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ABSTRACT

Factors which produce differences between analytically computed modal
characteristics, such as frequency and mode shape, and those derived experimentally are
many. One area of significant uncertainty, both analytically and experimentally, are the
physical boundary conditions between the component under consideration and the
surrounding structure or test apparatus. This work was conducted to study the extent to
which the elasticity of this interface can affect the modal characteristics of flat plates.
Flat plates are studied as a first step in the understanding of boundary condition effects on
the modal characteristics of compressor blade structures commonly found in gas turbine
engines.

A new model adjustment scheme was developed, which uses perturbation finite
elements, to cdmpute adjustments at user specified locations of an analytical model to
improve the agreement between analytical and experimental results. The scheme takes
advantage of the users knowledge of where modeling uncertainties are highest, such as at
the boundary, and computes adjustments to the model for only these locations. The
technique not only permits changes in the elasticity of the boundary, but also permits the
user to affect changes in stiffness at any specified location. Further, adjustments to the
mass at specific locations are permitted to account for the mass of instrumentation, lead
wires or distributions in mass density of the component itself.

The technique seeks to minimize the differences between analytical and
experimental results within the constraints of the finite element formulation.
Consequently, the agreement between analytical and experimental results are improved;
the technique does not seek to match explicitly the experimental results. The reason for
this is that experimental results typically have a measure of non-repeatability in them
making “matching” of the data unrealistic. An example problem is presented for which
intentionally introduced adjustments are correctly computed.

Analytical and experimental investigations of four flat plates with five different
distributions of stiffness at the support in addition to the baseline were conducted to
examine their effect on modal frequency, displacement and strain. Analytical results

were computed using a commercially available finite element package and eight node,
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isoparametric brick elements. Experimental accelerations and strains were measured on
the plates as they were subjected to sinusoidal base excitation from a shaker table.
Results were compared to quantify differences between analytical sensitivities to the
various boundary stiffnesses and experimental sensitivities to the same boundary
stiffnesses. The experimental method, data processing techniques, modeling techniques
and other factors were evaluated to minimize potential for error. Elimination or reduction
of these factors was then pursued so that the resulting experimental data and the
analytical results were of the highest quality.

Resuits of the investigation showed that the modal characteristics of some modes
of some plates were more sensitive to variations in boundary stiffness than others. This
highlights the need for a model adjustment technique that can interrogate the boundary
conditions to account for potential boundary stiffness influences. Further, significant
differences between analytically computed sensitivities to boundary stiffness changes and
those derived experimentally were present, although both sets of results identified the
same plates and modes as having the highest sensitivities.

Adjustments to a representative analytical model using the newly developed
perturbation finite elements were computed to investigate potential reasons for
disagreements between analytical and experimental results. Adjustments to the stiffness
of the elements at the boundary and the mass of elements at instrumentation locations
were computed to determine if these could account for the observed differences. Up-front
modeling of the instrumentation mass was not possible since precise measurement of the
amount of mass added by the instrumentation adhesive as well as the mass of the
instrumentation itself was not known. Computed adjustments were reasonable.
Consequently, it was concluded that the observed differences between experimental and
analytical results were attributable to the mass of the experimental instrumentation, and to

difficulties with the experimental set-up at the boundary.
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1. INTRODUCTION

Designing structures to operate in a dynamic force environment presents many
challenges to the structural dynamics engineer. Methods used to design, analyze and test
these structures seek to produce a structure capable of operating in the dynamic
environment without serious durability or performance deficiencies. Attempts are made
to keep natural frequencies away from known excitation frequencies, provide adequate
structural damping, and/or simply make the structure strong enough to withstand the
dynamic forces. In order to facilitate analysis of a proposed design, assumptions are
made about a host of variabies, such as material properties, geometric tolerances,
boundary conditions and the like. The degree of uncertainty in these variables differs and
is generally unquantified. Upon making these assumptions, an analytical model is
constructed to compute natural frequencies and mode shapes. However, uncertainties in
the assumptions used to construct the analytical model can affect the accuracy of the
computed frequencies and mode shapes. This could lead to an inadequate design.

Modal testing is often conducted to indirectly verify design assumptions used in
the analysis by measuring the resulting modal characteristics. Test results are compared
with analytical results to assess the adequacy of the analytical model. If results agree to
within a predetermined amount, the analytical model is used for additional studies. If not,
some enhancement is usually made to the analytical model so that it reflects the modal

test data. Experimental results are infrequently questioned or assessed for accuracy.

In the case of the gas turbine engine, significant effort is aimed at insuring the
structural dynamic capability of the blading. Gas turbine blades are generally
cantilevered plate-like structures and are attached to rotating disks via a so-called
“dovetail” attachment (Figure 1) which is designed to be loose when the engine is not
operating to permit easy assembly and replacement. Blade retainers are used to insure
that the blades remain in place. When the engine is operating, centrifugal loading forces
the dovetail into radial contact with the mating structure on the disk. Because of this, the
boundary condition at the interface of the blade and disk can change each time the engine
is started or rotational speed is changed. Further, the geometry of the disk, Figure 2, and
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blade can produce load distributions along the mating parts that can further complicate

the boundary description in an analytical model. This effect is shown graphically in
Figure 3. Contours in Figure 3 are of radial displacement. As shown, introduction of an
axially offset web skews the contours and reveals the variation in stiffness along the
attachment. An additional complication present in gas turbine blading is shown in
Figure 1 and is identified as the “mid-span shroud”. This feature is an interblade friction
damping device which introduces an additional boundary condition that is mode shape
dependent. All of these features complicate the analytical modeling of the blades and
introduce non-repeatability in the experimental modal data. Determining the adequacy of
the analytical model by comparing analytical results to experimental results can,
therefore, be quite difficult. Consequently, a technique that interrogates the boundary
conditions when assessing the commonality between analytical and experimental results

would be quite useful.
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2. LITERATURE SURVEY

A survey of the open literature was conducted to review work done in areas
pertaining to structural dynamics and, more specifically, to structural dynamics of gas
turbine blading. The goal of the survey was primarily to establish the state of the art in
finite element model adjustment techniques based on experimental data. Further, since
application will ultimately be made to gas turbine blade-type structures, a survey of
relevant work in that area was warranted as well. Areas reviewed were:

1) Turbine engine structural test and analysis history

2) Flat plate test and analysis history

3) Finite element error estimation

4) Modal testing error estimation

5) Model adjustment using modal test data.

Detailed results of the literature survey for each of these areas follows. Conclusions
pertaining to the literature survey are presented and used as a basis for establishing the

present work.

Turbi e str ! 1 analysis hi

By virtue of the fact that the gas turbine engine is composed of a series of rotating
blades in close proximity to rows of non-rotating blades, there exists potential for
vibration. As rotating blades pass through the aerodynamic wake of upstream blades,
regular disturbances in the flow field produce a periodic forcing function. Also, bow
waves from downstream rows of blades can likewise create regular impulses.
Consequently, the frequency of excitation is linearly related to the rotational speed of the
rotor and the number of up and downstream blades. The gas turbine engine has many
other sources of excitation, as well. As the benefits of the turbine engine became

increasingly popular to aircraft designers, more effort was devoted to uncovering some of



these sources of excitation [1-4]* . These efforts were experimentally based because

analytical tools to evaluate complex geometries and flow fields were lacking. Because of
the relatively small size of the blades and the relatively harsh environment, test engineers
relied heavily on strain gage measurements to acquire the needed data. Experimental
methods were developed, as needed, along with experimental hardware, particularly with
respect to the strain gage [5-16].

Early analytical efforts relied on simple beam theory for computation of blade
frequencies and modes [17-20]. These techniques were limited, however, since
compressor blading became more plate-like with each new design. Analysis efforts were
greatly enhanced in the early 1960's with the introduction of the finite element method.
Application of the method to plates was begun in the late 1960's [21] and early 1970's
[22]. With the method, data could be generated at any number of generalized
coordinates. The only limitations were the computing capability of the computer and
memory requirements. Nearly all dynamic evaluations since have utilized the finite
element method. Combining finite element data and experimental data was proposed as
early as 1977 [23].

Other analytical methods have been, and continue to be used for evaluation of
relatively simple flat plates. Among these are the Rayleigh Ritz method [24-25] and the
boundary integral method [26]. The advantage of these methods is that they do not
depend on discretization of the structure, as the finite element method does, and therefore

produce continuous results for all points on the structure. A disadvantage is that the

related equations quickly become impractical to solve as geometric complexities increase.
A more in-depth presentation of the historical aspects of experimental and analytical

methods for turbine engines can be found in [27].

* Numbers in brackets refer to listed references in the bibliography.
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Flat plate test and analysis work

Because of the complexities involved with working on actual gas turbine blading
and the significant variability among designs, much of the basic research work in gas
turbine blading is conducted on various types of plates and beams. A review of historical
work in this area was, therefore, in order.

