*PZ (1) *MZ2(2);...
2*M22 (1) *PZ(2); ...
2*MZ (1) *MZ22(2)1/4;

% local shape derivative matrix -
DNIDZJ(:,1) = ..

[—(1/4*(1 - Z1)*(1 - 22)) - (1*(1 - 2Z2)*(-1 - 21 - 22))/4,
(1*(1 + Z1)*(1 - 22))/4 + (1*(1 - Z2)*(-1 + 21 - Z2))/4,
{(1*(1 + Z1)*(1 + 22))/4 + (1*(1 + Z2)*(-1 + Z1 + Z2))/4,
S(1/4%(1 = Z1LY*(1 + 22)) — (1*(1 + Z2)*(-1 - 21 + z2))/4,.

-(21*(1 - 22)),
(1*(1 - ZZAZ))/Z,
-(Z21*%(1 + 22))

r




(1* (-1 + 2272))/2]1";
DNIDZJ(:,2) =
[-(1/4)*(1 - 21)*(1 - 22) - 1/4*(1 - Z1)*(-1 - 21 - Z2),...
-(1/4)*(1 + Z1)y*(1 - 22) - 1/4*(1 + 2L)*(-1 + Z1 - 22),...
1/4*(1 + Z1)*(1 + 22) + 1/4*(1 + Z1)*(~-1 + 21 + 22),...
1/4%(1 - 21)*(1 + 22) + 1/4*(1 - ZL)y*(-1 - 21 + 22),...
1/2* (-1 + Z1°2),...

-(1 + z21)*z2,...
1/2*(1 - 21°2), ...
-(1 - z21)*z22]"';

% form LOCAL to GLOBAL jacobian matrix
DXJDZI = [XN'*DNIDZJ;
YN'*DNIDZJ];
% form GLOBAL to LOCAL jacobian matrix using adjoint/det formula
AE = det (DXJDZI);
DZIDXJ = [DXJDZI(2,2), -DXJDZI(1,2):
-DXJDzI(2,1), DXJDZI(1l,1)]/AE;
AE = abs(AE);

STR_EIG

function INT F =
str_eig(NODE_VEC, dummy, XN, YN, ELMAT, BCX, BCY, DOFNODE, TDOFNODE, PSEUDO_MP)

oo

function INT_F =
tr_eig(NODE_VEC, dummy, XN, YN, ELMAT, BCX, BCY, DOFNODE, TDOFNODE, PSEUDO_MP)

o U

o0

1 Jan 99 - original from STR_LHS

oo o°

Combihés different routines to form the static structural equations
Technique was not been developed for. physical transient prdblgms and
S untested "’ , ' o

%

i
3
%
%
%
%
%
%
$
%
%
%
3
%
3
%

[
%

(

K* (dx; dy) :
At this point, STIFF should be organized as
[KO+KL+KS, anything]
(anything, -I ]

Output is the internal force vector

INPUT VARIABLES:

NODE_VEC = nodal deformation vector (DX, DY)

dummy = place holder for ARNOLDI iteration

XN = X location of nodes

YN = Y location of nodes

ELMAT = matrix listing the nodes assigned to each element

BCX = X deformation (and velocity) Dirichlet boundary conditions
node #, X, VX]

BCY = Y deformation (and velocity) Dirichlet boundary conditions
node #, Y, VY]
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% DOFNODE = number of degrees of freedom per node to use in
calculations ’
TDOFNODE = total number of degrees of freedom per node
PSEUDO MP = pseudo mass material property

o0 oo

oo

OUTPUT VARIABLES:
INT_F = summation of internal forces

o oo

oo

global STIFF

$ initialize variables and workspace
NNODES = length (XN);

INT_F = zeros(size(NODE VEC)):;

MASS VEC = zeros(size{(NODE VEC)):

o

Space for INTERNAL FORCE vector
Space for LUMPED MASS diagonal

oo

VERTICES is the max number of

oo

[NEL, VERTICES] = size (ELMAT);
nodes in any element

% element by element work space
TEMP = zeros(VERTICES*TDOFNODE) ;
element STIFF matrix

KT MAT = zerocs (VERTICES*DOFNODE) ;
tangent stiffness matrix

MASS MAT = zeros (VERTICES*DOFNODE) ;
matrix

SHUFFLE = zeros(1l,VERTICES*DOFNODE) ;% Index

e

Set up max space for largest

oo

Set up max space for total

oo

Set up max space for pseudo mass

%******;****************************** BOUNDARY CONDITION ROUTINE 1 * %

% Form deformation vectors and apply dirichlet boundary conditions
%*********************************************************************

DX = NODE_VEC (1:NNODES) ;
DY = NODE_VEC (NNODES+1:2*NNODES) ;
DX(BCX(:,1))=BCX(:,2); % set dirichlet X boundary
deformation

Y(BCY(:,1))=BCY(:,2); % set dirichlet Y boundary
deformation

°************************** ELLMENT MASS CALCULATIONS
******************** ’

% Form the LUMPED MASS matrix (vector of dlagonal) using local vector
% operations and an element by element approach S

°**********************************************************************

* Kk fe

for § = 1:NEL
% check the shape of each element and set up its needed workspace size
INDEX=find (ELMAT (j,:)); $ INDEX contains the non-zero node
numbers for the element
VERTICES = length (INDEX) ;
NDOF = VERTICES * DOFNODE; % NDOF for the element
TNDOF = VERTICES * TDOFNODE; % total NDOF for the element
SLIST = ELMAT(] INDEX) ; % index into variables stored in data
file :

X

TEMP = zeros (TNDOF);




oo

recall

TEMP = reshape (STIFF(j, 1:TNDOF~2), TNDOF, TNDOF) ;
stored stiffness matrix '

MASS MAT = —BSEUDO_MP * TEMP(NDOF+1:TNDOF,NDOF+1:TNDOF); % pull out
the block of interest . e .

X

SHUFFLE = []; , o
for ii = 1:DOFNODE S : % Index. into mass
vector ’ : ' " o
SHUFFLE = [SHUFFLE, SLIST+NNODES*(ii-1)];
end "

% form diagonal of lumped mass matrix
MASS_VEC (SHUFFLE) = MASS_VEC(SHUFFLE) + sum(abs(MASS MAT'))';
end

%***************;*****:k******** ELEMENT CALCULATIONS

kkkkkkkhkhkkokhkkkkkhkhkkkkk

% Form the INTERNAL FORCE vector using local vector operations and an

" % element by element approach

Ghhkkhhhkhhkhhhhhkhhhhhdhhdhhhdhhdhdkhkhhhdhhhkhhhdhdhdhhhkdkdhkdhkddhdhdkdhhkddkhkdkrs

* K %k

‘for j = 1:NEL

% check the shape of each element and set up its needed workspace size

INDEX=find (ELMAT (j,:)): % INDEX contains the non-zero node
numbers for the element

VERTICES = length(INDEX);

NDOF = VERTICES * DOFNODE; % NDOF for the element

TNDOF = VERTICES * TDOFNODE; % total NDOF for the element

SLIST = ELMAT (j, INDEX) ; $ index -into variables stored in data
file :
TEMP = zeros (TNDOF) ;

o)

TEMP = reshape (STIFF(j,1:TNDOF~2), TNDOF, TNDOF) ; 3 recall stored
stiffness matrix

KT MAT = TEMP (1:NDOF, 1:NDOF) ;
block of interest

oo

pull out the

SHUFFLE = [];
for ii = 1:DOFNODE % Index into
internal force vector .
SHUFFLE = [SHUFFLE, SLIST+NNODES* (ii-1)]:;
end

% form internal force vector for structural equations
INT_F(SHUFFLE)= INT F(SHUFFLE) +
KT _MAT * ([DX(SLIST);DY(SLIST)]./MASS VEC(SHUFFLE));

- end




STR_LHS

function R =

str_lhs (NODE_VEC, dummy, XN, YN, ELMAT, PTX, PTY, SCALE, BCX, BCY,MP, DEL_T,DEL_T

AU, NN, ’
~DOFNODE, LIN, XM1, VM1)

% function R =
str_lhs(NODE_VEC,dﬁmmy,XN,YN,ELMAT,PTXIPTY,SCALE,BCX,BCY,MP,DEL_T,DEL_T
AU, NN,

2 DOFNODE, LIN,XM1, VM1)

22 Dec 96 - added call to initialize PTIME

12 Jan 97 - added parameter to select linear or nonlinear force
24 May 98 - changed overall structure to be more consistent with
luid- flow method

13 Nov 98 - updated to include 1lst order system in time

15 Dec 96 - updated

o0 o o Hy 00 09 O° o° o o

Combines different routines to form the static or dynamic structural ‘
quations -
|
|
|

o° (D

Treats time and pseudo-time as a system of first order differential
quations

c*d/dt (dx;dy) + rho*d/dt (u;v) + K*({(dx; dy) =0
d/dt (dx;dy) , - (u;v) =0

o o° o° o° (D

[c, rho]*transpose{dx, dy, u, v}+[K, 0]*transpose{dx, dy, u, v}=0
[I, 01 Codt [0,-I] ' '

o0 o

do o°

Output is the residual (want R = 0 at equilibrium).’

oe

INPUT VARIABLES:

NODE_VEC = nodal deformation vector (DX, DY)

dummy = place holder for GMRES solver

XN = X location of nodes

YN = Y location of nodes

ELMAT = matrix listing the nodes assigneéd to each element

PTX = external point (nodal) loads in the X direction’

PTY = external point (nodal) loads in the Y direction"

SCALE = scaling factor used to gradually apply loads

BCX = X deformation (and velocity) Dirichlet boundary conditions
[node #, X, VX] ' S - o

%$ BCY = Y deformation (and velocity) Dirichlet boundary conditions
[node #, ¥, VY] . <

o0 d° o° o° d° oo

o°

o° o° o°

$ MP = material properties (E, Nu, density) : - {not
used on LHS)
% DEL-T = physical time step size (not
used on LHS)
% DEL_TAU = pseudo time step size ‘ (not
used on LHS)
% NN = order of gauss integration : (not

used on LHS)
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‘R = zeros(size(NODE VEC));

oP

DX (BCX(:,1))=BCX(:,2);

% DOFNODE = number of degrees of freedom per node

$ LIN = 2 element vector of calculation choices (not
used on LHS) )

% term 1: linear or non-linear selection, 1 = linear, 2 =
nonlinear )

% . term 2: pseudo time step, 0 = do not use, 0 < DT include

$ XM1 = [DX;DY]. at t 1 - ; (not
used. on. LHS) .

$ VM1 = [VX;VY] at t-1 \ - (not-
used on LHS)" .

% ) -

% OUTPUT VARIABLES:

% R = residual of summation of external and internal forces

global STIFF

% initialize -variables and workspace

NNODES = length (XN); _
Space for RESIDUAL vectoxr

‘Space for APPLIED LOAD vector
VERTICES is the max number of

v

F APPLIED = zerQs(31ze(NODE VEC) ) ;
[NEL VERTICES] = s;ze(ELMAT)
nodes in any element ’

do o

LHS MAT = zeros(VERTICES*DOFNODE); % Set up max space for LHS jacobian
matrix: e _ '
SHUFFLE = zeros (1, VERTICES*DOFNODE) ;% Index

**************;*;******************** BOUNDARY CONDITION ROUTINE l * %

Form deformation vectors and apply dirichlet boundary conditions
***********%*********************************************************

. oo -

o

- DX = NODE_VEC (1:NNODES) ;

DY = NODE VEC(NNODES+1:2fNNODES);

oe

set dirichlet X boundary
deformation

" DY(BCY(:,1))=BCY(:,2); © %.set dirichlet Y boundary

deformation
if DOFNODE ==
' VX = NODE_VEC{2*NNODES+1: 3*NNODES)
- VY = NODE_VEC (3*NNODES+1: 4*NNODES), ‘ . n
VX (BCX (:,1))=BCX(:,3); ’ "% 'set.dirichlet X boundary

Veloc1ty

Y(BCY(:,1))=BCY(:,3); % set dirichlet Y boundary
velocmty '
end -

if DEL_T ~= 0
DX1 = XM1 (1:NNODES);
DYl = XMl (NNODES+1:2*NNODES);
DX1(BCX(:,1))=BCX(:,2);
DY1(BCY(:,1))=BCY(:,2);
VX1-= VM1 (1:NNODES) ;
VY1l = VM1 (NNODES+1:2*NNODES) ;
VX1 (BCX(:,1))=BCX(:,3);
VY1 (BCY(:,1))=BCY(:,3);
end ‘
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% scale applied nodal loads and put into a single vector
F APPLIED({1:2*NNODES) = SCALE * [PTX; PTY];
R = -F APPLIED;

%***************************** ELEMENT CALCULATIONS

LA SRR AR ER R RS R R EE SRR
% Form the RESIDUAL vector using local vector operations and an element

y

element approach
%*******************’***************************************************

o0 T o

* Kk k

for j = 1:NEL
% check the shape of each element and set up its needed workspace size

INDEX=find (ELMAT (j, :)); % INDEX contains the non-zero node
numbers for the element

VERTICES = length(INDEX) ;

NDOF = VERTICES * DOFNODE; % NDOF for the element

SLIST = ELMAT (j, INDEX); % index into variables stored in data
file
LHS MAT = reshape(STIFF(j,1:NDOF~2),NDOF,NDOF) ; % recall stored

LHS integration matrix

SHUFFLE = [];
for ii = 1:DOFNODE % Index into
residual vector
SHUFFLE = [SHUFFLE, SLIST+NNODES* (ii-1)];
end ’

form LHS residual for structural equations
static and physical transient terms included in LHS_MAT
if DOFNODE == - ‘
R(SHUFFLE)= R (SHUFFLE)
+ LHS_MAT *
[DX (SLIST) ;DY (SLIST);VX(SLIST);VY(SLIST)];
else
R(SHUFFLE)= R (SHUFFLE) '
: + LHS _MAT * [DX(SLIST);DYKSLIST)];

