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ABSTRACT

Survival analyses of populations are developed in discrete growth processes and

continuous growth processes. Persistence and extinction attributes of age-indepen

dent and age-dependent discrete population models are explored on both a finite

and infinite time horizon. Conditions for persistence and extinction are found. De

compositions of the initial population size axes into intervals where populations are

persistent at time N and intervals leading to extinction at time n, where n < N,

are found for age-independent discrete population models and two age class discrete

population models. Persistence criteria of a class of continuous age-structured popu

lation models with separable mortality function and fertility function are established

by investigation of asymptotic behaviors of solutions of a first order partial differen

tial equation. Continuous population models with several age classes are studied as

well by considering sets of ordinary differential equations. Finally, the connection

between individual dynamics and population dynamics is discussed briefly.
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CHAPTER 1

INTRODUCTION

The question of persistence and extinction of populations is of importance in

ecology. Since the start of the Cambrian 10® to 10^ years ago there have been 10®

to 10^ species extinctions (Levins, 1970) . Many existent species still face the risk

of extinction because of increase of pollutants, by-products of the development of

modern science and technology, in the environment. To maintain the ecological

balance in the interest of humanity, it is the task for ecologists and applied math

ematicians to describe and predict the ultimate fate of species; that is, to study

persistence and extinction of populations quantitatively or qualitatively.

From a mathematical modelling perspective, populations are modelled either by

a discrete growth process when generations in a population do not overlap or popu

lation size is relatively small, or alternatively by a continuous growth process (May,

1976a; Pielou, 1977; Hallam, 1986). In each case, there is in the formulation in an

explicit or implicit way, a measure of the population, for example size or biomass.

To study persistence and extinction of populations, we need to find conditions under

which this measure is always positive and not arbitrarily small for all time t. Such

populations could be described as being persistent. Conditions under which the

solutions become zero at a finite time or go to zero as time goes to infinity indicate

that the population might go to extinction. The purpose of this dissertation is to

explore persistence and extinction of model populations.



When generations of a population do not overlap or the population size is rel

atively small, discrete models are generally used in modelling processes. If age

independence is assumed in a population growth process and one denotes popula

tion size or biomass at generation n by Xn, then

XnJrl - Xn = birth - death = bnXn - (cln - f{Xn)) Xn,

or

.T„+l = Xn (r„ - f{Xn )) ■ (1.1)

Here, Xn — I represents the time-varying intrinsic growth rate; / represents density

dependent mortality.

As is well known, the simplest case of (1.1), where r„ = r is assumed to be time

independent and the density dependent mortality function is chosen to be linear,

exhibits a remarkable spectrum of dynamical behaviors, from stable equlibria, to

stable cyclic oscillations between 2 points, to stable cycles with 4, 8, 16, ... points,

through to a chaotic regime in which cycles of any period occur (May, 1974, 1976b;

Feigenbaum 1980). This, obviously, impeded the use of difference equations in

modelling processes.

However, although it may be unrealistic to seek to describe in detail the qual

itative behavior of the model (1.1), it is still feasible and very interesting, due

to importance of the model (1.1) from biological perspective, to establish persis

tence and extinction conditions. In Chapter 2, we discuss dynamical behaviors

of populations based on the model (1.1). Persistence and extinction are investi

gated for autonomous difference equations and nonautonomous difference quations

as well. Some necessary conditions and sufficient conditions for survival of model



populations are found. An interesting and important decomposition of the initial

population size axis into intervals where populations are persistent at some time N

and intervals leading to extinction at time n, where n < N, is given.

When age structure is introduced into discrete population models, systems of

difference equations are used (Leslie, 1945; Pielou, 1977). Obviously, the dynamic

analysis, now, becomes more difficult. Most studies consider only the cases where

the demographic parameters are time independent, density independent, or time

slowly changing, and have focused on the asymptotic behaviors of equilibria (Lopez,

1961; Sykes, 1969; Cooke & Leon, 1976; Geramita Sz Pullman, 1984; Artzrouni,

1986).

When demographic variation and density dependent effects are employed in the

model population, dynamical behavior of the population model is very complicated.

In Chapter .3, we consider some special cases of discrete models of age structured

populations. We focus on the model of the form

= J/n (<^n ~ /(l/n)) i
(1.2)

J/n+l — i^/^n fi'(?/ji)) ?

where an is the birth rate at generation n, and /3n is the death rate at generation

n. Persistence and extinction attributes of (1.2) are investigated. Under certain

assumptions, a decomposition of the initial population axes is still possible; this

is discussed in Chapter 3. It is also pointed out that the decomposition is more

complex than that in the one-dimensional case.

If a population has overlapping generations, it is often appropriate to use a contin

uous growth process to study the dynamics of the population and, hence, differential
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equations or integral equations are needed (McKendrick, 1926; von Foerster, 1957;

Freedman, 1980; Hoppensteadt, 1974; Gushing, 1986b; Metz k Diekmann, 1986).

While there are many studies of persistence in communities (Freedman & Waltman,

1977, 1984, 1985; Card & Hallam, 1979; Card, 1984), there are few explicitly on

one species. Recently, Hallam and Ma (1986, 1987) studied survival in populations

with demographic variations, but the age structure is ignored. In Chapter 4, we

consider a class of continuous population models with age structure by using the

so-called McKendrick or von-Foerster equation

dp{a,t) dp{a,t)
— = -D{a,t,P)p{a,t)

poo

p(0,t) = / n{a,t, P)p(a,t)da, (l-^)
Jo

p(a,0) = (j)(a),

where P{t) = p(a, t)da is the total population. We assume that the mortality

function has the form D (a, t, P{t)) = c(t)+p(a)+f (P{t)), and the fertility function

has the form n(a,t,P(t)) = b{t)0{a). First, the existence and uniqueness of the

solution are established. Then, by using a comparison technique, persistence and

extinction conditions are found.

Chapter 5 discusses the case where populations have several distinct age classes

and are modelled by a continuous growth process. Sets of ordinary differential

equations that represent this situation might have the following form

dHo "
= ̂  l^iHi - poHo - moHo,

dt
1=1

=  - piHi - miHi, z = 1,2, 1,
dHj

dt

dHn

dt
—  — l Pndin-



Here, Hi represents the number of individuals in age class z; represents the birth

rate of the population in age class i; rrii is the transition rate of the population from

age class i to age class z + 1; //,• is the death rate of the population in age class i.

Criteria for persistence and extinction of populations with time independent vital

rates, as well as time dependent vital rates, are obtained.

A population consists of individuals. The fate of a population is, therefore, related

to dynamics of individuals. We discuss the relationship between dynamics of indi

viduals and dynamics of the population from persistence and extinction perspective

in Chapter 6.



CHAPTER 2

DISCRETE AGE-INDEPENDENT MODELS

A population in which generations do not overlap or population size is relatively

small is probably best modelled by a discrete growth process. Nonlinear difference

ecjuations are often utilized to describe the dynamics of such populations where

growth occurs in isolated steps (c.f. Nicholson & Bailey, 1935; Maynard Smith,

196S; Hallam & Levin, 1986).

Extinction of a population, of special concern when population size is small,

should probably be investigated by use of a discrete model. However, there are few

analytical studies of extinction in nonlinear difference models (Hutson & Moran,

1982). In this chapter, we investigate persistence and extinction in some rudi

mentary difference equation models of populations. It will be demonstrated that

survival analysis in a discrete setting is complicated and that persistence is difficult

to predict even if complete demographic variation and density dependent mortality

are known. Moreover, a very interesting decomposition of the initial population size

axis is found. It demonstrates that, under certain hypotheses, intervals of initial

values of populations that are persistent at a given finite time are interspersed with

intervals of initial values of populations that go to extinction at various finite times.

§ 2.1 The Autonomous Model-

As a basis, we first develop a survival theory for an autonomous model. The

discrete population model

^n+l = XnXr - 77 =0,1,..., (2-1.1)
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where / satisfies the conditions that /(O) = 0, xf{x) > 0, and f'(x) = is
dxdx

positive for x positive, is considered. Here, r - 1 represents the initial growth rate

of the population. This term reflects fecundity and density independent mortality

while / represents density dependent mortality. A prototype of these models is the

logistic equation

Xn+i = {I+ r)xn - rk ^x^, n 0,1,2,..., (2.1.2)

where r and k are positive constants. As is well known, the dynamical behavior

of (2.1.2) covers a range from asymptotic extinction to intricate chaos (May et

ah, 1974; May, 1976b; Guckenheimer et ak, 1977; Hallam, 1986). In general, it is

difficult to do analytic studies for (2.1.1) when a nonlinear density function f(x) is

employed. However, it is possible to discuss and study survival.

Definition 2.1.1.

a) A population, represented by a solution sequence {.t„ } of (2.1.1), is p- ersistent

at time N if Xn > 0, n = 0,1,..., N;

b) A population is persistent if it is persistent at time N for each N, N =

0.1, 2,..., and limsupa;„ > 0;
n—t-oo

c) A population goes to extinction at time N provided x„ > 0, 77, = 0,1,..., A'" —

1, and a:TV < 0;

d) A population goes to extinction asymptotically provided it is persistent at

time N for each N = 0,1,2,..., and lim Xn = 0.
n—►oo

We have, for convenience, defined extinction at time N as Xj\ < 0. When ex

tinction at time N occurs, because of the discreteness of the system, there is no



guarantee that the trajectory hits zero exactly. Should this be desired, it may be

accomplished by defining (2.1.1) as

Xn^i = max {.T„ (r,i - /(x„)), 0} .

Some routine properties of (2.1.1) include the following on extinction, persistence,

and stability. When r < 1 the population trajectory is decreasing and extinction at

some time results for any initial size; hence, the case of interest in our considerations

of survival is r > 1. Whenever r > 1 the zero solution of (2.1.1) is unstable. This,

of course, relates to persistence but does not guarantee it since the possibility of

extinction at a finite time has not been eliminated. The initial value interval,

0 < ro < /~^(r), determines population trajectories of (2.1.1) that persist at time

1; the complementary set [/~^(r), cxi) consists of initial values of populations that

go to extinction at time 1. We therefore concentrate on the behavior of populations

with initial sizes in / = (O, (r)) and, subsequently, we tacitly assume that initial

values, xo, are in I unless otherwise specified.

The following result classifies populations modelled by (2.1.1) that go to extinc

tion at a finite time.

Theorem 2.1.2. Let F{x) = x(r — f(x)). The autonomous mode] (2.1.1) has

populations that go to extinction at time N, for each N = 1, 2, 3,..., if and only if

maxF^x) > f~^{r). (2.1.3)

Proof: If max F(.x) < (r), obviously, each population with xq £ I is persistent.

Then, it suffices to find a population that goes to extinction for each N' as (2.1.3)

holds. Note that the maximum of F is attained in I since F(0) = F {f~^{r)) = 0.

S



We now proceed to find trajectories that go to extinction at time N. As a second

step (extinction at time 1 has already been discussed) from (2.1.1) and (2.1.3) it

follows that the population with initial size a;o = a:*, where F(x^) = msixF{x), has
xSl

X2 <0 since .ti = F(xo) > /"^(r) or r - f{xi) < 0.

Next, we observe that ifa;» satisfies F(x*) = maxF{x) then a;» < /~^(r-l) = x*,
X^I

where x* is, by definition, an equilibrium of (2.1.1). If this were not true, then

x^ > X* or r - /(.T») < 1. Hence,

F{x^) = (r - /(a:;)) < < /~^(r) (2.1.4)

which is a contradiction. Since F(0) = 0, F'{Q) = r > 1 and x* is the unique

positive fixed point of F(x), (F(:r*) = .r*), F{x) > x for all a;, 0 < a: < a;*; in

particular, F(.t») > a-*.

We now define .tq, the initial population, and generate the population dynamical

behavior sequence {aq} such that xn < 0. First, choose = .r* and define

= F{x) - XN-i. (2.1.5)

Since Hn(xn-i) is positive and Hn{0) — —a» < 0 there exists an

0 < xn-2 < XN-i = .r*, where HNixN-2) = 0. With this xn-2, F{x.m-2) = a^iv-i-

Continuing in this manner, for each i = 1, 2,..., A", let

-H,v-,-t-](a-) = F{x) - XN-i (2.1.6)

have a/v-i-i as a zero, with < .ryv-q This solution sequence {xi}fLQ has

Xi>0, f = 0,1,...,A-1 and F^ (xo) = F {F {... {F{Xo)))) = x^ < 0.

A consequence of this classification of extinction is the following persistence result.

9



Corollary 2.1.3. Let r > 1 and

maxF{x)<f \r). (2.1.7)

Then, all populations modelled by (2.1.1) with xq G I are persistent.

Proof: Theorem 2.1.2 implies that all populations with xq e / are persistent at

time N for each = 1,2,3,.... The persistence follows from the instability of the

zero solution of (2.1.1).

§ 2.2 The Nonautonomous Model.

Mortality and fertility of populations are almost never constant (Hutchinson,

197S; Artzrouni, 19S6). Both endogenous and exogenous events provide motivation

to develop a survival theory for nonautonomous population models:

Xn+l = Xn{rn - fixn)) n-0,1, (2.2.1)

Employing the guidance provided by the constant demographic situation discussed

in §2.1 and a comparison technique, we investigate persistence and extinction in

(2.2.1) where the growth rate sequence is time dependent.

