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ABSTRACT

This paper explores a variety of questions associated with two-dimensional
Vilenkin series and their special case two-dimensional Walsh series. Some of the
results are an extension of known results of the one-dimensional case to those
of two-dimensions. These theorems concern the uniqueness of two-dimensional
Walsh series, and a Tauberian theorem, which shows the relationship between the
summability and convergence of square partial sums of two-dimensional Walsh
series. The final results generalize known theorems concerning the summability
of two-dimensional Vilenkin-Fourier series of unbounded type. In all cases, the
sequence p = (px) is the generating sequence for the Vilenkin group G, (px =2 in
the Walsh case), and the sequence (F) is given by Py = 1 and P = pop1 - - -px—1.

Fundamental real analysis and measure theory are vital to the techniques used.
First, a two-dimensional quasi-measure is defined and then each two-dimensional
Vilenkin series is shown to have an associated two-dimensional quasi-measure. Us-
ing this last fact and newly defined two-dimensional derivates, a two dimensional
variant is found to the classical result that differentiable functions with negative
derivatives are decreasing. This leads to a uniqueness result which says that if a
two-dimesional Walsh series, S, satisfy both a two-dimensional CS-condition for

all z € G? and the condition

lim 5211’211 (fE) =0

n—o0

for all but countably many z € G?, then S is the zero series.
Next the dyadic square partial sums are found to be very good and finite or

very bad and infinite, which leads to a Tauberian style theorem. It says that on
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a measurable subset of [0,1)? a two-dimensional Walsh series, .S, with bounds on

certain Cesaro means for each z in the subset, then there is a function f such that
lim Sgn on(z) = f(z)
n—oo

for almost every z in the measurable set.
The final set of results deals with growth estimates for two-dimensional Vilenkin-
Fourier series of unbounded type. Under the condition on the sequence (px) known

as d-strongly quasibounded, a certain maximal summability operator is bounded.
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Chapter 1

Background

This dissertation can be divided into three parts, each of which addresses a
fundamental problem concerning two-dimensional Vilenkin series or their special
case, two-dimensional Walsh series. The first part (Chapters 2-3) will culminate
in a result concerning uniqueness of two-dimensional Walsh series, that is, given
a two-dimensional Walsh series S, under what conditions is S gu.aranteed to be
Sf, the two-dimensional Walsh-Fourier series of some f in L!([0,1)?). The second
part (Chapter 4) contains a deep beautiful Tauberian theorem, that is, a result
which shows that under mild conditions, summability and convergence of dyadic
square partial sums of two-dimensional Walsh series are equivalent. The third
part (Chapters 5-7) will deal with the problem of estimating the growth of Cesaro

means of two-dimensional Vilenkin-Fourier series of unbounded type.

The purpose of this first chapter is to introduce enough notation and jargon to
understand and make sense out of the ideas mentioned in the previous paragraph.

We shall denote the set of non-negative integers by N, the set of positive integers




by P, and the set of dyadic rationals in the unit interval [0, 1) by Q. In particular,

each element in Q has the form p/2" for some n,p € Nand 0 <p < 2".

A compact abelian group is an abelian group (G, +) which is also a compact
Hausdorff épace in which the map (z,y) = z+y of G x G — G and the map
z — —z of G = G are both continuous. A Vilenkin group G is an infinite,
compact, O-dimensional, metrizable, abelian group. In this dissertation we shall
study the harmonic analysis of Vilenkin groups and their special case the Walsh
Group. The following is a brief description of multiplicative Vilenkin groups,

which lead to Vilenkin systems.

Let p = {px] k¥ € N} be a (infinite) sequence of natural numbers such that
pr > 2 for each k. Construct a compact abelian group G, associated with each
sequence p, as follows. First let Z,, be the cyclic group of order {py} , that is,
Z,, is the set {0,1,...,px — 1}, where the group operation is mod px addition
and every subset is open. (Note that the Haar measure on Z,, assigns to each
singleton the value 1/px.) The group G, is defined to be the direct product of
the compact groups Z,, over k. On G, use coordinate-wise addition as the group
operation and the product topology. By the Tychonoff product theorem, G, is a
compact group. Therefore, G, is compact abelian group. Multiplicative Vilenkin
groups have two important special cases. The first is thg g-adic case for which
there is a fixed prime ¢ such that p, = ¢ for each k. The other case is the most
basic case called the dyadic case where p;, = 2 for each k. This last case leads
to the Walsh system. Call the associated compact abelian group of the Walsh

system, G.



A Vilenkin group G is said to be bounded if

limsup pr < oo.
n—oo

Otherwise, it is of unbounded type. The unbounded case has many idiosyncracies,
and can have different results from those of the dyadic, p-adic, and bounded cases.
In fact, some theorems are false for the unbounded case that are true for the other
_three (see Wade [13]).
From the above description, it is evident that the multiplicative Vilenkin group
G, generated from the sequence p consists of the sequences = = (zo, Z1,...), where
each z; is an integer such that 0 < z; < p; for each ¢ € N. In particular, the dyadic
group is made up of sequences in which each element is either 0 or 1. Addition of
elements z,y € G, is obtained by adding the k—th elements of z and y modulo
pr and is denoted by +. (Addition by the additive inverse, that is, subtraction, is
denoted by —.) The zero element of G, is 0 = (0,0,...). Hence the addition of z

and y is the sequence
-ty = {zr D yx | 2,y € Gp, k € N},
where 7 @ yr = 7% + yr. (mod pi). Intervals for the group are defined as
L(z) ={y€Gy|zy=yx forall £=0,1,...,n—1}.

These intervals form a base for the product topology and are both open and closed
in G,. When no confusion will arise, we shall suppress the subscript p and denote
a general Vilenkin group by G.

The group G, is metrizable. Let Py = 1 and P, = pop1..-Pn-1, for n € P.
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Define the distance between the elements z,y € G, by

Z l-'l"k — ykl

Pryq
The topology induced by this metric coincides with the topology on G, and I,,(z)
is a basis for the topology. Furthermore, it can be shown that the product measure
for G, is the normalized Haar measure y for G,. (See Vilenkin:[11]}

A character on G, is a continuous, complex-valued map % such that

[¥(z)] = 1 and 9 (z+y) = ()Y (y)

for each z,y € G,. The set of all continuous characters of G, forms the dual group

6;, where the addition of characters is defined by

b1 (2) + va(e) = 1 (z)Ya()

for z € G, and ¥ (z), ¢¥2(z) € 6;. An important fact is that since G, is compact
and metrizable, then (3; is countable (see Rudin [6] p.38).

Vilenkin discovered that the characters of G, can be ordered in a manner
similar to that of Paley’s earlier ordering of the Walsh functions (see Wade [12])
using functions on G, analogous to the Rademacher functions (Schipp, Wade,
Simon [8]). Vilenkin first used the well known fact that each non-negative n has

a unique representation of the form

)
n = E nkPk
k=0

where each n;, € N such that 0 < n;y < pr and P is as above. Using this

representation one can define the characters of G, by

(27r1xknk)
- [[ew
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where z;, is the k—th coordinate of z € G,. It is not difficult to see that this

system is orthonormal in the sense that, for any ¥;, ¢ € 6;, we have

1, ifi=k
_ Vi(@)Ye (@) du(z) =

0, otherwise

This system is called the Vilenkin system for p, and when px = 2 for each %, this
system is called the Walsh system.

Now, it is sometimes convenient to work with a more concrete situation. A
Vilenkin group G, can be identified with the interval [0,1). Given z € G, with

coordinates zy define a map ¢(z) : G, — [0, 1) by

Z

This map is 1-1, onto, and continuous, except at a countable subset, which cor-

Pk+1

responds to the p—adic rationals in [0,1]. This countable subset will behave dif-
ferently under ¢ because each p-adic rational has more than two expansions: one
expansion ends in zeros, and another ends with each coordinate being p, — 1 for
all n > M for some M € N. If we restrict the map to G, minus the expansions
of the p—adic rationals that don’t end in zeros, then we get a map that is 1-1,
onto, and continuous as desired. The invérse of ¢ exists and is onto the restriction
defined above. Therefore, ¢ allows one to go back and forth between G, and [0, 1),
using which ever formulation is most convenient for the problem at hand.

The map ¢ can also be used to pull concepts from [0, 1) back to G, and vice
versa. For example, in the Walsh case, a function f is said to be W-continuous on
[0,1) if f o ¢ is continuous on G,. Notice once and for all that every continuous

function is W-continuous, but not conversely.
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Let C(Gp) represent the collection of functions f : G, — R which are continu-
ous from the p-adic topology on G, to the usual topology on R. Let Cy represent
the collection of functions g : [0,1) — R which are continuous at every dyadic
irrational, continuous from the on [0,1), and have a finite limit from the left on
(0,1] in the usual topology. Call the map f — f o ¢ the canonical isomorphism.

This map ¢ is a generalization of the associated map that Fine [1] developed
for the dyadic case. Note that for a system defined by a sequence p, ¢ takes I,,(0)
to the interval [0,1/P,), and I,(z) to the interval of length 1/P, that contains

#(z), that is, the interval

g g+1
I(q)n’) = I:F: P )
n n

where 0 < ¢ < P, and ¢ < ¢(2)P, < ¢+ 1. Sometimes the notation may be less
ambiguous if I(g, P,) is used for I(g,n). In an abuse of this notation if z € [0,1)
then call I(g,n), I.(z) or Ip, (z).

Given f € L'(G), then Vilenkin-Fourier coefficients of f will be denoted by

f(k) = /Gf(ﬂf‘)mdu(m) for k € N.

Denote the Vilenkin-Fourier series of f evaluated at z € G by

[o.}

-~

($f)(z) = (k)bx ()

k=0
whose partial sums are denoted by

n—1
(Snf)(2) == Flk)x(z) for n € N.
k=0
Denote the Cesaro means, of order n, of the Vilenkin-Fourier series of f evaluated

at z € G by

onf(z) == 1 ZS,,(.’L‘) = Z_: (1 - %) FE&) i ().




Define the convolution of two functions f and g on the group G by

frg= /G £ - )9()du(y).

The Vilenkin-Dirichlet kernel is defined by

D, (z) := i Ui (z),

and the Vilenkin-Fejér kernel is defined by

where n € P. It is easy to see that
(Snf)(z) = f * Dn(a),

and
onf(z) = f * Kn(z)

for n € P.

In this work, two dimensional Vilenkin series are of particular interest. We
note without proof that the previous definitions and obsevations can be extended
to double Vilenkin series by making obvious modifications. We shall use these
below as needed. Here is some notation which will fascilitate those modifications.

Let p = {px}32, and ¢ = {qgx}{2, be two sequences of natural numbers with
pn > 2 and ¢, > 2 for each n. Then set P, := pop; . .. Pn—1 and Qn := qoq1 - - - Gn-1
where the empty product is defined to be 1. The two dimensional Vilenkin system

associated with these sequences is the system (i, u|n, m € N) defined on [0,1)? as

Ynm(T1, T2) = PYn(21)0m(22), Where Py (z) is really 1, o 7' () and where 0;(z) is
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really 0; o ¢~1(z), again through a bit of an abuse of notation. When pr, = q, =2

for every k, then the system is called the two dimensional Walsh system, and use

w in the place of .

Define the two dimensional Vilenkin-Fourier coefficients of f € L'([0,1)) to
be
f(k,l)z/ : 2f($1,$2)1/1k,l($1,Iz)d($1,$2)-
0,1)

Denote the two dimensionalVilenkin-Fourier series of f by

Spmf = ZZ Flk, Dpr(z for n,m € N.

Denote the rectangular Cesaro means of the Vilenkin-Fourier series of f by

n m n—1 m—1
Onnf = %Zzsn,m SN (1—~) (1—%) F e, 1yt
k=1 1=0 k=0 1=0

Any further notation and concrete results concerning these concepts will be

introduced as needed.




Chapter 2

Two Dimensional Quasimeasures

Uniqueness of Walsh series is intimately connected with the theory of quasimea-
sures (see Wade-Yoneda [15]). Thus we begin our study of uniqueness of two-
dimensional Walsh series with a chapter on two-dimensional quasimeasures.