%
%

end
end

Ghhkdkdkkhdhkhdhhkhkhkhkdhhrdhkdhhddkhkdhrhkhhhkkhk BOUNDARY CONDITION ROUTINE 2 * %k

% Zero out Dirichlet boundary conditions in the residual
%*********‘************************************************************

[MBX, NBX] = size(BCX):;
[MBY, NBY] = size(BCY);
Af MBX > 0
R(BCX(:,1)) = zeros(MBX,1): % Zero out X boundary
position residual
if DOFNODE ==
R(BCX(:,1)+2*NNODES) = zeros{MBX,l); % Zero out X boundary

velocity residual
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end
end
if MBY > O '
R(BCY(:,1)+NNODES) = zeros(MBY,1):; % Zero out Y.boundary.
position residual o SN
if DOENODE == )
R(BCY(:,1)+3*NNODES) = zeros(MBY,1);. % Zero out Y boundary
velocity residual ‘ : ’
end
end

%********************3\-**************** SCALING ROUTINE ko ok ok ke ke ok ok ke sk ke ok ke

o

Scale the eguations to make the associated residuals roughly the same i
order of magnitude for equivalent perturbations. Greatly aids |
orthogonality in LHS modified Gram Schmidt process )

\

|

%********************************************************************* }
' |

\

\

global STRUCT SCALE

oo

oo

temp=length (R) /DOFNODE;

if DOFNODE == .
R{2*temp+l:3*temp)=R(2*temp+1l:3*temp) /STRUCT_SCALE(3);
R(3*temp+1:4*temp)=R(3*temp+l:4*temp)/STRUCT_SCALE(4);

end

" R(1l:temp)=R(1l:temp)/STRUCT SCALE (1);

R(temp+l:2*temp)=R(temp+l:2*temp)/STRUCT_ SCALE(2);
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APPENDIX G
GRID ROUTINES

The grid motion routines implement the continuum solid equation set to determine grid
deformation as described in Chapter 9. Much of the coding duplicates that in Appendix F but was
maintained as separate subroutines to provide flexibility. The architecture follows the general logic
described in Appendix C and the structural solver logic in Appendix F.

Figure G-1 illustrates the interaction between the generic routines of the numerical solver and the
specific routines for the grid motion equation set. The shaded boxes are specific to the grid motion

calculation while the unshaded boxes are generic. As usual, a top level script instigates the solution process

and G-3 expand on the hierarchy in the right and left hand side residual subroutines.

knsolgma

I
kfdgmres | | parab3p

|
|
and identifies the subroutines containing the right and left hand side residual calculation logic. Figures G-2

givapp kdirder

Figure G-1: Fluid Grid Deformation Master Hierarchy
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- Apply Dirichlet boundary conditions i

— Combine Gauss point integration matrices

—  Create tangential stiffiness matrix from integration matrices |

— Assemble right hand side residual |

—- Zero out residual at nodes with Dirichlet boundary conditions i

= Scale residual to speed LHS computations §

= Estimate LHS tangential stiffness matrix eigenvalues

|

i

i

— Create internal force vector |

— Calculate ADR time step and damping terms using eigenvalues|

¥ Y
i H

- Update LHS matrices with ADR terms !

{

Figure G-2: Right Hand Side Fluid Grid Deformation Residual
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Apply Dirichlet boundary conditions

Assemble left hand side residual element by element
using stored element integration matrices

__ Zero out residual at nodes with Dirichiet boundary conditions

Scale residual to match RHS factors

Figure G-3: Left Hand Side Fluid Grid Deformation Residual

A quick comparison of Figure G-2 and Figure F-2 shows the grid_rhs subroutine matches the
str_rhs with only minor exceptions. The /in_grid subroutine re-implements the /force subroutine and the
eigenvalue estimates using the karnoldi subroutine use the exact same str_eig module as the structural

solver. The left hand side residual logic illustrated in Figure G-3 is the same as that shown in Figure F-3.

script gogrid - Master routine for calculating motion of a single fluid domain given Dirichlet boundary
conditions

function grid_rhs

=  Combines different routines to form the static or dynamic grid deformation equations based on treating
it as a solid continuum

=  Treats time and pseudo-time as a system of first order differential equations

=  WantR =0 at equilibrium

function lin_grid - Calculates the internal forces at the nodes based on linear elastic material properties

function grid_mat

*  Forms the tensor function Transpose(B)*B for the linear stiffness matrix using linear quadralateral
(brick) or triangle shape functions

=  Forms the pseudo time mass matrix for LHS operations and breaks pseudo time motion into a first
order system of equations in DX, DY, VX, and VY

= Intended for use in gauss quadrature

function grid_lhs

=  Combines different routines to form the static or dynamic grid deformation equations based on treating
it as a solid continuum

= Treats time and pseudo-time as a system of first order differential equations
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GOGRID

o°

Master script program

o° o

initialize variables
XN, YN = original X and Y location

oo

% ELMAT = nodes assigned to elements
% MP = material properties
% NN = Gauss integration order

DOFNODE= number of degrees of freedom per node

PTX, PTY= external nodal loads in X and Y direction

BCX,BCY= displacement boundary conditions in X and Y directions
DX, DY = initial displacement vectors in X and Y directions

o0 60 o° o0 oo

oo

load nozzle2g . % nozzle grid

o°

oo

eval (['load ',namel);

global GSTIFF )
eval ({'load ',namel);
$DOFNODE = 4;

DOFNODE = 2; FIXXXX

% set some Newton (outer) and GMRES (inner) iteration parameters

TOL={1E-6, 1E-6]; ¢ [absolute error tolerance, relative error

tolerance]

[MX,NX] = size(BCX);
[MY,NY] = size(BCY);
NNODES = length(XN);

% Max number of GMRES iterations min{384, rank)
LIN ITS = min (96, DOFNODE*NNODES-MX-MY) ;

% [max Newton steps, max linear iterations, etamax, linear soln method,

max restarts]

% 10 Newton steps

% 40 GMRES iterations per try

% .5 etamax

% 2 = Restarted GMRES(LIN ITS)

% 4 = max number of GMRES restarts -> linear its max/Newton step
(Armillo reductions) ’

PARMS=(10,LIN_ITS,.5,2,8]; .%xxxx

T _TOL=[1E-6,1E-9,2]; % [absolute time error tolerance, relative
error tolerance,DOF per node] . F

T_STEP=5; % max time steps '

LIN = 1; % l=linear, 2=nonlinear

oo

physical time step size
pseudo time step size
XXXX ‘

DEL T = 0;
$DEL_TAU = 1;
DEL_TAU = 0;

o\"’

o°

% de 1de how many load increments to use
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DX = zeros(size(XN));
DY = zeros(size (¥YN));
r
I4

DX(BCX(:,1))=BCX(:,2);
DY(BCY(:,1))=BCY(:,2):
if DOFNODE ==
VX = zeros(size(XN)):;
VY = zeros(size(YN)):;
VX(BCX{(:,1))=BCX(:,3);.
VY(BCY(:,1))=BCY(:,3):
end
flops (0);
tic

% Initialize matrices for element by element storage
[NEL, LARGEST}=size (ELMAT) ;

% GSTIFF = [c*M/del_tau+KO+KL+KS , M/del tau]
[I/del_tau ‘ , I ]
$GSTIFF=zeros (NEL, (4*LARGEST)"2) ;
GSTIFF=zeros (NEL, (DOFNODE*LARGEST) ~2) ;

oo

$for i = 1:NL

$SCALE=1i/NL;

SCALE=1;

FNRM=1; :
STOP_TOL=T. TOL (1} + T_EOLK2)*FNRM;
ITC = 0;

if DOFNODE ==

SOLN = [DX;DY;VX;VY];
else ‘

SOLN = [DX;DY]:;
end

T_STEP=1;

while (FNRM > STOP _TOL & ITC < T_STEP)
ITC=ITC+1; . ‘
NODE_VEC = SOLN;

figure(l)

clg

set (1, 'Position', [2 30 447 340]);

figure (2)

clg . .

"set (2, 'Position', [456 414 371 3101);

"figure(3)

clg " . '

set (3, "Position', [2 415 447 308]);

figure(4)

clg | , Lo

set (4, "Position', [456 30 370 339]1);
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[SOLN, HISTORY, IERROR, -STATS] =
knsolgma('grid_lhs', 'grid rhs', TOL, PARMS,NODE VEC, ...

NODE_VEC, XN, YN, ELMAT, PTX, PTY, SCALE, BCX, BCY, MP, DEL_T, DEL_TAU,
NN, DOFNODE, LIN) ;

disp ([STATS(:,1),zeros(size(STATS(:,2))),STATS(:,3:5)1)
format long
disp (STATS(:,2))

format short

FNRM = norm(SOLN—NODE_VEC)/sqrt(length(SOLN))
end

DX SOLN (1:NNODES) ;
" DY = SOLN(NNODES+1 2*NNODES) ;
if DOFNODE ==
VX = SOLN(2*NNODES+1:3*NNODES) ;
VY = SOLN(3*NNODES+1:4*NNODES) ; .
end

toc

.flops

figure (1)

semilogy (HISTORY (:,1))

GRID_RHS

function R = :
grid rhs(NODE_VEC, dummy,XN YN, ELMAT, PTX, PTY, SCALE, BCX, BCY, MP, DEL T,DEL_
TAU, NN,

DOFNODE, XM1, VM1)

function R =
rid rhs(NODE VEC dummy, XN, YN, ELMAT, PTX PTY, SCALE, BCX, BCY, MP, DEL T,DEL

0 oe

TAU NN,
% . DOFNODE, XM1, VM1)
% 4 Aug 98 - created from struct eqn'

$ 6 Nov 98 - updated to include lst order. system.in.time -

% Combines different routines to form; the statlc or dynamlc grld
deformation equations

% based on treating it as a SOlld continuum. Treats time and pseudo-
time as a system ' ‘

% of first order differential equations.

c*d/dt (dx;dy) + rho*d/dt (u;v) + K*(dx; dy) =0
d/dt (dx;dy) . - d/dt (u;v)
- ‘ orxr

|
o

oe o o
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[c, rho]*transpose{dx, dy, u, v}%[K, 0] *transpose{dx, dy, u, v}=0
[I, 0] dt [0,-11]

o° o

o0 oP

¢ 1s not used )
Output is the residual (want R = 0 at equilibrium).

oo

op

INPUT VARIABLES: :

NODE_VEC = ncdal deformation and velocity vector (DX; DY; U; V)
dummy place holder for GMRES solver ' -
XN = X location of nodes

YN = Y location of nodes - ‘

ELMAT = matrix listing the nodes a551gned to each element

PTX = external point (nodal) loads in the X direction

PTY = external point (nodal) loads in the Y direction

SCALE = scaling factor used to gradually apply loads

BCX = X deformation (and velocity) Dirichlet boundary conditions
node #, X, VX, solid node #] ’

BCY = Y deformation (and velocity) Dirichlet boundary conditions
node #, Y, VY, solid node #]

MP = material properties (E...lbf/sqgft, Nu, den51ty .lbm/cuft)
DEL T = physical time Step size

DEL TAU = pseudo time step size

NN = order of gauss integration

DOFNODE = number of degrees of freedom per node (4 with pseudo time)
XMl = [DX;DY] at t-1"

VM1 = [VX;VY] at.t-1

o° of o® o o° o° o oP

oo

A% — o° — oP

o0 o

oo

o° d0 oo oe

oo

OUTPUT VARIABLES: )
R = residual of summation of external and internal forces

o° oo

‘global GSTIFF

% initialize variables and workspace

NNODES = length (XN);

R = zeros (size (NODE_VEC));

F_APPLIED = zeros(size(NODE_VEC)):

[NEL, VERTICES] = size(ELMAT); % 'VERTICES is the 'max number of nodes in
any élement ' o .

NDOF = VERTICES * DOFNODE;

oo

if VERTICES == 3
FLAT = zeros(4,1272);
MASS MAT = zeros(12);
STIFF MAT = zeros(l2):

triangle

physical time consistent mass matrix
element stiffness matrix (KO + KL)

oo oP

INIT MAT = zeros(1l2); % 'initial stress matrix (KS)
elseif VERTICES ==. % rectangle

FLAT = zeros(4,16"2); :

MASS MAT = zeros(16);

STIFF_MAT = zeros(16);

INIT MAT = zeros(1l6);
end

AhkAhkkkhkdhhkhkhkhhkdrhkkhkdohdhkhkkrhkhhkkrhkhkkhk BOUNDARY CONDITION ROUTINE l * %
Form deformation vectors and apply dirichlet boundary condltlons
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% *****************************************************************’****

DX = NODE_VEC(1:NNODES) ;

DY = NODE_VEC (NNODES+1: 2*NNODES)
X(BCX(:,1))=BCX(:,2);
DY(BCY(:,l))=BCY(:,2);

if DOFNODE == 4
VX = NODE_VEC(2*NNODES+1:3*NNODES) ;
VY = NODE_VEC (3*NNODES+1: 4*NNODES) ;

VX (BCX(:,1))=zeros(size(BCX(:,2))); % zero out dirichlet boundary
velocity B ‘
VY(BCY(:,1))=zeros(size(BCY(:,2))); % zero out dirichlet boundary
velocity
end

if DEL T ~= 0
DX1 = XMl (1:NNODES);
DYl = XM1 (NNODES+1:2*NNODES) ;
DXl(BCX(:,l))=BCX(:,2);
DY1(BCY(:,1))=BCY(:,2);
if DOFNODE ==
VX1 = VM1 (1:NNODES) ;
VY1l = VM1 (NNODES+1:2*NNODES) ;
VX1(BCX(:,1))=BCX(:,3);
VY1 (BCY{:,1))=BCY(:,3);
end
end

% scale applied nodal loads and put into a single vector
F_APPLIED(1:2*NNODES) = SCALE * [PTX; PTY]; .

