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ABSTRACT

Survival analyses of populations are developed in discrete growth processes and
continuous growth processes. Persistence and extinction attributes of age-indepen-
dent and age-dependent discrete population models are explored on both a finite
and infinite time horizon. Conditions for persistence and extinction are found. De-
compositions of the initial population size axes into intervals where populations are
persistent at time N and intervals leading to extinction at time n, where n < N,
are found for age-independent discrete population models and two age class discrete
population models. Persistence criteria of a class of continuous age-structured popu-
lation models with separable mortality function and fertility function are established
by investigation of asymptotic behaviors of solutions of a first order partial differen-
tial equation. Continuous population models with several age classes are studied as
well by considering sets of ordinary differential equations. Finally, the connection

between individual dynamics and population dynamics is discussed briefly.
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CHAPTER 1

INTRODUCTION

The question of persistence and extinction of populations is of importance in
ecology. Since the start of the Cambrian 10°® to 10° years ago there have been 108
to 10° species extinctions (Levins, 1970) . Many existent species still face the risk
of extinction because of increase of pollutants, by-products of the development of
modern science and technology, in the environment. To maintain the ecological
balance in the interest of humanity, it is the task for ecologists and applied math-
ematicians to describe and predict the ultimate fate of species; that is, to study
persistence and extinction of populations quantitatively or qualitatively.

From a mathematical modelling perspective, populations are modelled either by
a discrete growth process when generations in a population do not overlap or popu-
lation size is relatively small, or alternatively by a continuous growth process (May,
1976a; Pielou, 1977; Hallam, 1986). In each case, there is in the formulation in an
explicit or implicit way, a measure of the population, for example size or biomass.
To study persistence and extinction of populations, we need to find conditions under
which this measure is always positive and not arbitrarily small for all time ¢. Such
populations could be described as being persistent. Conditions under which the
solutions become zero at a finite time or go to zero as time goes to infinity indicate
that the population might go to extinction. The purpose of this dissertation is to

explore persistence and extinction of model populations.



When generations of a population do not overlap or the population size is rel-
atively small, discrete models are generally used in modelling processes. If age
independence is assumed in a population growth process and one denotes popula-

tion size or biomass at generation n by z,, then
Tpt1 — Tp = birth — death = bpz, — (dn ~ f(z5)) 20,

or

Tnt1 = T (rn — f(z0)). (1.1)

Here, rn, — 1 represents the time-varying intrinsic growth rate; f represents density
dependent mortality.

As is well known, the simplest case of (1.1), where r, = r is assumed to be time
independent and the density dependent mortality function is chosen to be linear,
exhibits a remarkable spectrum of dynamical behaviors, from stable equlibria, to
stable cyclic oscillations between 2 points, to stable cycles with 4, 8, 16, ... points,
through to a chaotic regime in which cycles of any period occur (May, 1974, 1976b;
Feigenbaum 1980). This, obviously, impeded the use of difference equations in
modelling processes.

However, although it may be unrealistic to seek to describe in detail the qual-
itative behavior of the model (1.1), it is still feasible and very interesting, due
to importance of the model (1.1) from biological perspective, to establish persis-
tence and extinction conditions. In Chapter 2, we discuss dynamical behaviors
of populations based on the model (1.1). Persistence and extinction are investi-
gated for autonomous difference equations and nonautonomous difference quations

as well. Some necessary conditions and sufficient conditions for survival of model
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populations are found. An interesting and important decomposition of the initial
population size axis into intervals where populations are persistent at some time N
and intervals leading to extinction at time n, where n < N, is given.

When age structure is introduced into discrete population models, systems of
difference equations are used (Leslie, 1945; Pielou, 1977). Obviously, the dynamic
analysis, now, becomes more difficult. Most studies consider only the cases where
the demographic parameters are time independent, density independent, or time
slowly changing, and have focused on the asymptotic behaviors of equilibria (Lopez,
1961; Sykes, 1969; Cooke & Leon, 1976; Geramita & Pullman, 1984; Artzrouni,
1986).

When demographic variation and density dependent effects are employed in the
model population, dynamical behavior of the population model is very complicated.
In Chapter 3, we consider some special cases of discrete models of age structured
populations. We focus on the model of the form

Tpt1 = Yn (an - f(yn)) ’
(1.2)

Yn+l1 = Th (/Bn - g(yn))>

where a;, is the birth rate at generation n, and B, is the death rate at generation
n. Persistence and extinction attributes of (1.2) are investigated. Under certain
assumptions, a decomposition of the initial population axes is still possible; this
1s discussed in Chapter 3. It is also pointed out that the decomposition is more
complex than that in the one-dimensional case.

If a population has overlapping generations, it is often appropriate to use a contin-

uous growth process to study the dynamics of the population and, hence, differential
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equations or integral equations are needed (McKendrick, 1926; von Foerster, 1957;
Freedman, 1980; Hoppensteadt, 1974; Cushing, 1986b; Metz & Diekmann, 1986).
While there are many studies of persistence in communities (Freedman & Waltman,
1977, 1984, 1985; Gard & Hallam, 1979; Gard, 1984), there are few explicitly on
one species. Recently, Hallam and Ma (1986, 1987) studied survival in populations
with demographic variations, but the age structure is ignored. In Chapter 4, we

consider a class of continuous population models with age structure by using the

so-called McIendrick or von-Foerster equation

Op(a,t) | Oplat)

= —D(a,t, P)p(a, 1)

Oa ot
p(0,1) = / n(a,t, P)p(a, t)da, (1.3)
p(a,0) = ¢(a),

where P(t) = fooo p(a,t)da is the total population. We assume that the mortality
function has the form D (a,t, P(t)) = c(t)+p(a)+f (P(t)), and the fertility function
has the form n(a,t, P(t)) = b(t)B(a). First, the existence and uniqueness of the
solution are established. Then, by using a comparison technique, persistence and
extinction conditions are found.

Chapter 5 discusses the case where populations have several distinct age classes
and are modelled by a continuous growth process. Sets of ordinary differential

equations that represent this situation might have the following form

dH i
_c_lt_o =Y BiHi — j1oHy — moHy,
=1
dH; )
di =m;Hiy —pHi—muH;, 1=1,2,...,n~1, (1.4)
dH,
dt = 7nn—1Hn—1 - ﬂan-



Here, H; represents the number of individuals in age class %; §; represents the birth
rate of the population in age class ¢; m; is the transition rate of the population from
age class ¢ to age class ¢ + 1; p; is the death rate of the population in age class i.
Criteria for persistence and extinction of populations with time independent vital
rates, as well as time dependent vital rates, are obtained.

A population consists of individuals. The fate of a population is, therefore, related
to dynamics of individuals. We discuss the relationship between dynamics of indi-
viduals and dynamics of the population from persistence and extinction perspective

in Chapter 6.




CHAPTER 2

DISCRETE AGE-INDEPENDENT MODELS

A population in which generations do not overlap or population size is relatively‘
small is probably best modelled by a discrete growth process. Nonlinear difference
equations are often utilized to describe the dynamics of such populations where
growth occurs in isolated steps (c.f. Nicholson & Bailey, 1935; Maynard Smith,
1968; Hallam & Levin, 1986).

Extinction of a population, of special concern when population size is small,
should probably be investigated by use of a discrete model. However, there are few
analytical studies of extinction in nonlinear difference models (Hutson & Moran,
1982). In this chapter, we investigate persistence and extinction in some rudi-
mentary difference equation models of populations. It will be demonstrated that
survival analysis in a discrete setting is complicated and that persistence is difficult
to predict even if complete demographic variation and density dependent mortality
are known. Moreover, a very interesting decomposition of the initial population size
axis is found. It demonstrates that, under certain hypotheses, intervals of initial
values of populations that are persistent at a given finite time are interspersed with

intervals of initial values of populations that go to extinction at various finite times.

§ 2.1 The Autonomous Model.
As a basis, we first develop a survival theory for an autonomous model. The

discrete population model

Tng1 = 2q (r — fzn)), n=0,1,..., (2.1.1)
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where f satisfles the conditions that f(0) = 0, zf(z) > 0, and f'(z) = f(2) is

dz
positive for = positive, is considered. Here, r — 1 represents the initial growth rate
of the population. This term reflects fecundity and density independent mortality

while f represents density dependent mortality. A prototype of these models is the

logistic equation
Tat1 = (1+7)an —rk 122, n=0,1,2,..., (2.1.2)

where r and k are positive constants. As is well known, the dynamical behavior
of (2.1.2) covers a range from asymptotic extinction to intricate chaos (May et
al., 1974; May, 1976b; Guckenheimer et al., 1977; Hallam, 1986). In general, it is
difficult to do analytic studies for (2.1.1) when a nonlinear density function f(z) is

employed. However, it is possible to discuss and study survival.

DEFINITION 2.1.1.

a) A population, represented by a solution sequence {x,} of (2.1.1), is persistent
at time N ifz, >0, n=0,1,...,N;
b) A population is persistent if it is persistent at time N for each N, N =
0,1,2,..., and limsupz, > 0;
n—oo
c¢) A population goes to extinction at time N providedz,, > 0,n =0,1,...,N—
1, and zn < 0;

d) A population goes to eztinction asymptotically provided it is persistent at

time N for each N =0,1,2,..., and lim z, = 0.

n—o0o

We have, for convenience, defined extinction at time N as 2y < 0. When ex-
tinction at time N occurs, because of the discreteness of the system, there is no
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guarantee that the trajectory hits zero exactly. Should this be desired, it may be

accomplished by defining (2.1.1) as

Tn+1 = Max {'Ln (rn — f(xn)) ,0}.

Some routine properties of (2.1.1) include the following on extinction, persistence,
and stability. When r < 1 the population trajectory is decreasing and extinction at
some time results for any initial size; hence, the case of interest in our considerations
of survival is 7 > 1. Whenever r > 1 the zero solution of (2.1.1) is unstable. This,
of course, relates to persistence but does not guarantee it since the possibility of
extinction at a finite time has not been eliminated. The initial value interval,
0 < 2o < f7(r), determines population trajectories of (2.1.1) that persist at time
1; the complementary set [f~*(r), 00) consists of initial values of populations that
go to extinction at time 1. We therefore concentrate on the behavior of populations
with initial sizes in I = (0, f71(r)) and, subsequently, we tacitly assume that initial
values, xg, are in I unless otherwise specified.

The following result classifies populations modelled by (2.1.1) that go to extinc-

tion at a finite time.

THEOREM 2.1.2. Let F(z) = x(r — f(x)). The autonomous model (2.1.1) has

populations that go to extinction at time N, for each N =1,2,3,..., if and only if

max F(z) > f71(r). (2.1.3)

Proor: If max F(z) < f~*(r), obviously, each population with zq € I is persistent.
T
Then, it suffices to find a population that goes to extinction for each N as (2.1.3)

holds. Note that the maximum of F' is attained in I since F(0) = F (f~1(r)) = 0.
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We now proceed to find trajectories that go to extinction at time N. As a second
step (extinction at time 1 has already been discussed) from (2.1.1) and (2.1.3) it
follows that the population with initial size zo = z., where F(z,) = max F(z), has
22 < 0since xy = F(x9) > f~!(r) or r — f(21) < 0.

Next, we observe that if z, satisfies F(z,) = max F(z) thenz, < f~1(r—1) = 2*,
where z* is, by definition, an equilibrium of (2.1.1). If this were not true, then

Ty 2 2" or r — f(z,) < 1. Hence,
F(a,) =2, (r — f(z3)) S za < f7I(r) (2.1.4)

which is a contradiction. Since F(0) = 0, F'(0) = » > 1 and z* is the unique
positive fixed point of F(x), (F(2*)=2a*), F(z) > z for all 2, 0 < z < z*; in
particular, F(z.) > a,.

We now define zg, the initial population, and generate the population dynamical

behavior sequence {z;} such that xy < 0. First, choose zny_; = z, and define
HN(.T) = F(.T) —ITN-1. (2.1.5)

Since Hy(zn-1) is positive and Hy(0) = —z, < 0 there exists an xn_2,
0 <an-2 < TN-1 = 24, where Hy(an—2) = 0. With this zn_, F(lzn—2)=2aNn-1.

Continuing in this manner, for each i = 1,2,..., N, let
Hy_iyi(2) = F(z) —an—; (2.1.6)

have zn_;—1 as a zero, with ay_;_; < 2n—;. This solution sequence {xi}fio has

2;>0,1=0,1,...,N —1and FN(zo) = F(F(...(F(Xy)))) =an < 0.
A consequence of this classification of extinction is the following persistence result.

9




COROLLARY 2.1.3. Let r > 1 and
max F(z) < f~'(»). (2.1.7)
Then, all populations modelled by (2.1.1) with o € I are persistent.

PROOF: Theorem 2.1.2 implies that all populations with zo € I are persistent at
time N for each N =1,2,3,.... The persistence follows from the instability of the

zero solution of (2.1.1).

§ 2.2 The Nonautonomous Model.
Mortality and fertility of populations are almost never constant (Hutchinson,
1978; Artzrouni, 1986). Both endogenous and exogenous events provide motivation

to develop a survival theory for nonautonomous population models:
Tnt1 = Tn (ra — f(2n)) n=0,1,.... (2.2.1)

Employing the guidance provided by the constant demographic situation discussed
in §2.1 and a comparison technique, we investigate persistence and extinction in
(2.2.1) where the growth rate sequence is time dependent.

An obvious condition sufficient for extinction, either at time N, N =23, ..., or
at infinity, is that the growth rate sequence satisfy r, <1,n =0,1,2,....