One of the earlier efforts in the literature by Dalley and Ripperger [28] sought to
develop accurate ways to determine the resonant frequency of flat rectangular and skew
rectangular plates. They found that variations of up to 5% in frequency were encountered
between reassemblies of the same hardware. This was attributed to differences in bolt
torque on the plate clamping fixture; an obvious boundary condition variability. This was
not investigated as a test variable, however. Instead, a bolt torque specification above
that which produced repeatable results was specified. Reports of difficulty with the
boundary are common occurrences in most all of the experimental literature reviewed.

Dalley and Ripperger determined the mode shapes for their plates by sprinkling
soap powder on the plates while they were vibrating in resonance. The soap powder
"heaped-up" at the plate node lines thereby identifying the mode. This technique is only
useful for flat plates.

At about the same time, Grinsted [29] was conducting experiments to study the
relationships between modal frequencies and mode shapes. His premise was that
complex, high frequency modes observed on impeller blades must be of the same
character as lower order modes. He concluded that there existed a relationship between
families of modes (with varying numbers of node lines) and the modal frequency.
Further, the engineer could use this information to determine the mode shape of a
frequency of interest as a combination of regular nodal patterns. These experiments were
conducted on a variety of plate geometries and were also conducted on a turbine blade
and an impeller blade. This work was virtually repeated in 1988 using slightly more
sophisticated techniques by Chapman and Wang [30].

In the late 1960's Leissa [31], under a NASA grant, conducted an comprehensive

literature search which documented significant work done on various types of plates. The




great majority of the work reported in the document includes both analytical and
experimental results. All combinations of classical edge constraints are included as well
as constant elastic, discontinuous and point supports. No work was found in the open
literature with respect to distributed elastic supports. This seems unusual since many of
the experimental accounts cite proper simulation of desired boundary conditions as a
difficulty. The only work found that considered the elasticity of the support outside of
that reported in [31] was that of O'Donnell [32] and MacBain and Genin [33]. Each of
these papers considers only two dimensional beams and both showed that the effect could
be significant.

Point masses are also considered in the formulations for natural frequencies and
modes in Leissa's work [31]. Additional work on the effect of point masses on plate
vibration has been done as late as 1993 by Boay [25] in the design of circuit boards.

In the mid 1980's an effort was initiated to document differences in analysis
procedures and to compare analytical and experimental results for twisted cantilevered
plates [34-37]. The effort was a joint government/industry/university study. It
highlighted the variability that can occur between different analysis methods and even
within the same method, including finite elements. Analysis results were compared to
experimental data that was generated under carefully controlled conditions. Mode shapes
and resonant frequencies were identified using holography techniques [36]. Comparisons
between analytical and experimental mode shapes were based on general similarity,
however, and not by precise comparison of displacement data.

One area which is noticeably lacking in the literature is a controlled study
comparing analytical and experimental strain distributions in vibrating plates. The only
effort dedicated to this found in the literature was work done by Lyle, Leatherwood and
Daniels [24]. Their work studied the strain distributions in flat isotropic plates and
compared experimental results to analytical results generated using the Ritz method. The
equatiops of motion were solved, using experimentally inferred values of damping, to
determine the strain distributions. Differences between analytical and experimental
results were as high as twenty percent and were attributed to "uncertainties in the

experimentally determined damping values and the inability to obtain ideal clamped



boundary conditions." It is interesting that more basic research has not been documented

that considers strain distributions, particularly in light of the fact that numerous examples
of the use of strain gages for stress determination on gas turbine blades can be found ([38-

45] for example).

One of the greatest drawbacks of the finite element method (FEM) is a direct
consequence of the concept that makes it so powerful; discretization of a continuous
structure. Obviously, as more and more elements are used, the solution will approach
that of the continuous structure. This is accompanied by an increase in computing cost,
however. The question of element density is highly subjective since it depends on the
desired fidelity of the results and the computing power available. Articles have appeared
in various engineering magazines [46-48] in recent years which have attempted to point
out some of the limitations and assumptions involved with the FEM. These do not
provide in-depth methodologies to maximize results.

When attempting to assess how much "error" there is in a given finite element
analysis there is a need for a benchmark to determine what the correct answer is. Ideally,
this benchmark would be the "real" answer associated with the continuous structure. This
implies that “errors” in the finite element analysis arise from the discretization process.
One of the most commonly referenced and earliest efforts to assess the quality of the
finite element mesh was done by Zienkiewicz and Zhu [49]. Their work is based on
computation of an energy norm and requires that the value of this norm be less than a
user specified value. Output from the process, highlights elements in the mesh exceeding
the prescribed error value. The user must then refine the mesh in the highlighted area
manually or through some adaptive meshing process. This method does not compare
discretized results to the continuous results, but instead compares them to a "smoothed"
approximation of the discretized results. Consequently, the method has received some

criticism. Similar results for a given mesh were generated using a finite difference
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method by Dow, et al , [50] which, they said, independently validated the Zienkiewicz-
Zhu method.

The methods outlined in references [49] and [50] are both for use with static

solutions and rely on the computation of stresses from finite element (or finite difference)
derived displacements. Neither is directly concerned with dynamic analysis although
extension could be easily made. One technique applicable to dynamic analysis was
presented by Cook [51] which attempts to estimate errors in the computation of the
eigenvalues during dynamic analysis. Cook's premise was that eigenvalues computed
with a lumped mass matrix tend to converge to the actual values from below and that
consistent mass matrices tend to produce eigenvalues which converge to the actual values
from above. The method proposes to solve the eigenvalue problem using either of these
two mass matrix types in the standard fashion. Eigenvalues are then estimated using the
Rayleigh quotient and the other, not used, type of mass matrix. This will theoretically
bound the real eigenvalues and provide a measure of the error in the finite element
formulation. It does not, however, provide a means of identifying where the mesh is
deficient.

Realizing that the best way to determine deficiencies in a discretized solution is
by comparison to the real, continuous solution, a novel approach has been developed
called recontinuization. This approach utilizes finite element output along with the
equations of equilibrium and continuity to derive a continuous solution that replaces the
descretized solution. The form of the recontinuization is a differentiable, double Fourier
sine series describing the displacements. Strains are easily computed by differentiating
displacement results. Recontinuized results are compared to finite element results to
establish the error measure. This technique has shown remarkable results when applied
to plate elements [52-56]. No work on other element types was found in the literature.

Each of the techniques presented above consider errors introduced by the
discretization process. However, inaccurate representations of continuous structures can
also result from statistically variable parameters of the object being analyzed, such as
geometric variations, variations in material properties, etc. To address these types of

"inaccuracies", eigensensitivity analysis has been proposed. These procedures seek to
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compute the rates of change in eigenvalues and eigenvectors with respect to changes in

design variables; so-called eigenderivatives, or eigensensitivities. Large eigensensitivities
would indicate which aspects of the analytical model would have potential for error.
Much significant work has been published on this subject, most recently by Lin, Du and
Ong [57]. An obvious benefit from the approach is that specific parameters, such as
beam cross section or moment of inertia, which produce significant variations in
vibratory characteristics of the structure are identified. This gives physical relevance to
any modifications made in the analytical model. Most of the techniques are complex,
iterative and computationally.intensive, however. An overview of other related work is
provided by Ibrahim [58]. Other, perhaps more fundamental, work on the subject is
found in [59-61]. This approach is also used for identifying parameters in a finite
element model that could be changed to bring about agreement between experimental and

analytical data.

Modal ing error estimation

Most (if not all) literature which seeks to compare analytical and experimental
results make an assumption that the experimental data is "correct", e.g., devoid of errors
or variability, and then proceed to adjust the analytical model to bring about agreement.
Simply by virtue of the fact that statistical methods have been used for years, [62-64] for
example, tends to bring this assumption into question. All experimentally generated data
is simply not completely repeatable. Similarly, much effort has been expended in the
writing of many books on experimental modal testing all of which seek to produce the
"best" data possible [65-68]. Obviously, if an experiment is conducted under the highest
measure of control possible, the data will be correspondingly free from errors
(variability). Unfortunately, to a large extent, the quality of the data is unquantifiable.
Experimentation is still largely an art.

There was not much material found in the literature that dealt with ways to
quantify experimental errors a posteriori. Some relevant work has been done by Adibi
in the power industries [69-70] which rely on measurement redundancies to construct

12



functions relating the measurements to their attending errors. The functions are then

minimized to yield corrective coefficients. Work done by Gutenberger [71] and Soucy
and Deering [72] sought to define the extent to which experimental errors were related to
experimental technique. No means of correcting results are proposed; only cautions.
Fessler [73] simply expressed the importance of conscientious experimental methods
based on experience (art). Nichol [74] introduced a technique to account for and correct
variability in strain data resulting from strain gage mislocation and misorientation.

