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Abstract

Given an ordinary elliptic curve E/k : y3 = 3 + apwg + by with characteristic p > 5, the
canonical lifting E over the ring of Witt vectors is given by E/W (k) : y* = 23 + az + b,
where a = (ag, A1, A, ...) and b = (by, By, Ba, ...) are functions of ap and by. Finotti has
proved that these functions A; and B; can be taken to be rational functions on ag and by and
raised questions about their denominators. In this dissertation we will find all the possible
factors of the denominators, and give an upper bound for each factor, in the case when these
functions are obtained from formulas for the j-invariant of the canonical lifting. We will
also find an isomorphic canonical lifting that is universal up to the second coordinates. In

addition, we will show some computations done with Magma.
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Chapter 1

Introduction

In this chapter, I will talk informally about the problems I am trying to solve, and also the
motivation of the dissertation.

This dissertation is about the canonical lifting of elliptic curves. Elliptic curve is an
important topic in the area of number theory. It is also a difficult topic because we must
have studied commutative algebra, algebraic number theory, and algebraic geometry in order
to understand it fully. There are also a lot of aspects in elliptic curves and many people are
working on it. It also has many applications such as cryptography.

The underlying field of an elliptic curve can have either characteristic zero or positive
characteristic. In the second case, we can define the canonical lifting of the curve to be
another elliptic curve which satisfies some nice properties. The coefficients of the canonical
lifting are infinite vectors with special addition and multiplication, which are called Witt
vectors. This concept of canonical lifting of elliptic curves was first introduced by Deuring
in [1] and then generalized to Abelian varieties by Serre and Tate in [10]. This theory has
many applications, such as counting rational points in ordinary elliptic curves, as in Satoh’s
[12], coding theory, as in Voloch and Walker’s [16], and counting torsion points of curves of
genus g > 2, as in Poonen’s [11] or Voloch’s [15].

It is known that the canonical lifting is unique up to isomorphism. Dr. Finotti has asked
the question: can we find formulas for the canonical lifting that satisfies good properties?
In Finotti’s [8], he gave two ways to construct the canonical lifting. The first way is by

solving a system of linear equations. The canonical lifting obtained this way satisfies nice



properties. For example, it is universal and modular. We will explain what these mean in the
next chapter. Finotti has asked me to find out more properties about this canonical lifting.
Especially, through computations, he observed that A does not appear in the denominators
of each coordinate, so he would like to prove it is true in general. But the study of this
canonical lifting is very difficult because the computation involves solving a big system of
equations.

The second way is by using j-invariant. This method gives an explicit formula which is
easier to study. Finotti has shown that the coordinates are modular functions and wondered
about other properties. For example, he asked the following questions.

1. What are the possible factors of the denominators?

2. What are the powers of each factor?

3. Starting with this formula, can we obtain an isomorphic canonical lifting with better
properties such as universal?

The main goal of this dissertation is to answer these three questions as much as possible.
I will answer question 1 fully. For question 2, I will give an upper bound for the powers. For
question 3, I will only be able to obtain canonical lifting that is universal up to the second
coordinates. In the future, I would like to improve these results.

In this dissertation, I used Magma to do the computations with Witt vectors. It gives a
good prediction and also helps me test some conjectures.

In this dissertation, I used many results from Finotti. All his papers can be found in
his website at https://www.math.utk.edu/ finotti/. In addition to the references that I will
mention, I also used Dummit and Foote’s [2] a lot.

In this dissertation, I will post some questions that I will be working on in the future.

They will be labeled as future questions.


https://www.math.utk.edu/~finotti/

Chapter 2

Preliminaries

In this chapter, I will give some definitions and theorems that are needed to understand the
problems I am trying to solve. The main goal of this chapter is to explain what the canonical

lifting of elliptic curve mean.

2.1 Elliptic curves

This section gives a brief introduction to elliptic curves and some related concepts. For
more information on the definition of elliptic curves, please read Silverman and Tate’s [14],
which requires some knowledge of algebraic geometry. For the related concepts, please read
Silverman’s [13], which is harder to read.

Let k be a field of characteristic p > 5, k be the algebraic closure of k, a,b € k, f(x) =
23 + az + b, and assume that the roots of f(x) are distinct. Then the curve given by the
equation

E/k:y*=2"+ax+0b

is called an elliptic curve E over k, and a,b are called the Weierstrass coefficients of E.
Sometimes, I will just call them the coefficients of E for short. We also call E the elliptic
curve given by (a,b).

Let R be an integral domain and k its field of fractions. Let E/k : y*> = 2% + ax + b

be an elliptic curve over k. If a,b are in R, then we say E is an elliptic curve over R. Let



Ei:y* =2 +axr+band By : y* = 23 + cx + d be two elliptic curves over R. We say E;/R
and E,/R are isomorphic if there is A € k such that ¢ = Aa and d = \b.

Since we consider elliptic curve a projective curve, we have one extra point “at infinity”:
the corresponding equation in the projective plane is the set of solutions in k to Y27 =
X3 +aXZ%+ 073 We identify (z,y) with [z,y,1]. Then the projective curve has one more
point O = [0, 1, 0], which we refer to as the point at infinity.

If K is a field extension of k, we denote by

E(K) = {(z0,y0) € K*: yg = xg + axg + b} U{O},

the set of points of E/ with coordinates in K.

We can roughly define addition on F(K) as follows: let P, € E(K). The line connecting
P and @ intersects the projective curve in a third point in F(K). Reflect that point about
the x-axis, and the resulting point is defined to be P+ Q. It is known that F(K) is a group
under this addition. Let

Elp] = {P € E(k) : pP = O}.

Then it is known that E[p] is either 0 or Z/pZ. E is called supersingular if E[p] = 0, and

ordinary otherwise.

2.2 The ring of Witt vectors

This section gives a brief introduction to the ring of Witt vectors. For more detail, please
read Jacobson’s [9] which gives a clear definition, and the material does not require a lot of
background. Please also read Finotti’s [8], which gives more details about the computational
aspects of the Witt vectors.

We introduce this concept because the canonical lifting of an elliptic curve is an elliptic

curve with coefficients in the ring of Witt vectors.



Let p be a prime. Let X, Yy, X3, Y], ... be indeterminates. Let Sy(Xo, Yy) = Xo+ Y, and
Py(Xo,Yy) = XoYo. For n > 1, define S, P, inductively:

1
X+ Yo =5

Sn(X07YE)a cee 7Xn7Yn) = (Xn + Yn) + ];(

1 7 ') 7
+o+ (X5 +YY -5,

p , (2.1)
Po(X0, Y0, X0, Vo) = — (X2 + - 4+ " X)) (Y + -+ pYy)

Y22

— (R 4+ 9" PIL).

Then it is known that S, P, € Z[Xo, Yo, ..., X, Y. Let S, P, be the reduction modulo p

of S,,, P,, respectively. Let A be a commutative ring with 1 # 0 of characteristic p. Let
W(A) = {(ao, a1,...): a; € A}.
Let a = (CL(], ag, .. .), b= (bo, bl, .. ) S W(A) Define

a+b= (5_0(%7 50)75_1((107 bo, a1,b1),...),
ab = (ﬁo(aoybo),ﬁ(ao, bo,ay,b1),...).

Then it is known that W (A) forms a commutative ring with 1 = (1,0,0,...) # 0= (0,0,...).
We call W(A) the ring of Witt vectors over A.

We observe that the expressions for 5,,, P, are complicated. For instance, for p = 7 the
polynomial Sy € Z[Xy, Xi, X2, Yy, Y1, Ys] has 412 monomials. Magma has been used to do
the computations of Witt vectors. Finotti has written programs that can compute the sum,
product, and inverse of Witt vectors for the first few coordinates and for small prime p.

The ring of Witt vectors is closely related to p-adic integers. In fact, it is known that
W(F,) = Z, as rings, where Z, is the ring of p-adic integers.

We need one more definition to define the canonical lifting: define o : W(A) — W(A)
by o(ag,ay,...) = (af,d,...). It is known that o is a ring endomorphism of W (A), called
the Frobenius endomorphism of W(A). Sometimes, we will call it the Frobenius of W (A)

for short.



2.3 The canonical lifting of elliptic curves

This section gives the definition of the canonical lifting of elliptic curves. Please read Finotti’s
8] for more details. We will first introduce some terminologies and notations.

Let k£ be a perfect field of characteristic p > 5.

If E/W(k) : y*> = 2® + ax + b is an elliptic curve over W (k), where a = (ag, ay,...) and
b= (bo,bi,...), then E/k : y2 = x}+agro+ by is an elliptic curve over k, called the reduction
modulo p of E, since (cg, 1, ...) — ¢ is the reduction modulo p in W (k).

If E/k:y2 =23+ apxo + by is an elliptic curve over k, then y2 = x3 + abzy + b} is also
an elliptic curve over k, which we denote by E?. Here, the o denotes the Frobenius of k.
Similarly, if E/W (k) : y* = 2®+ax+b is an elliptic curve over W (k), then y? = 2% +az +0°
is also an elliptic curve over W (k), which we denote by E?, where a” = o(a) and o is the
Frobenius of W (k).

If E is an elliptic curve over W (k) and E is its reduction modulo p, define 7 : E(W (k)) —
E(k) by

7((co, c1,--.), (do,dy,...)) = (co, do). (2.2)

Then 7 is well defined and is called the reduction modulo p. Similarly, £ is the reduction
modulo p of E?, and we also use 7 to denote the reduction modulo p map.

If £ is an elliptic curve over k, define ¢ : E(k) — E°(k) by ¢(c,d) = (¢, dP). Then ¢ is
well defined and is a curve homomorphism, i.e., it is given by rational functions and it also
maps O to O@. This map ¢ is called the Frobenius (for curves over fields of characteristic p).

With the notations given above, we are now able to give the definition of canonical lifting
of elliptic curves.

Given an ordinary elliptic curve F, it is known that there exists a unique elliptic curve E
over W (k), up to isomorphism, and a homomorphism of curves ® : E — E? such that E is
the reduction modulo p of E (and so E? is the reduction modulo p of E?), and the following

diagram commutes:



The elliptic curve E described above is called the canonical lifting of E.

Notice that we assumed k to be perfect at the beginning. In fact, we can extend the
definition to non-perfect fields.

If F/k and k is a field of characteristic p > 5, not perfect, Finotti showed that the
canonical lifting of F can be defined over W (k). Hence we can extend the definition of

canonical lifting of elliptic curves to non-perfect fields of characteristic p > 5.



Chapter 3

The canonical lifting through

J-invariant

In this chapter, I will introduce the previous results about the canonical lifting and lead to

the problems [ am trying to solve.

3.1 Some terminology

In this section, we introduce some terminology that is used in the constructions of canonical
lifting.
Let k be a field of characteristic p > 5. Let

Elk:y*=2"+ax+0b

be an elliptic curve over k. Define the discriminant of E to be 4a® + 27b%, denoted by A.
Then A # 0, since we required that the cubic in 2 has no multiple roots. Define the Hasse
invariant of E to be the coefficient of 27~! in (2° 4 ax + b)P~Y/2) denoted by H. Then it is
known that E is ordinary if H # 0, and F is supersingular if H = 0. Define the j-invariant

of F to be
4a3

1728 «+ ———
4a3 4 27b%’



denoted by j. It is known that two elliptic curves are isomorphic if and only if they have the

same j-invariant.