An algebra of sets on X is a nonempty subcollection of P(X) which is closed
under finite unions and complements. Let A denote the algebra of sets generated
by the dyadic squares in [0,1)2, that is,

n
A={A= U Q; : n € N and Q; are dyadic squares in [0,1)%}.
i=0
Define a two dimensional quasimeasure to be a real valued set function which is
finitely additive on .A. Clearly, every finite Borel measure on [0,1)? is a two di-
mensional quasimeasure, but not every two dimensional quasimeasure on [0, 1)%is

a Borel measure. Denote the collection of two dimensional quasimeasures by QM2.

Definition 2.1. Let v € QM2 and define integration of a simple function with
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respect to v as follows:
/ Cdv=C Xg dv := Cv(E) for E € A and C constant.
E 0,1)2

Definition 2.2. Define the Walsh-Fourier-Stieljes coefficients of v by

i9) = [ wnglan,zs) do
[0,1)2

for (i,7) € N2, where w; j(z1,22) = wi(z1)w;(z2) are the two dimensional Walsh
functions. Notice, since w; ;’s are constant on dyadic squares that this integral is

defined.

The Walsh-Fourier-Stieljes series Sv of v € QM2 will be denoted by

for z = (x1,z9) € [0,1)% For each pair (n,m) € N?, define rectangular partial
sums of Sv by
(Snm)(@) =D Y Dk, wia ().
We now prove that the function v — ¥ is a 1-1 function from QM2 onto £°.

First, observe that for each z € [0,1)?

(Spmv)(z) = oy Dy m(z+t)dr(2),

where Dy, ,(z) = ZZ;& ﬁ;lwn,m(x) and Dy (21, 22) = Dn(%1)Dm(2z2). Thus

by the Paley Lemma
Son omv(x) = 2" 2™V (In(21) X Im(2))

for z = (x1,22) € [0,1)% and (n, m) € N?. In particular, Sor onv(z) = 22"v(Z,(x)),
where Z,(z) =I,(z1) % In(z2). It follows that the map ~ is

1-1 and linear on QM2.
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To show that this map is onto, let {ax,; | (k,I) € N*} € £° and consider the

two dimensional Walsh polynomials

2"—-12"-1

Son on () = Z Z Qg )W, (T)

k=0 [=0

for each n € N and z € [0,1)2. Define v on A by

V(Z) := lim [ Spnon(z)dz

n-—>00 T

where 7 is a dyadic square. This limit exists because [ w;;(z)dz =0 whenever

i>2™ or j >2m and | Z| = 272" for some ny € N. Hence,

v(I) = /z Sano gno () dz

for |Z| =272,
Now given J € A, there exists {Ii}?zl a set of mutually disjoint dyadic squares
such that J = (UL, Z;, where | Z; | = 272" for some n; € N. Let n, > mqu{ni}.

By this fact and the definition of integration with respect to v,

W(J) = /j Sone g (z)da.

Hence, it follows that v is a two dimensional quasimeasure.

Now fix (i,7) € N?°. By definition, D(4,7) = Jio,y2 wiig (®)dv, but wi;(z) =
yod L baxg, (x) for {Z,}2_ a set of dyadic squares and b, € {1,—1}. Choose

n=
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N > mlax{nl,i,j} where |Z;| = 272™. Hence,

26,0) = [ 3 bt () dv
[0’1)2 n=1
d d
= bn/ X, (z) dv = b, dv
; o @) X_; i
d
= (L)
n=1

= Zb / Sone gna () dz (since n, > mlax{nl})

/ anxz ) S gne (2) daz
(0,1)2 3,
= / wi,j(x)ST'* ,2n. (.’E) d.'E
0,1)?
= a;; by the orthogonality of the w; ;’s.

Summarizing these results, given any two dimensional Walsh series S(z) =
> o Doieo Gk Wk, (), there is a unique v € QM2 such that v(k,l) = ax; and
Sgn gn (z) = 2%"v(Z,(z)) for each n € N and z € [0,1)%. We shall call v the two

dimensional quasimeasure associated with the two dimensional Walsh series S(z).
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Chaptér 3

QM2 and Derivates

The connection between uniqueness of Walsh series and quasimeasures comes

about through the following concepts.

Definition 3.1. The upper binary derivate of v € QM2 at a point z € [0,1)? is

defined by
v(Zn(z))

(Dv)(z) := 1i7rln_)sogp FACIE

Definition 3.2. The lower binary derivate of v € QM2 at a point z € [0,1)? is

defined by
(Dv)(z) := ln_)oof @) |

A two dimensional quasimeasure v is said to have a binary derivate if
(Dv)(z) = (Dv)(=),

in which case this common value will be denoted by (Dv)(z).

We begin this chapter with the following technical lemma.
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Lemma 3.3. If for some ¢ > 0, a measurable set Ey C [0, 1)%, a real number r,
and a dyadic square Qq, the following three conditions hold
| EoNQo |> (1 —¢€) [ Qo (3.1)

v(R) > 0 for all dyadic squares satisfying R C Qo, RN Ep # 0, (3.2)

and
Duv(z) > r where z € Ey, (3.3)
then |

v(Qo) >r(1—2¢) | Qo - (3.4)

Proof. Let € > 0 and z € Ey, and suppose without loss of generality that Eq lies
in the interior of Q. By (3.3) there is a dyadic square Q; C Q containing z such
that ¥(Qg) > 7 | Qg |- (Note that | Q, | can be made arbitrarily small by (3.3)).

Now recall Vitali’s Covering Lemma (see Folland [2]): If E C R? and Q is a
family of cubes such that each z € FE is contained in members of Q of arbitrarily
small diameter, then there exists a (finite or infinite) disjoint sequence {Q;} C Q
such that | (E\ Uj2, Q;) |=0.

Hence by (3.1) and Vitali’s Covering Lemma there exists a non-overlapping

sequence of dyadic squares Qq, ..., Q, such that

v(Q)>r|Qi| for NE#0andi€ {1,..,n}, (3.5)
and ’

D IQl>(1-¢)Ql- (3.6)

i=1

Let @, = {Q;}™, and let Q, denote the collection of dyadic squares such that
(i) Q C Qo such that QN Ey # 0, and
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(ii) at least one of the quarters of Q does not contain any dyadic squares from

Q.

Choose an integer ng so large that
| Q; |> 2720 (3.7)
for each i and consider the collection of dyadic squares
0={QeQuQ,;: Q] =27}

We claim that Q covers Q. Suppose to the contrary that some point z of Qg
is not covered by 9, ie. ¢ Q for every Q € 9. Now since Qq is a dyadic square
there exists Ro, a dyadic square, such that z € Ry C Qg where | Ry |= 272"0.
Notice that Ry € Q for every Q € Q. Indeed, if there is a Q € @ such that
Ro C Q, then z € Q which is contrary to supposition. Since |Rg| = 272", then
by (3.7) Q; € Ry for every i. Hence Ry does not contain any element from 9.
Also since these are all dyadic squares, if the intersection of any two of the dyadic
squares is non-empty, then one of the squares must contain the other. By choice,
Ry € Q for every Q € @, and Ry € Q; for every i. Therefore Ry ¢ 9,. However,
Ry does not contain any element of Ql and thus satisfies (ii) of @2. Therefore, Ry
cannot satisfy condition (i) of @, and so Ry N Ey = §.

Now Ry C R, for some R; such that |Ry| = 2721 but R; € Q € 0 for
every Q. If thereisa Q € O such that R; C Q then z € Q contrary to supposition.
Since Ry and R; are dyadic squares, then Ry must represent one quarter of R;.
Since Ry does not contain any element from 9, then R; satisfies condition (ii)

for Q,. However, R; ¢ 9, so R; ¢ Q,. Hence, R; must not satisfy condition (i)
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for Q,, and so Ry N Ey = §. This is important, because Q; N Ey # 0, so Q; € R,y
for every i. If there is an 4 < n such that Q; C Ry, then Ry N Ey # 0, which is
contrary to the previous sentence. Hence one can inductively choose an Ry, R,
and so on such that Ry C Ry C Ry C - - - with |Rj| = 4|R;_1| and R; N Ey = 0
for each j > 0. However, R; C Qo, so there exists a j such that R; = Qo. Thus

Qo N Ey = O, which is a contradiction.
Therefore, Q covers Q.

Now let A = UL,Q; and recall by Vitali’s Covering Lemma the Q;’s are

pairwise disjoint. Hence (3.5) implies that »(A) > r|A|. Moreover, since Q
covers Qo the set (Qg \ A) consists of a finite number of non-overlapping dyadic
squares from Q,. By the definition of @, and (3.1) it follows that »(Qg \ A) > 0.
Consequently, ¥(Qo) = v(A) +v(Qo \ A) > v(A) > rlA|.

Now since |A] =)"7 , |Qs], it follows from (3.6) that
e[Qo] > |Qol = Y 1Qil = Q| ~ [A] =1Qo \ Al.
i=1

In fact, [Qo \ A| < £]Qul-

On the other hand, €|Qo|+|A] > |Qo] = |Qo\A]+|A] > |Qo\A|+(1—¢)|Qo| >
(1 —€)|Qol. So, |[A| > (1 — 2¢)|Qq|. Since, ¥(Qo) > 7|A|, we conclude that

v(Qo) > (1 — 2¢)|Qol

and (3.4) is established and the lemma is proved. O

Theorem 3.4. Let v € QM2. Then except on a subset of [0,1)? of measure zero
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either

Dy(z) = — oo and Dv(z) = + oo,
or
Dv(z) = Dv(z) and is finite. (3.8)

Proof. By symmetry, we need only to show that (3.8) holds for almost every
z € (0,1)? satisfying Dv(z) > —oo.

Fix € > 0 and consider the set

E:={z€(0,1)*| Dv(z) > Dv(z) > —oo}

= [JU{= € (0,1)* | Dv(z) — Dv(z) > r , ke < Dv(z) < (k+1)e}.
rEQKEZ

It remains to show that E is of Lebesgue measure zero.

Suppose not. Since E is obviously measurable, then we are supposing that
|E| > 0. Then for some rational 7 > 0 and for some integer k, the Lebesgue
measure of the set {z € (0,1)? | Dv(z) — Dv(z) > r , ke < Dv(z) < (k+ 1)e} is
also positive.

By replacing v(Z) by #(Z) = v(Z) — ke|Z| (a new quasimeasure) we may

suppose that there is a number # > 0 and a measurable set Ey, with |Eg| > 0,

such that
Di(z) > 7, 0 < Dis(z) < 2¢ (z € Fy) and (3.9)
7(Z) > 0 for all dyadic rectangles satisfying Eo NZ # 0, |Z| < 7. (3.10)

Let z € Ey be a point of density of Fy. Then there exists a dyadic square

Jo with |Jo| < 7 such that (3.1) from the previous lemma holds. Since (3.9) and
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(3.10) imply (3.2) and (3.3) from the lemma, it follows from (3.4) that &(J) >
r(1 — 2¢)|Jo|. Moreover, in view of (3.9) one can shrink Jp, if necessary so that
(Jo) < 2¢|Jo]. Consequently, 2¢|Jo| > r(1 — 2¢)|Jo| holds for every € > 0. In
particular, let £ — 0 to verify » < 0. This is a contradiction. Hence |Ey| = 0.

These last few paragraphs imply that Di(z) = Di(z) for almost every = that
satisfies DP(z) > —oo. Therefore, it remains to show that Di(z) is finite. How-
ever, if Di(z) = +oo on a set Ey of positive measure, then (3.3) holds everywhere.
Hence by (3.4) we can choose a sufficiently small, fixed, dyadic square Jy such
that v(Jy) > r > (1 — 2¢)|J|. (The conditions for Lemma 3.3 are met by J,
since |Ey| > 0, J, has a point of density, and D#(z) = +co). In particular, if we
let r — +oo we see that v(J;) = +oo. This contradicts the fact that v is finite
valued.