A sufficient condition for persistence at time n is provided by a procedure anal-

ogous to that employed in Theorem 2.1.2. If, for each n, n = 0,1,2, ...

max {z (ra — f(2))} < £ (rt1) (2.2.2)
where I, = (0, f71(rn)), then each population (again z, € Ip) is persistent at

time N, N = 1,2,3,.... The task of checking each of these inequalities may be

burdensome; it is convenient to develop a simpler, more readily tested condition.
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THEOREM 2.2.1. Suppose0<r<r, <R,n=0,1,2,.... If

max {z(R - f(z))} < f1(r) (2.2.3)

0<z<f-1(R)

then z, > 0 for eachn = 1,2,...; that is, any population of (2.2.1) with zo € Iy is

persistent at time N for each N =1,2,3,....

PROOF: The proof, similar to the appropriate part of Theorem 2.1.2, is by induction

and utilizes the inequalities

Tm = Tim—1 ("'m—l - f(mm—l))

Sm-1 (R~ f(zm-1)) < [7H(r) < 7 (rm). (2.2.4)

The inequality (2.2.3) leads to an interesting optimization problem since an in-
crease in R results in an increase in =~ max  {@ (R — f(2))} and a decrease in
0<z<f~1(R)
r decreases f~!(r). Basically, persistence at time N is guaranteed if the lowest
intrinsic growth rate exceeds some threshold determined by f.

The instability of the zero solution of (2.1.1) for » > 1 in combination with

Theorem 2.2.1 leads to the following result.

COROLLARY 2.2.2. Let the hypotheses of Theorem 2.2.1 be satisfied and

liminfr, > 1. Then, each population is persistent.
n—oo

PROOF: Theorem 2.2.1 establishes persistence at time N for each N = 1,2,3,...

while the ultimate comparison equation (2.1.1) with the coefficient r = liminfr,
n—oo

yields limsupz, > 0.

n—o0

The persistence criterion allows r, to be less than one for some values of n and

yet the population can survive.
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Two rudimentary examples illustrate the above results.

EXAMPLE 1: (Logistic).

Consider the logistic model
Tpg1 = p(rn —ap),n=1,2,....

A sufficient condition for persistence is 1 < r < r, < R where R? < 4r. The last

inequality is a consequence of

1
~R* = max ¢(R—-z)<r.
0<z<R

When the growth rate sequence satisfies 1 < r < r, < 4 then all populations
modelled by the logistic equation are persistent. This range of growth parameters,
r € (1,4), is the one typically studied for the autonomous logistic equation (e.g.

Roughgarden, 1979; May, 1976a; Hallam, 1986).

EXAMPLE 2: (Hyperbolic Density Dependent Formulation).

kz,
Tpn41 = Tp | Th — T, + 1
Tn

with 1 <r <r, <k <i(r+(r?+4r)Y/2) is persistent.

The model

The extinction results are now presented. The first result is obtained from the

persistence criterion presented in Theorem 2.2.1.

THEOREM 2.2.3. Let the hypotheses of Theorem 2.2.1 be satisfied and

n
limsup [[ rx < 1. Then each population goes to extinction asymptotically.
n—oo k=0

PROOF: From Theorem 2.2.1 it follows that each population is persistent at each

12
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finite time. Hence,

Tn <K Tp1ZTp-1< ...

n-—1

U
n—1 n-—1 n-1
< (H rk) Tg = (H rk> o
k=0 k=0

<(1—¢€)" Ty, (2.2.5)

where € is a small positive number. This leads to lim z, = 0.
n-—oo

The following results establish extinction of a population at a finite time.

THEOREM 2.2.4. Assume that there is an N such that

|

‘ .

| l<ry= min r
0<k<N

|

and

0<z< st (rw—1) {e(ry = f(2))} > 7 (rn). (2.2.6)

Then, there exists a subinterval Sy C (O,f_l(ro)) with the property that if zo € Sy
; the associated population trajectory has x> 0,k =1,2,...,N+1 and zy42 < 0.

PROOF: The arguments follow those of the constant growth rate case developed
in Theorem 2.1.2. First, define the sequence of functions, Fi(z) = z (ri — f(z)),
k=1,2,..., and let z} denote the unique fixed point of Fj(z); that is, Fi(zf) = 23,
or zj = f~!(rx —1). The uniqueness of z}, 1s a consequence of the hypothesis that f
1s increasing. It follows from ry = mkin i that 2y <27,0< k < N. Since rp > 1,
it follows that Fi(z) >« for all , 0 < & < z}. If 2 is defined by the relationship

Fy(zn) = X : — flz .
n(en) o<rcs X, v = f())}, (

o
b
~J
S
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then zxy < z}, znv41 > f7'(rn41), and, hence, 42 < 0. It remains to
find an z¢ € (O,f‘l(ro)) with the property that the population trajectory has
Fn_i1(zn-1) = zn. To accomplish this, we define
Hy_1(z) = Fy-1(z) — zn; (2.2.8)
then, Hy_1(0) = —2n < 0 and
HN—1($N) = FN—](CCN) —zn > 0.

Thus, there exists a point zy_; where Fy_i(xn-1) = an. The construction of
the sequence proceeds in this manner employing the function Hy_; = F| N-i(z) —
Tn-it+1 and defining its zero to be zn_;. This leads to an initial position zg in
(O,f_]('l'(] — 1)) and a sequence {z} withzx > 0,2 =10,1,...,N+1and a4 < 0.

Using analogous techniques the following result may be obtained.

THEOREM 2.2.5. Let ri > 1, k=0,1,2,... and suppose that there is an N with

-1
< - f(x > rNn 2.2.9
oo P2yl lw = @)} > f7 () (2.2.9)
and
max Fra(z) >z, k=1,2,...,N, (2.2.10)

0<z<f~H(re-1—1)

where T, is obtained from

Fi(zy) = max Fi(a),
k(@) 0<z<f~1(ry~1) k()

with Fy(z) = z (ri — f(x)). Then, there exists an initial population

2o € (0, f'(ro — 1)) whose solution trajectory goes to extinction at time N + 2.

The results of Theorem 2.2.4 and Theorem 2.2.5 are qualitative in character. To
provide a more quantitative criterion of extinction which illustrates the required

inequalities the following theorem is presented.
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THEOREM 2.2.6. Let f(x) < kz for some positive constant k and for all ¢ positive.
Assume that there exists an integer N, N > 1, where the intrinsic growth function

satisfies r3,_, > 4kf~!(rn). Define

aN = ‘)—k- {’I‘N_l — (T?v_l - 4kf_](TN))%}

and
1 , )
0’23/_-{"—1_(’”?—1“4‘az+1) } 1=1,2,...,N—1 (2.2.11)
Let
1 , 1 ;
B = g Ao + (b - 457 0w))
and

B 1 2 SUNAY
mln{ri_1 = f(ar) 2 (7,_1 + (7i—1 —4l\,a,+1) )} ,

Bi

l

(2.2.12)
1 9 1
ﬁ {Ti——l + (7"5_1 —- 4k0£,‘+1) 2 } s

provided ri_; < f(e;), t=1,2,...,N —1.

Let ay satisfy a; < 29 < B and 7":2—1 > 4koipr, ¢ = 1,2,...,N — 1, then the
population trajectory goes to extinction at time N + 1.

PROOF: The population goes to extinction at time N + 1 if ayy4; < 0 (by

Definition 2.1.1); that is, rxy < f(zn), which is equivalent to

FHrn) Canci (rv-1 = flan-y)),
or
an-1f(eN-1) —rN-1ZN-1+ f T (rn) 0. (2.2.13)

15



. Since f(z) < kz, clearly, whenever
k.’c%\,_l ~TN-1TN-=1+ f_l(TN) <0, (2.2.14)

(2.2.13) holds and, hence, xn4; < 0.
From the assumption that r%,_; — 4kf~'(ry) > 0, it follows that (2.2.14) is

satisfied provided ay < any-1 < fn. However, zx_; > ayp if and only if

en-2f(rn_2) —rN_2zN—2+ an <0.
Hence, it follows from

1 /—ﬁ
ON_—1 S TN-—2 S ;-l: (7‘1\1_2 + T‘?V_z — 4kaN (2.2.15)

that 2y_1 2> an. That is, as ay—; < ay-2 < Bn—_1, TN-1 > anN.

On the other hand,

AN-1— BN =any_arN—2 —aN-2f(zN=2)— BN

[N

TN -2 (TN—z - f(aN—l)) - BN, (2-2-16)

provided any_2 > apn-j, since f(a) is increasing. By the definition (2.2.12), if
TN-2 < /BN—la

aN-2(rN-2— flan-1)) — Bn <0,
which implies 2 _; < An. Therefore, as an—1 < zn_2 < Bn_1, an < an_1 < By,
and, then, zy47 < 0.

Continuing in this manner, the interval (ag, 8y) of initial values, which leads to

rn+1 <0, is found.
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§ 2.3 Decomposition of Initial population Axis.

Just as the dynamical behavior of discrete models can be complex, extinction
behavior can likewise be complicated. The main result of this chapter demonstrates
that, for a prescribed generation N, the initial population axis is subdivided into
subintervals containing trajectories that go to extinction at finite times less than or
equal to N and subintervals containing trajectories that persist at time N. Such
a decomposition can result in populations going to extinction at time N while
populations with larger or smaller initial sizes can persist at time N.

A lemma that describes a geometrical configuration for F' much like the logistic

is now given. The model is (2.1.1), xn41 = F(xy) where F(z) =z (r — f(z)).
LEMMA 2.3.1. Assume that

() £ € C*R, Ral, £(0) =0, #'(2) = L 5 0 and max f(a) > .

(i1) There exists an o* > 0 such that

£y = LI {

<0 foraz > z*,

da? >0 forz <az*.

(iii) One of the following holds:
(8) f12) 2 alf'(2)], w22 or
(b) there exists & > z* where f'(z) < x|f"(2)| for all z > %, but
r—f(@) < ().
Then, F'(z) = 0 has a unique solution # € (O,f’l(r)) and, hence, for

y* < max F(z), F(x) = y* has exactly two solutions.
0<z<f=1(r)

PROOF: Two observations that are utilized below are 2 f'(z) is increasing for « < z*

and r — f(z) is decreasing. Since

F'(z) =r— f(z) — zf'(z), and F'(0) > 0,
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either (a) there exists exactly one Z < &* where F'(z) = 0 or (8) F'(z) > 0 for all
z < z*. When (a) and (iii)(a) are valid, F'(z) < 0 for = > z. If (8) and (iii)(a)
hold then there exists an Z > z*, where F'(Z) = 0 and F'(z) < 0 for & > Z.

Whenever (iii)(b) holds, zf'(z) is decreasing on (%, f~!(r)) and

of (@) > f O (FH()  en (3, F71(n)).

When (a) holds, F'(z) is negative for ¢ > & since from (i) and (iii)(b) it follows

that
r—flz) <r—f(&) < ) f (f_l(r)) < zf'(2), if z>3.

Thus, the uniqueness of Z is guaranteed. If () hold's-, we have F'(z) > 0 for
¢ < z*. The functions 2 f'(z) and r — f(z) are both decreasing on (&, f~1(r)) with
af'(z) positive at f~!(r) while the function r — f(z) is zero at f~'(r). Again the

uniqueness of £ with F'(z) = 0 follows.

An example other than the obvious linear (logistic) function that satisfies the
hypotheses of Lemma 2.3.1 is defined by
a

f(z)={ ke =, x>0,
0, r =0,

where k and « are positive constants.
With the configuration of F as prescribed by Lemma 2.3.1, extinction dynamically

structures a decomposition of the initial population axis for model (2.2.1).

THEOREM 2.3.2. Let the assumptions (i) for each n where r is replaced by r, and

(ii) of Lemma 2.3.1 hold. Let there exist an N > 0 where

max  {z(re — f(2))} > 7 (rraa), k=0,1,...,N -1, (2.3.1)
0<z<f=1(rs)
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and

o< e () {z(rn = f(2))} > F (rns). (2.3.2)

In addition suppose that
fl(z) > z|f"(2)| for all x > a*,
or, for each k = 0,1,..., N, suppose there exist #; > «* where

fl@) < elf'(2)l, x>, (2.3.3)

and
ri = F(@E) < ) (F7 () (2.3.4)

Then in the interval Iy = (0, f~!(ro)) there exist 2N+ disjoint, nonempty, closed
subintervals that consist of initial conditions, ¢, of solutions of ( 2.2.1) whose solu-
tion sequence {x} goes to extinction at time N + 2. The complement of the union
of these subintervals necessarily consists of initial positions of populations that are
persistent at time N +2 together with subintervals of initial positions of populations

that go to extinction at times 1,2,3,..., N + 1.

Proor: By Lemma 2.3.1, Fy(z) = «(ry — f(2)) = f~(rn41) has exactly two
solutions, = an and & = by, where 0 < ay < by < f~'(rn). Every trajectory of
(1.3.1) with @ in [an,by] has zn42 < 0 since f~1(rn41) < ¥n4;. Traversing the
population trajectory in reverse time, we find that because of the configuration of
Fn-1, there exist ajy_;,b_;,a%_1, ¥4 _;
where

O0<aj_; <by_;<ad_,<bi_,<f'(rn-1)
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such that for zy-1 € [ay_;,b0n_1] U [a_1, 04 _1], N € [an,bn]. On the other
hand, for zn ¢ [an,bn], zN4+2 > 0; that is, Vzy € (0,an) U (bN,f_l(rN)),

tN+2 > 0. By similarly traversing the population trajectory in reverse time,
Ven-1 € (0,ajy_y) U (b1, FH{rn=1)), zv € (0,an) and hence zy4, > 0, but
for zy_1 € (bly_,;,a%_,), either zy € (bN,f_l(rN)), which gives x40 > 0, or
xn 2> f~}(rn), which gives 2x4; < 0. Continuing this process, we find a decompo-
sition of (O, Fro )) into 2V+! subintervals that are composed of initial conditions
for population trajectories that go to extinction at time N +2. The complement of
this set must necessarily consist of initial values of populations that are persistent

at time N + 2 and solutions that have gone to extinction at time prior to N + 2.

