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Abstract

We present theoretical studies on the double ionization and ionization-
excitation of helium and H™ by high energy photon (> 1 keV). With an
accurate Hylleraas-type initial state wavefunction and final state wavefunc-
tions with and without correlation we investigate the dynamic motion of the
two-continuum electrons in the field of nucleus. We analyze the solution of
the Schrodinger equation for the double-continuum system and demonstrate
that the 3C wavefunction describes the final state to leading order in Z/k; in
the full configuration space and satisfies the Kato cusp conditions exactly at
the three two-body collision points. A new technique for the analysis of the
distortion factor D(-) in the 3C wavefunction has been developed which can
lead to an accurate evaluation of the transition probabilities. Qur calculation
shows that the double to single ratio and the satellite-to-1s ratio approaches
the same asymptotic limit with and without final state correlation. However,
at 1 keV the ratios with the 3C wavefunction are increased significantly while
they are almost unchanged with the 2C solution. The double to single ratio
of helium with the 3C wavefunction is 2.62 % at 1 keV and approaches an
asymptotic value of Rp,(c0) = 1.65%, which is in excellent agreement with
the measurements. For H™ we have made the first reliable calculation at
the high energies. The double to single ratio is 1.87 % at 1 keV with the
3C wavefunction and approaches an asymptotic value of Ryp(c0) = 1.50%.

We also point out that the interaction between the high energy photon and
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atom is localized in a region with a distance of ~ E~'/2 around the nucleus

instead of a point at the center. We introduce a shape function into the for-
mulas suggested by Kabir and Salpeter and by Dalgarno and Stewart which
can dramatically improve the evaluation of the absolute cross sections of
the double and single ionization at non-relativistic high energies. Moreover,
we extend the validity of the formulas down to about 2 keV by including
final-state correlation.
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Chapter 1

Introduction

1.1 Motivation

The three-body problem is of fundamental importance in atomic and few-
body physics. The understanding of correlation effects arising in the dynam-
ics of two electrons escaping from a charged core is a tremendous challenge
for atomic and molecular physicists. The double ionization of atoms and
double detachment of negative ions by photoabsorption provide a sensitive
test for electron-electron correlation. Double photoionization (DPI) is a pro-
cess where an atom (ion) absorbs one photon 4 and simultaneously ejects
two electrons (Fig. 1.1).

Since the coupling between the electrons and the radiation field (o p- /T) 1s
a single-body operator, two electron escape would be strictly prohibited with-
out electron-electron correlation. The simultaneous ejection of two electrons
1s therefore mediated through the electron-electron interaction in the initial
state (“ground-state correlation”) and/or in the final state of two electrons

in the Coulomb continuum (“final-state correlation”).



ko

Figure 1.1: Schematic expression of the double ionization process by a single
photon: the two electrons are ejected from the ground state to a double
continuum state after receiving all of the photon energy.

Helium, because of its simplicity, has been the target for extensive studies
from both theory and measurements in past decades. At the very low photon
energies (near the DPI threshold), the studies have focused on the angular
distribution of the escaping electrons and the energy dependence of the to-
tal cross section. The milestone of the studies is the Wannier-Rau-Peterkop
(WRP) theory (1, 2, 3, 4] which predicted that the total DPI cross section
of an atomn varies above threshold as 0¥+ « E™ where m is an exponent de-
pending on the charge Z of the residual ion. The theoretical values m = 1.127
for Z =1 and m = 1.056 for Z = 2 are consistent with recent experiments
done with H- and K~ targets [5, 6, 7, 8] and with helium target [9, 10], re-
spectively. The WRP theory also predicted correctly the angular correlation
for two-electron escape at threshold. Above but near threshold, several other
independent approaches have been applied to the discussion of the angular

correlation of the ejecting electrons. Rouzo and Cappello [11] calculated the




angular distribution using a highly correlated ground-state wavefunction and

a double-continuum final-state wavefunction approximated by a symmetrized
product of two Coulomb waves (2C) and obtained a result which disagrees
with the prediction of WRP theory. Huetz, Selles, Waymel, and Mazeau
[12] arrived at the angular distribution based on an approximation within
the frame of WRP theory, and Maulbetsch and Briggs [13, 14] obtained the
result using a correlated three-body Coulomb wavefunction (3C), which is a
product of 2C wavefunction and a Coulomb distortion factor, for the final
state. The result in the calculation of Maulbetsch and Briggs is in agreement
with the measurement [15]. However, the 3C wavefunction is the appropriate
solution of the three-body Coulomb system only in the high energy range,
the agreement in the angular distribution between the theoretical prediction
and measurement can not completely explain the dynamic feature of the
electron-electron angular correlation.

In the higher energy range, studies have focused on the ratio of the to-
tal cross sections between double and single ionization because of the con-
venience for experimental set-up and for comparison between theory and
measurement. At low and intermediate energies (E < 1 keV), sophisticated
ab initio methods, such as the hyperspherical close-coupling (HSCC) [16],
R-matrix [17], and complex Sturmian [18] methods have been recently devel-
oped which have led to improved agreement with most recent measurements
[19, 20, 21]. At high energies (E > 1 keV), several approaches have been

pursued including many body perturbation theory (MBPT) (22, 23, 27], the



use of correlated 3C wavefunction as the final state [25, 26, 27, 28] and,
very recently, the application of the dipole response function [29]. In this
region, discrepancies between different theoretical predictions have remained
unsolved and comparison with experiments is complicated by the fact that in
some experiments the separation of contributions from Compton scattering
and from photoionization is not possible. In this thesis, our goal is to study

the double and single photoionization and their ratio at high photon energies.

1.2 General formalism

We consider a photoionization experiment where linearly polarized photons
collide with two-electron atoms in their ground states. For a photon en-
ergy greater than the double ionization threshold (~ 79 eV for helium), the
collision can result in the simultaneous ejection of two electrons having the
asymptotic momenta k; and k; in the laboratory frame. Our main purpose

is to evaluate the probability of this event under unit flux of photons, i. e.,

dot*  2m [(3bs| Hint|too)|* 6(Eo + E — Ey) (L.1)
dp c/(2m)3 ’ '

where H;y, is the interaction operator between the electrons and the photon,
1o and s are the ground- and final-state wavefunctions, respectively, Eg and
E; are the corresponding energies, ¢ is the velocity of the photon, E is the
incident photon energy, and dp is the final-state volume-element of the two

electrons with energies Fy and E,

dp = v QEIdElerh YV 2E2dE2dQl‘(2.
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The interaction operator between the two electrons with momenta p; and p»

and the photon field A; (: = 1, 2) is a sum of single-body operators

1
Hipy = z(A1 -p1+ Az - p2).

The vector field A; (i=1,2) are given by

c
2%\/173

where r; (1=1,2) are the coordinates of the two electrons in configuration

&k ezk-ri :

i =

space and k and &y are the wavevector and the polarization direction of
the photon, respectively. At small and intermediate photon energies the
wavelength of the photon is larger than the size of the atom, kr; < 1, s0 we

can make a dipole approximation
eXTinl, (i=1,2).

At high photon energies (kr; 2 1), the dipole approximation is not auto-
matically justified. Also because the maximum momentum of the electrons
is about > 0.2c at the very high photon energies (> 12.0 keV), relativistic
effects should be noticeable at these energies. In this thesis we apply the
non-relativistic formulation and the dipole approximation in the high energy
regime. The validity of the approximation will be discussed in chapter 6.
Since the incident photon is linearly polarized, we can assume, in general,
that the polarization is along # direction, i. e., & = 2. Then the interaction

operator is reduced to

1
Hint = —=(p1s + Pas),
i 27r\,/E(p1 Pa:)
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where p;, (¢=1,2) are the z components of the momentum operators. The

sixfold differential cross section is

o = 4_7r2|<¢ P12 + pa:[vo) > 2v/ E1 E28(Eo + E — Ey). (1.2)
dEldEdeRIdQRQ - cFE fiP1z T P2z(¥o 1L2 0 f) .

In Eq. (1.2) the final state t; is momentum normalized. If we redefine
the final state wavefunction such that it is energy normalized, the sixfold
differential cross section becomes

ot 47?

dEldEzdﬂkldQRQ - cFk l<

bylpre + polo)* 8(Eo+ E — Ef).  (1.3)

This formula gives the probability for double ionization where one electron
is ejected with the energy E; , (in the element dE,), along the direction ki,
(in the element of solid angle d2j ), while the other electron is ejected with
E, and ks, in the ranges of dE, and dQl—c2 , respectively. Since the total
energy is conserved during the ionization process, the electron energies are
not independent, so that one of them can be eliminated by the é function.
This convention, together with the use of notations dfd and dflj for the
two-variable solid-angle element has led one to call Eq. (1.3) the triply dif-
ferential cross section. Integrating over the four angles k; and k, provides

the analysis of the energy distribution of the probability,

dog™* doft
B, / a5, dE,d0y 40y, P i Wiy (1.4)

Finally, sixfold integration leads to the total cross section of the DPI

- dott oo
7 ‘/ dE,dEd0y oy TP (1.5)
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The dipole matrix element in Eq. (1.3) with the momentum operators is

the velocity form of the dipole transition operator. Since

YA
(sl +peli) = Florls + o)
= 1E(¢sl|a1 + z2lho), (1.6)

where z; (1=1, 2) are the z components of the two electron coordinates,
we obtain the acceleration (o}*) and length (o;ft) forms of the transition

probability:

4r2Z? 2
ot = 5 /I ’l/)fl 31%/)0)

§(Eo+E — Ef)dEdEydQy d9 , (1.7)

4n?E
o =1 / (]2 + z2ltbo) [ 6(Eo + B — Ey)dBydEpdQy dOy . (1.8)

For single photoionization (SPI), one of the electrons is localized in the
bound state nqlym, with energy E; = —Z2/(2n2), while the other electron
is ejected with the energy E; = Ey + E — E,, along the direction RI, (in the
element of solid angle df}; ). The total cross section of the single ionization

in three gauges are

4n27? 2
=T Y [l G| a9
nglamsg
4+ 4n? 2
o, =5 |(41p12 + p2z[to)|” QY (1.10)
'n212m2
and
+_ 4n’E
o] > [ rler + 22ltho)* dy (1.11)

nalamy



The ratio between the double and single ionization is therefore obtained

ot

Ron(E) = 2, (1.12)

1
where i refers to the three gauge labels, i. e., a,v, and [, respectively.
By the definitions, the calculation of the double photoionization requires
explicit knowledge of the ground- and final-state wavefunctions and the es-

sential contribution to the fragmentation process comes from the ground-

and final-state correlation.

1.3 Plan of the thesis

The content is arranged as follows:

e In chapter 2 we discuss the properties of the “exact” wavefunction of
the two electron system in different spatial regions and emphasize the
properties of the wavefunction at small and intermediate interparticle
distances. We calculate the ground-state wavefunction variationally
using Sturmian polynomial and Hylleraas coordinate basis sets. These
are two important approaches for single-particle and correlated basis
descriptions of the ground-state correlation, respectively. We discuss
the convergence of the basis sets and check the properties of the ground

state wavefunction obtained.

o In chapter 3 we investigate the dynamic motion of the two-continuum
electrons in the field of a nucleus. We briefly review various approxi-

mate wavefunctions available and discuss their properties and scopes of



validity. We emphasize our study of the 2C and 3C double-continuum

wavefunctions, which will be used in the calculation of double pho-

toionization.

In chapter 4 we study the double and single photoionization cross
sections for helium and their ratio by using the accurate ground-state
wavefunction in the representation of Hylleraas coordinates and the un-
correlated 2C final-state wavefunction. Detailed calculations are per-
formed in acceleration, velocity, and length gauges and the results are
displayed and compared with the experiment data. The limitation of

the present work is discussed.

In chapter 5 we study the double and single photoionization cross
sections for helium and their ratio at high energies by using the ac-
curate ground-state wavefunction in the representation of Hylleraas
coordinates and the correlated 3C final-state wavefunction. Since the
acceleration gauge is the best form to calculate the dipole transition
amplitude at high energies [31] we implement the calculations in accel-
eration form. We have developed a new technique for the analysis of the
distortion factor in the 3C wavefunction such that an accurate evalua-
tion of the dipole matrix element is possible. The results obtained are

displayed together with those of other calculations and measurements.

In chapter 6 we investigate the double and single photoionization cross

sections for helium and their ratio at and near the non-relativistic high



energy limit. We analyze the high energy behavior of the acceleration

dipole matrix element and introduce a correction to the formulas sug-
gested by Kabir and Salpeter [84] and by Dalgarno and Stewart [85].
This correction can dramatically improve the evaluation of the absolute
cross sections of the double and single ionization at the non-relativistic
high energy limit. Moreover, we extend the scope of validity of the
formulas by introducing final-state correlation. The improved formu-
las work well for finite photon energy down to about 2 keV for double
photoionization. Finally, we present the justification of the dipole ap-

proximation in the high energy region.

In chapter 7 we study the double and single photodetachment cross

sections for H™ and their ratio at high energies. Unlike helium, the

electron-electron repulsion in H™ almost matches in strength the electron-

nucleus attraction. Here the electron moving in the outer region of
the configuration space only experiences the effect of the dipole-term
potential field which is in short range. This property has significant
implications for the detachment-excitation and DPI. We have made
the first reliable calculations of the double and single photodetach-
ment cross sections by using the accurate ground-state wavefunction
and the correlated 3C final-state wavefunction. Detailed results of the
detachment-excitation and DPI are displayed and compared with the
results obtained without final state correlation. It is hoped that the

present result will stimulate measurements in the near future.
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Atomic units (a.u.) (A =1, e =1, m, = 1) are used through the thesis

unless otherwise noted. Other units used and related to a.u. are

the speed of light in vacuum ¢ = 137.03599 a.u.
1 eV =1/27.2113957 a.u.

1 em=1/(5.2917726 x 107°) a.u. (1.13)
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Chapter 2

Ground-state correlation

The electron-electron interaction in the ground state plays a very important
role in the DPI [30]. At very high photon energies it dominates the asymp-
totic behavior of the ratio between the double and single ionization {31]. For
a two electron atomic system the non-relativistic Hamiltonian, on neglecting

the motion of nucleus, is

2 2
pi Py Z 2 1

g=21, P 2 2, - 2.1
2+2 ™ 7'2+')"12’ ( )

where p; and r; (z = 1,2) are the momenta and position coordinates of the
two electrons, 7y, is the interelectron coordinate, and Z the charge of the
nucleus. The ground state wavefunction g is the solution of the Schroédinger
equation

Hy = Ey¢ (2.2)
with the lowest eigenenergy E. Since it is the simplest case for studying
many-electron atoms, the ground state of helium has been introduced in
many text books of quantum mechanics [32]. Here the ground state wave-

function of the two-electron system is usually constructed as a product of

12



two hydrogenic ground-state wave functions

z* ~Z*(r1+4r
Po(r1,Ta) = —e Z*(r1tr2) (2.3)

where Z* is a variational parameter. Using the Ritz variational princi-
ple, the binding energy of the ground state obtained is 2.8474 and Z* =
1.6875. Eq. (2.3) is the simplest variational description within the single-
particle model for helium and the variational parameter Z* serves as an
effective screened charge felt by the electrons. With the availability of dig-
ital computers, different theoretical methods have been developed. The
multi-configuration Hartree-Fock (MCHF) method based on single-particle
orbits [33] and the various variational methods based on different basis sets
(34, 35, 36, 37, 38, 39, 40, 41] are able to predict the binding energy with
high accuracy. However, the accuracy of an approximate wavefunction is not
entirely determined by the accuracy of the corresponding variational energy.
Besides, in order to make an effective calculation of the DPI, a mathemati-
cally manageable solution of the ground state wavefunction is necessary. In
section 2.1 of this chapter, we will discuss the properties of the “exact” wave-
function of the two electron system in different spatial regions and emphasize
the properties of the wavefunction at small and intermediate interparticle dis-
tances. In section 2.2 and 2.3, we will calculate the ground state wavefunction
variationally using Sturmian polynomial and Hylleraas coordinate basis sets.
These are two important approaches for single-particle and correlated basis
descriptions of the ground-state correlation, respectively. We will discuss the

convergence of the basis sets and check the properties of the ground state

13



wavefunction obtained.

