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ABSTRACT

The existence, shape, and polarization character-
istics of the backscattered peak due to the opposition
effect are investigated using an optical system of greater
resolution than has been used in previously reported
studies. The samples studied, many previously unexamined,
include some organic materials. Even with improved system
resolution, opposition effect peaks produced by some samples
are not fully resolved.

Three theoretical problems are investigated. Two
of these address the scattering of plane electromagnetic
waves by single infinite circular cylinders. In the first,
the cylinder is embedded in a homogeneous half-space. 1In
the second, the cylinder is adjacent to a homogeneous half-
space. The third addresses the scattering produced by three
identical, non-coplanar, dielectric cylinders. A back-
scattered peak, comparable to that of the opposition effect,
is obtained for cylinders with diameters comparable to the

wavelength of the incident radiation.
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CHAPTER I
INTRODUCTION

Historical Background

The opposition, or retroreflection, effect is an
increase in the observed brightness (Figure 1) of an
11luminated surface as the direction of the observer
approaches that of the illuminating source. This source-
surface-observer angle 1s referred to as the '"phase angle."
This effect was first observed in studies of the lunar
surface by Barabashev (1922) and by Markov (1924).

These investigators determined that, when the moon was full,
not only was the perceived brightness greater due to a
maximum in illuminated area, but also each area element

of the surface was brighter than at any other time during
the lunar cycle. A similar effect had been observed
(Seeliger, 1895) concerning the reflecting properties of
Saturn's rings. Oetking (1966) reported the results of an
investigation of the reflectance properties of a number

of substances, primarily minerals. Most of the substances
Oetking investigated displayed the pronounced backscatter
of the opposition effect. Other studies (Seaney, 1966;
Egan and Hllgeman, 1976; Egan and Hilgeman, 1977; Preston,
1967; Dunbar, 1931) have shown the opposition effect present

in samples of some paints, barium sulfate, magnesium oxide
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and other materials. Barium sulfate and magnesium oxide

are used as reflectance standards (Grum and Becherer, 1979,
pp. 320-322) because, except for the opposition effect,
thelr reflectance properties approximate an ideal Lambertian
surface.

The fact that the opposition effect was first
observed in studies of extra-terrestrial surfaces reflects
on the rather pecullar requirements for observing this
effect. The peak itself is rather narrow, rising steeply
as the phase angle approaches zero degrees. It is thus
required that the detector field of vliew direction be
allowed to approach the direction of illumination closely
and that either the source direction or the detector
direction be adjustable in order to demonstrate the change
in recelved intensity versus phase angle. In most
laboratory arrangements, the physical size of the source,
detector, and associated optics, prevent the attainment of
the required small phase angles. In the field, due to the
larger scale, small phase angles are frequently encountered;
but, in this case, the detector and source are usually fixed
in position. As a result, while the opposition effect may
play a role in the measurement being undertaken, it may not
display itself in an obvious manner to the investigator.

In both the laboratory and the field, phase angle averaging

due to the finite size of the effective detector aperture



l
would tend to make the effect less dramatic and, thus,
less noticeable.

Since electromagnetic radiation penetrates most
substances to some extent, the quantitative features, width
and relative magnitude, of the opposition effect should be
related to the properties of the near surface of the
material under investigation. There exists no complete
theory, at present, which satisfactorily relates observation
to material characteristics. Hapke (1963) utilized ray
tracing and modeled the lunar surface layer as a cloud of
polnt scatterers in which those rays scattered in the
direction of incidence would have the greatest probability
of avolding further attenuation due to multiple scattering.
In order for this model to fit the lunar surface
reflectivity data, the surface layer of the moon would have
to be composed of a cloud of dust which was 90 percent
devoid of matter. This model led to the Thomas Gold-Bruce
Hapke prediction that lunar landings would be difficult,
if not impossible. Irvine (1966) refined Hapke's model for
application to Saturn's rings. While these models were
based upon the shadowing effect to produce enhanced back-
scatter, Trowbridge (1978) added additional physical
mechanisms which could produce the opposition effect.

These included retroreflection by troughs and corners, and

lens effects where spherical or cylindrical segments of




the surface focus onto sub-surface inclusions. The
inclusions act as secondary sources for the lens segments.
The opposition effect thus depends on the phase angle
of the measurement and the physical properties of the
material under study. Its existence is independent of the
angle of incidence of the illuminating source (Oetking,
1966). Since the proposed mechanisms producing this effect
imply that the radiation making up the opposition effect
peak is due to single or low-order scattering effects, it
was expected that electromagnetic energy associated with
this effect should not be depolarized. That 1s, with a
polarized source, the detected peak should be due primarily

to radiation of the same polarization as that of the source.

Problem Statement

The purpose of the experimental part of this
investigation was to seek the existence of the opposition
effect in some common materials not previously examined,
including some organic materials. Polarization effects were
considered. Further, the opposition effect peak was
examined at a higher optical resolution than has been
employed in previously reported investigations.

As the beglnning of a search for a theoretical
explanation of the opposition effect, a theoretical method
for determining the scattering effects of an electromagnetic
plane wave incident on a system of dissimilar objects

consisting of a cylinder and a semi-infinite homogeneous



half-space was developed and applied to various
configurations. With minor modifications, this procedure
was then applied to the problem of scattering by a system
of three parallel cylinders in order to investigate the
shadowing theory for the opposition effect when multiple
scattering effects may not be neglected. This procedure
may be directly extended to include the case of a system
composed of a large number of parallel cylinders; however,
the increased complexity of the problem would result in a
proportionately greater difficulty in obtaining numerical

results.




CHAPTER II

EXPERIMENTAL OBSERVATIONS

Introduction

While previous studies have demonstrated the
existence of the opposition effect in a variety of selected
terrestrial materials, the purpose of this study was to
determine the existence of such an effect in materilals
common to the outdoors environment. Thus, these materials
are of interest to those who would optically monitor the
earth's surface. The polarization content, relative to that
of the source, of the backscattered radiation was examined
for each material considered. The results of these
examinations indicated that the enhanced backscattered
radiation due to the opposition effect was composed of
light which was polarized parallel to that of the
illuminating source. . This electromagnetic energy was in
addition to a depolarized component which was constant over
the range of phase angles considered for each material.
While the resolution of the optical system utilized in this
study was approximately 0.2 degrees, the peak was still not

fully resolved in some cases.

Experimental Procedure

For this investigation a polarized helium-neon laser
was employed as a source of illumination. The beam was

7



expanded to produce an illuminated spot on the sample
surface 9.3 mm in diameter. The detector aperture was
11.0 mm in diameter. No collector optics were used.

The spot size and detector aperture size combined to allow
for sufficient speckle averaging that associated errors
were reduced to an acceptable level.

The expanded beam was directed through a beam
splitter, which was mounted on a frame constructed to allow
orthogonal rotations, parallel and perpendicular to the
plane of incidence, of the beam splitter. The orientation
of the beam splitter was controlled by two micrometer heads
which were spring loaded against the frame. The beam then
proceeded to the sample surface, which was located at the
beam waist of the expanded laser beam. The sample surface
was mounted vertically and the surface normal was tilted
approximately 15 degrees relative to the incident beam to
avold any specular reflection effects. The part of the beam
split off by the beam splitter was dumped onto an optically
black surface. The detector, a photomultiplier tube, was
arranged to view the reflection of the illuminated surface
in the beam splitter. The experimental layout is dilagrammed
in Figure 2.

Rotating the beam splitter changed the phase angle.
In order to establish zero degrees phase angle, the sample
was replaced by a plane mirror, oriented to reflect the

incident beam back onto itself. The beam reflected by the
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| was U4.2m for the first five samples investigated and
2.7m for the remalning samples. These lengths
resulted in optical system resolution of 0.17 degrees
and 0.24 degrees respectively.




10
beam splitter then corresponded to zero degrees phase angle
and the detector was located in this direction. Also, the
micrometer settings on the beam splitter frame were
recorded. Interference with the beam due to the frame
limited the range of phase angles which could be attained.
The calculated system angular resolution was obtained by
taking the square root of the sum of the squares of the
angle subtended by the detector aperture as viewed from the
surface and the angle subtended by the illuminated spot as
viewed from the detector aperture. The divergence angle
of the expanded laser beam was small compared to these.
Limitations due to the available laser power, sensitivity
of the detector, beam size and detector aperture set the
1imit on angular resolution attainable with this system.

Detector output voltage was proportional to the
intensity of the light on the photosensitive area of the
detector and, therefore, with constant laser output
proportional to the directional reflectivity of the sample
material. The zero level detector output was determined by
rotating the beam splitter approximately 15 degrees and thus
preventing any radiation scattered from the illuminated
sample reaching the detector aperture via the beam splitter.
This zero level output, which was nulled, was insensitive
to the beam splitter orientation. The detector output, as
recorded, thus excluded the effects of photomultiplier dark

current (10 mv) and the background light (up to 8 mv).




11
This last was due to room reflected stray radiation from
the sample rather than scattered radiation from the beam
splitter and beam dump. Data were taken by adjusting the
micrometer on the beam splitter frame and thereby changing
the phase angle by a known amount, and recording the photo-
multiplier tube output voltage as displayed on an
oscilloscope. A phase angle scan with an ultraflat black
surface in place of the sample gave a detector output of
about 2 mv and showed there existed no untoward effects of
the radiation scattered by the beam splitter and beam dump
during such a scan.

One run required approximately 30 minutes to
complete. At the end of each run, the micrometer was
returned to its initial setting and the sample scan data
rechecked to determine if the laser power had changed during
the course of a run. Runs which showed evidence of laser
output power drift were discarded. Results presented here
are for the case of the polarization vector of the laser
source oriented perpendicular to the plane of incildence.
Investigation of the case of parallel orientation indicated
that, within experimental error, source polarization
relative to the plane of incidence does not influence the
results. The polarization properties of the reflected light
were investigated by mounting a linear polarizer in front
of the detector aperture. Data could be taken with a bare

detector or with the polarizer oriented either parallel or
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perpendicular to the orientation of the laser polarization
vector. Since the polarizer introduced some absorption,
detector output voltage without the polarizer in place was
not equal to the sum of the detector voltages obtalned for

the two polarizer orientations.

Experimental Results

Preliminary to considering the materials which were
of primary interest, a barium sulfate sample was examined.
Barium sulfate has been utilized as a reflectance standard
for many years. This is due, in part, to the fact that its
directional reflectivity is very nearly that of an ideal
Lambertlian surface. The fact that barium sulfate exhibits
an opposition effect thus places a qualification on the use
of such a material as an approximation of a Lambertian
reflector.

