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The purpose of this study was to investigate laminar natural convection heat transfer

along a thin needle with radiative heat flux. In particular, the investigation centered on the
skin friction factor and heat transfer rate as well as the velocity and temperature profiles
along the transformed spatial variable . The radiative heat flux term was linearized after
being simplified by means of Rosseland approximation. The study was initiated by finding
transformation variables which reduced the original boundary layer equations in cylindrical
coordinate into ordinary differential equations. Through this transformation, a certain
condition about the needle shape was found to guarantee such a transformation exists. Then
the relationships between skin friction factor and transformed velocity function, as well as
heat transfer rate and transformed temperature function, were formulated to establish the
relationship between these transformed variables and real dimensional values.

These coupled ordinary differential equations were solved by one type of shooting
method which took into account the fact that some boundary conditions were prescribed at
infinity. This scheme guessed initial conditions such as the slope of velocity and
temperature at the wall and examined the convergence of the boundary conditions at
infinity by means of integration. This scheme was stable in a sense that any values of initial
guesses are automatically corrected for convergence and the error term was well controlled
within the tolerance bound.

The values of skin friction factor and heat transfer rate at the wall were calculated in
terms of similarity variables for several values of Prandtl numbers and parameters of
conduction to radiation ratio. Also several profiles for the momentum and thermal boundary
layer were presented in graphs for different values of Prandtl numbers and parameters of

conduction to radiation ratio. This information leads to the conclusion about the effect of
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the degree of radiative influence as well as the role of Prandtl numbers. This study can

provide valuable information about the heat transfer and skin friction along the slender wire

especially in high temperature.
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INTRODUCTION

Over the last two decades, considerable attention has been devoted to predicting the
flow and heat transfer for problems where the flow is two-dimensional (e.g., vertical plates
and cylinders, tilted plates, horizontal circular cylinders) or axisymmetric (e.g., spheres).
The literature contains many references to investigators by various researchers [1 - 4, 12].
Particular interest in this study is directed toward the prediction of skin friction and heat
transfer rate at the wall as well as temperature and velocity profiles along the isothermal thin
needle. In this study, the parabolic needle was assumed to represent a very small diameter
cylinder compared to its length such as wires and sensors of hot wire. Therefore the
curvature effect is neglected.

Several investigators published different aspects of the needle problem. T. Cebeci
and Y. Na [2] solved an isothermal needle problem using the similarity technique. J.
Narain [1] extended that result to include a constant heat flux at the wall. G. Raithby et al.
[4] reported experimental results from a needle problem considering the curvature effect. J.
Narain [3] solved that problem by the finite difference scheme utilizing the non-similarity
concept. This study assumed that the needle remained at a constant temperature during the
whole process.

The isothermal needle is assumed to be immersed in a large fluid reservoir which
remains at a constant temperature. The temperature difference between the needle and the
ambient fluid causes density variation of the fluid along the needle. The lack of balance

between gravitational force and bouyance force due to density variation results in fluid




movement and temperature variation along the needle. In this study, the friction factor and

heat transfer rate along the needle, as well as the temperature and velocity profile along the
fluid, were investigated.

Another aspect of this study was devoted to the influence of radiation, which
implied the needle temperature is high enough to assure the influence of radiation. The
effect of thermal radiation on heat transfer in the laminar boundary layer flow in an
absorbing and emitting medium have been studied by several investigators. Viskanta and
Grosh [7], and Kim et al. [8] solved numerically the problem of laminar flow over a wedge
for the optically thick boundary layer by using a numerical technique and local similarity
app'roach. Novotny and Yang, and Goulard [9 - 10] have considered the optically thick
approximation for boundary layer flow over a flat plate. Kim and Ozisik [11] solved the
heat transfer problem of an absorbing, emitting, isotropically scattering stagnation point
boundary layer flow by treating the radiation part of the problem exactly with the normal-
mode-expansion technique. In this study, the Rosseland approximation was employed to
represent heat flux due to thermal radiation.

The needle problem of physical dimensions is transformed into a non-dimensional
scaled form. Use of the free parameter technique described in [13] transformed non-
dimensional equations into ordinary differential equations with a certain value for a
transformation parameter. The resulting differential equations are solved by the shooting
method.

The situation investigated here needs evaluation of boundary conditions at infinity.
This difficulty was overcome by adapting the asymptotic satisfaction of boundary
conditions. By predicting the missing initial values, the resulting set of equations became

the initial value problem. Then checking the satisfaction of the boundary conditions at




infinity will assure that the guess of initial values is correct. If boundary conditions are not

satisfied by a certain initial guess, the scheme adjusts the initial guess to meet the criteria.

