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Abstract

We extend the methods of Yennie, Frautschi and Suura (YFS) to compute, via
Monte Carlo methods, the effects of multiple gluon emission in the processes ¢ +
(@' > ¢" +@" + n(G), where G is a soft gluon. We show explicitly that the
infrared singularities in the respective simulations are canceled to all orders in a.
Some discussion of this result from the standpoint of confinement is given. More
importantly, we present, for the first time ever, sample numerical Monte Carlo data
on multiple soft gluon emission in the rigorously extended YFS framework. We
find that such soft gluon effects must be taken into account for precise SSC/LHC

physics simulations.
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Chapter 1

Introduction

While the SSC has been cancelled and is being re-evaluated, the LHC planning
stages continue to gain momentum, so that it still becomes more and more nec-
essary to prepare for the physics exploration which the LHC, at the least, will
provide. The primary issue in this exploration is the comparison between pre-
dictions from the standard SUsr, @ Uy @ SUS theory and its possible extensions,
and what will be observed by the GEM and SDC collaborations, with the discov-
ery of the Higgs particle or whatever it represents as of course a primary goal of
such comparisons. Thus, it is important to know the theoretical predictions as
accurately as is necessary to exploit the expected detector performances of GEM
and SDC to the fullest extent. In particular, higher order radiative corrections
to these predictions (due to multiple photon and multiple gluon effects) are in
fact essential to obtain the proper precision on the signal and background pro-
cesses in the respective SSC/LHC environment. In Refs. [1], we have developed
Yennie- Frautschi-Suura [2] (YFS) multiphoton Monte Carlo event generators for
calculating ny effects in SSC/LHC processes. In what follows, we now develop the
extension of our own YFS Monte Carlo-based higher order radiative correction
methods to multiple gluon effects in SSC/LHC processes. Such a calculation of
n(G) effects has not appeared elsewhere, where we use G to denote a gluon.

More precisely, we want to use the fact that, by the uncertainty principle,
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infinite-wavelength gluons should not affect the motion of quarks and gluons inside

a proton, whose radius is ~ 1 fm. Thus, we have recently realized [3] this physical
requirement in perturbation theory by showing that in our prototypical processes
qg+@ — ¢ +@" + (G), the infrared singularities cancel at O(a;), just as they
cancel in the analogous QED process f+ f" — f+f'+v. We then are able to define
the QCD analogues of the famous YFS infrared functions [2] B and B which de-
scribe the virtual and real infrared singularities in QED processes to all orders in c.
These functions, Bocp and BQCD, then describe the infrared singularities in QCD
in the processes ¢+@ — ¢"+@""+n(G) to all orders in as. The sum Bocep + Bqep
‘s infrared finite and allows us to extend our YFS Monte Carlo methods, widely
used in SLC/LEP physics for higher order QED radiative effects, to the analogous
Monte Carlo methods in QCD processes for SSC/LHC physics objectives. We call
the resulting programs SSCYFSG and SSCBHLG, for they are the QCD exten-
sions of the QED ny Monte Carlos SSCYFS2 and SSCBHL. Here we recall that
SSCYFS?2 was already described in Ref. [1] and SSCBHL is the analogous SSC
extension of the YFS Monte Carlo BHLUMI 2.01 [4] for the SLC/LEP luminosity
process efe” — ete™ +ny.

In what follows, we shall present sample Monte Carlo data for the process ¢ +
(@ — ¢"+@" +n(G) from the event generator SSCBHLG. Analogous results from
SSCYFSG will appear elsewhere [5]. The latter Monte Carlo only simulates initial-
state gluon radiation, whereas SSCBHLG simulates initial-state and final-state
n—gluon radiation, as well as the respective initial-final-state interference effects.
Further, we emphasize that (unlike BELUMI 2.01) SSCBHLG is not restricted to
small scattering angles. Note finally that SSCYFSG is an initial-state restriction
of SSCBHLG and hence is useful for cross—checking our work.

This work is organized as follows. In the next Chapter, we review the YFS
theory [2] and the Renormalization-Group-Improved YFS theory [8]. In Chapter 3,
we renew the YFS exponentiation to n—gluon emission and the attendant extension

of SSCYFS2 and SSCBHL. In Chapter 4, we present sample Monte Carlo data for




n-gluon emission for the SDC and GEM acceptances. Chapter 5 contains some

concluding remarks.




Chapter 2

Review of Theory

2.1 YFS Theory

The cancellation of infrared divergences to all orders in QED, was obtained by
Yennie, Frautschi and Suura, by factorizing the IR divergent contributions of vir-
tual and real parts of matrix elements. Here, we follow the development in Ref. 2

in the Bibliography.

2.1.1 Virtual Photon Radiative Corrections

Consider a process where n virtual photons are attached to the initial or final
electron leg, which contributes to the infrared divergence when they are on the

mass shell. The matrix element is expanded

M(p,p) = i_o%Mn(p,p') (1)
The M, has the structure.
My = mg
M, = moaB 4+ my
M, = mo(a2B)2 + miaB +mg




B)

a
= Ym0

(2)

where m; is an infrared finite function of order o’ relative to My. Then each factor
o B, which contains the IR contribution from one virtual photon, is factorized by

M = ezp(aB) i my, (3)

n=0

In order to prove (2) we begin with the definition

/ /de4k)\2pn oo ky) (4)

where ) is a photon mass for infrared cutoff. The n! is introduced into (4) by
symmetrization of the n virtual photons in py. This symmetrization will play an
essential role in obtaining the symmetric form (2).

In the Feynman amplitude, using the anticommutation relation of Dirac ~-
matrices, p, is separated to an infrared finite piece and remaining one by exchang-
ing the ordering of k, A, and by working on infrared limit k,—0 for remaining

matrix element.

Therefore S(k,) contains the k, infrared contribution and the remaining part
has no infrared divergence in k,. We may extract next infrared finite piece by

iteration of (5).

= Skt ) B (ke s on) + B (k- b k) = B (- nesi B,y )
(6)
The symmetry of p, in k,_1 and k, implies invariance of this quantity under
interchange of k,_; and k.. Eq. (6) is noninfrared in k; for all values of the other
k;. That means ﬂﬁf) is infrared finite to both k, and k,_; virtual photons. By
repeating it to all n photons, we have

perm r=




The B,_, are noninfrared. Insertion of (7) into (4) yields

i d“kS ”Td“k

Therefore (8) becomes the conjecture (2) with the following identification

aBlp.p () = [ o )

and
plol= 5 [T G ath k) (10

The famous infrared function B can be represented, for example, by the gauge

invariant expression for the process which has two external legs in the same electron

g k[ Wa—k  2pu—k\ an
T e Bon\2p k—k 2k

line.

2.1.2 Real Photon Radiative Corrections

The differential cross section for emission of n undetected real photons with total

energy ¢ has the form

9 copaB) s [ T bl S kalpr ke k) (12
d6 = erplia n| e (k?n+)\2)1/2 € i)Pn\P> P 5 K1, n

=1

with the infrared factor exp(2aB) from virtual part. The complete differential

cross section is given by
do . & doy,

(13)

The quantity p, has the similar structure in the virtual case, p,,

pn(ky - En) = S(k1) -+ S(kn)Bo + ig(kl) oo S(kiz1) S (kig) -+ Ba(ks)




+ -4 i g(k‘i)ﬁn_l(k}l te ki—lki+1 te kn) + Bn(kl e kn) (14)

=1

In this real case, photons must terminate exclusively on external charge lines in
order to contribute infrared terms. That means the é function ensures that pn
contribute to the cross section only when the energy conservation E =F —c¢
holds. Thus B(kn) is defined on the energy shell E = E — ky, and § only at
E =E.

The energy-conserving § function is conveniently represented by

- f: km) = 2«/ dy exp [zy i}lkm] (15)

m=1
Substitution of (12), (14), and (15) into (13) yields

d

7 — lim ezp(2a:B) 1/°°d ive /ksf___d% 3k, p,p (c))e %
de —)\I—I;r(l)e.fl}p o or ) ye - exrp (k2+A2)1/2 yP,ple)e

. n d3km e
0 n\Ps 1°
(ﬁ+n2 11 von . (py ' K k)) (16)

The real infrared factor in the third exponential of (16), which is still kinematically
connected with the other real photons by the factor e~ which insures that }_ k =

€, can be separated by

hse d’k & —iyk A
/ mSe = 2aB + D (17)
where < Bk
2B(pp' () = [ G (18)
and e<e &b -
D(p.p(ehy) = [ S - 1) (19)

The term 2aB is independent of y, while the integrand of D is well behaved as
k — 0. The exp(2aB) violates the condition ¥k = ¢, but exp(D) just restore this

condition and thereby maintains energy conservation.




Therefore we show the famous YFS cross section, which holds in the infrared

limit k—0,

do 5 = do
%Y _ J2a(B+B)
de ¢ de (20)

with the infrared finite part in the same limit
do 1 o : . < 1 " 3k .
= d wye+D _/ m —iykm - 21
de 27 /—oo ye (ﬂo + nzzjl n! Tgl ko, ¢ B (21)

As in the case of virtual infrared function B, the real infrared function, B, can be

represented by the gauge invariant expression

S R Y o\
B — _/ B’ [
8r2 Jo (k% + )\2)1/2 (k p ok -p) (22)

B and B represent known infrared contributions from the lowest order radiative
correction. Thus the cancellation of infrared terms to all orders is assured by the
cancellation in lowest order since dé/de is noninfrared as k—0.