§ 2.4 The Periodic Model.

We end Chapter 2 with a specific case where the demographic variation is periodic.
This assumption is based on the fact that most natural populations experience
fluctuations in biological and environmental factors which affect their growth rates
and many of the fluctuations with which a population must cope are regular and
recurring, for example, seasonal (c.f. Harper, 1968; Pianka, 1971; Pielou, 1978;
Ricklefs, 1974; Zaret & Rand, 1971).

The results of nonautonomous models, of course, may be applied to the periodic

models, and a further qualitative result is obtained in the following theorem.

THEOREM 2.4.1. Assume that there is an integer T such that r,47 = r, for all
n=0,1,2,... in the model (2.2.1) and

T-1

HT‘,‘>1.

=0

Then there exists at least one positive periodic solution with the period T.
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PROOF: First, it is easy to see that if there exists a periodic solution with a positive
initial value, it must be positive at any time. Indeed, otherwise, 2x < 0 for some
k > 0, and, then, z,4r < 0 for all n, a contradiction in the periodicity of the
solution.

Since
T-1 1—1
xr = o (ro — f(x0)) H {7‘5 - f (:L'o H(rk - fk)) } , (2.4.1)
=1 k=0

obviously, there exists a periodic solution with the period T if and only if there is
a point, z¢, in the initial axis, such that 27 = z and, equivalently, if and only if

the equation

—~~
o
tp
)

S’

-1 i—1
(ro = f(20)) H {7'1' - f (-To [T - fk))} =1

k=0

has a solution zg, 0 < 29 < f~!(ry), where fi = f(zx).

Let y = ro —29. Then 0 <y < ry. Rewrite (2.4.2) as

1 T-1 1—1
-=1] {m ~ f (on I - fk)) } ;
Yy i=1 k=1

and let

T-1 i—1
G(y) = i — H {7',: - f (moy kI_-‘[(Tk — fk)> } . (2.4.3)

t—1

Clearly, G(y) is continuous for 0 < y < r¢, and

lim G(y) =
Jim, (y) = oo,




since g — 0 as y — ro — 0. Thus, there exists at least one zero yq of (2.4.3) with
0 < yo < ro. That is, the periodic model (2.2.1) has at least one positive periodic

solution.

It 1s also clear that determination of persistence of populations in periodic models
1s simpler than general nonautonomous models, because there are only T inequalities

that need to be checked; that is, if

'_l .
x(r; — f(z Tit1)s =0,1,..., 7 -1
T (2l = ) > 7 ),

then each population persists for 0 < z¢ < r¢. Furthermore, Theorem 2.4.1 gives
the existence of a regularly oscillatory population trajectory with the fixed period
T.

It is not a trivial task to find how many positive periodic solutions there are. To
illustrate the difficulties that might arise, we discuss a simple example as follows.

Consider the periodic logistic equation

Tn4+1 = Ty (7'n — ;‘L‘n) s (245)

where rr = ro. By induction, it is easy to find the general form of the solution:

2ﬂ
Tp = E (=) Tapal, n>1, (2.4.6)
k=1
n—1
where ax > 0 are combinations of ’s and a; = [] r;. By Descarte’s rule, we can
i=1

get a simple proof of existence of at least one positive periodic solution provided
T-1
II ; > 1. Furthermore, if T = 2, then the positive periodic solution is unique.
=1
Indeed, clearly, it suffices to show that there is only one positive solution satisfying

T2 = To, that is, to show uniqueness of the positive solution of the equation

Ty — 2roxg + (r2 +r1)xo — (ror; — 1) = 0. (2.4.7)
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Rewrite (2.4.7) as

2 2 rory — 1
:1:0—27‘0:zc0+(r0-l—rl):——ﬁlC .
Eif)

Let

g(zo) = z& — 2rozo + (2 4 ).

Since

4rd —4(ri +r))=-r <0,

g(zo) >0, Vao,

s . ror; — 1
and g(2o) has a minimum r; at ro. On the other hand, if we let (z¢) = 0—1——,
Lo
then 1/(x¢) is decreasing and always positive and ling+ Y(ay) = +oo, P(rg) =
To—
r1 — — < r1. This shows that there is a unique intersection point between g(zo)

"
and ¢(0:z:0); that is, the positive periodic solution is unique.
§ 2.5 Discussion.

Our analysis of one-dimensional discrete population models with demographic
variation and density dependence illustrates a feature that one might expect when
studying stressed populations from a persistence and extinction perspective. That
is, when environmental oscillations are pronounced, there is a possibility that a
population goes to extinction at a finite time. The criteria for extinction in this
chapter are based on relationships between the quantities max {z (r — f(z))} and
f71(r), or max{z (rn — f(z))} and f~!(r,). Theory developed in autonomous
cases provided a basis to develop concepts in nonautonomous cases. In general, this
theory cannot be applied to situations where species, like daphnia, have the capacity
to protect themself from stress by optimizing energy allocation, maturity time and

reproduction when the environment is constant or slowly changed (Gabriel, 1982).
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However, when the environment is fluctuating, especially when rapid changes occur

in environment, some species would lose their capacity to adapt to the changes.

An interpretation in our analysis is that if r,4; at some generation n+11is so small
that max {z (r, — f(2))} exceeds f~! (r,41) then some populations go to extinction
immediately after generation n + 1. From this result, we see, once again, the
effects of time delay in modelling population processes. In the extinction criterion,
max {z (r, — f(2))} is evaluated at generation n but f~1(rm4;) is evaluated at
generation n+ 1. This is additional evidence that although there is no explicit time
delay in our models, difference equations have already had a one generation time

lag built into them (Levin & May, 1976).

Perhaps the most interesting result in this chapter relates to decomposition of
the initial population axis. Subject to certain hypotheses, for each generation time
N, the initial population size axis may be decomposed into extinction and persis-
tence components. The dynamic decomposition corresponding to time 1 divides
R, into two subintervals I,,, and I,, where if 2o € I,,, the population with initial
size To is persistent at time 1, while if zo € I,,, the population with initial size
Zo goes to extinction at time 1. The persistent set I,, is then decomposed into
nonempty subintervals associated with persistence at time 2 and extinction at time
2. In general, we have shown that there are 2V =1 nondegenerate subintervals where

extinction at time /N results.

The decomposition occurs when a single inequality is satisfied for autonomous
models or when several additional inequalities are valid for nonautonomous models
(see Theorem 2.3.2). When the additional inequalities are not valid, for given f,

the geometrical configuration of the population growth rate determines whether
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extinction or persistence ensues at a given time. For example, the ay and by in the
proof of Theorem 2.3.2 might exceed the maximum of Fiy_;. This would terminate
the reverse construction of the population trajectory and there would not exist a
solution emanating from time 0 that goes to extinction at time N + 1. This is a
difference between autonomous and nonautonomous models. Autonomous models
which have trajectories that go to extinction at time N also have trajectories that
go to extinction at time 1,2,..., N — 1. Nonautonomous models need not have this

intermediate extinction property.

It should also be noted that the process employed to decompose the initial popula-
tion interval is applicable to more general nonlinearities in (2.2.1) than the logistic-
like formulation employed in Theorem 2.3.2. This is more complicated than the
uniform case considered above because it is possible, for example, to have intersec-
tions numbering more than two at reverse time steps. The decomposition method,
when it is applicable, will have at least 2¥1! subintervals for extinction at time
N + 2 and, depending upon F (where n41 = F(zy)), could have many more.
Hence, it appears to be a nontrivial task to predict extinction in difference equation
models, primarily because of the characteristics of the extinction decomposition of
the initial population size axis. It seems feasible that given any decomposition of
the type described in Theorem 2.3.2, there is a viable density dependent mortality
representation, f, and an appropriate growth rate sequence, {ry}, which affects

that extinction-persistence decomposition in (2.2.1).

The analysis of persistence and extinction for periodic population models is an
interesting topic to develop further. In nature, many of the fluctuations with which

a population must cope are regular and recurring. Birth and death rates can be
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seasonal. Climatic factors which affect birth and death rates can also vary in a
regular manner (Cushing, 1986a). All of these phenomena provide motivation to
consider periodic models. In this chapter, we just initiated an elementary study
on the periodic difference equation model. TI:II > 1 1s a sufficient condition for
existence of a positive periodic solution with IJ):fiod T. We have also seen that the
periodic solution is unique in a simple case where T' = 2. When T becomes large,

the task to determine the uniqueness of the positive periodic solution or to find the

number of positive periodic solutions is complicated.
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CHAPTER 3

DISCRETE AGE STRUCTURED MODELS

In Chapter 2, we have studied persistence and extinction of populations for dis-
crete models without age structure; that is, we assumed that individual dynamics
are not important for population dynamics. Obviously, this is only an approxima-
tion and, more realistically, we need to introduce some physiological or age structure
into population models. When an age structure is viewed in a discrete population
model setting, higher dimensional difference equations are often used. The well
known Leslie matrix model is a typical example, that has been used frequently.
However, in most of the literature, it is assumed that mortality and fertility are
constant or time independent (c.f. Sykes, 1969; Cull & Vogt, 1973; Green, 1979;
Geramita & Pullman, 1984), although there has been some attention devoted to
effects of periodic events (Kot & Schaffer, 1984).

In this chapter, we study models with demographic variation and density depen-
dence. The analysis of the dynamical behavior of population trajectories can be
very complicated; hence, we focus initially on some special cases where populations
are assumed to consist of only two age classes. This is a reasonable approximation
for many species of birds (Capildeo & Haldane, 1954), for some species of snails

(Wolda, 1970), and for some species of insects (Tschumy, 1982).

§ 3.1 Autonomous Two Age Class Model.
Suppose that a population consists of two age classes. All juveniles become adults
and all adults die at the next generation after reproducing offspring. "Intraspecific

competition” acts only within the adult class so that the density functions are only
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functions of the adult population. The environment is assumed to be constant.
Then, we assume that the model has the following form:

{ Tn+1 :yn(a_f(yn)), (31 1)
+ 3.1.

Ynt1 = Za (B — 9(ya))",

where 2, and y, denote numbers or biomass of juveniles and adults respectively

at time n; « is the birth rate and f is the survival probability; f and ¢ represent

density dependent relationships and satisfy that f(0) = 0, 9(0) =0; f(y) =0, and

9(y)=0ify <0; f'(y) > 0 and ¢'(y) > 0 for y > 0. Here,

(8 —9(y)* = max{f — ¢(y),0}.

For simplicity, we omit the superscript "+” afterwards in this chapter.

When af8 < 1, the zero solution (0,0) is stable and the population goes to ex-
tinction at some time for any initial size. When af = 1, the population trajectories
are decreasing and extinction also results. Hence, we are most interested in the
case f3 > 1. As we mentioned in Chapter 2, this relates to persistence but does
not guarantee it since the possibility of extinction at some finite time has not been

eliminated.

DEFINITION 3.1.1.

a) A population, represented by a solution sequence {(v,,yn)} of (3.1.1) is
strongly persistent at time N if x, > 0, and y, > 0, for eachn = 0,1, ..., N;

b) A population is weakly persistent at time N if 2, > 0 and yn > 0 for each
n=01,...,N—-1 andaeny 20,yn >0, 2y + yn > 0.

¢) A population is strongly persistent if it is strongly persistent at time N for

each N =0,1,... and limsupz, > 0, limsupy, > 0;

n—oo n—o00
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d) A population is weakly persistent if it is persistent at time N for each N =
0,1,... and limsup(z, + y») > 0;
n—oo
e) A population goes to estinction at time N provided it is persistent at time
N -1butzy <0andyny <0;

f) A population goes to estinction asymptotically provided it is persistent at

time N for each N =0,1,... and lim z, = 0, lim y, =0.
n—oo n-—+oo

First, we discuss persistence of the population.

THEOREM 3.1.2. Let ! = min {f"l(a),g_l(ﬂ)} and assume

l
X  — < —.
max {y(a—f(y))} < 3

Then each population with

l
ﬂ—g(yo)’

O<y <1

O<zg <

1s strongly persistent at time N for each N = 1,2,.... Furthermore,

!
0 < Tn S )
g (3.1.3)

0<yn <l

for alln > 1.
PRrOOF: Clearly, it is sufficient to show (3.1.3) and this is done by induction on n.

(3.1.3) is trivially true for n = 1. In fact, obviously, z; > 0 and y; > 0. Since

| 0 <yo <, and by the assumption (3.1.2)

21 = yo (@ — f(yo)) < é
y1 = xo (B — g(yo)) <l
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l
Assume 0 < 7z < — and 0 < y; < I. It follows immediately that zx4q > 0,

B

Yr+1 > 0, and

Tr41 =Yk (@ — f(yr)) < L

<5
Yerr = 3k (B~ g(yr)) < xxf <L

COROLLARY 3.1.3. Assume that the hypotheses of Theorem 3.1.2 hold and a8 > 1.

Then each population is strongly persistent.

PROOF: Persistence at time N for each N = 1,2.... is from Theorem 3.1.2. Since

{ Cl,'n+] = Yn (Cl’ - f(y“)) ~ OYn, (314)

Ynt1 = Tn (IH - g(yn)) ~ By,

for small (z,,yn), the linearized system

Tn+1 _ 0 « | Tn
Yn+1 ﬂ 0 Yn
has at least one eigenvalue greater than 1 whenever a8 > 1. Hence, the zero solution

(0,0) is unstable and the population is strongly persistent.

THOREM 3.1.4. Assume

max  {y(a— f(y))} < - (a)-

0<y<f-1(a) B

(3.1.5)
Then each population is weakly persistent at time N for N =1,2,... provided ’

-1/,
O<zp < f~ ()

B —g(yo)’
0 < yo < max {f(a),g"1(8)}.
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PROOF: Suppose that there is a population which is not weakly persistent. Then,

it must go to extinction at some time, say n + 1, i.e.

