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ABSTRACT

Strategic planning in physical distribution management requires
decisions as to where intermediate distribution centers should be
located, what sizes they should be, and how commodities should be routed
from sources of production through the distribution centers and on to
customers. The Titerature concerning the location of distribution
facilities is extensive, covering a wide range of modeling options.

This work has developed an optimization procedure for solving a multi-
commodity multi-echelon distribution/location problem with upper and
lower bounds imposed on distribution center throughput.

An implicit enumeration algorithm is presented which uses a
heuristic to generate an initial throughput-feasible solution. The
algorithm employs a new hybrid price-directive/resource-directive scheme
for efficiently solving the multicommodity capacitated transshipment
problems which result from temporarily fixing the network configuration
at each node of the enumeration tree. A number of branching and screen-
ing options are used in order to keep the tree search small. These have
proven to be very effective in practice.

A software package, to implement the algorithm, is described and
computational results are reported on a large-scale practical applica-

tion involving national distribution of ice cream products in Australia.
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INTRODUCTION

Physical Distribution Overview

Physical Distribution Management (PDM) is defined by the National
Council of Physical Distribution Management (NCPDM) [62] as

. . . the term describing the integration of two or more

activities for the purpose of planning, implementing and

controlling the efficient flow of raw materials, in-process
inventory and finished goods from point of origin to point

of consumption. These activities may include, but are not

limited to, customer service, demand forecasting, distri-

bution communications, inventory control, materials handling,

order processing, parts and service support, plant and ware-

house site selection, procurement, packaging, return goods
handling, salvage and scrap disposal, traffic and trans-
portation and warehousing and storage.

This view embraces a kaleidoscope of activity, ranging from the
procurement and receipt of raw materials, to the storage of materials
and work-in-process, to the delivery of finished products. Financing
the distribution infra-structure can represent a major drain on
resource budgets and, ironically, many firms have 1ittle idea of the
true magnitude of these costs. Sawdy [125] explains:

|

There are two reasons for the lack of information. One is

that conventional accounting systems do not isolate the

costs of distribution. . . . The second reason is that,

even if distribution costs are classified separately, they

often do not provide information of economic significance.

Notwithstanding the lack of hard data at the company level, one
can turn to the findings of several recent studies for an awareness of
what proportion of the nation's economy is preoccupied with the move-
ment of goods from point of production to point of consumption.

Estimates of distribution costs in Australia, based on 1974 data,

and compiled by the Productivity Promotion Council of Australia (PPCA),
1
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account for an alarming 15% of the Gross Domestic Product [118]. These

costs have been broken down as follows:

$ Million

Transport (17.9%) 1,100
Inventory (25.7%) 1,580
Order Processing (14.9%) 920
Warehousing (12.7%) 780
Packaging/Storage (11.9%) 730
Receiving and Dispatch (10.0%) 610
Administration (7.0%) 430
Total 6,150

Firth et al. [29] report similar results for Canada and, provide
the following breakdown of costs as reflected by data collected from

more than 250 firms:

Annual Distribution Distribution
Costs Costs Costs as %
Industry Type $ Million $ Million of Annual Costs
Copper Refinery 100 55 55%
Plumbing and
Heating Products 30 5.8 20%
Electrical Hardware 60 8.4 14%
Packaged Foods 120 34.5 28%
Brewery 45 12 27%
Bakery 45 16 36%
Pharmaceuticals 16 2.4 15%
Petroleum Products 45 13 29%

In a U. S. study, sponsored by the NCPDM, cost estimates were put
at 20% of the Gross National Product [110]. The authors of this
report courageously predict that $40 billion dollars in annual savings
(or 10% of total distribution expenditures) could be recouped by U. S.
industry through more judicious management of the physical distribu-

tion process.
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This economic backdrop is the driving motivation behind the present
work. Better management processes will spawn improved managerial

performance. The evolution of management process is strongly
linked to and dependent upon the tools of analysis available to the

decision makers.

Tools of Analysis

Over a period of several decades management scientists have firmly
established a niche for providing answers to problems which are "hard"
to solve--hard by virtue of complex intervariable relationships,
stochastic behavior, and/or sheer size. This latter characteristic
is of particular relevance to distribution modeling. The typical dis-
tribution/location problem requires solution approaches which can accom-
modate thousands of decision variables. Where decision makers once
had to rely heavily on intuition and experience alone to solve these
problems, the use of exact or near-exact mathematical programming
models has become widely accepted as decision aids which supplement
this judgment. In a recent edition of a general management textbook,
Koontz, 0'Donnell, and Weihrich selected a case study in distribution
planning as a scenario to illustrate how management science tools can
provide valuable practical assistance in complex decision making [93].

To introduce ‘the present work and see where it fits in the con-
text of physical distribution planning, it is useful to reflect on the
various types of decisions which distribution planners make. Eilon

[20] classifies the problems in PDM three ways: strategic, tactical,

and operational. At the strategic level planning is for the long
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term. Such issues as market evaluation, profitability analysis, pricing
policy, diversification vs. specialization, inventory strategy, and the

use of computers are all strategic in nature. This thesis is concerned

with the design of distribution configurations, that is, determining

the size, number, and location of distribution centers (DC's). This is

a strategic issue, and it is not something which a firm is Tikely to do

often.

Tactical decisions are for a shorter term and include such activ-
ities as warehouse layout, vehicle replacement, the design of materials
handling systems, manpower scheduling, formulation of maintenance pro-
cedures, and planning vehicle routes. The operational level is con-
cerned with day-to-day activities, such as dispatching, repairs,
handling queries and complaints, invoicing, expediting, and order
processing.

Effective distribution planning involves developing an overall
strategy which results in the minimum total cost of distribution--that
is, the sum of the fixed costs which largely result from strategic de-
cisions and the variable costs which are, to a large degree, influenced
by tactical and daily operational decisions. It is important to note
that, whilst the issues which this work seeks to resolve are strategic,
the objective function is a mixture of cost elements arising from all
the levels of decision making. In some contexts the concept of "sole-
sourcing" (that is, the enforcement of a rule requiring the assignment
of each customer to a single and fixed point of supply for all of a

"bundle" of commodities [56] can also impinge on the cost function.



Meidan [104] has characterized solution approaches to location
problems two ways:

(a) The Infinite Set--assumes that the warehouse can be
positioned anywhere on the map, obvious slight adjustments
can be made Tater to allow for rivers, mountains etc. A
main assumption with this set is that transport costs are
directly proportional to distance (crow fly) and this is
questionable in many situations.

(b) The Feasible Set--assumes a finite number of possible
locations and these costs can be calculated with a high
degree of precision, both costs of buildings and haulage.
The obvious problem with this method is one of cost and
time employed in collating the necessary data but the
expected benefits of an accurate analysis can easily
offset this initial outlay.

Additionally, location models may be static or dynamic depending
on whether they deal with a fixed point in time or a planning horizon.
Most of the work in distribution/location modeling has concentrated
on methodologies which are static and which fit in Meidan's Feasible
Set category (that is, a pre-determined finite set of candidate ware-
house locations is known). Some limited work in dynamic modelling has
been successful (see for example [90, 113]). Broadly, decision
tools may be classified in the following ways:

. Simulation
. . Static
. Dynamic
. Heuristics
. Mathematical Programming
. . Static
. Dynamic
Simulation offers a kind of real world experimentation which is

attractive when more exacting techniques are either unavailable or

otherwise infeasible. The complexities and interdependencies which
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characterize physical distribution system behavior have motivated the
development of some commercial simulators designed to handle distribu-
tion decision making in an integrated fashion and in a dynamic context.
Powerful industrial logistics simulators, such as the Long Range
Environmental Planning Simulator (LREPS) developed by Systems Research
Incorporated [9] can be used to model the daily operating activities of
the total distribution system. With the LREPS simulator it is possible
to test and evaluate alternate order processing, warehousing, inventory
management, and production strategies as they affect prescribed per-
formance criteria. LREPS is incapable of answering strategic location
questions.

Simulation can undoubtedly provide valuable management insights.
However two major disadvantages 1imit their usefulness in some situa-
tions:

(1) Cost--simulation models are expensive to implement.

Since simulation is based on statistical sampling techniques

sufficient replications must be run in order that the sample

size yield acceptable conclusions.

(2) Error--simulation results always contain sampling error.

Geoffrion and Powers [60] assert that, largely, industrial dis-
tribution planning is achieved through the use of heuristics owing to
the high combinatorial complexity of realistic optimization models.
Like simulation, heuristics also contain errors since such techniques
often have shaky, if any, theoretical underpinnings. Surprisingly,

the major shortcoming of either a heuristic or a simulator as a

planning tool does not lie so much in its inability to provide accurate
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and optimum solutions, but in the practical limitations of such tools
to assist with sequential decision making--that is, reaching valid
conclusions from a sequence of computer runs with parameter and input
variations. Such inter-run comparisons are essential, particularly in
strategic decision-making. It is well understood that the use of
optimization modeling provides insights which assist the decision
maker's judgment, not replace it [45]. Management must be able to
pose "What If?" questions and have the model respond in an adaptive
way. It is the parametric analysis of alternative policies that arms
the decision maker with clearer insights and understanding, not the
objective function value itself, optimum or not. Even when using an
optimization method the solution may not be the true optimum since
solution accuracy is vulnerable to data inaccuracies.

As Geoffrion and Powers [60] articulate:

The problem is not that optimization capability is needed
to cope with the staggering number of alternatives for
distribution system design, although this is important.

It is not that optimization capability is needed to resolve
the cost tradeoffs inherent in distribution planning, al-
though this too is important. It is not even that managers
would rather have the best answers possible from their
planning support systems, although certainly this is
compelling. Rather, the crux of the matter is that opti-
mization capability is needed to permit reliable compari-
sons between different runs of the model. If the solver

is heuristic in character, such comparisons will be very
unreliable because comparing two error-prone solutions

greatly magnifies the relative error. Erroneous conclu-
sions are likely to result.

In another source Geoffrion and Van Roy [61] demonstrate that
heuristics may notonly fail to achieve the best answer, but may often

fail badly if the algorithm stops prematurely.
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With such pitfalls, why have heuristics been so widely preferred
to optimization techniques? The answer possibly lies in the historical
inability of computer technology and management science theory to
respond to real world problems in a timely and cost effective way.
Certainly heuristics have in many cases overcome the computational
problems that would have been encountered through the use of an opti-
mization capability. It would appear that due to the combinatorial
complexity of optimization models, the state-of-the-art has been slow
in catching up with the needs of practitioners. However, today strong
alliances between computer specialists and management scientists,
armed with a powerful new computer technology, have led to new break-
throughs. As a result, optimization is now a serious contender in
many new applications. This thesis reports one of these success

stories. It is hoped this work will lead to others.

Thesis Organization

Chapter I of this thesis introduces a case study of a major
Australian firm engaged in the manufacture and marketing of ice cream
and frozen food products. The case is presented early because it
provides a frame of reference for all the ensuing chapters. The case
was a vital ingredient throughout the research project, not only for
inspiration, but also as a source of realistic data for field testing
the model proposed.

Chapter II reviews the relevant literature concerning distribution/

location modeling.
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Chapter III provides an explicit definition of the problem which
is the subject of the present work and explains how this version of the
problem differs from and/or extends the work of others. The present
work was preoccupied mainly with extracfing a solution for the totally
linear model. It is asserted that nonlinearities can be introduced
utilizing a piece-wise linearization variant of the software reported
in this thesis. Nonlinear aspects are discussed fully in Chapter VIII.

Chapter IV explores possible solution approaches for solving the
Fixed Charge Multicommodity Flow Problem, the class name which applies
to the linear version of the problem at hand. Benders Decomposition
and Branch and Bound are the two approaches considered. Both are
looked at in depth together with possible methods for achieving tight
upper and Tower bounds.

Chapter V presents a new algorithm called the multi-échelon dis-
tribution optimization system (MEDOS). This algorithm employs a rather
complicated heuristic (also the product of the present work) to achieve
an initial tight upper bound. Then, a branch and bound implicit
enumeration scheme is used which calls upon a number of fathoming rules

to try to keep the enumeration tree small. Bounding is achieved

through the use of a hybrid price directive/resource directive approach.

A pricing loop drives an infeasible solution towards feasibility.
Upon termination of the pricing loop, an infeasible, but near-feasible,
solution enters a resource allocation loop which achieves feasibility
and drives toward optimality.

Chapter VI describes the MEDOS.software package, a major contri-

bution of the present work.
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Chapter VII revisits the Australian case and reports on the compu-
tational results achieved by applying MEDOS to this very large scale
problem.

The final chapter (Chapter IX) offers suggestions for extending

the work presented in this thesis.



CHAPTER 1

AN AUSTRALIAN CASE STUDY: NATIONAL DISTRIBUTION
OF ICE CREAM PRODUCTS

During the period May 1980-August 1981 a study was conducted of
a major Australian firm which manufactures and distributes a variety
of frozen food products. This case has served both as a model for the

present work, and as a source for inspiration and data.

1.1 Background

This company is a principal manufacturer of ice cream and dairy
products and, in addition, acts as an agency in the distribution of a
range of non-ice cream frozen foods for other manufacturers. At the
time of the investigation, management interest in physical distribu-
tion was particularly keen, brought about partly by several recent
and major policy changes:

1. A shift from conventional to highly automated high rise cold

store warehousing.

2. A merger with another large Australian firm which doubled
the size of the national distribution network.

3. A shift in the marketing strategy for small customers. A
system of taking pre-orders by telephone and processing those
orders by computer had replaced from-the-van selling by
drivers in large metropolitan areas.

The pertinent data is provided in detail in the Appendix. Using

the MEDOS software described in Chapter VI, this data Qas run on the
11
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DEC-10 computer system at The University of Tennessee, Knoxville.
These results are reported in Chapter VII. .The next four sections of
this chapter will describe the major components of the distribution
network: factories, commodities, distribution center locations, and
customers. Figure 1.1 places this system in a geographical perspec-

tive.

1.2 Factory Network

After the merger the network consisted of the following seven ice
cream plants:
Queensland: Brisbane, Townsville
New South Wales: Grafton
Victoria: Melbourne, Preston
Tasmania: Hobart

Western Australia: Perth

1.3 Commodities

The inventory for manufactured items of ice cream products repre-
sented over 100 distinct products; the non-manufactured items elevated
the total range to approximately 500. This number takes into account
not only distinct products, but flavor variations and pack sizes.

For distribution management purposes it was possible to group large
numbers of line items together so that the total number of product
groupings could be reduced to thirteen according to the following

broad classifications:
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Manufactured Products
1. Bulk Ice Cream and Confectionaries
2. Take Home Ice Cream
3. House Brand
4. Loose Pack Stick/Novelty Items
5. Take Home Stick/Novelty Items
Non-manufactured Products
6. Vegetables
7. Fish
8. Poultry
9. Sara Lee Products
10. Cultured Dairy Products
11. Cones
12. Frisco Food Products
13. Prepared Foods
The present work was only concerned in designing a network for
the manufactured products. The omission of the other product groupings
is reflected in the capacities and demand data used. It may be noted
that the MEDOS algorithm can handle the non ice-cream segment by fix-
ing the production capacities (upper and lower 1imits) at infinity and

zero levels respectively for these products.

1.4 Distribution Center Location

A total of forty-three candidate DC locations (refer to Figure
1.1), including existing facilities, were selected in consultation with

top management. The existing centers have been marked with an asterisk
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in the following 1list. Additionally a distinction has been made be-

tween major and minor DC's--the principal difference being in size
and the fact that major DC's may receive supplies from any production
facility, whilst minor DC's may or may not be permitted to receive
supplies direct from a factory, and, if so, then only from a very
small subset of the total production facilities. That is, minor DC's
rely primarily on major DC's for supply.

List of DC Candidates

Location Major Minor

Southern Queensland

1. Brisbane* X
2. Toowoomba* X
3. Tweed Heads X
4. Nambour X
5. Bundaberg* X

Central Queensland

6. Townsville* X
7. Rockhampton* X
8. Mackay* X

West Queensland

9. Mt. Isa* ) X
North Queensland

10. Cairns* X
Northern Territory

11. Darwin* X



Location

Northern New South Wales

12. Lismore

13. Grafton*

14. Armidale

15. Tamworth
Central New South Wales

16. Newcastle*

17. Bathurst

18. Wollongong

19. Parramatta

20. North Sydney

21. East Sydney*

22. West Sydney

23. South Sydney
West New South Wales

24. Broken Hill*

25. Dubbo
South New South Wales

26. Albury
Austra]iqn Capital Territory

27. Canberra*
South Victoria

28. Geelong*

29. North Melbourne*

30. East Melbourne

16
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Location Major Minor
South Victoria (continued)
31. West Melbourne X
32. South Melbourne X
Central Victoria
33. Ballarat* X
34. Bendigo X

South Australia

35. Adelaide* X

36. Whyalla X
37. Mt. Gambier X
38. Elizabeth X

Western Australia

39. Perth* X
40. Kalgoorlie X
41. Bunbury X

South Tasmania
42. Hobart* X
North Tasmania

43. Launceston* X

1.5 Customers

Customers fall in one of seven different classifications:

1. Major Retailer Warehouses. Bulk shipments are made to the
warehouses of several major grocer chains.

2. Contract Warehousing. The warehousing function is performed

for certain retail chains. Orders are taken by telephone
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and shipments made direct to the retail stores.

3. Metropolitan Small Shops. Customers in this group are pri-
marily sole proprietorships and include ice cream bars,
delicatessens, corner shops--in essence, "mom and dad stores.”
In the Australian economy, such stores are numerous; for
example, in Brisbane, there are approximately 2300 customers
in this group. Sales in this group have, in the past, been
essentially for ice cream products. With the advent of tele-
phone selling and the preorder concept, a market is emerging
for the non-ice cream lines. Deliveries are made using a
fleet of company owned vans.

4. Catering and Food Service Areas. Customers in this group
exist within the areas served by major DC's. Orders are
filled on a preorder basis and deliveries are made by a
fleet of small company owned trucks.

5. Export--Papua New Guinea and Pacific Islands. Shipments are
in container loads or smaller quantities by air or sea.

6. Small Orders. Customers in this grouping include small shops,
schools, organizations, etc. that cannot be serviced by the
normal distribution network (e.g., located in an isolated or
remote area). Orders are packed in dry ice in special cartons
and consigned to the customer by bus, rail, or truck.

7. Staff Sales. Employee stores are operated in certain loca-
tions.

For the purposes of this investigation, the export market, which

represents a very small percentage of total sales, was ignored. The



remaining salesmarkets were aggregated and grouped according to the

seventy-four geographical regions, shown in Figure 1.1, and listed

below.

—
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10.
1.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

North Brisbane
East Brisbane
South Brisbane
West Brisbane
Toowoomba
Tweed Heads
Nambour
Bundaberg
Dalby
Maryborough
St. George
Goondiwindi
Townsville
Rockhampton
Mackay

Mt. Isa
Charleville
Cunnamulla
Longreach
Emerald

Roma

Cairns

23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44,

Customer Listing

Darwin
Lismore
Grafton
Armidale
Tamworth
Murwillumbah
Port Macquarie
Moree
Newcastle
Bathurst
Wollongong
Parramatta
North Sydney
East Sydney
West Sydney
South Sydney
Liverpool
Penrith
Goulburn
Orange
Broken Hill
Dubbo

45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
58.
59.
60.
61.
62.
63.
64.
65.
66.

Albury

Canberra
Geelong

North Melbourne
East Melbourne
West Melbourne
South Melbourne

Lilydale

Warnamboo]

Morwell

Moe

Ballarat
Bendigo
Shepparton
Adelaide
Whyalla

Mt. Gambier
Elizabeth
Port Pirie
Port Augusta
Port Lincoln

Perth
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67. Kalgoorlie 70. Hobart 73. Burnie
68. Bunbury 71.  New Norfolk 74. Devonport
69. Albany 72. Launceston

1.6 Stock Keeping Unit

Due to the differences in the size and type of customer served,
warehouse systems have had to be designed to enable the selection of
a single item or bulk items. Consequently, the definition of a single
stock keeping unit (SKU) was difficult. For the bulk customer, it
makes sense to talk in terms of wraps or pallet loads. For the mom
and dad shop, single cartons are more appropriate, and single items
are often desired in catering and food service sales. Consultation
with management produced an agreement on the "liter" as the best least
common denominator volume unit of measurement. Since the loose pack
and take home stick and novelty items (product groups 4 and 5) are
counted by the dozen, appropriate constants had to be used to convert

the volume for these products to liters.

1.7 Transportation

Road transport is the principal mode of transportation used, as
trucks provide door-to-door service thereby minimizing the risk of
product spoilage. Rails are used occasionally, but the savings in
freight costs are generally not felt by management to justify the risk
caused by delays and multiple handling. Sea is the mode usually
employed for the export market. Transportation costs used in this
study are based on over-the-road transport charter rates, with full

loads, and in most cases, trailers which are block stacked (without
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pallets). However, some customers require palletized shipments and the
transportation costs used reflect this. Depending on the 1ink, and the
contract carrier, trucks quoted ranged from 18 foot trailers with 6000
kg capacity to 40 foot with 18,000 kg capacity. An 18,000 kg load is

equivalent to approximately 20 pallets or 14,000 liters of product.

1.8 A Distribution/Location Problem

Top management interest in the physical distribution function was
acute, since expenditures related to transportation and warehousing
activities represented a significant slice of the total operational
budget (approximately $30 million per year). A consulting firm, under
contract, had made some cost effective recommendations concerning dis-
tribution and warehousing procedures, and many of these suggested
improvements had been implemented. However, at the time of this study,
no formal investigation into the network topology had taken place.

The location, size, and number of intermediate distribution
centers, as well as the procedure utilized for the dispatch and routing
of commodities over the distribution network is a critical management
issue, not only for this firm, but for many other Australian firms as
well. The importance of moving consumer goods efficiently and effec-
tively nationwide can be better appreciated when placed in the context
of Australia's rather unique demography. Australia is largely an
urban society with 60% of the total population residing in the six
capital cities. The remaining 40% are scattered over the inhabited
regions of the country. Many of these residents are farmers or

ranchers who live on large properties in very sparsely populated
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areas. In comparative terms a population approximately one-twentieth
the size of the United States is dispersed over a land area similar
in size. For several decades, the Australian people have enjoyed a
quality of life comparable to any nation of the free world. As tech-
nology has produced new products for labor or leisure, Australian
industry has been quick in responding to the local demand for these
new commodities. The maintenance of such a high standard, which, with
few exceptions, has been available to everyone--even those in remote
areas, has placed a special burden on the private sector in terms of
distribution management.

The ice cream and frozen foods industry is an excellent example
of how Australian enterprise has risen to the task of supplying the
needs of its populous. Many parts of Australia are arid and cannot
support the local production of agricultural and dairy products. Even
if the geography of such areas could sustain agrarian production, the
sparsity of demand would render commercial ventures uneconomical. The
problem, then, has been how to feed the residents of such remote
locations at a reasonable consumer cost.

The Tocation/distribution model proposed in this thesis is de-
signed to assist in solving this problem. The expected output from
processing this firm's data through the model is an optimal solution
which specifically will provide:

1. a list of intermediate distribution centers which should be

established. The implication of this output is that any
existing DC on the list should be retained, any DC not on

the Tist should be closed and the asset liquidated, and
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any DC on the list, but not in the existing configuration,
should be established.

2. the commodity routings over the network as defined by the
optimal configuration. These routings provide information
on annual aggregate production schedules which may influence
plant layouts and organization, order consolidation and dis-
patch procedures, and warehouse organization and design.

3. the total minimum distribution system cost realizable from
the implementation of the optimal configuration and commodity
routings.

Customer service, which is vital to the ice cream and frozen
foods industry, has not specifically been addressed by the model.
Penalties related to response times can be built into the transporta-
tion rates, but this alone may not be an adequate safeguard to insure
that non-quantifiable customer service objectives are met. It cannot
be over-emphasized that MEDOS is a decision tool designed to extend
the capabilities of the decision maker, not preempt them. It is
clearly understood that management will always retain its right to
override, modify, or veto the model-produced solution. In this spirit
the model can provide the rationale for such management actions, as
computer replications provide an ever increasing understanding of the
problem as inter-run comparisons are made, each time posing relevant
"What If?" questions (e.g., "What if the DC in Toowoomba were locked

open permanently?").
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The major anticipated benefits to be derived from applying MEDOS

to the ice cream and frozen foods scenario are:

1. to provide, for strategic planning purposes, a physical dis-
tribution configuration blueprint. This network in effect
will constitute a plan which can be accepted outright, re-
jected outright, or accepted with modification. Therefore,
the model solution provides at best the "ideal" topology and
at least an advanced starting point for planning discussions.

2. to provide an "order-of-magnitude" estimate of the potential
savings which could be realized through a change from the
existing configuration.

3. through the preparation of model input and the examination
and evaluation of model output, to obtain a greater depth of
understanding of the underlying cost structure and the sensi-
tivity of total costs to certain management policy decisions
(e.g., centralization vs. de-centralization, mode of shipment
trade-offs, etc.).

It is important to note that the procedures developed in the re-

search work reported in this dissertation are applicable to a wide

range of industrial types (e.g., imported consumer products, manu-

factured goods, raw materials, primary production, etc.).




CHAPTER II

LITERATURE REVIEW

The warehouse location problem with its conjugate distribution
management issues is not new to the science of operations research. A
rich and colorful branch of the literature has established a heritage
which spans well over two decades. As with most classes of problems
in management science, the distribution/Tocation family has many members.
Models in this class range in complexity from very simple single com-
modity linear deterministic formulations to multicommodity nonlinear
stochastic versions. It is the purpose of this chapter to review some
of the more significant work which has contributed to the present state
of knowledge. The sections have been organized with the general intent
of progressing from the simplest through the more complex in increasing
order of solution complexity. This will not always follow and, the
order presented may be debated by some, since the more complex models
have individual salient characteristics that render solution processes
challenging. This chapter is not intended to prioritize these differ-
ences. Conversely, the objective is to illustrate the taxonomic
evolution that has taken place and the ever-increasing role of manage-
ment science in the distribution planning field.

Models in the distribution/location class can be broadly classi-
fied according to,

1. Whether the distribution network is capacitated or uncapaci-

tated (arcs and/or nodes).
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The number of echelons (zero, single, or multiple) of trans-
shipment points existing between supply nodes and demand nodes.
The number of commodities (single or multiple).

Whether costs are linear or nonlinear (arc and/or node costs).
Whether the planning horizon is fixed (static) or permitted

to vary (dynamic).

Uncapacitated Simple Facility Location Model

The

simplest location model, which for convenience will be called

the Uncapacitated Facility Location Model (UFL) has the following

formulation:
(UF) Minimize ‘z .Z CijXjj * ‘z fizi
iel  Jed iel
Subject to
1 Xj; =1 jed (2.1)
igl
Zi = Xij >0 jel, jed (2.2)
Xjj 20 (2.3)
z;e{0,1} (2.4)
where
Xjj = the proportion of customer j's demand is satisfied by
facility 1.
z; = (1 if facility i is established.
0 otherwise.
Cij = the total production and distribution costs for supplying

all of customer j's demand from facility i.

H

fixed cost of establishing facility 1.
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I,J = the sets of candidate facility sites and customer zones

respectively.

(UFL) is a single commodity, uncapacitated, zero-echelon, linear
model. Constraints (2.1) insure that each customer's demand is satis-
fied exactly, and constraints (2.2) insure that customers receive
product only from open facilities. The model is zero-echelon as there
are no transshipment points. The facilities to be located are the
supply points (either plants or warehouses), and how the supply reached
these facilities is of no concern to the model.

Numerous approaches have been proposed for solving (UFL). The
earliest attempts were through the use of heuristics. The Kuehn and
Hamburger [94] pairwise interchange, or "bump and shift," routine,
although almost two decades old, is contemporary in the sense that the
Kuehn and Hamburger battery of twelve test problems has been adopted as
a generic standard against which algorithmic designers compete for
computational efficiencies. Kuehn and Hamburger utilize the following
three heuristic concepts:

1. The best candidate locations will be near demand concentrations.

2. Near optimum results can be achieved by opening those ware-

houses one-at-a-time which produce the greatest cost savings
for the entire system.

3. Only a small subset of all candidate locations need to be in-

vestigated in order to determine the next warehouse to open.

A main program locates warehouses one-at-a-time until no more ware-
houses can be opened without increasing total system costs. Then a

“bump and shift" routine investigates configuration modifications,
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specifically evaluating the profit implications of closing or relocating
open warehouses.

Efroymson and Ray [19] were the first to propose branch and bound
as a technique for solving (UFL). By reformulating the problem,
Efroymson and Ray were able to express the linear programming bounding

problem in a form that can be solved by inspection. Specifically,

Let Fj = the set of plant indices that can supply customer j.
Ciy = the set of customer indices that can be supplied from
plant 1.
nj = the cardinality of Cj.
Kg = the set of binary variables set to zero.
K1 = the set of binary variables set to one.
Ko = the set of binary variables which are uncommitted.

The problem becomes

(UFL') Minimize | ] CijXij * I fizy

iel jeCy iel
Subject to
0 < z Xij-i nizj jel
JeCy

and (2.4).
If constraints (2.4) are relaxed, (UFL') is a linear programming

problem which has an optimal solution given by

0 otherwise
Z.i = (]/n'i) z X.i‘] 18Kz

JjeCy
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g = (Fx keKo
0 keky

The obvious advantage to this formulation is the speed with which
bounding problems can be solved. The authors report computation times
for linear test problems with 50 plants and 200 customers, of ten
minutes on the IBM 7094. These results are impressive even on an early
generation computer.

Spielberg [127] approached the problem from a different perspec-
tive. In Spielberg's implicit enumeration scheme, all facilities are
either initially opened or closed. At each node, two solutions can be
generated which will always be feasible. One solution (v') is obtained
by dropping the fixed charges for any facility not used in the sub-
problem solution (flow of zero). A second feasible solution (v") is
obtained by solving a 1inear programming problem with all free variables
open and the integer restrictions on the x variables relaxed, then
rounding up all fractional values on the x's. If min (v',v") < v*
where v* is the incumbent, set v* < min (v',v"). Spielberg reported
computational results on a range of problem sizes. Albeit a much
simpler problem an example is reported similar in order of magnitude
to the Chapter I case study. This example concerned 60 candidate plant
locations and 80 customers. The reported results for three problems of
this size were: 150 CPU minutes on an IBM 360/50, halted short of
optimality at 12,200 iterations from a cold start; 60 CPU minutes on
an IBM 360/50, solved to optimality with 9975 iterations, starting with
an initial incumbent; and 60 CPU minutes on an IBM 7094, halted short

of optimality after 103,000 iterations.
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Khumawala [87] has also been a notable contributor to this class
of models, principally in the development of efficient branching rules
for branch and bound. Khumawala [87] has proposed four criteria of
branch selection, each embracing a pair of rules. These will be briefly
described.
- Delta Rules
1. Largest Delta--select the free warehouse which has the
largest delta from the set of warehouses having a negative
delta.
2. Smallest Delta--select the free warehouse which has the
smallest delta from the set of warehouses having a negative
delta.

where, using the notation defined previously,

A= 1 Vi5 - fy
JeCy
and
vij = Min [Max(cyj - €4550)]

keFjrﬁ(K]LJKZ);k#i

Vij represents the difference in cost between opening free
warehouse k and some other free closed warehouse.