3.2 The set up of the problems and the properties of
the canonical lifting

In this section, we will introduce the set up of the problems and we will talk about the
properties of the canonical lifting that we want.

Let R = F,aog, bo] and k = F,(aop, by), where ag and by are indeterminates and p > 5.
Then, the elliptic curve given by E/k : y2 = 23 + agzg + by is ordinary. It is an elliptic curve

because A = 4a + 2702 is a non-zero element in k. It is ordinary because by Equation (2.3)

1=r1

from [4], we have

where r = (p — 1)/2, r; = [r/3], and ro = |r/2]. Hence H is a non-zero element in k.

So we can let E/W(k) : y* = 2® 4+ ax + b be the canonical lifting of E, where
a = (ag, A1, As,...),b = (by, B1, Ba,...). Because the canonical lifting is unique only up
to isomorphism, these A,,, B,, are not uniquely defined. We want to find formulas for A,,, B,
that satisfy nice properties.

One of the properties we want is universal. If the formulas for A,,, B,, are well defined for
all specializations of ag, by that give ordinary elliptic curves, then A,,, B,, are called universal.

Another property is modular functions. Define the weights of ag, by to be 4, 6, respectively,

denoted by wt(ag) = 4, wt(by) = 6. Define

Sn=A{f/g9 € Fy(ag, bo) : f,g € Fylaop, by] homogeneous, and wt(f) — wt(g) =n} U {0}.

If his in S,, for some integer n, then A is called a modular function of weight n.



3.3 The first construction of canonical lifting

In this section, we will talk about the first construction of canonical lifting.
In Finotti’s [8], he gave two ways to construct the canonical lifting. The first way is
by solving a system of equations. Finotti has shown the following theorem for the first

construction.

Theorem 3.1 (Finotti). The A,, B,, obtained in the first way are universal and modular

functions. In particular, A, € Ssypn and B, € Sepn.

We see that the A,, B, obtained in the first way satisfies nice properties. Finotti has
asked more questions about these A,, B,. For example, the theorem implies that A, B,
have only A and # in the denominator, that is, A, B,, € F,[ag, by, 1/(AH)]. Finotti asked
about the powers for each factor. From computations, he observed that A does not appear
in the denominators. Therefore, he conjectured that this is true in general. Here is Dr.

Finotti’s conjecture:

Conjecture 3.2. (1) There are universal modular functions A,, B, such that A,, B, €
Fp[ao, bo, ]_/H]

(2) The A, B,, obtained in the first construction give such modular functions.

To answer the questions, we need to study the construction which involve solving a big
system of equations. I do not have a solution yet, so I will post them as future questions.

Future question 1. Show that A does not appear in the denominators of A,,, B, in the
first construction. Or find a counter example.

Future question 2. What are the powers of A in the denominators of A,,, B, in the

first construction?

3.4 The second construction of canonical lifting

In this section, we will talk about the second construction of canonical lifting. My dissertation

will be mainly focused on this construction.
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The second way is by using j-invariant. It says that the coefficients a, b of the canonical

lifting can be given by the following explicit formulas:

279
=\ = Al A, ...
a 4(1728 — ) (ao, 1, A2, )7 (3 1)
279 ’
b=X\—"2  —(by, By, Bo,...
4(1728 _]) ( 07 17 27 )7

where A = (1/bo/ag,0,0,...), and j is the j-invariant of the canonical lifting. Using Magma,

we have that, for p = 5,

Ay = (2a3% + 3adby + 3adby + 3agby + 3b5)/ (aoby),

By = (2a¢’by + 3agby + 3aiby + 3ajbl + 3b3) /ab.

This can be seen in Figure 3.1. We will give more details about the codes in the last
chapter computations section.

We know that for p = 5, H = 2aq. If by = 0, then these formulas does not work. So these
formulas are not universal. But we still want to study these formulas because the formulas
are very simple and therefore we can get a very good understanding of each A,,, B,,. In this
dissertation, we will answer the following questions:

Dissertation question 1. We show that A,,, B,, are modular functions.

Dissertation question 2. We will find all the possible factors for the denominators of
Ay, B.

Dissertation question 3. We will give an upper bound for the power of each factor.

We still can try to find universal A,, B,’s from these construction. If A = (g, Ay, .. .),
then the elliptic curve given by (Aa, A%b) is also the canonical lifting. We can choose A,
so that the new formulas are universal. We have not done too much in this part yet. The
difficulty is that we need more information about the numerators of A,,, B,,.

Future question 3. Find ) so that A\a, A\°b are universal.

11



> load ’lift_j.m’;
Loading "lift_j.m"
Loading "gt.m"
Loading "witt.m"
Loading "etas.m"

> jweier(5,1);

[
[
a0,
(2*¥a0~12 + 3*%a0"9*b0"2 + 3*%a0~6*xb0"4 + 3*a0~3*%b0~6 + 3*b0~8)/(a0*xb0"4)
1,
[
b0,
(2%a0~12%b0 + 3*a0~9%b0~3 + 3*a0"6*b0"5 + 3*a0"3*b0~7 + 3%b0~9)/a0"6
]
]

Figure 3.1: Example of computations.

12



Chapter 4

Modular functions

The main goal of this chapter is to answer the first dissertation question. That is, we will
show that A,,, B,, are modular functions. We will introduce some tools we need to solve the

problem.

4.1 Properties of j-invariant

In this section, I provide more results about j-invariant. More details can be found in
Finotti’s [6] and [4].

Given an ordinary elliptic curve E/k with j-invariant j,, we have that the j-invariant of
its canonical lifting is j = (jo, J1(Jo), J2(Jo), - - .) for some uniquely defined functions J;. To
describe more about these functions J;, we need a few more definitions.

It is known that, for a fixed characteristic p > 0, there are, up to isomorphism, finitely
many supersingular elliptic curves. Let s be the number of supersingular elliptic curves for
a fixed characteristic p and ji,...,js be the j-invariants of these curves. The supersingular

polynomial is defined as

Define

0, ifp=1 (mod 6); 0, ifp=1 (mod 4);
0= and €=

1, ifp=5 (mod 6), 1, ifp=3 (mod4).

13



Let
r=p-1/2, n=1[r/3], ro=|r/2], ri=1[r/3], ry=][r/2].

Then we have the following lemma.

Lemma 4.1. We have
(1) Let p =12k + s, where 0 < s < 12. Thenry —1ry =k >0,
(2)d=ri—ri=3r—r>0,

(8)e=r)—ry=1—2ry >0.

Proof. For (1), we have four cases s = 1,5,7,11. If s = 1, then r; = 2k and ro = 3k, hence
r9 — 11 = k > 0. Other cases and (2), (3) can be proved similarly. O
Define

_ SSP(X)
COXO(X - 1728)¢

Sp(X)

Lemma 4.2. We have S,(X) € F,[X] is monic, and S,(0),S,(1728) # 0. Also, we have

degSp =T9 —T.

Proof. From [4], we have

s8,(X) = (—g) i (:) <3¢ Z_ T) <—%7>ixiri (X — 1728)%% ",

i=r1

So ss,(X) € F,[X], and ss,(X) = X771 (X — 1728)"272Q(X) for some Q(X) € F,[X] such
that X, (1728 — X) 1 Q(X). Hence S,(X) € F,[X], and S,(0),S,(1728) # 0 by Lemma 4.1.

Since ss,(X) is monic, we have S,(X) is monic. From [4] under (2.6), we have degss,(X) =

rh—1ri. SodegS, =71y —r] —0 —e=1ry —11. O]
Let
1, if p #£ 31;
=
2, if p = 31.

We state the main result of [6].

Theorem 4.3. We have

14



(1) J;(X) € F,(X) for alli> 1.

(2) Let p > 5, and for i > 1, let J; = F;/G; be such that F;,G; € F,[X], (Fi,G;) =1,
and G; monic. Also, let s; = (i — D)p"™', ¢, = ((1 — 3)p" +ip'™")/3, and t, = max{0,t;}.
Then we have:

(a) deg F; — deg G; = p* — 1;
(b) G; = S,(X)# "+ [ where Hy = 1, Hy = (X — 1728)%2, Hy = X% (X —
1728)! for some t € {0,. .., es3}, and H; | X°4(X — 1728)% for i > 4.

This theorem is very helpful because we can get a better understanding of the factors of

Jn(Jo). Then we can use Equation (3.1) to study a and b.

4.2 Properties of Witt vectors

Previously, we defined the ring of Witt vectors. In this section, we give more properties of
this ring.

Let A be a commutative ring with 1 # 0 of characteristic p > 0. Let W(A) be the ring
of Witt vectors over A. Remember that

1
X +Y 0 = S5,)

Sn(XOaYba s 7XnaYn) = (Xn + Yn) + 5(

1 n e 7
bk O Y S,
1 n n
Pn(Xoaybw'meYn):_n((Xg +o "X (YY)

—(Py" + - +p"'PEY)).
We first show a few basic results about Witt vectors.

Lemma 4.4. Let (co,cq,...) € W(A), and \,u € A. Then we have
(i) We have p = (0,1,0,0,...) and if A is perfect, then the map ¢ : W(A) — A defined
by ¢((ag,ay,...)) = ag is a ring homomorphism, called the reduction modulo p.
(i) (co,c1,...) € W(A)* if and only if co € A*,
(iii)
(1,0,0,...)(co,c1,...) = (Ao, NPer, AWy, ),

15



(iv) If p is odd, then

—(Co,Cl,...) (—Co,—Cl,...),

(v) Let n > 0. Then
(A, 0,0,...)(1,0,0,...) = (A, 0,0,...), (A0,0,...)" =(N",0,0,...),
(vi) Let n > 1. Then in W(A), we have

n=mn-1=(n,*x,...),
<)\7*7*7"')+(/"L7*7*7"'>:(A—i_/”'L?*?*?"')?

(A, k) (%, %, ) = (Ap, %, %, L),

where x indicates that we do not have any information of its value. If X € A*, then
(A 5,05, h= (A 5,0,

Proof. The proof of (i) and (ii) can be found in Jacobson’s [9] section 8.10.
For (iii), we show that P,(Xy,Y,,0,Y1,...,0,Y,) = X2Y, for n > 0 by induction on n.
If n =0, Py(Xo,Yo) = XoYo. Let n > 1. By (2.1), we have

]_ . n
Pn(XO)}/Oa 073/17 e 707 Yn) = ];(X(Z]) ()/()p + Tt +pn_1Yé),1 +pnYn)

- (PO(X07 Yb)pn +oee +pn71Pn71(X07 Yba 07 lev s 707 Ynfl)p))-
By induction hypothesis,

1 T T T T
Po(X0,Y5,0,Y1,...,0,Y,) = E(Xg YE 4" XY 4" XY

n—1

— (XYl + 4P X Vo) = XE Yo

Therefore, P, = XgnYn+X1Q1+- 4+ X,,Q, for some @1, ...,Q, € Z[ Xy, Yy, ..., Xy, Y,]. Let
(do,dy,...) = (X,0,0,...)(co,c1,...). Then, we have d, = P,(\, co,0,¢c1,...,0,¢,) = NWe,

for n > 0. This proves (iii).