{ Tny1 = Yn (a - f(yn)) < 0)

Yn+1 =20 (B—g(yn)) <O0. (3.1.6)

Then, there are three and only three possibilities:

i)

| and
\ iii)
{ x, >0
Yn > f_l(a')7 and Yn > g~1(:3)'

By the definition of weak persistence, case i) cannot happen.

Notice that

()
B

Yn = Tn-1 (ﬂ - g(yn—l)) S xn—lﬂ < ﬂ = f_l(a)a

this means case ii) and iii) cannot happen either. Hence, Tpt1 > 0, or ypy1 > 0,

for each n.

Similarly, we have the following result.

COROLLARY 3.1.5. Suppose that the hypotheses of Theorem 3.1.4 are satisfied and

af > 1. Then each population is weakly persistent.
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REMARK 3.1.6: It is clear from the definitions that strong persistence implies weak
persistence; however,the converse is not true. For example, suppose that the fol-

lowing inequalities

g_lﬂ(ﬁk mex {u(e - S < T

0<y<f~t(a)

hold. Choose zy very small and yy so that

-1
9 (8
yo (@ — f(yo)) > Uy
B
Then
Y2 = Yo (a = f(%0)) (B — g (z0 (B — 9(0))))
L 5= g7(s)
Hence
Tant1 > 0, Tont2 = 0,
and
Yon41 = 0, Yan42 > 0;
n =1,2,.... The population is therefore only weakly persistent.

The following theorem discusses a sufficient condition for finite time extinction.

THEOREM 3.1.7. Assume

oo, o {By (o~ f(y))} > L, (3.1.7)

where L = max {f‘l(a),g_l(ﬂ)} .
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Then the model (3.1.1) has populations that go to extinction at time N, for each

N=1,2,..

PROOF: To show that a population goes to extinction at time N, i.e. 2y < 0, and

yn < 0, it is sufficient to find 29 and yo with

l
O0<ag < ——— O0<yo <l

B — g(yo)’

such that the generated sequence {(2,,y,)} has yy_1 > L, since
L =max {f(a),¢7}(A)}.
From (3.1.7) and

yN—1 = aN-2(8 = glyn—2))

=y~n-3(a— flyn=3)) (B—g(zn=3 (B — g(yn=3)))),

it follows that there exist ay_3 and by_3 with

O<an_3 < bN_3 < f_l(Oz)

(3.1.8)

such that Vyy_3 € (an-3,bnv_3), yn—3 (o — f(yn—3)) B > L. Hence, yn—1 > L

provided xy-3 < 1, where "« 1”7 denotes being a sufficiently small value. Indeed, if

yN-3 2 g~ '(B) then yn_» = 0, and yny—1 = yn—3 (a — f(yn_3)) B > L. Otherwise,

yn—2 =an_3(f —g(yn-3)) < 1

and

yn—1=an-2 (B —g(yn=2)) R an_2f =yn—-3(a— flyn—3)) B > L.
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Next, we consider
{ aN-3 = yn-4(a— flyn—4)),
YN-3 =TN-4(f - 9(yn—4)).

(3.1.9)
Obviously, by choosing yn-4 < 1, (3.1.9); is solved. The iterate zy_3 and, hence,
yn—4 can be chosen to be arbitrarily small. If 2 y_4 can be found so that zy_483 €
Sn-3, where Sy_3 = (an—3,bn-3), then (3.1.9) is solved. But this is trivial from
(3.1.7) and the hypothesis that f is increasing. In fact, since

0<y<s1 () {By(a = fy)} >L>f(a),

there exist ay—5 and by 5 with ay_5 < by—5 < f!(a) such that Vyny_5 € Sy_s =

(an-s,bn_s)
an-3 < aN-4/3 = Byn_s(a— f(yn=s)) < bn-3.

That is, (3.1.9) is satisfied if yy_5 € Sy_s and an_5 < 1. Continuing in this

fashion, the proof is completed inductively.
REMARK 3.1.8: It is easy to see from the proof of Theorem 3.1.7 that

(1) If N is an odd integer, then there is a subset Sq C (O,f_l(a - %)) such
that the population with g < 1 and yy € Sy goes to extinction at time N.
(2) If N is an even integer,then there is a subset S; C (0, I %)) such that

the population with 48 € S; and yy <« 1 goes to extinction at time N.

§ 3.2 Nonautonomous Two Age Class Model.
In § 3.1, we assumed that the birth rate and the death rate are time independent;
that is, a constant environment and physiology are assumed. More realistically, we

assume that the birth rate and the death rate are time dependent, and, hence, the
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following nonautonomous difference model is needed:

{ Tnil = Yn (Oln - f(y77)) »

Yn+1 = Tn (Bn — 9(yn)). (3.2.1)

Here, we still assume that density effects only depend upon the numbers of the

‘adults.

Since

{ Zatz = T (B — g(yn)) (st — Flyns1))

3.2.2
Yn+2 = Yn (a’n - f(yn)) (ﬂn-{-l - g(yn+l)) 3 ( )

if Brangr <1 and anfnt1 < 1, the population size becomes smaller and smaller.
Hence, an obvious condition for extinction, either at time N, N = 2,3, .. ., or at
infinity, is that anfBry1 <1 and apBr_; <1,n=1,2,.... We are most interested
in the case where apfint1 > 1lor apBu_1 >1,n=1,2,....

The following results are based on an approach analogous to the one employed in

§ 3.1.

THEOREM 3.2.1. Let

O<a<a, <A,

0<b<pn < B,

n=0,1,..., and I = min {f~Y(a), g~ (b)}. Assume that

]
max {y (A — f(y))} < 5. (3.2.3)
0<y<I B
Then,
O<a, < l
:Ln B,
0<yn <,




n=12,..., provided

]
0<zg < ——r,
" Bo —9(¥0) (3.2.4)
0<yo <l

That is, each population with initial sizes satisfying the inequality (3.2.4) is strongly

persistent at time N for each N =1,2,....
The proof is straightforward from induction as that in the proof of Theorem 3.1.2.

COROLLARY 3.2.2. Let the hypotheses of Theorem 3.2.1 be satisfied and
liminf o, Bp; > 1, liminfa,Bhr+1 > 1. Then each population with initial sizes
n—0o00 n—oo

satisfying (3.2.4) is strongly persistent.

PROOF: Theorem 3.2.1 established persistence at time N for each N = 1,2,....

From (3.2.2), it follows that limsupz, > 0 and limsup y,, > 0.

n—00 n—00

THEOREM 3.2.3. Suppose that

O0<a<a, <A,

0<b< B, <B,

n=0,1,2,..., and

max  {y(A— f(y)} < I

3.2.5
0<y<f—1(A) B ( )

Then, each population with the initial values (3.2.4) is weakly persistent at each
time N for N =1,2,....

PROOF: Assume, for purpose of contradiction, that the conclusion is false. Then

there is an NV such that the population is persistent at time N but 2x41 < 0 and
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yN+1 < 0. Hence,

{ yn (a = f(yn)) < yn (an — f(yn)) <0, (3.2.6)

an (b—g(yn)) < anv (By —g(yn)) < 0.

To satisfy (3.2.6), clearly, it is necessary that one of the following is satisfied:

<0,
{ = (3.2.7)
yn <05
<0,
{ e (3.2.8)
yn = f7(a);
xy >0,
: 3.2.9
{ yn > f~'(a), and yn > g71(b). (3:29)

Since

YN = TN_1 (ﬂ]\f——l - g(yN—l))

<PBn-12ny-1 < Bzny_1 < f_l(a)a

(3.2.7) must be satisfied. This contradicts to persistence of the population at time
N.
EXAMPLE: Consider a simple case:

{ Tp41 = y"(a.’n - y")’
Yn+1 = wn(ﬂn - y")

Assume

aSa’nsAa

b< B, <B.

Then, if 4b < AB < 4a, each population with the initial sizes
min {a, b}

Bo—yo ’ (3.2.10)
0 < yo < min{a, b},

0<ag <
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1s weakly persistent; and if
AB < 4min{a,b},
each population with the initial sizes (3.2.10) is strongly persistent.
Similarly, we have the following result.

COROLLARY 3.2.4. Suppose that the hypotheses of Theorem 3.2.3 are satisfied and

liminf apfBy41 > 1, liminf apBn—1 > 1, n = 1,2,.... Then each population with
— 00

n—oo n

the initial values (3.2.4) is weakly persistent.

Now, we consider extinction of populations. The following theorem is obtained

by procedure analogous to that employed in § 3.1.

THEOREM 3.2.5. Assume that there is an N such that

max {Bn-2kt1y (an—2k — f(¥))} > F (an—2kt2) (3.2.11)
0<y<f~Y(an_2i)

fork=1,2,..., [g], and

s {Bnyry (anv — f(y))}

> LN+2 = max {f_l(a‘]\]+2),g_l(ﬁN+2)} . (3212)

Then, there is a population with the initial values (3.2.4) that goes to extinction at

time N 4 3.

PROOF: First, we assume that N is an even integer and let it be written as 2n.

Since

T2n43 = Y2n+2 (Ct’2n+2 - f(y2n+2)),

Yon43 = Tan42 (,32n+2 - g(y2n+z)),
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and

Yan42 = T2p41 (ﬂ2n+1 - g(y2n+1))
= Y2n (0’211 - f(y2n)) (ﬂ?n+] - g(y2n+1)) ’

if yon41 =0 0r 0 < y2,41 < 1, by employing (3.2.12), we find that there exist as,
and by, with

0< Aopn < b'Zn < f_](a"ln)

such that

Yan+2 > Lonya, (3.2.13)

for yan € S2a, where Ss, is the set defined by (@2n,ban). Hence, the inequali-
ties an43 < 0, Y2n+3 < 0 are valid provided y2, € Son. Recall that Yont+1 =
Tan (Ban — g(y2n)). If yon > g7 (Ba2n), then yap 41 = 0; otherwise,

- Yoan+1

£ 2 —_ T .

" /3211 - Q(TJ‘Zn.)

Choosing x2, very small we can get 0 < y2,41 < 1. Assume 0 < Yont+1 K 1.
As the next step, we need to satisfy

{ Tonp = Yon—1 (a?n—l - f(yZII—‘l))’ (3 2 14)

Y2n = Tan-—1 (ﬂ'.?n—l - .(/(y'.)n—]))’
for x9n—1 and y2n—1, where 22, < 1 and y2,, € S2,. Without loss of generality,
Y2n+1 and zy, may be taken arbitrarily small, hence if we can show that there is
a T2p—1 such that zon_162,-1 € Sa,, by choosing y2,,_1 very small, (3.2.14) and,
subsequently, (3.2.13) can be satisfied.

Since by, < f7(azy), it follows from (3.2.11) that there exist asn_g and byp_s

with

Aop—2 < b2n~—2 < f_l(a'2n.—2)
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such that
P2n-122n-1 = Prn—1Y2n—2 (@2n—2 — f(Y2n—2)) € Son

for y2n—2 € San-2, where Syn_y = (a2n—2,b2n—2). Thus, 29,_2 < 1 and y2,—_2 €

S2n—2 satisfy (3.2.14). Continuing in this manner, we can find the initial values 24 €
( min {0’1 s ﬁl }
0, ————+—
Bo = 9(yo)
(More precisely, 79 < 1, and yo € Sy = (ao, bo), where 0 < ag < by < 1 (a0)).

) and yo € (0,1ﬁin {ao,Bo}) such that z2,43 < 0 and ya,43 < 0.

If N is odd, by the procedure described above, we find the set S; such that
Vyr € Stand 0 < a2y < 1, an43 <0, yngs < 0. Then, choosing 0 < yg < 1 and 2y

such that zy 8y € S) leads to zn43 < 0 and yn+3 < 0.

§ 3.3 Decomposition of Initial Population Axes.

By discussing decomposition of initial population axis in § 2.3 for one dimen-
sional difference models, we have indicated that extinction behaviors of populations
are complex. When age structures are involved in population models, complexity
increases and the decomposition becomes more complicated. However, in the two
age class models when the population size is small in one age class, the population
model behaves like an age independent model in the sense that it is still possible, for
a prescribed generation N, to subdivide the initial population axes into subintervals
containing trajectories that go to extinction at finite times less than or equal to N

and subintervals containing trajectories that strongly or weakly persist at time N.

THEOREM 3.3.1. Assume that f(y) satisfies the assumptions of Lemma 2.3.1 and
Theorem 3.1.7. Let f~'(a) < g=*(B). Then, for N an odd integer, there exist 2V =1
disjoint, nonempty subintervals that consist of initial positions, vy, of solutions of
(3.1.1), in the interval (0, f~'(«)), with x¢ small, whose solution sequence {(zn,yn)}

goes to extinction at time N. The complement of the union of these subintervals
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contains initial positions, yo, of populations with the same z, that are persistent
at time N together with subintervals of the initial positions of populations that go
to extinction at times 1,2,...,N — 1. For N an even integer, the decomposition

process can happen in the xg axis with yo small.