2.1 Properties of the ground state

As mentioned above, the accuracy of the binding energy is only a partial
indication of the accuracy in the ground state wavefunction v, since the main
contribution of the wavefunction to the binding energy comes from a spatial
region whose distance from the nucleus is the order of the characteristic
binding radius. Apart from the binding energy, other tests of the accuracy
of 1o are the virial theorem [42] for which the ratio between the potential
energy and the kinetic energy equals -2 and the asymptotic behavior of

at large distance:

Wo(ry, 1) o g7V Eolritra) (2.4)

where — Ejy is the binding energy.
In the small spatial region, the relevant measure of the accuracy of the so-

lution % in the Schrédinger equation (Eq. (2.2)) is the Kato cusp conditions [43]:

(8(¢(r1,rz)>)r _=-z40m), (2.5)

87‘1
(c’)(dfé:ll;rz)))m:o _ %d/’(rl = 15,12, (2.6)

where the average is taken on a sphere of constant radius r; in Eq. (2.5)
and r; in Eq. (2.6). The two cusp conditions give quantitative information
on the singularity of the solution in the Schrédinger equation (Eq. (2.2)),
and are especially important for double ionization by high-energy photons

because the reaction zone of the photon-atom interaction is localized within

14



-1/2

a distance of ~ E around the nucleus, where F is the photon energy (see

chapter 5). These two conditions, while correct for any exact solutions of
¥ in the Schrodinger equation including both bound and continuum states,
are very difficult to evaluate in some coordinate systems. In the ground
state, however, the two electrons are moving in a plane for which the system
has only 3 degrees of freedom and the Egs. (2.5) and (2.6) can be greatly
simplified by the use of three interparticle coordinates. Following the classical

method of Hylleraas [44], the 1S state Schrodinger equation becomes
0%o + 2 Ot + %o 2 0%0 | 0% | 4 Io

— 2 -—_
or? " ryOry  Ori  ry 0r, t or?, ' r120ry,
(F=ritrh) O (3-ritrly)
T1T12 87'167‘12 2712 (97'287"12

= —2(Eo + Z,2_ L ye. (2.7)

1 T2 12

+

If we multiply each term on both sides of Eq. (2.7) by r; and let r; — 0, we

get

311’0(7”1, T2, 7‘12)
37‘1'

If we multiply each term by ry, and let ryo — 0, we have

17, , T2, 1
¢o(7‘81 T3, 712) = —to(r1,72,712) . (2.9)
712

2
The Eqgs. (2.8) and (2.9) are the cusp conditions for the ground state and are

= —Zto(r1,r2,M12)l,.20 (2 = 1,2); (2.8)

r;=0

T12 =0 T12 =0

convenient to evaluate in the interparticle coordinates.

2.2 Ground state in Sturmian basis

The Sturmian polynomial basis method provides a single-particle descrip-

tion of the correlated wavefunction, which is useful for understanding single-
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particle concepts of atoms and convenient for partial wave calculation of the

dipole matrix element in DPI. The Sturmian polynomials are

1 [0 (n=1-1)

; m (Tl T l)' (O’T‘)1+le—dr/2Lil_+Il 1(0‘7‘)3/1,,1(0, ¢), (210)

| nlm), =

where nlm are quantum numbers (m = —{, -l+1,...,1-1,;1=0,1,...,n-1;
n = 1,2,...), o is the Sturmian variational parameter, r,8, ¢ are the radial

and angular coordinates, and
j . :
k i 4R
: = - 2.11
Li() ;( VG + o (2:11)

stands for a generalized Laguerre polynomial. The single-particle wavefunc-

tions in Eq. (2.10) are similar in form to the hydrogenic bound state wave-
functions except that the argument of the Laguerre polynomial and the ex-
ponential function is replaced by a constant parameter o rather than 2Z/n
which varies from shell to shell. Like the pure Coulomb bound state, the
degree of the Laguerre polynomial in Eq. (2.11), which corresponds to a
radial quantum number, is n — [ — 1. Furthermore, when o = 2Z/n, the
single-particle states are identical to the eigenstates of the pure Coulomb
potential —Z/r with the principal quantum number n. In contrast to the
pure Coulomb bound states, however, the Sturmian states form a complete

set, because of the completeness of the Laguerre polynomials.

2.2.1 Basis function for the ground state of a two-
electron atom

We now need to construct a basis function for the entire atom from the one-

electron wavefunction |nlm),. In the uncoupled representation, the wave-
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function of the two-electron system takes the form of a simple product of the

two one-electron wavefunctions
|n111m1n212m2)0 = |nlllm1)a|ngl2m2)a. (212)

Since the total angular momentum of the system L? and its z component
L, are conserved, L and M are good quantum numbers. We can construct
the eigenstates of L? and i,z based on |n;lyminaloms), by a Clebsch-Gordon

transformation

_ L I, L
| nanolh b LM), = ZZ("l)h V2L +1 ( nf; mzz M )

. I nlllmlnglzmg)a. (213)
Because we are only interested in the 'S ground state for which L = M =0,
the angular momenta of the two electrons in Eq.(2.13) must be identical.

Therefore, the ground state basis function 1s

m=l
-1 l-m
| nanall00), = Y (—E)TI | nylmnyl — m),
m=-l
V20l +1
= (—1)IT I n11n21>0f’1(603012), (214)

where ;, is the angle between the two electrons and | nyin,l), is the radial
part of the function in Eq. (2.12). Following the Pauli-principle, the two
electrons in the atom should be indistinguishable, which requires the wave-

function of the system to be (anti) symmetrized !. Therefore, the correct

1The entire spin-orbit wavefunction is a simple product of both spin and orbital wave-
functions. For the ground state S, the spin wavefunction is antisymmetric, therefore, the
orbital wavefunction must be symmetric. Because there is no spin-orbit coupling for the
ground state, we only discuss the orbital wavefunction here.
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ground state basis set for the entire atom is

1
‘ Tllnzl>g = (I n1n21100>0+ | n2n1”00)0), (215)

2(1 + 677-1 ,nz)

where ny,n, = 1,2,... and [ = 0,1,...,min(ny,ny). Because the Sturmian

polynomial basis is not orthogonal

o(n'lm | nlm), = I(nn'l)

. [m+dm-i-y
= 6n’,n \/7 4n(n _ 1) 6n,n’+l

(n+1+1)(n=1)
_\[ it 1 Sumicr,  (2.16)

the ground state basis function for the entire atom in Eq. (2.15) is also not

orthogonal
Oy

\/(1 + 6n;,nf‘,)(1 + 5nl,nz)
AI(nyn}l) - I(nonyl) + I(nanyl) - I(nonyl)}.

o(nynal’ | mnal), =

(2.17)

The ground state wavefunction v is then expanded in the ground state
basis set |ninal),

1/)0 = Z Cn1n21|n1n21>as (2.18)

nynal

where | = 0,1,2, ..., n is the angular momentum; n; = 1,2, ...,n, is the inner
electron principal quantum number; n; = 1,2,..., N is the outer electron
principal quantum number; and N is an integer to be decided. The total

number of basis function (NBF) is determined by N,

NBF = éN(N +1)(N +2). (2.19)

18



Let 7 and j each represent a set of quantum numbers, nq;n,l; and ny;na, I,
respectively; let I;; stand for the superposition matrix element (z|j); and
finally let H;; represent the Hamiltonian matrix element. The Schrédinger
equation

H ¢0 = Ell)o

then becomes a matrix eigenvalue problem

NBF
> (Hi; - EI;)C; =0, (2.20)

=1

where 1 =1,2,..., NBF.

2.2.2 Matrix element in the ground state basis func-
tions | ninal),

For the two electron system, the Hamiltonian is

H=T+V+V, (2.21)
where
2 2
_Pi P2
T= 5 + 5 (2.22)
zZ Z
™ T2
and
, 1
Vi= —. (2.24)
T12

The calculation of the Hamiltonian matrix elements can be greatly simplified

by taking into account the symmetry of both the ground state basis function
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and the Hamiltonian operator

1

O+ b)) (1 By )
-0 (nyn5l100| H [|[nin21100), + |nan,1100),] (2.25)

HAninRl|Hlninal), =

and by using the fact that the Sturmian single-particle functions are the

eigenfunctions of the pure Coulomb potential —Z/r when o = 2Z/n, i. e.,

(& - 2_r> |nlm), = —%Inlm)a- (2.26)
The matrix element of the kinetic energy operator T 1is
T
4\/1+5 )1+ Enymy)
A I(an D) I(ngny) (6us my + ngmg — 1)

+ () T (nan 1) (8t my + Smgmy — 1)} -

o(nynyl'| Tininal),

(2.27)
The matrix element of the single-particle potential operator V; is
r_ry 6’
o (n1nyl'|Volninal)e 2 .
\/ (14 6 g )(1 + b m0)
’ ’ 6‘n’1,n1 6n§,n2
-4 I(nanil)I(nanal)( n T -712—)
’ ’ 5n;,n2 6n,:,,n1
+1(ninyl)I(nanil)( - + T) .
(2.28)

For the electron-electron interaction operator V'

(=1 7J’
O B )L+ ) VPR

omynyl |V |lninal), =

w1 Q
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arlalazlal) Ii’:(l k L)2
(a1 + )M (ay + ) az + j)ay +5)! &\ 0 0 0

Z (—1>ml( a1+ )Z (-nm ( a\ + 7' )
= my! a; —my mj! aj —my

1

$h DT (e Z (=)™ [ ay+ 5"
ms! a —my m?! a, — myg
ma=0 m;=0

[SA+TI+1—k+mo+myl+1'+2+k+my+my)

~SU+U+2+k+ma+mh I+ +1—k+my+m))
FI+ U424 k+me+m)I+0+1 —k+my+m))!
+SU+1U+1—k+my+myl+1'+2+k+my +m))
—SU4V+2+k+m+my I+ +1—k+my+m))
+(I+V+24+k+m +mNI+TI+1—k+my+m))],

(2.29)

where

a;=n;—1—-1, ai=nl-10-1,

j=20+1, J=2+1, 1=1,2,

and

- b+s 1
S(a,b) =alb!y ( : ) SFeTT
s=0

Eq. (2.29) is different from what Miller presented [45]. There could be
a misprint in his formulas. It is important to realize that the potential
energy is proportional to the variational parameter o and the kinetic energy

2

is proportional to ¢*. This property originates from the invariance of the
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Schrédinger equation in Eq. (2.2) under the scaling transformations

r = A,
P’ = jP,
¥o= B, (2.30)

where the scaling parameter is 3 = /—E. Taking into account this prop-
erty can significantly improve the computational efficiency of the variational

method.

2.2.3 Results for helium in the Sturmian polynomial
basis

We have made the variational calculation with N from 1 up to 10 corre-
sponding to a total number of basis functions of NBF from 1 to 220. When
the number of the basis functions is very small, the binding energy obtained
is sensitive to the variational parameter o. However, when the number of
the basis functions is large enough (N > 2), the binding energy obtained
is almost a constant irrespective of the variation of o over a wide range
(Fig. (2.1)). Therefore, we fix o at 4 when N > 3. This choice for o can

also improve the behavior of the wavefunction at small distances from the

nucleus (Egs. (2.5, 2.6)).
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Figure 2.1: Eigenvalues of the Schrodinger equation (Eq. (2.20)) vs the vari-
ational parameter o for N = 2 and N = 3. The arrow indicates the ground
state energy.
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Table 2.1: Binding energy —FE, and its relative error with respect to the
exact ground state energy vs the number of basis functions NBF'.

N NBF -E, Relative Error (%)
1 1 2.8477 2
2 4 2.8754 1
3 10 2.8992 0.2
4 20 2.9010 0.1
) 35 2.9020 0.06
6 56 2.9025 0.04
7 84 2.9028 0.03
8 120 2.9030 0.03
9 165 2.9031 0.02
10 220 2.9032 0.02

exact 2.903724375

The binding energies obtained vs the number of the basis functions NBF
are tabulated in Tab. (2.1). We find the energy approaches the “exact”
ground state energy 2.903724375 as the number of basis functions increases.
However, even with a total number of basis functions of 220, the binding en-
ergy obtained is still quite far away from the most accurate energy. The slow
convergence of the binding energy is a clear indication that the Sturmian
basis method is not an effective way to describe the ground state correla-
tion. However, it is important to point out that the Sturmian basis method
provides one of the best ways to describe the correlated wavefunction with

single-particle basis set. Since the two-electron coordinates are separated in
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the basis, the ground state wavefunction based on the basis is convenient
for numerical implementation in the calculation of the transition matrix el-
ements. In this thesis we are going to apply a Hylleraas type ground state
wavefunction in the DPI calculation. We therefore skip further discussion
of the properties of the ground state wavefunction in Sturmian basis and
concentrate our effort on the method in Hylleraas coordinates in the next

section.

2.3 Ground state in Hylleraas coordinates

The exact solution of the ground state wavefunction in the Schrodinger equa-

tion at small distance from the nucleus starts out with the linear terms

1
’l,[)o =1- Z(T] + 7‘2) + 57‘12 + N (231)

which are followed by terms of the form RInR, R/2InR, R*(InR)? etc., where
R = \/m [46] is the hyperradius. In section 2.1 we have just discussed
that the single-particle method has difficulties describing the ground state
correlation. The Hylleraas coordinate basis method, however, with an ex-
plicit dependence of the basis function upon the interelectron coordinate ry,
provides an accurate way to calculate the ground state wavefunction. Var-
jous forms of the Hylleraas coordinate basis have been developed since the
late 1950s (34, 35, 36, 37, 38, 39, 40, 41]. With three nonlinear variational
parameters in the exponential factor exp(—piry — fors — aryz) of the basis
function, Bonham and Kohl [40] obtained a simple ground state solution with

the binding energy 2.903414. By the use of perimetric coordinates u,v,w,
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defined by

u = e(rp+r12—11),
v = €(ry+riz—r2),
w = 2¢(ry+7r2—7r12) (2.32)

and the 1078 basis functions
limn), = e‘%(“”“’)Ll(u)Lm(v)Ln(w) (2.33)

with € a variational parameter and L, L,,,andL,, normalized Laguerre poly-
nomials, Pekeris obtained the most accurate binding energies 2.903724375
[38]. However, we are looking for a solution which is not only accurate but
also simple enough for the partial wave expansion in the calculation of the
DPI. We find the method developed by Schwartz [39] can meet these require-

ments.

2.3.1 Basis function in Hylleraas coordinates

In the method developed by Schwartz [39], the basis functions in Hylleraas

coordinates are

llmn), = e~/ 2gttmnglgmyn, (2.34)

where o is an adjustable parameter, s = r; + 1y, t = 73 — 12, U = Ty9,

l = O,%,l, g’-, etc., m = 0,2,4, etc., and n = 0,1,2, etc.. The single term

with [ = 3 and m = n = 0 is omitted in order to avoid any singularity in

the first derivative of the wavefunction. Each basis function is automatically

symmetrized by the use of the even integers of m. Schwartz [39] showed that
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the use of fractional powers of the variable s provides an effective way to
represent the effect of the weak logarithmic singularity in the formal solution
by Fock [46] (also see Eq. (2.31)) and has much faster convergence rate than
the methods used by Pekeris [37, 38] and others [34, 36]. Moreover, the basis
function in Eq. (2.34) is convenient for a partial wave expansion. According

to Sack [47] and Jacobs [48], each power of r1; can be expanded in the form

=Y | Y Coizm (P27 /127 | Pi(cosbyy) (2.35)

14 m

with
Crim+2 = [(n =2l = m)/(m + 2)][(n —m +1)/(2l + m + 3)]|Crim

and

Cuo = [F(=5k + D/T(5 + DT (/T(~ 5B (2.36)

The summation over m is finite for all positive integral powers of r12 and
only such terms appear in the current basis functions.

The trial ground state wavefunction is expanded in the basis functions

Po(r1,1r2) = Z Chim|lmn),. (2.37)

nim

The total number of basis functions N BF used is determined by N for which

l+m+n<N.

2.3.2 Matrix element in the Hylleraas coordinate ba-
sis functions

Let ¢ and j each stand for a set of numbers, [;m;n; and {;m;n;, respectively, I;;

represent the superposition matrix element ,(z|7),, and H;; the Hamiltonian
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matrix element. For the Schrédinger equation, we have the same form as
that in the Sturmian polynomial basis (Eq. (2.20)).
When we switch from Cartesian coordinates to Hylleraas coordinates |,

the two-electron system volume element can be expressed as

dl‘] d!‘z = 87!‘27‘1 ) T’]ng‘l d’l‘z d7‘12

= 1(s? — t*)udsdtdu. (2.38)

Let us define an integral

///e'ss“tbucdsdtdu = [a,b,(]

(@a+b+c+2)!

Tk (239)
the overlap integral becomes
linini|lymin;), = %‘—W: {i+L+2,mi+mj,n; +n; +1]
—[Li+ 1, mi + mj 4+ 2,n; + n; + 1]}
(2.40)

The matrix element of the kinetic energy operator T is

272
o {lmini| T|limng)e = —{

(lilj —m;m; + linj -+ nilj —mn; — n,-m]-) . [lt + lj,m,- +m;,n; +n; + ].J
—0.5(1; + lj +n; + le) . [l, + l]' +1,m; + m;,n; +n; + 1]
—(nin; + Linj +nly) - [+ 1;,mi + my + 2,0 +ny — 1]

+(nin; + myn; +nim;) - [l + 1+ 2,m; + mj,n; + n; — 1)
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+0.5(L+ L) L+ =1, mi+m;+2,n;+n; +1]
+0.5(n; + ;) - [+ +1,mi + m; + 2,n; + nj — 1]
=Ll [+ = 2,mi +mj+2,n; +nj + 1]
—mym; - [+ 1+ 2,m; + mj — 2,n; + nj + 1]
+0.25 - [, + |; + 2,m; + mj,n; + nj + 1]

—0.25 - [l; + I;,m; + m; + 2,n; + n; + 1]}.