The sample used in this investigation was prepared by
applying the barium sulfate as a paint onto a plywood
backing. Sufficient coats were applied so that the optical
properties of the sample were solely dependent on the barium
sulfate coating and independent of the supporting substrate.
Figure 3 shows the results of measuring the reflectance
properties of this sample. Here Ao represents the phase
angle resolution of the optical system. The (vertical)
error bars constitute estimated errors in the determination

of the photomultiplier tube output voltage and were due
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Sample. The calculated system resolution was
Aa = 0.17°
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to system noise and difficulty in accurately reading the
oscllloscope trace.

As demonstrated by the figure, the true height of
the peak at zero degrees phase angle was not fully resolved
due to phase angle averaging. Further, the perpendlcular
polarization component was not influenced by the opposition
effect and, within experimental error, was constant for
the range of phase angles investigated.

Figure U represents data collected for a yellow
poplar leaf. Again, the opposition effect was confined
to the parallel polarization component and the peak was
instrument resolution limited. Because the perpendicular
polarization component of reflectivity was constant,
within experimental error, for this and all other samples
investigated, data were collected for subsequent samples
with a bare detector and then with the polarizer oriented
perpendicular to the polarization vector of the laser
source. A bare detector was preferred in order to enhance
the signal-to-noise ratio, and the perpendicular polarizer
was used to verify that thls component was indeed constant
for each sample over the phase angles considered.

Figure 5 represents data collected for a slightly
weathered concrete block sample. Figure 6 is for a fir
board sample while Figure 7 is for this same sample after
it had been subjected to the effects of weathering for

6 weeks. Weathering had the influence of enhancing and
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slightly widening the central peak. This was due to the
creation of a rougher surface texture and separation of wood
fibers near the board surface.

At this point in the data collection, the optlcal
arrangement was modified by reducing the distance between
the beam splitter and the detector. This was done to
improve the perpendicular polarization signal-to-noise ratio
in order to verify the constancy of this component of the
reflected energy for the remaining samples. The result of
this change was to make the system resolution more coarse,
as 1s noted in the remaining figures. In order to
investigate the influence of this alteration, data were
again collected (Figure 8) with the same sample as was used
for Figure 7. Comparison of Figures 7 and 8 demonstrates
the broadening and reduction in relative peak height
assoclated with the increased phase angle averaging for the
lower resolution system.

A hickory bark sample produced the results displayed
in Figure 9. This sample was very dark in color and
had only a slight backscatter enhancement. Figure 10 1s for
a limestone rock sample which was of light color.

Because a single blade of grass was too narrow to
f111 the illuminating beam, a bundle of grass was mounted
in a manner which simulated an optical system looking down

on a grass covered area. Figure 11 shows the results of
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the Same Sample Used for Figure 7. The calculated
system resolution was Aa = 0.24°
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Figure 9. Measured Detector Response as a
Function of Phase Angle for a Hickory Bark Sample.
The caﬁculated system resolution was Aa = 0.24°
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Figure 10. Measured Detector Response as a
Functilon of Phase Angle for a Limestone Rock Sample.

The calculated system resolution was Aa = 0.24°
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the examinatiﬁn of this grass bundle. This sample was
light green i@ color.

Figure |12 shows the results of the examination of
an unpainted, 'exterior grade, plywood sample. Thils sample
possessed a more textured surface than did the weathered
fir board sam&le which contributed to the broader
retroreflectiTn peak.

Figures 13 through 15 show the reflection properties
of some paints. 1In spite of the difference in appearance
of the two sa*ples of flat white and glossy white paints,
the measured Ieflection properties of these two are quite

similar. Thi

was due, in part, to the nonuniform texture
of the glossy| white paint sample, which displayed many
small glossy areas separated by mat areas. The red paint

was almost uniformly mat and resulted in a more narrow peak

which appeared not to be fully resolved by the optical
system. ‘

Figure 16 and Figure 17 represent the results of
measurements Lade on 2 brick samples. The first, Figure 16,
was for a conbtruction type brick sample while the second
was a paving type brick sample. The second sample exhibited
a slightly smoother surface but, within experimental error,
these samplesl displayed similar reflection properties.

This was probably due to the identical material content of

the two samples.
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LFigure 12. Measured Detector Response as a
Function of Phase Angle for an American Plywood
Association Exterior Type A-C, Pine Plywood Sample.
The calculated system resolution was Aa = 0.24°
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‘Figure 13. Measured Detector Response as a
Functipn of Phase Angle for a KRYLON Flat White
(1502): Enamel Paint Sample. The calculated system
resolurion was Ao = 0.24°
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Figure 16. Measured Detector Response as a
Functﬂon of Phase Angle for a General Shale Products
Corporation, Red Range Barktex Construction Brick
Samplel. The calculated system resolution was
Aa = 0.24°
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| Figure 17. Measured Detector Response as a
Functﬂon of Phase Angle for a General Shale Products
Corporation, Patio Paver Brick Sample. The
calcuqated system resolution was Aa = 0.24°
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A sect%on of used, road-paving asphalt was used

to obtain the{data shown in Figure 18. Because 1t had been
|

under use, th? sample surface contained a small quantity

|
of embedded sznd and dirt. The figure shows that this

sample possessed a slight opposition effect enhancement.

Figure 19 conLains the results of measurements made on a
sample of dryL red clay soil. The sample was made up
primarily of Emall clay particles. The resultant reflection
diagram shows!a broad peak which appears to not be fully
resolved at zFro degrees phase angle.

A roofﬁng shingle, composed of white, finely crushed
stone affixed 3 or 4 layers deep onto a black, asphalt

covered felt base, was used to obtain the measurements

plotted in Figure 20. Comparison of these results with

those in Figure 21, in which a sample made up of dry,

light—colore&, beach sand was used, shows that the
reflection pﬂoperties of these 2 samples are similar.

The sizes of\the individual grains making up the near
surfaces of qhe two samples were comparable. However, the
gralns used Hn producing the surface of the roofing shingle
were more Jagged than were the grains of beach sand. The
beach sand was also not as white as the roofing shingle

\
surface.


https://sectij.on
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 Figure 18. Measured Detector Response as a
Function of Phase Angle for a Used, Paving Asphalt
Sample. The calculated system resolution was
Aa = 0.24°
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Figure 19. Measured Detector Response as a
Functilon of Phase Angle for a Dry, Red Clay Soil
uamplg The calculated system resolution was
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| Figure 20. Measured Detector Response as a
Function of Phase Angle for a CELOTEX, POLAR WHITE,
Sol-Seal/l5 Roofing Shingle Sample. The calculated
syste@ resolution was Ao = 0.24°
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Conclusions i

The refults of thils study have shown the opposition
effect to be Fresent in the reflection properties, to
some extent, of many common materials, including organic
materials. WLile the resolution of the optical system
employed in tLis study was better than in other reported
investigationL, the retroreflection peak was still not
fully resolveh for all samples considered. This study has
shown that thk energy associated with the opposition effect
peak is polarpzed identically to the source polarization.
Except for tqese, only statements concerning general trends
may be made fn this and other studies of the opposition

effect due to a lack of structure characterization of the
samples investigated. Unfortunately, it is very difficult
to accuratelJ characterize the structure of most materials.
Because seveJal mechanisms have been proposed (Trowbridge,
1978) which Jould contribute to the retroreflection
enhancement,\many material characteristics need to be
measured and\compared to opposition effect peak measurements
before a genﬁral, quantitative theory may be advanced.

The tﬁends noted in the samples investigated in
this study are that, in most cases, color and near surface
granularity influenced the measured reflection near zero

‘
degrees phasé angle. Darker, more absorbing, samples

displayed 1eés enhancement than did the lighter colored

samples. This was possibly due to absorption processes
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reducing the depth of penetration of the incident beam
into the sample and thus involving fewer material elements
in the reflection process. Samples composed of larger
structure elements produced a broader peak than those made
up of smaller particles. The relative importance of
large scale and small scale material elements, where the
large scale elements were composed of collections of
smaller elements, was unclear from this study.

Future investigations of the opposition effect
should center on the determination of the relationship
between material structure and the measured characteristics
of the material opposition effect peak. As has been
demonstrated by this study, optical systems of even higher
resolution than was used here are required to fully resolve
opposition effect peaks produced by some materials. This,

too, should be a consideration in future efforts.



CHAPTER III1

SCATTERING OF A PLANE ELECTROMAGNETIC WAVE
BY A CIRCULAR CYLINDER EMBEDDED

IN A HOMOGENEOUS HALF-SPACE

Introduction

While theoretical treatments of the scattering of
electromagnetic radiation by obstacles possessing simple
geometric shapes have been carried out for many years,
scattering by these same objects in the presence of surfaces
and reglions of different geometric shape has received less
attention. Scattering calculations for simple obstacles
are generally based on the assumption that the source,
detector and obstacle are all immersed in the same medium,
while in many common situations, such as with the opposition
effect, the scatterer may be located in a medium separate
from that which contains the source and detector. If the
scattering obstacle is located near the interface separating
the two medla, then adjustments of the theoretical predic-
tions are not easily made.

Several investigators (Hohmann, 1971 ; Parry and
Ward, 1971; Wait, 1971) have considered the problem of the
scattering of radiation from a line source located on the
plane interface separating 2 media by a burled cylinder.

The source is oriented parallel to the scattering cylinder.

38
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D'Yakonov (1959) approximated the problem of scattering by
a circular cylinder contained in a half-space by considering
scattering by 2 non-coaxial cylinders illuminated by a
point source. Kelly and Schultz (1971) treated the
scattering of radiation from a line source by a conducting
cylinder located exterior to a dielectric half-space.
Their treatment required relatively large values for the
dielectric constant of the half-space in order to
approximate the fileld at the cylinder,.

The treatment presented in this chapter considers the
scattering produced by a plane wave incident upon a circular
cylinder located within a medium which is separated from
the medium containing the source and detector by a plane
interface. The following chapter will address the case of
a cylinder located exterior to a half-space. One of the
applications of this treatment 1s to the problem of
predicting radar cross sections of objects near the surface

of the earth.