16



For (iv), we show that S,(Xo, —Xo,..., X, —X,) = 0 for n > 0 by induction on n. If
n = 0, then So(Xo, —Xo) = Xo — Xo = 0. Let n > 1. Then, by (2.1) and since p is odd, we

have

Sn<X0> _X07 cee 7Xn> _Xn) = Xn - Xn

1
+ g(X'rIz—l - Xﬁ_l - n—l(XOa _X07 SR 7Xn—1a _Xn—l)p) +oe

1 i ul n
+ 2%()(é) - Xg - SO(X[), —X(]>p ) — O,

by induction hypothesis. Let (do,dy,...) = (co,c1,...) + (—co, —¢1,...). Then, for n > 0, we
have d,, = S,(co, —Co, . .., Cn, —Cn) = 0. This proves (iv).

(v) follows from (iii).

For (vi), we prove by induction on n. If n = 1, we are done. Let n > 2. Then since

So = Xo + Yp, by induction hypothesis, we have
n=1+m—-1)=(1,0,0,...)+ (n—1,%,%,...) = (n,*,%,...).

The last three equations are true since Sy = Xg+ Yy and Py = XyYy. We can also prove the

first part of (vi) by using (i). O

4.3 Weight function

Next, we want to study the monomials of S,, and P,. Let
m = XY . .. Xonyin
be a non-zero monomial in Z[Xy, Yo, ..., X, Y,]. Define the weight of m to be

ap+ Po+plag + B1) + -+ p"(an + Bn),

denoted by wt(m). The weight of a non-zero polynomial in Z[Xy, Yy, ..., X,,Y,] is defined
to be the largest weight of its monomials. We say that 0 has every weight.
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Let R = Z[Xo, Yo, ..., Xn, Y,.

Lemma 4.5. Let m, M be non-zero monomials in R. Then wt(mM) = wt(m) + wt(M).
Let f,g€ R and f,g #0. Then wt(fg) = wt(f) + wt(g).

Proof. The first statement is true by definition. For the second statement, let f = fo+- - -+ f
and g = go + - - + g+, where for each 0 < i <'s, f; is the sum of the terms in f of weight i,
similarly for g, and fs, g # 0. Then wt(f) = s and wt(g) = ¢t. We have

fg:fsgt+ha

where h = 0 or wt(h) < s+ t. Since fsg; # 0, it contains some term of weight s + ¢. This
term cannot be like term with any term in h, since they have different weights. All other

terms have weights less than or equal to s +t. So wt(fg) = s+t = wt(f) + wt(g). O

Let f € Rand f # 0. Let t > 0. Then f is said to be homogeneous of weight t if each

term in f has weight .

Lemma 4.6. Lett >0 and N > 1. Let mq,...,my € R be monomials of weight t. Assume

that my +---+my # 0. Then my + - - - +my is homogeneous of weight t.

Proof. We prove by induction on N. If N = 1, then m; is homogeneous of weight ¢ by
definition. Let N > 2. If no terms in m; + --- + my are like term, then m; + --- + my
is homogeneous of weight t by definition. If my + --- + my has like terms, say m; = cm
and my = dm, where ¢,d € Z and c¢,d # 0 and m is a monomial with coefficient 1. Then
my+ -+ +my = (c+ dm+ m3 + -+ + my is homogeneous of weight ¢ by induction

hypothesis. [

Lemma 4.7. Lett >0 and N > 1. Let fi,..., fx € R be homogeneous of weight t. Assume
fi+--+ fn#0. Then fi +---+ fn is homogeneous of weight t.

Proof. For 1 <i < N, write f; as the sum of its monomials. Then the conclusion is true by

Lemma 4.6. O

Lemma 4.8. Let s,t > 0. Let f,g € R be homogeneous of weight s,t, respectively. Then fg

1s homogeneous of weight s + t.

18



Proof. Let f=fi+---4+ fy and g = g1 + - -+ + gu, where fi,..., fy are the monomials
appearing in f, similarly for g. Then fg # 0, and fg = fig1 + --- + fnvgu. For each
1<i< Nand1l<j<M, wehave wt(f;g;) = s +t. By Lemma 4.6, fg is homogeneous of
weight s + ¢. O]

Lemma 4.9. Let n > 0. Then S,, is homogeneous of weight p", and P, is homogeneous of

weight 2p™.

Proof. We prove by induction on n. If n = 0, then Sy = Xy + Yy and Py = XYy, so Sy is

homogeneous of weight 1, and P, is homogeneous of weight 2. Let n > 1. By (2.1), we have

1
Sp=(Xn+Yn)+

1 'fL T '3
O e e R O B (e O

Since X, is the only term in S, containing X,,, we have S,, # 0. Also, we have wt( sz”‘i) _

wi(?

n—1

) = p" for 0 < i < n. By induction hypothesis, S; is homogeneous of weight p’
for 0 < i <n-—1.So by Lemma 4.8, anii is homogeneous of weight p”. Hence 5, is
homogeneous of weight p". Similarly, by (2.1), we have

1 n T n
(X5 +- 40" X) (YT +-+p"Y,) — (P + - +p" PP

£

I

The term XgnYn in P, cannot be combined with other terms, so P, # 0. Since Wt(anfi) =
Wt(Yipnii) = p"for 0 < i < n, we have X} +---+p"X, and YJ" +- - -+p"Y,, are homogeneous

of weight p". By induction hypothesis and Lemma 4.8, we have P’ " s homogeneous of

weight 2p™ for 0 < i <n — 1. So P, is homogeneous of 2p". O

Lemma 4.10. Let [, X [T}, thj be a term in S,. Then
D_sw' )ty =p"
i=0 =0

Proof. We have [[[_, X;" [T}, thj is also a term of S,. So by Lemma 4.9, we have

o) Lo S0
i=0 j=0 0 J=0

=
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Lemma 4.11. Let [[_, X7 [T}, Y}tj be a term in P,. Then
S st =)t =pt Y isp'+ Yty <np,
i=0 =0

i=0 j=0

and, for n > 1, we have sg + ty < p". Moreover,
n . .
Po=Y X"V +Qu,
i=0

where Q,, € F,[Xo, Y0, ..., Xn_1,Yn_1] and has its monomials (as above) satisfying Z;:Ol is;pt+
Sy gt < (n—1)p".

Proof. The lemma, except for the sy 4 tg < p" part, is Lemma 2.1 of [3]. Although Lemma
2.1 of [3] states

n—1 n—1
Z isip’ + thjpj < np"
i=0 5=0

for the second part, its proof actually shows the result stated above.
We now prove sg + tog < p” for n > 1. We prove by induction on n. If n = 1, we have

P = X{Y, + XY, so the statement is true. Let n > 2. We have
1 n n n
Po= (G b pP X)X o 4 p"Y) = (B 4o "R,

Notice that X2 Y?" — PI" = 0. Also, every term from (X2 +---+p"X,) (Y + - 4 p"Y,)

except X2 YP" satisfies the condition sy + ¢ty < p". So, it remains to check for the terms

coming from PP"" forr =1,...,n—1. Any term in P"" " is a product of p"~" terms of P,:
" T T r an—r s an—r
i tj -1 Si ot
I ([T T ) - I
k=1 \i=0 =0 i=0 §=0

20



By induction hypothesis, we have so; + tor < p” for all k. So

I’Z Sok + pz tor = pZ(SOk +tox) < p" P =p".
k=1 k=1 k=1
O
Let v, denote the valuation at p over Q. For example, we have v,(2%3) = 2.
Lemma 4.12. Let n > 1. Then we have n > v,(n).
Proof. Let n = p®*m where p{m. Then
n—uv,(n)=pm—-a>2"—a=(1+1)"—a
“ 4 a
= 2 (Z) —012;1—0(>0
O

The following lemma is Lemma 8.1 from [7].

Lemma 4.13. Let 1 < a < p*. We have that

o) <t

Note that the lemma originally had 1 < a < p*, but the case a = 1 can be checked
directly.

1—1 n—j

Lemma 4.14. Let M be a term in P,. Then M is either of the form X" Y " where

1+ 7 <n ora like termtoatermmﬁip where 1 < n — 1.

Proof. We have

1 n n n
P, (X 4+ p" X)) (Y 4+ p"Y,) — (PY + -+ +p" ' PPY))

Y

1 s n—1i n—j n L n—i n—i
:7<Zp’+ﬂxf v (R +---+p”-1ps_1>)+ Sy

P \;i5<n i+j>n
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The terms

. p”j*"anfinnfj will not appear in P, because p divides them.

i

Now, we want to study the terms coming from P? " where i < n — 1. We show that
the terms in P, that are divisible by p will not contribute to P,. That is, let P, = Q; + pR;
where the coefficients of @; are in {0,1,...,p — 1}. Then

1 i pn—i 1 i pn—i
——p' P =——p'(Qi +pR;)
p p
are some terms of P,. We show that all the terms except —p'Q? " /p™ will be divisible by
p. Let N be such a term. Then N = —p'™" (p?i)Q?fj]ﬂR{, where 1 < j < p" i If j = p"?,
then

—n pn—i ] . . n—i . n—1i n—1
vp<p (j>p])zz—n+yzp —(n=i)=p"" =) >0,

by Lemma 4.12. If j # p"%, then by Lemma 4.12 and Lemma 4.13, we have

o <pi_n<p’;_i)pj) —i—n+n—i—v,(j)+j=j—v,(j) >0.

Hence p | N. Therefore, the terms in P; that are divisible by p will not contribute to P,.

So we have M is either of the form an_iY;.pn_j where i 4+ j < n or a like term to a term in

n—1

R-p where 1 <n — 1. O

4.4 Modular functions

Recall that we define wt(ag) = 4, wt(by) = 6, and define

Sn=A{f/g9 € Fy(ap,bo) : f,g € Fylag, by] homogeneous, and wt(f) — wt(g) =n} U {0}.

If his in S,, for some integer n, then A is called a modular function of weight n.
Lemma 4.15. Let F,G € Syg. Then F + G, FG € Syg. Moreover, if F # 0, then 1/F € Sy.

Proof. 1f F or G is zero, then we are done. Let F' = f/g and G = h/k, where f, g, h,k €
[F,[ao, bo] are homogeneous, and wt(f) = wt(g), and wt(h) = wt(k). Then F + G = (fk +
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gh)/(gk). If F + G =0, then we are done. If not, then fk + gh, gk are homogeneous of the
same weight. So F'4+ G € Sy. Also FG = (fh)/(gk) € So. Finally, 1/F =g/f € Sy. ]

The following lemma is Lemma 3.1 from [8].

Lemma 4.16. Let k = F,(ag,by). Let m; : W(k) — k denote the map that gives the i-
th coordinate of a Witt vector. Assume 7;,(f) € S,y and m(g) € Sgp for all i. Then

7i(fg) € Sgrysype for all i. Moreover, if we assume r = s, then m;(f + g) € S, for all i.

Define
ST = {f = (fo, f1,-..) € W(F,(ao,by)) : fi €S, for all i}.

Lemma 4.17. Assume f € S") and g € S®. Then fg € SU+9). Moreover, if we assume
r=s, then f + g € SO,

Proof. We have f € S if and only if m;(f) € S, for all 4, where 7; is same as in Lemma

4.16. Then the results follow from Lemma 4.16. O
Lemma 4.18. Assume f € SO and f € W(F,(ag,bo))*. Then 1/f € S©.

Proof. Let f = (fo, f1,...) and 1/f = (90,91, -..). We show that g, € Sy for all n. We prove

by induction on n. If n = 0, then gy = 1/f. Since fo € Sp, we have gy € Sg. Let n > 1.
Then P,(fo, 90, fn,9n) = 0. By (2.1), gnfé’n is the only term in P,(fo, 9o, - -, fns Gn)

containing g,. All other terms are of the form f5°... fsnglo ... gi"_‘f, hence are in Sy by

induction hypothesis. Their sum is also in Sy. So g, fé”n € So, hence g, € Sp. O
We need a few more lemmas before we can answer the first dissertation question.
Lemma 4.19.

