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Abstract

We extend the methods of Yennie, Frautschi and Suura (YFS) to compute, via

Monte Carlo methods, the effects of multiple gluon emission in the processes q +
(q)' _> q" -I- (g)'" + n{G), where G is a soft gluon. We show explicitly that the
infrared singularities in the respective simulations are canceled to all orders in o^.
Some discussion of this result from the standpoint of confinement is given. More
importantly, we present, for the first time ever, sample numerical Monte Carlo data
on multiple soft gluon emission in the rigorously extended YFS framework. We
find that such soft gluon effects must be taken into account for precise SSC/LHC
physics simulations.
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Chapter 1

Introduction

While the SSC has been cancelled and is being re-evaluated, the LHC planning

stages continue to gain momentum, so that it still becomes more and more nec
essary to prepare for the physics exploration which the LHC, at the least, will
provide. The primary issue in this exploration is the comparison between pre
dictions from the standard SU2L 0 O SU^ theory and its possible extensions,

and what will be observed by the GEM and SDC collaborations, with the discov

ery of the Higgs particle or whatever it represents as of course a primary goal of
such comparisons. Thus, it is important to know the theoretical predictions as
accurately as is necessary to exploit the expected detector performances of GEM
and SDC to the fullest extent. In particular, higher order radiative corrections

to these predictions (due to multiple photon and multiple gluon effects) are in
fact essential to obtain the proper precision on the signal and background pro

cesses in the respective SSC/LHC environment. In Refs. [1], we have developed
Yennie-Frautschi-Suura [2] (YES) multiphoton Monte Carlo event generators for

calculating ny effects in SSC/LHC processes. In what follows, we now develop the
extension of our own YES Monte Carlo—based higher order radiative correction

methods to multiple gluon effects in SSC/LHC processes. Such a calculation of

n{G) effects has not appeared elsewhere, where we use G to denote a gluon.
More precisely, we want to use the fact that, by the uncertainty principle,



infinite-wavelength glnons should not affect the motion of quarks and gluons inside
a proton, whose radius is ~ 1 fm. Thus, we have recently realized [3] this physical
requirement in perturbation theory by showing that in our prototypical processes
q _|. (q)' q" + + (G), the infrared singularities cancel at 0{as), just as they
cancel in the analogous QED process / + /' ̂  f + f + l- We then are able to define
the QCD analogues of the famous YFS infrared functions [2] B and B which de
scribe the virtual and real infrared singularities in QED processes to all orders in a.
These functions, Bqcd sud -Bqcd? then describe the infrared singularities in QCD
in the processes q+^q^' q"¥f"+n{G) to all orders in as- The sum Bqcd + ̂QCD
is infrared finite and allows us to extend our YFS Monte Carlo methods, widely
used in SLC/LEP physics for higher order QED radiative effects, to the analogous
Monte Carlo methods in QCD processes for SSC/LHC physics objectives. We call
the resulting programs SSCYFSG and SSCBHLG, for they are the QCD exten
sions of the QED nq Monte Carlos SSCYFS2 and SSCBHL. Here we recall that
SSCYFS2 was already described in Ref. [1] and SSCBHL is the analogous SSC
extension of the YFS Monte Carlo BHLUMI 2.01 [4] for the SLC/LEP luminosity

process e''"e" e'^e~ + nq.

In what follows, we shall present sample Monte Carlo data for the process q +
(q)' ̂  q"^(q)'"^n{G) from the event generator SSCBHLG. Analogous results from
SSCYFSG will appear elsewhere [5]. The latter Monte Carlo only simulates initial-
state glnon radiation, whereas SSCBHLG simulates initial-state and final-state
n—gluon radiation, as well as the respective initial—final—state interference effects.
Further, we emphasize that (unlike BHLUMI 2.01) SSCBHLG is not restricted to
small scattering angles. Note finally that SSCYFSG is an initial—state restriction
of SSCBHLG and hence is useful for cross-checking our work.

This work is organized as follows. In the next Chapter, we review the YFS
theory [2] and the Renormalization-Group-Improved YFS theory [8]. In Chapter 3,
we renew the YFS exponentiation to n—gluon emission and the attendant extension
of SSCYFS2 and SSCBHL. In Chapter 4, we present sample Monte Carlo data for



n-gluon emission for the SDC and GEM acceptances. Chapter 5 contains some
concluding remarks.



Chapter 2

Review of Theory

2.1 YFS Theory

The cancellation of infrared divergences to all orders in QED, was obtained by
Yennie, Frautschi and Suura, by factorizing the IR divergent contributions of vir
tual and real parts of matrix elements. Here, we follow the development in Ref. 2
in the Bibliography.

2.1.1 Virtual Photon Radiative Corrections

Consider a process where n virtual photons are attached to the initial or final
electron leg, which contributes to the infrared divergence when they are on the
mass shell. The matrix element is expanded

CO

M{p,p)=Y^Mn{p,p) (1)
n=0

The Mn has the structure.

Mo = mo

Ml = moaB + mi

M2 = mo ^ + miaB + m2

4



Mn = 13
r'r-O ''

where rrij is an infrared finite function of order relative to Mq. Then each factor
aB, which contains the IR contribution from one virtual photon, is factorized by

OO

M = exp[aB) 13 (3)
n=0

In order to prove (2) we begin with the definition
d^k

Mr,

where A is a photon mass for infrared cutoff. The n! is introduced into (4) by
symmetrization of the n virtual photons in pn- This symmetrization will play an
essential role in obtaining the symmetric form (2).

In the Feynman amplitude, using the anticommutation relation of Dirac 7-
matrices, is separated to an infrared finite piece and remaining one by exchang
ing the ordering of Jcn fpi and by working on infrared limit kn >^0 for remaining
matrix element.

Pr^{kl ■ ■•kn)^ S{kn)pr,^i{k, ■ ■ ■ kn-i) + A:„) (5)

Therefore S{kn) contains the kn infrared contribution and the remaining part ̂
has no infrared divergence in kn- We may extract next infrared finite piece by
iteration of (5).

— S {kn-\) l3nll{kn " ' ' kn-2', K) + (^n\h ' ' ' K-l] kn) — ̂ n\kl ' ' ' kn-2', kn-l^kn)
(6)

The symmetry of in kn-i and k„ implies invariance of this quantity under
interchange of kn—i and kn- Eq. (6) is noninfrared in kn for all values of the other
ki. That means is infrared finite to both kn and kn-i virtual photons. By
repeating it to all n photons, we have

pn{ki ■ ■ ■kn)= 13 1^ n _ n S{ki)/3n-r{kr+l " " ' (7)
perm r=0 \ i=l



The I3n-r are noninfrared. Insertion of (7) into (4) yields

M.=I ̂  (/ n f («)
Therefore (8) becomes the conjecture (2) with the following identification

aB[p,p{e)] = j

r  Mt,

i=l ^

The famous infrared function B can be represented, for example, by the gauge

invariant expression for the process which has two external legs in the same electron
line. ^ 2

i f f ~ 2p^ — kfi \
(27r)3 J /t2 - A2 [2p -k-k^ 2p-k-k^j

2.1.2 Real Photon Radiative Corrections

The differential cross section for emission of n undetected real photons with total

energy t has the form

= exp{2aB)— / 72^1/2^7 XI ̂i)Pn{P^P ,ki, - - -kn) (12)
de n\ J {Kjn + A j /

with the infrared factor exp{2aB) from virtual part. The complete differential
cross section is given by

^ = limf:^ (13)
de A-o;^ de

The quantity pn has the similar structure in the virtual case, p„,

Pn{kl • • • kn) = S{ki) n n n S{kn)^o + X/ " " ' '5(^i-1 )'5(^t+1) ' ' " 7l(^t)
i=l



+ • • n + S {ki)^n-\{k\ ' ' ' ki-l ki^i • • n kn) + ̂n{kl ' ' ' kn) (14)
i=l

In this real case, photons must terminate exclusively on external charge lines in
order to contribute infrared terms. That means the S function ensures that pn

contribute to the cross section only when the energy conservation E = E — e

holds. Thus ̂ {km) is defined on the energy shell E' = E - Y,km-, and only at
E' = E.