In the present investigation, the development of equations for the momentum and
energy transport in the boundary layer along an isothermal slender needle are first
discussed. In chapter II, the derivation of similarity transformation will be presented with
the brief introduction of thermal radiation. In chapter III, the analysis of the similarity
solution and the results are discussed in detail. The results include graphs depicting the
similarity forms of the temperature and velocity distribution as well as the effect of needle

shape upon the skin friction and heat transfer rate.




CHAPTERII

MATHEMATICAL ANALYSIS OF THE NATURAL CONVECTION
ALONG THE NEEDLE

Unlike the forced convection heat transfer, natural convection heat transfer always
gives coupled equations between momentum and energy equations. That accounts for the
fact that the movement of fluid is due to the variation of densities which is caused by the
temperature difference between each fluid layers.

This study concerns the temperature and velocity variations along the needle which
is immersed in a large fluid field. The prime interest of this study is to investigate the
effects of thermal radiation on the skin friction and heat transfer rate for the shape of a
needle and the effect of various values of parameters of conduction to radiation ratio and
Prandtl numbers on the velocity and temperature profiles.

With rare exceptions, compressibility effects in flows caused by natural convective
heat transfer may be ignored. Here the flow will be assumed to be incompressible and
laminar. Viscosity and thermal conductivity are approximated by constants.

The continuity, Naiver-Stokes, and energy equations in terms of cylindrical

coordinates for the geometry in Fig. 1 are

v, 1 ov,

ot =0 (LD
NI =-%§+u(%+%%+%), (1.2)
p(_v,.i)(yvri + v,%;l) =- §§+ u(f:; + %%vr + Z?:rvz ) P8, (1.3)
pe (v, 35 + v,%%)=k(%%§+3%+g—i})-%i—‘--}qf 1.4)
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Fig. 1. Geometry of the problem




where

q = radiative heat flux.

The assumptions involved in this study are

1. Dissipation may be ignored. This assumption is valid in this case because of the
high temperatures and the low velocities.

2. Radiational properties of the medium do not depend on the frequencies.

3. Radiational transport through the medium affects only molecules in close
proximity.

4. Most fluid properties remain constant through the whole process.

5. Flow is assumed to be laminar.

2.1 BOUNDARY LAYER EQUATIONS FOR THE NEEDLE SHAPE

With the usual comparison test, the above equations (1. 1)( - (1.4) can be reduced to
the usual boundary layer equations. If we assumed the radius of a needle cross-section is
small everywhere compared to the length of the needle, the pressure term in equation (1.3)

can be treated as a function of z only.

op_dp_dP,
oz dz dz

The momentum and energy equation for the boundary layer equations become

ov, oV dp o*v,_ 10v

00 Y4

p(vrBrz +v, azz )=- dz + or2 + F?rz ) - P8, (2.1.1)




2 qr
pc (vrTT+ sz—) k(ll_ %'E 3; ll, q.- (2.1.2)

First, the momentum equation will be derived through the expression for bouyance

force.
dPOO
Noting further that Tz is the hydrostatic pressure gradient dictated by P,
dp
—dz—°°= -gp,.» the momentum equation (2.1.1) becomes

ov, ov, 82v
P(V,T ,3—) u(az r';;—) (P - Poo) & (2.1.3)

After expanding p at p__ by Taylor series, p can be expressed as

P =Poll-B(T-T

where

B = thermal expansion coefficient.

The above expression for p simplifies momentum equation (2.1.3) as

E)vz ov, Ia2v
p(vr ar + VZFZ ) = u\arz

2, 19%
+ =) + gB(T - T). 2.1.4)

The energy equation will be derived with the consideration of the radiative heat flux
term. In case of radiating media, the degree of absorbing radiation of the medium has an
effect on radiation transport by the medium. The measure of this capability is defined as the
optical thickness of the medium. Consider a non-scattering medium, and let L be a

characteristic length. In this study, the length of a needle was chosen to be a characteristic




length. If the absorption coefficient ¢ is independent of temperature, the monochromatic

opticai thickness of the medium is defined as

T = cL.

The photon mean free path, which is defined as the average distance travelled by a

photon before it collides into other photons, may be expressed as

AQ
i
Of—

Substituting the absorption coefficient in the monochromatic optical thickness with

the photon mean free path gives an expression for the optical thickness as

L

T

_L_
tok— 1/c™

)

The above expression shows that T , is the ratio of the characteristic length to the

photon mean free path.

