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ABSTRACT 

This paper explores a variety of questions associated with two-dimensional 

Vilenkin series and their special case two-dimensional Walsh series. Some of the 

results are an extension of known results of the one-dimensional case to those 

of two-dimensions. These theorems concern the uniqueness of two-dimensional 

Walsh series, and a Tauberian theorem, which shows the relationship between the 

summability and convergence of square partial sums of two-dimensional Walsh 

series. The final results generalize known theorems concerning the summability 

of two-dimensional Vilenkin-Fourier series of unbounded type. In all cases, the 

sequence p=(pk) is the generating sequence for the Vilenkin group Gp {pk =2in 

the Walsh case), and the sequence(Pk)is given by Pq =1 and Pk =poPi • ■pk-l-

Fundamental real analysis and measure theory are vital to the techniques used. 

First, a two-dimensional quasi-measure is defined and then each two-dimensional 

Vilenkin series is shown to have an associated two-dimensional quasi-measure. Us 

ing this last fact and newly defined two-dimensional derivates, a two dimensional 

variant is found to the classical result that differentiable functions with negative 

derivatives are decreasing. This leads to a uniqueness result which says that if a 

two-dimesional Walsh series, S, satisfy both a two-dimensional CS-condition for 

all X E and the condition 

lim 52" 2" {x) = 0 
n^oo ' 

for all but countably many x E G'^, then 5 is the zero series. 

Next the dyadic square partial sums are found to be very good and finite or 

very bad and infinite, which leads to a Tauberian style theorem. It says that on 
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a measurable subset of[0,1)^ a two-dimensional Walsh series, 5,with bounds on 

certain Cesaro means for each x in the subset,then there is a function/such that 

lim 52"2"(a:)=f{x) 
n-^oo 

for almost every x in the measurable set. 

The finalset ofresults deals with growth estimatesfor two-dimensional Vilenkin-

Fourier series ofunbounded type. Under the condition on the sequence(pk)known 

as 5-strongly quasibounded, a certain maximalsummability operator is bounded. 
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Chapter 1 

Background 

This dissertation can be divided into three parts, each of which addresses a 

fundamental problem concerning two-dimensional Vilenkin series or their special 

case, two-dimensional Walsh series. The first part (Chapters 2-3) will culminate 

in a result concerning uniqueness of two-dimensional Walsh series, that is, given 

a two-dimensional Walsh series S, under what conditions is S guaranteed to be 

Sf,the two-dimensional Walsh-Fourier series ofsome/in Z/^([0,1)^). The second 

part (Chapter 4) contains a deep beautiful Tauberian theorem, that is, a result 

which shows that under mild conditions, summability and convergence of dyadic 

square partial sums of two-dimensional Walsh series are equivalent. The third 

part(Chapters 5-7) will deal with the problem ofestimating the growth ofCesaro 

means oftwo-dimensional Vilenkin-Fourier series of unbounded type. 

The purpose ofthis first chapter is to introduce enough notation and jargon to 

understand and make sense out ofthe ideas mentioned in the previous paragraph. 

We shall denote the set of non-negative integers by N, the set of positive integers 
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by P,and the set of dyadic rationals in the unit interval[0,1) by Q. In particular, 

each element in Q has the form p/2" for some n,p G N and 0 < p < 2". 

A compact abelian group is an abelian group (G,+)which is also a compact 

Hausdorff space in which the map {x,y) -^x+ y of GxG —)• G and the map 

X —)• —X of G —)■ G are both continuous. A Vilenkin group G is an infinite, 

compact, 0-dimensional, metrizable, abelian group. In this dissertation we shall 

study the harmonic analysis of Vilenkin groups and their special case the Walsh 

Group. The following is a brief description of multiplicative Vilenkin groups, 

which lead to Vilenkin systems. 

Let p — {pk\ k e N} he a. (infinite) sequence of natural numbers such that 

Pk > 2 for each k. Construct a compact abelian group Gp associated with each 
sequence p, as follows. First let Zp^ be the cyclic group of order {pk} , that is, 

Zp^ is the set {0, l, . . . ,Pfc - 1}, where the group operation is mod pk addition 
and every subset is open. (Note that the Haar measure on Zp^ assigns to each 

singleton the value 1/pk-) The group Gp is defined to be the direct product of 

the compact groups Zp^ over k. On Gp use coordinate-wise addition as the group 

operation and the product topology. By the Tychonoff product theorem, Gp is a 

compact group. Therefore, Gp is compact abelian group. Multiplicative Vilenkin 
groups have two important special cases. The first is the q-adic case for which 

there is a fixed prime q such that Pk — Q for each k. The other case is the most 

basic case called the dyadic case where pk = 2 for each k. This last case leads 

to the Walsh system. Call the associated compact abelian group of the Walsh 

system, G. 
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A Vilenkin group G is said to be bounded if 

limsup pk < oo. 
n—>oo 

Otherwise, it is of unbounded type. The unbounded case has many idiosyncracies, 

and can have different results from those ofthe dyadic, p-adic,and bounded cases. 

In fact,some theorems are false for the unbounded case that are true for the other 

three (see Wade [13]). 

From the above description,it is evident that the multiplicative Vilenkin group 

Gp generated from the sequence p consists ofthe sequences x={xo,xi,...), where 

each Xi is an integer such that0 < Xi < pk for each i G N. In particular,the dyadic 

group is made up ofsequences in which each element is either 0 or 1. Addition of 

elements x,y E Gp is obtained by adding the fc-th elements of x and y modulo 

Pk and is denoted by -i-. (Addition by the additive inverse, that is, subtraction, is 

denoted by -.) The zero element of Gp is 0=(0,0,...). Hence the addition of x 

and y is the sequence 

x+y:={xk ®yk \x,yeGp,ke N}, 

where Xk ® yk = Xk+ yk (mod pk). Intervals for the group are defined as 

In{x):={y e Gp \ Xk = yk for all A: =0,1,...,n-1}. 

These intervalsform a base for the product topology and are both open and closed 

in Gp. When no confusion will arise, we shall suppress the subscript p and denote 

a general Vilenkin group by G. 

The group Gp is metrizable. Let Pq = 1 and = poPi -Pn-i, for n G P. 



 

 

Define the distance between the elements x,y G Gp by 

f \ — Vkl 
s Pk+l 

The topology induced by this metric coincides with the topology on Gp and In{x) 

is a basis for the topology. Furthermore,it can beshown that the product measure 

for Gp is the normalized Haar measure /i for Gp. (See Vilenkin,[ll]) 

A character on Gp is a continuous, complex-valued map ip such that 

\ip{x)\ =1 and ip{x+y) — tp{x)'ij){y) 

for each x,y G Gp. The set of all continuous characters of Gp forms the dual group 

Gp, where the addition of characters is defined by 

^l{x)+'ip2ix)= 1pl{x)il^2{x) 

for X G Gp and ipi{x),il)2{x) G Gp. An important fact is that since Gp is compact 

and metrizable, then Gp is countable (see Rudin [6] p.38). 