Most commercially available transducers, data conditioning systems, recorders
and display systems list data uncertainties as part of the component specification.

Uncertainties induced in a given data system could then, in theory, be accounted for.

mbining finite elemen lysi dm 1

The last area of significance in the literature survey was that of combining
analytical and experimental data. As stated earlier, in most of the literature on the
subject, it was assumed, a priori, that the experimental data was devoid of errors. Under
this premise, the goal of all the techniques was to minimally modify an existing,
"reasonably" accurate analytical model so that it duplicated experimental results at
measurement locations. All of the experimental data used for this purpose and described
in the literature was accelerometer data.

In a technique described by Wei [75], the objective was to simultaneously modify
existing analytical stiffness and mass matrices so that they will reproduce the
experimental data. The technique uses Lagrangian multipliers. Constraints are the basic
eigenvalue problem statement, orthogonality condition, and matrix symmetries. The
paper represents a conclusion of much other work done with this technique [76-83]. The
technique can also be used when the damping matrix is included in the problem
formulation [84]. Minimization of the Lagrangian function is done with respect to each
individual element in the mass and stiffness matrix. Minimization does not consider
parameters used in the construction of the elements of the matrices. The process is non-
iterative and computationally straightforward. However, changes must be “small”.

13




Another approach by Tong, et al, [85] utilizes the damping matrix to establish so-
called “correct correspondence” between analytical and experimental modes. Their
process operates iteratively and seeks to minimize a cost, or error function which
describes the differences between analytical and experimental eigenvalues and
eigenvectors. Errors in test data can be accounted for by the introduction of error scaling
factors in the formulation of the error function. These values are arbitrarily selected,
however, and can affect the number of iterations required for convergence.

Glaser, et al, [86] isolate "errors” in the analytical model of a space structure by
testing the structure with variations on the supporting boundary conditions. The approach
is termed MBCT or Multiple Boundary Condition Testing. An error function is
formulated using the eigenvalues and eigenvectors which are normalized to make the
function dimensionless. The normalization constants are arbitrarily chosen as with Tong,
et al, and can be used to account for experimental data errors. The error function consists
of the sum of the squares of the individual differences between test results and analytical

results. This is expanded in the form of a truncated Taylor series, giving rise to

of of 99 O

sensitivity coefficients, ——,=—,——, =, where frefers to frequency, k and m are
ok Om 0Ok Om
stiffness and mass matrix elements, and ¢ refers to eigenvector elements. These are
minimized in a least squares sense. The authors point out that this is really a nonlinear
generalized least squares problem since the error function is composed of elements of
differing units (hence the need for normalization). A covariance matrix is constructed
which is used to solve the generalized nonlinear least squares problem. Construction of
the covariance matrix is generally required at each iteration and must, according to the
authors, be inverted to obtain the solution at each iteration. This is computationally
intensive. Various options are presented which can ease some of the computational effort

but, the authors have themselves expressed that the technique may not be practical in

"real" situations.
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3. CONCLUSIONS FROM THE LITERATURE SURVEY

Turbine engine testing will continue to be an area of emphasis since analytical
tools, although advancing, are still inadequate for complete evaluation of actual systems.
Many of the fundamental questions related to the vibratory behavior of gas turbine
blading are still being addressed by laboratory testing of flat and twisted plates. Most of
this work, however, is focused on accurate prediction of frequencies and similarity of
mode shapes. Few efforts were documented which sought to rigorously match up actual
displacement data. Additionally, little experimental work has been done to investigate
strain distributions in vibrating flat plates or airfoil structures. Work that has been done
is in poor agreement with predicted strain distributions [24] and highlights a potential for
error in testing of more complex geometries.

All of the literature with respect to plate testing clearly identified nonrepeatability
of boundary conditions as a source of nonrepeatability in frequency results. No
experimental investigations were found, however, that studied the effect of boundary
stiffness distributions on resonant frequencies, mode shapes or strain distributions. This
is potentially a source of variability in frequencies and strain measurements in gas turbine
engine testing since blade attachments can produce variations in boundary conditions.
The issue of blade-to-blade variations are discussed in the literature ([40] for example)
which indicate that rotor response can be affected by the circumferential position of a
given set of blades in a disk.

Improvements in computer technology have made the finite element method
available to nearly every engineer. Because of this, model fidelity can be addressed by
simple "brute force" trial and error. However, in situations where one is provided an
analytical model for follow-on use, it is important to have methodologies for evaluating
model fidelity. Error estimators such as that of Zienkiewicz and Zhu [49] and Dow, et al,
[50] are useful for this purpose. Each of these methods require substantial computation
since they both manipulate the finite element output files, but each effectively highlight

locations where mesh is inadequate.
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Recontinuization of finite element results is interesting, especially since it
addresses the fundamental requirements of equilibrium and continuity. Additionally, it
"corrects” many of the extrapolation-to-surface (nodes) problems associated with the
finite element method. The resulting differentiable displacement functions can be used to
generate strains at any point on or in the structure. They can also be used to generate
visualizations of the component displacements, strains, and stresses without having to
manipulate large finite element output files.

The test enhanced model improvement techniques which seek to find the
minimum changes to a given analytical mass and stiffness matrix are advantageous from
a computational standpoint since they are non-iterative. However, they do not attempt to
insure that any of the modifications make physical sense. Additionally, they are
restricted by assumptions that the changes need to be “small”. They also produce
changes in the mass and stiffness matrices which may destroy the consistency of the
matrices, i.e., the distributions of stiffness and mass within a particular element may no
longer be consistent with the original element formulation.

Test enhanced model improvement techniques based on eigensensitivies, such as
that of Lin, Du, and Ong [57], are advantageous since they attempt to find changes that
make physical sense. These methods are iterative and tend to be complex and
computationally intensive. Additional research is needed to find ways to reduce the
computational effort required. Also, many of them use a truncated Taylor series in the
formulation which requires that the changes are “small”.

None of the methods for enhancing analytical models based on test used strain
data for the enhancements. This is interesting since strain gages are used almost
exclusively in gas turbine blading tests. Additionally, only one case was found which
formally used analytical data and test data to derive fatigue information [23]. Finally,
while some of the methods used to derive test enhanced analytical models determined
sensitivities of responses to design variables, none of the techniques considered the
variabilities in response resulting from environmentally induced differences in design

variables such as thermally induced variations in Young's Modulus.




4. OBJECTIVES OF THE PRESENT STUDY

While many areas of potential research were highlighted in the literature survey,
the present study sought to determine the effect of elastic boundary conditions on modal
frequencies, mode shapes and strain distributions of vibrating plates. Specifically the

research included the following:

o Experimental investigation of elastic boundary conditions of cantilevered flat plates.
e Analytical investigation of elastic boundary conditions of cantilevered flat plates.

e Comparison of experimental boundary stiffness distribution results.

e Comparison of analytical boundary stiffness distribution results.

e Comparison of results from the experimental and analytical investigations.

e Demonstration of adjustment of finite element model mass and stiffness matrices

using experimental data.

Completion of these areas of research were to lead to understanding of the relative

importance of the stiffness of the surrounding structure in experimental and analytical

|
determination of the modal characteristics of plate-like structures. Assuming this to be
significant, the research would then go on to develop a technique by which adjustments |
could be made that would improve agreement between experimental and analytical

results. The technique should have the capability to “focus” adjustments to regions of the

model where uncertainties were greatest and to either mass or stiffness parameters or

both. Further, the adjustments should make physical sense and should produce mass and

stiffness matrices consistent with the structure of the original finite element matrices.
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S. DESCRIPTION OF EXPERIMENTAL AND
ANALYTICAL DATA ACQUISITION

Describtion of the hard

The choice of hardware to use for this investigation was selected with several
considerations in mind. First, it was decided that cantilevered plates would be the type
of structure to be examined. This was due primarily to the fact that results from the
investigation would be applied to gas turbine blading, which are fundamentally
cantilevered plate-like structures. Also, since limited resources were available to generate
the experimental data, flat plates were selected so that mode shapes could be identified
using the “soap powder” technique [28] thereby avoiding costly holography type
methods. The soap powder technique could not be used with twisted or cambered airfoil
structures since the powder would simply vibrate off the test article.

The geometric configuration of the plates were defined so that each plate had two
to three fundamental bending modes below 3000 Hz which was the maximum frequency
attainable with the shaker table that was available for the experimental portion of the
investigation. Additionally, the shaker table had a force limitation which set the
maximum weight for the test article below five pounds, including mounting hardware.
This limitation drove selection of the plate material. Finally, four plate geometries were
selected to provide an overview of geometrical effects on plate strain and displacement
distributions. The plate geometries (of the cantilevered portions of the plates) are listed
in Table 1. The plates were constructed from 0.100 inch and 0.188 inch, 6061-T6
aluminum plate stock. No specific surface finish was specified.