Problem Approach

The problem is depicted in Figure 22. The propa-
gation vector of the incident plane wave 1is orthogonal to
the z-axis and, therefore, the incident plane wave is
independent of the coordinate z. As the boundaries are also
independent of the z-coordinate, the scattered fields will
exhibit no z-coordinate dependence. The boundary conditions

are time-independent so that all fields exhibit an identical



Incident Plane Wave
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Figure 22. Diagram of the Problem of
Scattering of a Plane Electromagnetic Wave by an
Infinite Circular Cylinder Embedded in a Homogeneous

Half-Space.
the cylinder axis.

The plane of incidence is normal to
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dependence on time and these terms will be suppressed in

the analysis. The total fields in each reglon are expressed
as linear sums over fleld contributions due to the linearity
of the wave equation and the boundary conditions.

Four cases are considered; namely, transverse
magnetic fields (EZ#(), H, = 0) and transverse electric
fields (EZ==0 s Hzifo) with a metal (infinite conductivity)
and with a dielectric (zero conductivity) cylinder embedded
in a homogeneous half-space. The transverse magnetic and
transverse electric fleld cases are treated separately
because, due to the symmetry involved with this problem,
boundary conditions may be satisfied in each case without
requiring the introduction of fields of the other type.

For the more general case of an incident wave being neither
purely transverse magnetlic nor transverse electric, results
obtained here may be used by first resolving the incident
wave into its transverse magnetic and transverse electric
field components, then combining the weighted solutions

as a final step.

Problem analysis may be simplified by utilizing
scalar auxiliary functions from which the non-zero field
components may be derived. These auxiliary functions are
designated u , for those associated with transverse magnetic
flelds, and v , for those associated with transverse
electric fields. Both u and v are solutions of the two-

dimensional scalar Helmholtz equation:
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2
119 _3(u,v) . 1 3°(u,v) 2 -
r{%? Pt o+ ——555—{] + k" (u,v) = 0 . (1)

The fields are related to the auxiliary functions

(Ivanov, 1970) by

E.=0 , (2a)
Eqg =0 , (2b)
E = k°u ; (2c)
z
_ 1wk 1 du
H, = - uc r 96 ° (3a)
. L2
1wk™ du
Hg = TR T (3b)
and
H, =0 (3c)
for transverse magnetic fields, and
_ iue 1 3v
B = 0 735 (Ha)
. _ iuc 3v
Eg w v (4p)
E, =0 ; (lbe)
H, =0 , (5a)
Hy =0 , (5b)
and
= .2
H, = kv (5¢)

for transverse electric fields; where (r,6,z) are the
coordinates of the cylindrical coordinate system, w is
the angular frequency of the electromagnetic wave,

k is the propagation constant of the medium, and u is
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the magnetic permeability. For all cases considered here,
the magnetic permeability is taken to be equal to one for
all media.

The auxiliary functions are expanded in complete sets
of orthogonal functions with unknown expansion coefficients.
These expansion coefficients are determined by applying the
boundary conditions over the interfaces and at infinity in
each region. The boundary conditions at the interfaces
require the continuity of the tangential components of the
electric and magnetic fields across the boundaries while
at points far removed from the boundaries, outgoing waves
are required. The geometries of the interfaces separating
the regions of differing propagation constants suggest that
plane wave expansions and Fourier-Bessel expansions be used
as the complete sets over which auxiliary functions are
to be expanded.

A complete plane wave expansion (Clemmow, 1966) must
include all homogeneous and inhomogeneous waves. For these,
the angle between the propagation vector and the vector, T ,
must be allowed to assume all real values from -7 to +m and
all imaginary values from -ie to +ie , The terminal points
of integration must be chosen such that the integral
converges. A complete Fourier-Bessel expansion includes
(Stratton, 1941) both Bessel functions, Jn(p) , and Hankel

functions of the first kind, Hn(p).
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In the upper half-space, the total field includes
contributions from the incident plane wave and scattered
waves. The auxiliary function for the latter is represented
by a plane wave expansion associated with the (ro,eo)
coordinate system (Figure 23). Within the homogeneous half-
space, excluding the cylinder, the auxiliary function for
the total field is taken to be the sum of a Fourier-Bessel
expansion, associated with the (rl,el) coordinate system,
and a plane wave expansion associated with the (r2,62)
coordinate system. Note that this last coordinate system is
rotated 180 degrees about the z-axis relative to the others.
In the case of the field within the cylinder, the auxiliary
function 1s expanded in a Fourier-Bessel expansion
assoclated with the (rl,el) coordinate system.

The boundary condition of outgoing waves at infinity
requires that the expanslon coefficients of the Jn(p3 Bessel
functions all be equal to zero for the auxiliary function
within the homogeneous half-space excluding the cylinder.
This also requlres that the ranges of the 2 plane wave
expansions be truncated so that now the angles over which
the integration is performed are limited to real values
from - n/2 to + /2 and imaginary values from -ie to +ie .
Within the cylinder, the field must remain finite as ry
approaches zero. Therefore, the expansion coefficients for
the Hankel functions must all be set equal to zero.

Further, note that the plane incident wave and the plane
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Figure 23. Coordinate Systems Used in
Embedded Cylinder Scattering Problem.
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interface separating the two half-spaces are both infinite
in extent while the cylinder possesses a finite cross
section. Clearly, at points infinitely distant from the
cylinder there will be single plane propagating waves in
the directions of simple reflectlion from the plane interface
and simple refracted transmission through the plane
interface. These will be modified by the existence of
scattered fields due to the presence of the cylinder.

For convenience, these plane waves are added to the total
field expressions in their respective half-spaces so that
the scattered fields need only account for the remaining
contributions to the total fields.

Due to the linearity of the boundary condition
equations, the auxiliary functions for the plane incident,
reflected, and refracted waves may be required to satisfy
the boundary conditions over the plane interface independent
of the other scattered fields. This procedure meets the
requirement that the total fields in each of the regions
must satisfy the boundary conditions. The unique
relationship between these waves and the other scattered
waves will be determined when the boundary conditions over
the surface of the cylinder are applied.

Within the cylinder, the propagation constant 1s
represented by k3 . In this region, the scalar auxiliary

function is now expanded in the Fourier-Bessel expansion:
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uy = g £, Jn(k3r1) exp{inel} s (6)

where tn is an unknown expansion coefficient (for a
metal cylinder, all tn are zero).
In the homogeneous half-space excluding the

cylinder the total scalar auxiliary function is equal
t

to Uy + Uy + u’ with

u, = g P, Hn(k2rl) exp{inel} (7)
and

u, = qu(e") exp{ik2r2 cos(ez-e")}de" s (8)

where k2 is the propagation constant for the
homogeneous half-space, Py is an unknown expansion
coefficient, q(6") is an unknown weighting function
and ut 1s the auxiliary function for the refracted
plane wave. The contour of integration, ¢ , in
equation (8) extends from - n/2 + io to + /2 - i

In the medium exterior to the homogeneous half-
space, the propagation constant is represented by kl .
In this region, the auxiliary function for the total
field is equal to uO +ub o+ u3 with u0 and u®
representing the auxiliary functions for the plane

incident wave and the plane refracted wave

respectively, and
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ug = L:s(e'") exp{iklro cos(eo-e'")}de'” s (9)

where s(6"') is the unknown weighting function for this
expansion.

Single modes of either the Fourier-Bessel
expansions or the plane wave expansions are related to
sums, either discrete or continuous, of the other

(Ivanov, 1970; Stratton, 1941) by the following

expressions:
exp{*ikr sine} = ) (+1)" Jn(kr) exp{in6} s (10)
n
2m
="
Jn(kr)exp{in6}= 5= f exp{ikr cos(6-6') +in6'}de', (11)
0

and

n
Hn(kr)exp{tin6}==£:%l— J exp{ikr cos(6*6') +in6'}de" (12)
c

for |0] <w/2 , and the contour of integration, c ,
extends from - /2 + 1o to + /2 - 1o . The integration
variable has an imaginary component due to the inclusion
of inhomogeneous waves 1n the expression.

While scalar auxiliary functions have been
defined 1n this section for transverse magnetic fields
only, definitions of the transverse electric auxiliary

functions are similar.
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Transverse Magnetic Fields--Metal Cylinder Case

In this section, the case of a transverse magnetic
plane wave incident on a homogeneous half-space with a
metal (infinite conductivity) cylinder embedded in it,

is considered.

0
y

on the half-space/cylinder system, traveling in the

A plane polarized wave (Eg = E° = 0) 1s incident

direction 80 = ei . Then
g0 = go exp{ik.,r, cos(6.-6,)} (13)
Z 170 0 i ?
where EO is the amplitude of the incident wave,
W= 0 s (14)
and
ul = EE exp{ik.r. cos(6,~-0.)} (15)
2 Pt T o~ %i/7 -
1

The non-zero boundary conditions require that the radial
component of the magnetic field (Hr) and the z component
of the electric field (EZ) be continuous across the

plane interface. The boundary conditions require the
existence of two additional plane waves: one in the
region containing the incident wave traveling in direction
6, = 0_ and another in the homogeneous half-space traveling

0 r

in direction 6, = 8

0 The appropriate field functions

t L]
for these are

uf = qr exp{iklro cos(eo-er)} s (16)
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and

ut = st exp{ik,rg cos(6,-6.)} . (17)

The boundary conditions require

ke (W) = k2 2 () (18a)
1 36 2 39
0 0
and
K (u® +u") = x5 u° (18b)

be satisfied on the plane interface defined by

=+ I
GO = t 5 -

The existence of boundary conditions on this

interface, independent of a particular value of ry s

imply
B - m - L
kl cos(z é-—ei) = kl cos(t —2——er) = k2 cos(t‘2 et) . (19)
Then
er = 7T - ei (20a)
and
-1|%1
et = sin EE sin 61 (20Db)
Using these relationships, the boundary conditions
become
0 3.r - 3.t
klE cos ei - kjq" cos ei = kys” cos 6, , (21)
where
5 1/2
kb oo
cos B, =~|1 - —= sin® © (22)
t 2 i
ks



and
0

2

E° + k qr = k

1

2
2

Combining equations (21) and (23) leads to

ro_
q =

and

0 kl cos 61 - k2 cos et

E

ki kl coSs ei + k2 cos Gt
Eg 2 k, cos ei

kg kl cos 6, + k2 cos et

Thus, the non-zero electric field components are

]f'=
EZ

and

Next

on the plane interface applied to the scattered fields.