The result can be generalized to the case of energy-momentum conservation,

which is related to angle dependence of detector cutoff K, = Kn(2) by using

6K — Y ki) = (271r)4 [ [t R (23)

Then the cross section becomes

1 1 4K /__dl_ & —izk
o= %Er%)exp(QaB)(QW)4 /_Oo d*ze™ M exp [ CESOIE S(g, k)e

- =1 " Pk ik s
(Bt + 3 o [ T et ntas b k) en
n=1 Tt m=1 km
where g stands for the set of all momenta of the observed particles and photons.

With K,,(Q) > X in all directions we define D by

D(q,,[Kn)) = / fl-z—ks (=% — 01K () — K]) (25)




Then we have the desired form

o = exp[2a(Re B + B)]

- 3 n B km
T ezI\.x+D (ﬂo**‘ / —zk xﬁn)
with the definitions

~ 1 k<Km d3k p p 2
= — - 7:0:7; o IR
B 87(2/0 (k‘2+)\2 1/2Z o 0 (k Pi k'pj)

= Y Bj (27)

i<

and

&k @2pibi = k). | (2pii + k) \’
= 0;
B 871'3 / k2 — )2 Z Zi Z 9 (k -2k - p10 + k? + 2k - pﬂj

i<
= 2 B (28)

i<j
where Z; has the sign of the ith charge and 6; = +(—) if 7 is outgoing (incoming).
The contribution to B from the photon propagator pole, where the virtual photon
lies on the mass shell, cancels the infrared part of B. If particles 7 and j in the initial
or final states are identical, B and B will clearly be symmetric in the variables of

these particles. Thus infrared factors do not change the overall symmetry of the

matrix elements they multiply.

2.2 Renormalization-Group-Improved YFS
Theory

In order to address the physical consequences of the large UV effects in (24), we
will appeal to the renormalization-group equation of Weinberg [15]. We follow the
development in Ref. 8 in the Bibliography.

The basic idea of Weinberg is that multiplicatively renormalized Green’s func-

tions ' of a theory may be subtracted with the massless limits of the subtraction

9




constants for the theory at a Euclidean scale p. The fact that the unrenormalized

theory is independent of y then implies the equation

( 0 0 0

“on + ﬂ(%)@ - Ve(gR)mRm - ’YF(QR)) =0 (29)

where, for simplicity, we imagine we have one renormalized coupling gr and one
renormalized mass mp. In the SU(2)r x U(1) theory, we would have two couplings,
er and gwr, where gwg is the SU(2);, coupling and eg is the electric charge of
the positron, we would have renormalized mass parameters for the fermions in the
presumed three families of quarks and leptons, we would have the mass parameter
of the Wt W=, and Z, bosons, and the mass parameter of the physical Higgs
particle (or the quadratic coupling of the physical Higgs particle), as a minimal set
of masses and couplings. The physics beyond the standard model would enlarge
this set. The coefficient functions 3, ve, and 4r are computable in renormalized
perturbation theory . Specializing the (29) to QED [note that (29) tacitly presumes

the gauge of Landau], we can write (Q;eg is the electric charge of fermion ¢)

1

ﬂ(GR) = 1972 ZQ36%+3
3 2
Yo, = ’8—7;5Q?6R+"',
w = nyB(er)/er , (30)

where n., is the number of external photon lines in I'. We note that, if we write

the respective amplitudes M (™ as (we suppress the amputated photon labels)
M(n) = (Ef)al(vf)az(ue)lﬁ (EE)WME:?:;Ul (31)

then Mgnl);gw is an amputated connected multiplicatively renormalized (on-

shell) Green’s function. Thus, it satisfies the appropriate version of (29):

0 0 0
(”5; + 5(91%)@ - XZ: Yo (gR)miRgr_n_

1

= Y mn) (gR)) M(OZ)::UI =0 (32)
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Further, it is convenient to write

I\)]»—A

2)

2) (33)

= (M/50/2, (A?s0/4 — m?)
pe = (\W50/2,—(Mso/4 = m()

0=

and, in M

P(} + Poy AlV/s0 — Z kgl ki = Mo,
pr+py = —A ko (34)

We can always do this in the physical region provided that A0 > 2my and
A/S0 > 2m.. We will always imagine, that /30 > 2m. and that A > 1. Then,

since 'yj(a) = nf(er)/er,

9 0 0 —
(—/\* + Bler) 5~ = 2 (1 + e (er)ming—— = nbler) DM(n)) M@ =

oA Oer - eR
(35)
so that, using
ME = ezp(aB) Y mi (36)
n'=0
we find the solution
'n 1/21/1 D
Mgl)::l/l = exp[a(1)B(so, m )] Z nalaz iR(/\),a()\),p),\D
A ! 1 !
xexp (—/1 Y (€R(X))dA /A>
vz )V -n
= ezpla(1)B(so,mir(}))] Z m{2 (py(1), mir(A), (M), WA [er(A)/er(1)]
(37)
where D 4 is the engineering dimension of M and is given by
Dym=-2-n (38)

11




A%SR = B(er(N))

/\d%mm = —([1 + e, (er(}))]mir(A) (39)

and
a(X) = eh(N\) /A (40)
We emphasize that (37) is a rigorous consequence of renormalization-group equa-

tion.

The running masses m;g are

i) = 1) e (= [ e enl )i 1)

~ [mir(1)/Ner(N)/er(1)] 76> (41)
where
ﬁ(eR)EbOG?%"'"" 791'(613)502),'6?%"'"" (42)

Note that, even though ff may be €€, the error on the approximation in (41) is
a factor of order

exp[—a(A) + a(1)] =~ 1 6.4 x 107* (43)

Thus, one-loop coefficient functions should be adequate for our purposes, provided
that n is not too big.

The important point to note about (37) is that it has the same algebraic struc-
ture as the original amplitude M in (3). Thus, the YFS program can be applied

o (37). In this way we arrive at

do = exp (2a()[ReBlp(1),min(X) + Bi1), min(), K/ V]) oy

. P, % L &4 k o L%
/d4y 'V (petrem Py 4D (ﬁo(qO E n! / H ky R B, (g )) dEy d* Py
n=1 """
(44)
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B.(q2) = NPT (pi(1), kojy min(A), a(A), wler(N) fer(D)]™" (45)

and

D = D(p;(1),mir(A), @(A), Kmaz/A) (46)

The result (44) is the basic result of this chapter.

The physical interpretation of (44) in comparison with (24) is the following:
The exponentiation of the infrared effects occurs now with the running coupling
a(1). The B, are scaled by [eR(/\)/eR(l)]’%)\ﬁ(AZ). It is interesting that the in-
variance of the physical masses m; phys(™MiR, €r, ft) under the renormalization-group
operator means that, if the amplitudes M are on shell, the net effect of the running
masses m;r(A) is to keep the renormalization-group-improved amplitudes on shell.
We emphasize that (44) is a rigorous consequence of the renormalization-group
equation.

In the practical applications, we have in mind to work to the value n = 2
in (44). The error on this real two-photon emission term due to the factor of
[er(A)/er(1)]~* in (44), which we approximate to the leading order in B(er(N)) in
(39) and (42) is ~ 0.02% and this hard term is itself ~ 0.85 x 1072 relative to the
Born cross section in é Thus, we see that the one-loop values of the coefficient
functions are indeed adequate. Thus, the result (44) , taken together with the

one-loop expressions (41) and
eL(N) = e3(1)/[1 — 2boe(1)InA] (47)

provides a basis for the Monte Carlo simulation of ete = [, [+ ff+mr
where 7,41, and 7, are hard photons and arbitrary numbers of soft photons are
understood, and where /s = Mz, to the level of ~ 0.3% of the basic Born cross

section in f3.
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Chapter 3

Extension of YFS Theory to
QCD Process

3.1 Introduction

Calculation of any QCD processes needs to treat SU(3) color matrix element by
definition of theory itself. This additional terms to the QED integrals complete-
ly alter the transition probability amplitude of each diagram including both the
virtual and real diagrams. For example, each of diagrams has different additional
weight which is combinations of Cr and Ca. Virtual part of the diagrams still have
both UV and IR divergences, except box diagrams which have only IR divergences.
Fortunately real part of the theory contains only IR divergences by the definition
of real diagrams. And with the unknown strong coupling constant and quark mass
in the limit Q2—>m§ the transition probabilities can not be simply obtained if the
On-shell scheme as in QED is used to calculate such QCD processes [17]. There-
fore it is possible to set up an arbitrary mass parameter, j, and subtract the UV
and IR divergences in the single parameter. MS scheme is independent to the

fermion mass to avoid infrared terms in coupling constant [18]. The On-shell




scheme is completely mass dependent which make possible the infrared contribu-
tion. Especially the YFS method needs the mass terms in the form factors by the
definition of theory itself [2]. Therefore the two entirely independent schemes are
hard to combine. To see the infrared contribution mainly, with the help of that
physical quantities are independent on subtraction schemes, first thing is to look
at the final results of Feynman amplitude with both MS and On-shell schemes,
which means to keep all mass terms in the denominator of the Feynman ampli-
tude, before doing any subtraction to the probability. Then by comparing with
the fixed contribution of real part to the result of virtual parts, we may decide the
suitable subtraction which satisfy the both ideas of mass independent and mass
dependent-ness. As we will show the key is separate the single parameter € to €,
and €;,. Then which one contribute to mass dependent and which one or not, and
the independence is absorbed to coupling constant renormalization and the depen-
dence goes to the YFS method via gluon mass. In this way the YFS method may
get in the QCD process even though there is alteration by the color contribution,
which is completely absorbed to the new definition of YFS theory. Therefore look-
ing at the lowest order process and extracting YFS form factors in this process,
the result can be easily extended to all orders by through YFS theory and the
renormalization-group-improved YFS theory as shown the Chapter 2. With the
guide of real part of weight change, we carefully examine the virtual part weight
change, then make arrangement to cancel out the both the UV and IR divergences.
Then we extract IR contribution which assure the application of YFS method to
QCD process [16, 20]. Therefor first thing to do is to examine the real part dia-
grams as in following section. In there, the completely fixed results will be derived
just as in QED case with additional weight change due to color matrix. This result
will be reference to fix the UV and IR divergences in the virtual part of theory. In
the next virtual part, we follow the usual dimensional regularization method with
fermion and gluon mass term in the denominator. The result, before any subtrac-

tion, will be compared to the results of real part to get finite result even though

15




there is alteration of weight, which completely satisfies the both schemes. To see

how to extend the YFS program to QCD process {21, 22, 23], we mainly concern on
the lowest contribution i.e., O(«;) t-channel ¢gg—¢qg process. In here, the infrared
function will be extracted. Then as a next step, the result will be encorporated to
higher order terms by the YFS theory and it’s renormalized-group-improved frame

work.