The control variable of the experimental portion of the investigation was the
stiffness distribution along the width, or chord, of the plate, so a means of controlling the
stiffness distribution was required. The approach taken was to fabricate 1/4 inch cubic
blocks of three different materials, and consequently with differing Young’s modulii, and

to use these to clamp the plate to the mounting structure at the cantilevered interface.
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Table 1. Plate Geometries

Plate Number Nominal Cantilevered Nominal Plate Width Nominal Plate
Length (inches) Thickness
(inches) (inches)
1 12.50 4.0 0.188
2 12.50 4.0 0.100
3 8.50 4.0 0.188
4 8.50 4.0 0.100

Mild steel, copper and aluminum were selected as materials for the support blocks. A

steel clamping fixture was fabricated to contain the blocks and to secure the assembly to

the shaker table. The experimental set up is shown in Figure 4 to illustrate the concept.

As shown in Figure 4, the plate was held in a “diving board” fashion between two

supports; one at the aft end of the plate and the other at the cantilevered interface. The aft

support blocks were single bars of 1/4 inch-square mild steel bar stock. Additionally, the

cantilevered interface baseline configuration also used two 1/4 inch-square mild steel

bars. Stiffness variations along the chord were then introduced by taking combinations of

the various blocks at the cantilevered interface. Since the plate was nominally four

inches wide, sixteen blocks were required along the top and bottom of the plate (32 total)

to secure the plate at the interface. The design drawings are provided in Figure 5 for |
" completeness in documentation. ‘

Selection of the stiffness distributions was based loosely on potential axial

stiffness distributions of compressor disks as described earlier (cf. Figures 2 and 3). Five

stiffness distributions and a baseline were selected for investigation. Since each of the

1/4 inch cubes had the same geometry and differed only by Young’s modulus, the

stiffness of each cube was directly related to Young’s modulus. Plots of Young’s

modulus vs. chord position are shown in Figure 6 to illustrate the variations examined.

No attempt was made to reproduce actual stiffnesses of disk attachments. The goal was

simply to produce chordwise stiffness distributions which were of a realistic order of
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magnitude. The total maximum variation in stiffness along the chord was approximately

3:1. Values of Young’s modulus used for all components were obtained from Mil-

Handbook 5 [87]. The Young’s modulii were not independently verified.

Experimental overview and set-up

Each of the four plates were instrumented using strain gage rosettes and
accelerometers. Six rosette locations were seiected based on percentage of the
cantilevered plate length and the plate width. Rosette locations were identified by color
corresponding the colors of the instrumentation lead wires. The “x-direction” was
defined along the span of the plate. Five accelerometer locations were also selected based
on percentage of span. Twenty four dynamic data channels, in all, were used.
Instrumentation locations are shown in Figures 7 and 8. Instrumentation was applied to
the bottom of the plate so that data could be recorded while mode shapes were
determined with the soap powder. The general procedure used was to mount the plate to
the shaker table using the appropriate constraint stiffness distribution, sweep the base
excitation frequency until resonance had been established in the mode of interest, record
the data, and then sprinkle soap powder on the plate to identify the mode. Photographs
were taken of most of the mode shapes. The process was then repeated for each mode of
interest. Only fundamental bending modes were considered. Once testing of all modes
of interest for a given plate and constraint distribution were completed, the assembly was
untorqued from the shaker table mounting head and then retorqued and selective repeat
data was acquired. The next constraint distribution was then tested and, upon completing
all six distributions, the next plate was mounted.

Several difficulties with the experimental set up were encountered. First, because
the support blocks were dimensionally specified as 0.250, +.005/-.000 inch cubes (cf.
Figure 5), slight deviations in actual dimensions were encountered. Because of this, there

was an occasional block that was somewhat thicker than the others resulting in the
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adjacent blocks being loose. Judicious choice of the blocks used provided a work around
to this problem. Additionally, a strip of paper was inserted between the blocks and the
steel support fixture which provided a small dimensional “cushion” which helped to hold
the blocks in place. Consequently, desired stiffness distributions were not ideally
implemented. Secondly, the plate, fixture, and support blocks had no design feature that
would hold the assembly in place prior to final bolting which made assembly difficult.
This also reduced consistency in assembly between plates. Thirdly, because the shaker
table head used 3/16 inch bolts, the amount of torque that could be applied to hold the
assembly in place was limited. Bolt torque was carefully controlled and held to forty
| inch-pounds, which was low by comparison to other experimental set-ups described in
the literature. A bolt torque sequence was carefully adhered to insure consistent assembly
of the test article. However, because of the relatively low torque used to secure the
assembly to the shaker table, small excitation amplitudes had to be used. The excitation
force was not held to a specified value since the data was to be normalized for
comparison to the analytical results. Instead, input amplitude was varied to provide a

reasonable response amplitude in resonance for each test case.

Display and recording of the experimental data

Dynamic strains and accelerations were monitored on a dynamic data monitoring

and recording system. Data were sampled and then recorded on the internal disk drive of

a personal computer at a rate of 7324.219 samples per second per channel which provided
a recording frequency range of approximately 3600 cycles per second (Hz). The
associated bandwidth, or monitoring frequency resolution, using a 1024 ensemble fast
Fourier transform (FFT) was therefore, ~3.6 Hz. Three ensembles (3072 samples total)
were collected for each channel of instrumentation. Channels were simultaneously
sampled in groups of three until all twenty four channels were recorded. Strain gage
rosette channels were grouped together for simultaneous sampling so that conversion
from recorded digital counts to stress units could be directly accomplished without
having to consider phase angle differences resulting from sampling time differentials. In
other words, the signal of each leg of a given rosette were in time phase by sampling each
28



signal simultaneously. Recorded data from each mode was assigned a unique filename
describing the plate geometry, constraint distribution, whether the data point was a repeat

or not, and what the mode was. An example of the filename code is shown in Figure 9.

loo

100 1 2B

P 1 2B
Primary, P or Repeat, R { t Mode Identifier

Constraint Distribution, 1-6

Plate Thickness, 100 or 188
(00 or 88 for 12 inch plate)

Cantilevered Length, 8, or 12

Figure 9. Data filename code

Plots of amplitude in counts versus frequency were displayed on computer screens
for all of the data channels simultaneously. These plots were monitored as the frequency
generator was slowly swept until the amplitude peaked. Once the amplitude was peaked,

the data were recorded and the mode shape was photographed.

Post test data processing

Recorded data were processed after the test using equipment different from that
used for monitoring so that better control over data quality could be provided. A program
was written which first read the data from the disk and then determined the average value
over the data block. Two thousand forty eight samples were processed per block in
preparation for computation of the FFT (Fast Fourier Transform). The data were then
transformed to engineering units. Accelerometer data was converted from counts to
inches x 10 or “mils” via scaling and double integration. Strain gage data were scaled

from counts to strain units, inches/inch, and then to stress units using values of Young’s
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modulus and Poisson’s ratio from Mil Handbook 5 [87]. Final units were pounds-force
per square inch, psi. Average values from each channel were then subtracted from all
data values to “zero” the data. This left only the a.c. portion of the signal in engineering
units and subtracted out the d.c. “drift” from the conditioning equipment.

Fast Fourier Transform (FFT) data processing was accomplished using the FFT
algorithm in MATLAB™. Blocks of 2048 data samples were used so that frequency
resolution would be doubled from that used for the monitoring. Frequency resolution of
the processed data was therefore, 1.8 Hz. A Hanning window [88] was used to improve
signal leakage, Figure 10, and the corresponding amplitude of the FFT. Validation of the
FFT algorithm as coded ina MATLAB™ “.m” file was accomplished using an input
sinusoidal signal generated in MATLAB™ of a range of specified frequencies and unit
amplitude. The frequency of the sine wave was then varied over several frequency ranges
using a frequency step much smaller than the bandwidth. As expected, the resulting plot
of input frequency vs. output frequency, Figure 11, showed step increases at each spectral
line. A plot of output amplitude vs. input frequency, Figure 12, produced a periodic,
parabolic-like function with maxima, equal to one, directly on each spectral line (no
attenuation due to processing) and the minima, equal to 0.85 directly between spectral
lines (15% attenuation due to processing). To improve frequency and amplitude
resolution, a parabola was “fit” between spectral lines of each FFT around amplitude
peaks, Figure 13. This “parabolic interpolation” had the effect of improving frequency
resolution to ~0.1 Hz from 1.8 Hz and maximum amplitude attenuation from -15% to
~-6.5% as shown in Figures 14 and 15. All data was processed using this processing
strategy. Peak data was then transferred to a Microsoft EXCEL™ spreadsheet for later

analysis.