The energy-conserving 6 function is conveniently represented by

m=l I rn=l

(15)

Substitution of (12), (14), and (15) into (13) yields

da 1 n i" d^k— = limexp{2aB)-^ f dyE^^exp f
dt A-O ^ 27r J-oo J (P + A2)l/2

V  n=l m=l ^ '

S{k,p,p{e))e -iyk

(16)

The real infrared factor in the third exponential of (16), which is still kinematically

connected with the other real photons by the factor which insures that E ̂ =

e, can be separated by

r
d^k

where

and

(F + A2)l/2

2aB{p,p{e)) = j

= 2aB + D

d^kk<t

S
(P + A2)l/2

d^krk<.t ^ . ,D{p,p(e),y)^ J - —S(e-»'-l)

(17)

(18)

(19)

The term 2aB is independent of y, while the integrand of D is well behaved as
A; —> 0. The exp{2aB) violates the condition Y.k = e, but exp{D) just restore this
condition and thereby maintains energy conservation.
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Therefore we show the famous YFS cross section, which holds in the infrared

limit

^ ̂ g2a(B+B) ̂  (20)
de dt

with the infrared finite part in the same limit

^ = J- r dy fA+f; V n (21)
de 2x 7-00 V ^1 J mil /

As in the case of virtual infrared function B, the real infrared function, B, can be
represented by the gauge invariant expression

B=—r — (22)
STT^io (A:2 + A2)1/2 k-pj

B and B represent known infrared contributions from the lowest order radiative
correction. Thus the cancellation of infrared terms to all orders is assured by the

cancellation in lowest order since dd/de is noninfrared as k-^0.

The result can be generalized to the case of energy-momentum conservation,
which is related to angle dependence of detector cutoff — Am(f^) by using

S.(K - E *^.0 = / n n 7''*^ (23)
Then the cross section becomes

lim exp{2aB) xe""exp J ^ kK"

2

(T 1(2

CO 1 /• ^

Mq) + I] / n
n=l m=l

1  1 (24)
/

where q stands for the set of all momenta of the observed particles and photons.
With Kmi^) > A in all directions we define D by

4J(,,x,(A„l) = (25)



Then we have the desired form

^  n / ^ r "■ ~ \. = e.pl2.(Re B + B)]^ / d'. e"< A + E ^ h
(26)

with the definitions

B

and

STT^io (A:2 + A2)i/2^ ' ' ' '\k-p, k-pj)
=  (27)

i<j

-i f d^k a 7 a ( ^)r- , ^^  ̂ y p _ A2 ^ l^p - • pA ^ k^ +2k- p,ej
= Y.B.<d (28)

i<j

where has the sign of the ith charge and 0,- = +(-) if i is outgoing (incoming).
The contribution to B from the photon propagator pole, where the virtual photon
lies on the mass shell, cancels the infrared part of B. If particles i and j in the initial
or final states are identical, B and B will clearly be symmetric in the variables of
these particles. Thus infrared factors do not change the overall symmetry of the
matrix elements they multiply.

2.2 Renormalizat ion-Group-Improved YFS
Theory

In order to address the physical consequences of the large UV effects in (24), we
will appeal to the renormalization-group equation of Weinberg [15]. We follow the
development in Ref. 8 in the Bibliography.

The basic idea of Weinberg is that multiplicatively renormalized Green's func
tions r of a theory may be subtracted with the massless limits of the subtraction



constants for the theory at a Euclidean scale iJ.. The fact that the unrenormalized

theory is independent of n then implies the equation

("I + ^
where, for simplicity, we imagine we have one renormalized coupling and one

renormalized mass mR. In the SU{2)lxU{1) theory, we would have two couplings,

cr and gwR, where gwR is the SU{2)l coupling and cr is the electric charge of

the positron, we would have renormalized mass parameters for the fermions in the

presumed three families of quarks and leptons, we would have the mass parameter

of the VE+, W~, and Zq bosons, and the mass parameter of the physical Higgs

particle (or the quadratic coupling of the physical Higgs particle), as a minimal set

of masses and couplings. The physics beyond the standard model would enlarge

this set. The coefficient functions 70, and 7r are computable in renormalized

perturbation theory . Specializing the (29) to QED [note that (29) tacitly presumes

the gauge of Landau], we can write {QiCR is the electric charge of fermion i)

i

7r = n^^(eR)/eR, (30)

where n-y is the number of external photon lines in E. We note that, if we write

the respective amplitudes as (we suppress the amputated photon labels)

(31)

then ig an amputated connected multiplicatively renormalized (on-

shell) Green's function. Thus, it satisfies the appropriate version of (29):

+ l^idR)-^ - = 0 (32)

10



Further, it is convenient to write

Pe ̂  (AV^/2, (A^So/4 - ml)h)

p, = {\^ol2,-{X'sol4-ml)h) (33)

and, in

p° + Pj = A[-\/io ~ ^Qi\ = Xkoi,
i=\

Pf+Pj = (34)
t=i

We can always do this in the physical region provided that Ay^ > 2mj and
Ay/so > 2me. We will always imagine, that > 2me and that A > 1. Then,
since 7]^' = n^(efi)/eji,

f  , d ^ d ^ n(i{eR) — \ n .(n)i/2:/i _ nI-A^ + - E(1 + -
(35)

so that, using
CO

= exp{aB) V (36)
•' *'ct\a2 n CX1012

n =0

we find the solution

00 —(n)

AlL"af' = exp[Q(l)B(3o,m,R(A))] ̂  (p.(l), miH(A), a(A), p)A^^
n =0

iexpX(

CO —(n)

ea;p[a(l)5(so,mifi(A))] ̂  (pi(l),m,H(A),a(A),p)A ^ [e/j(A)/eR(l)]
n'=:0

(37)

where 'Dj^(n) is the engineering dimension of Af'"' and is given by

Dj^^r.) = -2 - n (38)

11



= /?(efi(A))

= -[1 + 70.(eR(A))]miR(A) (39)
dX

and

q(A) = e^(A)/47r (40)

We emphasize that (37) is a rigorous consequence of renormalization-group equa
tion.

The running masses nriiR are

mnW = Kifl(l)/A]e2;p ^ 70, (efi(A ))dX /A ̂
~ [m,ii(l)/A][eR(A)/eR(l)] (41)

where

/9(eR) = 606^4 , 70.(^/1) = C0,e^-I . (42)

Note that, even though ff may be ee, the error on the approximation in (41) is
a factor of order

exp[—a{\) + 0(1)] — 1 — 6.4 x 10 (43)

Thus, one-loop coefficient functions should be adequate for our purposes, provided
that n is not too big.

The important point to note about (37) is that it has the same algebraic struc
ture as the original amplitude M in (3). Thus, the YFS program can be applied
to (37). In this way we arrive at

da = exp (2a{l)[ReB{pi{l),miR{X)) + 5(pi(l), ̂^^(A), Kmax/^)])

( oo i » n J3L X \
Uio)+t,^Je

(44)

12



where

^^{qn) = koj, miH(A), q:(A), /i)[eR(A)/6^(1)]"^" (45)

and

D = D{pi{l), miR{X), a(A), Kmax/A) (46)

The result (44) is the basic result of this chapter.

The physical iuterpretatiou of (44) iu comparison with (24) is the following:
The exponentiation of the infrared effects occurs now with the running coupling

^ 71)

a(l). The /9„ are scaled by [eR{\)/eR{l)]-^''X^^^ . It is interesting that the in-
variance of the physical masses rrii^physi'miR^ cr, p) under the renormalization-group
operator means that, if the amplitudes M are on shell, the net effect of the running
masses m.jR(A) is to keep the renormalization-group-improved amplitudes on shell.
We emphasize that (44) is a rigorous consequence of the renormalization-group
equation.

In the practical applications, we have in mind to work to the value n = 2
in (44). The error on this real two-photon emission term due to the factor of
[eR(A)/eR(l)]"^ in (44), which we approximate to the leading order in ̂ (eR(A)) in
(39) and (42) is ~ 0.02% and this hard term is itself ~ 0.85 x lO'^ relative to the
Born cross section in /?. Thus, we see that the one-loop values of the coefficient
functions are indeed adequate. Thus, the result (44) , taken together with the
one-loop expressions (41) and

e^(A) ~ e^(l)/[l - 2hoe]i{\)lnX] (47)

provides a basis for the Monte Carlo simulation of e+e~ f f, f f + l/,ff + 7i72
where 7,71, and ̂ 2 ̂ re hard photons and arbitrary numbers of soft photons are
understood, and where to the level of ~ 0.3% of the basic Born cross
section in /?.

13



Chapter 3

Extension of YFS Theory to

QCD Process

3.1 Introduction

Calculation of any QCD processes needs to treat SU{3) color matrix element by
definition of theory itself. This additional terms to the QED integrals complete

ly alter the transition probability amplitude of each diagram including both the
virtual and real diagrams. For example, each of diagrams has different additional
weight which is combinations of Cp and Ca. Virtual part of the diagrams still have
both UV and IR divergences, except box diagrams which have only IR divergences.