1728 -4aj

1728 2702
Jo = A )

1728 — jo = A 1728 = 123,

Proof. The statements are true because jo = 1728 -4a}/(4ad +27b2) and A = 4a3 +2703. [

Note that since p > 5, the lemma implies that 17287! € F,,.
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Lemma 4.20. Let H be the Hasse invariant. Then

. 2\ 1728\ T (=272
Sy(jo) = (—§> (—A ) —(élﬁag)bg M, (4.1)

and S,(jo) # 0. Hence S,(jo) € Fp(ao, bo).

Remember that r, 7,79, 0, € are defined in Chapter 4. By Lemma 4.1, all the exponents

in the above equation are non-negative.
Proof. By definition of S,(X), we have ss,(X) = S,(X)X°(X — 1728)c. As in [4], let
2 (r 1 27\" .. ,
X) = —— | XX —1728)" 7"
a0 =3 (1) (5 L,) ()Xo
=71

By Theorem 1.1 of [4] and Lemma 4.1, we have ss,(X) = (—2/9)"G(X)X°(X — 1728)¢. So
Sp(X) = (—2/9)"G(X). Plugging in j, and using 4.19, we have

Snlio) = (%) (%) Z @ <3Z Z_ 7«) (—217) (4ag)' " (—27b3)™>""

=71

2\ [1r28\" T (—27) bg’?i r i ad\’
L9 A 4 gdn i)\3i—r) \ b3

=71

L2\ (1T28\"TT (=2D) 2 0T (b Z r i a3\’
U9 A A g3\ ag \i)\3i—r) \b§)

i=r

By Equation (2.3) from [4], we have
bo\ <= (T i a3 '
= — — | - 4.2
() 2065 @) o

Also by Lemma 4.1, we have r — 2ry = € and 3r; —r = §. This proves the equation. Since H
is a non-zero polynomial in Fylag, by], we have S,(jo) # 0. The last statement follows from

the equation and the fact that H € F,[ao, bo). O

Let ¢ > 1. As in Theorem 4.3, let

Ji(X) = = = (4.3)
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where F; € F,[X], (F;,G;) = 1, G; monic, and «, 3,7 > 0.
Lemma 4.21. For i > 1, we have J;(jo) € Fp(ao, by).

Proof. Since jo = 1728 - 4a3 /(4a} + 27b3) € Fp(ag, by), by Lemma 4.20 and Lemma 4.19, we
have FZ<']0), Gz(jo) S Fp(ao, bg), and GZ<']0) 7£ 0. So JZ(]0> c ]Fp(ao, bo) ]

Now we can answer the first dissertation question. That is, A,,, B,, are modular functions.

Recall that

275
=\ = A As, ...
a 4(1728— ) (GO, 1, 412, )7
27
b=\ by, B1, B
4(1728—]> (07 1, P2, )7

where A = (1/bo/ap,0,0,...), and j is the j-invariant of the canonical lifting.
Theorem 4.22. Let i > 1. Then A; € Sy and B; € Sgpi. In particular, A;, B; € Fp(ao, bo).

Proof. We have j = (jo, J1(Jo), J2(Jo), - -.). Also jo = 1728 - 4a3/A € Sy. By Theorem 4.3,
Ji(X) € F,(X) for all i. Then by Lemma 4.15, we have J;(jo) € So. So j € S©®. Since
1 =(1,0,0,...) € S© by Lemma 4.17, we have 4,27,1728 € S(¥. Hence by Lemma 4.17
and Lemma 4.18, we have 275 /(4(1728 — j)) € S©. Also A2 = (by/ao,0,0,...) € S@. Hence
a€S®W and b e SO). So A; € Sy, and B; € S, for all i. O

25



Chapter 5

The factors of the denominators

In this chapter, I will answer the last two dissertation questions. That is, I will find the
possible factors for the denominators of A,, B,, and estimate the powers of each factor.
Then I will show some computations done by Magma. I will introduce some tools to solve
the problem.

Notice that since A,, € F,(ap, by), we have A,, = a/b where a,b € F,[ag, by] and (a,b) = 1.
If A, = c¢/d for ¢,d € F,lag,bo] with (¢,d) = 1, then ad = be. Then b = md for some
m # 0 and m € [F,,. So all denominators of A,, in reduced form differ by a constant multiple.
Hence when we are talking about the denominator of A,, we mean the denominator of A,

in reduced form.

5.1 Possible factors of the denominators

In this section, we will answer the second dissertation question. That is, we will find all
the possible factors for the denominators of A,,, B,,. We will use a few results from Finotti’s
papers.

Since a = \*-27;/(4(1728 — 5)) and b = A\?a, we will first study the denominators of each
coordinate of j = (jo, J1(jo), J2(Jo), - - .). The results from [6] give us a good understanding
of J,(X). Define

V =TF,[ao, by, 1/(A-H -ag-by)].

Proposition 5.1. We have jo € V. Fori > 1, we have J;(jo) € V.
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Proof. By definition, we have jo € V. As in (4.3), define J;(X) = F;(X)/Gi(X). Since
jo € V, we have Fj(jo) € V. By Lemma 4.19 and Lemma 4.20, we have that j;°', (jo —
1728)71,S,(jo)* € V. Since

Gijo) = S,p(jo)*de (jo — 1728)7,

we have G;(jo) ™' € V. Hence J;(jo) € V. O

Now, we can answer the second dissertation question. That is, we can find all possible
factors of the denominators of A,,, B,. Recall that a = A\*-275/(4(1728 — j)), b = A\?a, where
)\:( bo/ao,0,0,...).

Theorem 5.2. Letn > 1. Then A,, B, € V.

Proof. By Proposition 5.1, we have j = (jo, J1(jo), J2(jo),...) € W(V). Since 1 =
(1,0,0,...) € W(V), we have 27,4,1728 € W (V). So 275,4(1728 — j) € W (V). By Lemma

4.4, we have
4(1728 — j) = (4(1728 — jo), *, *,...) = (4- 1728 - 2TH2 /A, %, %, .. ).

By Lemma 4.4 (ii), we have (4(1728 — 5))~' € W(V). So 27;/(4(1728 — 5)) € W(V). Since
A2 = (by/ap,0,0,...) € W(V), we have a,b € W(V). Hence A,,B, € V. O

5.2 Valuations

Now we will work on the last dissertation question. That is, we want to know how many
powers of A, H, ag, by appear in the denominators of A,,, B,,. We will use the tool of valuations
to help us solve the problem. In this section, I will introduce the definition and some
properties of valuations.

Remember that my goal is to estimate the powers of each factor. This is exactly what
valuations do.

Let R be a unique factorization domain of characteristic p > 0. Let ¢ be a prime in

R. Let f € R. Define the valuation in q of f, denoted v,(f), as follows: if f = 0, define
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vy(f) = co. If f is non-zero, then f = fyq' for some fy € R and i > 0 such that ¢ 1 fo.
Define v,(f) = i. Let K be the quotient field of R. Let h = f/g € K with f,g € R and
g # 0. Define v,(h) = v,(f) — v4(9)-

We need to show that the valuation is well defined on K. We need a lemma first.

We also need to be careful about the infinity appearing as a possible output. We will

assume the following:

00+00=00, O0O+a=00, 00>00, 0OO0>a

where a € Z. If we want to subtract the term v,(f) on an equation or inequality, we must
deal with the case when f = 0 separately. The cases oo — oo and 0 - co will not happen, so
we do not need to worry about that.

The following lemmas are standard properties for valuations. I include them here for

completeness. We write v for v,.
Lemma 5.3. Let f,g € R. Then v(f) >0 and v(fg) = v(f) + v(g).

Proof. If f or g is zero, then we are done. Assume f,g # 0. Let f = foq' and g = go¢’,
where fo,g90 € R, 4,7 > 0, and ¢ 1 fo,90- Then v(f) =i > 0, and v(fg) = v(fogoq"™) =

i+j=v(f)+v(g), since ¢ (fogo)- 0

Now we can show that the valuation is well defined on K. Let h € K, and let h = f/g =
u/v, where f,g,u,v € R and g,v # 0. Then fv = gu. So v(f)+ v(v) = v(g) + v(u). Since
v(g),v(v) # oo, we can subtract them on both sides. So v(f) — v(g) = v(u) — v(v). Hence

the valuation is well defined.

Lemma 5.4. Let m > 1. Let f1,..., fmn € R.
(Z) We have I/(fl + -+ fm) 2 min{y(fl)a' . 'al/(fm)}7
(ii) Let 1 <i <m. Ifv(f;) <v(f;) for all j #i, then v(fi+ -+ fm) = v(fi).

Proof. We prove by induction on m. If m = 1, then we are done. Let m > 2. If f; = 0 for
some k, then (i) is true by induction hypothesis. Assume f; # 0 for all j. Let f; = g;¢" for

1 <j <m, where g; € R, and ¢ 1 g; in R. Then n; = v(f;) for 1 <j <m.
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(i) Let 1 <1 < m be such that n; = min{ny,...,n,,}. Then

ht ot =" ("™ gt g™ ).

Hence v(fi + -+ + fu) > m = min{v(f1),...,v(fm)}-
(ii) We have

it ot fn=a"(@d" "+ gt g™,

Since n; > n; for all j # i, we have

g1 (g™ ™+ gt g,

Hence fi + -+ fi # 0, and v(fi1 + -+ - + fm) = ni = v(fi). O
Lemma 5.5. Let f,g € K. Thenv(fg) =v(f)+v(g). If g #0, thenv(f/g) =v(f)—v(g).

Proof. Let f = fi/fa,9 = g1/g2 where fi, fo,91,90 € R, and f5,92 # 0. Then v(fg) =
v(fig1/ f292) = v(f1) + v(g1) — v(g1) — v(g2) = v(f) + v(g). The proof for the second part

is similar. n

Lemma 5.6. Let m > 1. Let f1,..., fn € K.
(i) We have v(f1 + -+ + fm) = min{v(f1),...,v(fm)},
(11) Let 1 < i <m. Ifv(f;) <v(f;) for all j #1i, then v(fi +---+ fm) = v(fi).

Proof. Let f; = g;/h for some g;,h € R, for 1 < j <m, and h # 0. Then by Lemma 5.4,

v(fit A fn) = v+ gm)/h) = V(g £ gm) = v(R)
> min{v(g1),...,v(gm)} — v(h) = min{v(f1),...,v(fm)}-

So (i) is true. For (ii), we have v(g;) — v(h) < v(g;) — v(h) for j # i. Since h # 0, we have
v(g;) < v(g;) for j #i. So by Lemma 5.4,

v(fit+o A+ fm) =v(gr+ o+ gm) —v(h) = v(g:) —v(h) = v(fi)
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Lemma 5.7. Let f € K. Then v(—f) = v(f).
Proof. We have v(—f) =v(—=1) +v(f) = v(f). O
Define
S={feK:v(f) >0}

Lemma 5.8. We have S is a subring of K.

min{v(f), v(—g)} = min{v(f),v(g)} > 0. So f — g € S. Also, v(fg) = v(f) +v(g) > 0. So
fg €S. Since v(1) =0, we have 1 € S. ]

Proof. Since v(0) = oo > 0, we have S # (. Let f,g € K. Then v(f —g) >

5.3 Valuations for Witt vectors

This section discusses some special properties of valuations for Witt vectors. We will prove a
few technical lemmas. Roughly speaking, if we know that the valuations of the coordinates
of two Witt vectors satisfy some properties, the lemmas show that the valuations of the
coordinates of their sum, product, inverse also satisfy some related properties.

