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ABSTRACT

The effect of viscosity upon an unsteady vortex had been investigated ana-
lytically by M. Kurosaka (University of Tennessee Space Institute). He created
the Circumferential Average Method and divided a vortex into two parts: a ro-
tational core and several outer spiral turns in order to analyze the problem. In
general, the solutions for circumferentially averaged vorticity and té.ngential ve-
locity are in the form of integral representations. The integrand is products of a
modified Bessel function, exponential function and others. He also briefly ana-
lyzed these solutions in some special cases corresponding to power-law growth.

The Gausian quadrature with Labatto integration is the numerical method
used to calculate the circumferential average vorticity and tangental velocity as
the functions of radial positions. Provision of sub-intervals near the singularities
of integrand is needed in order to control the error of numerical calculations. The
polynomials are approximated for modified Bessel function. Some exact solutions
from certain limit cases such as invicid limit and far field are used to check the
numerical results.

The effect of viscosity on radial vorticity and tangential velocity is predicted
to be substantial. Before the separation from the mother body, the viscosity re-
moves the inviscid singularity at the center of vortex and smoothes out the invis-
cid discontinuity near the outer edge of the rotational core. After the separation,
the viscosity causes transformation of the radial profiles into the Lamb-Oseen

one.
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CHAPTER I

INTRODUCTION

When a bluff body is immersed in flow, it is well known that the unsteady
vortices are formed periodically and shed alternatively in the form of double
rows: this is the so-called Kdrman vortex street. Besides these array of vortices,
a single vortex can also be formed and shed when a body with a sharp edge, for
instance a wedge or half wing, is suddenly set in motion. As soon as the body
starts to move, a spiral form of the vortex is formed (figure 1(a)) and grows in
size (figure 1(b)) by the vorticity fed through the boundary layer separated at
the sharp edge. Once the vortex becomes of sizable magnitude, the rotational
velocity induced by the vortex itself attains such a strength that it serves to
cut off the supply line and the vortex becomes detached. The separated vortex
(figure 1(c)) without any additional supply of vorticity decays due to diffusion.
This description for the life of a single vortex is more or less applicable to vortices
in the Karman street as well.

In the early stage of the vortex formation, the effect of viscosity is small.
Therefore in the past, investigations have been conducted to analyze this as
inviscid roll-up. Such inviscid treatment, however, is not only limited to the
initial process of evolution but also suffers from singularities of the vorticity at
the center of the vortex. Physically viscosity of course removes this inviscid
singularity and it also plays on important role in the later development of the
vortex. Dge to the difficulty associated with the viscous analysis, however, this
effect of viscosity has not adequately been taken into account.

Recently Kurosaka (Ref. 1) devised a circumferential averaging method to

incorporate the viscous effect upon the entire life of the vortex. The objective of

1
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the present work is to present the numerical results based upon such a formula-

tion.



CHAPTER II

THE METHOD OF CIRCUMFERENTIAL AVERAGE AND THE
SOLUTION FOR DIFFUSION EQUATION WITH A SOURCE TERM

In the method of circumferential averaging, the governing equations are av-
eraged in the azimuthal direction. First consider the formation stage where the
supply line is still feeding vorticity to the vortex. As a good approximation, the
spiral vortex can be represented by a combination of a circular rotational core
and a few outer spiral turns, shown in Figure 2 (a), (b). The outer edge of the
rotational core corresponds to r = f(t). One first writes down the governing
Navier-Stokes equation for incompressible flows in terms of the cylinder coordi-
nates (r,f) with its origin is located at the vortex center. Then one integrates
them in the 4 direction, and in doing so for those region outside of the rota-
tional core, one excludes the feederline on the glround that it becomes a surface
of discontinuity in the inviscid limit. Then the equation for the circumferential

averaged vorticity, in @, becomes

oo 1
o = Qe - f1) +v-=(r37), (1)

where Q(t) is the flux of vorticity wy fed through the feederline of thickness &;

5
Q) = [ auosdn (2
and ¢ is the delta function, v the kinematic viscosity.

Equation (1) is a diffusion equation, similar to that of heat conduction with a
source term associated with Q(¢); the source is concentratedly distributed at the
outer edge of the rotational core. Thus the circumferential averaging results in
smearing out the discrete supply of vorticity through the feeder line and replacing

it with an equivalent source now distributed at r = f(¢).

4
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Once the vortex becomes separated from the body at ¢t = 7,Q(t) becomes

simply equal to zero. Thus in the past cut-off stage, (1) takes the form of the

diffusion equation without source:

0o 10 . 0w
M2 L. 3
Eria e wl G w) (3)

o 1
5 = QWb = FOH(r = &) +v=o-(r57), (4)

where H is the step function. Its solution, subjected to the conditions

w(r,t =0) =0,0(r = 00,t =0)=0 (5)

can be found from that of heat conduction in solids (Ref. 2) and given as

o(r,t) =/OX Q) __1 expli——————rz-*-fz(n)]lo[z[:—f(i]dn, (6)

2r 2u(t —n) 4u(t — 1) (t —n)

where

_jt fort<r
X=\r fort >,

and I is the zeroth-order modified Bessel Function of the first kind. It can be

shown that
oo X
/ a(r,t)2mrdr = / Q(n)dn. (7)
0 0
The circumferential averaged tangential velocity, @4 is given as

To(r,t) = 1/(; nw(n, t)dn. (8)

r



CHAPTER III

POWER-LAW GROWTH

When the outer edge of the rotational core obeys the power-law
r=at™, (9)

then it can be shown that the flux of vorticity fed through the supply line, Q(t),

becomes

Q(t) = 2xBt*™ 2, (10)

where o and § are constant. Substitution of (9) and (10) into (6) yields

The case of linear growth corresponds to m = 1. The second special case
when m = 2/3 corresponds to the roll-up of a wing tip vortex when the loading
distribution is elliptic; this is often called the Kaden’s problem. When m = 1/2,
it can be shown that the vorticity @(r,t) becomes singular at r = O even in the
presence of viscosity. To investigate the behavior near m = 1/2, the third case
to be considered corresponds to m = 0.55. The numerical calculations to be
described hereafter correspond to the four values of m : m = 2, 1, 2/3 and 0.55.