2. r _ -
qu = [
2.t _
kzs = B

consider the boundary conditions required

0

0

1 cos 6, = k2

i cos et

1 cos ei + k2

cos et

2 kl cos ei

kl cos ei + k2 cos 8

t

The field auxiliary functions are

[t
1

and

[
[}

g ann(k2rl) exp(inel) ,

1" * 1" "
L}q(e ) exp{1k2r2 cos(eg-e ) }de s

e s —gm "
L s(em) exp{lklro cos(eO 6'")1}de
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(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)
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Using equation (12), equation (28) may be transformed:

AN
uy = g P, L)ilﬁl- exp{ik2r1 cos(6,-6") +in6'}de" . (31)

The boundary conditions on the plane interface require

2 _ .2

k5(ug +uy) = kjug (32)
and

2 9 _ .2 2

k2 a—e—-o- (ul+u2) = kl 5—6—6 Ll3 s (33)

where the equations are to be evaluated on the plane
interface, which, in Cartesian coordinates, is defined
by Xg = 0 . The equations that relate the various
coordinate systems to the Cartesian coordinate system

with its origln on the interface are

ry cos 6, = x; = x5 +h (3k4a)

ry sin 6, =y, =y, (34b)

r, cos 8, = X, = - x5 +h (34c)

r, sin 8, = y, = -y, , (34a)

ry cos 8, = X, (3h4e)
and

ry sin 8, = y5 . (34r1)

Placing the more stringent requirement on the
field functions that not only must the full field
functilons satisfy the boundary conditions, but also

the individual wavelets which make up the integral



representations of these field functions, results in

the followlng equation for the boundary condition (32):

«\ 1
(—':';—)— hcos6' + ik

exp{ik sing' + in6'}do’

2
ks rzl Py 2 2¥0

+ kgq(e") exp{ik,h cos8" - 1k,y, sin0"}de"

230

= kis(e"')exp{ikly sin o' }dom

0

Over the plane, the boundary conditions must be
satisfied for each value of Yo - This will be assured
if each term in the equation exhibits an identical
dependence on the variable Yo - That 1is

s " = "n - "
k2 sin © k2 sin © kl sin © R

then

g" = - g° R

k
g = sin_l[—k—z— sin 6] R
1

and therefore

ae" = - de° s
and
5 -1/2
k k
ae™ = +|1 - |2 sin 0" 2 cos 6' 46"
k k
1 1
_ k2 cos 6! '
- KI cos ot dé s

where the positive sign is given by the definition of
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(35)

(36)

(37)

(38)

(39)

(40)
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the integral contour ¢ which 1is appropriate for u3 s
equation (9) with its coordinate system orientation.

The boundary condition equation (32) now requires

. ' (—i)n iné! cos O!
t - - =
k2 exp{lkzh cos 6'} Z b o e q k.s

n 17 cos 0™ °
(41)
Now consider the other boundary condition,
equation (33), and note that
) ) 0
B A . (42)
d 0 0 ayo 0 on
Then, proceeding as before, on the plane defined by
Xy = 0 , this boundary condition requires
k2 exp{ik,h cos 8'} ) (S0l e1n®’ = k%5 (43)
o €XP 2 7 Py ™ q 1 ’
Combining equations (41) and (43) results in
t 1
(o) = X 5 (_i)n e-ine" kl cos@" k2 cos® (41)
n b k., cos6"™ + k., cos6"
n 1 2
and 5
k2 i)n 2 kl cose™
1" = — | |
s(o") =17 2pn = exp{ikghcose +in8 '} T T i oSBT
rlkl 1 2
(45)

where the relationships between 6' , 6" and 6'"' are
given by equations (36) - (40). These equations, along
with equations (29) and (30) provide expressions of the
field functions Uy and u3 in terms of the expanslon
coefficients P - To determine these coefficients, the

boundary conditions on the surface of the cylinder are used.
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Up to this point, the derivation has been
independent of the particular characteristics of the
cylinder. Now, two cases are considered in turn;
first, the case of a metal cylinder, then the case
of a dielectric cylinder.
A metal cylinder of radius ry = a and center

located distance h below the plane interface separating

the two half-spaces has, as a boundary condition,

ut+u + =0 (46)

over the surface of the cylinder, and where ut is
determined by equations (17) and (25), uy is defined
by equation (28), and u, 1s determined by equations
(29) and (44) in terms of the expansion coefficients,

p The (ro,eo) and (r2,62) coordinates may be

n

transformed to (rl,el) by the following:

rq cos 6, = r, cos 6, - h (L46a)

rq sin 65 = r; sin 6, (Léb)
and

r, cos(92-—6") = - r, cos(el-e") + 2h cos 8" . (46¢)

Using these equations and the identity

exp{ikrcos(8-6')} = | 17 J (kr) exp{in(6-06')} (47)
n
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the field functions may now be expressed
inel
u; = g P, Hn(erl)e (48)
= no_ = _an "
U, L}q exp{21k2h cos 0 ik,ry cos(el e")}de s
(L49)
and
t t .n in(0, - 6,)
u’ = s’ exp{-ik,h cos 6.} ) i" J (k,r;)e R
(50)
where
"e _ "
a(e") = J p g:;lf e-inen k, cos © k, cos e"
[3]] 3
n n m kl cos 6 -sz cos ©
(51)
. 5 1/2
cos 8" = |1 - Eg sin 6" R (52)
1
and s% 1is given by equation (25).
Next, substituting equations (48) - (50) into the
boundary condlition equation (46), multiplying through
by exp{—imel}del , integrating from 0 to 2m , and noting
that (Ivanov, 1970; Stratton, 1941)
2T
. - 1" - = _. n —ime"
L exp{-ik,a cos(8,~6") - im6,}d6, g( 1)7 I, (kya)e
21 i(n-m)6
e lde
1
0
_ m -ime"
=2n(-1) Jm(kea)e 3

(53)
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the boundary condition now requires

J _(kn,a)
_.m 2 t,m i)™
pm"ﬁgfigaj-[;s i exp{—ikalcoset—imet}-(—1)

J q exp{2ik2hcos 6"-—im6"}d6{J . (54)
c

Because g has been determined as a function of Pp in
equation (51), equation (54) actually represents a
system of simultaneous equations which remain to be
solved. For numerical results, this solution may be
accomplished by an iterative procedure which continues
until convergence is attained. Truncation is required
for such a procedure and this imposes a 1limit on the
cases which may be considered. Finally, the integral
in equation (54) must be evaluated. In general, the
integral does not have a closed solution; however, the
integral may be determined approximately for the cases
when the quantity 2k2h is large.

Postponing further evaluation of equation (54)
until the next section, the solution of this equation
for all m does, in principle, provide all of the
expansion coefficlents, Pp - Thus, the field functions
may now be written in terms of the Py expansion
coefficients and, from these, the total electric fields
in the various regions may be determined. The field

auxiliary functions are
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uY = EE exp{ik.r. cos(6,-6,)} (55)
2 Pii¥yTy 0~ "1 ’
1
0 k, cos 06, -k, cos 6
r _E 1 i 2 _
4= k2 kl cos 8, +k, cos B exp{iklrocos(eo er)} >
1 (56)
0 2k, cos 8
t _ B 1 1 : _
b= 2 k; cos B, +k, cos 6, eXp{1k2POCOS(eO et)} ’
2 (57)
u; = g P, Hn(k2rl) exp{inel} s (58)
u, = J q(em) exp{ik2r2 cos(e2 - 9")y}de" , (59)
c
ug = J s(eM) exp{iklr0 cos(eo- e )}der (60)
c
where ei 1s the angle of incidence,
6, =1 -6, , (61)
k
- -1("1
8, = sin [k2 sin ei] s (62)
k., cos 8'" -k, cos 6"
_ (-1)? ine" X1 2
a(6®) = g Pn = € k] cos 8" +k, cos 6" ’ (63)

kg (-1)P ek cosf
s(em) =) 2PnTm "k cose™ +k cose'eXp{ikthose'+in6'} ?
k 2
1

1
(64)

1/2

2
cos 8" = {1- LJ% sin 8"] , (65)



and

The electric field in the region exterior to the
homogeneous half-space 1s given by

r

E =k (uo + u + u

2
Z 1 3)

and the electric field in the homogeneous half-space
surrounding the cylinder is

_ .2
Ez - k2

(ub + uy +ouy)

Before proceeding to numerical results, it is
instructive to examine two limiting cases of the
solution previously obtained and compare these
results with the known solutions. 1In the first case,

the cylinder is mathematically removed by letting

its radius approach zero; then in this limit,

Jm(k2a)/Hm(k2a) approaches zero and Py = 0 for all m .

With all Py = 0 ,q=20and s =0 . The remaining
field potentials, equations (56) and (57), are simply
those of plane waves reflected and transmitted by

the plane interface separating 2 homogeneous media
(Born and Wolf, 1975). For the second case, the two
half-spaces are mathematically combined into one by
letting k2 = kl , thus the problem should become

that of a plane, transverse magnetic wave incident

upon a metal cylinder of radius a . If k2 = kl s

59

(66)

(67)

(68)



then et = 6i s u’ = 0 and ut = uo ;y thus, the

reflected plane wave vanishes and the transmitted
plane wave becomes i1dentlcal to the incident wave.

For the scattered fields, 6'"' = 8' so u, = 0 and,

2
except for a phase term due to the translated

coordinate system, u3 1s identical to uq - Thus,
in this 1limiting case, this analysis yields as a

result, a scattered electric field

Jn(kla)

_ 0 n
ES = - E zni WHn(klrl) exp{in(el—ei)}

which is the correct solution (King and Wu, 1959).

Numerical Results--Metal Cylinder Case

It was desired to obtain the calculated
far-field scattering diagram, in the gquarter-space
containing the source of the incident plane wave,
for some metal cylinders, each embedded in a
dielectric half-space. The differential cross
section is defined as the limit, as r approaches
infinity, of 2nr<SS>/<Si> , where r is the radial
coordinate of the observation point, <SS> is the
time-averaged Poynting vector of the scattered flelds
and <Si> is the time-averaged Poynting vector of the
incident field. This quantity was a function of
observation angle. Further, the differential cross

section was divided by 27 times the radius, a , of

b

60

(69)



the cylinder in order to non-dimensionalize the
results.

Before the differential scattering cross section
could be determined, equation (54) had to be solved
for all P which contributed significantly to the
results. Provided the quantity, 2k2h , was large,
the term (klcos 6" - k,cos 6")/(klcos 6"' +k,cos ")
in the integral could be evaluated (Clemmow, 1966) at
the saddle point and taken out of the integral. Once
this was done, the remaining integral could be related
to that of a Hankel function of argument, 2k2h , and
order, n+m . In the analysis performed, the quantity,
2k2h , was restricted to values of 60 or greater.