An obvious condition sufficient for extinction, either at time N, N =^2,3,..., or

at infinity, is that the growth rate sequence satisfy r„ < 1, 71 = 0,1, 2,

A sufficient condition for persistence at time n is provided by a procedure anal

ogous to that employed in Theorem 2.1.2. If, for each n, ??. = 0,1,2,... ,

niax {x (r„ - f{x))} < (2.2.2)
X&In

where /„ = (O,/"^ (?%, )), then each population (again xq G Jq) is persistent at

time N, N — 1,2,3,.... The task of checking each of these inequalities may be

burdensome; it is convenient to develop a simpler, more readily tested condition.

10



Theorem 2.2.1. Suppose 0 < r < r„ < J?, n = 0,1,2,.... If

■f-'" < /"'(»') (2.2.3)

then Xn > 0 for each n = 1,2, . . .; that is, any population of (2.2.1) with xq € Jo is

persistent at time N for each TV = 1,2, 3, . . . .

Proof: The proof, similar to the appropriate part of Theorem 2.1.2, is by induction

and utilizes the inequalities

^m — 1 (^m —1 /(^m —l))

< X„r-1 {R - f{Xm-l)) < f~^ir) < f~\rm). (2.2.4)

The inequality (2.2.3) leads to an interesting optimization problem since an in

crease in R results in an increase in max {x(R — f(x))] and a decrease in
o<i</-i(R) ■ V //J

r decreases Basically, persistence at time TV is guaranteed if the lowest

intrinsic growth rate exceeds some threshold determined by /.

The instability of the zero solution of (2.1.1) for r > 1 in combination with

Theorem 2.2.1 leads to the following result.

Corollary 2.2.2. Let the hypotheses of Theorem 2.2.1 be satisfied and

liminf ?■„ > 1. Then, each population is persistent,
n—^oo

Proof: Theorem 2.2.1 establishes persistence at time TV for each N = 1,2,3,...

while the ultimate comparison equation (2.1.1) with the coefficient r = liminf r„
n^oo

yields limsupx„ > 0.
n—^oo

The persistence criterion allows r„ to be less than one for some values of n and

yet the population can survive.

11



Two rudimentary examples illustrate the above results.

Example 1: (Logistic).

Consider the logistic model

ji+1 — 3," ?! (''n = 1,2,....

A sufficient condition for persistence is 1 < r < r„ < i? where < 4r. The last

inequality is a consequence of

1  9
-R' = max x(R — x) < r.
4  0<X<R ^ '

When the growth rate sequence satisfies 1 < r < r„ < 4 then all populations

modelled by the logistic equation are persistent. This range of growth parameters,

V G (1,4), is the one typically studied for the autonomous logistic equation (e.g.

Roughgarden, 1979; May, 1976a; Hallam, 1986).

Example 2: (Hyperbolic Density Dependent Formulation).

The model

(  kxji \
)j + l — I ''n ; r 1

V  Xn + l J

with 1 < r < ?•„ < /i- < 4 (?■ + (7-2 + 4?')^/^) is persistent.

The extinction results are now presented. The first result is obtained from the

persistence criterion presented in Theorem 2.2.1.

Theorem 2.2.3. Let the hypotheses of Theorem 2.2.1 be satisfied and
n

limsup 7q. < 1. Then each population goes to extinction asymptotically.
n—>oo it=o

Proof: From Theorem 2.2.1 it follows^that each population is persistent at each

12



finite time. Hence,

Xn ̂  ̂n~\Xfx — \ ̂  •

n —1
n —1 n — 1 \ n -1

n nrjt xo = rk

fc=o fe=0

< (1-e)" ̂ xo, (2.2.5)

where e is a small positive number. This leads to lim x„ = 0.
Tl~-+00

The following results establish extinction of a population at a finite time.

Theorem 2.2.4. Assume that there is an N such that

I < = min
0<k<N

and

^  ̂ ~ } > /"' (''iv+i)• (2.2.6)

Then, there exists a subinterval So C (0,/~^(ro)) with the property that ifxo e Sq

the associated population trajectory has Xk > 0, k - 1,2,..., N + 1 and XAr+2 < 0.

Proof: The arguments follow those of the constant growth rate case developed

in Theorem 2.1.2. First, define the sequence of functions, Fk{x) = x{rk — /(x)),

k = 1,2,..., and let xl denote the unique fixed point of F'fc(x); that is, Fk{xl) = x^

^k — f~^ {''^k - 1). The uniqueness of x^, is a consequence of the hypothesis that /

is increasing. It follows from = mmr^ that x^ < xl, 0 < k < N. Since Vk > 1,

it follows that Fk{x) > x for all x, 0 < x < xl. If xn is defined by the relationship

Fn{xn) = max {x(r^ - /(x))} , (2.2.7)

13



then xn < x*^, x^v+i > / ̂(r^+i), and, hence, X[^+2 < 0. It remains to

find an .tq 6 (O,/ ^(?'o)) with the property that the population trajectory has

FN-iixN-i) = x^. To accomplish this, we define

Hn-i{x) = Fn-i(x) - xn] (2.2.8)

then, Hn-i(0) = —xn < 0 and

HN-l{xr^) = FM-iix^) - XN > 0.

Thus, there exists a point xn-i where Fn-i{xn-i) = xn- The construction of

the sequence proceeds in this manner employing the function HN_i = FN-i(x) -

x-N-i+i and defining its zero to be x^-i- This leads to an initial position xq in

(0,/~^(ro - 1)) and asequence {xk} with Xk > 0, k = 0,1,..., N + 1 andxN+2 < 0.

Using analogous techniques the following result may be obtained.

Theorem 2.2.5. Let rk >1, A; = 0,1,2,... and suppose that there is an N with

{a:(r7v - f(x))} > f-'(rN+i) (2.2.9)
0<X<J 1)

and

^  ̂ ' '>■ = 1U2, . . . , N, (2.2.10)
where Xk is obtained from

Fk{xk) = max Fk{x),

with Fk(x) = x(rjt — f(x)). Then, there exists an initial population

xo G (0,/~^(ro — 1)) whose solution trajectory goes to extinction at time N + 2.

The results of Theorem 2.2.4 and Theorem 2.2.5 are qualitative in character. To

provide a more quantitative criterion of extinction which illustrates the required

inequalities the following theorem is presented.

14



Theorem 2.2.6. Let f{x) < kx for some positive constant k and for all x positive.

Assume that there exists an integer iV", A'' > 1, where the intrinsic growth function

satisfies > 4kf~^(rN). Define

and

a

Let

and

i = [rt-i - (r^_i -4A:ai+i) = | , z = 1,2,... , - 1.

^ {''A'-l + (''N-l - 4tf"^(r;v)) ' }

(2.2.11)

mm
0.i+l r,!, (''i-i + H-1 - 4A-a,+i)I n-i - /(ai)

provided ri_i > f(ai), z = 1, 2,. .., A'" - 1;
/?,• = <

^ {'-t-i + (r?_i - 4^^ai+i) = |,
(2.2.12)

provided ri_i < /(a^), z = 1,2,..., A'' - 1.

Let xo satisfy qi < xq < jdi and r?_j > Akoi+i, i = 1,2,..., A' - 1, then the

population trajectory goes to extinction at time hi + 1-

Proof: The population goes to extinction at time A'' + 1 if < 0 (by

Definition 2.1.1); that is, < /(.x'a?), which is equivalent to

f~^irN) < XN-i (fn-i - f{xN-y )),

XN-if(^N-i) - ru-iXjv-i + f~^{r^r) < 0. (2.2.13)

15
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Since f(x) < kx^ clearly, whenever

kx%_-^ - r^-iXN-i + f~^{rN) < 0, (2.2.14)

(2.2.13) holds and, hence, .ta^+i < 0.

From the assumption that - Akf~'^{rN) > 0, it follows that (2.2.14) is

satisfied provided < xp^-i < /Sjm. However, xi^-i > if and only if

XN-2.f{^'N-2) - rN-2XN-2 + OiV < 0.

Hence, it follows from

«A'-i < .ta'-2 < ^rAf-2 + \Jr%_2 - 4:kaN^ (2.2.15)

that xa?—1 ̂  cv'Au That is, as a'Af—i ̂  .x'Af—2 ̂  0N—ii ̂ N—i ̂  (^N-

On the other hand,

.Ta'-I ~ Pn = X^'^2rN-2 - XN-2f{xN-2) " 0N

< XN-2 {rN-2 - /(oAf-i)) - Pn, (2.2.16)

provided xn-2 > oa'-i, since /(.r) is increasing. By the definition (2.2.12), if

XN-2 < Pn-1 ,

XN-2 irN-2 - /(cVN-l)) - pN <0,

which implies .ta'-i < Pn- Therefore, as Q'Af-i < xn-2 < Pn-i, < -^'A'-i < Pn,

and, then, .ta'+i ̂  0.

Continuing in this manner, the interval (ao.Po) of initial values, which leads to

xn+1 ̂  0, is found.

16



§ 2.3 Decomposition of Initial population Axis.

Just as the dynamical behavior of discrete models can be complex, extinction

behavior can likewise be complicated. The main result of this chapter demonstrates

that, for a prescribed generation N, the initial population axis is subdivided into

subintervals containing trajectories that go to extinction at finite times less than or

equal to N and subintervals containing trajectories that persist at time N. Such

a decomposition can result in jDopulations going to extinction at time N while

populations with larger or smaller initial sizes can persist at time N.

A lemma that describes a geometrical configuration for F much like the logistic

is now given. The model is (2.1.1), + := where F{x) = x (r - f{x)).

Lemma 2.3.1. Assume that

(i) / e /(O) = 0, f'(x) = > 0 and max f(x) > r.
dx a:>0 '

(ii) There exists an x* > 0 such that

f"(i,) = I - 0
dx- \ > 0 for X < X*.

(iii) One of the following holds:

(a) fix) > x|/"(.t)|, .t > X*; or

(b) there exists x > x* where /'(x) < ,r|/"(.T)| for all x > x, but

r-fix)<f-\r)f if-fr)).

Then, F'ix) = 0 has a unique solution x e (0,/~^(r)) and, hence, for

y* < max Fix), Fix) — y* has exactly two solutions.
0<i</-i(r)

Proof: Two observations that are utilized below are xf'ix) is increasing for x < x*

and r — /(x) is decreasing. Since

F'ix) = r - fix) - xf'ix), and F'(0) > 0,
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either (a) there exists exactly one x < x* where F'{x) = 0 or (/?) F'{x) > 0 for all

X < X*. When (a) and (iii)(a) are valid, F'{x) < 0 ior x > x. If {/3) and (iii)(a)

hold then there exists an ̂  > x*, where F'(x) = 0 and F'(x) < 0 for x > x.

Whenever (iii)(b) holds, xf'{x) is decreasing on (x,/~^(r)) and

> f~\r)f' {r\r)) on {x,f-\r)).

When (q) holds, F'{x) is negative for x > x since from (i) and (iii)(b) it follows

that

r - f{x) <r- f{x) < f~\r)f' (/~^(r)) < xf'{x), if x > x.

Thus, the uniqueness of x is guaranteed. If (/?) holds, we have F'(x) > 0 for

X < X*. The functions x/'(x) and r - /(x) are both decreasing on (.x,/~^(r)) with

xf'(x) positive at /~^(r) while the function r - /(x) is zero at f~\r). Again the

uniqueness of x with F'{x) — 0 follows.

An example other than the obvious linear (logistic) function that satisfies the

hypotheses of Lemma 2.3.1 is defined by

r  _-
f(x) = I /'-e , a- > 0,

I 0, X = 0,
where k and a are positive constants.

With the configuration of F as prescribed by Lemma 2.3.1, extinction dynamically

structures a decomposition of the initial population axis for model (2.2.1).

Theorem 2.3.2. Let the assumptions (i) for each n where r is replaced by r„ and

(ii) of Lemma 2.3.1 hold. Let there exist an N > 0 where

max {x(rfc-/(x))} >/-i(a.+i), A: = 0,1,..., - 1, (2.3.1)
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and

3Pax {x(rN - fix))] > f \rN+i). (2.3.2)
0<x<f-^{rN)

In addition suppose that

/'(x) > x\f"ix)\ for all X > X*,

or, for each k = 0,1,..., iV, suppose there exist > x* where

fix) < x\f"ix)\, X > a-A-, (2.3.3)

and

rk - fixk) < f~\rk)f' if~\rk)) . (2.3.4)

Then in the interval Jq = (0,/~^(ro)) there exist 2^"^^ disjoint, nonempty, closed

subintervals that consist of initial conditions, xq, of solutions of (2.2.1) whose solu

tion sequence {.ta} goes to extinction at time A''+ 2. The complement of the union

oi these subintervals necessarily consists of initial positions of populations thai are

persistent at time N 2 together with subintervals of initial positions of populations

that go to extinction at times 1,2,3,..., N 1.

Proof: By Lemma 2.3.1, F;^(^x) — x^rj^ — f(x)) = /"^(v-^v+i) Las exactly two

sohitions, x = a]\j and x = b^, where 0 < < f~^{xN). Every trajectory of

(1.3.1) with .Tyv in has a:;v+2 ̂  0 since /~^(?'a'+i) < .ta'+i. Traversing the

population trajectory in reverse time, we find that because of the configuration of

Fa'-i, there exist ajv_j,

where

0 < ctAf-i ^N-l ^N-l ̂  ̂A'-i < f ̂ (''A'-i )
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such that for x^-i € U € [aiv,^^]- On the other

hand, for x^ ̂  [oat, ̂a^], a;a/4-2 > 0; that is, V^a/ G (0, a^) U (^a/, ('"n)),

a;a/4-2 > 0. By similarly traversing the population trajectory in reverse time,

V.TAf_i G (0,a)y_i)U (6^,_i,/-^(rA/-i)), xm G (0,aA/) and hence xa?4-2 > 0, but

for XN-i G ®N-i)' either xj^ G , which gives .TA'42 > 0, or

> /~H''/v), which gives .rA'4-1 < 0. Continuing this process, we find a decompo

sition of (0,/~^(7-o)) into 2''^"'"^ subintervals that are composed of initial conditions

for population trajectories that go to extinction at time A'' -|- 2. The complement of

this set must necessarily consist of initial values of populations that are persistent

at time TV + 2 and solutions that have gone to extinction at time prior to N -f 2.