For the special case of the inviscid limit, v = 0 and ¢t < 7,, equation (4)

becomes,
% _ Q)
50 amr o),
or
o _ /3t2m—2 o~
il 6(r — at™). (12)

7




Integration of equation (12) from t = 0 to t = t,subject to the initial condi-
tion @(t = 0) = O one gets

t
@ = l/ Bt2m26(r — at™)dt.
rJo

(13
L
Let r —at™ =n, thenr —p=at™, or t=(1)".
From the above,one gets
1, r—n.="1 dn
dt = — - ' 14
LR« (14)
Att=0,n=r,andt =t, n=r — at™.
Changing variable of integration in (13) from ¢ to 7, one obtains
1 roat™ r—n,2m-2 1 (T —-_n,s dT]
== e 6(n)— molo 2
R e e e L
becomes
1 (7 r—n."m 1
0= - 6(n)—dn. 15
o1 B e n (15)
Ifr—at™>0,
w=0 (16.a)
If r—at™ <0,
-w 1
@ = —B(—r-) ,or
r o« am
B ri-h
0= ——(— . 16.b
o= 2() (16.9



CHAPTER IV

NUMERICAL PROCEDURE

Let R* and v* be the dimensionless radius and viscosity defined by

= r L U
R =&;,I/ =;7t—2m—_1. (17)

Then equation (11) becomes, after replacing n by ¢(1 — n),as

2 1 _ m)2m-2 *2 — n\2m *(1 _ n\m
o« 1‘/ (1-n) ezp{_ R** +(1-1n) ]IO[R (1-n) ]dn-
B 2v* Jo n

4vn* 2nv=
(18)
Let the integrand of (18) be f :
2m-—2 *2 2 x m
- 1- 1-
f:—————(l n) ea:p{—(R * : v) m]Io[R( ) ] (19)
4nv* 2nv-

Rewrite this in the following form,

_(1=mn)m—2 (R?+ (1-1n)*™ 2R*(1 - n)™ B 2R*(1—n)m]
f= xp 4nv* exp 4nv* exp 4nv-
(L—n)?m?  [=[R"—(1-n)"] —R*(1-n)" R'(l—n)"‘}
= " erp R eTp - Io Py .
(20)
Define,
x1= Bl =" (21)
2nv-
then
_ 2m-2 L _ mi2
f =‘(—1———n)—e:1:p I Lt Gl ) ezp(—X1)Io(X1).
n inv-

In what is to follow, we give at first polynomial approximation for in lo (A),
then consideration on the end - point singularities in (B) and finally details of

numerical computation in (C).




A. Polynomial approximations for exp(—X1)Io(X1)

In ref. 3, the following plynomial approximations of ezp(—X1)Io(X1) are

given:

(i) =3.75 < X1 < 3.75

exp(—X1)To(X1) = |1 + 3.5156229(X1/3.75)% + 3.0899424(X1/3.75)*

+1.206792(X1/3.75)° +0.2659732(X1/3.75)® +0.03606768(X1/3.75)'°
+0.0045813(X1/3.75)'? | exp(— X 1), (22)

with || < 1.61077, where ¢ is the error of approximation.

(i) 3.75 < X1

ezp(—X1)Io(X1) = X17%[0.39894228 + .01328592(X1/3.75) "
+0.00225319(X1/3.75) 2 — 0.00157565(X1/3.75) ~2 + 0.00916281(X1/3.75) ~*

—0.02057706(X1/3.75) % + 0.02635537(X1/3.75) % — 0.01647633(X1/3.75) "7+
0.00392377(X1/3.75) 8], (23)

with || < 1.91077 .

B. End-point singularities for the integral of (24)

The integrand of (18) contains two singularities corresponding to the lower

and upper limits.

1) Singularity associated with lower limit.

For all m, the lower limit of the integral n = 0 corresponds to the singularity

of the integrand. Therefore we first isolate n = 0 singularity by dividing the

10



integral into, the following two parts:

(24)

2v* 0 = 2v*

In the first integral of (24) valid for 0 < n < €l, rewrite the integrand f as

IO{R'(I - n)"‘] _

2nuv-

n 4nv-

e:rp{————LR.(l_" mjl

2nv- .

_ - ")2'"_2“,,[ _RP+(1- n)z"‘]

R*(1—n)™mn

4nv*
nv*
_ v (1 - n)l.Sm—z ezp| - (R* _ (1 - n)m)z (25)
R*~ v 4nv- ’

now in the following definition of the delta function,

lim %ezp(-—th) = §(X),

h—o0

let h = ; W ; then expression (25) becomes,
* (1 5m-—2)
v m
RV \f\ﬁp[ R~ [L=n™)?
4V-2 1.5m-2 = m
=\ (= ) ISR~ (1 )™ (26)
Thus,
= 1 /61(1 - n)¥m=2§(R" — (1 — n)™dn. (27)
| 2v- R 0 :
Let
6=(1-n)™
then,

dd = —-m(1—n)""tdn

11



df = —m0™= dn

at 7 =0, d corresponds to 1 ,and at n =€, & to (1 —¢)™.