The theorem is proved. : O

Let Q denote the dyadic rationals in [0,1). Given an integer n > 0 and a point

2n

z € [0,1)? we shall denote the dyadic square of area 2~2" which contains z by

p p+1 g qg+1
In = |5 an?
(z) [2n on ) . {271 on

where £ = (z1,72) and p,q¢ € N are chosen such-that p < 2"z, < p+ 1 and

Z.(z). Thus,

g <2y <qg+1.

Now define the following three variants of Z,(z).
Definition 3.5. Define the set 7/ () as follows:
T.(x) =0, if {z} N ({0} x [0,1)) # 0 or z = (0, z5).

-1 1
T (z) = [p2n ,2%) X [;in, q; ) otherwise.
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This set is the dyadic square that is directly left of Z,(z), which lies in [0, 1)2.

Definition 3.6. Define the set Z;(z) as follows:

T (z) =0, if {z} N ([0,1) x {0}) # 0 or (z1,0).

1 -1
i (z) = [2%,1);; > X [q i) otherwise.

This set is the dyadic square that is directly below Z,,(z), which lies in [0,1)2.

Definition 3.7. Define the set Z}(z) as follows:

1

n
_|p—1p g—1 ¢ .
Ifl(:v)—[ o ,2n> X [ o ,2n) otherwise.

This set is the dyadic square that is to the left and below Z,(z), which lies in

() =0, if z = (z1,0) or z = (0, z9).

[0,1)%.
Also define the following two hybrid lower derivates.

Definition 3.8.

(D'v)(z) = lim inf 2**v(Z/ (z)) for z € [0,1)>.

n—oo

Definition 3.9.

(D*v)(z) = lim inf 2*"v (T (z)) for = € [0,1)>.

n—oo
Corresponding hybrid upper derivates can be defined in a similar manner.
These definitions will be used in the following theorem, which can be thought

of as a QM2 variant of the classical result that a differentiable function with a

negative derivative is decreasing.
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Theorem 3.10. Let v be QM2 and E be a countable subset of [0,1)%. If

lim inf (T (z)) < 0 for z € (@ x [0, 1)), (3.11)
lim inf »(Z}(z)) < 0 for z € ([0,1) x Q), (3.12)
1i£glfu(ﬁ(m)) <0 for z € Q?, (3.13)
lim inf »(Z,(z)) < 0 for z € [0, 1)?, (3.14)
(Dv)(z) <0 forz € [0,1)*\ E, (3.15)
(D'v)(z) <0 forz € (@x[0,1))\ E, (3.16)
and
(D'v)(z) <0 forz € ([0,1) xQ \ E, (3.17)

then v(T) < 0 for every dyadic square T € [0,1)%.

Proof. First assume without loss of generality, that Q* CE. :Moreover, by con-
sidering v — em for some £ > 0 and m Lebesgue measure, we may also suppose
that (3.15), (3.16), and (3.17) are all strict inequalities.

Suppose for purposes of contradiction that there exists a dyadic square Zo such
that v(Zp) > 0. Choose p € N such that |Zo| = 27?. We shall construct a nested
sequence Ko D K; D - - -, where the K;’s satisfy Ko = Zo, |Ki| = 9-2(p+9) gnd
v(K;) > 0 for every i € N.

First, let Q* UE = {y1,%s, .-}, where the y;’s are points in [0,1)?, and proceed
by induction. Suppose that K, has been chosen. Divide K, into 4 quarters as
dyadic squares. Call these quarters J7*, 7%, J%, and JJ*. Hence, |J*| = $IKa| =
2-2(P+7+1) for each i. Let J" be the lower left quarter, J3' be the upper left

quarter, J9 be the lower right quarter, and Jj* be the upper right quarter.
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Now v(K,) = v(JP) + v(J3) + v(J3) + v(J}). Thus if v(K,) > 0, then
v(JP) > 0 for some i € {1,2,3,4}.

Let k > 1 be the smallest integer so that y;, € Xy, closed in the usual topology.
If y;, is the center point of K,, then set Kpi = J;* such that ¢ is the smallest and
v(JP) > 0. If y; is not a center point, but rather a boundary point of the closures
of two J’s, set Kny1 = J* such that i is the smallest, »(J) > 0, and yi ¢ T
If no such J* exists, set K,p1 = J* such that 4 is the smallest, v(J;*) > 0. If yx
is not a center point or a boundary point of two of the J™s, then y, € ._7_3" for
some j € {1,2,3,4}. Set Kni1 = J;* where v(J*) > 0, ¢ is smallest, and ¢ 5 j. If
v(J) <0 forall i # j, set Kny1 = T

Now by construction, |Kpni1] = 272F+ ) y(Kpi1) > 0, and Kn D Kpy1, for
each n as desired.

Since N, K, # 0 by the finite intersection property, let z € NS K,, where
T = (z1,T2) € [0,1]%

This leads to the following seven possibilities.

Case 1. Suppose z ¢ E, z; ¢ Q, and z2 ¢ Q. Then K, = Z,,,(z) for every
n € N. By hypothesis, (Dv)(z) < 0. However,

) (z) = limin M: imin I/(’Cn(z‘))
(296 =1 B0 Gy = B @) 2©

since v(Kn(z)) > 0 and |K,(z)| > 0 for all n € N. Hence a contradiction. This -
case does not occur.
Case 2. Suppose that z ¢ E, 7, € Q, but zo ¢ Q. Then z is eventually a

right side point or a left side point of the IC;,’s. We consider these two subcases

separately:
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(a) z is a left side point of K,. Hence Ky, = Znyp(x) for every n. This leads to

the same contradiction as in Case 1.

(b) z is a right side point of K,. Hence K, = I, ,(z) for n eventually large
enough.
v(Kn(2))

'v)(z) = limin iI,’l(_x)):_ im inf ——=~
BE =R m @ = B K@ =

since v(K,(z)) > 0 and |K,(z)| > 0 for all n € N. However, by hypothesis

(D'v)(z) < 0. Therefore, a contradiction is reached.

Since a contradiction was reached in both (a) and (b), then Case 2 does not occur
either.
Case 3. Suppose that z ¢ E, z; ¢ Q, but 2 € Q. Then z is eventually a top

side or a bottom side point of the I, ’s.

(a) = is a bottom side point of K,. Hence, K, = Z,,,(z) for every n. This leads

to the same contradiction as in Case 1.

(b) z is a top side point of K. Hence, K, = Z., ,(z) eventually for every n large

enough.

*V)(x .= imin v(Za(2) imin v(Knlz))
BV =R ey~ BE e =

since v(K,(z)) > 0 and |K,(z)| > 0 for all n € N. However, by hypothesis

(D*v)(z) < 0. Therefore, a contradiction is reached.

Since a contradiction was reached in both (a) and (b), then Case 3 does not occur
either.
Case 4. Suppose that now z € E, but z; ¢ Q and 2z, ¢ Q. Hence, z € K, for

every n. Therefore, there exists N € N such that if n > N, then v(K,4;) > 0 and
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v(JP) < 0 for each 7 such that J* # Kn41 by construction. Hence, v(Kpyy) >
v(K,) for each n > N, and K, = Z,,(z) for each n. Therefore,

lim inf »(Z,,) = liminfv(K,) > v(Kn) = v(In4p(z)) > 0.

n—oo n—oo

This is a contradiction to (3.14). Therefore, Case 4 does not occur.
Case 5. Suppose that z € F and z; € Q, but z, ¢ Q. Therefore, there is an

N € N such that z is a left side point or a right side point of K, for each n > N.

(a) z is eventually a left side point, i.e. there is an N € N such that z is a left
side point of X, for each n > N. Then »(J3*) < 0 and v(J}*) < 0 for each K,
such that n > N, by construction. Hence K, 4) = J* for each n > N and for
some i € {1,2}. Since zo ¢ Q, then z € JJ* or z € J3*. Therefore, v(J) <0
for z ¢ J" by construction. Hence, v(Kny1) > v(K,) for each n > N and so

a contradiction occurs, as in Case 4.

(b) z is eventually a right side point, i.e. there is an N € N such that z is a right
side point of K, for each n > N. Therefore, v(J7*) < 0 and v(J3') < 0 for
each K, such that n > N, by construction. Also, z is only in J_]" for some
j € {3,4} for every n > N. In fact, ¥(J) < 0 for every i # j and n > N.

However, K, = I/

n+p(z) for each n > N. This statement leads to the following

statement.

lim infz/(;'l';(a:)) = liminf ¥ (KC,) > v(Ky) > 0.

n—o0 n—oo

This statement is a contradiction of 3.11.

Since both (a) and (b) lead to a contradiction, Case 5 does not occur either.
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Case 6. Suppose that z € F and 2z, € Q, but z; ¢ Q. Therefore, there is

N € N such that z is a bottom side point or a top side point of K, for each

n> N.

(2)

z is eventually a bottom side point, i.e. there is an N € N such that z is a
bottom side point of K, for each n > N. Then v(J3) < 0 and v(JJ*) < 0 for
each /C,, such that n > N, by construction. Hence K41 = J;" foreachn > N
and for some i € {1,3}. Since z; ¢ Q, then x € J* or z € J3'. Therefore,
v(J") < 0 for x ¢ J by construction. Hence, v(Kn41) > v(K,) for each

n > N and so a contradiction occurs, as in Case 4.

z is eventually a top side point, i.e. there is an N € N such that z is a top
side point of K, for each n > N. Therefore, v(J3*) < 0 and v(JJ*) < 0 for
each /C, such that n > N, by construction. Also, z is only in J_J" for some
i € {1,3} for every n > N. In fact, »(J*) < 0 for every ¢ # j and n > N.

However, K, =Z1.*

aip() for each n > N. This statement leads to the following

statement.

liminfv(Z7(z)) = lim inf v (KC,,) > v(Kn) > 0.

n—oo n—oo

This statement is a contradiction of 3.12.

Since both (a) and (b) lead to a contradiction, Case 6 does not occur either.

Case 7. Suppose that z € Q?. Hence, there isan N € N such that x is a corner

point of X, for each n > N.

(a)

z is a bottom left corner of IC, for each n > N. Therefore, K, = Z,4,(z), and

by construction v(J?) < 0 for each i # 1. Hence, v(Kpt1) > v(Ky) > 0 for
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each n > N. Therefore,

lim inf v(Z, (z)) = liminf v(K,) > v(Ky) > 0.

n—co ] n—oo

This is a contradiction to (3.14).

z is a top left corner of K, for each n > N. Hence, Kpy1 = Jgt for each

n>N,andso K, =T*

p(2) for each n > N. Since z € JJ' for every n > N,

then, by construction, v(J*) < 0 for each 7 # 2. Hence, v(K,4+1) > v(K,) >0

for each n > N.

liminf ¥(Z;(z)) = liminf v (k) > v(Ky) > 0.

n—oo n—oo

This is a contradiction to (3.12).

z is a bottom right corner of X, for each n > N. Hence, Kp41 = J3* for each

n>N,andso K, =1/

»4p(x) for each n > N. Since z € Jx for every n > N,

then, by construction, v(J*) < 0 for each 7 # 3. Hence, v(K,41) > v(K,) >0

for each n > N.

liminfv (7] (z)) = liminf v(K,) > v(Kn) > 0.

n—oo n—oo

This is a contradiction to (3.11).

z is a top right corner of X, for each n > N. Hence, Kny1 = JJ for each
n > N, and so K, = I}, (z) for each n > N. Since z € JJ* for every n > N,
then, by construction, v(J*) < 0 for each 7 # 4. Hence, v(K,41) > v(K,) >0

for each n > N.
lirr_l)infu(Ifl(x)) = liminfv(K,) > v(Ky) > 0.
n—oo n—oo

This is a contradiction to (3.13).

25



Since, (a),(b),(c), and (d) all lead to contradictions, then Case 7 does not occur.
All seven of the possible cases for z lead to contradictions. Therefore, the
supposition that ¥(Zy) > 0 must be false. Therefore, v(Z) < 0 for every dyadic

square Z € [0,1)2. The theorem is true, as promised. O

Notice that a similar theorem, where > is substituted for <, can be proved in
a very similar manner through the same methods.