Fortunately real part of the theory contains only IR divergences by the definition

of real diagrams. And with the unknown strong coupling constant and quark mass
in the limit the transition probabilities can not be simply obtained if the

On-shell scheme as in QFD is used to calculate such QCD processes [17]. There

fore it is possible to set up an arbitrary mass parameter, n, and subtract the UV

and IR divergences in the single parameter. MS scheme is independent to the
fermion mass to avoid infrared terms in coupling constant [18]. The On-shell

14



scheme is completely mass dependent which make possible the infrared contribu

tion. Especially the YES method needs the mass terms in the form factors by the

definition of theory itself [2]. Therefore the two entirely independent schemes are

hard to combine. To see the infrared contribution mainly, with the help of that

physical quantities are independent on subtraction schemes, first thing is to look

at the final results of Feynman amplitude with both MS and On-shell schemes,

which means to keep all mass terms in the denominator of the Feynman ampli

tude, before doing any subtraction to the probability. Then by comparing with

the fixed contribution of real part to the result of virtual parts, we may decide the

suitable subtraction which satisfy the both ideas of mass independent and mass

dependent-ness. As we will show the key is separate the single parameter e to tuv

and tir- Then which one contribute to mass dependent and which one or not, and

the independence is absorbed to coupling constant renormalization and the depen

dence goes to the YES method via gluon mass. In this way the YES method may

get in the QCD process even though there is alteration by the color contribution,

which is completely absorbed to the new definition of YES theory. Therefore look

ing at the lowest order process and extracting YES form factors in this process,

the result can be easily extended to all orders by through YES theory and the

renormalization-group-improved YES theory as shown the Chapter 2. With the

guide of real part of weight change, we carefully examine the virtual part weight

change, then make arrangement to cancel out the both the UV and IR divergences.

Then we extract IR contribution which assure the application of YES method to

QCD process [16, 20]. Therefor first thing to do is to examine the real part dia

grams as in following section. In there, the completely fixed results will be derived

just as in QED case with additional weight change due to color matrix. This result

will be reference to fix the UV and IR divergences in the virtual part of theory. In

the next virtual part, we follow the usual dimensional regularization method with

fermion and gluon mass term in the denominator. The result, before any subtrac

tion, will be compared to the results of real part to get finite result even though

15



there is alteration of weight, which completely satisfies the both schemes. To see

how to extend the YFS program to QCD process [21, 22, 23], we mainly concern on

the lowest contribution i.e., 0{as) t-channel qq~^qqg process. In here, the infrared

function will be extracted. Then as a next step, the result will be encorporated to

higher order terms by the YFS theory and it's renormalized-group-improved frame

work.

3.2 Real Corrections

The t-channel 0{as) QCD process consists of five diagrams in its real gluon emis

sion part as in Fig. 1. Four of them, diagrams in Fig. l(c-i)-(c-iv), are basically the

same type to the same order of QED process. The remaining one in Fig. l(c-v),

the contribution from the triple gluon vertex, is a new feature to the correspond

ing QED process. The result of calculation to these five diagrams is well-known

in the literature [28, 29, 27]. Therefore basic strategy is simply to follow the well-

established ways in this real part calculation, as natural. Eurthermore, as far as

we concern the soft gluon contribution to this 0{as) process, the calculation can

be greatly simplified by working in the limit A:^0, where k is a momentum of

respected gluon [2, 29].

Throughout this chapter, we follow the standard Bjorken-Drell notations [19],

with metric diag g^y = (1, —1, —1, —1). And p\ and p2 subtend for the initial

incoming quark momentum for upper line and lower line, respectively. The final

outgoing momenta of quarks for upper line and lower line are represented by ps

and p4.

The Eeynman amplitudes for each diagrams in Eig. 2, are given by

m m m m / i \ iM. = (2.) Hp. + P. - P3 - P. - j
(48)
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17



Pj"^ vl' |1
11 1
vl3

R-P2(1  4

a

t
vl2

P. I:
51

v3
Wk

bQi IT j
ry v33

ill)PrP^

T
v32

1  R-P,

(V)
k

a

R-P.

V/|^

v52

(ii)

R  r V c

R-P,

I'/K

v22

v41

Rsl'

a
a

/ ̂

aR-P,

v43

R+Hl

v^i i;
v42
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where 1=1,2,3,4,5 correspond to the respective diagrams in Fig. 2(i),(ii),(iii),(iv)
and (v), with its matrix element. Mi

,  X / • n-in /\ / \

u{p,)(-ig,T;.YHP2) (^8)

ze

/)U(P2) (50)

a<3 = ̂P3)(-...r;,

s(P4)(-i9.r;.7'')»fe) (51)

X. ="(P3)(-i».r57')n(p.)j^J3^|^5(P3)(-S.r,7
(-iS.WHv^) (52)

Xs = u(P3)(-S.ri,7")u(p,)^^^^^^j^(s./ f'

«(P4)(-«5sF;,7'')n(p2) (53)

with

«A/i
= (-(p3-pi)-(p2-P4))V'' +((P2-P4) + Ai)^ fî "^ + (-A: + (p3-pi))"5

(54)
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We need to use Dirac equation and the soft gluon approximation to extrac-

t simple form of infrared contributions from these matrix elements. For ex

ample, in the first denominator of (49), after squaring, limit and in the

numerator, using anticommutation relation {7'^,7''} = limit /k^O with

{/f}i /e + m)u(pi) = (2e n pi- /t{/px - m))u{pi) = 2e • piu(pi). Then the matrix

elements become to more readable forms

Ml = g,(n,T-,p.) (4^) Mb (55)

Ml = g.{p,TtT:,) I I Mb (56)

-k ■Pi

t ■ P2

-k ■P2

f'" P3\
U- P3/

f"' pA
U- Pa)
2e- {Pi

M, = g.mTX,) {-r^]MB (57)

M, = g.PiptXi) \t-^]Mb (58)

M, = (-!j.)(r'=rjr;.) j Mb (59)
where the the Born term, Mb, has the usual expression

Mb = u{P3)i-igsl^)uiPi)i—^-^^^u{P4)i-i9sY)u{p2) (60)
[Pi - P2)

Therefore sum of the each contribution shows factorization of infrared terms

from the Born amplitude

Pi I P2 , P3 , P4 , ^ '^ {Pl - P3)\Mtot — gs^ • 6-1—j 1- 6/2—; h C3- h C4- h C5- — 1 Mb\  -k-pi -k-p2 k-p3 k-pi [Pi-psY)
(61)

with the color matrix Ci

^  rpb rparpb /O rpb rpb rr\a ^ rparpbrpb rpb rpa rpb ' fabcrpb rpc
/j z7 rs' 2 ij-^ Is rli Ij il rs^ ^ ij Is rh ^ J ij rs

(62)
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Total transition probability can be obtained by sum of polarization, spin and color
of the quark and gluon.

color spin pol

tot I (63)

Following known tables of 7 matrix and color matrix [18], and using relation

J2poi e n ae n b — —a n b [19], the color terms becomes

- 1
c,c: = C2C* = C3C3* = C4(f; = Cf-

c^c; CsC; = ClCs = C*Ci = {2Cf - Ca)
- 1

1

c,c; = C2c:=^cic2 = c;Ci:={Cf-\ca)^^^j-^
c^d = C2c; = dc^ = ciCi = {2CF-\cA)^

2  ' \

c,c:

U5U5 — o.

1  N'^
-dc; = -Csc; = c,c; = ̂ Ca^-

- 1 (64)

with the Casimir operators Cf = Ca = N,N = 3 for SU(3) color matrices.
Then the differential cross section for the real soft gluon emission is

(da \ ( c
I  = I 1 breal

dO dO
(65)

,
real

/
Bo

with
da\ gt -1.2.^^ +

Be
GdTT^S 4iV^

(66)

The real correction can be obtained with the cut-off, the detector resolution.

Km =
t\/s
2  '

Ci
Pi

-k n Pi
+ C2

breal Kq

Pi
+ C

-0? d^k

/ 2wk

-k n P2
:

(271)3

P3

.
, ^ P4 , ^ 2(pi - Pa)

k-p3 '^k-pi ^(P3-Pi)^
(67)
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where A— fictitious gluon muss. The normuhzution fuctor

is due to separation of color contribution to Born and infrared correction term.

The expressions in (64) always exist in both real and virtual part expression. Thus
it is probable to define them as another symbols which represent momentum part
contribution as they stand.

With invariants 5 = (pi + ̂2)^, ̂  = (Pi PsYi " = (Pi — P^Yi

Ct = CF-\cA, Cs = 2Cf-Ca, Cu = 2Cf-\Ca (68)
Then the correction term Sreai might be arranged to the following form to see the
color contribution easily,

^real — C*f(Ai T ̂33 T ̂22 T .^44) + + I24) + Cs{Il2 + -^34) T Cu{Il4 + -^23)

+ CAihs + hs + .^51 + h4 + ̂52) (69)

where subscripts 1-5 correspond to the momentum contribution of each processes
in Fig. 2(i)-(v). Therefore the momentum distribution of corresponding QED
process is altered by the color contribution with different weights, Cf for self-
interactions, Cs for initial up and initial down interference contributions, Ct for
initial up and final up interference, for initial up and final down interference,
and Ca for interference emission from triple gluon vertex and that of quark lines.
The momentum integration for corresponding interaction part represented by, for
the QED analogous part with i,j= 1,2,3 and 4,

ripi n pj

47r2 Jo LOk k • pik • pj

with n = +1 for Cf part, n = —2 for C< and part, n — -\-2 for Cs part,

The pure QCD contribution to momentum integration are

^  ̂ (71)
47r2 Jo iOk {P3-Piy

4x^ Jo Uk k • Pi
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where n = +1 for j = 3,4, n = —1 for j = 1,2.