Vilenkin discovered that the characters of Gp can be ordered in a manner 

similar to that of Paley's earlier ordering of the Walsh functions (see Wade [12]) 

using functions on Gp analogous to the Rademacher functions (Schipp, Wade, 

Simon [8]). Vilenkin first used the well known fact that each non-negative n has 

a unique representation of the form 

OO 

= '̂^kPk 
k=0 

where each G N such that 0 < and Pk is as above. Using this 

representation one can define the characters of Gp by 

I r \ TT f2mxknk\ 
k=0 
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where Xk is the A:—th coordinate of a: G Gp. It is not difficult to see that this 

system is orthonormal in the sense that, for any ij)i,il)k ^ Gp, we have 

, 1, if i= k/ i{)i{x)tpk{x) dn{x)= 
JG, 0, otherwise 

This system is called the Vilenkin system for p, and when Pk — 2for each k, this 

system is called the Walsh system. 

Now, it is sometimes convenient to work with a more concrete situation. A 

Vilenkin group Gp can be identified with the interval [0,1). Given a; G Gp with 

coordinates Xk define a map ^{x): Gp —>■ [0,1) by 
00 

Xk 

k=Q 

This map is 1-1, onto, and continuous, except at a countable subset, which cor 

responds to the p—adic rationals in [0,1]. This countable subset will behave dif 

ferently under (j) because each p-adic rational has more than two expansions: one 

expansion ends in zeros, and another ends with each coordinate being Pn — 1 for 

all n > M for some M G N. If we restrict the map to Gp minus the expansions 

of the p—adic rationals that don't end in zeros, then we get a map that is 1-1, 

onto, and continuous as desired. The inverse of ^ exists and is onto the restriction 

defined above. Therefore, 4> allows one to go back and forth between Gp and [0,1), 

using which ever formulation is most convenient for the problem at hand. 

The map (j) can also be used to pull concepts from [0,1) back to Gp and vice 

versa. For example, in the Walsh case, a function / is said to be W-continuous on 

[0,1) if / o (/» is continuous on Gp. Notice once and for all that every continuous 

function is W-continuous, but not conversely. 



 
 

Let C(Gp)represent the collection offunctions/: Gp —)■ R which are continu 

ous from the p-adic topology on Gp to the usual topology on R. Let Cw represent 

the collection of functions g : [0,1) —)■ R which are continuous at every dyadic 

irrational, continuous from the on [0,1), and have a finite limit from the left on 

(0,1] in the usual topology. Call the map f f o ^ the canonical isomorphism. 

This map 0 is a generalization of the associated map that Fine [1] developed 

for the dyadic case. Note that for a system defined by a sequence p, (j) takes /„(0) 

to the interval [0,1/P„), and In{x) to the interval of length 1/Pn that contains 

(j){x), that is, the interval 

, . r 9 5-t-1" 
n -*71 

where 0 < q < Pn and q < (l){x)Pn < q + I. Sometimes the notation may be less 

ambiguous if I{q, Pn) is used for I{q, n). In an abuse of this notation if a; G [0,1) 

then call I{q,n), In{x) or Ip^{x). 

Given / G L'-(G), then Vilenkin-Fourier coefficients of / will be denoted by 

f{k) := J f{x)ipk{x)diJ,{x) for k eK 
Denote the yUenkin-Fourier series of / evaluated at a; G G by 

OO 

{Sf){x) := ^f{k)ipk{x) 
k=Q 

whose partial sums are denoted by 
71 — 1 

iSnf){x) := ^f{k)ipk{x) for n G N. 
Jfc=0 

Denote the Cesaro means, of order n, of the Vilenkin-Fourier series of / evaluated 

at a; G G by 

(^nfix) := ^ f{k)ipk{x).
k=l k=o ^ / 



Define the convolution of two functions/ and g on the group G by 

f*9 •■ = - y)9{y)My)-
'G 

The Vilenkin-Dirichlet kernel is defined by 

n—1 

Dn{x) :=^'ipk{x), 
k=0 

and the Vilenkin-Fejer kernel is defined by 

I<n{x) :=^Dk{x) = ^ [l - M^)
I. 1 u—n \ /k=l k=0 

where n G F. It is easy to see that 

{Snf){x) ^ f *Dn{x), 

and 

(^nf{x) = f*Kr,{x) 

for n G P. 

In this work, two dimensional Vilenkin series are of particular interest. We 

note without proof that the previous definitions and obsevations can be extended 

to double Vilenkin series by making obvious modifications. We shall use these 

below as needed. Here is some notation which will fascilitate those modifications. 

Let p = 9 = {9fc}^o sequences of natural numbers with 

Pn>^ and qn>'2 for each n. Then set Pn '■ = PoPi ■ ■ -Pn-i and := qoqi. . . qn-i 

where the empty product is defined to be 1. The two dimensional Vilenkin system 

associated with these sequences is the system m G N) defined on [0,1)^ as 

'4^n,m{xi,X2) = ■ipn{xi)9m{x2), where ijjk{x) is really Vfc o ^~^{x) and where 9j{x) is 



 

really 9jo again through a bit of an abuse of notation. When pk =qk =2 

,for every k,then the system is called the two dimensional Walsh system, and use 

uj in the place of 

Define the two dimensional Vilenkin-Fourier coefficients of/ G I/^([0,1)) to 

be 

J 7[0,1)2 

Denote the two dimensionalVilenkin-Fourier series of/ by 

oo oo 

k=Q 1=0 

whose rectangular partial sums are denoted by 

n—1 m—1 

Sn,mf l)^k,i{x) for n,m G N. 
fc=0 1=0 

Denote the rectangular Cesaro means of the Vilenkin-Fourier series of/ by 

n m n—1 m—1 / \ 

E E =E E (i-S (i- 0^..-
Jfc=l ;=0 A:=0 1=0 ^ ^ ^ ^ 

Any further notation and concrete results concerning these concepts will be 

introduced as needed. 



Chapter 2 

Two Dimensional Quasimeasures 

Uniqueness ofWalsh series is intimately connected with the theory ofquasimea 

sures (see Wade-Yoneda [15]). Thus we begin our study of uniqueness of two-

dimensional Walsh series with a chapter on two-dimensional quasimeasures. 

An algebra of sets on X is a nonempty subcollection of V{X) which is closed 

under finite unions and complements. Let A denote the algebra of sets generated 

by the dyadic squares in [0,1)^, that is, 

n 

^={A=[J Qi:n eN and Qi are dyadic squares in [0,1)^}. 
i=0 

Define a two dimensional quasimeasure to be a real valued set function which is 

finitely additive on A. Clearly, every finite Borel measure on [0,1)^ is a two di 

mensional quasimeasure, but not every two dimensional quasimeasure on [0,1)^ is 

a Borel measure. Denote the collection oftwo dimensional quasimeasures by QM2. 