With these approximations, equation (54) then

became
Jm(k2a) n
pm = - W ) i exp{—ikzh CcoOSs Gt - imet}
k, -k
1 2
U FE| L P Hpam(268) )
1 2] n

where s is given by equation (25). Equation (70) was
solved in an iterative manner by computer. The number
of equations was truncated by neglecting coefficients
whose absolute values were less than that of the
largest coefficient by eight orders of magnitude.

The field auxlllary function of interest was

61

(70)
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uy = L s(e") exp{iklro cos(eo-e'")}de'" (71)

where s(8'") is given by equation (45). Because the

field was to be evaluated in the far-field, r, was

0

quite large and the integral in equation (71) could

be approximated without difficulty by using the

method of steepest descents (Born and Wolf, 1975).
Figure 24 shows the results of performing

the calculation of the scattering diagram for a metal

cylinder of radius equal to 20/27m times the wavelength,

A , in the upper medium; in the quarter-space containing

the source of the plane, incident wave. The angle

of incidence was set at 45 degrees from the interface

normal. The center of the cylinder was separated

from the plane interface by a length equal to 24r/2w

The index of refraction of the dielectric half-space

was 1.33 times that of the upper half-space.

Figure 25 is included for comparison purposes and shows

the scattering diagram for a metal cylinder, of the

same radius, in a dielectric full-space (n = 1.33).

Comparison of these two figures demonstrates that the

presence of the dielectric half-space shifted and

attenuated the peaks in the scattering diagram of

the cylinder. The attenuation of the scattered energy

increased as the observation angle approached 90 degrees

from the normal to the plane interface. The dielectric
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Figure 24. Calculated Results for an Embedded
Metal Cylinder (Radius, a = 20A/2m) Located Distance,
24x/2m , Below the Plane Interface Separating the 2
Half-Spaces and a Plane Wave Incident at U45°
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index of refraction of the dielectric full-space is
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half-space had the effect of reducing the structure other-
wise present in the scattering diagram of the cylinder.

Figure 26 is similar to Figure 24 except here the
cylinder/interface separation was increased to 25\/2m
This slight change of A/2m in separation resulted in a
decrease 1n the height of the first scattering peak located
near 17 degrees while the second peak near 45 degrees was
broadened and slightly enhanced. Figure 27 shows the effect
of increasing the separation distance to 50A/2w

The values of the parameters used to produce the
results shown in Figure 28 were the same as those used in
Figure 26 except that the angle of incidence was set at
5 degrees. For comparison, Filgure 29 presents the
calculated relative scattering cross section produced by
the same cylinder but in a homogeneous dielectric.

Filgure 30 graphically presents the calculated
scattering associated with a cylinder of radius, A/2mw
As 1is shown by Figure 31, this small cylinder normally
scattered uniformly in the back hemisphere.

In each case consldered, in which the cylinder
exhlbited a highly structured scattering diagram when
located in a dielectric full-space, the scattering diagram
of this same cylinder in a dielectric half-space produced
a peak near the backscatter direction. While the figures

display scattering cross section values every two degrees,

the scattering diagrams were actually calculated in
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one-quarter degree 1ncrements. This analysis demonstrated,
for the cases considered, that the crest of this particular
peak was usually shifted from the backscatter direction.

The magnitude and sign of the shift depended upon the angle
of incidence and the separation length of the cylinder from
the plane interface.

In order to further explore this effect, the
scattering diagrams shown in Figures 32, 33 and 34 were
calculated. In Figure 32, the incidence angle is 30 degrees
and the peak 1s shifted less than one-quarter of a degree.
In Figures 33 and 34, where the angles of incidence are
60 and 85 degrees respectively, the nearest relative
maximums in the scattering cross sections are toward zero
degrees from the backscattered directions. Still, a
relative maximum does occur near the backscattered direction
although in Figure 34 1its crest is located at 73 degrees.
While this effect requires further study, its character does
not suggest a conclusive application to the opposition
effect based upon this study.

The results of this section have shown that the
presence of a dielectric half-space reduces the structure
normally present in the scattering diagram of a scattering
cylinder. The dielectric half-space also reduces, with

increasing observation angle, the observed value of the

cylinder's scattering cross section.
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Transverse Magnetic Fields--Dielectric Cylinder Case

This section addresses the problem of a plane,
transverse magnetic wave incident upon a dielectric
cylinder embedded in a homogeneous half-space.

As was previously indicated, the derivation up
through equation (45) was independent of the
particular characteristics of the embedded cylinder;
therefore, the derivation here will commence at the
point where the boundary conditions at the surface
of the cylinder are to be applied.

A dielectric cylinder with propagation
constant k3 , radius a , and center located distance h
below the plane interface separating the two half-
spaces, has as boundary conditions: the z-components
of the electric flelds and the 6-components of the
magnetic flelds are continuous across the cylinder
boundary defined by ry=a . Because the fields inside
the cylinder must remain finite at the center of the
cylinder, the field potential for the reglon made up

of the interior of the cylinder is represented by
uy = g £ Jn(k3rl) exp{inel} . (72)

In terms of the field auxiliary functions, the

boundary conditions require, for ry = a ,

kg(ul-+u2-+ut] = k3 uy (73)

2
3
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and

kg ggz (uli-u2-+ut) = kg 5%; uy s (7))
where ut s Uq and u, are given by equations (57),
(58) and (59) respectively. Next, all coordinates
are transformed to the (rl,el) coordinate system,
equatlions (73) and (74) are multiplied through
by exp{—imel}del and integrated over 6, from 0 to
2m . The resulting equations may be further
simplified by using equation (53) in the first and
the identity derived in the Appendix.

2m
" s ny _ s
L) cos(@l-e ) exp{—lkza cos(el-e ) 1mel}del

= om(-1)" 1e~im8" Jplkya) (75)

in the second, in which the general representation

RZ(kr) = sri=s R (k) (76)

where Rrl represents either Jn or Hn , has been
employed.
The two resulting equations may now be

combined to yield

_ t .m . R
Py = - am(kg,k3,a)[% i exp{—lkzh coset - 1met}
+ (—i)m f q(em) exp{Zikzhcose"-ime"}deil 17)
c




where

o (k. ,k.,a) = kol (kga)d (kya) ‘k3Jn'1(k3a)Jm(k2a)’
m' %2 2%3> ngm(k?)a)Hr;l(kga) -k3Jn'1(k3a)Hm(k2a)

(78)
st is given by equation (25) and q(6") by equation (51).
Again, equation (77) represents one of many equations

which must be solved simultaneously in order that the

pm's be numerically determined. Numerical evaluation

of the scattering diagram proceeds identically to that

of the previous section with the replacement of

equation (54) by equation (77) for the expansion

coefficients.

Transverse Electric Fields--Metal and Dielectric Cylinder

Cases
Next, the case of transverse electric fields is
considered for both a metal and a dielectric embedded
cylinder. Since these derivations are so very similar
to those of transverse magnetic fields, only essential
points and results are presented.
The incident plane wave is represented by

Ho = uO exp{1 ky rg cos(eo-ei)} R (79)

where HO is related to the electric field intensity by

w
g = L g0 | (80)

with u , the magnetic permeability, assumed to be

equal to unity for all materials considered.
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The scalar auxiliary function for the incident
wave 1is

0 wEO
v o= == expf{l ky rg cos(eo-ei)} ; (81)

1¢
those for reflected and transmitted waves are,
respectively,

r

w A
v, = =
s <

exp{i k, rj cos(8,-86.)} (82)

and

t
v =

olE

st expli ky vy cos(8,-06)} . (83)

The boundary conditions on the interface defined
by 60 = t m/2 , requlre that the z-components
of the magnetic fields and the radial components
of the electric filelds be continuous across the
interface. Proceeding in the same manner as in
the case of transverse magnetic fields yields

0 k2 cosH -kl coset

r E i
k1 k2 cosei-i-k1 coset
and
s° - iEc_o K 2kel c+olieico 5. ° (85)
2 %o COSEy T X, COSU,
where
er = 7 - ei (86)
and

k
0, = sin-ll}{—;L sinB%J . (87)



The scattered field functions are

represented by
in®

_T 1
Vi ~© g c Tn Hn(k2r1)e >
= W 1" _an "
Vs S L Q(e™) exp{ik2r2 cos(e2 e")}dse ,
and
= W " : _gm 1"
V3 - L}s(e ) exp{lklrocos(eo g )lde

where Prl , Q , and S are to be determined by
application of the boundary conditions. The fleld
function, v, , may be further transformed by

using equation (12) such that

ole

= .(.-_iﬁ ' 3 ! '
vy g P, L - exp{ikzrlcos(el-e ) +in6'}de

Applying the boundary conditions for the plane

interface provides

"o ]
(_i)n eine' klcose k20056

Q= g Pn nk2 kl_cose'"-+k2 coso!
and
1
S = Z Pn <;i)n eine' k cézz%f?fi cos@!
n 1 1 2
where
o' = ~ @
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(88)

(89)

> (90)

(91)

(92)

(93)

(94a)



and

k
g = sin—l[—2 sine']
Ky

In the case of an embedded metal cylinder, the
boundary conditions require, on the cylinder surface

defined by ryTa,

This equation may be solved such that

81

(94b)

(95)

Jm(k2a)r—t.m
Pm——wf 1 exp{-i(kzhcoset+m6t)}
( gyntm klcose'"—kzcose"
- "_ " n
4-%Pn - | R cosa TR cos " exp{2ik,hcos8"~1(n+m)6"}de
(96)
where
. 5 1/2
cos ' = |1 - {Ea sin e"] (97)
1

In the case of an embedded dielectric cylinder,

the boundary conditions over the surface of the cylinder

require that the O0-component of the electric filelds

and the z-component of the magnetic field be continuous

across the boundary. In terms of the field auxiliary

functions, these require that

2 t) _ .2
k2|3'1+v2+v] —k3 VM

(98)



and

J

t’ — 8
h1[1+V2+V] S ar, Voo (99)

where the scalar auxiliary function for the cylinder
interior is
w inﬁl
vy = g s Ty Jn(k3rl)e , (100)
where the Tn's represent unknown expansion
coefficients to be determined from the application

of the boundary conditions. Using equations (98)

and (99) yields

= .m,t
Pm = Bm(k2,k3,a)[% S exp{—ikékxcos ef-imet}

(_i)n+m klcose"'-kgcose" .
s "_ n
+3 P, - f K oos5 ik sosg™|exP{21ik,h cose"-1(n+m)6"}d6
n cl 1 2
(101)

where
RO T sk Sk . T R
m 3Vm K3@/ 8 Ko8) = Xod K8, UKy

and cos 8'"'" is given by equation (97). Once the
expansion coefficients, Pm , are determined for
all m , using either equation (96) or equation

(101), substitution of these into equations (93)

and (90) determines v The scattering diagram

3

may then be determined in a manner identical to

that in the case of transverse magnetic fields.