3.2 Real Corrections

The t-channel O(a;) QCD process consists of five diagrams in its real gluon emis-
sion part as in Fig. 1. Four of them, diagrams in Fig. 1(c-1)-(c-iv), are basically the
same type to the same order of QED process. The remaining one in Fig. 1(c-v),
the contribution from the triple gluon vertex, is a new feature to the correspond-
ing QED process. The result of calculation to these five diagrams is well-known
in the literature [28, 29, 27]. Therefore basic strategy is simply to follow the well-
established ways in this real part calculation, as natural. Furthermore, as far as
we concern the soft gluon contribution to this O(«;) process, the calculation can
be greatly simplified by working in the limit k—0, where k is a momentum of
respected gluon [2, 29].

Throughout this chapter, we follow the standard Bjorken-Drell notations [19],
with metric diag g,, = (1,—1,—1,-1). And p; and p; subtend for the initial
incoming quark momentum for upper line and lower line, respectively. The final
outgoing momenta of quarks for upper line and lower line are represented by ps
and py.

The Feynman amplitudes for each diagrams in Fig. 2, are given by

1
M; = (27)%6%(p, + - ( ) Mi
(27)°6"(p1+ P2 —ps —pa — \/El\/ EQ\/ Eg\/E4 PI2) L\ J(2r)2w,

(48)
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Figure 1: The process ¢ + (g — ¢+ @+ (G) to O(a,): (a) Born approximation;
(b) O(a,) virtual correction; (¢) O(e;) bremsstrahlung process.

17




Figure 2: O(a;) corrections to the real gluon bremsstrahlung process where v11
represents —igsTﬁj'y", v12 for —ig,T5v", v13 for —ig,T3 f, v21 for —igsTf;-y“,
v22 for —ig, TS v, v23 for —ig;T7; k, 81 for —ig,Tiy*, v32 for —ig, T¢v", v33
for —z'gsTl‘fJ. f, v4l for —igsTil}’y“, v42 for —ig, 177", v43 for —ig, T} £, v51 for

—igsT)y*, v52 for —ig,T5y", and v53 for gsfab'c' e




where i=1,2,3,4,5 correspond to the respective diagrams in Fig. 2(1),(i),(ii1),(iv)

and (v), with its matrix element, M;

. 16,1 ) —19, 0
— 77 _ sT9~“ oy _ s'a uv Obe
M =u(ps)(—igsTy ;v )pl— /C_mﬂ.é( 19s T3 E)U(Pl)(m_m)gﬂ-6
u(pa)(—1gsTyy" Ju(p2) (49)
Mg =u(ps)(—1g TE A" u(py) 4t u(ps)(—igs T ") Gy
T (ps — p1)? + 1€ ST po— k—m e
(—igsTyy £)u(pz) (50)
Mo = T(po)(—igs T ) (ig Tl () et
i pst k—m e (p2 — pa)? + e
U(pa)(—19sT7y" Ju(p2) (51)
My = T(ps)(—igs T27")u(p1) Zue g )(—ig,TE, 4) oy
ij (ps—P1)2+i€ s p4+ /k—m—i—ie
(—ig: Ty )u(p2) (52)
My = () —igs Tl ) -l g o Y )
(ps — p1)? +1e (p2 — pa)?
U(pa)(—1gsTryy” )u(p2) (53)

with

FM¥Y = (=(ps—p1)— (p2—pa)) 0" ” +((p2—pa) +k)* ¢ +(=k+(pz—p1))” g™
(54)
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We need to use Dirac equation and the soft gluon approximation to extrac-

t simple form of infrared contributions from these matrix elements. For ex-
ample, in the first denominator of (49), after squaring, limit k*—0 and in the
numerator, using anticommutation relation {y*,7"} = 2¢**, lemit /k—0 with
(p1 f+mu(p) = (2¢-pi— £(p1 —m))u(p1) = 2¢ - pru(py). Then the matrix

elements become to more readable forms

My = g.(T}TST},) (k—) Ms (55)
4!
My = g, (T5TATS) ( — ) Mp (56)
€-P3
Ms = g,(TETHT, (k pg) (57)
My = g,(TETETY, (6 p‘*) (58)
Ms = (—ig,)(fETETS (_(12_1——}73)) M 59
5 ( tg )(f ij rs) (p3 “171)2 B ( )
where the the Born term, Mg, has the usual expression
My = (ps)(—ige* u(pr) ——25T(pa) (—igey” u(pa) (60)
(p1 — p2)

Therefore sum of the each contribution shows factorization of infrared terms

from the Born amplitude

P2 P3 Pa ( P3)
M = gse- | C 4+ C +C + Cy— +C—M
o =9 (l—k =k p Bk-pa “kopa (m — p3)2) b
(61)

with the color matrix C;

Cy = TETSTY, Cs = —if*° T T,

iyt rs

(62)

Ts? 'rs’

Cy = TTSTY,, Co = T T T, Cs = TETT,
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Total transition probability can be obtained by sum of polarization, spin and color

of the quark and gluon.
1

|Mtot|2 = 9

¥ Y Y Ml (63)

color * spin pol

Following known tables of 4 matrix and color matrix [18], and using relation

S pot € @€+ b= —a- b [19], the color terms becomes
N2 -1

Clc; = CQC; = 0305 = C4C: = CF 4

* * * * N2 —1
0102 == 0304 == 0403 = 0201 = (2CF - CA) 1

1 N —¢4

Clcg = CQC,I = CZCQ = O;Cl = (CF - ‘Q—CA) 4

* E3 * * ]- N2 - 1
CiC; = CaC5 = C3Cs = C5Cr = (20r — 5Ca)—

N2 -1
CiC: = —Cy0r = —CsC; = CaCf = %CA ;
N? —

CsC; = Ca— ! (64)

with the Casimir operators Cr = L‘,l, C4 =N, N =3 for SU(3) color matrices.
2N

Then the differential cross section for the real soft gluon emission is

do do
T =\ 55 6rea
(dﬂ)real (dQ)Born l (65)

do _ gt N2—1232+u2
Q) .~ 64m?s 4N? t2

The real correction can be obtained with the cut-off, the detector resolution,

with

(66)

K, = 525,
—q® Km Bk
g
6rea = N, > / o
: C(27r)3 0o 2w
p1 P2 D3 Pa 2(p — p3)
C +C + C +C +C 67
l—k'l’l 2—k 2 k- ps 4k' 4 5([’3—;01)2 ( )




where w, = k2 + A2, A= a fictitious gluon mass. The normalization factor N¢ =

m‘—*_—l is due to separation of color contribution to Born and infrared correction term.
The expressions in (64) always exist in both real and virtual part expression. Thus
it is probable to define them as another symbols which represent momentum part
contribution as they stand.

With invariants s = (p1 + p2)%, t = (p1 — p3)?, v = (p1 — pa)?,
1 1
Ct = Cp—écA, CSEQCF—CA, CuE2CF_§CA (68)

Then the correction term é,c,; might be arranged to the following form to see the

color contribution easily,
reat = Cp(I1n + Isz + Iz + 14a) + Co(L13 + L) + Cs(I12 + Iza) + Cu(f1a + I33)

+ Ca(Iss + Iss + Is1 + Isa + Is2) (69)

where subscripts 1-5 correspond to the momentum contribution of each processes
in Fig. 2(1)-(v). Therefore the momentum distribution of corresponding QED
process is altered by the color contribution with different weights, Cr for self-
interactions, C, for initial up and initial down interference contributions, C; for
initial up and final up interference, C, for initial up and final down interference,
and C4 for interference emission from triple gluon vertex and that of quark lines.
The momentum integration for corresponding interaction part represented by, for
the QED analogous part with i,j=1,2,3 and 4,

L-:—ﬁ/Kmﬂ——"p"'pj (70)

472 Jo  wy k- pik - p;
with n = +1 for Cr part, n = —2 for C; and C, part, n = +2 for C part,
The pure QCD contribution to momentum integration are

o Km 3k 4
Iss = ——2 / er_t 71
° 0 wi (p3 —Pl)2 ( )

(72)

Qs /Km >k n
0

wy, k- p;




where n = +1 for j = 3,4, n=—1for y =1,2.