Substituting these above into equation (27), one obtains

1 1 (0.5m—1)
K= / 02" 5(R" — 0)do. 28)
-z ( ) (
Let a = —4, then
1 -(l—Gl)m
K= —— / (—a)(@Fm=1 overm)g L pYdg, (29)
-1

If either —R* < —1or —R* > —(1—¢€l)™i.e. R* >1lor R" < (1 —¢€l)™,
then

K =0.
If-1<-R*<—-(1-¢€1)",0or1>R">(1—¢)™, then

O (30)

K=
mv R* mR=™

Summarizing, K takes the following values:

_Jo for R* > 1or R™ < (1 —€l)
K= {le.,,. for1>R* > (1—€)™ (31)
Thus,

2 1 — n)(2m-2) =2 — n)2 R (1 —-n\™
ﬁ—tw = K+/ (1=n) ea:p[— E El) m}[o[—&]dn.
g €1 n : anv- 2nv-

(32)

2) Singularity associated with the upper limit

For2m -2 < 0or

3 -

< m < 1, the integrand of (18) becomes singular at the

upper limit of integral. In order to avoid this singularity, we divide the range of

12



integration [el, 1] into [e1, 1 — €2| and [1 — €2, 1] with €2 << 1. Thus equation
(32) becomes
itw =K+ #fl—d gl-n"!"’""'z ezp[— R*—-(1—m)™ 2]

B el 4nyv

cop| - B0 | o B g 4 oL, Gz

2nv* nv* n

| e G o o

Let €2 (also €1) be small (for instance 1071%). As n — 1,

_ -R*(1—n)™
- 2nv.

X1 — 0.

Therefore,

exp[‘Rz“i") MR (1-n) }ﬁl,
nv 2nv

as one can see from polynomial approximation for ezp(—X1)Io(X1). Then the

last integral term on the right side of equation (33) becomes

ezp

_p=2 gl _p*2 _o(2m—1)
R )/( 1 R*° € (34)

- dn= :
oy T = P ) )
from (33), (34) becomes,

St = K+ ghe [§7 U2 | - (Bofioal) | o) - Bcar”

B anv” 2nv-

_R:Z €2(2m—1)

R (1-n)™ 1
loj—————d . 35
o[ 2nv- ] nt o ) Gm o (35)
The tangential velocity is computed by
a U, 1 R o’tw
—— = — - dR", 36
e ARGt (39

when R* =0, then %t((,],,"fal, =0.

13



C. Numerical Methods:

We use the following Gaussian quadrature with Labatto ’s integration for-

mula:

/1 X*F(X)dX = i W.F(Xi),
0 =1

for the single integral, and

1 1 n m
/ / XMYRF(X,Y)dzdy = Y Y WiWjF(Xi,Yj),
0 0

1=1j7=1
for the double integral, where k = k1 = k2 = 0 and n = m = 10 and
Wi, Wj, X1, X  are given ref 3.

(i) Even though we divide the range of integral(0, 1] into|0, €| and [el, 1], in the
neighborhood of €1, f(n) is numerical unstable. So we divide it into smaller
sub-intervals near el.

Let €1 = 1072%, then, 10725, 1] — [10~25, 0.0001], [0.0001, 0.001},{0.001,
0.01}, [0.01, 0.1], [0.1, 0.15], [0.15, 0.25], [0.25, 0.5], (0.5, 1..

(ii) f m < 1, f(n) also becomes numerically unstable in the neighboorhood
of (1 — €2). Therefore, we divide the interval {1072%, 1 — ¢2] into smaller
sub-intervals in the neighboorhood of 1 — €2, [1072%, 1 — €2] to:

(1025, 0.0001], 0.0001, 0.001], [0.001, 0.01], [0.01, 0.1], [0.1, 0.25], [0.25,
0.5], (0.5, 0.9], (0.9, 0.99], [0.99,0.999|, [0.999, 0.999999], [0.999999, (1 —
10-25)

(iii) Each of these sub-intervals is divided into sub-subintervals”. Also in each
of these subintervals, n will be kept doubling until numerical integration
converges to some constant.Let n, is the initial n; when v~ is smaller, the

bigger n, is needed.

14




(iv) Double precision is used throughout the calculation.

(v) Gaussian quadrature with Labatto integration is applied into each of these

“sub-subintervals”.

(vi) For “Post - Separation” problem, if m < 1, for integral in [(1- %), (1-€2)],

we divide it into subintervals [Xa(1), Xa(2), ...., Xa(10)], where

Xa(10) =1 — €2
Xa(I) = Xa(I — 1) +[Xa(10) — Xa(I —1)] *0.9

with T =2,3,...,9

We divide each of these subintervals into n equal ’sub - subintervals’ and
apply the Gaussian quadrature in each of these ’sub - subintervals’

If m > 1, for integral in [(1 — Z¢), (1 — €2)], we divide this interval into

n equal subintervals and apply the Gaussian quadrature in each of these

subintervals.

(vii) For the double integral in the form of

/OR‘ R‘/ll_% F(n)dn,

we apply to the first integral

1
/ f(n)dn
(1-22)

the same technique as the one above and to the other integral apply Gausian

quadrature in the interval [0., R™] .

15



CHAPTER V

RESULTS

5.1. Pre-cutoff Stage.

In figures (3 and 4), the radial profiles of @ and @y are shown at the time

when the feederline is still attached to the vortex (¢t < 7). The abscissa is

r
R = —
at™
and the ordinates are
2
a“t a g
—wir,t) or —=

respectively. The parameter v~ is given by

v
atim—1 '

5

Vv =

For fixed value of ¢, these representations serve to show the effect of viscosity v on
the radial profile. It is observed that at the origin, R* = 0, the viscosity removes
the inviscid singularity; also viscosity smoothes out the inviscid discontinuity
near R* = 1, which corresponds to the outer edge of the rotational core.