PROOF: In the proof of Theorem 3.1.7, we have shown that Yyny_3 € Sy—3 and for
0 <zny-3 < 1,it holds that yny—1 > L and, hence, the population goes to extinction
at time N. Since, now, f~!(a) < g7 1(B), yn_s < 7 e) < ¢7YB), yn—2 < 1
s positive and so is 2y ~1. It follows from the configuration of By (a — f(y)) that
there exist two nonempty open subintervals (0,aly_5) and ( N_z> [T (a)), where
ay_3 < an-3 and by_3 < bly_s3, in the complement of the closure of Sn—_3 In
(O,f_l(a')), such that Yyn_3 € (0,aly_;) U ( 'N_a,f_l(a)) with the same zpy_3,
yN-1 < L and, hence, at least yy > 0. Traversing the population trajectory in
reverse time, we find that there exist b}, _,, a%_s, b3 s, ad_s, b _s, a_s, b s,

5 5 6 ;
an_s, by_s, ay_s with

1 2 2 3 3
0 < b1\7_5 < (lN_5 < bN—5 < aN—5 < bN—S
<aj_s < by_s < a¥_s < bly_s <aly_s < f N a)

such that for

yn—s € (0, b}\/—s) U (“?\1—57 b?v-s) U (a}lv—s, b‘ziv—s) U (G?V—s’ f_l(“))

with o y_5 <€ 1

yn-3 € (0,aly_3) U (by_3, f ' (a)),
and for

yn-s € (aly_s,by_s) U (X5, b} ;)
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with zy_5 < 1, yn_3 € (an-3,bn_3). Continuing this process, when N is odd,

we find a decomposition of (0, f~!(«)) into 2V~ subintervals that are composed of
initial conditions for population trajectories that go to extinction at time N. The
complement of this set contains a union of nonempty subintervals that composed of
initial values of populations that are persistent at time N or have gone to extinction
at time prior to N, and these two sets of subintervals are nested. When N is
even, the decomposition of the population size at time 1 is found. Denote the set
containing the subintervals for populations that go to extinction by S;. Then, by
choosing 0 < yo < 1 and V¢ so that Byxy € S, the population trajectories go to
extinction at time N. Similarly, we can find the union of initial values corresponding
to population trajectories which are persistent at time N or have gone to extinction

at a time prior to N.

Likewise, we have the following result for the nonautonomous model.

THEOREM 3.3.2. Let the assumption (i) where r is replaced by ry, for each n hold
and (1) of Lemma 2.3.1 hold. Let there be an N such that (3.2.10) and (3.2.11) in

Theorem 3.2.5 hold. In addition, suppose that
F@)>alf"(@)] Ve e,
or, for each k =1,2,..., [%] suppose there exist Top > a* where
fila) <alf'(@)], w2 & (3.3.1)

and
rok — f(Zax) < f 7 aar) f (F7" (02r)) - (3.3.2)
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Morever, assume that f™'(an4+1) < ¢7Y(BN41). Then, for N an odd integer, -
there exist 2N*? disjoint, nonempty subintervals composed of initial positions, yo,
of solutions of (3.2.1), in the interval (O,f_l(ozo)), with zo small, whose solution
sequence {(Zn,Yyn)} goes to extinction at time N +3. The complement of the union
of these subintervals contains initial positions, y, of populations with the same
that are persistent at time N + 3 together with subintervals of the initial positions
of populations that go to extinction at times 1,2,..., N +2. For N an even integer,

the decomposition process can happen in the xy axis with yo small.

§ 3.4 Discussion.

As is well known, even the simplest one-dimensional nonlinear difference equa-
tion model can exhibit a remarkable spectrum of dynamical behaviors. It is not
surprising that dynamical behaviors of discrete nonlinear population models be-
come very complicated when age structure is employed. While the analysis in this
chapter only focused on some rudimentary models, some differences between age-
independent models and age-specific models already exist. One essential difference
1s that some age subclasses in an age structured model can go to extinction at a
finite time but the total population is still persistent at that time and after one or
more generations, the extinct age class could appear again. From this viewpoint,
as the number of age classes increases, a population with age structure might have
more opportunities to survive.

One assumption for the models in this chapter is that individuals change their
stages completely from one generation to another generation. That is, after con-
tributing offspring to the next generation, all adults die and progeny mature into

a fertile adult stage with a certain survival probability. The main dominant factor
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is the quantity Bn41 {yn (an — f(yn))} which describes the maximum number of
individuals that might become adults at generation n + 1. Since only ”intraspe-
cific competition” within the adult class is concerned, when this amount exceeds
f'(ant1), reproduction is stopped, and when it exceeds g (Bns1), no offspring
survives to the next generation. If only one of these above cases occurs, weak persis-
tence might occur. If both happen, there are some populations that go to extinction

at time n + 2.

Decomposition of the initial population axis is an interesting phenomenon in one-
dimensional nonlinear difference equation models. This game can also be played in
two-dimensional models, but the situation is more complicated. When the initial
population size in one age class is small, the population model behaves like an age-
independent model. Hence, it is still possible to decompose the initial population
size axes; however, the complement of the union of the subintervals that consist
of initial positions whose solution sequence goes to extinction no longer necessarily
consists only of initial positions of populations that are persistent at that time
together with subintervals of initial positions of populations that go to extinction
at prior times. In other words, the union of the subintervals consisting of initial
positions of populations that are persistent at that time together with subintervals
of initial positions of populations that go to extinction at prior times is only a
nonempty subset of the complement but not the complement itself. The rest of
the two unions consists of subintervals of initial positions whose solution sequence

behavior is not readily determined.

When the initial population size is not small in either age class, it is very difficult

to decompose initial population size axes into any definitive structure.
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For simplicity, we assumed that ”intraspecific competition” acts only within the
adult class. It is more realistic to consider that this competition acts in the offspring

class as well; that is, it is reasonable to consider the following model:

{ T+l = Yn (an - fl (-Tn) - f2(yn)) >
Ynt1 = Ty (ﬂn - gl(IBn) - g2(y")) .

The dynamic behavior of this system is not known but it is expected to be more

complicated than the previously studied situations.
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CHAPTER 4

CONTINUOUS MODEL WITH AGE STRUCTURE

In the previous two chapters, we have discussed persistence and extinction of
populations by employing models of discrete growth processes. Discrete models are
probably suited to describe the survival patterns of species because of small popu-
lation sizes associated with extinction. However, When generations in a population
overlap, it is realistic to use a continuous growth process to study the dynamics
of populations. Then, ordinary differential equation models or partial differential
equation models are used. The theory of differential equations has been generally
well developed. This provides a solid foundation for initial analysis of continuous
population models.

In this chapter, we consider certain special population models with age structure
modelled by partial differential equations. The existence and uniqueness of the so-
lution are established first. By using a transformation and a comparison technique,

some basic results for persistence and extinction are presented.

§ 4.1 Formulation of the Problem.

Since the beginning of this century, the importance of age dependence in a
population modelling process has been recognized. The theory of age-dependent
population dynamics has been extensively developed (c.f. Sharpe & Lotka, 1911;
McKendrick, 1926; Hoppensteadt, 1974; Gurtin & MacCamy, 1974; Cushing, 1977,
1985b; Nisbet & Gurney, 1982; Webb, 1985; Metz & Diekmann, 1986) with the

basic continuous age structured population model described by the McKendrick
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equation or von Foerster equation:

Op(e,t) , Op(a,t)

da 5 = D(at, Plp(a,t), (4.1.1)
p(0,1) :/0 n(a,t, P)p(a,t)da, (4.1.2)
pla, 0) = ¢(a). (4.1.3)

Here, p(a,t) is the density distribution of a population so that f: pla,t)da gives
the number of individuals with age between a and v at time ¢; D(a, t, P) is the age
specific mortality function; n(a,t, P) is the age specific fertility function; P(t) =
fooo p(a,t)da is the total population size; and ¢(a) is the initial age distribution.

This is a first order hyperbolic partial differential equation and it can be solved
theoretically by using the method of characteristics. However, when this method is
applied, the unknown function is still involvéd implicitly in the expression for the
solution. Hence, the solution is not explicitly found, and, in general, the analytic
study of the model is very difficult, especially, when time variation in demographic
parameters and density dependence are included in the formulation.

In order to obtain certain theoretical results several studies have assumed that
the mortality function p and the fertility function 8 are time independent or den-
sity independent (e.g. Sinko & Streifer, 1967; Gurtin & MacCamy, 1974, 1979;
Cushing 1980, 1984, 1985; Wang, 1980; Pruss, 1983; Busenberg & Iannelli, 1985:
Valad & Popa, 1985; Swart, 1986). Clearly, when food limitations and environ-
mental effects are considered, it is more realistic to assume that the mortality and
the fertility are time dependent and density dependent. Swick (1977) studied per-
sistence and extinction under the assumptions that D(a) < D(a,t,P) < D(a),

n(a)P" < n(a,t, P), or n(a,t, P) < @(a)P". The persistence and extinction results
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are determined by n(a), #i(a), D(a), and D(a). Hence, in fact, time variation is

ignored. Haimovici (1979) studied dynamics of populations involving resources and
pollution, but persistence and extinction of populations were not considered.
Here, we assume that the population is subjected to a fluctuating environment
so that the mortality function and the fertility function are time varying, and that
a limited food supply only affects the mortality representation. Furthermore, we
assume that the mortality function is separable in the variables a, ¢ and P. These

assumptions, together with some others, are collected as follows.
D = c{t) + u(e) + £ (P(4)) (4.14)

where

c(t) represents an exogenous factor that increases the death rate of the population

(Hallam & Ma, 1986) and satisfies
0<c(t) <¢ < oo (4.1.5)
(@) represents the age dependent factor, such that
0 < p(a) <ot < oo (4.1.6)
f(P) is the density function which satisfies f(0) = 0, and

f(P)<f<oo, 0<f(P)<k, VYP>0.

The fertility function is assumed to be of the separable form

n = b(t)p(a),
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where 0 < b, < b(t) < b*, and B(a) > 0 has compact support on [0, 00) because no
individuals would survive beyond some maximum age; that is, 34 > 0, such that
B(a) =0,Va > A. Denote sup fB(a) by 8.

0<a<A

To have solutions which are continuous, we also assume that
-

RIS

o0 Ui
60)=40) [ pla)sla)da (4.1.7)
0
§ 4.2 Existence and Uniqueness of Solutions.
In this section, we will use the method in Gurtin and MacCamy (1974) to show
existence and uniqueness.

By employing the characteristics curves, it is easy to get the solution representa-

tion
d(q— e Jo D Hnla—t47)+ S(P(r))dr >t
laty=] Hate T 2
B(t — a)e™ Jo (et HuO+1Pli=atear
where
B(t) = p(0,1) (4.22)

is the birth rate. Substituting (4.2.1) into (4.1.2) and changing several variables of

mtegration yields
1 t—a
B(t) ___/ l)(t)ﬂ(t _ a)e‘ fo (C(G+T)+IL(T)+f(P(“-+T)))dTB(a)da
0

+/ W(t)B(a + t)g(a)e™ Jo CIHREFDTIPEIT
0 (4.2.3)

and

t t—a
Pt) = / Bla)e™ o (oD HuIH (Pt
0

< t P
+/ Bla)e Jo (CITHEEDLIPEar (4.2.4)
0
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Let

K(a,t,P)=¢e" Jo " elatntun)+ f(Plat))dr (4.2.5)

I

M(a,t,P)=¢ Js (elr)Fu(atr)+f(P(r))dr - (4.2.6)

Then
o0

B(t) = /Olb(t)[f(t — a)[{(a,t, P)B(a)da +/0 b(t)B(a + t)¢(a)M(a,t, P)da,

P@t) = / (o, P)Bla)da + / "~ $(@)M(a,t, P)da.

’ ’ (4.2.7)
The process descfibed above shows that if p is a solution of (4.1.1) — (4.1.3), then
B and P satisfy the coupled integral equations (4.2.7). Conversely, if B and P
are nonnegative continuous solutions of (4.2.7), then by (4.2.1), p is the solution
of (4.1.1) — (4.1.3). Hence, we note the equivalence between the partial differen-
tial equation (4.1.1) — (4.1.3) and the integral equations (4.2.7) in the sense that
existence and uniqueness of (4.1.1) — (4.1.3) can be obtained in terms of those of

(4.2.7).

THEOREM 4.2.1. Let p be a solution of (4.1.1) — (4.1.3) on [0,T). Then the total
population P and the birth rate B satisfy the integral equations (4.2.7). Conversely,
if P and B are nonnegative continuous solutions of (4.2.7), then the function defined

by (4.2.1) on ®* x [0,T] is a solution of (4.1.1) — (4.1.3).

For fixed P € C'*[0,T], equation (4.2.7); is a linear Volterra integral equation for

B. Hence, it has a unique solution on [0, T], which is denoted by

B(t) = Br(P)(t). (4.2.8)
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Using this solution, we define an operator Pr on C*(0,T] by

T o0
’PT(P)(t)=/(; K(a,t,P)BT(P)(a)da—i-/O #(a)M(a,t, P)da. (4.2.9)

Obviously,
Br, Pr: C*0,T) - C*0,T).

Then, to prove existence and uniqueness of solutions of (4.1.1)—(4.1.3) on R* x [0,T,

1t is sufficient to show the existence and uniqueness of a fixed point of the operator

Pr.

LEMMA 4.2.2. There exists a T > 0 such that the operator Pr : Ct[0,T] —

|
1 C*[0,T] defined by (4.2.9) has a unique fixed point.

| PROOF: Let ® = [ ¢(a)da and
Rr={glgeC*0,T), |lg-2|ir<d},

where || - ||7 is a supremum norm in C*[0, T} and d > 0 is a constant.
First, we show that Pr(P) maps Rr into itself.

From the assumptions,

t

Br(P)(t) = /0 W(t)B(t — )i (a,t, P)Br(P)(a)da
+ /000 b(t)B(a+ t)p(a)M(a,t, P)da

Sb*B/ Br(P)(a)da + b*(d.