CHAPTER IV

SCATTERING OF A PLANE ELECTROMAGNETIC WAVE
BY A CIRCULAR CYLINDER NEAR

A HOMOGENEOUS HALF-SPACE

Introduction

In this chapter, the case of a plane wave incident
on an infinite circular cylinder positioned exterior
and parallel to the plane surface of a homogeneous
half-space is examined. As in Chapter III, here four
cases are considered: transverse magnetic fields
(EZ # 0 , HZ = 0) and transverse electric fields
(EZ =0, H # 0) with a metal (infinite conductivity)
cylinder and with a dielectric (zero conductivity) cylinder.

The problem is diagrammed in Figure 35.

Problem Approach

The mathematical procedure employed is similar to
that utilized in Chapter III. The coordinate system
(rl,el) is centered on the cylinder, the system (r2,62)
1s centered in the homogeneocus half-space at the mirror
image of the cylinder, and the origin of the system
(ro,eo) is located on the plane interface separating the
two half-spaces and between the origins of the other

two coordinate systems. A plane wave is incident on

the system composed of the cylinder and the two half-spaces.
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Incident Plane Wave

Figure 35. Dilagram of the Problem of
Scattering of a Plane Electromagnetic Wave by an
Infinite Circular Cylinder Located Exterior to a
Homogeneous Half-Space.
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The source of the plane wave is taken to be located in
the half-space containing the cylinder. The boundary
conditions at the surfaces require the existence of
scattered fields. Mathematically, the scalar functions
representing the various fields in the problem are:
uo(vo) for the incident plane wave, ur(vr) for the
reflected, and ut(vt) for the transmitted waves due only
to the presence of the plane incident wave and the infinite
plane boundary, ul(vl) for scattered waves traveling away
from the cylinder in the medium exterior to the homogeneous
half-space, u2(v2) for scattered waves reflected by the
plane boundary, u3(v3) for scattered waves transmitted
through the plaﬁe interface, and, in the case of a
dielectric cylinder, uu(vu) for waves inside the cylinder.
Keeping with the notation that was used in Chapter III, ug
represents a scalar fleld function corresponding to a
transverse magnetic field and vy corresponds to a transverse
electric field auxiliary function.

The first cases to be considered are those of
transverse magnetic plane waves incident on a metal, then
dielectric, cylinder. Here, as was the case in Chapter III,
due to the symmetry in the problem, the transverse
magnetic and transverse electric cases may be treated
independently. Also, time dependence will again be

suppressed.



Transverse Magnetic Fields--Metal Cylinder Case

For the case of transverse magnetic waves, the
boundary conditilons require that the scalar functions

satisfy the followling equations on the plane defined

by Xy = 0
2, 0 ry _ .2 t
kl(u +u) = k2 u s
2 9 0 ry _ .2 0
kl 55—(u + u ) = k2 75 Yt ,
0 0
2 _ .2
kl(ul + u2) = k5 ug ,
and
2 3 _ .2 2
Ky aeo(ul tuy) =k 36, 3
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(103)

(104)

(105)

(106)

The first two boundary condition equations are identical

to similar equations required in Chapter III; thus,
identical relations between uO s u® , and ut are
obtained. The general expensions for the other field
auxiliary functions are

iné

_ 1
u; = g Py Hylkyrye s
u, = fcq(e“) exp{iklr2 cos(e2 - 6")}de" s
and
ug = L:s(e"') exp{ikgro cos(eO - 6"')}de™

(107)

(108)

(109)



87
Applying the boundary conditions for the plane
interface leads to the following relationships

between the expansion coefficients:

. g _k gy
a(e") = ¥ p i:;lﬁ e—lnen k2cos jcos (110)
non kgcose'"-+klcose"
and
2 2k.,cosg™
s(e) = Zp (=1)" 1)" lex {ik jhcosé' +1in6"} 2
n T 2 p k2cose'"+klcose'
2
(111)
where
' = - g" (112a)
and
. 5 1/2
cosoM = (1 - Elsin.e' . (112b)
2

Then, in terms of the P expansion coefficients, the

scalar functions for the other scattered fields may

be written

(- i) k cos6' - k.cos8"
u, = an j kgcose'"'+klcose" exp{ik rgcos(e -6")—ine"}de"
n

(113)

z ki (-1) 2k? coso '™
U- =) —=p f wiil 7
3 rlkg n m o k2cose"+klcose

exp{iklhcose'+ik r cos(eo-e'")+ine'}d6”' , (114)

2" 0
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with
~1|%
6' = sin o sine ™ (115a)
1
and
. 5 1/2
cosg' = |1 - [_k_z sine"'] . (115b)
1
Next, the equations required by the boundary
conditions for the cylinder surface are used.
The derivation up to this point has been independent
of the particular characteristics of the cylinder.
In the case of a metal cylinder, the expansion
coefficients must be chosen such that the following
equation 1s satisfied on the surface defined by
ry =a
uo + U, +tu, +ul =0 (116)
1 2 :
Now
0 - EY oyp{ik.r cos(s ~6.)) (117)
u g SXPILKIpCOSLY, = by
k
1
and
r r
u = q exp{iklrocos(60-+ei-ﬂ)} s (118)

where qr is given by equation (24) of Chapter III.

Transforming coordinates, these may be written

o

0 _E 5o
u = = L i Jn(klrl) exp{in(el-ei)-iklhcosef-(119)
1

5
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ut o= 5 (-1)" 3, (k;r1) exp{in(6,+8,) + 1k
n

1hcosei} .

(120)
Converting the coordinates in the other functions

to the (rl,el) system, substituting the auxiliary
function expansions into the boundary condition

-imé6

equation, multiplying through by e lde and

1
integrating both sides from 0 to 2w , provides the

solutilon

Jm(kla) ﬁim

pn1=-'§;TKZ§7_ 2 exp{-1k h cos6 -im6,}
1

1

mr . .
+(-1)"q exp{lkghcosei-+1mei}

+ J q(e")(—i)mexp{2iklhcose"-imG"}dS" , (121)
c

where q(6") 1is given by equation (110).

Solving equation (121) for all Pp and substituting
these into equations (107), (113), and (114) completes
the determination of the scalar functions. The total
electric field in the reglon exterior to the homogeneous
half-space and exterior to the cylinder is given by

E = ki(uo +u’ +u, +u

1 2) . (122)

The total electric field within the homogeneous half-

space is

E = kg(ut + u3) . (123)




Numerical Results

The differentlal scattering cross section as a
function of observation angle in the quarter-space
containing the source of the incident plane wave was
calculated for several cases. For these calculations
metal cylinders, each located exterior to a dielectric
half-space, were considered. The index of refraction of
the dielectric half-space, relative to that of the upper
half-space, was set equal to 1.33 in each case. Similar
to what was done in Chapter III, the differential
scattering cross section was divided by 2ma , where a was
the radius of the cylinder, to non-dimensionalize the
results. The complex integrations were approximated in
a manner identical to that which was employed in integrals
of Chapter III, with identical restrictions. In
particular, the quantity, 2klh , was restricted to values
of 60 or greater.

Equation (121) may now be approximated by

In(kqa) [g0 _ )
Py, = - ﬁ;TEIET ;5 1" exp{~ 1klh cosei-lmei}
1

.M T .
+ (-i)"q exp{ik,h cosai-klmei}

k, -k
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where qr is given by equation (24) of Chapter III.

The truncated set of equations was solved in an



iterative manner by computer. Truncation was

accomplished by neglecting coefficients whose absolute
values were less than that of the largest coefficient
by eight orders of magnitude.

The field potentials of interest here were

in®

- 1
up = g P, Hn(klrl)e (125)

and

U, = zpn m k2cose'"+klcose"

T __1- "
(_i)n.[ k,cos® ' -k, cos6
n c

]exp{iklr2cos(62—6")-in6"}de"
(126)

with

k
g1 = sin—l{} Ei sinei] . (127)
2

As the interest here was in the far-field, the integral
in equation (126) could be evaluated by the method

of steepest descents to yield

5 5 1/2
. - 2 (-i)n 5 1/2 [%2—k sin eé] —klcoseo
2 pn nk.r
n 1°0

2

1

1/2

2 .2 2

[%g—klsin eé] +klcoseO

. . . T
exp{iklhcoseo+1klro—1n60—1H& . (128)

In the limi§ of ry assuming large values,
equation (125) became

1/2
_ 2 . . R Ty 4+ X
ul-gpn [ﬁ;ﬁiﬂ exp{—lklhcoseo+1klr0+1n[60+ ) 1g} . (129)
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Using equation (128) and equation (129) in

2
E = kl(u1 + u2) s (130)

the differential scattering cross section could be
calculated directly.

Figure 36 shows the results of performing
the calculation of the scattering diagram for a metal
cylinder of radius equal to 20/2m times the wavelength,
A , in the upper medium; in the quarter-space containing
the source of the plane, incident wave. The angle
of incidence was set at U5 degrees from the interface
normal. The center of the cylinder was separated
from the plane interface by a length equal to 24x/27
In Figure 37 the separation of the center of the
cylinder and the plane interface was increased to
25x/2n . In Figure 38 this separation distance was
increased to 50\/27 . Comparing these 3 figures
shows that increasing the cylinder to interface
separation distance reduces the first scattering cross
sectlion peak located near 10 degrees. All 3 figures
show that, in the region between 30 degrees and
90 degrees, several resonances appeared which would
not have been present in the absence of the dielectric
half-space. Many of these resonances were approximately
15 degrees in width and a few order of magnitude
changes in the calculated scattering cross section

occurred in spans of less than 10 degrees.
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Figure 39 1is similar to Figure 37 except that,
for the case deplcted in Figure 39, the angle of incildence
was changed to 5 degrees from normal. In this case,
the more narrow resonances were shifted to larger
observation angles. Even though virtually all other
features of the calculated scattering diagram changed
going from the conditions of Figure 37 to those of
Figure 39, the backscattered cross section remained
constant. Figure 40 is included for comparison.

