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ABSTRACT 

The purpose ofthis study wasto investigate laminar natural convection heat transfer 

along a thin needle with radiative heatflux.In particular,the investigation centered on the 

skin friction factor and heat transfer rate as well as the velocity and temperature profiles 

along the transformed spatial variable tj. The radiative heat flux term was linearized after 

being simplified by meansofRosseland approximation.The study wasinitiated by finding 

transformation variables which reduced the original boundary layer equationsin cylindrical 

coordinate into ordinary differential equations. Through this transformation, a certain 

condition about the needle shape wasfound to guarantee such a transformation exists.Then 

the relationships between skin friction factor and transformed velocity function,as well as 

heat transfer rate and transformed temperature function, were formulated to establish the 

relationship between these transformed variables and real dimensional values. 

These coupled ordinary differential equations were solved by one type ofshooting 

method which took into account the fact thatsome boundary conditions were prescribed at 

infinity. This scheme guessed initial conditions such as the slope of velocity and 

temperature at the wall and examined the convergence of the boundary conditions at 

infinity by meansofintegration.This scheme was stable in a sense thatany values ofinitial 

guesses are automatically corrected forconvergence and the error term was well controlled 

within the tolerance bound. 

The values ofskin friction factor and heat transfer rate at the wall were calculated in 

terms of similarity variables for several values of Prandtl numbers and parameters of 

conduction to radiation ratio. Also several profilesfor the momentum and thermal boundary 

layer were presented in graphs for different values ofPrandtl numbers and parameters of 

conduction to radiation ratio. This information leads to the conclusion about the effect of 
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the degree of radiative influence as well as the role of Prandtl numbers. This study can 

provide valuable information aboutthe heat transfer and skin friction along the slender wire 

especially in high temperature. 
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CHAPTERI 

INTRODUCTION 

Over the last two decades,considerable attention has been devoted to predicting the 

flow and heat transfer for problems where theflow is two-dimensional(e.g., vertical plates 

and cylinders, tilted plates, horizontal circular cylinders)or axisymmetric (e.g., spheres). 

The literature contains many references to investigators by various researchers[1 - 4,12]. 

Particular interest in this study is directed toward the prediction of skin friction and heat 

transfer rate at the wall as well as temperature and velocity profiles along the isothermal thin 

needle.In this study,the parabolic needle was assumed to represent a very small diameter 

cylinder compared to its length such as wires and sensors of hot wire. Therefore the 

curvature effectis neglected. 

Several investigators published different aspects of the needle problem.T.Cebeci 

and Y. Na[2] solved an isothermal needle problem using the similarity technique. J. 

Narain[1]extended thatresult toinclude a constant heatflux at the wall.G.Raithby et al. 

[4]reported experimentalresults from a needle problem considering the curvature effect. J. 

Narain[3]solved that problem by the finite difference scheme utilizing the non-similarity 

concept.This study assumed that the needle remained at a constant temperature during the 

whole process. 

The isothermal needle is assumed to be immersed in a large fluid reservoir which 

remains at a constant temperature.The temperature difference between the needle and the 

ambient fluid causes density variation of the fluid along the needle.The lack of balance 

between gravitational force and bouyance force due to density variation results in fluid 



movementand temperature variation along the needle.In this study,the friction factor and 

heat transfer rate along the needle,as well as the temperature and velocity profile along the 

fluid, were investigated. 

Another aspect of this study was devoted to the influence of radiation, which 

implied the needle temperature is high enough to assure the influence of radiation. The 

effect of thermal radiation on heat transfer in the laminar boundary layer flow in an 

absorbing and emitting medium have been studied by several investigators. Viskanta and 

Grosh[7],and Kim et al.[8]solved numerically the problem oflaminarflow over a wedge 

for the optically thick boundary layer by using a numerical technique and local similarity 

approach. Novotny and Yang,and Goulard[9 - 10] have considered the optically thick 

approximation for boundary layer flow over a flat plate. Kim and Ozisik[11] solved the 

heat transfer problem of an absorbing,emitting,isotropically scattering stagnation point 

boundary layerflow by treating the radiation part ofthe problem exactly with the normal-

mode-expansion technique.In this study,the Rosseland approximation was employed to 

represent heatflux due to thermal radiation. 

The needle problem of physical dimensions is transformed into a non-dimensional 

scaled form. Use of the free parameter technique described in [13] transformed non-

dimensional equations into ordinary differential equations with a certain value for a 

transformation parameter.The resulting differential equations are solved by the shooting 

method. 

The situation investigated here needs evaluation of boundary conditions at infinity. 