If A3 >0, z; =1 for all completions.

If A; < 0, a large delta implies the warehouse is more

Tikely to be open at the terminal node. A small

delta implies the warehouse is less likely to be open

at the terminal node.
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- Omega Rules
1. Largest Omega--select the free warehouse which has the
largest omega from those having positive omega.
2. Smallest Omega--select the free warehouse which has the
smallest omega from those having positive omega.
where

€ = .Z wij - fi
JeCy

and

wij = Min [Max(cgs - ¢34,0)]
T keFjnK b

Wij is similar to Vij’ only the cost difference is computed
Jjust with respect to those warehouses which are fixed open.
* Z Rules*
1. Largest Z--select the free warehouse with the largest z
from the set having fractional z;
2. Smallest Z--select the free warehouse with the largest z
from the set having fractional z;
where z is the binary variable.
- Demand Rules
1. Largest Demand--select the free warehouse which can supply
the Targest total demand.

2. Smallest Demand--select the free warehouse which can supply

the smallest total demand.

*Khumawala actually referred to these as Y Rules to be consistent
with his notation of y for the binary variables.
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Khumawala tested the rules on a CDC 6500 computer and found the
Largest Omega rule to perform the besf and the Smallest Omega to be
the poorest. The Demand rules were generally poor performers, Largest
Z worked better than Smallest Z, and both Delta rules generally did not
perform well.

Erlenkotter [21] has reported very impressive computational suc-
cess using a multiplier adjustment method. Instead of solving (UFL)
directly, Erlenkotter solves a condensed dual in which the dual of (UFL)
is reduced to a form involving only the multipliers corresponding to
constraints (2.1). The dual ascent procedure starts with some initial
dual solution and adjusts the multipliers incrementally in such a way
that complementary slackness violations are reduced. The algorithm
terminates when no further adjustments are possible (that is, any
further increases in the dual variables will violate one or more of the
dual constraints). Erlenkotter's method has worked very well for
problems with 100 plants and 100 customers; reported solution times are
well under 5 seconds on the IBM 360/91 computer, including output but
excluding input time.

Gizelis and Samoulidis [63] offer an interesting variant of
Efroymson and Ray's algorithm in which the fixed charges are allowed to
vary. Khumawala and Whybark [90] use branch and bound to solve a dynamic
version of (UFL). Other recent work on the simple facility location
model is reported by Laporte and Nobert [96], Morris [105], and Negelhout
and Thompson [113].



33

2.2 Uncapacitated Plant and Warehouse Location Model

Kaufman, Eede, and Hansen [81] propose an algorithm which solves,
using branch and bound, a more general two-level distribution system re-
quiring the simultaneous location of plants and warehouses, or ware-
houses of different sizes. The mathematical formulation for this Simple

Uncapacitated Plant and Warehouse Location Model (UPW) is the following:

(UPW)  Minimize 1 ¥ I ciyexige t izl fizi + 1 9595

jel jed keK jed
Subject to

Ll xis =1 keK (2.5)

iel jeg K

Lo Xijk < 2 iel, keK (2.6)

jed

_ZI Xijk < Y3 jed, keK (2.7)

e

Zi <Y; iel (2.8)

Xijk >0 jel, jed, kek (2.9)

¥3,27¢{0,1} iel, jed (2.10)

where 1,j,k index plants, warehouses, and customers respectively, and
I,J,K are the corresponding sets.

This model fundamentally differs from (UFL) in the triple subscript-
ing and the double set of binary variables. Constraints (2.5) are
analogous to (2.1) requiring the satisfaction of demand. Constraints
(2.6) and (2.7) correspond to (2.2), assuring in the former case that
shipments only originate from plants which are open and in the latter

case are only shipped through open warehouses. The triple subscripting
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qualifies (UPW) as a single-echelon model. It is important to note
that constraints (2.8) require that a warehouse be located wherever a
plant is located.

Kaufman, Eede, and Hansen's [81] algorithm, which is a generaliza-
tion of the work of Efroymson and Ray [19], computes the cost reduc-
tions which would occur, relative to a particular configuration, if
each of the free facilities were opened. Since facilities with posi-
tive reduced costs cannot possibly lead to an improved solution, such
facilities can be locked closed in any "next-lower-level" completion.
The ability to compute net changes in cost which will occur for all
completion actions imﬁediate]y leads to a lower bound on completions
(that is, the most optimistic outcome of opening a free facility is the
cost of the current configuration less the maximum savings which could
accrue from any completion). If the lower bound exceeds the incumbent,
the node may be fathomed. Kaufman et al. [81] designed a fictitious
problem in order to test the algorithm. A series of cases were run,
varying the number of warehouses, plant locations, and fixed costs. A
typical problem which consisted of five plants, 30 warehouse sites,
and 50 customers, required approximately 26 CPU seconds on a CDC 6500

computer, excluding input and output time.

2.3 Multicommodity Uncapacitated Plant Location Model

Warszawski [132] was one of the first to address multicommodity
aspects. Warszawski's contribution was a generalization of (UFL) in
that not only locations, but commodities could be differentiated as
well. This Multicommodity Uncapacitated Facility Location Model (MUF)

has the following formulation:
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(MUF) Minimize I 1 I ciipXisp+ L L fipZi

jel jed peP P P qep pep POTP
Subject to

L xj5p=1ifDjp >0 jed, pep (2.11)
jel
I zjp 1 | jel (2.12)
peP
I Xii0 2 1 24 iel, peP (2.13)
jeg 1P g fip
Xijp > 0 iel, jed, peP (2.14)
Zipe{o,]} iel, peP (2.15)

" where p indexes commodities, and i and j index plants and customers re-

spectively. Djp is the demand for commodity p by customer j. Xijp and
Cjjp are defined as with (UFL) and (UPW) except for the addition of the
commodity subscript.

Constraints (2.11) require that demand be satisfied and constraints
(2.13) insure that customers can only receive shipments from open facil-
ities. It is noted that (MUF) is not in reality a multicommodity
problem since constraints (2.12) 1imit each facility to a single com-
modity. This formulation was motivated by a large construction project
which required the three major commodities: concrete, building blocks,
and reinforcing steel. It was necessary to locate manufacturing or
fabrication plants for each of the three commodities in such a way that
38 customers (destinations) could be serviced most efficiently.

Warszawski's paper [132] includes a discussion of a branch and
bound procedure and also a heuristic. No computational results are

provided for the branch and bound algorithm as Warszawski concludes that



36
large problems would consume excessive computer time. Results are
reported on the heuristic. The problem described above was solved on
an IBM 360/50 computer in 138 CPU seconds including compilation, and
it is assumed, also input/output.

Karkazis and Boffey [80], combined some of the concepts of Bilde
and Krarup [8] and Erlenkotter [21], to develop two dual-based approaches
for solving (MUF). These approaches appear to surpass Warszawski's
algorithm, computationally. Khumawala and Neebe [89] have devised
tighter lower bounds for Warszawski's algorithm and Neebe and Khumawala
[112] have suggested an efficient branch and bound algorithm for solv-

ing this problem.

2.4 Simple Multistage Plant Location Model

Warszawski [132] also proposed some solution strategies for a
dynamic version of (UFL) in which supply node Tocations could change
over time. This Multistage Location Problem, 1ike (MUF), was motivated
by the Targe construction project application cited above. Sites for
concrete mixing, the manufacture of building blocks, and the cutting,
bending, and storage of reinforcing steel can change as the require-
ments for these materials differ during various stages of construction.
The multistage single-commodity plant location model has the following
formulation:

(MSL)  Minimize ) I I CiscXise * L L biczs
iel jed seS 1157138 jel seS 15718

+ 1oapzip + L 1 ayezig(1-24,5-7)
jel jel seS'
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Subject to

igl Xijs = 1 if Djs > 0 jed, seS (2.16)
jgd Xijs < jzd Zis iel, seS (2.17)
Xjjs 2.0 iel, jed, seS (2.18)
z;,¢{0,1} jel, seS (2.19)
where
ajg = the installation or setup cost incurred in establishing a
supply source at location i in stage s.
bis = the fixed cost associated with supply source i which is
independent of relocations (e.g., capital and maintenance
costs).
and

s indexes the stage, S = {s}, and S' =S - {1}.

A distinction must be made between the two cost components defined
above. The cost bis is always incurred for an established source,
whilst a;. is only incurred if the source is relocated from stage (s-1)
to stage s.

The objective function of (MSL) contains the total transportation
costs over all stages plus the fixed charges which are 1ocatiop inde-
pendent summed over all stages and all open facilities, plus the initial
setup costs for all facilities, plus the sum of the setup costs incurred

due to facilities changing location from one stage to the subsequent

stage.
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For fixed s, the constraint set (2.16)-(2.19) will be recognized
as being nearly identical to that of (UFL), the only difference being
the substitution of the weaker constraint (2.17) for the tighter formu-
lation utilizing constraint (2.2). Warszawski tested two methods for
solving (MSL); an approximate dynamic programming recursion, and a pro-
cedure based on highest marginal savings. Typical run times on an IBM
360/50 computer for four stages, nine locations, and 16 destinations
were 146.64 seconds using the dynamic programming formulation and 38.84

seconds using the highest marginal savings method.

2.5 Capacitated Facility Location Model

Problem (MUF) can be converted into a capacitated model by placing
upper limits (capacities) on the supplies. The resulting problem,

(CFL), has the following form:

(CFL) Minimize z z cijx'ij+,21 f,-zi
1e

iel jed
Subject to

L Dixij < Sizy iel (2.20)
Jed

L oxjj=1 jed (2.21)
jel
x;3;€[0,1] iel, jed (2.22)
z1e{0,1} iel (2.23)

Up to this point all formulations have treated the continuous flow
variables (the x's) as measures of the proportion of total demand satis-
fied by the respective facilities under consideration. An important

alternative formulation treats the continuous variables as units of


https://2.16)-(2.19

flow. For example, redefining the continuous variables in (CFL) in

terms of units of flow and adjusting the cost coefficients appropri-
ately, (CFL) can be transformed into the equivalent form:

(CFL)' Minimize ) ) CijjXij * y fiz;

iel jed jel

Subject to
1 xi; < Siz iel (2.24)
jed
1 xjj =Dy jed (2.25)
iel
X'IJ >0 iel, jed (2.26)
z;¢{0,13 jel (2.27)

Constraints (2.24) prevent upper bound violations of supply for
open facilities, and constraints (2.25) require that demand is satis-
fied. For fixed z, (CFL') reduces to the classical transportation
problem and is easily solved.

Akinc and Khumawala [1] have generalized Khumawala's [87] bounding
rules to the capacitated case and, additionally, have proposed a hybrid
node selection rule. The node selection rule makes use of two
parameters, o and R8. Specifically, when a node is fathomed, the next
node evaluated is selected to be the one with the least lower bound
(LLB). Thi§ procedure will eventually result in a large number of non-
terminal nodes in the enumeration tree. A last-in-first-out (LIFO)
method generally leaves few non-terminal nodes since the node selection
priority favors any completion of lower level nodes, if indicated, be-

fore backtracking to higher level nodes. Akinc and Khumawala's
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procedure implements an LLB scheme and continues until the number of
non-terminal nodes reaches the level g at which time a switch is made
to LIFO to "clean up" some of the non-terminal nodes. When the number

of non-terminal nodes reaches the level o, the procedure reverts to

LLB.
Akinc and Khumawala [1] proposed the following eight branching
rules:
- Integrality of Z
1. Max Z--select the free warehouse which has the largest
z from the set of warehouses having fractional z.
2. Min Z--select the free warehouse which has the smallest
z from the set of warehouses having fractional z.
where
zg = 1 = X* m41/Sks keK2 where
X*k,m+1 is the unused capacity of warehouse k in the solution
to the bounding problem.
- Penalty Functions
1. Largest Omega--select the free warehouse having the
largest omega. Select z: @) - F = Max {ai-F;}
ieK?
2. Smallest Omega--select the free warehouse having the
smallest omega. Select zy: €, - Fx = Min {Qi-Fi}
ius
where
4y = 0<T?;§D1J { 1 WijXij l g Xjj 2 S |
and
Wijg T V3T Gj



and

where

4

vj is the dual variable corresponding to the demand

constraint for customer j.

wjj can be thought of as the marginal decrease in the

transportation cost brought about by making X5 j basic.
3. Largest Delta--select the free warehouse having the

largest delta. Select zyp: oy - Fy = Max {a; - F;}
’iEKZ

4. Smallest Delta--select the free warehouse having the

smallest delta. Select zp: 4, - F =.MLn {83 - Fj}
ie
2

where Ay is defined to be the difference between the opti-
mal transportation costs with an augmented configuration
derived by opening all free warehouses and adding to the
configuration a set of dummy warehouse; with the capacity
constraints relaxed, and the optimal transportation costs of

the augmented configuration, but with warehouse k closed.

+ Feasibility

1. Llargest Capacity--select the free warehouse with the

largest capacity. Select zy: Ek = Max Ei
ieK2

2. Smallest Capacity--select the free warehouse with the

smallest capacity. Select zj: &k = Min &1
iek?

Ci = Min S, [ D5} feKps J5 = {3 |wyj > O}
' Jedi-
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It was found that the branch and bound algorithm was siénificantly
affected by how soon nodes became capacity feasible.

The bounding rules which performed best were the Largest Omega,
Largest Z, Largest Capacity, and Smallest Delta.

Dearing and Newruck [17] have reported the use of an implicit
enumeration scheme to solve a bottleneck version of (CFL) in which
it is desired to minimize the maximum transportation costs subject
to an upper bound on fixed charges. In this variant, specification
of the binary variables generates subproblems which are bottleneck
transportation problems for which efficient solution procedures are
known. See, for example, Garfinkel and Rao [39].

Nauss [111] has recently proposed a branch and bound algorithm
which appears to computationally outperform that of Akinc and Khumawala
[1]. Nauss invokes "pegging rules" which significantly reduce the
number of branching operations by enabling, through the use of tight
lower bounds and penalties derived from Lagrangean relaxation, certain
facilities to be "pegged" open or closed. The relaxation, a mixed
infeger program, is solved efficiently by decomposition methods.
Specifically, for a fixed configuration, solving a continuous knapsack
problem for each facility yields an optimal flow vector. Then, using
the solution values, solving a 0-1 knapsack problem provides an opti-

mal configuration (for fixed x) and a solution to the relaxation.
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2.6 Generalized Capacitated Facility Location Model

Geoffrion and McBride [59] have applied Lagrangean relaxation to a
generalized version of (CFL). This Generalized Capacitated Facility
Location formulation, (CFLG) is:

(CFLG)  Minimize | ] cijxjj + I fyz
iel jed jel

Subject to

Yiz4 i..X Djxij 5_7}21 iel (2.28)
jed

jgd aji%iy + jgd bijsziy = vy el (2.29)
and (2.21)-(2.23).

The generalization consists of permitting Tower as well as upper
bounds on the volume constraints at each location, enforced by con-
straints (2.28), and allowing for an arbitrary set of linear constraints
(2.29) to be imposed on the x and z variables.

The Geoffrion and McBride [59] results are convincing. A series
of test runs were conducted on an IBM 370/158 computer to compare the
performance of a branch and bound algorithm with and without Lagrangean
relaxation as the bounding device. The bounding device used for com-
parative purposes was a linear programming relaxation with penalties
computed from the Driebeek-Tomlin formula [131]. A typical test
| problem was characterized by 24 potential facilities, 102 customers,
298 transportation links, and 76 linear side constraints. Computa-
tional results for this problem were 243.8 CPU seconds using the con-

ventional Driebeek-Tomlin penalties and 51.8 CPU seconds using

Lagrangean relaxation.
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2.7 Stochastic Transportation-lLocation Model

Some limited research has dealt with a single-commodity version
of the problem in which demands are random variables. This Stochastic
Transportation Location Problem (STLP) can be explicitly represented
by the following formulation:

y.
(STLP) Minimize y Y Ciixiz + 7 [i)-j.J(y- - v) ¢s(v)dv
- s LA I R J J hi
ifelUI' Jjed jed 0

+pJ f°° (V‘yJ) ¢J(V)dV] + z 'F.IZ1

Yj iel
Subject to

Y5 = 1 X3 jed (2.30)
iel

I Xij <8 fel UT' (2.31)

Jjed

¥j 20, z7e{0,1} jed, iel (2.32)

zZ; = 1 jel

and (2.26)-(2.27)
where

¢j(v) is the density function for the demand for customer j.
hj is the unit holding cost at location j.
P; is the unit shortage cost at location j.
¥ is the total amount shipped into location j from all
sources.

I is the set of all existing supply nodes.
I' is the set of all proposed new supply nodes.

and the remaining notation is as previously defined.

Constraints (2.30) are definitional and (2.31) enforce upper bounds

on supply.


https://2.26)-(2.27
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Balachandran and Jain [3] have propbsed a branch and bound algo-

rithm and LeBlanc [99] has proposed a heuristic for solving (STLP).

2.8 Multicommodity Single-Echelon Distribution System Model

It appears that Geoffrion and Graves [55] were the first to solve
the multicommodity location problem as a model which simultaneously
deals with location, commodity flows, and customer assignment, while
permitting commodities to pass through an intermediate distribution
center (DC) enroute from plants to customers. In the Geoffrion-Graves
model, sole-sourcing of customers is mandatory, and transportation
costs are determined by the total plant-to-customer route and the
distance traveled.

The original model proposed in [55] has the following formulation:

(MDS)  Minimize ) Y T ) CiippXiikn *
fel jeJ kek pep IKPTIJKP

J.EJ [fyzz +v; I T Dyp¥jkd

keK peP
Subject to
YL Xiipp < Si iel, peP (2.33)
jed KkeK ijkp ip
1§I Xijkp = DipYjk peP, jed, kek (2.34)
Vizi < 1 ) Dygpyip < Vizs Jjed (2.35)
9 keK peP P3k 17
7 Xiikp 2 0 iel, jed, ke,
e peP (2.36)
yjk,zje{o,l} jed, keK (2.37)

where p,i,j,k index commodities, plants, DC's, and customers respec-

tively; Vj is the unit variable cdst of throughput for a DC located at
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Js yd (V&) is the minimum (maximum) allowable throughput for a DC at
site j, and Yik is a binary variable which represents the assignment

of customer k to a DC at site j. Constraints (2.33) place an upper
bound on supply, by commodity, at each source. Constraints (2.34) not
only require that demand be satisfied, but that it be satisfied by the
DC to which the customer has been assigned. Constraints (2.34) together
with (2.35) insure that demand will only be satisfied by open DC's.
Constraints (2.35) require that the total DC throughput not exceed the
upper and lower bounds for DC's which are open.

Geoffrion, Graves, and Lee [56,57] refined (MDS) to a form more
amenable to practical application. In the revised version, sole-
sourcing is only imposed on a "bundle" of similar items, not the
totality of demand for all items. Upper and lower limits on DC through-
put are not strictly enforced and violation is allowed at a penalty cost.
Lower as well as upper limits are imposed on plant capacity to enable
some control over economies of scale. Throughput is computed as a
weighted sum of items shipped through a DC with each commodity having a
distinct weight. And, finally, the refinement permits the unit variable
cost of throughput to differ by commodity. The Geoffrion-Graves-Lee
refinement, (MDSR), has the following formulation:

(MDSR) Minimize J J 7 T CiippXisen * ) [fizs +
jel jed kek pep IKPTidkp T ooy BI%

) yooovs Dy 1+ T [Pavs + Pivs]

kek beB, pePy(b) P ke’ jkb jeg o4 I
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Subject to

S; Z Z Xs < s peP, iel (2.38)
2 X1Jkp DkpYjkb jed, beBy, peP,(b) (2.39)
L Yigp =1 keK, beBy (2.40)
jed

jed (2.41)
v., v: >0 jed (2.42)
and (2.36)-(2.37)

Bk denotes the set of bundle indices for customer k.

Pk(b) denotes the set of commodity indices corresponding to
bundle b for customer k.

8P = burden factor for commodity p used in calculating DC

throughput.

Ed,ﬁl = penalty rates for violating lower (upper) throughput

J
limits for DC j.

S S1p) = lower (upper) 1imits on plant capacity for plant i.

i

v;(v5) = amount of underflow (overflow) at DC j.

The Geoffrion-Graves-Lee model has benefitted from many man-years

of effort and numerous applications, and has evolved into a user-

oriented complete management support system known as ODS [57]. 0DS is

a fully integrated system tailored to the specific needs of managerial

decision-making, and consisting of four major components:


https://2.36)-(2.37

S

48

1. A modeling framework--the conceptual context and menu of options
and solvers with which models can be formulated to represent
problem specific operational systems.

2. A data file structure--a set of data specifications for the
model including how the data must be organized and the required
form of input.

3. An optimizer--the software package that implements the model.

4. Interface facilities--the vital communication 1link to the
user. The primary function of this component is communication
both incoming and outgoing; incoming in the sense of creating
and maintaining necessary data files, outgoing in the sense of
generating meaningful management reports as computer results
are obtained.

The modeling framework is of principal interest in the present
work. The solution technique employed is based on the decomposition
theory developed by Benders [7]. This procedure, which was first
applied to distribution/location problems by Balinski [4], and which
is discussed in detail in Chapter IV, is based on separating a diffi-
cult problem into two simpler problems. Problem (MDSR) is a Targe-scale
integer programming problem and, for most practical applications, compu-
tationally intractable using conventional branch and bound techniques
unless some very efficient bounding devices and branching criteria can
be found. Benders decomposition reduces the level of difficulty factor
in the following way.

Referring to (MDSR), an equivalent formulation is
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Minimize { y [fszs + 7 ) ¥ Vi Dy Vi ]
jea 39 Tk ben, pep(b) P KPIKD

+ Min{ I3 0T ciipoXii }} (2.43)
iel jed kek pep IKPT1Ikp

Subject to (2.38)-(2.41).

If z,y,v, and v are held temporarily fixed, (2.43) together with
(2.36) and (2.38)-(2.39) defines a classical multicommodity transporta-
tion problem which decomposes on commodity. If a solution x to this
transportation problem is held fixed temporarily and the vectors
z,y,v, and v are permitted to vary, (2.43) together with (2.37) and
(2.39)-(2.42) defines a mixed integer programming problem.

The Benders algorithm is based on the convergence of upper and
lower bounds obtained from the oscillatory solutions to the two
problems. With the binary variables held fixed (that is, a fixed con-
figuration) the commodity-independent transportation subproblems are
solved for optimal transportation costs and flows. These subproblems
constitute restrictions on (MDSR) since not all of the variables are
free to vary. Consequently any subproblem solution is an upper bound
on (MDSR). The iterative solution of these subproblems with
different configurations generates a sequence (non-monotonic)
of such upper bounds. Each time a subproblem is solved, the optimal
solution is used to solve the master problem for a new configura-
tion. Specifically the master problem is (2.43) with "Min )

1Jp
Cijpxijp" replaced by "Max o(h)" and subject to (2.37) and (2.39)-


https://2.39)-(2.42
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(2.41), where o(h) is the value of the optimal objective function of

the hth transportation subproblem solved. The sense of the optimiza-
tion is "maximize" instead of "minimize" since it is actually the trans-
portation duals which are solved rather than the primals. The reason
for this is that the solution space of the transportation dual is
configuration-independent. Such is not the case with the primal. The
master problem is a relaxation of (MDSR) and each additional transporta-
tion subproblem solved contributes a new constraint of the form ¢ > o(h)
to the master. These constraints are called Benders cuts and because
each new cut reduces the size of the solution space of the master
problem, successive solutions constitute a monotonic increasing sequence
of lower bounds on (MDSR). The master problem is solved for a new con-
figuration and the procedure repeats. Termination occurs when the upper
and lower bounds converge to an e-gap. Computational experience with

the Benders decomposition algorithm is discussed in the next section.

2.9 Applications

The literature abounds with examples of successful model implemen-
tations of problem-specific variants of this general class of location
problems. Highlighting some selected scenarios is a fitting way to
close this chapter.

Geoffrion [47] reports the results of a large-scale distribution
warehouse location analysis for Hunt-Wesson Foods, Inc., a firm which
produces several hundred distinct food products at fourteen plants,

and distributes these products to customers nationally through a net-

work of twelve intermediate distribution centers. The solution
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technique used for the analysis was Benders decomposition as described
above. Computational results on an IBM 360/91 computer ranged from
just over 16 CPU seconds in the case of a fixed configuration of 16
distribution centers, and solving for 249 assignment variables only;
to 191 CPU seconds in the case of 30 distribution center candidates,
and 513 binary variables. In the former case only three master problems
had to be solved; in the latter case, five solutions had to be gener-
ated. Cost savings were estimated to be in the low millions.

Kochman and McCallum [92] demonstrate how the formulation of a
model can impact solution efficiency. These authors solved a planning
problem concerned with the optimum placement of communication cables,
and the routing of individual circuits between demand points (both
satellite and cable) such that the total discounted cost over a T-
period horizon is minimized. This is a multiperiod capacitated dis-
tribution/Tocation problem with some complicating side constraints
which specify, for reliability purposes, a minimum network diversity.
Two formulations emerge: facility diversity and routing diversity.

The routing diversity problem is significantly smaller than the facility
diversity problem and can be more efficiently solved. In the applica-
tion, both formulations contained 75 binary variables, but the facility
diversity formulation contained 5400 continuous variables compared to
600 for the route diversity problem. Using MPSX and a branch and bound
scheme, the route diversity formulation required 20-30 CPU minutes on

an IBM 370/168. In comparison, the facility diversity model had a 5-10%

gap between the best Tower bound and the incumbent after 4-6 hours of
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computing. The method actually used for solving the facility diversity
model was based on relaxing some of the coupling constraints and using
the efficient code developed by Chen and Saigal [12]. This procedure
reduced the solution times for the facility diversity problem to about
three minutes, and the first solutions produced were never more than
12% from the optimum.

Van Roy and Gelders [134] report impressive results in the design
of a large-scale single commodity single-echelon problem for a company
which distributes bottled product. The problem solved is a capacitated
plant location problem with some special linear side constraints. The
approach used was a variant of Erlenkotter's dual ascent method [21]
imbedded in a branch and bound scheme. A1l capacity constraints were
relaxed and the dual ascent method was used to solve the relaxations.
This procedure proved to be extremely fast. The problem consisted of
40 customers, 10 distribution centers, and 17 side constraints. A total
of 30 parameter adjustment cases of the problem were run, and the
average solution time was .3 CPU seconds on an IBM 3033. Natural in-
teger solutions were obtained in 40% of the cases. Of thé 60% remain-
ing, at most three nodes had to be explored on the branch and bound
tree.

Some other applications worthy of note are Nambier, Gelders, and
Van Wassenhove [109] who used a heuristic to Tocate processing plants
and collection stations, and solved the associated vehicle routing
problem, for latex product in Malaysia; Jacobson and Madsen [78] who

located transfer points and solved simultaneous vehicle routing
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problems for a large newspaper firm; dand Markland and Newett [101] who
solved a large-scale multiperiod distribution planning model for a soy-

bean processing firm.



CHAPTER III

THE MULTI-ECHELON MULTICOMMODITY DISTRIBUTION SYSTEM MODEL

3.1 Problem Motivation

The literature is conspicuously lean in contributions of models
designed to solve large-scale capacitated distribution/location
problems with multiple sources and sinks, multiple commodities, and
throughput-capacitated transshipment nodes. 0DS, the management
support system of Geoffrion, Graves, and Lee [57] would appear to be
the paradigm, since (1) its empirical performance has proven to be
robust over a wide range of applications, and (2) no models have been
proposed in the literature to challenge it. In the present work,
therefore, the ODS optimizer model was the pattern for study with a
view toward finding beneficial ways in which modeling capability for
this important class of problems could be expanded. The result has
been an extended capability in one very germane aspect (the inclusion
of multiple echelons) and the foundations have been planted for
generalizing the model in another (the incorporation of nonlinear
costs).

Geoffrion, who for years has been an active participant in indus-
trial strategic planning observed the need for a modeling capability
which will handle multiple echelons and nonlinear throughput costs
[54], neither of which can be effectively dealt with using existing

methods.

54
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Multiple echelons. ODS is limited to distribution system designs

in which all products pass through a single DC enroute from plant to
customer. For some industries it may be possible to realize consider-
able efficiencies by permitting multiple echelons of distribution
between plants and customers. The present work allows complete gener-
ality in the number of intermediate stocking points between any plant
and customer pair. For example, the same product leaving the same
plant may reach customer A via three echelons of DC's, customer B via

a single DC, and customer C via direct plant-to-customer transfer.

Nonlinear throughput costs. The mathematical model of physical

distribution underlying ODS assumes that the variable costs of oper-
ating a DC depend linearly on throughput volume. The present work
investigated the incorporation of nonlinear cost functions with
particular attention to concave or S-curves which typify many in-
ventory systems. Whilst this aspect has been addressed and solution
strategies considered, a major drawback which discounts the prospects
for global implementations in the immediate future is the unavail-
ability of realistic distribution cost information. It appears that
firms simply do not know enough about the cost response surfaces as
a function of major perturbations in volume. Due to the practical time
limitations available for the research reported herein, cost modeling
has necessarily had to be left as a topic for future interest.

The practical impetus, coupled with the compelling economic
incentives elaborated in the Introduction, has fueled this research

from the start and will continue to stimulate those who follow.
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3.2 Problem Definition

Consider the following hierarchy of problems:

. How many distribution centers (DC's) and of what sizes should
exist to serve as intermediaries between production facilities
and customers?

. Given an answer to the first question, where should these DC's
be located?

. Given answers to the first and second questions, that is, given
the system configuration, how should commodities be routed from
plants to DC's and then on to customers?

Now, let this hierarchy of questions also permit the existence of

a. multi-echelon network structure. The term "multi-echelon" is used

to describe any system in which transactions are allowed to occur
between any two DC's. It will be assumed that, whilst the first ques-
tion has yet to be answered, there does exist a finite list of DC
candidates for which the costs of operation and establishment are
known. Additionally, upper and lower throughput limits for each DC
candidate have been set--that is, practical maximum and minimum through-
put levels for each facility are known. These throughput bounds repre-
sent a shared volume for all commodities. Next, let there exist upper
and lower bounds for each commodity at each plant (the lower bound

may be zero). And, finally, assume that demands are known with cer-
tainty for each commodity, and that customers can be grouped into a

set of finite identifiable zones.
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Costs may be assumed to be linear throughout, or the model can be
expanded to include general cost structures. The principal thrust
of the work documented herein has been the development of computa-
tional machinery to handle the linear case, machinery which could
potentially be applied to nonlinear problems. A guiding principle
throughout the research has been that algorithmic design must not
only lead to theoretical solutions but must also be computationally

efficient.