At last, we are prepared to use the ideas developed in Chapter 2 and Theorem
3.10 to obtain an answer to the question of uniqueness of two-dimensional Walsh

series.

Theorem 3.11. If S is a two dimensional Walsh Series satisfying

lim 272" Syn on(z) = 0

n—o0

for each x € G? and if

lim Szn,Qn (.’L‘) =0

n—o0
for all but countably many x € G2, then S is the zero series, that is, the coefficients

of S are identically zero.
Proof. First, let S be as in the hypotheses, and then notice that

lim San on (z) = lim sup Sgn on () = lim inf Son on(z) = 0
n—oo n—o0 n—oo

for every z € G2, which implies that

lim sup Sgn gn (z) > 0 and liminf Spe gn(z) <0

n—oo n—00

for every z € G2
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Now consider the function

Ton on (21, T2) = San on (¢(21), H(22)),

for each n € N and (z;,73) € [0,1)%. Tyn 9n is a two-dimensional Walsh series on

[0,1)? with the same coefficients as Son 9» for each n. Also let

9(z1,z2) 1= nlgglo 272" Ton on (21, Z2),

for each n € N and (z1,7;) € [0,1)2. By hypothesis, g(z1,22) = 0 for every
(z1,72) € [0,1)%. In fact, g is in class Cw in each coordinate. Hence, g(z; —
1/2", z,) = 0 for each n € P,z; € Q\ {0} and z; € [0,1), g(z1,z2 — 1/2") = 0 for
each n € Pz, € Q\ {0} and z; € [0,1), and g(z; — 1/2", 2, — 1/2") = 0 for each
neP ;€ Q\{0} and z, € Q\ {0}.

Now recall from Chapter 2: If z = (z;,72) € [0,1)® and for some two-

dimensional quasimeasure v and for some 0 < ¢, < 1/2" for each n, then

| y(z,g(x))zf dv

Zh(2)

= lim T2m,2m (Ul, Ug) d(ul, U2)
m—ro0 I;,'(:B)

= / T2n’2n (u1, Ug) d(ula u2)
7, (x)
= T2n,2n (.’1:1 —ty, :1:2) : |I7Il(x)|

0, when |Z/ (z)] = 0
272 on on (2) — tn,Z2), Otherwise

If we let t, = 1/2™ for this equation, then

, when |77 (z)| =
VL&) =4 (el =0

2_2nT2n’2n (.'1:1 — 1/2717 .'1:2), OtherWise
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In fact, similarly
(

0, when |Z},(z)| =0
v(Zn(z)) =
2_2nT2n’2n (l‘l, Ty — tn) = 2_2nT2n’2n (xl, Ty — 1/2"),
\
(

0, when |Z, (z)| =0
v(Th(z)) = 4 5@

\

272 Ton on (T — tn, To — tn) = 272" Ton on (21 — 1/27, 22 — 1/27),
and
U(Za(2)) = 272" Tpn on (21, T2)

for appropriate z; and z,. Hence, conditions 3.11, 3.12, 3.13, and 3.14 of Theorem
3.10 are all satisfied.

Now consider the function
h(zy, z2) := lim Ton on (21, 22)
n—o0

for each n € N and (z,z2) € [0,1)2. By hypothesis, h((z;,22) = 0 for all but a
countable set of points in [0,1)2. Call this set E. In fact, by the equations for v

above and the definitions of the derivates from earlier in the chapter, we get:

(Dv) (21, 22) = h((21,22)

h:l?l—n,.’l,‘g
(D) aryza) = § T )

0, when |Z}(z)| =0

and

. h(.’L‘l, To — tn)
(D'v)(21,22) =
0, when |Z/ (z)| =0
where t, is chosen in each case so that (z; — t,,72) € [0,1)2\ E, (21,22 — t,) €

[0,1)2\ E, and the equations for Z,(z), Zx(z), and I, (x) are true as above. Hence,
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conditions 3.15, 3.16, and 3.17 of Theorem 3.10 are all satisfied by these equations
and the hypothesis. Hence, all of the conditions for Theorem 3.10 are true and

the conclusion holds. Therefore, v(Z) < 0 for every dyadic square Z. However,
V(I) = 2_2nT2n’2n (1'1, 1'2)

for some n € N such that |Z| = 272" and any (), z2) € Z. Hence, Ton 2 (21, T2) <
0 for any (z1,z.) € Z. Since, T was arbitrary, then the last inequality hold for all
n € N and all (z1,z2) € [0,1)%

Using the alternate version of Theorem 3.10,which has > in the place of <, we
can also prove that v(Z) > 0 for every dyadic square Z, and hence Ton 9n (21, Z2) >

0 for any n € A and all (z1,zs) € [0,1)?. Combining this inequality with the one

derived above, we conclude that
Tzn,gn (2)1,2}2) =0

for any n € N and all (1, z2) € [0,1)2. Therefore, every coefficient of 7' must be
equal to zero. Since the coefficients of T' and S are the same, then S must be the

zero series. The theorem is proved. O

If a two dimensional Walsh series satisfies the first hyposthesis of this last theorem

(Theorem 3.11), namely, if

lim 2—2n52n,2n (x) = 0,
n—o0

holds for all z € G2, then we say that it satisfies the C-S condition. Notice that the
C-S condition is satisfied, by any two dimnesional Walsh series whose coefficients

tend to zero. Indeed, if

oo 00
S = E E QA JWEW)

k=0 =0
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then

2n—12"-1

2—2n|52n’2n] S 2—271 Z Z |ak,,|.

k=0 [=0

Hence, if ax; — 0 as k,[ — oo, then 2721 G9n 9n — 0, a8 m — co uniformly on G2
In particular, the two dimensional Walsh-Fourier series of an f € L!(G?) satisfies

the C-S condition.
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Chapter 4

A Tauberian Theorem for Cesaro
Summability of Double Walsh

Series

There will be two main results in this chapter that will be based upon the
theory that was developed in Chapters 2 and 3. The first shows that dyadic square

partial sums of double Walsh series are either very bad or very good.

Theorem 4.1. Let E be a measurable subset of [0,1)? and S be a two dimensional

Walsh series. Then except on a subset of E of Lebesgue measure zero, either

lim sup Son on (2) = +00 and liminf Son 2» (z) = —00, or
n—00 n—oo

ILm Son on () ezists and is finite forx € E
n—oo

In particular, if iminf,_,o Son 9n (z) > —00 (z € E), then Sy on converges almost

everwhere on E, as n — 0o, to some finite limit.
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Proof. Let v € QM2 such that S = Sv. Theorem 3.4 says that

Dv(z) = +o0 and Dv(z) = —o0,

Dv(z) = Dv(z) is finite

for almost every z € [0,1)%.

However, recall

I

Son o (z) = 220 (T%(z)) V(In(:z;)))|

where |(Z"(z))]| = 272"

Hence the theorem is proved. O

In order to prove the next theorem two definitions will be needed. First, recall

the definition of the two dimensional Cesaro means.

n m

Onm(2) = 51% ZZ S; () for ¢ € [0, 1)

i=1 j=1

Definition 4.2. Define the first hybrid Cesdro mean to be
1 n
L = - in f 1 2.
o, (z) n;S’ (z) for z € [0,1)
Definition 4.3. Define the second hybrid Cesdro mean to be
1 n
02(z) := -~ an,j(m) for z € [0,1)%
j=1

Before we state the next main result is, we shall prove the following technical

lemma.

Lemma 4.4. Let K be a subset of [0,1)? of positive Lebesgue measure, and let

T = (z1,Z2) be a dyadic irrational point of density for K, that is, both coordinates
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are dyadic irrational points of density in [0,1) for x € K. If pm,y and pm2 are
integers such that 0 < pm; < 2™ for each i € {1,2} and m € N such that
{z = (z1,72)} = NC_o(I(Pm,1, M) X (I(Pm2,m)), then there is a number My and
three sequences tn; € [0,1)? for i € {1,2,3} where tm; := tmi(z) — (0,0) for

each i as m — oo such that if m > My and 2™ < n < 2™+! then
(i) z+tn; € K,

(i) T, T+tm1, T+tmz, and T +1tns are in different quarters of (I(pm,1,m) X

(I(pma2,m)), and

(i)
%(an,n (z) + Z Onn(T +tmi)) =2n—;no*2m om(zT) + (—TL—_T;L)SW om (1)
) . (nm2m(em)

= (04 (@) + 0B (=)

Proof. Fix m > 0. Let by, be the midpoint of I(pm1,m), and let by, 2 be the
midpoint of I(pm2,m). Next set ap; 1= bnj; — 75, j = 1,2.

If a1 > 0, then z; is in the left half of I(pp,1,m). If amy < 0, then z; is in
the right half of I(pm,1,m). If ama2 > 0, then z5 is in the bottom half of I(p, 2, m).
If ;o > 0, then x5 is in the top half of I(pm2, m).

If a1 > 0, then set

']1(73,)1 = (pm’lz—m, bm,l)a
']1(3,)1 = (pm,lz_m7 (pm,l + 1)2_m)7 and

T = (b1, (P +1)27™).
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that are the quarters or unions of the quarters of (I(pm,

be the quarter directly above or below J

7o) _

If a;my <0, then set

']ml - (bm,h (pm,l + 1)2—m),
Jr(r;?)l = (pm,l?'_ma (pm,l +1)27™),and

']7(3)1 - (pm,l2_m;bm,l)'
If ame > 0, then set

Jm 2 — (pm,?z—m) bm,2);
sz = (Pm22™™, (Pm2 + 1)27™),and

IS = (bmps (Pm2 + 1)27™).
If a2 <0, then set

I8, = (bmg, (P2 +1)27™),
I, = (Pmp2™™, (Pm,2 +1)27™), and

']m 2 — (pm,22_m, bm,2)-

Now since z is an interior point of (I(pm,1,m) X I(Pmz2,

in one of the four quarters. For each m one can choose {Jm }7_, to represent sets

in the usual topology.

Let J& be the quarter containing z open in the usual topology. Let Jm @

& = J(l) U JP. Let J® be the quarter directly right or left of JO . Let

let J&) be the union of the four corners each open in the usual topology.
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m)) for each m, it is

m) X I(pmz2,m)) open

open in the usual topology. Let

Iy JY @ Let J© be the quarter diagonally opposite to J,g), and lastly,




For example, if a1 > 0 and ap,2 > 0, then J,(,%) be the lower left quarter of

(I(pm,1,m) X I(pm,2,m)) open in the usual topology. J? is the upper left quarter
of (I(pm,1,m) X I(pmz2,m)) open in the usual topology. I is the lower right
quarter of (I(pm,1,m) X I(Pmz2,m)) open in the usual topology. I is the upper
right quarter of (I (pm,1, m) X I(pm2,m)) open in the usual topology, and the other
sets are defined, as above. (Note that all of these sets are nicely shrinking with
respect to B(z, (v2)2~™) N [0,1)2.)