This difficulty was overcome by adapting the asymptotic satisfaction of boundary 

conditions.By predicting the missing initial values,the resulting set ofequations became 

the initial value problem. Then checking the satisfaction of the boundary conditions at 



infinity will assure that the guess ofinitial values is correct.If boundary conditions are not 

satisfied by a certain initial guess,the scheme adjusts the initial guess to meetthe criteria. 

In the present investigation,the development of equations for the momentum and 

energy transport in the boundary layer along an isothermal slender needle are first 

discussed.In chapter II, the derivation of similarity transformation will be presented with 

the brief introduction of thermal radiation. In chapter III, the analysis of the similarity 

solution and the results are discussed in detail. The results include graphs depicting the 

similarity forms ofthe temperature and velocity distribution as well as the effect of needle 

shape upon the skin friction and heat transfer rate. 



 

CHAPTER II 

MATHEMATICAL ANALYSIS OFTHENATURALCONVECTION 

ALONGTHENEEDLE 

Unlike the forced convection heat transfer, natural convection heat transfer always 

gives coupled equations between momentum and energy equations.That accounts for the 

fact that the movementoffluid is due to the variation ofdensities which is caused by the 

temperature difference between each fluid layers. 

This study concerns the temperature and velocity variations along the needle which 

is immersed in a large fluid field. The prime interest of this study is to investigate the 

effects of thermal radiation on the skin friction and heat transfer rate for the shape of a 

needle and the effect of various values of parameters of conduction to radiation ratio and 

Prandtl numberson the velocity and temperature profiles. 

With rare exceptions,compressibility effects in flowscaused by natural convective 

heat transfer may be ignored. Here the flow will be assumed to be incompressible and 

laminar. Viscosity and thermal conductivity are approximated by constants. 

The continuity, Naiver-Stokes, and energy equations in terms of cylindrical 

coordinatesfor the geometry in Fig. 1 are 

1 d\, d^yd vdv 9vd\ ;ip 33^V.V ^ 9v 
(1.2)+FIT •JP"> • 

dv 3v, ;)p I dv d^v 
(1.3)
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Fig. 1. Geometry ofthe problem 



where 

=radiative heat flux. 

The assumptions involved in this study are 

1. Dissipation may be ignored.This assumption is valid in this case because ofthe 

high temperatures and the low velocities. 

2. Radiational propertiesofthe medium do notdepend on thefrequencies. 

3.Radiational transport through the medium affects only molecules in close 

proximity. 

4. Mostfluid properties remain constantthrough the whole process. 

5. Flow is assumed to be laminar. 

2.1 BOUNDARYLAYEREQUATIONSFORTHENEEDLESHAPE 

With the usualcomparison test,the above equations(1.1)-(1.4)can be reduced to 

the usual boundary layer equations.If we assumed the radius of a needle cross-section is 

smalleverywhere compared to the length ofthe needle,the pressure term in equation(1.3) 

can be treated as afunction ofzonly. 

a? _ dP _ 
3F dz dz 

The momentum and energy equation for the boundary layer equations become 

dv dv dP d^v 1 8v, 
=-if- -PS. " 



 

� 

, 3T 3T, ''' in (2 12) 

First,the momentum equation will be derived through the expression for bouyance 

force. 

Noting furtherthat^^ is the hydrostatic pressure gradient dictated by
dz 

^"=-gPoo' momentum equation(2.1.1)becomes 

av_ dv, d\ 19v 
-)- D-P„)g. (2-1-3)p'^r-sr-" =p<-p-"F-3r> <p'P~'8-

After expanding p at p^by Taylor series, p can be expressed as 

P=Poo[l-P(T-T^)]. 

where 

p=thermalexpansion coefficient. 

The above expression for p simplifies momentum equation(2.1.3)as 

p<^^-

The energy equation will be derived with the consideration ofthe radiative heatflux 

term. In case of radiating media,the degree of absorbing radiation ofthe medium has an 

effect on radiation transport by the medium.The measure ofthis capability is defined as the 

optical thickness of the medium. Consider a non-scattering medium, and let L be a 

characteristic length.In this study,the length ofa needle waschosen to be a characteristic 



 

length. If the absorption coefficientc is independent of temperature,the monochromatic 

optical thickness ofthe medium is defined as 

The photon mean free path, which is defined as the average distance travelled by a 

photon before it collides into other photons,may be expressed as 

1 

~c" 

Substituting the absorption coefficient in the monochromatic optical thickness with 

the photon mean free path gives an expression for the optical thickness as 

L L 

'^oA.~ 1/c ~ 
X.

