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ABSTRACT 

Statistical modeling of atmospheric turbulence is 

discussed. The statistical properties of atmospheric 

turbulence, in particular the probability distribution, the 

spectra, and the coherence are reviewed. Different atmos 

andpheric turbulence simulation models are investigated 

appropriate statistical analyses are carried out to verify 

their validity. 

The models for simulation are incorporated into a 

Statisticalcomputer model of aircraft flight dynamics, 

results of computer simulated landings for an aircraft 

having characteristics of a DC-8 are reported for the 

different turbulence simulation techniques. 

The significance of various degrees of sophisti 

cation in the turbulence simulation techniques on the 

landing performance of the aircraft is discussed. 
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NOMENCLATURE 
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a,b,c,d 

E TKE density function 
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U. i-component velocity 
1 

u. i-component fluctuation 
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CHAPTER I 

INTRODUCTION 

The effects of atmospheric turbulence on many of 

becomethe modern sophisticated technological systems have 

an important design parameter from both structural and per 

formance aspects. Techniques for simulating atmospheric 

turbulence have therefore been developed in an attempt to 

isprovide reliable design criteria. Turbulence simulation 

achieved by the generation of an analog or digital signal 

thewhich has equivalent statistical characteristics to 

andtrue atmospheric turbulence. The degree of complexity 

mathematical involvement of the models has increased with 

each successive generation, from a simple, one-component 

wind speed having a Gaussian distribution and a Dryden 

non-turbulence spectra to multi-component models having 

Gaussian probability distribution, more complex spectra, 

asand simulation of other statistical properties, such 

coherence, The simulated turbulence can then be used to 

etc • /predict the behavior of airplanes, bridges, buildings, 

under the influence of a turbulent atmosphere. The purpose 

turbuof this study is to investigate the effects of three 

of alence models of various complexity on the performance 

simulated aircraft landing under an automatic controlled 

system. The work compares the aircraft landing under a 

1 
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a non-simple "Z-transform" simulation technique [1],^ 

Gaussian simulation technique [2], and a simulation which 

incorporates vertical coherence 13]. 

The basic simulation procedure is shown in 

Figure 1-1. Random signals are computer generated and 

passed through shaping filters to provide the output which 

ofis the simulated time history of turbulence. The degree 

complexity of the system is internal to the filter system. 

theThrough the appropriate design of the filter, however, 

turbulence signal output is designed to have certain 

thatstatistical properties which are the same as those 

have been measured and verified for atmospheric turbulence. 

Random 
Shaping

Number Output
Filter 

Generator 

Figure 1-1. Turbulence simulation system. 

This report first reviews the statistical 

properties of atmospheric turbulence, in particular the 

probability distribution, the spectra, and the coherence 

The three different simulation techniquesin Chapter II. 

III,investigated in the study are then described in Chapter 

^Nxambers in brackets refer to similarly numbered 
references in the Bibliography. 
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and appropriate statistical analyses are carried out to 

verify validity of the models in Chapter IV. Finally, in 

Chapter V, the models are incorporated into a computer 

model of aircraft flight dynamics; and statistical landing 

results for simulated flights of an aircraft having charac 

teristics of a DC-8 are made for the different turbulence 

simulation techniques. The significance of the various 

degrees of sophistication introduced into the simulation 

technique on the landing performance of the aircraft is 

discussed. 



CHAPTER II 

ATMOSPHERIC TURBULENCE AND MODELS 

This chapter presents the basic expressions 

involved in mathematically describing atmospheric turbu 

aslence. In particular, the statistical properties such 

thethe probability density distribution of wind speeds, 

turbulence energy spectrum functions, and the spatial 

coherence are discussed. 

A. Atmospheric Turbulence Spectra 

In developing the atmospheric turbulence statistics, 

the wind velocity is written as 

U. U. + u. (2-1) 
1 1 i ' 

where U^ is the instantaneous velocity, U^ is the average 
Thevelocity, and u represents the fluctuating component, 

subscript i denotes the i^
t h 

direction of the wind velocity. 

The intensity of the fluctuations in wind speed is 

expressed by the root-mean-square value 

T 1/2 
(2-2)4 = <“!> 

The mean turbulence kinetic energy, TKE, is pro-

I
2 

and includes contributionsportional to the value of u 

from all frequencies of eddies making up the turbulent 

4 
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motion. If the time history of the velocity fluctuations 

is processed through a filter which passes only a small 

selected band of frequencies, Aw, the mean square value of 

the wind fluctuation in that frequency range will be pro 

orportional to the turbulence kinetic energy of gusts 

valueperturbation in the wind having that frequency. The 

theof the turbulence kinetic energy density function at 

midpoint of the band is then given by 

E. . (w) = u. (2-3)Uj / Aw13 . 

The ftinction ^ (w) forms the spectrvim tensor
13 

having nine components. The function E^^(w) defined by 
Equation (2-3) for i = j is called the one-dimensional 

It follows thatenergy spectrum function. 

00 

“7 
(2-4)uf = / E^^(w) dw . 

0 

asFrequently the energy spectral density is normalized 

(2-5)(i>i(a3) = E^i(w) / , 

and thus. 

^ .'Si' 

= a? / , (2-6)/ 4>i(w) dw = u? / = 
0 

2 
where o. is called the variance. 

1 
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For i ^ j, the function (w) is related to the 

cross-correlations and is called the cross-spectrum. 

The energy spectrum tensor can be considerably 

simplified if the atmospheric turbulence is homogeneous and 

isotropic, for which there is no mean rate of transfer of 

momentum across shearing surfaces, or more specifically, 

the Reynolds or eddy shearing stresses, -puTuT , vanish. 

For this case, a three-dimensional energy spectrum function 

E(K) is defined as 

(2-7)E(K) = 2uK^ [E^^(K) + E22(K) + E33 (K) ] , 

where K is the wave number defined as K = 00/V, and V is the 

reference velocity; therefore, E..(K) VE, . (w) . 
1: ij 

Figure 2-1 shows the typical form of the three-

dimensional energy spectrum. 

E(K,t) 

wavenumber 

7 K 
large eddies et universal equilibriiam range 

const. 
V 

Figure 2-1. Typical three-dimensional energy 
spectrum function [4]. 
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Physical argument coupled with dimensional analysis 

has provided basic insight into the behavior of E(K). The 

mathematical form of E(K) adopted by von Karman [5] is 

( K / 
E(K) c (2-8) 

[ 1 + ( K / Kq ) ^ ] 

where c = (55/9)(A/p)a^, = 1/(1.339A), and A is the 

integral length scale defined by the correlation function R 

as 

00 

A = / R(t)dt . (2-9) 
o 

4 
andThis von Karman spectrum function exhibits a K 

K -5/3 
behavior at low and high frequencies, respectively, 

which represents the limiting conditions of the spectrum 

for these wave niomber ranges. Also, the one-dimensional 

spectrum function, tj), becomes 

2 1 

TT4)3_(k) = 
[ 1 + ( 1.339 A^K T ] 

2 ^2 1 + 8/3 ( 1.339 A2K ^ 
(2-10)^2(K) = -I rr/e 

11 + (1.339 A2K )^ ] 
A 1 + 8/3 (1.339 A3K ^ 

♦3™ = “3 TT 
[ 1 + ( 1.339 A3K r ] 
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where the subscripts 1, 2, and 3 represent longitudinal, 

lateral, and vertical fluctuations, respectively. 

Also, Dryden [5] points out that for laboratory-

type flow the shape of the velocity correlation curve can 

be approximated by an exponential function, In this case 

the one-dimensional Dryden spectra become 

, 2 2At
())j^(K) = 1 1 

IT 2„2
1 + 

2„2 
2 ^2 1+3 

(2-11)<))2(K) = a 
^ ^ ( 1 + a2k2 

2 ^3 1+3 A^K^ 
= a4)3 (K) 3 TT 2 2^

( 1 + A‘K^ ) 

Simulation of atmospheric turbulence usually 

employs the Dryden spectrxim which exhibits a K~^ fall-off 

at high frequencies, and is therefore easier to handle 

mathematically, as described later. However, as Figure 2-2 

shows, the von Karman spectrxim gives a better description 

of the measured data than the Dryden spectrum. 

In a recent paper describing the spectral 

properties of atmospheric turbulence over a flat homo 

geneous field site, Kaimal [6] shows that with proper 

nondimensionalization, spectra in the stable atmospheric 
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10^ 

0 
10 

10~^ 

f'1) (f)/a2 
10-^ 

10-^ 

10 lo"^ 10-2 10-1 10 
0 10^ 10^ 10^ 

0.55 K/K 
m 

Figure 2-2. Longitudinal velocity spectra compared with 
the von Karman and Dryden spectra (wave-
number normalized by the peak scale of 
the vertical spectra) [8]. 
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surface layer can be reduced to a universal curve having 

the empirical formula 

0.164 ( n/n^ )4- = (2-12)
57T '7 1 + 0.164 ( n/n^ ) 

where f is the cyclic frequency, n = fz/V is the reduced 

frequency, z is height, and is a scaling parameter 

related to the atmospheric stability condition. Figure 

to Moninshows ri^ plotted both against the ratio of height 

Obukhov length scale, z/L, and against the gradient 

Richardson number, Ri. For neutral conditions, the values 

of tIq recommended by Frost, et al. [7] are 

r\ 0.0144 

0.0265 (2-13)n
0 
2 

n = 0.0962 . 

O3 

Figure 2-4 shows experimental data for atmospheric 

turbulence compared with Equation (2-12). 

B. Filter Theory for Simulation Applications 

The principal use of power spectral density 

functions is to establish the frequency composition of the 

data which, in turn, bears an important relationship to the 

basic characteristics of a physical system exposed to inter 

action with the turbulence. For example, consider a system 

2-3 
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1.2 

1.0 

n 
03 

0.8 

0.6 

0.4 

0.2 

0 1 2 

z/L 

3 0.05 0.1 0.15 

Rx 

0.2 

Figure 2-3. The scale parameter 1103 of vertical 
as a function of z/L and of Ri [6]. 

component 
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Figure 2-4. Measured 
Equation 

turbulent data 
(2-12) [6]. 

compared with 
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exposed to interaction with the turbulence. For example, 

consider a system as shown in Figure 1-1, page 2, with a 

frequency response function H(co). Assume that a stationary 

random signal with a power spectral density function (f) (w) 

is applied as an input to this system. The output from the 

system will be a stationary random signal with a power 

spectral density function 4)^(0)) given by 

2 ^ ^ 
(}) (w) = H(a)) (2-14) 
y 

One can obviously design a filter function to 

obtain the form of the output spectrum 4>y(w) desired for 

any given' known input <p 
X 

(co) . For example, if the desired 

theoutput is the longitudinal or lateral component of 

Dryden spectrum given by Equation (2-11) , then Equation 

(2-14) becomes 

a22A, 
(J>^(w) Hj_(a)) 1^ = Vtt 

1 

1 + ( A^co/V 
(2-15) 

a?A
2“2 

1 + 3 ( 

<}>x(w) H2(w) 1^ = Vtt 

I 1 + ( A2a)/V t ] 

Introducing the input as wide band white noise for 

to unity,which the spectrum 4) (to) is a constant, adjustable 

gives 
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^=1 
H^{u) = “2 2 

^1 + w 

(2-16) 

C2 ( + 0)^ ) 
H2(<^) = —2~ ' 

2 r 
{ a2 ) 

where 

V 

^1 = IT ' ^1 = ^1 

^2 V
b = , -^2 = IT 

/3 A2 • 

One solution for H(co) is 

H^Cw) = + ju) 

(2-17) 

/c^ ( b + jw ) 
H2(w) = ; j 

[ 32 + jw ] 

The complex polar notation gives the frequency response 

function in terms of a gain factor |h((jj) and a phase 

factor 0(a)) as 

-j0(w)
H(a)) |H(a)) |e (2-18) 
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Thus, 

H^(co) 17^
[ + co^ ] 

6^(oa) = tan ( w/a^ ) 

and (2-19) 

-iL/2 

C2 ( b +03 ) 
H2(co) 

( 
2 2

a2 +03^ 
^ 

) 

-1 “( 2a2b - ( a2 -03^ ) ) 03 
62(03) = tan 2 2 2 ' 

2a203‘^ - ( a2 - 03 ) b 

These gain factors and phase factors are plotted in 

Because of the irrational form of the KaimalFigure 2-5. 

are used.and von Karman spectra, approximate forms of H(oj) 

Equation (2-20) is a modified Kaimal spectrum with a Dryden 

form; 

f(f>(f) ( n/n^ ) 
1.9 (2-20) 

a2 (3.8)^ + ( ti/Oq )^ 

Figure 2-6 shows a comparison of this approximate form with 

the original spectrum. 
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10.0 cr r~i III I IT T I I I I 
HI □ : 

H2 A : 

3 
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0 

1.0 
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fi 
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I I I I I I IIi I I I I II10.0 
0.1 1.0 

frequency co/a 

180 T T—I I r ri~rT I I I I I 'lT 
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140 H^(cj) □ 
05 

120 8^(0)) A0 
+j 
o 100 

Figure 2-5, The gain and phase factor for H2_{a)) and 
H2(w) of the Dryden spectrum; A = 700 m 
and V = 150 m/s. 
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1.0 

0.5 

0.2 

0.1 

0.05 

0.02 

0.1 1.0 10.0 100.0 

n/n^ 
Figure 2-6, The Kaimal spectrum, Equation (2-12), 

compared with the approximation form, 
Equation (2-20). 

From Kaimal [6] a definition of A is given as 

0.041 (z/Hq), which gives 

fA 
(2-21)

0.041 V * 

Substituting Equation (2-21) into Equation (2-20) and 

replacing f with a)/2TT gives 

(2-22)(()(u)) = -2 2 ' 
a + to 

where 

0.156 a^TTV 0.312 TTV 
c a = 

J f J 
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Recalling Equation (2-16), it follows that the frequency 

response function H(a)) for the approximate Kairaal spectrum 

can be solved in the same manner as that used to obtain 

Equation (2-17). 

The approximate von Karman spectr\im, as shown in 

I9j is 

1.942 
V
4 [ 1 + ( 3.496 

V
4 f )^ ] 

(l)(f) (2-23) 
A 2^

[ 1 + ( 3.496 ^ f T ]
V 

which can also be written as 

<|> (w) ^ c ( b^ +0)^ ) (2-24) 

[ a^ +ca^ ] 

The filter function H(a)) in this case is therefore similar 

to the lateral component of Equation (2-17). Figure 2-7 

compares the approximate expression with the actual 

von Karman longitudinal spectrum given by Equation (2-10). 

C, Multi-Filter System for Non-Gaussian Turbulence 

and Turbulence with Interlevel Coherence 

Additional turbulence characteristics can be taken 

A filterinto account with more complex filter systems. 

and asystem which gives a non-Gaussian turbulence output 

turbulence output with interlevel coherence, respectively, 

is described in this section. Both simulations use the 
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2 
10 

10^ 

0 
10 

lo'^ 

10-^ 

10-^ 
10~^ 10 10 

f 

10 
2 

10 

Figure 2-7, The von Karman spectrum compared with 
the approximate form. Equation (2-23); 
V = 180 m/s, A = 195 m. 
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same Dryden spectrum. The frequency response function for 

each filter can no longer be derived from the simple 

relation given in Equation (2-14) . 

The non-Gaussian output filter, Figure 2-8, com-

bines three filter functions, H 
a' and H^, for each of 

the three wind speed components being simulated. This 

nonlinear system allows the probability density function to 

be adjusted through the parameter r. Figures 2-9 and 2-10 

show the comparison of measured atmospheric turbulence with 

a Gaussian distribution curve, and the comparison of the 

same turbulence with the probability density function simu 

lated by selecting different values of r, respectively. 

N H 
a a 

* r 

H Rti 
b + 

g(t) 

c(t) 1
N 
c 

/T+F 

Figure 2-8. The non-Gaussian multi-filter system. 

To determine the frequency response functions, 

H , H, , and H , the correlation function is first derived 
a' b' c' 

from the Fourier transform of the spectrum to be simulated: 
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Figure 2-9. Comparison of the Gaussian distribution 
with measured gust velocity distribution 
rio]. 