Next step is to do the k-space integrations. The integration of QED analogous
part in (70) is exactly same as those of QED calculations. In the infinitesimal qq
CMS product system of t-channel, we define pi = (^,^), and ps = (^,-P).
Then in this frame the results of each integrations can be summarized by

= /„ + fe + h2 + '« = V ("^ ('3)

2,(Xs T T T 2Q!s j j 2Qf3 I j
It = Itl3 + ̂24, Is - ~Il2 734) = ̂14 + J31,

IT -K TT

fw lo ° _ i bg^ A + ![!) (74)
„  1, i ® ® 2 ® 6 J ^ '

with a = > 0 additional is included due to their analytic

continuation. This result is exactly same as well-known one in the literature [25,

26]. The remaining pure QCD contributions are

_ 2a, K
'55 — "" = 0, /51 + hs = ̂52 -f /54 — 0 ( 75)

TT —7

It turns out these pure QCD contributions are safely neglected relative to the
QED analogous contributions. In fact, we already saw it in (59) when we factorize
IR contributions from matrix elements.

Therefore, in the soft gluon limit, the real gluon emission correction to the cross

section for 0(0,) t-channel qq—^qqq process has basically same structure of QED
case with additional weight to each terms such as

gQCD ̂  2^ + C,!?"" - C.I?'"' + (76)

where Cp^Cs-iCt, and Cu are defined in (64) and (68), and lF,It,Is, and /„ are

given in (73) and (74). When we set Cp — Ct — Cs = Cu — f and a, (3.29)
becomes exactly the corresponding QED result. The fact that color interactions

alters the QED transition probabilities by introducing different additional weights
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to each c, 5,u,and F contributions means we may not simply use the same sub

traction scheme as in QED to get IR finite result and to extend YFS program to

QCD process. But the result, (3.29), serves as a reference to our purpose because

it is UV finite.

3.3 Virtual Corrections

As indicated in section 3.1, if we use the MS (Modified Minimal Subtraction)

scheme [17], which is independent on fermion mass, say neglecting all fermion mass

in the amplitude and using arbitrary mass point, then we get both UV and IR finite

results. In which both effect is mixed in a single parameter e. Therefore it is hard

to see separately the IR contributions in a collision process. Furthermore if one

wants to use YFS method to QCD process, one should have fermion mass because

YFS theory requires fermion mass terms and gluon mass terms in the infrared

functions B and B by the definition of theory itself to factorize IR contribution.

On the other hand, if we use On-shell scheme solely to QCD process, one cannot

get finite result due to the fact virtual and real part have different weights ( color

contributions ) to each process, as shown in (76), unlikely QFD case which has same

weight 1 to both parts. Therefore it seems we have two opposite cases, one is to use

the mass independent scheme for high energy effect and the other is to use mass

dependent scheme to isolate low energy effect ( if we allow the substitution of the

word infrared to low energy relative to high energy to simplify logic). We might get

a possible solntion by defining clearly our purpose, the extension of YFS method

to QCD process. That means we need to have both YFS theory with fermion

mass terms and MS scheme with arbitrary mass point. Therefore following both

requirement, first thing is to keep all mass terms as need and second thing is to

see the final results of unsubtracted contributions with the encorporated arbitrary

mass point. Then third thing is to decide subtraction methods which gives finite

results and mass terms for YFS method. As we will see the MS scheme is precisely
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+p p.k+p X'
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q=P-P,

Figure 3: 0{as) correction to the qqg-vertex, where vl represents , v2

for -igsT^a^, and v3 for

the required one and therefore we automatically allow to use the YFS theory in

QCD process with Os/tt ~ .263 [11] in the limit k^—*0.

3.3.1 Quark-Quark-Gluon Vertex Correction

The matrix element, following the Feynman rules, for the diagram in Fig. 3 is

M119 uiP3) J .  k' x\

(27r jk+ j^3-m + it
A-rgsTh")

iS,^

jk+ /j3\ — m -\- it F - + It

(77)

(78)

/
d^k 7a(/;+ j[>3^-m)Y{lk+ A+m)7^

(27r)'* {{k + p^y — + it){{k + pi)^ — + it){k'^ — + ie)

The color sum reduces to

{T''T'T%, = {T'T''T''\j + {[T\r]T% = ̂iCp - |Ca)
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Then

=  (79)

The denominator D^gg can be written as

Dqqg = {k'^ - + ze)(P + 2k • P3 + ie){k'^ + 2k n pi + ie) (80)

Using the two Feynman-Schwinger integrals sequentially,

AB ^ i '^''[xA + {l-x)BY
7^ ̂  '^''[xA + {\-x)BY

The inverse of denominator becomes

1  1 /•! 1

-4^— A'' + It) JqDqqg (P-A2 + ie)Jo + 2^ • (aips + (1 - ai)pi) + i!e]2

I ''°'i Ik^ + 2lfe • OiQ - (1 - 02)^) + m|'

with

<5 = «iP3 + (1 - Q!i)pi, /j' = fc + a2(5,

dqqg = ̂ 2 ( 1 " 02) A^, + Qi (1 — CVi ) (— ̂̂ ) (84)

where k is shifted to k' to simplify the numerator, and we use space-like vector
—q^ = (p3 — piY > 0 to avoid any unnecessary singularities during integrations by

requiring > 0 and dqqg > 0. After done integrations (79) will be analytically

continued to the region > 0 by the simple relation log{—q^) = logq^ + iir.

The numerator Nj^^qg can be simplified by neglecting mass terms. But we still

keep mass terms in the denominator as in (84). Using the t' Hoot-Veltman dimen

sional regularization [17].

^qqg = ^ + ^ +
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=  ""2 /5+ ~ /?+ A)7''

= iv + lAh - <^2 Q)i^{.h - «2 QM"
'(2-n)^

n

P + (n - 2)02^^ + 2(1 - a2){-(^) I 7^ (85)

Therefore with this dimensional regularization the vertex function F is extracted

from Born terms by through (3.31)

119= {-'91)(Cf - \C^) J
dJ'k N,

119

(2>r)» D„

Using Feynman-Schwinger integration method, the momentum integration part
becomes

/
rk K

119

(27r)" D,
119

= t dai
Jo Jo

da22a2
—I 47r/i^

2-n/2

IGtT^ \ dqqg ZC

r(2-n/2)
r(3)

(2^ + U^|(n - 2)alQ' + 2(1 -
2  n ĵqqg

Now we expand the dimensional parameter in the limit n-^-4,

1

47r/z

r(2 -n/2)

2  \ 2-"/2

2 - n/2
— lE +

^dqqg

,  Airu^
1 + (2 - n 2)log- ^ H

d — le

-{2-nf -2 + A{2-n/2)-2{2-n/2f
2

n — 2 2-2(2-n/2)

In this limit, (86) becomes

= (Cf - -Ca)
1 ̂  ̂ Os

47r

where

Nf

2 — y dai j da2a2 \ 2log^119 _|_ ^119
^119 ,

2-n/2
— 7f + log4:'K

(87)

(88)

(89)

(90)

(91)

(92)

(93)
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and dqqg = alQ"^ + (1 - ot2)\'^ is from (84). = m? -[■ ai{l - ai){-q'^) . //
is an arbitrary mass due to the dimensionality of mass in n-dimension and Rqqg
represents

Rqqg = 2alQ' + 2{\-a2){-q^) (94)

By direct calculating the Feynman parameter integrations, we get

1 dai f da2a2log^~ = Uog-^ - ̂  (95)
Jo Jo 2 2

= 1 - 2[2log-^] + [2log-\log-^ - log'^-\ - ̂  + 2(z7r)^ - (ztt)^] (96)
rw' X'' o

where last two (ztt) terms are due to analytic continuation of —q^. Therefore we
have final result with (94), (95) and (96),

f(W, - (<.94) + »"!!—, - (ilog^log^ - - 4^))(97)
The renormalization factor Ziqqg is defined by

Z^L - 1 ^ (Cf - - (09^) (98)
Then the 99^-vertex correction with counting both upper and lower lines becomes

dqqg = {Cp ' \Ca)— i'^log^ - {log^log^ - \log'^^ - ̂ )) (99)^  -K \ X^ ^ d )

For q^ = 0 case, by following same way, we get

r,„(9' = 0) = (Cp - Iw. - log"^ + 4 - (100)
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v4

q=P;P,
v3

P.