% plot deformed structure
figure (3)

clg;

hold on

maxx=max ( [XN; ¥YN]);

minx=min ([XN;¥YN]);
maxdx=max ( [abs (DX) ;abs (DY) 1) ;

if maxdx ==
maxdx = 1;
end
amp=. 1* (maxx-minx) /maxdx;
amp=10;

plot (XN+amp*DX, YN+amp*DY, "y+"')
axis('equal')

grid on

drawnow

%***************************** ELEMENT CALCULATIONS

Y %k ke ke Kk kK Kk kv %k ke ok ok ek e ek ke ok

o

Form the RESIDUAL vector using‘local'vectorvoperations and an element

Yy
element approach
%***************************-k******************************************

o0 O o

* % %k

fer j = 1:NEL
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" stiffness matrix [(KO + KL), 0; 0, =I] or [KO + KL]

"% check the éhape of each element and set up its needed workspace size

INDEX=find (ELMAT (j,:)); % INDEX contains the non-zero node numbers
for the element ’ '

VERTICES = length (INDEX):;

NDOF = VERTICES * DOFNODE; % this element
SLIST = ELMAT (j, INDEX); % index into variables stored

in data file

% psuedo time matrix terms
if DEL TAU ~= 0

PSEUDO_MP = 1E5*MP(3) *eye(2); TXXXX
else : o

PSEUDO_MP = zeros(2);
end

$ FLAT: Build flat matrix of element integration arrays for each

lement .
Row 1 = sum of correct stiffness matrices for RHS operations

o0 0% o° (D

Row 2 = sum of all pseudo-time mass matrices for LHS operations
Row 3 = sum of physical time mass matrices
% Row. 4

= sum of initial stress matrices

FLAT = lin_grid(XN(SLIST),YN(SLIST),DX(SLIST),DY(SLIST),...
MP, PSEUDO_MP, NN, DEL_T, DEL_TAU, DOFNODE) ;

% RHS and LHS use

% KO = small displacement stiffness matrix

% KL = initial displacement matrix (a.k.a. large displacement matrix)
% LHS use only

% KT = KO+KL+KS = tangential stiffness matrix (a.k.a. total stiffness

% KS = initial stress matrix (a.k.a. geometric matrix)

STIFF MAT = reshape(FLAT(l,l:NDOFAZ),NDOF,NDOF); % element

o

GSTIFF(j,:) = FLAT(2,:): - - pseldo time
mass matrix and stiffness for LHS (incomplete)

MASS MAT = reshape(FLAT(3,l:NDOFA2),NDOF,NDOF);
consistent mass matrix - L - .

INIT;MAT = reshape(FLAT(4,l:NDOFA2)}NDOF,NDOF); % initial stress

matrix (KS)

“o®

physical time

SHUFFLE = [];

o°

for ii = 1:DOFNODE : Index into

residual vector ‘
SHUFFLE = [SHUFFLE, SLIST+NNODES* (ii-1)17:
end .

if DEL T == % form RHS residual for STEADY STATE

structural equations
|

R(SHUFFLE (1:2*VERTICES) )= R(SHUFFLE (1:2*VERTICES))
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+ STIFF MAT(1:2*VERTICES,1:2*VERTICES) *
[DX(SLIST) ;DY (SLIST)] '
~ F_APPLIED(SHUFFLE (1:2*VERTICES));

R(SHUFFLE)= R(SHUFFLE)
+ STIFF MAT * ‘
DX (SLIST) ;DY (SLIST);VX(SLIST);VY(SLIST)]
- F_APPLIED (SHUFFLE) ;
% NOTE: If STIFF MAT is of the form

«\0

o0 — 0P

[K,0;0,-I], the -I will

% cause nonzero terms in the residual if
the velocity is not zero.

else o % lst order time derivative = (Un-Un-
1)/DT
R(SHUFFLE)= R(SHUFFLE)
+ STIFF_MAT * [DX(SLIST);DY(SLIST);VX(SLIST);VY{SLIST)]

F_APPLIED (SHUFFLE)

MASS_MAT

[DX (SLIST)-DX1 (SLIST) ;DY (SLIST)-DY1(SLIST);
VX (SLIST)-VX1 (SLIST);VY (SLIST)-VY1(SLIST)];

* +

end
end

%************************************* BOUNDARY CONDITION ROUTINE 2 * %k

% Zero out Dirichlet boundary conditions in the residual
%*********************************************************************

[MBX, NBX)] = size(BCX);
[MBY, NBY] = size(BCY);
if MBX > O
R(BCX(:,1I)) = zeros(MBX,1):; % zeros residual for DX

dirichlet BC
if DOFNODE ~= 2
R(BCX(:,1)+2*NNODES) = zeros (MBX,1);
dirichlet BC

o

zeros residual for VX

end
end
if MBY > 0 .
R(BCY(:,1)+NNODES) = zeros (MBY,1); % zeros residual for DY

dirichlet BC
if DOEFNODE ~= 2

R(BCY(:,1)+3*NNODES) = zeros (MBY,1l); $% zeros residual for VY
dirichlet BC ‘
end .o e
end T ‘

1

hhkkhkhhkdhkhkdkdhkhhhhhhkhhhrhdhhdbhhkhhdhhhhhik SCALING ROUTINE ek ke Ko Kk Kok ke ok ok ke ke ok

Scale the equations to make the associated residuals roughly the same
order of magnitude for equivalent perturbations. Greatly aids
orthogonality in LHS modified Gram Schmidt process

G % de ke kv e e e ok ode o e ok e ok ok ke e sk ok Tk sk e ok ok ok Sk ke e ke ke ke ke e sk ke e ke e Sk ke e sk ok e ok Sk ok ke o ke ok ok e ok e ke ke R ok e ek

global GRID_SCALE

o® o0 oo

oo
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de o oo

temp=length(R) /DOFNODE;
if DOFNODE ==
‘GRID. . SCALE=[1E5;1ES5; 1E- 3;1E-31;
GRID SCALE=[1E5, 1E5, 1E~5,1E-5];
GRID SCALE=[1El;1E1;1E-3; 1E- -31;
GRID SCALE=[1El;1El;1E~-1;1E-1]; ‘
(2*temp+l 3*temp)—R(2*temp+l 3*temp)/GRID SCALE(3)
R(3*temp+l:4*temp)= (3*temp+l 4*temp)/GRID SCALE (4) ;
else .
GRID_SCALE= [l 131
end

o0 oo

oo

R(l:temp)=R(1l:temp)/GRID_SCALE(1l); :
R{temp+l:2*temp)=R(temp+l: 2*temp)/GRID SCARLE(2);

% plot the scaled residual
$figure (1)

sclg

$plot (RHSR)

$drawnow

global RHSR
RHSR=R;

************************************f‘EIGENVALUE ROUTINE ******f*****
run 10 or 20 steps of an Arnoldi process to estimate the largest
and smallest eigenvalues of (KO+KL+KS)/M. Used to set damplng

coefficient and pseudo-time step for LHS operations. .
°*********************************************************************

if DEL TAU ~= 0

o

[maxee,minee,minabs, error; total 1ters] = karnoldi('str_eig', [1E-
9,20,11,

oneé(Z*NNODES,l)/sqrt(2*NNODES),...
[DX;DY], [],XN, YN, ELMAT, BCX, BCY, 2, 4) ;

% determine c and del_tau
ALPHA=4;
C=ALPHA*sqrt (min (minee) )
DEL_TAU=2/sqrt (max (maxee))

$C=1

%$DEL ' TAU=1.

% divide top right and lower left blocks by del tau
$ add c*upper right block/del tau to KO+KL+KS

[NEL, VERTICES] = size(ELMAT); % VERTICES is the max number of
ncdes in any element

NDOF VERTICES * DOFNODE;

TEMP zeros {NDOF) ; % max space needed

for j = 1:NEL

% check the shape of each element and set up its needed workspace size
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INDEX contains the non-zero node numbers

oo

INDEX=find (ELMAT (j,:));
for the element

VERTICES = length(INDEX),

V2 = 2*VERTICES;

V4 = 4*VERTICES;

NDOF VERTICES * DOFNODE; ' ¢ this element

TEMP zeros (NDOF) ;
TEMP = reshape (GSTIFF(j,1:NDOF~2), NDOF,NDOF) ; % unwrap element
GSTIFF matrix
TEMP(1:V2,1:V2) = TEMP(1:V2,1:V2) + TEMP(1:V2,V2+1:V4)*C/DEL_TAU;
% KT block
TEMP (1:V2,V2+1:V4) = TEMP(1:V2,V2+1:V4)/DEL TAU;
% Mass block
TEMP (V2+1:V4,1:V2)
% . Identity block

TEMP (V2+1:V4, 1:V2) /DEL_TAU;

GSTIFF(j,1:NDOF~2) reshape (TEMP, 1,NDOF"2); % rewrap element
GSTIFF matrix

end

% plot. eigenvalues from each Arnoldi step to visualize convergence
figure (4)
plot (maxee)
hold on
plot (minee, 'x")
end

figure (1)
clg

LIN_GRID

function FLAT =
lin grid(XN, YN, DX, DY, MP, PSEUDO MP, NN, DEL_ T DEL_TAU, DOFNODE) ;
$function FLAT =
lin grid(XN, YN, DX, DY, MP, PSEUDO MP,NN,DEL_T,DEL_TAU, DOFNODE) ;

o°

oo

4 Aug 98 - created from struct egn
6 Nov 98 - updated to include system lst order in time

oo oe

oo

Calculates the internal forces at the nodes based on llnear
elastic material propertles ! -

o0

[

= column vector of global X.POSITION.of element nodes’

% XN =

% YN = column vector of globai Y POSITION of element nodes

% DX = column vector of global X DEFORMATION of element nodes (not
used) , . - S ‘ o o
% DY = column vector of global Y DEFORMATION of element nodes (not
used) » ! ‘

% MP = vector of material properties {E, Nu}. Assumes.constant

material properties and plane stress case {easily modified)
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% PSEUDO MP = artificial material properties for pseudo time mass

matrix )

% NN = integer describing the order of integration to use in
% gauss quadrature (1,2,3 for linear, quadratic, cubic)

% NN = 2 is the normal value

% DEL T = physical time step si:ze

% DEL_TAU = pseudo time step si:ze

% DOFNODE number of degrees of freedom per node

% FLAT: Build flat matrix of element integration arrays for each

% Row 1 = sum of correct stiffness matrices for RHS operations

% Row 2 = sum of all PDE matrices for LHS operations
% Row 3 = sum of physical time mass matrices

% Row 4 = sum of initial stress matrices

% initialize

NNODES = length (XN);
NDOF = DOFNODE*NNODES;

% plane stress D11 = E/(1-Nu”~2) D12 = Nu*D1ll D33 = (D11-D12)/2

% This could be moved inside the element loop if variable material
properties

% were needed

D11 P(1)/(1-MP(2)"2);

D12 = D11 * MP(2);

D33 = (D11 - D12)/2;

if NNODES == % .triangle
REGION = 2; o

elseif NNODES == ) % rectangle
REGION = 1;

end

FLAT = .zeros (4,NDOF"2);
W zeros (NDOF);

. WT = zeros (NDOF) ;
STIFFNESS = zeros (NDOF) ;
KK = zeros (2*NNODES) ;

TR = zeros (NDOF) ;
MASS zeros (NDOF) ;
. P_MASS = zeros (NDOF) ;

FLAT memory area used here for convenlence. Definitions below will
be updated before completlon of routlne to be consistent with calling
routlne

o° o

oo

!

o°

oo

Build PDE 1ntegratlon for each element

FLAT: Build flat matrix of element integration arrays for each
lement .

Row.'l = sum of stiffness matrices for [DX;DY] operations

oe

o® 00 o0 o0 (D

Row 2 = sum of phy51cal time mass matrices for [DX;DY] operations
Row 3 = sum of pseudo-time mass matrices :
Row 4 = sum of initial stress matrices
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FLAT =
gauss('grid_mat', NN, REGION,XN, YN, MP, PSEUDC_MP,DEL T,DEL_TAU, DOFNODE) ;

STIFFNESS = reshape (FLAT(1l,1:NDOF~2),NDOF,NDOF) ; % [W,0;0,-I] or
[W] .