P{x) 

Figure 2-10. The probability distribution, 
function for different values of r. 
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00 

R(t) = / (})(K) exp (iVKt) dK . (2-25) 
— 00 

Considering the Dryden spectra, Equation (2-11), 

the correlation becomes 

= aR3^(t) ^ exp [ - V/A 111 ] 
(2-26) 

V t 

02 I 1 ] exp [ - V/A t ] .R2(t) = - 2A 

The correlation function of the simulated turbu 

lence time history can also be determined from (see 

Figure 2r-8) 

R (t) = E I g(t) g(t + t) ] , (2-27) 
gg 

where 

r 1 
g (t) = a (t) b (t) + c (t) (2-28)

172 p72 •[ 1 + r^ ] [ 1 + r‘ ] 

Since a(t), b(t), and c(t) are independent, random 

can beprocesses with zero mean, the correlation function 

written as 

2 
r 1 

+ R (2-29)Rgg--(t) i^,^(t) cc T~ ' 
I 1 + r^ ] [1+r ] 

and each function can be related to a spectrxim function 

through Equation (2-30): 
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00 

R (t) = f <p^^(K) exp (iVKt) dK , (2-30)aa 0.0. 
— 00 

where cj) (K) can be replaced by the filter function H(iVK),aa 

i .e • / 

= 4'_(K) . (2-31)H^(iVK) aa 

Similar results apply to R^^ and Reeves, et al. [2] 
assume the general form of the response function to be 

H (s) 
a 

= 
1 

N 
1 

+ Dj^S 

Hb(s) = 
TTTd^T? 

(2-32) 

H^(s) = 
N. + N.s
4 5 

— 

(1 + D3S r 
, 

where s is the Laplace transform variable s = jo). 

Substituting Equation (2-32) into Equation (2-31) 

theand transforming as shown by Equation (2-30) yields 

following correlation functions: 
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2 
N 
1 

r _R..(t) 
aa D= 2^ i 1 

2 2
N N 

= < { t [ (^) -
2D2 “3 

2 
N 

- ) ] } exp [- -1^ ] (2-33)
N2 ^2 

N-5 ^ 1 2
R ^(t) = ( ) { t [ (J-
cc N ) - (^) ]2D3 5 3 

2 
N 

Itl 
+ D3 (jp ) ] } exp [- ] .

D 
2 

These particular expressions for the response functions 

have been chosen because they will give the correct Dryden 

spectrvim. Also, to eliminate the r appearing in Equation 

(2-29), the following choices are made for the constants in 

Equation (2-32): 

1/2A 2A 2A
N 4a 1.0
1 1 V , N2 = ' ^3 = V f N4 = 01 ( V 

3 V2
2A 2A 2A A 

^5 = "1 , D, = V ' °2 = V , D3 " V • 

The resulting correlation functions of the model become 

aaR.^(t) Rj^^(t) = R^^(t) = Rgg(t) 
2 r V 

t| (2-34)= exp [-J- ] . 

V 
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This is the desired form of the longitudinal gust corre 

lation function for a Dryden spectrum. Similarly, the 

lateral and vertical components can be simulated correctly 

by proper choice of constants. These constants are listed 

in Table 2-1, 

Atmospheric turbulence near the ground has been 

shown to have strong coherence between vertically separated 

layers of air. Many researchers [11, 12, 13] have found 

that the coherence near the ground (z < 150 m) behaves as 

KAz ] . (2-35)Yq (K, Az) = exp I-a 

Therefore, this statistical property should be included in 

a valid turbulence simulation. 

Perlmutter, Frost, and Fichtl [3] developed a 

multi-filter system to provide turbulence simulation 

including coherence function. They defined the two-point 

spectral function (p {K,z^,Z2) at different height z^,Z2 

to be 

o P * 
, (2-36)(|)(K,Z^,Z2) =A^H(K,Z3^)H*(K,Z2) I D^(K,Z3^)D^(K,Z2) 

IIF=-P 

where H(K,z) is the frequency response function, and D(K,z) 

is a level frequency factor, as shown in Figure 2-11. 
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Table 2-1. Transfer Functions 
Non-Gaussian Model 

for the 

H 
a 

H 
b 

H 
c 

Longitudinal 

A 

A 
1+2(t7)s

V 

1 

A
1+2 0S

V 

1/2
2A 

I
1+Qs

V 

Lateral 
^2(128) 

A
1+2 Ws 

V 

V s 

(1+2^)^
V 

1/2
A A

02(7) (l+/3^)V 

Vertical 
^3(128) 

A
1+2 (77) S

V 

V s 

(1+2^)"V 

A 1/2 
A

(1+^3^)
V 
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P 
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y(t) H 

Figure 2-11. The interlevel coherence model. 

The coherence function y[K,z^,z^) is defined as 

({) (K,z^,Z2) cj)*(K,Zj^,Z2) 
(2-37)

Y(K,z^,Z2) = ^r,z^,z^)<^(K,z^,Z2)' • 

The level frequency factor is therefore assumed to have the 

form 

(2-38)D^(K,z)m = c^ exp [ j k z d^ Jm , 

where 

rair 
d 
m (KAz). 

max 

Therefore, Equation (2-36) becomes 

p 

(j)(K,z^,Z2) =A^(K,z^)H*(K,Z2) * 
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Substituting this into Equation (2-37) yields 

P p 

Y(K,Az) = 

I I 
in=-P ™ 

e:5)(jKAzd ) ] 
^ 

P 9 
t I C^] 

I 
Z=-P 
P

[ 

^ 
9 

esq) (-j KA zd 
^ 

) ] 
(2-39) 

nF=-P 

Notice that c and d are equal for and D_^; therefore, 
m m m -m' 

Equation (2-39) can be rewritten as 

2 P o 2 
I + 2 y cos ( K A z d^ ) ] 

o ^^1 m m 
Y(K,Az) = (2-40) 

The error between this equation and the true wind 

coherence exponential function given by Equation (2-35) is 

1 

E (2-41) 
rr = / [ y(K,Az) - Yq(K,Az ) ] dC ,

0 

where 

KAz 
5 = (KAzl 

max 

Values of c^. which cause E to be a minimum are found by 
m rr 

0. The result is:setting dE^^/dcm 
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- exp (-=0 = I 1 2^0 
(2-42) 

2 
c 
m 

25^ I 1 - (-D^'exp (-^) 
[ 1 + { 2m7TCQ ] 

] 
/ 

where 

1 

a(kAz) 
max 

in 

Values of 

Figure 2-12, 

the c 
m 

I 
s for the set = 0.1 are shown 

c 
m 

0.4 

0.3 

0.2 

0.1 

0.0 

0 1 2 3 
m 

j. 

Figure 2-12. Values of the parameter c . 
m 
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To determine the value of the parameter A in 

Equation (2-36), consider that Equation (2-36) must reduce 

to the one level auto-spectral function when Az = 0. 

Equation (2-36) then takes on the new form of 

A^(K,Z-)H*(K,zJ [cj + 2f
p 

c^](j)(K,Z ,,zj = 1 o . (2-43)11 1 

Comparing Equation (2-43) with a single filter system for 

which the spectrum is 

(2-44)<|){K,z^) = H(K,z^) p , 

then A can be obtained as 

1 
(2-45)a2 = 

Therefore, the two-point interlevel coherence model reduces. 

= 0.as necessary, to the one-level auto-spectrum at Az 



CHAPTER III 

DIGITAL SIMULATION TECHNIQUES 

This chapter describes the basic methods and 

problems associated with digital simulation of random 

processes. Topics discussed are the generation of a 

random signal and the calculation of the necessary trans 

formation functions used in later work. 

A, Generation of a Random Signal 

The method used to generate random nvimbers with a 

digital computer is based on the formula 

X a X. + b (mod m) . (3-1)
n+1 " n 

This technique is called the mixed congruential 

method and provides a simple and fast computation pro 

cedure . It also has the advantage that it can be repeated 

b.for several cycles by using different values of a and 

Moreover, it can be analyzed theoretically. The period at 

thewhich the random numbers repeat cannot be greater than 

themodule nximber m; thus, m is usually selected to be 

comlargest integer possible with the capability of the 

puter used. The value of m in this study is 2,147,483,647, 

31 
which is equal to (2 - 1), the largest possible number 

allowed on the IBM 360/65 system. 

31 
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Frequently, it is desired that the sequences 

generated be bounded by zero and unity and be uniformly 

distributed within this interval. This bounding require 

ment is accomplished easily by normalizing the output data 

with respect to the largest possible nxamber m. 

x* = x^/m , (3-2) 
n n 

where x„
n is generated from Equation (3-1) . 

Since 

0 < x^ < m ; 

therefore, 

I 

0 < X < 1 . 
n -

The constants a and b in Equation (3-1) are selected to 

provide speed of computation and good statistical 

properties, such as uniform distribution and maximum period. 

Results presented by Chambers [14] and Hamm.ing [15] 

show that a maximum period can be achieved if a and b 

are selected as 

a 4*1 + 1 I = 1,2,3,... 

b = add 

or (3-3) 

a = 8 * I ± 3 

b = 0 . 
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The computer program RANDU used for generating 

random numbers was combined in subroutine GAUSS, as dis 

cussed in the following text. The value a is selected 

equal to 65539 which follows the second rule of Equation 

(3-3) by setting I equal to 8192, and provides the most 

efficient calculation using the IBM 360 computer. 

As mentioned earlier, Gaussian distributed numbers 

are required as the input white noise. The probability 

density function of the numbers must, therefore, have the 

form 

1
P{x) exp I- (3-4)2 ^ ' 

a /Tif 2o 
X X 

where a is the standard deviation and x is the mean value 
X 

of the variate. 

If x!(i = 1,2 f • N) are N uniformly distributed 

numbers over the interval 0 to 1, the central limit theorem 

yields the following formula: 

1/2 N
12

xV = I
N 

] I I x’. -N/2 ] + x , (3-5) 
i=l ^ 

•where xV(j = 1,2 f • • M) is a set of random numbers having an 

approximate Gaussian distribution with the mean value equal 

to X, and the standard deviation equal to a . 

The value of N indicates the number of terms used 

for each output. Figure 3-1 compares the approximation 
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Figure 3-1. The Gaussian distribution 

compared with the approximation, 
Equation (3-5) [16]. 
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given by Equation (3-5) for 5 terms and 12 terms with the 

true Gaussian distribution function. 

The computer program for generating Gaussian random 

numbers also appears in the IBM scientific sxibroutine 

package. The N value of Equation (3-5) is selected equal 

to 12 in order to simplify the computations, Equation (3-5) 

then reduces to 

N 

xv:■ = a [ J - 6 ] + X . (3-6) 
J ^ i=l 1 

inThe computer subroutine is called GAUSS, and is given 

Appendix A, Section A-1. 

B, Calculation of the Required Discrete 

Transformations 

The filter system shown in Figure 3-2 consists of 

an input and an output history function x(t), y(t), 

respectively, and a system response function h(t). 

x(t) h (t) y(t) 

Figure 3-2, Simple filter system. 

The output y(t) is given by the convolution integral 

00 

y(t) = / h(T) x(t-T) dT . (3-7) 
.00 
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The Fourier transformation of Equation (3-7) is [17J 

Y(a)) = H(aj) X(a3) . (3-8) 

Since the filter function H(a3) can be designed to simulate 

most forms of the spectrum desired, as described in 

Chapter II, Section B, the calculation of a simulated time 

history of turbulence relies mainly on the Fourier trans 

formation of the input function x(t) to X(a)) . The inverse 

transformation of the Y(to) back to y(t) is also of equal 

importance to the computational effort. These two pro 

ascedures will be discussed in detail in the following, 

they pertain to transformation of digital data. 

The Discrete Fourier Transformation 

For cyclic frequency f, the infinite range Fourier 

transform of a real valued or a complex valued record x(t) 

is defined by 

00 

XCf) = / x(t) dt . (3-9) 
•-00 

It is physically impossible to calculate this transfor 

mation since an infinite number of digitized data does not 

exist in reality. However, by restricting the limits to a 

thenfinite time interval of x(t), say in the range (0,T), 

the finite range Fourier transform will exist as defined by 

Bendat and Piersol [17] 
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T 
-j2Trf t

X(f,T) = / x(t) e dt . (3-10) 
0 

Assiime now that x(t) is sampled at N equally spaced 

points separated by a distance At apart, where At has been 

selected to produce a high cut-off frequency to avoid 

aliasing. The cut-off frequency (Nyquist frequency) and 

the aliasing problem are discussed in a later section. The 

discrete values of x_ thus become 
n 

X
n 

= x(n At) n = 1,1,2,...N-1 , (3-11) 

and the discrete version of Equation (3-10) becomes 

N-1 

I X exp [-j 2it f n At] . (3-12) 
nX(f,t) = At n=0 

A basic frequency f^ is defined as 

1 
(3-13)^o = T ' 

ofand the discrete frequency value f is defined in terms 
m 

as 

f _ = m f 
m 

m = 0,1,2 • • .N-1 . (3-14) 
m O NAt f 

The discrete frequency f is substituted into the 
m 

discrete Fourier components, X^, defined as 

X(f_ T) 
X 

m 
(3-15) 

m At 
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Therefore, 

N-1 
27Tinn

X I X exp [- j ] . (3-16)m n N
n=0 

To simplify the notation, let 

27Tmn 
w 
mn = exp [- j J . (3-17)N 

Then Equation (3-16) becomes in tensor form. 

X W X (3-18) 
m mn n 

This is the equation for the discrete, finite-

inrange Fourier transform. No difficulty is involved 

carrying out calculation of the Fourier transform with the 

equation using a digital computer. Equation (3-8) can now 

be written in discrete form as 

y (3-19) 
m m m 

This equation gives the discrete Fourier components of the 

output to be simulated. To invert the output Fourier 

components into the desired time domain, the discrete 

derivedinverse Fourier transform is applied, which can be 

similar to Equation (3-18), The result is 
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y = i. (3-20)
N mn 

where 

27nnnW* = exp [ j ] . 
ran N 

These three steps coraplete the calculation; that 

is, the siraulated discrete data y
n are obtained by one 

Fourier transform, Equation (3-18), one multiplication. 

Equation (3-19), and one inverse Fourier transform. 

Equation (3-20), To calculate Equation (3-18) or 
2 

Equation (3-20) requires N times of complex multiplication 

and N(N-l) complex additions to transform N discrete values, 

Since the value of W repeats for certain combi 
mn 

nations of m and n, some additions and multiplications can 

be eliminated. The Fast Fourier Transform (FFT) is an 

algorithm based on this principle which allows computation 

of the transformation much more rapidly than the direct 

method in Equation (3-18) or Equation (3-20). The FFT per-

forms a series of computations by rearranging the matrix 

For NW to save the calculation of dual node pairs, 
mn 

discrete points, where N is a power of 2, namely. 

N (3-21) 

the FFT method requires only P*N/2 complex multiplications 

and P*N complex additions. Thus, the approximate ratio of 
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computing time for the direct method compared to the FFT 

method is 

Direct Method 2N 
(3-22)FFT P • 

Figure 3-3 illustrates the difference between the 

niomber of multiplications required for each method. 

ro 

O 1024 

•K 

c 
o 
•H 

fO 
U 

ft 
-H 

4-1 512 

3 
g 

M-l 

O 

Q) 

128 

c 

1024 

Figure 3-3. Comparison of the niomber of multiplications 
required for a Fourier transform by the direct 
algorithm and the FFT algorithm. 

The Z-Transformation 

Another useful discrete transformation technique is 

the Z-transformation which is defined as 

00 

fX(z) J X (m At) z
-m 

(3-23) 
m=0 
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where X(z) is called the Z-transform function of X(t). 

ofActually, the Z-transformation is the Laplace transform 

digitized data. It can be derived from the Laplace trans 

formation defined as 

00 

-St (3-24)
X(s) = / x(t) e dt . 

o 

Consider the data x(t) digitized as 

00 

X' (t) J X (m At) 6 (t-m At) , (3-25) 
m=0 

where 

6(a) 1 for a 0 

0 for a 7^ 0 . 