(2.41)

The matrix element of the single-particle potential operator V4 is

8Z w2

a(lmini|%|ljmjnj),, = —T[Zi + lj +2,m; +mj,n; +n; + 1], (242)

and the matrix element of the electron-electron interaction operator V' is

2’
o{lininilV'|limsng)o = — Al + 15 + 2,mi + mj, ni + ]

——[I,-+lj,m,~+mj+2,n,~+nj]}. (243)
The Eqgs. (2.39-2.43), which were originally derived for integers I, m, and

n [36], are also valid for fractional values of I. It is understood, however, that

the factorial (a+b+c+2)! in Eq. (2.39) should be replaced by I'(a+b+c+3).
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2.3.3 Results for helium in the basis of Hylleraas co-

ordinates

We have made the calculation with N from 1 to 5 corresponding to a total
number of basis functions NBF from 3 to 55. The binding energy and its

relative error with respect to the 1078 term Pekeris energy are tabulated in

Tab. (2.2).

Table 2.2: Binding energy —FEp and its relative error with respect to the
1078 term Pekeris energy vs the number of basis functions NBF' and the

variational parameter o.

N NBF o —-E, Relative Error (%)
1.0 3 3.95395395 2.88865045 0.5
1.5 5 3.20620621 2.89147677 0.4
2.0 9 3.56556557 2.90349473 0.008
2.5 13 3.71271271  2.90355053 0.006
3.0 19 3.77977978  2.90368791 0.001
3.5 25 3.74874875 2.90371264 0.0004
4.0 34 3.87287287 2.90372113 0.0001
4.5 43 3.42616523 2.90372273 0.00006
5.0 55 3.94294294  2.90372407 0.00001
exact 2.903724375

We find the binding energy converges very rapidly as the number of the
basis function NBF increases. With only 34 terms the binding energy ob-
tained reaches 2.90372113, which converges to the 1078 term Pekeris energy

with a relative error less than 0.0002%. Moreover, the wavefunction for which

30



the coefficients are tabulated in Tab. (2.3) satisfies the Kato cusp conditions
with high accuracy. The relative errors in the cusp conditions of the 25, 34,
and 55 term solutions are shown in Fig. (2.2). With 34 terms the Kato cusp
conditions at the origin are satisfied with a relative error less than 0.001%
pertaining to the confluence of the electron-nucleus coordinates and about

9% with regard to the confluence of the electron-electron coordinates.

Table 2.3: Normalized ground state wavefunction of helium in 34 term Hyller-
aas coordinate basis functions.

Il m n Cimn Il m n Cimn
0 0 0 1.366082 0 2 1 5589784 x 1073
0 0 1 1930310x10"'| 1 2 0 -1.503759 x 1072
1 0 0 -2229356x10"%2({0.5 0 3 1.650365 x 1073
05 0 1 -=7.223280x10"%2|1.5 0 2 —5.209650 x 1073
15 0 0 2613544 x1072 (25 0 1  4.694148 x 1073
0 0 2 -5192320x10"2|35 0 0 —8534311 x10~*
1 0 1 9232208 x10°210.5 2 1 —2437572 %1073
2 0 0 -—1.310202x10"2|15 2 0  4.131430 x 10™3
0 2 0 3.618222x10"2| 0 0 4 1.633536 x 107°
0.5 0 2 4399412 x10"2| 1 0 3 —2.312225x10"*
1.5 0 1 —6.150041 x10"2] 2 0 2  4.972596 x 10~*
25 0 0 9.868479 x10%| 3 0 1 -3.732132 x107*
05 2 0 —2464819x10"2| 4 0 0  6.725794 x 107°
0 0 3 3499775 x103|{ 0 2 2 -—5.217095 x 10~°
1 0 2 —2134738x1072] 1 2 1  3.622270 x 10~
2 0 1 2.383325x107%| 2 2 0 —4.667672 x107*
3 0 0 —4.134257x103| 0 4 0 —4.089245 x 10~¢
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Figure 2.2: Relative errors in the Kato cusp conditions for the 25 (dotted
curve), 34 (dash curve), and 55 (solid curve) term solutions of the ground
state wavefunction: (e-n) one electron approaches the nucleus; and (e-e) two
electrons coincide.
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A contour plot of the ground state density in the 34 term solution of the

Hylleraas coordinates

p(ri,ms) = / / oy, £2)Pr2dQy r2dQ, (2.44)

is shown in Fig. (2.3). The plot clearly indicates that the binding radius of
the two electrons is about 0.7.

It is interesting to compare the correlated 34 term solution in the Hyller-
aas coordinates to the uncorrelated independent particle-model in Eq. (2.3).

The contour plots of the effective state densities defined as

T1,T
Pesf(T1,7m2) = pri;ra) ; 22) (2.45)
TiT2

for both cases are shown in Fig. (2.4). It is easy to see that in the Hylleraas
coordinates the contour curves are pushed toward an asymmetric distribution
of radial density, i. e. electron-electron repulsion favors a distribution with
r1 < 7y (or r2 < r;) over the symmetric distribution r; & r,. This property is
consistent with the classical observation that the asymmetric orbit is much
more stable than the Wannier orbit [49, 50]. The relative angles between
the contour curves of the state density in Hylleraas coordinates and that of

the independent-particle model are a quantitative reflection of the dynamic

electron correlation.
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Figure 2.3: Contour plot of the ground state density p(r1,7;) in the 34 term
solution of the Hylleraas coordinates as a function of two electron radial
coordinates. The value for each contour curve is n times 9.5 x 10~2 with n=1
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Figure 2.4: Contour plot of the effective ground state density p;;(ry,r;) for
both the 34 term solution in the Hylleraas coordinates (upper figure) and
the simple single-particle model (Eq. (2.3)) (lower panel).
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Chapter 3

Final-state correlation

The study of the dynamic motion of two-continuum electrons in the field of a
nucleus is one of the fundamental outstanding questions in atomic, molecular,
and nuclear physics. The simple analytic form of the Coulomb potential and
the small number of particles involved are in great contrast to the complexity
of the process. The main difficulty arises from the infinite range of Coulomb
forces which forbids free asymptotic states of charged particles. Hence, a
double-continuum state remains a correlated one in the whole configuration
space. This brings about fundamental as well as practical problems. Stan-
dard methods of scattering theory assume, in general, short-range forces,
and therefore are not applicable to Coulomb systems. The evaluation of
the transition amplitude in double photoionization requires knowledge of the
double-continuum — whose exact form is unknown. Theoretical efforts have
been therefore devoted to finding approximate expressions for this wavefunc-
tion. Several different forms of the double-continuum wavefunction appli-

cable in different energy ranges and/or different configuration space have
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been introduced [51, 52, 53, 54, 55, 56, 57, 58]. In this chapter, we briefly

review various approximate wavefunctions available and discuss their prop-
erties and the scope of their validity. We emphasize in our study the 2C and
3C double-continuum wavefunctions, which will be used in the calculation of

double photoionization.

3.1 2C and 2S5C wavefunctions

For an electron with momentum k in the field of a nucleus, the wavefunction

¢ satisfies the stationary Schrodinger equation

1 Z., (- -
(=5 = D)8 (0) = By (), (3.1)
with the energy
k2
E1 = .é_

There is an exact analytic solution of the equation, which is regular at the ori-
gin and fulfills asymptotic boundary conditions appropriate to the scattering

problem. With the momentum normalization, the solution is [59, 60]

_ 1 Lk . .
60() = ayae "~ i) Tl 1 il ko), (32

where the Sommerfeld parameter is given by

and the sign “(—)” indicates that ¢£—) is an incoming wave. The solution
of the one-electron system is the foundation of our further understanding of

the many-electron systems.
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For a two-electron atom or ion, the system is not separable. The tradi-
tional idea has been to break down the three-body system into two-body sub-
systems by ignoring the electron-electron interaction. The double-continuum
state is therefore constructed as a product of the two Coulomb function (2C)

resulting from the two hydrogenic subsystems

$ac(rr,z) = \/% S )85 (r2) 411 o ma) (3.3)

Obviously, for high Z (> 1) atomic systems, this 2C wavefunction is a good
approximate solution to the Schrodinger equation. In this case the electron-
nucleus interaction dominates the three-body Coulomb potential and the
electron-electron interaction is not important. For low Z systems such as He
and H™, however, the electron-electron interaction is comparable in strength
to the electron-nucleus interaction and the approximation underlying the
2C wavefunction is not justified. If we make a Taylor series expansion at
small distances r; and r,, it is very easy to see that the 2C wavefunction
satisfies exactly the first Kato cusp condition pertaining to the confluence
of the electron-nucleus coordinates at the nucleus, however, because of its
neglect of electron-electron correlation, it does not satisfy the second Kato
cusp condition for the confluence of electron-electron coordinates at all.
Based on a similar idea of the possible approximate separability of the
two-electron atomic system in the configuration space, Rudge and Seaton
[52], Jetzke and Faisal [54], and Pan and Starace [61] have developed a prac-
tical approach to partially recover the electron-electron correlation. They

have shown that the Hamiltonian H of the two-electron atomic system can
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be expressed exactly as a sum of two single-electron Hamiltonians with two

screened Coulomb potentials which satisfy the invariance under interchange

of the two-electron coordinates
2

H=>" [-%v? + V;] , (3.4)

1=1

where
V.= Si(r1, r2) (3.5)
ri
with the two-electron screening functions
2
_ r; Ti;r;
Si(rur) = ~2+ Z s (3.6)
j=1,5#i 1

The ith screened Coulomb potential corresponds physically to the work done
on the ith electron by the other electron and the nucleus. Moreover, asymp-
totically, in the two-electron break-up (ionization) channel, the velocities k;

and k, must be related to their coordinates such that
rn = klt

and

ro = kzt, (37)

where t is the time. Therefore, the screening functions translate exactly into
a complete set of two dynamic charges Z;(k;, k2) which depend only on the

asymptotic velocities k;:

hm Si(l'l,r2) = Zi(klakZ)

rj—00



where

vij = |vij| = ki = k]

and ¢ = 1,2. Noting that the summation of the two screened Coulomb po-

tentials gives

Sy S Z Z 1
=42 +—, (3.9)

T1 2 Ty T2 T2
the introduction of the effective charge Z; and Z; in place of the electron-
electron interaction serves to keep the potential invariant in the asymptotic

region of configuration space and the summation of the two Sommerfeld pa-

rameters are thus reduced to the well known Peterkop-Rudge-Seaton relation
(3.10)

where k;; = v12/2. Following this, we obtain a remarkably simple result that
in the asymptotic domain the two-electron system separates completely into

a sum of two one-electron Coulomb Hamiltonians

2
1 Zi(ky, k
Hime,pyos = [-—~2~V? ; Glkanka)) (3.11)

- T;
=1 ¢

where the complete set of two dynamic charges, Z;, is given by Eq. (3.8). A
solution for Eq. (3.11), v2sc, satisfying the ingoing-wave boundary condition
is easily found to be the same in form as 1,¢c except that the nucleus charge
in the one-electron Coulomb function Z is replaced by the effective charge
Zi(ki, k2)

Yasc(r1,12) = Yac(ri,r2)|5_ 5, (3.12)
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The wavefunction ¥,sc with screened Coulomb charge is expected to be

considerably simpler to use in practice because of the nature of separabil-
ity in configuration space, however, its drawback is also obvious. From a
fundamental point of view, the wavefunction does not satisfy the Kato cusp
condition at the electron-electron collision point and is inconsistent with the
asymptotic scattering solution at large interparticle distances, hereafter re-

ferred to as the Redmond boundary condition [62],

lim (11, 1) ki T tikor2 g—imin(kiri =K1 T1)
b

T1 00,72 —+00,T12—00

X 6—in21n(k2r2 -kz-r2) e—imzln(kn ri2—ki2:T12) ,

(3.13)

where the Sommerfeld parameter is

Mz = 1/(2k12).

Furthermore, the range of validity is difficult to estimate. From a practical
point of view the 25C wavefunction is of limited value since the evaluation
of ionization amplitudes involves integration over configuration space in do-
mains outside the asymptotic region where the 25C function is justified. For
example, the reaction zones most important for such amplitudes at high en-
ergy are often confined to a small region around the origin where all particles
are close together. Hence a proper description of the continuum state re-
sulting from such a process requires wavefunctions whose range of validity

extends beyond the asymptotic region.
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3.2 3C and DS3C wavefunctions

In the 2C and 2SC approaches, the prominence is given to the electron-
nucleus interactions and the electron-electron interaction is simply ignored
or represented merely by dynamic screening due to the presence of a second
electron. The six-dimensional wavefunction of the three-body continuum is
expressed in the coordinates r; and r; of the two electrons with respect to the
nucleus. No explicit dependence on the interelectron coordinate ry; = r; —r;
is included.

In the three Coulomb product (3C) approach, however, the full symmetry
of the three two-body Coulomb interaction has been taken into account. In
this case the three-body wavefunction is represented as a product of three
two-body Coulomb wavefunctions, one for each pair of interacting particles.
Each pair is considered to interact separately with a relative energy on the
two-body energy shell and with electric charges unscreened by the presence

of the third particle, i. e.,

ro(rs,12) = —= 606 (2D Vv + 1 o m] L (314)

where ¢§<—1)(r1) and ¢{;)(r2) are the incoming Coulomb waves of the two
electrons, and D(‘)(kn, r12) is a distortion function to describe the electron-

electron correlation,
D (kyg,T12) = €7™22D(1 — i) 1 Fi[imiz, 1, —i(k1ori2 + Kaoraz)].  (3.15)

The 3C wavefunction was initially introduced in the 1960s to study the

excitation process in electron-hydrogen collisions [51] and in the 1980s to
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investigate ionization and electron capture to the continuum in H™-H colli-

sions [63]. In the late 1980s, the 3C wavefunction was discussed by Brauner,
Briggs, and Klar and was extensively applied to the calculation of the triply-
differential cross sections for ionization of the hydrogen atom by electron or
positron impact [64].

Since in the asymptotic limit, the confluent hypergeometric function 1 £}

is reduced to an eikonal phase factor

. : 67\'7)/2 —inpln(kr+K-
Fafin, 1, —ilkr + koo = gy " (krakem), (3.16)

the 3C wavefunction therefore satisfies the Redmond boundary condition
(Eq. (3.13)) in the asymptotic region where the separation of all the Coulomb
interacting particles tends to infinity. This property is of considerable im-
portance from the viewpoint of the formal scattering theory, however, its
practical value for the calculation of photoionization is quite limited since the
dominant contributions to the photoionization process originate from small-
to intermediate- interparticle distances. We therefore focus on the properties
of the wavefunction in the entire coordinate space in the perturbative regime
of small Sommerfeld parameters Z/k; > 1 where k; is the velocity of the
fast electron. In the following we will show that the 3C wavefunction satisfies
the Kato cusp conditions at the three two-body collision points and more-
over, it appropriately describes the three-body final state correlation in the
full coordinate space when the photon energy is high and the energy sharing
between the two-electrons is asymmetric. The latter is the theoretical basis

for application in double photoionization by high energy photons.
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For the two-electron atomic system, assume the wavefunction in the frag-

mentation (double ionization) channel to have the form

¥$(r1,12) = \/Li [¢{<:)(1‘1)‘f’{;)(rz)B(‘)(klz,1‘12) +r e 1‘2] , o (3.17)

where ¢{;)(r1) and ¢{;)(r2) are the incoming Coulomb waves of the two

electrons, satisfying the single-electron Schodinger equations

VA k? _
(372 - 8) 0 = et (3.18)

with 7 = 1,2 and B")(kjs,r12) is a function to be determined. With this

ansatz and the total energy of the two electrons

k2 k2
Ew=2+2

3.1
L2, (3.19)

the three-body Schrodinger equation for infinite nuclear mass becomes

1 1 zZ Z 1 - -
<_-v’;’ Bl v —) ) (r1,12) = Beatp (r1,12),  (3.20)

2 2 ™ T2 T12

is reduced to

1 1 . _
[_§V§12 + E + (-—lk12 + ZM1 - ZMz) : Vrlzjl B( )(klz, I‘12) = 0,
(3.21)
where k;, is the relative momentum (=velocity/2) and M; is defined as the
derivative of the logarithm of the two 1 F; functions in 45{(_1) and ¢{;), i. e,

(7: + icz) 1Pl + i, 2, —i(kiri + ki - 1y))

Mi = n P
2 1Filim, 1, —i(kir; + k; - ry)]

(3.22)

Here n; = —Z/k; with ¢ = 1,2. The important observation is that M; are

bounded in the full configuration space (see Fig. 3.1), i. e.,
M| S 2
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for all r; and all angles §; = cos‘l(lAc,- -7;). Fig. 3.1 displays the radial and

angular dependence of M; for typical values of k; representing a fast electron
(¢=1) and a slow electron (¢=2) in the double continua of helium at E = 2
keV. At high energies, the typical relative momentum between the fast and

the slow electrons satisfies

k2> Z. (3.23)

Therefore, Eq. (3.21) can be simplified to

1 1 ) -
(—gvlz.lz + 5— - Zklg . Vrlz) B( )(klg, 1'12) =0. (324)
12

The solution of this equation is nothing but the distortion factor to a plane

wave due to the electron-electron interaction,
B(—)(kw,l‘lz) = D(_)(ku,ru)- (3.25)

Consequently, ¢§_)(r1,r2) in Eq. (3.17) becomes identical to the 3C wave-
function (Eq. (3.14)). Taking into account that the energy distribution in
the double photoionization is extremely asymmetric at high energies, the

condition of Eq. (3.23) is then reduced to
E> 72 (3.26)

The 3C function is therefore the appropriate three-body final state wavefunc-
tion in the full coordinate space provided that the photon energy is high and

the energy sharing is asymmetric.
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Figure 3.1: Behavior of [M;(r;,6;)| as a function of radial r; and angular
0; coordinates in the double continua of helium at E,,; = 2 keV with an
asymmetric energy distribution: fast electron E; = 1950 eV (M;) and slow
electron E; = 50 eV (Mz). Arrow indicates dominant region for the dipole

matrix element.
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At small interparticle distances, the 3C wavefunction can be expanded in

a Taylor series

Yac(ry,rz) o« [ 14 m(kiry + ki -1)
+1 + no(korz + ko - 1)
+1 + n12(k1zri2 + ka2 - r12) + ...
- [1—2(r1+1‘<l-rl)
+1—-Z(r, + k, - ry)

1 N
+1 + 5(7‘12 + k12 . I'lg) + ... N (327)

where k; is the unit vector of the momentum and i refers to 1, 2 and 12.

