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ABSTRACT

[bookmark: _Hlk153531525]This dissertation investigates efficient power system electromagnetic transient (EMT) simulations using a semi-analytical approach.
 First, based on state-space equations of system EMT models, a semi-analytical solution (SAS) is acquired using the Differential Transformation Method (DTM). The DTM can efficiently derive the SAS of any linear or nonlinear system as a power series in time in a recursive manner using well-developed transformation rules. A high-order SAS allows a large time step to speed up the simulation while maintaining the same level of accuracy. Also, a variable time step approach is proposed to further improve its efficiency. Case studies on multiple systems demonstrate that the proposed approach has better performance compared to traditional numerical approaches.
Second, to effectively handle switches caused by limit violations during simulations, a binary search-enhanced quadratic-interpolation algorithm is proposed to precisely locate the transition moment and correct the simulation using the SAS. Case studies on a full EMT model of the IEEE 39-bus system are conducted to show the high accuracy of the proposed detection approach.
Third, while the network is solved by a nodal equation instead of a state-space equation, the SAS is explored on synchronous generators and controllers. An interface between the two different numerical approaches is developed based on the extrapolation of terminal voltages. At the same accuracy, the SAS can still improve the simulation efficiency using a larger time step. 

Fourth, the parallel SAS-based EMT simulation using a nodal equation for the network is studied and tested. The network solution is parallelized through reformulating the network conductance matrix into a bordered block diagonal (BBD) form. The SAS-represented synchronous generators are naturally decoupled and parallelized. Case studies on a synthetic 10024-bus system demonstrate the high performance of the parallel simulation. 
Fifth, a high-order nodal approach for the network equation based on diagonally implicit Runge-Kutta methods is proposed and interfaced with the SAS of generator and controller equations. Case studies on a four-bus system show that the proposed approach has higher efficiency compared with the traditional approach.
Keywords: Electromagnetic transient simulation; power system dynamics; semi-analytical solution; differential transformation method; inverter-based resource; nodal formulation; state-space formulation; parallel computing; diagonally implicit Runge-Kutta.


TABLE of contents
CHAPTER ONE INTRODUCTION AND BACKGROUND INFORMATION	1
1.1 Background and motivation	1
1.2 Formulation of electromagnetic transient (EMT) simulation	3
1.2.1 State-space method	3
1.2.2 Nodal formulation method	4
1.3 Semi-analytical approaches	10
1.3.1 Homotopy-Analysis Method	10
1.3.2 Adomian Decomposition Method	13
1.3.3 Differential Transformation Method	14
1.4 Contribution of this paper	15
CHAPTER TWO STATE-SPACE EMT SIMULATION USING A SEMI-ANALYTICAL APPROACH	18
2.1 Introduction of the Differential Transformation Method	19
2.2 Formulation of state-space EMT network equations	22
2.3 Differential Transformation of state-space EMT models	24
2.4 Simulation strategy using a variable time step approach	33
2.5 Dense output mechanism	35
2.6 Case study	36
2.6.1 Case study on the Kundur’s two-area system	36
2.6.2 Case study on a modified IEEE 39-bus system	40
2.6.3 Case study on the IEEE 39-bus system	45
2.6.4 Case study on a synthetic 390-bus system	54
2.7 Conclusion	56
CHAPTER THREE SWITCH DETECTION BASED ON THE SEMI-ANALYTICAL SOLUTION	57
3.1 Switch detection using linear interpolation	58
3.2 Binary search-enhanced quadratic interpolation	58
3.3 Computational cost analysis	63
3.3 Case study	65
3.4 Verification of computational cost analysis	65
3.5 Conclusion	68
CHAPTER FOUR SAS-BASED EMT SIMULATION USING THE NODAL EQUATION FOR THE NETWORK	69
4.1 Simulation strategy	69
4.2 Deriving SAS using dynamic bus voltages	73
4.3 Case study	75
4.4 Conclusion	78
CHAPTER FIVE PARALLEL SAS-BASED EMT SIMULATION	82
5.1 Parallel simulation strategy	83
5.1.1 Parallel network solution using the bordered block diagonal technique	83
5.1.2 Parallel update of generator states and network historical currents	88
5.2 Case study	88
5.3 Conclusion	93
CHAPTER SIX SAS AND HIGH-ORDER NODAL FORMULATION-BASED EMT SIMULATION	96
6.1 High order diagonally implicit Runge-Kutta methods	96
6.2 High order nodal approach	99
6.3 Case study with ideal current sources	104
6.4 Case study with synchronous generators	115
6.5 Conclusion	123
CHAPTER SEVEN CONCLUSIONS AND FUTURE WORKTURE WORK	124
REFERENCES	125
VITA	140



LIST OF TABLES
Table 1.1 Companion circuit parameters of common branches	9
Table 2.1 Transformation rules for common functions	21
Table 2.2 Time steps and time costs of fixed time step DT using different orders	39
Table 2.3  Comparing times steps and time costs of different numerical methods	41
Table 2.4 Comparing time steps and costs of different methods on the	46
Table 2.5 Comparison of performance on the IEEE 39-Bus system	51
Table 2.6 Comparison of Performance on a 390-Bus System	55
Table 4.1 Error analysis of generator currents and network voltages under an open loop simulation strategy	72
Table 5.1 Comparison of time costs on the 179-Bus WECC system for a 1-second simulation using a 50-μs Time Step	89
Table 6.1 Maximum simulation error of different numerical methods using a 1 μs time step	107
Table 6.2 Maximum simulation error of different numerical methods using time steps of 50 μs and 100 μs	108
Table 6.3  Maximum time steps of different numerical methods under the same maximum error tolerances	111
Table 6.4 Number of stages of different numerical methods	112
Table 6.5 Efficiency of different numerical methods under the same maximum error tolerances	113
Table 6.6 Maximum time steps of different numerical methods under the same average error tolerances	116
Table 6.7 Efficiency of different numerical methods under the same average error tolerances	117
Table 6.8  Maximum simulation errors of different numerical methods using time steps of 50 μs and 100 μs on the four-bus system with synchronous generators	120
Table 6.9  Maximum time steps of different numerical methods under the same error tolerances on the four-bus system with synchronous generators	121
Table 6.10 Efficiency of different numerical methods under the same error tolerances on the 4-bus system with synchronous generators	122





LIST OF FIGURES
Figure 1.1 An R-L-C circuit with an ideal voltage source	5
Figure 1.2 A serial resistor-inductor branch	7
Figure 1.3 The companion circuit of a series resistor-inductor branch	7
Figure 2.1 PI section of the lumped transmission line model	23
Figure 2.2 Constant R-L model of an inductive load	23
Figure 2.3 Constant C model of a fix shunt	23
Figure 2.4 Control diagram of the TGOV1 governor model	29
Figure 2.5 Control diagram of the SEXS excitation model	29
Figure 2.6 Diagram of a grid-following IBR model	32
Figure 2.7 Flow chart of the multistage simulation strategy using the SAS approach	34
Figure 2.8 Illustration of dense output under large time step simulations	37
Figure 2.9 The Kundur’s two-area system	37
Figure 2.10 Relative rotor angle of generators	37
Figure 2.11 Frequency deviation of generators	38
Figure 2.12 Three-phase terminal current of generator #2	38
Figure 2.13 Three-phase voltage at bus #7	38
Figure 2.14 One-line diagram of the modified IEEE 39-bus system	41
Figure 2.15 Case 1 simulation results on the modified 39-bus system: Tripping the load at Bus 4	43
Figure 2.16 Case 2 simulation results on the modified 39-bus system: Grounding Bus 16 for 10 cycles	43
Figure 2.17 Case 3 simulation results on the modified 39-bus system: Tripping generator at Bus 34	44
Figure 2.18 Performance of the SAS with different orders on the modified 39-bus system	44
Figure 2.19 Comparison of time step and absolute error in case 2 on the modified IEEE 39-bus system	47
Figure 2.20 Phase C voltage at Bus 16 in case 2 on the modified IEEE 39-bus system	47
Figure 2.21 Phase C current of branch 16-22 in case 2 on the modified IEEE 39-bus system	47
Figure 2.22 Simulation results of generator rotor speed	49
Figure 2.23 Simulation results of generator terminal voltage	49
Figure 2.24 Simulation results of generator electrical power	49
Figure 2.25 Simulation results of three-phase voltage at Bus 10	50
Figure 2.26 Simulation results of three-phase current on branch 10-11	50
Figure 2.27 Performance of the SAS with different orders on the IEEE 39-bus system after code compilation	50
Figure 2.28 Phase-C voltages of Bus 10 from PSCAD	53
Figure 2.29 Errors of phase-C voltages at Bus 10 from PSCAD	53
Figure 2.30 Phase-C voltage at Bus 10 simulated by the SAS	53
Figure 2.31 Phase-A voltage at grounded Bus simulated by PSCAD	55
Figure 2.32 Phase-A voltage at grounded Bus simulated by the SAS approach	55
Figure 3.1 An example of linear interpolation in simulations	59
Figure 3.2 Flow chart of the SAS-based switch detection algorithm	61
Figure 3.3 Illustration of the binary search algorithm for switch detection	62
Figure 3.4 Simulation results of iqref of IBR2	66
Figure 3.5 Simulation results of Efd of synchronous generator #4	66
Figure 4.1 Steady state open loop simulation strategy by assuming	72
Figure 4.2 Open loop steady state simulation results based on SAS on the two-area system	72
Figure 4.3 Simulation strategy based on SAS	74
Figure 4.4 Interface between the network and an SAS represented synchronous generator	74
Figure 4.5 SAS-based EMT simulation using a nodal equation for the network	76
Figure 4.6 Simulation results provided by the conventional approach using a 5 μs time step	77
Figure 4.7 Simulation results provided by the SAS-based approach using a 150 μs time step	79
Figure 4.8 Bus voltage magnitude error of the SAS-based simulation using a 150 μs time step	80
Figure 4.9 Electrical power error of the SAS-based simulation using a 150 μs time step	80
Figure 5.1 Graph representation of the WECC 179-bus system	85
Figure 5.2 Parallel EMT simulation strategy	87
Figure 5.3 A synthetic, large-scale, 10024-bus system created by connecting 7×8 replications of the 179-bus WECC system	91
Figure 5.4 Speedup performance when leveraging HPC parallelization relative to a serial simulation on the synthetic 10024-bus system	91
Figure 5.5 Time cost for a 1-second simulation using a 50 μs time step on the synthetic 10024-bus system	92
Figure 5.6 Simulation speedup leveraging both SAS and HPC parallelization using a 150 μs time step	94
Figure 6.1 A series resistor-inductor circuit	100
Figure 6.2 A four-bus system	105
Figure 6.3 Phase A Voltage at Bus 2	105
Figure 6.4 Phase B Voltage at Bus 3	105
Figure 6.5 Phase C Current of Branch 2-3	105
Figure 6.6 Maximum error of the 5th-order DIRK method using a 100 μs time step	109
Figure 6.7 Efficiency of different numerical methods under the same maximum error tolerances	114
Figure 6.8 Efficiency of different numerical methods under the same average error tolerances	118



iv

[bookmark: _Toc420995890][bookmark: _Toc422997477][bookmark: _Toc427156460][bookmark: _Toc155559339]
Introduction and Background Information
[bookmark: _Toc155559340]1.1 Background and motivation
As a powerful tool for power system dynamic and stability analysis, numerical power system simulations include electromechanical transient simulations and electromagnetic transient (EMT) simulations. The former is based on phasor models defined by assuming a synchronous system frequency, in which only positive-sequence states are modeled and computed, and time steps around milliseconds are adopted to focus simulations on the mechanical dynamics of rotating machines. In contrast, the latter, EMT simulations, compute three-phase instantaneous voltage and current values varying at their actual frequencies, taking into account fast dynamics caused by the interactions between electrical fields of capacitors and magnetic fields of inductors. This results in a more detailed analysis of phenomena such as harmonics, overvoltage, short-circuit current, and other fast dynamics over a wide frequency range. However, EMT simulations suffer from high computational costs due to the tiny time steps of e.g., microseconds for accuracy and also the high dimension of a three-phase system model [1]-[3].
To accelerate EMT simulations, mainstream techniques include hybrid phasor-EMT simulation and parallel computing [4]-[14]. Reference [5] proposed a hybrid simulation protocol to reduce the computational burden, in which only parts of the system requiring detailed dynamic information are simulated using an EMT model, and the rest is studied by phasor domain simulation. This approach has been further investigated by [6]-[9] to validate its feasibility. As a widely applied technology in computing areas, parallel computing has also been adopted to boost EMT simulations [10]-[14]. In addition, a state-space nodal method was proposed in [15]. By dividing a system into multiple sub-groups, the system state-space equation can be updated more efficiently, from which the discrete nodal formulation can be derived directly through discretizing the state-space equation using the trapezoidal-rule method. Also, the state-space nodal method enables flexible and simultaneous interfacing of subsystems respectively in the nodal and state-space representations.
Some other approaches for EMT simulation acceleration focus on enlarging the time step, to reduce the number of simulation steps. Related approaches include DQ0 transformation, frequency shift, and dynamic phasor methods. Because the balanced fundamental frequency instantaneous variables are transformed to DC components under the DQ0 transformation, the dynamics can be simulated more efficiently. However, both the DQ0 transformation and frequency shift methods are inefficient in unbalanced conditions, or in the presence of high-order harmonics. The dynamic phasor method approximates the original waveform using K time-varying Fourier series. Still, it requires careful selection of K to reflect the correct system behaviors accurately, and the number of variables and equations will increase with K and decrease the efficiency [16]-[19].
In recent years, semi-analytical solutions (SAS) have been derived from the mathematical model of a power system to speed up electromechanical transient simulations. Each SAS is an analytical approximate solution for a nonlinear system’s ordinary differential equations or differential-algebraic equations and can be derived by mathematical methods such as the Adomian Decomposition method, Holomorphic Embedding method, Differential Transformation (DT) method, and Homotopy Analysis method [20]-[26]. Among these methods, the DT method provides a highly accurate approximation of a true solution by an ultra-high-order SAS in the form of a power series of time. The computation of the SAS coefficients is conducted efficiently in a recursive manner. Besides power system simulations, the DT has proven to be successful in many other fields [27]-[29]. 
Existing SAS methods for power systems have focused on phasor models for electromechanical transient simulations. For the first time, this work investigated EMT simulation using an SAS approach.
[bookmark: _Toc155559341]1.2 Formulation of electromagnetic transient (EMT) simulation
To simulate EMT dynamics of the network, two main approaches can be used to formulate the network equation: the state-space method and the nodal formulation method, and the latter is also known as the companion circuit method. 
[bookmark: _Toc155559342]1.2.1 State-space method