Taking the Laplace transform of x'(t) gives 

00 

X'(s) = / X'(t) e 
-St 

dt . (3-26) 
o 

Substituting Equation (3-25) into Equation (3-26) results 

in 

CO 

-s (m At) 
e (3-27)X' (s) ^ x(m At) 

m=0 

equalThe Z-transform X(z) is equal to X'(s) if z is set 

to e 
s At 

, and Equation (3-27) becomes 
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CO 

.-m(s At)X(Z) = X' (S) I X (3-28)r 
m

in=0 

where 

x__ = X (m At) . 
m 

The transformation is now defined as a function Z, 

X(z) = Z [x(t) ] . (3-29) 

Therefore, the transformation of x(t + At) becomes 

00 

m=o 

00 

-(m+1)

'" < m=oJA+i" ) 

(3-30) 

00 

' ^ ‘ in"'” ^ 
-m 

-='o'
m=0 

= z (Z [x.^] - Xo) 

in the same manner it can be shown that the Z-transfor-

mation of I x
m+1 - x^ ] is equal to 

Z Ix - ] = (z-1) Z [ x_ ] - z X (3-31)m+1 m m o * 

This equation can be used to determine x from X
m+1 m 

by the appropriate inverse transformation. The application 

of Equation (3-31) to simulate turbulence is as follows. 
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The basis of the Z-transform technique is to 

establish the difference equation for the output yn+l* 

Therefore, if the Z-transform of the filter function h(t) 

in the system shown in Figure 3-2, page 35, can be found, 

then the output yn+l can be calculated directly from the y 
n 

and X values. 
n 

An example determination of the filter function 

h(t) for simulation of the Dryden spectrum is given in the 

following. 

The Fourier transform is (see Chapter II, Equation 

(2-17)) 

H(a)) 
jw + a^ ' 

which also can be expressed in Laplace form by setting 

s = jo) (see 118]) 

^ ■
H(S) (3-32) 

s + a 
1 

to theNow, consider a unit step function x(t) as the input 

system where 

x(t) =1 t > 0 
(3-33) 

0 t < 0 . 

The Laplace transform x(t) can be obtained from Equation 

(3-24) as 

X(s) = L [x(t) ] = 1/s . (3-34) 
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For a linear system, the Laplace transform of the output is 

related to the input by 

Y(s) = H(s) * X{s) . (3-35) 

Therefore, the output Y(s) of passing a unit step input' 

through a Dryden spectrum filter would be 

1
Y(S) 

s+a (3-36) 
s

1 

Partial fractions give 

/c 
Y(s) 1 ( 1 - _i_ ) (3-37) , ^ s s+a ^ * ^1 1 

Taking the inverse Laplace transformation provides the 

output y(t) 

-a, t 

y(t) = L^^ I Y(s) J = (1 -e (3-38) 
^1 

The Z-transform of the input x(t) and of the output 

y(t) can be obtained by substituting Equations (3-33) and 

(3-38) into Equation (3-23); hence. 

X(z) 
z 

z-1 

(3-39) 

( 2 - z
Y(Z) ) . 

^1 -a^Atz-e 
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Since 

H(z) = Y(z) /X(z) , (3-40) 

the Z-transform of the Dryden spectrum filter function 

becomes 

-a^At
1-e

H(z) ) . (3-41) 
-a. At^1 1 

z-e 

For a general input X(z) the output of the filter system 

can be written as 

-a. At 

1-e ^ 
Y(z) ) X(z) . (3-42) 

^1 -a^At 
z-e 

Cross multiplication results in 

(z-A)Y(z) = BX(z) , (3-43) 

where 

-a^^At -a^At 
A = e B ( 1-e ) . 

^1 

theNow, applying Equation (3-31) and setting y(0) = 0, 

left-hand part of Equation (3-43) becomes 

(3-44) 

(z-A)Y(z) . 
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Hence, Equation (3-43) becomes 

(3-45)^ Ix^] . 

Taking the inverse Z-transformation, Equation (3-45) 

becomes 

^m+l - Bx 
m 

and (3-46) 

This equation for calculating the discrete output 

y(t) is simple and very convenient for digitized data. 

Also, because the coefficients A and B are predetermined, 

this approach does not require calculation of the filter 

function, H, over all values of frequency in each compu 

tational step, as required in the FFT technique, For these 

reasons, the Z-transformation method is even more efficient 

than the FFT method. Only 2N real multiplications and N 

real additions are required to simulate N discrete 

components of a given time history, If N equals 1024, for 

example, the FFT method requires ten times more multipli 

cations than does the Z-transform technique. 
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C. General Consideration in Digitization and 

Discrete Transformation Calculation 

There are several required operations for the 

processing of random data. They are heavily dependent upon 

the physical phenomenon represented by the data and the 

desired engineering goals. In this section, the basic con 

siderations associated with digital simulation are 

discussed. 

Cut-Off Frequency 

Sampling a time history for digital data analysis 

is usually performed at equally spaced intervals of time. 

Care must be taken in determining an appropriate sampling 

interval At. If sampling points are taken too close 

together, they will yield correlated and highly redundant 

data, thus unnecessarily increasing the labor and cost of 

whichcalculations. On the other hand, sampling at points 

are too far apart will lead to confusion between the low-

and high-frequency components in the original time history; 

this is so-called aliasing. Generally, at least two 

samples per cycle are required to define a frequency 

whichcomponent in the data. Hence, the highest frequency 

can be defined by sampling at the rate of 1/At samples per 

second is l/2At cps. This is called the Nyquist frequency. 

fĉ = l/2At . (3-47) 
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Frequencies in the original data above l/2At cps 

will be folded back into the range from 0 to 1/2At cps, 

and be confused with data in the frequency range below this 

value. 

One way to avoid the aliasing problem is to choose 

At sufficiently small, that is. f^ large, that it is 
physically unrealistic for data to exist above f . In 

c 

general, it is a good rule (see [17]) to select f to be 
c 

one and one-half to two times greater than the maximum 

anticipated frequency. For example, for atmospheric turbu 

lence simulation, the energy spectrum (as shown in Figure 

2-7, page 19) indicates most of the kinetic energy is in 

the range below 1 cps. Therefore, a meaningful At is about 

0.1 to 0.5 sec. 

The Quantization Error 

Since the magnitude of each data sample must be 

expressed by some fixed number of digits, only a fixed set 

of levels is available for approximating the infinite 

niimber of levels in the continuous data. For typical 

analog to digital conversion, the quantization error will 

have a uniform probability distribution with a standard 

Axdeviation of approximately 0,29 Ax (see [17], where 

is the quantization increment. This is demonstrated as 

follows: 
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Let P (x) be the gTaantization error probability 

density function defined by 

P(x) = 1 -0.5 < X < 0.5 

0 otherwise . 

The variance of the error 

00 

= / (x-x)^ P(x) dx . 
—00 

Since x = 0, 

0.5 
2 . 10? = / X dx = •?■; 

X 12 ' 
-0.5 

the standard deviation is 

= /1712 =0,29 scale unit . (3-48) 

In practice, the quantization error is usually 

unimportant relative to other sources of error in the data 

theprocessing. For example, for simulated turbulence, 

quantization increment Ax is usually chosen as 0.01 m/sec. 

Therefore, the standard deviation of the quantization 

smallerror is approximately equal to 0.0029 m/sec, and is 

enough to be neglected. However, care must be exercised to 

assure that the range of quantization is small enough to 

assure the accuracy desired. 
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The Bias Error 

All of the power spectral density algorithms con 

sidered herein use the discrete Fourier transform, The 

finite length of time, T = N*At, influences the spectral 

function. The estimated spectrum is calculated by the 

finite length time history x^(t), which is the product of a 

x(t)."boxcar" function b^(t) and the original time history 

(3-49)x^(t) = b^(t) • x(t) , 

where 

t < T/2h^{t) = 0 

1 -T/2 < t < T/2 

0 t > T/2 . 

The Fourier transform of b^{t) gives 

00 

-j27rft
B^(f) = / b,j,(f) e dt 

^00 

(3-50) 

sin (TTfT) 
= T ( ) ;

7rfT 

this is called a window function. 

Thus, the true spectrum cp^ will be different than 

the spectriim ip^ estimated by the finite Fourier transfor-
mation. The two functions are related by the convolution 

integral 
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00 

(3-51) 
00 sin ( TT ( f-f ) T ) 

= / It’t(fl) T ( dfl
*oo 

.TT ( f-f^ ) T 

The difference between <p and ({>. is defined as the 

bias error. The strongest objection to the boxcar window 

IS leakage through the side lobes. as shown in Figure 3-4. 

The side lobes are those portions of the window between 1/T 

and 2/T, between T/2 and 3/T, and so forth. 

Figure The spectral window for boxcar 
weighting function. 

This deficiency in the boxcar window can be over 

thecome largely by using a tapered window which tapers 

ends of the time history. For example, the Hanning window 
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is defined as 

h^(t) = for t T/2-0 < 

(3-52)= j I 1 + cos ( ^ ) ] - T/2 < t < T/2 

0 t > T/2 . 

Then the Fourier transform of h^(t) gives the Hanning 

window function H^(f) where 

(3-53)H^(£) = i (£-f^ ) + | (f) Bj, (f+ f_^) , 
where 

fo = 1/’’ • 

The Hanning window function is shown in Figure 3-5, 

the side lobes of which are greatly reduced. 
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Figure 3-5. The spectral function of 
Hanning window function. 



CHAPTER IV 

RESULTS AND DISCUSSION OF SIMULATION 

Chapter IV discusses simulation of turbulence 

employing the various filter techniques described in 

Chapter III. Included in the discussion are simulated 

turbulence time histories, probability density functions, 

power spectrum functions, and coherence functions. Some of 

the simulated results are compared v;ith turbulence 

properties measured in the atmosphere. The atmospheric 

data were measured at NASA Marshall Space Flight Center, 

Atmospheric Boundary Layer Facility [19]. 

A. Random Number Generation 

A 12-term equation (see Equation (3-6)) is used for 

generation of the Gaussian random numbers. These numbers 

used as input for the simulations described later are shown 

in Figure 4-1. 

Figure 4-1. Gaussian distributed random signals with zero 
mean and unity standard deviation (2048 data). 

54 
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By using the computer subroutine GAUSS, as 

described in Chapter III, Section A, and shown in Appendix 

A, Section A-1, ten sets of data, each set having 2048 

digitized points, are generated. The first starting value, 

IX in subroutine GAUSS, is arbitrarily chosen as 65549. 

The starting value for the successive sets is taken as the 

last output value, IX, from the previous set. The input 

mean value x and the standard deviation a are selected as 

zero and unity, respectively. The properties of each of 

the ten sets of output are shown in Table 4-1. 

Table 4-1, The Variance, a, and Mean Value of Random 
Signal Generated by Equation (3-6) 

Set No. Variance a MeanStarting Value 

1 65 549 0.975 0.99 -0.02 

2 1 873 182 733 0.962 0.98 -0.01 

3 525 074 445 0.961 0.98 -0.02 

4 250 707 981 0.976 0.99 -0.01 

5 1 050 083 341 0.983 0.99 -0.03 

6 775 716 877 1.062 1.03 0.04 

7 1 575 092 237 0.960 0.98 0.02 

8 1 300 725 773 0.978 0.99 0.00 

9 2 100 101 133 0.981 0.99 0.00 

10 1 825 734 669 1.041 1.02 0.03 

0.988 0.994 0.00Average 
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Table 4-1 shows that the generated standard devi 

ations and mean values are very close to the designed 

values. 

To examine the probability density function of the 

data set, the computer program PDF is used (see Appendix A, 

Section A-2). This computer program is based on the 

following equations. 

The probability density function P(x) can be 

defined as (see [17]) 

(4-1)P(x^) Ax = Prob [ ( x^ 
Ax

^)<x(t) < (x^+^) ] , 

where the function Prob [A] represents the probability that 

Statement A is true. More precisely, 

Prob [(x^-■^) < x(t) <(x^+^)]
P(x ) = lim (4-2)

Ax° Ax^O 

For digitized data, x n = 1,2 9 ••• f N, then' 

probability that x 
n falls within the range [ x^ ± x/2 ] can be 

calculated as 

N 
X 
oProb I ( M ) < X (4-3)

N
f 

where N
X is the number of digitized values which lie in 
o 

the range I x^ ± Ax/2 ] . 
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The probability density function defined in 

Equation (4-2) can thus be written as 

N 
X 

P (x ) = lim 
o 

(4-4)N Ax * 
Ax-»-0 

Rather than using the limiting process for digital 

simulation, a small, finite value of Ax is used which gives 

N 
X 
o 

(4-5)P(x^) = N Ax * 

Figure 4-2 shows the calculated P(x^) for Data 
Set 1, using Ax = 0.3, compared with the theoretical 

Gaussian distribution defined in Equation (3-4). Figure 

4-3 shows the same P(Xq) computed by using a Ax value of 

Ax = 0.2. Comparison of the two figures shows that the 

ofvariation in Ax has little influence on the agreement 
A 

to bethe P (x^) function with the theoretical distribution 

simulated. Figure 4-4 shows the influence of using 

theAx = 0.2 and of increasing the sample size, N. Using 

contotal 20480 datum points, the estimate of P(x^) agrees 
siderably better with the actual Gaussian distribution. 

As mentioned previously, a Gaussian distributed 

white noise input is required for the proposed simulations. 

allThe power spectrum for white noise is constant for 

frequencies. The power spectrum for the generated random 

signal input was computed to confirm that it was. indeed. 

constant. 
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Figure 4-2. The estimated probability density function 
of the 2048 random niombers, shown in 
Figure 4-1, compared with the theoretical 
Gaussian distribution (Ax = 0.3). 
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Figure 4-3. Probability density function of the data set 
used in Figure 4-2, computed with Ax = 0.2. 
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Figure 4-4. Probability density function computed with 
total 20480 datum points (Ax = 0.2). 
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asA raw estimate of the power spectrum is defined 

(see 117]), 

4>(f) = ^
2 

|x(f,t) 1
2 

(4-6) 

where T = N*At, and X(f,T) is the Fourier transform of x(t) 

for discrete frequency values shown in Equation (3-15), 

X ( f^,T ) 
m

X
m Tt m = 0,1,2 • • N - 1 . (4-7)f • f 

Hence, the discrete power spectriim becomes 

22At 
X (4-8) 

m N m 

To transform the time history to the frequency 

domain X^, the fast Fourier transform computer subroutine 

FFT (see Appendix A, Section A-3) is used. The estimated 

discrete power spectrum is then calculated from Equation 

called(4-8). The computer subroutine for this purpose is 

SPEC (see Appendix A, Section A-4). The estimated spectrum 

inof Data Set 1 as generated by this subroutine is shown 

Figure 4-5 (a). 

Since the estimated spectrum is for bandwidth-

limited input data, estimates at a frequency spacing of 1/T 

orwill be essentially uncorrelated. Hence, smoothing 

averaging techniques are required to obtain a representa 

tive spectr\im function. One smoothing technique consists 
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(c) Segment-averaged spectrum for ten data sets 

Figure 4-5. The estimated raw and smoothed spectra of 
Data Set 1 (Figure 4-1, page 54) 
(At = 0.1 sec). 
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of averaging n neighboring frequency components of the raw 

spectriim estimates (see [17]) , 

<P • + (l> ] . (4-9)m n ^m ^m+1 
• • 

m+n-1 

Figure 4-5 (b) shows the frequency smoothed value <j) of the 
m 

given in Figure 4-5 (a) . 

A second technique of smoothing is averaging the 

results from n separate time slices, segment averaging, 

where each slice is of length T such that the original 

length is equal to n*T. The averaged spectrum is given by 

(see [17]) 

+ o + . .. + (p ] , (4-10) 
m m,l m, 2 m,n 

where the second subscript indicates the slice number. 

Figure 4-5(c) shows the segment-averaged values of 

values calculated(f)^, as well as the average of the (p m 

inseparately for each of the ten sets of data listed 

Table 4-1. The computer subroutine for smoothing is 

called SMOOTH and is listed in Appendix A, Section A-5. 

B. Simulated Turbulence 

As discussed in Chapter II, various spectrum models 

can be simulated by different filter functions. A general 

and is afoirm of H(f) , which represents the Dryden filter 

good approximation of the Kaimal and von Karman spectrum 



63 

filter, is given by 

= -P +H(f) (4-11) 
t a + jf] 

where the constants a, c, and d are different for each 

model, as listed in Table 4-2. 