§ 2.4 The Periodic Model.

We end Chapter 2 with a specific case where the demographic variation is periodic.

This assumption is based on the fact that most natural populations experience

fluctuations in biological and environmental factors which affect their growth rates

and many of the fluctuations with which a population must cope are regular and

recurring, for example, seasonal (c.f. Harper, 1968; Pianka, 1971; Pielou, 1978;

Ricklefs, 1974; Zaret & Rand, 1971).

The results of nonautonomous models, of course, may be applied to the periodic

models, and a further qualitative result is obtained in the following theorem.

Theorem 2.4.1. Assume that there is an integer T such that Vn+r — for all

n = 0,1,2,... in the model (2.2.1) and

T-l

n rj > 1.
i=o

Then there exists at least one positive periodic solution with the period T.
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Proof: First, it is easy to see that if there exists a periodic solution with a positive

initial value, it must be positive at any time. Indeed, otherwise, Xk < 0 for some

A; > 0, and, then, Xnj^k < 0 for all n, a contradiction in the periodicity of the

solution.

Since

XT = .To (ro - /(.To)) |r, - / ̂to - /fc)j | ^ (2.4.1)
obviously, there exists a periodic solution with the period T if and only if there is

a point. To, in the initial axis, such that xt = tq and, equivalently, if and only if

the equation

(to - .f(.To)) JJ |t, - / ̂To p[(rfc - /it)j 1 = 1 (2.4.2)
has a solution To, 0 < To < /~^(to), where fk = f{xk)-

Let y = ro — xq. Then 0 < y < ?-o. Rewrite (2.4.2) as

^ - n !'•' - -f }'
and let

G{y)=^ - n I'''~ ~ I ■
Clearly, G(y) is continuous for 0 < y < ro, and

lim G{y) = GO,
!/—0 +

T-1 , T-1

lim G{y) = — - TT ~ IT i2AA)
y — ro-O j-Q XX XX

1=1 1=0
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since .Tq —» 0 as y -4 tq — 0. Thus, there exists at least one zero j/o of (2.4.3) with

0 < yo < ''o- That is, the periodic model (2.2.1) has at least one positive periodic

solution.

It is also clear that determination of persistence of populations in periodic models

is simpler than general nonautonomous models, because there are only T inequalities

that need to be checked; that is, if

(••^^+1), z = 0,1,..., T - 1
0<x </~i (r, )

then each population persists for 0 < .tq < tq. Furthermore, Theorem 2.4.1 gives

the existence of a regularly oscillatory population trajectory with the fixed period

T.

It is not a trivial task to find how many positive periodic solutions there are. To

illustrate the difficulties that might arise, we discuss a simple example as follows.

Consider the periodic logistic equation

+ l — •^'71, (' n -Tn) , (2.4.5)

where = vq. By induction, it is easy to find the general form of the solution;

2"

Xn = J^{-lf-'akxl n>l, (2.4.6)
A:=l

77—1

where a^- > 0 are combinations of ?''s and cii = rj. By Descarte's rule, we can
1=1

get a simple proof of existence of at least one positive periodic solution provided
r-i

n Vj > 1. Furthermore, if T = 2, then the positive periodic solution is unique.
1=1

Indeed, clearly, it suffices to show that there is only one positive solution satisfying

X2 = that is, to show uniqueness of the positive solution of the equation

.To - 2roxl + {rl + jq ).ro - (rozq - 1) = 0. (2.4.7)
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Rewrite (2.4.7) as

Xg - 2roa:o + (ro + ri) = ^

rgri - 1

.To

Let

g(xo) = Xq - 2roxo + (r^ + ri).

Since

4^0 -4(ro +ri) = -n < 0,

g(xo) > 0, Vxo,

and g(xo) has a minimum ri at Tq. On the other hand, if we let V^(to) =
To

then ■ifi(xo) is decreasing and always positive and lim V'(tu) = +oo, i/-'(ro) =^  xo-^0+
— ~ < ^1- This shows that there is a unique intersection point between fif(To)

and i/.'(xo); that is, the positive periodic solution is unicpie.

§ 2.5 Discussion.

Our analysis of one-dimensional discrete population models with demographic

variation and density dependence illustrates a feature that one might exj^ect when

studying stressed populations from a persistence and e.xtinction perspective. That

is, when environmental oscillations are pronounced, there is a possibility that a

population goes to extinction at a finite time. The criteria, for extinction in this

chapter are based on relationships between the cpiantities max {t (r — f(x))} and

f  (''tj —/(a;))} and (r„). Theory developed in autonomous

cases provided a basis to develop concepts in nonautonomous cases. In general, this

theory cannot be applied to situations where species, like daphnia, have the capacity

to protect themself from stress by optimizing energy allocation, maturity time and

reproduction when the environment is constant or slowly changed (Gabriel, 1982).
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However, when the environment is fluctuating, especially when rapid changes occur

in environment, some species would lose their capacity to adapt to the changes.

An interpretation in our analysis is that if r„+i at some generation n + 1 is so small

that max {.t (r„ — f{x))} exceeds f~^ (''n+i) then some populations go to extinction

immediately after generation + 1. From this result, we see, once again, the

effects of time delay in modelling population processes. In the extinction criterion,

max {.T (r,j —/(.t))} is evaluated at generation n but f-'irn+i) is evaluated at

generation ?7 + 1. This is additional evidence that although there is no explicit time

delay in our models, difference equations have already had a one generation time

lag built into them (Levin Sc May, 1976).

Perhaps the most interesting result in this chapter relates to decomposition of

the initial population axis. Subject to certain hypotheses, for each generation time

N, the initial population size axis may be decomposed into extinction and persis

tence components. The dynamic decomposition corresponding to time 1 divides

J7+ into two subintervals Jj,, and Jg, where if a;o 6 Jp,, the population with initial

size .r'o is persistent at time 1, while if xq € lei, the population with initial size

xo goes to extinction at time 1. The persistent set Ip^ is then decomposed into

nonempty subintervals associated with persistence at time 2 and extinction at time

2. In general, we have shown that there are 2''^"^ nondegenerate subintervals where

extinction at time N results.

The decomposition occurs when a single inequality is satisfied for autonomous

models or when several additional inequalities are valid for nonautonomous models

(see Theorem 2..3.2). When the additional inequalities are not valid, for given f,

the geometrical configuration of the population growth rate determines whether
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extinction or persistence ensues at a. given time. For example, the gn and bN in the

proof of Theorem 2.3.2 might exceed the maximum of F/v—i- This would terminate

the reverse construction of the population trajectory and there would not exist a

solution emanating from time 0 that goes to extinction at time N + 1. This is a

difference between autonomous and nonautonomous models. Autonomous models

which have trajectories that go to extinction at time N also have trajectories that

go to extinction at time 1, 2,..., 7Y — 1. Nonautonomous models need not have this

intermediate extinction property.

It should also be noted that the process employed to decompose the initial popula

tion interval is applicable to more general nonlinearities in (2.2.1) than the logistic-

like formulation employed in Theorem 2.3.2. This is more complicated than the

uniform case considered above because it is possible, for example, to have intersec

tions numbering more than two at reverse time steps. The decomposition method,

when it is applicable, will have at least 2^"'"^ subintervals for extinction at time

A'" -f 2 and, depending upon F (where xn+i = F{xn)), could have many more.

Hence, it appears to be a nontrivial task to predict extinction in difference equation

models, primarily because of the characteristics of the extinction decomjoosition of

the initial population size axis. It seems feasible that given any decomposition of

the type described in Theorem 2.3.2, there is a viable density dejDendent mortality

representation, /, and an appropriate growth rate sequence, {r/v), which affects

that extinction-persistence decomposition in (2.2.1).

The analysis of persistence and extinction for periodic population models is an

interesting topic to develop further. In nature, many of the fluctuations with which

a population must cope are regular and recurring. Birth and death rates can be
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seasonal. Climatic factors which affect birth and death rates can also vary in a

regular manner (Gushing, 1986a). All of these phenomena provide motivation to

consider periodic models. In this chapter, we just initiated an elementary study
T-l

on the periodic difference equation model. f][ > 1 is a sufficient condition for
j=o

existence of a positive periodic solution with period T. We have also seen that the

periodic solution is unique in a simple case where T = 2. When T becomes large,

the task to determine the uniqueness of the positive periodic solution or to find the

number of positive periodic solutions is complicated.
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CHAPTER 3

DISCRETE AGE STRUCTURED MODELS

In Chapter 2, we have studied persistence and extinction of populations for dis

crete models without age structure; that is, we assumed that individual dynamics

are not important for population dynamics. Obviously, this is only an approxima

tion and, more realistically, we need to introduce some physiological or age structure

into population models. When an age structure is viewed in a discrete population

model setting, higher dimensional difference equations are often used. The well

known Leslie matrix model is a typical e.xample, that has been used frequently.

However, in most of the literature, it is assumed that mortality and fertility are

constant or time independent (c.f. Sykes, 1969; Cull k Vogt, 1973; Green, 1979;

Geramita & Pullman, 1984), although there has been some attention devoted to

effects of periodic events (Kot & Schaffer, 1984).

In this chapter, we study models with demographic variation and density depen

dence. The analysis of the dynamical behavior of population trajectories can be

very complicated; hence, we focus initially on some special cases where populations

are assumed to consist of only two age classes. This is a reasonable approximation

for many species of birds (Capildeo & Haldane, 1954), for some species of snails

(Wolda, 1970), and for some species of insects (Tschumy, 1982).

§ 3.1 Autonomous Two Age Class Model.

Suppose that a population consists of two age classes. All juveniles become adults

and all adults die at the next generation after reproducing offspring. " Intraspecific

competition" acts only within the adult class so that the density functions are only
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functions of the adult population. The environment is assumed to be constant.

Then, we assume that the model has the following form:

( Xn+i =y„{a-f(y„)),

I y..+l =x„(/5-j(y„))+,

where a:„ and y„ denote numbers or biomass of juveniles and adults respectively

at time ?7; a is the birth rate and /? is the survival probability; / and g represent

density dependent relationships and satisfy that /(O) = 0, y(0) = 0; /(y) = 0, and

y(y) = 0 if y < 0; /'(y) > 0 and y'(y) > 0 for y > 0. Here,

iP - 9{y))'^ = max {13 - g(y), 0} .

For simplicity, we omit the superscript "+" afterwards in this chapter.

When a/3 < 1, the zero solution (0,0) is stable and the population goes to ex

tinction at some time for any initial size. When 0/5 = 1, the population trajectories

are decreasing and extinction also results. Hence, we are most interested in the

case a/3 > 1. As we mentioned in Chapter 2, this relates to persistence but does

not guarantee it since the i^ossibility of extinction at some finite time has not been

eliminated.

Definition 3.1.1.

a.) A population, represented by a solution sequence {(xn,yn)} of (3.1.1) is

strongly persistent at time N if > 0, and yn > 0, for each n = 0,1,... ,N;

b) A popula tion is weakly persistent at time N if Xn > 0 and yn > 0 for each

77 = 0,1,..., N - 1, and x^ > 0, yN > 0, xn + yN > 0.

c) A popula tion is strongly persistent if it is strongly persistent at time lY for

each N = 0,1,... and limsupa;„ > 0, limsupy„ > 0;
n—^oo

28



d) A population is weakly p■ ersistent if it is persistent at time N for each N =

0,1, . . . and limsup(a;„ + Vn) > 0;
n—^oo

e) A population goes to extinction at time N provided it is persistent at time

N — 1 but xn < 0 and < 0;

f) A population goes to extinction asymptotically provided it is persistent at

time N for each N = 0,1, - ■ ■ and lim Xn = 0, lim = 0.
n—^oo n—►oo

First, we discuss persistence of the population.

Theorem 3.1.2. Let I = min {f-\a),g-\/S)} and assume

nmx{y(a-f(y))}<^. (3.1.2)
Then each population with

I
0 < xo <

P-givoY
<yQ < I

is strongly persistent at time N for each N = 1,2, Furthermore,

I
0 < x„ ,

^  (3.1.3)
f)<yn <1-,

for all 77 > 1.

Proof: Clearly, it is sufficient to show (3.1.3) and this is done by induction on n.

(3.1.3) is trivially true for n - 1. In fact, obviously, Xi > 0 and yi > 0. Since

^ < yo < I, and by the assumption (3.1.2)

xi =yQ{a-f{yo)) < ^,
yi = xo{/3- g{yo)) < I.
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Assume 0 < rcfc < — and 0 < yt < /. It follows immediately that 3:^-1-1 > 0 ,

yk+\ > 0, and

Xk+i = Vk (a - fivk)) <

Vk+i = Xk (/5 - g{yk)) < xk/3 < I.

Corollary 3.1.3. Assume that the hypotheses of Theorem 3.1.2 hold and > 1.

Then each population is strongly persistent.