1 nt an is of th ri lat

Finite element analyses of each of the plates were conducted to compute the

natural frequencies, mode shapes and normalized unit strain distributions. The finite
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Figure 10. Effect of Hanning window on FFT.
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2048 FFT of Sin(uwt), 268 < f ¢ 278, Step .85 w/Hanning Window

272 T T T T T T
278 E
N 268 : : ]
2 Spectral Lines
g 266 i - —
]
o
[3
[
B 264 .
ey
3
-]
-
g 262 b N 4
Desired Solution
268 A PP P EEXREC LR — T N
258 L 1 L I 1 1
258 268 262 264 266 268 278 272
Input Frequency, hz
Figure 11. Raw FFT output frequency vs. input frequency
20848 FFT of Sin(uwt), 268 < f < 278, Step .85 w/Hanning Window
1 T T T T T
B.98+ e e N e -
.......................................................... Desired Solution
[}
8 ogoal oo N L e -
3
b
-;. ..................................................... -
&
<
D] SUSSUUUUROUTE UPUON SPUUUS VUL RUON (SUO0 S0 NUUUUUSINE SOUSY UOOPIEUSPUOUROTEL W PO ]
&
w 888 i |
3
-]
-
3 A.86F - e e -
o
8.82 - Spectral LineS .................................... ............. B
a.a ; n n H ; ;
258 268 262 264 266 268 270 272

Input Frequency, hz
Figure 12. Raw FFT output amplitude vs. input frequency.

32



Spectrum with Hanning Window-—-Input frequency=158 Hz

T T T
0.9 ... da L SR e e e -
b6 Improved spectral values \ Parabola fit between three
"* || taken where slope equals | TR spectral values (arrows)
Q.7 Zero (max1ma) ................................... S -
o B.6 b ) _
~ .
3 s
- B.SF e e -
. E
£ .
<< B.aAd b o B e EAREERERERRS .
B.3F i ; ........... -
B.2 i i N e S 4
2 O P S O S A ; ........... -
a 1 4 1 1 ; I
146 147 148 149 150 151 152 153 154

Frequency, Hz

Figure 13. Parabolic interpolation on spectrum.
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element analysis was run on a personal computer using ALGOR™, a commercially
available finite element package. Normal modes analysis was conducted. No attempt at
computation of responses to base excitation were made since damping characteristics
were unknown. Further, other research efforts underway are attempting to utilize the
mode summation method, [89] for example, for describing response vectors as a function
of time. Consequently, only the eigenvalues and eigenvectors were needed. Eight node
isoparametric “brick” elements were used exclusively. A single element was used
through the thickness. Each of the four plates were similarly descretized. Support blocks
at the cantilevered interface were modeled using a single element. Only one row of
support cubes were modeled since the elements are connected to the plate at the interface
and, therefore, produce the same stiffness in compression and tension. The experimental
set up clamped the plate between two rows of cubes. Each row, therefore, provided only
compressive restraint. An example of one of the finite element models used is provided
in Figure 16. The others were similar. Nodal displacement and strain data for each of the
modes and plates were stored for later comparison with the experimental data.

Instrumentation mass was not modeled.
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6. ANALYSIS OF RESULTS

A detailed tabular listing of experimental and analytical results are provided in
Appendix 1. Additionally, photographs of many of the experimental modes are provided
in Appendix 2. The frequencies shown in the photographs are taken from the input

frequency generator. Analytical mode shape contours are presented in Appendix 3.

Experimental results

Analysis of all experimental data began by normalizing each channel to a unit
displacement (x 10'3) at the “A3T” location (ref. Figure 7) to provide a common reference
between plates and constraint distributions since input excitation values were not held
constant during the experiment. Units for comparative data were then mils/mil-@-A3T
and psi/mil-@-A3T. This step was also necessary for subsequent comparison to the finite
element analysis results since only eigenvectors were computed. These units are used in
the table of Appendix 1.

Baselines for each plate and mode were obtained with the one piece steel bars at
the clamping interface. This configuration should have produced classical cantilevered
plate bending modes (cf. [31]) with node lines symmetric with respect to the chord of the
plate. These results were not always obtained, however, as shown in Figure 17, for
example, drawn from Appendix 2. Reasons for the discrepancy were unknown but were
later partially attributed to the mass of the instrumentation and, to a lesser extent, the
instrumentation lead wires which were dangling from below the plate. This demonstrates
that differences between experimental results and analytical results can be introduced by
the instrumentation itself and must either be accounted for in the analysis or in any
subsequent model correction scheme.

The objective of the analysis was to determine how much variation in modal
frequency, displacement and strain could be attributed to variations in stiffness at the

boundary. Comparisons of the various constraint stiffness distributions are, therefore,
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made with the baseline, or constraint distribution 1 (CD 1). Figure 18 presents summary
normalized accelerometer data for each of the five variable constraint distributions as a
percentage difference from the baseline, CD 1. Positive percent deviation means that the
displacement amplitude was larger than the baseline. Conversely, negative percent
deviation corresponds to displacements less than the baseline. As shown in Figure 18,
there was generally less than ten percent variation in displacement at measurement
locations for most of the test conditions as a result of changes in the constraint stiffness
distribution. Less than five percent variation in modal frequencies were measured for all
the plates and modes tested. Some combinations of plate and boundary stiffness
distribution produced significant differences in modal response amplitudes in some
modes. Maximum deviation from the baseline occurred while testing the second
constraint distribution on the 12.5 X 4.0 X 0.188 inch plate in the second bending mode.
Nearly fifty five percent deviation was recorded. Further examination of results from the
A2M accelerometer, to be discussed later, tended to discount data measured using that
transducer. Setting data from A2M aside, the maximum displacement deviation from the
baseline was still nearly 35% and was measured on A1T while testing the fifth constraint
distribution on the 12.5 X 4.0 X 0.188 inch plate in the second bending mode. The
longest plates tended to be most sensitive to changes in the constraint distribution. This
is to be expected when considering the fact that longer plates produce larger bending
moments at the cantilevered interface.

Strain data acquired on each plate were converted to stress units and then
normalized to unit stress values using displacement data from A3T. Stress in the
longitudinal, or spanwise direction were analyzed since only bending modes were
considered in the investigation. This component of the stress tensor is labeled as “X-
stress” in subsequent figures. Summary of the strain gage results are presented in Figure
19. Results presented in Figure 19 agree with accelerometer results, in that, generally
less than ten percent variation as a function of constraint distribution was generated.
Results also indicate that the 12.5 X 4.0 X 0.188 inch plate in the second bending mode

was again most sensitive to changes in the constraint stiffness distribution.
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Maximum percent deviation from the baseline stress was nearly 30% and occurred while
testing the fourth constraint distribution.

As shown, strain gage data were more consistent than the accelerometer data, in
that, no particular strain gage rosette showed significantly different results from any
other. This is in sharp contrast to the accelerometer data particularly with respect to the
A2M accelerometer. Since the data from that accelerometer was significantly different
from much of the other data, it would stand to reason that significant inconsistencies
would also be present in at least one of the strain gage rosettes. Since this was not
encountered, results from the A2M accelerometer are considered to be invalid.

‘The experimental results were “spot checked” for repeatability as described
earlier. Results of the repeatability checks are presented in Figures 20 and 21. As shown,
experimental data generally repeated within +2%. Frequency repeatability, shown in
Figure 20, was better than +0.25%. Experimental amplitudes, therefore, repeated within
the FFT data processing uncertainty (c.f. Figure 15). Experimental frequency

repeatability was similar to FFT data processing uncertainties (c.f. Figure 14).

ini men lvsis result;

Analysis of all finite element data began by normalizing each channel to a unit
displacement (x 10'3) at the A3T location in the same fashion as the experimental data.
This provided a common reference between experimental data and analytical data. Units
for the analytical data were then mils/mil-@-A3T and psi/mil-@-A3T.

The strategy used for analysis of the finite element data was the same as for the
experimental data. Consequently, plots similar to Figures 17 and 18 were generated for
the finite element data. These data are presented in Figures 22 and 23. Both Figures
show that again the 12.5 X 4.0 X 0.188 inch plate was most sensitive to changes in
boundary stiffness distribution with variations in displacement relative to the baseline of
up to 28% generated. Again, most of the analysis conditions produced less than 2%

variation as a function of boundary constraint distribution.
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Both the experimental and analytical data showed clearly that the modal response
of some plates in particular modes could be significantly affected by the elasticity of the
support. Both sets of data identified the same plates and the same modes as being most
sensitive although actual sensitivities were different. This is in complete agreement with
findings in the literature that cited clamping torques as a consideration in repeatability of
modal data. However, it is not as clear from the data why specific modes of specific

plates are more sensitive to this effect than others.