3.3 Model Description

Consider a directed graph G = (N,A). G is characterized by mul-
tiple sources (plants), multiple sinks (customer zones), and a number
of transshipment nodes corresponding to a set of proposed sites for
the location of distribution centers (DC's). The set of proposed
sites includes existing sites, if applicable. Multiple arcs, each
of which represents a distinct commodity, or commodity grouping,
connect each node pair belonging to N.

Supply of each commodity at each source is upper and lower
bounded. Upper and Tower bounds also apply to the total throughput,
summed over all commodities, at each transshipment node. And, finally,
demand for each commodity at each sink must be met.

In order to enforce the throughput bounds at the transshipment
nodes, a simple trick due to Ford and Fulkerson [35, pages 23-25] is
used. This device enlarges the original network by splitting each DC
node into a node pair (inbound and outbound). The arc between the

inbound node and the outbound node is assigned the node capacity and
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cost. Hence, capacitated nodes are transformed into capacitated arcs.
The following notation is relevant:
Notation: P denotes the set of commodities.
FCN denotes the set of sources (plants).
CCN denotes the set of sinks (customers)
and FNC = 0.
I =N - FUC denotes the set of candidate trans-
shipment nodes.
Let, I* denote the set of inbound nodes.
I” denote the set of outbound nodes.
DCA denotes the set of arcs(k): keI*’,kHr-:I'*’Jr
Cost coefficients:
Cijp = unit cost of sending flow along arc(i,j) for
commodity p. (i,j)eA-D.
fy = fixed cost of establishing DC k on the network.
vk(-) = variable cost function of total DC throughput,
represented by (:), for DC k : keD.

*For notational convenience, it will be assumed that the node
numbering regimen assigns a number to the outbound node i~ which is
precisely equal to the number assigned to the inbound node i* plus one.
[In this thesis, the norm will be to refer to the special DC arcs by
the single subscript k, which is taken to imply arc(k,k+1).] When
these arcs are referred to as part of a larger set or the entire net-
work, it will be clearer to revert to the (i,j) notation.

TNote that this definition restricts the set to those special
arcs (which in general will be a very small subset of A) connecting
the node-pair corresponding to the inbound and outbound nodes for each
individual DC and does not include those arcs which may exist between
the outbound node of one DC and the inbound node of another--that is
arcs (k+1,j): k+lel™,k,jel™ and k#j.
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Variables:
Xijp = continuous flow variables representing the
quantity of commodity p shipped from node i to
node j.
Xkp = continuous variables representing the quantity

of commodity p shipped through DC k.

r "open-shut" binary variable which equals unity

if DC k has been established, zero otherwise.

Right-hand-sides:

Sip = upper bound on supply of commodity p at plant

i. ieF.

§ip = lower bound on supply of commodity p at plant
i. ieF.

Dip = demand of commodity p by customer i. ieC.

Vk = upper bound on total flow (all commodities) for
DC k.

Vy = lower bound on total flow for DC k.

3.4 Model Formu]ation

(MDM) Minimize Z ;
peP (i,j)eA-D

Subject to,

Sigp Xigp * L Lfkzk * vi(ow)]

¢, = z X keD (3.1)
k peP kp
Sip < Y Xiip < S icF, peP (3.2)
ip = L Xigp < Sip
Xjip = D'ip ieC, peP (3.3)

jeN
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Yz < o < Viezg keD (3.4)
Xijp 2 0 (1,3)eA-D, peP (3.5)
Xkp > 0 keD, peP (3.6)
2ye{0,1} keD (3.7)

Lower bounds on plant supply can be eliminated by a standard trick,
which involves introducing upper bounded slack variables. These slack
variables require that a dummy customer g be added to the set C.
Therefore, the variable xiqp:ieF denotes slack plant capacity for com-
modity p for plant i. Further the set {(i,q):iecN-F} is empty.

Using these transformations, (MDM) can be equivalently written,

(MDMy) Minimize 7§ Y ciip Xiip t L [frze + vielop)]
peP (i,§)eA-D 9P WP T oy KK

Subject to
z Xijp = §'ip ieF, peP (3.8)
JjeN
Xipq < Sip - Sip icF, peP (3.9)

and (3.1), (3.3), (3.4), (3.5), (3.6), and (3.7).
The appearance of (MDM;) can be simplified by combining constraints
(3.3) and (3.8), and generalizing (3.9). It is noted at this point
that constraints (3.1) are notational only.
An equivalent form of (MDM,) is,

(MDMp)  Minimize 7§ y Ciip Xijp * L [Ffrz + vi(ox)]
peP (i,j)eA-p IP THP T oy Tk
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Subject to
jZN Xijp - jgN Xjip = bip ieN, peP (3.10)
0 < Xijp < Uijp (i,3)eA (3.11)
and (3.1), (3.4), and (3.7)
where _
Sip ieF
bip = (- Dip ieC
0 otherwise
§1.p - Sip (i,3):1eF, j = q, peP
Ujjp = akp Vk keD, peP, akps(Oal]*
«  otherwise

It may be noted that the model as proposed does not enforce sole-
sourcing. In many applications it is in fact undesirable to rigidly
enforce this concept, a belief expressed by Fisher [31], and given
partial recognition in the Geoffrion-Graves-Lee model [56], which
replaces an absolute sole sourcing policy with the more relaxed
bundling structure.

(MDMb) is a mixed nonlinear integer programming model and, it

can also be observed that this model possesses a very special structure.

*The introduction of a, here is to provide some upper bounds on
the DC x-variables, thereby gcce]erating convergence of the solution
algorithm. A resource directive scheme will seek to solve for the
optimum a's which sum to unity over each DC. Any collection of start-
ing o's could be used, the sum of which are greater than one. In the
MEDOS procedure, elaborated later in this thesis, all a's are initial-
ized at one.
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A1l coefficients on the x variables are either -1, 0, or +1. The co-
efficient matrix is a standard node-arc incident matrix with some
additional rows for the DC throughput constraints. This observation
implies the possible use of some streamlined network procedures for
solving the problem. Not insignificantly, in most strategic planning
applications, these problems tend to be extremely large. Conventional
enumerative (tree search) approaches can produce slow convergence
unless procedures can be devised to improve the quality of lower
bounds and thereby accelerate fathoming of unsolved subproblems (that
is, restricting the area of the search).

The present research has examined (MDMp) in the context of rele-
vant work reported in the Tliterature for solving large-scale mathe-
matical programming problems with particular interest in preserving
and exploiting the special network structure of this problem.

If (-) in (MDM,) is defined to be a multiplication operator,
rather than functional notation, and vy the applicable unit variable
throughput cost (or Vikp if commodity-distinct costing is used), the
resulting model is a variant of (MDS) in which a multi-echelon struc-
ture is incorporated and sole-sourcing is deleted. For the linear
case, let Cijp = Vk (or Vkp) keD, (i,j) : iel. Then, (MDMy) simplifies

to the following formulation:

(MDML)  Minimize 1 ) Ciin Xsin + L f,2
pep (i,5)ea 9P THP T yep KK
Subject to
Yz, < ZP Xp < Viezg keD (3.12)

and (3.7), (3.10), and (3.11).



63
(MDML) is a Fixed Charge Multi-commodity Flow Problem and this problem

has been the focal point of the work documented herein.



CHAPTER IV

THE FIXED CHARGE MULTICOMMODITY FLOW PROBLEM:
POSSIBLE SOLUTION STRATEGIES

Two alternative solution strategies for solving the Fixed Charge
Multicommodity Flow problem have been investigated: branch and bound
and Benders decomposition. Throughout large-scale integer programming
literature branch and bound has gained universal acceptance. Refer
Garfinkel [37]. Benders decomposition, though not as widely used,
has been firmly established as a useful tool for solving one class of
large-scale distribution problems across a wide range of industrial
applications ([55, 56, 57]). Magnanti and Wong [100] have noted
that the Benders algorithm has been extremely slow in converging
in some other applications. The present work uses branch and bound,
although some of the features of the algorithm proposed were inspired
by the price directive decomposition principles engendered by the
Benders approach. Section 4.1 of this chapter provides background for
the techniques actually used in designing the algorithm described in
Chapter V. Section 4.2 describes the theoretical basis of the Benders
Decomposition approach. Evén though this approach was not used in the
present algorithm, the Benders algorithm should be seen as a serious
alternative contender for solving the Fixed Charge Multicommodity Flow
Problem. A valuable topic for further study would be the investigation
of possible efficient methods for solving the Benders Master Problems

(relaxations), specialized to this class of distribution/location
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problems. Section 4.3 synopsizes the recipe of ingredients drawn
from the two solution strategies discussed in Sections 4.1 and 4.2

and utilized in the current work.

4.1 Branch and Bound

Branch and bound is a term used to describe a method for solving
mixed integer programming problems. A rooted tree structure is used
to represent an enumeration of subproblems, each subproblem corre-
sponding to a constraint imposed on the original problem. If all
integer variables are binary (0-1), the enumeration tree is finite.
If there are m of these variables, there are 2" possible subproblems,
or nodes, on the enumeration tree (2™ - 1 if one is not concerned with
the instance in which all variables are equal to zero). Branch and
bound specialized to the binary variable case is called implicit
enumeration. Each edge, or branch, of the enumeration tree defines a
value for one of the binary variables. Each vertex, or node, of the

tree represents a subproblem in which the variables, as defined by the

unique collection of branches between the node and the root, are fixed.

Any variable not so defined is said to be free; and the fixing of a
free variable is said to be a completion of that node.

Even though it is theoretically possible to extract an optimal
solution through complete enumeration, since the number of subproblems
is finite, the total number of such problems become prohibitively
large for even a moderate size problem. It therefore is imperative
that methods for legitimately skipping large numbers of subproblems be

investigated. Any subproblems so skipped are said to have been
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implicitly enumerated, and the process of eliminating these sub-
problems from further consideration is called fathoming. Fathoming
can occur any time that it is clear that no completion of the present
node can produce a solution which improves on the best known solution
up to that point. When fathoming is not possible a new comple-
tion is constructed (that is, a new branch on the tree is drawn).

The process of generating node completions is called branching, or
separation. Good bounding techniques are critical to fathoming effi-
ciency, which in turn is important to computational efficiency (that
is, keeping the tree search small).
In designing a branch and bound scheme, four decisions are rele-
vant:
1. how to obtain quality upper bounds (that is, how to generate
good feasible solutions).
2. how to obtain quality lower bounds (that is, selecting a
good relaxation strategy).
3. how to establish effective fathoming rules.
4. after a subproblem is solved, what should be done next
(that is, how to select the best node to examine next when
fathoming or branching).
The second issue will be dealt with first. Lagrangean relaxation
is a technique which has become firmly established as a method for
achieving tight lower bounds; bounds which can often be near-feasible

solutions. See for example Fisher [30].
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4.1.1 Lagrangean Relaxation

Lagrangean relaxation is a procedure in which "complicating
constraints" are removed from the constraint set (i.e., the feasible
region is enlarged) and those constraints are placed in the objective
function with cost efficients which represent per unit penalties
charged for noncompliance of the constraints. From Linear Programming
theory it is known that, if an optimal solution exists to the original
fully-constrained problem, there also exists a set of optimal penalty
coefficients. If these coefficients were known in advance, solving
the relaxed form of the problem would yield equivalent results to
solving the unrelaxed version (i.e., optimality upon termination). To
elaborate, what was originally a pure minimization problem has been
transformed into a maximization. For any fixed set of penalties,
the problem reverts to the pure minimization form, only with an adjusted
objective function. If this problem is solved and constraint viola-
tions occur, the pena]tieé will effect an increase in objection func-
tion value. As the penalties are increased, a minimization algorithm
is less and less likely to permit such violations. Optimality is
reached at precisely that point where penalties are just "large enough"
to enforce constraint obedience. The Lagrangean problem therefore
seeks to find the maximum of the infimums of the objective function
values obtained over the range of all possible penalties. Since these
optimal penalties are unfortunately never known they must either be
estimated through some external pricing mechanism, or are in themselves

a by-product of the solution procedure. These coefficients have a
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variety of names (e.g., Lagrange multipliers, dual multipliers, simplex
multipliers, dual variables, penalty coefficients). The act of relax-
ing a constraint and bringing it up into the objective function (form-
ing a "Lagrangean function") is called "dualizing" the constraint.

Any constraint can be dualized, but there must be a clear benefit in
doing so (e.g., the relaxed problem is easier to solve, computer
storage or computational requirements are reduced, the relaxed form
fits some model for which standard algorithms and software are avail-
able).

Referring to (MDML) conﬁtraints (2) are complicating in the sense
that these constraints couple commodities. Dualizing these constraints,

the Lagrangean relaxation is:

(MDML,) Minimize § I Cijp Xjip * L frzk
R pep (1,)en 0 P kD

+ 7 Mz - T xgp) M Vieze - T xgep) ]
KED k\—k“k pEP p k<k pEP kp

Subject to
] X:io= )1 Xei = bs ieN, peP (4.1)
jeN 1Jp jeN J1P P
z,e10,1} keD (4.3)

which can equivalently be written

Minimize | ) (Cisn + Ass = mss)
peP  (i,j)ea PN W

) (fermY - ATz
keD

Subject to (4.1), (4.2), and (4.3)
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where,
= 0 (19J)€A“D

Asas s

1y >0 (i,3)eD
)\'kg nk _>_ 0 kED

For fixed z's, *'s, and n's, (MDMLR) reduces to a problem of the

form,
(MDMLR(z,4,7)) Minimize 7§ T Ciip Xiso * T (f +7V
peP (i,i)ed 0 WP yep RNk
- WVidzg
Subject to (4.1) and (4.2)
where
E'ijp = Cijp * Aij LY (i,j)eA, peP

(fk * Yy - Akvk)zk is a constant keD; ),m, z fixed

Clearly, MDMLp(z,A,™) separates on commodity, so solving this problem
is equivalent to solving independent single commodity capacitated
transshipment problems of the form,

(CTP)p  Minimize (i%j)eA Cijp Xijp

Subject to
I X555 - I Xs:io = bj ieN (4.4)
jeN Hp JjeN Jip P
0 < xjjp < Uisp (i,3)eA (4.5)

The problem (CTP)p has a familiar and convenient form. It is a
capacitated transshipment problem and ‘streamlined solution procedures

exist for its solution [10].
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The solutions of (MDMLR) are lower bounds on the optimum
solution to (MDML), since the feasible region of (MDMLR) constitutes
an enlargement of the feasible region of (MDML). If the dualized
constraints are equalities, a feasible solution to (MDMLR) which
happens to also be feasible in (MDML), would be optimal in (MDML).
Fisher [30] discusses this point and how often a near-feasible solu-
tion can be made feasible with a Tittle "judicious tinkering." In
general, the dualized constraints in (MDMLR) will be inequalities, a
condition rendering mere feasibility as a sufficient test of opti-
mality inadequate.

However, near-feasible solutions produce tight lower bounds and
are especially significant if (MDMLR) is used as the bounding problem
in a branch and bound algorithm. Sharp lower bounds are dependent on
the quality of the A's and «'s selected. C]ear]y; the optimal A's

and 7's will solve,

(DR)  Maximize {Min[Z T Ciip X+ T (f + mV
X, 150 peP (i,5)ea 9P TP ygp Tk Thk
- Aka)Zk]}

Subject to (4.1), (4.2), and (4.3).
(DR) suggests that for any fixed A and = vectors, the inner minimiza-

tion will generate an optimal z-vector by the following rule:

1 kED:vk)\klkaY“ﬂk>0
set zp = _
0 when 3y > 0,nk=0 : VkAk <fk or A\ =0, m >0
This will not generally be the case since the A's and m's appear as

coefficients for the x-variables. However, the z-rule offers
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interesting possibilities for unconventional node selection in branch
and bound fathoming. When fathoming occurs, a branch and bound scheme
backtracks in the direction of the root node to a new subproblem.
Many conventional methods employ a last-in-first-out (LIFO) rule
which requires backtracking to the node from which the last completion
was constructed. The z-rule could be a useful non-conventional node
selection tool to direct a tree search to the node represented by the
following:

1 keD : k is fixed, A > 0, m = 0, and VA, > f

Set z ={ o _
0 keD : k is fixed, 4 > 0, m = 0, and Vide < fy

or, m, > 0

Record-keeping problems could arise using unconventional methods.
Certainly, the simplicity of LIFO [40] would be Tost. The present
work does not employ unconventional node selection rules, but such is
seen as a possible worthwhile extension which should be thoroughly
investigated.

Fisher [31] discusses three methods for obtaining a good sequence
of Lagrange multipliers: (1) subgradient methods, (2) the Boxstep
Method, and (3) multiplier adjustment methods.

The use of multiplier adjustment methods has not been widely
reported. Where such techniques have been employed the use appears
to have been limited to small and specialized applications. Under the
proper conditions, such methods tend to perform well, notably the
dual adjustment technique of Erlenkotter [21].

Subgradient methods and the Boxstep procedure have a more uni-

versal applicability.



.

72

4.1.1.1 Subgradient methods. A subgradient of a convex function

is a Tinear support of that function relative to a point on the sur-
face of the function. If the function is differentiable at this point,
the subgradient is unique and is equal to the gradient. Figure 4.1
illustrates this in E2 space.

At nondifferentiable points the subgradient is not unique, as
illustrated by Figure 4.2.

An explicit definition follows. Additional details may be found
in the very excellent paper by Held, Wolfe, and Crowder [72].

Let f be some concave function defined on the convex set S, a
proper subset of EM. The n-vector u is a subgradient of f at the
point xeS if

fly) - f(x) <u - (y - x) for all yeS.

The sense of the inequality is reversed if f is_convex. The follow-
ing proposition shows that a subgradient of (MDMLg(z,,m)) at any point
v = (A, -w) for which x(h) solves (MDMLg(z,x,)) is a vector of the
throughput bound violations relative to x(h).

Proposition: A subgradient of (MDMLR(Z;A,H)) at any point ¢ =
(x,-w) for which x(h) solves (MDMLR(Z,A,n)) is the vector u = (T,T)
where the kth components of T and T are respectively defined by:

Tk = L xgplh) - Yyzy
peP

T - L Xo(h) - Vizg
k peP kp

Proof: Let g(v) be the optimal value of (MDMLR) for fixed v.

Select some point y. Then
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Figure 4.1.

ITlustration of Unique Subgradient u at Differentiable
Point P.

Figure 4.2.

ITlustration of Numerous Subgradients at Non-Differentiable
Point P'.
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g(¥) - g(¥) = } coxp + fz+uyp - J cox, - f
peP p7p peP p”p z

-uv < Y oexgtfzruy- §oc
pep
peP

Pib
- fz - Uy = u-(y-9)*

The subgradient can be used to establish a direction of improve-
ment in X and 7. This is analogous to the way in which gra&ients are
used in steepest descent methods in the case of differentiable func-
tions.

A sequence of improving A's and 7's can be generated using the

following iterative rules:

A:+] + Max {0, xz vl (] xgp(h) - Yz )?
peP
1« Max 10, o - e (pgp Xgp(h) = Yiz)}

where h indexes the iteration and 6" is a positive scalar stepsize
constant defined as follows [72]:
Th (UB - u(MDMLR))

lulf 2

where v €(0,2], u(MDMLR) is the incumbent value of the objective

h -

function of (MDMLg), UB is an upper bound on (MDML), u is a sub-
gradient, and ||-|| denotes the Euclidean norm.
Apparently any sequence of mh's will do provided the following

conditions are satisfied:

*Throughout the thesis, unless otherwise noted, cost vectors are
assumed to be row vectors and all other vectors column vectors. This
convention is adopted for typing convenience. For example, the vector
multiplication cTx can be typed as cx.
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Y > 0 all h
ZY = oo
b h
Tim =
hoo Yh 0

Kennington and Helgason [84] suggest the following rule for
generating a sequence of vy's:

Y, = ¢ for 2° iterations, after which

a«af/2and v+v -]

and initial values for v and @ are 6 and 2 respectively.

4.1.1.2 Boxstep method. It was previously noted that the best

vectors A and ™ are the ones which solve problem (DR). For a tempo-

rarily fixed z vector (DR) reduces to,

(DRS) Max { Min[ ) I Giip Xigp * L (MY, - 4T,) z ] }
A0 pep (i,5)en P P pep kKD T
Subject to (4.1) and (4.2).

A
Let v be the partitioned vector [-:-;]. The Boxstep Method

generates a sequence of ¢'s, starting from an initial vector, and

solving (DRS) with the additional constraint appended:

h
o -wll_ <8

where B is a positive constant which represents one-half the dimension
of a hyper-cube (box) centered at ¥N. The idea is not new, but only
recently has this concept been applied to mathematical programming,

the credit for which belongs to Marsten, Hogan, and Blankenship [102].
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Boxstep is based on a rather fundamental observation. If Y is some
closed convex set over which some concave function v(y) is to be maxi-
mized, and B represents the hyper-cube for which YNB is non-empty, a
point y* is globally optimal over Y if (1) y* is optimal over YNB
and (2) y* is interior to the box. If y* lies on a boundary of B,
the box is relocated to a new position such that B is centered at y*
(or a hore favorable position) and the algorithm repeats.

For each choice of ¢, and with z fixed, the inner bracketed term
of (DRS) represents a point-wise minimum and is given by the sub-
problem

(SP) Minimize sz (1’§)€A €ijp Xijp
Subject to (4.1) and (4.2).
As indicated previously, (SP) separates into independent sub-
problems of the form (CTP)p.

Define YP as the convex hull for (CTP)p.

That is J
Y= {xijp : I Xijp = I Xjip = bips 0 < Xijp < Ujjps
Jp jeN JP jeN J1p 1p Jp Jp
ieN, peP(i,j)eA}
Let xp(h) denote the h'N extreme point of YP. There is no need
to be concerned about extreme rays and possible unboundedness since

YP is bounded below.

An equivalent form of (DRS), then, is,

Max Min 7§ T &y x--(h)+Z(nV-AV)z}
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This may equivalently be written in terms of hyper-planar cuts

as follows:

(DRB)  Max o(r,m)
A,m>0

Subject to

$(A,m) < [(xgp(h) = Vize )2y = (xgp(h) = Yyzy) ™ ]
(3,7) pzp kzn Xkp k2K = (xeplh) = Viezge)

+ pZP ('i,g':)eAEijp Xijp(h) h=1,...,H (4.6)

The Boxstep Method solves a relaxed version of (DRB) (that is,
one which contains only a partial constraint set), and with the addi-
tional hyper-cube boundary constraints appended.

Therefore, the Boxstep Master Problem is as follows:

(BSM)  Max $(A,m)
A, m>0
Subject to
xE -B<A <B4+ xE keD (4.7)
m <8 - nE keD (4.8)
and (4.6).

Let Xh,‘Eh solve (BSM). Marsten et al. [102] and Fisher [30]

recommend as a preferred next position for the center of the box
Ah+], "1 rather than the obvious choice N, ?h, where

h+1

A e e gh Gh o hy

SULL P (w0 - nh)

m

[83]

h

and, 2" solves the following one-dimensional line search problem:



‘h
Maximize ) ) (Cijp * A4 - )+ Yo (f = Vi A
=21 peP (i,3)eA

i [pzp (i,g)EA [(Aij -Aij) ) (E}j B ﬂij)] Xijp(h)

SN [CERREPRNCEE R A EY
keD
Marsten et al. [102] suggest an interesting variant to (BSM)
which, in some cases, may accelerate convergence. The authors point
out that the requirement that B be a hyper-cube may be too restric-
tive--in some cases it may be desirable to use a hyper-rectangle

instead. This necessitates changing (4.7) and (4.8) in (BSM) to the

following:
h h
Ak - Bk g_kk E-Bk + xk keD
"k §_Bk - WE keD

Marsten et al. [102] also report some impressive results using a
solution variant in which the Boxstep Method is used to complement the
subgradient method. Evidently, subgradient optimization can very
quickly reach the neighborhood of the optimum solution and the Boxstep

Method works best if the first (not too large) box contains the

optimum.

4.2 Benders Decomposition

Two decades ago Benders [7] pioneered a technique for solving
separable mathematical programs,which divides a difficult problem into
two simpler problems--one of which produces a sequence of upper

bounds, the other a sequence of lower bounds. Successive solutions
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of both problems generates a "homing" effect, in that the bounds con-
verge on the optimum 1ike a vice. This method, known as Benders
Decomposition, has established itself squarely as a technique effec-
tive in solving some large scale distribution problems [55]. This
approach has been investigated as a possible solution strategy for
solving the Fixed Charge Multicommodity Flow Problem.

An equivalent form of (MDML) is

(MDMLB) Minimize { 7} f .z, + Min ) ) Loxj ijp - Y Xip
keD peP (i,j)eA | jeN JeN

b ip® ieN, pEP lkzk z ka < kak, keD;

Subject to (4.3).
For a temporarily fixed z-vector, the inner minimization is a

subproblem called Benders Restriction.

(RST) Minimize ) Y ooCiin Xis
peP (1,3)en TP TP
Subject to
Viezg Z x1Jp~ i keD (4.9)

and (4.1) and (4.2).

This is a lower-bounded multicommodity network flow problem.
Since the feasible solution space of (RST) varies as the z vector is
changed, it is more convenient to solve the dual of (RST) which has
a fixed solution space:

(RSTD) Maximize | [ w; + ) (oV, - 7, V,) z
sep qey PPip L B - Pk 2

-1

H.. U-.
peP (i,j)eA 13 "ijp



80

Subject to

“ip T “ip “Midp < cijp (i,3)eA-D, peP  (4.10)
“kp T “k+1,p T Bk T Py = M kl,p < Ck,k+1,p KeEDs PEP (4.11)
Pys Pk 20 keD (4.12)
Mijp 2 0 (i,3)€A, peP (4.13)
wjp unrestricted ieN, peP (4.14)

Substituting (RSTD) into (MDMLB) yields
Minimize | L f .z, + Max [ oL wibipt L (0¥ - 2 Vy) z¢
KeD k<k pep ieN ipYip KED —%k=k k'k

- 2‘ z e Us s sP -93 sMs s EAp’
o (1hen “1tin Mortietetisp
ieN, keD, (i,j)EA-D] f
Subject to (4.3)
where
AP = {wip{gk,Ek,uijp : (4.9) - (4.13) are satisfied |
Now let {wp(h),.g(h),'ﬁ(h), up(h)} be the hth extreme point of AP,
(MDMLB) can be expressed as
Minimize ) fiz, + supremum L 1 w: (h) bio + 1 (g (h)V
keD k% h peP ieN P P ked KK
- o (V) 2z - 1 L ouizp(h) ujj
k/ “k. peP  (i,3)eA 13p 1Jp
subject to (4.3).

Now let

a(h) = pzp iZN wip(h) by + kZ,D (e (h) ¥y - P(h) Vy) zy

h=1, ... ,H

i 2 Hss o Us s
pep (i,3)ea P NP
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Then, an equivalent form of (MDMLB) is

(BD) Minimize N frzg + Sup;emum o(h)

keD
or
Min ) frzg + 0
keD
Subject to
o> 1 L wjplhbip+ I (e (h)Vy - ox(h)V,)zg
peP  ieN ip ip KED g\ 2k k
) L wijpUijp h=T1s...,H (4.15)

peP (i,3)eA
and (4.3).
A difficulty with solving (BD) is that total enumeration of all extreme
points is necessary. The Benders strategy solves a relaxed form of
(BD) starting with no constraints and judiciously adding constraints
one-at-a-time as extreme points are generated by the subproblems
(RSTD).

This relaxed master problem, called Benders Relaxation, is as

follows:

(BDR) Minimize |} fpzg +o
keD

Subject to (4.3) and (4.15R).
where (4.15R) is a subset of (4.15) which only
contains the first H < H of all the "Benders Cuts"
in the set.
Since the solution to (BDR) involves solving a sequence of pro-
gressively tighter relaxations of (BD) the resulting solutions are a

sequence of lower bounds on (MDML) which is monotone increasing.
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Solution of (RSTD) produces a non-monotonic sequence of upper
bounds on (MDML). Termination of the Benders algorithm is based on
convergence of the tightest upper and lower bounds achieved.
The Benders Decomposition Algorithm is as follows:

Step 0 Initialize h = 0, UB = +», LB = -». Select ¢ > 0, z°

Step 1 Solve (RSTD) using zN fixed. Let u(RSTDM) denote the
optimal objective function value and w(h), p(h), o(h), and
u(h) the optimal vectors.

Set UB « Min {UB, u(RSTDN)}

Step 2 Solve BDR. Let Eh denote the optimal solution vector and
scalar respectively for this problem, and let u(BDRh) denote
the corresponding objective function value.

Set LB « u(BDRN)

Step 3 If UB - LB < ¢ terminate. Current solution is e-optimal.

Step 4 zt+1 <« En
h<«h+1
Go to Step 1.

Problem (BDR) is a mixed integer programming problem in variables

o and z. As such, it is difficult to solve. Geoffrion and Graves

[55] suggest a pure integer variant which is "feasibility-seeking"

only, and which apparently works well in practice, particularly when

the number of Benders cuts is small. This variant, which is solved

for a feasible solution only is as follows:

(VAR) Minimize )} fizp + L I wip(Mbin + 3 (op (A)V
keD KK pep qey PUIR T gy KTk

P % - PZP (i,Jz')EA 13 vip
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Subject to
U feze + L 1 wip(h)biy + 1 (e (h)Vy - o (n)V,) z
oD k<k peP e ip ip KED =% k k k/ “k

- T pssn(h) usso <UB-eh=1,...,H
peP (i,j)eA 1P 1Jp

and (4.3).

It is noted that when this variant is used the mechanism for
generating lower bounds no Tonger exists so this feature of the
algorithm must be de-activated.

Kennington and Shalaby [85] have specialized Geoffrion's Resource-
Directive approach [41] to the solution of the multicommodity network
flow problem. Kennington and Helgason [84] propose a Price-Directive
algorithm. These results are readily available for solving the sub-
problems (RSTD).

The Price Directive and Resource Directive schemes are comple-
mentary duals. P}ice diréction is concerned with finding the optimal
vector of Lagrange multipliers (dual variables) associated with in-
dependent subproblems, separated by product, such that the solution

‘ to the subproblems also solves the original, constraint-coupled,
master problem.

Resource direction is concerned with finding the optimal assign-
ment vector of total arc capacities to each commodity. For any fixed
assignment, the problem de-couples into commodity-independent sub-
problems. The objective is to find an assignment vector which is
optimal in the subproblems and also solves the master problem.

| Geoffrion [41] recommends Resource Directive approaches to Price

Direction because the former, a primal method, starts with a feasible

I
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solution and preserves feasibility, whilst the latter, a dual method
does not produce feasibility until termination. In practice, if
iterations are halted short of optimality, Resource Direction will

assure at least a good feasible solution.