Proof: Persistence at time N for each A'' = 1, 2,... is from Theorem 3.1.2. Since

( Xn+i = yn (a — /(y») )) ~ ay,, ,

I Vn+I = Xn i/3 - y(y„)) /3xn,

for small (a:„,y„), the linearized system

+  /O O'\ / •T-"?, \
\yn + l ) ~ oj \ynj

has at least one eigenvalue greater than 1 whenever a/? > 1. Hence, the zero solution

(0, 0) is unstable and the population is strongly persistent.

Thorem 3.1.4. Assume

wf" (3.1.5)

Then each population is weakly persistent at time N for N — 1,2,... provided

p - g{yo)

0 < yo < max .
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Proof: Suppose that there is a population which is not weakly persistent. Then,

it must go to extinction at some time, say n + 1, i.e.

r Xn+l = Vn (a - fiVn)) < 0,

I Vn+l =Xn{^- g{yn)) < 0.

Then, there are three and only three possibilities:

0

f Xn < 0,

I yn < 0;

ii)

Xn < 0,

Vn >

and

hi)

Xn > 0

Vn > /"H"), Mid y„ > g~'(/3).

(3.1.6)

By the definition of weak persistence, case i) cannot happen.

Notice that

Vn = Xn-l (13 - givn-y)) < Xn-l/3 <

this means case ii) and iii) cannot happen either. Hence, > 0, or yn+i > 0,

for each n.

Similarly, we have the following result.

Corollary 3.1.5. Suppose that the hypotheses of Theorem 3.1.4 are satisfied and

a/S > 1. Then each population is weakly persistent.
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Remark 3.1.6; It is clear from the definitions that strong persistence implies weak

persistence; however,the converse is not true. For example, suppose that the fol

lowing inequalities

^ ^ o<,'SPh<.) ^ ̂
hold. Choose .tq very small and yo so that

g-'m
yo {a- f{yo)) >

/3

Then

y2 = yo {a - fiyo)) {1^ - g {xo {/3 - g{yo))))

Hence

X2n-\-l ̂  0,

y2n+i — 0;

X2n+2 = 0,
and

y2n+2 > 0;

7^ = 1, 2,. ... The population is therefore only weakly persistent.

The following theorem discusses a sufficient condition for finite time extinction.

Theorem 3.1.7. Assume

0<y<f-^(a)

where L = max {/ ̂ (o),g ^(/?)} .
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Then the model (3.1.1) has populations that go to extinction at time N, for each

N^l,2,....

Proof: To show that a population goes to extinction at time N, i.e. < 0, and

UN < 0, it is sufficient to find .tq and yo with

I

0 < 0 < yo < /
p - 9{yo)

such that the generated sequence {(-Tjijy,,)} has y^-i > X, since

X = max {/-1(a),y-^(/i)}.

From (3.1.7) and

yiv-i = aqv_9 (,d - g{yN_2))

= xjN-z (a - f{yM_^)) (jd- g (x^-s (/3 - g(yN-3)))),
(3.1.8)

it follows that there exist ua'—s and with

0 < ciN-s < bN-3 <

such that VyAr_3 £ (aAr_3, 6a?-3), yN-3{o: — f(yN-3))/d > X. Hence, y^v-i > X

provided .x'Af-3 ̂  1, where ''<C 1" denotes being a sufficiently small value. Indeed, if

yN-3 > g then yA'-2 = 0, and y^-i = yN-3 (« — /(j/N-s)) jd > L. Otherwise,

yN-2 = .ta'-3 {(d - y(y/v-3)) < 1

and

y/V-l = .TA'-2 {fd - g{ljN-2)) ~ ̂N-20 = yN-3 (« - f (yN-3)) (3 > X.
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Next, we consider

r XN-3 = yN-4 (tt - fiyN-4)),

I yA^-3=.r,v-4(/?-f/(yiV-4)). ^ ^ ^
Obviously, by choosing yN-4 < 1, (3.1.9)i is solved. The iterate xn-z and, hence,

yN-4 can be chosen to be arbitrarily small. If can be found so that xn-4/3 €

Sn-z, where Sn-z ~ {(t-N-z^^n-z)-, then (3.1.9) is solved. But this is trivial from

(3.1.7) and the hypothesis that f is increasing. In fact, since

^  ~ 3'(l/))) >L> f-' (a),0<S/</~ (a)

there exist q-n-z and In-z with cin-z < ̂>N-z < such that WyN-z € Sn-z =

(ttN-ZjbN-z)

aN-Z < XN-4i^ - PyN-Z {<y - f{yN-z)) < bN-Z-

That is, (3.1.9) is satisfied if yN-z ̂  Sn-z and xn~z 1. Continuing in this

fashion, the proof is completed inductively.

Remark 3.1.8: It is easy to see from the proof of Theorem 3.1.7 that

(1) If N is an odd integer, then there is a subset C (o,f~'^{a - ̂)j such
that the population with .ro <C 1 and j/o £ •S'o goes to extinction at time N.

(2) If N is an even integer,then there is a subset Si C ̂0, /"^(a - such that
the population with .tq/? G and j/o "C 1 goes to extinction at time Ah

§ 3.2 Nonautonomous Two Age Class Model.

In § 3.1, we assumed that the birth rate and the death rate are time independent;

that is, a constant environment and physiology are assumed. More realistically, we

assume that the birth rate and the death rate are time dependent, and, hence, the
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following nonautonomous difference model is needed:

(  (fv„ — /(y,, )), 9 1 ̂
1 yn+l=Xn{/3n-9{yn)). ^

Here, we still assume that density effects only depend upon the numbers of the

adults.

Since

f X„ + 2 = Xn (^n " y{yn)) (On+l — .f(y?7 + l)) , (3 2 2)
I yn+2 = tjn {an - fiVn)) {0n+l - g{yn+l)) ,

if /3„a'„+i < 1 and < 1, the population size becomes smaller and smaller.

Hence, an obvious condition for extinction, either at time N, N = 2, 3,..., or at

infinity, is that an^n+i ̂  1 ̂ nd anPn-\ 1, n — 1,2,.... We are most interested

in the case where an^n+\ > 1 or ant^n-i > 1, 77 = 1, 2,

The following results are based on an approach analogous to the one employed in

§ 3.1.

Theorem 3.2.1. Let

0 < a < Q„ < i4,

0 < 6 < ̂„ < H,

77 = 0,1,..., and I = min {/"^(a), y'~^(6)} . Assume that

max_{y (A - /(y))) < (3.2.3)
0<y<l JJ

Then,

I0 < X „ < ̂ ,

0 < y„ < [,

35



n = 1,2,. .., provided

I
0 < xo < - , , ,

l^o-g{yo) (3.2.4)
0 <yQ <J.

That is, each population with initial sizes satisfying the inequality (3.2.4) is strongly

persistent at time N for each N = 1,2,....

The proof is straightforward from induction as that in the proof of Theorem 3.1.2.

Corollary 3.2.2. Let the hypotheses of Theorem 3.2.1 be satisfied and

liminfa„^„_] > 1, liminf a'„/?n+i > 1- Then each population with initial sizes
n-^co n—*oo

satisfying (3.2.4) is strongly persistent.

Proof: Theorem 3.2.1 established persistence at time N for each N — 1,2,

From (3.2.2), it follows that limsup.Tn > 0 and limsupy,, > 0.
n—►oo n—>-oo

Theorem 3.2.3. Suppose that

0 < a < an < A,

0<b<f3n<B,

n = 0,1,2, . . . , and

Then, each population with the initial values (3.2.4) is weakly persistent at each

time N' for N = 1,2, . . . .

Proof: Assume, for purpose of contradiction, that the conclusion is false. Then

there is an N such that the population is persistent at time N but a'Af+i < 0 and
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VN+I < 0. Hence,

f VN {a ~ fiVN)) < VN («N - fiVN)) < 0,
1 XN {h - g{rjN)) < XN {Pn - giVN)) < 0. '

To satisfy (3.2.6), clearly, it is necessary that one of the following is satisfied;

f  < 0,

I W < 0;

-u.^. (3-2S)

(3-2.9)

r XN <0,

I VN > f~\a);
XN > 0,

VN > and yN > g~'^{b).

Since

UN = XN-1 if^N-1 - giVN-l))

< i3n-ixn-i < Bxn-1 < /~^(a),

(3.2.7) must be satisfied. This contradicts to persistence of the population at time

N.

Example: Consider a simple case:

C'n + l = Vni^Oln ~ J/n))

Vn + l — Xji{Pn J/n)-

Assume

< A,

h<(5n<B.

Then, if 46 < AB < 4a, each population with the initial sizes

^  mill {a, 6}
0 < .ro < . ' ' \

Po-yo (3.2.10)

0 < yo < mill {a, b] ,
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is weakly persistent; and if

AB < 4min {a, 6} ,

each population with the initial sizes (3.2.10) is strongly persistent.

Similarly, we ha.ve the following result.

Corollary 3.2.4. Suppose that the hypotheses of Theorem 3.2.3 are satisfied and

liminfa„^„+i > 1, liminf > 1, ?7, = 1,2,.... Then each population with
11—^■oo n—^oo x- x-

the initial values (3.2.4) is weakly persistent.

Now, we consider extinction of populations. The following theorem is obtained

by procedure analogous to that employed in § 3.1.

Theorem 3.2.5. Assume that there is an N such that

X {/?A-2fc+iy (aiV-2it - /(y))} > / '(aN-2k+2) (3.2.11)0<y<J ^(iyN-2k)

N]for k = 1,2,. . . , [y], and

0<y<f Hon)

> LNy2 = max {f~\aN+2),g~\/dN+2)} • (3.2.12)

Then, there is a population with the initial values (3.2.4) that goes to extinction a t

time N + 3.

Proof: First, we assume that is an even integer and let it be written as 2n.

Since

•2^2j7+3 = y2n+2 (^271+2 " f{y2n+2)) ,

y2»7 + 3 = 2:271+2 {/^2n+2 " j( {y2n + 2)) ,
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and

y2n+2 = X2n+\ (/?2n+l " 9iy2n + l))

- y2n {0i2n - f{y2n)) (/?2n + l " ^f(y2n + l)) ,

if y2n+i = 0 or 0 < y2ji+i < 1, by employing (3.2.12), we find that there exist a2n

and b2n with

0 < a2„ < h2n < f~Ha2n)

such that

J/2() + 2 > f^2n+2, (3.2.13)

for y2n € S2n'> where S2n is the set defined bj" {(i2n-,b2n\ Hence, the inequali

ties X2n+z < 0, y2n+z < 0 are valid provided yj,, G S'2,,. Recall that y2n+\ =

•1'2ji (/d2n — g{y2n))- If y2n > g~^{/^2n), then y2n+i = 0; otherwise,

_  y2n+l
^2n — o / \ •

P2n - g{y2n)

Choosing X2n very small we can get 0 < y2„+i < 1. Assume 0 < i/2n+i < 1.

As the next step, we need to satisfy

f X2n = 1/2/1-1 (02//-l - ./(.y2//-l)) ,

I y2n = .T2„-1 (/?2„-1 -y(y2n-l)),
for .T271-1 and y2n-i, where X2n 1 and yon G 52,,. Without loss of generality,

y2n+i and X2n may be taken arbitrarily small, hence if we can show that there is

a X2n-\ such that X2n-il^2n-i G 52,,, by choosing (/2»/-i very small, (3.2.14) and,

subsequently, (3.2.13) can be satisfied.

Since b2n < f ̂ (cv2n), it follows from (3.2.11) that there exist 02,1-2 and i2n-2

with

0-211 — 2 < ̂2n—2 < f ̂ (Q2)/—2)
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such that

hn — \X2n — l — P2n — iy2n—2 {o!2n—2 ~ /(y2n —2)) € S2n

for y2n-2 £ S2n-2-, where S2n-2 = {o.2n-2,b2n-2)- ThuS, X2n-2 1 and y2n-2 €

S2n-2 satisfy (3.2.14). Continuing in this manner, we can find the initial values xq G
/ min {q'i , /?i } \

\  Po — yiyo) ) ^ (0,min {cio,/5o}) such that X2n+3 < 0 and y2n+3 < 0.
(More precisely, xo < 1, and ijo E So = (ao,feo), where 0 < oq < bo < /"^(ao)).

If N is odd, by the procedure described above, we find the set such that

Vyi E Si and 0 < xi <C 1, .XAf+3 < 0, j/at+s < 0. Then, choosing 0 < yo 1 and xo

such that .To,do E Si leads to x^^o < 0 and yiv+3 < 0.

§ 3.3 Decomposition of Initial Population Axes.

By discussing decomposition of initial population axis in § 2.3 for one dimen

sional difference models, we have indicated that extinction behaviors of populations

are complex. When age structures are involved in population models, complexity

increases and the decomposition becomes more complicated. However, in the two

age class models when the population size is small in one age class, the population

model behaves like an age independent model in the sense that it is still possible, for

a iDiescribed generation N', to subdivide the initial population axes into subintervals

containing trajectories that go to extinction at finite times less than or equal to N'

and subintervals containing trajectories that strongly or weakly persist at time N.

Theorem 3.3.1. Assume that f{y) satishes the assumptions of Lemma 2.3.1 and

Theorem 3.1.7. Let < y~^(/?). Then, for N an odd integer, there exist

disjoint, nonempty subintervals that consist of initial positions, yo, of solutions of

(3.1.1), in theinterval with xo small, whose solution sequence {(,T„,y„)}

goes to extinction at time N. The complement of the union of these subintervals
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contains initial positions, yo, of populations with the same xq that are persistent

at time N together with subintervals of the initial positions of populations tha t go

to extinction at times 1,2,..., N — 1. For N an even integer, the decomposition

process can happen in the xq axis with yo small.