Equation (4-11) can be written as 

c + jdf
H(f) 

[ (a^-f^)+2jaf ] 

= D [ c ( a^ - f^ ) + 2adf^ + j [ ( a^ - f^ ) d - 2ac ] f ] , (4-12) 

where 

1 
D 

—n T~i • 
- f"^ )^ + 4a"^f"^ 

The real and imaginary parts of H(f) function are then 

given by the two functions 

HRCf) == Die ( a^ " f ^ ) + 2adf ^ J 

(4-13) 

HI (f) = D [ ( a^ - f ^ ) d - 2ac ] f . 

A computer subroutine FILTER (see Appendix A, Section A-6) 

is available for the calculation of the real and imaginary 

calcuparts of the filter function. This subroutine also 

lates the output Y(f) from 
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Table 4-2. Coefficients a, c, and d for 
Different Spectrum Model 

a b c 

Longitudinal component 3/2 1/2 
of Dryden spectrum 2tt''A^ 27t''A-^ tt'-A'' 
(Equation (2-11)) 

Lateral component 3/2 1/2 
of Dryden spectrum 3a ^ V 1(1-)

27t''A'^ 2''2A(Equation (2-11)) 21T 

Approximate V 
3/2 1/2

V V 
Kaimal spectrum 0.155(9A 

0.0432 a(x)A 0.279 0(9A 
(Equation (2-20)) 

3/2 1/2Approximate 
V V V 

von Karman spectrim 0.286(9A 0.114 0(j) 0.398 0(9A 
(Equation (2-23)) 
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YR(f) = HR(f)XR(f) - HI(f)XI(f) 
(4-14) 

YI(f) = HR(f)XI(f) + HI{f)XR(f) , 

where XR(f) and XI(f) are the real and imaginary parts of 

the Fourier transform of the input x(t). 

The frequency function Y(f) is transferred to the 

time domain, y(t), with the inverse FFT method. 

The difference equation based on the 

Z-transformation technique can be derived for the filter of 

the spectrum given by Equation (4-11), as illustrated for 

the simple case in Chapter II, Section B. Thus, the 

discrete output y is related to y , X and X
n+1 n ^n-l' n' n-1 

by: 

•X 
(4-15)

Y .1 = c, ‘y + c« ‘y , + d, ‘X + d„■^n+1 1 -^n 2 -'n-l I n 2 n-1 ' 

where 

= 2 exp I -2a7T At ] 

<^2 ~ ~ ^ -4a7r At ] 

J J r c . ^1 , / a-c/b 
) At -‘^l I “2 “2" ^ ^ -'"a 2^)1

ba ba 

c ^1 
d = d (-f-1 ) (a2|/b j j .^ ba"^ ^ ~ 

The constants a, c, and d are those listed in Table 4-2, 

1/2
and the constant b = (2it) 
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A computer program employing the Z-transformation 

technique called DZT is given in Appendix A, Section A-7. 

The FFT/FILTER method and the DZT method are now used to 

simulate turbulence time histories having the different 

spectra described above. 

Figures 4-6 and 4-7 show the simulated time 

histories for the four spectra as defined by the constants 

listed in Table 4-2, using both the FFT and DZT methods, 

respectively. All data shown in Figures 4-6 and 4-7 are 

normalized with a to facilitate comparison. Smaller values 

of a therefore give larger peaks, as shown in Figure 4-7.DZT 

Although the expected values of x and o are zero 

and unity, respectively, the simulated mean value x and 

standard deviation a are affected differently by the FFT 

and DZT methods. Tables 4-3 and 4-4 show values of x and a 

determined statistically from the simulated turbulence time 

histories using Table 4-1, page 55, as the input. Table 

4-3 shows that the value of x is approximately two times 

the input value for the FFT simulation, but almost exactly 

the input for the DZT method. The overall average value, 

however, is still in the acceptable range. 

Table 4-4 indicates that the input variance is con 

siderably altered by both techniques. This effect is 

strongly dependent on the time increment At. 

To generate the correct variance, one must consider 

afterthe difference between a continuous system before and 
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(a) Longitudinal component of Dryden spectrum model 

(b) Lateral component of Dryden spectrum model 

2 

1 

0 

- 1 

- 2 

(d) Approximated von Karman spectrum model 

Figure 4-6, The normalized time histories of simulated 

turbulence by the FFT method using Data Set 1 
as input (At = 0.5, N = 2048). 
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(a) Longitudinal component of Dryden spectrum model 

(c) Approximated Kaimal spectrum model 

(d) Approximated von Karman spectrum model 

Figure 4-7. The normalized time histories of simulated 

turbulence by the DZT method using Data Set 1 
as input (At = 0.5, N = 2048). 
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-0.06 

Table 4-3. The Mean Value of the Simulated Turbulence 

Input DZT FFT 

-0.02 -0.02 

-0.01 -0.01 -0.02 

-0.02 -0.02 -0.05 

-0.01 -0.01 -0.02 

-0.03 -0.04 -0.09 

0.04 0.04 0.09 

0.02 0.02 0.06 

0.00 0.00 0.00 

0.00 0.00 0.01 

0.03 0.03 0.07 

Average 0.00 -0.01 -0.01 

Table 4-4. The Standard Deviation a of the 
Simulated Turbulence 

At 0.1 0.2 0.5 1.0 2.0 

Input 0.99 0.99 0.99 0.99 0.99 

DZT 0.18 0.25 0.40 0.56 0.79 

FFT 0.44 0.63 0.99 1.36 1.86 
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it is passed through a sampling and holding device, The 

sample and hold function x{t) is related to the continuous 

function x{t) by 

00 

5(t) = I x(nAt) [ s ( t-nAt) - s ( t - (n+1) At ) ] , (4-16) 
n=0 

where s(t) is the step function defined 

s(t) = 1 t > 0 

0 t < 0 , 

Taking the Fourier transform of Equation (4-16) 

00 

/s 
6 -jnAtoj _ 

0 -j (n+1) Atw 
X(w) 

30)n=0 

00 

g-jAtu
I Xn 

g-jnAtw ^1 - ] (4-17) 
n=0 

g-jAtw= x_iL^ 1 , 
m 

where X is the discrete Fourier component of x(t) (see 
m 

Equation (3-16)). Equation (4-17) therefore becomes 

A 

X (w) = X (w) • s (co) , (4-18) 

where 

_ 1 r 1 ” exp (- jAtoj) 
s (w) ] .At ^ 
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Let the continuous function input have a constant 

spectrvun (p^(f) and a variance of .
X X Then the spectr;am of 

the sample and hold output is 

s(f) ^ . (4-19) 

Since the constant spectrxun cp (f) can be replaced by 

l/2At 
♦..(f) df
X

0 

♦^(f) = 2At C.2 , 

it follows that 

(4-20)$^(f) = 2At . 

Using this sample and hold data as the input of the 

varianceturbulence simulation system, the simulated output 

is 

00 

a
^2 H(f) pdf , (4-21) 

and since the continuous system output is defined by 

(P = H(f) p , Equation (4-21) becomes 

CO 

sin(7rfAt) p 
a (4-22)
-2

y 
= / 2aJ At [ TTf At ]■ <f>y(f) df . 

o 
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Assuming [sin(7TfAt) / rrfAt ] to be approximately unity for 

the lower frequency (see Table 4-5) where the atmospheric 

turbulence has the most significant energy density, 

Equation (4-22) reduces to 

a2 
0 00 

= 2At / d(f)df = 2At 0^ . (4-23) 
0^^ o ^ ^ 
X 

If 0^ 
X 

is equal to unity, then 

a2 2 
= 2At (4-24) 

y y ' 

2 
or if 0 is selected equal to 

02 = 1 (4-25)
X 2At ' 

then 

^2 2 
0

y “y • 

Table 4-5. Values of Isin(7TfAt) / irfAt ] for 
Low Frequency f (At = 0.1) 

f 0.001 0.01 0.1 0.5 1,0 2.0 3.0 

sin(TrfAt)
[ ] 0.999 0.999 0.999 0.995 0.983 0.935 0.858

irfAt 
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2 
Hence, by adjusting the input variance a through 

the relationship l/2At, the discrete system will have the 

desired output variance 

Considering now the difference equation of the 

Z-transformation, the output variable in terms of the input 

variables is 

n 

I (4-27)^n iil^i -i 

Since each value of (or y^) is independent, the variance 
can be given by 

= aa2 (4-28)^ lim ! .y ^ i=0 ^ 

2
To find the a. one can write the initial terms of

i' 

thenthe difference equation for the first few inputs and 

deduce the functional relationship between and a 
(i+1)• 

The sum of the squares of these terms can then be split 

into geometric series and derivatives of geometric series, 

which are all summable. For example, the result for 

Equation (3-46) is (see Appendix B) 

20 = -aAt ? 
a
^2

= a ? [ y. (1 ~ Q ) 
] , (4-29) 

X TTa -2aAty 1 - e 

where 

V 

a - ^ . 
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For small At, Equation (4-29) reduces to 

^2 
a 

2̂ 
= At

TT 
^2 (4-30) 

a y • 
X 

With = 1 the result is 
X 

^2 At 2 
a o 

TT 
(4-31) 

y y 

Alternately, if the input is selected as 

TT 
= 

X ' (4-32)At 

r\ 

then the output variance of the difference equation will 

be equal to the desired output variance 

Figure 4-8 compares Equations (4-24) and (4-31) 

with the calculated standard deviations given in Table 4-4, 

page 69. In both cases good agreement with the theory in 

the small At range is observed. This is expected, since 

Equations (4-24) and (4-31) also assume small At. Hence, 

the variance can be simulated properly by applying 

Equations (4-25) and (4-32), respectively, to the input of 

the system. The computer program for generating the input 

and isarray x^ with the adjusted variance is called INPUT, 

listed in Appendix A, Section A-8. 

To compare the simulated turbulence with measured 

atmospheric turbulence, the value of the reference velocity 

V, the turbulence integral length scale A, and the 
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turbulence intensity a must be specified. The reference 

velocity is usually selected as the mean wind speed at the 

given height of the simulation, The A and a values are 

functions of height, z, atmospheric stability conditions, 

L is thei|;(z/L), and surface roughness, z^. The parameter 
Monin Obukhov stability length, Equations for predicting 

the turbulence intensity values are given in [7] as: 

0^ = 0,52 U/ I £n ( ^ + 1 ) + ^{z/D ]
^o 

-0.8 

02 = 03 I 0.583 + 1.39x10“^ z J (4-33) 

-0.4 

z ]= 03 I 0.177 + 2.74x10"^ 

The turbulence length scale for the Dryden spectrum is 

given in 116] as; 

1/2
44.21(3.28 z) z < 533m 

Ai A2 
533 z > 533m 

(4-34) 

z z < 533m 

A 
3 

533 z > 533m . 

Figure 4-9 shows the comparison of the longitudinal 

measuredvelocity component time histories of simulated and 

atmospheric turbulence. The mean wind speed, U, and 

https://44.21(3.28
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1 .iSi 

ir”' r 

(b) Simulated Dryden spectrxim turbulence 

(c) Simulated turbulence of approximate Kaimal model 

modelCd) Simulated turbulence of approximate von Karman 

The normalized time historiesFigure 4-9. 
(At = 0.5, N = 2048) . 
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turbulence intensity, a, of the measured data are 7.52 m/s 

and 1.78 m/s, respectively. Based on this value and a 

height of 24 m for neutral stable conditions, the calcu 

lated value of from Equation (4-33) is 1.26 m/s, which 

is the standard deviation used to simulate turbulence. 

Hence, the time histories shown in Figure 4-9 are 

normalized to facilitate comparison, From visual obser-

vation of the time histories, it appears that the measured 

data contain more high-frequency components than the simu-

lated results. This is expected because the Dryden form of 

the spectr;am results in a filter which generates less 

power at higher frequencies (see Figure 2-2, page 9). 

The probability density functions (PDF) of the 

measured and simulated turbulence are given in Figure 4-10. 

All of the simulated turbulence is very nearly Gaussian 

distributed; however, the measured atmospheric turbulence 

has non-Gaussian characteristics, as discussed in Chapter 

II, Section C. Hence, the multi-filter system shown in 

Figure 2-8, page 20 and in Table 2-1, page 26, has been 

programmed (Appendix A, Section A-9) to provide better 

simulation of the non-Gaussian characteristics of atmos 

pheric turbulence. 

The calculated PDF's of this model for different 

values of r, the adjusting coefficient, are shown in 

Figure 4-11. A proper selected value of r is observed to 

provide a correct PDF for the simulated turbulence. 
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Figure 4-10. 
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Figures 4-12 and 4-13 show the time histories and PDF's of 

the simulated non-Gaussian turbulence and of the measured 

atmospheric turbulence, respectively. 

The PDF of the non-Gaussian model gives a peak shape 

similar to the measured data. This model also increases 

the number of sharp peaks relative to the Gaussian model; 

however, the number of overall high-frequency components is 

still much less than that for the measured atmospheric 

turbulence. This is to be expected because the non-Gaussian 

model still utilizes the Dryden spectrum filter. 

In order to examine how well the simulation repro 

duces the input spectra functions, the discrete estimates 

were calculated from Equation (4-8). The segment-averaging 

technique. Equation (4-10) , is applied to smooth the 

spectra. 

The spectra estimates of turbulence are shown in 

Figures 4-14 and 4-15 for the FFT-and DZT methods, 

data.respectively. Each plot is smoothed using 20 sets of 

areThe theoretical curves, based on Table 4-2, page 64, 

also plotted for each case. Comparing these two figures 

simushows that the FFT method provides a better spectrum 

lation than the DZT method. 

The spectrirm of measured atmospheric turbulence was 

also computed and is compared with the von Karman spectrum 

(2-11))(Equation 2-10)) and the Dryden spectrum (Equation 

in Figure 4-16. In this particular case, the measured 

spectr-um agrees best with the von Karman spectrum. 
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Ca) Measured atmospheric turbulence (z =24 m) 

(b) Simulated non-Gaussian Dryden spectrum model 

Figure 4-12. The normalized time histories (r = 1.5). 

1 
•3 -2 -1 P 1 2 3 

(b) Simulated non-Gaussian 

turbulence (z =24 m) Dryden spectrum model 
(r = 1.5) 

The estimated PDF of the non-Gaussian 

(a) Measured atmospheric 

Figure 4-13. 
turbulence. 
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Figure 4-16. Comparison of two theoretical curves with the 
calculated spectrum of measured atmospheric 
turbulence (z = 24 m, At = 0.5, N = 2048) . 
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moreIt is well known that the von Karman spectrum 

accurately describes atmospheric turbulence than does the 

Dryden spectriim (see Figure 2-2, page 9). For stable 

atmospheric turbulent flow conditions the Kaimal spectrum 

is required. 

Because of the irrational nature of the von Karman 

and Kaimal spectrum functions, no real physical filter 

function can be obtained for simulation purposes, However, 

an exact solution of the filter function for these two 

spectra can be obtained, For the von Karman spectrum, the 

filter function is given as; 

^1 
H^(w) = 576

(a + jto) 
(4-35) 

b(j(jo + C2) 
H2(w) = TT76 ' 

(a + jw) 

where 

1/3 
V a2V

b = (0.72236 [ — a = (0.74682)j 
AT7I 

1/3 
a, V 

V 
= (0.62558) [— (0.4573)x^1 ^2 = A ■ 

For the Kaimal spectrum the filter section is; 

H(f) 
c 

(4-36)
37^ ' 

a + j(f) 
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where 

V 5/6 
V 1/3 

a (0.17241) If] c (0.34482) [f]A A 

conTherefore, by using Equations (4-35) and (4-36) in 

junction with the FFT method as described in Equations 

(4-13) and (4-14), the exact von Karman or Kaimal turbu 

lence spectra can be simulated. The computer program for 

simulation of these two spectrum functions is included in 

the subroutine FILTER (Appendix A, Section A-6). 

In Figure 4-17 the time histories utilizing these 

more exact spectrum functions are compared with measured 

atmospheric turbulence. It can be seen from this figure 

that simulation of the high-frequency components is 

improved greatly over the Dryden and approximate filter 

simulations shown in Figure 4-9, page 77. The spectrum 

functions computed by Equation (4-8) for these two cases 

wellare shown in Figure 4-18, and the results agree very 

with the theoretical curves. 