'  x'Figure 4: 0{as) correction to the ggg-vertex, where vl represents —iggT^ 7 , v2

for —igsT^l-Y , v3 for —igsT^s^^ > ^4 for

3.3.2 Gluon-Gluon-Gluon Vertex Correction

The matrix element to the ggg-coupling diagram, which comes from Non-Abelian

structure of theory, on Fig. 4 is

<Fk
M {

99a -I :U -igsT',-f^ )u{p-i)-
[k^ — m F if-

'/4/i aa -^9,phb'

— piY — + it

-u{pi){-igsT^sY )u{p2)
(P3 - PiY Fif{k- P3)2 - Fie

—10 16 I I I
5(P3)(-ig.rgr" )u(pi),_ ^u(pM-igX.r )i(P2) (101)

Ip It3-piV +

with

C"' = ((P3-pi)+(t-p))V'+(-(t-Pi)-(*:-P3))V + ((':-P3)-<?)'s'''' (102)

d^k 7v( /^ +
I(27r)4 {k'^ — + it){{k — p^Y — + if){{k — pi)^ — A^ -f- if
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Born contribution to the color sum can be separated out

fabcTb,Tc = = -\CaT:^ (104)

where Ca = ̂  Then

p/' = ^339 (105)
2 J {27ryD,,,

Dggg = - 771^ + 7e)(/s^ " 2 " ̂ 3 + 777^ " A^ d" ie){k'^ -2k-pi+m'^ - + ie) (106)

1  _ 1 I
Dggg ^ {k^ - m"^ + it) Jo "^[P-2fc-(aip3 + (l-ai)pi) + 7772 -A2+ie]2

= I darj^ da22a2 ^ ̂̂ (^2 _ x^) - (1 - 02)777^ + 7e]3
=  dai da22a2-7jTo 1 ^ (^^'^)

Jo Jo (A: 2 - dggg + I

with

Q = aip3 + (1 - ai)pi, (5^ = 777^ + ai(l - Q!i)(-g^)
A; = k — a2Qi dggg — ci^Q^ + Q!2(A^ — 2rrY) + m (108)

where k is shifted to k' to simplify the numerator, and we use space-like vector

-q"^ = (P3 -PiY > 0-

d^ggg = 7i^( A +
= 7^ /^7a[(^ — Pi + qY9'^^ + (P3 + Pi "" 2kYg^^ + {k — Ps — q) 9 '^]

=  {jk' + a2 jQ + 2 /i){/c' + a2 jQh' + n/c' + a2 /?)(/:'+ «2 Q - 2 A)
+ {2 - n){^' -d a2 /3)(P3 +Pi - 2k' - 2a2QY

= 2(A:'V - (2 - «) /k'Y'') + {a2 jQ +2 A)<^2 QY

-f7''a2 Q{o-2 Q ~2. /i) — {2 — n)2a2 QQ^

= (l'^(-4)idi^ + (n - l)2a5Q^ - 2c„(-9^)) 7' (109)
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where J d"" k'k' k'f {k"^) = d^'k'k'^ f{k'^) is used. The vertex function is
extracted from Born contribution of the spin and color in (104) by the separation

processes (105) and (110).

r  = iq^-Ca f (110)
"" (27r)-Daaa999

'999(27r)" D,

Using Feynman-Schwinger integration method, the momentum integration part
becomes

d-k' U, U, . / 4V y-"^'r{2-n/2)[  = f'dai I'da22a2
J  2t:YD„„„ Jo 'Jo(27r)" Dggg io ^0 ^ 16TT^ \dggg " ic) r(3)

'2(1 -n) + - l)i4Q' - 2"2(-?')i) (111)
1, dggg /

r  — ir —
^ 999 — 2

(112)

With the same expansion as in quark-quark-gluon vertex part

^,-2- k dar k + 7^
Jo Jo V d dggg

where W is given in (93) and the remaining part

Rggg = - 'J<^2{-q') (H^)

By direct calculating the Feynman parameter integrations, we get

k da, k da,a,logif = \l09Y Y
Jo Jo H 2 fi Z

/ha, = 3 - ttog^ (115)
Jo Jo dggg fU^

where last two (ztt) terms are due to analytic continuation of -q^. Therefore we
have final result with (112), (114) and (115),

r„,(9^) = iC.g (3(iV, - l»,^) +4(1 +!o<,^)) (116)
The renormalization factor Ziggg is defined by

2ri-l = 5C.|3(V,-fo9i) (117)
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k+p
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v2vl

Figure 5: 0(o,) correction to the quark self-energy, where vl represents
and v2 for —iggT^ip"

The ggg-vertex correction becomes

^393 =

For = 0 case, by following same way, we get

U„(9^=0) = lC.^(3(iV,-(o,^)+4'

(118)

(119)

3.3.3 Quark Self Energy Correction

The matrix element for the typical quark self-energy as in Fig. 5, is given by

d'^k , . / . ma^a\ ~Wp.i'dab-iSifiip) = / n n --'""L , ^.Hs.Tsr)
d^k

(2^)4v + 'k^-\^ + ie
7^(/:+ ̂  + rn)j^ (1(ig.)\nn,) J {2i:Y (P - A2 + it){{k + pY - m? -\- it)

Born contribution to the color matrix can be separated out
^ ̂aa iV2 _ 1
^ ̂  b - 27VTIT,I- = —" Si, = -' TTTT^Si, = CpSij

Then the Green function can be written as

= -wICf J d^k Ns,

(27r)^ Ds.

20)

(121)

(122)

32



with the definition

Dse = {k"^ - + ie)(k'^ + 2A; • p + + ie) (123)

— = dar ^
D.,p JoDse Jo ^ [P + 2k n aip + aip'^ - aim"^ - {1 - a-i)X'^ + ie]'^

" i [k'^ - dse + It?
where

k = k + aip, dse = cti{ai — l)p^ + a-irP + {I — ai)X^ (125)

The numerator can be reduced to

Nse = + = + {l-oci) J) + m)j^

= (2 - n)(l - tti) ̂  + nm (126)

In this n-dimensional space-time,

r d'^h' N

Using Feynman-Schwinger integration method, the momentum integration part
becomes

I  = /' TTl i [(2 - «)(1 - ai) / + «">)J (2irY Dse Jo 16P\dse-ieJ
(128)

With the same expansion as in qnark-qnark-gluon vertex part

d

,2
4

W(/ -4m) - (^- 2m) - / dai(2(l - Oi) ̂  - 4m)/op—'
Jo d

(129)
7r "

By direct calculating the Feynman parameter integrations, we get

/'da,(<.9% = log^^log^-i (130)
Jo iD

f dc,c,log^-^ = log^- +l(logfl 2) (131)
Jo P
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Therefore we have final result with (129), (130) and (131),( 2 2m[3(N, - log^) + (5 - 3log^)]
2  2 \

-(i- - m)[{N, - iog^) + (1 -
The mass counter term is given by

And the renormalization factor is defined as

=  - '°v)
Thus the quark self energy correction to Born cross section

2a,
Ose = C^log TW

TT X

IS

(132)

6m = Cf ̂  (m[3(Nc - log^) + (5 - 3%^)]^ (133)

(134)

(135)

3.3.4 Quark+Gluon+Ghost Loop Corrections

The matrix element to the one quark-loop shown in Fig. 6(i) is

(fk

tr (-i«.r,"7')' -(S-T}.'!") jk-m + ie' ^' ' ' /c+ j^-m + te

d'^k tr[)^{/k + k + rn)] (139s ij ji J ^27r)^ [(A: + g)^ — ie] 6)

cabTt^Tjib = nfTpS^" = Cf6'

where rif — number of quark flavors, and I>=l/2. Then

r d'^k N'"' ,
2nA"' — _;n'^r / quark9. 9, Ij (2Tr)'D,u.rk

(137)

(138)
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Figure 6: 0{as) corrections to the gluon propagator, where vll represents

-igsTt.r, vl2 for -igsT}.Y. v21 for , v22 for g^f^F^' \ v31
for gsf'^'^ik + qY, and v32 for gsf'^ {-k)"
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The denominator Dquark can be written as

Dquark = + it){k^ ■^2k-q^q^ -m^ + ie) (139)

Using Feynman-Schwinger integrals, The inverse of denominator becomes
1  _ , \

Dguark Jo " [{k + aqf - ((a^ - a)q^ + m^) + ie]2
= /he,,.,, / (1«)Jo i^k ^quark ~1~

with

k = k + aq^ d^uark = «(« — 1)?^ + (141)

The nnmerator can be simplified by neglecting mass terms. Note that we
still keep mass terms in the denominator as in (141). Working in the n-dimensional
space-time,

NqLrk = tr[j^{/c + m)Y{M A + ^)]
=  - a A)]
= tr[Y /c'Y /c'] + (o^ - 0()tr[j'' /l]
= 2-/'(^g^'^[k'''J^-a{a-l)q' + m'] + 2a{a-l)q^q''^ (142)