MASS = reshape (FLAT (2, 1:NDOF~2),NDOF,NDOF) ;

P_MASS = reshape (FLAT(3,1:NDOF~2),NDOF, NDOF) ; % [0,P_M;I,0] or
(0]

% form correct stiffness matrix for element
W = STIFFNESS(1:2*NNODES,1:2*NNODES) ;

% block pseudo-transpose - reverses indices on indicial notation (Wac

vs. Wca)

WT = [W(1:NNODES, 1:NNODES), W (NNODES+1:2*NNODES, 1:NNODES);
W(1:NNODES, NNODES+1:2*NNODES),

W (NNODES+1: 2*NNODES, NNODES+1: 2*NNODES) ] ;

% block matrix trace
TR = [W(1:NNODES, 1:NNODES)+W (NNODES+1:2*NNODES, NNODES+1 : 2*NNODES),
zeros (NNODES, NNODES) ;
zeros (NNODES, NNODES)} ,
W(1:NNODES, 1:NNODES) +W (NNODES+1: 2*NNODES, NNODES+1: 2*NNODES) ] ;

% linear stiffness matrix - technically not the same form as in
Zienkiewicz & Taylor :

% but provides the same answer

KK = D12 * W + D33*(WT + TR);

STIFFNESS (1:2*NNODES, 1:2*NNODES) = KK; % [KK,0;0,-I] oxr
(W]

FLAT: Build flat matrix of element integration arrays for each
lement

Row 1 = sum of correct stiffness matrices for RHS operations
= sum of all PDE matrices for LHS operations
sum of physical time mass matrices
sum of initial stress matrices

90 00 o o0 (D o°
o
o}
b3

o
1)
=
=W N
It

FLAT = zeros(4,NDOF*2);

$FLAT = [reshape (STIFFNESS,1,NDOF~2);

% reshape (P_MASS + MASS + STIF?NESS,l,NDOF“Z);

% reshape (MASS, 1,NDOF"2) ;

% zeros(1,NDOF"2)];

FLAT = [reshape(STIFFNESS,1,NDOF"2); )
reshape(P_MASS + STIFFNESS,1,NDOF"2);
reshape (MASS, 1, NDOF"2) ;
zeros (1,NDOF*2)];
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'GRID_MAT

function MFLAT =

grid_mat (ZETA, XN, YN,MP, PSEUDO_MP, DEL_T, DEL_TAU, DOFNODE)
$function MFLAT = ‘

grid_mat (ZETA, XN, YN,MP, PSEUDO_MP, DEL_T, DEL_TAU, DOFNODE)

4 Aug 98 - created from struct egn. E o
6 Nov 98 - updated to include lst order system.in time

Forms the tensor function Transpose(B)*B for the linear stiffness
matrix using linear quadralateral (brick) or triangle shape
unctions.

Similar to the function (dNi/dXj) * transpose (dNi/dXj) * Area but

o Hhy of o° o° o o° a°

—
)]
(o]

forms the cross elements needed in the stiffness calculations.

Also forms the pseudo time mass matrix for LHS operations and breaks
pseudo time motion into a first order system of equations in DX, DY,

o0 o of o°

>

r

and VY.

The module checks ZETA to figure out which shape to use.
Routine assumes a vector parameter (2-D) is to be distributed over
the element. Intended for use in gauss quadrature.

ZETA = row vector of current positioh in local coordinates
XN = column vector of global X position of the element. nodes
YN = column vector of global Y position of the element nodes

MP = vector of material properties {E, Nu, Rho}. Assumes constant
material properties and plane stress case (easily modified)

PSEUDO_MP = properties in pseudo time mass matrix [diag X, off XY;

ff YX, diag Y]

DEL T = physical time step size

DEL TAU = pseudo time step size .

DOFNODE = number of degrees of freedom per node

MFLAT
ocation
MFLAT =' [reshape(B211,1,NDOF"2);
‘ reshape (MASS, 1,NDOF~2) ;
reshape (P_MASS,1,NDOF"2); ...
zeros (1,NDOF~2)] * AE;

flat matrix of element integration matrices at the current

O° 0P A0 O I o0 O O 2 A QO O° O° O° A° O O° P J° O° O° o° o

'

NNODES = length (XN);
NDOF ='NNODES*DOFNODE;
MFLAT = zeros(4,NDOF~2);
SHAPE=length{ZETA) ;.

if SHAPE == ’ % Triangle
. !
DZJDXK
DNIDZJ
NI

zeros(3,;2);
zeros(3,3);
zeros (3,1);
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DXKDZJ zeros (3,2);
DNIDXK zero§(3,2);
[DZJDXK, DNIDZJ, NI, DXKDZJ, AE] = triashap(ZETA, XN, YN);

elseif SHAPE == A % Brick
DZJDXK ='zeros(2,2);
DNIDZJ = zeros(4,2);
NI = zeros(4,1);
DXKDZJ = zeros(2,2);
DNIDXK = zeros(4,2);

[DZJDXK, DNIDZJ, NI, DXKDZJ, AE] = brikshap(ZETA/ XN, YN);

end

DNIDXK '= DNIDZJ*DZJDXK;

% physical time mass matrix

Aif DEL T ==

MASS = zeros (NDOF);
else

MASS = kron(eye (DOFNODE),NI*NI') / DEL_T;
end :

% pseudo time mass matrix
P MASS = zeros (NDOF) ;-

if DEL _TAU ==
% do nothing
else
% term needing c*M/del_tau will be created in STR_RHS using
eigenvalues

P MASS(1:2*NNODES, 2*NNODES+1: 4*NNODES) = kron (PSEUDO_MP, NI*NI );
P_MASS (2*NNODES+1:4*NNODES, 1: 2*NNODES) kron(eye(2),NI*NI");
end

% basis'for.étiffness matrix
B211 = [DNIDXK({:,1);DNIDXK(:,2)] * [DNIDXK(:,l);DNIDXK(:,Z)J';
if DOFNODE == 2 '

STIFFNESS = B211;
else ‘
STIFFNESS = [B211, zeros(size(B21ll));zeros(size(B211l)),~
kron (eye(2) ,NI*NI')]; ‘ .
end '

MFLAT:  Build flat matrix of element integration arrays for each
ement

[

= sum of stiffness matrices for [DX;DY;VX;VY] operations
= sum of physical time mass métriées fdr][DX;DY;VX;VY]
perations

3 = sum of pseudo time mass, matrices [DX; DY VX; VY]

4 = sum of initial stress matrlces '

o 00 O o0 o0 (D o°
Py
0o O
% =
N -

Y
[olNe]
% =

=
t
[
el
]

I

[reshape (STIFFNESS, 1,NDOEF"2); '...
reshape (MASS, 1,NDOF"2);

reshape (P_MASS,1,NDOF"2) ;
zeros(1,NDOF*2)] * AE;
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GRID LHS

function R '=
grid lhs(NODE _ VEC, dummy, XN, YN, ELMAT, PTX PTY, SCALE, BCX, BCY,MP,DEL_T,DEL
TAU, NN, :

DOFNODE,XMl,VMl)

¢ function R =
grid lhs (NODE VEC dummy, XN, YN, ELMAT, PTX, PTY, SCALE, BCX, BCY MP, DEL T,DEL
TAU, NN,

DOFNQDE,XMl,VMl)

0% o°

o

29 Aug 98 - created from structural left hand side

a0 oo

Combines different routines to form the static or dynamic grid

deformation equations
% based on treating it as a solid continuum. Treats time and pseudo-

time as a system
of first order differential equations

oe

oe

o

c*d/dt (dx;dy) + rho*d/dt (u;v) + K*(dx; dy) =
d/dt (dx:;dy) - - d/dt (u;v)

o o oo
[
o

oe

[c, rho]*transpdse{dx, dy, u, v}+[K, O]*transpose{dx, dy, u, v}=0
(I, o1 4t (0, -I] '

o oo

oo

Output is the residual (wént R = 0 at equilibrium).

oo

INPUT VARIABLES:

NODE_VEC = nodal deformation vector (DX; DY; U; V)

dummy = place holder for GMRES solver

XN = X location of nodes

YN = Y location of nodes

ELMAT = matrix listing the nodes assigned to each element

PTX = external point (nodal) loads in the X direction

PTY = external point (nodal) loads in the Y direction

SCALE = scaling factor used to gradually apply loads

BCX = X deformation (and velocity) Dirichlet boundary conditions
node #, X, VX, solid node #] Lo R

BCY = Y deformation (and velocity) Dirichlet bodndary conditions
node #,; Y, VY, solid node #] . - ' . - .

MP = material properties (E, Nu;'denéity)’f“ . "7 (not
used on LHS) ‘

$ DEL_T = physical time step size L o . .. (not
used on LHS) |

% DEL_TAU = pseudo time step size i . (not
used on LHS) . .

% NN = order of gauss 1ntegratlon . (not
used on LHS) -
% DOFNODE = number of degrees of freedom per node (4 with pseudo time)

o0 o o° P o° o° o

oe

oo

% r— o0 —m oo

o\

% XM1 = [DX;DY] at t-1 {(not
used on LHS)
% VM1 =" [VX;VY] at t-1 ) (not

used on LHS)
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“end

o0

oo

OUTPUT VARIABLES:
R = residual of summation of external and internal forces

oo

o

" global GSTIFF

% initialize variables and workspace
NNODES = length (XN); .

R = zeros(size (NODE VEC));

F_APPLIED = zeros(size (NODE_VEC)):
[NEL, VERTICES] = size (ELMAT);

nodes in any element

‘Space for RESIDUAL vector
Space for APPLIED LOAD vector
VERTICES is the max number of

o0 oo

oo

zeros (VERTICES*DOFNODE); % Set up max space for LHS jacobian

. LHS_MAT = %
matrix
SHUFFLE = S

zeros (1, VERTICES*DOFNODE) ; ¢ 'Index

************************************* BOUNDARY CONDITICN ROUTINE 1 * %k

% Form deformation vectors and apply dirichlet boundary conditions
%*********************************************************************

o

DX = NODE_VEC(1:NNODES) ;

DY = NODE_VEC (NNODES+1: 2*NNODES) ;

DX (BCX(:,1))=BCX(:,2): % set dirichlet X boundary
deformation :

DY(BCY(:,1))=BCY(:,2); ‘ $ set dirichlet Y boundary
deformation '

if DOFNODE ==

VX = NODE_VEC (2*NNODES+1:3*NNODES) ;
VY = NODE_VEC (3*NNODES+1:4*NNODES) ;

VX (BCX(:,1))=BCX(:,3); . % set’'dirichlet X boundary
‘velocity

VY (BCY(:,1))=BCY(:,3); ‘ % set dirichlet Y boundary
velocity . .
end

if DEL_T ~= 0
DX1 = XM1 (1:NNODES);
DYl = XMl (NNODES+1:2*NNODES) ;
DX1(BCX(:,1))=BCX(:,2);
DY1(BCY(:,1))=BCY(:,2);
VX1l = VM1 (1:NNODES); .
VY1l = VM1 (NNODES+1:2*NNODES) ;
VX1(BCX({:,1))=BCX(:,3);
VY1{(BCY(:,1))=BCY(:,3);

o

% scale applied nodal loads and put,iﬁtd a single vector
F_APPLIED(1:2*NNODES) = SCALE * [PTX; PTY]; -

& F K Sk do e o e gk ke e ok do ke e deok ke ke ek ek ke ok ok ELEMENTMCALCULATIONS

% % %k %k e ek ok ok Kk ok %k % ok ke ok ke ok ke ke ke ke )
% Form the RESIDUAL vector using local vector operations and an element
by '
% element approach :
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%**********************************************************************

%k ok

for j = 1:NEL
% check the shape of each element and set up its needed workspace size

INDEX=find (ELMAT (j, :)); % INDEX 'contains the non-zero node
numbers for the element . . . R
VERTICES = length (INDEX); ' .
NDOF = VERTICES * DOFNODE; % NDOF for the element : . L |
SLIST = ELMAT(j,INDEX);‘ % 1ndex 1nto varlables stored in data‘

file
LHS MAT = reshape(GSTIFF(j,1:NDOFA2);ND0F;NDOFyf % recall stored
LHS integration matrix ‘
SHUFFLE = []; »
for ii = 1:DOFNODE" ) % Index into

residual vector
SHUFFLE = [SHUFFLE, SLIST+NNODES*(ii-1)1;
end . .

% form LHS residual for structural equations
if DOFNODE ==
R(SHUFFLE)— R(SHUFFLE)P
+ LHS MAT * [DX(SLIST);DY(SLIST);VX(SLIST);VY(SLIST)]

- F_APPLIED(SHUFFLE);
else '
R(SHUFFLE)= R(SHUFFLE) i
+ LHS MAT * [DX(SLIST);DY(SLiST)]
- F_APPLIED(SHUFFLE);
end
end

.%****************;**;***************;* BOUNDARY CONDITION ROUTIﬁE,Z * %
% Zero out Dirichlet boundary conditions in the residual
%*********************************************************************
[MBX, NBX] = size(BCX);

[MBY, NBY] = size(BCY);

if MBX > 0 ‘ '

R(BCX(:,1)) = zeros(MBX,1):; % Zero out X boundary
position residual

if DOFNODE ==

Zero out X boundary

o

R(BCX(:,1)+2*NNODES) = zeros(MBX,1);
velocity residual
end

" end

if MBY > 0
R(BCY(:,1)+NNODES) = zeros(MBY,1):;
position residual
i1f DOFNODE ==
R(BCY(:,1)+3*NNODES) = zeros (MBY,1);
velocity residual
end .

Zero out Y boundary

o©

o

Zero out Y boundary
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end

% % %k ke ok ek Kk ke ke ok e Kk ke ok ok ke ke ke ke ok e sk sk e ke sk ke ek ke ok SCALING ROUTINE Jde Kk k k e ok Kk ok ok ok ek Kk
Scale the equations to make the associated residuals roughly the same
order of magnitude for equivalent perturbations. Greatly aids
orthogonality in LHS modified Gram Schmidt process )

%*********************************************************************

global GRID SCALE

d® o0 oe

oo

temp=length (R) /DOFNODE;
if DOFNODE ==
R(2*temp+1:3*temp)=R (2*temp+1:3*temp) /GRID_SCALE(3);
R(3*temp+l:4*temp)=R(3*temp+l:4*temp)/GRID_SCALE (4);
end

R(1l:temp)=R(1l:temp)/GRID_SCALE(1l);
R(temp+l:2*temp)=R(temp+l:2*temp)/GRID_SCALE(2);
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COUPLED MASTER ROUTINES
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APPENDIX H
COUPLED MASTER ROUTINES

The sequence of operations within a ﬂuid/sohd/grid domain is the same whether performing a
loosely coupled fluid-structure calculation or one that is tightly coupled. The difference is the order in

which the various right hand side (RHS) and left hand side (LHS) domains are addressed and how

»freqliently the boundary interactions between the domains are updated. This is completely determined by

high;level routines whose purpose is to form right and/or left hand side residuals.
for example, in the loosely coupled approach the fluid ‘conservation laws are solved to
eonvergence using both linear (inner/GMRES) and nonlinear (outer/Newton) with the fluid grid motion and

solid deformation frozen. Only fluid flow residuals are passed to the partial differential equation solver.