In EMT simulations, the network can be described by linearly independent first-order differential equations, as described below [30][31].
                                                     (1-1)
where x is the network state variables vector, which mainly includes capacitor voltages and inductor currents; u is the system input vector; A is the system matrix and B is the input matrix. 
Consider the R-L-C circuit shown in Figure 1.1 as an example. The capacitor voltage v and inductor current i are state variables, the voltage source vs is the input. Then, the system can be described as:
                               (1-2)
The state-space method is rather powerful for control components, and it is flexible for choosing different numerical methods to solve the equations with even a variable time step. The EMT simulator Simscape Electrical (formerly SimPowerSystems and SimElectronics) was developed by the state-space method. The main challenge or disadvantage is that the state variables and the block matrices differ under system switching operations, and the automatic formulation of the state-space equations is time-consuming for large-scale systems. Related discussions on this topic can be found in [32]-[33].
After the formulation of state-space equations of the system, different numerical methods can be applied to obtain the solutions. Therefore, a variable time-step approach can be adopted to accelerate the process with small time steps for fast dynamics intervals and large time steps for slow dynamics intervals while ensuring high accuracy [23][24], and the simulation time cost can be reduced if the state-space equations can be solved in a more efficient way.
[bookmark: _Toc155559343]1.2.2 Nodal formulation method
Another widely used approach for simulating the network generally represented by R-L-C circuits is the nodal formulation method [34]. Usually, the trapezoidal-rule method 








[bookmark: _Toc155559490]Figure 1.1 An R-L-C circuit with an ideal voltage source



with a fixed time step is applied to discretize the differential equations to get the nodal equation, as illustrated in the detailed process below.
As given in Figure 1.2 and equations (1-3)-(1-4), the differential equation of a series resistor-inductor branch is discretized by the trapezoidal-rule method which is numerically A-stable [34]. Subsequently, as shown in (1-5)-(1-6) and Figure 1.3, the original circuit depicted in Figure 1.2 can be represented by an equivalent resistor and a historical data-determined current source. 
                                                  (1-3)
Applying the trapezoidal rule to (1-3) yields:
                   (1-4)
which can be reformulated as:
                                         (1-5)
where, 
                       (1-6)
Thus, the resistor-inductor branch in Figure 1.2 can be converted into a companion circuit shown in Figure 1.3.
The same strategy can be applied to capacitors and any circuits consisting of R-L-




[bookmark: _Toc155559491]Figure 1.2 A serial resistor-inductor branch




[bookmark: _Toc155559492]Figure 1.3 The companion circuit of a series resistor-inductor branch


C components. Moreover, to mitigate undesired fictitious numerical oscillations, artificial resistors Rp≈40L/(3Dt) and Rs≈3Dt/(40C) can be added in parallel/series with L/C, respectively [35]. 
The coefficients corresponding to companion circuits of various types of network circuits are summarized in Table 1.1. Following this process to replace all the R-L-C circuits in the network with their corresponding companion circuits or equivalent circuits, the final network becomes a network consisting of equivalent resistors and current sources. Then, it is straightforward to formulate the system network equation with the Kirchhoff's current law as a real-valued nodal equation:
                                     (1-7)
where, G is the network conductance matrix composed of all equivalent resistors, v(t) is the three-phase instantaneous nodal voltage vector, i(t) is the three-phase instantaneous current injection vector, and ihist(t-Δt) is the historical current vector of companion circuits [34][36]. 
So, starting from the initial state at t=t0, when a fixed time step Dt is chosen, the network G matrix is straightforward to formulate and remains unchanged unless the system topology is changed under faults, then the nodal voltages at each time step can be solved from the linear network nodal equation using sparse matrix methods. 
To notice, because the time step Dt is embedded in the network G matrix, a fixed time step could help to provide a constant G matrix. Although theoretically, variable time step or multiple time steps algorithms can be employed, this requires a significant structural
change of the existing EMT programs and a well-designed method to determine the time


[bookmark: _Toc155559396]Table 1.1 Companion circuit parameters of common branches
	Branch Type
	Req
	a
	b

	L
	
	1
	

	C
	
	−1
	

	R-L
	
	
	

	R||L
	
	1
	

	R-C
	
	
	

	R||C
	
	−1
	

	R-(L|| Rp)
	
	
	





step. Thus, usually, a fixed time step is used in the nodal formulation [34].
Compared to the state-space equation, the nodal equation is formulated more efficiently on large-scale systems, and thus it is widely employed in commercial EMT simulation tools such as PSCAD, EMTP-RV, and RTDS. The disadvantage is that the time step of the nodal equation should be small enough to ensure accuracy, and usually, a fixed time step is used to keep the G matrix constant; thus, variable time step methods are typically not used to accelerate the simulation [37]. Also, the nodal equation cannot provide eigenvalues of the system matrix A, and this can be easily obtained with the state-space equation. The eigenvalues could provide important system information such as stability margin, time constants, and oscillation modes [15][31][38]-[43].
[bookmark: _Toc155559344]1.3 Semi-analytical approaches
[bookmark: _Toc155559345]1.3.1 Homotopy-Analysis Method
The Homotopy Analysis Method (HAM) was first proposed by Shijun Liao in 1992 [44] and then improved over the next twenty years [45]. The HAM, which originates from the concept of homotopy in topology, is a powerful tool to solve differential equations, especially initial value problems and boundary value problems with strong nonlinearity, such as the nonlinear boundary-layer flow and pendulum problems. Like the definition of homotopy, which means a continuous transformation or deformation from one continuous function to another, the main idea of the HAM is using the solutions of simple linear equations to approximate that of a nonlinear differential equation based on the Taylor series. In addition, the convergence of the approximation can be accelerated by an auxiliary convergence control parameter [45].
In differential geometry, the homotopy is defined as below:
Two continuous curves  are homotopic if there exists a continuous map:
                                               (1-8)
such that:
                                                    (1-9)
where,
                                              (1-10)
This continuous map, H(s,t), is a continuous family of curves and a homotopy parametrized by p∈[0,1] that deforms the curve c0 into the curve c1 [46][47].
Drawing from the above homotopy in differential geometry, a homotopy can be built to deform a linear differential equation into a nonlinear differential equation, and then the solution of the nonlinear equation can be deformed by the solution of the linear equation as well. This is the essence of the HAM.
The general process of the HAM follows the steps below.
1) For a nonlinear differential function f[x(t)]=0, which needs to be solved, a homotopy equation is constructed:
                                       (1-11)
where q is a homotopy parameter belonging to [0,1], x0 is the initial value of x at t=0,  is a linear differentiation operation such as a first-order or a second-order derivative, and h is
a real-valued convergence control parameter.
Equation (1-11) shows that when q=0, the equation becomes:
                                                (1-12)
which yields the solution of the linear differential equation below.
                                                  (1-13)
When q=1, the equation (1-11) becomes:
                                                 (1-14)
which is the original nonlinear differential equation to be solved.
Thus, equation (1-11) is a homotopy for a linear differential equation and a nonlinear differential equation f[x(t)]=0.
  2) Differentiate both sides of equation (1-11) for m times with respect to q, and then divide both sides by the factorial of m, it becomes:
                               (1-15)
where,
          ,                                     (1-16)
3) Substitute the truncated approximate equation below into equation (1-15).
                                              (1-17)
Because the solution of x in the homotopy equation changes with q, implying that x is a function of q, the solution based on the Taylor series can be formulated as:
                                                (1-18)
An approximation can be obtained as in (1-17).
4) Solve the linear differential equations of (1-15) recursively starting from m=0 to m=k to get xm.
5) Finally, the solution of the nonlinear differential equation f[x(t)]=0 can be approximated by:
                                    (1-19)
Besides its ability to solve first-order nonlinear differential equations, the HAM is also capable of solving high-order differential equations. An approximate frequency-amplitude expression was obtained by the HAM based on the second-order swing equation in [26]. More details about applications of the HAM on frequency calculations in high-order nonlinear differential equations can be found in [45]. Another advantage of the HAM is its flexibility in choosing a suitable base function, such as polynomial functions, sinusoidal functions, and exponential functions, for approximations.
[bookmark: _Toc155559346]1.3.2 Adomian Decomposition Method
The Adomian Decomposition Method (ADM) is also a powerful tool for solving differential equations based on the Taylor series. However, unlike the Taylor series, ADM has a greater capability to preserve the nonlinearity of the system.     
Because it has been demonstrated that the ADM is equivalent to the HAM when the convergence control parameter of the HAM is set to -1 [21][25][48][49], the process for calculating the Adomian Decomposition series is not detailed here but can be found in [49] and [50].
Similar to the HAM, using 3 approximate terms proves accurate enough for the ADM to speed up power system electromechanical simulations with either a fixed or variable time step. While these methods enhance simulation speeds, the primary drawback of the HAM and DTM is that the derivation of approximate terms requires a lot of work, especially when strong nonlinear functions are involved.
[bookmark: _Toc155559347]1.3.3 Differential Transformation Method
The Differential Transformation Method (DTM) is a powerful nonlinear differential equation solver that has been successfully applied to various nonlinear dynamic systems, as well as power system transient simulations [22][51]. 
Compared to traditional low-order explicit numerical methods such as the Euler method and the 4th-order Runge-Kutta (RK4) method, the SAS using the DTM offers higher-order approximations to achieve a bigger convergence region and allows a larger time step while maintaining the same level of simulation accuracy.
Considering a continuous function x(t), the kth order differential transform (DT) of x(t) is defined as: 
                                        (1-20)
Also, from the Taylor series, we have:
                      (1-21)
where Tx is the convergence region; x[k] indicates coefficients of the SAS series; k is the order of series terms; and N is the highest order of SAS terms.
Based on the DT introduced above, replace all variables in equations by their Taylor series composed of DT and equal the like terms of (t-t0)k in the equation. Then, linear equations of different order DTs can be established easily. Finally, solving and plugging different-order DTs back into the Taylor series gives us an approximate solution.
As will be illustrated in later chapters, the major advantage of the DTM is that, with well-developed transformation rules, it is very straightforward to obtain high-order approximate solutions without complex mathematical derivations.
[bookmark: _Toc155559348]1.4 Contribution of this paper
To achieve higher EMT simulation speed by enlarging the time step, this dissertation proposed an efficient simulation strategy based on an SAS approach using the DTM. The main contributions of this dissertation are summarized as follows.
1) Based on the state-space equations of EMT models, the SAS of regular components including R-L-C represented circuits and loads, the voltage-behind-reactance synchronous generator model, inverter-based resources, and other controllers in EMT simulation are derived using the DTM. Then, a multi-stage SAS-based EMT simulation strategy is proposed. With larger time steps enabled, the simulation efficiency can be greatly improved compared to traditional numerical methods. 
2) To further improve the performance, a variable time step SAS approach based on truncation error is proposed. Although the simulation time step should be within a certain range to capture the details and ensure convergence during fast dynamics periods, bigger time steps can be used to accelerate the simulation when the fast dynamics diminish, and this can be automatically achieved by the proposed variable time step approach. Meanwhile, with the derived SAS terms, high resolution can be easily maintained by reconstructing detailed fast EMT dynamics through an efficient dense output mechanism.  
3) A binary search-enhanced quadratic interpolation approach is proposed to accurately locate the moment when power system controllers or other components hit their limits using derived SAS expressions. Accurately locating limit-hitting moments or status-switching moments is important to ensure the precision and correctness of simulation results, and this problem has not been adequately addressed by previous work related to SAS-based power system studies. Also, because the time steps are enlarged by the SAS approach, traditional simple linear interpolation used in EMT simulation is inaccurate in such cases. With the derived high-order approximate SAS expressions, it is efficient to calculate values of state variables at any moment within one time step. Thereby, binary search could quickly locate the earliest switching moment in a smaller time interval less than a predefined value, e.g., 10-20 μs, and then the quadratic interpolation can be applied to accurately locate the switching moment. After this process, the time step is adjusted to match the identified switching time instant, and thus the accuracy and correctness can be improved.
4) For large-scale systems, the nodal formulation is generally more efficient for the network. While keeping the network solved by the nodal method, the SAS approach is applied to synchronous generators and their controllers to facilitate accurate and efficient simulation of these components using a larger time step.
5) Based on the natural independence of involved SAS calculations for each synchronous generator and controls, and the bordered block diagonal (BBD) form of the network conductance matrix, the EMT simulation is parallelized and tested on a high-performance computer for simulation speedup.
6) Traditionally the network is discretized by low-order numerical methods, such as the backward Euler method, the trapezoidal rule method, or the 2-stage semi-implicit Runge-Kutta method. Based on high-order singly diagonally implicit Runge-Kutta methods, a high-order nodal approach is proposed and tested on a four-bus system with ideal current sources or synchronous generators.