4.2.1 Resource Direction

For clarity, the primal form of Benders Restriction will be re-
stated:

(RST) Minimize |} Y Ciip Xii

pep (i,3)en P TP
Subject to (4.1), (4.2), and (4.9).

Let }b, Yp be allocation vectors of V;! respectively to commodity p.

(RST) may be rewritten:

(RSD) Min g Min [ ) ’ Z) ) Sijp Xijp | Xjjp€l (i,3)eA, peP] f
i,J)e

YsY peP

Subject to

) Vkp = Vizg keD (4.16)
peP

pZP Yp = Y2y keD (4.17)
0 iykp < Ugp keD, peP (4.18)
Yip 2 0 keD, peP (4.19)

where
A = {Xijp P Yip < Xkp 5_ykp keD, peP; and (4.1) and (4.2)
are satisfied}

By duality theory (RST) is equivalent to
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1 wip bip

- L Mijp Yij
ieN (i,5)ea-p 9P WP

Max 7} [

peP

+ kzD (&kpx-kp - ;kpykp) | Wips Hijp» B—kp, 2kp € A(1,7)eA
1

peP, keD] $
Subject to (4.16)-(4.18)
where

A = {wj : (4.10-4.14) are satisfied}

p* Hijp’ P
The subproblem denoted by the inner maximization is decomposable
by commodity. Each commodity-independent subproblem is a capacitated

transshipment problem (CTP)p of the following form:

(SB)p Max izN wipbip - (i,%)eA-D Mijp Uijp * kZD (Ekpxkp - kaykp)
Subject to
“ip = “3p = Hijp f-cijp (i,j)eA-D , (4.20)
Wip = 9jp - Ekp +-3kp-i Ckp (i,3) : ieD, keD (4.21)
Mijp> Lxp? ka_z 0 all i, j, k
Wip unrestricted ieN, peP

Let ¢(§b,xp) = solution to (SB)p for given allocation vectors
yP’lP‘
Let ApC 4 denote the feasible subspace of & which is specific to

commodity p.

= th . -
Let (wp(h), up(h), gp(h), pp(h)) be the h™"' extreme point of Ap.

Then, RSD can be written:

MST) Min L 6(To.y.)
Y.y PpeP p-xp



https://4.10-4.14
https://4.16)-(4.18

o

86

Subject to
$(¥po¥y) > 1 wip(h)bip - 7 wiie (h)us s
P = ey CTPTTIR T yeap TP e

+ kzD (B-kp‘ykp - ka-y_kp) peP h=1, .. .H

and (4.16)-(4.19).
In practice, a Benders approach is taken in which a relaxed form
of (MST) is solved. That is, at any iteration the constraint set of

RSD only contains a partial set of extreme points (Benders cuts).

4.2.1.1 Solution by tangential approximation. The method of

tangential approximation calls for the iterative and successive solu-
tions of: first, with }}X_fixed, the subproblems (SB)p for optimal
£p fixed, the
master problem (MST) for new y}x_vectors. The tangential approxima-

Wps Hps Pps Lp vectors, and then, with Wps Hps  Pps

tion algorithm is as follows:
Step 0 Initialize. Set h <« 0, UB « », LB « - =
Select yo,xp which are feasible in (RSD).

Select ¢ > 0.

Step 1 Temporarily fixing y and y at }h and xh respectively, solve
(SB)p for optimal mp(h)‘s, up(h)'s, and Eb(h)'s and gp(h)'s.

Let u(SB); denote the optimal objective function value.
Set UB « u(sB)h.

Step 2 Temporarily fixing w, w, p, and p at w(h), u(h), p(h), and
o(h), solve (MST) for new y,y vectors.
Let U(MST)h be the optimal objective function value.
Set LB « v (MsT)M.

Set yh « y xh “y
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Step 3 If UB - LB < e, terminate. x(h) is e-optimal.
Set h « h+]
Set yh + Slh']
set yh « YT
Go to Step 1.

4.2.1.2 Solutions using subgradients. An alternate method for

solving (RSD) involves the use of subgradients for generating an

improving sequence of allocation vectors.

Let ¢ = [- i -]. The subgradient algorithm produces a new vector

h

by projecting a point £ - ehnh onto the y solution space Ay. The

h+1

projection operation locates the new vector & as the closest

feasible point to Sh - ehnh with respect to the Euclidean norm. This

h is a scalar stepsize, nh is

is illustrated in Figure 4.3, where 6
a subgradient of ¢(g) at &N, and
A, = : v =V = v
y = le g% v,g% V.Y, y >0}
Kennington and Helgason [84] and Geoffrion [41] prove that for

the upper bounded case a subgradient of ¢(y) = J ¢(yP)(that is, the
objective of the master problem), for some fixeg allocation y, is the
vector -p. This result can readily be extended to include the lower
bounded case as well.

Let 5= [- ;?: -]. It can be shown that s(h) is a subgradient of
¢(z) at some point gh.
o(gM) = bTy - uTy + 62 - bTu(h)
uTu(h) - s(h) - €M > blu(h) - uTu(h)
+5(h) - € - blu(h) + uTu(h) - s(h) - £
s(h) - (g - &M

¢(&)

<+
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Figure 4.3.

ITlustration of Subgradient Projection Operation.
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The projection operation can be summarized as follows:
Given some point g*¢ CTP-solution space A, the projection of &£*
onto A, P[g*], requires solving the following quadratic programming

problem:

(P) Min {Ig - g* 1 | kap = Vkzks ] Yyp = Wiz keDs
Eel p P

0 < Ykp < Ugps Ykp > 0» PePs KeD}

or, equivalently

Min § (5 (1 GV + T (pvip) D)2
yer sz kzo kp-“kp kZD Lkp~Lkp |
YeA

or? Yip = Tk obp Yoo = Lk a3

¢ f-ykp < Ukp Lkp >0, peP, k€D$

which is also equivalent to solving

Min I G ne)2+Min T T (yip-vke)?
yel peP keD kp"kp yelh peP  keD PP

subject to (4.16)-(4.19).
It is noted that (P) conveniently decomposes on k and also is
separable on y and Y. (P) can therefore be solved by solving the

simpler subproblems of the form (P,) and Py):

(Py) Min L (¥,.-y,*)2 subject to (4.16) and (4.18)
k yeh peP kp 7 kp

(P,) Min J (y,.-y.*)?2 subject to (4.17) and (4.19).
— yeh peP ka ka

Kennington and Helgason [84] have presented an efficient algorithm
for solving (Py) and (Py)s which is based on original results reported

by Held, Wolfe, and Crowder [72].
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The subgradient algorithm follows:

Step 0 Initialize Set h< 0, YO <2, v <20, UB« + o .

Step 1

Step 2

Step 3

and

Step 4

Step 5

Select y*0, y*0

» € 2 0.
Select iteration count 1imit H.
Solve subproblems (SB)p for wp (0) up(0), Eb(o),

gp(O).
-k *i
Set LB + Z ¢(yp ¥y 0

Set y° « P[y* ]
Set 1_ <« P[.Z* ]
Find subgradient.
Solve subproblems (SB)p for wp(h), wuy(h), ep(h), ey(h).
—-h _h
Set UB < g ¢(yp, xp).
Is UB - LB < e? If so, terminate with Step 1 solution.
Otherwise, continue.
Is h = H? If so, terminate with Step 1 solution.

Otherwise, compute

oh = Yh(UB-LB)/pEP (ep(h)ep(h) + pp(h)ey(h))

“hooh o, o
*
Set Yep < Yip + 0 ka(h)

*xh h _ ah
Yp < Yip ™ O 2xp)

Set y "h” « L7t ]

h+1
Set + P[xkp

Set h « h+1. Go to Step 1.

90
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4.3. Ingredients for Algorithmic Design

An algorithm for solving the Fixed Charge Multicommodity Flow
Problem has been an important product of the present research. The
design of this algorithm, which is discussed fully in Chapter V of
this thesis, follows a branch and bound framework with a heuristic
to provide an advanced starting node position in the enumeration
tree, and an efficient branch ordering from the root to that initial

node.

4.3.1 Lagrangean Relaxation

Lagrangean relaxation has been used to solve the nodal sub-
problems with a subgradient price improvement routine. An iteration
Timit is placed on this scheme, and if termination does not occur
prior to reaching this 1imit, the best sub-optimal Lagrangean solu-
tion is input to a Resource Directive scheme (in which the objective
function is adjusted back to its original form) and the solution
process is completed.

The Lagrangean relaxation is also used as a bounding problem to
determine if any completions of a current node could possibly produce
a new incumbent. The multipliers used in these problems are the most

recent set generated by the subgradient scheme.

4.3.2 Resource Direction

Although Benders Decomposition is not used in the proposed
algorithm, the knowledge of this technique has influenced the design

process. With a fixed configuration at each node of the enumeration
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tree, the subproblem at that node constitutes a Benders Restriction,
which has been shown to be a multicommodity flow problem (MCTP).
Resource Direction as a means for solving MCTP's has appeal, since
premature termination will insure a feasible albeit sub-optimal solu-
tion. If a procedure is used which quickly converges on the neighbor-
hood of the optimum, this feasible solution will be a near-optimal
one. The algorithm described in Chapter V attempts to bridge the

best of two concepts. An optimal dual solution is first sought
through the Lagrangean price adjustment routine. This "Price Direc-
tive" loop drives the solution toward feasibility and therefore
optimality. On termination of Price Direction these sub-optimal
(often near-optimal) solutions are projected onto the solution space
and the projected vector constitutes an initial allocation of resources
across the commodities. Commodity-independent capacitated transship-
ment problems (CTP's) are solved and subgradient methods are used to

locate improving allocation vectors.

4.3.3 Branching Rules Based on Benders Decomposition

The Benders Relaxation inspired some limited experimentation with
some unconventional branching rules based on selecting that variable
which is most 1ikely to improve the value of the Benders Relaxation
objective. The evidence is inconclusive, and more work needs to be

done in this area. This topic is treated in more detail in Chapter V.



CHAPTER V

MULTI-ECHELON DISTRIBUTION OPTIMIZATION SYSTEM:
A NEW ALGORITHM, MEDOS

When a branch and bound framework is used to solve the Fixed Charge
Multicommodity Flow Problem, each node of the enumeration tree repre-
sents a simpler multicommodity network flow problem (with a fixed con-
figuration of binary variables). Multicommodity flow problems are not
easily solved, but the solution of many of the subproblems can be
avoided by the administration of logical supply and demand tests, and
by effective bounding. A bounding prbb]em which has proven to be effec-
tive is a relaxation in which the multicommodity constraints are deleted
from the constraint set of the multicommodity network flow problem.

The relaxations are capacitated transshipment problems which separate
on commodity and for which streamlined solution procedures exist [10].
It is the efficiency with which the bounding problems can be solved
that renders branch and bound appealing as a solution approach.

This chapter presents a new algorithm which uses a hybrid price-
directive/resource-directive scheme with subgradient optimization
embedded within a branch and bound framework. Lagrangean relaxation
is used to obtain lower bounds on the multicommodity network flow
problem and the solutions generated from the relaxations from the basis
for fixing initial simple bounds for the capacitated arcs. A sequence
of restrictions, which are capacitated transshipment problems are

solved, each solution forming the basis for adjusting the simple bounds.

93
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The solutions to the restrictions are upper bounds on the configuration
and on the fixed charge problem. These solutions are used to update
the Tower bounds (that is, solve a relaxation with adjusted prices) the
solution to which can be used, if needed, to generate another vector
of simple bounds for the restriction. Termination occurs when the best
configuration upper bound is within some desired percentage (e) of the
lower bound.

In describing the proposed new technique, this chapter is organized
in such a way that intrinsic detail is segregated from important funda-
mentals for the sake of clarity of exposition. Section 5.1 defines the
problems of interest and certain additional required notation, and out-
lines the major steps of the algorithm. Section 5.2 describes in de-
tail the fathoming, screening, and branching devices used by the algo-
rithm. Section 5.3 discusses the combined use of price direction and
resource direction as solution techniques. Section 5.4 details certain
model enhancements, and finally Section 5.5 outlines the steps of the
heuristic algorithm which is used to obtain an initial configuration

and upper bound.

5.1 Description of the MEDOS Algorithm

Problems:

Fixed Charge Linear Multicommodity Flow Problem

(MDML) Minimize ZP cpxp + f2 (5.1)
pe




Subject to
Exp = bp

Vgzy < pZP xp < Vyzy

0 <xp <up
ze {0,1}

Multicommodity Flow Problem with Configuration Fixed

peP

peP

(MCTP(z)) Minimize } cpx
p*p
peP

Subject‘to

Ve 2 1 oxkp < Vi
peP

and (5.2) and (5.4).

keDC(z)

peP, kéDC(z)

(5.

.6)
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Multicommodity Flow Restriction with Configuration and Allocation

Fixed

(RMCTP(z,y)) Minimize ) cpxp + f2
peP

Subject to

Yip < Xkp < Yip
and (5.2) and (5.8)

where
y=(0y) + L yyp = Yy
peP
I Ykp =V
peP kp k

peP, keDC(z)

(5.

9)

(5.10)
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Commodity-Specific Multicommodity Flow Restriction: Capacitated

Transshipment Problem (CTP)*

For a fixed z,

(RMCTP(z,y)) decomposes on commodity into problems of the form

(RMCTPp(z,y)) Minimize CpXp (5.11)
Subject to
Exp = bp (5.12)
Yip < *kp 5_§kp keDC(z) (5.13)
0 < xp < up (5.14)
Xgp = 0 kéDC(2) (5.15)

Multicommodity Flow Relaxation with Fixed Configuration and Prices

(LMCTP(z,w)) Minimize J Eb?b + Fz (5.16)
peP

Subject to (5.2), (5.4), and (5.8)

where
_C_kp = Ckp - Mg + ?k keDC(z)
firo = it o - MV

and

™= (Es;) >0

Commodi ty-Specific Multicommodity Flow Relaxation: Capacitated

Transshipment Problem (CTP)*

For a fixed z,

(LMCTP(z,w)) decomposes on commodity into

*The solution techniqhe used for solving the CTP's is Bradley,

Brown, and Graves' GNET and XNET [10]. More details on the use of
these algorithms by MEDOS are contained in Chapter VI.
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(LMCTPp(z,n)) Minimize Ebib (5.17)
Subject to (5.12), (5.14), and (5.15)

(LBC(Z,m)) Minimize ] cx) + ] = Tz + Min f
peP keDC(z) keFR

+ (m,V, - mV,) (5.18)
kegC(z)LJFR —kk Kk

Subject to (5.2), (5.4), and (5.8)
where
%, = 1 for keDC(z) UFR
Additional Notation:
- G=(N,A) - graph for distribution network.
DC(z) - denotes the set of DC's which are open, in fixed con-

figuration z.

FR - denotes the set of DC's which are currently free.

E - node-arc incidence matrix corresponding to G.

x*(z) - optimum solution to MCTP(z) with configuration fixed at z.
x*(z,y) - optimum solution to RMCTP(z,y) with configuration fixed

at z and resource allocation fixed at y.

x*(z,m) - optimum solution to LMCTP(z,7) with configuration fixed
at z and pricing vector fixed at .

i*(;,n) - optimum solution to LBC(Z,n) with configuration fixed

at z and prices fixed at w.

v*(-) - optimum objective function value of (-).

UB - value of the incumbent solution (UB on MCMDL).
UB(z) - upper bound on MCTP(z).

LB(z) - Tower bound on MCTP(z).

LB(%) - lower bound on completions of configuration z.
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y = (y,y) - an allocation of upper and lower throughputs to

commodity-specific arcs.

P[-] - denotes projection of point [-] onto y-space.
€ - solution tolerance parameter.
L - the 1imit on the number of resource directive itera-

ations between LB(z) updates.

K - the Timit on the number of iterations performed in

price directive loop.

Definitions:

Live Node - a node in the enumeration tree for which all

completions have been fathomed.

Scanned Node - a node for which all completions have been

explicitly or implicitly investigated.

Visited Node - a node which has been investigated for possible

solution.

Infeasibility:

For the sake of clarity, a distinction is made between infeas-
ibility arising from violation of conservation of flow equations and
simple bounds (CTP-infeasibility) and that from violation of DC through-
put constraints (throughput-infeasibility).

Specifically, a solution will be said to be

CTP - feasible if constraints (5.2) and (5.4) are obeyed.

TP - feasible if, additionally, constraints (5.3) are satisfied.

5.1.1. The MEDOS Algorithm (Refer to Figure 5.1)

Step O Initialization

Initialize z, DC(z), ¢ > O
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Figure 5.1. Flowchart for MEDOS Algorithm
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Solve MCTP(z) for x*(z)
Set UB « u*(MCTP(z))
Initialize =, L, K
Step 1 Compute Lower Bound on Completion
1 : keDC(z)UFR
Set 7 «
0 Otherwise
Solve LBC(Z,n) for x*(2,r)
If LBC(%,n) is CTP-infeasible, go to Step 11 (Back-
track)
Set LB(Z) « v*(LBC(Z,m))
If LB(Z) > UB-¢, go to Step 11 (Backtrack)
Step 2 Branch
Select keFR (details provided in Section 5.2.4)
Set DC(z) « DC(z)uU{k}
1 : keDC(z)
Set z) <
0 Otherwise
Step 3 Perform Configuration Capacity Screening Tests (details
provided in Section 5.2.1)
If z remains a contender, go to Step 5.
Step 4 Perform Completion Capacity Screening Tests (details pro-
vided in Section 5.2.1)

If z remains a contender, go to Step 1

Otherwise, go to Step 11 (Backtrack)



Step 5

Step 6

Step 7

Compute Lower Bound on Configuration

Set m « T

Solve LMCTP(z,w) for x*(z,r)

If x*(z,m) is CTP-infeasible, go to Step 1
Set LB(z) <« uv*(LMCTP(z,w))

If x*(z,m) is TP-infeasible,

Set i « 0, and go to Step 9a

Set UB « Min {UB, u*(LMCTP(z,w))}

Compute an Allocation Vector y (details provided in

Section 4.2.1.2)

If x*(z,m) is TP-feasible

Yep < tkply
where tkp = x*kp(z,n)/ ) x*kp(z,n)
peP
Otherwise

Set y* « x*(z,n)

-~y <« Ply*]

Set i « 0

Solve RMCTP(z,y) for x*(z,y)

Set UB « Min {UB, v*(RMCTP(z,y))}

If v*(RMCTP(z,y)) < LB(z) + &, go to Step 1
If i=L, set i « 0 and go to Step 9b.

Set i « 1 + 1

101

Solve Multicommodity Flow Restriction with Fixed z and y
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Step 8 Adjust Resource Allocation (details provided in Section
4.2.1.2)
Set y* « y-én
where n is a subgradient of (5.9) at y
and 6 is a scalar stepsize
Step y « P[y*]
Go to Step 7
Step 9 Adjust Price Vector (details provided in Section 4.1.1.1)
a. Method used while within Price-Directive Loop
Set m « Max {m - 6u,0}
m + Max {m - 6u,0}
where U,u are subgradients of (5.16) at =,m respec-
tively and 6§ is a scalar stepsize
Go to Step 10
b. Method used when transferring from Resource-
Directive Loop

_ 0if § x, <V,
Setnk<—{ pe:Pk k

Max opn if T x=Vp
P kp peP

0if z Xk>!k

peP
Set m, « Z
Min p,  if Xp =V
D =kp peP kp =k
Step 10 Solve Lagrangean Relaxation

Solve LMCTP(z,n) for x*(z,m)
Set LB(z) <« Max {LB(z), v*(LMCTP(z,m))}
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If LB(z) > UB, go to Step 1
If x*(z,n) is TP-infeasible and,
i=K, set T < 1 and go to Step 6.
Otherwise, set i <« i+l and go to Step 9.
If x*(z,n) is TP-feasible,
Set UB « Min {UB, v*(LMCTP(z,r))}
Set ¥ < 7
Go to Step 6
Step 11 Backtrack
Close all DC's up to last live node (LIFO procedure)
If DC(z) = ¢ terminate
If node is unvisited and unscanned, go to Step 3

Otherwise, go to Step 2

5.2 Screening, Fathoming, and Branching Rules

5.2.1. Screening Tests

Whenever a new configuration is generated, two issues arise.
First, is there any potential benefit in solving the multicommodity
flow problem with the new configuration? And, secondly, is there any
potential benefit in augmenting the new configuration by opening one of
the free DC's? The first issue is dealt with by Steps 3 and 5 of the.
algorithm. Steps 1 and 4 cover the second issue.

Step 3 of the algorithm is called whenever a forward step, or

branch action is taken, or whenever a backward step leads to a node
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which has not previously been visited. The latter will be the case
when the new node visited corresponds to a node which was on the stem
of the initial configuration tree generated by the heuristic. Possible
exits from Step 3 are Step 11 (backtrack) when z is fathomed, Step 5
when z remains a contender, and Step 4 when z ceases to be a contender,
but its completions require investigation. A battery of three tests
is performed in Step 3, as follows:

Test 3a. Reverse Star* Lower Bound Aggregate Test

If the aggregate lower throughput bounds of DC's which are open
and which 1lie on customer reverse stars is greater than total aggregate

demand, the configuration may be fathomed.

That is, if
v, >} )} D; (5.19)
kLJ(DC(z§F1RS(j)) X" jec pep P
jeC
where V, = lower throughput bound for DC k

Djp = demand for product p by customer j
Go to Step 11 (Backtrack).
Otherwise administer Test 3b.
Test 3b. Reverse Star Configuration Capacity Test
If the demand for any customer is not covered by sufficient re-
verse star upper capacity, there is no benefit in solving the multi-
commodity flow problem for the present configuration. A new configu-

ration should be generated. The completions of z require investigation

*The reverse star RS(j) of node j is the set of nodes {i: (i,j)eA}.
In the case of customer nodes, the reverse star includes all plants or
DC's which are permitted to act as sources of supply.
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(Steps 4 and 1 of the algorithm) in order to determine whether this con-
figuration results from a backtrack or branch action. Formally, the
test is,

If

) Vk < ¥ Djp for any jeC (5.20)
keDC(z)NRS(J) peP .

Go to step 4.

Otherwise administer Test 3c.

Test 3c.. Configuration Aggregate Capacity Test

If the aggregate upper throughput capacity does not cover total
demand the subproblem is capacity‘infeasible and the pursuit of a solu-
tion is not warranted. Specifically,

If

V, < D: (5.2])
ksgC(z) k pZP ng JP

Go to Step 4 (Test 4b). Otherwise, go to Step 5.

Note that this may not be a strong test, since the multi-echelon
structure enables a shipment to pass through more than one DC enroute
to a customer. However, (5.21) is easy to check and if it holds, solu-
tion of the subproblem may certainly be aborted.

Step 4 of the algorithm screens the set of free DC's to determine
if any completion of the current configuration is capacity feasible.
Exits are Step 11 when no capacity feasible completion exists and Step
1 otherwise. The following two tests, analogous to Tests 3b and 3c

respectively are performed.
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Test 4a. Reverse Star Completion Capacity Test
If
y V., < ¥ Di, for any jeC (5.22)
keDC(z) UTFRORS(§)] ¢ pep P

Go to Step 11 (Backtrack).

Otherwise administer Test 4b.

Test 4b. Aggregate Completion Capacity Test

If no completion exists for which aggregate upper bound through-
put capacity covers aggregate total demand, the current configuration
can be fathomed. That is,

If

) Vi, < ¥ 1 Dj (5.23)
keDC(Z)UFR  ©  jec pep °P

Go to Step 11 (Backtrack). Otherwise go to Step 1.

Test 4b may be weak for the same reasons stated above under Test
3c. Generally, the aggregate capacity tests will be dominated by the
reverse star capacity tests.

Computational experience has shown Tests 3b and 3c to be extremely
effective in keeping the number of multicommodity flow problems
(MCTP(z)) which must be solved very small (less than 1%) relative to
the number of subproblems enumerated. An average of 71% of the total
subproblems enumerated passed Test 3b and an additional 20% passed
Test 3c. This means that 91% of the subproblems were aborted without
having to solve the bounding problem (LMCTP(z,w)). The completion
tests proved to be effective fathoming tools, again without the need
for computing bounds. On the average 10% of the nodes enumerated were

fathomed as a result of Test 4a, 25% as a result of Test 4b.



5.2.2 Bounding Problems

In Step 5 (LMCTP(z,w)) is solved to obtain a lower bound on the
current configuration z. In Step 1'(LBC(2,n)) is solved for a lower
bound on the completions of z. The main issue for either of these
problems is the determination of =. The theory of Lagrangean relaxa-

tion assures valid lower bounds with any choice of non-negative ='s.

The ='s actually used in the bounding problems (LMCTP(z,w)) and LBC(Z,r))

are the most recent n's generated by the price-directive mechanism.

In Step 1, two cases must be considered, depending on whether the
current configuration covers the reverse star demand for all customers.

Case 1: There exists a customer jeC for which (5.28) holds. In
this case, any capacity-feasible completion must include at least one
free DC in RS(j). Two bounds can be computed. The first bound is
obtained by solving problem LBC'(?,r) where LBC'(Z,x) is the modifica-
tion of LBC(Z,x) in which the objective function is replaced by

Minimize § ¢ x_ + Tz +  Min i
peP PP kegc(z) Kok eFRNRS (4)

mV, - mV
! keDC(z)EJ[FRﬂRS(j)] e = i)

Let LB(2) = u(LBC'(2,7).

The second bound takes cognizance of transportation economies
which could be obtained by opening DC's which are not in RS(j). Such
economies could only be realized by opening a minimum of two DC's.
This bound is obtained by solving problem LBC"(Z,n), where LBC" (Z,7)

is derived from LBC(%,n) by replacing Min f, in (5.18) with
keFR

Min fk + Min fk
keFRMRS(F) ke FRORS(3)
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v(LBC"(Z,7))

Let LBy(Z)

Then LB(Z) = Min {LB;(Z), LB,(2)}

Case 2: The current configuration satisfies the reverse star de-
mands for all customers.

In this case,

Solve LBC(Z,m) to obtain the lower bound.

LB](;) is a valid lower bound on the completions of z because
LBC'(;,n) is a Lagrangean relaxation of MCTP(z,n) with respect to the
most optimistic completion (that is, minimum transportation costs and

| minimum fixed charges), if the set of free DC's is limited to those
which are in RS(j).

LBZ(;) and u(LBC(%,n) are also valid lower bounds. They each
represent the Lagrangean relaxation of MCTP(z,w) with respect to the
most optimistic completion if any free DC can be selected. These two
formulations differ only in the constant fixed charge term.

It is_important to note that in a sequence of forward branching
steps, the solutions to LBC(;,w) change only by the constant term
Min f . This is because branching steps always result in DC's being
gggﬁed and can never result in closures. This observation enables an
efficient update of LB(;) wherever a sequence of branching steps is
encountered. Specifically, when moving from node 7 to node %', a

completion of g,

LB(Z') = LB(Z) + Min f
keFR'

where FR' is the set of free DC's with respect to node z'.
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5.2.3 Branching Rules

Step 2 of the algorithm requires the selection of a free DC as the
next facility to open. A number of branching rules have been tested
and incorporated within the software package described in Chapter VI.

The branching rules tested make use of cumulative information
which is collected and updated as the algorithm progresses. This in-
formation provides some insight into the cost relationships which exist
between each of the candidate DC's.

Eight different branching rule options are embedded in the MEDOS
code. Instead of treating these as different selection rules to be
independently exercised, the algorithm utilizes combinations of rules

in a prioritized hierarchy. The rules are:

v
.

Reverse Star Supply (RSS)
2. Maximum Upper Bound Violation (Max UB)

3. Maximum Throughput (Max TP)

4. Regional Capacity Augmentation (Reg Cap)
5. Minimum Cost Attractiveness Index (Min CI)
6. Maximum Sigma (Max Sigma)

7. Non-zero Lower Bound (Pos LB)

8. Greatest Marginal Savings (GMS)

5.2.3.1 RSS Rule. The RSS Rule selects a free DC which 1lies on

the reverse star of a customer needing supply.

That is, select keFRNRS(j)

were j is a customer whose reverse star is capacity-deficient.
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5.2.3.2 Max UB Rule. The Max UB Rule investigates the solution to

LBC(Z,n) or, if (5.20) holds, LBC'(2,7). The free DC which represents
the greatest upper throughput constraint violation, if any, is selected.
That is, if (5.20) holds, select keFR' such that

I X p(2sm) - v, Max {0, § xi -V,
peP k™ ierre pep P 1

Otherwise. select keFR such that

y x (?,n) -V Max (0, ¥ X - V.
peP k~ icFR pep P17

5.2.3.3 Max TP Rule. The Max TP Rule investigates the solution to

LBC(Z,n) or, if (5.20) holds, LBC'(Z,n) and opens the free DC which had
the maximum throughput.

That is, if (5.20) holds, select keFR' such that

] Xpp (2,1) = Max Xip (¥,7)
peP kp ieFR' P

Otherwise, select keFR such that
Y x = Max Y?p (Z,7)
peP ieFR

5.2.3.4 Reg Cap Rule. The Reg Cap Rule selects a DC, from the set

of free DC's, which belongs to a region in which the total aggregate
regional capacity is less than the aggregate regional demand.
That is, select ksFRF1R2, such that
) Vi, <D R,eR
keDC(Z) R, k™ TRy .

5.2.3.5 Min CI Rule. The Min CI Rule selects a free DC based on a

relative cost attractiveness criterion. On input a cost attractiveness
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index (CI) is computed for each DC candidate. It is asserted that
problem-specific formulae for the CI indices may produce the most suc-
cessful results. The only requirement for conformance with the MEDOS
software Togic 1is that the CI formula used produce a priority index
for each DC on a scale of low to high indices corresponding to high
to low importance respectively. Any deviations in the formula pre-
sented below will necessitate some internal software alterations, but
such repairs will be minor.

The cost attractive index presently used by MEDOS takes the form,

§(1+(1-8)By ) (Fi+vi Vi) (1-8) (f +v, V) )
cI, = JAMLIAL .S KKk yednr (5.24)
(]+BBk)Vk ' DRQ

where

5e[0,1] for Dp # 0

§ = 1 otherwise

Bk = number of times algorithm failed to fathom when DC k was

added to the configuration (that is, the algorithm branched
from DC k).

Be{0,1}

This formula is defended on the basis of the following three-part

rationale:

1. If DC k is operating close to its nominal capacity, the unit
variable cost of throughput is given by the expression
(fk+kak)/Vk. Branch selection priority (small CIy) should
recognize the relative operating economies of competing candi-

dates.