• 

The above expression shows that x^j^^ is the ratio ofthe characteristic length to the 

photon mean free path. 

In an optically thick assumption,radiation emitted ftxim individual molecules affects 

only molecules in close proximity. In other words, the photon mean free path is much 

smaller than the characteristic length and one may think that medium is continuum with 

respect to radiation.In an optically thick assumption,the energy transport process becomes 

one of a diffusion type. Findings indicate that if consideration is confined to an optically 

thick medium,the so-called Rosseland approximation may be employed to represent the 

radiation heatflux q^.. This approximation is given by the expression 
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A'h}<53T^ 
5c 5r~' 

where 

c=absorption coefficient 

a=Stefan-Boltzman constant 

X=wavelength ofthe emitted radiation. 

The Rosseland approximation to the radiative heat flux term may be linearized by 

taking the Taylorexpansion for T^ around T^.Then q^,is expressed as 

16^2a_ jdT 

Then theconduction heat transfer term and heat transfer term due to radiation can be 

combined as 

4,,1 aT a^T,a(l+5N)(p^+^), 

where 

N=— °°.conduction to radiation ratio. 

The above expression may simplify energy equation(2.1.2)as 

aT aT n ̂  4,.laT^a^T. ..i .. 



 

 

Equations(2.1.4)-(2.1.5)and the continuity equation are non-dimensionalized by 

the new variables defined as 

II 1r ft Z£t .. r It A 

^ ^L' ^ ^L'^ "w' 

where 

L=characteristic length 

w =reference velocity. 

The continuity equation becomes 

av" 1 av" 

The momentum equation becomes 

av" av", M a\", i av", rj. 
-'^oo)- (2.1-7) 

The energy equation becomes 

, „aT^, „ aT Si X ^ r? 1 8^Lv r^pr+Lv =:^1+^)(pr^+^). (2.1.8) 

Equations(2.1.6)- (2.1.8)are scaled in order to show the significant parameters 

involved in this study.Scaling transformation is performed through new variables defined 

as 
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r =(Re)^/V, (2.1.9) 

■z", (2.1.10)
Pg(T, -TJL 

v^ = (Re)i/V, (2.1.11) 
v= ^ v". (2.1.12)

z .'P NT Z 
o oo 

The continuity equation becomes 

9v 1 9v. 

The momentum equation becomes 

dv dv T -T 1 dv d\
Z , Z _ gg , ^ z , z 

V 
o "" oo " 3r 

The energy equation becomes 

dT aT « D vl^T^a^T 

(X 1The j^Re term in equation (2.1.15) can be simplified as p^and temperature can 

be non-dimensionalized by new variable 0 defined as 

T-TQ^—^, (2.1.16) 
0 M 

1 1 



Then the energy equation becomes 

90 90 1 4 9^0 ̂ 
(2.1.17) 

The boundary conditionsfor this case are 

at r=r(z)
0 

V =0 (2.1.18) 
r 

(2.1.19)V =0 
z 

(2.1.20)0=1 

for r 

(2.1.21)V ->0 
z 

(2.1.22)0^0. 
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2.2SIMILARITYTRANSFORMATIONFORTHEBOUNDARYLAYER 

EQUATIONS 

This study uses a one parameter group transformation to derive similarity equations 

from the boundary layer equations. The procedures for obtaining similarity equations can 

be divided into four steps. The first step is to define a linear transformation group for 

independent variables and dependent variables. The second step is to determine the 

relationship between the constants involved in the transformation with the condition of 

invariancy.The third step is to eliminate the transformation parameter to determine absolute 

invariants under that transformation. The fourth step is to find a condition under which 

boundary conditions can be transformed.In the fourth step,it will be shown that a certain 

restriction isimposed upon the shape ofthe needle. 

Equations (2.1.13),(2.1.14), and (2.1.17) can be simplified by introducing the 

stream function T*, which automatically satisfies the continuity equation. The stream 

function is defined as 

V =-i^,V =-^. (2.2.1)
r r oz z r or 

The momentum equation is written in terms ofstream function as 

= 1^^+1^.0(222)
J.2 az j3 dz 0J. 0J. 02ar ^ ar^ r^ ar^ r^ ar 

Theenergy equation is written in terms ofstream function as 

I 3 



 1 ae idwae i,,^ 4..a^e iae 

The boundary conditions(2.1.17)through(2.1.21)become 

atr=r (z) 

•g.. 
—=0 (2.2.5) 
ar 

0= 1 (2.2.6) 

for r —> oo 

(2.2.7) 

0^0. (2.2.8) 

The linear transformation group is defined as 

z= A°iz' (2.2.9) 

r = A«V (2.2.10) 

*P= A"^T'' (2.2.11) 

0=A«V (2.2.12) 

where 

A=parameteroftransformation 

al,a2,a3,and a4=constants. 