[bookmark: _Toc420995896][bookmark: _Toc422997483][bookmark: _Toc155559349]
State-space EMT Simulation Using a Semi-Analytical Approach	
	
As is commonly known, power system dynamic simulation is an initial value problem in general. For a simple linear system such as a constant R-L-C circuit with pre-defined current or voltage sources, the closed-form analytical solution can be easily obtained, and thus system states at any time instants can be readily calculated without time-domain simulations. However, for a dynamic system with strong nonlinearity such as power systems, such a closed-form solution theoretically does not exist. Thus, a good compromise is to find an approximate solution that is accurate for a certain time step or time window. As a kind of method providing approximate solutions, the semi-analytical method could recursively derive high-order solutions, and thus allows larger time steps for simulations under the same level of accuracy, compared to traditional low-order numerical methods. 
Targeting to improve the simulation efficiency of state-space EMT simulations via an SAS approach using differential transformation, this chapter first introduces the differential transformation method, EMT models of typical power system components, and the formulation of state-space EMT equations. Then, the differential transformations of EMT model equations are derived in detail using well-defined transformation rules. Finally, the performance is tested on the Kundur’s two-area system using a fixed time step and also on the IEEE 39-bus system using a variable time step.
[bookmark: _Toc155559350]2.1 Introduction of the Differential Transformation Method
An EMT simulation needs to solve an initial value problem for the power system model. The N-th order SAS for the initial value problem (2-1) takes the form (2-2) [24][51]:    
                                                          (2-1)
                                       (2-2)
where Tx is the convergence region; x[0] is the initial value of x; x[k] indicates the coefficients of the SAS series; k is the order of series terms; and N is the highest order of SAS terms.
Compared to traditional low-order numerical methods such as the Euler method and the 4th-order Runge-Kutta (RK4) method, the SAS provides a high-order approximation. Thus, under the same accuracy level, SAS has a bigger convergence region which allows for a larger time step to speed up simulation.
The kth-order DT of a smooth function g(t) at t=t0 is defined in [27] as:
                                                (2-3) 
[bookmark: _Hlk133142361][bookmark: _Hlk133142386]Thus, from (2-1)-(2-3), a differential equation (2-4) involving smooth functions f(t), g(t), and h(t) is transformed into (2-5) about f[k], g[k], and h[k] (k=0, 1, …, N), which are their DTs of the kth order [27]-[28]:
             	                        	   (2-4)
             (2-5)
By calculating DTs in such a recursive manner, the SAS of any order for (2-1) can be derived in the form of (2-2).
Some transformation rules for common linear and nonlinear functions are given in Table 2.1 [27]-[29], which facilitate efficient, recursive derivation of a high-order SAS.
In EMT simulations, the Park transformation shown in (2-6) and its inverse transformation are required to interface the variables of a generator in the DQ0 frame with the three-phase network variables in the abc frame. The DT rule of Proposition 2.1 is introduced to deal with matrix multiplication, based on rules in Table 2.1.
 (2-6)
[bookmark: _Hlk133144665]Proposition 2.1: For any three smooth matrix functions F(t), G(t), and H(t) given in (2-7) that satisfy F(t)=G(t)H(t) for t0, the rule in (2-8) holds for DTs of their matrix elements.
    	            	 (2-7)      





[bookmark: _Toc155559397]Table 2.1 Transformation rules for common functions
	Original function
	Differential Transformation

	#1 
	

	#2
	

	#3 
	

	#4 
	

	#5 
	

	#6 
	

	#7 
	









                         (2-8)
[bookmark: _Hlk133143699]where fij(t), gij(t), and hij(t) are the i-th row j-th column elements, N0, N1, and N2 are positive
integers on matrix dimensions, and [k], [m], and [k-m] indicate the orders of DTs.
Note here that, although the DT of functions cos( +2ℼ/3), cos( -2ℼ/3), sin( -2ℼ/3), sin( +2ℼ/3) are not directly given in Table 2.1, by using cos( +2ℼ/3)=cos( )cos(2ℼ/3)-sin( )sin(2ℼ/3), the DT can be easily derived using rule #2 and rule #6. The same process can be used for cos( -2ℼ/3), sin( -2ℼ/3), and sin( +2ℼ/3).
[bookmark: _Toc155559351]2.2 Formulation of state-space EMT network equations
In this work, the PI section represented lumped transmission line model is used, as shown in Figure 2.1 [52][53]. The constant impedance (R-L) and constant capacitor models are used for loads and shunts, as shown in Figures 2.2 and 2.3.
Based on the above network models, the differential equations for bus voltages and branch currents are given below.
(1) Current of a line branch:
                                  (2-9)
(2) Current of an inductive load:
                                    (2-10)
(3) Bus voltage:
                                     (2-11)
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[bookmark: _Toc155559493]Figure 2.1 PI section of the lumped transmission line model
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[bookmark: _Toc155559494]Figure 2.2 Constant R-L model of an inductive load
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[bookmark: _Toc155559495]Figure 2.3 Constant C model of a fix shunt


where, Cnode is the total capacitor connecting a bus node, including the shunt capacitor and line capacitor; vnode is the bus voltage; icapacitor is the total current passing through the capacitors on this bus. Based on Kirchhoff’s current law, icapacitor can be expressed as the negative sum of all branch currents that injected into this bus.
Note that currents and voltages are all vectors of three-phase values, and R, L, and C parameters are 3×3 matrices.
Because the synchronous generators are usually connected to the network through transformers, the synchronous generator stator inductor current and transformer inductor current are not independent. For such circuits, only one current equation is considered [36]. 
[bookmark: _Toc420995899][bookmark: _Toc422997486][bookmark: _Toc427156469][bookmark: _Toc155559352]2.3 Differential Transformation of state-space EMT models
This section presents state-space EMT models of power system components along with the corresponding SAS derived by DT. 
(1) Synchronous Generator. 
The widely used voltage-behind-reactance (VBR) model from [54] is applied for EMT simulation purposes. As an EMT model of synchronous generator, the VBR model has better numerical efficiency and accuracy compared to the d-q frame model and the phase-domain model. Also, because the stator circuit in the VBR model is directly interfaced with the rest of the network, the numerical stability is improved. The equations of the VBR model can be briefly summarized as follows. Equations (2-12)-(2-14) give the VBR model of a round rotor generator, comprising the swing equation (2-12), the rotor flux equation (2-13), and the stator phase current equation which can directly interface with

[bookmark: _Hlk133352659]the network through current injection (2-14): 
                                 (2-12)
                                     (2-13)
             (2-14)
[bookmark: _Hlk138153782][bookmark: _Hlk106180271]In (2-12), , r, H, D, pm, and pe are the rotor angle, rotor speed deviation, inertial constant, damping coefficient, mechanical power, and electrical power, respectively, and 0 is the nominal frequency of the system. In (2-13), λfd, λ1d, λ1q, and λ2q are flux linkages of the field winding, d-axis damper winding, q-axis first damper winding, q-axis second damper winding, respectively; rfd, r1d, r1q, and r2q are resistances of the four windings; Lfdl, L1dl, L1ql, and L2ql are leakage inductance of the four windings; efd is the field winding voltage. In (2-14), iabc and vabc are three-phase generator terminal current and voltage that interface with the grid, and Rs is the constant stator resistance matrix. The subtransient inductance matrix  in (2-14) is:
               (2-15)
where,
                 (2-16)
and here, Lls and L0 are leakage inductance and zero sequence inductance, respectively, and “//” means the parallel connection of inductances.
The d-q axes subtransient voltages in (2-14) are given by:
            (2-17) 
         (2-18)
The d-q axes flux linkages λad and λaq are:
                            (2-19)
In the Park transformation (2-6),  satisfies:
                                           (2-20)
The electrical power depends on the number of poles np:
                          (2-21)
Because this VBR model can be formulated as a state-space equation, the SAS of the synchronous generator can be efficiently derived using the differential transformation method. Applying the rules in Table 2.1 to (2-12)-(2-21) yields the corresponding DT equations, which are illustrated in (2-22)-(2-26) below for representative variables including , r, λfd, iabc, , and pe. 
                    (2-22) 
                                   (2-23) 
              (2-24)
where,  in (2-24) can be derived from applying Proposition 2.1 to .
    (2-25)
      (2-26)
where, id[n] and iq[n] in (2-25) are obtained by applying the Proposition 2.1 to i0dq=Ppark iabc.
(2) TGOV1 governor model. 
Also consider the models of the exciter, turbine, and governor of a synchronous generator [55]. Without loss of generality, the TGOV1 turbine-governor model in [56] is adopted in this paper as described in Figure 2.4 and (2-27).
                                 (2-27)
[bookmark: _Hlk133227181][bookmark: _Hlk133227198]where p1 and p2 are intermediate state variables; pref is the reference power, and others are control parameters. The corresponding DT is given as (2-28). In addition, due to the limits, if the initial value p1[0]≥Pmax and dp1/dt≥0, or if p1[0]≤Pmin and dp1/dt≤0, then p1[k+1]=0.
                   (2-28)
 (3) SEXS exciter model. 
The SEXS exciter model in [57] is adopted in this paper as described in Figure 2.5 and (2-29):
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[bookmark: _Toc155559496]Figure 2.4 Control diagram of the TGOV1 governor model
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[bookmark: _Toc155559497]Figure 2.5 Control diagram of the SEXS excitation model


                           (2-29)
where vref is the voltage regulator reference; Efd=efdLad/Rfd; v1 is an intermediate variable; vt is terminal voltage; KE, TE, TA, and TB are the exciter control parameters. Its DT is given as (2-30). In addition, if Efd[0]≥Emax and dEfd/dt≥0, or if Efd[0]≤Emin and dEfd/dt≤0, then Efd[k+1]=0.
       (2-30)
(4) Network Components.
Transmission lines are modeled as PI sections in this work [53]. Other network components such as transformers, constant impedance loads, and fixed shunts are modeled by R-L-C circuits. Such circuits can be roughly divided into series resistor-inductor circuits and grounding capacitor circuits, as shown in Figures 2.1-2.3, with original differential equations listed in (2-31)-(2-33).
                                        (2-31)
                                            (2-32)
                                            (2-33)
The corresponding DTs are respectively given by (2-34)-(2-36):
                              (2-34)
                                  (2-35)
                                        (2-36)
Note that currents and voltages are all vectors of three-phase values, and R, L, and C parameters are 3×3 matrices.
(5) Inverter-based resource.
A grid-following inverter-based resource (IBR) model in Figure 2.6 is considered in this work, which comprises an outer-loop current regulator, an inner-loop power regulator, a frequency droop controller, and a voltage droop controller. The dynamics of its PWM are disregarded in the system-level EMT simulation and analysis. A Phase-Locked Loop (PLL) is used to track the terminal bus voltage angle. The IBR interfaces with the network by coordinate transformation [58]-[66]. In Figure 2.6, the subscript ‘ref’ denotes the reference value, and ‘0’ signifies the steady-state value.
The mathematical equations of the model primarily consist of basic linear operations which are fully covered by Table 2.1 and thus are not presented in detail here.
Additionally, the Proportional-Integral (PI) controller and corresponding DT are:
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[bookmark: _Toc155559498]Figure 2.6 Diagram of a grid-following IBR model


                                               (2-37)
                                  (2-38)
where ki and kp are proportional and integral control parameters, respectively; xin is the input; xs is the output of the integral controller; xout is the output of the PI controller.
[bookmark: _Toc155559353]2.4 Simulation strategy using a variable time step approach

Because the SAS is not an exact solution, its error can be tolerated only within limited time steps. The initial value problem to be solved for simulation can evaluate an SAS by a multistage strategy as depicted in Figure 2.7 over consecutive time steps that make the desired simulation period. At the end of each time step, the end values of state variables are used as the initial values for the next step to evaluate the SAS of the problem, which can be derived ahead of time or together with the simulation.
The simulation can be conducted at a fixed or variable time step. To improve the convergence and efficiency of simulation using an SAS over larger time steps, a variable-time-step strategy is proposed and incorporated as follows.
Suppose the state-space EMT model of the system network to be in the form of [30][31]: 
                                               (2-39)
where x is the network state vector; u is the input vector; A is the state matrix; and B is the input matrix. Substitute the SAS for x and calculate the absolute imbalance in per unit:
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[bookmark: _Toc155559499]Figure 2.7 Flow chart of the multistage simulation strategy using the SAS approach


    	           	           (2-40)          
where,
                          (2-41)
Substituting (2-41) into (2-40) yields:
                    	  (2-42)
The imbalance E(t) can serve as an indicator for determining the termination of the present time interval and the initiation of the subsequent one. Thus, a variable time step is enabled, allowing for a tradeoff between increasing time steps and sufficient accuracy [23]-[24]. In practice, the variable length of each time step is determined by a predetermined imbalance threshold εE, typically around 1×10-2 per unit for EMT simulation.
                         (2-43)
[bookmark: _Toc155559354]2.5 Dense output mechanism
Because the SAS utilizes high-order approximations to enlarge the time steps, some detailed fast dynamics such as overvoltage and over-current may be missed. Thus, obtaining dense output is significant in such cases.
As shown in (2-2) and (2-41), with derived SAS coefficients, the SAS expression is a function of time. Thus, the value of state variables at the next time step can be calculated by substituting the time step t. Furthermore, it is flexible to calculate values at 
multiple instants of ti within the time step t, as illustrated in (2-44) and Figure 2.8.
                           (2-44)
[bookmark: _Toc155559355]2.6 Case study
[bookmark: _Toc155559356]2.6.1 Case study on the Kundur’s two-area system
First, the performance of the DT method-based EMT simulation is tested on the Kundur’s two-area system with four synchronous generators, as shown in Figure 2.9 [67].
In the simulation, the system is in a steady state at first, and at t=1 s, bus #7 is grounded for 5 cycles. The fault is then cleared without tripping any lines [68]-[70]. In this test, the benchmark simulation results are given by the 4th-order Runge-Kutta method using a tiny time step of 1 μs.
After that, the 2-second post fault simulation results provided by the 20th-order DT method using a time step of 100 μs are compared with the benchmark results, as shown in Figures 2.10-2.13. 
Figures 2.10-2.13 show that results given by the DT method accurately match the benchmark results. Also, convergence and accuracy can be ensured when the time step is not too large.
Then, under different error tolerances, the computational efficiency of the fixed time step DT method, using different orders, for a 2-second post-fault simulation is presented in Table 2.2. In addition, the computational cost of the 30th-order DT is compared with that of the RK4 method, Modified Euler method (ME), and trapezoidal rule method under different error tolerances. Here, the error tolerances are provided by the maximum 
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[bookmark: _Toc155559500]Figure 2.8 Illustration of dense output under large time step simulations