112
If transportation costs more than offset savings in DC operat-
ing costs, the economies of scale criterion of selection is
not enough. One possible indicator, which is easily obtained
in the course of program execution, is a variable By which
contains the number of times the algorithm branched when the
current configuration (in which DC k was the last DC opened)
was a contender. This variable provides some, even though
admittedly rough, measurement of the strength of the trans-
portation-operating cost trade-offs which exist relative to
DC k. A large By (high frequency of branching ) suggests that
DC k is a high risk choice for branching variable. Once
identified, the question is how best to deal with it. Two
diametrically different policies emerge. A B parameter setting
of zero has an inflationary effect on each CIk. This imple-
ments a "depth-first" policy which has the objective of
clustering non-terminal nodes as deeply within the tree as
possible. A B equal to one has a deflationary effect on the
Cly's and implements a "breath-first" policy in which non-
terminal nodes are clustered as close to the root as possible.
Regional assignments, depending on the parameter setting for
6, also can impinge on the value of CIy. Suppose two DC
candidates have identical unit operating costs (based on
volume at capacity), but each is assigned to a different region.
If the aggregate demands of the two regions differ, intuition
might favor the DC assigned to the region with the larger

demand in the hope that a newly opened DC is more 1ikely to be



113
utilized at or near its capacity operating level if the DC comes from
a large rather than a small region. Whether or not this expectation is
realized depends on the regional capacities which exist in the current
configuration. The second term in the CI formula provides for the
region-size influence. This influence can be entirely nullified by
setting § = 1. Computational experience has been unable to validate
any setting other than § = 1. In the application discussed in Chapters
I and VII, a range of &§'s were tried and no § could be found which

improved on this setting, a result which may not hold for other problems.

5.2.3.6 Max Sigma Rule. The Max Sigma Rule is motivated by the

Benders Master (BD) (refer to Chapter IV), the solution to which is the
optimum configuration for (MDML). The Max Sigma Rule uses the informa-
tion obtained each time a new feasible solution is found to estimate
the value of the optimal scalar variable in the Benders Relaxation
(BDR).
(BDR) Minimize fz + ¢
Subject to (4.3) and (4.15R)

If all of the variables were known, each time a new feasible solution
was found, it would be possible to construct another constraint for
(BDR). Since the configuration is also fixed each time subproblems
are solved, it would be possible to reduce the right-hand-side of the
new constraint to a scalar quantity. This scalar quantity could be
used then to estimate the optimal scalar o.

From 1linear programming theory it is known that if (BDR) is
bounded then, at optimality, the equality must hold in at least one

of the constraints. It could be said, then, that there exists a Sigma
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Max which, with the optimal z—vectbr, will satisfy all constraints at
optimality. A possible strategy, then, is to store a variable called
SIGMAX equal to the largest right-hand-side of (4.15R) obtained so far.

The SIGMAX branch selection criterion, then, is based on evaluat-
ing the ﬁth Benders cut with o = SIGMAX for the current configuration,
augmented by each free DC one-at-a-time. Those candidates which, when
added to the current configuration, obey the ﬁth Benders cut are placed
in a queue. From the queue, the DC with the minimum fixed cost is
selected as the branching variable.

A difficulty in this estimation approach is that m and'Fk are
never explicitly computed. These variables, however, can be estimated
from the available learning which takes place during program execution.
There are two possibilities--both of which have been incorporated into
the MEDOS code and may be activated at the option of the user.

1. One choice is to use the current values of = and m, the
products of the internal pricing mechanism. Stated formally, this

method is

- Whenever the AN feasible solution is found, compute

o PZP 1'§N wip(MPip * kZD (i (R0 = m (V)2
= CON(H) + } Qu(H)z, (5.25)
keD
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Set SIGMAX <« Max {¢,SIGMAX}
+ When branching

Let SFRC FR

{k' : CON(H) + § Qk (H)
keDC(z)

+ Qp+ (H) < SIGMAX}

Select Kk : fx = kMigFR fin
te

If SFR =@, activate the REG CAP and MIN CI rules.

2. The second approach uses Ekp and Ekp the multipliers corre-
sponding to arc upper and Tower bounds, to estimate e and Pr- Stated
formally this method is

* Whenever the HtM feasible solution is found

For each keDC(z):

0if I () <V

— pepP
Set 7, = o (5.26)
Max oy, (H) Otherwise
peP
0if ) xgp(H) > Yy
pepP
Set py = _ ] (5.27)
Min gkp(H) Otherwise
peP
and

o= CON'(H) + I QA
keDC(z)
where CON'(H) is derived from the expression for CON(H) by sub-
stituting o for'Fk(ﬁ) and p, for jk(ﬁ).
Set SIGMAX « Max {o, SIGMAX}
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- The branching rule is the same as that elaborated under (1).

The second approach is a preferred method because the multipliers
used come from a known primal feasible solution. Expressions (5.26)
and (5.27) can be shown to be equivalent to the Lagrange multipliers
in (LMCTP(z,n)) which yield the same solution as the simple bounded
CTP (RMCTP(z,y)) which generated the pkp's used. This relationship is
fully developed in Section 5.3.

5.2.3.7 Pos LB Rule. The Pos LB Rule selects a free DC which has

non-zero throughput in the solution of LBC(Z,w). This rule differs
from the Max TP Rule in that the purpose is to eliminate from consider-
ation those DC's with zero flow rather than to select that DC with
maximum flow. The Pos LB Rule is therefore a useful rule to override

higher priority rules.

5.2.3.8 GMS Rule. The GMS Rule was inspired by Akinc and

Khumawala's Largest Omega Rule [1] for capacitated location problems.
The underlying concept is to open that DC which offers the greatest
potential for improving LB(z).

Let S, = v(LMCTP(z,7)) - LB(z) keFR

where

) {1 : jeDC(Z)U (K},

ZJ'=
0 otherwise keFR

The GMS Rule selects k:

Sk = Max S
ke FRURS(])

where j denotes a customer requiring reverse star supply. If no such

customer exists, Max Sj is computed over all ieFR.
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The implementation of the GMS Rule bears a high cost. A Tower
bound must be computed for each configuration generated. Normally,
this is not required--that is, if Step 3 of the algorithm eliminates
z as a contender, Step 5, which would solve for a configuration Tlower
bound, is bypassed. Additionally, under the GMS Rule, a lower bound
must be computed for each candidate completion considered. An exorbi-

tant number of CTP problems must be solved as a result.

5.2.3.9 Priority of Rules. Absolute priority is always given to a

free DC which lies on the reverse star of a customer needing supply.
Accordingly, the RS Rule is always activated first. If this rule un-
masks several DC candidates, the Max UB, Max TP, and Reg Cap Rules are
activated in that order to decide which of the candidates to open. If
the Reg Cap Rule produces more than one candidate the Min CI rule is
used. When the Min CI Rule is in effect the Pos LB Rule disqualifies
any DC candidate which had zero throughput in the bounding problem
solution. If there does not exist a customer requiring reverse star
supply the branching rules are implemented in the following order:

Max UB, Max TP, Reg Cap, Min CI, Pos LB.

Max Sigma and GMS are alternatives to the other rules.

5.3 Price and Resource Direction

The MEDOS algorithm employs price and resource direction as a
means for simultaneously strengthening both lower and upper bounds.
For a fixed configuration z and Lagrange multiplier vector =, the solu-
tion to problem LMCTP(z,w) yields a lower bound on MCTP(z). A sequence

of such solutions, using a subgradient price adjustment mechanism,
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are produced in the price-directive loop (Steps 9-10) of the algorithm.
An upper bound on MCTP(z) (and on (MDML) as well) 1is obtained by solving
RMCTP(z,y) with a vector of simple bounds obtained by allocating to
each commodity, and for each open DC, a share of the total upper and
Tower throughput. A sequence of these solutions, using a subgradient
resource adjustment scheme, are produced by the resource-directive
loop (Steps 7-8) of the algorithm. e-optimality can be assured if
the greatest lower bound from price direction is within ¢ percentage
of the least upper bound from resource direction. Such a test of
optimality can be devised if a procedure exists for updating the
Tower bounds as improved upper bounds are generated. The following
theorem provides the basis for using the optimal multipliers from
RMCTP(z,y) as input to LMCTP(z,w) in order to update LB(z).

The following definitions and formulations are relevant.

Dual of Multicommodity Flow Problem (MCTP(z))

(DMCTP(z)) Maximize g wpbp * E (m ¥y = mVp) - g HpU, (5.27)
Subject to
wip = Wjn ~ Wijp < Cijp (1,3)eA-D (5.28)
Wkp T Wk1,p = Tk * Tk < Cp  keDC(z), peP (5.29)
T Tk 2 0 keDC(z) (5.30)
Wijp 2 0 (i,3)eA-D (5.31)

Dual of Multicommodity Flow Restriction (RMCTP(z,y))

(DRMCTP(z,y)) Maximize T w)'bp + ] (eiplig = PioYip)
p p

ST wy U (5.32)
:
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Subject to

wip = wjp = Hijp < cijplisi)eAD  (5.33)
%p ~ Yke1,p ~ Pkp + Ekp < cyp keDC(z), peP  (5.34)
okp® 2xp 2 0 keDC(z), peP (5.35)
Mijp 2 0 (5.36)

Optimality Conditions for MCTP(z)

Primal Feasibility:
PF: (5.2), (5.4), (5.7), and (5.8) are satisfied.
Dual Feasibility:
DF1: (5.28) is satisfied.
} DF2: (5.29) is satisfied.
DF3: (5.30) is satisfied.

Complementary Slackness:

cs1: ¥ ka < Vk > m =0 keDC(z)
Pep
cs2: % Xkp > Ve s m =0 keDC(z)
pep
CS3: Xijp > 0, wip = Wip ~ cijp = Hijp (i,3)eA-D, peP

CS4: Xkp > 0, wip = Wjp - ;k tm = Ckp keDC(z), peP
Let x', w', u' be the optimal solution to RMCTP(z,y)

Set x =x', w=w', u=1y', and

_ 0 4f T xip <V (5.37)
T = peP P keDC(z)
gz; (“kp Ol T Ckp) otherwise (5.38)
0if § x> Yy (5.39)
peP :
m, = keDC(z)
Min (ckp - wgp * “k+],p) otherwise (5.40)

peP
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Theorem: (a) If x is optimal in MCTP(z), w, u, and = are optimal
multipliers. (b) If x is suboptimal in MCTP(z), all the optimality
conditions hold except DF2 and CS4 for some Xkp = ykp.

Proof: Primal feasibility, dual feasibility, and complementary
slackness will be tested in order.

Primal feasibility:

1. Clearly, since x is primal feasible in RMCTP(z,y) it must
also be primal feasible in MCTP(z), whether optimal or not.

Dual feasibility:

2. DF1 holds whether x is optimal or not. Consider three cases.

a. xijp = 0 and nonbasic.

b. 0< Xijp < Uijp and basic.

C. Xijp = “ijp and nonbasic.

If case 2a applies, w%p - mjp - Cijp < 0. Since wijp = 0»
DF1 holds.

If case 2b applies, w%p - wh = 0. Since (5.36) must

jp = Cijp
be satisfied and thence (5.31), DF1 holds.

jp ~ Cijp 2
imply u1Jp > w.ip - me - Cijp’ DF1 follows.

In case 2c, w%p - w 0. Since (5.28) and (5.31)

3. DF3 holds whether x is optimal or not. Consider three cases.
d. _V_k < Z Xk < _\Tk
peP P

=Vk
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If case 3a applies, m,m =0 from (5.37) and (5.39) re-
spectively. Hence, DF3 holds.

If case 3b applies, xyp = ykp peP which implies that

0 peP. From (5.28) DF3 follows.

| v

wkp - wk+]’p - Ckp
If case 3c applies, Xkp = ikp peP which implies that

“’||<p - wk+],p - ckp < 0 peP or Ckp ~ wl'(p + “’i<+'l,p >0

peP. From (5.40) DF3 follows.

To analyze DF2, consider four cases.

a. ] X =V
peP P k

b. 2xk=V
oop kP T K

c. V< pXP Xkp <'Vk and x is not optimal in MCTP(z)
£

d. ¥y < pZP Xkp < Vi and x is optimal in MCTP(z)
€

If case 4a applies, m = 0 by (5.39). DF2 is equivalent to
e > wkp = wysy,p - Skp Which is guaranteed by (5.38).
Similarly, if case 4b app]ies,'Fk = 0 by (5.37). DF2 then is

equivalent to my < Ckp "oy + WK+, p which is guaranteed

P
by (5.40).

If case 4c applies, there must exist an Xkp = ykp such that
Wkp = 9k+1,p = Ckp > O- Since Fk = 0 by (5.37) and m =
0 by (5.39) DF2 does not hold for this kp. However, DF2
holds for all other kp whether x is optimal or not as
shown in the discussion of case 4d.

If case 4d applies, one of the following must be true:
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(i) Xkp = Ykp> nonbasic and wyp - wk+1,p = Ckp © 0 in
which case DF2 holds with positive slack.
(i1) wkp " Yt1,p Ckp = 0, in which case DF2 holds with
zero slack.
Complementary Slackness:
5. CS1 and CS2 obviously hold whether x is optimal or not.
6. CS3 also holds independent of the optimality of x. If

0 Css... Hence CS3 holds.

H = i - Voo
» Hijp ~ Yip T Yjp T Sijgp
In analyzing CS4, three cases are relevant.

Xigp >
a. V< } Xy <V
peP P

b. ) Xy, =V
peP kp k

c. ) Xep=V
peP kp =

If case 7a applies, one of the following holds:
(i) wgp ~ sl ,p Ckp = 0, in which case CS4 follows
immediately from (5.37) and (5.39).

(i1) Wkp T De o Ckp > 0, in which case CS4 is violated

due to (5.;7) and (5.39).
(iid) Okp T Oke1,p " Cp < 0, in which case CS4 is violated
due to (5.37) and (5.39).
Case 7a(ii) can only occur if x is not optimal in MCTP(z), as
was shown in 4c and d above. If x is optimal, case 7a(iii)
implies m > O which can only be true if } Xkp = Vi a

peP
contradiction to 7a.
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If case 7b applies one of the following holds.
(1) wp “+1,p Ckp = Tk> in which case CS4 holds.
(ii) “p T Ckal,p " Ckp < Tk in which case CS4 is
violated due to (5.39).
Case 7b(ii) cannot occur if x is optimal since optimality con-

ditions require “kp ~ = 0 for all p.

“kt1,p ~ Ckp
If case 7c¢ applies, one of the following holds:

(1) ckp - kp + Og1,p - Tk in which case CS4 holds.

(i1) Ckp = Ykp + wk+],p > m», in which case CS4 is violated.
Case 7c(ii) cannot occur if x is optimal for the same reason

as stated under 7b(ii).

This concludes the proof.

5.4 Model Enhancements

5.4.1 Regionalization

The regionalization of customers and warehouses is consistent with
the view many firms have of their respective distribution and marketing
operations. The disection of the distribution network into smaller
separate and distinct entities (regions) is a common practice, and this
principle is often firmly engrained in the design of accounting systems,
marketing strategies, distribution policies, and management accounta-
bilities. It is quite natural, then, that a distribution planning
model take recognition of a regional framework and exploit any advantages
of such a structure. This has been a design ambition in the present

work, which uses a dynamic regional partition to accomplish two goals:
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1. To aid in establishing a Tow cost initial configuration.

2. To provide a criterion for selecting relatively attractive
DC's to open when branching.

Section 5.5 describes in detail how the heuristic utilizes the
input regional partition to establish an initial configuration. 1In
most cases, the input partition will be described in terms of geo-
graphical boundaries; however, other criteria are possible. For example,
a "commodity clustering" criterion might regionalize according to com-
modity groupings, or "bundles," and each customer assigned to the re-
gion corresponding to the bundle of maximum demand; and each DC desig-
nated to carry a certain range of commodity bundles. Another possi-
bility is a stratification based on customer type (e.g., wholesale or
retail), or based on size. The Australian ice cream distributor case
provides a good example of a firm which has a diversification of cus-
tomer types and sizes. Such a heterogeneous customer population
requires flexible and adaptive management skills to maintain acceptable
service levels overall. Some form of organizational regionalization
can, in certain cases, help facilitate the accomplishment of fhis
objective.

After input, the regional partition is subject to revision when-
ever a new incumbent is generated. At this stage it may cease to even
remotely resemble the initial partition. This is nd cause for alarm,
as the re-partition is internal to the algorithm execution and in no
way impacts existing organizational structures. New regiona]izations‘
can be made available on computer output but this is not a normal

facility provided.
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Revised regionalizations are based solely on flow information. If
a new incumbent solution reveals that a particular DC is shipping a
greater volume of goods into any region other than the region to which
that DC has been assigned, the regional assignment will be changed to
coincide with the maximum outflow. Similarly, if a customer is found
to be receiving more shipments from any region other than the one to
which it is assigned, the assignment will be changed to coincide with
the maximum inflow. Stated formally,

Re-partition regions, if necessary, so that

iip(h) / ip(h 5.41
pg::P J-ER,L “i3p(h) pZP sy aae(™ (5-4)

is maximized over all ieRerD, and

Lo x5ipth) /1D (5.42)
peP jeI'NR, P " pep P

is maximized, over all ieR2F1C
DC's are checked first, and any reassignments are made, before
customer assignments are checked.
Regionalization plays an important role in Branching decisions

through the implementation of the Reg Cap Rule.

5.4.2 Repeat Solutions

If a solution begins repeating (that is, the subgradient adjust-
ment procedure has been incapable of producing a vector which has
altered the solution) and continues to repeat for a number of successive
iterations, the algorithm will exit the loop. This condition is highly
unlikely to occur, but the facility for.detecting it is built into the

software, and applies to both price-directive and resource-directive
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loops. The 1imit on the number of successive repeats is the input

variable MXCNT.

5.4.3 Penalty Arcs

The projection operations in steps 6 and 8 of the algorithm do not
guarantee a resource allocation which will be CTP-feasible. Kennington
and Shalaby [85] overcome the problem through dual pivots to restore
feasibility. The MEDOS algorithm insures all solutions are CTP-feasible
by placing artificial penalty-bearing arcs between each plant and each
customer. A matrix generator internal to the software appends these
arcs to the input data structure. The test for CTP-feasibility, then,
is a test of non-zero flow on any of the penalty arcs. In price-
direction a detection of this condition leads to a branch or fathom.

In resource direction this condition requires an adjustment in the re-

source vector.

5.5 Description of the Heuristic Algorithm

Additional Problems:

Multicommodity Aggregated Transportation Problem

(MATP(z)) Minimize § )} T TCip p Xq (5.43)
peP icF RgeR haP TTRep
Subject to
igF XiRgp = DRyp peP, R eR (5.44)
Sip = 1 Xp p < Sip peP, icF (5.45)
ReeR %
IiRgp >0 R,eR, icF, peP (5.46)
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Commodity-Specific Aggregated Transportation Problem

(MATP(z)) decomposes on commodity to the following commodity-

independent formulation:

(MATP,(z)) Minimize } I Cip,p Xi (5.47)
P jeF Rger 4P IR
Subject to
X = D, R, eR (5.48)
ieF 1Rgp Rgp 2
Sio < ¥ Xip o <Ss ieF (5.49)
1p R,<R iRgp 1p
x"RzP >0 R eR, ieF (5.50)
where
Cin o = T Misp . Cis ieF, R,eR, peP (5.51)
ReP jerync 1R T3P g
and

ieF, jeCNR

ﬁ.. = D. /B ’
ijRgp P’ “Rep peP, Ry eR 2 (5.52)

61jp = length of shortest path from ieF to jeC.
Additional Notation:
R - set of regions, R eR denotes the zth region
S - set of arcs or shortest path from source s to sink t for

stp
commodity p

x{z) - solution to MATP(z)
x(z) - disaggregate solution to MATPp(z), where

Xijp T MijRyp *iR,p ieF, jeR NC  (5.53)

x*(z) - consolidated solution to MATP(z)

~

) X
(s5t)eSgp 0P peP, (i,3)eh,
seF, teC (5.54)

x*,
1Jp
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peP (i,J)e

5.5.1 Heuristic Algorithm (Refer to Figure 5.2 and Section 5.2.2,

Step Details)

Step TH Initialization
Initialize the regionalization of candidate DC sites
and customer zones
Set DC(z) « @
UB « =
Initialize «
Step 2H Compute the Aggregate Demand for Each Region
Step 3H Compute the Cost Attractiveness Indices CIy for Each
Candidate DC
Step 4H Establish an Initial Configuration z Based on Supply and
Demand Considerations
Set DC(z) « {k : z = 1}
LB(z) « 0
Step 5H Solve Multicommodity Aggregated Transportation Problem
Solve MATP(z) for X*(z) and v*(MATP(z))
If x*(z) is TP-feasible
Set UB « Min {UB, u*(MATP(z))}
Step 6H Compute Lower Bound on Configuration
Solve LMCTP(z,w) for x*(z,w)
Set LB(z) <« Max {LB(z), u*(LMCTP(z,nw))}
If x*(z,nm) TP-feasible
Set UB « Min {UB, u*(LMCTP))}
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QStart ) m
Adjust

Allocation

fiH
Initia]}z§ Re{
gion DC(z) +
UB “ oo ﬂ
T, L
2H
Compute
5 . T
DR, ORep
[3H]
Compute CIk
Set UB « Min
kel {UB,u*(RMCTP)}
‘7ﬁ1
Initialize 8H
DC(z) Le
Set LB(z) « O Solve RMCTP
for x*(z,y)
5H
TO0H
Solve
MATP(z) Ly Adjust
for x*(z) T
7H]
Set UB « Min Compute
{UB,u*(LMCTP)} Allocation
Vector
Set UB « Min
{UB,u*(MATP)}
Solve
L__JLMCTP(Z,TT) for
' x*(z,m) ‘

Figure 5.2. Flow Chart for Heuristic




Step 7H Compute an Allocation Vector y by Projecting

y-space
Set y « P[x*(z)]

i<«0

Step 84 Solve Multicommodity Flow Problem

Set 1 « i+l

Solve RMCTP(z,y) for x*(z,y)

Set UB « Min {UB, v*(RMCTP(z,y))}
If v*(RMCTP(z,y)) < LB(z) + e, EXIT

If i=L, go to Step 10H

Step 9H Adjust Resource Allocation Vector

Go to Step 8H
Step 10H Adjust Price Vector
Go to Step 6H

5.5.2 Step Details

Step 2H Compute Dp , = Y Dj R,eR
ReP jeChR, T g

Dp = z D, R eR
Ry peP RyP %
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x*(z) onto

(5.56)

(5.57)

Step 3H Use formula (5.24) described in section 5.2.3.5.

Step 4H Open DC's, on a regional basis, so that a convex combina-

tion of upper and lower open DC throughput capacities

just cover aggregate regional demands.

are used for selecting which DC's to open.

Two criteria

If the

aggregate demand not covered is greater than or equal

to the upper throughput capacity of the DC candidate
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belonging to the region and possessing the Towest CI,
that DC is opened, and a convex combination of its
upper and lower throughput bounds is deducted from

the regional aggregate demand. Otherwise, the DC which
can service the demand at the least per unit cost is

selected. Stated formally,

Let K. = 1 LoV, + (1 - @) v ] ae[0,1]
L okedc(z)NR, ¢ -
B(k) = (Fi * viTi) / (B - Kp ) keDNR,
Select k'eFRMR, : CI,, = Min  cI, and Kz < D R, €R
PR kerrnR, ¥ Ro” Ry ’

If DR,Q, - KRQ, > Vkl s
Set z,+ < 1, DC(z) « DC(z) + {k'}
Otherwise,

Select KeFRMR, : B(K) = Min  B(k) and Kp,< Tz R,eR
~ keFRNR, 2

and set zy « 1, DC(z) « DC(z) + K3
Rationale: A feasible solution must contain adequate network
capacity to satisfy demand requirements. Demands are more likely to
be satisfied at least cost if DC's supply customers within the same
region. The tuning parameter alpha provides flexibility to adjust
the configuration to a desired average operating level. A high alpha
will reduce the number of DC's opened; a low alpha will increase them.
Step 5H a. Compute aggregate weights ﬁinzp ieF,jeCrﬁRl
ng,RzeR
b. Compute and store shortest paths Sij

Jp
and shortest path lengths eijp , ieF,jeC,peP

c. Compute aggregate cost E}Rzp




132

d. Solve MATP(z) for x(z)
e. Disaggregate the solution of MATPp(z) to obtain
Xp using (5.53)
f. Compute x*(z) from (5.54)
Wgtep 7H 7¥H; projection operation is described in detail in Section
4.2.1.2.

Step 84 After solving the Multicommodity Flow Problem, the reverse
star for each customer is checked. There is no guarantee
that Step 4H has produced a z which will be CTP-feasible.
CTP-feasibility is forced through the introduction of
artificial penalty-burdened arcs connecting each cus-
tomer directly to each of the plants. If such trans-
fers are allowed (for example, through cross-docking
policies) these "Big M" penalty arcs are omitted from
such legitimate transportation 1inks. The Step 8H
solution must be tested for non-zero flow on penalty
arcs. This test checks the reverse star of each cus-
tomer. When penalty flow is encountered, the DC nearest
to the customer receiving the penalty flow is opened;
and the algorithm branches back through Steps 6H-8H.
Stated formally,

If X1

p > 0 for any ieF, jeC : Cij = PENALTY

Set zv « 1 : Cural,j = rZER Ck+1,j

Set X*(z) « x*(z,y), DC(z) « DC(z) + {k'}
Go to Step 6H.
Step 9H Use subgradient methods as described in Section 4.2.1.2.

Step 10H Use procedure outlined in Step 9 of the MEDOS algorithm.




CHAPTER VI

MEDOS SOFTWARE

6.1 Design Principles

The design procedure for the MEDOS software package followed
closely the principles as outlined by Bradley, Brown, and Graves [10]:

1. The code is capable of handling large scale problems. For
example, the problem reported in Chapter I and solved using the MEDOS
code, consisted of 1270 rows and 7690 columns, not inc]uding logical
arcs.

2. The code solves general problems. MEDOS has the capability of
solving networks which are highly or loosely capacitated. Multiple
arcs are accommodated and there is no requirement that the costs be
the same on each arc connecting the same pair of nodes. With respect
to node numbering, the only requirement is that source nédes be numbered
consecutively, then transshipment nodes, and finally sink nodes; and
that transshipment (DC) node numbering be all odd or all even numbers
to allow for the insertion in numerical sequence of outbound nodes by
the program. Arc numbers are entered as permissible transportation
Tinks between network entities. Numbering must be consistent with the
node-ﬁumbering regimen but there is no need to input the actual arc
numbers as the program computes these. For example, if a permissible
path from plant 2 to customer 79 is via DC 8, the links which are in-
put are 2,8 and 8,79. The software converts these links to the actual

chain consisting of arcs 2,8; 8,9; and 9,79. There is no restriction

133
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on the order in which transportation links must be introduced on input.
No initial feasible solution is necessary. Modularity is an inherent
design feature. The code consists of a main calling program and five
support modules embracing a total of 19 subroutines. MEDOS is therefore
flexible and can easily be modified to meet any specialized require-
ments.

3. The code operates on the principle that node information is
more economical to store than arc information, since it is assumed that,
in general, the number of arcs will be much greater than the number of
nodes.

4. MEDOS is machine-independent. The code was written in FORTRAN
IV and makes use of no nonstandard language features or machine specific
hardware features, with the exception of the algorithm timing mechanism,
which of necessity must be machine specific. However, a very minor
modification adapts the timing feature to a particular machine configura-
tion, or the timing facility can be easily de-activated.

5. Speed of execution, insofar as possible, has been given
preference to economy of data storage.

6. The program is equipped with a number of external tuning param-
eters which can be utilized to facilitate performance across a variety

of network structures.

6.2 Data Structures

Storage requirements fall into five broad categories: node in-
formation, arc information, solution information, enumerative data, and

heuristic-specific requirements.
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6.2.1 Node Information

Network nodes represent plants, DC's, or customers. Plant descrip-
tions are stored in the array PDES and upper and lower plant capacities
are stored in the plant-by-product-length arrays SUPHI and SUPLO, re-
spectively. DC descriptions are stored in the array DCDES, upper and
lower throughput bounds in TPHI and TPLO respectively, the fixed
establishment cost in FC, and the linear unit DC operating cost in VCC.
The logical array SUBECH flags those DC's which have no direct Tink to
any plant. Customer descriptions are stored in CDES and demand data
in the product-by-customer-length array DEMAND.

The'representation of the regionalization of customers and DC's,
as described in Chapter V, makes use of linked list structures of the
type described by Hughes, Pfleeger, and Rose [77]. DC candidates are
first sorted in order of increasing cost attractiveness index. The
region-length array COSTHD points to the most attractive DC in each
region. The DC-length array DCLINK contains a sequence of pointers
which defines the list, in sorted order, of DC's within each region.
The region-length array CUSTHD contains pointers to the first customer
assigned to each region. The customer-length array CUSLNK contains

the sequence of pointers to complete the customer list by region.

6.2.2 Arc Information

The representation of arc information makes use of a data archi-
tecture known as the "reverse star" structure. Following input and
DC node-splitting, the arcs are sorted by successor, or head, node.

A1l arcs with the same successor are stored in contiguous space. An
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arc-length array HEAD is established initially to aid in arc sorting.
This array is not saved after input.

The node-length array HD contains pointers to the first arc which
has each node as its successor. That is, element HD(e) contains the
number of the first arc (i,j) with j = (¢). The reverse star structure
enables a complete enumeration of all arcs in the network by iterating
the node-length array HD. The arc-length array T contains the
predecessor, or tail, node for each arc. The reverse star of any node,
k, is obtained by examining T for each arc between HD(k) and HD(k+1).

The arc-length arrays CPTEMP and CPERM contain permanent arc
capacities and costs respectively. Because costs and capacities may
temporarily be changed by the algorithm's pricing and resource mechan-
isms respectively, there is a need for storing this temporary capacity
and cost information in the additional arrays CP and C respectively.
Permanent initial lower bounds for all arcs are zero. The resource
scheme necessitates non-zero lower bounds be established for the DC
arcs and these lower bounds are stored in the array LOWBND.

The pricing mechanism of MEDOS makes use of the enumeration
history in establishing initial prices. Each time the algorithm enters
the pricing loop initial prices are set equal to the permanent cost
vector plus the most recent vector of Lagrange multipliers generated.
That is, initial prices for the pricing loop h are the exiting prices

for the pricing loop h-1. This price vector is stored in the array

CDUAL.
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6.2.3 Solution Information

The solution to the current subproblem is contained in the arc-
length array XSTAR, the value of the incumbent solution of flow vari-
ables in XINCUM, and the variable VINCUM contains the value of the
objective function corresponding to the incumbent solution. The in-
cumbent configuration is obtained via a linked 1ist structure. The
variable ZFIRST points to the first DC in the configuration and the
DC-length array ZLINK contains successive pointers to complete the list.
The DC-Tength array TP contains the throughput for each DC corresponding
to any solution. The arrays RHOHI and RHOLO are DC-arc-length arrays
containing the upper and lower throughput capacity dual variables (arc
numbers) for any commodity-independent capacitated transshipment problem

solution.

6.2.4 Enumeration Data

The enumeration tree is stored in the array LINK. The variable
NODEND contains a pointer to the node number corresponding to the last

live node. The logical array FATH keeps track of fathomed nodes. The

array FRELNK contains free variables sorted by cost attractiveness index.