0

By Gronwall’s inequality,

Br(P)(t) < b*3de" 1. (4.2.10)
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Hence,

4 _ [ele]
[Pr(P)(t) — ®| < b*Bq)/ ¥ P dq + / #(a) |M(a,t,P)—1|da
0 0

< (ebv.ﬁT _ 1) B4+ ]F)Te(6+ﬂ»+f)T’
since

|M(a,t,P)— 1] =

o= [ O et D+ fP())ar 1‘

< Sy e+ utatn)+ 1(P(r))dr

/0 (c(T)+ pwla+7)+ f(P(7)))dr

<@+ i+ fTe@ti+NT

for 0 <t < T. It follows that Pp(P) € Ry for T small.
As the next step, if we can show that Pr(P) is attractive, then by the contraction

mapping principle, Pr(P) has a unique fixed point.

IPr(P) - Pr(Q)| < /0 K (a,t,P) ~ K(a,t, Q)] Br(P)(a)da
i / K(a,t,Q)|Br(P)(a) - Bz(Q)(a)] da

t
+/ |M(a,t,P) — M(a,t,Q)| #(a)da.
° (4.2.11)

We, then, estimate the three parts on the right of (4.2.11).

[ (a,t,P) = K(a,1,Q)] = ¢~ Jo (clotntutonir

e Jo T HPatmar _ — [17N(5(Q(atr))ar

1= oJy TUPatT=1(QLa+))dr

0

<

< kTP - Q||r, (4.2.12)
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- where k = sup f'(P). Similarly,

|M(a,t, P) — M(a,t,Q)| < kT2 T||P — Q|7 (4.2.13)
Let 0(t) = Br(P)(t) - Br(Q)(1).
10 = [ OB~ (e, Pi(ai
+ /0 W8 - a) (K (at, P)— K(a,t,Q)) Br(Q)(a)da
+ [ s+ 06(0) (Mo, P) — 15(a,1,@)) da

Via (4.2.10) and (4.2.12),

1
/ b(t)B(t — a) (K(a,t,P) — K(a,t,Q)) Br(Q)(a)da| < C1[|P - Q||
0
o0
/ W(t)B(a + t)p(a) (M(a,t, P) — M(a,t,Q))da| < Cy||P — Q||
0
Thus,
t
1< CLP = Qllr+°3 [ (@,
0
and by Gronwall’s inequality again,
@)l < e TP~ Qllr. (42.14)
Substituting (4.2.12) — (4.2.14) into (4.2.11),
IPr(P) = Pr(Q)I| < *I|P - Qll|r, (4.2.15)
where & < 1 for T small. This completes the proof.
Lemma 4.2.2 gives local existence and uniqueness. We can also easily get global
existence and uniqueness. In fact, from the proof of Lemma 4.2.2, the time T is a
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continuous function of @, which is the initial population size at time 0. On the other
hand, from (4.1.7), p(a,t) is continuous as long as it exists and so is P(t). Hence,
P(t) is bounded on [0, T]. Using P(T) as an initial size at time T and following the
same procedure in Lemma 4.2.2, we can get another time interval [T, 7}] on which
the solution exists and is unique and continuous. Continuing in this process, we get

9

existence and uniqueness on [T, To, ). Now we claim To, = co. From (4.2.7);
—_ t —
B(t) < b*ﬂ/ B(a)da + b* 3.
0
By virtue of Gronwall’s inequality,
B(t) < b*fdet" P, (4.2.16)
Substituting (4.2.16) into equation (4.2.7)a,

t -
P(t) < b*B(I)/ e PTdr +
0

= Pt (4.2.17)
If Towo < 20, then p(a,t) has to be unbounded as t — To. By viewing (4.2.17),

clearly, it is impossible. Therefore, Tw = oco. This gives global existence and

uniqueness. Hence we have

THEOREM 4.2.3. Under the hypotheses (4.1.5)—(4.1.7), the system (4.1.1)—(4.1.3)

has a unique solution defined on [0, c0).

§ 4.3 Asymptotic Behaviors of Population Solutions.
In this section, we investigate persistence and extinction of populations modelled

by the system (4.1.1) — (4.1.3). Persistence and extinction of populations relates to
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the positivity of the total population size P(t) = fooo p(a,t)da. There does not exist

any finite time ¢ such that P(t) = 0 because this leads to p(a,t) = 0, which is not
a solution of the system (4.1.1) — (4.1.3). On the other hand, no individuals will
survive beyond some maximum age. Hence, th_glo P(t) = 0if only if th_gxo pla,t) =0,
for all a. This motivates the following definition of persistence.

DEFINITION 4.3.1.

(1) A population, represented by a solution p(a, t) of (4.1.1)—(4.1.3), is persistent
if lifm_inf pla,t) > 0;

2) A population gocs to eztinction if lim p(a,t) = 0.
P 8 s p

We have shown the global existence and uniqueness of the system (4.1.1)—(4.1.3).

Thus, the following change of variables is well defined:
,,7]((," f) — 6f0 (fc(T)+f(P(T)))(11'p(a, t) (431)

Now, we malke this change of variables to simplify the system.

Im(a,t) _ e ppioar Ip(a,t)

6)
o 5 (4.3.2)
IS ,t . . “(e(r T T
ZUBL) — (etr) 4 £ (Play)) o PN
L Jutert s 9p(art) (4.3.3)
ot
Hence,
oml{a,t om(a,t) “le(r )))dr
o) DUBD el oman
= —p(a)ym(a,t).
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The renewal equation becomes
t o0
m(0,t) = efo(C(THf(P(T)))dTp(O,t) = / b(t)B(a)ym(a, t)da.
0

Obviously,

m(a,0) = p(a,0).

Collecting these changes, we arrive a new system

ang?t) + 6777;()?’” = —p(a)m(a, ),

m(0,t) = /t b(t)B(a)m(a,t)da, (4.3.4)
0
m(a,0) = ¢(a).

Time variation and density dependence no longer appear in the mortality func-
tion. This simplifies the analysis and stable age distribution theory can be applied, J
as will be seen later.

Although the fertility function still involves time variation it is bounded by the
assumption b, < b(¢t) < b*. This provides motivation to consider a comparison Y
technique.

We need the following lemmas.

LEMMA 4.3.2. (Hochstadt, 1973; Pogorzelski, 1966)

Let f(x) € Lala,b] and N(x,y) be continuous for z,y € [a,b]. Then the equation

u(@) = 1)+ [ Niayulo)dy

has a unique bounded solution, given by

u(w) = £() + 2 [T, p N )y

@
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where the resolvent kernel

F(:L‘, Y, ’\) = Z /\nJ\Tn+l(xa y)a

and the iterated kernel

N,,+1(:c,y)=/ N(z,2)N,(z,y)dz,
v

where Ni(z,y) = N(z,y).
Using Lemima 4.3.2, the following is a straightforward result.

LEMMA 4.3.3. Assume
fi(:l’) 20, N,-(x,y) 207 1= 1’27 VLL‘,‘{/E [(1>b}‘
Let u;(x) be solutions of
z
ui(z) = fi(z) +/ Ni(z,y)ui(y)dy, i=1,2,

respectively. Then

u1 () < us(z)

if either fi(z) < fo(z), and Ny(x,y) = Nao(z,y)

or fi(z) = fa(z), and Ny(a,y) < No(z,y).

To set up appropriate boundary conditions for the population model, the next

lemima is usefull.
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LEMMA 4.3.4. Let f(a) and u(a) be nonnegative continuous functions satisfying

u(0) = /\/(;ooﬂ(a)u(a)da

where A > 0. Then, for any 8 > A, there exists a continuous function v(a) such that

v(0) = 0/000 f(a)v(a)da
and v(a) > u(a), Va > 0.

ProOOF: Let

v(a) = u(a) + Cebe,

where, C > 0 and § are to be determined. Then,

v(0) =w(0)+ C = /\/0 B(a)u(a)da + C.

To satisfy
v(0)=48 av(a)d
(0 =8 [ Blajula)da
= Du(a)da ) ba
—6/0 B(a)u(a)da +C€/O B(a)e’® da,
we need
C—(6- /\)/ Bla)u(a)da = CG/ B(a)e’* da.
0 0
Denote
g— )\ Du(a)lda = W.
6= [ Blepa)de
Then

C-—W=Cé / B(a)e’*da;
0
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l.e.

w
= . 4.3.7
¢ 1-6 [ Bla)ebeda ( )

By choosing a proper 6, C is positive. This gives desirable v(a).

Consider two comparison systems:

om*(a,t) = Im*(a,t) x
90 + ot = —u(a)m*(a,t),

m*(0,t) = b* /00 B(a)ym*(a,t)da, (4.3.8)
0
771*((1.’ 0) = (]6*((1.),

where ¢*(a) is an arbitrary continuous function satisfying ¢(a) < ¢*(a), VYa > 0,

and

$*(0) = b / " B)6* (a)da.

Omy(a,t)  Omu(a,t) _
08 | Il L oymata,),

m.(0,t) = b, /00 B(a)m.(a,t)da, (4.3.9)
0
mu(a,0) = ¢u(a),

where ¢.(a) is an arbitrary continuous function satisfying ¢.(a) < ¢(a), Ya > 0,

and
*' — b* { * 3 d .
#+(0) /0 B(a)¢«(a)da

By Lemma 4.3.4, ¢*(a) and @.(a) exist.




THEOREM 4.3.5. Let m(a,t), m*(a,t), and m.(a,t) be solutions of (4.3.4),

(4.3.8), and (4.3.9) respectively. Then
ma(a,t) < m(a,t) < m*(a,t)
for alla >0, t > 0.

Proor: Along characteristics,

B.(t —a)e Jo war a<t,
ma(a,t) = :
¢*((l . t)e_ fo pla—t+71)dr a>t

i )

where
B.(t) = m.(0,1) :/ bedu(a)B(a + )M (a, t)da
0
t
+/ b.B(t — (l,)I;'((l,t)B*(cL)(l(t;
0
B(t —a)e Jo mnrar a<t,
m(a,t) = .
¢(CL _ t)e_ fo pla—t+7)dr a> t,
where
B(t) = m(0,1) =/ b(t)¢(a)B(a + )M (a,t)da
0
t
+/ b(t)B(t — a)I\ (a,t)B(a)da;
0
and

B*(t —a)e Jg mrrar a <t
m*(a,t) = ,
¢*((L . t)C_ fo jla—t+7)dr a> t

60

(4.3.10)

(4.3.11)

(4.3.12)

(4.3.13)
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where

B*(t) = m*(0,1) =/0°° b*¢*(a)B(a + t)M (a, t)da
+ /t b*B(t — @)K (a,t)B*(a)da. (4.3.16)

Here

I:."(a,t) = e—fo_ "‘(T)dr, (4.317)
M(a, t) =e fot “(a+r)dr. o

By Lemma 4.3.4,
B.(1) < B(t) < B*(t)

and from the expressions (4.3.11), (4.3.13), and (4.3.15), the proof is completed.

Now, we focus on the system (4.3.8) and observe the following. By a well known

result (Hoppensteadt, 1975) the system (4.3.8) has a separable solution
m*(a,t) = A(e)T(¢)
if and only if the equation
o0 a Dd
b*/ Ba)e™ e ) M gy =1 (4.3.18)
0
has a real solution r = r* in which case the solution has the form
m*(a,t) = C*e"‘('"“‘)e—fo "(3){15’

where C* is a positive constant.
Define
oo a d
R*(r) = b*/ Bla)e™ e Jo *da.
0
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Since B(a) has compact support on [0, 00),

lim R*(r) = +oo,

r——ud

lim R*(r) =0.

r—-}oc

Notice that

R™*(r) = —b*/ af(a)e” e Js #4200 < 0.
0

It follows that the equation (4.3.18) has a unique real solution »*. We can analo-
gously discuss the system (4.3.9). With these lemmas the following main result can

be obtained.

THOREM 4.3.6. The population, described by the system (4.1.1) — (4.1.3), is per-

sistent if

/OO (rv — (7)) dr > —00, (4.3.19)
0

where r, is the real solution of

/ /3((1)0_""e_fo Mg = -bl-;
0 *

the population goes to extinction if
o

/ (r* —e(7))dr = —0c0, (4.3.21)

0

where r* is the real solution of

> . — @ (s 1
/ Bla)e™ e Js w9 ds gy — % (4.3.22)
0
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PROOF: As we discussed above,

771*(0., t) _ C*er‘te—(r'a+foa Ilr(S)ds) = er‘tE*(a)’
and
77?,*((1,15) _ Cv*e1-.te—(1~.a+L“ u(s)(ls) = er.tE*(a).

By Theorem 4.3.5,

E.(a)e™! < m(a,t) < E*(a)e™ *.

Hence

E*(a)efol(r-_—c(r))dre—- fol f(P(r))dr

< p(a,t) < E*(a)efo(,.'_c(r))dre— J, s

Let the hypothesis (4.3.19) hold and let
/ (r« —¢(r))dr > ~H > —oo0.
0

Then

pa,t) > E*(a)efo(r.—c(r))dre— ! 1(p(eyyan

> Bu(a)eHe™ S, 1(P()dr

(4.3.23)

(4.3.25)

Suppose that the population goes to extinction. Then P(t) — 0, as t — oo and

there exists a positive number é such that P(t) < § < oo, V¢t > 0. Since f(0) = 0

and f(P) is increasing and nonnegative,

/Otf(P('r))(lT < /06 fly)dy = N.
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It follows that

pla,t) 2 E.(a)e” (H+) > 0,

uniformly for all ¢ > 0, a contradiction. This completes the first part of the proof.

Next, it is clear that
t * t .
pla,t) < E*((l)efo (r _C(T))‘l"e‘ fo J(P(r))dr
< E*(a)efo (" —c(r))dr — 0, as t — oo,

if the hypothesis (4.3.21) is satisfied. This completes the proof.