Two disadvantages for these mathematical models 

are; first, due to the irrational form of the filter 

function, the DZT method cannot be used to establish the 

simple difference equation; and second, the correlation 

arefunctions for both the von Karman and Kaimal spectra 

for themuch more complicated than the exponential function 

Dryden spectrum (see Equation (2-26)). For example, the 

in thecorrelation function for the vcn Karman spectrxim is 



90 

(a) Measured atmospheric turbulence (z =24 m) 

(b)_ Simulated von Karman spectral turbulence 

(c) Simulated Kaimal spectral turbulence 

Figure 4-17. The time histories of non-linear system 
(At = 0.5, N = 2048) . 



91 

2 2 
10 1 0 

1 01 0 

1 1 

cl^(f) (^(f) 
-1

-1 1 010 

10-210-2 

-3-3 
1 010 

- 4
.-4

1 0 1 0 

I mini . I tiling I LiiiuJ- LXmii 

0,0 1 0.1 1 10 0.0 1 0.1 1 1 0 

f f 

(a) von Karman spectral (b) Kaimal spectral 
model model 

Figure 18. Comparison of theoretical with simulated 
spectrum (At = 0.5, N = 2048, segment-
average of ten sets). 
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form of modified Bessel function of the one-third order [5]. 

Thus, the von Karman and Kaimal spectra cannot be utilized 

for the multi-filter system to simulate the non-Gaussian 

character of atmospheric turbulence. 

C. Simulation with Interlevel Coherence 

In this section, simulated horizontal components of 

wind speed which include vertical coherence are discussed. 

Measured wind data recorded at the eight-tower Atmospheric 

Boundary Layer Facility, Atmospheric Sciences Division, 

andNASA Marshall Space Flight Center, are also computed 

presented for comparison. 

The output transform, discussed in Chapter II and 

in reference [3], is given by 

M 

Y(K,Z) = A H(K,z) I D (K,Z)X (K) , (4-37) 
m=-M ™ ™ 

where the D (K,z) was defined by Equation (2-38) as; 
m 

(K Az) 
maxDm(K,z) = c^ exp I jKzmir / 

Substituting D^(K,z) into Equation (4-37) gives 

M je 
Y(K,z) = H(K,z) I I ( e 

m 
X_ (K) 
m 

m=0 

-j9 
+ e 

m 
X (K) )B_] , (4-38) 
-m m 
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where 

c. A 
o

B 
I B c_. A for m 7^ 00 1 in m 

0 = iiiKzit / e 
m ' o 

Equation (4-38) can be reduced to 

Y(K,z) = H(K,z) X' (K,z) , (4-39) 

where the 

M j9 -j0 
X' (K,z) I (e 

m

X_(K) + e 
m

X (K) ) B_ .
in -m m

in=0 

Thus, the transform of the output Y(K,z) can be calculated 

in the same manner as described in Equations (4-13) and 

(4-14). The computer program for calculation of these 

equations is listed in Appendix A, Section A-10 . 

Simulated results are obtained by using 11 levels 

of random signal inputs (M equal to 5 in Equation (4-37)) 

and the Dryden spectrum filter function for H(K,z). 

Figures 4-19 and 4-20 compare the time histories and auto 

spectra of simulated coherent turbulence with the measured 

values for the 24 m and 12 m levels. Both figures show 

simularly shaped curves of equal magnitude. 

As also mentioned in Chapter II, the atmospheric 

behavesturbulence near the ground shows a coherence which 

as 
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(a) Simulated interlevel coherence turbulence at 

z equal to 24 m and 12 m, respectively 
(At = 0.1) 
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Cb) Measured atmospheric turbulence at z equal to 
24 m and 12 m, respectively (At = 0.5) 

Figure 4-20. The spectrum estimated of level 
coherence turbulence (N = 2048). 
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YqCh) = exp I-an] , (4-40) 

where 

Az f 
n 

V 

This expression for YQ{n) was originally proposed by 
Davenport [13] as a simple scaling law to describe the 

coherence of the vertical interlevel winds. He found a to 

be equal to 15.4 (note some reports use 7.7 for the square 

root coherence function). Stegen and Thorpe [12] show this 

is approximately correct. Work by Pielke and Panofsky [21] 

and Brook [11] , however, provides values for the coeffi 

cient, a, which are dependent on stable conditions, as 

shown in Table 4-6, 

Table 4-6. The Estimates of the Coefficient, a, of 
Different Stable Condition [11] 

Neutral 

Stable Stable UnstableComponent n Range 

16.8 17.0 16.8Longitudinal all - n 

13.2 16.8n < 0.12 13.4 

12.5 12.8 10.4Lateral all - n 

13.4 11.6n < 0.12 14.4 
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The coherence function is usually calculated from 

spectra as follows (note: here the x and y simply indicate 

tv70 different time histories) : 

(n) ^ 
xy

Y„„(n) (4-41) 
xy 

where the cross-spectrum is defined as: 

(n) 
2At 

[X(n) Y*(n) J . (4-42)Nxy 

By using this equation and Equation (4-8) for the auto 

spectra, the coherence fianction for a multi-input system 

as shown in Equation (4-37) can be calculated as: 

2 “ 2 2 

[ C-, + 2 ^ c^ cos ( mnTT/n ) ] 
V in max 

m=0
Y (n) (4-43)

M r? 

where 

Az f 
max max 

n 
max V 

The value of f is taken as the cut-off frequency 
max 

(Nyquist frequency) for the discrete transformation, In 

order to reproduce accurately the coherence function Yq 

must begiven in Equation (4-40), the value of Az max 

selected appropriately, Figure 4-21 shows the exponential 

cuirve with a = 17 compared with Equation (4-43) for 
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different values of Az This figure indicates thatmax* 

small values of Az 
max' approximately equal to 2 or 3, 

represent reasonable values to describe the exponential 

curve. Note that Equation (4-43) produces a second peak 

after one period at 

n / n
max 

- 2.0 ; (4-44) 

therefore, in programming the coherence model, the 

undesired cyclic peaks occurring at high frequencies must 

be truncated. A critical frequence n_ is defined by 
c 

n (4-45)\ = max ’ 

This critical frequency defines the-upper limit of the 

coherence function in Equation (4-43); hence. 

for all n > n (4-46)Y(n) = Y(n^) V.r 

Figure 4-22 compares the calculated coherence 

functions of simulated and measured turbulence with the 

exponential curve given by Equation (4-40). This figure 

shows that the model behaves very much like the atmospheric 

calcuturbulence and, at the same time, indicates that the 

lated coherence functions are described appropriately by 

the exponential curve. 
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The coherence of the simulated time histories was 

computed using statistical techniques. Considerable care 

must be taken in evaluating the coherence function because 

the statistical estimate has a rather complex sampling 

distribution. The coherence estimate must be smoothed by 

either ensemble or frequency averaging in order to suppress 

the random error to acceptable levels. Otherwise, even for 

the case of totally incoherent data, the estimated 

coherence will be unity for the entire frequency range, It 

should be noted, in particular, that the smoothing must be 

carried out separately for the real and imaginary terms of 

the cross-spectrum shown in Equation (4-42). Therefore, 

can be represented by 
xy 

(n) = (J) I 
(n) + j(p 

If 
(n) , (4-47) 

xy xy xy 

where the 4> I and ({) are the real and imaginary parts of 
xy xy 

<P called the co-spectrxim and the quad-spectrum.
xy' 

respectively. To smooth the cross-spectrum, the averaging 

technique must be applied to each term individually. 

Therefore, 

(4-48)<i)„„{n) = <})'„(n) + j<i)"„(n) , 
xy xy xy 

Then thewhere the bar indicates the averaged value. 

coherence y (ri) can be calculated by 
xy 
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C„(n) ^ 
Y„..(n) xy 
xy (4-49) 

4>^(n) <!>..(n)
X y 

It is re-emphasized that the average must be taken 

before the absolute function of the cross-spectrum is 

computed. This is because the value of the spectriom 

function is small relative to the high variation created by 

the discrete transformation. Therefore, the magnitude of 

the standard deviation of the variate is much greater than 

the magnitude of the mean. Thus, smoothing the absolute 

value of the spectrum is, in effect, just averaging the 

variance. The variance is always positive; therefore, the 

average is very large. By averaging (f)' and (p 
xy xy 

separately, the positive and negative values reduce the 

magnitude of the average. The computer program for calcu 

lation of the coherence function and the smoothing 

techniques is listed in Appendix A, Section A-11. 



CHAPTER V 

APPLICATION AND CONCLUSION 

The purpose of this chapter is to describe how the 

different turbulence simulation techniques influence 

characcomputer-simulated landings of aircraft having the 

teristics of a DC-8. A three-degree-of-freedom dynamic 

model of an aircraft during approach is utilized with 

different models of simulated turbulence imposed as atmos 

pheric gusts. The development of the model of the airplane 

are disdynamics and a description of the computer program 

cussed in detail by Frost and Reddy [22] and Frost and 

Crosby [23]. 

The three-degree-of-freedom airplane computer model 

uses Runge-Kutta integration to solve the system of time-

dependent, second-order ordinary differential equations 

(see Appendix C). The flight simulation program incorpo 

rates an automatic control system in which the basic 

control inputs are thrust and pitch angle and the control 

variables are speed and flight path height. The model 

inselector automatically selects the proper control modes 

Thesequence according to the predetermined flight path. 

shown infour modes are hold, capture, track, and flare, as 

Figure 5-1. 

103 
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altitude 
hold mode 

capture mode 

tracking mode 

flare mode 

Figure 5-1. Automatic landing control modes. 

A. Method of Inputting Wind 

For input to the dynamic equations, the actual wind 

speed U at location (x,z) and time (t) is calculated by 

(5-1)U^(x,z,t) = Uj^(z) + u^(x,z,t) , 

where the mean wind speed, U, upon which.the turbulence is 

superimposed, is described by a logarithmic function of 

altitude z. Thus, 

z + z 

£n I (5-2)Uj^Cz) = K , U2 = 0 , 
o o 

where 

u* is the friction velocity 

is the von Karman constant 
o 

z^ is the surface roughness length . 
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To utilize the simulated turbulence described in 

the preceding chapters for analysis of landing aircraft, 

u^(x,z,t) is replaced by the discrete signals, Inputting 

the discrete data into the computer program requires some 

special attention: 

1. Simulation calculates N values for a given 

height- z. 

2. The airplane is descending, so z is changing 

with each time step, 

3. A set of signals from a given transformation is 

generated for a period of 12.8 seconds, which 

is selected by using N equal to 128 (2*^) and 

At equal to 0.1 second. 

It is assumed that the turbulence characteristics 

encountered by the airplane during that time period are 

uniform. However, as a second control, the program con 

tinuously checks altitude. If during the 12.8-second time 

period the aircraft has a sudden altitude change (in this 

case, 20 percent of the height z), the program auto 

matically generates a new set of turbulence signals at the 

new height. 

A second consideration is that the simulated turbu 

lence is the discrete time history of wind fluctuations at 

a fixed point, and Taylor’s hypothesis must be applied to 

theestablish a space and time relationship for calculating 

5^2. Aeffects due to location change, as shown in Figure 
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time scale, defined in Equation (5~3) , is therefore used 

to count the turbulence signals 

d 
t + = n At , (5-3)V 

where 

tj^ is the time scale for counting turbulence signals 

t is the real time measured from the airplane entering 

the wind field 

d is the distance moved by the airplane in time t 

V is the airplane relative velocity . 

th 
Hence, the n one of N-generated data is chosen as the 

The lift and dragturbulence fluctuation u^ at the time t. 

(see Appendix C) on the airplane are therefore computed 

from the wind U^, defined as 

(5-4)U^(t) = + u^(n At) . 

The wind also enters into the equation (as shown in 

Appendix C) by 

dUi 3U. 3U. 3^ au
i az 

(5-5) 
at ax at az at * 

Hence, each term becomes two parts. For example, the 

au^/3x becomes 

au_. au_. au_. 
(5-6) 

ax

1 

- "a# ax

1 
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Because the Taylor hypothesis is used, the gradient 

8u^/3x of Equation (5-6) is represented by 

9u^. 

(5-7)^ = I ( (n+1)At ) - u^(n At) ] / (V At) . 

The computer program which provides the wind field 

data and the gradients for the aerodynamic equations is 

listed in Appendix A, Section A-12. Since the vertical 

motion of the airplane is relatively small compared with 

-the horizontal motion, the gradient terms in the Z 

direction can therefore be neglected. 

B. Simulated Landings 

The simulated landing begins at an altitude of 300 

meters and a distance of 7 km from the runway in the 

altitude hold mode. Although this height is somewhat low 

for an actual landing case, it has been used to save 

computer calculation time. The glide slope angle is 

2.7 deg and the initial trimmed airspeed is 70 m/s. 

The major aircraft landing error is the touch-down 

windposition shifting, which is mainly affected by mean 

shear and turbulence. The mean wind shear is dependent 

upon the parameters u* and z^, as described in Equation 
of(5-2). For a no-turbulence case, the simulated results 

oflanding positions are plotted against different values 

u* and z^ in Figures 5-3 and 5-4, respectively. A head 
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Figure 5-3. The landing position for different values of 
u* with no turbulence. 
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wind decreasing vertically toward the ground causes the 

plane to land short of the runway, whereas a tail wind 

decreasing vertically toward the ground causes the plane to 

overshoot the landing point, The scatter in results as 

seen in Figures 5-3 and 5-4 is probably due to the over-

response of the automatic control system. 

In the landing simulation in which turbulence is 

the main cause of landing position error, different turbu 

lence models have been applied, The statistical result for 

each model is based on a sample of 20 simulated landings. 

For the simple turbulence model with a Dryden spectrum, the 

statistical results of landing position are shown in 

Table 5-1. 

The turbulence intensity, a, strongly influences 

scatter in the landing position about the mean; i.e • 9 

landing position error, In the discrete transformation the 

output standard deviation, a, can easily be adjusted by 

constantusing Equation (4-23) or Equation (4-30) to give a 

Itratio of the original calculated turbulence intensity, 

is not realistic of changing turbulence intensity without 

changing the value of u*. The assumption has been made for 

only showing the influence of different values of a. 

The error in the average landing position with 

therespect to the no-turbulence condition, defined as 

average error, and the standard deviation for a plane 

alanding in Gaussian and non-Gaussian turbulence with 
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Table 5-1. Twenty Landings for Simple Turbulence Model 
using a Dryden Spectrum with u* = 0.5 and 

= 0.1 (FFT Method) 
o 

Distance from Average 
Run No. Landing Position Touchdown Point 

1 6919.07 

2 6883.52 

3 6950.17 

4 7000.64 

5 7001.87 

6 6969.55 

7 6988.47 

8 6992.39 

9 6907.23 

10 6948.49 

11 6956.65 

12 7070.36 

13 6970.75 

14 6945.24 

15 6900,77 

16 6922.49 

17 6910.08 

18 6891.43 

19 6893.70 

20 6972.73 

Average 6949.78 

Note; The results 

30.71 

-66.26 

0.39 

50.86 

52.09 

19.77 

38.69 

42.61 

-42.55 

-1.29 

6.87 

120.58 

20.97 

-4.54 

-49.01 

-27.29 

-39.70 

-58.35 

-56.08 

22.95 

S.D. 46.37 

for non-Gaussian, Dryden 
spectrum, and for the Gaussian, von Karman spectrum 

D.turbulence landing simulation are listed in Appendix 
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Dryden spectrum, and in Gaussian turbulence with a von 

Karman spectrum, are shown in Figures 5-5 and 5-6. Both 

figures show the direct relation of turbulence intensity to 

deviation in landing position. 

Another important factor relative to landing per 

formance is the touchdown sink rate. From Figures 5-7 and 

5-8 one can conclude that the turbulence intensity has 

little influence on the average touchdown sink rate for the 

automatic control system used in this analysis. However, 

the variability of sink rate, i.e / standard deviation.• 

does increase with increasing turbulence intensity. This 

occurs because the touchdown sink rate is very sensitive to 

the turbulence fluctuation after the flare mode is started. 

headNear the ground U becomes small, and if an increased 

wind due to turbulence is experienced followed by a large 

reduction, or even a tail wind near the runway, a sudden 

loss of lift occurs and causes a very hard landing, Also, 

theas noted in Figure 5-8, when a is over 3 to 4 m/sec, 

ofstandard deviation of sink rate approaches 30 percent 

the mean sink rate. Thus, the chance of a hard landing 

becomes high. 