Ideally, the experimental and analytical results would produce identical variations
in modal response for each of the boundary constraint distributions tested. This would
indicate, among other things, that the analytical model correctly described the physical
system that was tested; including variations in boundary constraint stiffness distributions.
Comparisons between analytical and experimental results are presented in Figures 24 and
25 for the Z-displacement and X-stress data respectively. As shown, significant
differences were indeed present that were unexpected. Differences were remarkably
repeatable between experimental and analytical results indicating that a single parameter
is likely biasing the data. Because the mass of the instrumentation was not modeled in
the analysis, this was suspected of causing the discrepancy. Other sources of
potential modeling difficulties could lie in the use of a single element throughthe plate
thickness. The ability to address these areas was given significant consideration in

subsequent development of the model adjustment scheme.
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7. DYNAMIC FINITE ELEMENT MODEL

ADJUSTMENT TECHNIQUE

The goal in developing a technique for adjusting a finite element model was to
provide an ability to “focus” adjustments to specific areas of the model where the
potential for modeling errors might be highest. Additionally, the approach would be able
to specify adjustments to only mass or stiffness if this information were known up front.
Adjustments must make physical sense, i.e. be changes to physical parameters, not just
elements of the stiffness and mass matrices, and maintain the overall structure and
consistency of the stiffness and mass matrices. Examples,of how this may be useful are
adjustment of the stiffness distribution at the boundary and taking into account the mass
of the instrumentation.

Some of the techniques in the literature, e.g. [75]-[84], seek to find minimum
changes to the elements of the mass and stiffness matrix that bring about a match with
experimental data. Matching experimental data has little physical significance since it is
never 100% repeatable. Consequently, to “correct” an analytical model to match a set of
data will not produce a model that will match all the data. Also, because only a few
modes of vibration are tested experimentally, many models could be generated that match
the first few modes. Finally, finding the “minimum” changes to the elements of the mass
and stiffness matrix destroys the structure of the matrices themselves so that they no
longer reflect the physical system.

Other techniques in the literature, e.g., [57]-[59] and [61], set out to find changes
in physical parameters that will account for differences between experimental and
analytical results. Unfortunately, parameters found in the finite element formulation
generally occur in groups, e.g. AE/L for an axial bar element where 4 is the cross
sectional area, £ is Young’s modulus and L is the length of the element. As a result, there
exists an infinite number of combinations that will “match” the experimental data. While

they seek to find physically meaningful adjustments, they have no ability to take
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advantage of information about where the model might be deficient. They are also
numerically intensive and iterative.

Some approaches seek to maintain the structure of the matrices and make
adjustments to “groups” of parameters such as that by Lim [90] and Farhat and Hemez
[91]. These approaches are linked to the finite elements themselves and consequently
make adjustments that are consistent with the connectivity and structure of the elements.
Neither approach has the capability to focus adjustments. They do, however, provide a
good basis for the present approach.

Credit for the concept of the present technique is due my major professor, Dr.
Remi Engels. Given an analytical finite element stiffness matrix, K, and mass matrix,
M,, and a number of test frequencies, 2, and mode shapes, @, , compute a set of

meaningful perturbations, AK and AM which satisfy the following relation

(K, +AK-Q,(M, +AM))j, =0 (1)

Measurements in @, are initially assumed to be displacements and all elements are

known. Q, has units of (radians/sec)z. Equation (1) is rearranged as

e

(AK - Q,AM)p, = ~(K, -Q,M,) &, =B )
from which it is apparent that if ﬁ =0 for all modes, Q, and @, are the eigenvalues and
eigenvectors of the analytical, two-matrix eigenproblem. Further, this implies that AK
and AM are both zero and that no adjustments are needed.

The present approach seeks to find a set of adjustments to parameters inherent in
the finite element formulation. As an example of the paramaterization of a finite element,

consider the stiffness matrix of the axial bar element,

A°E° (1 -1
k= 3
r [—1 lj ©)
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where the superscript, e, denotes the element number. Parameterization is accomplished
by setting A°E°/L*=P°. Changes to the stiffness matrix are then simply reflected as
changes in this parameter. The mass matrix can be similarly described.

The goal is to construct AK and AM as changes in fundamental parameters, AP"’s.

Having done this, the left hand side of equation (2) can be rewritten

(AK - Q,AM)p, =RAP 4)

where R is a matrix containing available Q,’s and appropriate combinations of the
eigenvector elements in@, . Note, therefore, that R is mode dependent and is partitioned
row-wise by mode for as many sets of modal data as are available. B is similarly

partitioned. Algebraically, this appears as

-Rmodel- ’(KA_Q’mOde IMAﬁlmodel‘
R= RmodeZ and B=<(KA_leodc2MAﬁlmodc2 (- (5)
_Rmoden _ \(KA —leOde"MA)(ﬁzmm" )

Substituting the result of equation (4) into equation (2) yields
RAP=8. (6)

Equation (6) is generally overdetermined which requires that the vector of adjustments,
AP ,be determined by a least squares, singular value decomposition or similar technique.
Having solved for AP, corrections are made to M, and K, which produces the adjusted

analytical model.
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Solution of equation (6) is accomplished in the present work using the singular
value decomposition, or SVD. The SVD of R produces a diagonal matrix o, of

dimension (m x n), with m > n, a set of left hand orthogonal singular vectors, U, of

dimension (m x m), and a set of right hand orthogonal singular vectors, V', of dimension

(n x n), such that

R =UoV’.
The solution of (6) is then,
AP=Vs'U'B,
where
1y
G,
0 L
o,
R
G;
c' =
1
o n-1
0 0
i 0

and o, > o, > 63 >... >0,. What this technique effectively does is prescribe a
specific linear combination of the right singular vectors, VT, to construct the solution

vector. Since these left singular vectors are orthogonal, they span the space of the
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solution vector. Linear combinations of these vectors therefore produce unique solutions
to the problem, equation (6). The magnitude of the singular values, o;, relative to the
maximum value, G, , are an indication of how “ill-conditioned” R is. Ill-conditioning can
arise from model symmetries or attempts to adjust excessive numbers of parameters.

This problem is flagged, however, by use of the present scheme. “Small” singular values
are not inverted in (9). Instead a zero is put in place of the quotient. This effectively
zero’s out the corresponding right singular vector from the linear combination comprising
the solution vector. Note that the resulting solution is no longer unique, however. This
clearly shows that the criteria used to select the linear combination of right singular
vectors can significantly affect the solution vector. Some criteria used for selecting linear
combinations of the singular vectors are documented by Hemez and Farhat [92] and
Golub and VanLoan [93]. Experience with the present technique has shown that R, as
formulated in the following sections, is well conditioned in most cases and insertion of

zero’s in (9) is unnecessary.

Construction of R

As already mentioned, the present model adjustment technique seeks to find
adjustments to parameters of elements inherent in the finite element formulation.
Because of this, there is opportunity to adjust only those elements for which the
parameters have a measure of uncertainty. These elements may be near some geometric
feature, such as a boundary or have some mass uncertainty such as may arise from the
application of instrumentation. Element types and associated degree’s of freedom are
therefore known. Explanation of the construction of R best proceeds by example.
Consider the two element model of an axial rod shown in Figure 26. Element one is on

the left and element two is on the right. Nodes are numbered as shown.
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Al’ El, Ll, p1 AZ, EZ, L2, pZ

Node— 1 2 3

Figure 26. Axial bar finite element model

The element stiffness and mass matrices for each of the two elements are

c AE(1 D o ptAtl (1 0)_
ST [_1 1)=Pl(k), m == (0 J—Pz(a,j), (10)

where the superscript, e, identifies the element and has values of 1 and 2, 4° is the cross
sectional area of the element, E° is Young’s modulus for the element, L is the length of
the element, p° is the mass density and 9, is the Kronecker delta. Perturbations in each of

these expressions are made by perturbations in the two parameters,

. L AE(1 - - . piATL (1 0y
AK® = A = (_1 1)=AP,(k), Am° = A 5 (o 1)—APZ(ES,.,), (11)

Formally writing out equation (2) using equations (10) and (11) results in

AP -AR 0 }lo, AP 0 0 1|o,
—AR AR +AR AR 39, (=Q| 0 ABR+ABR 0 |{g,p =
0 "Agz APlz P 0 0 APz2 P,

R =R 0][e, B 0 0o,

- =B B+F -Plo,t+Q[0 B+AE 0 [e,r=B (12)
0 _Rz Plz (O 0 0 [;2 D5
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Carrying out the multiplications on the left hand side of equation (12) and factoring out
the AP ’s results in

v AP!
Cn—9, 0 —Q;(ptl 0 APIZ _
—( n "(Ptz) Py =P, —Qt(pn _Ql(pIZ Afll =B . (13)
0 —((P ?2 _(Pl3) 0 _Q,(P,3 AP222

The matrix in equation (13) is defined as the R matrix (for only one mode, c.f. equation
(6)). Note that if it is known apriori that certain elements do not need modification then
all AP’s associated with these elements are zero and the corresponding columns of R can
be deleted. Further, the columns of R are associated with either stiffness or mass
parameters. Consequently, if only stiffness adjustments are sought, the mass parameter
change is zero and the corresponding column of R is deleted and vise-versa. In cases
where parameters, and consequently the perturbations in parameters, are the same for
several elements, column entries corresponding to those elements in R add. This can be

seen by requiring that entries in APare equal for each of these elements.