In an optically thick assumption, radiation emitted from individual molecules affects
only molecules in close proximity. In other words, the photon mean free path is much
smaller than the characteristic length and one may think that medium is continuum with
respect to radiation. In an optically thick assumption, the energy transport process becomes
one of a diffusion type. Findings indicate that if consideration is confined to an optically

thick medium, the so-called Rosseland approximation may be employed to represent the

radiation heat flux q_. This approximation is given by the expression




_ 4\loor
%= "% I

where

¢ = absorption coefficient
o = Stefan-Boltzman constant

A = wave length of the emitted radiation.

The Rosseland approximation to the radiative heat flux term may be linearized by

taking the Taylor expansion for T* around T_. Then q_is expressed as

16026 .. 9T
q =-—73; T 5=

Then the conduction heat transfer term and heat transfer term due to radiation can be

combined as

19T , 9°T
ol + 1) (G 3+ 32
where
4\ 2T 3
N= T conduction to radiation ratio.
P

The above expression may simplify energy equation (2.1.2) as

2




Equations (2.1.4) - (2.1.5) and the continuity equation are non-dimensionalized by

the new variables defined as

-

=L =L ye=L =
L "L r T w? 'z T

L = characteristic length

w = reference velocity.

The continuity equation becomes

ov" ov"

1 "
'EIT.r'+FVr+3E'£ =0. (2.1.6)

The momentum equation becomes

v L Y,
Lp(v"rw+v ZF) wige? 24— i )+—gB(T T.)- .1.7)

The energy equation becomes

Lv"r%+ Lv" zgl g'(1 N) (rln 8’1"' 32};) (2.1.8)

Equations (2.1.6) - (2.1.8) are scaled in order to show the significant parameters

involved in this study. Scaling transformation is performed through new variables defined
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r=Re) ", (2.1.9)
2

S A—— (2.1.10)
Bg(T, -T )L
v, = Re)2v ", (2.1.11)
2
V= ———v " (2.1.12)
Be(T, -T)L
The continuity equation becomes
av, | av,
FI'--F;VT-FW =Q. (2.1.13)
The momentum equation becomes
dv, v, T-T, 1 ov, 02 v,
-a—+ VZT T -T I' ar (2.1.14)
The energy equation becomes
oT 19T | 8°T
vart zT Re(l N ) 5 W) —) (2.1.15)

The -L%Rc term in equation (2.1.15) can be simplified as 1—,1;and temperature can

be non-dimensionalized by new variable 6 defined as

0= — (2.1.16)
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Then the energy equation becomes

2
T ol Z; 2.1.17)

The boundary conditions for this case are

atr=ro(z)
v =0 (2.1.18)
v,=0 (2.1.19)
0=1 (2.1.20)
forr — oo
v,—>0 (2.1.21)
0 — 0. (2.1.22)
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2.2 SIMILARITY TRANSFORMATION FOR THE BOUNDARY LAYER

EQUATIONS

This study uses a one parameter group transformation to derive similarity equations
from the boundary layer equations. The procedures for obtaining similarity equations can
be divided into four steps. The first step is to define a linear transformation group for
independent variables and dependent variables. The second step is to determine the
relationship between ‘the constants involved in the transformation with the condition of
invariancy. The third step is to eliminate the transformation parameter to determine absolute
invariants under that transformation. The fourth step is to find a condition under which
boundary conditions can be transformed. In the fourth step, it will be shown that a certain
restriction is imposed upon the shape of the needle.

Equations (2.1.13), (2.1.14), and (2.1.17) can be simplified by introducing the
stream function P, which automatically satisfies the continuity equation. The stream

function is defined as

3‘1—1- (2.2.1)

>-1|v—t

_1o¥
Vi Toz ’

The momentum equation is written in terms of stream function as

19PP¥ 19¥a¥ 19vty 1% 1% 1_9_\1:_9(222)
202 52 P% o Pordmr o fof oo

The energy equation is written in terms of stream function as

13




10¥30 19¥30 1, 4,.0°0 136
-;-Ea—r +?—(;;--a—z-=ﬁ(l +§-ﬁ)(a'2—+ ?-&) (2.2.3)

The boundary conditions (2.1.17) through (2.1.21) become

at r=r°(z)
o¥
== 0 2.2.4)
0¥
—_—=( 2.2.5
- ( )
0=1 (2.2.6)
forr — oo
¥
%W -0 (2.2.7)
0—-0. (2.2.8)

The linear transformation group is defined as

z= A%z (2.2.9)
r = A% 1 (2.2.10)
¥ = A%y ‘ (2.2.11)
8 = A%p’ (2.2.12)
where

A = parameter of transformation

al,a2,03, and 04 = constants.