 This fluid solution is then used to update loads on the solid. Next, the solid deformaﬁon is solved to

convergence with fluid loads frozen. The solid solution: (deformatwn) is used to update Dirichlet boundary
condltlons for the fluid gnd location. Finally, the fluid gnd defonnauon is solved to convergence with

physmal sohd deformauons ﬁozen The process is repeated until the individual domain solutions stop

-changing and the domain residuals are sufficiently small. This is shown graphically in Figure H-1.

Outer/Newton iterattons are performed in each domain to reach convergence so the level () represents an '
overall convergence level. |

In the tightly coupled soiuﬁon process, all domhins are t_xpdated with the latest information from
each of the other domains each time a residual is formed. The residual passed to the partial differential

equation solver is a single vector made up of the residual vectors from each of the individual domains.

: This‘composite residual vector is then treated as any other residual by the numerical solver The high level

routines responsible for forming the composite residual srmply call the same subroutmes as above to form
e

residuals for each of the domams and then stack them together into a smgle vector. Thrs is true for both the

left and right hand s1de residuals. The impact is most prormnent on the left hand s1de Each mner/GMRES

'

iteration (guess) has updated information from all domatns allowmg the domains t6 fully mteract. This is

shown graphically in Figure H-2 where the levels (n) are now simple outer/Newton iterations and the

I

i
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Figure H-1: Loosely Coupled Solution Process
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fluid’

@

solid L....
|
@

grid

Figure H-2: Tightly Coupled Solution Process
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overall system converges as the Newton iteration progresses.

Figure H-3 illustrates how the top level routines interact. Master is an overarching routine that
establishes workspace, initializes vectors and matrices, and sets numerical solver parameters such as
number of Krylov vectors, number of GMRES restarts allowed, termination criteria, etc. This is also the
level where domain iterations (outside the nonlinear Newton iteration) are performed, if needed. The f rhs
and f_lhs routines create the respective right and left hand side residuals and may call conservation laws for
a single domain or create a composite residual vector by calling conservation law routines from multiple

domains.

knsolgma

I
kfdgmres | | parab3p

givapp | |kdirder

Figure H-3: Top Level Module Interactions
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Master Routine Operations

' Single domain (

Set iteration parameters for domain
Open domain initialization ﬁle . ;

Create workspace -

Initialize vectors and matnces .

'Launch partlal differential equatron solver usmg nght and left hand side files for single domain

S N N

, Loosely coupled multzple domam (mas 123)

"Open domain initialization file .
. Set iteration parameters

Create workspace )
. Initialize vectors and matrices

Launch partral differential equation solver using nght and left hand side ﬁles for single domain

* Update boundary conditions - (
‘Return to 1. and repeat for next domam
- Continue- unt11 reachmg termination criteria

"wﬂhﬁawwr

Tightly coupled multiple domam (ﬁsg mas) :

1.~ Set best iteration parameters for multiple domam resrdual vector

2. .Open domain initialization ﬁle
" 3. Create workspace
4
5
6

. Initialize portion of vectors and matrices for domam
. Returnto 2. and repeat for next domain
" Launch partial differential equation solver using nght (/.'s'g rhs) and left (ﬁs‘g lhs) hand s1de files for
multiple domams ’

The loosely coupled domam approach calls the same left and nght hand s1de ﬁles described in

; Appendlces E through G The Ughtly coupled domam approach ulumately uses these files as well but adds o

- aleft and nght hand "orgamzer" ﬁle to call each of the domam ﬁles update boundary condrnons and -

consolldate the resrduals mto a smgle vector These ﬁmctlons are performed in the overall master rouune
N - f
m the loosely coupled approach

i

. Lt . B -
Right Hand Side (RI;IS),Operations
Input current pressure (P), X veloc1ty (U), Y veloc1ty (V) and temperature (T) for ﬂu1d at gnd nodes .
Input original X and Y location of fluid grid nodes - - - .
- Input current displacements (DX and DY) and velocities (VX and VY) for fluid gnd nodes
. Form X umen=X+DX-and Y e =Y+DY to get updated gnd shape
Input boundary conditions for P, UV, T S iy
Form element matrices for LHS fluid delta conservatlon laws
Form and store element matrices for LHS fluid grid motion delta conservauon law terms
Assemble RHS residual for nonlmear ﬂu1d conservatlon laws '
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solid .~

Input original X and Y locations for solid grid nodes

Input current displacements (DX and DY) and velocities (VX and VY) for solid grid nodes
Input pressure (P) loads for solid boundary follower forces from fluid flow calculatlons
Input Dirichlet boundary conditions for X, Y and VX, VY =~ °

Form and store element matrices.for LHS solid delta conservation laws

-Assemble RHS residual for solid (possibly nonlinear) conservation laws on solid grid .

T

.C'\P':‘?'P’!\’:"

i - , .
Input ongmal X and Y locations.for fluid grid nodes
Input Dirichlet boundary conditions for X, Y and VX VY from solid grid calculations

Form and store element matrices for LHS solid delta conservation laws
Assemble RHS residual for SOlld (possibly nonhnear) conservatlon laws on fluid grid

S"P?’!\’:—‘r&

- Left Hand Side (LHS) Operations
fluid - ‘ T
1. Input current guess for P, U V, and T ‘at fluid grid nodes .
2. Input boundary conditions for P, U, V, and T. :

3. Unfold element matrices for LHS fluid delta conservation laws A .
' 4. Perform mmal assembly of LHS residual for hneanzed fluid delta conservatxon laws

fluid adjustments for grid motion -

1. Input current guess for DX, DY, VX, and VY for ﬂuld gnd nodes
' 2. Input boundary conditions for DX, DY, VX, and VY - :
" 3. Unfold element matrices for LHS fluid grid motion delta conservatlon law term ]
‘4. Assemble update to LHS residual for fluid grid motion delta conservatlon law term
5. Add res1dual update to initial LHS residual Lo
solzd

1. Inpof cnrrent guess for DX, DY, VX and VY for sohd grid nodes
2. 'Input boundary conditions for DX, DY, VX, and VY

‘ . 3. Unfold element matrices-for LHS solid delta conservanon laws -

L 4: Assemble LHS residual for sohd delta conservatlon laws on solid gnd

grid ’ '
~ 1. Input cu.rrent guess for DX DY VX and VY- for ﬂuld gnd nodes
2. Input boundary conditions for DX, DY, VX, and VY
3. Unfold element matrices for LHS solid delta- conservation laws ,
4. Assemble LHS residual for solid delta conservation laws on fluid grid )

f
Lo

" MAS123

mas_123. : ' S L
Master scrlpt program for fluld, strpctnr‘e,‘ grid motion -

o°

o° oo, 0\°

¢common variables = . .- L x
XN, YN = vector of X. and Y locat:LonSI of nodes
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., 00 o0 d° o° o° o° oP° o°

o0 o o0 o IO Hh O 0 — o 90 00 o0 o oe o0 o0 dO o° do o° o°

o

00 00 o0 O° O° OO 00 00 O° 60 % A0 O Hh P 0O ° O OO O o 0 o° P

fluid: current location:
structure and grid: original location
ELMAT = nodes assigned to elements
= material properties
fluid MP = [R, CP, GAMMA] |
(R...ft"2/sec”2,CP...ft"2/sec"2, gamma)
structure- and grid MP = [E, NU, RHP]
(E...1lbf/sqgft, Nu,

=
o
I

ensity...lbm/cuft)
DOFNODE = degrees of freedom per node

" fluid = 4

structure and grid = 2 ) ) .
order of gauss integration (1,2, or 3), 2 for all

NN =

UN = vector of X velocity of nodes

VN = vector of Y velocity of nodes

DEL_T = .physical time step size.

DEL. TAU = pseudo time step size

A= connectivity matrix for viewing grlds-‘“‘

numbers = node numbers to use with connect1v1ty matrlx

T e
1

fluid only AN : - .
QINITIAL = matrix of initial conditions for primitive nodal variables
. U, VvV, T] T Lo A
BCTYPE = vector of nodal definition of boundary condition type

not necessarily the most efficient implementation but it

g

orces X
a single definition of boundary state for nodes

type 0 = not on a boundary

type 1 = inflow/outflow

type 5 impermeable wall

type 6 = combination wall and 1nflow/outflow (1 e. a corner

o
Q,
[

)

type 21= definitely inflow

type 22= definitely outflow

type 26= combination wall and definitely 1nflow
) type 27= combination wall and definitely outflow .
BC1 = matrix of type 1, 6, 21, 22, 26 & 27 boundary conditions

. [node number, P, U, V, T]

MOUT PTR =nodal vector giving index for boundary nodes in MOUT matrix

structure only -
P = vector of pressure at each node and a cross reference to a
luid

flow node producing the pressure [P, cross. reference]
P_REF = reference pressure for structure surface away from flow

structure and grid only

NODE VEC = nodal deformation and veloc1ty vector [DX ‘DY; (U; V)]

dummy place holder

PTX = point (nodal) loads in the X direction

PTY = point (nodal) loads in the Y direction

SCALE = scaling factor used to gradually apply loads

BCX = X deformation (and velocity) Dirichlet boundary condltlons

[node #, X, VX, solid node #]

Y deformation (and velocity) Dirichlet boundary conditions

[node #, Y, VY, solid node #] ‘ :
‘ 394"

BCY,




oo

oo

XM1 = [DX;DY] at t-1
VM1 = [VX;VY] at t-1

oo

P

global wvariables

oP

fluid ' ;

%

% MFLOW = flat file containing summation of element integration
matrices for LHS ‘ )

% MOUT = matrix of nodal RH rule tangent vectors and boundary type
information .

) . [node number, dx, dy, type (1 - 54), index into BCl, DX,
DY] ' ‘
% BC conditions l=supersonic inflow, 2=subsonic inflow

% ' 3=supersonic outflow, 4=subsonic outflow

% . S5=impermeable wall,

% . ) : 51=wall+super in, 52=wall+sub in

% : 53=wall+super out, 54=wall+sub out

% . [dx,dy] = wall tangent and in/out tangent

% . [DX,DY] = in/out tangent if [dx,dy] has wall tangent for a
corner, : - ‘
% otherwise original direction of velocity vector
% GFLOW = flat file containing summation of element integration
matrices for LHS

% T grid motion in 'pseudo time

%

% structure .

% STIFF = flat file containing summation of element integration
matrices for LHS .

% " structural internal force vector (stiffness), physical time
(if used) ’ '

o°

and pseudo time (if used) calculations

oo

% grid

% GSTIFF = flat file containing summation of element integration
matrices for LHS . .

% grid internal force vector (stiffness), physical time (if
used) and

) ‘pseudo time (if used) calculations

global MFLOW MOUT GFLOW STIFF GSTIFF

T STEP=1; % max time steps o

DEL T = 0; % physical time step size, 0 = steady state
flops (0) ;

tic

t

I
G 3 ok e e de e de ke K e ke e ke ok ok ok ok ok ok K o e ok kR ok R ok ok ok ok ok ok ok e ok ok ok ok e ok o o ok ok ok ok ok ok ok ok ok ok ok ok ok ko ke ok ok ok ok
% ok K ok Kk Kk koK K e ek ' |

% Set up space for global matrices )
%**********************************************************************

%k ke kK Kk Kk ke ok ke ke ok ke ok

FLUID NAME = 'nozzle2c'
FLUID NNODES = 192
FLUID DCFNODE = 4 .
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FLUID_DOF = FLUID_DOFNODE * FLUID_ NNODES
SOLID NAME = 'wall2b'

SOLID_NNODES = 48

SOLID_DOFNODE = 2

SOLID DOF = SOLID DOFNODE * SOLID NNODES
GRID_ NAME = 'nozzle2g

GRID_NNODES = FLUID_ NNODES

GRID DOFNODE = 2

GRID_DOF = GRID_DOFNODE * GRID_NNODES

SOLN = zeros(FLUID_ DOF+SOLID DOF+GRID DOF,1):

Ghhhkhkdkkhkhhkhhhhhhhhhhkkhhkhhkkkrrkkdk PIUTD
RS AR R R E RS EE LR SRR R RS EEEEEEEEEEE RS

% Initialize fluid global matrices for element by element storage
eval(['load ',FLUID NAME]);

[NEL, LARGEST]=size (ELMAT) ;

MFLOW=zeros (NEL, (FLUID_ DOFNODE*LARGEST)"2) ; % LHS element
integration matrix

number of boundary nodes
[node number,dx,dy,type, index

oo

LBC = length(find(BCTYPE)):
MOUT = zeros(LBC,7);

into BC1, DX, DY}

MOUT (:, 1)=find (BCTYPE) ;

oo

P

load boundary node numbers

GFLOW = zeros (NEL, 2*FLUID_DOFNODE*LARGEST"2) ; $ Fluid flow correction
for grid motion

% load fluid initial conditions
FLUID_INDEX = [1:FLUID DOF];
SOLN (FLUID INDEX) = reshape (QINITIAL,FLUID NNODES*FLUID DOFNODE 1);

%********************************** SOLID
dkhkkhkhhkhkhkhkkhhhkhhhhkhkhkhhhrhkhkhbhhhdbdhrhhhkhkhhhkdkki

% Initialize solid global matrix for element by element storage
eval(['load ',SOLID NAME]);