In figures (5 and 6), radial profiles of @ and @y are shown in a different

representation. The abscissa is

ro i
-~ 2m -
R = =
U‘zm—l
and the ordinates are
4m -4 i Am—=3 _
a‘;’m—l'/‘.‘m—l _ a‘:m—lue
———&(r,t) and ————
:3 BV 2 —1

16
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Figure 4. (continued)
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respectively. The parameter ¢ is given by

P -
ta 2m—1

t=

i
vim-—i

For a given value of viscosity, v, these show the temporal change of the radial
profile. As time progresses, the vorticity initially concentrated at the vortex
center is observed to spread out radially while its value at the center drops. The
corresponding change of tangential profile is also evident.

These numerical results have been checked by making compari‘son with (a)
the integrated value given by equation (7), (b) the inviscid limit given by equa-
tions (16 (a),(b)) , (c) the far-field asymptotic representation and (d) near-field

asymptotic solution obtainable for the case of m = 1.

5.2 Post-cutoff Stage

After the supply line becomes separated from the vortex, the decay of radial
profile is shown in figures (7 and 8). The abscissa and ordinates are same as

those of figures (5 and 6). The parameter &,

represents non-dimensionally the cut-off time 7 and %, the time thereafter. Then
these show how the radial profiles developed at the time of cut-off decays by the
effect of viscosity. It is confirmed that at a time sufficiently after the cut-off, the

radial profiles become transformed into the Lamb-Oseen vortex.
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Figure 7. (continued)
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where the circulation T' is equal to the total sum of the vorticity fed to the

vortex before the cutoff, given by

ro = [ Q@

( Figure 9.)
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CHAPTER VI
CONCLUSION

(1) In the formative stage of vortex, effect of viscosity removes the inviscid

singularity and alters the radial profile significantly.

(2) Soon after the full seperation from the body, the viscosity transforms

the vortex into the Lamb-Oseen vortex.
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NUMERICAL DATA



Table 1. The effect of viscosity on the radial profile of vorticity of a

vortex in pre-cut off stage.
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Table 1. (continued)
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Table 1. (continued)
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Table 1. (continued)

10.

v*=0.1

vt =102

v* =103

R‘

m = 0.6666

102

= vt e o v v e vt vl = ONONON
coccoececocueoeocceo
Pttt
(ST IR TN B S TS INE TSt Syt L V)
=t T QAT T TONT N OO (U 4
CHEXINTOOMILT™OONTN—ININ
NC DOWLMIND TSmO moMm™M
LN NN ST N
$ 0 0 0 0 8 0 8 0" 06 30O s
ceccocccoccoccccoo

(NN T TNO OO MO
COTOOCCICOCO vt
0 T T T U O R O I
Lo bl g i ad b tad e el i ad
O T AT TONNTUIN NN NN O
QIS TMeOSINO oW NN~
IR OQOTW A DS O T O Tt
T AU = M IHN T O \OM U
e &6 06 6 0 5 0 8 & & 200D 0D
VOOV LOSOCOCOOCOO

NO-CCCOCOCCoODCOO
—“ANNC TS CoTCCTOoOCO0
L1t ++r+trt+tr+te
byl e et el e D g el Ll
NLCOCTSCOOOCTCCO
LT COCCOCCTOOCT
ONOHTOTCTCOC OO0
MINTMCOCCOCCCOOCTC
@ &6 & 0 & 0 5 0 & 5 5 0 O 0 s 2
COCCCCCOCCCCCCOO

COCLCODOCOOTOOOO
COCCCOCCOOOCCOOOO0O0
++rtrrrtr Tttt
L L3 e el e fad fad b e a2 b
CLoOOUOLCCOOOCCCOCOO
COOCCCeCCCOCOOICOCO
CCCOoCoTCOCOCICOCY
OCCCCOoOCOOCOOSCCO
o 4 & 6 0 & 5 ¢ & & > b % 0 0
COOCCoOOCOCTCTCoCO

OOOQOOLOCOCCOOOCCCOCOOO
cocococcocecooCccoo
+erttrrrrr e+ d+
Lt bl e Tl G dad bl o e ad s T
CTCOCTCCSCCCCaCCO
QOCCLLOOCCCCOCOCTCOCOD
CCECCCCCOCCOCOCO
cCCcaocCCoCrTCTIECOoOR
® & 5 & & & 6 & ¢ & > P 9 0 o
COCCCoCOCOECoCOOC

COCOOCCOOOOOOORO0O
LOCCOOCOCOOCCOO0
WNCNCnNTCCWnTUNITUY o s
e o 6 0 0 0 0 0 0 00 & COi(N
M TN OO vt v




Table 1. (continued)
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Table 2. (continued)
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Table 2. (continued)
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Table- 2. (continued)
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Table 4. The change of the radial profile of tangential velocity of a vortex
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Table 4. (continued)
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in pos

Table 5. The decay of the radial profile of vorticity of a vortex
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Table 5. (continued)
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Table 5. (continued)
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Table 5. (continued)
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Table 5. (continued)
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Table 5. (continued)
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Table 5. (continued)
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m = 0.6666 and t, = 10.0
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Table 5. (continued)

o

(en]

i

il

-

o

(]

i

-l

=

w

] e
]

"I: —{
Il
1es

=1 ~3

()] g

[ S

-»I.: ©
O
[le]
©
o

-

=

T S

SN

e

—

]

ﬂI:

150

NOVIN VOV NN NN (NN ON N
LOUOVOCLUVDLVLLOLLOLO
| I T R N N I I I I A I B I
alanlLlirwnln i L i Il )
RATERVAVATTAT SR s ¥e ol aNTAYe X el Lt Vo)
LU MINNe= T O D0
vt levet vt vl vt vt et e O O
A TaaT ottt ol ot TaaTasYastaslanTasTasYas]
e o & o P 6 0 0 0 8 0 P 8