[bookmark: _Toc155559501]Figure 2.9 The Kundur’s two-area system
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[bookmark: _Toc155559502]Figure 2.10 Relative rotor angle of generators
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[bookmark: _Toc155559503]Figure 2.11 Frequency deviation of generators
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[bookmark: _Toc155559504]Figure 2.12 Three-phase terminal current of generator #2
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[bookmark: _Toc155559505]Figure 2.13 Three-phase voltage at bus #7







[bookmark: _Toc155559398]Table 2.2 Time steps and time costs of fixed time step DT using different orders
	Error
(p.u.)
	DT 
(10th-order)
	DT 
(20th-order)
	DT 
(30th-order)
	DT 
(40th-order)

	
	Time step
(μs)
	Time cost
(s)
	Time step
(μs)
	Time cost
(s)
	Time step
(μs)
	Time cost
(s)
	Time step
(μs)
	Time cost
(s)

	10-2
	72 
	81
	200
	58
	330
	53
	412
	58

	10-3
	58
	100
	180
	64
	306
	57
	382
	62

	10-4
	46
	1162
	158
	73
	284
	62
	365
	68





absolute error of all state variables over the simulation time interval compared with the benchmark results. The performance comparison is presented in Table 2.3.
From Table 2.2, as the order of DT increases, the time step keeps increasing, and the computational cost first decreases and then increases. This validates that high-order DT can enlarge the time step, but when the order becomes excessively high, the burden of computing high-order terms would decrease the overall computational efficiency [71].     
From Table 2.3, the time step of the 30th-order DT method is much bigger than that of the ME and RK4 methods, thus the simulation time cost of the DT method is much smaller especially when the simulation desires a smaller error tolerance. Specifically, the computational speed of 30th-order DT is at least 4 times faster than other methods when the error tolerance is 10-3, and at least 8.8 times or more faster when the error tolerance is 10-4. Thus, the simulation results validate the high computational efficiency and accuracy of the proposed SAS-based approach.
[bookmark: _Toc155559357]2.6.2 Case study on a modified IEEE 39-bus system
Second, to evaluate the efficacy and validity of the proposed approach in scenarios involving IBRs, the EMT model of a modified IEEE 39-bus system in Figure 2.14 is employed [72]. The synchronous generators connected to buses #32, #35, #37, and #39 are replaced by four grid-following IBRs, as modeled in Figure 2.6. The evaluation process entails two stages: (1) testing the SAS approach with different orders using variable time steps, and (2) comparing the SAS approach to traditional numerical methods.
Three typical cases including load tripping, bus grounding, and generator tripping are considered:

[bookmark: _Toc155559399]Table 2.3  Comparing times steps and time costs of different numerical methods 
on the Kundur’s two-area system
	Error
(p.u.)
	ME
	RK 4
	DT 
(30th order)
	Trapezoidal rule

	
	Time step
(μs)
	Time cost
(s)
	Time step
(μs)
	Time cost
(s)
	Time step
(μs)
	Time cost
(s)
	Time step
(μs)
	Time cost
(s)

	10-2
	1.0 
	1045
	10
	200
	330
	53
	35
	92

	10-3
	0.5
	2100
	5
	360
	306
	57
	29
	230

	10-4
	0.5
	4215
	3
	550
	284
	62
	25
	600
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[bookmark: _Toc155559506]Figure 2.14 One-line diagram of the modified IEEE 39-bus system


(1) In case 1, the load at bus #4 is tripped permanently. 
(2) In case 2, a three-phase grounding fault is added at bus #16 and then cleared after 10 cycles without losing any component. 
(3) In case 3, the synchronous generator at bus #36 is tripped permanently. 
The simulation results of several state variables, including rotor speed deviation of synchronous generators, active power of IBRs, three-phase currents and voltages close to the fault locations, are shown in Figure 2.15-2.17. 
Then, the tests are conducted in the following two aspects:
(1) Test of SAS with different orders. 
The performance of the variable time step SAS method with different orders is evaluated using three test cases presented above. The computation performed in one step increases with the order of SAS. Meanwhile, a higher-order DT allows for longer time steps, thereby reducing the total number of simulation steps. Therefore, there exists an optimal order that offers the best performance. 
Using different SAS orders, the average time steps and time costs of SAS for post-fault simulation lasting for 2 seconds are summarized in Figure 2.18, for the three cases introduced above. The benchmark results are provided by the 4th-order Runge-Kutta method using a 1 μs time step. The simulation tests are carried out on a desktop computer equipped with an Intel Core i7-6700 3.4 GHz CPU and 16GB RAM, using MATLAB. To ensure accuracy, the errors of bus voltages are kept below 0.01 in per-unit value.
The results presented in Figure 2.18 demonstrate that as the order of SAS increases, the time step grows, and the total time cost initially decreases before rising due to increased 
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[bookmark: _Toc155559507]Figure 2.15 Case 1 simulation results on the modified 39-bus system: Tripping the load at Bus 4 
[image: ]
[bookmark: _Toc155559508]Figure 2.16 Case 2 simulation results on the modified 39-bus system: Grounding Bus 16 for 10 cycles
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[bookmark: _Toc155559509]Figure 2.17 Case 3 simulation results on the modified 39-bus system: Tripping generator at Bus 34
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[bookmark: _Toc155559510]Figure 2.18 Performance of the SAS with different orders on the modified 39-bus system


computation load per step. The optimal order appears to be around 30. 
(2) Comparison of SAS with traditional numerical methods. 
In Table 2.4, the performance of the 30th-order SAS is then compared to state-of-the-art traditional numerical solvers, including the Numerical Differentiation Formulas (NDF) method, the Runge-Kutta method, and the trapezoidal rule method, which are provided by the MATLAB solvers ode15s, ode45, and ode23t, respectively. Also, the auxiliary ‘odeset’ function in MATLAB, with a carefully adjusted absolute error tolerance around 1×10-5, is used to generate results with per unit bus voltage errors less than 0.01 per-unit. 
The MATLAB solvers mentioned above all adopt variable time steps, the average time step of each method is calculated for comparison. As demonstrated in Table 2.4, the 30th-order SAS offers a significant advantage in terms of time efficiency, thanks to its capacity to leverage large time steps enabled by high-order approximations.  
The comparison between the varying time steps and absolute errors in bus voltages for case 2 is presented in Figure 2.19. As shown in Figure 2.19(a), the variable time step 30th-order SAS can gradually increase the time step to a considerable value. Meanwhile, Figure 2.19(b) demonstrates the good accuracy and convergence performance of the SAS.
Additionally, waveforms of two state variables are illustrated below in Figure 2.20-2.21 to highlight the accurate match between the results of the 30th-order SAS and the benchmark.
[bookmark: _Toc155559358]2.6.3 Case study on the IEEE 39-bus system 
To evaluate efficacy and validity of the proposed approaches against commercial


[bookmark: _Toc155559400]Table 2.4 Comparing time steps and costs of different methods on the 
modified IEEE 39-bus system
	[bookmark: _Hlk154417757]Case
	NDF
(ode15s)
	Runge-Kutta
(ode45)
	SAS 
(30th-order)
	Trapezoidal rule
(ode23t)

	
	Time step
(μs)
	Time cost
(s)
	Time step
(μs)
	Time cost
(s)
	Time step
(μs)
	Time cost
(s)
	Time step
(μs)
	Time cost
(s)

	Case 1
	15.8
	136
	10.5
	85
	427
	56
	36.3
	118

	Case 2
	16.2
	133
	10.3
	86
	438
	54
	35.6
	121

	Case 3
	16.1
	134
	10.7
	83
	449
	52
	35.9
	120
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[bookmark: _Toc155559511]Figure 2.19 Comparison of time step and absolute error in case 2 on the modified IEEE 39-bus system
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[bookmark: _Toc155559512]Figure 2.20 Phase C voltage at Bus 16 in case 2 on the modified IEEE 39-bus system
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[bookmark: _Toc155559513]Figure 2.21 Phase C current of branch 16-22 in case 2 on the modified IEEE 39-bus system


tools, the SAS-based simulation approach implemented in MATLAB is benchmarked with the commercial tool PSCAD on the original IEEE 39-bus system with only synchronous generators [72]. Consider the following contingency: the system starts from its steady state at t=0 s, and then experiences a three-phase grounding fault on Bus #10 at t=1 s, lasting for 0.2 seconds without losing any network component. The results from the proposed approach using MATLAB and from the PSCAD are compared in Figures 2.22-2.26, which match well. A slight mismatch between the two results is observed, which is acceptable and may be caused by unknown implementation details with PSCAD.
It should be noted that MATLAB is an interpreted rather than a compiled environment, having hidden overheads. To accelerate the simulation speed, the MATLAB code is converted into MEX files and compiled to achieve higher efficiency [73].
The results presented in Figure 2.27 demonstrate that the optimal order is also around 30, with approximately a time cost of 2.75 s for a 1-s simulation on the 39-bus system.
[bookmark: _Hlk133266186]Then, PSCAD simulations are conducted for the three cases: Case 1 disconnects the load at bus 4 at t=1 s; Case 2 adds a three-phase grounding fault to bus 10 at t=1 s lasting for 0.2 seconds; Case 3 disconnects the generator at bus 36. The average time costs for 1-s simulations, along with the maximum and average errors in three-phase voltages at different time steps, are summarized in Table 2.5. The simulation results using a 1 μs time step are designated as the benchmark.  Remarkably, all three cases have nearly identical time costs using the same time step. The maximum error is the maximum three-phase voltage absolute error of all 39 buses, and the average error is the average of all voltage
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[bookmark: _Toc155559514]Figure 2.22 Simulation results of generator rotor speed 
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[bookmark: _Toc155559515]Figure 2.23 Simulation results of generator terminal voltage 
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[bookmark: _Toc155559516]Figure 2.24 Simulation results of generator electrical power
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[bookmark: _Toc155559517]Figure 2.25 Simulation results of three-phase voltage at Bus 10
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[bookmark: _Toc155559518]Figure 2.26 Simulation results of three-phase current on branch 10-11
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[bookmark: _Toc155559519]Figure 2.27 Performance of the SAS with different orders on the IEEE 39-bus system after code compilation 








[bookmark: _Hlk154583359][bookmark: _Hlk154581310][bookmark: _Toc155559401][bookmark: _Hlk154583352]Table 2.5 Comparison of performance on the IEEE 39-Bus system
	Approach
	PSCAD
	SAS (20th-order)
	SAS (30th-order)

	Time step (μs)
	5 
	50
	75
	100
	297
	467

	Time cost (s)
	56.2
	5.62
	3.75
	2.81
	4.16
	2.71

	Maximum error (pu)
	1.10
	5.52
	6.11
	5.95
	8.9×10-3
	7.7×10-3

	Maximum percentage error (%)
	110
	552
	611
	595
	0.89
	0.77

	Average error (×10-3 pu)
	0.15
	1.73
	2.80
	4.11
	0.037
	0.032





errors [74]-[76] related to the benchmark during t=0 to 2 s.
Figures 2.28-2.29 respectively illustrate the simulated phase-C voltage at Bus 10 and its error for Case 2 using different time steps. From Figure 2.29, the PSCAD results converge to the benchmark results shortly, but obvious errors exist for fast dynamics following a disturbance with times steps >50 μs. This is because he nodal approach in PSCAD, based on the trapezoidal rule method [37], is of a low order and offers less accuracy.
[bookmark: _Hlk154581297]As presented in Table 2.5 and Figures 2.28-2.30, the instantaneous values are simulated and used for error analysis. Therefore, calculating the maximum percentage error directly from the instantaneous values is not feasible, as the true value could be zero, resulting in an infinitely large percentage error. So, for illustrating percentage error, the per unit values of those voltages, which typically approach 1 under steady state, are used as the base, as shown in:

                        (2-45)
It's important to note that although large errors in the results provided by PSCAD can be observed immediately following a disturbance, these are primarily due to phase shifting. As observed in Figures 2.28-2.29, PSCAD can still simulate the trend of the waveform correctly.
In comparison, the results provided by the SAS-based approach are presented in Figure 2.30. Utilizing a high-order approximation, the SAS approach can provide accurate results for fast dynamics under large time steps, and detailed high-resolution dynamics can be reconstructed through dense output.
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[bookmark: _Toc155559520]Figure 2.28 Phase-C voltages of Bus 10 from PSCAD
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[bookmark: _Toc155559521]Figure 2.29 Errors of phase-C voltages at Bus 10 from PSCAD

[image: ]
[bookmark: _Toc155559522]Figure 2.30 Phase-C voltage at Bus 10 simulated by the SAS