Then momentum equation(2.2.2)is transformed,through the linear group defined 

in equations(2.2.9)through (2.2.12), as 
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.-oWa2H-2a3 1 d-P'dV „,^2*203J_d>. ■-r.1 ^„2.2„3 1 af'3'P' 
r'2 ar'2 r'' 3i'^ 

^ A-aWa2+2a3j_3Z: 
r'2 ar' az'ar' 

^ ^-4a2+a3i^3V _ ^-4a2+a3 1 ^ ^-4a2+a3 1 A'«'^0'.(2.2.13) 
r ar'^ r'2 df^ r'^ ar' 

Like the momentum equation, the energy equation (2.2.3) is transformed to be 

.,_2„2+a3«.4l 3>J-30'_A -oc 1 -2a2+a3+a4J. 3>f30' 
F-^Sr' 

A-2a2+a4j_., ^ ^ I ^ ) (2 2 14)P?'^3N"3,.2 iz.i.it; 

In order to satisfy the condition of invariancy, the exponent of transformation 

parameter A must be the same in equations (2.2.13) and (2.2.14), respectively. That 

condition gives the following relations between the constants: 

a3 = al, (2.2.15) 

al - 4a2 = a4. (2.2.16) 

The absolute invariants can be obtained by eliminating the parameter A. 

Tij=rz' = r'z" = A-^°i+«2^z' 

where 

al 

al 

15 
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Hansen[13]showed that any power of an invariant is also an invariant under the 

same transformation.In this study,we define the new independent variable as a square of 

Til-

= (2.2.17) 
z 

where 

a2 

al 

By the same procedure as r), we obtain similarity stream function f and similarity 

temperaturefunction g as 

f(Tl)= =^'z'^ = 

By using a3=alfrom equation(2.2.15) 

s=-1 

f(Tl)=7-, (2-218) 

and 

g(Tl)=ez""=0'z""= 

With equation(2.2.16),m can be expressed as 

, .a2 
m=—=-l+4—=-l+4a 

a3 al 

g(n)=̂ . (2-219) 
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Examination of the transformed boundary conditions shows that the boundary 

conditions can be transformed only if the value of a is specified as j.This restriction 

specified the shape ofthe needle.Defme a needle shape parametertIq as 

(2.2.20)^1/2 ''o-

The shape ofneedle is restricted as r^(z)= 

Hence, by using the transformation given by equations (2.2.9) through (2.2.12) 

and by taking a= the momentum equation and energy equation can be transformed into a 

set of ordinary differential equations. The new independent variable and dependent 

variables are 

r^ (2.2.21) 

t(Ti)=* a.2.22) 
g(r|)=0. (2.2.23) 

The differentiation with respect to r and zcan be expressed in termsoftj asfollows: 

djn±_ (2.2.24) 

(2.2.25) 
oz 2z^ 
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Then each ofthe terms in the momentum and energy equationscan be expressed in 

termsofTj as follows: 

(2.2.26) 

(2.2.27) 

^3\t/ 7 ^ 7 1 
(2.2.28)^=i24Ti^r +84Ti f" 

ar^ r^ r^ 

(2.2.29) 

n.. 1 2... (2.2.30)3^=7^^-71 f 
38 2r\ , 

(2.2.31)
37=T8 

§!i=22s'+l2i" (2.2.32)
8/ V* 
90 m , 

(2.2.33)
^='2^ • 

Then the momentum equation is transformed asfollows 

Left Hand Side=-^(- +ji-^r\r +f)(2pTif) 

+l(2^Tif)(^f (2-2.34) 

thus, 

LHS=2-7Tl^f^ - 44Tl^ff (2.2.35) 
r r 

Right Hand Side=124Tl^f" + 84^1 
r 

-^(2^Tif+4^¥)+^(2prif)+ e (2.2.36) 
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thus, 

RHS=8-|Tl^f" + + 0. (2.2.37) 
r r 

Considering equations(2.2.35) and (2.2.37), the following transformed ordinary 

differential equation for the momentum transportcan be obtained asfollows: 

8Tif"+ 8f + 4ff - 2f2 + g = 0. (2.2.38) 

The energy equation is transformed asfollows: 

LHS=-i<- (2.2.39) 

LHS=43fS'' 

and 

1/1 . 4 , 4ti2RHS=^1+^)(4^'+ (2.2.41) 