The variable HDFREE points to the head of the list. Termination of the
algorithm occurs when all variables in LINK have been flagged as having

been fathomed.

6.2.5 Heuristic-Specific Requirements

The subroutines AGTRAN and SPATH require five major storage arrays.
The shortest paths are stored in array PRED and the shortest path

lengths in array CHAT. The array CBAR contains the aggregate costs
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betwéen each plant and each region and AGWT is a customer-by-product
length array containing the aggregate weights for the aggregated trans-
portation problem (ATP). The solution to the ATP is stored in the array
XHAT.

6.3 Subroutine Structure

Figure 6.1 illustrates the modular structure of MEDOS. A main
program drives the algorithm, activating five support modules as needed.
Each support module consists of a number of subrohtine programs to
perform specialized and repetitive tasks. A listing and brief descrip-
tion of each subroutine follows.

MAIN PROGRAM:

Function: To provide overall control of the algorithm,
including input, output, timing, and termination; the admin-
istration of fathoming and branching rules; the execution and
termination of price and resource directive loops; and in-
cumbent updates.

SUPPORT MODULE: Data File Creation and Maintenance

Function: To process input data, set up data structures,
initialize program variables and constants, set up an initial
configuration, and modify data structures as required.
Subroutines: PREPAR, LNKCUS, LINKDC, REGDEM, ARCS, REGION
1. Subroutine PREPAR
Function: To process input data, set up data struc-
tures, initialize program variables and constants,

and set up an initial configuration. This
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subroutine is the main program for the support module
and drives the subroutines LNKCUS, LINKDC, REGDEM,
and ARCS.

Subroutine LNKCUS

Function: To set up a linked 1list structure of
customers by region.

Subroutine LINKDC

Function: To set up a linked Tist structure of DC
candidates by region and in ascending order of cost
attractiveness index.

Subroutine REGDEM

Function: To compute the total aggregate regional
demand and the aggregate regional demand by product.
Subroutine ARCS

Function: To establish the network arc structure
from input data, to set up a reverse star data struc-
ture with the arcs sorted by successor, and to write
this structure to a disk file if required.

Remark: MEDOS includes an option to bypass the arc
input data if a sorted file of the network arcs
exists on disk. When this option is exercised the
subroutine ARCS is not called.

Subroutine REGION

Function: To check the regional partition whenever
a new incumbent solution is found and adjust the

partition if necessary.
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SUPPORT MODULE: Heuristic
Function: To adjust the initial configuration set up by sub-
routine PREPAR if necessary and to compute an initial feasible
solution.
Subroutines: AGTRAN, SPATH, ALLOT
7. Subroutine AGTRAN
Function: To adjust the initial configuration if
necessary and to compute an initial feasible solu-
tion. This is accomplished by setting up and solving
an aggregated transportation problem on the initial
configuration, projecting the resulting flows onto
the solution space, and opening additional DC's to
cover all customer reverse stars. This program con-
trols the support module and drives the subroutines
SPATH and ALLOT.
8. Subroutine SPATH
Function: To compute the shortest paths between
sources and sinks required for the aggregate trans-
portationrproblem.
Remark: The subroutine SPATH is a variation of a
shortest path code used by the Computer Concepts
Corporation [117] and is based on the label-
correcting scheme proposed by Pape [18,116].
9. Subroutine ALLOT
Function: To allocate capacity to arcs on the basis

of a feasible solution to the aggregated transportation
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problem. This allocation is then used in a capaci-
tated transshipment formulation in an attempt to

improve the solution.

SUPPORT MODULE: Optimizer

Function: To set up and solve commodity-independent sub-
problems, and to merge the subproblem solutions into a multi-
commodity solution.
Subroutines: CAPNET, FETEST, GNET, XSETUP, XNET
Remark: The Optimizer support module utilizes variants of
Bradley, Brown, and Graves' GNET and XNET [10]. The choice
between the two subroutines is at the option of the user and
is specified on input. The relative merits guiding this
choice are discussed in Section 6.5.
10. Subroutine CAPNET
Function: To break the multicommodity network down
into single commodity networks, to set up the input
for the solver routines (either GNET or XNET), and
if the GNET advanced start option is activated, to
initially load the candidate queue.
11. Subroutine FETEST
Function: To check any solution for throughput
feasibility.
12. Subroutine GNET
Function: To obtain an optimal solution to the
commodity-independent capacitated transshipment

problem or to determine no feasible solution
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exists. If the XNET option fs activated this sub-
routine is only called on to solve the aggregated
transportation problem.

Subroutine XSETUP

Function: To call subroutine XNET and, if the
advance start option has been activated, to initi-
ally load the candidate queue. If the GNET option
is activated this subroutine is not called.
Subroutine XNET

Function: To obtain an optimal solution to the
commodity-independent capacitated transshipment
probiem or to determine no feasible solution exists.
If the GNET option is activated this subroutine is

not called.

SUPPORT MODULE: Subgradient Adjustment

Function:

To adjust capacities or costs as required for

resource direction and price direction.

Subroutines: RESDIR, QUAD, PRIDIR

15.

16.

Subroutine RESDIR

Function: To compute an improving allocation of re-
sources to all the arcs sharing a common pair of
nodes.

Subroutine QUAD

Function: To solve the quadratic programming
problem required for the subgradiant projection

operation.
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17. Subroutine PRIDIR
Function: To compute improving Lagrangean multipliers
to achieve tighter lower bounds.
SUPPORT MODULE: Configuration Adjustment
Function: To openorclose DC's as required when the configu-
ration is changed.
Subroutines: DCOPEN, DCLOSE
18. Subroutine DCOPEN
Function: To open DC's as required and to recompute
the total fixed charges.
19. Subroutine DCLOSE
Function: To close DC's as required and to recompute

the total fixed charges.

6.4 Input/Output Specifications, File Structures, and Core Requirements

A significant amount of input time can be consumed by the sub-
routine ARCS depending on the number of arcs in the network; for example,
over 2 CPU minutes on a DEC-10 computer was required to set up and sort
the 7260 arcs for the Australian case study network described in Chapter
I. If it is envisaged that multiple runs of the model will be made,
for example for sensitivity analysis, parametric analysis, trade-off
analysis, etc., it would seem prudent to perform the costly arc sort
only the first time. MEDOS provides this facility. Raw transportation
link data is only processed the first time the model is run, unless
Tinks are added or deleted. Since this data will not be part of input

on subsequent runs, separate file structures must be maintained for
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transportation links, and other program inputs. A third file structure
is maintained for the sorted arc structure which is a component of in-
put after the first computer run. If desired, storage economies can be
achieved by replacing the original transportation 1ink data file with the
arc structure file. This action is not recommended, however, because
additions and deletions of permissible transportation links are more
difficult without the original data file. A possible compromise is to
transfer the transportation 1ink data to a permanent storage medium,
such as tape. A fourth file structure contains all of the necessary
information to start-up the algorithm at an advanced point in the enum-
eration tree. Specifically, if the algorithm must be terminated pre-
maturely, all of the information necessary for the algorithm to restart
precisely where the last run terminated is stored on a file structure.
Such a facility makes a lengthy tree search, if necessary, more

plausible.

6.4.1 Input Specifications

Transportation Link File. A header card, or record, contains the

"from" and "to" numbers uniquely identifying the link. This card or
record is then followed by a card or record, for each commodity contain-
ing the appropriate cost and capacity information. The format is

CARD COLUMNS

123456789012345678
BBBBBBFFFFFFTTTTTT

BLANK FROM TO  HEADER CARD
BBBBBBCCCCCCUUUUUU

BLANK COST CAP  COMMODITY CARDS
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where FROM, TO, COST, and CAPACITY are all right.justified integers.
For uncapacitated links, a capacity of "-1" should be entered in card
columns 17-18.
An end-of-file marker consists of placing zeros in card columns 12
and 18 on a card or record following the last commodity data card or

record.

Main Program Data File

- Header Card--this card may contain a title, or descriptive
material, or be blank. The program skips over the first
record.

- The next four cards initialize the following constants

used by the program:

RGLMT the number of regions

PLTLMT the number of plants

PRDLMT the number of commodities

DCLMT the number of DC candidates

CUSLMT the number of customer zones

PENLTY the direct plant-to-customer penalty (may be 0)

MBIG 1limit on iterations before subgradient stepsize
constant is adjusted

HEUR a suitable constant to signify whether the heuristic
is to be activated--a value of "Q0" signifies yes, a

Il_] ’ll no



MXCNT

HBIG

JINCUM

IARCS

IGNET

IASTRT
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a number which represents one less than the maximum
number of solution repeats permitted in resource or
price direction.
l1imit on iterations before subgradient stepsize con-
stant is adjusted when GMS branching rule is acti-
vated. If GMS branching rule is not used, HBIG can
be left blank or set to "0."
a switch constant to signify whether the algorithm
is cold~starting or whether an existing incumbent is
available in the proper format on the advanced start
file structure. A value of "0" signifies cold start,
a "-1," advanced start.
a switch constant which signifies the existence of
an arc-sorted data structure in proper format on the
Arc File Structure. A value of "0" signifies no, a
value of "-1" yes.
a switch constant which signifies the solver option
to be used in the Optimizer Support Module. A value
of "0" signifies GNET is to be used, a "-1" signifies
XNET.
a suitable constant which signifies whether the
solver will cold-start each time if it is called, or
if the candidate queues will contain initial struc-

tural arcs. A value of "Q0" signifies cold start, a

"-1" advanced start.
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IPRT

DEBUG

ouT

MAXTIM

OUTDSK
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a time limit constant expressed in milliseconds
which nominates a time in the running of the program
when the GMS branching rule will be activated. If
GMS is not used the constant BTIME will be ignored.
a print detail constant applicable to the sub-
routines GNET and XNET. This will normally be set
to "0" which suppresses all output. If a detailed
solution to each commodity-independent capacitated
transshipment problem is desired, set IPRT to "1".
a print detail constant for the MEDOS program. A
value of 25 provides detail, including optimal flow
information and enumeration data, a value of 26
suppresses the flows, and a value of 27 suppresses
the enumeration data.

a constant which signifies the desired machine-
specific output device. For the DEC-10 computer

a value of 5 signifies TTY, 3 the line printer,

and 1 or 20-24 disk.

a time 1imit in milliseconds on running the algo-
rithm. If this time 1imit is exceeded, the exist-
ing solution will be written to the output device
specified by OUTDSK.

a constant which specifies the output device to
which solutions are written if the algorithm exceeds

the time limit set by MAXTIM.



Format for Cards 2-5

Columns
Card 1-20 21-30 31-40 41-50 51-60 61-70
2 BLANK RGLMT PLTLMT PRDLMT DCLMT CUSLMT
3 BLANK PENLTY MBIG HEUR MXCNT HBIG
4 BLANK JINCUM IARCS IGNET IASTRT BTIME
5 BLANK IPRT DEBUG ouT MAXTIM OUTDSK

NOTE: A1l variables in cards 2-5 are integers, right justified in
the space provided.
Card 6 initializes the following variables:

ARCDSK an integer constant which specifies the output device
for the sorted arc structure file.

INDSK an integer constant which specifies the output device
for an advanced solution when the algorithm starts
from an advanced point and halts prematurely because
the time exceeds the limit set by MAXTIM. This feature
enables the last two solutions to be retained for
comparative purposes. If this is not desired, set

INDSK = QUTDSK.

Format for Card 6
CARD COLUMNS
1234567890123456789012345678901234567890
BBBBBBBBBBBBBBBBBBBBAAAAAAAAAATIIIIIIIIII
BLANK ARCDSK INDSK
Cards 7 and 8 contain the following floating point variables:
EPSLON the solution tolerance--card 7.
IGAMMA the initial subgradient stepsize for resource
direction--card 8.

JGAMMA  the initial subgradient stepsize for price direction--

card 8.
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Format for Cards 7 and 8

CARD COLUMNS
1234567890123456789012345678901234567890
BBBBBBBBBBBBBBBBBBBBEEE.EEEEEE CARD 7

BLANK EPSLON

BBBBBBBBBBBBBBBBBBBBIII.IIIIIIJJJ.JJJJJJ  CARD 8

BLANK IGAMMA JGAMMA

Cards 9 and 10 set values for the following constants:

BIGNUM

BIGGER

MAXNUM

PDBIG

a large number used for invalidating arcs (by placing
a BIGNUM cost on throughput) pertaining to closed
DC's. Too Targe a value will cause integer overflow
conditions in GNET or XNET. BIGNUM need only exceed
the maximum source-to-destination chain length in the
network. In the present investigation a BIGNUM of
222 was used successfully.

a larger number used to represent infinity for in-
capacitated arcs. In some applications a BIGGER =
BIGNUM may be sufficient. BIGGER needs to at least
exceed the maximum total aggregate demands for all
commodities. In the present work BIGGER was set to
a value equal to 227.

the maximum number of iterations permitted in the
resource-directive Toop before the Lower Bound is up-

dated.

the maximum number of iterations permitted in the

price directive loop.




Format for Cards 9 and 10

CARD COLUMNS
1234567890123456789012345678901234567890
BBBBBBBBBBBBBBBBBBBBNNNNNNNNNNRRRRRRRRRR  CARD 9
BLANK BIGNUM BIGGER
BBBBBBBBBBBBBBBBBBBBMMMMMMMMMMPPPPPPPPPP  CARD 10
BLANK MAXNUM PDBIG
Card 11 establishes values for the following floating point con-
stants.
ALPHA the convex combination weight utilized in setting up
an initial configuration.
BETA  the switching constant used in CI formula for branching
history (normally set at 0 or 1, but can attain other
values).

DELTA. the convex combination weight utilized in the CI

formula.

Format for Card 11

CARD COLUMNS

12345678901234567890123456789012345678901234567890

BBBBBBBBBBBBBBBBBBBBAAAAA. AAAABBBBB . BBBBDDDDD . DDDD
BLANK ALPHA BETA DELTA

Plant Records. After card 11, the next group of cards provides

information concerning the plants. For each plant, a header card pro-
vides the plant description followed by data cards (one for each com-

modity) which define upper and lower Timits on supply.
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Format for Plant Cards
CARD COLUMNS
1234567890123456789012345678901234567890
PPPPPPPPPPPPPPPPPPPP HEADER CARD
PLANT DESCRIPTION
####### #4444 #####LLLLLLLLLLHHHHHHHHHH  DATA CARDS
COMMODITY NUMBER SUPLO SUPHI
Remarks: A1l entries on data cards are integers with the exception
of "commodity number", and must be right justified in the space pro-

vided. No end-of-file marker is necessary.

DC Records. Following the Plant Records the next entries in the
file pertain to candidate DC information. DC records consist of an ‘
initial header card followed by a card for each DC candidate. The
header card may be blank or for convenience describe columnar headings

as illustrated below.

Format for DC Cards

COLUMNS
CARD 1-20 21-30 -31-40 41-50 51-60 61-70
HEADER “pc" "FC" "vee! “TPLO" “TPHI" "REG"
DATA NAME FC vVCC TPLO TPHI REG

Remarks: A1l entries in data cards with the exception of "NAME"
are integers and must be right justified in the space provided. No

end-of-file marker is necessary.

Customer Records. The last set of records in the file concerns

customer data. Customer records consist of a header card containing

the customer description and region assignment, followed by data cards

(one for each commodity) containing demand data.
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Format for Customer Cards
CARD COLUMNS
1234567890123456789012345678901234567890
NNNNNNNNNNNNNNNNNNNNBBBBBBBBBBRRRRRRRRRR  HEADER
NAME BLANK REGION
###########4##4#4#4#4###BBBBBBBBBBDDDDDDDDODD  DATA CARDS
COMMODITY NUMBER BLANK DEMAND
Remark: All entries in the data cards, with the exception of the
"commodity number" must be integers right justified in the space pro-

vided. No end-of-file marker is necessary.

6.4.2 Output

Qutput detail is controlled by the variables DEBUG and IPRT. The
variable IPRT will normally be fixed at zero. Setting IPRT equal to
one will provide detailed flow information for each commodity-independent
subproblem. This information will normally be of no value. With IPRT
fixed at one, three levels of output are of normal interest (other
levels are possible, but would generally be required only for the pur-

poses of software or algorithmic diagnostics).

Detailed Output: DEBUG = 25. This level provides summary informa-

tion of each subproblem solution, the corresponding subproblem configu-
rations, the optimal configuration and costs, optimal flows, and the
following enumeration and fathoming statistics:

Enumeration Data
Number of Potential Subproblems (with complete enumeration)
Number of Subproblems Enumerated
Number of Multicommodity Transshipment Problems Solved
Number of Commodity-Independent Capacitated Transshipment

Problems Solved
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Average CPU Time for Solving Commodity-Independent Capacitated
Transshipment Problems
Fathoming History
Number of Reverse Star Configuration Failures
Number of Reverse Star Completion Failures
Number of Aggregate Configuration Capacity Failures
Number of Aggregate Completion Capacity Failures
Lower Bound on Current Configuration Successes
Lower Bound on Completions Resulting in a Fathom
Lower Bound on Completions Resulting in a Branch
Number of Lagrangean Fathoms
In addition the following performance measurements are printed out:
CPU Time for Input
CPU Time for Heuristic
CPU Time for Algorithm Excluding I/0
Total CPU Time
For Price Direction:
Maximum Iterations/Loop
Average Iterations/Loop
Number of Loops
For Resource Direction:
Maximum Iterations/Loop
Average Iterations/Loop
Number of Loops
Average CPU Time for Solving Multicommodity Capacitated

Transshipment Problems
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This print-out option also provides complete plant, customer, and
DC details by node number and description. The node numbers facilitate
the interpretation of flow data which is output by node number. Under
the DC descriptions the computed cost attractiveness indices are printed
along with the cost and capacity information.
Input parameter settings are also printed as well as program

options.

Summary Depth Output:. DEBUG = 26. This level differs from De-

tailed Output in the following ways: supply, demand and cost data for
plants, DC's, and customers are suppressed, and the subproblem solu-

tions, configurations, and optimal flows are not printed out.

Summary Output: DEBUG = 27. This level is the same as Summary

Depth except enumeration statistics, fathoming history, and algorithmic

performance are suppressed.

6.4.3 Core Requirements

Let n = number of nodes

m = number of arcs

np = number of commodities
ne = number of regions

ne = number of customers

ng = number of DC's

ng = number of plants

(e}
o
n

core requirements in words of magnetic memory
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Assuming the software is dimensioned to accommodate a problem-
specific application, minimum core requirements can be approximated
using the following formula:

€0 = {4m(2n, + 1) + n(n,.(np +17) + nc + 1)}/ny
+ np(ng + np + 2ng + 8) + ne(28ng + 6) + 4(ny. + ng)

Applying this formula to the Australian case study problem, where
n=168, m = 7260, np = 5, np. = 15, n. = 74, nq = 43, and n¢ = 7,

CO = 162K

CO can be thought of as peak core utilization. In order to reduce
the magnitude of CO, the use of overlay structures was investigated,
but ruled out since the support modules of MEDOS are not independent
executable phases, but require continuous memory throughout the execu-

tion of the program.

6.5 Program Options

MEDOS provides the following menu of options.

Options specified on input:

Heuristic. The algorithm will bypass the heuristic and start by
opening that DC with the lowest cost attractiveness index if the vari-
able HEUR is given a value of "-1" on input.

Solver. The software is equipped with two solver routines to re-
cover solutions to the capacitated transshipment subproblems, GNET or
XNET. The subroutine XNET is a refinement of GNET in which the node
numbers (multipliers) are only stored for those nodes which have suc-
cessors in the predecessor array. Nodes which have no successors are

called "danglers". The only purpose of saving the multipliers is for
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possible use in pricing out non-basic variables in preparation for
selecting an arc to enter the basis. During a typical iteration only
a relative few of the multipliers are ever needed. In XNET only
multipliers pertaining to those nodes which have successors are up-
dated and stored. It is then possible to update the multipliers for
dangler nodes as needed. Economies in execution time can be gained if
the basis arborescence contains a number of danglers, since a signifi-
cant amount of time during each pivot is devoted to updating the
multipliers. Such is the case in a network which has many more sinks
than sources. In this case, because the successor to a pure sink (a
node which only receives) must be a node which is not a pure sink (one
which also dispatches), there must be many nodes with no successors.
Reference [10] provides a detailed discussion of the benefits which
can accrue from selecting the XNET option. In MEDOS this option is
specified on input by means of the switch variable IGNET. When this
option is activated, the dual multipliers corresponding to the optimal
basis, which are required for resource directions are computed for all

nodes prior to exiting the XNET subroutine.

Re-optimization. An option is provided for either GNET or XNET in

which the candidate queue (the subset of non-basic variables to be
priced out) is initially loaded with structural variables which were
basic at the last exit and which remain valid transportation links.
Without this mechanism, the candidate queue initially contains all
artificial arcs. This advanced start option is nominated through the

use of the variable IASTRT.
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Run Limit. Due to problem size and/or limited computer resources,
it may not be possible to dedicate computing facilities to a complete
and continuous run, terminating at optimality, at one time. It may
also be desirable to set up short runs to test the efficacy of various
tuning parameter settings. And, finally, the user may welcome the
ability to halt the algorithm prematurely when it appears that the
marginal benefits of continuing would not offset the marginal costs.
Through the use of the MAXTIM and JINCUM variables, these ambitions
can be accommodated.

Options available by variant:

Branch Selection. Branch selection criteria cannot be altered

by input specification. Variants of MEDOS are available which provide
for the use of Max Sigma or GMS branching rules. Further work is needed
in the area of branching criteria. As improvements are found, these

will be incorporated in future versions of the code.

6.6 External Tuning Parameters

The following external tuning parameters exert influence to vary-
ing degrees on CPU times.

ALPHA may be set to any number between 0 and 1 inclusive.

BETA normally set at 0 or 1, but may take on any value between
0 and 1.

DELTA may be set to any number between 0 and 1 inclusive.

MBIG may be any positive integer. In the present work a value
of 4 was used.

MXCNT may be any positive integer. In the present work a value

of 2 was used.



HBIG

BTIME

EPSLON

IGAMMA

JGAMMA

MAXNUM

PDBIG

159

may be any positive integer. In the present work a value
of 32 was used.

may be any positive integer, and it depends on the struc-
ture of the problem and experimentation with runs examining
the point at which a switch to the GMS rule might be help-
ful.

may be any number between 0 and 1. In the present work a
value of .0025 was used.

may be any number greater than 0 and less than or equal

to 2. In the present work a value of 2.0 was used.

may be any number greater than 0 and less than or equal to
2. In the present work a value of 2.0 was used.

may be any positive integer. In the present work a value
of 8 was used.

may be any positive integer. In the present work a value

of 8 was used.



CHAPTER VII
COMPUTATIONAL RESULTS

The MEDOS software was tested using a small test problem, TPRB,
and the large-scale problem, AUSPRB, which was described in Chapter I.
A1l experimentation was carried out on the DECSystem 10 computer at
The University of Tennessee, Knoxville.

TPRB is a two-commodity problem with three plants, six candidate
DC's, three customer zones, and eighty-six arcs. In comparison, the
respective dimensions for AUSPRB, as indicated previously in this
thesis, are five commodities, seven plants, forty-three DC's, seventy-
four customers, and 7260 arcs.

During the period of software development and testing (January-
August 1982), numerous computer runs of TPRB were conducted and the
results recorded. It was observed that computational performance was
influenced by the time of day, day of week, day of month, day of academic
quarter, relative demands of other computer users, and similar factors.
Consequently, the times reported here are to be interpreted as "typical"
results obtained during the course of the study.

Results for TPRB are enumerated as follows. Times are in CPU

seconds.

160
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Parameter Settings:

EPSLON .001
ALPHA .3
BETA 0
DELTA .55
MBIG 4
IGAMMA 2.0
JGAMMA 2.0
MAXNUM 20
PDBIG 20

CTP Solver:

GNET with no re-optimization facility.

Heuristic:
Time to Achieve Initial Solution 174
Solution as a Percent of the Optimum 110.3

Total Time Required:

Excluding I/0 and Heuristic 1.111

Total 1.418

Enumeration History:

Number of Potential Subproblems, M 64
Number of Subproblems Enumerated (% of M) 25 (39%)
Number of MCTP's Solved (% of M) 4 (6.25%)
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Fathoming History:

Reverse Star Configuration Capacity Test 11
Reverse Star Completion Capacity Test, Fathoms 3
Configuration Aggregate Capacity Test 13
Completion Aggregate Capacity Test, Fathoms 1
Lower Bound Test and Configuration 0
Lower Bound Test on Completions, Branches 10
Lower Bound Test on Completions, Fathoms 8

A number of consecutive runs were made, with increments of .05 to
determine the effects of varying the parameter DELTA. No great varia-
tion was observed fof a DELTA greater than or equal to .55. The best
performance was achieved with DELTA = .55. For DELTA less than .55,
the performance diminished. At DELTA = .5 the CPU time was 90% higher
than for DELTA = .55, 364% greater for DELTA = .45, and then dropped
to 153% for DELTA Tess than or equal to .4. Due to the size of AUSPRB,
and the associated cost of computer runs, it was not possible to test
a wide range of DELTA settings. However, it was ascertained that,
for this particular problem, DELTA = .55 was inferior to DELTA = 1.

The only influence of the parameter ALPHA is in the number of DC's
opened in the initial configuration. A large ALPHA will result in more
DC's in the initial configuration, a small ALPHA less. In TPRB, an
ALPHA = .3 worked best; in AUSPRB an ALPHA = 0 was used.

Four factors control CPU time:

1. the efficiency with which the CTP's are solved.

2. the efficiency with which the MCTP's are solved.

3. the external tuning parameter settings.



4. branch selection criteria.

Problem AUSPRB was used to test all of these factors.

7.1 CTP Efficiency

The original version of MEDOS used a variant of GNET to solve the
CTP's. Prior to calling GNET, the software breaks the multicommodity
network down into smaller commodity-specific networks. This procedure
reduces the number of arcs in each (CTPp) network by 80% for AUSPRB.
The solution time for each such GNET solution averaged .525 CPU seconds.
CTP solution time is a significant factor in the overall computational
efficiency of the algorithm (tens of thousands of CTP's are solved in
AUSPRB). Considerable attention focussed on reducing this time.

The'first refinement placed a switch option in the code which
permitted, on input, the user to specify XNET, rather than GNET, as
the CTP optimizer. XNET is tailored to problems in which the basis
arborescence, corresponding to any iteration, contains many dangler
nodes. A dangler node is one which has a predecessor but no successor
nodes. XNET aggregates the dangler nodes into a more compact network
representation and the dual variables corresponding to these nodes are
only updated as needed [10]. Since most of the CPU time consumed by
each CTP pivot is devoted to pricing, XNET is more efficient than GNET
for such networks. The use of XNET in AUSPRB reduced the average solu-
tion time, computed over 34,000 solutions, to .484 CPU seconds.

A second refinement incorporated a re-optimization facility into
the code. Each time GNET, or XNET, is called, if the re-optimization

mechanism is activated, the nonbasic arcs which are initially priced
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for basis candidacy are those arcs which were in the optimal basis,
and are still valid, the last time a CTP was solved. In running
AUSPRB, the re-optimization facility has not appeared to offer any
improvement in CPU times over cold-starting. This may be indicative
of the efficiency with which GNET and XNET can quickly find "good
nonbasics," and also the small number of pivots necessary to converge
to optimal CTP solutions. The average number of pivots for the

advanced start feature was 260 compared to 274 for cold-starting.

7.2 Efficiency of MCTP's

The tightness of the price directive/resource directive bounds
was verified by the small number of iterations per loop required to
achieve MCTP optimality. The following relevant statistics reflect

the average performance over 29 MCTP solutions.

Price Direction 8.04 iterations/loop
Resource Direction 3.55 iterations/loop
CPU Time to Optimality 31.942 seconds

More experimentation across a wider range of problems is necessary,
but the results for AUSPRB appear to be superior to those reported by

Kennington and Shalaby [85] for problems of similar dimensions.

7.3 External Tuning Parameter Settings

Due to the cost of running AUSPRB, only limited experimentation

with parameter-setting variations was possible. Of those tried, the

following settings seemed to work best:
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EPSLON .0025
ALPHA .100
BETA 0
DELTA 1.00
MBIG 4
MXCNT 2
HBIG 32
BTIME 2000
T1GAMMA 2.0
JGAMMA 2.0
MAXNUM 8
PDBIG 8

7.4 Branching Rules

The anticipated benefits from the GMS Rule did not materialize.
The extra time required to solve for the greatest marginal savings
appeared to exceed the benefit derived from it, even though the number
of extra CTP's which had to be solved was generally a small subset of
FR (usually no more than 6 to 8).

When the Max Sigma Rule was activated, no noticeable reduction
was activated in the number of wasted branching operations (WBO's),
when compared to the use of other rules, could be detected.

Accordingly, the branching criteria used in solving AUSPRB were
the RS, Max UB, Max TP, Reg Cap, Min CI, and Pos LB prioritized in

accordance with Section 5.2.3.9.
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The MEDOS algorithm produced quality solutions within reasonable
and affordable CPU time frames. The results were enlightening. The
heuristic produced an initial solution, in 35 CPU seconds, of
$27,930,467. The configuration for this solution consisted of twenty-
seven DC's, six more than the firm's existing configuration. The
initial configuration differed from the existing configuration in the

following ways:

Closures:
Major: Toowoomba Minor: Darwin
Bundaberg Grafton
East Sydney
Canberra
Openings:
Major: Nambour Minor: Lismore
Wollongong Tamworth
North Sydney Bathurst
Albury Whyalla
East Melbourne Elizabeth
Kalgoorlie
Bunbury

It is interesting to note that the reconfiguration produced by the
heuristic nets approximately $2 million savings over the firm's esti-
mated $30 million annual distribution budget.

After only 33 CPU minutes a solution, S#, within 16.9% of the
optimum was achieved. The cost of S¥ was $19,056,397 and the impact

of the corresponding configuration on the existing configuration was:



Closures:

Toowoomba
Bundaberg
Newcastle
East Sydney
Canberra
Ballarat
Perth
Hobart

Major:

Openings:
Major: Nambour
Wollongong
North Sydney
Albury

Minor: Darwin
Grafton
Launceston

Minor: Tamworth
Bathurst
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After an additional 63 CPU minutes a solution, ST, which was with-

in 1.7% of the optimum was found.

The cost of this solution waS

$16,579,249 and the association configuration differed from the exist-

ing configuration as follows:
Closures:

Toowoomba
Newcastle

East Sydney
Canberra
Geelong

North Melbourne
Ballarat
Adelaide

Perth

Hobart

Major:

Openings:

. Major: Nambour
North Sydney
Woolongong
Albury

Termination of the algorithm required 809 CPU minutes with only

marginal improvement in ST.