Definition 2.1. Let v G QM2 and define integration of a simple function with 



respect to u as follows: 

Cdu=C Xe ^^^ ^constant. 
Je J[o^y 

Definition 2.2. Define the Walsh-Fourier-Stieljes coefficients of v by 

'(bi)= / u}i,j{xuX2) du 
J\o.\V'[0,1)2 

for {i,j) e where 0Ji,j{xi,X2) = Ui{xi)!jjj{x2) are the two dimensional Walsh 

functions. Notice, since Wjj's are constant on dyadic squares that this integral is 

defined. 

The Walsh-Fourier-Stieljes series Su oi u e QM2 will be denoted by 
oo oo 

Su{x):=Y^^u{k,l)uJk,i{^) 
k=0 1=0 

for X = {xi,X2) G [0,1)^. For each pair (n,m) G N^, define rectangular partial 

sums of by 
n—1 m—1 

fe=0 1=0 

We now prove that the function u —>P is a 1-1 function from QM2 onto 

First, observe that for each x G [0,1)^ 

('S'n,ml^)(^)— / Dfi^fjiix-Ft^dviffij^
J[o,iy 

where Dn,m{.^^ ^^k=o^^i=o and Dji^jjiixi^x-^ Dn{xi)1)^(^X2)■ Thus 
by the Paley Lemma 

S2",2"^k'{x) — 2^2^p{^lji{xi) X lTn{^2)) 

for X — {xi,X2) G [0,1)^ and {n,m) G In particular, S2n^2^p{x) = 2^"i^(J„(a;)), 

where Xn(x) =/„(rri) x In{x2)- It follows that the map ^ is 

1-1 and linear on QM2. 

10 



To show that this map is onto, let {ak,i \ {k,l) G e and consider the 

two dimensional Walsh polynomials 

2"-l2"-l 

S2n,2-{x)= XI X] 
fc=0 1=0 

for each n G N and x G [0,1)^. Define on A by 

u{I):= lim / S2n2"ix)dx
n—>oo J.J- ' 

where J is a dyadic square. This limit exists because Jj.ujij{x)dx =0 whenever 

i > 2"" orj> 2"" and \I\ = 2"^"" for some no ̂ N- Hence, 

2^(X)=J82^0,2^0(x)dx 

for |J| =2-2"o. 

Now given J E A,there exists a set ofmutually disjoint dyadic squares 

such that J= where|Xj|= 2~^"' for some rii G N. Let n* > max{ni}. 
i 

By this fact and the definition ofintegration with respect to u, 

'{J)= / S'2".,2"«(a;)da:.
Jj 

Hence, it follows that z/ is a two dimensional quasimeasure. 

Now fix {i,j) G N^. By definition, P(z,i) = but ijJi,j{x) = 

^nXxn {^n}n=i ̂  dyadic squares and G {1,-1}. Choose 
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n* > max{ni,i,j} where \Ii\ =2 Hence, 

~ d 

HiJ)= / (a;) 
d n d A 

= y] / Xx„(^)du^y2^n dv 
^ -^[0.1)^ „=1 -/Xn 

d 

n=l 

d A 

/ 52".,2".(x) da;(since n.> maa;{ni}) 
n=i ' ' 

d 

= Y]KXxr.ix)S2n,,2".(a;) dx 
J[OAr n=l 

= / Uij{x)S2n.^2^*{x) dx 
a[o,i)2 

= flij by the orthogonality of the uji/s. 

Summarizing these results, given any two dimensional Walsh series S{x)= 

YlT=oY^o^k,i^k,i{x), there is a unique u G QM2 such that v{k,l)= ak,i and 

52",2"(a;)= 2^"z^(X„(a;)) for each n G N and x G [0,1)^. We shall call v the two 

dimensional quasimeasure associated with the two dimensional Walsh series S{x). 
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Chapter 3 

QM2and Derivates 

The connection between uniqueness ofWalsh series and quasimeasures comes 

about through the following concepts. 

Definition 3.1. The upper binary derivate oi u E QM2 at a point x G [0,1)^ is 

defined by 

(Du){x):= limsup 
n—>oo I Xfi\X) I 

Definition 3.2. The lower binary derivate oi u E QM2 at a point x E [0,1)^ is 

defined by 

(i3^)W:=liminfd^.
n-^oo \Xn{x) \ 

A two dimensional quasimeasure v is said to have a binary derivate if 

{Du){x):= {Du){x), 

in which case this common value will be denoted by {Du){x). 

We begin this chapter with the following technical lemma. 
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Lemma 3.3. Iffor some e > 0, a measurable set Eq C [0,1)^ a real number r, 

and a dyadic square Qo, the following three conditions hold 

l£^onQo l>(l-£)|Qo| (3-1) 

u{R)>0for all dyadic squares satisfying R C Qo,Rf)Eq^0, (3.2) 

and 

Dv{x)> r where x G Eq, (3.3) 

then 

i.(Qo)> r(l-2e) I Qo I . (3-4) 

Proof. Let £ > 0 and x e Eq, and suppose without loss of generality that Eq lies 

in the interior of Qo- By (3.3) there is a dyadic square Qa,C Q containing x such 

that z/(Qa;)> r I Qa: |. (Note that|Qa, j can be made arbitrarily small by (3.3)). 

Now recall Vitali's Covering Lemma (see Folland [2]); If jF C and Q is a 

family of cubes such that each x e E is contained in members of Q of arbitrarily 

small diameter,then there exists a (finite or infinite) disjoint sequence {Qj}C Q 

such that I {E\ Qj)]= 0. 

Hence by (3.1) and Vitali's Covering Lemma there exists a non-overlapping 

sequence of dyadic squares Qi,...,Qn such that 

i^(Qi)> /■ 1 Qi 1 for Qj n F; / 0 and i G {1, ..., n}, (3.5) 

and 

I Qi |> (1 — £^) I Qo I • (3-6) 
i=l 

Let Qi = {Qi}r=i and let Q2 denote the collection of dyadic squares such that 

(i) Q C Qo such that Q n £^0 7^ 0, and 
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(ii) at least one of the quarters of Q does not contain any dyadic squares from 

Qi. 

Choose an integer no so large that 

I Qi 1> (3.7) 

for each i and consider the collection of dyadic squares 

Q={Q€QiUQ2:|Q|>2-'"n-

We claim that Q covers Qq. Suppose to the contrary that some point x of Qq 

is not covered by Q,i.e. a; ̂ Q for every Q G Q. Now since Qq is a dyadic square 

there exists Rq, a dyadic square, such that a; G Rq C Qq where|Rq |= 

Notice that Rq 2 Q every Q G Q. Indeed, if there is a Q G Q such that 

Ro ̂ Q)then a; G Q which is contrary to supposition. Since |Ro|= then 

by (3.7) Qi 2 Ro for every i. Hence Rq does not contain any element from Qi. 

Also since these are all dyadic squares, ifthe intersection of any two ofthe dyadic 

squares is non-empty,then one of the squares must contain the other. By choice, 

Ro 2Q for every Q G Q,and Rq 2Qi for every i. Therefore Rq ̂  Qa- However, 

Ro does not contain any element of Qi and thus satisfies (ii) of Q2- Therefore, Rq 

cannot satisfy condition (i) of Q2 and so Rq H E'q =0. 