Let R be a unique factorization domain of characteristic p > 0 with quotient field K. Let
g be a prime in R. Let v be the valuation in ¢q. Let u = (ug, uy,...),v = (vg,v1,...) € W(K).
Let £ > 0. Define

Cr ={{vi} :vi e Rfori >k, v, < 0,141 < py; for all i > k}. (5.1)

Let {v;} € Ck, u+v = (ro,71,...), and uv = (Sg, S1, - - .).
Note that v; < 0 for all ¢ > k. Also

Vi > Vn/pniiv

forn>1i>k.
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Lemma 5.9. Suppose that v(u;),v(v;) >0 fori=20,...,k—1 and v(u;) > v; fori > k.
(i) We have v(r;),v(s;) >0 fori <k —1.
(i) Suppose that v(vy) > vy, and v(v;) > v; for i > k. Then v(r,) > v, forn > k.
(a) If v(vg) > v, = v(ug), then v(ry) = vg;
(b) If v(u;) = v; fori >k, then v(r,) = v, forn > k.
(iii) Suppose that v(v;) > piv(vy) for i > 0, with v, < —p*v(ve). Then v(s,) > v, +
p"v(vg) forn > k.
(a) If v, = v(uy), then v(sy) = v + pFr(vy);
(b) If v(u;) = v; fori >k, then v(s,) = vy, + p"v(vg) forn > k.

Note that let u —v = (%o, t1,...). Then, by Lemma 4.4 (iv) and Lemma 5.7, we have that

the results for r; also hold for ¢;.

Proof. (i) Since r; = S;i(ug, vo, . . ., u;, v;) and S; is a polynomial, we have r; is a sum of terms
of the form

ugovgo . u?zvzﬁz7
where «q, o, ..., q;, 8; > 0. The v of this term is greater than or equal to 0 by assumption

and Lemma 5.5. Then by Lemma 5.6, v of the sum is also greater than or equal to 0.

(ii) By the definition of S,,, we have that r, is the sum of w,, v,, and terms of the form

ag . So on—1_ Bn-1
Uy Vg = Up_1 Uy q -

Call the above monomial M. Let a,, 5, = 0. We have v(uy,), v(v,) > vy.
If n = k, by assumption, we have v(M) > 0 > . Hence v(r,) > v,.

If n > k, we show that v(M) > v,. If ay, Bk, ..., n_1,Bn_1 =0, then

V(M) > ol + Bkyk + a1y + anlynfl =0>v,.
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If one of ay, B, ..., ap_1, B,—1 is non-zero, then

n—1 n—1
v(M) > Z&Vl+ZBJV]>Zaz o +Zﬂjp1::j
i=k j=k
n—1 n—1 n n
== ( o + Zﬁjpf> > (Z o + ZW>
p i—k j=k p i=0 j=0

by Lemma 4.10. So v(ry,) > vy,

(a) Similarly as in (ii), we have ry is the sum of wy, vg, and terms of the form M =
UG v - U fv,f’“ 1" We have v(uy) = vy, and v(v;) > v Also v(M) > 0 > v, By Lemma
5.6, we have v(ry) = v.

(b) Similarly as in (ii), we have r, is the sum of u,, v,, and terms of the form M =
uSovl -t o We have v(uy) = v, and v(v,) > v, Also, from (i), we have v(M) >
V. So by Lemma 5.6, we have v(r,) = v,.

(iii) By the definition of P,, we have that s, is the sum of u¥ v,, v u,, and terms of the
form M = uSovi - ulm ol

Case 1: n=k.

If k=0, then sy = ugug. So v(sg) = v(up) + v(vg) > vy + p°v(vy).

If £ > 1, then we have v(ug) >0 > v,. So
u(ugnvn) = p"v(ug) + v(vn) > vy + p"v(vo).

Also, v(v2 u,) = v(uy) + p"v(vg) > vn + p"v(vy). By hypothesis, we have v(M) > 0 >
Un + p"v(vg). So v(sy,) > v + pv(vy).

Case 2: n > k.

We show that v(u} v,) > v, + p"v(vg).

Since n > 0, we have v(uf v,) = p"v(ug) + v(vy) > p"v(ug) + p"v(vy).

If k = 0, then since n > k, we have v, < p"vy < p"v(ug). So V(i) v,) > vy + p"v(vg).

If k > 1, then p"v(ug) > 0 > vy, So v(ud) v,) > vy + p"v(vg).
"

Next, we have that v(vf w,) = v(u,) + p"v(ve) > v + p"v(vy).

Now, we show that v(M) > v, + p"v(uvg).
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If g, ..., 0, 1 =0, then by Lemma 4.11 and the fact that v(v;) > p'v(vg) for i > 0, we

have
n—1 n n
v(M) > Y av(u) + Zﬁjy(vj) > Zﬂjjﬂy(vo) = p"v(vg) > vy + p v (Vo).
i=k j=0 Jj=0
If not all o, ..., ,_1 are zero, then
02 St + 3wt = St S vteg > S st
-l
= a;p’ + p"v(v) >p—zazp +1"v(v0) = vy + p"v(vp).
i=k 1=0

Therefore, we have v(s,) > v, + p"v(vp).

(a) Similarly, we have s; is the sum of ugkvk, vgkuk, and terms of the form M =
UGOvR° - - U fv,fk 1 If k=0, then v(sg) = v(ug) + v(vg) = vo + p°v(vg). If k > 0, then as
before, we have V(ugkvk) > v + pFr (), V(vgkuk) = vy, + p*v(vy), and v(M) > v}, + p*r(v).
So v(sg) = v + p*r(v).

(b) We have s,, is the sum of u? v,,, v u,,, and terms of the form M = ugovf® - - - w2707

Also, from before, we have v(ul') > v, + p"v(vo), v(v] wn) = vy + p"v(vo), and v(M) >

Un + D" (vg). So v(s,) = vy + p"v(vp). O

Define w, v, u;, v;, r;, s; as before. Define
C={{vi}:v;eRfori>0,1p<0,v,1 <py; fori>0}. (5.2)
Let {l/l} eC.
Note that if vy < 0, then {v;} € Cy. If vy = 0, then {v;} € C4.

Lemma 5.10. Assume that v(u;) > v; fori > 0.
(i) Assume v(vg) > vy and v(v;) > v; for alli > 1. Then v(r,) > v, forn > 1. Moreover,
if v(u;) = v; for alli >0, then v(r,) = v, forn > 1.

(ii) Assume v(v;) > p'v(vg) for all i > 0.
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(a) Assume also that vy < 0 and vy < —v(vy). Then v(s,) > v, + p"v(vg) forn > 1.
Moreover, if v(u;) = v; for alli >0, then v(s,) = vn, + p"v(vg) forn > 1.
(b) Assume also that vy = 0, 1y < —pr(vg), and v(vg) > 0. Then v(s,) > v, + p"v(vg)

for n > 1. Moreover, if v(u;) = v; for all i > 0, then v(s,) = v, + p"v(vg) forn > 1.

Proof. (i) If vy < 0, then {v;} € Cy. By Lemma 5.9 (ii), we have v(r,) > v, for n > 1.

If vy = 0, then {v;} € C;. Again by Lemma 5.9 (ii), we have v(r,) > v, for n > 1.

Suppose v(u;) = v; for i > 0. If vy < 0, then {r;} € Cy. By Lemma 5.9 (ii) (b), we have
v(ry,) = v, for n > 1. If iy = 0, then {r;} € C;. By Lemma 5.9 (ii) (a) and (b), we have
v(ry,) =v, forn > 1.

(ii) (a) Since vy < 0, we have {v;} € Cy. By Lemma 5.9 (iii), we have v(s,) > v, +p"v(vo)
for n > 1. Assume that v(u;) = v; for i > 0. By Lemma 5.9 (iii) (b), we have v(s,) =
vn + p"v(vg) for n > 1.

(b) Since vy = 0, we have {1;} € C,. By Lemma 5.9 (iii), we have v(s,) > v, + p"v(vo)
for n > 1. Assume that v(u;) = v; for @ > 0. By Lemma 5.9 (iii) (a) and (b), we have

v(sp) = vp +p"v(vg) for n > 1. O
Define u, v, u;, v;, 7, S;, k as before. Let {v;} € C.

Lemma 5.11. Assume v(u;) >0 for 0 <i <k —1, and v(u;) > v; fori > k. Assume also
v(vg) =0 and v(v;) > 0 fori > 1.

(i) We have v(r,) >0 for 0 <n <k —1 and v(r,) > v, forn > k.

(i) We have v(s,) >0 for0 <n <k—1 and v(s,) > v, forn > k.

(iii) Assume v(u;) = v; fori > k. Then v(r,) = v(s,) = v, forn > k.

Proof. (i) By Lemma 5.9 (i), we have v(r,) > 0 for 0 < n < k — 1. Also, we have v(vy) >
0 > v, and v(v;) > 0 > v; for i > k. By Lemma 5.9 (ii), we have v(r,) > v, for n > k.

(ii) By Lemma 5.9 (i), we have v(s,) > 0 for 0 <n < k—1. By Lemma 5.9 (iii), we have
v(sn) > vn + p"v(vg) = vy, for n > k.

(iii) Since v(vg) > 0 > v = v(ug), by Lemma 5.9 (ii) (a) and (b), we have v(r,) = v, for

n > k. Similarly, by Lemma 5.9 (iii) (a) and (b), we have v(r,) = v, for n > k. O
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Now, let u = (ug,us,...) € W(K). Let u=' = (vg,v1,...) € W(K). Let k > 1. Let
a, 8 > 0. Define
Vi :pl(Oé—/BZ%

for ¢ > 1. Assume a — Sk < 0.

Lemma 5.12. Assume that v(ug) = 0 and v(u;) > 0 fori=1,...,(k—1). Also assume
v(u;) > v; fori > 1. Then, we have v(v;) > max{0,v;} fori=1,...,(k—1), and v(v;) > v;

fori > k. Moreover, if v(u;) = v; fori > k, then we have v(v;) = v; for i > k.

Proof. We have
(U07U1,...)(U0,U1,...) = (1,0,0,) (53)

Hence vy = ug'. So v(vg) = 0.

We show that v(v,) > 0 for n = 1,...,(k — 1) by induction on n. If n = 1, we have
upvy + vhuy = 0. So vy = —vjuy/uf. Hence v(vy) = v(uy) > 0. Let 2 < n < k—1. By
the definition of P, and (5.3), we have —ugnvn is the sum of @g”un and terms of the form
M = u§°uf0 - ulm Pt where ag, Bo, - . -, Qn1, Buo1 = 0. We have v(—ul v,) = v(vy),
v(vl uy) = v(uy) > 0, and v(M) > 0 by induction hypothesis. So v(v,) > 0.