SCCC oL Ol OCCCO0OO

4 vt o vt v o e vt o vl ) v vl =i
Lcecoocoecocreecccoco
rerrrrr L
douaab it b
NNV NV~ CONINDS
X2d ~LAOC~OCTINOU
ST~ CINMMNN
N EANACANONOAN
® 6 &5 0 % 2 " P " P O S OODS

cococCcocococLcoo

kel alale e L e e e
D0OC0COOOTCOLDOLUOR
LJNL T I T I N IO O N B AN |
R L ML L T EL T T T PR T T 3 T3]
LN (SO SN S T\ O
NNV M T NN T
DAL T MmO DM e DS v
N T T ToOMmm
® & 5 0 06 2 0 000 0 ¢ s 0
SOCOUCOoOOCOoCCOOOO

vt v vt il v et v v
coocccoccecoe
LN I I I I I BB
MNP =NNNTOMNOC
HMUNCINS<TMLC T T =000
MON— T IN—MIUNCC UM
il bkl Sale dieof L JValTRITIRS X' VeV
S 0 6 2090000600000
SCccococccococccoco

T v v ed el o v vt
ocoCcoCcCcCowo
LR I I I I I I I )
(et Lt b o Lt fa g (o
COM~ DWW O ~OM N
NL Lo CTNO—M~~mM
TUNDSTON S <P OV v (N ST N
® * 050 008000000
Cooccocoooccooo

T vt e e vt vl et = O
ocCcCooCccooco
N RN
(ot D i b Ll L T (Y
TTONDINDCT NN [~ O
(\(D':r':.‘O\G‘C)N""MT(V\Cv
MOE MO CMMNOC W
DN et vt et OO P S N et vt U
...O.l.l....'..
oCcoccccococcaocos

OCOO0OCCCOCOCOOOO
COOCCOOOCOCOOOO
LCUNCINDONCTUNITUW o o o
L L B AR L B N T P Y eN
TWNMNMOC I~ O O vt et vy




Table 5. ( continued)
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m=10 and t,=0.1
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Table 5. (continued)
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and t, =0.1
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Table 5. ( continued)
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Table 5. (continued)

100.

and t, = 0.5

m=1.0
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Table 5. (continued)
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Table 5. (continued)

= 100.

and t, =1.0

m = 1.0
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Table 5. (continued)
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Table 5. (continued)
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Table 5. (continued)
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Table 6. |continued)

10.0

and t,

m=1.0
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Table 5. (continued)

0.1

LRy

m=20 and

T T I T TTTIT T T T T QT T T T LT TP G T TTT
LCOLOVLVLLLVLVLOLLLLLLVLVLLOLLLLLVOLLY
llllllllllllllllllllllllllllll'
u.n.u:u'.uLu'.umum'.um:umuJ'u:..)mm'umu:umm-uu:umwmm
ONO\(D(I)I\U)'T(')-4CT\(\':!‘-—'O\\ONC\U)(\J(‘OC\O’\(DVCO(OU)O\MN(D
l\l\r‘r\(\l\l\l\l\\D\O\DOmmmv*rvM(\h—*O\t\GﬁmmmND
\0\0\9uo\o\o\o\o\onomtowwxo-ouo\oo\o\owunm.nm-:rmw-co
indatniaiaialalale Lo ko B R P PR e P e P U b SR S
..D0.00...00000000'0000.0000000

OOODOOOOOOOOOOOOOOOOOOOOOOOOOOO

mmmmmmmmmmmmmmmmmmmmmmmvvvvq‘uwww
OUUOOOOOOOUOOUOOUOOOUOOUOUOUOOO
lllllllllllllllll!llllllll'llll
hJLIJu.JuJUJ'..lJuJLIJu.JLuLu:.uUJIJJUJQJLIJLIJHJUJLLJLIJUJWHJLUUJLIJLUUJLH
("‘l'\D(‘JM(VU\V\D~UU)v—iU)LDU'\LD'Umw(VI")U\-!v-*Ol.n—!\DN‘TLO(V
ommwr\mvwowwmct\~¢wwv~wwww:\oamwhmw
mt\l\r\r\(\l\l\l\xo\o'o-omnmv-rvmmmoom«mmmmm
-1-1‘-1'-1«-—1-‘-‘-1-“-(.-"-«-‘-—4-—4-—1-—1-—4-—4—4-—4-'.-10“\0")—1\0(\][‘
S 000500000000 00000000000 0000 00
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

mmmmmmmmmmmmmmmmmmmmmmmvvwmm\ol\00
OOODOOOQOOOQOOOOOOUQQUUQOQOO‘DOO
'lllllllllllllllllllllllll'll'l
mmmumummmmmmmulumumlummmummmmmmmm
ON‘OI\CDI\\DLHLOI\CFFNNC‘MU)\CI‘MQ’C‘DQ‘O\(‘JTFG)-*F'
(VOI"!’]LD{VLDI"(DU\&DI\\DV‘-—tU\‘Dl'\OtJ(V'.me-ﬂwa(DU\(V
O‘O‘(D(rl\f\\Dlﬂ'-TF)(VHOU‘m\Dmvm(VO\\D(V\DWPU\C‘U\mU\
ml“(‘)mf’lf")f')f'\f')f"N'll"('\(V(V(V(V(Vl‘lNﬂﬁ-—'wU)mU\"‘(VM(‘
® 2 00 000 000000000 L s L e eI EECOETS
OOOOOOOOOOOOOOOOOOOCOOOOOQOOOOO