Now Rq C Ri for some Ri such that |Ri|= but Ri ̂ Q G Q for 

every Q. Ifthere is a Q G Qsuch that Ri C Qthen a; G Q contrary to supposition. 

Since Rq and Ri are dyadic squares, then Rq must represent one quarter of Ri. 

Since Rq does not contain any element from Qi, then Ri satisfies condition (ii) 

for Q2. However, Ri ̂  Q,so Ri ̂  Q2- Hence, Ri must not satisfy condition (i) 
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for Q2, and so RiHEq — 0. This is important, because QjH £'0/0,so Qj% Ri 

for every i. If there is an i < n such that Qj C Ri, then Ri fl £0^0, which is 

contrary to the previous sentence. Hence one can inductively choose an R2, R3, 

and so on such that Rq C Ri C R2 C • • • with \Rj\ = 4|Rj_i| and RjD £0=0 

for each j> 0. However, R^ C Qq,so there exists ajsuch that Rj= Qo- Thus 

Qo n £0=0, which is a contradiction. 

Therefore, Q covers Qq. 

Now let A = and recall by Vitali's Covering Lemma the Qj's are 

pairwise disjoint. Hence (3.5) implies that z^(A) > r|A|. Moreover, since Q 

covers Qo the set (Qq \A)consists of a finite number of non-overlapping dyadic 

squares from Q2. By the definition of Q2 and (3.1) it follows that //"(Qq \A)> 0. 

Consequently, j^(Qo)= ^'(A) -1- ^'(Qo \A)> ^'(A)> rjA]. 

Now since |A|= IQiL follows from (3.6) that 

n 

slQol > IQol-5;IQil = IQol-|A|= IQo\A|. 
i=l 

In fact, IQo\Aj < ejQoj. 

On the other hand,£|Qo|+|A|>|Qo|=|Qo\A|-l-|A|>|Qo\A|-f(l-£)|Qo|> 

(1 — e)|Qo|- So,|A|> (1 — 2e-)|Qo|. Since, i^(Qo)> ■'^|A|, we conclude that 

i^(Qo) > ?'(1 - 2£)|Qo| 

and (3.4) is established and the lemma is proved. □ 

Theorem 3.4. Let v G QM2. Then except on a subset of [0,1)^ of measure zero 
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either 

Dy{x)= — oo and Dv{x)= +oo, 

or 

Dv{x)=Dv{x) and is finite. (3.8) 

Proof. By symmetry, we need only to show that (3.8) holds for almost every 

X G (0,1)^ satisfying Dy{x)> -co. 

Fix £■ > 0 and consider the set 

£■ : = {a: G (0,1)^ ] Dv{x) > Dy{x) > -co} 

= UU{- G (0,1)^ I Dv{x) — Dy{x) > r , ke < Du{x) < {k + l)e}. 

It remains to show that E is of Lebesgue measure zero. 

Suppose not. Since E is obviously measurable, then we are supposing that 

\E\ > 0. Then for some rational r > 0 and for some integer k, the Lebesgue 

measure of the set {x G (0,1)^ | Du{x) — Du{x) > r , ke < Dy{x) < {k + !)£:} is 

also positive. 

By replacing u{X) by D{X) = u{X) — ks\X\ (a new quasimeasure) we may 

suppose that there is a number 77 > 0 and a measurable set Eq, with |£'o| > 0, 

such that 

Duix) > r, 0 < Dy[x) <2e {x E Ef) and (3-9) 

v{X) > 0 for all dyadic rectangles satisfying EqHX \X\ < 77. (3.10) 

Let X E Eq he & point of density of Eq. Then there exists a dyadic square 

Jo with \ Jo\ < 77 such that (3.1) from the previous lemma holds. Since (3.9) and 
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(3.10) imply (3.2) and (3.3) from the lemma, it follows from (3.4) that v{Jq) > 

r(l — 2e)|i7o|- Moreover, in view of(3.9) one can shrink Jq, if necessary so that 

< 2s\Jq\. Consequently, 2g:|J'o| > r(l-2e)|Jb| holds for every e > 0. In 

particular, let £: —)•0 to verify r < 0. This is a contradiction. Hence |£^o|=0. 

These last few paragraphs imply that Di>{x)=Dv{x)for almost every x that 

satisfies Dy{x)> —oo. Therefore, it remains to show that Dv{x) is finite. How 

ever, if Di>{x)=-l-oo on a set Eq of positive measure,then (3.3) holds everywhere. 

Hence by (3.4) we can choose a sufficiently small, fixed, dyadic square Jq such 

that ̂ {Jq) > r > (1 — 2£)|i7o|. (The conditions for Lemma 3.3 are met by Jq 

since |£'o| > 0, Jq has a point of density, and Dv[x)= -l-oo). In particular, if we 

let r —> -foo we see that v{Jq)= -l-oo. This contradicts the fact that i> is finite 

valued. 

The theorem is proved. □ 

Let Q denote the dyadic rationale in [0,1). Given an integer n > 0 and a point 

X G [0,1)^ we shall denote the dyadic square of area 2"^"' which contains x by 

Tn{x). Thus, 
P P + 1 \In{x) := 2n' 2" X 

2"' 2" 

where x = {xi,X2) and p,q E N are chosen such that p < 2'^Xi < p+1 and 

q < 2^X2 < q + 1. 

Now define the following three variants of Xn(^)-

Definition 3.5. Define the set I^^x) as follows: 

if C ({0} X [0,1)) ^ 0 or X = (0,2:2). 
'p-1 p q q + l\ ,

1 ^ I X — otherwise.2" 2" / 2" 2" / 
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This set is the dyadic square that is directly left ofTn{x), which lies in [0,1)' 

Definition 3.6. Define the set X*(a;) as follows: 

I*{x)=0, if {a;} n([0,1) x {0})/0 or {xi,0). 

p p+V 
X -—— 1 otherwise.2n '2"'2"' 2" ^ 

This set is the dyadic square that is directly below X„(a:), which lies in [0,1)^. 

Definition 3.7. Define the set 2^(a:) as follows: 

2^(x)=0, if rr ={xi,0) or a;=(0,X2). 

p-1 p q — I g , ,
2JW= X otherwise.

2n 2" On 'On' 

This set is the dyadic square that is to the left and below In(x), which lies in 

[0,1)^ 

Also define the following two hybrid lower derivates. 

Definition 3.8. 

(DV)(x)=liminf for x E [0,1)^. 
71—>00 

Definition 3.9. 

(D*i/)(x) — liminf2^"i/(2^(a:)) for a; E [0,1)^. 

Corresponding hybrid upper derivates can be defined in a similar manner. 