Because the average of k; - r; on a constant sphere vanishes, i. e.,

~

(ky-ry) = <R2 “To) = <f<12 ‘r12) =0, (3.28)

the 3C wavefunction thus satisfies the Kato cusp conditions at the three
two-body collision points exactly. This is crucial for the photoionization
shake-off process since it is governed by the behavior of the wavefunctions
at small interparticle distances. So we conclude that the 3C wavefunction
appropriately describes the final state correlation to the order of Z/k; and is
expected, together with an accurate initial state wavefunction, to provide an
effective calculation for the double photoionization in the high energy range.

In the low energy range, however, the validity of the 3C wavefunction is
not justified. In fact, when the 3C wavefunction is applied to the calculation
of the total cross section in double photoionization [26] and to the descrip-

tion of the angular distributions of ionized electrons for electron impact and
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photoionization [64, 65], it suffers from several deficiencies. The most serious

of these concerns the absolute value of the cross sections obtained for low
total energy of the continuum electrons. In this case the absolute values are
much too low. The reason can be traced to the appearance of the two-body
normalization factor in the 3C wavefunction. The normalization factor cor-
responding to repulsive electron-electron interaction goes exponentially to
zero as the total energy of the two electrons goes to zero. This exponential
decrease causes the magnitude of the cross section also to decrease exponen-
tially, a behavior which is at variance with the Wanier threshold law and
with experiment. To correct the deficiency Berakdar and Briggs [66] applied
an approach similar to that of Rudge and Seaton [52] and Peterkop [53] by
introducing effective Sommerfeld parameters in the two-body factors of the
3C wavefunction. The new Sommerfeld parameters, 7y, 73, and 7;,, are a

linear function of the original three Sommerfeld parameters, 1;, 72, and 712,
=Y Aynj, (3.29)
J

where i = 1, 2 and 12, and the nine coefficients A;; are introduced corre-
sponding to the modification of a particular two-body Coulomb interaction
by the presence of the third particle. The determination of the coefficients

is based on the Peterkop-Rudge-Seaton relation
my+ 05+ 7 =m + 02+ n2 (3.30)

and the consideration of the simple collinear configuration for which the
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nucleus lies in the middle of the two electrons and the potential

V = __Z__Z_{_L
™ re Ti12
Ik S Ak (3.31)
T T2 ’

i. e., the electron-electron interaction is subsumed completely by an effective
electron-nucleus interaction with an effective nucleus charge of Z—1/4. There
are still an infinite number of ways of choosing the three new Sommerfeld

parameters. They found with the choice of

, _ 4Z —sinf
h= —T,
, 47 — sinb
M = —T,
and
fon 2
nb=Lﬁgﬁ (3.32)

with 8 = cos™(k; - k3)/2, the triply-differential cross section for ionization of
helium by electron-impact is in good agreement with the absolute experiment
data when the outgoing electrons share energy equally. However, no results
for the total cross section and for the differential cross section with asym-
metric energy sharing were reported. The 3C wavefunction with “dynamic
screening” represented by the Sommerfeld parameters is designated DS3C.
We have just mentioned the collinear configuration for which the nucleus
is between the two electrons and the electron-electron interaction is subsumed

completely by an effective electron-nucleus interaction, i. e.,

Z Z
v=-2_22 (3.33)

T T
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with
1

1
Z1=Z—— and Z2=Z——. (334)
4 4
In the asymptotic region ry > 3 or r; > ry, the electron-electron interaction
in completely decoupled. The potential of the two electron system is reduced

to the summation of the two hydrogenic ones (Eq. (3.33)) and

lim Z1 =7 - 1, Z2 = Z, (335)
712272
T2>71

Based on the Egs. (3.33-3.36), different forms of DS3C wavefunction were in-
troduced [67, 56, 55] with the “dynamic screening” represented by the three
new Sommerfeld parameters which are functions of variables in configuration
space. Except in the asymptotic regions and in the collinear configuration,
the validity of the various forms of the DS3C wavefunction is unknown. In
addition, it is extremely difficult to calculate the total cross section of dou-
ble photoionization, which we are interested in, with the DS3C wavefunction
including the relative momentum and/or the coordinates in the Sommer-

feld parameters, we skip further discussion of the properties of the DS3C

wavefunctions.
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Chapter 4

Double photoionization of
helium with 2C wavefunction
as the approximate final-state
wavefunction

In this chapter, we will study the double and single photoionization of he-
lium and their ratio by using the correlated 34-term ground-state wavefunc-
tion in the representation of Hylleraas coordinates and the uncorrelated 2C
final-state wavefunction. Detailed calculations are performed in acceleration,
velocity, and length gauges and the results are displayed and compared with

the experiment data. The limitations of the present work are discussed.

4.1 Double photoionization of helium

The main task now is to evaluate the dipole matrix elements in Egs. (1.5-
1.8) with the ground-state wavefunction (Eq. (2.37)) and the 2C final-state

wavefunction (Eq. (3.3).) Let us first simplify the calculations by taking into
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account the symmetry of the dipole operator and the initial- and final-state

wavefunctions. For the dipole matrix element

T = (p¢(ry, r2)|d(rs, r2)|to(r1, r)),

where the initial-state wavefunction 1o(r;,r2), the final-state wavefunction
¥s(r1,r2), and the dipole operator d(ry,r;) in three gauges are satisfying the

exchange symmetry, 1. e.,
Po(r1,12) = o(re, ri),

d(rh I‘g) = d(r2a 1‘1),

and
Ys(ry,r2) = % [¢5(r1,12) + ds(r2,11)].

The matrix element

._.<||._
3]

T [(@5(r1,r2)|d(ry, 12)|tho(r1, 2)) + (bs(r2, r1)|d(r1, T2)[o(r1, T2))]

= —=[(¢s(ry,r2)|d(r1, r2)[0(rs,T2)) + (@5 (r1, T2)ld(r2, ¥1)|tho(r2, T1))]
= \/§(¢f(r1, r)ld(r1, r2)[Yo(r1, T2)). (4.1)

N

So the dipole matrix element between the symmetrized initial- and final-
state wavefunctions is identical to that between the symmetrized initial-state
wavefunction and the unsymmetrized final-state wavefunction multiplied by
a factor of v/2. The argument is valid for all three gauges and also for single

photoionization, which will be discussed in the next section.
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4.1.1 Partial wave analysis

We now perform the evaluation of the matrix element in Eq. (4.1) by a partial
wave analysis. The unsymmetrized final-state wavefunction is now a product

of two Coulomb wavefunctions
$5(r1,x2) = doc(r1,r2) = By (r1) ) (r2), (4.2)

where the Coulomb waves ¢L:)(r,-) (:=1,2), which are the exact solutions of
the hydrogenic system with central charge Z, can be expanded in terms of
partial waves ¢Z, (r;) with well defined quantum numbers ! and m. The

spherical Coulomb waves have the form

Prim(ri) = RE (r:)Yim(F:), (:=1,2) (4.3)
with
1] 2 7Y% 2le=™i/2T(1 + 1 — 4n;)] .
Z ()= | 2 141 —ip;
Rialr) = [rk,-] T(2 +2) pi €
and

pi = kiri, ni=—Z[k.
Note that the spherical Coulomb waves are energy normalized according to
(Phtm (0Pt (3)) = 6(Ei = )b

with



when the central charge Z is the same for both wavefunctions. The expansion

of the one-electron Coulomb wave in terms of spherical wave reads

Z Z e MY (k)R im (T, (4.5)

=0 m=-1

where the Coulomb phase shift is given by
oi(n:) = argl(1 + 1 — o).

Replacing the one-electron orbits appearing in Eq. (4.2) by Eq. (4.5) leads

to

boc(t,T2) = ZZ 11+1261011(771)+612(772)]Y"‘ (k1) lzmz(k2)

limy lamg

Rklll (rl)Rilz(r2)1/11ml (f.l)}/;2m2(i‘2)‘ (46)

Because the total angular momentum L? and its z component L, are con-
served, it is customary to introduce the bipolar harmonics ylL‘,{,}(i'l,f'g), the

eigenstates of L? and L,

Yiima (F1)Yigm, (F2) = Z)’flfﬁ t1, F)(LM|lymalama), (4.7)

where (LM |lymylam,) denotes the Clebsch-Gordan coefficients. We therefore

have

bac(ry,T3) = ZZ i+ 1[011(711)+612(n2)]Y* (kl) 12m2(k2)

lymy Iama

ZRklh(rl Rk212 r2)<LM|llm112m2>Y}jjl\}(fl,f'Z)- (4.8)

The form of the final-state wavefunction is now very convenient for pro-

ceeding further in the evaluation of the dipole matrix elements: since the
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ground state is spherically symmetric, the dipole operator selects only the
P, part (L=1, M=0) in the infinite expansion over L and M. Moreover, the
selection rules for the Clebsch-Gordan coefficients (LM|l;m,lyms) suppress

li+1

all the bipolar harmonics except those of the form y;;~ and yisl, As a

consequence, the Py part of @oc(ry,r2) which is relevant for DPI is given by

¢20(r1,r2 ZZ 11+1261[011(771)+612(772)]Y* (kl)Ylsz(kz)

limy lam2

(10|l lamg) 61y 1y 216my 4y 0RE S ko1, (T1,T2), (4.9)

141 R2482 kll] k212

Inserting now the relevant part of the final-state wavefunction (Eq. (4.9))
into the dipole matrix elements T in Eq. (4.1) and integrating over the four
angles k; and ks in the six-fold differential equations, which are proportional

to |T'|%, leads to the formulae for the energy distribution of the cross sections

do‘H' 47r2Z2 21 29 2
= TCE° Z Z @k111k212 1‘1,I‘2)|r3 ﬁh/’o(rl,rz)) ,»  (4.10)
Er I, lp=l£1 1 2
dott 9 2
dE, Z Z ¢k111k212 ry, 1‘2)|a Wo(l'l,l'z)) ,  (4.11)

1 o=l #1

and

do++ 47r2E
I Z > (@FF k1, m2) |2 + zlpo(rL, )" (412)

Iy la=l#+1
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Noting that the energy is conserved, the total energy shared by the two

photoelectrons satisfies
E1 + E2 = Etot =F + Eo. (413)

The probability that the first electron has energy E; and the second electron

has energy E; is

da++ 2
ik, (Er, E2) Z| (y15? (F1, £2) RE 1, (1) RE, 1, (r2)|d(r1, v2) [9ho(r1, 72)) |
lls
(4.14)
with
1112
V(b F2) = ) Yimy (81)Yigms (B2)(irmaloma10). (4.15)

mimsz

The energy distribution in the three gauges when the first electron has energy

E, and the second electron has energy E is

d0'++ 2
aE, (B2, Ex) o > [(yih?(f1, 82)RZ, (r1)RZ,, (r2)|d(x1, T2)[tho (1, T2))]
A

= Zl (yiy (f2,#1)RE | (r2)RE, (Tl)ld(l‘z,l‘l)li/’o(l‘z,1'1))|2

2l

= Z| 3’1}112 (F1,T2 Rklll(rl)szlg(r2)|d(rlv r2){to(r1,12))

lilz

d ++

|2

which is identical to the case when the first electron has energy E; and the
second electron has energy F;. So the energy distribution has U shape sym-
metry along the axis E; = Ey = Ey, /2. Obviously, this exchange symmetry

is the direct requirement of the Pauli principle in the Hilbert space.
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Since the ground state wavefunction in the representation of Hylleraas

coordinates can also be expanded in partial wave form

to(ry, r2) = Z ¢1(r1,m2) Pi(cosbra), (4.17)
l

the evaluation of the matrix elements in Egs. (4.10,4.11,4.12) can be carried

out easily. For the acceleration gauge

21 )
(®77 iy, (r1,12)| 55 + S5 [%o(r1, 12))
n T2

=_47r\/2(2ll+1)(212+1) (1 I 12)

3 0 0 O
240 240
z rigp (r1,m2) | rigp (re,m1)
./drlelll(rl)/dr2Rk212( ) [ 2122 +1 + 2111 +1

(4.18)
For the length gauge

(kaﬁlkzlg(rl’ r2)|21 + z2]t0(r1, r2))

__47r\/2(211+1)(212+1) 1 5Ll
B 3 00 0

T‘1¢0 (7‘1, 7”2) T'2¢0 (7'2, 7”1)
./drlrfR,i,l (Tl)‘/dTQTngZ,‘,b(rz) [ 21[22 — + 21111 —

(4.19)

For the velocity gauge

0
<(I>k11 kol (T 1»r2)|a o + —l%(rl,l‘z))
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_ 4\/2(2ll+1)(212+1) 1 4L 1
- 3 000

, é7 (r1,r2) @ (re,71)
-/dh?‘kam(’”l)/dr?r%szb(rz)[ 2212+1 i 2111 +1 ]’

(4.20)
where
ép(r1,72) Z Cimne 1 #72)/2gltmn
Imn
g - m
: {—5(7”1 + 1) (ry — )™+ U(ry +12) " (ra — 1)

—m(ry + 1) (rg — )™} } R (r1,72) (4.21)

and R, (ry,72) is the partial wave expansion coefficients of r7,, 1. e.,
iy = Z (71, 72) Prr(cosby2). (4.22)

Integrating over the energy F, in Eqgs. (4.10,4.11,4.12) leads to the total cross

sections

Etor/2 do
= —_— 4.2
o /0 T (4.23)

4.1.2 Results and discussion

A formalism similar to the one given in the last subsection was first applied
to the calculation of the total cross sections for the double photoionization
of helium by Byron and Joachain (BJ) [30]. BJ obtained a “Hylleraas type”
ground-state wavefunction with three “relative partial waves” corresponding
to the ss, pp, and dd couplings of the electrons. Their 45-parameter wave-

function gives a binding energy of 2.9020, which indicates that 96.9% of the
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correlation energy is accounted for. However, possibly because of the lim-

itation of the computing facilities at that time, BJ truncated the dd part
of the ground-state wavefunction in their evaluation. BJ obtained the total
cross sections for double ionization in the velocity and length forms. The
results of both gauges differ sharply, for example, the ratio at the peak po-
sition ot t/o}* ~ 1.8, although theoretically the calculations are equivalent
if both 1o and v; are exact solutions of the Schrodinger equation.

The same formalism was revisited by Rouzo and Cappello (RC) [11] for
the analysis of the photoelectrons with respect to energies and angles and
for the calculation of total cross sections. Using a multi-configuration self-
consistent field (MCSCF) type ground-state wavefunction with four “relative
partial waves” corresponding to the ss, pp, dd, and ff couplings, RC obtained
a ground state with binding energy of 2.90289 for which about 98% of the
correlation energy is taken into account. Implementing the calculation fully
with the ground-state wavefunction, RC arrived at their total cross sections
in both velocity and length forms. They found the dd wave contributes
to the ground state wavefunction with only a small weighting (< 0.02%),
however, it contributes to the correlation energy much more significantly (up
to 5%). Moreover, the dd wave enhances the total cross section in the length
form significantly while it reduces the cross section in the velocity gauge
slightly. As a consequence, unfortunately, the ratio of the cross sections at
peak positions between the two gauges o;" " /o *, which should be 1 ideally.

is worsened in comparison to the incomplete calculation by BJ and took a
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new value of 2.6.

We are now reporting on our results for all three gauges with the 34-term
ground-state wavefunction in the representation of Hylleraas coordinate for
which the coefficients are given in Tab. (2.3). Note that present ground-
state wavefunction with binding energy 2.903721 has much high accuracy
than those in the calculations of both BJ and RC. Moreover, the inclusion
of the term r, in the ground-state wavefunction corresponds to an infinite
number of “relative partial wave” couplings in the MCSCF model because
the expansion of r}, has infinite number of partial waves when n is odd.

We implement the calculation fully with all the contributing partial waves
(< 5) included. The total cross sections in the three gauges are tabulated in
Tab. 4.1 and displayed in Fig. (4.1). The acceleration gauge gives the smallest
values at all photon energies, while the length form provides the largest
ones. The peak positions of the cross sections for acceleration, velocity, and
length gauges are approximately at photon energies of 100, 100, and 120 eV,

respectively, and the corresponding ratios are

oftiott 10t x25:1:06. (4.24)

v

In the high energy range (E > 1 keV), the partial wave approach for
velocity and length gauges becomes much more difficult. The integration
in evaluating the dipole matrix element needs small step sizes as a result
of the highly oscillatory feature in the 2C Coulomb function. Furthermore,
the velocity and length gauges require the integration to be extended to a

large configuration region away from the nucleus. However, the calculation
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Table 4.1: Cross sections (in cm?) for double photoionization of helium with
2C final state as a function of incident photon energy. o}*, o}, and o}
indicate the results for the three gauges in acceleration, velocity, and length

forms.