The influence of different turbulence models for 

this landing simulation can also be seen in Figures 5-5 

through 5-8. The average values of position error and sink 

rate are affected little by using different turbulence 

models, whereas the standard deviation in touchdown 
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Figure 5-5. The average landing error for different 
turbulence models (u* = 0.5, = 0.1). 
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The standard deviation of error for differentFigure 5-6. 
turbulence models (u* = 0.5, = 0.1). 
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Figure 5-7. The average sink rate for different turbulence 
models (u*̂

 
= 0.5, z 

o 
= 0.1). 
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position is influenced significantly by the different 

turbulence models. 

For the same spectrum function, a non-Gaussian 

turbulence model produces the higher degree of touchdown 

variability. It should also be noted that when different 

spectrum functions are used, the von Karman model induces 

a smaller standard deviation in position error than the 

Dryden model. These flight simulation results indicate 

that for a DC-8-type airplane, the turbulence energy con 

tained by the higher frequency fluctuation affects the 

landing position little. The sharp peaks of the non-

Gaussian model represent the most dangerous events which 

can cause the airplane to lose control during the approach. 

Hence, it is important to simulate properly the non-

Gaussian nature of the atmosphere. 

The DZT method for turbulence generation and the 

interlevel coherence turbulence model were also used to 

carry out flight simulation. As expected, the statistical 

results are essentially the same for the DZT method as they 

are for the FFT method. Also, the interlevel coherence 

model was found to give approximately the same results as 

thatthe one-point spectrum model. The reason for this is 

the airplane, when flying along the 2.7-deg glide slope, 

travels relatively longer distances in the horizontal 

direction than in the vertical direction. The coherence 

between vertical levels has little effect on the two-point 
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separation over relatively large horizontal distances. 

Therefore, the coherence turbulence model shows no signifi 

cant difference from the one-point spectrum model for this 

landing simulation. 

C. Conclusion 

This study has been concerned with the problems of 

modeling continuous atmospheric turbulence by discrete 

transformation and with application to flight analysis. 

Different spectrum models have been used to generate turbu 

lence. The results show that the von Karman spectrum more 

accurately describes atmospheric turbulence than does the 

Dryden spectrum. Both the interlevel coherence of vertical 

layers and the non-Gaussian nature of atmospheric turbu 

lence, which are important in airplane analysis, can be 

simulated properly by different models. Two discrete 

well.transformation techniques, FFT and DZT, work fairly 

Although the FFT method provides better spectrum simulation, 

the DZT method is faster for computation. 

On the other hand, the disadvantage of the von 

ofKarman spectriim model is that the non-Gaussian nature 

atmospheric turbulence cannot be simulated simultaneously. 

theFor both the von Karman and the Kaimal spectra, only 

FFT method can be used for the complex irrational filter 

function. 
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Overall, this study has provided a general dis 

cussion of statistical theories of atmospheric turbulence, 

the detailed description of both random signal analysis 

and digital simulation technique, and the application to 

the simulated turbulence to atmospheric flight analysis. 
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APPENDIX A 

COMPUTER PROGRAM 

A-1. Subroutine GAUSS (IX, SIG, XB, XDP) 

Subroutine GAUSS uses Equation (3-1), congruential 

method^ to generate random numbers. The value of a in 

Equation (3-3) is selected equal to 65539. Also, the 

Central Limit theorem with 12 terms is applied to generate 

Gaussian distributed random numbers, Equation (3-6). 

Nomenclature 

IX Seed number (input and output) 

SIG Desired standard deviation (input) 

XB Desired mean value (input) 

XDP Normalized Gaussian random number (output) 

Listing 

SUbROUTI.M£ GAUSS(IX,SIG,XB,XDP) 
RtAL+8 XP 

A=0.0 
UU 30 1=1,12 
l)f = IX<‘6b539 

IF(iy) 10,20,20 
10 iy=IY+21474836A7+l RANDU 
20 XP=iy 

XP=XF*0.46bbol3D-9 
IX=I^ 

30 A=A+XP 

XOP=(A-b,0)*SIG+XB 
HC.TURN 

C.N0 

124 
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X 

A-2. Subroutine PDF (N, DX, ND, X, P) 

Subroutine PDF computes the probability density 

function of a discrete data set i = 1,2 • • . ,N byf 

using Equation (4-5). 

Nomenclature 

N Dimension niomber for array X (input) 

DX Increment Ax (input) 

ND Dimension nximber for array P (input) 

Discrete data set {x^} (input) 
P 

Calculated PDF of data set {x^} (output) 

Listing 

SUBROUTIi'Jt PDF(i),DX,ND,X,P) 
UlMtNSIuiM X(iO ,PCND) ,NP(204B) 
X.S=-0X*(C;<D-l)/2 + 1.5) 
OU 30 1=1,ND 
NP(1)=0. 
XS=XS+DX 
XEiXii+DX 

Du 20 J=1,N 
If CX(J) .Gh.Xi5.AND.X(J),LT.X£) NP (I) =NP (1)+ 1 

20 CONTINUE 

30 continue 

UO 40 1=1,ND 
?(IJ=l.<=NPli)/(UX*N) 

40 CUHTlNUt 
RETURN 
END 

A-3. Subroutine FFT (N, NP, NC, XR, XI) 

Subroutine FFT is based on the Fast Fourier Trans 

form algorithm and computes the Fourier transformation (or 

Inverse) of discrete data. 
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XI 

Nomenclature 

N Dimension number (must be a power of 2) (input) 
NP Power to which 2 is raised, i.e., N = 2

NP 
(input) 

NC Control number (input) 

1 for Fourier transform 

2 for Inverse Fourier transform 

XR Real part of the data set (input and output) 

Imaginary part of the data set (input and output) 

Listing 

.SUnf<uUi'l''4C. Kt-1 

Dlrtc.i'iSlON XkCpo,XI(H) 
iflNC.£Q.n GO 10 120 
uu 110 1 = 1, 

no xi(i}=-Ai(ij 
120 N ^ = .J / 2 

l'lJl = liP-l 

K=0 

OU 150 L=l,Ut' 
130 UO 140 1 = 1, iJ2 

P=ItilTKl(\/2»*.<01 ,i4P) 
«KG=c.28ilcb^P/KLOATCtO 

C=Cu6(ArG) 
3=Sil\( ARGJ 
Kl=Kfl 
MN2 = K1+N2 

IK = XKlMiJ2j*C + Xl(KlN2nS 
Tl = AitKl.'.2j ■»C-Xr(K1,42)»S 

XK1K1N2 J=XKCKn-lR 

XnMri2l=XiCMl-Ti 
XR(KU=Xrt(M)+lk 
XI(M)=X1CM1+1I 

140 K=k+1 

K=X+N 2 

IFCK.LT.IO GO TO 130 
X = 0 

t>iUl=wUl-l 

150 N2=N2/2 

OU 150 R=1,N 
I=IbirR(K-l,0P)+1 
IFd.LL.M GU Tu 160 

lk=Xh(K) 
ri=xi(K) 

XK(K)=XK(I) 
X1(K)=XIC1) 

https://IFCK.LT.IO
https://AitKl.'.2j
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XI 

XRII}=TH 

Xltl)=Tl 
160 CONTINUE 

lElNC.EQ.l) GU TO IbO 
DO 170 1 = 1,N 
XKCiJ=AKCl)/N 
Ai(l)=Xlti)/N 

170 CONTINUE 

IBO kcTUhN 
END 

FUNCTION 1B1TK(J,NU) 
J1=J 

lbITK=0 

DO 200 1=1,NU 
J2=01/2 

lBlTR=lBllR*2+lJl-2+J2} 
200 J1=J2 

RlTUkn 

END 

A-4 . Subroutine SPEC (N, NP, DT, XR, XI, SP) 

Subroutine SPEC uses the EFT method to calculate 

estimated spectrum of the input time history, see 
n 

Equation (4-6), 

Nomenclature 

N Dimension number (input) 

NP Power of 2 (input) 

DT Time increment At (input) 

XR Real part of data array (input) 

Imaginary part of data array (input) 

SP Spectrum estimated array (output) 

Listing 

SUBROUTINE SFbC(H,NP,DT,XR,XI,SP) 
DlHEfiSlOU /.RtNJ ,Xi (N) 
RT=12.<'DTJ/N 
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CALL l-FT(L,i;F,l,XR,Xl) 
DO 10 1=1,N 
iiP(il=KT«(XR(Ij*XR(ll->Xl(Il*XICl) ) 

10 CONl'lX'UL 
RRTuki^ 
CilD 

A-5. Subroutine SMOOTH (N, NS, NM, SP) 

Subroutine SMOOTH is the computer program to smooth 

the raw estimate data after discrete transformation. Two 

basic methods, the Frequency Averaging and Segment 

Averaging methods are included. (See Equations (4-9) and 

(4-10).) 

Nomenclature 

N Dimension number (input) 

NS Number of samples for average (input) 

NM Control number (input) 

1 for the Frequency averaging method 

2 for the Segment averaging method 

SP Raw estimate data (input) 

Smoothed data (output) 

Listing 

SUohOUTINE SM00TH(N,NS,NM,SP) 
SP(N,hS} 

lPCNH-2) 100,200,300 
100 WD=N-iJS 

DO ISO 1=1,NO 
SUK=0. 
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DO 140 J=1,N3 
K=i+J-1 

SuM = iiUM+SP(K, U 
140 CUN'iIrtUE 

SP(1, n=SUN/NS 
150 CUUriNUE, 

GU JO 300 

200 OU 250 1=1,N 
SUM=0. 

OU 2‘40 0=1, No 

SUM=oUM+oPCl,0) 
240 CU.M 1 out 

3P(1,1)=3UM/»3 
250 CU.niiMUb 

300 HtrUHN 
too 

A-6. Subroutine FILTER (N, NM, DT, Z, V, XR, XI) 

Subroutine FILTER calculates the filter function 

for the different models described in Chapter IV and 

computes Equations (4-13) and (4-14) for the frequency 

components of the output signal, There are three sub-

routines called by FILTER which are SAL (see A-6(a)), 

COEFl (see A-6(b)), and COEF2 (see A-6(c)). 

Nomenclature 

N Dimension number (input) 

NM Control number for selecting different spectrum 

model (input) 

1 for Dryden spectrum longitudinal component 

2 for Dryden spectrum vertical component 

3 for approximate Kaimal spectrum 

4 for approximate von Karman spectrum 

5 for Kaimal spectrum 

6 for von Karman spectrum longitudinal component 
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7 for von Kantian spectrum vertical component 

DT Time increment At (input) 

Z Height (input) 

V Reference velocity (input) 

XR Real part of the data set (input and output) 

XI Imaginary part of the data set (input and output) 

Listing 

bUDKUUTl.'it. FlIgTc-KCN, V,Xf<,XI) 
XH(N) ,Xi(rj) ,SIG(iJ ,AL(3) 

Cu,.;.-iuii/ST I / A2 , AZ4 , AC2 , AD2 
HJ,'.;-.u;./oT2/Fw ,PT, b2 ,C2 , A3 
CALb ciAL ( Z , AIj , tSIG , V ) 
T 1 J 
NfiF = ri/2+l 

IFCNH.G£.5J Gu TO 200 
CALL COtF1(LM,A,C,D,AL,SIG,V) 
DO 100 l=l,uril 
F = Cl-n + i 
F2 = F>F 

AhF=A2-F2 

0D=1./(Af-:F + AWF + A2 4*F2) 
Hk = UD*(C*AMh +Aij2*F2) 
H1=0D*(D+aHF-AC2)*F 
CALL MUTJ.lHk,Hi,ARCn,Xl(I)} 

100 COrtTlLUt 

GJ fu 300 

200 CONTINUE 

call CijE,F2(NM, A,e,C,AL,SlG,V) 
IF(;'iF.-6) 270,210,210 

210 UO 2b0 1=1,NHF 
F=TW*(I-1) 
F2=F*F 

KK=A3+f2 

LU=( (D2*F2-fC2)**0.5)/(KR**t0.5*PW)) 
rri=ATAij.(F/b)+PT*lATAN(F/A)) 
HR=00*(CUS(TH1) 
hI=LD*(S1N(TH)) 
CALL MUTl(HR,riI,Xft(I),XI{I)) 

2b0 CONTINUE 
GO TO 300 

270 Du 280 1=1,NhF 
F=(TN#(1-U )**PW 
DD=C/(A3 + F4‘F) 
HRsOD+A 

H1=-DD*F 

CALL HUri(HH,HI,Xf<(I) 
200 CUN'lliiUE 

https://IFCNH.G�.5J
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300 in’T = i4 + 2 

UU 400 1=2,NhF 
J=NXT-I 

X1(J)=-X1(I) 
400 CUOTlNUc; 

KcTUKti 

c,(4U 

SUhkOUTlNe, KUT1(HR,H1, yR,Yl) 
K tk = HK»YH-Hi»Xl 

YK=xyK 

K M U K I'i 

(.I'll; 

A-6{a) , Subroutine SAL (Z, AL, SIG, V) 

Subroutine SAL computes the turbulence intensity a 

and the length scale A by using Equations (4-33) and 

(4-34) . 

Nomenclature 

Z Height (input) 

AL Length scale 1 = 1,2,3 (output) 

SIG Turbulence intensity a^, 1 = 1,2,3 (output) 
V Reference velocity (input) 

Listing 

5UbROOTI.4t SAL(Z,AL,SIG,V) 
DlKtkSlUw ALti),61G(3) 
Z0=0.1 
SIGC3)=O.b2*V/(ALUGC2/Z0+lJ) 
SIG(2}=S1GC3J/C(0.533 + 0.00139*Z)**CO.8)) 
S1G(1)=SIG(3)/C(0.177+0.00274*Z)**C0.4)) 
iF(Z.GT.533) GO TO 100 
Alid )=44.21 + CSuRT(3.2b*Z)) 
Ab(2J=AL(l) 
AL(3)=Z 
GO TO 200 

100 ALC1)=533. 
AL(2)=b33. 
AbC31=533. 

200 RtlOKN 

LnD 

https://5UbROOTI.4t
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A-6(b). Subroutine COEFl (N*M, A, C, D, AL, SIG, V) 

Subroutine COEFl computes the coefficients a, c, 

and d listed in Table 4-2, page 64, for Dryden’s form 

spectrxim filter function. 

Nomenclature 

NM Control number (input) 

1 for Dryden spectrum longitudinal component 

2 for Dryden spectrum vertical component 

3 for approximate Kaimal spectrum 

4 for approximate von Karman spectrum 

A Coefficient a (output) 

C Coefficient c (output) 

D Coefficient d (output) 

AL Length scale (input) 

SIG Turbulence intensity (input) 

V Reference velocity (input) 

Listing 

sUoKuUlIiMc, COr:t 1 AL,SIG,V) 
ulflbriSiurj 61G C 3 ) , Al. C 3 J 
CuMMlj.g/ii'n/Aa.HiA, AC2,AD2 
\/uA = V/AL(lJ 
PI=i.141590 
Pi2 = t'I*2. 

!»■ j GO TO 400 

IrtNiv,-2) 10u,200,300 
100 A=V0A/P12 

C=iilG(n/CPl2*FIJ*(VUA»*l .51 
D=vJIG(l)/PH^(ViJA**0.51 
Go 10 bOO 

200 VUA=V/ALC2) 
A=V0A/PI2 

C=i.lG(2)/(Fl*PI)*C (VOA/2. )*<=l,5l 
U=olG(2)/Pl + ( CV0A«‘j./2.1-*0.51 
GO TO 500 
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300 A=0.1bb»vuA 
C=0.04'i2*SlGCn*tVUA**1.5) 
U=61G(n*0.279#(VUA**0.5) 
GO TO bOO 

400 A=0.286*vOA 
C = 0.114 + S1GCU*C''0A^*1.5) 
i)=0.39d<^SIGtU*(VUA»*0.5) 

500 CniMTlNUt 
A2=A*A 

A24=4.*A2 

AG2=2.*A»C 
a02=2.*A»D 

tNU 

A-6(c). Subroutine COEF2 (NM, A, B, C, AL, SIG, V) 

Subroutine COEF2 computes the coefficients a, b, 

and c shown in Equations (4-35) and (4-36) for the von 

Karman and Kaimal spectra. 