Next, we show that v(v,) > v, for n > 1 by induction on n. If n = 1, we have

v(v)) = v(uy) > 1n. Let n > 2. By Lemma 4.11 and (5.3), we have that —u? v, is the

i . _ _
vP"_ . where i = 1,...,n, and terms of the form M = ui°v}° - - "7 Pt where

Z?;ol ioypt + Z?;()l 7B’ < (n—1)p". We have v(—uf) v,) = v(v,) and v(v} u,) = v(u,) >

v,. For 1 <i<mn—1, we have

-
sum of u?

i

v ) > p i (o — Bi) + pip T (e — B(n — i) = p" (20 — Bn) > p'(a — Bn) = v,
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Also, since v(ug) = v(vg) = 0, by induction hypothesis and Lemma 4.11, we have

n—1 n—1 n—1 ' n—1 .

= aw(w)+ > Biv(v;) =D aip(a—pi)+ > Bip (o — Bj)
i=1 j=1 i=1 j=1

n—1 n—1 n—1 n—1

=a <Z ap' + Zﬁﬁ) - (Z ioqp' + ij)
, — — =
<Z ap' + Z Bip’ — ag — ﬁo) — Bnp" = a (2p" — ap — fo) — Bnp”

p"(a = fn) + ap" — ag — fo) = p" (o = Bn) = vy

Then by Lemma 5.6, we have v(v,) > v,. Therefore, we have v(v;) > max{0,v;} for
i=1,...,(k—1). Also we have v(v;) > v; for i > k.
Assume v(u;) = v; for i > k. Let n > k. As before, we have that —ugnvn is the sum
—t pt . ao, ,Bo Qn—1 5n 1

7 X2
of u” P . where i = 1,...,n, and terms of the form M = ugv,°---u,"7'v,"7" where

Z;:Ol iaup' + >0 3B’ < (n—1)p*. We have v(—uf v,) = v(v,) and v(v] uy,) = v(u,) =

Vp. For 1 <i<mn-—1, we have v(u? o?_,) > v,. Also, we have v(M) > v,. So by Lemma

n—i

5.6 (ii), we have v(v,) = v,. O
Let u = (ug,uy,...) € W(K). Let u™ = (vg,vy,...) € W(K). Let k > 1. Let o, 8 > 0.
Define
:pz(a - 52)7
for i > k. Assume o — Sk < 0. Hence v; < 0 for 1 > k.

Lemma 5.13. Assume that v(ug) = 0 and v(u;) > 0 fori=1,...,(k—1). Also assume
v(u;) > v; for i > k. Then, we have v(v;) > 0 fori=0,1,...,(k—1), and v(v;) > v; for

i > k. Moreover, if v(u;) = v; fori >k, then we have v(v;) = v; fori > k.

Proof. We have
(UO, Uy, .. .)(UU,Ul, .. ) = (1, 0, O, .. )

We show that v(v,) > 0forn = 0,1, ..., (k—1) by induction on n. If n = 0, we have vy = ug*.
So v(vg) = 0. Let 1 < n < k—1. By the definition of P, and (5.3), we have —u? v,, is the sum

n
of v u, and terms of the form M = ugovgo R T 111)5" 7', where ag, Bo, ..., a1, Bn_1 > 0.
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n

We have v(—uf v,) = v(v,), V(0] u,) = v(u,) > 0, and v(M) > 0 by induction hypothesis.
So v(v,) > 0.

Next, we show that v(v,) > v, for n > k.

Let T be a term of P, different from XgnYn. Let M = T (ug,vg, - - -, Upn, Vp).

We show that v(M) > v, by induction on n.

k
If n =k, then M = v} uy or u(o)‘ovgo---uzf’llv,ff’ll, where ag, 8o, ..., p_1, Be—1 > 0.
k
P _ ap,.Bo ag—1, Br-1 :
We have v(v ug) = v(ug) > vg. Also we have v(ug®vy” - uw,"7'v."7') > 0 > vy, Since

V(—ugkvk) = v(vg) and —ugkvk equals the sum of all the M’s, we have v(vg) > .

Let n > k + 1. By Lemma 4.14, we have M is either of the form aniinpnfj where
1+ 7 <nand j # n, or a like term to a term in Epnﬂ where 1 <n — 1.

First let M be of the form ufn_ivfn_j where i + 7 < n and j # n. Note that since —ué’j v;
is equal to the sum of all M’s in case n = j, by induction hypothesis, we have v(v;) > v;.

If i = n, then j = 0. We have v(u, v} ) = v(un) > vy. Let i < n.

Case 1: 7,5 <k —1. Then

v(u? b ) > 0> b,

n

Case 2: i1 <k —1and j > k. Then
v ") = p" I (a - B)) > p"(a— Bn) = v

Case 3: i > k and j <k — 1. Then

n—1

(o) > i (o — Bi) > pM(a — Bn) = v

Case 4: 7,5 > k. Then

(") > i (o — Bi) + P (a - BY) = p" (20— B(i + )
> pa—B(i+7)) > p"(a—fn) = vn,

since 1 + j§ < n.

Let M be a term coming from Epni If i <k-—1, then v(M) >0 > v,. If i > k, then

v(M) > p"'p"(a — Bi) > vy. So v(M) > v, for all cases. Hence v(v,) > v,.
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Assume v(u;) = v; for i > k. Let n > k. As before, we have that —ugnvn is the sum
of u,v?" and other terms M. We have v(—ul v,) = v(v,) and v(v! u,) = v(u,) = v,. For

different cases, we have v(M) > v,. So by Lemma 5.6 (ii), we have v(v,) = v,. O
Let u,u™%, u;,v; be as for Lemma 5.12. Let v > 0.

Lemma 5.14. Assume v(ug) = vy, v(uy) > 0, and v(u;) > —p'(i — 1)1y for i > 2. Then we
have v(v,) > —p"(n + 1)y for n > 0. Moreover, if v(uy) = 0, then v(v,) = —p"(n + 1)1y

forn > 0.

Proof. We prove by induction on n. If n = 0, then v(vy) = v(1/ug) = —1p. Let n > 1. Like

n—1

in the proof of Lemma 5.12, we have —u!} v,, is the sum of u” o

n—

where i =1,...,n, and
terms of the form M = uS*v - u®7'v"7" where S ieup 4 Z?:_(} 7B’ < (n—1)p™.

By induction hypothesis, we have v(—ul} v,) = vop" +v(v,) and V(u’fnflvg_l) = p" w(uy) +
pv(v,-1) > —p"nry. Fori=2,... n, we have u(ufnfivpi ) > —p"(i—1Dvg—p"(n—i+1)yy =

n—

—p"nrg. Also, we have
n—1 n—1
V(M) > aou = 3 aip'(i = v = D B’ (G + Do
i=1 =0

n—1 n—1 n—1 n—1

=1y (ao - (Z asip' + ) ﬁjjpj> +) ap =) ij])
i=0 =0 i=1 =0

> —p"(n— 1)y > —p"nu.

So by Lemma 5.6, we have vpp" + v(v,) > —p"nvy. Hence v(v,) > —p™(n+ 1)1p.

Assume that v(u;) = 0. We prove by induction on n. If n = 0, we are done. Let n > 1.

Then —u}) v, is the sum of u?" v” , where i = 1,...,n, and terms of the form M. By

—1

induction hypothesis, we have v(—u? v,) = vp™ + v(v,) and V(uﬁ’nflvfb_l) = p" () +

pv(v,_1) = —p"nyy. For i = 2,...,n, we have V(ufn_ivzi_i) > —p"nyy. Also, we have
v(M) > —p™nyy. So by Lemma 5.6 (ii), we have vop™ + v(v,) = —p™niy. Hence v(v,) =
—p"(n+ 1. O
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5.4 The general denominator

We now want to know what powers of A, H, ag, by appear in the denominators of A; and B;.
We will use the valuations to answer the questions. Since the valuations must be used in
primes, we now check each of the four factors.

Remember that A = 4a} + 2703.
Lemma 5.15. We have ag, by, A are primes in Fylag, b].

Proof. We know that ag, by are primes. Now we show A is a prime. Since 27 is a unit in
Fp[ao, bo), it suffices to show b3 + cad, call it f, is a prime, where ¢ = 4/27. Since F,aq, bo]
is a UFD, we only need to show that f is irreducible. We have f is non-zero and non-unit.
Let f = gh where g, h € F,lao, bo].

Case 1: g = by + g1(ag) and h = by + hy(ao) for some gy, hy € Fylag].

Comparing the by and 1 terms in f = gh, we have 0 = g;(ag) + hi(ap) and cal =
g1(ag)hi(ag). Hence cal = —(g1(ap))?. The degree in ag is odd for the left hand side, but is
even for the right hand side, a contradiction.

Case 2: g = b3 + bogi(ao) + g2(ag) and h = hy(ag) for some g1, ga, by € Faq].

Comparing the b3 terms in f = gh, we have hy(ag) = 1.

So A is a prime. m

Remember, H is the coefficient of mg_l in (23 + agwo + bo)(pfl)/Q. We have H may not be
a prime in Fy[ag, by]. For example, if p = 11, then we have H = 9apby. Also, if p = 5, then
H = 2ag. So tracking powers of H is the same as tracking powers of ag. Hence it is harder
to track powers of H showing in the denominators. The approach we take here is to view
the H coming from Equation (4.1) as an unknown, rather than an expression on ag and by,

as this is the only place where H is explicitly introduced. We use $ for this new variable.

Let

A

R:]Fp[a(hb()afj]a ]% :]Fp<a0ab07~6)-

Then all A, $, ag, by are primes of R. Let

L 2\ 1728\ (—27)"
s-(5) (%) waw> .
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Fori > 1, by (4.3), we have that J;(jo) = F;(jo)/(S,(j0)*Ja (jo—1728)7), for some a, 8, > 0.

Define
R (i
J’ _ 1 (jo)

b Seid (o — 1728)7

Define 5 = (jo, jl, jg, .- ) Let

274 S
& = /\4# == (ao,Al,Ag, .. .),
4(1728 — j)
. 277 ..
b= 22 (4. By By,
4(1728 — §)

where A = (y/bo/ao, 0,0, ...). Define

V = F,[ao, bo, 9, 1/(A - $ - ag - by)].

~ A

Then we have Ai((lo, bg) = Ai<a0, b(), H) and Bi((lo, bg) = BZ'(CL(], bo,H).
By the definition of A; and B; and from the proofs of Proposition 5.1 and Theorem 5.2,
we have that fli, él eV fori > 1. Let D, Vg, Uy, U, be the valuations over the field k. In

the next few sections, we will study these valuations.

5.5 The bounds for A

In this section, we will study the valuations in A of A; and B; for ¢ > 1.

We first show the following lemma about A and H.

Lemma 5.16. We have that A  H in Fylap, by, i.e., A and H are relatively prime in
Fp[ao,bo].