To compare simulation using the SAS approach with a 467-μs time step, PSCAD performs faster when its time step increases to over 100 μs. However, PSCAD has much bigger errors than the SAS approach. Even if PSCAD uses a 5-μs time step, its average and 
maximum errors are respectively 4.7 and 142.9 times of those with the SAS approach using the 467-μs time step. In such a case, the time cost of PSCAD is 20.7 times that of the SAS approach. Thus, when both high accuracy and speed of simulation are desired, the SAS approach is superior.
[bookmark: _Toc155559359]2.6.4 Case study on a synthetic 390-bus system
To test the time performance of the SAS-based EMT simulation approach on a large system, a synthetic 390-bus system is constructed by interconnecting 10 replications of the 
39-bus system [57], in which generators are replaced by ideal current sources.
Subsequently, by simulating a grounding fault at t=1 s lasting for 0.2 s, the performance of the SAS-based simulation is compared with that of the nodal formulation approach [37] utilized in PSCAD. The results are presented in Table 2.6, where the time costs are for a 1-second simulation. Simulation results of the phase-A voltage at the grounding Bus are shown in Figures 2.31-2.32.
From the results presented in Table 2.6 and Figures 2.31-2.32, the modal approach in PSCAD has higher efficiency than the state-space SAS approach when adopting a time step approximately >22 μs, which is much smaller than the corresponding time step approximately 100 μs on the 39-bus system. This is aligned with the existing conclusion that the nodal approach has outstanding efficiency on large systems [3].     
Nevertheless, similar to the observations on the 39-bus system, the nodal approach 


[bookmark: _Toc155559402]Table 2.6 Comparison of Performance on a 390-Bus System
	Approach
	PSCAD
	SAS

	Time step (μs)
	5 
	50
	75
	100
	534

	Time cost (s)
	425
	42.5
	28.3
	21.5
	98

	Maximum error (pu)
	0.22
	2.58
	3.36
	3.85
	7×10-4

	Average error (×10-3 pu)
	0.41
	2.61
	2.91
	3.3
	0.0012
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[bookmark: _Toc155559523][bookmark: _Hlk154417200]Figure 2.31 Phase-A voltage at grounded Bus simulated by PSCAD
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[bookmark: _Toc155559524]Figure 2.32 Phase-A voltage at grounded Bus simulated by the SAS approach    


failed to accurately capture some fast dynamics right after a disturbance, under a time step larger than 5 μs. In contrast, the SAS-based approach could still provide high-precision results with better efficiency.
[bookmark: _Toc155559360]2.7 Conclusion
This chapter presents an SAS-based EMT simulation approach to enlarge the time step and reduce computational cost using conventional state-space representation. A variable time step strategy is incorporated into the multistage simulation strategy to further enhance its robustness and efficiency. Also, the proposed dense output mechanism is used to provide detailed high-precision dynamics under large time steps.
Case studies on the Kundur’s two-area system with synchronous generators, on a modified IEEE 39-bus system with synchronous generators and IBRs, on the IEEE 39-bus system with synchronous generators, and on a synthetic 390-bus system with ideal current sources validate the high efficiency of proposed approach under a high accuracy requirement. 
In addition, when sacrificing the accuracy of detailed dynamics such as overvoltage which happens right after a disturbance, the nodal formulation can be more efficient than the proposed SAS-based approach. Conversely, the SAS-based approach has better efficiency for providing high-precision results.
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[bookmark: _Toc155559361]
Switch Detection Based on the Semi-Analytical Solution

In EMT simulations, the time instants when limits are reached are typically of interest and importance to ensure the correctness of results. The timings of such switches are unknown ahead of the simulation. In commercial software like PSCAD, if a switch occurs during a small time step, its timing is estimated via linear interpolation, based on values at the previous and present steps, followed by a re-computation for the present step, starting from the switching moment [77][78]. However, when a significantly increased time step is used by an SAS, linear interpolation may yield inaccurate results, and this problem has not been addressed by previous work related to SAS-based power system studies.
With the derived high-order approximate SAS expressions, it is efficient to calculate values of state variables at any moment within one time step. Therefore, a binary search can quickly locate the earliest switching moment within a smaller time interval less than a predefined value, e.g., 10-20 μs, and then the quadratic interpolation can be applied to accurately locate the earliest switching moment. After this process, the time step is varied to the switching time instant to correct the simulation, thus the accuracy and correctness can be improved.
In addition to the proposed detection algorithm, which locates moments of switches with errors less than 1-2 s, another straightforward way to tackle limit violations is to simulate with a time step of 1 s using a low-order SAS. In the following, the computational cost of the switch detection algorithm is compared to that of the simulation using fixed tiny time steps of 1 s.
[bookmark: _Toc155559362]3.1 Switch detection using linear interpolation
Traditionally, when a typical 50 μs time step is used for EMT simulations, the currents and voltages can be assumed to vary linearly, and thus linear interpolation is used to estimate the time instants when limits are reached.
As illustrated in Figure 3.1 [78], the current iL is constrained to be bigger than 0. The original simulation tells that iL(t) is less than 0, as shown in the dashed black line. Then, to correct the simulation, the moment when the limit is reached, i.e., t, is estimated using linear interpolation, as given in equation (3-1).
                                      (3-1)
[bookmark: _Hlk133259509]After that, the state variable values at t are recalculated, and then the simulation continues to move from t to t+t when a variable time approach is used. If a fixed time step is used, usually a multi-stage linear interpolation is used to estimate the state variable values first at t and then at t, and then the simulation will continue to move from t to 2t if no limit violation or switching is detected.
[bookmark: _Toc155559363]3.2 Binary search-enhanced quadratic interpolation
When the SAS approach is used to enlarge the time step up to 300-500 μs, as presented in Chapter 2, the state variables cannot be assumed to vary linearly anymore, and thus linear interpolation is not suitable for switch detection in this case.
To address this problem, a switch detection algorithm utilizing SAS coefficients is 
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[bookmark: _Toc155559525]Figure 3.1 An example of linear interpolation in simulations [78]








proposed as depicted in Figure 3.2. Thanks to high-order SAS coefficients, state variable values at any time during a time step can be calculated efficiently following equation (2-2)
with negligible arithmetic operations. 
Moreover, to avoid an exhaustive and time-consuming process of checking every tiny time step at 1 s time step or less, the earliest small time interval εt, e.g., 10-20 s or smaller, in which a switch occurs is identified by a binary search approach as illustrated by steps in the blue area of Figure 3.2 when upper limits are reached. To deal with lower limits, the algorithm requires only a swap in the updates of a and b. Then, as indicated by steps in the purple area, as a and b are close enough, quadratic interpolation is used to accurately detect the earliest switch moment where the current time step is finished. 
After the detection, a variable time step is chosen to simulate the system dynamics at the switch moment. Then, the simulation continues for the next time step in the same manner until finishing the simulation, as shown in Figure 2.7.
An example is given below to illustrate the process of this approach. As shown in Figure 3.3, four state variables x1, x2, x3, and x4 are considered here with their upper limits marked as dashed lines.
As shown in Figure 3.3(a), the simulation starts from t=a, and all four state variables will violate their upper limits the next time when t=a+t. Then, as shown in Figure 3.3(b), the state variable values at the middle point are calculated using SAS coefficients, and it can be observed that some state variables still violate their upper limits. Thus, as shown in Figure 3.3(c), the value of b is updated to b=(a+b)/2; and the state variable values at the new middle point are checked for limits violation. Because no limits are violated, the value 


[image: A diagram of a flowchart

Description automatically generated]
[bookmark: _Toc155559526]Figure 3.2 Flow chart of the SAS-based switch detection algorithm
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              (a)                                  (b)                            (c)                             (d)

[bookmark: _Toc155559527]Figure 3.3 Illustration of the binary search algorithm for switch detection


of a is updated to a=(a+b)/2, as shown in Figure 3.3(d).
This binary search process will locate the earliest time interval during which at least 
one limit is violated, and this process is continued until the difference between a and b is less or equal to a pre-defined threshold εt, which can be set around 10-20 μs to ensure accuracy for future quadratic interpolation.
Finally, as shown in Figure 3.3(d), suppose only x1 and x3 will violate their limits during the earliest time interval [a,b], quadratic interpolation is then applied on both x1 and x3 to locate the exact time instants when their limits are hit. Supposing x1 and x3 hit their limits at t=t1 and t=t3 respectively, the time step is adjusted to Δt=min(t1, t3).
Because variable time step is easy to implement with the SAS approach, no further estimation is required, compared to fixed time step simulation [77]. Then, the simulation continues to the next time step.

[bookmark: _Toc155559364]3.3 Computational cost analysis
Besides the proposed detection algorithm which can locate moments of switches with errors less than 1-2 s, another straightforward way to tackle limit violations is to simulate with a time step of 1 s using a low-order SAS. In the following, the computational cost of the switch detection algorithm is compared to that of the simulation using equal tiny time steps of 1 s. Suppose that the system has Nnet network state variables and Ngen generators (including synchronous generators and IBRs), and the order of the SAS is NSAS. The overall computational cost stems mainly from multiplications of matrices with vectors, as well as the multiplication of vectors with vectors. Supposing the number of operations is m∙n for multiplying an m×n matrix with a n×1 vector, and n for multiplying two n×1 vectors. The number of multiplication operations is then counted to estimate the computational cost of the SAS for each time step, as given below:
           (3-2)
where k1=3 for three AC phases, k2≈12 and k3≈115 are determined through a process of counting operations. The first term in the equation results from linear functions of the three-phase network and its interface with generators, the second term primarily arises from convolution operations for nonlinear functions, and the third term relates to equations of generators. 
Then, suppose Nhit limits are hit during a single large time step Tsteph (μs) enabled by a high-order SAS. In such a scenario, the computational cost of a high-order SAS will be multiplied by Nhit, because it must revisit the moments when the limits were reached.
Finally, the computational cost ratio of a high-order SAS to a low-order SAS using a 1 μs time step which does not need backtracking is:
                                 (3-3)
where CostSASh and CostSASl are respectively computational costs of the high-order and low-order SAS approaches per step given by (3-2). Therefore, when CostRatio<1, the high-order SAS approach incorporating switch detection will be more efficient than the low-order SAS that utilizes a 1 μs time step. This determines an upper bound for Nhit on a Tsteph time window. Subsequently, case studies are performed in the next section to determine and affirm the upper bound of Nhit, which ensures the efficiency of the proposed switch detection algorithm.
[bookmark: _Toc155559365]3.3 Case study
To verify the correctness of the proposed switch detection algorithm, a case study 
is conducted on the modified IEEE 39-bus system shown in Figure 2.14 in Chapter 2, which has 6 synchronous generators and 4 grid following IBRs.
In this case study, limits are enabled on Efd of exciters, p1 of governors, and idref and iqref of the IBRs. Simulation of Case 2 is repeated to assess the proposed switch detection algorithm. Recall that in this case a three-phase grounding fault is added at bus 16 and then cleared after 10 cycles. 
In this scenario, the Efd of synchronous generator #4 that is connected to Bus 34 reaches its upper limit, and iqref of IBR2 that connected to Bus 35 reaches its lower limit. The simulation results provided by the 30th-order SAS with and without the proposed switch detection algorithm are compared against the benchmark results, as shown in Figures 3.4-3.5. 
As can be observed, without detection, the state switch moments are missed. Although the values of variables exceeding their limits are forced to be the limits, the resulting trajectory becomes inaccurate and may compromise the accuracy of SAS in subsequent calculations. In contrast, the proposed detection algorithm could accurately locate such moments and reset the simulation to those time instants with errors less than 1 μs, leading to a close match with the benchmark results.
[bookmark: _Toc155559366]3.4 Verification of computational cost analysis
According to the case studies above, the switch detection algorithm can accurately locate the switch time instants with errors of less than 1 s. Thus, another way to achieve 
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[bookmark: _Toc155559528]Figure 3.4 Simulation results of iqref of IBR2
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[bookmark: _Toc155559529]Figure 3.5 Simulation results of Efd of synchronous generator #4


the same level of accuracy is to simulate by checking every 1 s. Also, the 30th-order SAS conservatively allows a large time step around Tsteph=350 s, and the 3rd-order SAS provides accurate results with a time step of 1 s. 
In Section 3.2, the computational costs of the high-order SAS with switch detection and the low-order SAS using tiny time steps, which both can handle the limit violation accurately, are compared by computational cost estimation. In this part, results from additional case studies are presented to verify the estimation.
Case studies are conducted to simulate a 2-second duration using the 30th-order SAS approach with Tsteph=350 s and the 3rd-order SAS approach with 1 μs. The respective time costs are around 68 s and 2326 s, respectively, without compiling the code. To ensure CostRatio<1, it can be estimated that Nhit<2326/68=34.2.
Alternatively, considering the 10-generator 39-bus system, the upper bounds for Nhit on one large step of Tsteph=350 s are determined by (3-2)-(3-3) via substituting system information and setting CostRatio<1. The resulting upper bound is 33.9, closely aligning with the estimation from the additional case studies mentioned above. 
Furthermore, even if the number of generators increases from 10 to 50, the upper bound for Nhit will only decrease from 33.9 to 31.2. This minor decrease is primarily due to the fact that the computational cost is mainly attributed to the network equations which have a high dimension. Hence, this verifies the the computational cost estimation.
Therefore, as a general rule, as long as no more than approximately 34 limits are exceeded in every large time step of around 350 μs, which is commonly the case, the proposed switch detection algorithm is more efficient than checking every tiny time step. 
[bookmark: _Toc155559367]3.5 Conclusion
[bookmark: _Hlk133256717]In this chapter, an SAS-based switch detection algorithm is proposed to accurately locate the time instants when limits are violated. This makes the algorithm flexible and adaptable, enabling it to accurately simulate system state switches caused by limit violations during large time steps.
Also, the computational cost of the proposed algorithm is compared to that of simulations using a time step of 1 μs. Although both approaches can accurately locate the switch time instants, the proposed algorithm generally has higher efficiency when less than 31 to 34 limits are violated during a single time step around 350 s.
Case studies on a modified IEEE 39-bus system with IBRs validated the accuracy and high efficiency of the proposed approach. 