Proof: In the proof of Theorem 3.1.7, we have shown that Vy^-o 6 S,\'-3 and for

0 < x^-3 <C 1, it holds that yx!-i > L and, hence, the population goes to extinction

at time N. Since, now, f-\a) < g-^{l3), yN-3 < f'^a) < y~\0), yN-2 < 1

is positive and so is It follows from the configuration of i3y{a — f{y)) that

there exist two nonempty open subintervals (0,a';v-3) /~Uq)) , where

a'^_3 < «./v-3 and 6/v-3 < in the complement of the closure of Si\-3 in

(O,./ such that WyN_^ ̂  (0,a';y_3)U (''a^_3,/~^(q;)) with the same x^-.^,

yN-i < L and, hence, at least y^ > 0. Traversing the population trajectory in

reverse time, we find that there exist b],_„ a%_„ a%_„ b%_„

^N-5^ bN-5^ ®A'-5 "^^'ith

0 < ̂yv_5 < (1^-5 < ̂iv-5 < ̂N-5 ̂  ̂Af-5

< '''N-5 < ̂N-5 < '^N-S < ̂N-5 < (^N-5 < f

such that for

2/A'-5 £ (0,^>)v-5) U (n^_5,6^_5) U(a^_5,6^_5) U (a))

with XN-5 < 1

VN-Z e (0,a'^_3)U(6';v_3,/"^(Q;)),

and for

Vn-s € (ayv_5, ̂^-5) U (n^_5, b%_^)
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with xn-5 1, VN-s € (oA'-3, Continuing this process, when N is odd,

we find a decomposition of (O, / ̂ (o)) into 2^"^ subintervals that are composed of

initial conditions for population trajectories that go to extinction at time N. The

complement of this set contains a union of nonemptj'- subintervals that composed of

initial values of populations that are persistent at time N or have gone to extinction

at time prior to N, and these two sets of subintervals are nested. When N is

even, the decomposition of the population size at time 1 is found. Denote the set

containing the subintervals for popiilations that go to extinction by Si. Then, by

choosing 0 < yo 1 and V.to so that /3oXo 6 5i, the population trajectories go to

extinction at time N. Similarly, we can find the union of initial values corresponding

to population tra.jectories which are persistent at time N or have gone to extinction

at a time prior to AC

Likewise, we have the following result for the nonautonomous model.

Theorem 3.3.2. Let the assumption (?) where r is replaced by ?■„ for each n hold

and (ii) of Lemma 2.3.1 hold. Let there be an N' such that (3.2.10) and (3.2.11) in
Theorem 3.2.5 hold. In addition, suppose that

.fix) > x\f"(x)\ Wx>x*,

or, for each k = 1,2, . . . , [^], suppose there exist xok > x* where

.fix) < .T|/"(.r)|, .r > X2k (3.3.1)

and

r2k - .f(x2k) < f \a2k).f' if \a2k)). (3.3.2)
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Morever, assume that Then, for N an odd integer,

there exist 2^"^^ disjoint, nonempty subintervals composed of initial positions, yo,

of solutions of (3.2.1), in the interval (O,/"^(cvq)), with Xq small, whose solution

sequence {(xn,yn)} goes to extinction at time N + 3. The complement of the union

of these subintervals contains initial positions, yo, of populations with the same xq

that are persistent at time N + 3 together with subintervals of the initial positions

of populations that go to extinction at times 1,2,... ,N + 2. For N an even integer,

the decomposition process can happen in the xq axis with yo small.

§ 3.4 Discussion.

As is well known, even the simplest one-dimensional nonlinear difference equa

tion model can exhibit a remarkable spectrum of dynamical behaviors. It is not

surprising that dynamical behaviors of discrete nonlinear population models be

come very complicated when age structure is employed. While the analysis in this

chapter only focused on some rudimentary models, some differences between age-

independent models and age-siDecific models already exist. One essential difference

is that some age subclasses in an age structured model can go to extinction at a

finite time but the total population is still persistent at that time and after one or

more generations, the extinct age class could appear again. From this viewpoint,

as the number of age classes increases, a population with age structure might have

more opportunities to survive.

One assumption for the models in this chapter is that individuals change their

stages completely from one generation to another generation. That is, after con

tributing offspring to the next generation, all adults die and progeny mature into

a fertile adult stage with a certain survival probability. The main dominant factor
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is the quantity {yn (oin ~ fiVn))] which describes the maximum number of

individuals that might become adults at generation n + 1. Since only "intraspe-

cific competition" within the adult class is concerned, when this amount exceeds

reproduction is stopped, and when it exceeds y~^(/3„+i), no offspring

survives to the next generation. If only one of these above cases occurs, weak persis

tence might occur. If both happen, there are some populations that go to extinction

at time n 2.

Decomposition of the initial population axis is an interesting phenomenon in one-

dimensional nonlinear difference equation models. This game can also be played in

two-dimensional models, but the situation is more complicated. When the initial

population size in one age class is small, the population model behaves like an age-

independent model. Hence, it is still possible to decompose the initial population

size axes; however, the complement of the union of the subintervals that consist

of initial positions whose solution sequence goes to extinction no longer necessarily

consists only of initial positions of populations that are persistent at that time

together with subintervals of initial positions of populations that go to extinction

at prior times. In other words, the union of the subintervals consisting of initial

positions of populations that are persistent at that time together with subintervals

of initial positions of populations that go to extinction at prior times is only a

nonempty subset of the complement but not the complement itself. The rest of

the two unions consists of subintervals of initial positions whose solution sequence

behavior is not readily determined.

When the initial population size is not small in either age class, it is very difficult

to decompose initial population size axes into any definitive structure.
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For simplicity, we assumed that "intraspecific competition" acts only within the

adult class. It is more realistic to consider that this competition acts in the offspring

class as well; that is, it is reasonable to consider the following model:

r ^n+l = Un (<^71 ~ ~ /2(yn)) )

I Vn+l = Xn (^n " g\{Xn) " giiVn)) ■

The dynamic behavior of this system is not known but it is expected to be more

complicated than the previously studied situations.
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CHAPTER 4

CONTINUOUS MODEL WITH AGE STRUCTURE

In the previous two chapters, we have discussed persistence and extinction of

populations by employing models of discrete growth processes. Discrete models are

probably suited to describe the survival patterns of species because of small popu

lation sizes associated with extinction. However, when generations in a population

overlap, it is realistic to use a continuous growth process to study the dynamics

of populations. Then, ordinary differential equation models or partial differential

equation models are used. The theory of differential equations has been generally

well developed. This provides a solid foundation for initial analysis of continuous

population models.

In this chapter, we consider certain special population models with age structure

modelled by partial differential equations. The existence and uniqueness of the so

lution are established first. By using a transformation and a comparison technique,

some basic results for persistence and extinction are presented.

§ 4.1 Formulation of the Problem.

Since the beginning of this centur)^, the importance of age dependence in a

population modelling process has been recognized. The theory of age-dependent

population dynamics has been extensively developed (c.f. Sharpe & Lotka, 1911;

McKendrick, 1926; Hoppensteadt, 1974; Gurtin & MacCamy, 1974; Gushing, 1977,

19S5b; Nisbet & Gurney, 1982; Webb, 1985; Metz & Diekmann, 1986) with the

basic continuous age structured population model described by the McKendrick
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equation or von Foerster equation;

dp{a,t) dp{a,t)

da ~di— = (4.1.1)
/*oo

p{0,t)= / n(a,t,P)p(a,t)da, (4.1.2)
Jo

p(a,0) = ̂{a). (4.1.3)

Here, p{a,t) is the density distribution of a population so that /J p{a,t)da gives

the number of individuals with age between a and 7 at time t; D{a, t, P) is the age

specific mortality function; n{a,t,P) is the age specific fertility function; P{t) =

ir P{a,t)da is the total population size; and d(o) is the initial age distribution.

This is a first order hyperbolic partial differential equation and it can be solved

theoretically by using the method of characteristics. However, when this method is

applied, the unknown function is still involved implicitly in the expression for the

solution. Hence, the solution is not explicitly found, and, in general, the analytic

study of the model is very difficult, especially, when time variation in demographic

parameters and density dependence are included in the formulation.

In order to obtain certain theoretical results several studies have assumed that

the mortality function p and the fertility function /3 are time independent or den

sity independent (e.g. Sinko & Streifer, 1967; Gurtin & MacCamy, 1974, 1979;

Gushing 1980, 1984, 1985; Wang, 1980; Pruss, 1983; Btisenberg & lannelli, 1985;

Valad & Popa, 1985; Swart, 1986). Clearly, when food limitations and environ

mental effects are considered, it is more realistic to assume that the mortality and

the fertility are time dependent and density dependent. Swick (1977) studied per

sistence and extinction under the assumptions that D{a) < D{aJ,P) < D{a),

n(a)P^ < n.(a,t,P), or n{a^t,P) < n(a)P^. The persistence and extinction results
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are determined by n(a), n{a), D(a), and D(a). Hence, in fact, time variation is

ignored. Haimovici (1979) studied dynamics of populations involving resources and

pollution, but persistence and extinction of populations were not considered.

Here, we assume that the population is subjected to a. fluctuating environment

so that the mortality function and the fertility function are time varying, and that

a limited food supply only affects the mortality representation. Furthermore, we

assume that the mortality function is separable in the variables a. t and P. These

assumptions, together with some others, are collected as follows.

D = c{t) + i^{a) + f (P{t)) (4.1.4)

where

c{t) represents an exogenous factor that increases the death rate of the population

(Hallam & Ma, 1986) and satisfies

0 < c{t) < c < oo; (4.1.5)

//(fl) represents the age dependent factor, such that

0 < n{a) < fi < oo; (4.1.6)

/(P) is the density function which satisfies /(O) = 0, and

f{P) < / < oo, 0 < /'(P) < k, VP > 0.

The fertility function is assumed to be of the separable form

1-1 = b{t)/^{a),
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where 0 < ?>* < b{t) < b*, and /3(a) > 0 has compact support on [0,oo) because no

individuals would survive beyond some maximum age; that is, 3A > 0, such that

^(a) = 0, Va > A. Denote sup ^(a) by
0<a<A

To have solutions which are continuous, we also assume that

^oo '

^(0) = 6(0) / /3(a)(j)(a)da (4-1.7)
Jo

§ 4.2 Existence and Uniqueness of Solutions.

In this section, we will use the method in Gurtin and MacCamy (1974) to show-

existence and uniqueness.

By employing the characteristics curves, it is easy to get the solution representa

tion

(  a>t,
K«T) = < n. ^ ~ (4.2.1)

[  Bit - a)e- Jo (cit-a + r) + ,ir) + nPit-a+r)))dr ^
W'here

B(t) = p(0,t) (4.2.2)

is the birth rate. Substituting (4.2.1) into (4.1.2) and changing several variables of

integration yields

/*' t-a

Bit) = / bit)/3it - a)e~ Jo "'(A<'+^Mr) + f(P(a + T)))dr^^^
Jo'0

roo

)da

Jo
(4.2.3)

and

P(0= /
Jo

r  rt

'0
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Let

K{a,t,P) = (4.2.5)

M(fl,, t, P) = e~ fo ('(-)+>^('^+^)+f(P(r)))dr_ ^4 2.6)

Then

B{t) — f b{t)/3(t — a)K{a, t, P)B{a)da + ( b{t)^{a + t)(f>(a)M{a,t, P)da,
Jo Jo

-^(0 — / P{(i,t,P)D{a)da + f (f){a)M{a,t,P)da.
Jo Jo

(4.2.7)

The process described above shows that if p is a solution of (4.1.1) — (4.1.3), then

B and P satisfy the coupled integral equations (4.2.7). Conversely, if B and P

are nonnegative continuous solutions of (4.2.7), then by (4.2.1), p is the solution

of (4.1.1) — (4.1.3). Hence, we note the equivalence between the partial differen

tial equation (4.1.1) — (4.1.3) and the integral equations (4.2.7) in the sense that

existence and uniqueness of (4.1.1) — (4.1.3) can be obtained in terms of those of

(4.2.7).

Theorem 4.2.1. Let p he a solution of (4.1.1) - (4.1.3) on [0,T]. Then the total

population P and the birth rate B satisfy the integral equations (4.2.7). Conversely,

if P and B are nonnegative continuous solutions of (4.2.7), then the function dehned

by (4.2.1) on 3?+ x [0,T] is a solution of (4.1.1) — (4.1.3).

For fixed P G C'"'"[0, T], ecpiation (4.2.7)i is a linear Volterra integral eciuation for

B. Hence, it has a unique solution on [0,r], which is denoted by

Bit) = BT{P){t). (4.2.8)
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Using this solution, we define an operator Vt on C"'"[0,r] by

/•T j-oo
'PT{P)i't) = / K{a,t,P)BT{P){o.)cla + / (f){a)M{a,t,P)da. (4.2.9)

Jo Jo

Obviously,

Bt. Vt : C+[0,r] ̂  C'+[0,T].

Then, to prove existence and uniqueness of solutions of (4.1.1)-(4.1.3) on 3?+ x [0, T],

it is sufficient to show the existence and uniqueness of a fixed point of the operator

Vt.