Then momentum equation (2.2.2) is transformed, through the linear group defined

in equations (2.2.9) through (2.2.12), as
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_ p-ala2i2031 O Ay . A-a1+4u2+2a31_32‘1" 4+ A-al+dozi2o3 L o¥'o¥"

r'z-&'— ar,z rv3 ar-z r|3 32' ar|
+ A-a1+4a2+2a31_§‘"£ aZ\P'
r'2 9r' oz'or'
= A-4a2+a3_1_'a3_\13’_' . A-4a2+a3_1?L\I;+ A-4a2+a3_13__a£_ A'a49'.(2.2.13)
I or" r'“ or' '’ or'

Like the momentum equation, the energy equation (2.2.3) is transformed to be

i A-al—2a2+a3+a4laly'ﬁ + A-al—2a2+a3+a4l_a\y' 98’ _

T 0z g r'or 3z
- 1 4 9% 00’
ozl *3_N)(5;Tz‘+rl—'"5z")° (2.2.14)

In order to satisfy the condition of invariancy, the exponent of transformation
parameter A must be the same in equations (2.2.13) and (2.2.14), respectively. That

condition gives the following relations between the constants:

a3 =al, (2.2.15)
ol — 402 = o4. (2.2.16)

The absolute invariants can be obtained by eliminating the parameter A.

nl = rzt - r.z.t - A-ta1+a2rzt
where
o2

t=-=—

ol
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https://A'�'^0'.(2.2.13

Hansen [13] showed that any power of an invariant is also an invariant under the

same transformation. In this study, we define the new independent variable as a square of

uit

n= (;r;)2 2.2.17)
where
a?
q = - =
al

By the same procedure as 7, we obtain similarity stream function f and similarity

temperature function g as

fm) = ¥z5 = P'zS = A™3HelysS,

By using a3 = a1 from equation (2.2.15)

s=-1
¥
fm) =7, (2.2.18)
and
g(n) = 62™ = '™ = AT3+%gz™,
With equation (2.2.16), m can be expressed as
m=2i=-1 +422-=—1 +4a
ol ol
0
gm) = Ty (2.2.19)
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Examination of the transformed boundary conditions shows that the boundary

conditions can be transformed only if the value of a is specified as T This restriction

specified the shape of the needle. Define a needle shape parameter 1, as

2= Mo (2.2.20)

The shape of needle is restricted as r_(z) =\ M Oz” 2,

Hence, by using the transformation given by equations (2.2.9) through (2.2.12)

and by taking a = %, the momentum equation and energy equation can be transformed into a

set of ordinary differential equations. The new independent variable and dependent

variables are
2
n= ;75' (2.2.21)
b 4
fm)=7 (2.2.22)
gMm) = 6. (2.2.23)

d 2n 9

5T (2.2.24)
d _ 1nod

i 7-2-51—1 (2.2.25)
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Then each of the terms in the momentum and energy equations can be expressed in

terms of N as follows:

9; 2—nf'

82‘1’ YA 2ot

o7 g

ik 4 2 3
= 125102 + 853

or’ r3n r3n

¥ 1

a—Z=-§'T]f+f

¥ n. 1_,.,

Sar-ri-rnt

09 2n

o Tt

9%0 _n ., 4n?

_=2 l+ (X

or* r_2g r?

96 _ 1n ,

%z -2

Then the momentum equation is transformed as follows

Left Hand Side = - -rf(- nf + D% Sf + 4—n2f') +

1 il
* ;(énf)(;f LB
thus,
LHS = 22122 - 420 f";
T T

Right Hand Side = 12512f" + 8% n3f™
T

r
1 .z z , 1 .z
- ?(Zﬁnf + 4r—2n2f') + ;3-(2;-11?) +9

18
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(2.2.26)

(2.2.27)
(2.2.28)
(2.2.29)

(2.2.30)
(2.2.31)

(2.2.32)

(2.2.33)

(-5nf +DEENE)

(2.2.34)

(2.2.35)

(2.2.36)




thus,
RHS = 8—n3f‘" + 8—n2f" +0. (2.2.37)

Considering equations (2.2.35) and (2.2.37), the following transformed ordinary

differential equation for the momentum transport can be obtained as follows:

SNE" + 8" + 4ff" - 262 + g = 0. (2.2.38)

The energy equation is transformed as follows:

LHS = (- g1 + D) + 2RO 52 (22.39)
LHS = 53 fE’ (2.2.40)
and

41]2
RHS = ﬁ(1+ N)(4§g+ 2 "). (2.2.41)

