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ABSTRACT

The effect of viscosity upon an unsteady vortex had been investigated ana

lytically by M. Kurosaka (University of Tennessee Space Institute). He created

the Circumferential Average Method and divided a vortex into two parts: a ro

tational core and several outer spiral turns in order to analyze the problem. In

general, the solutions for circumferentially averaged vorticity ajid tangential ve

locity are in the form of integral representations. The integrand is products of a

modified Bessel function, exponential function and others. He also briefly ana

lyzed these solutions in some special cases corresponding to power-law growth.

The Gausian quadrature with Labatto integration is the numerical method

used to calculate the circumferential average vorticity and taiigental velocity as

the functions of radial positions. Provision of sub-intervals near the singularities

of integrand is needed in order to control the error of numerical calculations. The

polynomials are approximated for modified Bessel function. Some exact solutions

from certain limit cases such as invicid limit and far field are used to check the

numerical results.

The effect of viscosity on radial vorticity and tangential velocity is predicted

to be substantial. Before the separation from the mother body, the viscosity re

moves the inviscid singularity at the center of vortex and smoothes out the invis-

cid discontinuity near the outer edge of the rotational core. After the separation,

the viscosity causes transformation of the radial profiles into the Lamb-Oseen

one.
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CHAPTER I

INTRODUCTION

When a bluff body is immersed in flow, it is well known that the unsteady

vortices are formed periodically and shed alternatively in the form of double

rows: this is the so-called Karman vortex street. Besides these array of vortices,

a single vortex can also be formed and shed when a body with a sharp edge, for

instance a wedge or half wing, is suddenly set in motion. As soon as the body

starts to move, a spiral form of the vortex is formed (figure 1(a)) and grows in

size (figure 1(b)) by the vorticity fed through the boundary layer separated at

the sharp edge. Once the vortex becomes of sizable magnitude, the rotational

velocity induced by the vortex itself attains such a strength that it serves to

cut off the supply line and the vortex becomes detached. The separated vortex

(figure 1(c)) without any additional supply of vorticity decays due to diffusion.

This description for the life of a single vortex is more or less applicable to vortices

in the Karman street as well.

In the early stage of the vortex formation, the effect of viscosity is small.

Therefore in the past, investigations have been conducted to analyze this as

inviscid roll-up. Such inviscid treatment, however, is not only limited to the

initial process of evolution but also suffers from singularities of the vorticity at

the center of the vortex. Physically viscosity of course removes this inviscid

singularity and it also plays on important role in the later development of the

vortex. Due to the difficulty associated with the viscous analysis, however, this

effect of viscosity has not adequately been taken into account.

Recently Kurosaka (Ref. 1) devised a circumferential averaging method to

incorporate the viscous effect upon the entire life of the vortex. The objective of
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the present work is to present the numerical results based upon such a formula

tion.



CHAPTER II

THE METHOD OF CIRCUMFERENTIAL AVERAGE AND THE

SOLUTION FOR DIFFUSION EQUATION WITH A SOURCE TERM

In the method of circumferential averaging, the governing equations are av

eraged in the azimuthal direction. First consider the formation stage where the

supply line is still feeding vorticity to the vortex. As a good approximation, the

spiral vortex can be represented by a combination of a circular rotational core

and a few outer spiral turns, shown in Figure 2 (a), (b). The outer edge of the

rotational core corresponds to r = f{t). One first writes down the governing

Navier-Stokes equation for incompressible flows in terms of the cylinder coordi

nates [r,0) with its origin is located at the vortex center. Then one integrates

them in the 6 direction, and in doing so for those region outside of the rota

tional core, one excludes the feederline on the ground that it becomes a surface

of discontinuity in the inviscid limit. Then the equation for the circumferential

averaged vorticity, in (D, becomes

f = (1)
where Q(t) is the flux of vorticity w/ fed through the feederline of thickness 6f

Q(0 = / (2)
Jo

and 6 is the delta function, u the kinematic viscosity.

Equation (1) is a diffusion equation, similar to that of heat conduction with a

source term associated with Q{t)', the source is concentratedly distributed at the

outer edge of the rotational core. Thus the circumferential averaging results in

smearing out the discrete supply of vorticity through the feeder line and replacing

it with an equivalent source now distributed at r = /(t).
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Once the vortex becomes separated from the body aX t = T,Q{t) becomes

simply equal to zero. Thus in the past cut-off stage, (1) takes the form of the

diffusion equation without source:

du 1 d duj.