Next step is to do the k-space integrations. The integration of QED analogous
part in (70) is exactly same as those of QED calculations. In the infinitesimal qq
CMS product system of t-channel, we define p; = (5§,13), and p3 = (%,—.ﬁ)

Then in this frame the results of each integrations can be summarized by

20,

20, 4K? t
[F =TI+ Iss+ I+ iy = —:‘ (— log /\2m + log ;23) (73)

20 20 20,
It = [13 + I, —7r—IS = —I — Ia4, - —1I, = ha+ I3,

I, =

20 2a 4K? 1 2
@ Q (log (. a , @ 7r) (74)

T
with @ = ¢,s,u > 0 and the additional ix? is included due to their analytic
continuation. This result is exactly same as well-known one in the literature [25,

26]. The remaining pure QCD contributions are

20 Kfn
Iss = I =0, Ig+Iss=In+14=0 (75)

It turns out these pure QCD contributions are safely neglected relative to the
QED analogous contributions. In fact, we already saw it in (59) when we factorize
IR contributions from matrix elements.

Therefore, in the soft gluon limit, the real gluon emission correction to the cross
section for O(a;,) t-channel gg—qqg process has basically same structure of QED

case with additional weight to each terms such as

204
6QCD o (CFIQED+Ct QED —C, IQED+C IQED) (76)

real

where Cr, Cs, Cy, and C, are defined in (64) and (68), and Ir, I, I, and I, are
given in (73) and (74). When we set Cr = C,=C,=C, =1 and a,—a,, (3.29)
becomes exactly the corresponding QED result. The fact that color interactions

alters the QED transition probabilities by introducing different additional weights
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to each c,s,u,and F' contributions means we may not simply use the same sub-

traction scheme as in QED to get IR finite result and to extend YFS program to
QCD process. But the result, (3.29), serves as a reference to our purpose because
it is UV finite.

3.3 Virtual Corrections

As indicated in section 3.1, if we use the MS (Modified Minimal Subtraction)
scheme [17], which is independent on fermion mass, say neglecting all fermion mass
in the amplitude and using arbitrary mass point, then we get both UV and IR finite
results. In which both effect is mixed in a single parameter e. Therefore it is hard
to see separately the IR contributions in a collision process. Furthermore if one
wants to use YFS method to QCD process, one should have fermion mass because
YFS theory requires fermion mass terms and gluon mass terms in the infrared
functions B and B by the definition of theory itself to factorize IR contribution.
On the other hand, if we use On-shell scheme solely to QCD process, one cannot
get finite result due to the fact virtual and real part have different weights ( color
contributions ) to each process, as shown in (76), unlikely QED case which has same
weight 1 to both parts. Therefore it seems we have two opposite cases, one is to use
the mass independent scheme for high energy effect and the other is to use mass
dependent scheme to isolate low energy effect ( if we allow the substitution of the
word infrared to low energy relative to high energy to simplify logic). We might get
a possible solution by defining clearly our purpose, the extension of YFS method
to QCD process. That means we need to have both YFS theory with fermion
mass terms and M S scheme with arbitrary mass point. Therefore following both
requirement, first thing is to keep all mass terms as need and second thing is to
see the final results of unsubtracted contributions with the encorporated arbitrary
mass point. Then third thing is to decide subtraction methods which gives finite

results and mass terms for YFS method. As we will see the M S scheme is precisely

24




Figure 3: O(a;) correction to the qqg-vertex, where v1 represents —igsT7 v* , v2

for —ig,T5y", and v3 for —igsTTb,’].'yAl

the required one and therefore we automatically allow to use the YFS theory in
QCD process with a,/7 ~ .263 [11] in the limit k2—0.

3.3.1 Quark-Quark-Gluon Vertex Correction

The matrix element, following the Feynman rules, for the diagram in Fig. 3 is

= d'k q BN iérr' . a @
Mo = 00 | yaior g = o iai)
by e N YU
F o —m il ) E e
= U(ps)(—igsT:Th, Ju(pr) (77)
—ig, Tilh, = —g2(TiTiTy) (78)
/ 'k A+ s +m)r“(k+ o+ m)y

(2m)% ((k + ps)? — m2 +ie)((k + p1)? — m? +ie)(k? — A? + de)

The color sum reduces to
(TPT°T?);; = (T*T*T")i; + ([T, T*)T")i; = TH(Cr — 5Ca)
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d*k Nk
Po— _4q? 1 — 9
s, = —ig*(Cr— 1C4) | oD (79)
The denominator D,,, can be written as
Doy = (K2 — N +d€)(k* + 2k - ps + i€)(k* + 2k - py + i€) (80)

Using the two Feynman-Schwinger integrals sequentially,

1 1 1
[ d 81
AB A A+ (1 - 2)B)? (81)
1 1 1
— = [ de2
A’B A TP AT (1= 2)BP (82)
The inverse of denominator becomes
1 1 /wa 1
Dye (K2 =X2+44e)Jo  [k2+ 2k (anps + (1 — aq)py) + i€]?
1 1 1
= d
/0 don /0 @220 [k2 + 2k - 02Q — (1 — a2)A2) + i¢]®
1 d 1 dao2 L 3
= /0 al/o oy az(k'Q—dqqg+ie)3 (83)
with
Q = aps+(1—a1)p, ki‘—‘k+012Qa
dyy = Q°+(1—a)X,  Q*=m’+ a1l —o1)(—¢) (84)

where k is shifted to k' to simplify the numerator, and we use space-like vector
—q%* = (ps —p1)? > 0 to avoid any unnecessary singularities during integrations by
requiring Q* > 0 and d,,, > 0. After done integrations (79) will be analytically
continued to the region ¢? > 0 by the simple relation log(—g¢?) = logq® + ir.

The numerator Nj , can be simplified by neglecting mass terms. But we still

keep mass terms in the denominator as in (84). Using the t’ Hoot-Veltman dimen-

sional regularization [17].

Nt = wlpst+ k+my (bt k+m)y
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= vk —az Q+ PV (F — 2 R+ PV

= v A7 K (b — a2 @)Y~ 2 B)Y
= ((2 —n) E? 4 (n—2)a2Q? +2(1 - az)(—q2)) ol (85)

n

Therefore with this dimensional regularization the vertex function I,y is extracted

from Born terms by through (3.31)

, d"k' N
Ty = (—ig?)(Cr — ;c*A)/ e

(86)

)

999

Using Feynman-Schwinger integration method, the momentum integration part

becomes
d"k' Nygg /1 1 —i o 4mp? \7PT(2 - n/2)
2% = [Mday [ daa? . =N
/ (27)" Dygqgq B R T dgqg — 1€ ['(3)
-n(2-n)2 2-—n/2
n@onf 2o g2 2 —aa)(~) (87
2 n dgqg — 1€
Now we expand the dimensional parameter in the limit n—4,
1
[(2-n/2) — 2—n/2—_7E+”. (88)
4 p? 2-n/2 47 p?
(dqqg - iﬁ) - 12 n/2)logd — 1€ o (89)
1
—5(2—71)2 — —244(2-n/2) —2(2 - n/2)? (90)
n—2 — 2-2(2-n/2) (91)

In this limit, (86) becomes

Logg = (Cr — —l—C'A)gi Ne—2— /l dan /1 dazaz QIogdqi + Hagg (92)
499 2 47T 0 0 ,U«2 dqqg

where

1
N, =

= —— log4
5~ Lot (93)
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and dyy = @2Q? + (1 — ap)A? is from (84). Q% = m? + (1 — eq)(—¢*) . p

is an arbitrary mass due to the dimensionality of mass in n-dimension and R4

represents
Rygg = 205Q% + 2(1 — a3)(—¢°) (94)

By direct calculating the Feynman parameter integrations, we get

1 1 dyqg 1 —q? 3
/0 dal/o dagazlog—'ua— = 510972— — 5 (95)
1 Q2
d / d qqg _ / d _9 ~q* _q]
/ “ e dyqg 0 “ Q? * Q? Og
2 q2 2—q2 7’ . N2 . N2
=1- 2[210g——] + [QZog—log 32 — log — 3t 2(im)" — (em)°]  (96)

where last two (i7) terms are due to analytic continuation of —¢?. Therefore we

have final result with (94), (95) and (96),

1 Qg
qug(q2) = (CF_icA)_

q ¢ q° , ¢%  Ar?
((N log# )+ 4log— — (2log—log 13 — log mvi T))<97)
The renormalization factor Z;,, is defined by
B _ 1 Qs ¢
Zqug 1 = (CF - §CA)Z;(NE - log;i) (98)

Then the gqg-vertex correction with counting both upper and lower lines becomes

20 q ¢, ¢ 2 q¢  2r?
6499 = (Cr — 5C4) (QIOQE - (log;ﬁlogﬁ — 3log i T) (99)

For ¢? = 0 case, by following same way, we get

1 Qs m? m?
Lags(q* = 0) = (Cr — 5Ca) (Ne - logF +4- QZogF) (100)
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Figure 4: O(a;) correction to the ggg-vertex, where vl represents —igsTfllfyAl, v2
for —igsT;Zﬂ/V , v3 for —ig,T%~* , and v4 for —g, fobe Fe

3.3.2 Gluon-Gluon-Gluon Vertex Correction

The matrix element to the ggg-coupling diagram, which comes from Non-Abelian
structure of theory, on Fig. 4 1s
d*k 2 oy —ig 120
= — _—(—2g,T% A A%
Maas / (2@4““’3) T 9Ty ) T e e
—igﬂﬂl aa’ _iguu/ébb/
(p3 — p1)? +i€(k — p3)® — A% +1c