E(eV)

ott

++
UU

ot

80
82
86
90
95
100
110
120
140
160
180
200
250
300
400
500
600
1000

5.17 x 10~22
1.36 x 102
2.44 x 10~%
3.01 x 10~%
3.30 x 1072
3.35 x 10~%
3.10 x 10~%
2.71 x 10~#
1.99 x 10~
1.45 x 10~2
1.08 x 10~2
8.15 x 10-22
4.39 x 1072
2.59 x 1022
1.10 x 10~22
5.56 x 10~
3.15 x 10~%
6.24 x 10~

6.93 x 1022
1.86 x 10~
3.45 x 10~%
4.39 x 10~%
4.99 x 10~2
5.22 x 10~2
5.11 x 1072
4.69 x 10~%
3.70 x 10~%
2.84 x 10~%
2.19 x 10~
1.70 x 102
9.50 x 1022
5.65 x 10722
2.34 x 10722
1.13 x 10722
6.14 x 10~23
1.03 x 1072

1.13 x 10~
3.16 x 1072
6.32 x 10~
8.58 x 10~2
1.05 x 10~2°
1.18 x 10720
1.30 x 10720
1.32 x 10~%0
1.23 x 10~%°
1.09 x 10~
9.38 x 10~
8.03 x 10~
5.42 x 10~
3.74 x 107
1.92 x 1074
1.09 x 10~
6.69 x 1022
1.55 x 10722
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Figure 4.1: Total cross section for double photoionization of helium with a
2C final state as a function of incident photon energy in the acceleration
(solid curve), velocity (dash curve), and length (dotted curve) gauges.
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in acceleration gauge is much more convenient because the main contribution

to the dipole matrix element is confined to a small regime in configuration
space. In this gauge, the total cross sections at 2, 4, 8, and 16 keV are
6.52 x 1025, 6.56 x 10726, 6.36 x 10~%", and 6.02 x 1072® cm?, respectively.
In Fig. (4.2), the electron energy distribution do}*/dE; is given for pho-
ton energies 100, 120, 200, and 500 eV. These are the acceleration-gauge
results with the 34-term ground-state wavefunction and with the 2C (Z = 2)
Coulomb waves. As explained in last subsection, these plots have the proper
symmetry along the axis Ey = Ey,/2 which are consistent with the prediction
by RC but different from the results from the earlier version of the formalism
by BJ. Obviously, the formulas derived by BJ do not satisfy the exchange
symmetry in Hilbert space, therefore, it is not suitable for a discussion of the
energy distribution. From Fig. (4.2), it is apparent that the energy distribu-
tion tends to become flat as the threshold region (E > 79 eV) is approached.
This trend is in accordance with the WRP theory which predicts that, near
threshold, there is a constant probability irrespective of the fraction of the
available energy each electron carries off. On the contrary, highly energetic
photons favor the unequal sharing of the excess energy between the two pho-
toelectrons. For instance, with 500 eV photons, the probability of the event
when one electron takes most of the available energy (E; ~ 420eV’) while
the other escapes slowly is about 100 times greater than the probability for
having both electrons ejected with the same energy Ey.:/2 >~ 210 eV.

At high photon energies E > 1 keV, the differential cross section do,/dE,
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Figure 4.2: Energy distribution do}*/dE, with a 2C final state in the ac-
celeration gauge as a function of the ratio E,/E,,, where E, is the energy
of one electron and E,, is the total energy available for both electrons. The
distributions have been normalized to 1 for £, = 0. For the DPI of helium
by 100, 120, 200, and 500 eV photons, E;,; takes the values 21, 41, 121, and
421 eV, and the actual maxima (for E, = 0) are 3.74 x 1074, 2.03 x 1074,
4.36 x 107°, and 2.69 x 107%, respectively.
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with asymmetric energy sharing (E,; < E;) dominates the contribution to

the total cross section. For example, with 1000 eV photons, the probability of
the event when one electron takes most of the available energy (E; = 920eV)
while the other escapes slowly is about 1000 times greater than the probabil-
ity for having both electrons ejected with the same energy Ey.:/2 ~ 460 eV.
For such an energy configuration (E; < E) ), the contribution to the differen-
tial cross section do,/dE; comes predominantly from the contribution of the
first part in the matrix element (Eq. (4.18)) with the dipole operator z;/r}
and the contribution from the second part with the dipole operator z2/r3 is
essentially negligible. Moreover, in terms of the partial wave analysis, the
major contribution comes from the case of {; = 1 and I, = 0. Therefore, in
the high energy range, the double photoionization is dominated by a mecha-
nism that one of the electrons interacts with the high-energy photon directly
and receives the angular momentum of the photon and most of the photon
energy, while the other electron escapes through relaxation. This mechanism

is called “shakeoff” mechanism.

4.2 Single photoionization of helium

Since it is more convenient for the experimentalist to measure the double-to-
single ratio rather than to measure the absolute cross sections themselves,
most experiments only quote the ratios. For comparison with measurements,
we have to calculate the total cross sections for single photoionization and

the ratios. We employ the uncorrelated wavefunction which is a product
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of an incoming Coulomb function with central charge Z; and a hydrogenic

bound state wavefunction with central charge Z as the final state

by(rs,12) = % (65(00,x2) + 85(rars)],

where
— () z
¢f(r1’ r2) - ¢k1 (rl)(lpnzlzmz (r2)
with
‘plegmz (rz) = R‘lez (TZ)}/IYmZ (f‘z)'

Note that a different central charge Z; for the continuum electron ¢£<—1) is
implicitly introduced whose value will be discussed later. For the ground
state, we employ the 34-term Hylleraas type wavefunction. Following the
general formalism in Eqgs. (1.9-1.11) and the discussion in the previous section
of this chapter (Eq. (4.1)), we will, in this section, evaluate the total cross

sections of single ionization in acceleration, velocity, and length gauges.

4.2.1 Partial wave analysis

As in the case of double photoionization, the Coulomb function ¢§;) in the
unsymmetrized final state wavefunction ¢; can be expanded in partial waves
‘szllllml (Eq. (4.3)) with well defined quantum numbers /; and m;. The
two one-electron harmonics Vi, (¥;) (? = 1,2) can be coupled to form a
bipolar harmonics y}j](}(f'l, F2), which are the eigenstates of the total angular

momentum L? and its z component L,. Keeping only Fp part (L =1,M =
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0), because of the dipole selection rule, we get the relevant expression for SPI

¢s(ry,ry) = sheiontm) Y: (kl)

limy
hym

(10{lym1lama) i, 1 6my 4my 0P8 iy (15 72),  (4:25)

where

72 11 z z
‘I’klekzzz(rl,ﬁ) = Yﬁjz(rhr2)Rkllzl(7'l)Rn212(7'2)-

Inserting now the relevant part of the final-state wavefunction (Eq. (4.25))
into the dipole matrix element T (Eq. (4.1)) and integrating over the angles
k; in Egs. (1.9-1.11) leads to the formulas for the branching contributions
o*(ny) to the total cross sections ¢t from each energy subshell n; and the
total cross sections in the three gauges. For the acceleration gauge

_ Ar?Z?
J+ - :Es Z z

I L=l

2
. (4.26)

21 29
k111n212 rl’ r2)|7‘—3 + r—3|¢'0(r17 1'2))
1 2

ot =) o}(n). (4.27)

For the velocity gauge

3

2 hi=l%1

2

. (4.28)

0 0
q’klzlnzzz l‘l,l‘z)lazl + 6—22|¢o(r1,r2))

=) o} (). (4.29)

For the length gauge

2

k111n212 rl,rz)]zl+z2|¢0(r1,r2))| ,  (4.30)

2 I —lz:ﬁl

of = Zaf(nz). (4.31)
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The formulas for the calculation of the cross sections to the excited final

states (“satellites”) o*(n2) are similar in form to those for the calculation of
the energy distribution in double photoionization (Eqs. (4.10,4.11,4.12)) ex-
cept for one of the spherical Coulomb function Rf; ;, Which is replaced by a hy-
drogenic bound-state wavefunction sz 1, Following the procedure for double
photoionization, the evaluation of the matrix element in Eqs. (4.26,4.28,4.30)
can be pursued which leads to the same forms as the Eqs. (4.18,4.20,4.19)

with the following replacement:
RZ, () — RZY (r1) (4.32)

RZ, (r2) — RZ | (r2). (4.33)

The satellite ratios R;(n;) which measure the branching contributions
o%(ng) to the total cross sections ot from each energy subshell n; in the

three gauges are defined by

Ri(ny) = ;ﬂ_ (1 = a,v,!). (4.34)

4.2.2 Results and discussion

For singly ionized helium, the electron in the bound state experiences only
the central charge of the nucleus (Z = 2). However, the escaping electron
is moving in the field of the nucleus screened by the bound electron. The
effective charge Z; felt by the continuum electron should lie in between 1
and 2. We therefore made two separate calculations with Z; =1 and Z; = 2

in the acceleration, velocity, and length gauges. The total cross sections for

69



single ionization are given in Tab. (4.2) and are compared with experimental

data [19] in Fig. (4.3). For Z; = 1, the acceleration gauge gives the smallest
values at all photon energies, while the length form provides the largest ones.
For Z; = 2, the order of the results in the three gauges is reversed. The
experimental results are always located between those from the same gauge
with Z; = 1 and Z; = 2. It is expected that a properly chosen effective charge
between 1 and 2 in the Coulomb function ¢L‘1) for the escaping electron can
lead to converged results for the three gauges and the experimental data.

It is interesting to note that the experimental data are much closer to
the results from the acceleration and velocity gauges than those from the
length gauge and this feature becomes even more striking (Fig. (4.3)) at high
energies. Dalgarno and Sadeghpour [31] have shown that for large photon
energies the error in the length form of the dipole matrix element remains
unaltered whereas in the velocity and acceleration forms the error drops as
E~! and E~?, respectively, when an approximate wavefunction is applied.
Our results confirm the prediction by Dalgarno and Sadeghpour. Moreover,
it seems that the acceleration gauge can achieve better results even at low
energies.

We also obtain the branching contributions at(n;) to the total cross
sections ot from each energy subshell n, in the three gauges. The satellite
ratios R,(nz) (ng = 2,3) in the acceleration gauge with Z; = 1 are displayed
in Fig. (4.4) and are compared with the measurement by Wehlitz et al [68].

At low photon energies there is a large difference between the calculation and
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Table 4.2: Total cross sections (in cm?) for single photoionization of helium
with a 2C final state as a function of incident photon energy. o
o indicate the results for three gauges in acceleration, velocity, and length
forms and Z; = 1 and Z; = 2 denote the effective central charges used in the
Coulomb function ¢g) representing the escaping electron.

E(eV)

+
Ua

Zl‘—_l

+
UU

of

80
82
86
90
95
100
110
120
140
160
180
200
250
300
400
500
600
1000

6.03 x 10°1°
5.62 x 1071°
491 x 1071°
4.33 x 10719
3.74 x 1071°
3.25 x 10719
2.51 x 1071°
1.98 x 1071°
1.30 x 1071°
8.94 x 10~%°
6.41 x 102
4.75 x 10720
2.50 x 10~%°
1.46 x 10~20
6.20 x 10~%
3.15 x 10~
1.80 x 10~2!
3.62 x 10722

8.26 x 1071°
7.67 x 1071°
6.67 x 1071°
5.85 x 10~1°
5.02 x 10~1°
4.35 x 10719
3.34 x 1071°
2.63 x 1071°
1.72 x 10~1°
1.18 x 10~1°
8.48 x 10~20
6.28 x 10~20
3.29 x 10~%°
1.93 x 10~20
8.12 x 10~
4.10 x 102
2.32 x 10~
4.57 x 1022

2.26 x 10718
2.12 x 10°18
1.87 x 10718
1.67 x 10718
1.46 x 10~18
1.29 x 10°18
1.03 x 10~18
8.32 x 1071°
5.75 x 1071°
4.17 x 1071°
3.13 x 1071°
2.42 x 10719
1.39 x 10~1°
8.78 x 10~%
4.30 x 10~%0
2.44 x 1020
1.54 x 10~20
4,20 x 10~
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Tab. (4.2) continued.

E(eV)

+
Ua

Z1=2
oF

+
g,

80
82
86
90
95
100
110
120
140
160
180
200
250
300
400
500
600
1000

8.64 x 1071°
8.04 x 1071°
6.99 x 10~1°
6.11 x 1071°
5.22 x 10~1°
4.48 x 1071°
3.39 x 10°1°
2.62 x 10~1°
1.66 x 10~1°
1.11 x 10°1®
7.82 x 10~
5.70 x 10~%°
2.90 x 10-%
1.66 x 10~2°
6.83 x 10~
3.40 x 10~
1.92 x 10~2
3.77 x 10722

4.03 x 1071
3.79 x 1071°
3.37 x 10719
3.01 x 1071°
2.63 x 1071°
2.32 x 10719
1.82 x 1071°
1.46 x 1071°
9.83 x 10~%
6.93 x 10~
5.07 x 10720
3.82 x 10~
2.07 x 10-%0
1.24 x 10~
5.46 x 10~
2.83 x 10~
1.64 x 102
3.43 x 10~%2

1.71 x 10~1°
1.62 x 1071°
1.47 x 1071°
1.34 x 1071°
1.20 x 1071°
1.08 x 1071
8.74 x 10~%°
7.21 x 10~%°
5.11 x 10~
3.72 x 10~
2.80 x 10~20
2.18 x 10720
1.23 x 10~%°
7.20 x 10~2
3.67 x 10~%
1.97 x 1072
1.16 x 102
2.76 x 1022
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Figure 4.3: Cross sections for single photoionization of helium with 2C fi-
nal state as a function of incident photon energy in the acceleration (solid
curve), velocity (dash curve), and length (dotted curve) gauges compared
with experimental data [69] (solid circle). Z; = 1 and Z; = 2 denote the ef-
fective central charges applied in the Coulomb function ¢{(_1) for the escaping
electron. 73
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Fig. (4.3) continued for higher energies (400 eV < E < 1000 eV).
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Figure 4.4: Helium satellite-to-1s ratios of R,(2) and R,(3) in present cal-
culation (solid curve) in comparison with the measurement [68] (solid circle)
at different photon energies. In the calculation the 2C final state and accel-
eration gauge are used.
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the measurements. The deviation exists at all the photon energies although
the difference is reduced in the high energy region. Only in the high-energy
limit the results from both the theory and the experiment converge. Since
the ground state wavefunction and the dipole approximation assumption are
reliable input! for the calculation, the deviation of the satellites-to-1s ratio
in the present calculation from the measurement demonstrates the necessity

to include the electron-electron correlation in the final state wavefunction.

4.3 Ratio between the double and single pho-
toionization of helium

We display the ratios between the double and single photoionization R,,(E)
in the present calculation in Fig. (4.5). The total cross section for single
ionization is taken from the results in Tab. (4.2) with Z; = 1. Also presented
are the latest experimental data of Samson et al [69], and Dérner et al [21)
in the low and intermediate energy region and Spielberger et al [70] in the
high energy region where Compton effect is excluded. The data of Levin et
al [20] cover a broad energy range from threshold to about 2 keV of photon
energy. The results in the present calculation using the velocity and length
gauges predict a substantial increase of the double-to-single ratio as the pho-
ton energy increases and the ratio peaks at photon energies around 300 eV.
However, both the peak shapes and positions are different from those of the

experiments. In the acceleration-gauge calculation, no peak in the ratio is

1The justification of the dipole approximation at high photon energies is presented in
chapter 6.
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Figure 4.5: Comparison of the double-to-single ratio R, in present calcu-
lation using an uncorrelated 2C final-state wavefunction in the acceleration
(solid curve), velocity (dash curve), and length (dotted curve) gauges com-
pared with experiments. Experimental data: circles by Samson et al [69];
triangles by Dorner et al [21]; squares by Levin et al [20]; diamond by Spiel-
berger et al [70] with Compton scattering excluded.
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observed. Except in the non-relativistic high energy limit where the result in
the acceleration gauge agrees with the measurements, the present calculation
and the measurements deviate sharply over the entire photon energy range.
The deviation illustrates the importance of the final state correlation to the

evaluation of double photoionization.
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Chapter 5

Double photoionization of
helium with 3C wavefunction
as the approximate final-state
wavefunction

In the last chapter, we have discussed double photoionization of helium with
a 2C wavefunction as the approximate final-state wavefunction. The results
demonstrate that the 2C wavefunction without electron-electron correlation
cannot predict correctly the total cross section for double photoionization or
the satellite-to-1s ratio of the ionization-excitation at finite photon energies
while it reproduces the total cross section for single ionization in the acceler-
ation and velocity gauges with reasonable accuracy. However, to describe ac-
curately the final-state correlation is a challenge to atomic physicists. At low
and intermediate energies (< 1 keV), sophisticated ab initio methods, such as
the hyperspherical close-coupling (HSCC) [16], R-matrix [17], and complex

Stumian [18] methods have been recently developed which have led to an
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improved agreement with the most recent measurements [19, 20, 21}. In the
region of high photon energies (> 1 keV) several approaches have been pur-
sued including many—body pertufbation theory (MBPT) [22, 23, 24], the use
of the correlated 3C wave function to represent the final state [25, 27, 28, 26]
and, very recently, the use of the dipole response function [29]. In this regime,
discrepancies between different theoretical predictions have remained unre-
solved and comparisons with experiments are complicated by the fact that in
some experiments the separation of contributions from Compton scattering
and from photoionization is not possible.