[bookmark: _Toc420995908][bookmark: _Toc422997495][bookmark: _Toc155559368]

SAS-based EMT Simulation Using the Nodal Equation for the Network
   
In Chapter 2 and Chapter 3, the SAS approach is applied to the EMT state-space equation to speed up the simulations. As another major kind of EMT formulation method, the nodal method is more suitable for large networks due to its high efficiency in dealing with frequent network topology changes.
In this chapter, while the network is solved by the nodal voltage equation using a fixed time step, the SAS approach is explored on the synchronous generators and related controllers. Specifically, a hybrid strategy is proposed to employ the SAS in EMT simulations by applying a DT-based method to solve the state-space differential equations of components such as synchronous generators and controls, and then interface the SAS solution with the network solution solved from the network nodal voltage equation.
[bookmark: _Toc155559369]4.1 Simulation strategy
In the nodal formulation-based EMT simulation, the first-order ODEs of network components, including resistors, inductors, and capacitors, are discretized by the trapezoidal rule method to form the grid nodal voltage equation. Other components, including synchronous generators, exciters, governors, turbines, and stabilizers, are represented by state-space equations. 
Based on this precondition, the SAS is used to derive high-order time series approximations of the state-space variables using the DT method, and hopefully, the simulation time step can be enlarged at the same error limit compared to the traditional low-order numerical methods and accelerate the simulation. 
However, when the network and generators are solved with different numerical methods, a big challenge is to interface them together.
To investigate the interface, an open loop test for steady state simulation is conducted on the Kundur’s two-area system with only synchronous generators. By assuming the generator terminal voltages vd and vq to be constant under steady state, the current outputs of synchronous generators are calculated by a high-order SAS using generator equations given in (2-12)-(2-29).
With the assumption that generator terminal voltages vd and vq are constant, we can get the SAS coefficients of vd and vq:
                                                 (4-1)
                               (4-2)
Based on that, first, we can get high-order SAS of the three-phase terminal voltages:
             (4-3)
where, (i,1), (i,n), and (n,1) are matrix indices; [k], [m], and [k-m] indicate the orders of DTs.  In addition, when i=1, 2, and 3, vabc(i,1) represents va, vb, and vc, respectively.
With the SAS of vabc, the SAS of a three-phase terminal current can be calculated in a recursive manner following the equations below:
    (4-4)
Also, other related derivations and calculations are the same as presented in (2-22)-(2-30) in Chapter 2. Here, only three-phase balanced faults are considered, and states at the ‘0’ axis are equal to 0.
Under the assumption that generator terminal voltages vd and vq are constant, the steady state simulation can be conducted in an open loop way. As shown in Figure 4.1, the current outputs of synchronous generators are calculated by high-order SAS using generator equations. Then, the current injection from generators is used to solve the nodal-based network voltages. In this way, the simulation is done in an open loop way, i.e., the solved network voltages are not used to update generator state variables.
The open loop simulation strategy is tested on the Kundur’s two-area system, which has four synchronous generators, for steady state simulation. The steady state simulation lasting for 0.25 seconds gives very good results, as shown in Figure 4.2.
Also, under different time steps, the errors of both generator currents and network voltages are analyzed using the benchmark obtained with a time step of 10 μs. The results are shown in Table 4.1.
From the results above, it can be observed that the SAS approach could provide accurate generator current outputs under large time steps. Errors in voltages provided by the network solution would increase with the time step, but the errors are small and acceptable.
The preliminary test above shows that the SAS-based approach could work. However, it is a rather strong assumption to make the generator terminal voltages vd and vq 
constant, and steady state simulation is much simpler compared with dynamic simulation.
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[bookmark: _Toc155559530]Figure 4.1 Steady state open loop simulation strategy by assuming 
constant synchronous generator terminal voltages
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[bookmark: _Toc155559531]Figure 4.2 Open loop steady state simulation results based on SAS on the two-area system

[bookmark: _Toc155559403]Table 4.1 Error analysis of generator currents and network voltages under an open loop simulation strategy
	Error
	100 μs
	300 μs
	500 μs
	700 μs

	Current
	5.07×10-13
	5.04×10-13
	5.0×10-13
	4.94×10-13

	Voltage
	0.35%
	0.55%
	0.83%
	1.11%



The dynamic simulation should be a closed-loop simulation, as shown in Figure 4.3. As illustrated, the synchronous generator is solved using the SAS approach as shown in the blue boxes. The SAS approach calculates currents of synchronous generators that are injected into the network. Then, the solved network nodal voltages could provide terminal voltages of synchronous generators, which are then used to calculate the generator's state variable values for the next time step. 
Subsequently, the synchronous generator's terminal is transformed from a Thevenin equivalent circuit to a Norton equivalent circuit, which provides current injection from the generator to the network. Also, the generator terminal equivalent resistor is merged into the network conductance matrix, as shown in Figure 4.4.
[bookmark: _Toc155559370]4.2 Deriving SAS using dynamic bus voltages
As pointed out in Section 4.1, the SAS of generator terminal bus voltage should be updated each time after solving the network solution. In a conventional synchronous generator, the SAS of terminal bus voltage is derived using state-space equations of the whole system along with the initial solution; however, the state-space equation of the network is unavailable when a nodal equation is employed. To tackle this challenge, the terminal bus voltages are not assumed to be constant but are instead treated as time-dependent functions that update with the simulation process [24].
Assuming the SAS of any generator terminal bus voltage is a time series function:
                                 (4-5)

[image: ]
[bookmark: _Toc155559532]Figure 4.3 Simulation strategy based on SAS 



[bookmark: _Toc155559533]Figure 4.4 Interface between the network and an SAS represented synchronous generator


where vm and va are voltage magnitude and angle in the d-q frame.
Then, we have:
                                      (4-6)
The SAS coefficients of vm[k] and va[k] are obtained by solving several linear least squares error problems using samples from previous time steps. 
For example, with n+1 samples at n+1 time steps:
                      (4-7)
It is a linear least squares error problem to fit the data set with the time series function shown in (4-6). Such an optimization problem can be easily solved by utilizing the polynomial fitting functions.
After obtaining vd,k and vq,k for k=1, 2, 3, …, n. The SAS of other state variables of the synchronous generators can be derived by following equations (2-12)-(2-29).
Then, the SAS of the synchronous generators and controls is interfaced with the network solution, as shown in Figure 4.5.
[bookmark: _Toc155559371]4.3 Case study
A case study is conducted on the Kundur’s two-area system, which is shown in Figure 2.9. Before t=1 s, the system is in a steady state, and the synchronous generator connecting to Bus #4 is tripped at t=1 s permanently. The simulation lasts for 10 s, and the results provided by the conventional simulation method [34] using a time step of 5 μs are shown in Figure 4.6.
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[bookmark: _Toc155559534]Figure 4.5 SAS-based EMT simulation using a nodal equation for the network
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[bookmark: _Toc155559535]Figure 4.6 Simulation results provided by the conventional approach using a 5 μs time step


The simulation results provided by the 3rd-order SAS using a 150 μs time step are shown in Figure 4.7.
As can be observed from Figure 4.6 and Figure 4.7, the results provided by the SAS approach are aligned with those of the conventional approach in terms of the dynamics.
The errors of states including bus voltage magnitude and electrical power are shown in Figures 4.8-4.9. As can be observed, the per unit errors are less than 0.005, which is small enough to show the high accuracy of the proposed approach.
By enabling a larger time step of 150 μs, the SAS approach could provide roughly 2 times speedup compared to the traditional approach using 50 μs, and this speedup could be further improved through investigation of even larger time steps.
Meanwhile, because the test platform, ParaEMT, now supports mainly tripping of generator and step change of control references for disturbance simulations [13][14], fast dynamics induced by line or bus faults in the network, such as bus grounding faults, are still under development and validation, and thus the performance of the SAS-based approach considering more disturbances will be tested in the future.
In addition, whether the network equation can be solved with a larger time step, such as 150 μs, requires further investigations. Although the nodal approach is very stable even under large time steps, a larger time step for the network solution will definitely bring larger errors for fast network dynamics, such as over-voltage and over-current.
[bookmark: _Toc155559372]4.4 Conclusion
As a method that has dominated EMT simulation for nearly half a century, the nodal formulation approach is more efficient than the state-space approach on large systems.
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[bookmark: _Toc155559536]Figure 4.7 Simulation results provided by the SAS-based approach using a 150 μs time step
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[bookmark: _Toc155559537]Figure 4.8 Bus voltage magnitude error of the SAS-based simulation using a 150 μs time step
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[bookmark: _Toc155559538]Figure 4.9 Electrical power error of the SAS-based simulation using a 150 μs time step



This chapter proposed a simulation approach using the SAS to solve the synchronous generators and related controls, such as exciters and governors, with a larger time step, while the network is solved by the nodal voltage equation using a fixed time step. An interface between the SAS solution of the synchronous generators and the network nodal solution is designed. Numerical tests show that the SAS could provide accurate results under both steady state and disturbances using a larger time step to improve the efficiency.


1. [bookmark: _Toc155559373]
Parallel SAS-Based EMT simulation 
In this chapter, the nodal formulation based EMT simulation is parallelized using the bordered block diagonal (BBD) proposed in [79] and accelerated by leveraging high-performance computers. 
 As multicore processors have become commonplace, considerable effort has been directed toward parallel computations for EMT simulations of large power grids [80]. Traditionally, the parallelization of EMT simulations relied on exploiting the natural decoupling between subnetworks that arises from the traveling wave propagation delay across long-distance distributed parameter transmission lines and cables in a manual way; however, the performance of this approach is constrained by the number, location, and length of transmission lines, and it becomes infeasible when the delay is too small [80]-[83]. An alternative, which does not rely on the time delay of lines, is to automatically reformulate the network conductance matrix into a BBD form, which is not fully decoupled but is still amenable to parallelization [79].
As an advanced and promising technique for handling computationally intensive power systems studies, such as contingency analysis, reliability analysis, state estimation, and transient stability simulation, high-performance computing (HPC) can leverage rich computing resources, and thus multiple subtasks can be simultaneously processed with superior efficiency [84][85]. Leveraging HPC clusters at the Pacific Northwest National Laboratory and the National Renewable Energy Laboratory (NREL), transmission and distribution phasor-domain co-simulations of large systems were performed and presented in [86] and [87], respectively. 
Thus, to improve the efficiency of EMT simulations, parallel simulation leveraging HPC is tested in this chapter. Also, the simulation speedup performance of the SAS-based simulation proposed in Chapter 4 is tested.
[bookmark: _Toc155559374]5.1 Parallel simulation strategy
It is widely recognized that a significant amount of time cost, typically up to 80%–97% for large systems, in EMT simulations is consumed by solving the network nodal equation [88]-[90]. Traditionally, the LU decomposition of the sparse G matrix has been used to solve the network nodal voltage vector, v, through forward and backward substitutions; however, such a sequential approach is not easily parallelizable, leading to a bottleneck that limits the speed of EMT simulations. To tackle this challenge and to speed up EMT simulations, the BBD form and the block matrix LU decomposition of the G matrix for the network solution are utilized [79].
In the meanwhile, the updates of generator current injections and control state variables are naturally decoupled and thus can be parallelized effortlessly. Also, the update of network historical currents is naturally decoupled for different circuits and can also be easily parallelized.
[bookmark: _Toc155559375]5.1.1 Parallel network solution using the bordered block diagonal technique
To efficiently parallelize the network solution, a graph representation of the network is automatically obtained and partitioned into multiple subregions using the METIS software package. Subsequently, each partition is internally reordered using a nested dissection to reduce the number of nonzero elements during the future LU factorization [79]. 
Taking the WECC 179-bus system as an example, as illustrated in Figure 5.1, a graph representation of the original network is shown on the left, and its BBD form with four partitions is shown on the right.
The partitioning process ultimately transforms the network conductance matrix into the BBD form, with n=m+1:
                                             (5-1)
To solve the network nodal equation during the time domain simulation, the block matrix LU decomposition is conducted before the time-loop simulation, as illustrated in (5-2): 
                        (5-2)
Then, the original network nodal equation in (1-7) becomes:
                                                    (5-3)
To solve (5-3), the first step is to solve the following equation by forward substitution:
                                                     (5-4)
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(a)  Original representation                   (b) BBD representation
[bookmark: _Toc122433324][bookmark: _Toc155559539]Figure 5.1 Graph representation of the WECC 179-bus system


where:
                                         (5-5)
Thus, the process of solving (5-4) can be parallelized as:
                                               (5-6)
And in series with:
                                                  (5-7)
The second step is to solve the following equation by backward substitution:
                                                          (5-8)
which relies on solving vn first by:
                                                         (5-9)
Finally, the following equations are parallelized to solve vi:
                             (5-10)
As shown in Figure 5.2, calculating yn necessitates the synchronization of [y1, y2, …, ym] from parallel threads, and vn needs to be synchronized to threads for the parallel calculation of [v1, v2, …, vm]; therefore, such junctures are designated as synchronization points. Further, if the LU decomposition is parallelized, the calculation of Lnn and Unn is also a synchronization point [79]. 
Notice that the device update shown in the up-left corner can be conducted using the Euler method or using the SAS approach, and the one with SAS is depicted.