_ . a —Zg ’6aa/ — . o
= u(pB)(_ngTijrggg)u(pl) (ps — ;T)2 + ieu(p‘i)(_lgsTrs'YM Ju(pz)  (101)

(go f2 F¥Y) T(pa) (—igs TS+ Ju(p2)

with

o = ((y=pr)+ (k=)0 + (= (k=p1) = (E=ps))*™ +((k=p) =) g (102)

—igsTiZ‘Fggg = (_iQS)(—gsZ)(fabcﬂzﬂCI)
[ Uk mpp o)
(27)4 (k% — m? +1€)((k — ps)? — A2 +ie)((k — p1)2 — A2 + e
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Born contribution to the color sum can be separated out
abC c aoc C Ci . £ Z aodc C i a
f ’ Tll} i = ’ 1[ &% +(d by of bd)Td]ij = _‘Q‘f ’ fdb Tg = ‘gcATm‘ (104)
where C4 = N = 3. Then

dk N*
= igOh [ S e (105)
999 2 27T 4 Dggg

Dygy = (k2 —m? +i¢)(k? — 2k - ps +m* — N +i€)(k* — 2k - py + m* — A" +ie) (106)

1 1 1 1
= d
Dggg (k2 — m? + Zé) /0 u [k2 — 2k - (Cllpg + (1 — al)pl) + m? — A2 + i€]2
1 1 1
= [d / dory?
/0 u J, Goez (k2 — 2k - 2aQ + aa(m? — A?) — (1 — ag)m? + ief?
1 1 1
= [ 4 / da? 1
A (851 0 Qg L0l (k/2 _ dggg + i6)3 ( 07)
with

Q = aps+(l—a)p, Q'=m?+ay(l—a1)(—¢")

'

Eo= k@, dyyy = a2Q+ ap(X? —2m?) + m? (108)

where k is shifted to & to simplify the numerator, and we use space-like vector
—¢* = (ps —p)* > 0.
Nt = w(k+mmF?
= 5 knlk—pi+0)7 g™+ (ps + pr— 2k)¢™ + (k= ps — 9)'g™]
= (Kt Q+2 K +o Q7 + (kK +a Q)F +ea R =2 4)
+(2 = n)(F + 02 R)(ps+p1 — 2k — 202Q)"
= 2k = (2—n) FE*)+ (02 Q+2 f)oz "
9o Qe Q=2 4)— (2-n)20; LQ
= (K0l (- 126307 ~ 20(=07)) (109)
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where [d*k'k kP f(k'?) = QZ—ﬁfd"k'k'Zf(k'2) is used. The vertex function is

extracted from Born contribution of the spin and color in (104) by the separation

processes (105) and (110).

1 d"k' N
Igge =1925C /————999 11
999 1932 A (27)" Dg9 (110)
Using Feynman-Schwinger integration method, the momentum integration part
becomes
_— 1 1 o 2 2—-n/2 _
/ d*k” Nogg _ / dal/ das2ay @ dmp ' ['(2 —n/2)
(27)" Dggg  Jo 0 1672 \ dggg — 1€ ['(3)
2—n/2
(201 = m+ T2 10 - 20 - ) (1)
dggg — 1€
With the same expansion as in quark-quark-gluon vertex part
1 G ! ! dggg | Rogg
Fggg = ECAE [3NE — 2 —/0 dal/o dO[gOlg <6log—’uT + E (112)
where N, is given in (93) and the remaining part
Rygg = 60‘%(22 - 20‘2(_(12) (113)

By direct calculating the Feynman parameter integrations, we get

"don [ dasaglog®2ze Lyt 3
/0 al/o (6518 %) og—ﬂT = 5 0g7‘ — ‘2‘ (114)
! ! Rogg —q*
L dal/(; dQQCYQ dggg = 33— 4[09 2 (115)

where last two (i7) terms are due to analytic continuation of —q?. Therefore we

have final result with (112), (114) and (115),

2 1 s q2 q2
Lyeq(q”) = §CAE 3N — lOgF) +4(1 + logm) (116)

The renormalization factor Z44, is defined by

1 os q
1=-C4—3(N., —log—
CA47T3( ogﬂ ) (117)

1999 ~— 9
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Figure 5: O(a,) correction to the quark self-energy, where v1 represents —ig;Tjv*
and v2 for ——igsTl’?ﬂ”

The ggg-vertex correction becomes

2005 2
6490 = 3Ca < (2+2109n%5) (118)

s

For ¢* = 0 case, by following same way, we get

r (2—0)—10% 3(Ne — 1 m_2)+4 119
ggg\d = V) =35 A47r € Ogﬂg ( )

3.3.3 Quark Self Energy Correction

The matrix element for the typical quark self-energy as in Fig. 5, is given by

s d4k ) b v 7;6”’ . a_p _ig;wfsab
—16;%(p) = /W(‘ngTz'j'y )/c+ p—m+ L ey v
: d*k Tkt p+m)y
= (ig,) (TATS £
(lg ) ( 4l l])/ (27!')4 (k2 R )\2 + ZG)((]{) + p)2 _ m2 + ZG) (120)

Born contribution to the color matrix can be separated out

arma 6(1(1 N2 - ]-
aly; = ﬁéij = —5]\7—5@' = Cfé;; (121)

Then the Green function can be written as

: d*k N
Y= —zngp/ 2r) D, (122)
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with the definition

D,. = (k* = X2 +i€)(k® 4 2k - p 4 p* — m?® + ie) (123)
1 1 1
= / da1 .
Dy 0 [k2 4+ 2k - a1p + a1p? — aym? — (1 — 1) A? + ze]?
1 1
= d 12
/0 AT —d,, + ie]? (124)
where
]CI =k + aLp, dse = al(al - ].)p2 + a1m2 + (1 - 011))\2 (125)

The numerator can be reduced to

Nee = 7(k+ p+m=7"(F + (1 —a) ptm)y,
= 2-n)(1—a) p+nm (126)

In this n-dimensional space-time,

_ d"k' N,
2= -0 | Gy

(127)

Using Feynman-Schwinger integration method, the momentum integration part

becomes

m 1. 1 —; 72 2—n/2
/ énk)n g N /0 den 152 (di - ie) I'2-n/2)[(2-n)(l —a1) p+nm]
(128)

With the same expansion as in quark-quark-gluon vertex part

5= CFZ—; [Ne(p —4m) — (p— 2m) — /01 don(2(1 — o) p— 4m)zogfl;§ (129)

By direct calculating the Feynman parameter integrations, we get

1 dse p? p?
/0 dallogF = logﬁ + logﬁ -2 (130)
! dse P i P
/(; dalallogﬁ = lOgF + 5(1095\‘2‘ - 2) (131)
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Therefore we have final result with (129), (130) and (131),

\ a, P »?
20" = Crp- (mB(N. - logl—ﬁ) +(5 = 3log 7))
p’ pr’
(= .~ log ) + (1~ tog ) (132)
The mass counter term is given by
2 2
_ as p p
O = CFZ; (m[S(Ne — log—M—Q) + (5 — 3logﬁ)]) (133)
And the renormalization factor is defined as
2
o Qs p
Z; —1= CF?E (NE - logﬁ) (134)
Thus the quark self energy correction to Born cross section is
20, q°
bse = - C’plogﬁ— (135)

3.3.4 Quark+Gluon+Ghost Loop Corrections

The matrix element to the one quark-loop shown in Fig. 6(i) is

Cigi Tl 0) = - [
tr | ( zgsTf}v“)z%m(—igsTj’w”) yan /; (S_Jjn i
= 1T | (;l:;‘* [(:J[j;)(fjmn;m(efi; ‘ :12772]2'6] (136)
TET;:b = nsTps™ = Cp6® (137)
where n ;= number of quark flavors, and Tr=1/2. Then
gLy, = —192C; / é:;ﬁ?::f (138)
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Figure 6: O(a,) corrections to the gluon propagator, where v11 represents
—ig Tay*, v12 for —igsT;’,z.,'y", v21 for g, fedeFrP> | v22 for gofAcOFP v v3l1

for g, f*%(k + q)*, and v32 for gsfbdlcr(—k)”
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The denominator D,k can be written as

Duark = (k* — m? 4 i¢)(k* + 2k - ¢ + ¢* — m? 4 ie) (139)

Using Feynman-Schwinger integrals, The inverse of denominator becomes

1 1
= d
una'rk / “ k + aq)2 ((a2 — a)q2 + mz) + i6]2
= d 140
/ a quark + 'LC) ( )
with
k'=k+ ag, dguark = o — 1)g* + m? (141)

The numerator N, ., can be simplified by neglecting mass terms. Note that we
still keep mass terms in the denominator as in (141). Working in the n-dimensional

space-time,
Npworie = " (F+m)y"(f+ f+m)]
= trly"(F —a A (F +(1—a) )]
= triy* K" A1+ (e = altrly 4y A
= /2 (g“"[k'22_—n —ala—1)¢* + m*] 4 20(a — 1)q“q") (142)

Therefore with this dimensional regularization method (138) becomes

ak NM
H / ~Yquark
quark — ( ng)C (271_) unark (143)

Using Feynman-Schwinger integration method, the momentum integration part

drk' Nqumk - 47 p 2=n/2
/(27r) " Dyuark /od“uw dyuark — 1€ [@=n/2)