[NEL, LARGEST]=size (ELMAT) ;
STIFF=zeros (NEL, (SOLID DOFNODE*LARGEST)”"2); - % LHS element
integration matrix

SNODES = length(XN);

% set initial solid position and velocity
DXS = zeros(SNODES,1l):;
DYS = zeros (SNODES, 1);
if SOLID DOFNCDE == 4
VXS = zeros (SNODES,1):;

VYS = zeros (SNODES,1);- I
else
VXS = []; : ‘
vYs = []; ‘ L N
end R S
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%*********k************************ GRID
********************************************

% Initialize grid global matrix for element by element storage

eval (['load ',GRID NAME]);

[NEL, LARGEST] =size (ELMAT) ; T
GSTIFF~zeros(NEL,(GRID DOFNODE*LARGEST)AZ) % LHS element
integration matrix

GNODES = length(XN);
% set grid position and wvelocity
DXG = zeros (GNODES,1):;
DYG = zeros (GNODES,1):; . R
if GRID_DOFNODE == _ '

VXG = zeros (GNODES, 1};

VYG = zeros (GNODES,1);
else ' -

VXG = []1;

VYG = [1;
end

Ghhhhkdhhdhhkhkdhhdkhhhhhhdhhdhhhhhhkdhhhhdrhkhhhhhhhhhkdhdhhhdhkhhhbhdhhhhddhdhdkkk
% % e Sk ke ok ke ok ok ok ke ok '

% Set up for physical time or load increment stepping
%**********************************************************************

% Kk ok keok kok ok ok ok ok ok ok

SOLN_TM1
SOLN_TM2

[1:
[1:

FNRM=1; = .
DELTA_SOILN = 1;
ITC = 0;

% start physical time or load increment stepping iterations
while (DELTA_SOLN > 1E-9 & ITC < 5)
ITC=ITC+1;

% update for actual time stepping
SOLN_TM2 = SOLN TM1;
SOLN_TM1 = SOLN;

op

Set up figure windows

figure (1)

clg

set (1, 'Position', [2 30 447 340]1);

flgure(2)

clg -

set (2, "Position', [456 414 371 310]);.

figure (3) |

clg

set (3, "Position', [2 415 447 308]);

figure (4)

clg

set (4, '"Position', [456 30 370.339]);
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ITC

%***************************:k* START FLUID
de ke de ek ok e ok Kk K ek Sk ok ke ke ke ke vk ok ke sk ke ok Sk ke ok e ke e ke ok ke e ok ke ok ke

[«

2

° .
%*;(***********************************Z*‘*******‘************************* ’

% %k e ok %ok ke kK ke Kk ok

a0

eval(['load ',FLUID_NAME]);
FNODES = length (XN) ;
INDEX = [1 : FLUID DOF]';

open fluid fiie

oae

QP = SOLN(INDEX) ;
QP1=QP;

QP2=QFP;

DEL _TAU = 1;

initially set to QINITIAL

oo

if GRID_DOFNODE ==
from above ‘ .
% do nothing . 3' - S e
elseif DEL TAU ~= 0 calculate grid velocity if not
available oo -
VXG = DXG / DEL_TAU; Co )
VYG = DYG / DEL_TAU; ‘ - L
else S S i
VXG = zeros(size (DXG)
VYG
end

use grid position' and velocity

oo

- o . B !
LA - ZEER RN

i

I

)
zeros (size (DYG)) ;

TOL=[1E-6,1E-6,4];
LIN_ITS = 88;
PARMS=[20,88,.5,2,5];

figure (1)

" clg

figure(2)
clg

%1if ITC ~=1 . o
[SOLN (INDEX), F_HISTORY, F IERROR, F'STATS] = knsolgma...
('FLOW_LHS', 'BLOK RHS', TOL, PARMS,QP,QP, ...

* XN+DXG, YN+DYG, VXG, VYG, QP1, QP2,DEL T,DEL TAU,MP,ELMAT, BCTYPE, ...

BC1,MOUT_PTR, FLUID DOFNODE, NN) ;

disp(['Fluid results']) :
disp([F_STATS(:,l),zeros(size(F_STATS(;,Z))),F_STATS(:,B:S)])
format long ' .

disp(F STATS(:,2))

format short

'

% Update pressure, velocity, temperature
QP = SOLN (INDEX) ;

% Enforce fluid boundary conditions

QP =‘reshape(QP,FNODES,FLUID_DOFNODE);;
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clg

QP = bcl 1lhs(QP,BCl);
SOLN(INDEXY = reshapé(QP,FNODES*FLUID_DOFNODE,l);
toc , ‘

%end

|

t
%****************************** END FLUID
de e T ek ok R ok e e ke ok o Tk sk ok ok ok ok ok k ok ke ke ko ok ke ok ek ok

'$ END FLUID END FLUID END FLUID END FLUID END FLUID END FLUID END FLUID

END FLUID

%***********************4****** START STRUCTURE
sk ok Kk e g Kok sk ke ke K ok sk sk ok ok ok ke sk ok vk gk Sk ke ok ke e e ok ok ke ok ke e ok ‘

%

%********-k*************************************************************

Wk Kk gk ok Sk ok ke ke kokk

eval({'load ',SOLID NAME]); ‘ % open solid file
SNODES = length (XN); .
INDEX = [FLUID_DOF+l : FLUID_DOF+SOLID_DOF]';

'NODE_VEC = [DXS;DYS;VXS;VYS];

and solid
% frames of reference

% need actual node numbers$ to tie boundary conditions together in fluid

P_CROSS_REF = find(P(:,2)§=0);
P(P_CROSS_REF,1) = QP(P(P_CROSS_REF,2),1); - % get pressure

distribution

% calculate updated nodal forces from pressure loads
[PTXS, PTYS] = press(XN+DXS, YN+DYS,ELMAT,P(:,1),NN,SOLID_ DOFNODE) ;

% remove' load at dirichlet. boundary nodes

'~ PTXS(BCX(:,1)) = PTXS(BCX(:,1))*0;

PTYS(BCY(:,1)) PTYS(BCY(:,I))*O;

SCALE =1;°
XT 1 = [];
VI_1 = [];
DEL_TAU = 0;
- figure (1) . , .
clg SR T |
figure (2) ’ i

% set some Newton .(outer) and GMRES (inner) iteration parameters
TOL=[1E-6, 1E-6,2]; :
LIN ITS = 88;

- PARMS=[10,LIN ITS,.5,2,8];

_[SOLN{INDEX), S_HISTORY, S IERROR, S_STATS] = knsolgma...
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('STR_LHS', 'STR_RHS', TOL, PARMS, NODE_VEC,

NODE_VEC, XN, YN, ELMAT, PTXS, PTYS, SCALE, BCX, BCY, MP,
DEL T,DEL_TAU, NN, SOLID DOFNODE, [1,0]);

ITC
disp(['Solid results']) i o

disp ([S_STATS(:,1),zeros(size(S_STATS(:,2))),S_STATS(:,3:{5)])
format long ; ' ' .
disp(S_STATS(:,2))

format short

% update solid position and velocity
DXS = SOLN(INDEX (1) : INDEX (SNODES)) ;

~ DYS = SOLN-(INDEX{SNODES+1) : INDEX(Z*SNODES))

if SOLID DOFNODE ==

VXS = SOLN (INDEX (2*SNODES+1) : INDEX (3*SNODES) ) ;
VYS = SOLN (INDEX (3*SNODES+1):INDEX (4*SNODES)); ~
else .
VXS = [];
VYS = []:
end

% Enforce structure boundary conditions

DXS (BCX(:,1))=BCX(:,2); , % set dirichlet X boundary
deformation

DYS(BCY(:,1))=BCY(:,2); % set dirichlet Y boundary
‘deformation :

if SOLID_DOFNODE ==
VXS (BCX(:,1))=BCX(:,3):
VYS(BCY(:,1))=BCY(:,3);
end

set dirichlet X boundary velocity
_set dirichlet Y boundary velocity

oo

o0

SOLN(INDEX)—[DXS DYS;VXS; VYS],
toc

%**************************** END STRUCTURE'
% %k sk Kk ok ke ke ke ke ke e ke sk sk ke ok %k ok ke e de ok g ok ok e otk ek ok ke ke ke ko k ke ke

o,

- % END STRUCTURE END STRUCTURE END STRUCTURE END STRUCTURE END STRUCTURE

END STRUCTURE

%*********;******************* START GRID
************************A**********‘****L‘k***
%*************************************;*****f**************************
% e e e e Kk ok Rk K ok . ;

eval(['load ',GRID NAME]); . % open grid file

GNODES = length (XN); o o |

INDEX = [FLUID_DOF+SOLID DOF+l : FLUID' DOF+SOLID DOF+GRID DOF]';

% Grid position and veloc1ty are already avallable Update velocity as
it may

% have been changed for fluld calculation
if GRID_DOFNODE ~= 4

L R

. 7400
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“VXG = []:
VYG = [1;
end

% Need actual node numbers to tie boundary conditions together in grid

nd solid i

frames of reference. Cross reference in BCX and BCY provides
onnections. Must

be repeated here for use in grid residual calculation.

X_CROSS_REF = find (BCX(:,4)~=
Y CROSS_REF = f£ind(BCY(:,4)~

BCX (X CROSS REF,2) = DXS(BCX(X_CROSS_REF,4));
BCY (Y_CROSS_REF,2) = DYS(BCY(Y_CROSS_REF,4))

r

if GRID_DOFNODE == 4 SOLID DOFNCDE ==
BCX (X CROSS_REF, 3) VXS (BCX (X_CROSS_REF, 4));
BCY(Y_CROSS_REF,3) = VYS(BCY(Y_CROSS_REF,4)):
end

SCALE =
XT 1 =
VI 1 =
DEL_TAU

(
(

1;
1:
1;

0;
NODE_VEC = [DXG;DYG;VXG;VYG];

figure (1)
clg
figure (2)
clg

% set some Newton (outer) and GMRES (inner) iteration parameters
TOL=[1E-6, 1E-6,2];
LIN_ITS = 88;
PARMS=[10,LIN_ITS,.5,2,8];

[SOLN (INDEX), G_HISTORY, G _IERROR, G_STATS] = knsolgma...
('grid_lhs', 'grid 'rhs', TOL, PARMS, NODE VEC, ...

NODE_VEC, XN, YN, ELMAT, PTX, PTY, SCALE, BCX, BCY,MP, DEL_T, DEL_TAU,
NN, GRID_DOFNODE, [1,0]1);

ITC

disp(['Grid results']) .
disp([G_STATS(:,l),zeros(size(G_STATS(:,Z))),G_STATS(:,3:5)])
format long ) ' '
disp(G_STATS(:,2))

format short

% update grid position and velocity
DXG = SOLN (INDEX (1) : INDEX (GNODES)) ; ,
DYG = SOLN (INDEX (GNODES+1) : INDEX (GRID:DOF)) ;
if GRID_DOFNODE == S ‘
VXG = SOLN (INDEX (2*GNODES+1) : INDEX (3*GNODES) ) ;
’ : ' 401. -



VYG = SOLN(INDEX (3*GNODES+1) : INDEX (4*GNODES) ) ;
else

VXG = [1;

VYG = [1;
end

% Enforce grid boundary conditions

DXG(BCX(:,1))=BCX(:,2);.

deformation ’

DYG(BCY(:,1))=BCY(:,2);

deformation

if SOLID_DOFNODE == 4
VXG(BCX(:,1))=BCX(:,3);
VYG(BCY(:,1))=BCY(:,3);

end

set dirichlet X boundary

oP

o

set dirichlet Y boundary

oo

set dirichlet X boundary velocity
set dirichlet Y boundary velocity

o

SOLN (INDEX) = [DXG;DYG;VXG;VYG];

toc
%***********************f*** END GRID-

e g de s ok Kk ok ok ok ke kK ke ok K ok ok sk gk gk ok ok ok kg gk ke ok ok ok e ek ke ok R ok e ok e ok

% END GRID END GRID END GRID END GRID END GRID END GRID END. GRID END
GRID END GRID B c ' ‘ .

DELTA SOLN = max(abs(SOLN—SOLN_TMl))
FNRM = norm(SOLN-SOLN_TM1) /sqgrt (length (SOLN) )

end % physical time or load increment stepping

toc
flops

FSG_MAS

Master script program for fluid, structure, grid motion

common variables .