These definitions will be used in the following theorem, which can be thought 

of as a QM2 variant of the classical result that a differentiable function with a 

negative derivative is decreasing. 
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Theorem 3,10. Let u be QM2 and E be a countable subset of[0,1)^. If 

liminfz/(J^(rr)) <0for x G(Q x [0,1)), (3-11) 
n—>00 

liminfi'(2;;(a;)) <0for xe ([0,1) x Q), (3.12) 
n->oo 

lim infz^(2^(a;)) < 0/or a; G Q^, (3.13) 
n—>oo 

liminfz>'(Xn(3;)) <0for x G [0,1)^, (3-14) 
n—>oo 

{Di'){x) <0for X G [0,1)^\E, (3.15) 

{D!u){x)<0for a; G(Q X [0,1))\E, (3.16) 

and 

{D*u){x)<0for xe ([0,1) X Q)\E, (3.17) 

then uifL) <0for every dyadic squareIG [0,1)^. 

Proof. First assume without loss of generality, that^ C E. Moreover, by con 

sidering V — em for some £ > 0 and m Lebesgue measure, we may also suppose 

that (3.15), (3.16), and (3.17) are all strict inequalities. 

Suppose for purposes ofcontradiction that there exists a dyadic square Iq such 

that jv(Jo) > 0- Choose p G N such that |Xol = 2"^^. We shall construct a nested 

sequence /Co D /Ci D • • •, where the K-fs satisfy /Cq = Xq, \K.i\ = and 

v{K.i) > 0 for every z G N. 

First,let U £■ = {pi, 2/2, •••}, where the y/s are points in [0,1)^, and proceed 

by induction. Suppose that /C„ has been chosen. Divide /Cn into 4 quarters as 

dyadic squares. Call these quarters C7/, 1X2", J3", and J""- Hence, |J^"1 = ||/Cnl = 
2-2(p+n+i) ^ Lg^ jn ^g ^]^g jQ^gj. igf^ quarter, be the upper left 

quarter, Jf" be the lower right quarter, and J2 be the upper right quarter. 
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Now u{}Cn) = Thus if u{}Cn) > 0, then 

> 0 for some i G {1,2,3,4}. 

Let A: > 1 be the smallest integer so that yk ̂ ICn, closed in the usual topology. 

If yk is the center point of/C„, then set /C„+i = such that i is the smallest and 

^{J^)> 0. If yk is not a center point, but rather a boundary point ofthe closures 

oftwo set ICn+i = Ji such that i is the smallest, v{Jl)> 0,and yk ̂ Ji -

If no such exists, set /Cn+i = such that i is the smallest, > 0. If yk 

is not a center point or a boundary point of two of the J^"'s, then yk E jp for 

somejG {1,2,3,4}. Set = JJ" where J"")> 0,i is smallest, and i j. If 

^0 for ^^j' sof ̂ n+i=•^j'-

Now by construction, l/C„+i|= ,i/(/C„+i)> 0, and K,n D for 

each n as desired. 

Since D^o^n ^0 by the finite intersection property, let x G where 

X^{xi,X2)e [0,1]^ 

This leads to the following seven possibilities. 

Case 1. Suppose x ̂ E, Xi ̂  and X2 ̂ Q. Then /C„ = Xn+p{^) for every 

n G N. By hypothesis, {Dy){x)< 0. However, 

{Dv){x)=hmmf . . =liminf > 0,
n^oo \Xn{x)\ n-foo \Kn{x)\ 

since u{K,n{x)) > 0 and |/C„(rr)| > 0 for all n G N. Hence a contradiction. This 

case does not occur. 

Case 2. Suppose that a: ^ 2:1 G Q, but X2 ̂  Q. Then x is eventually a 

right side point or a left side point of the /C„'s. We consider these two subcases 

separately: 
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(a) X is a left side point of /C„. Hence K,n = X„+p(x) for every n. This leads to 

the same contradiction as in Case 1. 

(b) X is a right side point of /C„. Hence /C„ = In+pi^) for n eventually large 

enough. 

(SV)(x)=liminf > 0, 

since u{)Cn{x)) > 0 and |/C„(x)| > 0 for all n G N. However, by hypothesis 

(DV)(x)< 0. Therefore, a contradiction is reached. 

Since a contradiction was reached in both (a)and (b),then Case 2 does not occur 

either. 

Case 3. Suppose that x ̂ E,Xi ̂ Q, but X2 G Q. Then x is eventually a top 

side or a bottom side point of the /Cn's-

(a) X is a bottom side point of /C„. Hence, /C„=I„+p(x)for every n. This leads 

to the same contradiction as in Case 1. 

(b) X is a top side point of Hence, =^n+p(^) eventually for every n large 

enough. 

(T»V)(x)=liminf =Uminf > 0,^ n^oo |J*(x)| n^oo 1/C„(x)l 

since i/(/C„(x)) > 0 and |/C„(x)| > 0 for all n eK However, by hypothesis 

{D*u){x)< 0. Therefore, a contradiction is reached. 

Since a contradiction was reached in both (a)and (b),then Case 3 does not occur 

either. 

Case 4. Suppose that now x e E,but Xi ̂ Q and X2 ̂ Q. Hence, x £ JCn for 

every n. Therefore, there exists N gN such that if n > N,then vlJCn+i)> 0 and 
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^{Jr) < 0 for oach i such that J-"//C„+i by construction. Hence, v{}Cn+\) > 

p{Kn)for each n> N,and Kin =i^n+p{x) for each n. Therefore, 

liminfi/(J„)=liminfr^(/C„)> p{K,t^)= v{X^^p{x))> 0. 
n—>00 n—>oo 

This is a contradiction to (3.14). Therefore, Case 4 does not occur. 

Case 5. Suppose that x E E and Xi E Q, but X2 ̂ Q- Therefore, there is an 

N E'M such that a; is a left side point or a right side point of for each n> N. 

(a) X is eventually a left side point, i.e. there is an A/" e N such that a; is a left 

side point of for each n> N. Then y{Jz)<0 and <0for each /C„ 

such that n> N,hy construction. Hence Kn+i= for each n > N and for 

some i E {1,2}. Since X2 ^ Q,then x E Ji or x E J^- Therefore, <0 

for X ̂ Ji" hy construction. Hence, p{Kin+\)> p{Kn)for each n> N and so 

a contradiction occurs, as in Case 4. 

(b) X is eventually a right side point, i.e. there is an G N such that a; is a right 

side point of for each n > N. Therefore, p{J^i) < 0 and ^ 0 f®'^ 

each Kin such that n > N, hy construction. Also, x is only in jp for some 

jE {3,4} for every n > N. In fact, p{J^) < 0 for every i jand n > N. 

However, Kin =^n+p{x)for each n> N. Thisstatement leads to the following 

statement. 

liminfi/(X^(a:))=liminf > p{Kn)> 0. 
n—>00 n—>00 

This statement is a contradiction of 3.11. 

Since both (a) and (b)lead to a contradiction. Case 5 does not occur either. 
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Case 6. Suppose that x G and rcs G Q, but xi ^ Q. Therefore, there is 

an A'' G N such that a; is a bottom side point or a top side point of Kn for each 

n> N. 