Combining equations(2.2.40)and(2.2.41)gives transformed ordinary differential 

equation for the energy transport 

Tig"+[^Pr ^-f+l]g•=0. (2.2.42) 

Similarity equations and the boundary conditions are rewritten as 

8Tif" + 8r + 4ff' - 2f2 + g =0 (2.2.38) 
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and 

Tig" +[7Pr ^-f+ 1] g'=0- (2.2.42) 
> ^3N 

The boundary conditions(2.2.4)-(2.2.8)become 

atri=TiQ 

f(Tio)=0 (2.2.43) 

f(Tig)=0 (2.2.44) 

g(Tlo)= 1 (2.2.45) 

for Ti — 

f(Ti) 0 (2.2.46) 

g(ri)-> 0. (2.2.47) 

The set ofequations(2.2.38)and(2.2.42)with the boundary conditions(2.2.43) 

(2.2.47) constitutes similarity equationsfor naturalconvection along a needle. 

20 



 

 

2.3 ANALYSIS OFSIMILARITYEQUATIONS 

In this stage,the relation between transformed functionsfand g and skin friction 

factor and heat transfer rate need to be discussed. 

Definition of shear stress at the wall is 

= (2.3.1) 

Velocity and length dimension can be transformed into the non-dimensional scaled 

form by using equations(2.1.11)and(2.1.8)as 

Pg(VTJL 
W 

r=(—)'«r
Vw-' 

(2.3.2) 
dr \iJ 

Shear stress x can be expressed in terms ofthe non-dimensionalscaled variables as 

^ Pg(T°-TJL 2^ 
o w \ij or 

9v 
By the equation (2.2.1), can be expressed in terms of a stream function 
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1 13^>p 
(2.3.4) 

With the equation (2.3.4), shear stress can be expressed in term of stream 

function as 

£gaVJ^,w,i/2, 19^ laV 
^ w ^'jJ2"^''"r 3j.2^- (2.3.5) 

With the relation between stream function^and new dependent variable f, which 

is given in equation(2.2.18),x^ may be expressed 

Pg(T„-TJL 
(;j:> (2.3.6) 

Pg(T^-TJL w 
'^o =^ w (—) 4(Ti^)i/2f..(^^)2i/4 ^2.3.7)

vL 

pg(T - T^)L^ 1 
4(Ti^)i/2r(Ti^)zi/^ (2.3.8) 

=Gr 8(Ti^)i/2f,.(^^)^i/4 (2.3.9) 

8(Tlo)'^f'(Tl„)z'/^ (2.3.10)
2Pw 

Average shear stress can be expressed as 

= (2.3.11) 
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Substituting x (z)in equation(2.3.10)into equation(2.3.11)gives 

8(11„)'«f(ri„)z"''dz (2.3.12)
° Zl o (Re)^^^'' 

where z, represents characteristic length inzdimension and Zj^can be expressed as 

z =r 1], (2.3.13)Pg(T,-TJLLV^= L) Pg(T -TJL^v^ 

z,=i(Re)^ (2.3.14) 

After performing integration in equation (2.3.12), the average shear stress x ̂  is 

shown as 

(2.3.15) 

Simplifying equation (2.3.15) shows that the average shear stress may be 

expressed as 

f:=(Or)''" T('lo)"'f(n,) (2-3.16) 

^w 
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Equation(2.3.17)shows thatfXTl^)is related to the skin friction factor. 

The heatflux at the wall is defined by 

By using the relationship between r and r, r =(Re)^''^^, equation (2.3.18) is 

transformed as 

Non-dimensionaltemperature is defined as 

T - T 
(2.1.15) 

ae 2ti (2.3.20)
^=T§-

With equation(2.1.15)and(2.3.20),equation(2.3.19)may be rewritten as 

T - T 2'(ti )<,,=-2k^^(Re^„)'«^. (2.3.21) 
The average heatflux at the wall is defined as 

24 



 

(2.3.22) 

^ L 

Substituting z^into equation(2.3.24)gives 

This average heat transfer rate can be expressed in terms of an average Nusselt 

number. 