These definitions mean that J& y JIm (4 J,(,f), and z all belong to different quar-
ters of (I(pm,1,m) X I(Pm2, m)). Also,

1
922(m+1)

[T = 1ID = IJ(‘”I

IKNJ?| = |KNnJO| - |KnJY

KNIl _ KNI — KN JY
T oo 179

3 1
. |K nJ ( )| |K nJ ( )|
M— 00 2—2(m+1) 2~2(m+1)

2k nJ)  1KnIR)
= lim =
m—00 |J(3)| |J1(nl)l

im
m— oo |J,(,3) I

This last line happens to be true, since z = (21, 2) is a point of density for K,

that is
i |Kﬂ (3)] - ]Kﬂ (1)|
3) - T
m—oo |J7(n l m—o0 |Jm |
In a similar fashion,
1
I =195 = |J<5)l = Sl

IKNJW| = |KnJO| - |KnJDY
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K NI KN JD| -~ |K N T

lim ——— = lim @

m—00 lJm)l' m—+o0 |Jm)|
o (KR 1K N JY)
= e\ 2-2mHD) T g2mt)

2k J®|  IKnJR)
= lim ® : =1
e \ )| 7|

This last line happens to be true, since z = (z1,22) is a point of density for K,

that is
1K N JD) KN JY)
im —T =1= lim —T—
6
Now show that lim,, e 'I‘I’;’(’g’{] l
1 1
IO =1ID1 = 1I21 = 191 = 31721 = S

IKNJO| =K nJO| - |KnJP| - [KnJP|— KNP

Lo KNI O, (IknJP| K0P KNP KNI
e 170 mieo ®) ©) ©) ©
| I | | I | | Jm” | |Jm”| Im’ |
o (BN IO K0Pl K0P KNI
= o 92(m+1)  92Am+1)  92(m+l) T 92(m+1)

_ o (UKD Ol IKnIR| KNP KN
T T D) @9

=1

Again, this last statement is true, since z is a point of density for K and by the
previous results.

Hence, now

KnJP| . |KnJY) K@ _ . |KNJm)| A
! D7 e @ am o .,
m—oo |Jm I m—o0 IJm | m—o0 IJm | m—o0 |J |
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In particular, there is My € N large enough so that K N J& #0, KN J& # 0,

and K N JE £ 0 for all m > M.

Let m > M, and choose 3 numbers t,,; for i € {1,2, 3} such that z +t,; €
KNJ®, 2 4tns € KNJY, and z+tm3 € KNJY. Since, [J5)] — 0, |7 = 0,
and |J,(,?)l — 0, as m — oo, then t,; — 0 and = +t,; — x for each 7 as m — oo.

Moreover, , T + ty 1, T + tm2, and & + ty 3 all belong to different quarters of

(I(pm1, M) X I(pm,2,m)). Therefore, conditions (i) and (ii) are satisfied.

Now fix 2™ < n < 2™+! and consider 2™ < k < 2™*!. Then,

k-1 k-1
Sk =YD aiwi
i=0 j=0
2m—12m—1 k-1 k-1 2m—1 k-1 k-1 2m-1
= > agwig+ > > aiwi + > > aiwiy+ > Y aiwig
i=0 =0 i=2m j=2m i=0 j=2m i=2m §=0

Now, if r,{ > 2™, then

2m—-12m—1 r—1 — 2m—1 -1 r—1 2m-1
Tl - : : : : al:]wzvj + : : : : alv]wzﬂ + : : : : al)]wzﬂ + : : : : az’]wzﬂ'
i=0 j=0 =2 j=2m i=0 j=2m 1=2" j5=0

If r >2™ and [ < 2™, then

2m—1 -1 r—-1 1-1
Spi= Y. D Giwigt DY Wi
=0 j=0 i=2m j=0

If r <2™ and ! > 2™, then

r—12m-1 r—1 [-1
rl - E _5_ a; jWi 4 + _5_ _S_ a; Wi j.
=0 7=0 i=0 j=2m
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Also,

Onn = % Z Z Sl

1 r;"l I;‘l 1 n n 1 m n 1 n 2m
= ;2' Z Z Sr,l + ;;2" _Zm _Z Sr,l + ;5 Z _Z Sr,l + E’ _Zm Z Sr,l
r=1 [=1 r=2m+4]1[=2m1+1 r=1[=2m41 r=2m+1 (=1
1 1 n n 1 2m n 1 n 2m
= pman + 02 Z Z Sy + 2 Z Z Srip+ 2 Z Z Sl

r=2Mm+1[=2m+1 r=1 [=2m41 r=2m41 [=1

Recall that w; is constant on I(pm,1,m) and I(pp2,m) for 0 < j < 2™. Also
recall that w; changes sign on I(pm,1,m) and I(pm2,m) for each j such that

om < § < 2™+ Hence,

Ogm om (T + tmi) = Ogm om () for each i,

and

Szm’2m ($ 4+ tm,i) = ng,2m (IE) for each 1.

Recall that w; ;(z) = wi(z1)w;j(z2) for £ = (z1,2). If 2™ < 4,5 < k and given

Z,T + tm; for each 4, then it follows that

wi () = —wii (T +tm1),  wig(T +tmy) = —wii(T +tms),

w; j(2) = —w; (T + tm,2)s wij(z + tm1) = wij(z + tm,2),

w;j(z) = —wij(T +tms),  wii(@ +tn2) = —wii(T +tms)-
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Next, show condition (iii) holds. So using these facts above,

an,n (x)+0n,n (CL‘ + tm,l) + Un,n (CL‘ + tm,2) + Gn,n(x + tm,3)

n

4.2%m 4 -
= 2 02m,2m($)+n—2' Z Z Szm’zm(x)

r=2m+41=2m+1

2m n r—12m-—1
4
S0 il h P
r=11=2m41 Li=0 35=0
4 n 2m fam-1 -1
i 3 SIE S
r=2m41 I=1 L i=0 5=0
4.2%m 4 (n— 2’"
= Ogm 2m( ) ng om (.’L')
n?
4(n — 2m)2m 2m om dn —2m)am (1 &
Sr.om ( - | = Som
(2,.,,2 i) + 25T (L5
4. 22m ’I'L 2m 2
= O'2m 2m SZm om (.’L')
n2 .
2'"1
n — 2’" 2m 1
(2m IERERSSIENE)
=1
4 . 22m (n— 2’"
= n2 Oam om (iL‘ —7’;2—52"1’2"1 (.’L‘)
4(n —2™)(2™)
+ — (03 (2) + 0m ()
So, dividing both sides of this last equation by four gives
1 2 92m (n —2m)?
3 Ona(®) + 3 O+ b)) =r-0am am (8) + o Saman (@)

- WUt alca

(02 (2) + 03m (),
and (iii) is true.

Now we are prepared to prove the following Tauberian style theorem.
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Theorem 4.5. If E C [0,1)? is measurable and limsup,,_,, |o2n 2 (7)| < 00,
lim sup,_, ., |03 ()| < 00, and limsup,_,., |03 (2)| < 0o for x € E, then there is
a finite valued measurable function f such that

lim Son on (z) = f(2)

n—oQ

for almost every x € E.
Proof. First suppose that |E| > 0 and let € > 0, y € F, and set

F(y) := liminf on 2= (y)

n—oQ

By hypothesis, F is finite valued on E. Moreover, if Fiy,(y) := min{F(y), oam41,9m41(y) },
then F,(y) — F(y) almost everywhere on E, as m — oo. Hence, by Egoroft’s
Theorem and Lusiﬁ’s Theorem, there is a perfect set K C E v;rhére |K| > |E|—¢€
such that F is continuous on K and F,,, — F uniformly on K, as m — oo.

Thus for any fixed z € K, there is z + tn; € K and t,; — 0 for each

i € {1,2,3} by Lemma 4.4. Choose m large enough so that for each ¢

Ogm+1 gm+1 (.'17 + tm,z) > Fm (.'17 + tm,z)

2 F(.’L‘ +tm,i) -

N ™

> F(z) —e.

In particular,

0'2m+1’2m+1 (.’E + tm,z) Z hﬂ](.)rolf Ogn on (.’E) — €

for each i and m large enough.
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By (iii) of Lemma 4.4,

3
1 22m n—92m 2
L Onnl@) + 3 0o+ ti)) =g o (@) + B gy ()
i=1

L (n=2men)

P 0k (0) + 02 (2)),

for 2™ < n < 2™*!, Letting n = 2™*! makes this equation
1 5 1 1
Z(U2m+1,2m+1 (-’17) + Z Ogm+1 gm+1 (.’17 + tm,i)) =ngm,2m (.’17) + ZSQm,gm (.’17)

=1

(02m (7) + 03m ().

= =

+

Multiply this equation by 4, and the last inequality above. It follows that, for

large values of m we get

Oom+1 gm+1 (ZE) +3 linlinfagn,zn (JI) — 3¢ So’gm’gm (ZE) + 52m12m (z)
n—00

+ 0gm (2) + 03m (2),
and in fact,

4 lirginfazn,zn (z) — de < ogm gm (T) + Sam om (2) + Ogm (T) + om (T).
n—o0

Now, by hypothesis and again for m sufficiently large this inequality becomes,

41im inf ogn 9n (z)—4e < lim sup ogn 9n (T)+Som gm (T)+1im sup o3m (x) +1lim sup o7 (x)+3¢.
n—00 n—00 n—00 n—o0

Since |K| > |E| — € and ¢ is arbitrary, we have by the hypotheses that

lim inf Som om (2) > —00
m—ro0

for almost every x € E. Therefore the hypotheses of Theorem 4.1 are satisfied,
and so there is a finite valued function f such that Sem om(z) — f(z) almost

everywhere on E as m — oo.
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The theorem is proved.
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Chapter 5

Summability Background

The purpose of this chapter is provide some basic background that will be
needed to prove the theorems in Chapters 6 and 7.

A Vilenkin rectangle of order (n,m) is a rectangle of the form
R :=[kP7L (k+1)P7Y) x Q7Y 1+ 1)Q5)
= I(k, Pn) x I(1,Qx),
.where k and [ are integers such that 0 <k < P, and 0 < | < Qm. The o—algebra
created by all Vilenkin rectangles of order (n,m) will be denoted by Fp . Given

a rectangle R € Fnn, and r € N, the r-fold ezpansion of R will be a Vilenkin

rectangle R € Fy_ym—r such that R C R'.
Given 0 < p < oo, then a p-atom on [0,1)? is a bounded measurable function

a on [0,1)? that satisfies the following conditions:

(i) a is of mean zero, that is,

// a(zy, T2)d(z1, 22) =0,
[0,1)2
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(i) there is a Vilenkin rectangle R € Fy  such that || a [o< |R|’%,
(iii) a is supported on R.

A Vilenkin martingale is a sequence of integrable functions (fom : n,m € N)
such that each f, ,, is Fnm measurable, and the conditional expectation operator
with respect to these o—algebras satisfies Ey (fnm) = frg for £ <n and | < m.
It is well known that the partial sums Sp, o, f of the two dimensional Vilenkin-
Fourier series of any f € L!([0,1)?) is a Vilenkin martingale.

Using Vilenkin martingales and quadratic variation instead of distributions
and the maximal operator, Weisz [16] introduced Vilenkin Hardy-Lorentz spaces,
H, ,([0,1%), for each pair 0 < p,g < oo. These spaces reduce to the regular
Vilenkin Hardy spaces for p = ¢. The only thing that is needed about these

Hardy-Lorentz spaces is the following extrapolation theorem (Wiesz [16]):

Lemma 5.1. Suppose that T is a sublinear operator defined on Vilenkin mart-
inglaes and 0 < § < 1. There ezists an r € N and a constant Cp, which depends

only on p and r such that

// |Ta|”d(:1;1,:1;2) S Cp,r
[0,1)*\R"
hold for all p-atoms a. Moreover, if T is bounded from Loo([0,1)?) to Loo([0,1)%),

then T is of weak type (1,1) on L1([0,1)?) and for every 6 <p < 1,0 < g < 00

there is a constant Cp, which depends only on p and q such that

| Tf 1pa< Cor | £ ||, 00,2 -

As was mentioned in the introduction, the theory of bounded Vilenkin systems

is quite different from the unbounded case. In order to get some positive results
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for the unbounded case, Wade [14], working the growth of Cesaro means of two
dimensional Vilenkin-Fourier series, found it necessary to limit the growth of the

Vilenkin parameters using the following concept.

Definition 5.2. Given 0 < & < 1, call a sequence (p,;n € N) or the Vilenkin

system that it generates §—quasibounded, if there is a positive number M such

n—1 ')
> () v
Djs1 " DPn

Jj=0

that

M

for all n € N. A 1-quasibounded system will be called quasibounded.
Clearly, if 6 > u, then a p—quasibounded system is d—quasibounded, but not

conversely. In fact, all §—quasibounded systems are quasibounded.

We have found it necessary to introduce another measurement to control
the growth of the Vilenkin parameters which is slightly more stringent than

d—quasiboundedness.