COROLLARY 4.3.7. Assume fo t)dt < co. Then, the population is persistent if
/0 Blaye™ Jo Mgy > bi (4.3.26)
and the population goes to extinction if
/Oooﬁ(a)e_ Jo m)e g, bi (4.3.27)

If fo c(t)dt = oo, then the population goes to extinction provided

/Oo[f(a)e_ o "0 < li (4.3.28)
PROOF: Suppose fo t)dt < oc. From (4.3.26), it follows that r, > 0 which leads
to (4.3.19). Consequently, the population is persistent. From (4.3.27) it follows
r* <0 and (4.3.21) holds; this leads to the conclusion that the population goes to
extinction.
When fooo c(t)dt = oo, (4.3.28) implies r* < 0 and, consequently, that (4.3.21)
holds. This gives extinction for the population.
REMARK 4.3.8: If the mortality is time independent, ¢(¢) = 0. Then, (4.3.26) leads

to persistence and (4.3.27) gives extinction for the population.

The following is a direct consequence of Theorem 4.3.6.
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COROLLARY 4.3.9. Assume that the fertility is time independent; that is, b(t) =

b= constant. Then the population goes to extinction if and only if

o
/ (r—c(r))dr = —c0,
0
where r 1s the real solution of the equation

b/ Bla)e ™ e” Js MoMs g, — 1.
0

§ 4.4 Discussion.
The classical McKendrick or von Foerster equation is used in this chapter to study
persistence and extinction of the continuous population model with age structure.
When vital parameters are time independent, which means that a constant envi-
ronment 1s assumed, persistence and extinction are simply determined by positivity

of the root r of the equation

/ e " Bla)e fo s g — 1
0

or, equivalently, by checking whether the quantity fooo Bla)e” J: o Mo

) da is less than
or greater than one. When time variation in the death rate and birth rate is consid-
ered, persistence and extinction are determined by the integral [ =e(r)) dr
or the integral [ (r, — ¢(7))dr. If we regard the root r as an ”intrinsic value” or
"intrinsic growth rate” of the population, which determines persistence and extine-
tion of the population in a constant enviornment, the integral fooo (r —¢(7))dr can

be regarded as a measure of the capacity of the population to protect itself against

stress or perturbation.
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As fB(a) increases or y(a) decreases, r, and r* are increasing. The integral
fooo (1« —¢(7)) dr might be bounded below and the population might be persis-
tent. As S(a) decreases or u(a) increases, the integral [J° (r* — (7)) dr might be
decreasing and the population might go to extinction.

The main result in this chapter also shows that the density dependence in a
continuous population model is not significant when extinction is the main concern

because studies of extinction focus on the case where population size is very small.

Density dependence in the birth rate is ignored in this chapter. If we consider

0.0 = [0 (8(@) - 9 (P(0) pla, e,

there is no difficulty in proving existence and uniqueness. Using a similar compari- J

son technique, criteria for persistence and extinction might be obtained as well.
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CHAPTER 5

CONTINUOUS MODEL WITH SEVERAL AGE CLASSES

Since in any real situation, demographic parameters are age dependent and
age structure is important in a population modelling process, the theory of age-
dependent population dynamics has been extensively developed. Leslie matrix tran-
sition models have been frequently used to model discrete time growth processes
while the McI{endrick or von Forester equation has been used in continuous popula-
tion models as a main tool. When a population has several distinct age classes and
continuous time is considered, ordinary differential equation models can be used to
describe the population dynamics as well. Gazis et. al. (1973), Smith and Mead
(1974), and Hastings (1983) have used ordinary differential equation models with
age structure in prey-predator systems and Acevedo (1987) discussed the ordinary
differential equation models from an ecological perspective.

In this chapter, we consider population models by using ordinary differential

equations and focus on conditions for persistence and extinction.

§ 5.1 Model.

Assume a population has n + 1 age (or stage) classes. Age class 0 represents
newborn individuals who do not reproduce. The rest of the age classes are fertile
and contribute newborns to age class 0 with birth rate 8. The oldest age class is
class n so that no transition occurs from age class n. The length of age intervals can
be different. As time elapses, individuals in each age class die with the death rate
p and survivors move to an older age class with transition rate m. Summarizing

these, a set of ordinary differential equations is used as follows:
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( dH, n
d—" = 3 B;H; — moHy — poHo,
i j=1
dH
—]' = 'ITI»()HO - 77"1.1H1 - ,LLI.Hl,
dt
) : (5.1.1)
dH, _
dT; ! = 777‘11—2Hn—2 —_ mn_lHn_l — ,Un—lHn—h
dH,
dt =mp_1Hp_1 — ,Uan-

Here, H; represents the number of individuals in the j-th age class, and it is always
n
assumed that H;(0) > 0, > H;(0) > 0, and ; > 0, j = 0,1,...,n. The birth
j=0
rates f;, the transition rates m;, and the death rates p ; can be time dependent and

density dependent. We discuss these cases in the following sections.

If we write this system in matrix form, then

—MmMo — Ho B Ba ... Br-1 Br
mo -my—yy 0 ... 0 0
% e H =MH,
0 0 0 —Mp—1 — flpn—1 0
0 0 0 Mnp—1 —Hn
(5.1.2)

where H= (Hy, Hy, .. ., H,,)T.
'To make biological sense, population size cannot be negative; that is, H ; must

be always nonnegative. For the model (5.1.1), we have the following.

LEMMA 5.1.1. Theset S: {0 < H; < 00;j = 0,1,...,n} is time invariant. That is,

the trajectories of (5.1.1) are always nonnegative for all t provided H;(0) > 0.

PROOF: First, assume that there is a time ¢ > 0, such that Hy(t) < 0, for some k,
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but H;(t) > 0, for all j # k. Then, since H;(0) > 0, there is T > 0 such that

dH(T)

<0,

and H;(T) >0, j # k.
If =0,
dHo(T) Zﬂ \H,(T) >
i

if ]fv > 0,

dH(T)
dt

=mp_1(T)Hp—1(T) — (mx(T) + (7)) Hi(T)

= mk_](T)Hk._l(T) 2 0.

Either case leads to a contradiction. Hence, H;(t) > 0,Vt >0, =0,1,...,n
Next, we assume that there is ¢ > 0 such that Hy(t) < 0, H,(t) < 0, for some k
and p, but H;(t) > 0, for all j # k, p.
Suppose & = 0 and p = 1. Then 3T > 0 such that

dHy(T
either Ho(T) =0, (;t( ) <0, but H(T)>0,
d
dH
or H(T) =0, —%T) <0, but Ho(T)>0.

It 1s easy to see that it is impossible in either case. Similarly, we can prove that it
leads to a contradiction for k =0,p>1and k> 0, p > 1.
Continuing in this manner inductively, it can be shown that the following can not
happen:
Hkl(t) < 07 sz(t) < 07 Hk3(t) < O;

Hi, (1) <0, ..., Hi(t) <0;

until

69




Ho(t) <0, ..., Ho(t) <0.

Hence, the set S is time invariant.

Now, we define persistence and extinction of populations.

DEFINITION 5.1.2.

(1) A population is persistent provided

lim supZHj(t) > 0;

t—o0 §=0

(2) A population goes to eztinction if it is not persistent; that is

t— 00 £

lim Y Hj(t) =0,
7=0
which is, clearly, equivalent to tlim H;(t) =0, for all j.

Since H;(t) =0, j = 0,1,...,n is a solution of (5.1.1), by Lemma 5.1.1, the
population modelled by (5.1.1) goes to extinction if and only if the trivial solution

H= 0 is asymptotically stable.

§ 5.2 Autonomous Case.

As a basis for our development, we first consider the autonomous case; that is,
we assume that all parameters m;, p;, and B; are constant. Now, the dynamical
behavior of the model (5.1.1) is essentially governed by the matrix M. We investigate

properties of the matrix M as follows.

LEMMA 5.2.1. Define

—MmMo — Ko IB] v ﬂk
Dy = mo -my — iy ... 0 ’
0 0 cee Mg — g




k=1,2,...

,n, where m, = 0.

Then
k k
Dy = H mJ+,u])—Z/31HmJ H (mi + pi) 7, (5.2.1)
7=0 =1 =0 =41
where
k
H (mi 4+ ) =1, if 1>k

i=141
PROOF: We prove this by induction. When k£ =1,

Dy = (mg + /1‘0. (mq + p1) — ﬁlmo

1
—1)° H (mj + pj) — Zﬁl H m;.

7=0

(5.2.1) holds. Suppose that (5.2

1) is true for k = p. Then

1)p+1:: -

(7771)+] + Np+1)Dp + (

== {mpg1 4 p41) (-

1)1)—1

P
~1y+3,1, H m;

§=0

II (mi+ pi)

.
—=
<

p -
(mj + ) — Z H m;
=1 j=

p+1

3,,+1HmJ H (mi + pq)

i=p+2
p+1 P

=(-1)" H7771+/L]) Z,B;
=

p+1

+( 1)’ p+1]:[777] H m,+p,

j=0 1=p+2
p+1 pt+1

-1y H (mj + 1) =Y B
I=1

i=l+1

-1 p+1

Hm] H (mi + wi)

1=[+1

-1 p+1

1_‘[771J H (mi + 1)

i=l+1
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Thus, (5.2.1) is true for all k.

We will have need of the concept of an M-matrix.
LEMMA 5.2.2 (Plemmons, 1977). An n X n matrix M = (m;;) is an M-matrix if
and only if mi; <0 for i # j and any one of the following is true:

(1) all principle minors of M are positive;
(2) all eigenvalues of M have positive real parts;

(3) there exists a vector w > 0 such that MTw > 0.

Now, we establish the main result.

THEOREM 5.2.3. The population modelled by (5.1.1) with constant demographic

parameters goes to extinction if and only if

n -1 n n
Zﬂl H m; H (m; + i) < H (m; + pj), (5.2.2)
I=1 j=0  i=I41 =0
where
k
H (m; 4+ i) =1, if 1>k
i={+1

PROOF: First, we prove that the inequality (5.2.2) is sufficient for extinction of the
population. By Lemma 5.2.1, it is clear that (5.2.2) is equivalent to (—1)**'D,, > 0.

Now, we claim that
(-1)"*'D,, >0 implies (=1)*"'D; >0, k=1,2,...,n—1.

Indeed, since

k—1

Dy = — (mi + ) Dy + (=128, T mj,
=0




n—1

(—1)n+1Dn =(=1)"unDy_1 — Bn H m;.

j=0
Whenever (-1)**1D,, > 0,
,H n—1
(-1)"Dy_y > — H mj > 0.
Han =0
]_
Going to the next step,
n—2
(_l)nDn—l = (—1)11'_1(777'11—1 + ,U-n,—l)Dn—'Z - ,Hn—l H my > 07
J=0

which implies that

(-1)""'D,_5 > 0.

Continuing with this process,
(_1)k+]Dk >0, B=1,2,...,n

By Lemma 5.2.2, -M is an M-matrix and hence, all eigenvalues of the matrix M have

negative real parts. It follows that the zero solution of the system is asymptotically

stable (Coddington & Levinson, 1955). Hence, the population goes to extinction.
Next, we prove that the inequality (5.2.2) is necessary for extinction of popu-

lations by showing that if the inequality (5.2.2) does not hold the population is

persistent.
Assume
n -1 n n
Z B H m; H mj + ;) H (my + 1) (5.2.3)
=1 j=0 i=1+1 =0

That is, (=1)"*'D, < 0, or (-1)"D,, > 0. Since [| A\; = D,, where ); are
j=0

eigenvalues of M, the inequality (5.2.3) implies (=1)" [] A; > 0.
=0
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n
It is easy to see that if n is odd and [] A; < 0, at least one ) is positive, and if
3=0

n n
n is even and [] A; > 0 at least one X is positive. Thus, when (=1)* [] A; > 0,
the matrix M has at least one positive eigenvalue. It shows that the population is

persistent whenever (5.2.3) holds.

It remains to show that if
n
ZﬁIHm] H (m; 4+ i) = H(???.]'-i-‘uj), (5.2.4)
=1 7=0 =141 7=0

the population is persistent.
From (5.2.4), the matrix M has at least one zero eigenvalue. The associated
eigenvector is H* = (H),

where

1 n n—1 m [
* +1 i 141
0 mo + Ho J < my ) ©

=1 1=
T m + i
k1 k+1 :
H;=H+*Hc, Jj=12...n—-1,
, my
k=j
H,=¢>0.

The general solutions of the system are
H,(t) = Za(” Mty g (5.2.5)

(5)

where «)”’ might be polynomials of .

Observe that if we let Re\; = mf\.x Re)\r and Re); > 0, a; must be nonnegative

for ¢ large because, otherwise, H;(t) < 0 for ¢ large, a contradiction to Lemma 5.1.1.
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It follows that
if Redi<0, Y aleM! -0
k
if Re\; >0, Zai_j)e’\"t — 00,
k
Hence fh_ngoH = H*, if Rel\; < 0 tILHgOH = oo, if Red; > 0. When R,e/\é = 0,
obviously, H>H*. That is, the population is persistent.

We now examine the necessary and sufficient condition (5.2.2) in the simple cases

of two and three age classes.

EXAMPLE 1: n=1.

dH

% = B/ Hy — moH, ~ toHo,
dt .

{H

(*—1 = ’I‘I’L()Ho e ﬂlH].

dt

The population goes to extinction if and only if

mof1 < (mo + po)p,

or, equivalently,

ﬂ1< (1+ #0),”'17

mo

EXAMPLE 2: n=2.

dH
dto = f1Hy + o Hy — moHy — poHo,
dH
Ttl = moHo ~ miHy — puy Hy,
dH
'th = 7721H1 - ,LL2H2.

The population goes to extinction if and only if

mo(j2 1 +mif2) < (mo + po)papte + (Mo + pio)my pia,

5




or, equivalently,

0 mg

{
f2B +my B2 < (1 + :%) pifte + <1 + 'L—O) mipo,

if mg #0.