[bookmark: _Toc122433323][bookmark: _Toc155559540]Figure 5.2 Parallel EMT simulation strategy


[bookmark: _Toc155559376]5.1.2 Parallel update of generator states and network historical currents
Although the same network parallelization approach [79] is used, parallelism can be leveraged beyond the network solution to further improve computational efficiency.
Updating the generator current injection and related control state variables, which can be calculated by the Euler method or the SAS, is naturally decoupled for different devices. This step can be easily parallelized, as shown in the upper green box in Figure 5.2.
Also, historical current updates represent critical steps in EMT simulations, and they exhibit natural independence across most components. As a result, these steps can also be effortlessly parallelized to accelerate simulations, as indicated by the lower dashed green boxes in Figure 5.2. 
[bookmark: _Toc155559377]5.2 Case study
[bookmark: _Hlk154576910]First, the performance of parallel simulation without SAS is tested on the 179-bus WECC system, and the performance is shown in Table 5.1.
As can be observed, the parallel simulation does not show obvious speedup on this 179-bus system, mainly because the utilized BBD technique cannot fully decouple the network, and the system size is not sufficiently large. Thus, the required synchronization process undermines the merit of parallelization, and the advantages of the BBD technique are not exploited in this case.
Nevertheless, the BBD technique is fully automatic and does not require any manual process for parallelization, and it may have great potential for acceleration on large-scale systems with thousands of buses or more.
Based on the above observation, to investigate the performance of the BBD-based




[bookmark: _Toc155559404]Table 5.1 Comparison of time costs on the 179-Bus WECC system for a 1-second simulation using a 50-μs Time Step
	Tool
	Series simulation
	Parallel simulation 

	ParaEMT
	22 s
	21 s


[bookmark: _Hlk154576926]


parallel simulation on handling large-scale system simulations, the efficiency is studied on a synthetic, large-scale, 10,024-bus system created by interlinking 7×8 replications of the WECC 179-bus system as a large array through newly added transmission lines between neighboring replications [90], as shown in Figure 5.3. 
The Eagle supercomputer at NREL is set as the HPC platform for the simulation tests. As a cluster comprising 2618 compute nodes connected by a high-speed, 100-Gb/s EDR InfiniBand network, Eagle is configured to run computationally intensive and parallel computing jobs on the Linux operating system [91].
To comprehensively investigate the performance of ParaEMT parallel simulations, a series of case studies was conducted with varying numbers of network partitions and HPC Message Passing Interface (MPI) ranks [92]. The simulation speedup results are summarized in Figures 5.4 and 5.5.
As shown in Figure 5.4, when the simulation is performed with only 1 MPI rank, no speedup is achieved because the simulation is conducted in a serial manner without parallelization, regardless of the number of partitions. As more MPI ranks are used for the parallel simulations, the simulation speedup generally increases before saturating. Specifically, with the number of HPC MPI ranks and network BBD partitions both varying from 1 to 84, the simulation achieves a peak speedup of approximately 15-18 times when 40-60 network partitions and 60-80 MPI ranks are used, with a corresponding minimum time cost of 90-110 seconds for a 1-second simulation using a 50-μs time step, as shown in Figure 5.5. In comparison, the series simulation costs nearly 1800 seconds for a 1-second simulation, significantly longer than the parallel simulation time cost.




[bookmark: _Toc155559541][bookmark: _Hlk154588103]Figure 5.3 A synthetic, large-scale, 10024-bus system created by connecting 7×8 replications of the 179-bus WECC system
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[bookmark: _Toc155559542]Figure 5.4 Speedup performance when leveraging HPC parallelization relative to a serial simulation on the synthetic 10024-bus system
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[bookmark: _Toc155559543]Figure 5.5 Time cost for a 1-second simulation using a 50 μs time step on the synthetic 10024-bus system



[bookmark: _Hlk154576568]To notice, because the synthetic 10024-bus system is created through weak connections of multiple 179-bus systems, the BBD technique may easily decouple the large system and achieve overly optimistic performance. For a real system that has the same size but more complicated interconnections, the speedup factor may be less than the 15-18 times achieved on the synthetic system.
In addition, the above case studies are all conducted with the conventional approach, which employed the Euler method to solve generator and control states. As presented in Chapter 4, an advantage of SAS is that it provides accurate results using larger time steps with acceptable errors on a two-area system, and its performance and error analysis on large-scale systems remain to be tested in future work. Here, without evaluating the simulation error, the SAS is applied to generators, and a 150 μs time step is used for the simulation for a conceptual study. With both the number of network partitions and the number of HPC MPI ranks varying from 1 to 80, maximum speedup of up to approximately 40-45 is achieved in the parallel SAS-based simulation using a 150 μs time step, as shown in Figure 5.6. 
Given the vast amount of data involved in such a large-scale system, considerable effort is required to fully investigate simulation errors of the SAS-based approach on a large system and test its performance with different SAS orders with different time steps. Future work will be devoted to this. 
[bookmark: _Toc155559378]5.3 Conclusion
In this chapter, the BBD technique based parallel EMT simulation proposed in [79] is implemented to parallelize the network solution, which is based on nodal formulation.
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[bookmark: _Toc155559544]Figure 5.6 Simulation speedup leveraging both SAS and HPC parallelization using a 150 μs time step



Besides, parallelization of other naturally decoupled tasks including update of generator current injection, update of generator states, update of control states, and update of network historical currents is also implemented. Leveraging HPC, which has rich computing resources, the parallel simulation was tested on a synthetic 10,024-bus system. Case study results show that the SAS-based parallel simulation using a 150 μs time step achieves a speedup of approximately 40-45 times.


1. [bookmark: _Toc155559379]
SAS and High-Order Nodal Formulation-Based EMT Simulation
In this chapter, a high-order nodal formulation approach for the network is proposed based on high-order diagonally implicit Runge-Kutta methods, and the SAS approach is implemented on synchronous generators and interfaced with the network, to explore larger simulation time steps. 
[bookmark: _Toc155559380]6.1 High order diagonally implicit Runge-Kutta methods
As is known, EMT simulation is a stiff problem, and usually numerical A-stable or even L-stable approaches such as the trapezoidal rule method and backward Euler method are used to discretize differential equations of network components [93]-[95]. 
Although high-order multi-step approaches such as the Gear’s method given in (6-2)-(6-3) are able to solve some stiff problems generally described in (6-1), they require a more complex initialization process to generate history data at previous time steps to start the process, and it is not easy to maintain stability for EMT simulations when the order is higher than two [3][96]. 
                                                     (6-1)
             (6-2)
where the coefficients a1, a2, …, an, and b are obtained by solving: 
              (6-3)
In addition, it is widely recognized that multi-step approaches with an order higher than two cannot be A-stable. Thus, such an approach is usually not considered for EMT nodal formulation.
As a kind of single-step approach, the solution of the Runge-Kutta method has the form in (6-4) for an initial value problem in (6-1):
        (6-4)
Equation (6-4) can also be written as:
                      (6-5)
where yi is the value of y at t+cit, yn is the value of y at t, yn+1 is the value of y at t+t, and the coefficients are provided by a pre-designed real-valued Butcher tableau in (6-6) [94].
                                    (6-6)
When all aij where j≥i equal to 0, it becomes the explicit Runge-Kutta method which is not numerically A-stable and cannot ensure stability if applied to EMT simulations. Otherwise, the Runge-Kutta method is implicit and can be A-stable with well-designed parameters, but usually requires iterative approaches such as the Newton-Raphson approach to simultaneously obtain values of ki or yi, which are coupled with each other. This will greatly increase the computation burden. 
Nevertheless, when all aij with j>i equal to 0, which means the corresponding Butcher tableau has a form in (6-7). Such a kind of Runge-Kutta method is diagonally implicit and can be A-stable or L-stable. Compared with fully implicit Runge-Kutta methods, the advantage of diagonally implicit Runge-Kutta (DIRK) is that the values of yi can be solved sequentially, rather than simultaneously.
                                    (6-7)
Specifically, applying (6-5) and (6-7) to (6-1) gives:
   (6-8)
As can be seen, the values of y1, y2, …, ys, and yn+1 can be solved sequentially through these equations, instead of simultaneously. This makes computation easier and more efficient.
[bookmark: _Toc155559381]6.2 High order nodal approach
To develop a high-order nodal approach using the DIRK method, first take a series R-L circuit shown in Figure 6.1 as an example. Its differential equation is given in (6-9). 
                                                           (6-9)
Applying the DIRK method detailed in (6-8) to (6-9) yields:
    (6-10)
Thus, multistage nodal equations are formulated as:
 (6-11)









[bookmark: _Toc155559545]Figure 6.1 A series resistor-inductor circuit



Moreover, the following two requirements would further simplify the process:
(1) When cs=1 and bi=asi, the last two equations of the DIRK method are identical, as shown in (6-12).                                                                         
 (6-12)
Thus, the last equation can be eliminated, and the first s equations with i=1, 2, …, s are adequate and kept, as shown in (6-13). Also, because cs=1, the last equation calculates state values exactly at the next time step.
                           (6-13)
With the above requirement, when the DIRK method is applied to the R-L circuit equation, we have:
 (6-14)
(2) Furthermore, when a11=a22=…=ass, the DIRK method becomes the singly diagonal implicit Runge-Kutta method. Then, the companion circuits for calculation of all s stages, which includes s-1 intermediate stages and 1 final stage, have the same equivalent resistance.
                                                   (6-15)
This feature could make the network conductance G matrix of each stage equal, and thus greatly simplify the simulation process.
(3) Several DIRK methods with different orders could meet the above two requirements, and some examples are given below with their Butcher tableaus [97]. Specifically, like the SAS approach presented in Chapter 2, the accuracy of DIRK methods will increase with the order, but usually more intermediate points need to be calculated. So, there is a trade-off between accuracy and computation burden.
A two-stage 2nd-order DIRK method is given in (6-16).
                                                             (6-16)
A three-stage 3rd-order DIRK method is given in (6-17).
                                          (6-17)
A five-stage 4th-order DIRK method is given in (6-18).
   (6-18)
A five-stage 5th-order DIRK method is given in (6-19). Here, although the original stage number is six, the first stage calculates the initial values and can be ignored. Thus, it can be regarded as a five-stage method. 
  (6-19)
As can be seen from (6-18) and (6-19), (6-19) is superior to (6-18) because both are five-stage methods and have the same computational cost, but (6-19) has higher order, i.e., higher accuracy, than (6-18).
DIRK methods with even higher orders are not presented here and remain to be investigated in future work.
Although only one example with an R-L circuit is given in (6-11), the same process can be easily extended to equations of other circuits. For example, the differential equation of a capacitor C is given in (6-20), and the corresponding solution provided by the DIRK method is given in (6-21).
                                                                    (6-20)
     (6-21)
[bookmark: _Toc155559382]6.3 Case study with ideal current sources
To test the performance of the high-order nodal approach based on the DIRK methods, a four-bus system shown in Figure 6.2 is built. This system has three transmission lines represented by PI sections, two ideal current sources, and two loads represented by constant R-L circuits.
First, both the state-space and nodal approaches are implemented to simulate the system. Considering a three-phase grounding fault happens at t=0.5 s on Bus 2 and is then cleared at t=0.6 s without losing any network component, the results provided by the state-space approach are compared with those of the nodal approach, which is based on the trapezoidal rule method. The results using a 1-μs time step are shown in Figures 6.3-6.5.

[bookmark: _Toc155559546]Figure 6.2 A four-bus system
[image: ]
[bookmark: _Toc155559547]Figure 6.3 Phase A Voltage at Bus 2 
[image: ]
[bookmark: _Toc155559548]Figure 6.4 Phase B Voltage at Bus 3 
[image: ]
[bookmark: _Toc155559549]Figure 6.5 Phase C Current of Branch 2-3 
As can be observed, the results provided by the state-space approach and the nodal approach-based on the trapezoidal rule method can accurately match with each other. This proves the correct implementation of the nodal approach.
Second, the accuracy of DIRK methods is tested using a small time step of 1 μs, and the errors are given in Table 6.1. Here only errors of the instantaneous voltages at all buses are considered because voltages have a per unit value close to 1 and errors of currents can also be reflected in voltages. Table 6.1 shows that all DIRK methods are correctly implemented, as they are all very accurate when a small time step is used.
Third, the simulation errors of the nodal approach using different numerical methods, including the trapezoidal rule method and DIRK methods with an order from 2 to 5, are summarized in Table 6.2. Here, the benchmark is provided by the nodal approach using the trapezoidal rule method with a time step of 1 μs, and instantaneous voltage errors under time steps of 50 μs and 100 μs are presented.
As shown in Table 6.2, when all methods use the same time step, the 2nd-order DIRK method has a close error with the trapezoidal rule method. With the increase of the order from 2 to 5, the accuracy of the DIRK method becomes higher and higher, across all intervals, including steady-state, during-fault, and post-fault periods. 
For illustration, the maximum error of the 5th-order DIRK method is shown in Figure 6.6. Large errors appear right after disturbances because a low-order method cannot perfectly capture fast dynamics with a fixed time step that is not small enough. After that, the results gradually converge to the true results and the error becomes much smaller. This is the case for all other tested numerical approaches, but the error levels may be different.