Average Nusselt number is defined as 

hT
Nu=^ 

where 

h =average heat transfer coefficient(=^) 

Nu =-T(TlJ^'^g'(riJ(Gr)^/'^ (2.3.26)•■J V IQ' <= - >0 

NiT 8 i/2gYn ). (2.3.27) 

Equation (2.3.27) shows the relationship between g'(r^) and the heat transfer rate at 

the wall. 
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CHAPTERm 

ANALYSIS OFTHESIMILARITYSOLUTION 

3.1 GENERALFEATUREOFTHESHOOTING METHOD 

From the previous chapter,the similarity equations for boundary layer equations in 

naturalfree convection with radiation effect were obtained as 

8Tif" + 8r + 4ff' - 2f^ + g =0 (2.2.38) 
Tig"+[jPr ^-f+l]g'=0 (2.2.42) 

1 + w 

atTi=Tio 

f(Tio)=0 (2.2.43) 

f(tIq)=0 (2.2.44) 

g(Tlo)= 1 (2.2.45) 

forT] —>00 

f(Ti)->0 (2.2.46) 

g(Ti)-> 0. (2.2.47) 

Whole structure of the above equations reveals they are a highly non-linear and 

coupled equations which make it almost impossible to obtain analytical solutions. Also 

examination of the above equations shows that the boundary conditions are described at 

infinity. 

In spite of the difficulties involved in the solution of this type of equation, an 

excellent result can be obtained through the use of numerical techniques. The technique 
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employed in this study was the shooting method. This method uses an initial guess for 

unspecified initial conditions. 

Proceeding with those initial guesses, it integrates values of each functions and 

examines whether it satisfies prescribed boundary conditions at infinity. If the calculated 

values diverge, it automatically adjusts its initial guess until it satisfies the boundary 

conditions atinfinity. 

3.2SATISFACTION OFASYMPTOTICBOUNDARYCONDITIONS 

The nature ofthe restriction imposed on both the momentum and energy equations 

by the boundary conditions involved (T| —>«' , f(Ti) —>0 , gfrj) 0)indicates an 

asymptotic approach to a limiting value of zero for these functions. The method of 

Nachtsheim and Swigert[6]provides a meansfor predicting the amountoferrorin initial 

guesses for the starting values used in the numerical solution of differential equations 

which include asymptotic boundary conditions.Knowledge ofthe magnitude ofthis error 

then allows adjustment or correction ofthe initial guesses to a degree commensurate with 

the limits ofaccuracy desired for the problem. 

The asymptotic boundary conditions are replaced by the conditions thatf(ri)=0 

and g(Ti)=0to a sufficient degree ofaccuracy at Tj= where is the value ofthe 

independent variable at the edge ofthe boundary layer.The above boundary value problem 

is equivalent to the problem to find values off(tIq) and gXrig)for which the boundary 

conditions at the edge ofthe boundary layer are satisfied. 

f,dge[ = O-

r.dg.[ 
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Letthe initial guesses 

f'(Tlo)= X (3.2.3) 

g'(tIq)= z. (3.2.4) 

Changing x and zchangesf and g by the amountof 

^Axand^Az, 
so that the necessary correction to a first approximation comesfrom the solution of 

the linear equations 

0=f+'^^Ax +-^^Az and (3.2.5) 
0=g+^Ax +^Az atq^g^. (3.2.6) 
In order to satisfy the asymptotic boundary conditions,the above equation must be 

supplemented by 

0=f+f Ax +f Az (3.2.7)
X z 

0= g'+ g'x'^x + g'^Az (3.2.8) 
, - 8f af" , 

The solution of the equation for Ax and Az can be performed provided that the 

partial derivative off with respect to x and the partial derivative ofg with respect to zcan 

be evaluated at Using the conceptofleast square,Ax and Az must be found such that 

the sum ofsquares ofthe preceding fourequations is minimum value.Let be 
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af af (3.2.9) 

(3.2.10) 

(3.2.11)83 =f+f^Ax + f'^Az, 

(3.2.12)5.= g'+S'A^+ g'z^z-

LetS=5j^+ +83^+5^^ be minimum by taking partial derivatives ofS with 

respect to x and z and equating each partial derivative to zero. That gives the following 

matrix equation. 

f f + g g +f f' + g' g' Ax+g\ +f"\ +g'^ X Z ®X°Z X Z ® X® z 

fxfz + SxSz+ g'xg'z' /'z+ +f" z + g' z Az 

+ gg^ + rf\+ g'g' 
.(3.2.13)

ff,+ gg,+ f'f", + g'g' 

The values of x and z that give Ax = Az=0 correspond to the minimum with 

respectto x andzofthe quantity 

E = + g^ +f'^ + g'^. (3.2.15) 