We now consider the effects of density dependent regulation. We assume that the
transition rates are m; — ¢;(P); the death rates are y; +1;(P); and the birth rates
are 3; — b;(P). Here, P(t) = 3 H;(t) is the total population. The population

1=0
model, now, is
—Mo — Ko ﬂl cee ﬂn—l ﬁn
JH(t) mo —my = fy ... 0 0
5 = 0 ........... 0 ............ ._.”.I.n._.l. _ Nn_l . 0 .
0 0 My—1 —Hn
-H(t)
éo(P) — ¢o(P) ~b(P) —bp—1(P) —b,(P)
—do(P) é1(P)— i (P) ... 0 0
e
0 0 cor Gu1(P) = hp_1(P) 0
0 0 —¢n-1(P) —n(P)
-H(t). (5.2.6)

When population size is very small the density effects are negligible from an
extinction viewpoint. Hence, we assume the density functions are higher order

terms as the total population size becomes very small.
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THEOREM 5.2.4. Assume that

¢;(P) = O(P),
¥;(P) = O(P), (5.2.7)
bj(P) = O(P),

as P — 0. Then the population goes to extinction if and only if (5.2.2) is satisfied.

PRrRoOF: This is trivial by noticing that the zero solution of the linearized system

is asymptotically stable if and only if (5.2.2) holds from Theorem 5.2.3.

§ 5.3 Nonautonomous Case.
In this section, we consider nonautonomous differential equation models; that is
we assume the demographic parameters are time varying. First we ignore density

dependent effects. The model is assumed to have the following form:

df‘g’t(t) - ; Bi(+)H;(£) — mo(t)Ho(t) + po(t)Ho(2),
dI'—;lt(t) = mo(t)Ho(t) — my (1) Hy (t) — ju1 (1) H (1),
: (5.3.1)
Pl o i () Ha(8) = M s (Vs () — s (Vs (9),
| ) s (O Hamr(8) = (DE 1)

Since all demographic parameters are nonnegative and the set S in Lemma 5.1.1

is time invariant, the next result can be applied to the system (5.3.1).

LEMMA 5.3.1. (see Lakshmikantham & Leela, 1969) Let F : ® x R — R™ be
quasimonotone in X; i.e. each component f;(t,x1,...2,) is nondecreasing in x; for

1=1,...7—-1,7+1,...n. Assume that

dX

= = F(¢ t>
dt ( ’X‘)7 — 0,
X(0) =Xy > 0,

7




has a unique continuously differentiable solution for t > 0. If

dy;(t)
dt

<(2) £fit,Y), vt >0, 7=12...n,
and
yi(0) < (=) z;(0),

then

y;i(t) < (2) z;(1), vVt > 0, 7=12,...n.

From an ecological perspective, all demographic parameters are finite. Hence, we

assuime that they are bounded:

0 < Bjs < B5(t) < 57,

0 < mjyx <my(t) < mj,

0 < pje < () <

From these hypotheses, we consider two comparison systems

dHo = * *

] = Z ﬂj*Hj — mgHo — pgHo,

dit J=1
dH

dtl = mo.Ho — m3Hy — ptHy,

. (5.3.2)
dH,, -
dt L = Mp_oxHp_2 — 7n:l_1Hn—1 - ,U-;;_lHn—-la

dH,

dt = 777'11—]*Hn——1 - #:,Hn;

and




dH n
.—0 — 2 ﬂ*HJ —_ 'ITlO*HO - /JO*HOa

dt j=1 I
dH
_71 =mgyHy — myHy — p1.Hy,

(

. (5.3.3)
[H, _
: It : = 777':1—2Hn—2 - nln—l*Hn—l - /"n—l*H”"l’
at

dH, .

7 LA 777‘n—1H"_1 - ,Un*Hn-

Based on the two comparison systems and from stability of the zero solutions, it

1s easy to obtain the following results.

THEOREM 5.3.2. The population modelled by (5.3.1) goes to extinction if

3
-~
|
—_

n

Br | m; H (M + pix) < H (Mmja + p1jx) - (5.3.4)

I=1 =0  i=I+1 j=0

The population is persistent if

n -1 n n
Z Bix H M H (m; + i) > H (m} + ). (5.3.5)
=1 1=0 1=0

i=l41

If density dependence is hypothesized, the population model takes the form
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mo(t) —my(t) — () 0 0
.................................................................... H(t)
0 0 cor =My (t) = pn—1(t) 0
0 0 My —1(t) —pin(t)
$o(P) — to(P) —by(P) . —bp—1(P) —b,(P)
—¢o(P) ¢1(P) —uy(P) ... 0 0
e A T U
0 0 oo Gu—1(P) = n_1(P) 0
0 0 —¢pn-1(P) —n(P)
-H(t). (5.3.6)

Analogous to Theorem 5.2.4, it is a trivial task to prove the next theorem.

THEOREM 5.3.3. Assume that the hypothesis (5.2.6) holds. Then, the population
modelled by (5.3.6) goes to extinction if the inequality (5.3.4) is satisfied and the

population is persistent if (5.3.5) is satisfied.

§ 5.4 Discussion.
When an age structure is introduced into a population model, the survival be-
havior of the population is no longer simply determined by birth rates and death

i

rates only. They are affected by "intraspecies relations” as well; that is, transitions
between different age classes also play a role. The simplest example is Example 1
in § 5.2 which models a population with two age classes. Obviously, if 8; <y, the

population goes to extinction, but persistence of the population is not guaranteed if

S0




B1 > p1. To have persistence, the stronger inequality f; > (1 + ;‘#’5) ft1 1s needed.
For fixed o, p1, and By, the larger the transition rate mg, the more chance of
survival the population has. As the number of age classes increases, the survival
relation is messy in the sense that it is not easy to obtain a interpretation by analyz-
ng the relation between parameters from (5.2.2). This difficulty of interpretation
translates to the dynamics of a population with complex age structure.

There is another interesting phenomenon in the models discussed in this chapter.
By viewing the inequality (5.2.2), it can be seen that the ratio ;uzgo- 1s an important

factor for all models with different numbers of age classes. For example, a population

with two age classes is persistent if

a population with three age classes is persistent if

pefr +myfBy > (1 + &-> Hapt2 + (1 + M—0> my 2]
my myo

a population with four age classes is persistent if

miy 3 niyme
2 +
mag + po ma + pia

L
Bz 2 <1 + ﬂ) (ma + p1)ps.

my

(3B +

When all parameters are fixed except the ratio 7—%%, the population with a smaller

ratio has more chance to survive than that with a larger ratio because the above

inequalities are easier to be satisfied when the ratio is smaller. If we define the ratio

% to be the survival ratio in the j-th age class, the survival ratio in the newborn
j

class is the only one which has such an important effect on extinction; that 1s, if

all parameters are fixed except the survival ratio in the j-th age class where j > 0
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we cannot conclude that it is easier to satisfy the above inequalities as the survival
ratio in j-th age class increases. This means that to some extent the survival ratio
in the newborn class has a dominant effect on survival of populations.

The theorems involving density dependence once again show that, from the ex-
tinction viewpoint, density dependence is negligible in a continuous population
model because when population size becomes small the density effects become small

as well and the effect on the rate of change of population size can be ignored.




CHAPTER 6

COMMENTS

§ 6.1 Comparison Between Discrete Models and Continuous Models.

The important question of persistence and extinction of populations has been
studied in the previous chapters. Discrete models as well as continuous models are
used. From the persistence and extinction viewpoint, the relevant case is where
the population size is relatively small. Hence, discrete models are generally more
appropriate in studies of population survival. A feature which advocates the use
of discrete models is that finite time extinction might occur. In a real situation,
when environmental fluctuations are pronounced, there should be a possibility that
a population goes to extinction at a finite time. Ecotoxicology provides many
examples, such as when the effects of a chemical reach certain levels in a region,
all individuals in a population are killed by the chemical and then the population
becomes extinct in a finite time.

Another feature of the use of discrete models is that density dependence affects
the fate of populations and this might be what we expect. That is, as number of
individuals in a population sharply increases, food limitation can become a crucial
factor so that there might be a possibility of sudden extinction of the population.

Hallam and Ma (1987) demonstrated finite time extinction in an ordinary differ-
ential equation model with nonuniqueness of solutions. However, in general, these
features are not present in most continuous population models.

From a mathematical perspective, the difference between discrete models and

continuous models is caused by time discreteness or definite time delay. As time
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continuously elapses, the change of population size is relatively smooth in a con-
tinuous model and there 1s, in most cases, uniqueness of the zero solution which
excludes finite time extinction. On the other hand, density dependence only affects
the rate of change of population size in a continuous model. Whenever population
size becomes very small the density dependence would be negligible. Contrarily, it
is assumed that the change of population size is discontinuous in discrete models.
Hence, there might be a big jump of population size between two generations and
this might lead to the case where population is large at a generation but then goes
to extinction at the next generation. There is no uniqueness of the zero solution
in discrete models in the sense that a solution sequence of a discrete model with
positive initial value might be less than or equal to zero at a finite time. The pop-
ulation size of a given generation affects the population size of the next genecration
in addition to the rate of change. These actions let density dependence become an

effective regulator.

These comments indicate that it is important to pursue further analytical study

in discrete models as difficult as they may be.

Nevertheless, the importance of the use of discrete population models in the study
of persistence and extinction of populations does not contradict development of the
theory of population survival by using continuous models. To address finite time
extinction and the action of density dependence on dynamics of the population, a
modification of the traditional definition of extinction at zero population level might

be useful.

The Allee principle states that undercrowding can be an important factor limit-

ing population growth. Limitations at low population densities might occur if the
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population is so widely dispersed that reproductive contacts are restricted and infre-
quent (Hallam, 1986). This motivates introduction of the concept of B-extinction,
that is, extinction at a nonzero threshold level § (Hallam & Ma, 1987). It might be
difficult to study B-extinction of populations when age structure is employed in a
continuous population model; however, undoubtedly, this is a very interesting and

promising area.

§ 6.2 Connection Between Individual Dynamics and Population Dynam-
ics.

When persistence and extinction of one population are investigated, environmen-
tal effects, such as food limitation, temperature and toxicants, are major factors, on
the fate of a population. These factors actually affect individual physiology directly
and, then, the effects are transfered from individuals to the population (Hallam et
al., 1987). From this viewpoint, it would be more appropriate to combine the dy-
namics of individuals and the dynamics of a population. A way to handle this is to
formulate a population model with physiological structure (Auslander et al. 1974;
Metz & Diekmann, 1986; Nisbet & Gurney, 1982; VanSickle, 1977). The follow-
ing generalized McKendrick-von Foerster model is used in a continuous population

growth process.

n

9p(E,1) 9g;(E,t)p(E, 1) |
— = —D(E,t)p(E, 1), 6.2.1
ey (= 0(E.1) (621)
where
E= (6 ... €) is avector of physiological properties (such as body weight,

length, lipid component and protein component);

dé
g;(B,t) = % is the rate of change of the j-th property.
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Now, connection between individual dynamics and population dynamics has been

set up because % 1s, indeed, the rate of change of the j-th property of an individual.
a
The environmental effects on individuals can be delineated by an exogenous factor
c(t) which leads to
d=

— = G(E,<(t). (6.2.2)

As the exogenous factor ¢(t) changes, individual dynamics changes and these effects
will be transfered to the population model (6.2.1) by affecting the death rate or the
birth rate.

A typical instance can be found in Hallam et al. (1987) for the daphnia model.
Affected by levels of a chemical in environment, lipid component and protein compo-
nent of an individual daphnia are fluctuating. When amounts of these components
are below certain levels, the individual dies. If we consider the population dynamics,
toxicity changes the lipid and protein distribution in the population, which affects
the fate of the population.

Analytical analyses of such models become very difficult now. Besides the dif-
ficulty in analysis of the individual model (6.2.2), since the equation (6.2.1) with
proper boundary conditions (which are not discussed here), is a boundary problem
of a hyperbolic partial differential equation in an n + 1 dimensional space, more
difficulties are created.

Although numerical analysis of the population model (6.2.1) is still feasible, as
the dimension of the space increases, the amount of computing work goes up rapidly.
To overcome this difficulty, we make a change of variables which we anticipate to

reduce computational work significantly. For simplicity, we use the daphnia model

as an example.




The population model of daphnia has the form

pa+pr+ (pL)m, + (PP)m, = —p(a,t,my,mp)p, (6.2.3)

where the subscripts denote partial derivatives; p = p(a,t,m;, m,) is the population

density distribution; m, represents the lipid component; m, represents the protein

dmy dm,

— = t tl owth rat f m 1 m
I o represent the gr 1 rates of m; and m,,

component; and L =
respectively.
Since my and m,, are the physiological components of an individual of age « at

time ¢,

my = my(a,t), m, = mp(a,t).

Let

n(a,t) = p(a,t,m(a,t),mpy(a,t))h(a,t), (6.2.4)
where h(a,t) satisfies
ha + he = (L, (t,mu(a,t),mpy(a,t)) + P, (t,ml(a,t),m],(a,t))) h. (6.2.5)

Then

na = (Pa + pmymi, + pm,mp, )b + pha,

ne = (pe+ pmymu, + Pmpmpc)h + phy.

On the characteristics

my, (a,t) +my,(a,t) = L,

my, (a,t) + my, (a,t) = P.
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By simplifying, we find n satisfies the equation
Ng + Ny = —un.

Thus, the equation (6.2.3) is changed to coupled equations

nq(a,t) +n(a,t) = —p(a, t,m;, my)n(a, t),
my, (a,t) + my,(a,t) = L(a,t, m;,m,),
mp, (a,t) + my,(a,t) = Pla,t,mi,my),

ha(a,t) + ha(a,t) = (L, + P, Yh(a,t).

All these equations are in only a two-dimensional space. This obviously simplifies

the numerical analysis and gives hope for success in analytical analysis. We intend

to pursue this problem soon.
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