NNNNNNNMMMMMMMMMMMMMM’#"TLnln\Df\O\!-“d‘\D
C‘OOC’CCCOC‘OC‘DCCCC(:CC‘COOOOOCOCv-‘HH
lllllllllllllllllllllllllllll'l
hJLl.'liL!JL\Jh.'l:Jl.leJJlilJJlu"Jlil!Jl'Jh_'h.'(UhJL'JL'Jli(L“LIl.leUhJL'.‘le‘J
mmo-:r\oo-oc\';ov«m-or\m-«r\mmmo—«o\o-«m--c-ﬁono-otv
\DMOLDC‘MUN\':TFH\\D(IJU?!":TG:(Q‘TM&CI\(DMI"O\U‘I*TN(CN
mmmmv-c-cor\m—ﬂmv\omwwom—*w—amw\owmvc\mww
F"‘*"*"‘"‘""“U‘UJu.‘l\‘DU)V'T('H"\(V(Vﬁﬁf\(\Q)(V\D-dv-i"ﬂ‘o".

#6006 0000000000060 00000000880 000800
OOOOCOCCOCOCOCCCCOCOCOCOOOOOOOO

(N(\(V(vww(\uvwnuvn')rvm)r')mrv)nn':rvvcru&w\ul\(.»(ﬂmw(\l
QUU(.JUUQQUOUOUUUUUUUUUUUQUUUﬂﬂﬁN
lllllllllllllllllll'lll'lll'lll
hJ'uJ'.xJLLJliLlJll.‘thlJ(thJlUl:Jlilz.'th:JLIJhJthlJl‘JhJ(\JlilillJl'JLxJLxJhJ
u:un\u‘mt\-—ccwt)\u.‘mvw—«vwwmwwl'mrw\o(oumwmt\
l"U)*—‘(VO\O(V“‘U)F)U\'—‘LDU‘(\IMUU\'TU‘U}U"U)’J‘Fv-ikDU"l")l""
l\\UUH”I*—'(X"L‘(“.HTU)L)\UU:(\CU)UU‘U((‘('}U"JOI\OO'-"U‘LH
NNNNN-—!-—(H—‘U"[\\D‘S'M(VN-—‘-—H\\DN-‘M\D-*F'-QMWN‘O

A L 2 I IR I R Y Y I S S N S T S S RSP
OO'JO(JOOCOCOOOOOOOOOCOOQOOQOOOOQ

TINONINNONV NI M MU (MM ) T T ST 3T OIS QO UM N OV O
COOCOCO0O0CONCOCOCCCCOMOOOOO Ar—d(NN
80 8 0 00 0 0 00 0 st et
LD 2 0 Gl Gl D L L (el f fud e G Cod b el fodad o) L2 Ll §22 e (xd ) Lad
NN O T O F* 4 L0 M T LN M =MD LN M) O M~ (M 30 OV M M -0 [~ (N
OO (N~ OIS TN CININO DOV ST C M) =1\O QWD T MOV
NN OMOINM N O T U TAMHIO WO MM MU (MO O MM~
MO\U\MN-—'--GO\\OQ‘(‘«XN—-!C‘\C‘?‘Nﬁ-ﬂc:)m-'-lNNNN-Cdm\C
...0l.i....IO..O..I..O....0.0..
COoCO00C000COCOOCCOOOOOOOCOCOOOOCTCO

(=]

o

+

9]
0000OQOOOOOOOOOOUUOOOOfDOOOOOOOO
OOOOOOOOOOQOO0‘30‘)'30(300(300000‘300
ccLnomcmomcmouaomomcmm-—-«m-r\oocomomom
OHﬁNNMMV‘TrLﬂm\D\Dl\I\m(OO‘D\U\ 0 8 000 0000000
oooo.-oo-cooolooooo-o-c-c-—('-lv-'(\l(\lmmq‘q‘
OOOOOOOOOOOOOOOOOOOO



Table 5. (continued)
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Table 5. (continued)
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Table 5. (continued)
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Table 6. The decay of the radial profile of tangential velocity of a vortex
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Table 6. (continued)
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Table 6. (continued)
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Table 6. (continued)
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Table 6. (continued)
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Table 6. (continued)
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Table 6. (continued)

190

-~

m = 0.6666 and t,

= 10.0

N vt o=t v o v vt v vt o=t =g
LQLOOOLOLOLVOVOVOOLL
(I I A D IO I I I I A |
Wil il )Ll Ll
N INCHLOINC U = (NN
QUM C D LMNe=-T T
O~ (NONMXT IS
O vt ot e vt vt vt v vt =] ey
o 0o ¢ ¢ 0 0 0 00 0

OCCOTODOOOCCO

-
(=

J

39}
TN ONT TN =2t
oo nNnaMmgm
MNT T —=ONONMM T INO
O v vt e o v e -y
® 6006 00 0009 0
cccCcococcceco

NSO
=TT ~CO
OO (NM<TIWINS~M
A ONON OV ONUN OV ONIN O
® ¢ 000000 600
CQOOCOLCLDOLO

S P et NP O D
LMD TOTCINC®
HONSTUVS I~ ~~D
ST TTT
® 0 2 0 0 0 2 0 0 s

cQoCccocToccoccoecco

CISTOMNIC NS =N 0
S ONON W T MINON YD
T rwrer~ouvimo
® 06 06 0 0 v 0 0 s 0o
OCCOCCOCCCO

CNCEZENASNCertom
LCO~Tr- oo e~
OO ETO TN OO
== 2os o Ny
2 ¢ 2 % 0 0 5 00 b
oococcococecoo

COCOOCOCOOQO
OCOOODODOCOO
TNSIINCNNOW) » o o
[ B I B I I Tea T Yo'
[relXod o il olesl 0¥ o Lo PRV ]




Table 6. (continued)

'

m=10 and t,=

0.1

QMMM OO OOV OO O N [ (e 13V NN OO N VOO N O
ouououuuuouuuuuuuu«,\. LI LVLOVOLVLLVOL
MR R T R R R R

uJuJuJu_‘!um'.um:.u_..:h_':um:u:u;u:u\':.y-.::.: et g il
C N ONAD O O MO NI v T 0 vt = 1111 - fn g o i a7 o3 e 1 [~ (AU Y ot OO O
O~ OON~ND DSOS SN TS O v M1 (109 VP o3 et WP~ E N

C N CHNII O NI O 0N P e v e (om0 e g (0 (= L IEONCE MO
CNMJ‘!\O(\CD-—h-«-«ﬁﬂm.«.—gy.\(g.\,mg\mm—r-r.n'cr\fl‘(tc‘cﬂ
...........0.0...Q.O.l.......’0..