$16,308,677 which dictated the following changes to the existing con-

figuration:

Minor: Darwin
Launceston

Minor: Tamworth
Bathurst
Elizabeth

The optimum solution S* had a cost of
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Closures:
Major: Toowoomba Minor: Cairns
Townsville Darwin
East Sydney Grafton
Canberra Broken Hill
Geelong Launceston
North Melbourne
Ballarat
Adelaide
Openings:
Major: Nambour Minor: Lismore
East Melbourne
Albury

What are the implications of these results? Significant savings

can be realized at a nominal computer cost. For a cost of about $200
(DEC-10), a potential savings of $11 mi]iion (or 35%) is indicated.
An additional $400 of computing increases the savings to $13.5 million
(or 45%).

Detailed statistics comparing solutions S*, st, and s* follow.

These solutions were obtained using XNET with re-optimization.

Enumeration History:

S* S‘i‘ S#
Potential Subproblems, M 8.8 x 1012
Subproblems Enumerated, Mg 13108 2501 -8 552 9
% of M 1.49 x 1077 2.84 x 10 6.28 x 10~
MCTP's Solved 31 30 29
% of M 3.52 x 1010 3,41 x 10710 3.30 x 10-10
% of Mg 2.36 x 107! 1.20 5.25
CTP's Solved 83850 26990 6095
CTP Average Time (secs.) .509 .490 .504

Average CTP Pivots 265 261 258



Fathoming History:

S*

Reverse Star Configuration Capacity Test 11535

Reverse Star Completion, Fathoms 85
Aggregate Configuration Capacity Test 198
Aggregate Completion Capacity, Fathoms 9
Lower Bound on Configuration Test 1344
Lower Bound on Completions, Fathoms 6459
Lower Bound on Completions, Branches 6524

2457
38

14
1205
1228

514
23

246
254



CHAPTER VIII

NONLINEAR COST STRUCTURES

8.1 Cost Elements

Costs which accrue from the operation and maintenance of a physical
distribution system have many origins, and in general can be classified
as either fixed (volume independent) or variable (some function of
volume).

Fixed costs include all of those annual costs associated with the
establishment and possession of a DC. These include, but are not
limited to, depreciation or leasing of building, plant, and equipment;
interest on capital; salaried labor; insurance; and portions of util-
ities and taxes.

Variable costs generally include all those costs incurred in the
operation of the system. Labor for in and out handling, inventory
maintenance and control, and order picking and packing are normally
the major sources of variable cost. Examples of other costs which are
vériab]e are computing, spoilage and pilferage, packing and shipping
materials, and pallets.

Hard-to-classify costs are sometimes subjectively labeled "pseudo-
fixed," or "pseudo-variable"; otherwise some formula must be devised
to apportion the total to each of the two categories. An example of
a cost element which is not easily classified is electricity for the
operation of a high rise cold store warehouse. How does the cost

compare for chilling a half empty warehouse to a warehouse filled to

170
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capacity? It is important that such dilemmas be resolved and that the
respective fixed and variable cost components be as accurate a reflec-
tion of reality as possible. Having properly isolated the variable
cost elements, the analysis of how those costs respond to perturbations
in volume is of interest in formulating planning models and preparing
input for those models.

The accuracy of distribution planning models depends on the pre-
cision with which the behavior of all relevant cost functions can be
approximated. Research is deficient in the area of distribution cost
modeling, a point reiterated in Chapter IX of this thesis. Consequently
distribution modelers have had to cope without the luxury of robust cost
generators and rely on either available cost information, which may be
grossly inadequate, or invest a great deal of effort in compiling cost
data tailored to the specific requirements of the model used. Even in
the Tatter case, the modeler often finds he is at the mercy of a firm's
management information system which was not designed with the needs of
strategic distribution planning in mind. Two difficulties commonly
arise:

1. Most cost information collected is accounting-oriented for

use in the financial management of the enterprise. As a re-
sult, costs are normally aggregated by responsibility area,
rather than by functional area. This procedure makes it
extremely difficult, if not impossible, to isolate those cost
elements which pertain to the distribution function. Even

the aggregated costs which are available paint a somewhat
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distorted picture. Traditional accounting practice recoups
administrative and overhead expenses by levying on each re-
sponsibility operating area an aggregate per unit burden rate
applied to some meaningful unit of production (e.g., man hours,
machine hours, direct labor dollars). Such rates are useful
for the purpose of recovering indirect costs, but of little
use for cost analysis. Additionally, there is an underlying
assumption of linearity which may be invalid; and the rates
are set with respect to either a single volume reference point
for a past period or some projected reference point in the
future.

2. The level of activity in any given existing DC does not
typically fluctuate enough to use as a benchmark for broad
cost-volume relationships. That is, it would be unusual to
find a DC for which cost information was available across the
entire range of permissible volumes, lower to upper throughput
bounds. Since the majority of variable costs are non-
discretionary (that is, labor), it is usually not possible to
sustain an operation with significant fluctuations in volume.
DC's will normally operate within a restricted range and the
operations will be on a commensurate scale. |
It is the purpose of this chapter to theorize on possible cost

structures and suggest some strategies which may be helpful in intro-
‘ducing some more generalized cost functions into the multi-echelon

p]annfng model.



173

8.2 Theoretical Cost Structures

In practice variable cost functions may be convex (economies of
scale), concave (diseconomies of scale), linear (directly proportional),
or may be some compound cost function which is neither strictly convex
nor strictly concave over the entire throughput spectrum. Additionally,
functions may be continuously differentiable or have points of discon-
tinuity and/or non-differentiability, and be well defined or i11 de-
fined.

A range of possibi]itiés is illustrated in Figures 8.1-8.8.

Figure 8.1. Linear Cost Function
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| Figure 8.8. Concave-Convex Discontinuous Cost Function

The cost structures illustrated in Figures 8.4-8.8 stem from the
idea that marginal costs do not change incrementally with each unit
change in volume. Conversely, a given Tevel of costs will apply across
a certain volume range, at which point the costs will jump to a higher
level (e.g., when another worker must be hired, another forklift truck
purchased, etc.). Figures 8.6-8.8 illustrate the management practice
of "stretching" the practical capacity through the use of overtime,
short term Teasing, and the like.

Figure 8.8 is the likely shape encountered in many systems. If a

third order polynomial were "fit" to the data points, this curve would

have a characteristic reflected "S" shape as shown in Figure 8.9.




178

{
|
|-
|
|
|
I
i

'

|
-

Vv Ve
Figure 8.9. Concave-Convex Continuous Cost Function

The cost structure across the domain of interest depends on how the
term "upper throughput capacity" is defined. If the term "capacity"
is taken to mean "maximum" capacity, this upper bound is not Tlikely to
reflect an economical operating level (perhaps far from it). In this
case the level of greatest operating efficiency, symbolized by V, in
Figure 8.9, will be_ a point less than V. If the operating cost curve
is concave over most of the throughput range, one would expect a point
of inflection to be reached at which point the marginal costs are
stationary with respect to volume changes. Beyond this point (as the
warehouse becomes over-filled, access is restricted, aisles are blocked,
damage and spoilage rates increase, and personnel are overworked) the

marginal costs increase at an increasing rate.
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8.3 Technical Modeling Difficulties

No difficulties are experienced when the cost structure is assumed
to be Tinear or a piece-wise linearization of a convex function. In
the linear case it has been shown in the present work that the operating
costs can be merged with the transportation costs for a compact model
representation. Similarly, convex functions pose no problems. Assume
DC X has a uniformly increasing convex cost function which has been

linearized as shown in Figure 8.10.
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Figure 8.10. Linearization of Convex Cost Function

A simple trick can be employed to accommodate this structure with-
in the framework of a linear model. This device temporarily subdivides
the single candidate DC into a number of bogus DC's, one corresponding

to each linear piece. For example, referring to Figure 8.10, DC X
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becomes DC X, and DC X,. DC X, has fixed cost g(yx), variable cost
vg(a), and upper and lower throughput bounds of Vp and V4, respectively.
DC Xy has fixed costs g(Vp), variable costs vg(b), and upper and lower
throughput bounds of V% and Vp respectively. Due to the convexity of
g and the assumption that g increases uniformly in the domain of in-
terest, vg(a) < vg(b), and g(V,) < g(Vy). A cost minimization algo-
rithm will always select DC X5 in preference to DC Xp for the first
Vp units. This can be shown as follows:

Let Cy = {r} = the set of feasible chains in the network,

and y,2OCp = {r: x lies on chain r}.

Let c,. = the length of chain r with respect to transportation costs.

The objective function of the distribution/Tocation model (MDM,
Chapter III) can be expressed in the following arc-chain formulation.

Minimize ] cux,. [  [fizg + g(sp)]
r keD-{x}

+ [g(lx)zxa1 + vg, (a) ] uZ» Xpd * [g(Vm)sz + vgy(b) ] ‘% Xp]
E¥xX E¥x

Clearly, for repy, cp is not affected by the values of Zy, and
Zx,, - Also, x,. > 0 for reyy, only if 2y, = 1, sz = 1, or both. Other-
wise, x, = 0.

Since g(V,) < g(Vy) and Vg, (a) < Vg,(b), Zxy = 1 will always yield
a lower objective function value than Zyy, = 1. Even if both DC Xa'and
DC X, are locked open, DC X, could not be an attractive variable to
enter the basis until DC X; were out of the basis at the upper bound.

If g is concave, the arguments above do not hold; g(V,) < g(Vp),

but if g is concave, Vg,(a) > Ygy(b). Hence, a trade-off exists
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between fixed and variable costs, and there is no assurance that a cost
minimizer will open the DC's in the correct order (Xa before X,) or
that, once open, DC X3 arcs will be fully saturated before flow is
permitted on the corresponding arcs of DC X.

What is the alternative? The literature bears silent testimony
to the need for research in nonlinear modeling as applied specifically
to distribution planning. There is an emerging body of literature
which has revitalized some concepts which have been successfully used
in the o0il industry for over two decades. These techniques extract

solutions to nonlinear minimization problems in the context of a

 Tlinear modeling framework [107,108,115]. The major drawback with

these methods is the requirement that the cost functions be well-
defined and twice-continuously differentiable. Even nonlinear pro-
gramming methods rely on this underlying assumption. A second major
technical difficulty, then, lies in the fact that most distribution
cost functions encountered in practice are not well defined mathe-
matically and are step-type functions which have points which are
discontinuous or which represent abrupt changes in direction at which
points derivatives are undefined. This difficulty can sometimes be
successfully overcome by approximating the function with a regression
model or some curve-fitting technique applied to empirically collected

data.

8.4 Possible Solution Strategies

It is the purpose of this section to suggest some nonlinear strat-

egies which can fully utilize the linear machinery developed by the
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research documented in this thesis. Two cases will be considered. In
Case I the precise mathematical functions are unknown, but it is assumed
that the functional values and gradients can be estimated at key refer-
ence points. In Case II, it is assumed that a well-defined twice-
continuously differentiable cost function is known for each candidate
DC (obtained perhaps by applying some polynomial matching technique to

scatter diagrams of empirical data).

8.4.1 Case I--Functions Unknown but Point Estimates Available

Refer to Figure 8.11. The concave function g(4) is the actual,
but known cost function for some hypothetical DC with upper and lower
throughputs V and V respectively, and fixed costs f'. The lineariza-
tion g' represents an accounting-oriented approximation with respect to
the volume reference point Vo. If Vg is the projected annual level of
activity, g' suits the purposes of fiscal management--that is, if dis-
tribution services are costed at the rate g', under absorption of costs
will occur if actual volume is less than Vg, over absorption if greater
than Va, with breakeven occurring at Vo. The reference point V, is
manipulated year by year to coincide with forecasted throughput levels.
For the purposes of distribution modelling, one can do much better than
g'.

The most obvious refinement stems from the observation that the
domain of interest isll,'V only. Since a DC will not be permitted to
operate at a level below V, g(V) can be thought of as a component of
fixed cost. If g(V) is known, or can be estimated, the improved

linearization, g", illustrated in Figure 8.12, can be constructed,
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Figure 8.11. Linearization of Concave Cost Function
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Figure 8.12. Improved Linearization of Concave Cost Function



184
with vg" = (g(Vg) - g(V)) / (Ve - V) and " = g(V) -vgV. Function g"
is clearly superior to g', since the error of the estimate (represented
by the cross-hatched area), induced by g" is less than the error in-
duced by g'. The precise measure of this difference is the sum of the
areas of triangles abc and cde.

Alternative approximations can be used to establish bounds on the
error of estimate. Refer to Figure 8.13. If it can be assumed that
g(V) is known, function h provides a lower bound on g since it under-
estimates g everywhere due to the concavity of g.

Obtaining an upper bound on g is more difficult. An obvious
choice is h' (again, refer to Figure 8.13) where Vh' = vh. The dif-
ficulty may lie in locating point (V', g(V')). An alternative which
may prove to work well in practice is h", which can be constructed if
vg(V) can be estimated (or it may be preferable to construct h" with
vh" = vg(Ve).

For notational reference, the use of h' will be called interval
slope upper bounding (ISUB), and the use of h" least slope upper
bounding (LSUB).

Define the following pair of problems.

(MDML, ) Minimize ] c

L
+ L frzg
peP

X
PP keD
Subject to (3.7) and (3.10)-(3.12)

where .
CTJP = Cijp (iaj)EA'D
Ekp = Ckp + vh keD
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Figure 8.13. Upper and Lower Bounding Linearizations
. ~ U
(MDML;) Minimize | cox, + | fpz
V pep PP ep KK
Subject to (3.7) and (3.10)-(3.12)
where
Eijp = Cijp (i,J)eA-D
. Ckp * Vh' keD and ISUB Method
Ck = _
P gp * v keD and LSUB Method

A possible solution approach is to solve MDML; for u*(MDML; ) and
MDML,; for u*(MDMLU) using MEDOS or some other cost minimizer. A non-

linearity gap can be computed as e, = v*(MDMLy) - v*(MDML ) / u*(MDML ).
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8.4.2 Case II--Functions Well Defined and Twice-Continuously

Differentiable

The Method of Approximate Programming (MAP)[107,108], or Successive
Linear Programming (SLP)[115], as it is referred to by some practi-
tioners, is a technique for solving nonlinear programs via a sequence
of linear programs.

Assume gy (¢,) defines the cost function for DC k, and that gy is
twice-continuously differentiable in the domain V, to Vk.

Define the Jacobian matrix for each DC k by

J (o) = (sg(8)/8¢) .
Starting with a base point Ek (for instance Vy) each cost function
gk is approximated by a first order Taylor series about point Ek.
k(o) = g (op) + I (8 ) oy (8.1)
where
Agp = ok - Ek
Substituting (8.1) into (MDM) yields

(MDML') Minimize § cpxp + T [fiz + vgpaoe] + gy (oy)
peP keD

Subject to (3.7), (3.10)-(3.11) and
Vzy = o = by < Vizy - o keD (8.2)
R,kp < Aka < Ukp keD, peP (8.3)
which reduces to

Minimize [ c¢pxp + § fiz
pep PP kD K

Subject to (3.7), (3.10)-(3.11), (8.2), and (8.3)
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where
Cijp = cijp (,3)eA-D, peP
Ekp = Cyp + V9 keD, peP
Xijp = *ijp (i,j)eA-D, peP
Xkp = DXkp keD, peP
Mg = 1 Bxgp keD
peP

Using the MEDOS algorithm, solve MDML' for an optimal x, u*(MDML').

Compute
A = L X peP
k peP kp

Set
Ek < gk + Ay keD

and repeat the process. The stopping criterion is when the improvement

in v*(MDML') is negligible from one iteration to the next.

8.5 Future Directions

A possible shortcoming in the use of the methods proposed in the
previous section is the requirement for multiple computer runs of the
model. This can represent a significant cost for large-scale problems,
and may be hard to justify on cost-benefit grounds when the cost func-
tions used do not have a solid scientific base.

Cost modeling remains a lucrative area for further investigation.
Linear optimizers and accompanying software packages will 1likely con-
tinue to dominate physical distribution modeling for some time. Where
cost functions. are well defined some efficient machinery presently

exists for solving nonlinear network problems. See for example



188
Rosenthal [121]. A portable and robust distribution cost generator
model would have immense value not only in the application of nonlinear
methodologies but to complement general purpose linear algorithms such
as the one described in this thesis. It is hoped that this work and
the compelling requisite in the marketplace will provide the neces-
sary catalysts to incite the research energies necessary to fulfill

this need.



CHAPTER IX
DIRECTIONS FOR FURTHER RESEARCH

During the course of the research reported in this dissertation,
two major issues arose which, due to practical time limitations, could
not be resolved within the scope of the present work: (1) nonlinear
cost generation and (2) DC configuration pegging. Additionally, it
became apparent that certain further extensions to the modeling capa-
bility would be of immense practical benefit, in that such extensions
would expand the range of model applicability.

1. Nonlinear DC Operating Costs Modeling. As indicated in Chapter

VIIT, a portable and robust cost generator model, which can provide
consistent and accurate operating costs as a function of throughput
volume, is vitally needed to complement the existing modeling capability.

2. Nonlinear Transportation Costs. An enrichment would be to

incorporate concave transportation costs, as functions of volume
shipped, into the model. In one respect the incorporation of concave
transportation costs is easier than the inclusion of concave DC operat-
ing costs; in another respect, harder. Transportation costs as a func-
tion of volume are normally well defined for a given mode and route.
Consequently, the generation of cost data with respect to transporta-
tion does not pose any great problems. On the other hand, the sheer
magnitude of large-scale problems could render pricewise linearization
approaches computationally impractical. There is a vast difference

in computing and updating the gradients for 43 DC's and in doing so

for more than 7000 arcs.
189
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3. Generalized Costs. The procedures outlined in Chapter VIII

were based on assumptions of concavity, continuity, and differentia-
bility. A model which could totally relax all of these assumptions and
deal with a generalized cost structure would be of great value in
practice. Complete generality would be very difficult to achieve.
Steepest descent methods rely on the properties of convexity, contin-
uity, and differentiability. Relaxing the latter property paves the
way for utilizing subgradients in the place of gradients, but sub-
differentials do not exist at points of discontinuity.

4. DC Pegging Rules. Branch and bound convergence could be

accelerated if pegging rules were available, which enabled certain DC's
to be fixed open or closed in any completion of a given configuration.

There are no obvious criteria for a multi-echelon system in which DC's

are permitted to inter-transact, short of solving a number of bounding

CTP problems.

5. Single-sourcing. An enhancement of the model would enforce

single-sourcing of customers by DC's, at least for a "bundle" of
commodities. This extension would require a new set of binary variables
to represent the customer-DC assignments. Computationally, for large
problems, branch and bound as a solution technique may be impractical
since the number of potential subproblems is greatly mégnified.

6. Simultaneous Plant and DC Location. It may be desirable in

some cases to incorporate the location of the sources as well as the
transshipment ports into the model. The effect of this extension would
be to add the fixed cost term Y giy;i to the objective function where

ieF
gj is the establishment cost of plant i and y; is the 0-1 variable
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associated with the location decision. Constraints (3.2) become
-§ipyi E’jEN Xijp ilgipyi ieF, peP
€

For a fixed configuration of plants, the model reduces to the Fixed
Change Multicommodity Flow Problem.

7. Stochastic Demand. It would be a valuable extension to relax

the assumption of known demand and extend the modeling capability to
deal with demand patterns which are stochastic. This is not'an easy
extension to achieve. It would appear that deterministic mathematical
programming techniques which depend on fixed feasible solution spaces
would be ruled out as possible solution methodologies.

8. Dynamic Multi-period Planning. Replacing the single-period

fixed horizon model with a multi-period variable horizon model would

be a realistic extension and would likely lead to improved decisions.
The present model bases location/distribution decisions on annual data
(for a particular reference year which may or may not typify all years
in the planning horizon). This is inconsistent with the strategic
nature of the decision. A multi-period model would take into account
the cash out-flows, the supplies, and the demands, across the entire
planning horizon (which could be ten to twenty years or more), and base
decisions on the long-term average minimum system costs. A dynamic
extension would have the effect of adding an additional subscript on
all coefficients and on the x-variables. For example, xjjp would be-
come X; jps where s indexes the period, or stage, and similarly, Djp
would become Djps- There are no apparent technical difficulties with

this extended problem; however, computational impracticalities may
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arise since the constraint set is enlarged by a multiplicative factor

equal to the number of periods.
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NODE 1
PPODUCT
PRODUCT
PRODUCT
PRODUCT
PRODUCT

NODE 2
PRODICT
PPODUCT
FEQOUCT
PRODUCT
FRODUCT

NODE 3
PRODOCT
PRODNCT
PRODUCT
PRODUCT
PEODUCT

NODE 4
PPODUCT
PRODUCT
PPODUCT
PPODUCT
PEODUCT

NODE 5
PRODUCT
PRCDICT
PRODOCT
PRODUCT
PRODUCT

NODE 6
PEODUCT
PRODUCT
PRODUCT
PEODNCT
PRODMNCT

NODE 7
PRODUCT
PROTCUCT
PFODUCT
PRODUCT
PPODUCT

NODE 94
PRODUCT
PREODUCT
PRODUCT
PRODUCT
ERODUCT

NODE 95
BPEODUCT
PRODUCT
PPODUCT
PRODUCT
PRODUCT

NODE 96
PEODUCT
PEODUCT
PRODUCT
PRODOCT

AUSTRALIAN CASE STUDY DATA

PLANT DESCRIPTION
GEOUP 1 LOWER
GROUP 2 LOWEP
GROT P 3 LOWEE
GrooP 4 LOWEE
GROTIP 5 LCWEPR

PLANT DESCPIPTION
GPOUP 1 LOWER
GPOUP 2 LOWER
GPOU P 3 LOWEPR
GROUP 4 LOWER
GPOUP 5 LOWER

PLANT DESCRIPTION
GROUP 1 LOWER
GEON P 2 LOWER
GFOOP 3 LONER
GROOP 4 LOWER
GROUP 5 LOWER

PLANT DESCRIPTTON
GEQUP 1 LOWFE
GPOUP 2 LOWER
GROUOP 3 LOWER
GRrOUP 4 LOWER
GPOU P 5 LOWEP

PLANT DESCRYPTION
GPOUP 1 LOVER
GPOUP 2 LOw®EP
GROTP 3 LOWER
GROUP 4 LOWE?P
GRQUP 5 LOWE?R

PLANT DESCRIPTION
GPOUP 1 LOWER
GrOUP 2 LOWER
GPOUP 3 LCWEP
GPOUP 4 LOWER
GRroOnupP 5 LOWEP

PLANT PESCRIPTTION
GROU P 1 LOWFR
GROUP 2 LOWER
GpPoOUP 3 LOWER
GROUP 4 LOWER
GPOUP 5 LOWEPR

CUSTOMER ZONE
GPOUIP 1 DEMAND
GRONP 2 DEMAND
GRoUP 3 DENMAND
GROUP 4 DF MAND
GROUOP 5 DEMAND

CUSTOMER ZONE
GPOUP 1 DEMAND
GROUP 2 DEMAND
GFROUP 3 DEMAND
GROUP 4 DENAND
GrPONP 5 DEMAND

CUSTOMER ZONE
GROUP 1 DEMAND
GROUP 2 DENAND
GPOUP 3 DEMAND
GROU P 4 DEMAND

BOUNC
BOUND
BOUNT
BOANT
BOUND

BOUND
BOOUNT
BOUNE
BOUND
BOUNL

BOUND
BOUNL
BOUND
BOUND
BOUNT

BOUND
BOUNT
BOUND
BOUND
BOUNT

BOTUND
BOUNT
BOUND
BOUNTL
BOUNL

BOUNT
BOUND
BOUND
BOUNT
BOUND

BOUNT
BOUND
BOUNT
BOUND
BOUNC

PRISEANE
70
500
20
100
10
TOWNSVILLE
10
100
10
40
0
GPAFTON
0
100
0
30
0
PRESTON
70
700
80
200
30
BELBCURNE
70
700
80
200
30
TASMEANTA
0
100
0
30
0
PERTH
0
100
0
30
0
NORTH ERISBANE
14
115
26
32
7
EAST BRISBANE
14
115
26
32
7
SOUTH BRISBARE
14
115
26
32
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UPPER
UPFER
UPPER
UPPFP
UPIEPR

UPFER
UPEFR
UPFEP
UOPEFEP
UPPEP

OPEER
UPPEP
UPPFR
UPFEPR
UPPEP

UPEER
UPERR
UPPRR
UPFER
UPPER

UPEEPR
JPPEP
UPEFR
UPEER
UPPER

UPPCP
npprp
UPEEPR
UPPER
UPEFR

UPPER
UPEER
UPPEPR
UPEFR
OPEER

BOUND
BOUND
BOUND
BOUND
BOUNC

BOUNC
BCUND
BOUND
BOUND
BCUND

BOUNLC
BOUND
BODNC
BOUNL
BOUND

BOUNL
BOUND
BOUND
BCUNL
BOUND

BOUND
BOUND
BOUND
BCUND
BOUND

BOUND
BOUNT
BCUNL
BOUND
BCUNL

BOUND
BOUNEL
BOUND
BOUNT
BOUND

REGION

REGION

REGION

1

170
1280
170
300
80

450



PPODUCT
NODE 37
PEODNCT
PRODUCT
PPODUCT
PRODUCT
PPODUCT
NODE 98
PEODNCT
PRODUCT
PRCDUCT
PRODUCT
PRODNCT
NODE 99
PEODUCT
PRODICT
PEFODUCT
PRODUCT
PREODUCT
KRODE 100
PPODUCT
PRODUCT
PRODUCT
PRODUCT
PEODTCT
NODE 101
PRODUCT
PRODUCT
PROCUCT
PEODOCT
PRODUCT
NODE 102
PRODOCT
PRODUCT
PRODUCT
PEODUCT
PRODUCT
NODE 103
PRODUCT
PFODUCT
PRODUCT
PRODUCT
PRODUCT
NODE 104
PPOCNCT
PEODUCT
PRODOCT
EFODICT
PRCDOCT
RODE 105
PRODOCT
PPODICT
PRODUCT
PRCDUCT
PRODNCT
NODE 106
PRODUCT
PPODUCT
PRODUCT
PRODUOCT

GROUP 5 DEMAND
CUSTOMER ZONE
GROUP 1 DEMAND
GROUP 2 DEMAND
GROUP 3 DEMAND
GROUP 4 DEMAND
GROUP S DEMAND
CUSTOMER Z0KT
GPOUP 1 DEMAND
GPOUP 2 DEMAND
GROUP 3 DEMAND
GROUP 4 DEMAND
GROUP 5 DEMAND
CUSTOMER ZONE
GROUP 1 DEMAND
GROUP 2 DEMAYND
GPOUP 3 DEMAND
GROUP 4 DEMAND
GrOUP 5 DEMAND
CUSTOMER ZONE
GPOU P 1 DEMAND
GROUP 2 DEMAND
GPOUP 3 DEMAND
GROUP 4 DEMAND
GRONP 5 DEMAND
CUSTOMER ZONF
GRrOUP 1 DEMAND
GROUP 2 DEMAND
GROTP 3 DEMAND
GROUP 4 DEMAND
GROUP 5 DE MAND
COSTOMEP ZONE
GROUP 1 DEMAND
GROUP 2 DEMAND
GR0UP 3 DE MAND
GROUP 4 CEMAND
GROUP 5 DEMAND
CUSTOMPR ZONE
GrOUP 1 DEMAND
GEOU P 2 DEMAND
GEOUOP 3 DFMAND
GPOUP 4 DEMAND
GROUIP 5 DE MAND
CUSTOMER ZCNE
GROOP 1 DEMAND
GRPCOUP 2 DEMAND
GROUP 3 DE MAND
GFOT P 4 DEMAND
GROUP 5 DENAND
CUSTOMER ZONE
GROUOP 1 DF MAND
GPOUP 2 DEMAND
GROUP 3 DEMAND
GROUP 4 DEMAND
GROOP 5 DENAND
CUSTOMER ZONE
GPOUP 1 DENAND
GROUP 2 DENAND
GROUP 3 DEMAND
GROUP 4 DEMAND

79

WEST BRISEANE

14
115
26
32
7
TOOWCOMBA
8
73
19
20
317
TWNEED BEADS
24
25
0
23
1
NAMBCNE
21
65
10
17

BONDABERG

CALBY

MARY BOROUGH

3

S NO A F

ST GEOPGE

OO Wo

GOONTIWINLCI
1
20
0
5
0

TOWNSVILLE

8
61
11
17

REGYON

REGTION

REGION

REGTON

PEGION

BEGTION

PEGION

PEGION

REGION

BREGION
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PRODUCT
NODE 107
PRODUCT
PPODUCT
PEODUCT
PRODUCT
PEODUCT
NODE 108
PEODUCT
PROLNICT
PPODNCT
PRODUCT
PPODUCT
NODE 109
PRODUCT
PRODUCT
PRODUCT
PRODUCT
EFODUCT
NODE 110
PPODUCT
PRODUCT
PEODNCT
PRODNCT
PRODUCT
NODE 111
PEODUCT
PRODUCT
PRODUCT
PRODUCT
PRODICT
NODE 112
PRODNCT
PEODICT
PROCUCT
PRODUCT
PRODUCT
NODE 113
PRODUCT
PPODUCT
PRODICT
PRODUCT
PRODUCT
NODE 114
PRODUCT
PPODUCT
PRODICT
PRODUCT
PRODUCT
NODE 115
PRODUCT
PRODUCT
PRODUCT
PRODUCT
PRODUCT
NODE 116
PRODUCT
PFODUCT
PROCUCT
PRODUCT

GROUP 5 DEMAND 19
CUSTOMER ZONE ROCKHA FETCN
GPOUP 1 DEMAND 9
GROUP 2 DEMAND 176
GPOUP 3 DEMAND 6
GROUP 4 DEMAND 23
GROUP 5 DEMNAND 5

CUSTOMFR ZONE MACRAY
GROUP 1 DEMAND 12
GRODP 2 DEMAND 101
GROUP 3 DEMAND 9
GROUP 4 DEMAND 12
GPOUP 5 DEMAND 2
CUSTOMER ZONE BT T SA
GROU P 1 DEMAND 3
GROUP 2 DEMAND 21
GPOUP 3 DEMAND 0
GPOUP 8 DENAND 4
GROT P 5 DEMAND 0
CJSTOMER ZONE CHARIEVILIE
GROUP 1 DEMAND 0
GROUP 2 DEMAND 14
GPNN P 3 DEMAND 0
GFoUeP 4 DEMAND 2
GFOTP 5 DEMAND 0
CUSTOMER ZONE CUNNAMULLA
GROU P 1 DENAND 0
GROUP 2 DE MAND 7
GPROOP 3 DPMAND 0
GROOP 4 DEMAND 1
GROUOP S DEMAND 0
CUSTOMER ZONE LONGREACH
GROUP 1 DEMAND 1
GROUP 2 DEMAND 26
GRKOUP 3 DEMAND 0
GPOUP 4 DEMARD 3
Geoup 5 DEMAND 0
CUSTCMER ZONFE EMERALC
GROUP 1 DEMAND 2
GROUP 2 DEMAND 26
GEOoUP 3 DEMAND 0
GROU P 4 DEMAND 4
GFOUP 5 DEMAND 0
CUSTOMER ZCNE ROMA
GROUP 1 DP MAND 0
GROUP 2 DEMAND 17
GROUP 3 DF MAND 0
GROOP 4 DEMAND 3
GRODP S DEMAND 0
CUSTOMER ZONE CAIPNS
GROUP 1 DEMAND 5
GPOOP 2 DEMAND 93
GROUP 3 DEMAND 2
GROUP 4 DEMAND 12
GROUP S DEMAND 1
CUSTCMER ZONE DARW IV
GROUP 1 DEMAND 5
GROUP 2 DEMAND Bu
GROOP 3 DEMAND 2
GRONP 4 DEMAND 11