Proof. By (4.1), we have that

H =cA™?™" agngp (7o),
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for some ¢ € F, and ¢ # 0. By Lemma 4.2, we have degS, = ry — r; and S,(X) € F,[X].
Say Sp(X) = ¢, X"+ +cg, where n =1y — 71y and ¢, ..., ¢g € F,,. Since jo = 1728 -4a} /A,
we have va(S,(jo)) = r1 — 72 by Lemma 5.6 (ii). So va(H) =ry — 11 +va(S,(jo)) =0. O

Lemma 5.17. We have that ve,(H) = 0 and vy (H) = €.
Proof. Remember from (4.2), we have
bo\ <= (T i ad\’
() 2065 @)
Each term above have different degrees in ag. So v4,(H) equals the smallest power occurring
on ag, which is 3r; —r = ¢, by Lemma 4.1. Similarly, we have v, (H) = r — 2ry = €. O

Now we can compute the valuations. We first compute the valuation of J;. In this section,
let v =va and U = Da.

Lemma 5.18. Let i > 1. Then we have (J;) = —p' + .

Proof. By Theorem 4.3, we have

jy = o) (55)
Sp ZHZ’(JO)

where m; = ip'~'4(i—1)p"~2. By the definition of S,, we have #(S,) = —(ry—11) = — deg S,,.
Also, as in the proof of 5.16, we have U(F;(jy)) = — deg F; and 0(H;(jo)) = — deg H;.
Since G; = §)"" H;, by Theorem 4.3, we have

0(J;) = D(E;(jo)) — mit(S,) — D(H; (o))

= —deg F; + m; deg S, + deg H; = — deg F; + deg G; = —p' + 1.

Now, we can prove the main theorem for A. Let

VA = ]Fp[a07 bOaﬁv 1/(5?’@060)}

~

Theorem 5.19. Let i > 1. Then we have A;, B; € Va. Hence we have 0(4;), 0(B;) > 0.

Therefore A does not appear in the denominators of A; or B;.
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Proof. Let d = (A,0,0,...). By Lemma 4.4 and Lemma 5.18, we have
27d) = 27(1728 - 4a3, APJy, AP J,, .. ) € W(Va).
Similarly, we have
4d(1728 — 7) = 4 - 1728d — 4dj € W (V).

Also we have 4d(1728 — j) = (4-1728 -27b2,...). Since 4-1728 -27b2 is a unit of V, we have
4d(1728 — 7) is a unit of W(V4). So
277 27d;

N ~ € W(@'A)
4(1728 — 7)  4d(1728 — 7)

Since A2 = (by/ao,0,0,...) € W(V4), be the definition of & and b, we have a,b € W (V).
So A;, B; € Va. Hence i(4;), 7(B;) > 0. Therefore by Lemma 5.16, we have A does not

appear in the denominators of A; or B;. O

Let
U= Fp[ao, bo, 1/7‘[]

Corollary 5.20. If p =11 (mod 12), then for i > 1, we have A;, B; € U. Hence the A;, B;

given by (3.1) are universal.

Proof. We have that §,e = 1. So by Lemma 5.17, we have ag, by | H. By Theorem 5.19, we
have A;, B; € F,lag, b, 1/(Haoby)] = U. Hence A;, B; are universal. O

This proves that for p = 11 (mod 12), we have universal modular functions with no delta
in the denominators giving the canonical lifting. This proves part (1) of Conjecture 3.2 for

p =11 (mod 12).

5.6 The valuations in factors of H

In this section, I will study the valuations in H of A, B,, for n > 1.
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In this section, let 7 = 0. Let mg = 0 and m; = ip"~' + (i — 1)p'~2 for 4 > 1. Then by
(5.5) and (5.4), we have that

for ¢ > 1. From this, we can find the valuation for AZ and R

Let jo = jo. Then j = (jo, j17 .. )
Theorem 5.21. Let i > 0. Then 0(A;), o(B;) = —mj.

Proof. We have —mg =0, —m; = —1 < p-0, and for + > 1, we have

—mip = —(i+1)p' —ip ' = —p((i + 1)p" "+ ip"?)

< —p(ip"™ ™ + (i — 1)p"?) = —pm,.

So {—m;} € C by (5.2). Then —m; < 0 for all ¢ > 0. Let 1728 = (vg,v1,...). Then
D(vg) > 0 and o(v;) > 0 > —m; for i > 1. Also, we have »(J;) = —m; for i > 0. Let
1728 — j = (r9,71,...). Then, by Lemma 5.10 (i), we have #(r;) = —m; for all i > 1. Also
v(ro) = (41728 - 27b2/A) = 0 = —my. So v(r;) = —m; for all i > 0.

Let (1728—7)"' = (so, s1,...). Let k=1, @ = 1/p%, and 8 = (p+1)/p?. We have a, > 0
and a— 8 = —1/p < 0. Also, for i > 1, we have p'(a— i) = p' 2 —ip"~ ! —ip~2 = —m,;. And
we have 0(rg) = 0 and 0(r;) = —m, for i > 1. So, by Lemma 5.12, we have that 0(s;) = —m;
for i > 0, since so = A/(4- 1728 - 2703).

Now, we have

~ 4
G2t 27TA (1728-%—1), b= A\,
41728 — ;) 4 1728 —

We have {—m;} € C} by (5.1). Also ©(sg) > 0 and (s;) = —m, for i > 1. Since 1728 =

(vo, V1, . ..), we have D(vg) = 0 and D(v;) > 0 for i > 1. Let 1728/(1728 — j) = (to,t1,...).

Then, by Lemma 5.11 (iii), we have ﬁ(tz) = —m; for n > 0. Similarly, by Lemma 5.10 (i)
/(A

and Lemma 5.11 (iii), we have that 7(4;), 2(B;) = —m; for i > 0. O

Now we want to translate this theorem to the powers of H in the denominators of A;

and B;. Remember that H may not be prime in F,[ag, by], and H may have ag or by as a
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factor. And there are also powers of ag, by coming from parts other than plugging in $ = H
in /L-, B;. We will deal with the powers of ag and by in the next section. Therefore we give

the following corollary about the powers of the irreducible factors of H that are not aq or by.

Corollary 5.22. Let h € Fy[ag, bo| be an irreducible factor of H such that h # ag,by. Then,

for i > 1, we have vy (A;), vp(B;) > —muvp(H).
Proof. Let v =1,(H). Then H = gh’, where h 1 q. By Theorem 5.21, we have

FR

t a%bgﬁmi7

where f; € Fy[ag, b, 9], and «, f > 0. Plugging in $ = H, we have

A i(ao, bo,
Alao, ) = Afag, by, 1) = L0 P07
ag by (ghv)™
So vp(A;) > —mv = —myvp(H). Similarly, we have v, (B;) > —mv = —mvp(H). -

Future question 4. Prove or find a counter example that H € [F,[ao, bo] has no repeated
factors.

We computed by Magma the H for p < 997 and none of them have repeated factors.

5.7 The bounds for ag, by

In this section, we will study the valuation in ag, by for A;, B;. Since the formulas for general
case are very complicated, we will give the bounds in different cases depending on the
congruences of p modulo 4 and 6.

In this section, let iy = Uy, U9 = Dy, V1 = Ve, and v = vp,,. As before, we will study

the valuation of j, first.

Lemma 5.23. We have,

(i) If p=1 (mod 6), then ix(.J;) > 0 fori > 0.

(i) If p="5 (mod 6), then iy (Jo) =3, t1(Jy) > 1, in(Ja) > 2p+ 1, in(Js) = 2p, and for
i > 4, we have i1 (J;) > —((i — 3)p’ — (i — 1)pi~2).
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(iii) If p=1 (mod 4), then i5(J;) >0 fori > 0.
(i) If p =3 (mod 4), then in(Jo) = 0, 0o(Jy) > 1, in(Jo) = 1, and for i > 3, we have

Dy(Ji) = —((i = 2)p'~! = (i — D)pi~2).

Proof. By Equation (5.4), we have 1(S,) = —¢ and 15(S,) = —e. Let i > 1. By (5.5), we

have

>

__ Fio)

Sy Hy(jo)
where m; = ip" ' + (i — 1)p"~2. Since H; = X%(X — 1728) for some «, 3 > 0, we have
ﬁl(Hz(]O)) = 3« and I)g(Hl(jo)) = 25 So

i

1(J;) = 01(Fi(jo)) +mid — 3a,  Da(J;) = ia(F;(jo)) + mie — 28.

By Theorem 4.3, if : = 1, then H; = 1. So «a, 8 = 0. Hence we have

~ A

n(h) =0(Fi(jo)) +6 =6, Da(J1) = 02(Fi(jo)) +€ > €

For i = 2, we have Hy = (X — 1728). So o = 0 and /5 = ep. Hence we have

A A

01(J2) = 01(Fa(jo)) + (2p+1)0 > (2p+1)d,  a(J2) = Do(F2(jo)) + (2p + 1)e — 2pe > .
For i = 3, we have Hy = X" (X — 1728)!, where ¢t < 2ep®. So o = 6p? and 3 < 2ep?®. Hence

we have

A

01 (J3) = 01(Fs(jo)) + (3p* + 2p)d — 30p* > 2pd.
For i > 3, we have 8 < €(i — 1)p"~!. Hence we have
Da(J) 2 a(Fo) + e — 26i — D™ > — (i — 2 — (i — D )e.

For i > 4, we have a < §t}, where t, = max{0,#;} and t; = ((i —3)p’ +ip*~1)/3. Then t; > 0.

So t; = t;. Hence we have

01(J5) > 01(Fy(j0)) + mgd — 36t > —((i — 3)p" — (i — 1)p"~2)4.
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(i) We have § = 0. So 21(J;) > 0 for i > 1. Also, we have 1(.Jy) = 2 > 0 since
Jo = jo = 1728 - 4a}/A.

(i) We have 6 = 1. So i1(Jo) = 3, &1(J;) > 1 and 0,(J3) > 2p + 1.

For i = 3, we have X | H3. Since (F3,G3) = 1 where G3 = S H3z. So X { F3. Let

Fg(X) = Can+"'+ClX+Co,

where n > 0, ¢,,...,co € Fp, and ¢y # 0. Since jo = 1728 - 4a3 /A, we have 1(F3(jy)) = 0.
So ﬁ1(j3) = 2p

For i > 4, we have 01(J;) > —((i — 3)p' — (i — 1)p2).

(iii) We have € = 0. So ,(.J;) > 0 for > 1. Also, we have i (.Jy) = 0 > 0.
(iv) We have e = 1. So 5(Jy) = 0 and ,(J;) > 1.

For i = 2, we have (X — 1728) | Ho, hence (X — 1728) t F5. So

Fy=dpn(X — 1728)™ + -+ + dy (X — 1728) + dj,

for some dy, . .., d,, € F, and dy # 0. Since jo— 1728 = —1728-27b3 /A, we have 5(F(jo)) =
0. Hence Ijg(jg) =1.

For i > 3, we have p(J;) = =((i = 2)p"™" = (i = 1)p'™?). =
Now we can study the valuations of A; and B;. Let Ay = ag and By = by.

Theorem 5.24. We have

(i) If p=1 (mod 6), then
(a) 01(A;) > —2p fori >0,
(b) in(B;) > —3p* fori > 0.

(i) If p=5 (mod 6), then
(a) in(A;) > =2p' fori=0,1,2,3, and i1 (A;) > —((i — 1)p' — (i — 1)p™2) fori >4,
(b) 01(B;) > =3p' fori=0,1,2,3, and in(B;) > —(ip’ — (i — 1)p~2) fori > 4.