It "

Equations (1) and (3) can be combined into the single equation of

(3)

duj I s r., , 1 d , dQ. , ,
=  ■ (4)

where H is the step function. Its solution, subjected to the conditions

(jj(r, t = 0) = 0, u;(r —> oo, f = 0) = 0 (5)

can be found from that of heat conduction in solids (Ref. 2) and given as

Q{r,t) = /
Jo

^ Qiv) 1
27r 2t/{t — Tf)

exp
\  r' + fHr,)'

4i/{t - T])
lo

'fin)
2u[t — rj)

drj, (6)

where

■{ t  iov t < T
T  for t > T,

and Iq is the zeroth-order modified Bessel Function of the first kind. It can be

shown that
foo fX
/  u;(r,t)27rrdr = / Q{T])dT}. (7)

Jo Jo

The circumferential averaged tangential velocity, ue is given as

U8{r,t) = - f r}w{rf,t)dr].
^ Jo

(8)



CHAPTER III

POWER-LAW GROWTH

When the outer edge of the rotational core obeys the power-law

r = af'", (9)

then it can be shown that the flux of vorticity fed through the supply line, Q{t),

becomes

Q{t) = (10)

where a and /3 are constant. Substitution of (9) and (10) into (6) yields

.2m-2 r ^2 + (^^m^2
t

fX rart"^
drjx!

4u{t — rj) -'0 2l/{t — Tj)
. (11)

The case of linear growth corresponds to m = 1. The second special case

when m = 2/3 corresponds to the roll-up of a wing tip vortex when the loading

distribution is elliptic; this is often called the Kaden's problem. When m = 1/2,

it can be shown that the vorticity Q{r,t) becomes singular at r = 0 even in the

presence of viscosity. To investigate the behavior near m = 1/2, the third case

to be considered corresponds to m = 0.55. The numerical calculations to be

described hereafter correspond to the four values of m : m = 2, 1, 2/3 and 0.55.

For the special case of the inviscid limit, u = 0 and t < Ta, equation (4)

becomes,

dQ Q(i)

dt 27rr

or

du
-=——S{r-at ). (12)



Integration of equation (12) from t = 0 to t = t,subject to the initial condi

tion w(f = 0) = 0 one gets

Lj = - [ ^6{r — at"^)dt. (13)
rJo

Let r - at^ = r/, then r — ri = at^, ov t = (^^)

From the above,one gets

(14)
m a a

At f = 0, 77 = r, and t — t, r] — r — at"*.

Changing variable of integration in (13) from t to rj, one obtains

I  r - r} 2:^ I {r dr)
u = - ^( - S{ri) ,

r Jj. a ma a

becomes

Q=-f (3{-—-) '^S{ri) — dT]. (15)
^Jr-at"^ " am

If r - at"* > 0,

(D = 0. (I6.a)

If r - at"* < 0,

1  r 10)= i/?(-) ,or
r  a am

Q=-^{-) (16.6)
ma-' a



CHAPTER IV

NUMERICAL PROCEDURE

Let R* and u* he the dimensionless radius and viscosity defined by

R' =
u

Then equation (11) becomes, after replacing t/ by f(l — r;),as

(17)

a' I f
— tu) = /
13 2u* Jo

1
■exp

2m

lo
R*{i-vy

2rji/'

Let the integrand of (18) be f

(1 -
f = exp

{R'^ + (1 — u)^m
4rji/*

R-ji-nV
2771/'

dp.

(18)

(19)

Rewrite this in the following form,

{R-^ + (i-j))^'"i r2/!*(i-ti)'"'
ex

,  (1-,)^"-^
f = exp

4pu'
p

4pu*
exp

2R*{l-py
4^1/'

X lo R-jl-riV
2t}u'

(l_^)2m-2
e

Define,

xp
-[!;■-(i-i)"-!'

4pu'
exp

-R'{l-riy
2pu'

lo
R'{l-r,y

2pu'

then

,  {1-1)^""'
f = exp

2pu-

!«■ - (1 -1)""!'

(20)

(21)

4771/"
exp(-Xl)/o(Xl).

In what is to follow, we give at first polynomial approximation for in lo (A),

then consideration on the end - point singularities in (B) and finally details of

numerical computation in (C).



A. Polynomial approximations for exp(-Xl)/o(Xl)

In ref. 3, the following plynomial approximations of exp{—Xl)Io{Xl) are

given:

(i) -3.75 < Xl < 3.75

exp(—Xl)/o(Xl) = 1 + 3.5156229(A:1/3.75)2 + 3.0899424(Xl/3.75)'

+ 1.206792(Xl/3.75)® +0.2659732(A:i/3.75)'^ +0.03606768(Xl/3.75)10

+0.0045813(Xl/3.75)12 exp{-Xl), (22)

with |e| < 1.610 , where e is the error of approximation.