Combining equations (2.2.40) and (2.2.41) gives transformed ordinary differential

equation for the energy transport

ng' +zPr——f+11g =0. (2.2.42)

1+3—N

Similarity equations and the boundary conditions are rewritten as
8NE" + 8f + 4ff" - 2f2 + g=0 (2.2.38)

19



and
ng' +zPr——gf+11g'=0. (2.2.42)

1+3—N'

The boundary conditions (2.2.4) - (2.2.8) become

atm=m,
f(ny) =0 (2.2.43)
f(my) =0 (2.2.44)
gmy =1 (2.2.45)
forn —ee
fm) -0 (2.2.46)
gn) — 0. (2.2.47)

The set of equations (2.2.38) and (2.2.42) with the boundary conditions (2.2.43) -

(2.2.47) constitutes similarity equations for natural convection along a needle.

20




2.3 ANALYSIS OF SIMILARITY EQUATIONS

In this stage, the relation between transformed functions f and g and skin friction
factor and heat transfer rate need to be discussed.

Definition of shear stress at the wall is

v,
T, = u(-a-r—)o. (2.3.1)

Velocity and length dimension can be transformed into the non-dimensional scaled

form by using equations (2.1.11) and (2.1.8) as

Bg(T_ - T_)L
V,_ =V e
z Z .

w
r= (%)mr
0 ,w.1/20
F-g (2.3.2)

Shear stress t_ can be expressed in terms of the non-dimensional scaled variables as

Bg(T, - T )L (X_)mavz

T, =W per 3 o (2.3.3)

By the equation (2.2.1), 31-,2- can be expressed in terms of a stream function

21
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Z 2
T.— - —T r ( °3‘4)

With the equation (2.3.4), shear stress T, can be expressed in term of stream

function as

Be(T,-TOL w 1 13¥ 102¥
T, = H—T— E (- r—z-F-i- ?'5;7) (2.3.5)

With the relation between stream function ¥ and new dependent variable f, which

is given in equation (2.2.18), T, may be expressed

Bg(T, - T )L
T, = p——= (%)1/2 [ 4;3Z-‘r]2f"]o (2.3.6)
T,-T)L
T, = uBg("T"") (%)”2 4 (n )z (23.7)
Bg(T, - T_)L’ ,
T2 (R 7 pw? 4(n )!7f'(n )z!/4 (2.3.8)
_1 1
%= Gr P spw? 8(n )2 (n )z (2.3.9)
To_(Re)? 1n 4
~Gr— = 8 ) (n )z, (2.3.10)

1
3PW
Average shear stress can be expressed as

=4t e 2.3.11)
[+) ZL o (4]
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Substituting T (z) in equation (2.3.10) into equation (2.3.11) gives

— 1|7 1 1 2 1/2¢n 1/4
Ty O P Sy 2 e @312

where z; represents characteristic length in z dimension and z; can be expressed as

2 o) 5
Y Z _ \Y L2 ,

ZL - [ﬁg(To _ T“)L L ](at zZ= L) - Bg(To _ T”)L3 V2 w (2.3.13)

ZL:é?(Re)z' (2.3.14)

After performing integration in equation (2.3.12), the average shear stress ‘c_o_is

shown as
— 1 1 332 ,
t _=Gr &—e)?/z-ipwz Z M) m (). (2.3.15)

Simplifying equation (2.3.15) shows that the average shear stress may be

expressed as

=G 52w 2 (), (2.3.16)
(Re)
T, R R, n
—o (RES__ 22 0 y12pvq . (2.3.17)
%—pw2 (Gr)3/4 5 (o] o]
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Equation (2.3.17) shows that f'(n ) is related to the skin friction factor.

The heat flux at the wall is defined by

q,=kED.. 2.3.18)

By using the relationship between r andr, 1 = (Rc)m%, equation (2.3.18) is

transformed as

q, =k (%f—)o(\:”—L)”? (2.3.19)

Non-dimensional temperature is defined as

oT-T.
0= (2.1.15)
so, =T, - 1)

30 2

T=Te (2.3.20)

With equation (2.1.15) and (2.3.20), equation (2.3.19) may be rewritten as

T,-T 28 M)

q, = -2k—2—=(Ren,)' e (2.3.21)

L

The average heat flux at the wall is defined as
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(2.3.22)

—_ 1 ZL To - Tm 1/2g' no)

1 °_Z_LJ o-Zk g Reny) 1/ dz (2.3.23)
— 8 T -T, ' 1

q,=-7k—=T—=®en )" Mo~ (2.3.24)

L

Substituting zZ; into equation (2.3.24) gives

— 8 T -T_ '

q,=-gk——=M)"g M )Gn" (2.3.25)

This average heat transfer rate can be expressed in terms of an average Nusselt
number.