In this chapter we study double and single photoionization of helium and
their ratio at high energies by using the accurate 34-term ground-state wave-
function in the representation of Hylleraas coordinates and the correlated 3C
final-state wavefunction. We have developed a new technique for the anal-
ysis of the distortion factor in the 3C wavefunction such that the accurate
evaluation of the dipole matrix element is made possible. Detailed calcu-
lations are performed in the acceleration gauge. The acceleration gauge is
the best form to calculate the dipole transition amplitude at high energies
[31] and the 3C wavefunction is the solution of the three-body Schrédinger
equation to order Z/k; (Z: nuclear charge, k;: momentum of the outgoing
fast electron) in the relevant region of coordinate space where the dominant
contributions to the dipole matrix element originate. Therefore, the present
calculation is expected to predict the behavior of double photoionization in

the high energy range with high accuracy.
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5.1 Partial wave analysis

The main task now is to evaluate the dipole matrix elements in Eq. (1.6) and
Eq. (1.8) with the accurate ground-state wavefunction (Eq. (2.37)) and the
3C wavefunction (Eq. (3.14)). For single ionization, it is understood that one
of the Coulomb functions ¢{;)(r2) for the slow electron in 3C wavefunction is
replaced by the hydrogenic bound-state wavefunction ¢nim(rz) with central

charge Z. The dipole matrix element of single ionization in acceleration gauge

T = \—}—5 <¢£(:)(r1)¢n212m2(r2)D )(kiz,712) | 3 — 2 5 | o(r1,12))

+ (A% (¥2)Gnglyms (r1) DE (ku,ru)|—+ 2 | Yo(r1, 1))

™ 2
= V) (1) uatyma (r2) D7) (baz,wiz) | 5+ 3 | (e, 1),
1 2

(5.1)

where ki, = k;/2. For double photoionization, the dipole matrix element is

T = V() () (r2) DO (kiaytaa) | 55 + 5 | dolrr2)), (5.2)
1 2

where ki, = (k; — k2)/2. Since the hydrogenic states including both the
bound and continuum states, thereafter denoted by | k), construct a complete

set, any single particle wavefunction f can be expanded in the basis

<f|f>=/<f|r><r|f>dr

/|f ) [ dr

flk)k|f>
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—Z/fl Hdr/<k|r’>(r’|f>dr’

(5.3)

=S| [ 1 peye|
Z/ (x)

Therefore, the evaluation of the total cross section for double plus single

ionization at high photon energies

2

gt = 82 Z!¢ (r1)6x(x3) D) kg, 12) | da(r1,2) | o, 7))

B
(5.4)
where
21 29
da ’ =3 9
(1‘1 1'2) r? + = r%

and k; is the momentum of the fast electron, can be greatly simplified to

8r2Z?
ot = — Z '/dr2¢k r2)

[/ dl‘1¢ D( » (klz, r12)da(r17r2)¢0(r1?r2):|

8r2Z2
T TCE® /dr2

2

2

/ dry ¢]:)*(I‘1)D(—)*(k12, r12)da(r1, T2)o(r1,T2)
(5.5)

The total cross section for single ionization is

ol = Zaj(ng) (5.6)

with

87272
+ —
otm) =~ 2.

lamg

(8 (1) Bnatzms (12) D) (Ksa, 12) | da(rs,v2) | do(r1,2))

2

(5.7)
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The total cross section for double photoionization can therefore be obtained

indirectly from the difference of o ** and o}
—ol. (5.8)

The method that uses the closure relation, which also works in the velocity
and length gauges in the high energy region, is theoretically equivalent to the
direct calculation. Practically, however, it is much simpler than the direct
calculation because no additional integration over energy is needed. One
thing which should be emphasized here is that the central charge Z for both
the bound and continuum states in the set {|k)} must be the same because
this is the prerequisite for the completeness of {|k)}.

We now perform the evaluation of Egs. (5.5-5.7). However, the applica-
tion of the accurate Hylleraas ground-state wavefunction v, and the distor-
tion factor D{~) in the 3C wavefunction to the evaluation of the cross sections
is complicated by the presence of the interelectronic coordinates riz and the
relative momentum k2. Our calculation proceeds by expanding the distor-
tion factor D(7)(kjs,1y2) in terms of partial waves in the riz coordinates.
According to the integral representation for the confluent hypergeometric
functions [71], the distortion factor D(=) has following form
e—"™m2/2
I'(1m12)

By expanding the exponential factor

D(_)(klz, ri2) =

1
/ e—it(k121‘12+k12-1‘12)ti7)12—1(1 _ t)_imzdt. (59)
0

oo

12712 = 37 (20 4 1)(=i) ji(thyoriz) Pi(cosby ;. ) (5.10)
=0
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and using

a(z) = \/;Jp, (2), (5.11)

the distortion factor becomes

e~ TM2/2
Ok 1/ (20 + 1)( b;
D (ko) I'(im2) 2k127‘122 * i) feos st

/ dtt"’”"(l - t)""’”e'“k””’JH%(tklzrlz).
0

(5.12)

Following the integration expression used in reference [71], the integration
with respect to variable t in Eq. (5.12) can be carried out and D() is

presented as a summation over partial waves of rys coordinates

6_1")12/211(1 - i7]12) \/7-1'(21 + 1)(—2)11"(1 + 'i?’hz)
T(en12) 24T (1 4 2)

'(k12T12)IB(COS9R12J‘.12)lFl [+ ima; 21 + 2; —2ik12710],

d7) (k1z,112)

(5.13)
and
DI (kiz,r12) = Y d 7 (kiz,r12). (5.14)
=0
The monopole term of the expression
d\2) (kaz,r12) = €™ 2D(1 = in12)y Fi[inig; 2; —2ik12712) (5.15)

is exactly the solution of the radial part of the Eq. (3.24). In the eikonal

approximation the ratio of dipole—to—monopole terms

dZ) (ka2 r12) kio.112
12 3
df;(),(km, riz) kiar12

(5.16)

84



is proportional to 1/kiz (m2 = 1/(2k12)), indicating the dominance of the

monopole term at very high photon energies and the gradual increase of
the weight of dipole and high order partial wave terms at lower energies.
However, the contribution from very high order partial waves (I > 4) is
significantly reduced by the fact that the I dependent coefficient in the ex-
pansion of Eq. (5.13) decreases in value very rapidly as [ becomes very large.
By an application of the addition theorem, the Legendre polynomial F; in

Eq. (5.13) takes the form

i . N
P;(cos@kn,fn) = 2] n 1 Z Y;m(km)Y;m(rlg). (517)

m

The spherical harmonic Yim(712) as a function of the interelectronic angular
coordinates 15 can be expanded in terms of the spherical harmonics of the

two electron coordinates !

o e 4721+ 1)U+ D]
r12Yim (F12) = Z ()77 [(2ll+1)!(212+1)!]

l1=0,lx=1-1;

L 1 [ . X
Z ( 77;1 Trfz —-m ) 7‘ilrlzzyllml(7'1)}/;2"%(7'2)-
my

(5.18)
The confluent hypergeometric function 1 Fi[l + in12; 20 + 2; —2iky2712] term
in the partial wave of dg_) (Eq. (5.13)) and the ground state wavefunction

Yo as a function of interelectron separation r1; can be expanded in Legendre

1Here ry, is defined as ry — ry. If x5 is defined as r — ry, an additional sign of (—1)‘
is needed in Eq. (5.18)
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polynomial

Yo(ry1, T2, m12)1 F1[l + t12; 20 4+ 25 —2tkyar10) = Z fur(r1,72) Pu(cosbya),
ll

(5.19)
where
WH+4+1 f* . .
fur(ri,re) = Yo(r1, 72, T12) 1F1 [+ in12; 21 + 25 —2ikyor12) Pr(z)da
-1
and

Tip = \ﬂf +r2 — 2riroz.

Using the above expressions, the integration over angles f; and r; in the
dipole matrix element can be analytically performed with the help of the

following formulas [72]:

(20+1) 21’+1 2L +1)1*?
Y;m l’m’ = Z [ )( )]
LM
I T [l ' L . n

/ 1/2
(o Yonelim) = (1) [(21 +1)(2L + 1)(21 + 1)]

4T
r L 1 ' L 1
'(-m'Mm>(ooo) (5.21)
Note that at high energies the “shakeoff” mechanism in which one of the
electrons (labeled here by 1 ) interacts with the high-energy photon directly
while the other electron (labeled by 2 ) escapes through relaxation dominates

the total double photoionization cross section. The main contribution to the

total cross section for double photoionization comes from the first term in the
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matrix element with the dipole operator (z;/r}) with the contribution from

the second term with the dipole operator (z2/r;) being essentially negligible.
This argument works also for single ionization and is confirmed with the 2C
wavefunction for high photon energies (> 1 keV). This approximation was
first discussed in the work of Andersson [73].

The single photoionization cross section can be written as

1287427 ™

4 _ 12

Ua (n2) - CE3 e?TTllzsh 71-1712 Z Z Z Term
lam2

where

1/ 1 I, I 1L
e e . 2 1 1 b2
Term*(l=0) = (-1) 212+1(0 ms —mQ)(O 0 0)

2

, (5.22)

8H(Z, ky, 1y, ma, 1) (5.23)
with
SH(Z,ky, lh,ng, lp) = erm) /Ooo driRE,, (r1)
~ /0 ” droriRZ | (r2) fizous,(T1,72) (5.24)
and
Term* (1> 0) = Coef(l) kiz\/ (24 ‘; ﬁ? +1) Z 3

13=0j251 1"

(20 + D)2 + )20 +1)(20 - 20, + 1)] 1/2

(D)7 + 1) + 1) [ QL T 1)@ =2 + 1!
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NI J2 U L AT ri1-n 1
0 0 O 0 00 0 00 0 0 0

-Rad+(Z, jz, kl, na, lz, l, ll, l:ll) Ang(ll, lz, ma, l, l;, ll, jl,jg).

(5.25)
In Egs. (5.24,5.25) the following abbreviations have been used:
Coef(1) = mg
—iThz(l + 1712)
C 2) =
0cf(2) 6
—m2(1 + im12)(2 + 2m12)
C 3) =
0ef(3) T
ima(l + 1m12)(2 + 1712) (3 + im2)
4) =
Coef(4) 2520
Rad"'(Z, ll, kl_’ na, l2, l, ll, l;) = eiﬂl(ﬂl) /(; drlRlih (1"1)7';;
© =42
' / dryry ' RZ,.(r2) fur(ri,72)
0
(5.26)

Ang(ly, l2,ma, L1, U 51, 72) = Z (—1)~(ms+ma+ma)

mym}
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Ak -1 l 2l oh
mi ms—my—m; —mp+my m; 0 —my
(i1 Lo r
my mg—mp —Mg m), m; —(m{+my)

_ 4 I Iy
m’1+m1 mg—ml——m’l —mMa )

(5.27)

The single plus double photoionization cross sections can be written as

2
1287’(‘4Z2 T2
+++ 2 5
o) = "B emsh(rim) Z E dr2r2 ZI: Term(l)| , (5.28)
where
- 2ll + 1 1 lz ll 1 ll 12
0 — (1™
Term(l=0) = (=1) 25+1(07m -mz)(o 00
S(Z, kl,ll,lz,’rg) (529)
with
S(Z, kl, ll, 12, 7'2) = Cigl(m) / drlRi,ll (1"1)f1=0’12(7‘1, 7‘2)
0
(5.30)

(2L, +1)(2 + 1)
Term(l > 0) = Coef(l) kiz\/ 20+ 12 Z Z

1}=03j2511"
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(=D)7h(20 =20 +1)(27: + 1)(2 + 1)(20 + 1)

(1 g Jj2 UL Lonl Y A
0 0 0 0 0 0 0 0 0 0 0 ©

'Ra’d(Z7j2’ klv Zy l,a l;,TZ) Ang(lla l2a ma, la 1;7 l,vjlajZ)'

(5.31)
In Eq. (5.31) we have abbreviated the radial integrals as

Rad(Z, 1y, ky, 1,1, U, ry) = elotm)pl™hs / dryri RZ, (r1) fur(r1,72).
0

(5.32)

It is interesting to note that the angular part in the formulas for single ioniza-
tion (Eq. (5.25)) and that for single plus double photoionization (Eq. (5.31))

are identical.

5.2 Results and discussion .

The 3C wavefunction was applied to the calculation of double photoioniza-
tion by Anderson and Burgdorfer [25]. Anderson and Burgdorfer applied the
acceleration gauge and a 20-parameter Hylleraas-type ground state wavefunc-
tion in the representation of Hart and Herzberg [34]. In their calculation the
distortion factor D7), which is a slow varying function of ry, for all the pho-
ton energies, is treated as a product of a plane wave e~k12712 3nd a Coulomb

function ‘15{(—12) = eik12'r12D(')(k12, ri;). Both are highly oscillatory function of
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ri2 at high energies. The functions e~kuzTiz gnd ¢£<:2) are expanded in the
coordinates of ry;. The interelectronic angle 6;, is transformed into the angle
8, by rotations.

The application of the 3C wavefunction in the double photoionization
was also performed by Hino [27] in the acceleration gauge and by Teng and
Shakeshaft [26] and Kornberg and Miraglia [28] in the velocity gauge. In
the calculation of Hino, the closure method and partial wave analysis are

employed. Only the monopole term

e=™m2/21(1 — i)
47‘11"2

d) =

=0

{(Tl +13)? 1F1[ima; 3; —2ikia(r1 + 72)]
—(r1 — 7‘2)2 1F1[i7712;3; —2tk12(ry —~ 7‘2)]}

(5.33)

in the expansion of the distortion factor D) (K2, r12), however, was applied.
In the calculation of Teng and Shakeshaft, an 8-parameter Hylleraas-type
ground state wavefunction was employed. In the calculation of Kornberg and
Miraglia, a 4-parameter Hylleraas-type wavefunction in the representation of
Bonham and Kohn [40] was employed. In both cases the six-dimensional inte-
gral in the dipole matrix element is reduced to a two-dimensional integral by
using the three denominator integral pioneered by Lewis for real parameters
[74] and developed by Brauner, Briggs, and Klar for complex ones [64].

The present approach differs from previous calculations employing 3C
final states [25, 27, 26, 28]. Unlike the calculation of Hino, [27] who used
the monopole term only, we include all contributing multipoles in the expan-

sion of the distortion factor D{=)(kys,r12). Furthermore, we use a different
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technique, which is numerically more stable and analytically straightforward

compared with the one applied by Anderson and Burgdorfer. Finally, we
use a more accurate initial-state wavefunction than those used in the calcu-
lations of Teng and Shakeshaft [26] and Kornberg and Miraglia [28]. The
ground-state correlation is crucial for double photoionization in the high en-
ergy region and becomes dominant in the high-energy limit.

The total cross sections for double and single photoionization and their
ratio are presented in Tab. (5.1). The cross section for single photoionization
as a function of photon energy between 1 and 16 keV is shown in Fig. (5.1).
Also displayed are the results in the acceleration gauge from many-body
perturbation theory [27], the dipole response function [29], and from the un-
correlated 2C final state wavefunction (D(=) = 1). The experimental data by
Samson et al [19] is also presented for comparison. The agreement between
the results obtained using the uncorrelated 2C wavefunction and the corre-
lated 3C wavefunction shows that the effect of the final state correlation on
the total cross section for single ionization in the high energy range is very
small when the acceleration gauge is applied. Good agreement is found with
measurements and with other calculations except for the results obtained by
use of the dipole response function. Here the single ionization cross section
is smaller by a factor 2 than the other calculations at 1 keV.

For a detailed analysis of the high energy behavior of the escape of a single

electron, we investigate the ionization-excitation process. The satellite-to-1s
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Table 5.1: Total cross sections of double (¢¥¥) and single (¢*) photoioniza-
tion of helium and their ratio R, in the acceleration gauge using a 3C final
state wavefunction vs the incident photon energy E.