Lemma 4.2.2. There exists a T > 0 such that the operator Vt '■ C'+[0,T] —>
C+[0,T] dehned by (4.2.9) has a unique fixed point.

Proof: Let $ = (j)[a)da and

Rt = {g \  j( e C+[0,TI \ \g-nT<d},

where | | • | |t is a supremum norm in C'+[0,T] and d > 0 is a constant.

First, we show that Vt{P) maps Rt into itself.

From the assumptions,

BTiP){t)= [ h{t)(3{t - a)K{ci,t,P)BT{P){a)da
Jo

poo

+ / h{t)(J{a + t)({j{a)M{a,t,P)da
Jo

<h*^ f BTiP)(a)da + b*P^.
Jo

By Gronwall's inequality,

BT{P){t) < (4.2.10)
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Hence,

\VTiP)(t) - $1 < 6*^$ da + / (/»(«) \M{a, t,P) — 1\ da

< $ - l) + $(c + + f)T̂ (c+f,.+f)T

since

\M{a,t,P)-l\

< (c(r) + ̂(a + t) + f (P(r))) c/r /J|c(7-) + /j(a + r) + /(P(T))|rf7
e-'o

< (c + /i + /)re(^+''''+-^")^,

for 0 < t < P. It follows that Pr(P) G Pp for T small.

As the next step, if we can show that Pr(P) is attractive, then by the contraction

mapping principle, Pr(P) has a unique fixed point.

\\Vt(P) - Vt(Q)\\ < f \K{a,t,P) - K(a,t,Q)\BT{P)ia)da
Jo

+ / Ii{a,t,Q)\BT{P){a) - BT{Q){a)\da
Jo

f \M(a, t,P) - Ad(a, t, Q)| (j){a)da.
Jo

+

(4.2.11)

We, then, estimate the three parts on the right of (4.2.11).

|P(a,t,P) - /v(a,t,Q)| =

r io " + _ - £~\fiQ(a + T))d7

< 1 _ Jo

<kTe'f'^\\P-Q\\T,
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where k = sup/'(P). Similarly,

\M{a,t,P) - M{a,t,Q)\ < kTe~f'^\\P - Q\\t.

Let 77(0 = BriPm - BriQm.

'/(O = / — a)K{a, t, P)r]{a)da
Jo

+ [ b{t)/3it - a)iK{a,t,P) - K{a,t,Q))BTma)da
Jo
poo

+ / h{t)/3ia + t)<i>{a) (M(a, t, P) - AI{a, t, Q)) da,
Jo

Via (4.2.10) and (4.2.12),

b{t)/3{t - a) (K{a, t, P) - K{a, t, Q)) BT{Q){a)da <C\\\P-Q

(4.2.13)

b{t)^{a + t)ct>{a) (M(a, t, P) - M(a, t, Q)) da

\\t,

<C2\\P-Q\\t.

Thus,

dit)\ < C\\P - QWt + by / 77(«)da,

and by Gronwall's inequality again.

rimiCe'-^^P-QWr. (4.2.14)

Substituting (4.2.12) - (4.2.14) into (4.2.11),

\\VTiP)-VTm\<mp-Q\\\r, (4.2.15)

where k < 1 for T small. This completes the proof.

Lemma. 4.2.2 gives local existence and uniqueness. We can also easily get global

existence and uniqueness. In fact, from the proof of Lemma 4.2.2, the time T is a
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continuous function of $, which is the initial population size at time 0. On the other

hand, from (4.1.7), p{a^t) is continuous as long as it exists and so is P{t). Hence,

P{t) is bounded on [0,r]. Using P{T) as an initial size at time T and following the

same procedure in Lemma 4.2.2, we can get another time interval [T, Tj] on which

the solution exists and is unique and continuous. Continuing in this process, we get

existence and uniqueness on [T, Too). Now we claim Too = oo. From (4.2.7)i,

Bit) < b*0 f B{a)da +
Jo

By virtue of Gronwall's inequality.

Bit) < (4.2.16)

Substituting (4.2.16) into equation (4.2.7)2,

Pit) < b*^^ f + $
Jo

=  (4.2.17)

If Too < oo, then p(o,t) has to be unbounded as t —> Too- By viewing (4.2.17),

clearly, it is impossible. Therefore, Too = oo. This gives global existence and

uniqueness. Hence we have

Theorem 4.2.3. Under the hypotheses (4.1.5)—(4.1.7), the system (4.1.1)—(4.1.3)

has a unique solution dehned on [0,oc).

§ 4.3 Asymptotic Behaviors of Population Solutions.

In this section, we investigate persistence and extinction of populations modelled

by the system (4.1.1) — (4.1.3). Persistence and extinction of populations relates to
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the positivity of the total population size P{t) = p(a,t)da. There does not exist

any finite time t such that P(t) = 0 because this leads to p{a,t) = 0, which is not

a solution of the system (4.1.1) - (4.1.3). On the other hand, no individuals will

survive beyond some maximum age. Hence, lim P{t) = 0 if only if lim p(a,t) = 0,
<—<■00 t—yoo

for all a. This motivates the following definition of persistence.

Definition 4.3.1.

(1) A population, represented by a solution p(a, t) of (4.1.1)-(4.1.3), is persistent,
if lim inf p(a, t) > 0;

l-^oo

(2) A population goes to extinction if lim p(a, t) = 0.
1—00

We have shown the global existence and uniqueness of the system (4.1.1) —(4.1.3).
Thus, the following change of variables is well defined:

77? (4,3.1)

Now, we make this change of variables to simplify the system.

drn ja, t) f^'(c(r) + /(P(r)))i/r t)
da da ^ (4.3.2)

Hence,

=(c«)+/(P(,,))

+ j;('^(r) + f(Pir)))drdp{a,t) ^

dm{a,t) dui{a,t ) P (c(r)+f(P(r)))dr ,
da ^ "^dt = -d{o)eJo' p(a,t)

= -/,/.(a)???,(a, t).
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(4.3.4)

The renewal equation becomes

= e-^o t) = f b{t)l3{a)in{a,t)da.
Jo

Obviously,

777(0, 0) = p(o, 0).

Collecting these changes, we arrive a new system

dm{a,t) , ^777.(0,0 ^ ^ ^

777(0, t) = j b{t.)P{a)7n{a,t)da,
Jo

777(0, 0) = <?i(o).

Time variation and density dependence no longer appear in the mortality func

tion. This simplifies the analysis and stable age distribution theory can be applied, ̂

as will be seen later.

Although the fertility function still involves time variation it is bounded by the

assumption < b{t) < b*. This provides motivation to consider a comparison ^

technique.

We need the following lemmas.

Lemma 4.3.2. (Hochstadt, 1973; Pogorzelski, 1966)

Let f{x) G L2[a,b] and N{x,y) be continuous for x, y G Then the ecjuation

[ N{x,y)u{y)dy
J a

has a unique bounded solution, given by

?;.(.r) = /(.t) -f a / r(.T, y, \)f{y)dy,
J a

56



where the resolvent kernel

r(a;, y, A) = ̂  A"A^, + i(.r, y),

and the iterated kernel

Nn+i(x,ij)= j N{x,z)N„{z,y)dz,
dy

where iVif.r, y) = y).

Using Lemma 4.3.2, the following is a straightforward result.

Lemma 4.3.3. Assume

Mx)>0, N,{x,y)>0, i = l,2, Vx,ye[a,6].

Let Ui{x) be solutions of

ii-iix) = fi{x) + / Ni{x,y)u,{y)dy, i = 1,2,
J a

respectively. Then

'U(-t) < U2{x)

if either fi(x) < f2(x), and Ah(.T, y) = AL(.t, y)

or fi (x) = f2{x), and A'l (.t, y) < A^ix, y).

To set up appropriate boundary conditions for the population model, the next

lemma is usefull.
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Lemma 4.3.4. Let I3{a) and u{a) be nonnegative continuous functions satisfying

rOO

u(0) = / 0{a)u(a)da
Jo

where A > 0. Then, for any 0 > \, there exists a continuous function v(a) such that

aOO

t'(0) — ̂  / l3(a)v(a)da
Jo

and v(a) > u(a), Va > 0.

Proof: Let

v(a) = u{a) + Ce^", (4.3.5)

where, C > 0 and 6 are to Idc determined. Then,

aCO

;(0) = «(0) + C = A / /3{a)u{a)cl
Jo

la + C.

To satisfy

■i;(0) = ^ / (3[a)v[a)da
'0

/•CO

we need

Denote

Then

poo

= 0 1 (J{a)u{a)da + CO / j3{a)e^''da,
Jo Jo

poo poo

C — {6 — A) / I3{a)u{a)da = CO / /3{a)e^"^da. (4.3.6)
Jo Jo

pOO

[0 — A) / f3{a)u(a)da = W.
Jo

poo

C-W = CO ^(a)e^"da;
Jo
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I.e.

_  W
1 — 6 l3{a)e^"da

By choosing a proper S, C is positive. This gives desirable v{a).

Consider two comparison systems:

dm*(a,t) dm*{a,i.)
= -Mm {a,t),

l*oo

m*{0,t) = b* /3{a)m*ia,t)da, (4-3-8)
Jo

m*{a,0) = ria),

where <?i>*(a) is an arbitrary continuous function satisfying (f)(a) < <;/>*(«), Va > 0,

and

f-OO

cj>*(0) =.b* l5{a)<t>*{o)da-
Jo

dm^{a,t) dm4a,t) ^ ^ ^
—- = -Mm*{a,i),

poo

m.»(0,t) = />* / l3{a.)in^{a,t)da, (4.3.9)
Jo

m*{a, 0) =

where is an arbitrary continuous function satisfying < ̂(a), Vo. > 0,

and

poo

= 6* / /3{a)J)^{a)da.
Jo

By Lemma 4.3.4, (j)*{a) and <l)*{a.) exist.
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Theorem 4.3.5. Let m{a,t), m*{a,t), and m.t(a,t) be solutions of (4.3.4),

(4.3.S), and (4.3.9) respectively. Then

< m{a,t) < m*(a,t)

for all a > 0, t > 0.

Proof: Along characteristics,

where

'  a<t,
>,(a-t)e-/o"("-'+^'''^ a>t,

B*{t) = 7??.*(0,t) = / h^(p^{a)j3{a + t)M[a.t)da

(4.3.10)

(4.3.11)

+ / b^ld(t — a)K(aJ.)B:^{a)dcr,
Jo

(4.3.12)

where

and

in(a,t) —
B{t — a)e -^0
(f>(a — t)e -^0 'd"—/+r )r/r a > t,

B{t) = m{0,t) = / b{t)(p{a)P{a + t)Af{a,t)da

+ / b{t)/3(t — a)K{a,t)B{a)da]
Jo

(4.3.13)

(4.3.14)

m*{a,t) —
B*{t-a)e-Io"^^^''' a<t,
^*^a-t)c-Io'd"-'+'^''^ a>t^
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where

poo

B*{t) = m*(0, t)= b*(j>*{a)l3ia + t)M{a, t)da
Jo

+ [ b*/3(t-a)K{a,t)B*(a)da. (4.3.16)
Jo

(4.3.17)

Here

'' K\

M(a,i) = e"/o"(" + ̂)''^
By Lemma 4.3.4,

B.{t) < B(t) < B*{t),

and from the expressions (4.3.11), (4.3.13), and (4.3.15), the proof is completed.

Now, we focus on the system (4.3.8) and observe the following. By a well known

result (Hoppensteadt, 1975) the system (4.3.8) has a separalde solution

7Ti*(a, t) = A{a)T{t)

if and only if the eciuation

r  r rt

b* / /d{a)e-'-^e-h "^'^'''da=l (4.3.18)
Jo

has a real solution r — r* in which case the solution has the form

\a,t) =m*'

where C* is a positive constant.

Define

R*{r) = b* /°°/7(a)e-'-"e-r
Jo
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Since /3{a) has compact support on [0, oo),

Notice that

lim R*{r) = +00,

lim B*(r) = 0.
r—>4-00

r  a

R'*(r) = -b* / a/?(a)e-'""e~ Jo < 0.
Jo

It follows that the equation (4.3.IS) has a unique real solution ?■*. We can analo

gously discuss the system (4.3.9). "\^uth these lemmas the following main result can

be obtained.

Thorem 4.3.6. The population, described by the system (4.1.1) — (4.1.3), is per

sistent if

[  (r» - c(r)) dr >-00, (4.3.19)
Jo

where is the real solution of

I  /5(a)e-''"e"/o (4.3.20)
Jo b„

the population goes to extinction if

poo

/  {r* - c{T))dT = -00, (4.3.21)
Jo

where ?'* is the real solution of

J' ° 1
(4.3.22)
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PROOF: As we discussed above,

and

By Theorem 4.3.5,

E^iay-' < 777,(0,i) < E*iay'K (4.3.2.3)

Hence

Ey.)eIo ('"• /; f{P(r))dr

< p{a,t) < (4.3.24)

Let the hypothesis (4.3.19) hold and let

poo

/  (?'♦ — c{T))dT > —H > —00.
Jo

Then

> E.(a)e-"e- S'. (4,3,25)

Suppose that the population goes to extinction. Then P{t) —> 0, as t -7 oo and

there exists a positive number 8 such that P{t) < (5 < 00, Vt > 0. Since /(O) = 0

and /(P) is increasing and nonnegative,

/ f{P{r))dT< f f{xj)dy = N.
Jo Jo
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It follows that

p{a,t) > > 0,

uniformly for all t > 0, a contradiction. This completes the first part of the proof.