(ii) 3.75 < XI

exp{-Xl)Io{Xl) = XI-2 [0.39894228 + .01328592(Xl/3.75)-^

+0.00225319(X1/3.75)-2 - 0.00157565(Xl/3.75)-^ + 0.00916281(Xl/3.75)-''

-0.02057706(Xl/3.75)-^ + 0.02635537(Xl/3.75)-® - 0.01647633(Xl/3.75)-'' +

0.00392377(Xl/3.75)-®], (23)

with |6| < 1.910-'^ .

B. End-point singularities for the integral of (24)

The integrand of (18) contains two singularities corresponding to the lower

and upper limits.

l) Singularity associated with lower limit.

For all m, the lower limit of the integral rj — 0 corresponds to the singularity

of the integrand. Therefore we first isolate 77 = 0 singularity by dividing the

10



integral into, the following two parts:

In the first integral of (24) valid for 0 < r? < el, rewrite the integrand / as

(1-^)
2m-2

■exp
+ (1 -

4r)U'
lo

R'{i-ny
2r]U*

(1 -^) 2m —2

-exp
R*^ + {l-p) 2m exp R'd-nY

2r]u- .

/RlLili
V  T"

-»?)"■ TT

(l-r?) 1.5m-2

i?*7r
-exp

477 i/'

now in the following definition of the delta function,

lim \l—exp{—hX^) = 6{X),
A—»oo V TT

let h = 4;^; then expression (25) becomes,

(25)

I/- (1 /jF fk
R'lr TV/l V TT

h{R- -\i-vrv

Aw ̂
(26)

Thus,

K = ^rnn)di = r'(i - - (1 - iridi- (2?)
Let

then.

« = (l-'7)'

dff = —m(l — dp

II



or

dd = —mO "• dt]

at r/ = 0, corresponds to 1 ,and at r; = e, ̂  to (1 - c)"^.

Substituting these above into equation (27), one obtains

K= —/'my/R* J{I-ny

(0.5m— 1)

6——6{R'' -d)de. (28)

Let a = —6, then

K =
1

my/R* J-i
^_^)(0.5m-l overm)^^^ ̂  ^39)

If either —R* < —1 or —R' > -(l — el)"^ i.e. > 1 or iZ' < (1 — cl)"*,

then

K = 0.

mR'

If —1 < —R* < —(1 — el)'", or I > iZ" > (l — e)"', then

1  (l).Cm-l) 1

K= —=iZ" - =
my/R^

Summarizing, K takes the following values:

^ _ f 0 for /Z* > 1 or iZ" < (1 — el)
1;;^^ forl>/Z* >(l-el)-

(30)

(31)

a

Thus,

2  rl (i_^)(2m-2)
t( //?
jj — K +

Vel

-exp
iZ'^ — (1 — r;)^m

lo
R'il-rfV

2r]u'
dp.

(32)

2) Singularity associated with the upper limit

For 2m — 2<0or|<m<l, the integrand of (18) becomes singular at the

upper limit of integral. In order to avoid this singularity, we divide the range of

12



integration [el, 1] into [el, 1 — e2| and [l — e2, ij with €2 « 1. Thus equation

(32) becomes

^ iw ^ -r JeA n

lo

\R'-(i-r,y
4tiu'

exp
_ R'jl-r,)' R'(l-r,r

^ 2

exp

rju' u, J(1-£2) r,

m^ 2 ■(R- - |i - ■,!"■)
2rju^

exp
R-ji-vY

2rju
lo R*{i-vy

2rii/^
drj. (33)

Let e2 (also el) be small (for instance 10 ^®). As r; —>• 1,

-RUl-p)""
XI = ► 0.

2pi/^

Therefore,

exp
-R'il-vV

27/1/'
lo

R'{i-rty
2r\u' 1,

as one can see from polynomial approximation for cxp(—Xl)/o(Xl). Then the

last integral term on the right side of equation (33) becomes

'(1-£2)

from (33), (34) becomes,

4<a' = if+5iTB  2u' Jel n

-R'^ ri 1 -R*^
(34)

■exp
_ {R'-[l-r,ry-

exp
_ R-ii~r,y

2r)U-

lo
R'{i-ny

2rfu'
1  e2(2'"-i)

an H expi ) 7
21/" 4i/' (2m — 1)

(35)

The tangential velocity is computed by

y R-(^)dR-.

when R* = 0, then | - 0.

(36)

13



C. Numerical Methods:

We use the following Gaussian quadrature with Labatto's integration for

mula: /I n
X''F[X)dX = ̂

i=l

for the single integral, and

.1 -1 n m

/  / X'-'Y''''F(X,Y)dxdy = Ty^wmiF(Xi,Yj),
•'» ■'o .=1,=1

for the double integral, where k = k\ = k2 = 0 and n = m = 10 and

Wi,Wj,Xi,Xj are given ref 3.