(a) X is eventually a bottom side point, i.e. there is an AT G N such that a; is a 

bottom side point of)Cn for each n> N. Then ^0 and v{J2)^0for 

each K-n such that n> N,hjconstruction. Hence JCn+i= Ji"for each n> N 

and for some i G {1,3}. Since xi ̂ Q, then x G Ji or a: G . Therefore, 

^{Jr) < 0 for a; ̂  by construction. Hence, p{K,n+i) > ̂ {^n) for each 

n> N and so a contradiction occurs, as in Case 4. 

(b) X is eventually a top side point, i.e. there is an A'' G N such that a: is a top 

side point of JCn for each n > N. Therefore, — 0 nnd < 0 for 

each JCn such that n > N,hy construction. Also, x is only in jp for some 

i G {1,3} for every n > N. In fact, p{Jr) < 0 for every i ̂ j and n > N. 

However,/C„=^n+p{o^)for each n>N.This statement leads to the following 

statement. 

liminf//(2^(x))=liminfz/(/C„) > p{K.n)> 0. 
n—yoo n^oo 

This statement is a contradiction of 3.12. 

Since both (a) and (b)lead to a contradiction. Case 6 does not occur either. 

Case 7. Suppose that a; G . Hence,there is an A'G N such that a; is a corner 

point of K-ri for each n> N. 

(a) a: is a bottom left corner of/C„ for each n> N. Therefore,/C„=X„+p(a;), and 

by construction p[Ji^) < 0 for each i^ 1. Hence, p{K.n+i) > > 0 for 
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each n> N. Therefore, 

liminfzv(X„(a;))=lim inf > viK^)> 0. 
n—>00 n—>00 

This is a contradiction to (3.14). 

(b) a; is a top left corner of /C„ for each n > N. Hence, ICn+i = for each 

n > N,and so ICn — ^n+p{^)for each n> N. Since x G J2 for every n> N, 

then,by construction, <0for each i^ 2. Hence,^{JCn+i)> >0 

for each n> N. 

liminf^'(X*(a;))=liminfi/(/C„)> v{JCn)> 0. 
n—>oo n—¥oo 

This is a contradiction to (3.12). 

(c) a; is a bottom right corner of for each n> N. Hence, JCn+i = for each 

n > N,and so =J^'^p(a:) for each n > N. Since x G for every n> N, 

then, by construction, <0for each i^Z. Hence, v{K,n+\)> >0 

for each n> N. 

liminf^'(X^(a;))=liminfj/(/C„)> u{JCn)> 0. 
n-^oo n—>oo 

This is a contradiction to (3.11). 

(d) a: is a top right corner of /C„ for each n > N. Hence, /C„+i = for each 

n > N,and so fCn — I^^p{x)for each n > N. Since x G for every n> N, 

then, by construction,^{J^)<0for each i^ A. Hence,^'(/Cn+i)> i'{K.n)> 0 

for each n> N. 

liminfi/(2^(a:))=Iiminfz/(/C„)> v{K.n)> 0. 
n—^oo n—>oo 

This is a contradiction to (3.13). 
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Since, (a),(b),(c), and (d) all lead to contradictions, then Case 7 does not occur. 

All seven of the possible cases for x lead to contradictions. Therefore, the 

supposition that > 0 must be false. Therefore, < 0 for every dyadic 

square X G [0,1)^. The theorem is true, as promised. □ 

Notice that a similar theorem, where > is substituted for <, can be proved in 

a very similar manner through the same methods. 

At last, we are prepared to use the ideas developed in Chapter 2 and Theorem 

3.10 to obtain an answer to the question of uniqueness of two-dimensional Walsh 

series. 

Theorem 3.11. If S is a two dimensional Walsh Series satisfying 

lim 2" (2;) = 0 
n-^00 ' 

for each x E and if 

lim 6'2" 2" (2;) = 0 
n—voo ' 

for all but countably many x E G^, then S is the zero series, that is, the coefficients 

of S are identically zero. 

Proof. First, let S be as in the hypotheses, and then notice that 

lim 52" ,2" (a:) = lim sup 52" ,2" (a^) = liminf 52",2"(a;) = 0 
n-s-oo ' n^oo ' n->oo 

for every x E G'^, which implies that 

lim sup 52" ,2" (2:) > 0 and liminf 52",2"(^) < 0 
n—^oon~^oo 

for every x E G^. 
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Now consider the function 

Tan 2"(3:1,3:2):= 5'2n_2n((;/»(a;i),(^(3:2)), 

for each n G N and (3:1,3:2) G [0,1)^. T2n_2" is a two-dimensional Walsh series on 

[0,1)^ with the same coefficients as S'2n_2" for each n. Also let 

5(3:1,3:2):= lim 2"^"T2n_2n(3:i,3:2), 
71—>00 

for each n G N and (2:1,3:2) G [0,1)^. By hypothesis, 5(3:1,2:2) = 0 for every 

(2:1,2:2) G [0,1)^. In fact, 5 is in class Cw in each coordinate. Hence, 5(2:1 -

1/2",2:2)=0for each n G P,3:i G Q\{0} and 2:2 G [0,1), 5(2:1,2:2-1/2")=0 for 

each n G P,2:2 G Q\{0} and 2:1 G [0,1), and 5(2:1-1/2",2:2-1/2")=0 for each 

n G P, 3:1 G Q\{0} and 2:2 G Q\{0}. 

Now recall from Chapter 2: If 2: = (2:1,2:2) G [0,1)^ and for some two-

dimensional quasimeasure v and for some 0 < < 1/2" for each n, then 

du 

= lim / r2m,2'"(Ml,M2) d(Ui,W2) 
IX'M 

L T2n,2n(Ul,U2) d{ui,U2) 

= T2n_2"(3:i —tmX2)• |I(j(2:)| 

0, when 12;(2:)! =0 

2~^"T2n_2"(3:i — ^71,3:2), otherwise 

If we let tn — 1/2" for this equation, then 

0, when |X;(3:)|=0 

2-2nj'^^ 2„(3;i — 1/2",2:2), Otherwise 
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In fact, similarly 

(T*( W I 0> when|j;(x)|=0 
2 '^^T2n^2^{xi,X2 — tn)=2 ^T2n^2"{xi,X2 — 1/2"'), 

0, when \Tn{x)\ =0 

2-2"r2n,2n(a;i-tn,X2-tn)= 2-^"T2n,2n{xi-1/2",X2-1/2"), 

and 

z/(X„(a:))=2 ̂ "■T2n_2"(a;i,2:2) 

for appropriate Xi and X2- Hence, conditions 3.11, 3.12, 3.13, and 3.14 of Theorem 

3.10 are all satisfied. 