2a(a — 1)4 (—*¢" + ¢"¢") (144)

becomes

Therefore
— ig? Tt (q) = —igi6™(—¢* 0" + 0" 0" ) Mquark(q°) (145)
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In this limit, (3.145) becomes

d uar
ngqumk(q ) = -—'?-)‘Cf4 (N -I—/ dabo(a — 1)log—2 k) (146)
p?
where .
N, = 22 — g + logdn (147)

and dguark = m? + a(1 — a)(—¢?) is from (141). p is an arbitrary mass due to
the dimensionality of mass in n-dimension. By direct calculating the Feynman

parameter integrations, we get

d uark 3 1 _q2
/ daa(a —1)I qﬂ =18~ glog—,ﬁ (148)

Thus quark contribution to vacuum polarization becomes

4 . as L)
Hquark(q2) = _‘?;szr' ((Ne - 109;5) + ':’))') (].49)

For ¢% = 0 case, by following same way, we get
4  « m?
Mouark(q? =0) = —=Cy— | N, — log—- 1

The gluon-loop correction, second part of vacuum polarization, through the dia-

gram on Fig. 6(i1) is

. 1 d*k —19,0Occ!
) pv,ab _ ( Fuﬂa _‘“Jaa Tec
ngHgluon (q) 2| / (2 ) (gsf adc ) k2 + 1€

r —_ 161
pdcbpslely M
(9sf )(kJrq)2+Z6
— 2fadcfdcb/ d4k FMGQF[;Ia
s @r) ((k+ 9 + iR + i0)

(151)
with

gu U FP = g, [ (=2k — g)"g% + (k — q)°g™ + (20 + K)°¢*)  (152)
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gsfd“’Fﬁ“”=gsfd°b<(q—k)ﬁg”+(—2q—k)a ¥+ (2k+0)g ﬁa) (153)

Color term becomes

fadcfdcb — CA(Sab (154)
with C4 = N. Then
d*k N¥
H _ 21 / gluon
seon = 7195304 | ) Do (159)

The denominator Dyjyen can be written as

Dgluon = (k2 + ZE)(]C2 + 2k - q + q2 + 16) (156)
and
1 1
Dytuon o [(k+aq)?—((a? — a)g?) + 1€
1 1
= d

|, ey (157)

with
k' =k+agq, dgiuon = 0 — 1)¢* (158)

The numerator N/, can be simplified by neglecting mass terms. With (157)

the numerator yields

NEY

gluon

Frbepy (159)
’ -1
= — (9" k*6" =+ (5 + 20" ~a)¢’)

4" [(n = 6) +2(o” — @)(2n = 3)])
Therefore, in this dimension, (160) becomes

&k N
_ig?)C; / Zgluon (160)

gluon

gy

gluon -
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Using Feynman-Schwinger integration method, the momentum integration part

becomes

vk Ngz 1 _; 4 2-n/2 .
uon = d - F 2 _ 2 (_ 2 v
/ (271-)71 Dgluon /0 a167'('2 (dgluon — 1€ ( ’Il/ ) q9 [2

(0 = @)L+ 35T + g1+ (2= nf2) + (o7 — )(=5+ 42 = n/2)])
(161)

Now we expand the dimensional parameter in the limit n—4, In this limit, (3.110)

becomes
H;w = C % d lo dgluon
gluon( ) - A47T —q g Ne— CY CZ - a)) o9 #2 ]
11 dgluon
+¢"q [6 N, + / do(l = 5(c* — a))log " ] (162)
where .
NE = r/—Q — g + log47r (163)

i is an arbitrary mass due to the dimensionality of mass in n-dimension. By

direct calculating the Feynman parameter integrations, we get

1 2
/ dalogdgl“;” = -2+ log-q—2 (164)
0 5 15
1 d 5 1 2
2 gluon Y - q_
/0 da(a® — a)log——ﬂT = §- 6logM2 (165)
This result explicitly shows current is not conserved.
Qg ,i19 q? q* 67
g1l =Csr— N, —1 — — (N, -1
fnle) = O (30N, tog )+ 1)+ 0 L~ ) + ]

(166)
The third contribution to the vacuum polarization part by the ghost loop as shown

in Fig. 6(iii) can be written as
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(9o fH< (k) i

k2 + 1€

d*k (k4 q)*k”
—- _ 2 radc rbdc : ' 167
i | G
with color term
fadcfbdc — CA(Sab (168)
Then as usual expression,
dik N/
ny ) ghost
— 1
gnghost ngCA/ (271,)4 Dghost ( 69)
The denominator Dyen can be writien as
Dyhost = (K2 +i€)(k* + 2k - q + ¢* + i€) (170)
The inverse of denominator becomes
1 1
= / dex 2 2 12
Dghost o [(k+aq)?—((a? —a)g®) + i€
1 1
= d 171
~/0 a(klz - dghost + i6)2 ( )
with
k= k+ ag, dghost = (@ — 1)q* (172)

The numerator N}, can be simplified by neglecting mass terms. Using (167)

and (162), the numerator yields, with k—k'

Nw o= (k4 )"k = (K —aq+¢)*(k — ag)”
1o 1
= (glwk 2; + ququ(a2 _ a)) (173)
and R
_ i 2 C *"ghost 174
gs ghost ( gs) A/ (27{_) Dghost ( )

Using Feynman-Schwinger integration, the momentum integration part becomes

dn N 1 o A1 1 2—n/2
/ K Nihost _ | dor=s | = T2 —n/2)
(27)™ Dghost 0 1672 \ dghost — 1€
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(@* — o) (~g™ [~} — 22— n/2)] + ¢")) (175)

Now we expand the dimensional parameter in the limit n—4, In this limit, (174)

becomes
gy ():CA& —q¢’g ‘“’—1—N+—+/ del(a® — a)log dghm]
ghost ] Ar 12
-1 1 d 08
+¢#¢"[—N. - / da(a® — a)log gh2 t]) (176)
6 0 I
where
N, = - log4 177
575 e+ logi (177)
By direct calculating the Feynman parameter integrations, we get
d host 9 1 q2
d —a)log—== = — — —log—; 1
| date? — aiog L (178)
Therefore we have final result from (176) and (178)
Qs 1 q* q* )
g1y =Cuh— v N, -1 — —(N, -1 —
uld) = a5V tog )+ 21+ ¢ Nty — 15
(179)
Therefore sum of gluon and ghost contributions, the current conserved quantity,
becomes
5, «a —q%, 31
g1l = (—=¢*¢" 4 ¢#¢")=Ca— | (N — log—+) + — 180
gluon+ghost(q) ( q9 +4q7q )3CA 47 (( og ,U2 )+ 15) ( )

Sum of quark, gluon and ghost contribution to vacuum polarization is

2
ay . 31 20
20a(e) = 2 (3 - Son -t =5y + (Fea-Tep) s

The renormalization factor Zs is defined by
2

7 -1 = 22304 = 5CP(N. ~ log =) (182)
The correction of vacuum polarizatlon part becomes
20, (31 5
Suae = 2 (5:C -2¢;) 1
~ \36 " 9’ (183)
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Figure 7: O(as) corrections to the two gluons exchange processes Wlth v1l for

—ig,T5y", v12 for —zgsTl“j v#, v13 for zgsTm'y , v14 for —ig, T2 +*, v21 for |

—ig,Thy”, v22 for igsTﬁj'y“, v23 for —z’gsTrw'y , and v24 for —ngT:;/s v

3.3.5 Box Diagrams

The two gluons exchane process is given in Fig. 7(i) and (ii)

d*k 10y —ig, 16,y
— = i a .k u 2 Tb v vv_"bb
Mis /(2@4“(”3)( 19s1v;7 )(pl— /c—m+ie)( 9T P ) i\ e
_iguﬂ’éaa/ — : a ! iéwwl . b u/
- ST’ # T - .sT
(q + k)2 — )2 + Zeu(p‘l)( 9 w s’y )(f'2‘|‘ /IC —m+ 26)( 1951 1Y )u(p2)
d*k
a a b
= g:(leTlewsTrw)/(Qﬂ_)4 (184)

a(pa)y*(pi— k +m)y u(p)u(p)yu( ot £+ m)yu(p2) |
(K2 — X2 + i) (K? + 2k - q + ¢ — N2 + ie)(k? — 2k - p1 + i€)(k? + 2k - p2 + i)

The color sum reduces to

1

TETHTS,TY, = (TP T)i;(T°T%)ss (Tf]Tfs)(;, ) = CBorn(2CF — Ca)
Then I
Mz = ¢2(2Cr = C)Crorn [ D (185)
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The inverse of denominator becomes

1 1 1 1
= d
Diow (k% — A2 +i€)(k? + 2k - g + ¢% — A% +i¢) /o = [k2 — 2k - (capr + (1 — a1)p2) + 1€}
1 1 1 2(,!2
=———— |/ d d
k2 — \? -I—ie/o alfo a2[k2—2k-(a2Q1 — (1 —ag)q) + (1 — a2)(g? — A?) + i¢]®
1 1 1 6ol
= [ 4 / d / d ; ~
/0 a J, 2oz J, 0 (k2 — 2k - 03Qy + a3(1 — a2)(q? — A?) — (1 — a3)A? + ve]?
1 d 1d 2 1d 2 !
_ /0 o /0 0201, /0 e BT (186)

with

Q1 = aip+ (1 —a)pg, kK =k- asQ2,
Qz a2Q1 - (1 - az)q, q=PpP3 — D,
dhos = 02Q2 — as(1 — a2)(¢” — A + (1 — a3)\?, (187)

The numerator N} can be simplified by neglecting mass terms. But we still
keep mass terms in the denominator as in (187). we use the n-dimensional y matrix

to use the t’ Hoot-Veltman n-dimensional regularization method.