Therefore with this dimensional regularization method (138) becomes

=  (U3)

Using Feynman-Schwinger integration method, the momentum integration part
becomes

r d^N^^ ^ jiL ( ^ r(2-n/2)
J (27r)" Zlquarfc ■^0 IGtT^ \dquark

2a(a-l)4(-9V' + 9V) (144)
Therefore

- 'slK'-'r-M = (145)
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In this limit, (3.145) becomes

rfn, (jV. + da6a(a - (146)
where

Ne = , ̂ -1E + logAr (147)
z — nil

and dquark = + a(l - Ci){-q^) is from (141). fi is an arbitrary mass due to
the dimensionality of mass in n-dimension. By direct calculating the Feynman

parameter integrations, we get

=  (148)

Thus quark contribution to vacuum polarization becomes

n,.„i(9^) = -\C,^ {(N, - log^) + 5) (149)
For = 0 case, by following same way, we get

n,.„t(9' = 0) = -\Ct^ (w, - log^j (150)
The gluon-loop correction, second part of vacuum polarization, through the dia
gram on Fig. 6(ii) is

/  rd c b p3 0? i/N ^9pp d

= _p„2fadcrdcb / n51)
2! J {2Try {{k + qY + ie){k'^ + ie)

with

gjadcpt^pa ̂  gjadc + (2g + (152)
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gjd'c'bpp'^''^ = gsf'"''' [{q - kf'g"" + {-2q - k)" + {2k + g)V " j (153)
Color term becomes

f0.dcjdcb ̂  (154)

with Ca = N. Then

=  (155)

The denominator Dgiuon can be written as

Dgiuon = {k^ + + 2k-q + q^ + ie) (156)

and

= r
dgiuon 2oDgiuon Jo

1
da-

[{k+ aqY - {{a^ - a)q^) + ^e
12

with

_  ̂ (157)
Jo {k'' - dgiuon + ley

k' = k + aq, dgiuon = «(" — 1)?^ (158)

The numerator can be simplified by neglecting mass terms. With (157)
the numerator yields

= - + (5 + 2(q' - q))«']
V  n

-\-q^q''[{n — 6) + 2(q;^ — Q;)(2n — 3)])

Therefore, in this dimension, (160) becomes

=  (160)
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Using Feynman-Schwinger integration method, the momentum integration part
becomes

(27r)" Dgiuon Jo 167r2 \dgiuon -le) V 2

-)] + + (2 - n/2) + {a' - a)(-5 + 4(2 - n/2))])
/

+ (a^-«)(!+3^:
(161)

Now we expand the dimensional parameter in the limit n—>4, In this limit, (3.110)
becomes

dgiuon 1

+9''9''[t'^= + i - /ha(l - 5(0^ - a))i09%ll-|) (162)D  O ^'O /

where

TV, = ^ - TB + ̂o5r47r (163)
2 — nil

fi is an arbitrary mass due to the dimensionality of mass in n-dimension. By
direct calculating the Feynman parameter integrations, we get

['dalog^^ = -2 + log^ (164)
Jo

This result explicitly shows current is not conserved.

+ f 1 + 9Vlf (IV. ̂  + |l)
(166)

The third contribution to the vacuum polarization part by the ghost loop as shown

in Fig. 6(iii) can be written as

d'^k ,

Z€

/^4 3L
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^  2 radcrbdc f {k +
^  J (27r)4 ((/c + g)2 + ze)(p + ie)

with color term
jadcjbdc _ (j^^ab

Then as usual expression,

=  (169)

The denominator Dgiuon can be written as

Dghost - {k'^ + + 2k-q + q'^+ ie) (170)

The inverse of denominator becomes

1  _ f, i
D,ho., k l(t + a?)^ - ((a'- a)9^) + «P

i "^"^{k'^-dgHost + i^y
with

k' = k + aq, dghost = "(a - 1)?^ (172)

The numerator ^an be simplified by neglecting mass terms. Using (167)
and (162), the numerator yields, with k-^k ,

Khost = {k + qrk-" = {k' -aq + qr{k'-aqy
-  (^g'^k'^^ + q^qya'-a)^ (173)

r  AT."
=  (174)

Using Feynman-Schwinger integration, the momentum integration part becomes

(27r) Dghost Jo IGtT^ \dghost j
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(a' - a) [-q'rH - 1(2 - nft)] + ,Vl) (175)
Now we expand the dimensional parameter in the limit n^4, In this limit, (174)
becomes

l »i- . 1 7^ 7 1/ 2 \7 (^ghost-IsiKiM=ca^ +II+r
+9''9l^'V, - /' ch{a' - a)logi!!fi-])

b  Jo /^ /

7^'

(176)

where

N, = ^ - 7E + %47r (177)
Z — nil

By direct calculating the Feynman parameter integrations, we get

/' - o)ios%l- = ̂  - hoa4 (178)
Jo fj- 18 b

Therefore we have final result from (176) and (178)
,2

rfn»L.(9) = Ca^ + il + 9"9lf (w. - log'^) - j
(179)

Therefore sum of gluon and ghost contributions, the current conserved quantity,

becomes

9,^n;L„+,.„.(9) = {-qV + i'tnlcAl^ (cv. - Q (i80)
Sum of quark, gluon and ghost contribution to vacuum polarization is

g'Mi) = ̂  ((jC, - \c,)(N. - log^) + (|c^ - |c/)) (181)
The renormalization factor Zz is defined by

Z,-\ = ̂(\cA-\c,m-log^) (182)
The correction of vacuum polarization part becomes
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Figure 7: 0{as) corrections to the two gluons exchange processes with vll for
-igsT^iY, vl2 for vl3 for -igsT^Y , vl4 for -igsT^.^ ' for
-igs v22 for -igsT^^Y. v23 for -igsT^^l" , and v24 for -ig^TK^Y

n

3.3.5 Box Diagrams

The two gluons exchane process is given in Fig. 7(i) and (ii)

d^k /  n
-A^ hox

rT<b II\ ( \ ^duu'^bb'-{-ig.Tin
(A- /k - m + ie)

, u{p,){->g,T<r ) iS.

{q + ky - A2 + le (A+ + it)
{-^g,TiY'HP2)

4 / rparpb rpa rpb
9s\ Ij il ws rvj) I

d^k (184)

^(P3)7^(A~ /^ + "^)7'''"(Pi)'a(F4)7M(,^2+ ̂  m)'^^u{p2)
+ ie){k'^ -\-2k n q -\- ie){k'^ — 2k n p-i + ie){k'^ + 2k • p2 + if-)

The color sum reduces to

-1
= {T'T'^).yT'T'^)rs = = Cbo.A2Cf - Ca)

Then

Mbox = gli^'Cp - CA)CBorn j d'k fVL
(27r)^ Dhox

(185)
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The inverse of denominator becomes

1  1 /"S 1— / dai-
le) JoDhox (F - + 2A: • g + - A2 + ie) Jo [F - 2A: • (aipi + (1 - 01)^2) +

= p _ A2 + ie i Jo [F - 2k n {a2Qi - (1 - 02)?) + (1 - a2)(?^ - A^) + ie]^
d(^2l das ̂^2 _ 2k n 03^2 + «3(1 - «2)(92 - A^) - (1 - a3)A2 + ̂e]4
= I da, da,2a, ^ (186)

with

Qi - QfiPi + (1 - ai)P2, k = k - asQ2-,

Q2 = 02^1 - (1 - 02)9, q = P3-Pu

dbox = "3^2 ~ "3(1 - «2)(?^ - A^) + (1 - Q!3)A^, (187)

The numerator can be simplified by neglecting mass terms. But we still

keep mass terms in the denominator as in (187). we use the n-dimensional 7 matrix
to use the t' Hoot-Veltman n-dimensional regularization method.