O o OO 0000 CONOC D E OO CEMOOINCCOC

O(VN(V(\NN—-—-«-—«-—c-—q—a—qa-«.-4.-1.-.-4.-4«.-4-.-«-4-:.4—-4—4«-4—*
cocccccocccccocg«:ccr:c:r:ooucc(:OCCCC
M N N T T N R R
Lu'_L".xJLEllJuJLL'lL’LL'LL;u-'x."..l.".x.".l..‘u.'i.ulu'.U‘.L".l..‘u..'.u'.uu:'.u.l.‘u..u.l."..l_"-lJ-lJ
QWO LUIN Pt N MYy . O DTS MUY LN LM ]~ O M et~ 0
O(\F:M(\C'C'l".U‘I\O\Cv—(V”TFVMN‘(VU SO L SN\ TP L o= O
O\OO"N‘.DCCOC'WINM.{MCI\J.U\\D-ﬂt\."q-rfc T (NN ="TNOX
O(\W;J)&Ol\c‘-v—-v—-—v—v—ﬂv-‘—-—-:\(\t\;\(\l\(\mmer*‘.“N!\N-'-‘
0.00000.00.00.!ooooooo.oooool"“
coccocococecococcocce cCoccoccrocooccoccecce

CNN—(-—(ﬁﬁ—i—d.—«-«—q-—i—-4—c-4—<---<.-<-¢-—4.-4-4.—c—u—:-<v-0—-0-4-“-4
OOOOOC)OOOOOOU(JOO(JOOUOU(JOUfJUQ()O(DOo
+lllllllll!lllll!llllllllllllllll
'u.l'.ul.x..‘Ll-'lx..‘lx.‘L:.."uJLlJ.l.‘LtJ{u'.leutuu.'LxJ:ulu’.uLouu.'.uh.':;.‘.uu.".h‘-l-'LxJ'JJ'-LJ
O—'O’J-—".l‘(""‘.C‘O‘(‘-’.‘(’\\Pf"‘vf?‘m*?l.‘c'T’T(‘\".‘".‘—-"..’?'..F?*"?"":(\'C&
CU)O‘C‘DNCDM\C\J\—&V(VC)U:'#LD(“L”".'"J‘lu\l'\':rl'\.h.’*-—'iﬂOf\lO"‘
CU‘N-—-«Mch;-'MmC:‘c:Nqu\mc?ﬁ(\vuﬂ\(\\'o*r(rr'ﬁu.'u‘(\‘Om
Oln!n'-1-—h—n—v(\)(\'r\'(\‘r')r')r'v')mmv'r'r'rv-rv'?-:fr'n'nvw(\l(\l—-
® & 0 0 0 5 0.9 0 00 00 00 90 060 00 0000000 P00 s e
OOOOOOOOOOOOOOOCOCCJOOOCOCCCOOCOOO

Oﬁﬁﬂﬁﬂﬁv—ﬂﬂﬁﬁﬂﬁﬁﬂﬂv—‘ﬁrﬂr‘ﬁ'—'ﬁﬁﬁv—(-—"ﬂ-—(ﬂw—‘-—.-'
CCOC(DC'DCCOCCCC‘C":(:CCCC‘CGCOOC‘CCCC‘OO
+I|ll|llllllllllllllllll'llllllll
b)l'—‘l&.".le:IlL:L:J!!Jl'_".lexlf\.";.“il-lf:_.'ix-'L4'.x.’L:J('_'iuh.'.I.".ulu‘l'..‘l'.‘h..'iu'.l-'_i_'.‘:t.'l'..‘
C?‘l\wlD'Q‘m“!‘\C—H\‘O(D-—hﬂr\CN-’\Cm@-O‘ONO(:MK‘CN‘DC‘C
OCN'—'\O\DCCCCDV—‘N(‘L"(‘?PWC“M\CU‘.VQ'(\'O\CMU‘.O(‘JC"‘
Cr\znmcr\vrwvoxm-c«:o-—-NNN—:mem—-mwom VNNQ T
O—‘(’\"’)T'PU‘.KO‘C'QFI\(\(Z?G.‘tD(E(D(DLCf‘f‘\O'DU!':T"Tf“‘(‘\‘(\(\t(‘lv"
S & & & 0 0. 000 0000 0000000000000 0000800

CCOCCC’OCCCCCCCCCCC‘OCCCOCCCCCCCCCO

Rl e e D D e D R L e Dl o Do B ]
COOCOoCLCLCCOLCUCCOO
+¢t 1808003 LN N I I I I I I IO I B B B |
Lofludiad L a2 tal i) () Ll s Gyt i b et s e s e [l 2!
C«UW"OU‘(VV’MI\(\'OUH\CD—#(\(EV‘T‘O‘T(DCW\U(‘JU\C‘H")I\CNCm

vt vt vt vt s d ot
OCCOO0OLO

ov-u'nm-«muxoco\-:-\m\(\r\mm-—vr\cnmwmccmmc\cmmC(\'c—-ﬂ‘
Cc o< l\U‘U\l\‘?rJOCOOOOCCWWM@*‘O(\'U?O‘OM(DU’NC‘W'