The matrix R will only contain rows corresponding to the degrees of freedom
(DOF’s) of the elements being modified. This can be seen by consideration of equation
(2). Partitioning the AK and AM matrices according to the DOF’s of the elements to be
modified, it is apparent that non-zero entries are confined to these DOF’s. Further, in
order to maintain the equality in (2) it is evident that the only non-zero entries in [3 also
correspond to these DOF’s. Consequently, only the corresponding rows of P are
retained. This dramatically reduces the size of the matrices involved and improves the
computational efficiency of the present method.

Equation (13) will now be regenerated using perturbation finite elements, which
will be defined directly, to demonstrate the required construction technique for computer
implementation. For each element, an elemental part of the eigenproblem is formulated

as follows:
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(K~ 2,8m°)5, 00y = [ AP (K) = @, AP (8 ;)8 o (14)

where each part of equation (14) is as defined previously and ¢ ,,,.,; are the modal
displacements associated with the degrees of freedom of element, e (e.g., @, has two
elements for the axial bar). Locator vectors, L , are defined which locate each of the

@, 10ey N @, . L, therefore, has the identification numbers of the global degrees of
freedom as entries. For example, element 1 of the model shown in Figure 26 has locator
vector, L =1, 2|, and for element 2, L =|2, 3|. Continuing the development and

considering element 2 of Figure 26,

1 -1 1 0 2 T Yy !
APlz( ) D, _Q,AP;( j (%) _ P =P APIZ 0, P AP22 (15)
-1 1)le, 0 Vo, |Hon-9s) ®

or
=94 —thptzj APIZ} [— {‘P,z} . {(P:z}j {Aplz}
or ||k : =Q, . (16)
(‘((sz _(st) Q0 {Apzz [ ](Pts Qs AP}

The matrix to the left of AP in equation (16) is defined as the perturbation finite element
for the one dimensional axial bar element. Similar results can be generated for the first
element in Figure 26 except that the subscripts associated with the ¢,’s would be 1 and 2
rather than 2 and 3 and the superscripts on the parameters would be 1’s. This structure is
used assemble R. To do this, it is necessary to define a second locator vector, O, which
locates the element AP vectors in the overall AP vector from equation (6). Q, in effect,
keeps track of the superscripts associated with each of the individual parameters.
Considering again, element 2 from the example, the elements in R would be located row-

wise by L and column-wise by O as shown in Figure 27.




P2 §<—ArrangedbyQ

1{ = - - —| (elementnumber)
R= 2 = — * &
3 = - * *
T Arranged by L (degree of freedom number)
Figure 27. Assembly of R.
i i r i

Since the technique described in the previous sections is based largely on the
finite element method, it is extendable to other types of elements as well. The two
dimensional axial bar perturbation finite element is derived in a similar manner to the one
dimensional case already given. Consider now the two dimensional axial beam element

shown in Figure 28.

Figure 28. Two dimensional axial bar finite element.

58



The stiffness and mass matrices for this element are [94]

=P(5,). i,j=1t04, (17)

O = O O

0
0|a
0
1

o O = O

where /=x,-x,/L° and m=y,-y,/L°. Perturbations are again introduced in terms of the
parameters as Ak = APf(E) and Am- = AP} (8 ,J) and the elemental eigenproblem is

formulated as in equation (14) resulting in (after rearranging)

Poo+imo, Lo, -Imo, -Qo,

Img , +m'e,, —Imo , - meo, -Q0, {Aple}i
~’o, —Imo, + Po,+imo,, -Qo,| AR
=Imo , - m’o o time,, + m’o w —2,0,

([EF’ o+ —2,P, Iocal){APe}' (18)

The matrix in equation (18) defines the perturbation finite element for the two

dimensional axial rod. Note that it is the same as the one dimensional rod element except

for the change in [E] and @, ;. now has dimension 4.

Extension of the technique to more complex three dimensional elements proceeds
naturally. Consider the definition of the element stiffness matrix of the 8-node
isoparametric brick element [95],
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ko= |
-1

] ljB "CB|det JdEdnd(, (19)

where B is the 6 x 24 matrix given by,

Moy oo By
6xaN axaN
o —L o .. 0 = 0
oy oy
o0 Mg g M
- 4 74
SV VR R A 0
5 ox o o
o AN A AN AN
0z Oy 0z oy
LR V. VI 14
oz ox oz ox

In equation (20), the N, are the element shape functions, J is the Jacobian relating the
derivatives of the shape functions in global coordinates to the natural coordinates, &, 7,

and &, |det J|is the determinant of the Jacobian, and C is the material matrix given by

l-v v 0 0 0

1-v 0 0 0

v l-v 10 0 0

E

c-=— £ 10 0 0 —-v 0 0 21
(L+v)(1-2v) 2 | D

0 0 0 0 ——vV 0

2
0 0 0 0 0 l—v
2

Two stiffness parameters are now defined with respect to the material matrix, C:
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PP=— " P°=P'v. 22)

Pf-P* P B 0 0 0
P° B -P B 0 0 0
P B* P -B° 0 0 0
Pe
C* = 0 0 0 2' - P 0 0 (23)
0 0 0 0 A -Pf 0
2
Pe
0 0 0 0 0 — - Pf
2
Equation (23) can be rearranged to produce
1 00 0 0 O
1 1 -1 0 0 O
Cc=P° 0 00 3 0 0] 4 P
1 0 0 0 -1 0 O
6000 0 00 0 0 -1 0
0000 0 1 0 0 0 0 0 -1
2
= PIeDI +PzeD2 (24)
Substituting equation (24) into (19) yields
111 111
k=B [ [ [B"D,BldetJdEdnd; + B [ [ [B"D,B|det Nddnds (25)
-1-1-1 -1-1-1
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with P,® and P,’ factored out of the integrations since they are constants.

The lumped mass matrix for the 8-node isoparamatric element is:

111
me =P’ L [[[| detd|dedndg i,j=12,.24, (26)
-1-1-1

where P;° = p°, the mass density of the material and the integral represents the volume of
the element.
Perturbations in the element stiffness and mass representations are now introduced

in the parameters as before;

111 111
=AP’ [ [ [B"D,B|detJdzdnd; + AR’ [ [ [BD,Bldet Jddnds,
~1-1-1 ~1-1-1
= AR'S, + AP'S, (27)
and

m- = AP} Ijljlﬂdet.qargdn g i,j=12,..24,
-1-1-1

= AP’S,. (28)

Note that changes in the geometry of the element are not permitted. Substituting

equations (28) and (27) into (14) and factoring out the AP,”’s produces

AP]e
[Sl(-()llocal SZ(-’Sllocal _QISS(-IstIocaI] APZe (29)
AP

with S,, S,, and S; defined in equations (27) and (28). The bracketed portion of equation
(29) is now defined as the perturbation finite element for the eight node isoparametric
brick element, and is assembled into R row-wise according to degree of freedom and

column-wise by element number and parameter as before.
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Example application

The technique just described for the eight node isoparametric brick element was
programmed for computer implementation to investigate its effectiveness. Numerical
data (eigenvalues and eigenvectors) used for the check-out were generated using
ALGOR™. All integrations within the computer implementation were carried out using
two-point Gaussian quadrature [95]. The SVD routine was taken from LINPACK, a set
of industry standard routines.

The model used for the check-out is shown in Figure 29. The baseline model was
constructed using the same material properties for all the elements. The same model was
then run with the perturbations noted in the figure. “Test data” consisted of the
eigenvalues and eigenvectors obtained from the solution with the perturbed material
properties. The three baseline modes and the three modes resulting from the
perturbations are shown in Figures 30 and 31 respectively. Since it was known up-front
that only elements 8, 38, and 56 were perturbed from the baseline, these elements were
selected for adjustment. In addition, two other elements, 10 and 59 were included in the
solution even though no adjustments were needed. Computed parameters for these two
elements should then have been unchanged. Results of the solution are compared in
Table 2 with the expected values. As shown, the algorithm produced excellent results

and correctly “focused” the adjustments to only the elements requiring adjustment.

Imol . : !

The technique presented for adjusting analytical models is based on knowledge of
the mode shape at each degree of freedom in the analytical model. Rarely, however, are
that many measurements made during a test. More often, a significantly smaller number
of measurements are made. Two options are, therefore, available to define ¢,. First, the

analytical model can be reduced to the number of degrees of freedom that are
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Fixed boundary

All other elements -- No change

Figure 29. Adjustment technique demonstration model.
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# Mode |
4{=771 hz
First Bending

Mode 2
=2644 hz
First Torsion

¢ Mode 3
= 1{=4810 hz
Second Bending

Figure 30. Baseline mode shapes and frequencies.
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Mode 1
f=758 hz
First Bending

Mode 2
f=2593 hz
First Torsion

Mode 3
f=4797 hz
Second Bending

X
Figure 31. Perturbed mode shapes and frequencies.
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Table 2. Comparison of input material properties vs. solution.