REGTION

REGTON

REGION

REGION

REGTION

BFGION

REGION

PEGION

RPEGION

REGION
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PRODUCT
NODE 117
PRODUCT
PRODUCT
PPODUCT
PRODUCT
PRODUCT
NODE 118
PFODUCT
PRODUCT
PRODUCT
PRODUCT
PFODOCT
NODE 119
PEODUCT
PRODUCT
EPODUCT
PRODUCT
PRODICT
NODE 120
PFODUCT
PRODUCT
FEODUCT
PRODOCT
PEODUCT
NODE 121
PRODUCT
PRODICT
PRODUCT
PRODUCT
PRODUCT
NODE 122
PRPODUCT
PRODUCT
PEODICT
PRODUCT
PFODUCT
NODE 123
PPODUCT
PRODUCT
PRODOCT
PRODUCT
PRODUCT
NODE 124
PEODUCT
PRODUCT
PRODUCT
PRODUCT
PFODUCT
NODE 125
PFODUOCT
PRODUCT
PRODUCT
PRODUCT
PFODUCT
FODE 126
PPODUCT
PRODUCT
PEODUCT
PRODUCT

GrOUP 5 DE MAND 1
CUSTOMER ZONE LISMCRE
GROU P 1 DEMAND 1
GROUP 2 DEMAND 19
GROUP 3 DEMAND 0
GROUP 4 DEMAND 4
GPOUP 5 DEMAND 0
CUSTOMER ZONRE GRAFTCN
GROUP 1 DEMAND 3
GROUP 2 DF MAND 20
GPOUP 3 DEMAND 0
GROUP 4 DEMAND 4
GROUP 5 DEMAND 0
CUSTONER ZONE ARMIDAILE
GENUP 1 DEMAND 3
GROUP 2 DEMAND 19
GROUP 3 DEMAND 0
GRONP 4 DF MAND 3
GPOUP 5 DEMAND 0
CUSTOMER ZONE TAMWCRTH
GROU P 1 DEMAND 4
GRrROUP 2 DE MAND 28
GPOUP 3 DFMAND 0
GrROUP 4 DEMAND 5
GPOUP 5 DEMAND 0
CNSTOMFR ZONE MURWILIUMBAH
GPOUP 1 DEMAND 1
GROUP 2 DEMAND 19
GROUP 3 DEMAND 0
GR0OUP 4 DFMAND 3
GEOTP 5 DEMAND 0
CUSTOMER ZONE PORT FACCUARIE
GROUP 1 DEMAND 1
GROUP 2 DEMAND 19
GPROUP 3 DEMAND 0
GROMP 4 DEMAND 3
GROUP 5 DEMAND 0
CUSTOMER ZONF MOREE
GrROUP 1 DEMAND 1
GROUP 2 DEMAND 21
GPOUP 3 DEMAND 0
GROOP 4 DEMAND 3
GROU P 5 DEMAND 0
CUSTOMER ZONE NEWCASTLE
GROUP 1 DEMAND 10
GROUP 2 DEMAND 74
GROUP 3 DEMAND 11
GROUP 4 DEMAND 21
GROUP 5 DEMAND 3
CUSTOMER ZONE BATHORST
GEOU P 1 DENMAND 3
GROUP 2 DEMAND 23
GROUP 3 DEMAND 0
GROUP 4 DF MAND 4
GROUP 5 DEMAND 0
CUSTOMER ZONE WOOLCNGCNG
GROU'P 1 DEMAND 1
GROUP 2 DEMAND 83
GrOUP 3 DEMAND 12
GROTP 4 DEMAND 23

REGTON

REGION

REGION

REGICN

REGION

REGTON

REGION

REGICN

REGICN

REGION
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PRODUCT
NODE 127
PRODUCT
PRCDICT
PRODICT
PFODUCT
PRCDUCT
NODE 128
PROZUCT
PFODUCT
PRODUOCT
PFODUCT
PRODUCT
NODE 129
PRODUCT
PFODOCT
PRODICT
PFODNCT
PRODUOCT
NODE 130
PRODUCT
PEODUCT
PRODUCT
PFODUCT
PRODUCT
NODE 131
PRODUCT
PFODOCT
PRODICT
PRODUCT
PRODNCT
NODE 132
PRODUCT
PEODUCT
PRODUCT
PFODUCT
PRODUCT
NODE 133
PRODUCT
PEODUCT
PRODUCT
PRODUCT
PRODUCT
NODE 134
PRODUCT
PEODUCT
PRODUCT
PRODUCT
PRODUCT
NODE 135
PRODOCT
PRODUCT
PPODROCT
PRODUCT
PEODUCT
NODE 136
FFODUCT
PRODUCT
FEODNCT
PRCDUCT

GROUP S DEMAND 3
CUSTOMER ZCNE PARANATTA
GROUIP 1 DEMAND 6
GPOU P 2 DEMAND 43
GROUP 3 DE BAND 6
GRONP 4 DEMAND 12
GROUP S DEMAND 1

COSTOMER ZCNE NOPTH SYLNEY
GRONP 1 DEMAND 49
GPON P 2 DEMAND 332
GRONUP 3 DT MAND 51
GPOUP 4 DEMAND 94
GROUP 5 DEMAND 14

CUSTCMER ZONE EAST SYDNEY
GROUP 1 DEMAND 49
GROUP 2 DEMAND 332
GROUP 3 DE MAND 51
GPOUP 4 DEMAND 94
GROTP 5 DE MAND 14

CUSTCMER ZCXE WBST SYDNEY
GROUP 1 DE MAND 49
GPOUP 2 DEMAND 232
GROUIP 3 DE MAND 51
GRON D 4 DEMAND 94
GROUP 5 DEMAND 14

COSTCMER ZONE SOUTH SYDNEY
GROUP 1 DP MAND 49
GRONP 2 DEMAND 332
GROUP 3 DE MAND 51
GROU P 4 DEMAND 9y
GROUP 5 DE MAND 14

CIUSTCMER ZONE LIVERPPOOL
GROUP 1 DF MAND 6
GROU P 2 DEMAND 102
GROUP 3 DEMAND 2
GROU P 4 DFMAND 13
GROUP 5 DE MAND 1

CUSTCMER ZCNE PENRITH
GROUP 1 DEMAND 5
GPOUP 2 DEMAND R7
GROUP 3 DE MAND 2
GROUP 4 DEMAND 1
GROUP 5 DEMAND 1

CUSTOMER ZONP GOUL BUFN
GROUP 1 DEMAND 4
GPOUP 2 DEMAND 27
GROUP 3 DEMAND 0
GROUP 4 DRMAND 5
GROUP 5 DEMAND 0

CUSTOMEP ZONE OPANGE
GROUP 1 DEMAND 4y
GROUP 2 DEMAND 29
GROUP 3 DEMAND 0
GPONP 4 DEMAND 5
GEOUP 5 DEFEAND 0

CUSTOMER ZONE BROKEN HILL
GPOUP 1 DEMARD 5
GRONP 2 DE MAND 95
GROUP 3 DEMAND 2
GROTP 4 DEMAND 12

REGION

REGION

PEGTON

REGION

REGTION

REGION

PEGTON

REGION

BREGION

REGION
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PFODUCT
NODE 137
PROCUCT
PRODOCT
PRODUCT
PFOTUCT
PROCUCT
NODE 138
PRODUCT
FPRODUCT
PRODUCT
EPODUCT
PRODUCT
NODE 139
PRODUCT
PRODUCT
PRODNCT
PPODUCT
PRODUCT
NODE 140
PRODUCT
PECDNCT
PFODUCT
PRODUCT
PROCUCT
NODE 141
PRODUCT
PRODUCT
PFODUCT
PPODUCT
PRODOCT
NODE 142
PPODUCT
PRODUCT
PRODUCT
PRO DUCT
PRODUCT
NODE 143
PRODUCT
PRODUCT
PFODUCT
PRODUCT
PFODUCT
NODE 144
PFODUCT
PRODUCT
PEODUCT
PRODUCT
PRODUCT
NODE 145
PPODUCT
PRODICT
PPODUCT
PRODUCT
PPODUCT
NODE 146
PRODUCT
PRODUCT
PRODUCT
PRODUCT

GROUP 5 DEMAND
CUSTOMER ZONE
Grouy® 1 DF MAND
GROU P 2 DEMAND
GROUP 3 DEMAND
GPOUP 4 DEMAND
GROUP S DEMAND
CUSTCMEP ZONE
GROUP 1 DEMAND
GROU P 2 DEMAXD
GRODP 3 DEMAND
GPOUP 4 DEMAND
GRODP 5 DEMAND
CNSTCMER ZCNE
GROUP 1 DF MAND
GROU P 2 DEMAND
GROUP 3 DEMAND
GRONP 4 DEMAND
GROUP 5 DEMAND
CUSTCHER ZONE
GREOUP 1 DEMAND
GEQUP 2 DEMAND
G=ouP 3 DT MAND
GTOUP 4 DEMAND
GROUP 5 DT MAND
CUSTOMER ZCNE
GROUP 1 DEMAND
GROUP 2 DE MAND
GROUP 3 DENMAND
GPOUP 4 DEMAND
GROUP 5 DEMAND
CUSTOMER ZONE
GROU P 1 DEMAND
GROUP 2 DE MAND
GEOU P 3 DEMAND
GROUP 4 DEMAND
GPROU P 5 DEMAND
CUSTOMER ZONE
GROUP 1 DF.MAND
GROUP 2 DEMAND
GEOUP 3 DFPMAND
GROUP 4 DE MAND
GROUP 5 DEMAND
CUSTOMER ZONE
GROUP 1 DEMANWD
GROUP 2 DE NAND
GROTP 3 DEMAND
GROUP 4 DEMAND
GROU P S DEMAND
CUSTOMER ZONE
GROUP 1 DEMAND
GPROTP 2 DEMAND
GROUP 3 DEMAND
GROTP 4 DEMAND
GROUP 5 DEMAND
CUSTOMER ZONE
GPOUP 1 DEMAND
GROUP 2 DEMAND
GRrROU P 3 DEMAND
GROUP 4 DEMAND

DUBBC

AL BURY

CANBERPA

CEELCNG

NORTH MELBOUFNE

EAST MELBCURNE

WEST MFLBCURNE

SONTH PELBOUPNE

LILYDALE

15
2

37
270
41
76
1M

37
270
41
76
11

37
270
41
76
11

37
270
41
76
11

owWooNN

WARRKNAMBCCL

3
22
0
4

REGICN

EFGION

REGION

REGION

REGICN

REGION

REGION

REGTICN

REGICN
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PEODUCT
NODE 147
PRODOCT
PFODUCT
PRODUCT
PFODACT
PRODOCT
NODE 148
PRODUCT
PRODUCT
PRODUCT
FFODUCT
PRODUCT
NODE 149
PRODUCT
PEQDNCT
PRODUCT
PPCDUCT
PRODNCT
NODE 150
PRODICT
PEODUCT
PRODUCT
PFODUCT
PRODUCT
NODE 151
PRODNOCT
PFODUCT
PRODUCT
PEODUCT
PRODUCT
NODE 152
PRODUCT
PEODUCT
PRODUCT
FPEODUCT
PRODNCT
NODE 153
PRODUCT
PPODNCT
PRODUCT
PFODUCT
PRODUCT
NODE 154
PRODUCT
PEFODNCT
PRODNCT
PECDUCT
PRODUCT
NODE 155
PRODUCT
PPODIUCT
PRODUCT
PRODUCT
PRODUCT
NODE 156
PFODNCT
FFODUCT
PPODUCT
PFODUCT

GROUP 5 DEMAND
CUST™CMER ZONE
GROUP 1 DENAND
GRON P 2 DEMAND
GROUP 3 DEMAND
GPOTT P 4 DEMAND
GROUP 5 DEMAND
CUSTCMER ZONE
GRoOUP 1 DEMAND
GROU P 2 DEMAND
GROUP 3 DEMAND
GEOQUP 4 DEMAND
GROUP 5 DEMAND
CUSTCHMER ZONE
GROUP 1 DEMARD
GROU P 2 DEMAND
GPODP 3 DEMAND
GROU P 4 DEMAND
GROUP 5 DEMAND
CUSTCMER ZONE
GROUP 1 DEMAND
GPOUP 2 DEMAND
GROU? 3 DEMAND
GROT P 4 DEMAND
GROTP 5 DE MAND
CUSTCMER ZONE
Gro0P 1 DEMAND
GROUP 2 DEMAND
GROUP 3 DEMAND
GROU P 4 DEKAND
GROUP 5 DEMAND
CUSTCMER ZONE
GROUP 1 DEMAND
GROO P 2 DEMAND
GROOP 3 DEMAND
GROU P 4 DEMAND
GROUP 5 DEMAND
CUSTCMER ZCNE
GROUP 1 DE MAND
GEOU P 2 DEMAND
GROUP 3 DEMAND
GPOU B 4 DEMAND
GRONP 5 DEMAND
CUSTOMER ZONE
GROUP 1 DEMAND
GROTP 2 DEMAND
GROUP 3 DE MAND
GROUP 4 DEMAND
GROUP 5 DEMAND
COSTCMER ZONE
GROTP 1 DEMAND
GPOU P 2 DEMAND
GFOUP 3 DEMAND
Gpoup 4 DFMAND
GROUP 5 DFMAND
COSTCMER ZCNE
GROU?D 1 DEMAND
GROUP 2 DEMAND
GROUIP 3 DEMAND
GROT P 4 CEMAND

MORWELL

MOE

EALL ARAT

BENDIGO

SHEPPAFTCN

22

ADELAILE

WHYALLA

MT GAMEIER

ELIZABETH

PORT PIRIF

PEGION

REGION

RFGION

REGION

REGTION

REGION

REGION

PEGION

PEGION

REGION

10

10

10

11

1

n

11

1
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PRODUCT
NODE 157
EFODNCT
PRODNCT
PEODUCT
PRODUCT
PFODUCT
NODE 158
PPODNCT
PRODUCT
PRODUCT
PPODUCT
PRODUCT
NODE 159
PRODUCT
PEODUCT
PRODUCT
PFODUCT
PRODUCT
RODE 160
PRODOCT
PPODNCT
PRCDOCT
PROCUCT
PRODUCT
NODE 161
PRODUCT
PRODUCT
PRODUCT
PRODUCT
PRODOCT
NODE 162
PRCDUCT
PRADUCT
PRODUCT
EPODOCT
PRODUCT
NODE 163
PRODOCT
PFODUCT
PRODUCT
peonycT
PRODUCT
NODE 164
PPOTOCT
PPODUCT
PRODUCT
BEODUCT
PRODNCT
NODE 165
PPODUOCT
PEODUCT
PRODUCT
PEODUCT
PRODUCT
NODE 166
PRODUCT
PRODOCT
PRODUCT
PRODUCT

GROUP 5 DENMAND 0
CUSTOMER ZONE PORT AUGCUSTA
GPOUP 1 DEMAND 2
GROUP 2 DEMAND 13
GROUP 3 DEMAND 0
GROUP 4 DEMAND 2
GROUP S DEMAND 0
CUSTOMER ZONE PORT 1INCCLN
GROU P 1 DEMAND 1
GROUP 2 DEMAND 24
GEOUP 3 DEMAND 0
GEOUP 4 DEMAND 4
GROUP 5 DEMAND 0
CUSTCHMER ZCNE PERTH
GFROUP 1 DE MAND 35
GROTP 2 DRMAND 256
GROUP 3 DEMAND 39
GEOU P 4 DEMAND 72
GROUP 5 DEMAND 11
CUSTCMEP ZONE KALGOORLIE
GROUP 1 DEMAND 17
GROUP 2 DEMAND 28
GROOP 3 DEMAND 0
GROU P 4 DEMAND 5
GROODP 5 DEMAND 0
CUSTCOMER ZONZ BINBURY
GFOTP 1 DEMAND 3
GROUP 2 DEMAND 20
GEOO?D 3 DR MAND 0
GPOUP 4 DEMAND 3
GROUP 5 DEMAND 0
CUSTCMFPR ZONF ALBANTF
GrOUP 1 DEMAND 2
GROUP 2 DEMAND 14
GROUP 3 DEMAND 0
GROUP 4 DEMAND 2
GROTP 5 DEMAND 0
CUSTCMER ZONE HOBART
GROUP 1 DEMAND 8
GrOUP 2 DEMAND 63
GRODP 3 DEMAND 39
GPOUP 4 DEMAND 17
GROOP 5 DEMAND 2
COSTCMER ZONE NEW NORFOLK
GrOUP 1 DEMAND 0
GROUP 2 DEMAND 15
GROUP 3 DEFMAND 0
GROUP 4 DEMAND 2
GROUP 5 DF MAND 0
CUSTOMER ZCNE LAUNCESTON
GROUP 1 DEMAND
GROUP 2 DEMAND 64
GROUP 3 DEMAND 7"
GEOUP 4 DEMAND 17
GROUP 5 DE MAND 20
CUSTOMER ZCONE BUBNIE
GROUP 1 DEMAND 3
GPOU P 2 DEMAND 19
GROTP 3 DE MAND 0
GRONP 4 DEMAND 3

REGION

REGION

REGION

REGION

PEGION

BREGION

REGION

REGION

REGION

REGION

11

1

12

12

12

12

13

13

14

14
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PRODUCT GROUP S
NODE 167 CUSTOMFR ZON
PP0ODUCT GEOUP 1
PRODUCT GROUP 2
PTODUCT GROUP 3
PRODUCT GROUP 4
PEODUCT GROUP 5
NODE 168

PEODUCT GROUP
PRODUCT GEOUP
PRODNCT GROUP
PRODUCT GROTP
PRODUCT GROUP
NODE 8 CANDIDATE DC
LCWEP BCUND THROUGHPUT
FIXED COST 1064000
NODE 10 CANDIDATE DC
LOWEP BOUND THROUGHPUT
FIXED COST 517000
NODE 12 CANDIDATE DC
LOWER BOUND THEOQUGHPUT
FIXFD COST 630000
NODE 14 CANDIDATE DC
LOWER BOUND THPOUGHPUT
FIXED COST 490000
RCDE 16 CANDICATE DC
LOWEP BOUND THPOUGHPUT
FIXED COST 545000
NCDE 18 CANDIDATE LC
LOWER BCUND THEQUGHPUT
FIXED COST 517000
NCDE 20 CANDIDATE LC
LOW¥®R BOUND THROUGHPUT
PIXED COST 300000
NCDE 22 CANDTDATE LC
LOWEP BOUND THROUGHPUT
FIXED COST 300000
NCDE 24 CANDIDATE DC
LOWER BOUND THRCUGHPUT
FTXED COST 315000
NCDE 26 CANDIDATE ©TC
LOWER BOUND THROUGHPUT
FIXED COST 315000
NCDE 28 CANDICATE DC
LOWFTR BOUND THROUGHPUT
FIXED COST 32000¢C
NODF 30 CANDIDATE DC
LOWER BOUND THROUGHPUT
PIXED COST 315000
NCDE 32 CANDTCATE DC
LOWER BOUND THFOUGHPUT
FIXED COST 315000
NCDE 34 CANDIDATE DC
LOWFR BOUND THPOUGHPUT
FIXED COST 315000
NODE 36 CANDIDATE DC
LOWER BOUND THRONGHPUT
FIXED COST 320000
NCDE 38 CANDICATE IC
LOWER BOUND THROUGHPUT

Ve WN =

CUSTOMER ZONF

DE MAND
E DEVCRPCR
DEMAND
DEMAND
DEMAND
DEMAND
DEMAND
DUNNY
DEMAXD
DEEKAND
DEMAND
DE MAND
DEMAND
BRISBANE
350
VARIABIE
TCOWOCMEA
150
VARIABLE
TWEED HERA
150
VARIABIE
NAMROUR
150
VARTABIE
BUNDABEFG
150
VARTABLE
TOWNSVILL
120
VARIABIE
POCRHAMET
50
VARIRABLE
MACKAY
50
VARIABLE
MT ISR
35
VARTIABIE
CAIRNS
50
VARIABLE
DARWIN
50
VAPIABLE
LISMOPRE
25
VARIABLE
GEAFTON
25
VARIABLE
ARMIDALE
25
VARIABLE
TAMWOPTH
25
VARIABIE
NEWCASTLE
250

(=]

T

QWO O

302
2618
47
495
122

NPPER
CAPACITY

UPPER
CAPACITY
DS
UPPER
CAPACITY

UPPEP
CAPACITY

YPPER
CAPACITY
E
NPPER
CAPACITY
ON
UPPEFR
CAPACITY

UPPER
CAPACTTY

UPPER
CAPACITY

NPPEP
CAPACITY

UPPER
CAPACITY

UPPER
CAPACITY

UPPER
CAPACTTY

JPPER
CAPACITY

OPPER

CAPACITY

UPPEP

REGION 14

REGICN 15

BNUND
COST

BOUNYD
cosT

BOUND
COST

BOUND
COsT

BOUND
CosT

BOUND
COST

BOTUNL
COoST

BOUNC
COST

BOUNE
COST

BOUND
cosT

BOUNC
COST

BNUNL
COST

BOUNE
COST

BOUNL
CosT

BOUNL
COsT

BOUND'

THROUGHPUT
430

THROUGHPOT
590

THROUGHPUT
590

THROUGHPOT
590

THROUGHPUT
590

THROUGHPUT
590

THROUGHPUT
630

THPOUGHPUT
630

THROUGHPOT
650

THROUGHPUT
650

THROUGHPUT
670

THROUGHPUT
650

THROUGHPUT
€50

THROUGHPUT
650

THROUGHPUT
600

THROUGHPUT
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1200

600

75¢

600

600

600

350

350

350

350

350

350

350

350

350

750



FIXED COST 680000
NCDE 40 CANDIDATE LC
LOWEZP BOOND THPOUGHPUT
FIXED COST 3150C0
NODE 42 CANDIDATE DC
LOWFR BOUND THROUGHPUT
FIXED COST 880000
NODE 4u CAXDIDATE DC
LOWER BOUND THROUGHPOT
FTXED COST 880000
RODE 46 CANDIDATE DC
LOWER BOUND THROUGHPUT
FIXED COST 1675000
NODE 48 CANDIDATE DC
LOWER BOUMD THEQUGHPUT
PIXED COST 1675000
NODE 50 CANDIDATE DC
LOWER BOUND THROUGHPUT
FPIXED COST 1675000
NODE 52 CANDTDATE DC
LOWER BOUND THPOUGHPUT
PTYED COST 1675000
NCDE 54 CANDIDATE DC
LOWFER BOUND THROUWGHPUT
PIXED COST 315000
NODE 56 CANDITATE DC
LNOWER BOUND THROUGHPUT
FIXED COST 315000
RCDE 58 CANDTCATE ©C
LOWER BOUND THROUGHPUT
FIXFD COST 800000
NOPE 60 CANDIDATE [C
LOWER BOUND THROQUGHPUT
FTXED COST 800000
NODE 62 CANTIDATE DC
LOWE®? BOUND THRONWGHPUT
FIXED COST 800000
NODE 64 CANDIDATE DC
LOWER BOUND THRQUGHPUT
FIXED COST 1675000
NODE 66 CANDIDATE DC
LCWEP BOUND THPONGHPUT
FIYED COST 1675000
NODE 68 CANDIDATE DC
LCWER BOUND THEOQUGHPUT
FIXED COST 1675000
NODE 70 CANDIDATE DC
LCWER BOUND THEOUGHPUT
FIXED COST 1675000
NODE 72 CANDIDATE DC
LOWER BOUYD TRROUGHPUT
FIXED COST 800000
NODE T4 CANDIDATE DC
LOWER BOUND THPOUGHPUT
FIXED COST 800000
NCDE 76 CANDIDATE LC
LCWER BOUND THROUGHPUT
FIXED COST 1064000
NCDE 78 CANDIDATE DC
LOWER BOUND THROUGHPUT

VARTIABLE CAPACTITY
BATHURST
50 UPPER
VARIABLE CAPACITY
WOLLCNGCNG
250 NPPER
VARIABLE CAPACITY
PAPRAMATTA
250 UPPEP
VARTIABLE CAPACITY
NORTH SYDNEY
700 OPPER
VAPIABLE CAPACITY
FAST SYCNEY
7400 UPPFR
VARTABLE CAPACITY
WEST SYLNEY
700 UPPER
VARIABLE CAPACITY
SOUTH SYDNEY
700 UPPEPR
VARIABLE CAPACITY
BROKEN BILL
35 UPPE?P
VARTIABLE CAPACITY
DUOERO
35 UPPER

VARTIABLE CAPACITY
ALBORY

60 UPPER
VARTABLE CAPACITY
CANBEFPA
60 UPPFR
VARTIABLE CAPACITY
GEELCNG
250 JPPER

VARTIABLE CAPACITY
NORTH MELBCURNE
500 UPPEP
VARIABIE CAPACITY
EAST PELBCURNT
500 NTPPER
VARTABLE CAPACITY
WEST FRIBCURNE
500 UPPER
VARIABLE CAPACITY
SOUTH MELBCURNE

500 UPPER
VARIABLIE CAPACITY
BALLARAT
70 UPPER
VARTIABIE CAPACITY
BENDIGO
70 OPPER

VARIABIE CAPACITY
ADELAIDE

200 OPPER
VARTABIE CAPACTITY

WHYALIA
100 UPPER

CcosT

BOUNT
COST

BOUNT
COST

BOONE
cesT

BOUNT
COST

BOONL
COsT

BOUNT
CosT

BOUNL
COST

BOUNT
COsST

BOUNC
COST

BOUNC
COosST

BCUNT
COsST

BOUNT
COST

BOUND
CoSsT

BOUND
COST

BOUND
CCsT

BOUND
COSsT

BOUND
COST

BOUND
COST

BOUND
cOST

BOUND

590

TRROUGHPUT
630

THROUGHPUT
590

THROUGHPUT
5990

THROUGHPOT
400

THRCUGHPUT
400

THRCUGHPOT
400

THROUGHPUT
400

THROUGHPOT
630

THRCUGHPOT
630

THROUGHPOT
590

THROUGHPUT
590

THROUGHPUT
590

THPOOGHPOT
400

THPOUGHPUT
400

THEOQUGHPUT
400

THROUGHPUT
400

THROUGHPUT
590

THROUGHPUT
590

THROUGHPUT
430

THROUGHPUT

214

350

80C

80 ¢

180C

180C

180C

180C

350

350

8oc

80¢C

80C

180C

1800

1800

1800

ao0o

800

1200

600



FIYED COST

CANDIDATE DC
LOWFP BOUND TRFOUGHPUT
FIXED COST
CANDIDATE DC
LOWEP BOUND THEOUGHPUT
FIXED COST
CANDTDATE DC
LCWFP BOUND THPOUGHPUT
FIXED COST
CANDTDATE DC
LOWEP BOUND THRCUGHPUT
FPIXED COST
CANDICATE I[C
LCWEP? BOUND THEOUGHPUT
FIXED COST
CANDIDATE TC
LCWFR BOUND THECUGHPUT
FIXED COST
CANDIDATF DC
LOWER ROUND THROUGHPUT
FIYED COST

VART ABLE CAPACITY

MT GARBIER

100 OPPEF
VAPIABLE CAPACITY
ELIZABETH

S0 UPPER

VARTABIE CAPACITY
PERTH
100 TPPFPR
VARIABRIE CAPACITY
KALGOCRIIF
£0 UPPER
VARIABLE CAPACITY
BUNBUFY

50 TPPER
VART ABIE CAPACITY
HOBART
40 UPPER
VARTABIE CAPACITY
LAUNCESTON
40 UPPER

VARIABLE CAPACITY

THROUGHPUT

THRCUGHPUT

THROUGHPHUT

THPOUGHRPAT

THROUGHPUT

THROUGHPOT

THROUGRPUT



VITA

Charles Harold Aikens, III was born in Atlanta, Georgia on March 19,
1943. He attended elementary schools in Decatur and DeKalb County and
was graduated from Avondale High School in June 1961. The following
September he entered the Georgia Institute of Technology, and in June
1966 he received a Bachelor of Industrial Engineering degree. Upon
graduation he was commissioned Ensign in the United States Naval Supply
Corbs.

After five years in the Navy, which included two tours of duty in
Viet-Nam, and a progression to the rank of Lieutenant, he was released
from active duty and joined the Industrial Engineering Department at
Kingsport Press, Inc., Kingsport, Tennessee. Mr. Aikens commenced study
toward a Master of Science degree in Industrial Engineering at The
University of Tennessee, Knoxville, and this degree was awarded in June
1974.

In 1973 Mr. Aikens was promoted to Manager, Production Control and
Cost Estimating, at Kingsport Press, Inc., a position he held until the
end of 1974 when he resigned in order to move his family to Australia.
In early 1975 he accepted an appointment as Lecturer in Quantitative
Methods with the School of Business Studies, Darling Downs Institute of
Advanced Education (DDIAE), Toowoomba, Queensland.

In 1979 the Governing Council of DDIAE granted Mr. Aikens a twelve-
month sabbatical leave to enroll in a doctoral program at The University
of Tennessee, Knoxville. At the conclusion of the sabbatical leave, he

returned to DDIAE where he was promoted to Senior Lecturer and made
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Head of Programme, Operations Management. In 1981 he was the recipient
of the Walter Melville Bonham Fellowship in the Collegeof Business
Administration at The University of Tennessee, Knoxville. He was
granted an extended leave of absence from DDIAE and returned to The
University of Tennessee, Knoxville, with the help of a graduate teach-
ing assistantship. He completed the requirements for the Doctor of
Philosophy degree with a major in Management Science in December 1982.
Following graduation, Mr. Aikens resumed his academic duties at DDIAE.
He has diverse consulting experience and has been a contributor
to several textbooks and a syndicated small business newspaper column.
He is a member of Phi Kappa Phi, the Institution of Engineers,
Australia; the Institute of Industrial Engineers of Australia; and the
Australian Society of Operations Research. He is a senior member of

the American Institute of Industrial Engineers.

Mr. Aikens is married to the former Helen Rae Maskell of Brisbane,
Queensland, Australia, and they have two children, Christopher Harold

and Jocelyn Renee.