Average Nusselt number is defined as

q
h = average heat transfer coefficient (= K’T‘g

Nu = -3 (n))"2g'(n) (G (2.3.26)

Nu 8 ,
ZG—r)ﬁf - g(ﬂo)mg m,)

(2.3.27)

Equation (2.3.27) shows the relationship between g'(r_) and the heat transfer rate at

the wall.
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CHAPTER Il

ANALYSIS OF THE SIMILARITY SOLUTION

3.1 GENERAL FEATURE OF THE SHOOTING METHOD

From the previous chapter, the similarity equations for boundary layer equations in

natural free convection with radiation effect were obtained as

gnf" + 8f" + 4ff" - 202 +g =0 (2.2.38)
ng’ +[17Pr —1—4—f +11g'=0 (2.2.42)
1 + IN
atmn=mn,
fmy =0 (2.2.43)
f(ny =0 (2.2.44) |
gy =1 (2.2.45)
forn —eo
fn) —»0 (2.2.46)
g(m) — 0. (2.2.47)

Whole structure of the above equations reveals they are a highly non-linear and
coupled equations which make it almost impossible to obtain analytical solutions. Also
examination of the above equations shows that the boundary conditions are described at
infinity.

In spite of the difficulties involved in the solution of this type of equation, an

excellent result can be obtained through the use of numerical techniques. The technique
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employed in this study was the shooting method. This method uses an initial guess for

unspecified initial conditions.

Proceeding with those initial guesses, it integrates values of each functions and
examines whether it satisfies prescribed boundary conditions at infinity. If the calculated
values diverge, it automatically adjusts its initial guess until it satisfies the boundary

conditions at infinity.
3.2 SATISFACTION OF ASYMPTOTIC BOUNDARY CONDITIONS

The nature of the restriction imposed on both the momentum and energy equations
by the boundary conditions involved (N —e , f(N) — 0 , g(n) — 0) indicates an
asymptotic approach to a limiting value of zero for these functions. The method of
Nachtsheim and Swigert [6] provides a means for predicting the amount of error in initial
guesses for the starting values used in the numerical solution of differential equations
which include asymptotic boundary conditions. Knowledge of the magnitude of this error
then allows adjustment or correction of the initial guesses to a degree commensurate with

the limits of accuracy desired for the problem.
The asymptotic boundary conditions are replaced by the conditions that f(n) =0

and g(n) =0 to a sufficient degree of accuracy atn =M, dge’ where Medge is the value of the

independent variable at the edge of the boundary layer. The above boundary value problem
is equivalent to the problem to find values of f'(n,) and g'(n,) for which the boundary

conditions at the edge of the boundary layer are satisfied.

foggel £ =0. (3.2.1)
giadgel £(Mg)] =0. (3.2.2)
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Let the initial guesses
f'(ny =x (3.2.3)

g Mmy=z (3.2.4)

Changing x and z changes f' and g by the amount of

%:-Ax andgzg Az,

so that the necessary correction to a first approximation comes from the solution of

the linear equations

f' of'
0=f +%Ax +-JZ—AZ and 3.2.5)

O=g+g§-Ax +%§Az atnedge. (3.2.6)

In order to satisfy the asymptotic boundary conditions, the above equation must be

supplemented by
0=f"+f" Ax + " Az (3.2.7)
O=g'+g Ax+g Az (3.2.8)

of . oJf"
where f'x =9’ fx =3 etc

The solution of the equation for Ax and Az can be performed provided that the

partial derivative of f' with respect to x and the partial derivative of g with respect to z can

be evaluated at N edge’ Using the concept of least square, Ax and Az must be found such that

the sum of squares of the preceding four equations is minimum value. Let be
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o, =f+ %)f(—Ax +%§Az, (3.2.9)

82= g+%§Ax +g§Az, | (3.2.10)
83 ="+ Ax + f" Az, (3.2.11)
8,=g +¢g,Ax +g Az (3.2.12)

LetS =82 +8,2+8,% +8, be minimum by taking partial derivatives of S with
respect to x and z and equating each partial derivative to zero. That gives the following

matrix equation.