XN, YN = vector of X and Y locations of nodes

fluid: current location

structure and grid: original location

nodes assigned to elements

material properties .

fluid MP = [R, CP, GAMMA]
(R...ft"2/sec”2,CP...ft"2/sec”2, gamma)

structure and grid MP = [E,KNU, RHP]

(E...lbf/sqft, Nu,

ELMAT
MP

ensity...lbm/cuft)
DOFNODE = degrees of freedom per node

fluid = ¢

structure and grid = 2
order of gauss integration (1,2, or 3), 2 for all
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UN = vector of X welocity of nodes

VN, = vector of ¥ velocity of nodes

DEL_T =: physical time step size

DEL_TAU = pseudo time step size

A= " connectivity matrix for viewing grids

numbers = node numbers to use with connectivity matrix

fluid only : :

QINITIAL = matrix of initial conditions for prlmltlve nodal variables
P, U, V, T] ,

BCTYPE = vector of nodal definition of boundary condition type

not necessarily the most efficient implementation but it.
orces ‘ A ‘
a single definition of boundary state for nodes
type 0 = not on a boundary ‘

_type 1 = inflow/outflow.
type 5 = impermeable wall
type 6 = combination wall and inflow/outflow (1 e. a corner

ode) :
type 21= definitely inflow
type 22= definitely outflow
type 26= combination wall and definitely inflow
Lo type 27= combination wall and definitely outflow
BC1 = matrix of type 1, 6, 21, 22, 26 & 27 boundary condltlons
K . [node number, P, U v, T] '
MOUT PTR —nodal vector giving index for boundary nodes in MOUT matrix

structure only .
P = vector of pressure at each node and a cross reference to a
luid .

flow node producing the pressure [P, cross reference]
P_REF = reference pressure for structure surface away from flow

structure and grid only

NODE_VEC = nodal deformation and veloc1ty vector [DX; DY, (U; V)1

dummy place holder

PTX = point .(nodal) loads in the X direction

PTY = point (nodal) loads in the Y direction

SCALE = scaling factor used to gradually apply loads

BCX = X deformation (and velocity) Dirichlet boundary conditions
[node #, X, VX, solid node #]

BCY = Y.deformation (and velocity) Dirichlet boundary conditions
[node #, Y, VY, solid node #]

XM1 = [DX;DY] at t-1 ‘

VMl =

[VX;VY] at ﬁ—l

global variables

o° O° o O° 00 I% P O° O O O O° A0 OP OF A0 O° O o0 A Hh dC 0P o° oP o\°)o\° o0 o0 oP o0 3 ;7\0 o o° o° o2 tHh o o — 00 A0 00 0P OP o° of d° oP

fluid
MFLOW = flat file contalnlng summatlon of element integration
matrices for LHS
% MOUT =  matrix of nodal RH rule tangent vectors and boundary type
information
% ’ [node number, dx, dy, type (1 - 54), index into BCl, DX,
DY]

% BC conditions l=supersonic inflow, 2=subsonic inflow
' 403" ‘
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- % f' 3=supersonic. outflow, 4=subsonie outflow

% .~ 5=impermeable wall, o

3 .. 5l=wall+super' in, . -52=wall+stib in.

% L 53=wall+super out, .54=wall+sub out

% [dx,dy] = wall tangent andlln/out tangent

% [DX,DY] = in/out tangent lf [dx, dy] has. wall tangent for a
corner, o

2 ‘ otherw15e orlglnal direction of velocity vector
% GFLOW = flat .file containing summatlon of element 1ntegratlon
matrices for LHS

% grid motion in pseudo time

% structure

% STIFF = flat file containing summatlon of element 1ntegratlon
matrices for LHS ' "

3 _structural internal force ‘vector (stlffness),.phy51cal time
(if used) ‘ : :

oe

and pseudo time (if used) calculations. .

o0

% grid : .

% GSTIFF = flat file contalnlng summatlon of element 1ntegratlon
matrices for LHS

% grid internal force vector (stiffness), physical time (if
used) and - ‘ '

% pseudo time (if used) calculations

global MFLOW MOUT GFLOW STIFF GSTIFF

% set some Newton (outer) and GMRES (inner) iteration parameters
% [absoluté error tolerance, relative error tolerance, degrees of
freedom/node]

$TOL=[1E-6,1E-9,4];

TOL=[1E-6, 1E-6,4];

% [max Newton steps, max linear 1teratlons, etamax, linear soln method,
max restarts] :
20 Newton steps ,
40 GMRES iterations per start or restart
.5 etamax (or .9)
2 = Restarted GMRES (40) .
5 = max number of GMRES restarts -> linear its max/Newton step.
i.e. GMRES will run 6 times if 5 restarts. Initial + 5 restarts

o0 o0 o o

oo

oo

PARMS=[20,88,.5,2,5];

$PARMS=[2,2,.5,2,1];

-T_STEP=1; % max time steps . ‘

DEL T = 0; % physical time step size, 0 = steady state
. |

flops (0);

tic

%**********************************************************************

Je o ok Je ek Y K e d kS ke
% Set up space for global matrices
°**********************************************************************

**************
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FLUID NAME = 'nozzlelZc'

FLUID NNODES = 192

FLUID DOFNODE = 4

FLUID DOF = FLUID_DOFNODE * FLUID_ NNODES
SOLID NAME = 'wall2b' . ‘
SOLID _NNODES = 48 '
SOLID DOFNODE = 2 ‘
SOLID_DOF = SOLID DOFNODE * SOLID NNODES
GRID NAME = 'nozzle2g'

GRID_NNODES = FLUID_NNODES
GRID_DOFNODE = 2

GRID_DOF = GRID DOFNODE * GRID NNODES

'

SOLN = zeros (FLUID DOF+SOLID DOF+GRID DOF,1l);

%********************************** FLUID
*******************************************

% Inltlallze fluid global matrices for element by element storage
eval ({'load ',FLUID NAME]);

[NEL, LARGEST]}=size (ELMAT) ;

MFLOW=zeros (NEL, (FLUID DOFNODE*LARGEST)"2); % LHS element
integration matrix .
LBC = length (find(BCTYPE));
MOUT = zeros(LBC,7):;

into BC1, DX, DY]

MOUT (:,1)=£find (BCTYPE) ;

number of boundary nodes
[node number,dx,dy,type, index

o° oo

oo

load boundary node numbers

GFLOW = zeros (NEL, 2*FLUID DOFNODE*LARGESTAZ) % Fluid flow correction
- for grid motion . .

$ load fluid initial conditions
FLUID_INDEX = [1:FLUID_DOF];
SOLN(FLUID_INDEX) = reshape(QINITIAL,FLUID_NNODES*FLUID_DOFNODE,l);

%********************************** SOLID
hhkdkdhhkdhhhkkhhkdkhhhkhhhdhkhhhhhhhkdkhkhhdbhkhhkhdhkdkkk

% Initialize solid global matrix for element by element storage
eval (['load ',SOLID _NAME] ) ;

[NEL, LARGEST] =size (ELMAT) ;

STIFF=zeros (NEL, (SOLID_ DOFNODE*LARGEST)AZ), . % LHS element
integration matrix

%********************************** GRID
i
hhhdhhkkhhkhkkhkhkhhhkdkhhkbdhhhkrdhhhhhhbhkhkhhhdcdkhkhdkhk

Q.

% Initialize grid global matrix for element by element storage
eval (['load ',GRID_NAME]); : ;

[NEL, LARGEST]=size (ELMAT) ; .

GSTIFF=zeros (NEL, (GRID DOFNODE*LARGEST)A2), % LHS element
integration matrix
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° ******************************************,****************************
% dkok Kk ke k ok ok ok ok ko ke k :

% Set up for phy31cal time or load increment’ steppln

°

° ********************************************************************** )

*hkhkhkhkhkkkkkkkkdk

SOLN TM1 = []; -
SOLN TM2 = [];

ENRM=1; : .
STOP _TOL=TOL (1) + TOL(Z2)*FNRM;
ITC = 0; :

% start physical time or load lncrement Stepping 1teratlons
while (FNRM > STOP_TOL & ITC < T STEP)
ITC=ITC+1;

oo

update for actual time stepplng
SOLN_TM2 = SOLN_TM1; . .
SOLN TM1 = []; S

o0

Set up figure windows
figure(l)
clg
- set (1, 'Position', [2 30 447 340]);
figure(2)
clg
set (2, 'Position’ , [456 414 371 3101);
figure (3)
clg
set (3, 'Position', [2 415 447 308]);
figure (4)
clg : '
set (4, 'Position', [456 30 370 339])}“

[SOLN, HISTORY, IERROR, STATS] = )
knsolgma('FSG_LHS','fsg_rhs‘;TOL7PARMS(...
- SOLN, SOLN,

FLUID NAME, FLUID DOF, FLUID DOFNODE,

SOLID NAME,SOLID_DOF, SOLID DOFNODE, : -
GRID_NAME ,GRID_DOF
,GRID DOFNODE, . ..

' SOLN_TM1,SOLN_TM2);

o

update SOLN for all necessary bounda?y conditions

% fluid updates inflow/outflow boundary conditions
eval ({'load ',FLUID NAME]);
DUMMY = reshape(SOLN(l FLUID DOF),FLUID NNODES, FLUID DOFNODE) ;
DUMMY = bcl lhs (DUMMY,BC1); B
SOLN(1:FLUID DOF) = reshape (DUMMY, FLUID DOF, 1) ;

% solid updates restricted deformation conditions
eval(['load ',SOLID NAME]);
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SOLN (FLUID_DOF+BCX(:,1))=BCX(:,2);
SOLN (FLUID_DOF+SOLID_NNODES+BCY (:,1))=BCY (1, 2);

% grid updates along solid boundary and flxed deformatlon condltlons
eval (['load ',GRID:NAME]); ' ,
X CROSS_REF = find (BCX (:, 4) ~=0) ; !
Y CROSS_REF = find(BCY(:,4)~=0); \
BCX(X CROSS REF, 2) SOLN(FLUID DOF+BCX(X CROSS_REF, 4))
BCY (Y _CROSS_. _REF, 2)=SOLN(FLUID_. DOF+SOLID NNODES+BCY(Y CROSS_REF, 4))
SOLN (FLUID__ DOF+SOLID _DOF+BCX (: ))—BCX( 1 2); ’
SOLN(FLUID DOF+SOLID_ DOF+GRID NNODES+BCY(,,1))=BCY(-‘2);

disp ([STATS(:, 1), zeros(31ze(STATS( ,2))) STATS( /3 5)])
format long : .
disp (STATS (:,2))

format short

FNRM = norm(SOLN)/sqrt (length (SOLN) ).

end % physical time or load increment stepping
toc
flops

figure (1)
clg
semilqu(HISTORY(:,l))

FSG_RHS

function R = fsg rhs(SOLN DUMMY,
: - ’ FLUID_ NAME, FLUID DOE, FLUID DOFNODE
SOLID NAME, SOLID DOE, SOLID DOFNODE,...
GRID | NAME GRID’ DOF, GRID DOFNODE
SOLN_ TMl SOLN.. TM2) ‘ :

DXS

% = structure deformatlon

%$ DYS = structure deformation . ,

% VXS = structure velocity co

% VYS = structure velocity y

$ DXG = grid .deformation A ) ) '
$ DYG = grid deformation N

% VXG .= grid velocity"

%

VYG = grid velocity - o R
R ‘ o , R
"disp('In FSG_RHS now')- ) N
, B Eeb_REs ) B , !

R'= zeros (FLUID_ DOF+SOLID DOF+GRID Doﬁ,ly-

°***************************** START SETUP
***************************************** .




% Get the grid position, velocmty, and boundary conditions set up
properly

9**********************************************************************

* kK ok %KoKk ok ok KRk ok

eval(['load ',SOLID_NAME]):; % .open solid file
SNODES = length (XN) ;

INDEX = [FLUID_DOF+1 : FLUID_DOF+SOLID DOF]';

'

DXS = SOLN(INDEX (1) :INDEX (SNODES)) ; . , % get solid position
and velocity : )
DYS = SOLN(INDEX(SNODES+1):INDEX(Z*SNODES))'
if SOLID DOFNODE ==

VXS = SOLN(INDEX(Z*SNODES+1) INDEX(3*SNODES)

I

—

VYS = SOLN(INDEX (3*SNODES+1) : INDEX (4*SNODES)) ;
else

VXS = [1]1;

vVYS = [];
end

% Enforce structure boundary conditions ’ '
DXS(BCX(:,1))=BCX(:,2); % set dirichlet X boundary

deformation
DYS(BCY(:,1))=BCY¥(:,2); % set dirichlet Y boundary
deformation ' o

if SOLID DOFNODE ==
VXS (BCX(:,1))=BCX{(:,3);
VYS(BCY(:,1))=BCY(:,3):
end

set dirichlet X boundary velocity
set dirichlet Y boundary velocity

o° oo

G % Je ok ok d ke ode sk e sk e Sk e sk e sk g ok ok ke ok ok ok e ok ke ok ok END SETUP
khkkdkkdkhhhkkhdkhhdhhkhbhkhkhkkkhdhhkhkhdhdhhhkdkdrkx

% END SETUP END SETUP END SETUP END SETUP END SETUP END SETUP END SETUP
END SETUP

%******************t********** START GRID
Fkdkkhhkdhkhhdhhkdhhhhkhhkhkhhhhkhhkhhhdhrkkrkhkkhk

%

%***********************************************;**********************
Ckokok ke ok ke ke ke koK ok ke ke . .

eval (['load ',GRID_NAME]); ) % open grid file
GNODES = length (XN); ' ’ ;e ) '

INDEX = [FLUID_DOF+SOLID_DOF+1 : FLUID;DOF+SQLID_DOF+GRID_DOF]';

DXG = SOLN(INDEX(l):INDEX(GNODES)); _ % get grid position and

velocity A ‘

DYG = SOLN (INDEX (GNODES+1) : INDEX (GRID_DOF) ) ;

if GRID DOFNODE == . !

- VXG SOLN (INDEX (2*GNODES+1) : INDEX (3*GNODES) ) ;
VYG SOLN(INDEX(B*GNODES+1):INDEX(4*GNODES));

else ' , '
VXG
VYG-

end.

[1;
[]

r
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% need actual node numbers to tie boundary conditions together in grid
and solid ’ o

% frames of reference. Cross reference in BCX and BCY provides
connections.