Nomenclature 

NM Control ninnber (input) 

5 for Kaimal spectrum 

6 for von Karman spectrum longitudinal component 

7 for von Karman spectriim vertical component 

A Coefficient a (output) 

B Coefficient b (output) 

Coefficient c (output) 

AL Length scale (input) 

SIG Turbulence intensity (input) 

Reference velocity (input) 

C 

V 
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Listing 

6Ul>kUUT1.4L CuLF2C.'<f', A,B,C, AL ,SiO, V J 
UliMtilBluri 61G(3) , ALti) 
CUMMUM/oIi/t'n ,PT,b2 ,C2, A3 
VuA = VVAb( 1 ) 
Pl = 3.141b':ft> 

if lOU,2OO,30O 
100 A=VuA/(Pi^»1.33S} 

D=0. 

C=*IG(l)»0.62bb*C CV0A/PI21♦*0.333333) 
P = b. / 6. 
GU iO 400 

200 AA=0.164*(Cl./0.041)**(b./3.)) 
A6=S0kT(AA) 

BD=S(jBr{0.164/0.041 ) 
A=(VUA**Cb./o.))/AS 
b = 0. 

C=SiG(l)/A3»(VOA*»0.33333)*BB 
P« = b./6 ^ 
GU TU 400 

300 VUA=V/AL,C2) 
Pw=ll./6. 

A=VUA/(P12*1.339) 
i3=5uRT(2.*SIG(2)* + 2/V0A*(A**(PW*2) )) 
C=6/(0.6123*A) 

400 PT=-P»J 
A3=A*A 

62=B+B 
C2=C*C 

KtTUHiM 

A-7, Subroutine DZT (N, NM, DT, z, V, X, Y) 

Subroutine DZT computes Equation (4-15) for 

•^if^s^snt models, and this is the Z-transformation tech 

nique for the filter system. 

https://6Ul>kUUT1.4L
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Nomenclature 

N Dimension number (input) 

NM Control number for setting different spectrum model 

1 for Dryden spectrvim longitudinal component 

2 for Dryden spectrum vertical component 

3 for approximate Kaimal spectrum 

4 for approximate von Karman spectrum 

DT Time increment (input) 

Z Height (input) 

V Reference velocity (input) 

X Input array 

y Output array 

Listing 

SURROUTIH£ Dzr c N , IMH, DT, Z, V , X , Y 3 
OlrtciMSION XCN) ,y(N) ,S1G(3) ,AL(i) 
Pl=3.141693 

CALL. SALCZ, AL,i)IG, V) 
CALL COtt1ChH,A,C,D,AL,SlG,V) 
Cl-2.*LX.^t-2.»t'l*A*DTl 
C2=-(LXP(-4.*R1*A*0T1) 
b=L0l<T(2.*PIl 
C12=Cl/2. 
CDA=C/(b*A*Al 
ACA=(A-C/ttJ/A 

L)l=L»*(CbA-*-C12»(ACA*0T-CBA)) 
D2=D*Clx^(CbA»CC12-l.l-ACA»U'n 
Y(U=0. 
Y(2)=0. 

Du 30 1 = 3, 

Y(1)=C1» YtI-n+C2*Y(l-2l+Dl*Xtl-l}+D2*A(l-2} 
30 COiVl’l.jUt 

RETURN 
END 
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A-8. Siibroutine INPUT (N, NM, DT, IX, XR, XI) 

Subroutine INPUT generates the random number array 

r • •{x^}, i = 1,2 .,N, which standard deviation a is adjusted 

for FFT and DZT, as shown in Equations (4-25) and (4-32). 

Nomenclature 

N Dimension number (input) 

NM Control number for selecting different method 

(input) 

1 for FFT method 

2 for DZT method 

DT AtTime increment (input) 

IX Seed number for calling GAUSS (input and output) 

XR Real part of the array {x^} (output) 
XI Imaginary part of the array {x^} (output) 

Listing 

SUdKOUTINL i;jput(n,nm,dt,ix,xr,xi) 
XR(N),XICiN) 

lf(Nrt-2) 100,200,300 
100 SlO=SQRTC0.b/DT) 

GO TO 300 

200 Si.G=S(jKT(3.141b96/DT) 
300 DO 400 1 = 1 ,N 

CALL. (jAUoj(IX,SlG,0 • XDP)f 

Xf<(l)=XLP 

Xi(l}=0. 
400 CuWlI.jut. 

t<c.i UKO 

CiNO 
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A-9. Subroutine NONGAU (N, NC, DT, Z, V, R, XR, XI) 

Subroutine NONGAU generates the non-Gaussian turbu 

lence based on the model of Reeves, et al. [2], and 

calculates the filter functions listed in Table 2-1, page 

26. There are three subroutines called by NONGAU, which 

are INPUT (see A8), C0EF3 (see A-9(a)), and FFT (see A-3). 

Nomenclature 

N Dimension number (input) 

NC Control number for specifying the velocity 

component (input) 

1 for longitudinal component 

2 for lateral component 

3 for vertical component 

DT Time increment (input) 

Z Height (input) 

V Reference velocity 

R PDF adjusting coefficient r (input) 

XT Real part of simulated turbulence (output) 

XI Imaginary part of simulated turbulence (output) 
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Listing 

SUrtRuUTINt, NONGAU(N,NC,DT,Z, V,XK,X1,K) 
DlHbfcSltlN XRCN) ,XI(N) ,AGAC3 J , SIGS ( 3 ) , UK C 2048 ) 

CUM.',Uil/6r/AL,iilG,IP,A2,A24, AU2,AC2 
Nr2=(Al.UG(l .♦N) )/CA|jiJG(2. ) ) 
Nri = fi/2 

Xi'i=l./CN»JT) 
WMF=Nri+l 

CALL 6AL(Z,ALA,SJGS,V) 
AL = ALA(iJCJ 

S1G=S1GS(MCJ 
uH=i./(iiUKrci.+R*Rn 
kUK = K4:UK 

NR=1 

100 CALL COEr i(Z,V,A,C,D,NC,!JR) 
CALL INPorCN,1,LT,IX,XK,XI) 
CALL FFTCN,M2,1,XR,XI) 
DO 150 1 = 1,LHF 
F=(I-1)<^TN 
F2=F*F 

AhF=A2-F2 

DU=1./(AMF*AMF+A24*F2D 
hH = DD*(C’-AMF + AD2*F2) 

mI=DD*(D*AMF-AC2)+F 

XXR = XR(I)<^riR-XlClJ*Hl 
XI(1)=XRCI)^HI+X1(I)»HR 

150 XR(1}=XXR 
WTT = i'i+2 

DO 190 1=2,Nh 
J=NTT-I 

XR(J)=XR(1) 
190 XI(J)=-X1CI) 

CALL FFTCN,tMT2,2,XR,XI) 
lF(Nk-2) 200,300,400 

200 DU 250 1=1,N 
250 UK(1)=XRC1J 

NR=NR+1 

GO To 100 

300 DO 350 1=1,N 
350 UR(1 J=URtinXR(Il 

i'IR = 3 

GO To 100 

400 DU 450 1=1,K 
450 Xk(1)=XK(11*UK+QR(1)*KOR • 

Kt-TURN 

ERL) 

A-9(a) , Subroutine COEF3 (Z, V, A, C, D) 

Subroutine COEF3 computes the coefficients for the 

filter functions listed in Table 2-1, page 26, 
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Nomenclature 

Z Height (input) 

V Reference velocity (input) 

A Coefficient a (output) 

C Coefficient c (output) 

D Coefficient d (output) 

Listing 

bUoUOUTlwc: Cutf 3CZ, V,A,C,D,NC,l4k) 
AL ,SlG,lP,A2,A24,AUi', AC2 

VUA=V/rtb 

»i=60kT( 128 J 
VUA2=0.5*VjA 

100,200,200 
100 iK(NK-2) 110,140,170 
110 A = V(ja2 

C = 4.'i'SIG/V0A*A*A 
D=l. 
GU Tu 400 

140 A=VUA2 
C=A*A 

D=l. 

GO Tu 400 

170 A=(/UL 

C=SIG*(SQKTC2./VuA))^A*A 
D=l. 

GO TiJ 400 

200 ll(NK-2) 210,240,270 
210 A=VUA2 

C=olG*rt/lVuA**2l*A*A 
0=1 . 
GU 'fiJ 400 

240 A=VUA2 
C=0. 
D=A 

GU TU 400 
270 A=VUA 

C=GIG*A/(SijkT (VUAl) 
D=G1‘1.732/Vua 

400 A2=A*A 

A2-t = 4. <^a2 
AC2=2.*A»C 
AD2 = 2. ♦A*l) 

tND 



140 

A-10. Subroutine COHER (N, Z, DZ, DT, Yl, Y2) 

Subroutine COHER simulates two levels of turbulence 

Y1 and Y2 with the coherence relation described in Equation 

(4-43) . There are five subroutines called by COHER: 

BETA (see A-10(a)), NTRA (see A-10(b)), VHAT (see A-lO(c), 

FILTER (see A-6), and FFT (see A-3). 

Nomenclature 

N Dimension nvunber (input) 

Z Height of the level one (input) 

DZ Vertical separation for two levels (input) 

DT Time increment (input) 

Y1 Simulated coherent turbulence at level 1 (output) 

Y2 Simulated coherent turbulence at level 2 (output) 

Listing 

SUokUlJTiiJL CUKt;U(ig,Z,UZ,,DT, Y1 ,'i2) 

K;4^(ll ,512) ,RNH 11 ,bl2) ,XI<C512) ,XI(bI2) rt'Cll) 
CuMMu.'i/r2/t»l ,Z1 ,DX,fc-P0, A 
Cu.<iMUiil/T3/NP21 ,kHF, ijT2 
URt,F = 5.0 
1X=65549 

Hi 2= (ALQG ( 1 . ) ) / (ALUG ( 2 .)) 
hm=h/2 

NKF=i\,H+l 

HP21S11 

PI=3.141593 
A=17./(2.*PI) 
Zl=i 

i2ZH = 3. 
ll.= l 

LPU=DZM*Pl/(URbK»DT) 
i)A = UHbF»tJT/CPH‘2.) 

call iiii;TA(rjp21,B) 
CALL NTKrt(M,ur,IX,RrJR,RNI,XR,Xi) 

100 CALL VHAT(N,DX,RiiH,RNl,xR,XI,o) 
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CAul. ULI EK ( N , lii*l, DT , k,, (JKhr , XK , XI ) 

CALL tt"r(.i,iJT2,2,XR,XI3 
11''(IL.£Q.2J CO TO 300 
LU 200 K=1,L 
^1(K)=XH(KJ 

200 CUMIiJUL 
4=L-1)Z 

lL=iL+l 
CO i'u 100 

300 UU 310 K=1,U 
i2(M=XK(K) 

310 C u o T1Li £ 
RLTUkW 
tND 

A-lO(a) . Subroutine BETA (N, B) 

Subroutine BETA computes the coefficients B of 
m 

Equation (4-38) using Equations (2-45) and (2-42). 

Nomenclature 

N Dimension number (input) 

B Coefficient array B^ (output) 

Listing 

SUqRGUTINc, Bfc;TA(Nt'2J ,bl 
OlMtoolOn bL 14^21} 
Cu.'IWUiJ/TZ/HI ,Z1 ,uX,LPO, A 
iJPl = LNP21-l 1/2 + 1 
0=A+LPu/2. 

ci(wPl)=0.b 
bUi'i=l . 

cXtu=t;APC-u) 
Pt,2=PI/U 

ArtO.‘i = (l.+t,AtO)/ Ll.-tXLO) 
UU 300 i=l,KPl,2 
K=NP1-1 

b (K1 =aNom/ (1. + (Pt.2 * I) + *21 
IfCK.tU.l) UU TO 100 
b(K-ll= l./Cl.+(Pt2+(I+l)l»»2) 
c>UM = SUK + 2.*C£J(K) + B(K-n ) 
b(K-lJ=S0KT(b(K-l)) 
CU 10 200 

100 bUMsbUi<l + 2.*b(K) 
200 t)(M=oUhHfa(K) J 
300 CUNTlNUt 

https://11''(IL.�Q.2J
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i>U -iOO 1=1,MPl 
400 oCl)=b(l)/6uRX(6liM) 

htXUKM 

tNLi 

A-10(b) . Subroutine NTRA (N, DT, IX, RNR, RNI, XR, IX) 

Subroutine NTRA generates 11 sets of random signals 

for the coherence model. 

Nomenclature 

M Dimension number (input) 

DT Time increment (input) 

IX Seed number for calling GAUSS (input and output) 

RNR Real part of the random signal (output) 

RNI Imaginary part of the random signals (output) 

XR, XI VJorking space 

Listing 

SUbRUUTIhc. i,TRA CN , DT, IX , RWR, RNI, XR, XI) 
OlKr.NSiLiN RiJRtn ,bl2) , hfli C11 , b 12) , XKI 51 2 1 , XI ( 512 ) 

CUi'iWOH /T 3/NP21, M HK , NT2 
Du 300 J=i,NP21 
CALL INPUr(t'i,l,DT,lX,XR,XI) 
CALL FRT(u,fMl2,l,XR,XI) 
DO 200 1 = 1,NHF 
RNRtJ,l}=AR(l) 
K!a(j,i)=xi(i) 

200 cuntiuUe: 
300 cuNiiNOt; 

KLTJRJi 

E.ND 
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A-10 (c) . Subroutine VHAT (N, DT, RNR, RNI, XR, XI, B) 

Subroutine VHAT is a part of the coherence model, 

and computes the X'{k,z) in Equation (4-39). 

Nomenclature 

N Dimension number (input) 

DT Time increment (input) 

RNR, Real and imaginary part of random signal (input) 

RNI 

XR, XI Real and imaginary part of calculated X' (output) 

B Coefficient array in Equation (4-38) (input) 

Listing 

SUbKOUTINE VhAT(iJ,DT,RNR,H,U,XR,Xl,o) 
UXrtt.fJSlUW RNWt 11,51^) fKiilCll ,512} ,XkCbl2J ,Xi(512J , u(ll} 
CunM0iM/T2/Pl ,2.1 ,DX,t.Hu,A 
CUi>ii'luW/T3/l\,P2l,NHF,rJr2 
N12 = ijP21 + 1 

Pj.2 = Pi*2. 

CKir=DX*rt+PI/iO. 
Ati'A=FI»2./ (EPO^=DX*N) 
UU 200 K=1,ImHF 
FKK=1.*(K-1) 
IF(FKR.GE.CklT) FEN=CR1T 
XK(K}=0. 
Xi(M=0. 
UO 100 1j=1,ivP1 
AuG=At.rA*(NPl-L) 
AUl,N=(-AUG)*FKK 
hUGP=(A0G) <=FKK 

CSN=C0S(AOGk) 
CiP=CiJEC AuGP) 
5i\iN=c>lw (AuGtj} 
SNP=i)Ii< ( AUbP ) 

XkCK)=XK(i<L}^ CkriH(N12-b,K}*C5iv + kr4K(L.,K)*CiiP-KNl(Ni2-L,l' )* 
*SNrJ-Kin(i,,K} ♦6Hp)*b(L) 
Xi(KJ=Xl(K} + tkljl(!J12-L,K}*Ci>l'j + f<l'ii(i,,K} ♦CiiP + Ki'iK (M 2-b, K} ♦ 

*i(<N + KwK(L,X}»6lJp}*bCL) 
100 CU.PilNUE 
200 Cu.MlIiMUE 

KtruKN 
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A-11. Subroutine COHERS (N, NS, DT, Y1, Y2, CO) 

Subroutine COHERS computes the coherence function 

of the two time histories Yl and Y2 by using Equation 

(4-41). 