COTINEECC vt et et et = v VO OV O CC 1 AC T <P ST M OV NN (N b
® 0 ¢ 0 0 5 0 0 0 0 0 0000 000000 P L Ee L LE OGS

COCOCOODCOCOOOC COOCOCOODDOTCOCOCODOO

O vt vt od vt wod 9ot v vt ot ] et el e et
QO CCOCCOOCTODCOD
+ [ N 2 A I IO T I O N R
iy [SLESO LTSS H AP HERS EM PR HALTHES 16T

CHENOCNOONNNNNT =IO C WO INOCINOOMm i~ N O X
OU':(\O(VCCO—KI\\ENI\NI\(\"O—‘I\N:‘DO‘O\MT.’U)OCMU\C(\'C‘—‘
et (P T INN T I T MUNN A O OHC P (N (NN C C M SN N & O
cm-—-«--&—-«a-—«-—t-—q—-«—-«—-«-«—*-—«-—qa-—cﬁommt\\cmmfrmht(\’NF:—!
...".0...0..'.0.....l...'.l.l.‘.
OCOOOCOOCOCOOOCCOOCCOOGOCCOOOOOOC

wy

(2]

[ ]

[$1}
O(JCOOOADOOOOOO‘DOOCOOCOOCOCOOOOOOOO
O‘DCOOOOOCOOO(JOOl:CCCOOOtDOCOCOOOCOO
(oY= iakeIValod .C:ﬂClﬁCU’CU‘CU‘ClﬂO-—!NTf‘C(x)CLﬂClﬁClﬂOLﬂ
THASH S NN M T IWDINLOOMI~COCNOC) ¢ ¢ 6 v ¢ 065600600 0 L4
OQIOIOOOCOOODI.l...MeﬂF‘HMNNmmff'ﬂ'mm
DOCTCCOODODCTTODOTOOSOOCOO

191



Table 6. (continued)
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Table 6. (continued)
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Table 6. (continued)
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Table 6. (continued)
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Table 6. (continued)
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Table 6. (continued)
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Table 6. (continued)
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f the radial profile into the Lamb-Oseen vortex

Table 7. The transformation o
one.

O ety

(S & ]

+ 013

Lol (e}

OUNMMESM~ O~ MIINM O QO ONT NN
CUCONO QMO v (NN MO O T+ U ™~ 00 00 0 00 OC 00 O
QONTARITNINOTANDNNTI~ DN NNANNN
CNC A ONMMITINOS TN T T OO
LA B I T NI I I I I I R Y S T N S S S NS SO

COCOOCOCCCOOCOCOCOCCCOCCOOO

O vty

[lels )

+ 18

aiag
cwt\mr‘wmvmwmwvv-:ro'\x\mvl\u)mwwmw
CMSMTOMUIOUIONCIN ) TVNIN T € vt et 14 ved o= vt o=y
CHT N LM CUNE T O L U~ [~~~
OMPE ettt ANM I TNON ORI T OO
LA A R I S R I I S
COCOOCOOVOOLOOOOOCOCOOOOODOO

Ot

coo

+1i1)

L)ieting

QUMD NUDFN DA N DN MO IDNNIN NN
owwmvvomwvw«vmw-om-—«mvvvvvvv
OTODOTOUNI NN~ F~MDIN'DMNOO 0\OO-0.0.0
OMOHAA (NI T UL SO PO OO
® 6 55060500000 0000 0¢0 0000088808
OCCOO0O0O00DLULVOLOOOLOOOOOCOOCO

C vl vl e

2000

+1 00

didiadid
CNITOTHUNOCT O ONIT T OUNMU I~ CC OO0 000
ONDPUNSMANDO = IN'OND <AL M et O~0 0000 DD
CCONUOUMEMEEOOTCMECNCOST NN W
OMONA NN TU)O~T~DNNDARDNNNONND
0.'0...'........'.O.......

SO0V IODOCODIDOODOOOOND

D ot et 4
COCQ

+5 08

Leifalxtfa?

OTONMCTORVN UND~AMOMINNDNOOODDD
CONMTOOC OO OMNOINEUING M O OO
DO TMOM—WN DTI~SMIN DM TININWINWINIYD
CNLCOAN(NMNINC T CTOCTOTOCRO
......O...0.....0.........
CCC O CCOUCOOODOLOCCOCCCOOOO

O =i vt vy
ODOD

+ 1t

[SRART RS A2}
CrrXOTMUMUnCMOr NI E O NMmMmmM e Mo
OOONDOM~O ~TNOWWNTO TN O \O\DOWPOW
OO"O‘NN\D!‘)v—'U\I\ml"Q‘CI:'U‘ICW)V\DU)LOV‘IEV)WU3
DNNNAANMTIM FINOS D NADIAATNAONNANN
..0'0.'....'.l.l.'......l.
OCOVDVO0VVVOVOOOOODDOODOIIDOOODD

)

™M

'

[31]
DO0OVODODVDOODODODVDOVDODOOOODO

COCCO0COCCCOTCOOCOOOOTCOOCCCO
DONDNODDIODDORN=NT OODIDNDNONOND
At e ONONMITNINCTSCCOY ¢ ¢ ¢ 5 ¢ 00 0 0060 00 o
S8 08 0 800 e AT AN INMM PN D
COCOoOOoCCOoOOCOOC

206




Table 7. (continued)
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Table 7. (continued)
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Table 7. (continued)
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Table 7. (continued)
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Table 7. (continued)
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Table 7. (continued)
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Table 7. (continued)
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Table 7. (continued)
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