2 2 '2 l2 1] 1 L} ]
f'.x+gx+f L e f’xf'z+gxgz+fxf'z+gxngth

1) 1 1 ] 2 2 '2 '2
f'xf’z+gxgz+f'xf'z+gxgz, f'z+gz+f'z+gZ z

flf' + gg +f|'f" + glgl
= =jgt 'X x 1" "X 1 'X . 3.2.13
f'f +gg, +1'f', +g'g, ( )

The values of x and z that give Ax = Az = 0 correspond to the minimum with

respect to x and z of the quantity
E=f2+gt+f?+g2. (3.2.15)

The partial derivative can be evaluated by forming the set of perturbation equations

for the function f and g for the x derivatives. With the notation

of of’'
fx=a; , f'x=3)-(-"°°

g,=g§, g'x=%§'-,-..

the following set of perturbation equations are obtained:
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gnf" + 8f" +4f f + aff" - 4ff +g = 0

and
" 1 1 ) 1 1 '
ng", +lzPr 7 f+1]gx+-2-Pr-1———4—fxg=O
+

1 + N N
with the initial conditions
amn ="m,

f=0

f =0

g, =0

g,=0

f' =1

The perturbation equations for z derivatives are

gnf, + 8f" +4ff" + af" - Aff + g, = 0

and
w ool 1 , 1 1 ,
ngz+[7Pr 7 f+1]gz+§Pr—szg =0
1 +3x 1 +17
With the initial conditions
atn=n,
fz=0
f‘z=0
f"z=0
g,=0
g =1
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(3.2.16)

(3.2.17)

(3.2.18)
(3.2.19)
(3.2.20)
(3.2.21)
(3.2.22)

(3.2.23)

(3.2.24)

(3.2.25)
(3.2.26)
(3.2.27)
(3.2.28)
(3.2.29)



By changing problems from the boundary values problem to the initial value

problem, it is possible to solve the whole set of equations by using many available
subroutines. In this study, thé method used by Nachtsheim and Swigert was employed to
solve a set of equations.

The general feature of that algorithm may be summarized as follows: Given initial
estimate of x = f'(n ) and z = g'(n ), subsequent values of x and z can be computed by
integrating equations (2.2.38), (2.2.42) through (2.2.47) , (3.2.16) through (3.2.22) ,
(3.2.23) through (3.2.29) and applying the Newton-Raphson method to obtain corrections.

The problem of where to stop the integration was determined by calculating the

error E at each step . If E is smaller than the prescribed allowance, it stops and takes the

value of nasn edge

3.3 RESULT OF THE SOLUTION ALGORITHM

The method used by Nachtsheim and Swigert was employed because it is stable in
a sense that it is insensitive to initial guesses, and the error term is well controlled. The
- computer program obtains values from a starting point, where the corrections to the initial
guesses for f'(M ) and g'(n ) apply. The error derived in section 3.2 is calculated at 1, dge
and the solution convergence is checked. If the calculated error is larger than the desired
error, the magnitude of edge is increased and the initial guesses are corrected. The new

value forn, dge and corrected initial guesses for f'(n ) and g'(n ) are then used to solve the

equations until the boundary conditions, error limits, and solution convergence

requirements are met.

The integration was carried out to an assumed end of the boundary layer, n, dge- The

initial guess for n, dge WaS 4.0 which was increased by 2.0 until the convergence was
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achieved and the error requirement was met. The maximum error used in the analysis is

1073, The initial guesses for £'(n ) and g'(n ) were 1.0 and -5.0, respectively.

Fig. 2 through Fig. 13 show the results of the solution algorithm. Fig. 2 through
Fig. 7 show the relationship between needle shape factor and the transformed skin friction
factor as well as the transformed heat transfer rate for Prandtl numbers = 1, 10, 100. Fig. 8
through Fig. 13 show transformed velocity and temperature profiles. Specifically, Fig. 8

through Fig. 11 show both velocity and temperature profiles for 1, = 0.001 and 0.1 as Pr

=1, 10, 100 with no radiation case, while Fig. 12 through Fig. 13 show both the profile
forn,=0.1and N =, 1.0, 0.1 with Pr = 10.0.

Examinations of Fig. 2 through Fig. 4 give several trends in behavior of skin
friction factor as to changing values of Prandtl numbers, the degree of radiation and needle
shape which was magnified by N . First, the more slender needle increases the skin friction
factor. Secondly, higher Prandtl numbers indicates larger thermal boundary layer than the
momentum boundary layer and a decreased skin friction factor. Finally, an increased
degree of radiation increases the skin friction factor especially with a high Prandtl number.

Some observations of Fig. 4 through Fig. 7 readily show several trends in heat
transfer rate according to changing values of needle shape parameters, Prandtl number, and
degree of radiation. First, the more slender needle shows the higher heat transfer rate.
Secondly, with higher Prandtl numbers, which mean higher thickness of thermal boundary
layer than that of momentum boundary layer, the rate of heat transfer increases. Finally, an
increased degree of radiation decreases heat transfer rate.