The calculated results for a metal cylinder of
radius equal to A/27 and separated from the plane interface
by distance, 25A/27 , are shown 1n Figure 41. The angle
of incidence of the plane wave was set at 45 degrees.
The figure shows, beginning at 30 degrees and proceeding
out to 84 degrees, a series of resonances which became
more intense and more narrow as the observation angle
increased. The angular separation of the resonant peaks
decreased from 12 degrees to 7 degrees with increasing
observation angle. The relative regularity of this
scattering diagram compared to the others presented in
this chapter was due to the smaller diameter of this
cylinder which, in vacuum, exhibits a more uniform
scattering diagram.

The results of this section demonstrate that
dramatic changes may occur in scattering measurements

when a dlelectric half-space is introduced in the
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neighborhood of other scatterers. In particular, an
object near the surface of the earth may present a greatly
modified scattering cross section to a remote detection
system due to the interaction of the object under

survelllance and planar surfaces in the object's vicinity.

Transverse Magnetic Fields--Dielectric Cylinder Case

For the case of a dielectric circular cylinder,
2 boundary conditions are required in addition to those
included in equations (103)-(106). These 2 boundary
conditions are applied at the cylinder surface defined by
r{ = a and may be expressed, in terms of the scalar

auxiliary functions,

21.0 r _ .2

kl[§ tut o+ ouy o+ ué] = k3 uy (131)
and

2 9 0 r _ .2 2
K1 37 ‘1’1 tuotuy +u2:1 = k3 31y TR (132)
where uy, is the scalar function for the cylinder

interior and is given by

ine1
uy, =1t I (k3r)e . (133)

o

Converting all coordinates to the (rl,el) system,
utilizing in equations (131) and (132) the expressions

for the scalar functions, multiplying both equations
-im6

by e 1del and integrating over 6, from O to 2m ,

1

tm may be eliminated and the equation for Py that
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results is

= _ _+y " " o_ " n
Pp am(kl’k3’a)[} i) L}q(e )exp{2iklhcose ime"}de

+(-i)mqrexp{ik1hcosei-Fimef
HIEO
+ (1) =5 exp{-1k,h cos6,_ ~1ime, } s (134)
k
1
where
o (k. K a):=k1Jm(k3a)Jé(kla)-k3Jé(k3a)Jm(kla) ’ (135)
m-1°73 lim(k3a)Hm(kla)-k3Jm(k3a)Hm(k157

q(6") is given by equation (110) and qF by

equation (24) of Chapter III. The solutions of
equation (134), for all m , may be substituted into
equations (107), (113) and (114) to produce the
solutions for the scalar functions Uy 5 U, and u3
respectively. These are inserted into equations
(122) and (123), along with previous solutions for

uO s u” , ut » to express the total electric field

in the 2 half-spaces. Further, these values of Py
may be used directly in the equations of the previous
section to determine the differential scattering

cross section, within the limitations of the

assumptions made in that section.
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Transverse Electric Fields--Metal and Dielectric

Cylinder Cases

The cases of transverse electric fields scattered
by a metal or dielectric cylinder parallel and exterior
to a homogeneous half-space may be treated by the same
mathematical procedure as has been used in the cases of
transverse magnetic fields and these same cylinders.
Consequently, only essential steps and results are
presented in this section.

The incldent plane wave is represented by the
expression given in equation (85) of Chapter III.

The scalar potential functions, vO ) v and vt for plane
waves incldent upon, reflected by and transmitted by the
plane interface are given by equations (81), (82) and (83),
respectively, in Chapter III. The boundary conditions

on the plane interface require the continuity of the
z-components of the magnetic fields and the radial
components of the electric fields across the interface.
Applying the boundary conditions to these fields gives

- EO kgcosei--klcoset

kl k2cosei+k1coset

and

t E0 2klcosei

SY o= = (137)
k k2cosei+klcoset 3

where

. = w- Gi (138a)
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and

-1 kl
0, = sin E; sin@, . (138b)

The scattered field functions are represented by

inel
P Hn(klrl)e s (139)

ole

vy = )
n

for waves diverging from the cylinder, this may be

rewritten using equation (12) of Chapter III

W (-»)" . ,
vy =3 g Pn L-——F—— exp{iklrlcos(el-e') +in6'}der ; (140)

1
ole

L Q(e")exp{iklr2cos(e2 -6")}ae" (141)

for scattered waves reflected by the plane interface

and

vy =8 Ls(em) explikyry cos(6,- 8™ ) o™ (142)

for waves transmitted into the homogeneous half-space.
Applying the plane interface boundary conditions to

these scattered waves results in

n . k,cos6'" -~ k.coso!
Q(S") = z P (—i) e—lne"[Z l i, (143)

" K
n n nkl k2cose -+klcose

where

K
oM = sin‘l[- R—l sine'] (144)




2

where

is

ylelds, after manipulation,

Jm(kla) EO mm
Pm = —W E—;exp{j(T—klh COSGi—mei)}

-FQrexp{i[kzhcosei-+m6i-%g}

boundary conditions on ry

auxlliary functions:

2 _ .2
klErO+vr+vl+v2] = k3 vy

2k.cos@ "
_ (-1)% ine! 1
S(e) =% P, e 5

cose'"-+klcose

Now, 1n the case of a metal cylinder, the

boundary condition on the surface defined by ry

Substituting the previously determined expressions

for these scalar field functions into this equation

+J Q(e")exp{i(2klhcos6"-me"— %;)}de"
c

In the case of a dielectric cylinder, the
= a require that the

following equations be satisfied by the scalar

(145)

(146)

(147)

(148)

(149)
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and
d 0 r _ 3
—sql: + v +V1+V2:| = “‘*“Vu (150)
where k3 is the propagation constant for the
dielectric material of which the dielectric cylinder
1s composed and vy is the scalar function for the
region interior to the cylinder defined

ing

- w 1
vy = Eril T, Jn(k3rl)e (151)

Substituting the scalar function expressions into
the boundary condition equations and eliminating Tm R

results in the equation

EO
Pm = -B(kl,k3’a) Ei‘

exp{i(m%— klh cosf, - mei)}

+ Q¥ exp{i(k2h cosei + mei -m —2“—)}

+ j Q(em) exp{i(Eklhcose"-me"-Ingd}de" s (152)
c

where

k3Jm(k3a)J£(kla)-liﬁ(kBa)Jm(kla)
kBJm(k3a)Hm(kla)-lim(k3a)Hm(k1a)

B(kl,k3,a) = (153)

Conclusions

The results of this chapter and of Chapter III

have provided solutions to the problems of determining
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the scattering effects of systems of cylinders and
homogeneous half-spaces. The calculated results did not
show an enhanced backscatter similar to that of the
opposition effect. The calculated results did show that
the presence of a dielectric half-space near or surrounding
an object alters the differential scattering cross section,
as a functilon of observation angle, of the object. The
results presented in these two chapters may be directly

applied to investigations of embedded cables and cylindrical

objects near large plane surfaces.




CHAPTER V

SCATTERING BY THREE DIELECTRIC CYLINDERS

Introduction

This chapter deals with the theoretical aspects of
scattering of electromagnetic waves by a system of three
parallel, dielectric cylinders, which are not all coplanar.
This problem is of interest because such a system of
scatterers constitutes a simple model for a portion of the
near surface of a material. Several mechanisms have been
proposed to explain the existence of the opposition effect
(Hapke, 1963; Irvine, 1966; Trowbridge, 1978). One
mechanism advanced which results in an enhanced backscatter
is shadowing. Shadowing occurs when scattering elements
near the surface of a material block the escape of radiation
scattered by i1illuminated elements further from the surface,
except at or near the backscatter direction of the
illuminating radiation. If the size of an individual
scatterer is comparable with the wavelength of the
illuminating radiation, a distinct shadow is not formed.

In this case, diffraction effects are important as they
modilfy the scattered flux.

The purpose of this study 1s to determine if the
scattering produced by a system of three cylinders, arranged

such that two of the cylinders partially shield the third

107




from the observation point, exhibits an enhanced

backscatter. Only the cases of cylinders with diameters
comparable with the wavelength of the incident radiation

are considered although the theoretical results may be

applied to other cases without restriction on cylinder size.

The investigation of this problem also serves the
purpose of bridging the gap between the theoretical
investigations of the preceding two chapters and the
experimental investigation discussed in Chapter II.

The application here is to the opposition effect while the
theoretical treatment is based on the method developed for
the cylinder/homogeneous half-space problems.

Previous investigations (Row, 1955; Olaofe, 1970)
of the diffraction of electromagnetic waves by systems of
cylinders, not restricted to widely separated cylinders,
treated plane and cylindrical wave illumination of two
cylinders. The analysis presented in this chapter is

restricted to the case of the scattering of a plane,

plane-polarized electromagnetic wave incident upon a system

of three identical, parallel cylinders. Two of the
cylinders are centered on the plane orthogonal to the
direction of the incident wave. The plane of polarization

of the incident wave is parallel to the cylinders.
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Problem Approach

The cylinders are arranged as shown in Figure 42.
The center of the third cylinder is located along a line
bisecting and perpendicular to the line joining the first
and second cylinders. The direction of the incident plane
wave 1s also along this line. All three dielectric
cylinders are taken to be of the same size and possess
identical indices of refraction.

Four coordinate systems are utilized, one centered
on each of the three cylinders and one with its origin
located midway between the two paired cylinders. This last
coordinate system is the one in which the final results are
determined. The x-axes of all of the coordinate systems
are parallel and oriented toward the direction from which
the plane wave originates. Addressing only the case of a
transverse magnetic wave, the field functlons in the region
exterior to the three cylinders may be written in the
Fourier-Bessel expansions

iné

u; =} P, Hy(kir e Lo (154)
n
ine2
u, =} q, H (k;ry)e , (155)
n
and
ine3
uy = y S, Hn(klr3)e , (156)

n
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Figure 42. Diagram of the Problem of
Scattering of a Plane Electromagnetic Wave by a
System of Three Dielectric Cylinders.
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where the subscripted coordinates refer to the three
coordinate systems centered on each of the cylinders and
kl is the propagation constant of the medium surrounding
the cylinders.