Nomenclature 

N Dimension number (input) 

NS Sample size (input) 

DT Time increment (input) 

Yl Time history at level 1 (input) 

Y2 Time history at level 2 (input) 

CO Estimated coherence of Yl and Y2 (output) 

Listing 

oUcRUljTI i<c, CUHtHS (II , iNS , DT , i' 1 , f , CQ} 
y i C , 'Il) , i 2 I .'iS , il J , Cli (N ) 
AKU04d3,XIt2048),CuK(102H) ,CUill024) ,StH1024) 

DlKc.i-<610i* CuRH(10?4) ,Culi(102^J 
NT,i= C ALUijCI . ♦h') / Ai.iJG( 2 .)) 
hri=r(/2 

Hr=UT/wii 

JU '^0 K=l,iJri 
COKHtK}=0. 

90 CuriTIiiUt 

DO 300 L=i,NS 
DU 100 K=l,iJ 
As<(M = yi th,Li) 
Ai(j< 1=0. 

100 cuhtinue: 

CALL. bPc:C(N,NT2,LT,XF!,XI,SP) 
DU no K=l,Nri 
CUk(K}=XH(K) 
C0IIK)=AHK) 
nCK,L)=SP(K) 

no CuoTiiiiUh. 

Du 200 K=1,N 
AKLM = y2CA,Ll 
X1(K1=0. 

200 cuotiwoe; 

CALL SPE;CCti,NT2,DT,XK,Al ,SPJ 
DU 210 K=1,HH 
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V 

CukH CKJ=CiJHK CK)+CuK (K) ♦ARC K J-CCl (K) ♦XI UJ 
CulI(K)=CuiI(K)+COHCK)*XI(K)+CUHK}»XKtKJ 
i^2(h,L,J=iit'CK} 

210 CuRTluOt 

300 CD,4TlNlJt 

uO -100 K=l,ilH 
suy.i=o. 
SUy4> = 0. 
00 3bO 

i>U,il=SUMl-»mK,L) 
t>Uh2=auy2 + l’2lR,L) 

350 CuwTli.Dt; 

^ 1 (A, 1 )=iiUM/;MS 
^2(K, 1 )=oU^'2/l■lb 
CtJHh (K}=CURh (K3 /[MS 
OUll(K)=CUii(K}/iMS 

400 CUNl'lNUK 

Oil bOO K=l,Rri 

Cu(M=KT»Rl’*tCUKRlKJl'»2 + C01HM**2)/(n(R,n*12(K,in 
500 OuRliyLie, 

KtiuKiM 

C..MU 

A-12. Subroutine WIND (XP, ZP, T, V, KCK) 

Subroutine WIND computes the turbulent wind velocity 

and (see Equations (5-1) and (5-2)). 

Nomenclature 

XP,ZP Aircraft position (input) 

T Time (input) 

Aircraft speed (input) 

KCK Starting number KCK = 1 (input) 

COMMON/WINDS/ 

WX,WZ Wind velocities U^, U2 (output) 

WXT,WZT Time gradient terms 3U^/3t, 3U2/3t (output) 

WXX,WXZ Spatial gradient terms 3U^/3x, 3U^/3z (output) 

WZX,WZZ Spatial gradient terms 3U2/9x, 3U2/3Z (output) 

https://CuwTli.Dt
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Listing 

SUijftunTiHL V.IMD Ixr.SfM. (/,KCKJ 
W X z;, W Z X , W z Z., Z 0 , U. > T A A 

C U i'! .-U) 1, / /<!.' 1L 3 / 'W X , W , V. X T , W 7, T , vJ A A , 
COM«uN/Sl’Si-(/fAT,UPHl 

',£.13.6, • IS OUTSIOc; 
I 

)
31 F0R>iAT(2a,' ',ci3.b,' Z = 

AM' = 0.4 
2 lOif'lXP.LI'.O. .OR.'^P.Lt.O. ) GO TO 

UuK = ';/DHi + I.I^ I AK/AKf' 
WX = -'J O.S»CALUGCtZP + Z.J)/ZU)) 
•• Z—0 . 

«( AA = ti . 

wXZ=-i' JK/lZP + Zb) 

wZX=0. 

•rtZZ=0. 

rtXT=0. 

V.ZT = 0. 

CALL. VbLO(Xt’,Zf,T,V,KCK) 
CO 10 215 

210 «HlTt.(6,31) XP.ZF 
215 KtrUrtti 

£N0 

SUriHOUTIiJt VllO(XP , ZP, X , V, KCK) 
Cu^ir.u •l/Tll/OX ,uT,L'.r.,NT2 
COhmilN/rT2/GG(2,12«) 
C0f1Ht)fJ/'rT4/lX,RR..lt:TH 
CQHKUfJ/TT5/XPR,ZPP.,Tei'lD,ZfJWR 
COi>i.Ml)ll/ViI.';DiS/'WX , SZ , HXT, WZT , .<XX , V XZ, wZX , aZZ, Zi.',l'A CAa 
ULii=rji'*wbrt 

WXk=ABSCrtX) 

IF(AHSCWX).LT.0.0000001) wXk=O.OOOOX 
XF(XCK-l) 101,101,103 

101 XPR=XP 

ZPR=ZP 

CALL ROMDCINCZP) 
znv;p.=zp/wxp 

Tfct,0=L).'iN 

CO iu 105 

103 ZOw=ZP//iXH 
IF (ZP.LT.20.) GO ro 105 
Rf<R=ZUW/ZOttH 
DOO=AHS(1-RRR) 

1FCD1)0.LT.0.2) GO TO 105 
104 CALL KUKUOtUZP) 

ZO«R=ZOW 

XPR=XP 

ZPR=ZP 

TEiMDsT + ON.N 

105 TKP=T+AtJSC(XP-XPR)7V) 
iFCTPP-Tt.iD) 109,104,104 

109 t.R=( rRP+L)nN-T£IlD)/OT 
Nr=t;Rf 1 

NTB=NT+1 

IFLNTP.GT.128) GU TO 104 
UP=GG(l,i*T) 
VP = GG12,.;C) 
■aX = wX + i.P 

wZ=WZ* VP 

https://iFCTPP-Tt.iD
https://ZP.LT.20
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DLD = V*CVr 

wX>;=V/X/.t t(;oi 1 l ,M D )/OLD 
bi'.'£=^iXK<;i'>C? ,NTP)-GCt >,Nr) UOLO 

170 cowl I Nit E 
return 
LUO 

SUlJKUUXil.h; KUMDUNCZR) 

C. U, 1M n ti / Tn / () X , n T , Ni .'1, i. T 2 
i , I 2 r' i 

Cua.'i.j.i/li'T/lx,Rl<,(-.It I'ii 
CJM.IUU/Fi/XGKC 12b) ,XtU( 128) 
CuM.Xu.N/STSk/FAT, WDK 1 
CUrli^Oii / wIi^DS/WX , rtZ, »iXT, iftZT, Xa ,XZ, Zx • fiZZ > Zi), IJZTaKw 

S1v,X=.SnKT ( J . I 4 I Ogo/UT ) 

U)IJ 110 1=1,2 

00 105 .J=l,?Ji'Iti 
Call GA'JO.itIX,5IGX,0 t%)• f 

aOK10)=K 
lOb CU.iTl.lUc, 

OU 108 J=l,NriN 
XGI(J)=0. 

108 COriTIiiUZ 

CALL FFr(NNN,NT2,l)* 
CALL FILTER(ZP,I) 
CALL FFT(MhN,f:T2,2) 
v*fCITt:Co, 1) IXGRCK) ,K=1,NHM,5} 

1 FUHrtAT(lX,20F5.2) 
DU 109 J=1,NNN 
GG(l,J)=XGR(J)=t=FAT 

109 COr.TI.TUE 

110 CO.MliiUS 

RETURN 

END 

oUbRQUTIuE FILTER(ZP,I0R) 
COMMUN/TTl/DX, DT, N.JiJ, NiT2 
CUMNfOrl/FT/XGK(128) ,XGI(128) 
COMNON/WINDS/WX,WZ,WXT,WZT,WXX,WXZ,WZX,WZZ,ZO,USTAR 
PI=3.141596 
AL=ZP/(0.177t0.832/304.79^ZP)*»1.2 
UHEAN=ABS(WX) 
IF(UM£AN.LT.0.0001) UMEANrO.OOOl 
SlGi = 0.52*Li-iEA.i/C (ALuG(ZP/7.0+l))) 
SlG=SlG3/t(0.177+0.00274*ZP)»»(0.4)) 
IF(1UP.£Q.2) SIG=51G3/((0.583+0.00139*ZP)**(0.8)) 
AOV=AL/UMEAK 

Nri^NUN/2 
NHF=nH+l 

TNi=l ./(iJNN»DT) 
100 CONTINUE 

IF(10?.£0.2) GO TO 115 
A1=1./(1.339*aOV*2.*?1) 

Cl=4,*Ai)V*6lG*GlG*(Al* + l.oooooo) 
P0=5./12. 

ciS = 5flRTt Cl ) 
FAC=-5./6. 
Al2=Al*Al 

DO 110 K=1,HHF 

https://Cua.'i.j.i/li'T/lx,Rl<,(-.It
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v>2=0 

0 = ClS/UAliiS2j +^-(-'0) 
ANi; = KAC* C ATAI'I (-"'/A I ) ) 
HK = D^=(>:i'i)CAr'lj) ) 

Hi=D*(Sl:i( Ar;G) ) 
XXk->.i'RI,<) ♦HA-XGi CK) *H1 
XGl(Kj=/..ii(K j rHK^ awH(K) »H1 
AGKIK)=XXR 

110 caNT:ir4'Jb 

GO ID .100 

115 GGrtTlwUP; 

A=l./ti.339*AOV*2.*Pl) 
C=A*C.SGRT(3./6.)) 
C2=C»C 

b2 = 2.*SlG»5IG*ADV*CA*»lll./3.) J/(.C21 
b=SQRT(62) 
A 2—A ^ A 

t'h = ll./12. 
Pa2=11./6. 

i)0 120 K=l,tlHF 
S=(K-1)*TN 
S2=S*.S 

D=a^tS0HT(C2 + ii2))/((A2 + S2)^<^i'.O 
AKG=ATA,N(3/C)-PVi2*CATANCS/A) 1 
HR=D*(COS(ANG)) 
HI=D*(SIH(AriG)) 
XAA=XGH(K)*mK-XGI(K)*HI 
XGI(R)=XGI<,Xj»kK + XGR(Kj tkl 
XGR(K)=XAA 

120 COMl’IrtUE 
300 fi3=Nf4i'i+2 

DO 330 J=2,NM 
K=w3-J 

XGR(R)=XGR(J) 
XG1CK1=-XGI(J) 

330 CO.^TIGlIE 

KtTUR:) 
END 



APPENDIX B 

VARIANCE OF DZT 

An approach to derive exact equations for the out 

put variance by using the DZT method is to calculate the 

variance directly by expressing the difference equation 

involving input and output variables in terms of the input 

variables only. Recall Equation (3-46): 

(B-1) 

where 

_

A = exp(-aAt) , B -— ( 1 - exp(-aAt) ) 
a 

2Va^ 
a

V 
f c = Z 

A Att 

Rewrite Equation (B-1) so that 

^n+l ' ^ n 

Bxy = Ay + 
n n-1 n-1 

(B-2) 

^2 = Ayj^ + Bx^ 

^1 0 . 
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Substitute into 
^2' ^2 into Y^r'•‘f etc., which results 

in 

n-1 n-2 
Bx, + A Bx^ + ... + Bx^n+l = 1 2 n 

n 

= la x.i ' i=l ^ ^ 

where 

i-1 
a, = B A 
1 

Since and are independent, the variance can be calcu 

lated by 

-2 2 , . V 2 
a = a a. 

X 
lim I 

y n^oo 1=1 

(B-4) 

2 n i-1 
2 c -At -aAt 

= a ( 1 -e ) lim I (e )X ~2 
a n-voo i=i 

Note that 

00 

I b" 
i=0 

= ■ r^b • 

Therefore, Equation (B-4) becomes 

-2 
a 

2
2a 
Z 

TTa 
( b 
1 

2 
-aAt 

)- e 
-2aAt 

- e 

(B-5) 

X 
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Consider the case for aAt very small, 

( 1 
-aAt 

-e 
^ (1-1 +aAt -

1-1 + 2 

(aAt)^
2T 

aAt -

^ • 

... 

• • 

2 

) 

aAt 

2 

(B-6) 

Hence, Equation (B-5) reduces to 

^2 
a 

a 
X 

At 
—— 

TT 

2 
a 

y 
(B-7) 



APPENDIX C 

EQUATIONS OF MOTION FOR LANDING SIMULATION 

The three-degree-of-freedom model for aircraft 

motion presented in this appendix follows the general form 

developed by Neuman and Foster [1], except the non-linear 

terms are retained. It accounts for both vertical and 

horizontal mean wind components having both time and 

spatial variations. 

Figure C-1 illustrates the forces acting on the 

aircraft. These include; 

F^ = thrust of the engines 

L = lift 

D = drag 

U = wind vector 

= gravitational force . 

Figure C-1 shows the orientation of the forces with 

respect to the velocity relative to the earth V, the 

velocity relative to the air mass V
3. 

, and the fuselage 

reference line FRT of the aircraft. 

152 



153 

Figure C-1. The forces acting on the aircraft. 

The basic variables are V, y, q, a', x, and z, 

where 

Y = angle between V and x-axis (flight path angle) 

q = time derivative of 0(pitch rate) 

.a' = angle between V
3. 

and the FRL (angle of attack) 

From a direct force balance along each direction 

canand basic kinematic relations, the equations of motion 

be derived as 
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V = -D^ (Cj^ cxDS <5 + sin 

cos Y sin { 6^ + a ) 
Y = + D,F,

V (c^ cos <S - Cj^ sin 6 ) - D2 V 6"T V 

q = Vt + 
5 a

c„
M 

COS Y 
I 

sin ( 6 + a' )I 
a 

V - Vt V - i(U^ sin Y' +U2 cosy' ) 
a a a 

X = V cos Y 

z = -Vsin Y t 

where D^, D^r ... are the nondimensional coefficients 
definedand Ct, c^, and c„ are the aerodynamic coefficients

Li U rl 

by 

I ^[Cl q+c^ i’ ]+=L = 'X “ 'X, a q a GEo a Sj, 

a' •2-,a 

O 3. a GE 

I 
a 

o a 

The wind is seen to enter the equations in the form 

The expanded formof a gradient or wind shear and U2. 

of these equations is: 
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9U 9U 
U 1 ^ 1 dz 
1 3t 3x dt oz dt 

9U 9U 

U 2 ^ 2 dz 
2 ot 9x dt 9z dt * 

Thus, both spatial variations and temporal variations in 

atmospheric motion influence the equations in the wind 

coordinate system. 



APPENDIX D 

LANDING RESULTS 

This appendix presents landing results for non-

Gaussian, Dryden spectrum turbulence, and Gaussian, von 

Karman spectrum turbulence (Table D-1). 
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Table D-1. Landing Results 

Non-Gaussian, Dryden Gaussian, von Karman 
Spectrum Turbulence Spectrum Turbulence 
Landing Standard Landing Standard 

No. Position Deviation Position Deviation 

1 7033.13 62.41 6926.15 -35.97 

2 6924.73 -46.0 6984.11 21.99 

3 6983.23 12.51 6991.46 29.34 

4 6933.35 -37.37 7009.88 47.76 

5 6968.89 -1.83 6986.71 24.59 

6 6998.80 28.08 6992.73 30.61 

7 6977.84 7.12 7022.72 60.60 

8 6917.63 -53.09 7016.62 54.50 

9 7007.27 36.55 6909.70 -52.42 

10 6920.63 -50.09 6923.54 -38.58 

11 6976.52 5.8 6962.78 0.66 

12 6939.20 -31.50 7008.04 45.92 

13 7057.49 86.77 6951.11 -11.01 

14 6974 5.03 6948.43 6.31 

15 6969.15 -1.57 6914.48 -47.64 

16 7009.27 38.55 6925.56 -36.56 

17 6994.06 23.24 6927.14 -34.98 

18 6944.93 -25.79 6896.60 -65.52 

19 6946.49 -24.23 6960.51 -1.61 

20 6936.05 -34.67 6964.12 2.00 

Average 6970.72 37.51 6962.12 32.43 

0.1.Note: u* = 0.5, 
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