Next, it is clear that

p(o,i) <

<E-(a)efo'<'''^'"»'' -,0, IB «^co,

if the hypothesis (4.3.21) is satisfied. This completes the proof.

Corollary 4.3./. Assume c(t)dt < co. Then, the population is persistent if

rI3{a)e-h do. >^, (4,3.26)
and the population goes to extinction if

f
Jo

0(o)e /« "'•'■'•Vfa < i (4.3.27)
— oo, then the population goes to extinction provided

r 0{a)c-s: da <^. (4.3.28)
Proof: Suppose c(t)dt < oc. From (4.3.26), it follows that ?'» > 0 which leads

to (4.3.19). Consequently, the population is persistent. From (4.3.27) it follows
r* < 0 and (4.3.21) holds; this leads to the conclusion that the population goes to
extinction.

When Jp c(t)dt = oo, (4.3.28) implies r* < 0 and, consequently, that (4.3.21)
holds. This gives extinction for the population.

Remark 4.3.8: If the mortality is time independent, c{t) = 0. Then, (4.3.26) leads

to persistence and (4.3.27) gives extinction for the population.

The following is a direct consequence of Theorem 4.3.6.
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Corollary 4.3.9. Assume that the fertility is time independent; that is, b{t) =

b = constant. Then the population goes to extinction if and only if

poo

/  {r — c{t)) dr =—oo,
Jo

where r is the real .solution of the equation

Jo

§ 4.4 Discussion.

The classical McKendrick or von Foerster equation is used in this chapter to study

persistence and extinction of the continuous population model with age structure.

When vital parameters are time independent, which means that a constant envi

ronment is assumed, persistence and extinction are simply determined by positivity

of the root r of the equation

roo

e-'-''/3(a)e-Jo = 1
'0

or, equivalently, by checking whether the quantity /3{a)e fo is less than
or greater than one. When time variation in the death rate and birth rate is consid

ered, persistence and extinction are determined by the integral {r* - c(r)) dr

or the integral (r» — c(r)) dr. If we regard the root r as an "intrinsic value" or

'intrinsic growth rate" of the population, which determines persistence and extinc

tion of the population in a constant enviornment, the integral (r — c(T))dT can

be regarded as a measure of the capacity of the population to protect itself against

stress or perturbation.
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As /3{a) increases or /,<(a) decreases, r* and r* are increasing. The integral

Jo (^* —c(T))dT might be bounded below and the population might be persis

tent. As /?(«.) decreases or /ii(a) increases, the integral (r* - c(r)) dr might be

decreasing and the population might go to extinction.

The main result in this chapter also shows that the density dependence in a

continuous population model is not significant when extinction is the main concern

because studies of extinction focus on the case where population size is very small.

Density dependence in the birth rate is ignored in this chapter. If we consider

pOO

KO,«) = / b{t)(l3(a)-g{P(t)))p(a,t)da,
Jo

there is no difficulty in proving existence and uniqueness. Using a similar compari- ̂

son technique, criteria for persistence and extinction might be obtained as well.
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CHAPTER 5

CONTINUOUS MODEL WITH SEVERAL AGE CLASSES

Since in any real situation, demographic parameters are age dependent and

age structure is important in a population modelling process, the theory of age-

dependent population dynamics has been extensively developed. Leslie matrix tran

sition models have been frequently used to model discrete time growth processes

while the McKendrick or von Forester equation has been used in continuous popula

tion models as a, main tool. V hen a. population has several distinct age classes and

continuous time is considered, ordinary differential equation models can be used to

describe the population dynamics as well. Gazis et. al. (1973), Smith and Mead

(1974), and Hastings (19S3) have used ordinary differential equation models with

age structure in prey-predator systems and Acevedo (1987) discussed the ordinary

differential equation models from an ecological perspective.

In this chapter, we consider population models by using ordinary differential

equations and focus on conditions for persistence and extinction.

§ 5.1 Model.

Assume a population has n -f 1 age (or stage) classes. Age class 0 represents

newborn individuals who do not reproduce. The rest of the age classes are fertile

and contribute newborns to age class 0 with birth rate /3. The oldest age class is

class n so that no transition occurs from age class n. The length of age intervals can

be different. As time elapses, individuals in each age class die with the death rate

ji and survivors move to an older age class with transition rate m. Summarizing

these, a set of ordinary differential equations is used as follows:
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dHo

dt

dH,

—  IdjHj — moHo — fioHo,

dt

dHn — l

dt

dH„

= moHo - miHi - /.tiffi,

(5.1.1)

dt
?72 jj _ 1 j[ _ 1

vs
Here, Hj represents the number of individuals in the j-th age class, and it is alway

n

assumed that IIj(O) > 0, ̂  > 0, and fi, > 0, j = 0,1',...,n. The birth
j=o

rates /3j, the transition rates juj, and the death rates fij can be time dependent and

density dependent. We discuss these cases in the following sections.

If we write this system in matrix form, then

dt

( -IUq - flo
mo

Ih ■
-mi - Hi 0

Pn-l
0

\
0

V
0

0

0  0 . . . - Hn-l 0
0  0 . . . ?77„_1 -fin j

H = MH,

(5.1.2)

where H= (Ho, Hi,.. .,H„)^.

To make biological sense, population size cannot be negative; that is, Hj must

be always nonnegative. For the model (5.1.1), we have the following.

Lemma 5.1.1. The set S: {0 < Hj < oo; j = 0,1,... ,77} is time Invariant. That is,

the trajectories of (5.1.1) ai-e always nonnega tive for all t provided Hj(0) > 0.

Proof: First, assume that there is a time t > 0, such that Hk(t) < 0, for some k,
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but Hj{t) > 0, for all j ̂ k. Then, since Hj(0) > 0, there is T > 0 such that

HiiT) = 0, iSjp. < 0,
and Hj(T) > 0, j ̂ k.

J=1

if k > 0,

= mk-,iT)Hk-iiT) - (m,(r) + i^ik{T)) H,{T)

= mk-iiT)Hk-i{T)>Q.

Either case leads to a contradiction. Hence, Hj(t) > 0, Vt > 0, j = 0,1,... ,n.

Next, we assume that there is < > 0 such that Hkit) < 0, Hjy(t) < 0, for some k

and p, but Hj(t) > 0, for all j ̂ k,p.

Suppose k = 0 and p = 1. Then 3T > 0 such that

either Ho{T) = 0, ^^^<0, but H,{T)>0,
or ifi(r) = 0, but Ho{T)>0.

It is easy to see that it is impossible in either case. Similarly, we can prove that it

leads to a contradiction for A; = 0, p > 1 and A; > 0, p > 1.

Continuing in this manner inductively, it can be shown that the following can not

happen:

Hk,(t)<0, Hk,{t)<0, Hk,{t)<0;

until
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Ho{t) <0, . . . , Hn{t) < 0.

Hence, the set S is time invariant.

Now, we define persistence and extinction of populations.

Definition 5.1.2.

(1) A population is persistent provided

n

limsup ̂  > 0;
t—^oo . .

j=0

(2) A popula tion goes to extinction if it is not persistent: that is

j=0

which is, clearly, equivalent to lim Hj(t) = 0, for all j.
<—►00

Since Hj{t) = 0, j = 0,1, . . . , ?^ is a solution of (5.1.1), by Lemma 5.1.1, the

population modelled by (5.1.1) goes to extinction if and only if the trivial solution

H= 0 is asymptotically stable.

§ 5.2 Autonomous Case.

As a basis for our development, we first consider the autonomous case; that is,

we assume that all parameters nij, pj, and 13j are constant. Now, the djmamical

behavior of the model (5.1.1) is essentially governed by the matrix M. We investigate

properties of the matrix M as follows.

Lemma 5.2.1. Define

Dk

-nio - po (3i . . . 13k
mo —mi — Pi . . . 0

0  0 . . . -m.k - pk
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A: = 1,2,..., 77, where ?77.„ = 0.

Then {k k l-l k
Yl{mj + n + (5.2.1)
i=0 7=1 j=0 i=/+l

where
k

{mi + i^ii) - 1, if I > k.
i=/+l

PROOF: We iDiove this by induction. When = 1,

D\ - (/77o + //o) (mi + iTi) - ̂imo
1  1 7-1

=(-1)° n ~ n
7=0 7=1 7=0

(5.2.1) holds. Suppose that (5.2.1) is true for k — p. Then

?77jDp+i — — ("b,^-i + + (—
7=0

= ~ ("b>+i +/b'+i) ^
p  p '-1 p

+/b)-E^'n ?77j n (m.,- + /ii)
7 = 0 7=1 7=0 1=7+1

V  P+1

(m,- +/ii)
7=0 i=p+2(P+l P 7-1 p+1

n ('"j+/b) ~ n n
7=0 7=1 7=0 7=7+1

P  p+1

+ (-l)''^p+l n "i n (m,- + /L7i)
7 = 0 i—p-\-2{P+1 p+1 7-1 p+1
n  ~ E n n
7=0 7=1 7=0 7=7+1
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Thus, (5.2.1) is true for all k.

We will have need of the concept of an M-matrix.

Lemma 5.2.2 (Plemmons, 1977). An n x n matrix M = {mij) is an M-matrix if

and only if mij < 0 for i ̂  j and any one of the following is true:

(1) all principle minors of M are positive;

(2) all eigenvalues of M have positive real parts;

(3) there exists a vector xo > 0 such that M^ic > 0.

Now, we establish the main result.

Theorem 5.2.3. The population modelled by (5.1.1) with constant demographic

parameters goes to extinction if and only if

n  1—1 n n

X] A n n < n ^ (5-2.2)
1=1 j=0 i=l+l j=0

where
k

JJ (mi + Pi) = 1, if I > k.
i=l+l

Proof: First, we prove that the inequality (5.2.2) is sufficient for extinction of the

population. By Lemma 5.2.1, it is clear that (5.2.2) is equivalent to ( —1)"+^D„ > 0.

Now, we claim that

(-1)"+^D„ > 0 implies (-l)^'"''^!)^ > 0, A-= 1,2,...,n - 1.

Indeed, since
k-i

Dk = - {mk + Pk) Dk-I + (-1)^'"'"^^A,. 777y,
j=0



n —1

(-1)"+! A,=(-!)>.„ A,-i - A. n
>=0

Whenever ( — > 0,

777, j.

(-l)"£>„_i > — TT mj > 0.
fJo

Going to the next step,

n-2

( — = ( — 1)" ^(777 „_i + )D„_2 — irij > 0,
7=0

which implies that

Continning with this process,

(-1)^-+^A > 0, /o = l,2,...,77.

By Lemma 5.2.2, -M is an M-matrix and hence, all eigenvalues of the matrix M have

negative real parts. It follows that the zero solution of the system is asymptotically

stable (Coddington & Levinson, 1955). Hence, the population goes to extinction.

Next, we prove that the inequality (5.2.2) is necessary for extinction of popu

lations by showing that if the inequality (5.2.2) does not hold the population is

persistent.

Assume
n  I—I n n

/?/ n n ('"j'+ > n
/=! j=0 i-l+1 7=0

That is, ( —1)""^^D„ < 0, or (—l)"i2„ > 0. Since \j — Dn, where Ay are
7 = 0
n

eigenvalues of M, the inequality (5.2.3) implies (-1)" f] Ay > 0.
7 = 0
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It is easy to see that if n is odd and n Aj < 0, at least one A is positive, and if
j=o

"  n

n is even and H > 0 at least one A is positive. Thus, when (-1)" fl > 0^
j=0

the matrix M has at least one positive eigenvalue. It shows that the population is

persistent whenever (5.2.3) holds.

It remains to show that if

n  I—1 n n

^ n "b- n =n ' (5.2.4)
'=1 J = 0 2=/+l j=0

the population is persistent.

From (5.2.4), the matrix M has at least one zero eigenvalue. The associated

eigenvector is H* = {H*),

where

=  I I l )c.

n  n

m

— 1 ^

J=1 l=J

71-1

"'^•+1 + l-l-k+1

i

zj* TT '"'-•+1 -ri^k+i . . ...
= 11 — J = l,2,...n-1,

k-j

H*^C> 0.

The general solutions of the system are

=  + (5.2.5)
k

where might be j^olynomials of t.

Observe that if we let R.eA; = niax ReAjt and ReA/ > 0, 07 must be nonnegative

for t large because, otherwise, Hj{t) < 0 for t large, a, contradiction to Lemma. 5.1.1.
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It follows that

if ReA/<0, 0;

if ReA/> 0, oo,

Hence lim H = H*, if ReA; < 0; lim H = oo, if ReA; > 0. When ReA; = 0,
t^CO t—fOO

obviously, H>H*. That is, the population is persistent.

We now examine the necessary and sufficient condition (5.2.2) in the simple cases

of two and three age classes.

Example 1: n=l.
dHo

dt

dHi

dt

— PiH\ — n^oHo ~ fJ'oHoi

- moHo - niHi.

The population goes to extinction if and only if

or, equivalently,

if mo 7^ 0.

Example 2: n=2.

mo/di < {rriQ + /<o)/ii,

\  mo J

dHo

dt

dHj

dt

dH2

dt

— PiHi + ̂2H2 — nioHo — hqHo,

= moHo - miHi - /iiHi,

= niiHi - 1.12H2.

The population goes to extinction if and only if

m.o(/'.9/?i + 7??i/?2) < (mo + ti-o)niti'2 + (mo + /'o)m.ip,2,
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or, equivalently,

/'2^1 + < ( 1 H ) A'l/'2 + 1 + I nillJ-2,
mo J \ mo)

if mo 7^ 0.