The scalar auxlliary function for the incident

wave, in the fourth coordinate system, is represented by

o _ g°
u” o= = exp{~iklrocoseo} (157a)
k
1
EO .n
= ] Y i J,(kqry) expl{in(ey-m)} . (157Db)
1n

The scalar auxlliary functions for the regions within

the cylinders are represented by the general form

uy = g tgj) Ia(kory) exp{ik,6,} , (158)
where

J = 4,5,6 (159)
and

L =1, 2, 3 , (160)

depending upon which cylinder is being considered.
The propagation constant, k2 , for the dielectric
material composing the three cylinders is assumed to
have the same value for each of the cylinders. The
cylinders are assumed to possess the same radius, a ,

and thus the same size parameter, k.a

1




112
Boundary conditions are applied over the
surface of each cylinder. These boundary conditions
require the z-components of the electric fields
and the 6-components of the magnetic fields to be
continuous across each cylinder surface. In terms
of the scalar auxillary functions, the boundary

conditions require

ki(uo-+ul-+u2-+u3) = kg uj (161)
and

2 9 _ .2 3

kl E"; (uo+u1+u2+u3) = k2 _I’-; uj (162)
for

r,=a , (163)
where

J =14, 5,6 (164)
and

£ =1, 2,3 . (165)

In order to solve the resultant equations for
the expansion coefficients, all scalar auxiliary functions
must be first re-written in the coordinate system for
which equation (163) 1s satisfied. The Bessel and
Hankel functions may be transformed by expanding each
in a plane wave expansion, performing appropriate
coordinate transformations, and forming sums over

products of Bessel and Hankel functions. Equivalently,




113
translation theorems for Bessel and Hankel functions
may be used (Stratton, 1941; Ivanov, 1970). Each
equation is then multiplied by exp{—imej}dej and
integrated over ej from 0 to 27 . The equations are
combined in pairs to eliminate the expansion
coefficients of the auxiliary functions for the
cylinder interior regions. The resulting equations

for the expansion coefficlents are

P, = —am(kl,kz,a) exp{-im g}-kg qnlﬂj_m(2klb) exp{i(n-m) %
+ Is H _n(ky%)exp{i(n-m)tan” Lk ){] (166)
n

- i(n-m) T
q, = —am(kl,kz,a) exp{-im —J-+X pnI%1n$2klb)exp{-1(n m)2

+1s Hn_m<klz)exp{-i(n-m)tan‘l(g)}:l (167)
n
and
Sy = —am(kl,kg,a) exp{i(klc—m%)
1.0
+-an1 n-m (k1 2)exp{i(n—m)(w-+tan (E))}
n

+ z(len m(kll)exp{i(n—m)(n-tan-l(%))}] . (168)

where

k. J (k,a)J (k,a) =k, J (k,a)J _k-.a)
a (ky,k,,a) = 1 m ™" "m "1 21? 277 m™ 1 ; (169)
lim(k2a)Hm(kla)-k2Jm(k2a)Hm(k1a)

I




b is one-half the distance separating the two
paired cylinders; ¢ is the perpendicular distance
of the third cylinder from the plane defined by
the centers of the two pailred cylinders; and

1/2
2= (b° + ¢9)

(170)

These equations provide the relationships
which the expansion coefficients must satisfy.
The solutions to equations (166), (167) and (168)
may be substituted into equations (154), (155)
and (156) to provide the scalar auxiliary functions
for the scattered fields. The associated,
transverse magnetic, electric fields are given

by

uy s, J=1,2,3 . (171)

Numerical Results

In this section, the results of calculating the
differential scattering cross sections of a few
representative three cylinder systems are presented.

Before the differential scattering cross section could be
calculated, the expansion coefficients which were solutions
to equations (166), (167) and (168) were determined.

To accomplish this, a computer routine was developed

which first estimated the value of the coefficients

and then determined the truncation point at which only
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coefficients of absolute value elght orders of magnitude
less than the largest coefficient, or less, would be
truncated. The computer program then determined the value
of each retained coefficient by an iterative scheme.

Using the calculated expansion coefficients, the
scalar auxiliary functions, electric fields and the
differential scattering cross sections as functions of
observation angle were determined. In order to
non-dimensionalize the results, the resultant scattering
cross sections were divided by 2ma , where a was the radius
of a single cylinder. 1In each case considered, the index
of refraction of the material making up the cylinders,
relative to that of the surrounding medium, was set at the
value 1.5

The 1ncluded figures show the calculated scattering
diagrams of several three-cylinder systems for wvarious
cylinder size parameters and separation lengths. In each
figure, the backscatter direction corresponded to 0°
Cylinder sizes and separation lengths were multiplied by
the propagation constant, kl » 0f the medium surrounding
the cylinders in order to non-dimensionalize the parameter
values.

For cylinders of size parameter, kla » equal to 7.0 ,
Figures 43, 44 and 45 demonstrate the effect of increasing

the separation distance of the third cylinder from the

forward two cylinders. 1In these figures the two paired




«
=

[qV]

~

5

o 2.0 4
+

O

()

79}

42}

42}

O

£,

o

&0

o

o~

& 1.0 4
Q

P

iR

o

O

n

0.0 et

' s .
0 15 30 45
Observation Angle (Degrees)

Figure 43. Calculated Results for a Three

Cylinder System with kja=7.0, 2k1b=20.0, and
kijec = 15.0.



Scattering Cross Section/2mwa

2.

0 -
0 J
0 4
O r - ..'. .« "
0 15 30 45
Observation Angle (Degrees)
Figure 44. Calculated Results for a Three

Cylinder System with kja=7.0, 2k1b=20.0, and

kic

20.0.

117



3.0 -
]
=
[qV]
~
5
S 2.0 -
P
O
V]
0
%]
]
O
&4
O
&0
<
o
5 1.0 -
P
o]
®
Q
0
0.0 L. -t . .
0 15 30 45

Observation Angle (Degrees)

Figure 45. Calculated Results for a Three

Cylinder System with kja=7.0, 2k1b=20.0, and
le = 30.0.

118



119
cylinders were held fixed. In each case, a pronounced
backscattered peak was obtained. The width of this peak at
one-half height did not change going from the conditions of
Figure 44 to those of Figure U45. The magnitude of the
backscattered peak first decreased, then increased, with
increasing separation length. The magnitudes and angular
locations of the other peaks in the displayed portions of
the scattering diagrams did show a strong dependence on
separation length. Comparison of Figure 46, which shows
the scattering diagram of a single cylinder (kla==7.0),
with Figures 43 and 45 demonstrates a tendency of systems
of 3 cylinders to exhibit peaks in their scattering diagrams
in the angular vicinity of peaks in the scattering dilagram
of a single cylinder when the diagonal separation of the
cylinder centers is near an integer number of wavelengths.
The fact that the widths of the backscattered peaks were not
greatly dependent upon the separation lengths of the back
cylinders from the sets of two forward cylinders indicated
that the shadowing theory may not be extended to cases of
scattering elements comparable to the wavelength of the
incident radiation. However, even in cases in which
diffraction effects predominate, a backscattered peak can
occur and its existence does not critically depend on the

exact separation distance of the front two cylinders from

the third.
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Next, the influence of changing the separation
distance between the two forward cylinders, while holding
the third fixed, was investigated. Comparison of Figure .47
with Figure 48 demonstrated that increasing this separation
distance twofold resulted in a decrease in both the
magnitude and width of the backscattered peak while the
angular locations and magnitudes of the secondary peaks
were severely altered. Figure 49 shows that increasing the
separation further changed the entire scattering diagram,
greatly attenuating all features including the backscattered
peak which was also broadened. These figures have shown
that, with the back cylinder fixed in position, the
magnitude of the backscattered peak decreases with
increasing separation of the two forward cylinders.
Secondary peak characteristics exhibited a more critical
dependency upon this separation.

Figures 50, 51 and 52 show the influence of
increasing cylinder diameter while holding separation
lengths constant. Figures 53 and 54 provide the scattering
diagrams of the individual cylinders making up the systems
in Figures 50 and 52 respectively. The only common feature
of the scattering diagrams of these three systems of
cylinders was the exlistence of a backscattered peak. All
other features were greatly dependent upon the size

parameter of the individual cylinders, including the widths
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of the backscattered peaks which decreased with increasing

cylinder diameters.

Conclusions

Using systems of three non-coplanar dielectric
cylinders as models for material surface elements, the
results of this study have indicated that backscattered
peaks comparable with those of the opposition effect could
result when these systems of cylinders are illuminated by
plane, electromagnetic waves. The magnitudes of these
peaks in the calculated scattering cross sections were
greatly influenced by the relative locations of the
cylinders within a given system and, along with the full
angular widths of the peaks, by the size parameters of the
cylinders. The magnitudes and angular positions of other
peaks 1In the scattering diagrams were found to be dependent
upon both cylinder size and cylinder placement within a
system.

In relation to the opposition effect, the primary
result of this study was that, in the case of scattering
cylinder diameters comparable with the wavelength of the
incident radiation, pronounced backscattered peaks in the
calculated scattering dlagrams were shown to exist. The
existence of these peaks required neither particular sized
cylinders nor particular separation distances between

cylinders within a system. Other peaks exist in particular
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examples at other than zero degrees phase angle. These
are sometimes of the size of the backscattered peak, but
often are much smaller. From example to example these peaks
occur in different observational directions.

While the directional distribution of scattered
radiation from collections of such systems of cylinders
should be calculated utilizing such collections, and the
number of examples calculated here are limited, it certainly
appears from the above that a surface model composed of a
large collection of such systems, varying in size and
separation parameters, would produce a peak similar to that
of the opposition effect, even if the illumination were not
monochromatic, the peaks at other angles averaging out over
the collection. Thus, diffraction effects by groups of
scatterers comparable with the wavelength of light must be
added to the list of mechanisms which could contribute to

the production of the opposition effect.
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APPENDIX
DERIVATION OF EQUATION (75)

The integral

2m

" ny _
J cos(el-e )exp{-ikzacos(el-e ) imel}del
0

may be evaluated using the identities
exp{-ik,a cos(8, - 8"} =] (-1)"J (k,a) exp{in(8, - 8™} (A-1)
n

and

cos(el-e") = %[%xp{i(el-e")}-+exp{i(e"-el){] . (A=2)

Substituting these into the integral results in

2m

- " -1 - any
j cos(el 8") exp{ 1k2acos(el eM) imel}de1
0

_ 1 .\ n -ing"| ~ig" ig"
= é—er (=1) Jn(kga)e [:e 21T<Sn_m,_l+e 2"6n-m,+l]

= [(-i)m‘l Tieq (6p2)e M0 Ly g (1 a)e IO ']
= in(-i)nle'ime"[§m_l(k2a)-Jm+l(k2ai}

- 2n(—i)mie—ime"Jn’l(k2a) . (A-3)
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