(#ii) For any p > 5, we have
(a) Dy(A;) > —=2ip' fori >0,
(b) Do(B;) > —(2i — 1)p' fori > 0.
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Proof. (i) Let ¢ > 0. Let
Ul = ]Fp[a(% b0757 1/(Aﬁbo)]

By Lemma 5.23, we have .J; € U;. So 1728 — j € W(U;). Since 1728 — jo = 1728 - 2702 /A,
we have (1728 — jo)~' € Uy. So (1728 — 7)~' € W(U,). Hence

ﬁ = % (1728 - ﬁ—j - 1) € W(U,).
Since & = A\*275/(4(1728 — 7)) and A\* = (b3/a2,0,0,...), by Lemma 4.4 (iii), we have
0 (A;) > —2p" and i (B;) > —3p'.

(ii) By Lemma 5.23, we have 1(.J;) > 0 for i = 0,1,2,3 and ,(J;) > —((i — 3)p* —
(i —1)p2) for i > 4. Let k = 4. Let v; = —((i — 3)p' — (1 — 1)p"™2) for i > k. Then

vy = —(p* — 3p?) < 0. Also, for i > k, we have
pvi = vigr = —((( = 3)p™* = (i = Dp" ) + (= 2p" —ip' ) =pT —p' T > 0.

Hence {v;} € Ci by (5.1). Let 1728 = (vg, vy, ...). Then 1(vg) = 0 and ;(v;) > 0 for i > 1.
Let 1728 — j = (ro,71,...). By Lemma 5.11 (i), we have 4(r;) > 0 for 4 = 0,1,2,3 and
v (r;) > v; for i > 4.

Let  =3—1/p?and 8 = 1—1/p? Then a, 8 > 0. Also we have p'(a— i) = v; for i > 4.
We have o — 48 = —1 + 3/p? < 0. Also we have i1 (rg) = 0. Let (1728 — j)~" = (sq, 51, .. .).

By Lemma 5.13, we have 1(s;) > 0 for ¢ = 0,1,2,3 and 4(s;) > v; for i > k. Let

277 27
L (1728-—_1) — (wo, w1, ..).
41728 — j) 4 1728 — J

By Lemma 5.11 (i) and (ii), we have 0y (w;) > 0 for i = 0,1,2,3, and 24 (w;) > v; for i > 4.
Hence 1 (A;) > —2p' for i = 0,1,2,3, and i1 (4;) > —((i — 1)p' — (i — 1)p2) for i > 4. Also,
we have i,(B;) > —3p' for i = 0,1,2,3, and 0,(B;) > —(ip* — (i — 1)p~2) for i > 4.

(iii) If p=1 (mod 4), then let

U2 = IFp[aOa bO?'ﬁu 1/(A“6a0>]
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By Lemma 5.23, we have J; € W (U,) for i > 0. So 1728 — j € W (U,). Define r;, s;, w; as in
(ii). Let vp = 2 > 0. Then D(ry) = vy, D2(r1) > 0, and Dy(r;) > 0 > —p'(i — 1)1, for 1 > 2.
By Lemma 5.14, we have Dy(s;) > —p'(i + 1) for i > 0.

Let K =0. Then —vy < 0 and

p(—pi(i + 1)) +pi+1(i + 2y = ™y > 0.

So {=p'(i+ 1)y} € Cy by (5.1). By Lemma 5.11 (i) and (ii), we have D(w;) > —p'(i + 1)vg
for i > 0. Hence 5(A;) > —2ip* and i5(B;) > —(2i — 1)p' for i > 0.

If p =3 (mod 4), then by Lemma 5.23, we have ﬁg(ji) >0 fori=0,1,2 and ﬁQ(jl) >
—((i = 2)p"t — (i — )p*~2) for i > 3.

Let k=3. Let v; = —((1 — 2)p" ' — (i — 1)p"?) for i > 3. We have v3 = —p* +2p < 0
and

pri—vip=—(=2)p' + (- p" "+ (- p' —ip =p —p >0,

So {v;} € C3 by (5.1). Let r;, s;,w; be as before. By Lemma 5.11 (i), we have 0y(r;) > 0
for i = 0,1,2 and »(r;) > v; for i@ > 3. Next we have in(rg) = 2 > 0, D»(ry) > 0,

Uy(re) = 0 > —2p?, and for i > 3, we have

— (=2 = (=) + 2 (= 1) =p (20" —p+1)i—2p° +2p— 1)

> (2 —p+1)2—207+2p—1=2p>+1>0.

So Dy(r;) > vy > —2p'(i — 1) for i > 2. By Lemma 5.14, we have 0y(s;) > —2p'(i + 1)
for i > 0. As before, we have {—2p'(i + 1)} € C;. By Lemma 5.11 (i) and (ii), we have
Dy (w;) > —2pi(i+1) for i > 0. Hence iy(A;) > —2ip’ and in(B;) > —(2i—1)p’ fori > 0. O

Now we translate this into valuations of A; and B;.

Theorem 5.25. We have
(i) If p=1 (mod 6), then
(a) v1(A;) > —2p° fori > 1,
(b) vi(Bs) > —3p' fori > 1.
(i) If p=5 (mod 6), then
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(a) vi(A;) > =2p' —ip™' — (i — 1)p"2 fori=1,2,3 and v (4;) > —(i — 1)p' — ip"™!
fori >4,
(b) vi(B;) > =3p" —ip™t — (i — V)p"=2 fori = 1,2,3 and vi(B;) > —ip' —ip'~ ! for
1> 4.
(ii) If p=1 (mod 4), then
(a) vo(A;) > —2ip" fori > 1,
(b) va(Bi) = —(2i = 1)p" fori > 1.
(i) If p=3 (mod 4), then
(a) vo(A;) > —2ip" —ip"™ — (i — 1)p™=2 fori > 1,
(b) vo(B;) > —(2i — 1)p" —ip"™t — (i — )p*2 fori > 1.

Proof. (i) Let ¢ > 1. By Theorem 5.24 and Theorem 5.21, we have

A; = #7
ag’ by Hm

where f; € F,[ag, by, 9], 8 > 0, and m; = ip"~ ' + (s — 1)p"2. We have § = 0. By Lemma
5.17, we have v1(H) =6 = 0. So

fi(aOa b07 H)

A;(ag, by) = Ai(ag, by, H) = “ .
(0 0) (0 0 ) agpbg'Hmi

Hence vy (4;) > —2p'. Similarly, we have vy (B;) > —3p'.
(ii)) We have § = 1. So v (#H) = 1. Similarly, for i = 1,2, 3, we have

_ fi(afou b07 H)
agplbg?'{mi

So vy (A;) > —2p' —m; = —2p' —ip~!t — (i — 1)p*~2. For i > 4, we have

fi(aOab(hH)

T

Ai:

So vy (A) > —( —1)p'+ (i — 1)p2 —m; = —(i — 1)p* — ip~!. Similarly, we have v, (B;) >
=3p' —ip=t—(i—1)p2fori=1,2,3 and v (B;) > —ip’ —ip"! for i > 4.
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(iii) Let @« > 1. We have € = 0. So v»(H) = € = 0. We have

_ fiao, bo, H)

2 2 s
agby” H™i

Ai )
where @ > 0. So 15(A;) > —2ip’. Similarly, we have v5(B;) > —(2i — 1)p'.
(iv) Let ¢ > 1. We have v,(H) = € = 1. Also we have

Ai _ fi(CLOa b07 H)

2 e
agby” H™i

So ve(A;) > —2ip' — m; = —2ip® — ip"~! — (i — 1)p'2. Similarly, we have vy(B;) > —(2i —

pt —ip™ = (i — 1)p> O

5.8 Computations

In this section, I will show some computations done by Magma. Table 5.1 gave some
computation of the actual bounds compared to the bounds we got from the theorem. The
Magma codes can be found in https://github.com/Irfinotti/witt. The actual bound can be
computed similarly as shown in Figure 3.1. For example, if we want to compute v,,(As), we
load the file 1ift_j.m, then type the code jweier(5,2), where the input means p = 5 and
n = 2. The program returns a list with two items: a and b. For a, it gives Ay, A1, As. In
Ay, we can see that the denominator is aj’bs’. So we have v,,(Ay) = —35. This is shown in
the Figure 5.1.

We see that the bounds are not sharp. In the future, we would like to improve those

bounds.
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> load ’lift_j.m’;
Loading "lift_j.m"
Loading "gt.m"
Loading "witt.m"
Loading "etas.m"
> jweier(5,2);
L
L
a0,
(2%a0~12 + 3%a079%b0"2 + 3*%a0"6*b0"4 + 3*a0~3*b0"6 + 3*b0~8)/(a0*b0"4),
(3%a0~120 + 4*a0~105%b0~10 + 3%a0~96%b0~16 + 2%xa0~93*b0~18 + a0"90%b0~20
+ 4*%xa0"87*%b0722 + 4*a0”81*b0"26 + 4*xa0~78%b0728 + a0~ 75*xb0~30
+ 4*%a0”72%¥b0"32 + 3*a0~66*b0"36 + 4*a0"63*¥b0"38 + 4*a0~60*xb0~40
+ 4%a0"57*b0742 + 2%a0754*%b0744 + a0~51%xb0~46 + 2*a0~45%b0~50
+ 4*¥a0"36*b0"56 + 4*xa0~33*b0"58 + a0~30*b0~60 + 2*xa0~27*b0"62
+ 2%a0"24*b07"64 + a0~ 15%b0~70 + 3*b0~80)/(a0~35%xb0~40)

+
+
+
+

bo,
(2%a0712*%b0 + 3*a0~9%b0"3 + 3*a0~6*b0~5 + 3*xa0~3*b0"7 + 3%¥b079)/al0"6,
(3¥a07120 + 4%a07105%b0~10 + 3*%a0~96%b0~16 + 2%a0793*b0~18 + a0~90*b0~20
+ 4%xa0~87%b0722 + 4*a0”81*b0"26 + 4*xa0~78*b0728 + a0~ 75%b0~30
+ 4*xa0"72%¥b0"32 + 3*%a0”"66*b0"36 + 4*xa0~63*¥b0"38 + 4*a0~60*xb0~40
+ 4%xa0~57%b0742 + 2%a0754*xb0"44 + a0~51%b0"46 + 2%a0~45%b0~50
+ 4%a0~36%b07"56 + 4*a0~33*b0"58 + a0~30%b0~"60 + 2*a0~27*b0"62
+ 2*%a0724xb0"64 + a0~ 15%b0~70 + 3*b0~80)/(a0"60*b0~15)

Figure 5.1: Computation for Ay when p = 5.
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Table 5.1: Actual bounds versus theorem

52

p=>5|p=>5| p=T7 | p=T7

actual | bound | actual | bound
Vao (A1) —1 —11 1 —14
Vao(A2) | —35 —61 —35 —98
Voo (As) | —325 | —335 —539 —686
Vao(Ag) | —1775 | —2375 | —4067 | —4802
Vao (B1) —6 —-16 —6 -21
Vao(B2) | —60 —86 —84 —147
Vao(B3) | —450 | —460 —882 —1029
Vao (By) | —2400 | —3000 | —6468 | —7203
Vpo (A1) —4 —10 -8 —15
Upo(A2) | —40 —100 —112 —211
Upo(A3) | —300 | =750 | —1176 | —2219
Up (Aq) | —1600 | —5000 | —10976 | —20727
U, (B1) 1 -5 —1 -8
Upy(Ba) | —15 —75 —63 —162
Up(Bs) | —175 | —625 —833 —1876
Uy (Byg) | —975 | —4375 | —8575 | —18326
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