Element Perturbed Values Solution

Number E v p E \Y p
8 20,000,000.0  0.30 0.28 19,999,999.9 0.299999 0.28000
10 30,000,000.0  0.30 0.28 30,000,000.0 0.300000 0.27997
38 32,000,000.0  0.30 0.28 32,000,000.0 0.299999 0.28000
56 30,000,000.0  0.30 0.40 30,000,000.0 0.300000 0.39999
59 30,000,000.0  0.30 0.28 30,000,000.0 0.300000 0.28000

Three modes used in solution
E-Young’s Modulus, psi

v - Poisson’s ratio

p - Weight density, Ibf/in’

measured using a Guyan reduction scheme [96]. Another option is to employ an
expansion technique like that documented by Berman [78]. In Berman’s scheme, the
stiffness and mass matrices are partitioned according to the measured degrees of freedom

as
K K M M 0
KAz( rr ”), MA_—_-( ;’f “) o {‘f’} (30)
K, Ky, M, M, ? 4

where subscript “T” stands for “test” and subscript “4” stands for “analysis”.

Considering the eigenproblem to be solved,
K,-QM,)p, =0 (31)

and substituting the elements of (30) into (31), the results is

K K M M 0) -
(( r ) -Q, ( r D{‘p}=o (32)
Krn Ky M;,, M_,//\®
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Taking the bottom partition of (32) and solving for ¢ , yields
- -1 —
(pA=_(KAA_QIMAA) (K;A_Q: M;A)(PT' (33)

This value along with the @ - are rearranged into the original order of the degrees of
freedom of K, and M, to produce the eigenvector, @, , used in the present model
adjustment technique. Since this is an extrapolation technique, there will obviously be
some noise in the eigenvector data.

This method was used to generate eigenvectors from the experimental data for the
12.5 X 4.0 X 0.188 inch plate presented in previous sections. The model used for
application of the technique to the experimental results is shown in Figure 32. This
model had fewer degrees of freedom than that used in the analytical assessments
presented previously because the prototype computer implementation had memory
limitations that would not permit larger models to be run. (The code was not optimized
for operation on a personal computer.) Consequently, the model was stiffer than would
normally be expected. This significantly affected the magnitude of the eigenvalues but
did not appreciably affect the characteristic shape of the eigenvectors. Experimental
frequencies were scaled in an attempt to account for this. Two modes were available.

Only four displacement values were reliably measured. Additionally,
displacements at elements containing strain gages were determined by scaling the
analytical eigenvectors to match the experimental stress values. This provided an
additional six displacement values. To enrich the Z-displacement “data pool” further, a
cubic polynomial was fit between the experimental data. Since ten data points were
available, a polynomial with ten coefficients was computed. The resulting functions for

the two modes tested were

Z, i1 = 1442689E - 05x°y’ — 9.67981E - 04x’ + 6.32291E - 03y’ -

6.705523E — 04x*y* + 1981465E — 02x* — 3666706 — 02)° +
7418412E - 03xy — 3.110381E — 02x + 4836951E - 02y + 3.702897E - 03  (34)
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Plate: 12.5 x 4 x 0.188 inches

Baseline boundary stiffness distribution

Fixed Boundaries

69

Figure 32. Model used with experimental data.



and

Z, ies =2154088E — 05x°y* — 6371821E - 03x” +2.279781E — 03y —
1126755E — 03x*y* +1.73061E - 01x* - 1.368952)* + 1.664756E — 02xy
—1.115545x + 2.032003y + 5.183709E — 02 (39%5)

These functions were used to compute Z-displacements for each node of each
cantilevered element and exactly reproduced experimental values at instrumentation
locations. Displacements of nodes at elements aft of the boundary were assumed to be
zero. Equation (33) was then used to compute X and Y-displacements for nodes of the
cantilevered elements and all displacement components for the elements at the boundary.
The resulting experimental displacement fields are shown in Figure 33. Note that the
contour lines are curvy along the chord of the plate. This characteristic was not seen on
any of the mode shapes that were photographed (cf. Appendix 2) and is likely a result of
measurement bias in the experimental data. These two displacement fields were used in
the model adjustment algorithm. The baseline eigenvectors are shown in Figure 34 for
comparison.

It was assumed that differences between the experimental and analytical results
were caused by mis-modeled boundary conditions and by the mass of the applied
instrumentation. Consequently, adjustments to the stiffness of the elements at the
boundary and to the mass of elements where instrumentation was applied were sought.
The resulting adjustments are shown in Figures 35 and 36. As shown, the specified
values of Young’s Modulus at the boundary are much smaller than anticipated. This may
be attributable to the introduction of the paper cushion which was put in place to help
hold the blocks in place (see page 28). Adjustments to account for the weight of the
accelerometers and mid-span strain gages were reasonable. These results were then
included in the finite element formulation and new eigenvectors and eigenvalues were
computed. The solution to the updated eigenproblem are presented in Figure 37 and as
shown, tend to “smooth-out” the eigenvectors (cf. Figure 33). These results compare

very well with the skewed node lines that were characteristic of the experimental node
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Figure 33. Experimental Z-displacement contours.
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Mode 1, Frequency = 96.9 hz
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Figure 34. Baseline Z-displacement contours.
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Figure 37. Z-displacement contours of adjusted model.
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lines (cf. Figure 17). Modal frequencies with the adjustments were lower than the
experimental values. During investigation of this result, it was found that the computed
mass adjustments were very sensitive to the experimental modal frequencies used in the
adjustment algorithm. Additional investigations were not pursued since values used for
the experimental frequencies were scaled based on an artificially stiff analytical model.
Future work is recommended that will permit use of more elements in the analytical
model and bring about better agreement between the analytical and experimental modal

frequencies.
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8. CONCLUSIONS

The following conclusions are drawn as a result of this work:

The stiffness, magnitude and distribution, of the surrounding structure under
investigation can significantly affect the modal characteristics of the structure under
evaluation. Variations in measured stresses as a function of stiffness distribution
were as high as 30% when compared to stresses from the baseline stiffness
distribution. Displacements at measurement locations varied by as much as 35%
when compared to displacements from the baseline stiffness distribution. Finite
element results were similar.
The extent of the effect varies with the geometry of the component under
investigation. Maximum variations occurred on the 12.5 x 4 x 0.188 inch plate.
A new dynamic finite element model adjustment technique which uses finite
perturbation elements has been developed that can accurately adjust an analytical
structural model to better reflect experimental results. Application of the technique to
a case with “perfect” numerical data produced exact computation of needed
adjustments. The technique has the ability to focus adjustments to regions of the
analytical model where modeling uncertainty is highest. Further, the technique can
make adjustments to only the mass or stiffness or both. Lastly, the technique is
extendible to other types of finite elements.
The mass of experimental instrumentation can significantly affect the modal
characteristics of a structure during modal test. Application of the model adjustment
technique to the baseline analytical model of the 12.5 x 4 x 0.188 inch plate produced
reasonable adjustments to the stiffness of the boundary and to the mass of elements
where instrumentation was located which could account for differences between
experimental and analytical results. This also highlights the diagnostic value of the
present model adjustment technique. The adjustment algorithm successfully
produced an analytical model that better reflects the actual displacement field and
compensated for experimental measurement uncertainties.
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9. RECOMMENDED FUTURE WORK

Several areas of future work are recommended to take advantage of the benefits of

the present model adjustment technique.

o Streamline the present code that implements the algorithm to permit use of more
elements.

e Incorporate “incompatible modes” to the formulation of the element mass and
stiffness matrices as this has been shown to produce more realistic modal results with
fewer elements. (Analytical results presented during the investigation of the
boundary stiffness distributions used this formulation.)

e Extend the results to other types of isoparametric elements to permit greater
flexibility in modeling.

e Continue development of the parabolic interpolation used in this work to reduce FFT

amplitude attenuation.
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Figure A2-3. Strain gage rosette close up.
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Figure A2-4. Second bending of 12.5 x 4 x 0.100 inch plate with stiffness distribution 1.
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Figure A2-5. Second bending of 12.5 x 4 x 0.100 inch plate with stiffness distribution 2.
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istribution 4.

Figure A2-7. Second bending of 12.5 x 4 x 0.100 inch plate with stiffness d
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Figure A2-10. Third bending of 12.5 x 4 x 0.100 inch plate with stiffness distribution 1.



Figure A2-11. Third bending of 12.5 x 4 x 0.100 inch plate with stiffness distribution 2.
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