Definition 5.3. Given 0 < § < 1, call a sequence (p,;n € N) or the Vilenkin
system that it generates d—strongly quasibounded, if there is a positive number K

such that

n—1

K =3 (W;?-Q—RI)YSK

‘=0 \ D1

for all n € N A 1-quasibounded system will be called strongly quasibounded.
Clearly, if § > p, then a u—strongly quasibounded system is 6 —strongly qua-

sibounded, but not conversely. In fact, all —strongly quasibounded systems are

strongly quasibounded. Also, notice that since n+2—1! > 1, then every d—strongly

quasibounded system is —quasibounded.
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Now this definition begs the question as to whether any such sequences exist.

Notice that if p, = O(1) as n — oo, then since p, > 2,

The finiteness condition comes from the ratio test. Thus any bounded Vilenkin

system is §—strongly quasibounded for all 0 < 0 <1.
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Chapter 6

The Vilenkin-Fejer Kernel

Let p = {p;}2, be a sequence that will produce a Vilenkin system, and
P, = pop1...pn—1. First recall, if ¢, is the kth Vilenkin function for some Vilenkin

system, then

n—1 n—1
D, = kzz/;k and  Kpi=) (1 - %) e
=0

represent the one-dimensional Vilenkin-Dirichlet kernel and the one-dimensional
Vilenkin-Fejer kernel, respectively. Next recall that
P, 0<z< p!
Dp,(2) = PuX 5,1, (@) =
0, Pl<zr<1
The following lemmas will be crucial to our main estimates. The first two
come from (Simon [9])
Lemma 6.1. Let n = Zfzo naPa for n € N, where 0 < ny < po and nq € N.
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Also let

AD:={l|l,j €N, j-Pa S U< (j+1)Pa, and 1 <j <pa},
and

BO(n):={klkeN, k=no®l, andl € AP} =na@AY.
Then it is true that
{0,1,2,...,n — 1} = U2 o{Ufeg B+ (n)}.

Proof. 1t is evident that AS) N AS,’) =0, Bd(n) n Bg,l)(n) = {, where (a,7) #

(o, j"). Designate by [A] the number of elements in the set A. Hence, we get

[A9)] = [BY (n)] = Pa,

and
00 Ng—1 (s3]
U0 {Upzg BE )} =D D Pa=D naPa=n.
a=0 k=0 a=0

On the basis of this equation it is enough to show that if t € U {Ure 1B “retR) ()},
then 0 < ¢t < n— 1. For each such ¢ thereis | € Nsuch thatt =n®land !l € Agj),
where j = po — no + k, 0 < k <n,—1, and o, 7, inN. First,

a—1

1= lPy+j-Pa,

p=0
then we get
a—1 0
t=Y [nu+l (modp,)P+[na+j (modpa)lPat Y muPu.
u=0 p=a+1
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But [nq + 7 (mod p,)] = k < ng — 1, therefore it is true that

’ a—1
t< Y (pu—1)Pu+ (na P+an
p=0 p=a+1
o
=—14+n,P,+ Z nu Py
p=a+1

o0

SZnﬂPﬂ—l—n—l
p=0

Therefore, 0 < t < n — 1, and the lemma is proved. O

The next lemma comes from the same work by Simon. It uses Lemma 6.1 to
get a powerful decomposition for the Vilenkin Dirichlet kernels D,, in terms of the

positive, locally supported Dp,’s.

Lemma 6.2. Ifn =2 n,P, where 0 < ny < po and ng €N, then

Da() = 9a(z) ) ( i (Ta(x))j> Dp,(z), (z € Gp).

a=0 j=Pa—Na
In fact, if there is s € N so that P,_y < n < P;, then n, =0 for every oo 2 s and

pa—1

Z > (ralz )Dpa(),(xer).

j=pa—"Na

Proof. By Lemma 6.1, it follows that

Dae) = S (a) = Z bul2)

teuoo_o (Uk a—1 B(Pa —ng+k) (71.))

w)i Z 3 (@)

a=0 j=pa—Na leAg)
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However,
Pa—1 Po—1
> @) = ) birer(a) = ira () > til(z)
1AW k=0 k=0
= Y;p, (z) Dp, (2) = (ra(2))’ Dr.(2)-
Therefore, Lemma 6.2 is proved. } O

The next lemmas and theorems come as a result of initial formulas presented

by P4l and Simon [5], from which the following definition comes.

Definition 6.3. The function f € L!(G,) has a strong derivative df € L'(Gp), if

where
nol P ~omilk,
E P; E k-p;~1 E exp

7=0

.’L' lej)

for z € G, n € P, and ¢; := (0,0,...,0," 1 ,0,...) € Gp.
From this definition, di, = nw, is easily verified.

Lemma 6.4. For k € N and z € G, let r; be the function defined by

Then

p:"‘l

Kole) = oo ijj > (s [raDr @

=0 i=a j=p;—n;
1 Pa—1l pa-—l

— LY B Y. Trallea)F(rillea) Y 4nllea) D (@ Hea) ).

Pa k=0 1=0
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Notice that this will lead to the following inequality:

a—1 a—1
7)| < = ZP an[napp __,,Z kpz Dp( a:-l—lea]
a—O k=0 =0

Proof. Let n € P be an arbitrary fixed number and let s € P be the natural

number which satisfies P,_; < n < P;. Then from the last definition,
1 1
K,=D, - —dD, =D, ——d,D,
n n
or
nK, =nD, —d;D,.

Hence,

nKa(z) = ma( ZZJ—p—nJ“ {(ri(x))’ D, (x)

i=
pa_l Pa—1

_ ZPQ Z ; Z To(leq))* Dn(z+lea)
a=0

@ =0
s—1 pi—1
= nipn(z Z Z ri(z)) Dp,(z)
1=0 j=p;—
Pa—1 Pa_l s—1 pi—1 .
"ZPaZ Z (rallea))Fyn(ztlea) > D (ri(z+lea)) Dp,(z+eq)

a= k=0 % =0 =0 j=p;—n;

s—1 pi—1
2. Y. (@) B,

i=0 j=p;—n;

where

s—1 Pa—1 Pa—1

k . )

Bi=nDp,(z)— > Pa Y, — > (ra(lea))¥nllea) (ri(lea)) Dp,(z-+Hea)-
a=0 k=0 P 1o

Recall that Paley’s lemma says that Dp,(z) = P, if z € suppDp,, and Dp,(z) =

0, if z ¢ suppDp,. Hence, if 0 < i < e, then Dp,(z+le,) = Dp,(z) and ri(leq) = 1.
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Again, if 0 < i < @, then by Paley’s Lemma, B; = 0 if z ¢ suppDp,. For

n=>y o 0nL,LPa, 0<1i<a, and z € suppDp,, then

s—1 Pa—1 Pa"l

B; = P, (n.P; — Zp Z To(lea))*n(leq) Pi

@ =0

otherwise.

We shall show that B; = 0. Indeed, first show by definition

s—1 Pa—1 pa_l
= ZPaP Z > Z ra(lea))*n lea)]
a=0 k=0 ©¢ 1=0
s—1 [ Pa—1 Pa—1 . .
k —2rilk 2milng
= ZPaPi Ng — Z — Z exp( Yexp( )
a=0 k=0 Pe =0 Pa Pa
s—1 B Pa—1 Pa—1 .
k —27il(ng — k)
S5 WA SES S ]
a=0 L k=0 P 1o Pa
However,
Pa—1 Pa—1 .
k —27il(ny — k)
na= Y 5 D ewp(—— )
E=0 =~ % 1=0 Pa
R —omil(ng —k
R D ; ))
o<kt
Z k Paz—l (—27r1l(na k))
= — — exp
k#a Pa 155 Pa
0<k<pa—1
=0
Hence,

-1

nKn( ZP"‘Z 2 naDPz( )

i=a j=pi—n;
1 Pa—1 pa—1

— = ST kY (rallea))F(rillea))tn(lea) Dy (z-Hea)])

Pa i 50 1m0
and the lemma is proved. O
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The first application of Lemma 6.4 is an estimate of the L;[0, 1) norm of K, (z)

for a 6—strong quasibounded Vilenkin system.

Lemma 6.5. If {p,}2, is a §—strong quasibounded Vilenkin system for some

0 <6 <1 and if Bs = supPy<;cs Pi , then

| Ka(2) lh=O(5;)

asn — oo for P,y <n < P

Proof. By Lemma 6.4

s—1 i a—1 a—1
n|Ka(z)] < ZP Z ,,Z [naDp,+—pZ kpZ Dp,(z-+lea)
< ZP an lnapp +——ZkZDP (z-+Hlea)
Pa i 00 150
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Therefore,

I Kn(z) |l < —ZP an

pa—l Pa—1
Ng + — Z k Z 1]

Pe 150 10
1 s—1 s—1 Pa—1
< EZPaZpi Po + Z —pa]
a=0 =

< EZPaZpi Pa + Zk‘

1 s—1 s—1 pa—l :I

1 s—1 s—1 pa~1 ]

[ Pa+ Z
1 s s—1
EZPaZpi[paera(pa—l)]
=
= ;L-Zpazpi(pi)

ot e
= E;Pa—l-l;pipa

s—1

s—1 P

a+l

< Bs P E Pa
a=0 i=a

s—1
Pa+1
Bs Py

IA
3
N
g0
I\
=

IA

—Dul(s — @)

s—3 pa(S—l) )

=0 Pi+1"""DPs—2

= /Bs (pf—l + 2ps—2 +

Now since {p, }32, is a §—strong quasibounded Vilenkin system, then it is a strong

quasibounded Vilenkin system. So there is an M € N such that

Zpa <M

=0 Piy1-

for every s € N. Also, p?_; < 82, 2p,_1 < [332, and M < 2, for each s.

Therefore,
| Kn(z) [1= O(57)
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and the lemma is proved.
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Chapter 7

Summability Estimates of Two
Dimensional Vilenkin-Fourier

Series

Cesiro summability of Vilenkin-Fourier series for systems of bounded type
is fairly well understood. Building upon the earlier results of Schipp, P4l and
Simon [5] have proved that for the one-dimensional case that if f € Ly([0,1)),
then ¢,f — f almost everywhere on [0,1). This is not the case for Vilenkin
systems of unbounded type. Indeed, from earlier results of Price, Tsutserové, [10]
proved that for any unbounded Vilenkin system, there are continuous functions
for which op, f diverges at any prescribed point. For the two-dimensional case,
Méricz, Schipp, and Wade [4] proved that if f € L;1([0,1)?) and p, = ¢, = 2 for all
n € N, then op, o, f — f almost everywhere on [0, 1)?, provided that [n—m| < a

for some o > 0. Weisz [17] extended this result to bounded Vilenkin systems and
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also proved in this case that opmf — f almost everywhere on [0, 1), provided
that a~! < n/m < « for some o > 0. None of these results extends to unbounded
Vilenkin systems.

In this chapter, we will use the ideas developed in Chapters 5 and 6 to obtain
estimates on the Cesaro means of certain classes of two-dimensional Vilenkin-
Fourier series of unbounded type. We begin this by letting (px : k¥ € N) and
(¢ : 1 € N) represent two unbounded sequences of integers with each element
less than or equal to 2. Let D, and K, represent the two-dimensional Vilenkin-
Dirichlet and two-dimensional Vilenkin-Fejér kernels, respectively depending upon
the sequences above. Let + and — represent the addition and subtraction inherited
from the underlying Vilenkin group structure, for example, if z = > reo kP 1

and y = S50 yx Py ", then

o0

:E—i—y = Z(:Ek o] yk)Pk—l,

k=0

where @ is as defined in Chapter 1. From previous results one can see that

(Gamf) (1, 72) = / o £ 1) K (31-) K (22--1) (2, ).