The partial derivative can be evaluated by forming the set of perturbation equations 

for the functionfand gfor the x derivatives.With the notation 

f _ f. -

X 5x' X 

gx=5f'g'x=-5l"' - - -
the following set ofperturbation equations are obtained: 
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8Tif" + 8f' + 4ff + 4ff' - 4ff^ + g =0 
X X X X A A 

and 

'IS",+[jPr^-rf+'1 8'x + V'" 
^ 3N ^ 3N 

with the initial conditions 

atTi=ri^ 

f =0 
X 

f =0 
X 

g =0 
°x 

g' =0 
°X 

f = 1. 
X 

The perturbation equationsforzderivatives are 

8Tif"^ + 8f'^ + 4f/'+ 4ff'^- 4ff^ + g,=0 

and 

IB",+[^Pr^-j-f-f 11 g;+ipr— =0 
1 + TTt ^ WW 

With the initial conditions 

•atTi=Ti^ 

f =0 

f =0 
Z 

f =0 
z 

g =0 

g'z = 1-

(3.2.16) 

(3.2.17) 

(3.2.18) 

(3.2.19) 

(3.2.20) 

(3.2.21) 

(3.2.22) 

(3.2.23) 

(3.2.24) 

(3.2.25) 

(3.2.26) 

(3.2.27) 

(3.2.28) 

(3.2.29) 

30 



By changing problems from the boundary values problem to the initial value 

problem, it is possible to solve the whole set of equations by using many available 

subroutines.In this study, the method used by Nachtsheim and Swigert was employed to 

solve a set ofequations. 

The general feature ofthat algorithm may be summarized asfollows: Given initial 

estimate of x =f(Bq)and z= g'(Tlj,), subsequent values of x and z can be computed by 

integrating equations (2.2.38), (2.2.42) through (2.2.47),(3.2.16) through (3.2.22) , 

(3.2.23)through(3.2.29)and applying the Newton-Raphson method to obtain corrections. 

The problem of where to stop the integration was determined by calculating the 

error E at each step.IfE is smaller than the prescribed allowance,it stops and takes the 

value ofri as 

3.3RESULTOFTHESOLUTION ALGORITHM 

The method used by Nachtsheim and Swigert wasemployed because it is stable in 

a sense that it is insensitive to initial guesses, and the error term is well controlled. The 

computer program obtains valuesfrom a starting point, where the corrections to the initial 

guesses forf(Ho)and gX^lo)apply.The error derived in section 3.2 is calculated at Tiedge 

and the solution convergence is checked.If the calculated error is larger than the desired 

error, the magnitude of is increased and the initial guesses are corrected. The new 

value for and corrected initial guessesfor f'CHo)and g'Cno)are then used to solve the 

equations until the boundary conditions, error limits, and solution convergence 

requirements are met. 

The integration was carried out to an assumed end ofthe boundary layer,Bedge" 

initial guess for was 4.0 which was increased by 2.0 until the convergence was 
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achieved and the error requirement was met.The maximum error used in the analysis is 

10'^. The initial guesses for f'CHo)and gX^lo)were 1.0 and -5.0,respectively. 

Fig.2through Fig. 13 show the results of the solution algorithm. Fig.2through 

Fig.7show the relationship between needle shape factor and the transformed skin friction 

factor as well as the transformed heat transfer ratefor Prandtl numbers= 1,10,100.Fig.8 

through Fig. 13 show transformed velocity and temperature profiles. Specifically, Fig. 8 

through Fig. 11 show both velocity and temperature profiles for =0.001 and 0.1 as Pr 

= 1, 10, 100 with no radiation case, while Fig. 12 through Fig. 13 show both the profile 

for tIq =0.1 and N =<», 1.0,0.1 with Pr= 10.0. 

Examinations of Fig. 2 through Fig. 4 give several trends in behavior of skin 

friction factor as to changing values ofPrandtl numbers,the degree ofradiation and needle 

shape which was magnified by T)^. First,the more slender needle increases the skin friction 

factor. Secondly,higher Prandtl numbers indicates larger thermal boundary layer than the 

momentum boundary layer and a decreased skin friction factor. Finally, an increased 

degree ofradiation increases the skin friction factor especially with a high Prandtl number. 

Some observations of Fig.4 through Fig.7 readily show several trends in heat 

transfer rate according to changing values ofneedle shape parameters,Prandtl number,and 

degree of radiation. First, the more slender needle shows the higher heat transfer rate. 

Secondly,with higher Prandtl numbers,which mean higher thickness ofthermal boundary 

layer than that ofmomentum boundary layer,the rate of heat transfer increases. Finally,an 

increased degree ofradiation decreases heattransferrate. 