Nbox = U(P4)7M(P2+ /c—l—m)’y,,U(pg)
_ —k'2%N1(n)-I-Ng(n) (188)

with

Ni(n) = a(ps)yuy* v u(pr)d(p2)vuYo v (p2)
= ao+ (2—n/2)a; +(2—n/2)%ar+ -

Na(n) = u(ps)y* (b1 + m—as Q)7 u(pr)u(p2)vu( 2 + m + oz L2)1,u(p2)
= bo+(2—n/2)bi +(2—n/2)%by + - (189)

With this expansion in mind, M., can be written as terms by through (3.148)

Then )
d*k N ,f‘oz

(27‘(‘)” Dyox

Mbox = QZ(QCF - CA)CBorn/ (190)
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Using Feynman-Schwinger integration method, the momentum integration part

becomes

&k Now [ 1 1 i 4mp? \TPT@2-n/2)
=/ d / day2 / d 2 : e
/(271')" Dyor /0 o 0 2oz 0 C1330[316#2 (dboz —ze) I'(4)

Now we expand the dimensional parameter in the limit n—4, In this limit, (190)

becomes UV finite expression

1
Mbom = gz(?‘CF—CA)CBornF

Ni(n =14 Nao(n =4
/ dal/ dazag/ dOlg 3(2 ICZ, )+ Z(db )) (193)

Since the box diagram is UV finite, we might refer well-known results [26, 31].
The result is

(192)

20 t?
6box1 - (2CF_CA) ° (I(Sam2asa/\2)_—TAbox)

S ul 8
% 1ogS 4
¢ 4 1T 13299 (194)

Abox

Similarly, for the crossed two gluon exchange diagram, the correction term is

20ls 2 /\2 tz
5box2 = (2CF - _CA) ( ) I(u,m ) Uy ) - s2 4+ u? Bbox
s 31 U
Bhox gl Zélog— (195)
And b 972
a T
I(a,m?b,\?) = logﬁlogﬁ — 1o g -3 (196)

We are now to collect all virtual corrections, with t = ¢? = (ps — p1)? > 0,

6virtual = 20 (Ct[Qlog—% - ](ta m2’ t, )\2)] + Cs[I(sv mZ’ S, )‘2) -
T m

t? t
+Ou() U (u,m*u, ) — — " =5 Bioa] + Crllog 3]
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31
36

Ca209)) (197)

Therefore sum of the real correction, eq.(29), and the virtual correction, eq.(154),

+> CA[2 + 2log—] +(3z

shows infrared finite correction to Born cross section, using M.S scheme,

4KZ t 4K2 4K2 u

205 log—— — Cslog log— + Cu log log—

61'eal + 6virtual = (Ctlog

t ) ' 52 31 5
+3log—3) + (CuByor = Colyor) + Cat Cr— t+(3g0a - §Cf))
(198)
with A;m = 2+ 2Abo$ and Bbox = Byoz. Therefore UV term is absorbed to

coupling constant as usual. We can now use this result to get o in QCD version

of YFS theory.

Crlos 133

u2+ R

3.4 YFS Infrared Functions in QCD

In this Section, we derive the analogue of the YFS infrared functions B and B
for QCD, Bgcp and Bqcp, for the process ¢ + @ - ¢" +@" + (G). We will
focus on the case of most interest to us, in which a gluon is exchanged in the ¢-
channel and we require that the exchanged gluon carries large momentum transfer
so that the outgoing quark (anti-quark) is in the || < 2.8 acceptance of the SDC
(and GEM). This situation is depicted in Figs. 1. We remark that if the relevant
exchange is a color singlet exchange (such as W or Z° exchange), we can obtain
the corresponding formulas for Bgcp and BQCD by dropping the terms in the
color—exchange case which arise from non-commutativity of the respective QCD
A% matrices in the relevant quark representation.

Specifically, following the kinematics in Fig. la, we note that, for the SDC and
GEM acceptance, we always have —Q? = —(q1—q2)* > A}cp, so that perturbative
QCD methods are applicable. What we wish to do is to extract the infrared-
singular part of the O(a,) amplitude in Fig. 1b, in complete analogy with the YFS

[2] extraction of the infrared-singular portion of the analogous amplitude in QED
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via the famous YFS virtual infrared function B. To this end, we first note that, by

explicit calculation, the graphs in (v)-(vii) are not infrared—divergent (we compute
the gluon vacuum polarization to order o as well), so that the infrared-singular
part of Fig. 1b is given by just the same graphs as the infrared—singular part of
the analogous process in QED. We follow the YFS methods in Ref. [2] and find

the infrared-singular part of Fig. 1b to be given by
M1k = a,BoepMsp + asBaopMos (199)

where Mgg is the respective Born amplitude in Fig. 1a and where

Boon = ' / d'k 2pm + k 2p, — k 2
QCD = (87r3) (k2 — X2 -|-ie) K2+ 2k - py e | k2 — 2k - py + ie
A —_—
* C(k2+2k p1+le)(k2—2k p2 + t€) +OF K2+ 2k -q +ic k2 —2k-qy+ic
2(2q1 + k) - (2q2 — k) 2p2+ k 2q2 + k
AC,
* (k2+2k q1 + i€)(k* — 2k - g2 + 1€) +Cr k2 + 2k - py + 1€ k2+2k-q2+z'e
AC _
+ t(k2+2k q2+16)(k2+2kp2+16) +CF +2kp1+le k2+2kq1+26
+AC 2(2q: + k) - (2p1 + F) _Cy 2p1 + k 2q2 + k
R+ 2k -qu +1€)(k? + 2k - py + i€) ok op ric ik g tic
+AC 22p + k) - (2g2 + k) _C 2q1 + k B 2p, + k
u(k2+2k P1+Z€)(k2+2k‘-q2+ie) K2+ 2%k - q +ie  k®+2k-p, +ie
2(2q1 + k) - (2p2 + k)
AC, , :
+ (k2 +2k-q1 + 25)(k2 +2k-py + 26) (200)

with Cp = 4/3 =quadratic Casimir invariant of the quark color representation, A

equal to the standard infrared regulator mass (Ref. [6]) and

1 - :

AC, = A MEOMIRE A, = —3/2, and
—1/6, g¢q’ incoming

AC. = -5/2, q4 ?ncom?ng ' (201)
—5/3, ¢q incoming
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Thus, we see that the non-Abelian nature of QCD causes AC; # 0.

The additional term in (199), which arises from color algebra, consists of what

we call the “singlet” exchange Born amplitude which is obtained from Fig. la by
substituting A° for the color matrices A*, where \° = 1/+/6. The corresponding
value of Bqcp in (199) is obtained from (200) by setting Cr = 0 and AC; =0 in
(200) and by setting

—CF, qq incoming

. (202)
Cr, ¢4 incoming

AC, = AC, = {

in (200). We note that, to order as, the “singlet” amplitude does not contribute
to our cross section for the process in Fig. 1.

Turning now to the soft real emission process in Fig. 1b, we again follow the
methods of YFS in Ref. [2] and extract the infrared-divergent part of the real

gluon bremsstrahlung as
doBl, = doy(20, Bocp) (203)

where the real QCD infrared function is

~ kSA'maz d3k~
ZOszQCD :/ ‘k—SQCD(k) (204)
0
with
o' P a \ 2p1-q p e\
P k :__s_ C 1 _ 1 AC 1° 41 C 2 _ 2
SQCD() 47{ F(Pl'k Ch'k) + tk'Plk‘q1+ F Pz'k (I2‘k
2p2'q2
+AC 22
k- pok- o
p p \ 2py - p q e\ 2q1 - q
+C L2 ) —AC,—L 2 L ( ! ——2> ~AC, 2
F(pl-k p2-k k- pik - pa gk ¢k k-qik-q
2 2
¢ P2 2q1 - p2 q2 D1 2q2 - p1
~C - +AC,— 2 _C = +AC, L4
F(q1~k P2'k> k-qik - p; F(qz-k pl-k) k-qk-p
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where K,... corresponds to the relevant gluon jet detector resolution energy
(~ 3 GeV at the SSC/LHC) and ko = \ k2 4+ A2 so that we regulate the infrared

singularities in (205) in complete analogy with our gluon mass regulator in (200).