Wade [14] made the first progress on this problem, in particular with the
following result. Fix o > 0 and choose 7 € N such that r —1 < a <. For each

Vilenkin martingale f = (fam : n,m € N) and each 0 < p <1, let

— |loPn@m ]
Oapf = sUp —r =20 —,
jn—m|<a ,Bn,m, ﬂn+r,m+r

where for every pair k,l € N, B, := max{po,...,Pe-1,%0,--,q-1}. Maximal
operators of this type were first discussed for the Walsh case in Moéricz, Schipp,

and Wade [4].
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Wade [14] obtained the following estimate.

Theorem 7.1. Suppose that {px} and {q} are é—quasibounded for some 0 <
§ < 1. Then o4 is of weak type (1,1) on L1([0,10%), and for every 6 < p < 1,

0 < g < oo there is a constant Cp, which depends only on p and q such that

| 0asf NlpaS Cor I f a0, -

This result gives estimates for the maximal operator associated with Cesaro
means of the form op, .. The next result gives estimates for the maximal oper-
ator associated with Cesaro means of the form 0, ,,. To obtain positive results,
we must increase the weights used in the denominator. Accordingly, fix o > 0
and choose r € P such that r — 1 < o < r. For each Vilenkin martingale
f=(fam:n,mé€N) and each 0 < < 1, let
|97,m f |

5
o’f:= sup —
4/6 2r/6 ?
2-a<n/m<22 b, Botns

where for each n,m € N there exists s,d € N such that P,_; <n < P;, Q41 <
m < Qa,
Brmn = max{po,...,Ps-1,90;- - -, qd-1},
and
By, v= MAX{Po, - - -, Ps—1+75 90, - - - s Qd—14r )+

Theorem 7.2. Fiz oo > 0 and chooser —1 < a < r. Suppose that (px : k € N) =
(q : 1 € N) is a 6—semiquasibounded sequence for some 0 <6 < 1. Then ol is of
weak type (1,1) on L1([0,1)?, and for every 6 <1 and 0 < q¢ < oo there ezists a

constant Cy , which depends only on p and q such that
| Uif [1,6< Chq | f ”Hl,q([oal)2) :
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Proof. 1t is clear by hypothesis that Lemma 6.5 is true and hence || K,(z) |;=

O(B3) is true for every n. Recall that

(Onmf) (@ y) = / i W) Ko 8) Ko (y =) d(t, ). (7.1)

Combining these facts with Lemma (5.1) we shall prove the theorem. Indeed, by
the lemma, it suffices to show that o is 1-quasilocal for each § < 1, that is, there
is a constant C , such that if a is a 1-atom supported on some Vilenkin “square”

R =1 xJ, then

//[ 2\ I(Ui(’f)(wlyxzﬂ d(z1,22) < Cip (7.2)
0,1)2\R"

Since R is a Vilenkin square, choose K € N such that |I| = Pg! = Q%' = |J|.
If m,n < Px = @k, then both %, and %,, are constant on I and J. Since a is
of mean zero and has support on R = I x J, it follows that @(n,m) = 0. Thus
we may suppose that m > Qg or n > Px = Q. With r as in the hypothesis, if

n > Pk, then by condition 27 < n/m < 29,

Dol B, K =
207 20 T 20 T pk_pcrPK-1

m 2
Hence, both n,m > Pg_, = Qk_,, for both n > Px and m > Q.
To prove equation (7.2), notice first that [0,1)? \ R" can be broken into eight
pieces: two horizontal pieces ([0, 1)\ I") X J; two vertical pieces I" x ([0,1)\ J7);
and four rectangular pieces ([0,1) \ I") x ([0,1) \ J7).

Step 1. We will show the estimate for integrating over the horizontal pieces

([0,1)\I") x J". First let (z1,z2) € ([0,1) \ I") x J". By given results || K, |} <

C’ﬂfm_l for some C € N and @4_; < m < Qq4. Since a is supported on R = x J
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and |a| < |R|™Y, it follows from (7.1) that

|(Omma) (@1, 22)| < / / 0ty ) | K (1) [ Ko (r2--0)| it s

<CB IR [ 1Ko o) de
I
Recall that n = 3o ngPsy1 for 0 < ny < py. Using the estimate for K, (z) from

Lemma 6.4, we can get an estimate for |K,(z)|. This estimate can be substituted

into the last inequality with the following result.

s—1 s—1
(Onma)(o,22)| < CB% IR [ O [ Dr (1)

py—1l py—l B
ZkZDR (w1 P~ )] dt
Py =0
< Cﬂ?n,_llRI‘I/;ZI% Zpi [vaP,-(wl;t)
i=7y
py—1 py—l

— 2 kY Dp(@ P £)] at

Pv x> =0

s—1 s—1
<O IR [P Y n[p D@y
v=0 1=y

py—1

— Dy Z Dp, (:z:l-i—lP;_ll;t)] dt.
1=0

Many of the terms are zero, if 7 is too large. Indeed, since z; ¢ I™ and
Dp, is supported on [0,P 1), if i > v > K — r, then both Dp(z,—t) and
Dp, (:1:1+va ;1—t) are identically zero for ¢t € I and 0 < [ < p,, which is because

under these conditions z; and :z:l—i—lP;rll both lie outside I, so the coeflicients of
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t cannot cancel all of the “lower order” coeficients of z; or z1+1P] 1. Thus,

K—-r—1 s—1

(omme) o1, 22)| < B3 IR [ > B Y alpone)

Pyl

_p,7 Z Dp $1+l ’7+1 i )] dt (73)
=0

Next the terms of this estimate are zero, if z; is too near to I or too far
from I. To see this, notice that since Lebesgue measure is translation invariant
with respect to —. Suppose without loss of generality that I = [0, P'). Since
Dp, = P;x[0, P!) for every i € N, we have

P;
Py X[w € +P7 (1)

/Dp £E1+l ’7+1 )dt ( 1)

for y <i< K —1and z ¢ I", where £, = (p, )P;Ll1 Also,

P,
/DP 931_ )dt P_ [0,P;1) ( ),

where 1 < K — 1 and z; ¢ I". To show that this last statement is true, let
Y = (y1,92,...), where y = S22 4, P! for each y € [0,1). Hence if z;~t €
[0, P7Y), then z;—t 22 (0,0, ..., &4, Qit1, .. . ). However, t € [0, P ') and i < K, so
1/P,>1> Pg and t 2 (0,0,...,0,Bk,...). Therefore, z; = (0,0,...,0,04,...)
and hence, z; € [0, P71).

Also,

/Dp,.(zl;t) dt=0
I

if i > K and [0, ") C [0, Pg!) for 7, ¢ I".

/Dp £E1+l ’7+1 - )dt: (11)1)

(Eytrbqt+P7 D)
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for i > K and v < K —r — 1. This last statement is true, since if xl—i—lP,y;ll;t €
[0, 1), then z, HP L~ 2 (0,0,...,0,0i,...), but t = (0,0, .., Y&y - -5 Vs - +)
and lP,;Ll1 ~(0,0,...,0,,0,...) fory < K — r—1. Therefore, z; 2 (0,0, .
1,00, ..., VKy--+>Yie1,Biy---) and &1 € [£y1, & + Pgh).

Therefore, (7.3) becomes

I( —r—1

(Gnma)(ar, 2] < CBL LRI > B szm 5 (X, @)
Pyl
+ Z X[e7,.e7,+z=,.‘1>(zl)>
K —r—1 s—1 p.,—1

+Cﬁ§n _1|R[™ 1 Z Py Zplp"f(zx[c.,ze.,,wx Zl))

Now since n > Py_1 > Pg_,,

K-r-1 K- 1
1 z 1
|(@nma)(@1,22)| < OB lRIT 5 — D Prn ) 5 —= ( X po1,(@1)
K—r ’)'_ 1__7 b
Pyl
+ Z X[E.,,,e.,¢+P,-“1)( 1))
K—r—1 py—1

+ Cﬂfn,—1|R| -

Now recall that |R|™! = PxQx and see that

_PK—QK_ =D N q e q < 2r
PK_TQK , K~—r pK——l K—r K-1 > Ny, Mp

sinces—1>K—-randd—-12> K —r. Also,

[32r/5
nr sy Ny,Mr

since 1/6 > 1. Also, B3 _; < B3, < Bl

mymn-
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Hence,

|(0n,ma) (21, T2)|
Ui = A+B

m,non, ,mr

where

PK QK K—-r— 1 P py—1

— -r =T ’7+1 i+1

A= 1/5 Z Px_, Z Py ( [0 Pi—l)(xl) + ; X[5711€71+P,~_1)(x1))’
=7 =

=0
and

K—r-1 py—1
PK TQK -r

B = ﬂ1/5 Z Py ZM( Z X[e7,.s7z+P,;1>(xl))'
7=

Therefore, we consider the following integral:

/ Adz, dzs.
[0,0\I» J Jr

Since, |J7| = Qx-,, then

K—r-1 K- 1P
Adz, dzs < P i+l [/ ( (=
py—l

* Z X[§71,£7l+pi—1)(x1)) d:l:l]

Krl

< 1/5 Z Py Z Py [Pa + 1]
M =0 =y
K—r-1
131/;:1 ; P’7+1 ; P;( Pa + 1
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However, (pz/ﬂl/é) <1, and so

K—-r—1

/[0,1)\1, ,Adzl dz, < C jl;g (12;1 Pa +1)>(K—’Y)
<CK'YZT;1(pa+ia+;K 1>(K_’Y)
K-2
<03 () =
K-2
507 (ﬁ:)(f{-—'y)

+CZ(

Pa+1y---PK-1

The last inequality is true, since (p; : ¢ € N) is d—strongly quasibounded and

p; > 2 for every 1.

Again |J7| = Q%.,, and so

P K—r-1 py—1

/[0,1)\11- / B dml dzz = Cﬂ:n/fl s—1 72; Ak Zpl /[;) 1) 7 Z [E—yl E—yl+PK ) d$1>
PK K—r-1
1/5 Ps . ’)Z_; v+1 sz(PK>
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Since ﬁf}6 <1 and PK” < 1, then

s—1

dz,d o
[, fipanazc’s 225

i=K
1

=C (p—“)(8~’7)

Pat1.--Ps—2
z (

s§—7v) <o
—o ‘Po+1--.Ps— 2)( )

This last inequality is true by the 6~strongly quasibounded condition.

Therefore there is a constant M, such that

[ [ feta el der,z) < M,
[0,\I" JJr

Step 2. We will show the estimate for integrating over the vertical pieces I” x

([0,1) \ J7). This step will follow in almost exactly the same manner as Step 1.
However, it will take place over the horizontal set of values and coordinates ¢ =
(¢; : t € N). First let (z1,22) € I" x ([0,1) \ J". By given results || K,, [1< C83,,
for some C € N and P;,_; < n < P,. Since a is supported on R = I x J and

la| < |R|™!, it follows from (7.1) that
|(Omma) (@1, 22)] < / / lat, )| Kn(@1-) | Ko (52-0)| dt ds
JJI
<CP,, IR / Ko (22-)| du
I

Recall that m = Y52, mpQpy1 for 0 < my < gp. Using the estimate for K, (z)

from Lemma 6.4, we can get an estimate for |K(z)|. This estimate can be
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substituted into the last inequality with the following result.

d—1 d—1
_ 1 .
(onma)(o1,22)| < CB,IRI™ [ 5@y S mi[m, Daazu)
v=0 i=y
1 gy—1 gqy—1
- — Z k Z Dg, (xg—f—lQ;}H—u)] du
I =0 =0
1 d—1 d—1
<CRLIR [ 3 @) > a[eDaleau)
J 7=0 1=y
1 g1 g4-1
- Z k DQi (iL‘z'f‘lQ;_*l_l—’u,)] du
= =0

d—1 d—1
L1 -
< CB2, L R I/JEZ%Z% [%in(xz—u)
=0 ="y

ay—1

— 0 Doyl HQ5h~u)| du.