E (keV) o (cm?) o™t (em?)  Rp(%)
1.0 3.68 x 10722 9.67 x 1072  2.62
1.2 2.06 x 10~2* 5.05 x 10~ 2.45
1.4 1.25x 10722 292 x 10~ 2.33
1.6 813 x10"% 1.82x10~* 2.23
1.8 5.55x10"% 1.20 x 10~ 2.16
2.0 3.93x10"® 827x10"%® 210
3.0 1.03x10"%2 2.00 x 107%° 1.93
4.0 3.98 x10°** 7.38 x 10°%¢ 1.85
50 1.89x10"% 3.41 x107% 1.81
6.0 1.02x10"* 1.82x10°% 1.78
7.0 6.09 x 10°% 1.07 x 1072 1.76
8.0 3.88x10"% 6.76 x 10727  1.74

10.0 1.82x107% 3.13x10°% 1.72
12.0 9.81 x 1072 1.67 x 10°%7 1.71
14.0 5.80 x 1072 9.85 x 10728 1.70
16.0 3.68 x 1072 6.22 x 107>  1.69
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Figure 5.1: Cross sections for single ionization ot with a 3C final state (solid

curve) vs the photon energy E together with other results: (a) solid circles |
by Samson et al [19]; dotted curve by Forrey et al [29]. (b) open square by |
Hino et al [27]; the star represents the result of the current calculation using |
a 2C final state wavefunction.
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+

2 (n2)
Zhe! (5.34)

(o)

R(ng) =

which measures the relative contribution to the total cross section from each
branch process, is shown in Fig. (5.2) for satellite n, = 2 as a function of
photon energy E~!. Also included are the result of the calculation using
the same initial-state wavefunction but a final state wavefunction without
electron-electron correlation (2C). The experimental data of Carlson et al
[75] and Svensson et al [76] is also shown in the figure. The satellite-to-1s
ratio R(2) obtained using a 3C final state wavefunction is seen to decrease
with increasing energy while the result obtained using a 2C final state wave-
function is a constant in the high energy range. Both results approach the
same asymptotic limit (E — oo), which is in agreement with the calculation
of Dalgarno and Sadeghpour [31].

The double-to-single ratio R, at high energies is presented in Fig. (5.3).
Included are the measurements of Levin et al. [77, 78] around 2 keV and
Spielberger et al. [70] at higher energies. In the latter data set contributions
from Compton scattering and from photoionization are separated and a direct
comparison with photoionization calculations is possible.

In addition to the full 3C final state and the uncorrelated 2C limit we
display the convergence as a function of the number of partial waves included
in the distortion factor D(~). Taking only the monopole term into account
leads to results similar to, but not identical to, Hino’s calculations [27] and

those emplying MBPT [23, 24]. The step-by-step inclusion of dipole and high
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Figure 5.2: Satellite-to-1s ratio of R(2) as a function of incident photon
energy E~'. Solid curve: 3C results. Dashed curve: results without the
final-state correlation (denoted by 2C). The asymptotic result of Dalgarno
and Sadeghpour is indicated by an arrow. Experiment: solid triangle by
Carlson et al [75]; open square by Svensson et al [76].
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order partial waves leads to an increase in the total cross section for double

photoionization. When the maximum partial wave reaches 4 the calculation
has converged. The results of Teng and Shakeshaft [26] show a somewhat
similar energy dependence limit but lie systematically higher. In addition
to the different gauges applied, the difference comes very likely from the
initial-state wavefunction. In the calculation by Teng and Shakeshaft [26]
an 8-parameter ground-state wavefunction is used with relative errors in the
Kato cusp conditions of about 5% for the confluence of the electron-nucleus
coordinates and 35% for the confluence of the electron-electron coordinates
at small interparticle separations. In the present calculation they are 0.001%
and 9%, respectively.

When all contributing partial waves are summed up (I < 4) we find
that the ratio is in excellent agreement with experimental data. Even more
remarkable, the present results merges with the low-energy ab initio hyper-
spherical close coupling calculation at about 1 keV. The relative deviation
of about 5% between the HSCC (R = 2.48%) [79, 80] and the 3C function
(R = 2.62%) lies well within the theoretical errors of the two methods at this

energy.
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Figure 5.3: Comparison of ratio R,, calculated using a 3C wavefunction
(solid curve) with experimental data and other calculations at high energies.
Experimental data: open squares by Levin et al. [78]; open triangles by Spiel-
berger et al. [70] with Compton scattering excluded. Other calculations: (A)
Previous calculations employing a 3C function (dotted curves): a: Ref. [25];
b: Ref. [27]; c: Ref. [26]. The open circles denoted by d (1 < 2) and f (1 < 3)
show the convergence of the partial-wave expansion of the distortion factor
D) in the ry, coordinate at 2 keV photon energy. The dashed curve is the
present calculation including the monopole term only. The arrow at 1 keV
indicates the calculated ratio by the HSCC method [79, 80]. (B) chained
curve by MBPT [24]; dash-double-dotted curve by the dipole response func-
tion [29]; long-dash-short-dash curve is the result of present calculation with
2C final state. All the curves in (B) are calculated in the acceleration gauge.
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Chapter 6

Two-electron ejection at and
near the non-relativistic
high-energy limit

Double ionization by a very high energy photon has been of interest since
Byron and Joachim discussed it first in the late 1960s [30]. Intensive studies
have subsequently been performed by Aberg [81], Brown and Gould [82],
Amusia, Drukarev, Gorshkov, and Kazachkov [83], and by Ishihara, Hino,
and McGuire [23]. The calculated ratios between the cross sections for double
and single ionization range from 1.5% to 2.3%. Using the velocity gauge and
an independent-electron final state wave function, Brown and Gould [82]
calculated the dipole matrix element and obtained the asymptotic ratio of
2%. In the MBPT calculation, however, Ishihara, Hino, and McGuire [23]
arrived at a value of 1.5% at 4 keV photon energy. To find the origin of
the discrepancies, Dalgarno and Sadeghpour [31] analyzed the dipole matrix
element in the three gauges and found that, when an approximate wave

function is applied for large photon energies, the error in the length form
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remains unaltered, while in the velocity and acceleration form, the error

decays as ET! and Ej? respectively, where E; is the energy of the fast
electron. A simple procedure to calculate the ratio based on the closure
relation {84, 85] is confirmed. For one-electron ejection from helium, the

cross section for ionization-excitation 0:h(n212m2) is given by

2

25672
ul /¢n212m2(r2)1/)0(0,r2)dr2 3 (61)

3vV2cE™/?

O’:h(nglgmg) =

where g is the initial state wavefunction and @n,i,m, is the hydrogenic bound
state wavefunction of the “shake-up” electron. The total cross section for
single ionization is given by
ot = Z U:h(RQIgmg), (6.2)
naloms
and the cross section of single plus double ionization is obtained by an appli-
cation of the closure relation
25672
— + et 2
Ttot = /n,‘%lz o (naloms) = 3VacET / l0(0,12)|” dr,. (6.3)
With the 34 term ground state wave function of helium the asymptotic ratio

evaluated at 16 keV is

Ryn(o0) = {

— ~t
Tt 9 = 1.64%, (6.4)
ot E—co

which is in agreement with the full calculation of the dipole matrix element.
However, the absolute cross sections for double and single ionization de-

viate from those obtained using the full calculation in the non-relativistic

high energy limit. Fig. (6.2) displays the ratio of the single ionization cross
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section 0% evaluated with the asymptotic formulas (Egs. (6.1,6.2)) to that
obtained using the full calculation of the dipole matrix element (dash curve).
The result approaches unity only at about 0.5 MeV, which is beyond the
non-relativistic limit. In this chapter we will analyze the acceleration dipole
matrix element and introduce a correction in Egs. (6.1,6.3) which can dra-
matically improve the evaluation. Moreover, we extend the scope of validity
of the formulas by introducing final-state correlation. The improved formulas
work well for finite photon energy down to about 2 keV in the case of double

photoionization.

6.1 Non-relativistic asymptotic behavior of
the two-electron ejection

At very high photon energies E the singly ionized final-state ¥ can be con-

structed as a product of a bound state ¢,,;,m, and a plane wave e’k

k . .
Yy(ry,ry) = 7—# [¢n212m2(r2)e’kr1 + ¢n212m2(r1)e’kr2] , (6.5)

where r; and r; are the electron coordinates, k is the momentum of the escap-
ing electron, and the factor vk indicates that the continuum wave function is
energy normalized. The dipole transition matrix element T from the ground

state 1o to the singly ionized final state i, in acceleration gauge is

T = (o | — + — |9 (6.6)

1For convenience we discuss here the conjugate of the dipole transition matrix element,
but the result remains unchanged for the dipole matrix element itself.
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Using the symmetry properties of the wave functions and the dipole operator,

Eq. (6.6) becomes

where

and

Noting that

and

we have

Terml = ——

V2k

T, = (27r)3/2(Term1 + Term?2), (6.7)
Terml = /d)o(rl,r2):—%cbnzlzmz(rz)eik“drldrz, (6.8)
Term2 = /z/JO(rl,rg)%qﬁmhm(n)eik"?-drldrz. (6.9)

ir _ __1_ d_k'k/eik'.r

3 ox2 | k2

6(r) = (271r)3 / dk'e*' T, (6.10)

1 dk’ | . :
In2 ﬁkiék b wo(rl ) r2)¢n212m2 (rz)eZk.rI dl‘l dr2 .

Since the ejected electron receives most of the energy from the high energy

photon, we make following replacement:

therefore,

k+k=p

1 1. %p

k2 )7 p< k’
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Qk . .
Terml = —--2-;2- /<k/ kzp)ﬁlp'rl'l/lo(l‘l, r2)¢n212m2 (rz)drldrz.

Let us define a shape function

fk(rl) = (2;)3 /<k dpeip-rl‘

The integral of fx can be carried out easily by making a partial wave expan-

sion of the plane wave in which only the s wave survives. We then obtain

sin(kry) — krycos(kry)

272r3

fk(rl) = (611)

Fig. (6.1) displays the behavior of the shape function at different photon
energies. The profile becomes narrow and steep as the energy increases to
keep the integrated area at unity. The width of the function is proportional

to E~1/2, In the asymptotic limit

lim fi(r) = é(r). (6.12)

k—o0o

Noting that
‘k/ dpe’P™ = —k8r> fi(r1)
p<k
and

/ dppe®™ = —i87%V 1 fi(r1),
p<k

we find

4
Terml = ! 7({ /fk rp d’o(l‘l,I‘2)¢nzlzmz(r2)d1‘1d!‘2
—i/fk(l‘l)Vﬂ/Jo(l‘l,r2)¢n212m2(1'2)d1‘1d1‘2

2 k
- /fk (r1)k - V1¢o(r1,r2)¢n212m2(r2)dr1dr2}

104




—0,2 llllIIIII]IIIIIIIllllllllllll
-1 0 1

r

Figure 6.1: Shape function at different energies: solid curve at 2 keV; dash
curve at 5 keV; and dotted curve at 10 keV. The values at the origin are 30,
119, and 336, respectively.
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2

2
| Terml ]2 — (4]:;) {l/fk(r1)¢0(r1,r2)¢n212m2(r2)dr1dr2
1 2
+ o /fk(I'1)V11/)o(r1,1‘2)¢n212m2(l‘2)d1'1dl‘2 }

(6.13)

For Term?2, we note that e’X™2 is a highly oscillatory function of r, when k
is large and o(ry,r2) is a slow varying function, therefore, Term2 can be
approximated as
I ik,
Term2 = [ driyo(rs, (rg))r—3¢n212m2(r1) drae™ "2,
1

where (r;) is the average coordinate of r, such that

/drzwo(rl’1'2)‘31.1(.1-2 ~ Q/Jo(rl,(rz))/drgeik'r?.

Because

/ dr,e’¥T2 =

for k # 0, Term?2 vanishes. Therefore, the dipole matrix element is

2k
\/_2 - Terml. (6.14)

T, = oz
(2m)¥/

The branching cross section from the ground state to the single continuum

state with the bound electron in a state nylom, is given by

47272 .
onalyms) = T2 / di | T, I, (6.15)
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where Z is the charge of the nucleus. Using the Egs. (6.13,6.14) and k =~ V2E,

we have

647r272 2

W {‘//fkl(r1)¢n2l2m2(r2)¢0(r1,rz)drldr2
}

The total cross section for single ionization is given by the incoherent super-

O';-h(nzlgmg)

+ % I//fkl(r1)¢n212m2(r2)v1¢0(1‘1,rz)drldr2

(6.16)

position of individual ionization-excitation cross sections

ot = Z U;h(n2l2m2). (6.17)

nplyme

Similarly, by an application of the closure relation

Z | nglgm;z)(nzlzmz |= 1,

nalomsg

the cross section for double plus single ionization can be obtained

Ttot =/ Z a:h(n212m2)

nalama

647222
= 3VBeET {/ |/fk1(r1)¢o(l'1,r2)dl'1

/fkl(rl)vli/)o(rl,l‘z)dh

2
dI'z

L1
2F

2 dl‘z} . (618)

The cross section for double ionization o** and the ratio R, are therefore

determined:

0'++ = Otot — 0'+ (619)
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Ry =0""/o". (6.20)

At infinite photon energy (beyond the non-relativistic limit), the second
term in Eqgs. (6.16,6.18) becomes negligible compared to the first term and
the shape function f; changes into a é function (Eq. 6.12). In this limit,
the Eqgs. (6.16,6.18) transform into the formulas confirmed by Dalgarno and
Sadeghpour (Egs. (6.1,6.3)). At finite photon energies, however, the shape
function fx in Egs. (6.16,6.18) specifies the reaction zone of the photon-
atom interaction which is localized within a distance of ~ E~*/? around the
nucleus.

At finite photon energies, in addition to the double-to-single cross section
ratio, the absolute cross sections can be well described by Eqgs. (6.16-6.18)
when only the first term in Eqgs. (6.16, 6.18) is applied. Fig. (6.2) displays the
ratio of the single ionization cross section ot evaluated with the first term
in Eq. (6.16) and Eq. (6.17) to that obtained using the full calculation of the
dipole matrix element (solid curve). The improvement over the procedure of
Dalgarno and Sadeghpour is significant at 16 keV. Moreover, the first term
in Eq. (6.16) and Eq. (6.17) permits the extrapolation down to about 10
keV with only a small error (< 4% ). The second term in Egs. (6.16,6.18)
contributes only a very small amount to the total cross sections, however, it

does signal the E~! behavior of the ratio near the asymptotic limit.
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Figure 6.2: Ratios of the single ionization cross section evaluated with the
asymptotic formulas to that obtained using the full calculation of the dipole
matrix element: solid curve: the first term of Eq. (6.16) and Eq. (6.17);
dashed curve: Egs. (6.1,6.2).
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6.2 Two-electron ejection near the non-
relativistic high-energy limit

In last section we analyzed the acceleration dipole matrix element and intro-
duced a shape function in Egs. (6.1,6.3). The improved formulas can predict
accurately not only the double-to-single ratio but also the absolute cross sec-
tions at the non-relativistic limit. In this section we extend the validity of
the formulas down to a few keV by introducing final state correlation.

For single ionization, the correlated final state wavefunction is

vk

py(r1,r2) = NES T Bnstyms (12)€"T DO (r4,12) + 11 1'2] ,  (6.21)

where D(')(rl, ry) is a distortion factor to be determined. In chapter 3 and
chapter 5 we have shown that the 3C wavefunction appropriately describes
the final state correlation to the order of Z/k; where k; is the momentum of
the fast electron. In the partial wave expansion of the 3C wavefunction the
leading contribution has also shown to arise from the s wave. Therefore we
choose D) (ry,ry) = dl(;()J(rl,rg) to describe approximately the final state
correlation.

Following the discussion of the last section, we obtain the cross section

for single ionization

647222
+ __
d Z 3\/§CE7/2

naloms

: {l//fk] (1‘1)¢n212m2(1‘2)¢0(r1,rz)dl(;g(rl,rg)drldrz

2
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+% '//fkl (r1)¢n212m2(r2)vl['(/)0(r1,r2)dl(;())(r1,r2)]dr1dr2

)

(6.22)
and that for single plus double ionization
6472722 _ 2
Ttot = W {/ ‘/fkl(rl)wo(rlar2)dl(=3(rl,r2)dr1 dr;
1 -) ’
Y fi (r1)Vi[tbo(ry, v2)djZg(r1, T2)]dr1| drs o
(6.23)

The cross section for double ionization and the ratio R, are therefore de-
termined (Eqgs. (6.19,6.20)). Fig. (6.3) displays the double-to-single cross
section ratio evaluated with only the first term in Egs. (6.22,6.23)%. Also
shown are the acceleration-gauge results of MBPT [24] and the very recent
ones obtained using a dipole response function [29]. The experiment data of
Levin et al. [77, 78] around 2 keV and Spielberger et al [70] at higher energies
are also included for comparison. The results obtained with the present very
simple method agree quite well with those of the MBPT calculation and with
the measurements. It displays, however, much better behavior than that of

the recently introduced dipole response function.

2The contribution from the second term is very small but the evaluation is complicated,
therefore, we skip the evaluation.

111




1.2 I I I |
0.0 0.5

E (keV)!

Figure 6.3: Double-to-single cross section ratio evaluated using the first terms
in Eqgs. (6.22,6.23) (solid curve) together with other results. Experimental
data: open squares by Levin et al. [78]; open triangles by Spielberger et al.
[70] with Compton scattering excluded. Other calculations: dash curve by
MBPT [24]; dotted curve by use of the dipole response function [29].




6.3 Contribution of retardation to the total
cross sections

In the calculation of the ratio Ry, = 0¥+ /o*, a non-relativistic formulation
and the dipole approximation are commonly used. However, at high photon
energies, we are no longer in a regime where the dipole approximation is nec-
essarily valid. It becomes necessary to investigate the influence of retardation
and the higher order photon multipoles on the photoeffect ratio.

For single photoionization, it is known that cross sections that do nat
neglect retardation differ from the dipole results by quantities of the or-
der (v/c)? [86, 87], where v is the momentum of the ejected electron. It
should be mentioned that the corrections of this order result from the appli-
cation of both the relativistic Dirac formulation [86] and the non-relativistic
formulation [87].