(Note that graph (v) in Fig. 1c is not infrared-divergent.) Here, dog is the respec-
tive Born differential cross section. The results (199) to (205) represent the com-
plete infrared (IR) structure of QCD for the cross section for g+ @ — ¢"+Q@"+(G)
to order ;. The result (205) is consistent with the pioneering work of Berends
and Giele in Ref. [7]. Following the YFS theory, we see that the criterion for the
cancellation of the O(a,) and IR singularities in the cross section for our scattering

process in Fig. 1 is that
SUMr(QCD) = 20, Bgop + 2a,ReBacp (206)

should be independent of X. Using the well-known results [2],[8] for the integrals
n (200) and (205) (notice that these are just the same integrals that arise in
the YFS analysis of QED with different color-based weights) we see that, indeed,
X does cancel out of (206). We are left with the fundamental result (for, e.g.,
m, =my =m)

SUMR(QCD) = == Y (=1)™(CrBia(A) + ACaB,(A))  (207)

A={st,u,s',t'u'}

where

But(A) = log<2me/M)?(ln(lm/m?)—l>+§ In(|A]/m?)~1-7/6+0(A)r?/2

B, (A) = log( (2K maz/ /| A —ln (|A]/m?) — 7%/6 + 0(A)w?/2 (208)
and
0, A=s,8, t.t
A=4{" R 209
p(A) {1’ A= (209)

The results (207) and (208) are then the fundamental results of our analysis.
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Indeed, repeating the arguments in Ref. [2] and/or using the factorization re-

sults in Ref. [7], we see that by virtue of (207), we may compute the hard gluon

radiation residuals at O(a,) as
Bo = do'™"°? — 2a,ReBqcpdoy (210)

and

B = doB' — Sqopdoo (211)

in the exponentiated formula

n 3k d
daexp = GCC;D[SUMIR(QCD)] Z / d y +zy p1+p2—q1—92— Z k;)+D

_ d3qd?
Balky, ... k) B (212)
4192
where
dBk ~ —1, -k ~ g
D= / 2 S0 [ = 6(Komas — 1KD)] - (213)
Here, we use the virtual 1—loop correction
do'="? = dogbyr (214)

where

b= [(Cr 30 {4 (0 + 310 )

m

+lnﬁ(21n/\%—ln—s—2) + 2tz ln g o (%(s/u—l)lnl‘:—l—l)}

—(Cr—3Ca){n (2 - ) +

+Crinld +Cy (hlﬂfgL + 1) +8Ca—- 5Cr + %CF]
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The respective soft real gluon bremsstrahlung cross is given by (203) with

™

QQSBQCD = Zas [(CF— %CA){IDLA/\%‘“L-}-IH% (1-{-11’14—]\:\%‘“— %ln %)
~2In % (140 %ge — 1n %)}

+(Cp — 1C4) {~2In Basx 1 210 14 (1 + In Egex — Lin 1) -

(216)

. It allows Gy to be identified as das‘ﬂ(f?’ — 2a5(1§Q0D + Bocp)dog, where da?o(;:’) =

do' =P + doBY,, for example. The above expressions are for incoming ¢¢ and need

to be modified accordingly for gq interactions. The hard gluon residual 8; makes a

vanishing contribution in the soft gluon limit so that it will be presented elsewhere

[5]; for, here we focus on the soft gluon effects in (212) so that we will not need f;
in the current discussion.

The results (210) and (214) - (216) are now realized in (212) via Monte Carlo
methods by replacing the QED forms of 3,, SUMr as described in Refs. [1] for
our SSCYFS2 and SSCBHL event generators by the respective QCD forms. The
resulting event generators are SSCYFSG and SSCBHLG, where in the former, only
only gluon radiation from the initial state is treated. Sample Monte Carlo data
from SSCBHLG are illustrated in the next section. Similar data for SSCYFSG
will appear elsewhere [5].

We should stress that two limits of the QCD coupling constant are needed in
(210), (211) and (212). One is the perturbative —¢* > Afcp regime in the hard
gluon residuals 3, in (212). This regime is well-known and we use the standard

type of formula [9]
127

(33 — 2ns) In(u?/(AMS)?)

as(p) = (217)

with n; =number of open flavors and AnM_S the respective value of Aqcp: we take
AQ’I_S ~ .238 GeV for definiteness.
The second regime occurs in SUMpg in (207), where the £* — 0 limit is relevant

for “on-shell” gluons of 4-momentum k. (We follow Tarrah [10] and use the
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concept of on-shell quarks and gluons in perturbation theory at large momentum

transfer.) Recently [11], it has been pointed out by Mattingly and Stevenson that
this limit of o,/ exists as an infrared fixed point and its limiting value is = .263.
We use this value of (a,/7) in SUM in (207) and (211). Because of the fixed
point behavior, the value one uses for the k* — 0 coupling of gluons is not sensitive
to the precise value AQ’I_S, for example. Further, since we only work to O(a;) in
the hard interactions, there is no contradiction between our use of AMS values in
(217) and the renormalization scheme of Mattingly and Stevenson in Ref. [11].

We should also note that our light quark masses are always those determined by
Leutwyler and Gaisser in Ref. [12]: m,(1 GeV) 2 5.1 x 107> GeV, mq(1l GeV) =~
8.9 x 1073 GeV, m,(1 GeV) ~ .175 GeV, m.(l GeV) ~ 1.3 GeV, my(ms) =
4.5 GeV:; for m,, we take m;(m;) ~ 164 GeV. The running of these masses is readily
incorporated into our calculations [12]; we ignore this running in the current paper,
since it does not affect our results at the level of accuracy of interest to us here.

With these explanatory remarks in mind, we now turn to explicit Monte Carlo
data illustrations for multiple gluon effects in ¢ + @' — ¢" + @" + n(G) at
SSC/LHC energies in the ATLAS-CMS(SDC-GEM) acceptances.
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Chapter 4

Results

In this Chapter, we illustrate our multiple-gluon Monte Carlo event generators
in the sample case of u + v — u + u + n(G), where we require the out-going u
quarks to satisfy |p| < 2.8 and F > 58 GeV, for definiteness, at /s = 15.4 TeV.
(We comment about the SSC case /s = 40 TeV as well.) For completeness, we
will show explicit Monte Carlo data for SSCBHLG, since in that generator initial,
initial-final interference, and final state n(G) radiation is simulated.

Our results are shown in Figs. 8, 9 and 10, where we show respectively the gluon
multiplicity, the distribution of v = (s — §')/s, where s’ is the squared invariant
mass of the final quark—quark system, and the total gluon transverse momentum in
TeV units. What we see is that there is a pronounced effect from the multi-gluon
radiation at /s = 15.4 TeV: the average value of the number of radiated gluons
with energy Eg > 3 GeV is, e.g., at /s = 15.4 TeV,

(ng) = 28.5 £5.5. (218)
The average value of v is, for \/s = 15.4 TeV,

(v) = 0.92 +0.14. (219)
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Figure 8: Gluon multiplicity distribution in u4u — u+u+n(G) at Vs =15.4TeV.

33




The average value of the total transverse momentum in gluons is

(pLiot) = (| znj kirl) = (0.19 £ 0.23) TeV. (220)

This means that a substantial amount of incoming and outgoing energy is radiated
into gluons (due to the usual collinearity of radiation with its source, most of
the final state radiation would be a part of the typical jet associated with its
parent quark). Entirely similar results hold for the SSC Vs = 40 TeV case.
Evidently, any realistic treatment of QCD corrections to LHC /SSC processes must
analyze the full event-by-event n—gluon effects as they interact with the detector
efficiencies and cuts. Our SSCBHLG event generator provides the first amplitude-
based exponentiated Monte Carlo realization of such n—gluon effects and we hope
to participate in a study of their interplay with detector effects elsewhere [5).

An important consequence of our work is a prediction for the effect on the
overall normalization of an LHC/SSC physics process due to multiple-gluon radi-
ation, in an unambiguous way, since all IR-singular effects have canceled out of
our calculation. For example, if we simply compute the O(a;) soft cross section,

Eg < 3 GeV, we get (for u +u — u+u+ (G), Vs = 40 TeV) that
U/UBorn =1+ 6Ui'r + 6real = _221, (221)

whereas if we compute the cross section for u + v — u 4+ u + n(G) and require

v < 3 GeV/7.7T TeV=.00039, we get
0/0Born = 1.2 x 1071, (222)

Hence, we see that multi-gluon radiation is crucial to getting the proper normal-
ization of the cross section.

We emphasize that the results for /s = 40 TeV give similar conclusions [5]
to those in Figs. 8-10. Entirely analogous results hold for the pure initial-state
multigluon event generator SSCYFSG, except only two lines radiate, so that (ng)

is reduced by a factor ~ 2, with the appropriate corresponding reductions in (v)
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and (p1 s0t). Such results are effectively an integration over the events used in

Figs. 8-10, wherein one integrates over all gluons within some cones close to the
outgoing fermions. We do not show a separate set of plots for SSCYFSG here
but we have presented a more detailed discussion of the respective initial-state

n—gluon radiation elsewhere [5]. Here, we have focused on the complete gluon

radiation problem.
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Chapter 5

Conclusions

In this work, we have shown that the IR singularities in fermion—(anti-)fermion
scattering at LHC/SSC energies in QCD cancel at order as, permitting an im-
mediate extension of YFS QED exponentiation methods to such processes. The
YFS Monte Carlo methods invented by S. Jadach and B.F.L. Ward [32] for QED
radiation in Z° physics can then be extended to multi-gluon Monte Carlo event
generators with well—defined IR behavior to all orders in ;. Such a Monte Car-
lo realization of amplitude-based n-gluon effects opens the way to a new era in
higher—order QCD corrections to hard processes such as those of interest to the
LHC/SSC physics program.

More specifically, we have realized our exponentiated, n-gluon effects via the
Monte Carlo event generators SSCBHLG and SSCYFSG. Since the latter amounts
to an initial-state restriction of the former, we have presented results from the
former generator in this work. We find, for example, that the average number
of radiated gluons in v +u — u + u + n(G) at /s = 15.4 TeV 1s 28.5 £ 5.5
and that (v) = 0.92 £ 0.14. Further, the cross—section normalization is strongly
affected by our n—gluon effects. Hence, only by taking these effects into account,
as they interact with detector simulation, for example, can a truly detailed picture
of the SSC/LHC physics platform be obtained. We hope to participate in such an

investigation elsewhere.
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In summary, we have presented, for the first time, the realistic event-by-event

Monte Carlo realization of multi-gluon effects in hard QCD processes at SSC/LHC
cnergies in which IR singularities are canceled to all orders in a;. A new approach

to LHC/SSC physics has thus been created.
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