Nbox = u{Pih^{h+ /k + m)-f^u{p2)

= -A;''-A^i(n) +A^2(n) (188)
n

with

Ni{n) = u{p3)-f^-f"7''u{pi)u{p2)-ff,^alMP2)

= Uo + (2 — n/2)ai -j- (2 — n/2)^a2 -!-• • •

N2{n) = u{ps)Y{i>i +m — as Q)Y"^{Piy^iP^)!n{ + m -t- 03 Q2)lvu{p2)

= 60 + (2 - n/2)6i + (2 - n/2)'62 + • • • (189)

With this expansion in mind, Mbox can be written as terms by through (3.148)

Mbox = 9]{2Cj. - CA)CBornj (^^O)
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Using Feynman-Schwinger integration method, the momentum integration part
becomes

f d^k' Nbo. ^ r J . 2 -^ ( y-"/'r(2 - n/2)
J  = L Jo Jo [d^e) m

/_(2-n/2)y(n) ̂  _ ̂^2)(2 - n/2)^^) (191)
y  2 C?6ox box /

Now we expand the dimensional parameter in the limit n—>4, In this limit, (190)
becomes UV finite expression

Mbox = £'s(2C'f - CA)CBornY^ (^92)

/' da, f da,a2 f ia,al ( = (193)
Jo Jo Jo \ (Jbox ^box /

Since the box diagram is UV finite, we might refer well-known results [26, 31].
The result is

dboxi - (2Cf - Ua)-^ ̂/(s, s, A^) -
5  1ilj O«S lxX- 5

Similarly, for the crossed two gluon exchange diagram, the correction term is

dbox2 = (2C'f - " ̂2 _|_ y2
U  »sl o5 S \ U

And 2
Ha,n,',b,X') ̂  log^Jog^, " ^ (196)

We are now to collect all virtual corrections, with t = = {p3 — Pi)^ > 0,

dvtrtual = — (Ct[2log— - /(t,m^,t, A^)] + Cs[I{s,m^,s,X'^) -F  \ s u

f  t+Cu{-)[I{u, u, A^) - ̂2 ̂  g2 + Cpllog—]
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+ icM2 + ilog^] + - gCy)) (197)
Therefore sum of the real correction, eq.(29), and the virtual correction, eq.(154),
shows infrared finite correction to Born cross section, using MS scheme,

2a, 4Al , t iKl, 5 4/C, ^
Sreal + Sy„tual = — ( ^

CF(log + Zlog — ) + {CuBf,^^ - CsAf,^^) + Ca + - g^f)j
(198)

with Al, = -^Aiox and Therefore UV term is absorbed to
coupling constant as usual. We can now use this result to get /?o in QCD version
of YFS theory.

3.4 YFS Infrared Functions in QCD

In this Section, we derive the analogne of the YFS infrared functions B and B
for QCD, i?QCD and Bqcd, for the process q + q" + ̂q^'" + (G). We will
focus on the case of most interest to us, in which a gluon is exchanged in the t-

channel and we require that the exchanged gluon carries large momentum transfer

so that the outgoing quark (anti-quark) is in the |7/| < 2.8 acceptance of the SDC
(and GEM). This situation is depicted in Figs. 1. We remark that if the relevant
exchange is a color singlet exchange (such as W or exchange), we can obtain
the corresponding formulas for i?QCD and Bqcd by dropping the terms in the
color-exchange case which arise from non-commutativity of the respective QCD

A" matrices in the relevant quark representation.

Specifically, following the kinematics in Fig. la, we note that, for the SDC and
GEM acceptance, we always have so that perturbative
QCD methods are applicable. What we wish to do is to extract the infrared-
singular part of the 0(as) amplitude in Fig. lb, in complete analogy with the YFS
[2] extraction of the infrared-singular portion of the analogous amplitude in QED
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via the famous YFS virtual infrared function B. To this end, we hrst note that, by

explicit calculation, the graphs in (v)-(vii) are not infrared-divergent (we compute
the gluon vacuum polarization to order as well), so that the infrared-singular
part of Fig. lb is given by just the same graphs as the infrared-singular part of
the analogous process in QED. We follow the YFS methods in Ref. [2] and find
the infrared-singular part of Fig. lb to be given by

Afv.IR = OIsBqcdMsB + OisBQCD-M.0B ?

where Msb is the respective Born amplitude in Fig. la and where

(199)

Bqcd =

+AC,
{k'^ +

.  / :
J (P -

(Bk

{%P)J {P-X' + ie)
2(2pi T k) n (2p2 - k)

Cf
2pi T k

+
2p2 - k

k'^ + 2k n Pi + ie~^ P - 2k n p2 + it)
2(ji T k 2q2 ^

+C

+Aa

+ACt

+ACt

+AC„

 2k n pi+ it){P -2k- P2 + it)

2(2gi T k) n (2^2 ~ k)
(fc^ -^2k n qi + ie){k'^ - 2k n q2 + ie)

2(2^2 + k) n {2p2 + k)
{P + 2k n q2 + ie){k^ + 2k n p2 + ie)

2{2qi + k) • (2pi + k)
(fc^ + 2k • qi + ie){P + 2k • pi + ie)

2{2pi + k) n {2q2 + k)

f

+Cf

+Cf

-Cf

—Of

k'^ + 2k n qi + ie P — 2k • q2-\- ie^

2p2 + k 2q2 + k

P -\-2k • P2 + ie P + 2k n q2 + ie

2pi -h k 2qi -(- k

k"^ + 2k n Pi + ie P -(- 2k • qi le

2pi k 2q2 + k
k"^ + 2k n Pi + ie P -\-2k n q2-\- ie

2qi -h k 2p2 + k

{P -\-2k n pi+ ie){P + 2A; n (?2 + ie)

2{2qi + k) • {2p2 + k)
+AC

k'^

,
'

 + 2k n qi + ie P -\-2k n p2 + ie^

(200)
 {P -]-2k n qi + ie){P + 2k n p2 + ie)_

with Of = ̂1^ ̂ quadratic Casimir invariant of the quark color representation, A
equal to the standard infrared regulator mass (Ref. [6]) and

AC, =

AC„ =

-1, qq' incoming

-1/6, 5^'incoming

-5/2, qq' incoming

-5/3, qq' incoming

ACt = —3/2, and

(201)
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Thus, we see that the non-Abelian nature of QCD causes ACj 7^ 0.

The additional term in (199), which arises from color algebra, consists of what

we call the "singlet" exchange Born amplitude which is obtained from Fig. la by
substituting A° for the color matrices A% where A° = I/V6. The corresponding
value of Bqcd in (199) is obtained from (200) by setting Cf = 0 and ACt = 0 in
(200) and by setting

{-Cf, qq' incoming6  ̂ 202)
Cf, qq incoming

in (200). We note that, to order the "singlet" amplitude does not contribute
to our cross section for the process in Fig. 1.

Turning now to the soft real emission process in Fig. lb, we again follow the
methods of YFS in Ref. [2] and extract the infrared-divergent part of the real
gluon bremsstrahlung as

= d(7o(2as.BQCD) (203)

where the real QCD infrared function is

rk<Kmax (P k/K^i\rnax (f fC " / ^-j^Sqcrik) (204)

with

+AC.
k n p2k n q2

( Pi V2 y 2pi -p2 ^ ( qi gg-V-AC
P2-k) ^'k-p,k-p2^^\qi -k q2 -k) 'k.q,k-q2

-Cf(^ + ,,\q-i • k P2-k) k • qik n p2 \q2 n k Pi n k J k n q2k n pi j
(205)
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where Kmax corresponds to the relevant gluon jet detector resolution energy

3 GeV at the SSC/LHC) and ko = \/f + so that we regulate the infrared
singularities in (205) in complete analogy with our gluon mass regulator in (200).
(Note that graph (v) in Fig. Ic is not infrared-divergent.) Here, dao is the respec
tive Born differential cross section. The results (199) to (205) represent the com

plete infrared (IR) structure of QCD for the cross section for q+'-q^' -> q"+'-q^"'+{G)
to order a^. The result (205) is consistent with the pioneering work of Berends
and Giele in Ref. [7]. Following the YFS theory, we see that the criterion for the
cancellation of the 0{as) and IR singularities in the cross section for our scattering

process in Fig. 1 is that

SUMir(QCD) = 2a,RQCD + 2a,ReBQCD (206)

should be independent of A. Using the well—known results [2],[8] for the integrals
in (200) and (205) (notice that these are just the same integrals that arise in
the YFS analysis of QED with different color-based weights) we see that, indeed,
A does cancel out of (206). We are left with the fundamental result (for, e.g..
Trig = rriqi = m)

SUMir(QCD) = ̂  E + ACaBUA)) (207)
A—{s,t,u,s',t',u'}

where

B;JA) = log(2A'„„/\/iT)' + I ln(|.4|/m^) - irV6 + »(/l)ir72 (208)
and

f{A)=[ . (209)
( 1, A = u,u'

The results (207) and (208) are then the fundamental results of our analysis.
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Indeed, repeating the arguments in Ref. [2] and/or using the factorization re

sults in Ref. [7], we see that by virtue of (207), we may compute the hard gluon
radiation residuals at 0(as) as

/?o = da^ — 2asRei?QCDd(To

and

(di = — SqcBdcTo

(210)

(211)

in the exponentiated formula

j  _ rcTTA/r mrnii f ^ v +iy{pi+P2-qi-g2-Y2,''])+^dcTexp ea;p[SUMiR(QCD)J 2_^ J J ^tt)''
n=0 * j=l ^

 g- a, k \t3ll3l
t n • • 1 ̂ nj 0 0

<1iQ2

where
r d^h ->

^SqCD - e{Kmax - |fc|)
J  ko

Here, we use the virtual 1-loop correction

dcr'-'"'- = .