We now consider the effects of density dependent regulation. We assume that the

transition rates are mj — (j)j{P)', the death rates are /<, + i})j{P)] and the birth rates
n

are — bj(P). Here, P{t) — ̂  Hj(t) is the total population. The population
j=0

model, now, is

dH(t)

dt

( -mo - i-io

mo

0

0

/?1
-mi - /<i

0

0

0

I3n \
0

1  /./. j) _ 1 0

77?,, _i j-ln ̂

H(t)

+

-MP)

-6i(P)
h(P)-7/'i(P)

-bn-liP)
0

-bn{P)\
0

0

0

0

0

(j)n-\{P) - ̂n-\{P) 0
-<^„_i(p) -MP)^

•H(t). (5.2.6)

When population size is very small the density effects are negligible from an

extinction viewpoint. Hence, we assume the density functions are higher order

terms as the total population size becomes very small.
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Theorem 5.2.4. Assume that

UP) = o(P),
UP) = 0(P), (5.2.7)

bi(P) = 0(P),

as P —> 0. Then the population goes to extinction if and only if (5.2.2) is sa tisfied.

Proof: This is trivial by noticing that the zero solution of the linearized system

is asymptotically stable if and only if (5.2.2) holds from Theorem 5.2.3.

§ 5.3 Nonautonomous Case.

In this section, we consider nonautonomous differential equation models; that is

we assume the demographic parameters are time varying. First we ignore density

dependent effects. The model is assumed to have the following form:

= E - moit)Hoit) + po{t)Ho(t),

= mo{t)Ho{t) - my{t)Hi{t) - pi{t)Hi{t),

:  (5.3.1)

dHn-ljt)
dt

dHr^jt)

dt

Since all demographic parameters are nonnegative and the set S in Lemma 5.1.1

= mn-2{t)Hn-2{t) - 77?.,, _i (f )P„ _i (f) - Pn-l{t)Hn-l(t),

is time invariant, the next result can be applied to the system (5.3.1).

Lemma 5.3.1. (see Lakshmikantham Sz Leela, 1969) Let F : 3? x 3?" —> 3?" be

quasimonotone in X; i.e. each component f j{t., .iq,... r,,) is nondecreasing in Xi for

i = 1,.. .j — l,j + 1,... 77,. Assume that

^ = F(t,X), f > 0,
X(0) = Xo > 0,
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has a unique continuously differentiable solution for t > 0. If

dt
<(>)/,(t,Y), V(>0, ; = l,2,...n,

and

yj{0) < (>) a:j(0),

then

yj{t) <{>) Vi>0, i = l,2,...n.

From an ecological perspective, all demographic parameters are finite. Hence, we

assume that they are bounded:

0 < ft. < ft(() < ft*,

0 < nij# < mj{t) < m*,

0 < < Hj{t) < n*.

From these hypotheses, we consider two comparison systems

dH, "
 E

dt

dHi

dt

d-Hn-l

dt

dH^

=

=

j-i

 mo*Ho - m*ifi -

dt
—  n — \*H n — \ h'nHn'i

(5.3.2)

and
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dHo ̂  ̂
i=i

dt

dHi _
dt

dHn-l

dt

dH„

dt
—

mlHo - mi^Hi -

^^^n—2^n—2 ^^n — \*Hn — \ t^n — \*H^i^\^

(5.3.3)

 —1 l^n*Hn-

Based on the two comparison systems and from stability of the zero solutions, it

is easy to obtain the following results.

Theorem 5.3.2. The population modelled by [5.3.1) goes to extinction if

n  I—i n n

EaTI 777,; n (mi» + p.,*) < J][ (777j* + //,,*).
7=1 J = 0 t = 7+l j=0

(5.3.4)

The population is persistent if

n  1 — 1

^ A. n '")* n (""i+A"') £ n ('"j+''H ■E.
izzi j-0 i=;+i 7 = 0

(5.3.5)

If density dependence is hypothesized, the population model takes the form
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dHjt)

dt

/-7no{t) - //o(0
mo{t)

0

0

m

0

0

Pn-lit)
0

\
0

-inn-l(t) - 0
H(t)

+

/MP)-MP) -hiiP)
-<{>q{P) (pl{P) - 7bi{P)

-hn-l{P)
0

-K{P) \
0

0

0

0

0

H(t).

(f)„-l{P) - ij^n-liP) 0
-<t>n-l{P) -MP)^

(5.3.6)

Analogous to Theorem 5.2.4, it is a trivial task to prove the next theorem.

Theorem 5.3.3. Assume that the hypothesis (5.2.6) holds. Then, the population

modelled by (5.3.6) goes to extinction if the inequality (5.3.4) is satisfied and the

population is persistent if (5.3.5) is satisfied.

§ 5.4 Discussion.

When an age structure is introduced into a population model, the survival be

havior of the population is no longer simply determined by birth rates and death

rates only. They are affected Iry "intraspecies relations" as well; that is, transitions

between different age classes also play a role. The simplest example is Example 1

in § 5.2 which models a population with two age classes. Obviously, if /?i < pi, the

population goes to extinction, iDut persistence of the population is not guaranteed if
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> Hi. To ha.ve persistence, the stronger inequality /3i > ̂ 1 + i.l\ is needed.
For fixed /,<o, /ii, and /9i, the larger the transition rate 7?7.o, the more chance of

survival the population has. As the number of age classes increases, the survival

relation is messy in the sense that it is not easy to obtain a interpretation by analyz

ing the relation between parameters from (5.2.2). This difficulty of interpretation

translates to the djmamics of a population with complex age structure.

There is another interesting i^henomenon in the models discussed in this chapter.

By viewing the inequality (5.2.2), it can be seen that the ratio — is an important
mo

factor for all models with different numbers of age classes. For example, a population

with two age classes is persistent if

/?i > ("l + //i;
\  mo J

a population with three age classes is persistent if

^ ( 1 H ) + ( 1 H I mi/<2;
\  mo y V, mo y

a population with four age classes is j^ersistent if

m.2 -f fj2 \ 7770 y111.2 + fJ2

When all parameters are fixed except the ratio the population with a smaller
777.0

ratio has more chance to survive than that with a larger ratio because the above

inequalities are easier to be satisfied when the ratio is smaller. If we define the ratio

H'j to be the survival ratio in the j-th age class, the survival ratio in the newborn
TTZ j

class is the only one which has such an important effect on extinction; that is, if

all parameters are fixed except the survival ratio in the j-th age class where j > 0
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we cannot conclude that it is easier to satisfy the above inequalities as the survival

ratio in j-th age class increases. This means that to some extent the survival ratio

in the newborn class has a dominant effect on survival of populations.

The theorems involving density dependence once again show that, from the ex

tinction viewpoint, density dependence is negligible in a continuous population

model because when population size becomes small the density effects become small

as well and the effect on the rate of change of population size can be ignored.
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CHAPTER 6

COMMENTS

§ 6.1 Comparison Between Discrete Models and Continuous Models.

The important question of persistence and extinction of populations has been

studied in the previous chapters. Discrete models as well as continuous models are

used. From the persistence and extinction viewpoint, the relevant case is where

the population size is relatively small. Hence, discrete models are generally more

appropriate in studies of population survival. A feature which advocates the use

of discrete models is that finite time extinction might occur. In a real situation,

when environmental fluctuations are pronounced, there should be a possibility that

a population goes to extinction at a finite time. Ecotoxicology provides many

examples, such as when the effects of a chemical reach certain levels in a region,

all individuals in a population are killed by the chemical and then the population

becomes extinct in a finite time.

Another feature of the use of discrete models is that density dependence affects

the fate of populations and this might be what we expect. That is, as number of

individuals in a population sharply increases, food limitation can become a crucial

factor so that there might be a possibility of sudden extinction of the population.

Hallam and Ma (19S7) demonstrated finite time extinction in an ordinary differ

ential equation model with nonuniqueness of solutions. However, in general, these

features are not present in most continuous population models.

From a mathematical perspective, the difference between discrete models and

continuous models is caused by time discreteness or definite time delay. As time
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continuously elapses, the change of population size is relatively smooth in a con

tinuous model and there is, in most cases, uniqueness of the zero solution which

excludes finite time extinction. On the other hand, density dependence only affects

the rate of change of population size in a continuous model. Whenever population

size becomes very small the density dependence would be negligible. Contrarily, it

is assumed that the change of population size is discontinuous in discrete models.

Hence, there might be a. l)ig jump of population size between two generations and

this might lead to the case where population is large at a generation but then goes

to extinction at the next generation. There is no uniqueness of the zero sohition

in discrete models in the sense that a solution sequence of a discrete model with

positive initial ̂ ^alue might lae less than or equal to zero at a finite time. The pop

ulation size of a given generation affects the population size of the next generation

in addition to the rate of change. These actions let density dependence become an

effective regulator.

These comments indicate that it is important to pursue further analytical study

in discrete models as difficult as they may be.

Nevertheless, the importance of the use of discrete population models in the study

of persistence and extinction of populations does not contradict development of the

theory of population survival by using continuous models. To address finite time

extinction and the action of density dependence on dynamics of the population, a

modification of the traditional definition of extinction at zero population level might

be useful.

The Allee principle states that undercrowding can be an important factor limit

ing population growth. Limitations at low population densities might occur if the
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population is so widely dispersed that reproductive contacts are restricted and infre-

cjuent (Hallam, 1986). This motivates introduction of the concept of /9-extinction,

that is, extinction at a nonzero threshold level [3 (Hallam & Ma, 1987). It might be

difficult to study ̂ -extinction of populations when age structure is emj^loyed in a

continuous population model; however, undoubtedly, this is a very interesting and

promising area.

§ 6.2 Connection Between Individual Dynamics and Population Dynam

ics.

When persistence and extinction of one population are investigated, environmen

tal effects, such as food limitation, temperature and toxicants, are major factors, on

the fate of a population. These factors actually affect individual physiology directly

and, then, the effects are transfered from individuals to the population (Hallam et

ah, 1987). From this viewpoint, it would be more appropriate to combine the dy

namics of individuals and the dynamics of a population. A way to handle this is to

formulate a population model with physiological structure (Auslander et al. 1974;

Metz &: Diekmann, 1986; Nisbet & Gurney, 1982; VanSickle, 1977). The follow

ing generalized McKendrick-von Foerster model is used in a, continuous population

growth process.

where

S = (ifi (^2 • • • in) is a vector of physiological properties (such as body weight.

length, lipid component and protein component);

dt
gj(a, t) = —^ is the rate of change of the j-th property.

85



Now, connection between individual dynamics and population dynamics has been

set up because is, indeed, the rate of change of the j-th property of an individual.

The environmental effects on individuals can be delineated by an exogenous factor

c{t) which leads to

^ = G(S,c(t)). (6.2.2)

As the exogenous factor c(t) changes, individual dynamics changes and these effects

will Idc transfered to the population model (6.2.1) by affecting the death rate or the 7
»

birth rate.

A typical instance can be found in Hallam et al. (19S7) for the daphnia model.

Affected by levels of a chemical in environment, lipid component and protein compo-

^  nent of an individual daphnia are fluctuating, ̂ ^ hen amounts of these components

are below certain levels, the individual dies. If we consider the population dynamics,

toxicity changes the lipid and protein distrilDution in the population, which affects

the fate of the population.

Analytical analyses of such models become very difficult now. Besides the dif

ficulty in analysis of the individual model (6.2.2), since the equation (6.2.1) with

proper boundary conditions (which are not discussed here), is a boundary problem

of a hyiDerbolic partial differential equation in an n -1- 1 dimensional space, more

difficulties are created.

Although numerical analysis of the population model (6.2.1) is still feasible, as

the dimension of the space increases, the amount of computing work goes up rapidly.

To overcome this difficulty, we make a change of variables which we anticipate to

reduce comiDutational work significantly. For simplicity, we use the daphnia model

as an example.
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The population model of daphnia has the form

Pa + Pi + (pT)„„ + (pP)mp = -p{a, t, mi, mp)p, (6.2.3)

where the subscripts denote partial derivatives; p = p{a, t, mi, mp) is the population

density distribution: mi represents the lipid component; m-p represents the protein
,  dm I dm„

component; and L = P = represent the growth rates of mi and irip

resj^ectively.

Since mi and nip are the physiological components of an individual of age a at

time t,

mi = mi{a,t), nip = mp{a,t).

Let

n{a,t) = p{a,t.,mi{a,t),mp{a,t))h{a,t), (6.2.4)

where h{a, t) satisfies

Jh, + hi = [L,,,, {t,mi{a,t),mp{a,t)) + Pm^ {t,mi{a,t),mp{a,t))) h. (6.2.5)

Then

"f, = {Pa + Pm,mi^ + Pmpm.p^)h + pha,

111 = (pi + Prnimu + pmj,mp^)h + pht.

On the characteristics

+  = L,

mp^{a,t) + mpXa,t) = P.
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By simplifying, we find n satisfies the equation

"o + nt = -fin.

Thus, the equation (6.2.3) is changed to coupled equations

+ ni{a,t) = -/L<(a,t,?n/,?nj,)n(a,t),

+ iniXa,t) = L{a,t,mi,mj,),

+ ?77,p,(a,t) = P{a,t,mi,mp),

ha{a,t) + ht{a,t) = + P„,^)h{a,t).

(6.2.6)

All these equations are in onh' a two-dimensional space. This obviously simplifies

the numerical analysis and gives hope for success in analytical analysis. We intend

to pursue this problem soon.
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