The effect of retardation on double photoionization has also been in-
vestigated [87, 88, 89]. It has been shown [87], based on the non-relativistic
formulation, that retardation accounts for only 0.4% of the total cross section
o+t* for helium at a photon energy of 1 keV; retardation accounts for 4.8%
of the total cross section at 12 keV, i.e., the dipole approximation accounts
for 95.2% of the contribution, which is accurate enough for the present theo-
retical investigations. Moreover, the cross section for double photoionization

behaves similarly as that for single photoionization,

o*"f Um \ 2 )
Zret m 6.2
=1 () (6:24)
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where v,, is the maximum momentum of an electron. Note the fact that the
shake-off mechanism dominates the contribution to the total cross section
o+t in the high energy regime, the above results are understandable. The
mechanism specifies that in the case of double photoionization one of the
electrons takes almost all of the photon energy while the other electrom,
which can be taken as non-relativistic escapes, independent of the incident
photon energy, via relaxation. Therefore, even though the total energy of the
two electrons is in the relativistic energy region, Eq. (6.24) is still expected
to be applicable. The fact that corrections of the same order appear in both
the single and double photoionization cross sections justifies the use of the
dipole approximation in the evaluation of the double-to-single ratio at high

photon energies.
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Chapter 7

One- and two-electron
detachment of H~ by
high-energy photons

In chapter 5 and chapter 6, we have discussed the electron-electron correlation
in He and investigated double photoionization cross section using an accurate
ground state wavefunction and a correlated 3C wavefunction. Similar to He,
H~ is also an ideal prototype system for the study of the electron-electron cor-
relation because of its simplicity. Unlike He, however, the electron-electron
repulsion almost matches in strength the electron-nucleus attraction. The

potential is

1

v - L 1.1
1 T2 12
1 T
T« T'>

i. e., the electron moving in the outer region of the configuration space only
experiences the effect of a dipole-term field which is of short range. As a

consequence, the two electrons are bound in the only two bound states with
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each for singlet and triplet states, respectively. Moreover, one-electron de-
tachment of H™ leaves behind a neutral atom. When a high-energy photon
interacts with this two-electron system, usually one electron is emitted with
high energy while the other is ionized through an electron-electron shake-off
process. For H™, the fast electron is influenced by the short-range potential
rather than a Coulombic one. Therefore, photodetachment of H™ is expected
to display dynamic features different from those of He. Up to now, limited
attention has been devoted to investigating the double emission process of
H~ [90, 91, 92, 93, 94]. Most of the studies have concentrated on the be-
havior of the two-electron escape near threshold[90, 91, 92], in part due to
its astrophysical importance. For the higher energy range (up to ~ 100 eV),
Broad and Reinhardt made the first calculation over twenty years ago[93]
using a multichannel J-matrix technique with an L? basis set. Very recently,
the eigenchannel R-matrix method with a local finite element basis set was
applied by Meyer, Greene, and Esry [95]. The results of Meyer, Greene, and
Esry agree approximately with the prediction of Broad and Reinhardt in peak
position of the ratio between the double- and single-electron detachment, but
sharply differ in magnitudes. Moreover, R, for H— is systematically higher
than the corresponding value for He. In the non-relativistic high-energy
limit, Dalgarno and Sadeghpour [31] obtained an asymptotic ratio R,u(oc0)
of 1.51%. In the high but finite photon energy region, no reliable calculation
is currently available to our knowledge. We report here on the first reliable

calculation for photon energies above 1 keV. The method applied to H— is
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similar to that used for He. We calculate the binding energy and ground
state wavefunction in the Hylleraas coordinate basis set and apply the 3C
wavefunction for the double continuum state. We find that the electron-
electron correlations in both the initial and the final states are crucial for the

photodetachment process of H™ at high energies.

7.1 Ground state wavefunction of H™

The procedure for obtaining the ground state wavefunction of H™ is the same
as that for He, however, the convergence rates for both systems are differ-
ent. We therefore have examined the binding energies and the wavefunctions
obtained with different numbers of basis functions NBF.

With o = 1.524248 and NBF = 43 we obtain the binding energy of
0.527681, compared to the “exact” energy 0.527751 [37]. In Tab. (7.1) we
tabulate the coefficients of the wavefunction. The relative errors in the cusp
conditions of the 43-term Hylleraas wavefunction as a function of the radial
coordinate are shown in Fig. 7.1. We find that the Kato cusp conditions are
satisfied with a relative error of less than 3% pertaining to the confluence of
the electron-nucleus coordinates and less than 1% for the confluence of the
interelectronic coordinates.

The contour plot of the joint probability density p(r1,72) as a function df
the two-electron radial coordinates is shown in Fig. 7.2. The characteristic
binding radii corresponding to the peak position of p are found to be r; =

re & 1.5, which is about twice as that of He. Furthermore, its density
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Table 7.1: Normalized ground state wavefunction of H™ in 43 term Hylleraas
coordinate basis functions.

Il m n Clmn I m n Clmn

—1.418312 x 1073
2.688384 x 10~*
1.837742 x 1073

—3.483315 x 10~*

—1.113159 x 107®
9.402090 x 107°

—3.448736 x 10~*
2.337865 x 10~*

—4.489179 x 107°

—1.395440 x 10~°

—5.653002 x 10~*
1.753835 x 10~*

—2.276712 x 10~°
4.187238 x 1077

—8.515944 x 10~°
2.199329 x 10~°

—1.451680 x 107°
2.876307 x 107°
5.481879 x 107°
5.436521 x 10~°

—2.045828 x 107°
1.193330 x 107°

7.157047 x 1072 | 2.5
2.370987 x 1072 | 3.5
—1.266266 x 1072 | 0.5
—3.431578 x 10°2 | 1.5
5.725485 x 1073 | 0
—7.922958 x 1073 | 1
2.564644 x 1073 | 2
—1.816601 x 1073 | 3
4.011924 x 1073 | 4

0

1

2

— O
O = O OTLUl = OO

1.017276 x 1072
—5.292501 x 103
1.223378 x 1073
—9.057300 x 10~° 0
5.047268 x 1074 | 0.5
—6.335449 x 1073 | 1.5
4.028368 x 1073 | 2.5
—7.801937 x 10~* | 3.5
—1.945814 x 1073 | 4.5
—7.373061 x 1075 | 0.5
—3.758691 x 1074 | 1.5
2.109831 x 1072 | 2.5
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Figure 7.1: Relative errors in the Kato cusp conditions for the 43-term so-
lution of the ground state wavefunction for H— (solid curve) compared to
those obtained using the 20 term representation of Hart and Herzberg[34]
(dotted curve). The upper plot shows the confluence of electron and nucleus

(e-n) and the lower plot shows the confluence of the two electrons (e-e).
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distribution is strongly shifted away from the diagonal (i. e. the r; & 7o line).
This property has significant implications for the differences of ionization-

excitation and double photoionization in the H— and He systems.

7.2 Final state wavefunction of H™

For the final state, we employ the 3C wavefunction with

_ 1
m= —k—l,
1
M2 = —E‘,
and
o = i; (7.2)

In chapter 3 we showed that the 3C wavefunction satisfies the cusp condi-
tions for any two-electron systems in both the electron-nucleus and electron-
electron coordinates near the origin. This is crucial for the shake-off process
which is governed by the behavior of the wavefunction at small interparti-
cle distances. In addition, we argued that the 3C wavefunction is the ap-
propriate solution for He in the perturbative regime of small Sommerfeld
parameters Z/k; 3> 1 where k; is the velocity of the fast electron. The jus-
tification for this assumption comes from the fact that the residual terms
in the Schrodinger equation, M;j (i=1,2), are bound in the full configuration
space and in the dominant region contributing to dipole matrix element of

double photoionization, |M;| < 1.
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The assumption remains valid for the H™ system. Fig. 7.3 displays the

radial and angular dependence of M; for typical values of k; representing a
fast electron (=1) and a slow electron (i=2) in the double photodetachment
continua of H™ at an energy E, + E; = 1 keV. Therefore, following the
discussion in chapter 3, the 3C function is still the appropriate three-body
final state wavefunction for H™ to leading order in 1/k; in the full coordinate

space at high photon energies (Ey + E; > 1).

7.3 Results for both single and double pho-
todetachment of H™

We employ the acceleration gauge in the evaluation of the total cross sections
for one- and two-electron photon detachment at high photon energies. This
gauge places the dominant weight on the final-state wavefunction at small
distances from the nucleus. Our calculation proceeds by expanding the dis-
tortion factor D()(ky2,r15) in terms of partial waves in ry2 coordinates. All
the contributing partial waves are included until convergence is reached (up
to a g wave). The cross section for the ejection of a single electron is obtained
by summing over all bound states H(nzl,m;) and the angular momenta of

the continuum electron (kylym,)

ot = Z Z U:h(klllmhnzlzmz) (7.3)

lymy nalams

with [ = [, £ 1 and m; + my = 0.
The cross section for single- plus double-electron detachment, oy, at

high energies is summed over all bound and continuum states of the residual
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Figure 7.3: Behavior of |M;(r;,0;)| as a function of radial r; and angle 6;
coordinates at energy E;; = 1 keV with an asymmetric energy distribution:
fast electron E; = 950 eV (M;) and slow electron E, = 50 eV (M;). Arrow
indicates dominant region of the dipole matrix element.
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electron and its evaluation is facilitated by the closure relation. We therefore

obtaln the cross section for double ionization
0'++ = Ctot — 0'+ (74)

and the ratio

Rop = o+t /o (7.5)

For a detailed analysis of the high energy behavior for one-electron detach-
ment and its effect on two-electron ejection we study detachment-excitation,
i. e., the branching cross sections

o (ng) = Z Z oy (kilimy, nalyma). (7.6)
lymy Iymy

In contrast to He, for which only o*(1s) dominates the single-electron
ejection process [97] (also see chapter 5), the satellite cross section 0¥ (nz = 2)
for H- also contributes significantly to one-electron ejection. The prominent
role of excitation to H(n, = 2) results from the fact that the binding ra-
dius of the ground state of H~ (Fig. 7.2) lies in between the binding radii
of both states H(1s) and H(n, = 2). Therefore, the ground state wave-
function of H~ has a strong overlap with the wavefunction of H(1ls) and
H(n, = 2) which are favored in the shake-off process. The satellite ratio
R(2) = o*(ny, = 2)/o*(1s) is approximately =~ 0.65 and is only weakly
dependent on the photon energy (Fig. 7.4). In contrast, the correspond-
ing ratio for ny = 3 is a factor of ~ 120 smaller. We have also calculated

the single- and double-detachment cross sections using the same initial-state
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Figure 7.4: Satellite-to-1s ratios R(ny) forn; =2,3,4,5,6,and 7& up as a
function of incident photon energy. Solid curves: 3C results. Dashed curves:
results without the final-state correlation (denoted by 2C). The results of
R(2) and R(3) obtained in the calculation of Dalgarno and Sadeghpour[31]
are indicated by arrows (denoted by DS).
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wavefunction but a final-state wavefunction without electron-electron correla-
tion (i.e., taking D(~) = 1 in the final state wavefunction) The satellite-to-1s
ratios R(n;) thus obtained are constants at high energies as can be seen in
the figure (denoted by 2C). We note some minor discrepancies in RE(2) and
R(3) between the present result and the result of Dalgarno and Sadeghpour
[31] in the asymptotic limit (E — o0). These deviations come from the dif-
ferent level of accuracy of the initial-state wavefunctions. In the calculation
of Dalgarno and Sadeghpour the 20-parameter correlated representation of
the ground state of Hart and Herzberg [34] is applied. Although the binding
energy obtained agrees with the exact value to within 0.02%, the relative er-
rors in the Kato cusp conditions of the ground state wavefunction (Fig. 7.1)
is about 11% for the confluence of the electron-nucleus coordinates and 35%
for the confluence of the electron-electron coordinates at the nucleus. In the
present calculation these conditions are satisfied at a higher level of accuracy.

The total cross sections for double- and single-electron detachment and
their ratio as a function of incident photon energy between 1 and 10 keV are
presented in Tab. 7.2.

The cross sections for single- and double-electron detachment in the en-
ergy range calculated using the 3C wavefunction can be approximately rep-

resented by
_ 15.18 —=6.51/F

ot(E) =~ FoHE (107%* cm?), (7.7)
and
0.229 — 0.052/FE
otH(E) = / [0 el (7.8)

E7/2
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Table 7.2: Total cross sections of double- (o) and single-electron ejection
(¢%) and their ratio Ry, vs photon energy E.

E(keV) oF (cm?) o™ (cm®) Ru(%)
1.0 1.15x107%2 215x10°%  1.87
1.2 6.25x107%# 1.13x10°% 181
14 3.73x10°% 6.57x 1072  1.76
1.6 238 x10"%* 4.11 x10°%®  1.73
1.8 1.60 x 10~%* 2.73x 1072  1.70
20 1.12x107% 189x107% 1.68
3.0 2.84 x107% 4.60 x 10?2  1.62
40 1.06 x 1072 1.69 x 10-27  1.59
50 4.96 x 1072 7.81 x 102  1.57
6.0 2.66 x 10726 4.16 x 10722  1.56
80 9.89 x10°%" 153 x10"%2  1.55

100 4.59 x 10727 7.07 x10°%® 1.54

respectively, where E is in keV. The ratio, R,, = o7+ /o™, displays a linear

dependence on the inverse of E within this energy interval,

Rou(E) ~ 1.50 + 0.30/ E(keV)

(%)?

(7.9)

as shown in Fig. 7.5 while the ratio becomes almost constant if the final-state

correlation is neglected (denoted by 2C). Our calculations with and without

final-state correlation reach the same asymptotic limit of Rpr(00) = 1.50%

which is marginally lower than the value of 1.51% obtained by Dalgarno and

Sadeghpour {31] (denoted by DS), presumably due to the aforementioned

difference in the cusp condition in the initial state.
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Figure 7.5: Ratio Rp;, = 0% /0" between double and single detachment cross
sections for H— as a function of E~!. Solid curve: 3C result. Dash curve:
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DS).
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It is interesting to note that R, for H™ is systematically lower than that

for He in the high-energy range(80, 96] although one might expect otherwise
because of the stronger role of electron-electron correlation[95]. A qualitative
explanation involves the picture of the initial state represented by two non-
equivalent electrons (1s,1s"). At high photon energies the inner 1s electron is
ejected with high energy while the outer, loosely bound electron 1s’ is shaken
off. The outer 1s' electron strongly overlaps with both the 2s and 1s orbitals
of neutral hydrogen but has little overlap with the hydrogenic continuum.
Therefore, double ionization is less likely for H™ than for He.

In summary, we have studied the single- and double-electron photode-
tachment of H™ at photon energies in the 1 keV to 10 keV range using an
accurate Hylleraas initial-state wavefunction and a correlated 3C final-state
wavefunction. In the high-energy limit, the double electron ejection is domi-
nated only by the initial-state correlation, resulting in an asymptotic limit of
R,i(00) = 1.50%. At the high but finite energies studied here, the final-state
correlation is found to be important, giving rise to an £~ high-energy behav-
ior for the ratio R,y. It is hoped that the present result will be experimentally

tested in the near future.
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Chapter 8

Conclusions

We have investigated the double ionization and ionization-excitation of He
and H™ by high energy photons (> 1 keV) using an accurate Hylleraas-type
initial state wavefunction and a correlated 3C final state wavefunction. We
have shown that the 3C wavefunction, which describes the three-body fi-
nal state to leading order in Z/k; in the full configuration space and which
satisfies the Kato cusp conditions exactly at the three two-body collision
points, is the correct wavefunction to represent the double continuum in
the high energy region. A new technique for the analysis of the distortion
factor D7) in the 3C wavefunction has been developed which can lead to
an accurate evaluation of the transition probabilities. We have also stud-
ied double photoionization using the same initial state wavefunction but a
final-state wavefunction without electron-electron correlation (2C). For He
our calculation shows that the double-to-single ratio is 2.62 % at 1 keV with
the 3C final state wavefunction and approaches the same asymptotic value

of R,p(00) = 1.65% with and without final state correlation. This result is
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in excellent agreement with experimental data. For H™ we have made the
first reliable calculation at high photon energies. Using the aforementioned
correlated final state wavefunction we arrive at an E~! high-energy behav-
ior for the ratio R,x(F) with an asymptotic limit of Ryn(o0) = 1.50%, in
agreement with Dalgarno and Sadeghpour [31]. We also obtained a finite
energy correction of a_1 E™! (%) with a_; = 0.30 keV. We have also pointed
out that the interaction between the high but finite energy photon and an
atomic system is localized in a region within a distance of ~ E~1/2 about
the nucleus instead of a point at the center. We introduced a shape function
into the formulas suggested by Kabir and Salpeter [84] and by Dalgarno and
Stewart [85]. This correction can dramatically improve the evaluation of the
absolute cross sections for the double and single ionization processes at high
but non-relativistic photon energies. Moreover, we include final-state corre-
lation into the formulas. The results obtained with this simple method agree
quite well with those of MBPT and with the measurements at the high pho-
ton energies. They display much better behavior than that obtained using

the recently introduced dipole response function.
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