(212)

(213)

(214)

where

d^jir
2a, (CF-lCj){ln5(2-lnf+ lln5)

+ ^ it (2(^/" " R] " 0 }

-(Cf - IC,) {In Jji (21n a _ In M) + pfy In f (1(1 - u/s) In f - l)}

H-Cpln ̂  + C, (in 1^ 4-1( + - gCp + g Cf
(215)
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The respective soft real gluon bremsstrahlung cross is given by (203) with

iaJgcD = -'f [(Cf - {in + In ̂  (l + In " J In n)

-2ln;;fl(l+Inl%«-|ln^)}

+ (Cf - iCn {-2ln + 2 In M (l + In - pn M) - f}]
(216)

.  It allows ̂ 0 to be identihed as — 2as{BQCD + BQCD)d(7o, where —

d^i-ioop da for example. The above expressions are for incoming qq and need

to be modified accordingly for qq interactions. The hard gluon residual makes a

vanishing contribution in the soft gluon limit so that it will be presented elsewhere

[5]; for, here we focus on the soft gluon effects in (212) so that we will not need

in the current discussion.

The results (210) and (214) - (216) are now realized in (212) via Monte Carlo

methods by replacing the QED forms of SUMir as described in Refs. [1] for

our SSCYFS2 and SSCBHL event generators by the respective QCD forms. The

resulting event generators are SSCYFSG and SSCBHLG, where in the former, only

only gluon radiation from the initial state is treated. Sample Monte Carlo data

from SSCBHLG are illustrated in the next section. Similar data for SSCYFSG

will appear elsewhere [5].

We should stress that two limits of the QCD coupling constant are needed in

(210), (211) and (212). One is the perturbative —q^ > Aqqq regime in the hard
gluon residuals in (212). This regime is well-known and we use the standard

type of formula [9]

a.(l') = 555— (217)
(33-2npM,.V(A;!{P^)

with Uf =number of open flavors and the respective value of Aqcd: we take
^Ms ̂  238 GeV for definiteness.

The second regime occurs in SUMir in (207), where the k'^ ̂  0 limit is relevant

for "on-shell" gluons of 4~momentum k. (We follow Tarrah [10] and use the
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concept of on-shell quarks and gluons in perturbation theory at large momentum
transfer.) Recently [11], it has been pointed out by Mattingly and Stevenson that
this limit of Qs/tt exists as an infrared fixed point and its limiting value is ~ .263.
We use this value of (tts/Tr) in SUMir in (207) and (211). Because of the fixed
point behavior, the value one uses for the P 0 coupling of gluons is not sensitive
to the precise value A^'^, for example. Further, since we only work to 0{as) in
the hard interactions, there is no contradiction between our use of values in

(217) and the renormalization scheme of Mattingly and Stevenson in Ref. [11].
We should also note that our light quark masses are always those determined by

Leutwyler and Gaisser in Ref. [12]: m„(l GeV) — 5.1 x 10 ^ GeV, md{l GeV) ~
8.9 X IQ-^ GeV, ms{l GeV) ~ .175 GeV, mdl GeV) ~ 1.3 GeV, mb{mb) ~
4.5 GeV; for rut, we take mt{mt) ~ 164 GeV. The running of these masses is readily
incorporated into our calculations [12]; we ignore this running in the current paper,

since it does not affect our results at the level of accuracy of interest to us here.

With these explanatory remarks in mind, we now turn to explicit Monte Carlo
data illustrations for multiple gluon effects in q + '-q^' q" + ̂q'̂ + n{G) at
SSC/LHC energies in the ATLAS-CMS(SDC-GEM) acceptances.
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Chapter 4

Results

In this Chapter, we illustrate our multiple-gluon Monte Carlo event generators

in the sample case ofu + u ̂  u + u + n(G'), where we require the out-going u

quarks to satisfy |r/| < 2.8 and E > 58 GeV, for definiteness, at ̂ /s = 15.4 TeV.

(We comment about the SSC case y/s = iO TeV as well.) For completeness, we

will show explicit Monte Carlo data for SSCBHLG, since in that generator initial,

initial-final interference, and final state n{G) radiation is simulated.

Our results are shown in Figs. 8, 9 and 10, where we show respectively the gluon

multiplicity, the distribution oi v = {s — s')/s^ where s' is the squared invariant

mass of the final quark-quark system, and the total gluon transverse momentum in

TeV units. What we see is that there is a pronounced effect from the multi-gluon

radiation at y/s = 15.4 TeV: the average value of the number of radiated gluons

with energy Eg > 3 GeV is, e.g., at y/s = 15.4 TeV,

(nc) = 28.5 ±5.5. (218)

The average value of v is, for y/s = 15.4 TeV,

(u) = 0.92 ±0.14. (219)

52



2.500 • 10^

2.000 n 10^

1.500- 10^

1.000-10^

.500 • 10^

.000 n 10^

I  I I—1—|—I—rrn—r~rn—tt"]—rrn—i—i—rn i tt"! rnn r~r~\ n~] r~r~\ r~rn i~i r

I  i_i _u^ I l l l_l I I I ,  , I , n ' ' n n n

10.000 20.000 30.000 40.000 50.000

Figure 8: Gluon multiplicity distribution in u-\-u —>• u+u+n{G) at ̂ /i — 15.4 TeV.

53



The average value of the total transverse momentum in gluons is

(Piw) = (lE^.il) = (0.19 ±0.23) TeV. (220)
t = l

This means that a substantial amount of incoming and outgoing energy is radiated

into gluons (due to the usual collinearity of radiation with its source, most of
the final state radiation would be a part of the typical jet associated with its

parent quark). Entirely similar results hold for the SSC \/s = 40 TeV case.
Evidently, any realistic treatment of QCD corrections to LHC/SSC processes must
analyze the full event-by-event n-gluon effects as they interact with the detector
efhciencies and cuts. Our SSCBHLG event generator provides the first amplitude-

based exponentiated Monte Carlo realization of such n-gluon effects and we hope
to participate in a study of their interplay with detector effects elsewhere [5].

An important consequence of our work is a prediction for the effect on the
overall normalization of an LHC/SSC physics process due to multiple-gluon radi

ation, in an unambiguous way, since all IR-singular effects have canceled out of
our calculation. Eor example, if we simply compute the 0{as) soft cross section.

Eg CeV, we get (for u + u-^u + u + (C), -y/s = 40 TeV) that

^''/cBorn = 1 + ̂vir + ̂real ~ —22.1, (221)

whereas if we compute the cross section for u E u —> u + u E n{G) and require

u < 3 CeV/7.7 TeV= .00039, we get

= 1.2 X 10-^^ (222)

Hence, we see that multi-gluon radiation is crucial to getting the proper normal
ization of the cross section.

We emphasize that the results for ,/s = 40 TeV give similar conclusions [5]
to those in Eigs. 8-10. Entirely analogous results hold for the pure initial-state
multigluon event generator SSCYESC, except only two lines radiate, so that (no)
is reduced by a factor ~ 2, with the appropriate corresponding reductions in (u)
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and {pL,tot)- Such results are effectively an integration over the events used in
Figs. 8-10, wherein one integrates over all gluons within some cones close to the
outgoing fermions. We do not show a separate set of plots for SSCYFSG here
but we have presented a more detailed discussion of the respective initial-state
n-gluon radiation elsewhere [5]. Here, we have focused on the complete gluon
radiation problem.
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Chapter 5

Conclusions

In this work, we have shown that the IR singularities in fermion-(anti-)fermion
scattering at LHC/SSC energies in QCD cancel at order permitting an im
mediate extension of YFS QED exponentiation methods to such processes. The

YFS Monte Carlo methods invented by S. Jadach and B.F.L. Ward [32] for QED

radiation in physics can then be extended to multi-gluon Monte Carlo event

generators with well-defined IR behavior to all orders in ag. Such a Monte Car
lo realization of amplitude-based n-gluon effects opens the way to a new era in
higher-order QCD corrections to hard processes such as those of interest to the
LHC/SSC physics program.

More specifically, we have realized our exponentiated, n-gluon effects via the
Monte Carlo event generators SSCBHLG and SSCYESG. Since the latter amounts

to an initial-state restriction of the former, we have presented results from the

former generator in this work. We find, for example, that the average number
of radiated gluons m u + u —> u + u + n{G) at ^/s = 15.4 TeV is 28.5 ± 5.5
and that (v) = 0.92 ± 0.14. Further, the cross-section normalization is strongly
affected by our n-gluon effects. Hence, only by taking these effects into account,

as they interact with detector simulation, for example, can a truly detailed picture
of the SSC/LHC physics platform be obtained. We hope to participate in such an
investigation elsewhere.
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In summary, we have presented, for the first time, the realistic event-by-event

Monte Carlo realization of multi-gluon effects in hard QCD processes at SSC/LHC

energies in which IR singularities are canceled to all orders in Os- A new approach
to LHC/SSC physics has thus been created.
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