=0

Again, many of the terms are zero, if i is too large. Indeed, since zo ¢ J”
and Dy, is supported on [0,Q;!), if ¢ > v > K — r, then both Dg,(z2—u) and
Dg,(z2-+lQ5 4, —u) are identically zero for u € J and 0 < I < ¢,, which is because
under these conditions z; and xg—i—lQ;El both lie outside J”, so the coefficients of

u cannot cancel all of the “lower order” coefficients of x5 or CEz‘i‘lQ,;_}_l. Thus,

K-r—1 d—1

1 .
(onma)en, )] < OB IR [ 2732 @ alwDatea)

=y
gy—1
— 4 Doy(s:HQ5 - u) | du. (7.4)
=0

Next the terms of this estimate are zero, if z, is too near to J or too far
from J. To see this, notice that since Lebesgue measure is translation invariant

with respect to —. Suppose without loss of generality that J = [0,Q%'). Since
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Dy, = Q;x[0,Q;") for every i € N, we have

Qi

T Qg legtn @ He)

/J D, (z2+HlQ5 4 —u) du (z2)

for y <i< K —1and 2, ¢ J7, where &, = (¢, — [)Q7},. Also,

: Qi
| Paartuydu=Zx, (@),

where ¢ < K — 1 and z; ¢ J7. To show that this last statement is true, let y =
(Y1, Y2, - -.), where y = Y o 11Q; " for each y € [0,1). Hence if zo—u € [0,Q;?),
then z;—u 2 (0,0,. .., 0, 1, .. ). However, u € [0,Q;") and i < K, 50 1/Q; >
1 > Qg and u = (0,0,...,0,8k,...). Therefore, z, = (0,0,...,0,04,...) and

hence, 75 € [0,Q;!).

Also,
/ Do, (z2—u)du =0
J

if i > K and [0,Q;') C [0,Q%") for zo ¢ J".

/]DQi (22 QL —u) du = x _1)(3:2)

[6y1s641+Q;

for i > K and v < K —r — 1. This last statement is true, since if z,+Q;; —u €
[0,Q;"), then zo+HQ 1 —u = (0,0,...,0,05,...), but w2 (0,0,..., YK, -, YViy---)
and IQ7; = (0,0,...,0,1,0,...) fory < K —r—1. Therefore, 75 % (0,0,...,g,—
L,0,0,...,%K,- -, Yie1, B, ---) and Z3 € [Ey, &y + QF)-
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Therefore, (7.4) becomes

K-r-1

(Oama)(en,22)] < ORIV S QWZ%%Q (Xpomr, @2)
= gy—1
+ Z X[eﬂ,eq,w;l)(mz))
K—r—1 ‘1'1_1

+ Cﬂil,nIR‘_l Z Qy Z q’q”f( Z [571.571+Q}1)(x2))

Now since m > Qa—1 > Qx—r,

K—-r-1
(Gnma)@1,22)| S OB R 5 > Qi Z Q”l( Xy oo, @)

bt

q»f—.l
+ Z X[671,571+Q;1)($2))
K—r-1 d—1 gy—1
+Cﬂ31n|R| IQ . Z Q”’Hz;{qz(z; [qu,ethkl)(xz))
-

Now recall that |R|™! = PxQg and observe

__PI{_QE_:pK c e DE_1GK “'qu< 2r
Pr_Qr—r - T T e

sinces—1>K—randd—12> K —r. Also,

2r/d
nr TNy — Ny, My

since 1/6 > 1. Also, £, , < mn_ﬂs/é

Hence,
|(0n,ma) (71, T2)|
4/8 H2r/é8 < A+ B’
m,nMny ms
where
K—r-—1 gy—1
_ PK——-TQK -r Q’)’+1 Q1.+1
A= S Z Qx—r Z ( X, Qfl)(zz) =+ Z X[Evl,%ﬁq;l)(wz)),
mn i=y =0
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K—-r—1 gy—1

P rQK—r
Kore K- Z Qy+1 Z ‘h( Z X[E—,z ttah) 2))

131/6 Qd 1 ~7=0

Therefore, we consider the following integral:

/ / A d.’L‘l d.’L‘Q.
I. J[0,1\Jr

Since, |I"| = Pgl,, then

C K—-r-—1 Q
z+1
/fr/[on\JrAdxl o = B3, 2 QMZ Qk [/01) <X[°’Q:1>(x2)

&t \ Qig1 o+ 1
< Q asypL
71/;3; 72_: 7+1Z Qx [ Qi ]

K-r—-1

1/5 Z C\?’)’+1z:c‘?Z qa+1

nm  y=0
However, (g;/ ﬂ,i/,‘;) < 1, and so
K-r—1 Q
Adzdz, < C 2 (ga +1) ) (K —
L], aded > (G2 +n) -

K-r—1

<CZ< go +1

o ‘do+1;---dK-1

Il

K-2
o +1
<o (et Yy
o ‘dot+1ly---9K-1
=
K-2 g
<oy (—E——)x-
—o ‘dat1r---GK-1
v
K-2 1
+C )(K =) < o0
y=0 dotly---9K-1



The last inequality is true, since (¢; : ¢+ € N) is —strongly quasibounded and
g; > 2 for every 1.

Again |I"| = Pgl,, so

—r—1 1
QK —r KC / q7
Bdz,dzy < C——~——— ; d
/Ir/[m)\Jr T Qun 720 szq 0.1 = Xie peprazh () mQ)
Q K —r—1 q
K—r a
S Z Q’H'lqu( )
m,nQd 1 ~4=0
Since ﬁl/é <1 and QK r <1, then
K—r—1 Q
Bdzidz, < C X+l
/I" /[;)71)\-]1' ' 2 7;0 Qd 1 Z
K—r—1 Q
<C v+l
B Z Qa1 Z
K—r—1 Q
-C y+1 )
> o=
1=0
K—r—1 q
=C —t*  Wd-
7;0 (Qa+1 .. -Qd—z)( 7)
K-2 .
<C —d Yd—~) < o
- 7; (qa+1---(1d—2)( ”)

This last inequality is true by the —strongly quasibounded condition.

Therefore there is a constant M, such that

/ / |(02a)(z1, 2)| (71, T2) < Moy
Ir J[0,1\J"

Step 3. In this last step we will develop an estimate for integrating over the

four rectangular pieces, ([0,1)\ 1) x ([0,1)\J;). Since a is supported on R = I xJ
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and |a| < |R|™, it follows from (7.1) that

|(Onma) (21, 22)] < / / 0ty )| (21-) | Ko (2--0)| it ds

5C]Rl‘l/JIKn(xl-'—t)ldt/IIKm(xz;u)ldu

Recall that m = > 2 myQpy1 and n = Y oeonePoys for 0 < my < gp and
0 < ny < ps. Using the decompositions of K,,(z) and K,(z) given by Lemma
6.4, we can get an estimate for |[K,,(z)| and |K,(z)|. These estimates can be

substituted into the last inequality with the following result.

(onn)(@r,22)) < CIRI ([ 2 Zaan[mDP 511)

=y
py—1 py—1

_1 Y kY Dp(aHEP t)} dt)
Py s =0
1

d-1
(/J;ZQ7Zmz[m7DQ (z2—u)

=0 =7y
=1 gy—1

236 Y Doy(arH@sh u)| du)

7ko =0

< C|R|™! /I:LZP'Ysz[p'yDP (z1—t)

=0 =y
py—1 py-1

—p, Yk Z Dp, zl{ulp;jlit)] dt)
k=0 =0

-1

(/J % ; Qy Z % [‘JvDQ.- (zo—u)

=7
=1l gyl
O Z Do, (22HQ7 1 ~u)| du).
k=0 =0

As in Steps 1 and 2, many of the terms are zero, if 4 is too large. Thus,
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https://Y,>=Y.dq

K—r-1 s—1

(0w ma) (@1,22)] < CIR|™( / ROV [P Dry (o1

i=y
P'r"l
— Dy Z Dp,( x1+l '7+1 : )] dt)
e
(/ Z Q’Yqu [q'yDQ- T3—u)
‘h"l .
~ 4 ) Do (artl@shw)|du).  (75)
=0

As in Steps 1 and 2, the terms of this estimate are zero if z; is too close to I
or too far from I, or if z, is too close to J or too far from J. Suppose without
loss of generality that I = [0, P¢'). Since Dp, = P;x[0, ') for every i € N, we

have
P.
Py X[E—yl Eqi+P71)(21)

(z1)

fory<i<K-—1andz ¢ I", where &, = (p, — [)P,}},. Also,

F;
[ Prtad= g, @),

/ Dp,(z1+HPY 1) dt =
I

where 1 < K — 1 and z; ¢ I". Similarly as before, suppose without loss of

generality that J = [0, Q%")- Since Do, = Q;x[0,Q; ") for every i € N, we have

Qs

Qx " leqt:by+Q7 Hi=2)

/J D, (z2HQ5 1, —u) du = (z2)

fory<i< K-—1and z, ¢ J", where &,; = (¢, — l)QA,+1 Also,

/JDQ,-(xz;U) du = g}:x (22),

where s < K — 1 and z; ¢ J".
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Also as in Step 1,
/Dpi(fltl;t) dt =0
I

ifi > K and [0,P7Y) C [0, Pg') for oy ¢ I".
/DP (z1HP—t) dt = [57“57,”‘_1)(%)
for i > K and v < K —r — 1. Similarly as in Step 2.,

/ DQi (Q:Q;U) du=20
J

if i > K and [0,Q;") C [0,QF") for zo ¢ J".

[ Paai@h i du=x, )
J

(€161 +Q]

fori>Kandy< K-—-r—1.

Therefore, 7.5 becomes

K-r-1
(Onma) 1, 22)| < CIRI [ Z P72p1p7 2 (g 20
g py—1
+ Z X[e7,.c7z+P;1)($1))
Koo -1 p,,—l
+; 72_% P7Zplp7(zx[e7z 671+PK) 1))]
| Koro
[E Q7Zqzq7Q ( Xio.o; ( 2)
" " g1
+ Z X[e.,,,e.,,+Q,-‘1)($2))
K-r-1 q7—1

_|— - E Qy ZQzQ’Y( Z X[g,,, £+ Qg ) 2))] '
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Now since n > P,_; > Px_, and m > Qu-1 > Qk_,

K—-r-—1

(nma)(21,22)| < CIRI™ [ — S 2 P Z L (X (1)
py—1
+ Z X[€71,671+P,-1)
K-r-1 - p7—1 )
o 'H-l ;{pz( Z X[E7l E.,,+P
[ KZI Z Qz+1 ( (22)
Qr-r = Qi — Xpo.ar1) \ 72
gy—1
+ Z X[c.,,,cﬂw;l
K-r—1 q7—1

v=0
Now recall that |R|™! = Px@Qk and observe

PrQxk

R L ) Y/ 17 <
Px—OKk PK—r ' Prx-19K—r " "4K-1 n,,m,

sinces—1>K—randd—12> K —r. Also,

1827‘/5

77-1' yMyr Nr,Mr

since 1/6 > 1.

Hence,
|(0-n,ma)($1, $2)| PK—TQK—T
Tl < oI (A+B)(C+D),
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where
K—r—1 K-1 py1
- Z ﬁli;i?( @) Xy )

K-r—1 pr—1

& 7+1 Qz+1 faly
and
K—r—1 gr—1

Qd— ; Q7+1Zqz(2x[5ﬂ E»,;+Q_1) xz))

Next we consider the following integral:

PK 1'/
A+ B)dz;.
1/6 [01)\1r( ) dz,

However, from Step 1 we know that this integral is bounded by M ,. Hence,

Pg_r
’fm / (A +B)dz; < My,
[0\

Next consider the other integral:

Q’l‘/;r / (C + D) das.
B J[0,0\r

However, from Step 2 we know that this integral is bounded by M,,. Hence,

Q’f/a’ / (C+D)dzs < My,
[0\

Therefore, since 1/ B <1

/ / $1’$2)l dwl d$2 < C(er X M2r) < C’1 T
0,0\ /[0, 1)\.]
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for some Cy . In fact, C, will work as a bound in all three estimates.
Now that we have established the estimates from Steps 1, 2, and 3, it follows
that oJ is 1-quasilocal for each § < 1 and by Lemma (5.1) the theorem is proved.
O
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