(i) Even though we divide the range of integral[0, l] into[0, e] and [cl, I], in the

neighborhood of cl, /(r;) is numerical unstable. So we divide it into smaller

sub-intervals near el.

Let cl = IQ-", then, [iQ-^s, i] ^ [iQ-^s, 0.0001], [0.0001, 0.00l|,[0.001,
0.01], [0.01, 0.1], [0.1, 0.15], [0.15, 0.25], [0.25, 0.5], [0.5, 1.].

(ii) If m < 1, f{'n) s-lso becomes numerically unstable in the neighboorhood

of (1 — e2). Therefore, we divide the interval [10~^®, 1 — c2] into smaller

sub-intervals in the neighboorhood of 1 - c2, [10~^^, 1 - e2] to:

[10-25, 0.0001], [0.0001, 0.001], [0.001, 0.01], [0.01, 0.1], [0.1, 0.25], [0.25,

0.5], [0.5, 0.9], [0.9, 0.99], [0.99,0.999], [0.999, 0.999999], [0.999999, (1 -
10-25)]

(iii) Each of these sub-intervals is divided into "sub-subintervals". Also in each

of these subintervals, n will be kept doubling until numerical integration

converges to some constant.Let n„ is the initial n; when u' is smaller, the

bigger rip is needed.

14



(iv) Double precision is used throughout the calculation.

(v) Gaussian quadrature with Labatto integration is applied into each of these

"sub-subintervals".

(vi) For "Post - Separation" problem, if m < 1, for integral in [(1 — (l — c2)],

we divide it into subintervals [Ara(l), Xa{2), Xa(lO)], where

Xa{l) = 1 - ̂

A:a(10) = 1-62

Xa{I) = Xa{I - 1) + [Xa(lO) - Xa{I - 1)] * 0.9

with / = 2, 3, ...,9

We divide each of these subintervals into n equal 'sub - subintervals' and

apply the Gaussian quadrature in each of these 'sub - subintervals'

If m > 1, for integral in [(1 — ̂ ), (1 — e2)], we divide this interval into

n equal subintervals and apply the Gaussian quadrature in each of these

subintervals.

(vii) For the double integral in the form of

r R' r f{rf)dr,,
Jo Ji~^

we apply to the first integral

[  f{'n)dn

the same technique as the one above and to the other integral apply Gausian

quadrature in the interval [0., R'] .

15



CHAPTER V

RESULTS

5.1. Pre-cutoff Stage.

In figures (3 and 4), the radial profiles of ui and rZ^ are shown at the time

when the feederline is still attached to the vortex (t < r). The abscissa is

R' = ^

and the ordinates are

aV

OL^t _ a Us
——uj{r,t) or
(3 ^ ' f3

respectively. The parameter u' is given by

u =

For fixed value of t, these representations serve to show the effect of viscosity u on

the radial profile. It is observed that at the origin, R* = 0, the viscosity removes

the inviscid singularity; also viscosity smoothes out the inviscid discontinuity

near R' = I, which corresponds to the outer edge of the rotational core.

In figures (5 and 6), radial profiles of u and us are shown in a different

representation. The abscissa is

-  ra^m-i

R = m

and the ordinates are

4 rw - 4 I

and
rn - 1

16
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respectively. The parameter i is given by

ta-"'-'
t = ^—

2 m - 1

For a given value of viscosity, u, these show the temporal change of the radial

profile. As time progresses, the vorticity initially concentrated at the vortex

center is observed to spread out radially while its value at the center drops. The

corresponding change of tangential profile is also evident.

These numerical results have been checked by making comparison with (a)

the integrated value given by equation (7), (b) the inviscid limit given by equa

tions (16 (a),(b)) , (c) the far-field asymptotic representation and (d) near-field

asymptotic solution obtainable for the case of m = 1.

5.2 Post-cutoff Stage

After the supply line becomes separated from the vortex, the decay of radial

profile is shown in figures (7 and 8). The abscissa and ordinates are same as

those of figures (5 and 6). The parameter ig

=  1
1/ 2m- 1

represents non-dimensionally the cut-off time r and ̂ , the time thereafter. Then

these show how the radial profiles developed at the time of cut-off decays by the

effect of viscosity. It is confirmed that at a time sufficiently after the cut-off, the

radial profiles become transformed into the Lamb-Oseen vortex.

~  exp ,

ue[r,t) ~
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where the circulation Too is equal to the total sum of the vorticity fed to the

vortex before the cutoff, given by

Too = / Qivh
Jo

(Figure 9 )
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CHAPTER VI

CONCLUSION

(1) In the formative stage of vortex, effect of viscosity removes the inviscid

singularity and alters the radial profile significantly.

(2) Soon after the full seperation from the body, the viscosity transforms

the vortex into the Lamb-Oseen vortex.
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