Now consider the function 

h{xi,X2) := lim T2n 2r^{xi,X2)
n—>>00 

for each n G N and (2:1,2:2) G [0,1)^. By hypothesis, h((2;i,2:2) = 0 for all but a 

countable set of points in [0,1)^. Call this set E. In fact, by the equations for u 

above and the definitions of the derivates from earlier in the chapter, we get: 

{Du){Xi,X2) = h{{xi,X2) 

h{X\ t,ri, X2)
{D/iy){xi,X2) = 

0, when |X;(2;)| = 0 

and 

h{xi,X2 -1")
(DV) (2:1,2:2) 

0, when \1n{x) \ — 0 

where is chosen in each case so that (2:1 — tn,X2) G [0,1)^ \ E, (2:1,2:2 — t^) G 

[0, lY\E, and the equations for J„(2:), X*(2:), and Z(i(2:) are true as above. Hence, 
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conditions 3.15, 3.16, and 3.17 ofTheorem 3.10 are all satisfied by these equations 

and the hypothesis. Hence, all of the conditions for Theorem 3.10 are true and 

the conclusion holds. Therefore, v{T)<0for every dyadic square X. However, 

P{X)=2 '^^T2nfin[xi,X2) 

for some n € N such that \X\ = and any {xi,X2) G X. Hence, T2n^2''{xi,X2) < 

0 for any (2:1,0:2) £ Since,X was arbitrary, then the last inequality hold for all 

n £M and all (2:1,2:2) G [0,1)^. 

Using the alternate version ofTheorem 3.10,which has > in the place of <,we 

can also prove that u{X)> 0for every dyadic square J,and hence T2nfin[xi,X2)> 

0for any n E Af and all (2:1,2:2) G [0,1)^. Combining this inequality with the one 

derived above, we conclude that 

T2nfin{xi,X2)=0 

for any n e Af and all (2:1,2:2) G [0,1)^. Therefore, every coefficient ofT must be 

equal to zero. Since the coefficients ofT and S are the same,then S must be the 

zero series. The theorem is proved. □ 

If a two dimensional Walsh series satisfies the first hyposthesis of this last theorem 

(Theorem 3.11), namely, if 

lim 2~^"52",2"(2;) = 0,
n—>00 ' 

holds for all x G G^, then we say that it satisfies the C-S condition. Notice that the 

C-S condition is satisfied, by any two dimnesional Walsh series whose coefficients 

tend to zero. Indeed, if 
00 00 

S:=EE 
k=0 1=0 

29 



then 
2"-l 2"'-l 

2-'"|52.,2.| < 2-2" E I"'.'!-
A:=0 l-O 

Hence, if ak,i^0 as /c,/ —)• oo, then 2~^"S'2i,2" —>■ 0, as n oo uniformly on G^. 

In particular, the two dimensional Walsh-Fourier series of an / G satisfies 

the C-S condition. 
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Chapter 4 

A Tauberian Theorem for Cesaro 

Summability of Double Walsh 

Series 

There will be two main results in this chapter that will be based upon the 

theory that was developed in Chapters 2and 3. The first shows that dyadic square 

partial sums of double Walsh series are either very bad or very good. 

Theorem 4.1. LetE be a measurable subset o/[0,1)^ andS be a two dimensional 

Walsh series. Then except on a subset ofE of Lebesgue measure zero, either 

limsup52n 2"(3:)=+CX) and liminf52"2"(^)= —00, or 
n^oo ' 

lim 82'^,2'^(x) exists and is finite for x £E 
n—¥oo 

In particular, iflim mfn^oo 82^,2"'{^)> —00(re G E), then 52",2" converges almost 

everwhere on E, as n^00, to some finite limit. 
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Proof. Let u G QM2such that S=Su. Theorem 3.4 says that 

Dv>{x) — +00 and Di'{x)= —00, 

Dv{x)=Dv{x)is finite 

for almost every x E [0,1)^. 

However, recall 

S2.,2.(a;)=2^V(I»(x))= 

where |(I"(a;))|= 

Hence the theorem is proved. n 

In order to prove the next theorem two definitions will be needed. First, recall 

the definition of the two dimensional Cesdro means. 

n m 

=— nm T̂Ê ^ V), !)'■
1=1 j=i 

Definition 4.2. Define the first hybrid Cesdro mean to be 

■=-^Si,n{x)ioixe%lf.
^ • 1l=\ 

Definition 4.3. Define the second hybrid Cesdro mean to be 

cK'c) ~iES,,,(i)forx6[0,iy
" j=l 

Before we state the next main result is, we shall prove the following technical 

lemma. 

Lemma 4.4. Let K be a subset of [0,1)^ of positive Lebesgue measure, and let 

X = {xi,X2) be a dyadic irrational point of density for K, that is, both coordinates 
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are dyadic irrational points of density in [0,1) for x E K. IfPm,\ pjn,2 ire 

integers such that 0 < Pm,i < 2"" for each i E {1,2} and m G N such that 

{a;=(xi,3;2)}= ri'^^Q{I{pm,i,m) x {I{pm,2,m)), then there is a number Mq and 

three sequences tm,i € [0,1)^ for i E {1,2,3} where tm,i tm,i{x) —)• (0,0)for 

each i as m^oo such that ifm> Mq and 2^ <n < 2"^"^^, then 

(i) X+tffi i E K, 

(ii) X, x+tm,i, x+tm,2, and X+tm,3 ire in different quarters of{I{pm,i,m) x 

{I{Pm,2,m)), and 

(Hi) 

1 ^ 2^"^ (n — 2"^)^
-^{Pn,n{l^) (72m (x)H ^ S2m^2"'{x) 

2=1 

(n-2'")(2'"), 1 ,, 2 / NN 
+ +<^2-(a;))

n^ 

Proof. Fix m > 0. Let bm,i be the midpoint of I{pm,i,m), and let bm,2 be the 

midpoint of I{pm,2,rn). Next set Umj ■— bmj - xj, j = 1,2. 

If am,i > 0, then xi is in the left half of I{pm,1,1x1). If 0^,1 < 0, then xi is in 

the right half of /(pr„,i, m). If 0^,2 > 0, then X2 is in the bottom half ofI{pm,2, m). 

If im,2 > 0, then X2 is in the top half of I{pm,2, m). 
If am,i > 0, then set 

~ (Pm,l2 ,^>771,1}) 

JS = (P„,1 + Ija-'-j.and 
= {K.U (Pm,l + 1)2-"). 
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If am,\ < 0, then set 

''S=(V,i,(p™,i+1)2-'"), 

JSi=(Pm.^2—,(p™,i+1)2-"),and 

— (Pm,l2 ftm.l)-

If am,2 > 0,then set 

<2=(Pn.,22-",6„,2). 

■'S,2 = (Pm,22-'", (p„,2 + 1)2""), and 
= (I'm,2, (Pm.2 + l)2-»). 

If ajn,2 < 0, then set 

■'S = (l>m,2, (Pm.2 + l)2-»), 
= (p™,22-"', (p„,2 + 1)2-"), and 

■'IS2 = (Pm,22-", I'm,2). 

Now since x is an interior point of (I(pm,i, '>^) x ,^(Pm,2,^)) for each m, it is 

in one of the four quarters. For each m one can choose to represent sets 

that are the quarters or unions of the quarters of {I{pm,i,m) x I{pm,2,m)) open 

in the usual topology. 