X _CROSS_REF = find(BCX(:,4)~=0); : % get grid/solid cross
reference ’

Y CROSS_REF

£ind (BCY(:,4)~=0); ‘

% update grid dirichlet boundary condition file to match current solid
shape ‘

BCX (X_CROSS_REF,2) = DXS(BCX(X_CROSS_REF,4));

BCY (Y_CROSS_REF,2) = DYS(BCY(Y_CROSS_REF,4));

SOLID DOFNODE ==
VXS (BCX (X_CROSS_REF, 4));
VYS (BCY (Y _CROSS_REF, 4));

if GRID DOFNODE == 4
BCX (X_CROSS_REF, 3)
BCY (Y CROSS_REF, 3)

R

end

SCALE = 1;
XT_1 = [];
VI_1 = [];
DEL T = 0;

disp('starting grid')

R(INDEX) =

grid rhs([DXG;DYG;VXG;VYG], [],XN, YN, ELMAT, PTX, PTY, SCALE, BCX, BCY,MP, . ..
DEL_T,DEL_TAU,NN,GRID DOFNODE,XT 1,VT 1);

% Enforce grid boundary conditions for use in fluid calculations

DXG(BCX(:,1))=BCX{:,2); % set dirichlet X boundary
deformation
DYG(BCY(:,1))=BCY(:,2); % set dirichlet Y boundary

deformation

if SOLID_DOFNODE ==
VXG(BCX(:,1))=BCX(:,3);
VYG(BCY(:,1))=BCY(:,3);

end

disp('ending grid')

oo

set dirichlet X boundary wvelocity
set dirichlet Y boundary velocity

o0

Ghkkkkkkkhkhkkkkkkkkkkkkkkk** END GRIb

ke e e e ke e ke e ke ok ok ok ok e e ok ok ok R R R ok ok ok sk ok ok ok ok ok ok ok ok ok ok ok ke ok

% END GRID END GRID END GRID END GRID END GRID END GRID END GRID END
GRID END GRID

! .
%******************-}f********** START E‘LUID
**************************************’***
[}

]

%********************i;****************J*************‘A"*******************
% v ek ok Yo%k ok k kK

eval (['load ',FLUID NAME]); . % open fluid file

FNODES = length (XN); !

INDEX = [l : FLUID DOF]1';
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QP = SOLN(INDEX):;
QP1=QP; ‘
QP2=QP; o

DEL T = 0;
DEL_TAU = 1;
if GRID_DOFNODE == % use grid position and velocity
from above '

% do nothing

elseif DEL_TAU ~= 0 $ calculate grid velocity if not
available
VXG = DXG / DEL_TAU;

VYG = DYG / DEL_TAU;
else

VXG = zeros(size (DXG));

VYG zeros (size (DYG))
end

.
r

disp('starting fluid residual calculation')
R(INDEX) = '
blok_rhs(QP,QP,XN+DXG, YN+DYG, VXG, VYG, QP QP DEL_ T DEL TAU MP, ELMAT,...
BCTYPE, BC1,MOUT_ PTR FLUID DOFNODE NN)

LY
H

% Enforce fluid boundary conditions
QP = reshape (QP, FNODES, FLUID_DOFNODE) ;, .
QP = bcl 1lhs(QP,BCl);

disp('ending fluid residual calculation')

Ghhkdkhkkkkdhhkhkhkhkhkdhkdkkhkkkdrkkkrkkd*x BND FLUID
%k ek ok Kk ok kv Kk gk sk ke ke e ke ke ke ok ok ok vk ok ok ke ok ke ke ke ke ke ke ke ek ek ke ok

% END FLUID END FLUID END FLUID END FLUID END FLUID END FLUID END FLUID
END FLUID

Grhhhdhkhhkhhkhkkhhhkhhkkhhkkhkkhkkxd* START STRUCTURE
ke de ke Kk ok e sk ke ke ok %k e ke sk vk vk ok ke ke sk vk ok ke ke ke ke e ok ke ok ok ke ke ok

Q.

3

°
%**********************************************************************

e ek ok ok e ok

eval(['load ',SOLID NAME]); o $ open solid file
SNODES = length (XN); . !

INDEX = [FLUID_DOF+1 : FLUID DOF+SOLID DOF]"';

% solid position.and velocity calculatéd in setup section above
% need actual node numbers to tie boundary conditions together in fluid
‘and solid : :

% frames of reference

P_CROSS_REF = find(P(:,2)~=0); -
P(P_CROSS_REF,1) = QP(P(P_CROSS_REF,2)),1);

% calculate nodal forces from pressure loads
: 410



[PTX, PTY] = press (XN+DXS, YN+DYS, ELMAT,P(:,1),NN,SOLID DOFNCDE) ;

% remove ioad at dirichlet boundary nodes

PTX(BCX(:,1)) = PTX(BCX(:,1))*0;
PTY(BCY(:,1)) = PTY(BCY(:,1))*0;
SCALE = 1;
XT 1 = [];
T VT_1 = [];
DEL_.T = 0;
'DEL_TAU. =

0;

disp('starting structure')
R(INDEX) = : . .
~str_rhs([DXS;DYS;VXS;VYS], [DXS;DYS;VXS;VYS], XN, YN, ELMAT, PTX, PTY, SCALE, .

BCX,BCY,MP,DEL_T,DEL_TAU,NN,SOLID_DOFNODE,[l,O],XT_lAVT_l);
-disp('ending sﬁructuref)

-%******************?‘********* END STRUCTURE
hhkkhkdkhkhdhhkhkhhhkhdkhkhhhhhhhhhdhhkhhhdhhdkkhdkhk

% END STRUCTURE END STRUCTURE END. STRUCTURE END STRUCTURE END STRUCTURE
END STRUCTURE

global RHSR
'RHSR =

* disp('Leaving FSG_RHS')

FSG_LHS

function R = fsg_ lhs(SOLN DUMMY, ...
FLUID NAME, FLUID DOF,FLUID DOFNODE,
SOLID NAME, SOLID DOF, SOLID DOFNODE
GRID NAME GRID_ DOF GRID DOFNODE,...
SOLN TM1, SOLN TMZ)

oe

DXS = structure deformation

DYS = structure deformation

'VXS = structure velocity '
VYS = structure velocity :
DXG = grid deformation |
DYG = grid deformation
VXG = grid velocity

VYG = grid wvelocity ' ,

o0 dO dP d° oo

o0 o°

w

= zeros (FLUID DOF+SOLID DOF+GRID_DOF,1);

i
'
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%***************************** START SETUP

sk K ok K Kk STk sk S ok k% e ok ke sk sk e ok e ke e ok sk ke ok e ok ok ok ok ke ok ok e ke kK

% Get the grid position, velocity, and boundary conditions set up
properly

Ghhhhdkhkdhhhkhdhhhkkhkdkrhkhhhhhhdhhkdhhkhkkhkhdhhkdkkhkkdohkkkdhhdhkhdhkrkhkkhhhhkhdkdx
% % % %k Kk ok ok ok ok kK

eval (['load ',SOLID NAME]); ) % open solid file
SNODES = length (XN); : : o
INDEX = [FLUID _DOF+l : FLUID DOF+SOLID DOF]';

DXS = SOLN(INDEX (1) : INDEX (SNODES)) ; % get solid position
and velocity ‘ .

DYS =. SOLN (INDEX (SNODES+1) : INDEX (2*SNODES) ) ;

if SOLID DOFNODE ==

VXS = SOLN (INDEX (2*SNODES+1) : INDEX (3*SNODES) ) ;
VYS = SOLN (INDEX (3*SNODES+1) : INDEX (4*SNODES) ) ;
else ‘
VXS = [1;
VYS = [];
end

% Enforce structure boundary conditions

DXS(BCX(:,1))=BCX(:,2); % set dirichlet X boundary
deformation

DYS(BCY(:,1))=BCY(:,2); . % set dirichlet Y boundary
deformation '

if SOLID DOFNODE ==
VXS (BCX(:,1))=BCX(:,3):
VYS(BCY(:,1))=BCY(:,3):
end

set dirichlet X boundary velocity
set dirichlet Y boundary velocity

o0 oo

%****************************** END SETUP
Je e e e e K Fode kK kK S sk sk ke ke ke k% vk e e ok e s s ok ok ek ke e ke ke ke

% END SETUP END SETUP END SETUP END SETUP END SETUP END SETUP END SETUP
END SETUP . '

%*********k******************* START GRID
dhkkdkhdkkkhkhkkkkhhkdhdhkhhhhdhhkhhhrhdhhhkhkrhrhhkhhr

o

o

°
G e e ek ok ok e ok Sk K g ke sk ok ke ke ok ke ok ke ok ok e ok ok ok ok ok kR e ok ok ok sk ok ok ok ok ek ok ok ok ok o ok ok ok K ok ok o ok ok sk ok ok e ok ok o g

LER S S R E L E R .

eval(['load ',GRID NAME]); \ % open grid file
GNODES = length (XN) ;

INDEX = [FLUID_DOF+SOLID_DOF+1‘;'FLUID_DOF+SOLID_DOF+GRID_DOF]';

' DXG = SOLN(INDEX (1) : INDEX (GNODES)); % get grid position and
velocity ' '
DYG = SOLN (INDEX (GNODES+1) : INDEX (GRID DOF));
if GRID_DOFNODE == 4

VXG = SOLN (INDEX (2*GNODES+1) : INDEX (3*GNODES) ) ;

VYG = SOLN (INDEX (3*GNODES+1) : INDEX (4 *GNODES) ) ;
else

VXG = []; .

VYG = []; \
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end

% need actual node numbers to tie boundary conditions together in grid
and solid . ,

% frames of reference. Cross reference in BCX and BCY provides
connections.

X CROSS_REF = find(BCX(:,4)~=0); % get grid/solid cross
reference . :
= find(BCY(:,4)~=0);

Y CROSS REF

% update grid dirichlet boundary condition file to match current solid
shape

BCX (X CROSS_REF, 2) = DXS(BCX(X CROSS_REF,4));

BCY(Y_CROSS_REF, 2) DYS (BCY(Y_CROSS_REF,4));

SOLID DOFNODE ==
VXS (BCX (X_CROSS_REF, 4) ) ;
VYS (BCY (Y_CROSS_REF, 4) ) ;

if GRID_DOFNODE == 4
BCX (X_CROSS REF, 3)
BCY (Y_CROSS_REF, 3)

end

R

It

SCALE = 1;
XT 1 = [];
VI_1 = [}
DEL T = 0;
© DEL_TAU = 0;

R(INDEX) = ‘ :
grid_lhs ([DXG;DYG;VXG;VYG], [1,XN, YN, ELMAT, PTX, PTY, SCALE, BCX, BCY, MP, . . .
DEL_T,DEL_TAU,NN,GRID_DOFNODE,XT 1,VT 1);

o)

% Enforce grid boundary conditions

DXG(BCX(:,1))=BCX(:,2); % set dirichlet X boundary
deformation ;
.DYG(BCY(:,1))=BCY(:,2); $ set dirichlet Y boundary

deformation

'if SOLID DOFNODE ==
VXG(BCX(:,1))=BCX(:,3);
VYG(BCY(:,1))=BCY(:,3);

end )

oo

‘set dirichlet X boundary velocity
set dirichlet Y boundary velocity-

op

%*****************f********* END GRID
********************************************

$ END GRID END GRID END GRID END GRID END GRID END GRID END GRID END
GRID END GRID

%*********************;******* START ﬁLUID
************************;****************
3 '
%**********************************************************************
ek ok ok e ok ok ok ok e ok ‘ X '
eval (['load ',FLUID NAME]); % open fluid file

FNODES = length (XN); :

INDEX = [1 : FLUID DOF]';
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QP = SOLN (INDEX);
QP1=QP;
QP2=QP;

DEL_T = 0;
DEL TAU = 1;
1f GRID_DOFNODE == % 'use grid position and velocity
from above ’ ’
% do nothing
elseif DEL_TAU ~= 0
available
VXG = DXG / DEL_TAU;

oo

calculate grid velocity if not

VYG = DYG / DEL_TAU;
-else

VXG = zeros(size (DXG));

VYG = zeros(size (DYG)):;
end
R(INDEX) =

flow_lhs (QP, QP,XN+DXG, YN+DYG, VXG, VYG, QP,.QP, DEL T DEL_TAU,MP, ELMAT,...
BCTYPE, BCI, MOUT PTR FLUID DOFNODE NN)

Enforce fluid boundary conditions ... .
reshape(QP,FNODES,FLUID_DOFNODE)f
becl 1hs (QP,BCl);

QP
Q

. it ) Aw
°****************************** END FLUID
***************************************

$ END FLUID END FLUID END FLUID END FLUID END FLUID END FLUID END FLUID
END FLUID

°***************************** START STRUCTURE
*************************************

%

%**********************************************************************
ok %Kok kK ok k k ok kK

eval(['load ', SOLID NAME]); . % open sdlid file
SNODES = length (XN) ‘
INDEX = [FLUID DOF+l : FLUID_DOF+SOLID_DOF]';

% solid position’ and velocity calculated above

% need actual node numbers to tie boundary condltlons together in fluid
nd solid

a
'
g

frames of reference

»
P CROSS REF = flnd(P( 1 2)~=0);
P(P_CROSS_REF, 1) = QP(P(P_CROSS_REF, 2),1),

% calculate nodal forces from pressure loads
[PTX,PTY] = press (XN+DXS, YN+DYS, ELMAT, P(: 1),NN SOLID DOFNODE)

0.

% remove load at dirichlet boundary nodes
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PTX (BCX (:,1)
- PTY(BCY (:,1)

PTX (BCX(:,1))*0;

)
) PTY (BCY(:,1))*0;

r

SCALE = 1
XT_1 = [];
VT_1 = [1:

0;

" DEL_T =
DEL_TAU = 0; '

R (INDEX) = , \ ‘ :
str_lhs ([DXS;DYS;VXS;VYS], [DXS;DYS; VXS; VYS], XN, YN, ELMAT, PTX, PTY, SCALE, .

BCX, BCY, MP, DEL_T, DEL_TAU, NN, SOLID_DOFNODE, [1,01,XT 1,VT 1);

%**************************** END "STRUCTURE
* %k Kk ke k ke Kk ke ke ok ke sk sk ok ke ok ok ke ok ke ke ke ke ok sk ok ke ke sk ke ek ok ke ok

. % END STRUCTURE END STRUCTURE END STRUCTURE END STRUCTURE END STRUCTURE
END STRUCTURE ’
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