[bookmark: _Toc155559405]Table 6.1 Maximum simulation error of different numerical methods using a 1 μs time step
	Numerical methods
with a 1 μs time step
	Maximum error of the instantaneous voltage

	Trapezoidal rule
	6.5×10-5

	2nd-order DIRK
	6.4×10-5

	3rd-order DIRK
	2.4×10-6

	4th-order DIRK
	8.5×10-7

	5th-order DIRK
	4.5×10-10








[bookmark: _Toc155559406]Table 6.2 Maximum simulation error of different numerical methods using time steps of 50 μs and 100 μs
	Numerical methods

	Maximum error of instantaneous voltages

	
	Time step: 50 μs  
	Time step: 100 μs  

	Trapezoidal rule
	Steady state
	1.77×10-5
	7.05×10-5

	
	During fault
	0.325
	0.911

	
	Post fault
	0.334
	0.736

	2nd-order DIRK
	Steady state
	2.5×10-5
	1.0×10-4

	
	During fault
	0.16
	0.54

	
	Post fault
	0.17
	0.49

	3rd-order DIRK
	Steady state
	4.0×10-6
	2.72×10-5

	
	During fault
	0.033
	0.189

	
	Post fault
	0.04
	0.19

	4th-order DIRK
	Steady state
	6.0×10-9
	1.37×10-7

	
	During fault
	4.1×10-4
	0.0065

	
	Post fault
	6.16×10-4
	0.0095

	5th-order DIRK
	Steady state
	6.9×10-11
	2.6×10-9

	
	During fault
	8.6×10-5
	0.00258

	
	Post fault
	1.5×10-4
	0.0045












[image: ]
[bookmark: _Toc155559550]Figure 6.6 Maximum error of the 5th-order DIRK method using a 100 μs time step


The tests above show that a higher-order DIRK method could provide more accurate results, but their efficiency has not yet been thoroughly tested. To do this, using the error of the trapezoidal rule method as a reference, and then under the same accuracy level defined by the error reference, the maximum allowable time steps for the DIRK methods are evaluated, as shown in Table 6.3.
As can be seen from Table 6.3, the time steps under the same accuracy level or error tolerance can be gradually enlarged with the increase of order. Because the majority of the time cost comes from solving the nodal equation, we can simply assume that the computational costs for each stage are the same for different approaches. Also, the number of stages of different methods is summarized in Table 6.4.
Then, we can roughly estimate the computational efficiency by dividing the time steps by the number of stages, as shown in (6-22), which represents the allowable time step for each stage, and a larger number indicates a higher efficiency.
                                                    (6-22)
Based on (6-22) and the results presented in Table 6.3, the efficiency of different numerical methods is presented in Table 6.5 and Figure 6.7, where the average efficiency for pre fault, during fault, and post fault periods are used for efficiency presentation in Figure 6.7.
As can be observed, the 2nd-order DIRK method is less efficient than the trapezoidal rule method. The 3rd-order and 4th-order DIRK methods have roughly the same efficiency as the trapezoidal rule method, and the 5th-order DIRK method is more efficient than the trapezoidal rule method and is also the most efficient one.



[bookmark: _Toc155559407]Table 6.3  Maximum time steps of different numerical methods under the same maximum error tolerances
	[bookmark: _Hlk153011902]Numerical methods

	Maximum time steps under the same error tolerances

	
	Tolerance 1:  
Steady state: 1.77×10-5
During fault: 0.325
Post fault: 0.334
	Tolerance 2:
Steady state: 7.05×10-5
During fault: 0.911
Post fault: 0.736

	Trapezoidal rule
	Steady state
	50 μs
	100 μs

	
	During fault
	50 μs
	100 μs

	
	Post fault
	50 μs
	100 μs

	2nd-order DIRK
	Steady state
	35 μs
	90 μs

	
	During fault
	75 μs
	175 μs

	
	Post fault
	75 μs
	150 μs

	3rd-order DIRK
	Steady state
	80 μs
	150 μs

	
	During fault
	130 μs
	500 μs

	
	Post fault
	130 μs
	500 μs

	4th-order DIRK
	Steady state
	300 μs
	450 μs

	
	During fault
	250 μs
	600 μs

	
	Post fault
	250 μs
	600 μs

	5th-order DIRK
	Steady state
	550 μs
	800 μs

	
	During fault
	350 μs
	800 μs

	
	Post fault
	350 μs
	800 μs











[bookmark: _Toc155559408]Table 6.4 Number of stages of different numerical methods
	Numerical methods
	Number of stages

	Trapezoidal rule
	1

	2nd-order DIRK 
(defined by equation 6-16)
	2

	3rd-order DIRK
(defined by equation 6-17)
	3

	4th-order DIRK
(defined by equation 6-18)
	5

	5th-order DIRK
(defined by equation 6-19)
	5








[bookmark: _Toc155559409]Table 6.5 Efficiency of different numerical methods under the same maximum error tolerances
	Numerical methods

	Efficiency under the same maximum error tolerances

	
	Tolerance 1:  
Steady state: 1.77×10-5
During fault: 0.325
Post fault: 0.334
	Tolerance 2:
Steady state: 7.05×10-5
During fault: 0.911
Post fault: 0.736

	Trapezoidal rule
	Steady state
	1
	1

	
	During fault
	1
	1

	
	Post fault
	1
	1

	2nd-order DIRK
	Steady state
	0.35
	0.45

	
	During fault
	0.75
	0.875

	
	Post fault
	0.75
	0.75

	3rd-order DIRK
	Steady state
	0.53
	0.5

	
	During fault
	0.87
	1.67

	
	Post fault
	0.87
	1.67

	4th-order DIRK
	Steady state
	1.2
	0.9

	
	During fault
	1.0
	1.2

	
	Post fault
	1.0
	1.2

	5th-order DIRK
	Steady state
	2.2
	1.6

	
	During fault
	1.4
	1.6

	
	Post fault
	1.4
	1.6
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[bookmark: _Toc155559551]Figure 6.7 Efficiency of different numerical methods under the same maximum error tolerances



As previously discussed, although the 5th-order DIRK method in (6-19) has six stages, the first stage, which calculates the values at the starting point, can be ignored. Therefore, it is always superior to the 4th-order DIRK method in (6-18). The case study results also validated this.
Except for the maximum error, the average error can also be used to estimate the performance of different approaches. In the same way, the average error of the trapezoidal rule method is set as the average error tolerance, and the performance of DIRK methods with different orders is tested, as shown in Table 6.6. Notice, as discussed, the 5th-order DIRK method is always superior to the 4th-order, here only the 2nd-order, 3rd-order, and 5th-order DIRK methods are tested. Besides, the average efficiency is analyzed in Table 6.7 and plotted in Figure 6.8. From the results, we can still get the same results that the 5th-order has the best performance and is superior to the trapezoidal rule method for circuit simulations in this case.
[bookmark: _Toc155559383]6.4 Case study with synchronous generators
The case studies in Section 6.3 used ideal current sources as power sources, which means that the current inputs of the whole system at any time instants are known. In real power systems, the current injections usually come from synchronous generators. Thus, the case studies in this section replace the ideal current sources with synchronous generators and continue the tests.
The same synchronous generator described Section 2.3 (2-12)-(2-21) is used, and interfaced with the network using the Thevenin equivalent circuit presented in Section 4.2.





[bookmark: _Toc155559410]Table 6.6 Maximum time steps of different numerical methods under the same average error tolerances 
	Numerical methods

	Maximum time steps under the same average error tolerances

	
	Tolerance 1:  
Steady state: 1.23×10-5
During fault: 0.025
Post fault: 0.02
	Tolerance 2:
Steady state: 4.95×10-5
During fault: 0.039
Post fault: 0.033

	Trapezoidal rule
	Steady state
	50 μs
	100 μs

	
	During fault
	50 μs
	100 μs

	
	Post fault
	50 μs
	100 μs

	2nd-order DIRK
	Steady state
	50 μs
	90 μs

	
	During fault
	80 μs
	200 μs

	
	Post fault
	80 μs
	200 μs

	3rd-order DIRK
	Steady state
	200 μs
	300 μs

	
	During fault
	200 μs
	450 μs

	
	Post fault
	200 μs
	450 μs

	5th-order DIRK
	Steady state
	600 μs
	750 μs

	
	During fault
	400 μs
	1000 μs

	
	Post fault
	400 μs
	1000 μs












[bookmark: _Toc155559411]Table 6.7 Efficiency of different numerical methods under the same average error tolerances
	Numerical methods

	Efficiency under the same average error tolerances

	
	Tolerance 1:  
Steady state: 1.77×10-5
During fault: 0.325
Post fault: 0.334
	Tolerance 2:
Steady state: 7.05×10-5
During fault: 0.911
Post fault: 0.736

	Trapezoidal rule
	Steady state
	1
	1

	
	During fault
	1
	1

	
	Post fault
	1
	1

	2nd-order DIRK
	Steady state
	0.5 
	0.45

	
	During fault
	0.8
	1.0 

	
	Post fault
	0.8 
	1.0

	3rd-order DIRK
	Steady state
	1.33
	1.0

	
	During fault
	1.33
	21.5

	
	Post fault
	1.33
	1.5

	5th-order DIRK
	Steady state
	2.4
	1.5

	
	During fault
	1.6
	2.0

	
	Post fault
	1.6
	2.0
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[bookmark: _Toc155559552]Figure 6.8 Efficiency of different numerical methods under the same average error tolerances







Notice that when a high-order DIRK method is used for the network nodal formulation, state values at several intermediate points need to be calculated, as presented in (6-14) and (6-21). Hence, the current injections from generators at those intermediate points should also be provided. To do this, the SAS is applied to the generator model, and as the simulation progresses, SAS values are updated using:
                  (6-23)
The calculation of generator SAS coefficients is the same as the process presented in equation (2-22)-(2-26). Thus, finally, the SAS-represented synchronous generator is interfaced with the DIRK discretized network equation through current injections.
Through multiple studies, the order of the SAS does not affect the accuracy much, and thus a 3rd-order SAS is used for synchronous generators. Also, case studies in Section 6.3 show that the 5th-order DIRK method has better performance than DIRK methods with an order from 2 to 4, thus the network is solved by the 5th-order DIRK method here.
The performance of using SAS for solving the generator equation and 5th-order DIRK methods for solving the network equation is shown in Tables 6.8-6.10. As shown in Table 6.8, using the same time step, the errors are bigger than those on the four-bus system with ideal current sources, mainly because of stronger nonlinearity of generators.




[bookmark: _Toc155559412]Table 6.8  Maximum simulation errors of different numerical methods using time steps of 50 μs and 100 μs on the four-bus system with synchronous generators
	Numerical methods

	Maximum errors of the instantaneous voltage

	
	Time step: 50 μs  
	Time step: 100 μs  

	Trapezoidal rule
	Steady state
	5.2×10-6
	2.1×10-5

	
	During fault
	0.49
	0.57

	
	Post fault
	2.34
	3.21

	SAS with 5th-order DIRK
	Steady state
	1.6×10-6
	1.1×10-5

	
	During fault
	0.004
	0.047

	
	Post fault
	0.047
	0.36











[bookmark: _Toc155559413]Table 6.9  Maximum time steps of different numerical methods under the same error tolerances on the four-bus system with synchronous generators
	Numerical methods

	Maximum time step under the same error tolerance

	
	Tolerance 1:  
Steady state: 1.77×10-5
During fault: 0.325
Post fault: 0.334
	Tolerance 2:
Steady state: 7.05×10-5
During fault: 0.911
Post fault: 0.736

	Trapezoidal rule
	Steady state
	50 μs
	100 μs

	
	During fault
	50 μs
	100 μs

	
	Post fault
	50 μs
	100 μs

	SAS with 5th-order DIRK
	Steady state
	350 μs
	750 μs

	
	During fault
	400 μs
	650 μs

	
	Post fault
	400 μs
	700 μs









[bookmark: _Toc155559414]Table 6.10 Efficiency of different numerical methods under the same error tolerances on the 4-bus system with synchronous generators
	Numerical methods

	Efficiency under the same maximum error tolerance

	
	Tolerance 1:  
Steady state: 1.77×10-5
During fault: 0.325
Post fault: 0.334
	Tolerance 2:
Steady state: 7.05×10-5
During fault: 0.911
Post fault: 0.736

	Trapezoidal rule
	Steady state
	1
	1

	
	During fault
	1
	1

	
	Post fault
	1
	1

	2nd-order DIRK
	Steady state
	1.4
	1.5

	
	During fault
	1.6
	1.3

	
	Post fault
	1.6
	1.4





As shown in Table 6.8-6.10, with the high-order nodal formulation method to solve the network equation, and the SAS to solve the generator state-space equation, the simulation efficiency is improved compared to the traditional approach based on the trapezoidal rule method.
[bookmark: _Toc155559384]6.5 Conclusion
The trapezoidal rule-based nodal approach is efficient for large-scale system EMT simulation, but its accuracy level is not high. To explore a high-order network solver that can improve efficiency, a high-order nodal approach based on the DIRK methods is proposed and tested. Case studies show that a high-order nodal approach base on the 5th-order DIRK method is more efficient than the trapezoidal rule method under the same accuracy level. 
[bookmark: _Hlk154582240]Additionally, the proposed high-order nodal approach can be easily applied to large networks. The formulation of the network G matrix is straightforward and similar to that of the trapezoidal rule method, and the G matrix remains constant during the whole simulation under a fixed time step. Although updating historical currents will include more terms with an increase of order, it can be easily automated without adding many arithmetic operations. 
Besides, to implement high-order solutions on both the network and generator side, the SAS solved generator is interfaced with a high-order nodal approach solved network. Case studies also demonstrate the high performance of the SAS and high-order nodal approach-based simulation strategy.

1. [bookmark: _Toc420995910][bookmark: _Toc422997497][bookmark: _Toc427156482][bookmark: _Toc155559385]
Conclusions and Future Work

This dissertation proposed an SAS-based EMT simulation approach to enlarge the time step and reduce computational cost using a conventional state-space representation. A variable time step strategy is incorporated into the multistage simulation strategy to further enhance its robustness and efficiency. Also, a switch detection algorithm is proposed to accurately locate the time instants when limits are violated, making it flexible and adaptable to accurately simulate state switches caused by limit violations. Case studies on multiple systems validated the accuracy and high efficiency of proposed approaches.
When the nodal formulation instead of the state-space formulation is used for the network, the SAS can still be utilized on the synchronous generator side to improve the efficiency. Also, leveraging parallel computing, the simulation can be greatly speeded up on large-scale systems.
A high-order nodal approach is proposed using the high-order DIRK method to solve the network equation. Through interfacing with the SAS that solves the generator equation, the efficiency is improved.
Meanwhile, when the proposed SAS approach is applied to a system or component with stronger stiffness such as detailed power electronics with a high switching frequency, the simulation time step of the proposed SAS-based approach may be constrained to a small value, which could undermine its potential benefits. Such issues will be explored in our future work.   
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