Several observations can be made from Fig. 8 through Fig. 11. For velocity
profile, the higher Prandtl number increases the value of maximum velocity and momentum

boundary layer. For temperature profile, the higher Prandtl number increases the thermal

boundary layer.
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From examining Fig. 12 through Fig. 13, with more radiation, both the value of

maximum velocity and thickness of momentum boundary layer are increased, and the

thickness of thermal boundary layer is also increased.
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Fig. 2. Transformed skin friction f"(n ) vs. needle shape parameter 1

0

with no-radiation
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Fig. 3. Transformed skin friction £'(n ) vs. needle shape parameter n |

N (conduction to radiation ratio) = 1.0
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Fig. 4. Transformed skin friction f"(n ) vs. needle shape parameter n |

N (conduction to radiation ratio) = 0.1
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Fig. 5. Transformed heat transfer rate g'(no) vs. needle shape parameter n,

with no-radiation
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Fig. 6. Transformed heat transfer rate g'(n ) vs. needle shape parameter 1|

with N (conduction to radiaton ratio) = 1.0
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Fig. 7. Transformed heat transfer rate g'(n ) vs. needle shape parameter |

with N (conduction to radiation ratio) = 0.1
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Fig. 8. Similarity temperature profile

with 1 = 0.001 and no-radiation
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Fig. 9. Similarity velocity profile

with = 0.001 and no-radiation
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Fig. 10. Similarity temperature profile

withn_=0.1and no-radiation
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Fig. 11. Similarity velocity profile

withn_ =0.1 and no-radiation
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withn, =0.1 and Prandtl number = 10.0
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Fig. 12. Similarity temperature profile A



Fig. 13. Similarity velocity profile

withn_ =0.1 and Prandtl number = 10.0
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CHAPTER IV

CONCLUSION AND RECOMMENDATIONS

The finding of this study provides information which can be used to examine a
laminar boundary layer under the influence of natural convection with radiation heat
transfer.

The effects of the needle shape and thermal radiation upon a laminar free convection
along an isothermal slender needle were studied. The set of boundary layer equations were
transformed through the linear transformation group which produced ordinary differential
forms of the momentum and energy equations. For the radiative heat flux term, the
simplification was made through the Rosseland approximation by assuming an optically
thick medium. Then the temperature term was linearized through the Taylor expansion
method. The momentum and energy equations were numerically solved by predicting the
missing initial conditions and examining the satisfaction of boundary conditions at the
edge. The numerical results were calculated for three values of Prandtl numbers for 1, 10,
100 and three values of N, the conduction to radiation ratio, for o, 1.0, 0.1.

This result was compared to that of Cebeci [2] who calculated the effect of the
needle shape upon the skin friction and the heat transfer rate without considering the
radiation effect. This study agrees with Cebeci by setting N = oo . The results of this study
show the effect of the needle shape parameter upon the transformed skin friction and the
transformed heat transfer rate as well as the transformed velocity and temperature profile in

the boundary layer. Those results can be reduced to the following conclusions:
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1. The needle shape affects both the skin friction and the heat transfer rate, which were
increased as the needle became more slender.

2. The Prandtl number affects both the skin friction and the heat transfer rate. As the
Prandtl number was increased, the skin friction factor was decreased while the heat transfer
rate was increased. This is physically plausible because the Prandtl number is a
representation of the ratio of the thermal boundary layer thickness to the momentum
boundary layer thickness, therefore the higher Prandtl number indicates that the thickness
of the thermal boundary layer is greater than the momentum boundary layer.

3. The radiation affects the thickness of the momentum and thermal boundary layers. As
the radiation heat transfer became dominant, the heat distribution became more evenly
spread out in the fluid boundary layer, and the maximum velocity of the fluid was
increased. This can be explained in two ways. First, through an optically thick assumption
the radiative heat flux term can be considered as a diffusion process, therefore the higher
radiation means more diffusive energy and momentum transport among the medium.
Second, the conduction process occurs by temperature differences while the radiation takes
place at relatively high temperatures. Since N, the conduction to radiatioﬁ ratio, is
expressed by the ratio of conduction to radiation terms, the higher N means that high
temperatures condition is dominant over temperature differences condition.

Further research is required to extend this study. For example, the study of a
pair of needles could give valuable information for a bundle of hot wires. Additional
refinement will be needed to increase the accuracy of a radiative heat flux term without

losing the requirement for similarity transformations.
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