Several observations can be made from Fig. 8 through Fig. 11. For velocity 

profile,the higher Prandtl numberincreases the value ofmaximum velocity and momentum 

boundary layer. For temperature profile, the higher Prandtl numberincreases the thermal 

boundary layer. 
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From examining Fig. 12 through Fig. 13, with more radiation, both the value of 

maximum velocity and thickness of momentum boundary layer are increased, and the 

thickness ofthermal boundary layer is also increased. 
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-B- Pr=1 

Pr=10 
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1 0 

Fig.2.Transformed skin friction f'Cn^,) vs. needle shape parameter 

with no-radiation 
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1 0 

Fig.3. Transformed skin friction f'(ri^)vs. needle shape parameter ri^ 

N(conduction to radiation ratio)= 1.0 
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Fig.4. Transformed skin frictionf vs. needle shape parameter ri^ 

N(conduction to radiation ratio)=0.1 
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Fig. 5. Transformed heat transfer rate gXTlg) vs. needle shape parameter Ti^ 

with no-radiation 
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Fig.6. Transformed heat transfer rate g'Cn^)vs. needle shape parameter r\^ 

with N(conduction to radiation ratio)= 1.0 

38 



  

10' 

Pr=1 

Pr=10 

-i^ Pr=100 

10 

I I I I I I I I10 

1 0 

^0 
Fig.7. Transformed heat transfer rate g'(Ti^) vs. needle shape parameter 

with N(conduction to radiation ratio)=0.1 
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Fig. 8. Sirnilaiity temperature profile 

with ri = 0.001 and no-radiation
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Fig.9. Similarity velocity profile 

with ri =0.001 and no-radiation 
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Fig. 10. Similarity temperature profile 

with T) =0.1 and no-radiation 
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Fig. 11. Similarity velocity profile 

with T\ =0.1 and no-radiation 
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Fig. 12. Similarity temperature profile 

with tIq =0.1 and Prandtl number= 10.0 
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Fig. 13. Similarity velocity profile 

with r\ =0.1 and Prandti number= 10.0 
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CHAPTERIV 

CONCLUSION ANDRECOMMENDATIONS 

The finding of this study provides information which can be used to examine a 

laminar boundary layer under the influence of natural convection with radiation heat 

transfer. 

The effects ofthe needle shape and thermalradiation upon alaminarfree convection 

along an isothermal slender needle were studied. The set ofboundary layer equations were 

transformed through the linear transformation group which produced ordinary differential 

forms of the momentum and energy equations. For the radiative heat flux term, the 

simplification was made through the Rosseland approximation by assuming an optically 

thick medium.Then the temperature term was linearized through the Taylor expansion 

method.The momentum and energy equations were numerically solved by predicting the 

missing initial conditions and examining the satisfaction of boundary conditions at the 

edge.The numerical results were calculated for three values ofPrandtl numbersfor 1,10, 

100 and three values ofN,the conduction to radiation ratio,for <», 1.0,0.1. 

This result was compared to that of Cebeci[2] who calculated the effect of the 

needle shape upon the skin friction and the heat transfer rate without considering the 

radiation effect. This study agrees with Cebeci by setting N =«».The results ofthis study 

show the effect ofthe needle shape parameter upon the transformed skin fiiction and the 

transformed heat transfer rate as well as the transformed velocity and temperature profile in 

the boundary layer.Those results can be reduced to the following conclusions: 
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1. The needle shape affects both the skin friction and the heat transfer rate, which were 

increased as the needle became more slender. 

2. The Prandtl number affects both the skin friction and the heat transfer rate. As the 

Prandtl number wasincreased,the skin friction factor was decreased while the heat transfer 

rate was increased. This is physically plausible because the Prandtl number is a 

representation of the ratio of the thermal boundary layer thickness to the momentum 

boundary layer thickness,therefore the higher Prandtl numberindicates that the thickness 

ofthe thermal boundary layer is greater than the momentum boundary layer. 

3.The radiation affects the thickness ofthe momentum and thermal boundary layers. As 

the radiation heat transfer became dominant, the heat distribution became more evenly 

spread out in the fluid boundary layer, and the maximum velocity of the fluid was 

increased.This can be explained in two ways.First,through an optically thick assumption 

the radiative heat flux term can be considered as a diffusion process,therefore the higher 

radiation means more diffusive energy and momentum transport among the medium. 

Second,the conduction process occurs by temperature differences while the radiation takes 

place at relatively high temperatures. Since N, the conduction to radiation ratio, is 

expressed by the ratio of conduction to radiation terms, the higher N means that high 

temperatures condition is dominantover temperauire differences condition. 

Further research is required to extend this study. For example,the study ofa 

pair of needles could give valuable information for a bundle of hot wires. Additional 

refinement will be needed to increase the accuracy of a radiative heat flux term without 

losing the requirementfor similarity transformations. 
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