Let be the quarter containing x open in the usual topology. Let 

be the quarter directly above or below Jm open in the usual topology. Let 

u Jm - Let Jm^ be the quarter directly right or left of Jm ■ Let 
u Jm - Let Jm be the quarter diagonally opposite to Jm\ and lastly, 

let Jm^ be the union of the four corners each open in the usual topology. 
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For example, if am,i > 0 and am,2 > 0, then Jm be the lower left quarter of 

{I{pm,i,m)X I{pm,2,"m)) open in the usual topology. Jm
(2) 

is the upper left quarter 

of {I{pm,i,m) X I{pm,2,^x1)) open in the usual topology. Jm is the lower right 

quarter of {I{pm,i,m) x /(pm,2,^)) open in the usual topology. Jm is the upper 

right quarter of{I{pm,i,m)xl{pm,2,m))open in the usual topology,and the other 

sets are defined, as above. (Note that all of these sets are nicely shrinking with 

respect to B{x,(\/2)2~"^)n[0,1)^.) 

These definitions mean that Jm\Jm\ Jm\ and x all belong to diflPerent quar 

ters of{I{pm,i,m) X I{pm,2,m)). Also, 

I4"l= I4'l=5l4'l= 

\KnJ^^\ /"l^n
lim -——xrr—= lim ' 
m-^ca I T(2)I lj(2)

I'Jm 1 t/m 1 J 
\KnJ^^\ lATn 

- lim 2-2(m+l) 2-2(m+l) 1 

2\KnJi^\ \KnJ^'^\ 
m^\ |t(3)| |r(l)|

\ l^m I l^m 

This last line happens to be true, since x = (a;i,X2) is a point of density for K, 

that is 
(3)I ITT I^ \Knj:

lim ttt:—-=1= lim 
m 

I 7(^)1 m—>oo I /F)
{•Jm I I'Jm 

In a similar fashion, 

h4'l 22{'"+1)'l4"l=I4'l= 2I m I = 

|Ji:n4)|=|ii-n4'|-|i<-n4"| 
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\Kn£^\- lATn 
hm J 77T—^= limm—>00 IJ^'j m—^00 \Jm\ J 

\Kn£'^\ |A:n 
= lim 2-2(m+l) 2-2(m+l) j 

2\Kr)£^\ \Knjjn^\
= lim ' '-' , ' ' 1 = 1 

This last line happens to be true, since x = (a;i,a;2) is a point of density for K, 

that is 
K5)i\KnJ^^\ , \KnJ^ 

J ^ =1= hm ——ttt-
\J^^\ c \Jn 

Now show that lim^_>oo ^ " 1-
Km I 

14"'I = I4'l= I4'l=I4'l=jl4'l =̂  
\Kn4'1=\Kn4"|-|lf n4'|-IJTn 4'|-|i^n4>| 

\KnJ^^\ f\KnJ^^\ \Kn£'^\ \Kn£^\ \Knjj^'>\
lim ^ 77^—^= hm ' 

m—)-oo Jm—^oo \£^\ \jin^\ \J^n^\ \ 

\Kn£^\ \Kn£^\ |A:n 
lim 22(m+l) 22(m+l) 22(m+l) 22(m+l) 

'A\Kn£^\1 \Kn£^\ \Kn£^1 \Knjjh^\ 
= lim 

m-^oo |j£^| Un 

=1 

Again, this last statement is true, since a; is a point of density for K and by the 

previous results. 

Hence, now 

,. \Kn jS'1 \Kn4'| \K n4'|_ l^nJ^I _
hm fTs— - lim 7^7— - hm ——ttt—- lip —7^ — ̂■|ja)| m->oo |jW| m^oo |jW| m^oo |J^1|m—>00 
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In particular, there is Mo € N large enough so that K n 7^ 0,K 7^ 0, 

and K n 7^0 for all m > Mq. 

Let m > Mo and choose 3 numbers tm,i for i G {1,2,3} such that x+tm,i € 

KPJm\ X+tm,2 £KPJm\c^d X+tjnfi G KPJm^. Sluce,|Jm^l 0,|Jm^| 0, 
and \J^^\ -7 0, as m -)■ DO, then tm,i ^ 0 and a; + tm,i x for each i as m -)• oo. 

Moreover, x,x + tm,i,x + tm,2, and x + tm,z all belong to different quarters of 

X I{Pm,2,1X1)). Therefore, conditions (i) and (ii) are satisfied. 

Now fix 2"^ < n < 2"^+^ and consider 2^ <k < 2"^"^^. Then, 

fe-i fc-i 

Sk,k — 'XijuJij 
1=0 j=0 

2ra_i2'"-l fc -1 fe -1 2"*-! fc-l fc -1 2"*-! 

= y^ +y^ y^ +y^ y^
i=0 j=0 i=2^ j=2^ i=0 j=2'^ 1=2'" j=0 

Now, if r, f > 2"^, then 

r-l i-1 2'"-! i—1 r-1 2'"—! 

~ y^ y^ +y^ y^ +y^ y^ +y^ y^
i=0 j=0 i=2^ j=2'" i=0 j=2'" i=2'" j=0 

If r > 2"^ and I < 2"^, then 

2'»_l 1-1 r-l ;-l 

Sr,i = y^ y^ <xi,j^i,j+y^ 
i=0 j=0 2=2*" j=0 

If r < 2"^ and I > 2"^, then 

r-l 2'"-l r-l i-1 

/I .'S'r,/—y^ y^ o,i,j^i,j+y^ y^ J-

2=0 j=0 2=0 j=2'" 
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Also, 

" r=.l 1^1 
2"* 2'" 1 " " 1 1 " 2"" 

=iEE5'.'+3 E E s..+^E E +i E E^. 
r=l 1=1 r=2'"+l 2=2"*+! r=l «=2™+l r=2'"+l i=l 

2"* n . n 2"*
1 - ^ ^ 't-—a2-,2'n+^ S + ^ ^ 

r=2'"+li=2'"+l r=l 1=2^+1 r=2'"+l i=l 

Recall that is constant on I{pm,i,n^) and /(Pm,2,w) for 0 <j< 2"^. Also 

recall that uij changes sign on I{pm,i,'m) and I{pjn,2,n^) for each j such that 

2^" <i < 2™+^ Hence, 

(72"',2"* "h ̂ m,i)~ cr2m 2'"(ir) for each i, 

and 

*^2"^,2'"(^ d~ ~ 5'2"ij2"^(^) for each 2. 

Recall that ujij{x)= Ui{xi)ujj{x2) for x=(2:1,3:2). If 2"^ <i,j<k and given 

x,x+tm,i for each i, then it follows that 

CJ. d"tm,l)) ^i,j(.^ d~ tm,l) "h ̂ 771,3}) 

— a'jj(a:+^771^2)j ^i,j(^^ tm,l^ tm,2)i 

OJiJ,j(^) — a:jj(a:+ tm,2^ a'jj(3:+ 
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Next,show condition (iii) holds. So using these facts above, 

^n,n(x+tmfi)+0'n,n{^+^m,3) 

4.22m _ 4 " 
(72m^2"*(^)"t~^ E E 82"^,2"^(2;)

-n? - " r=2m+l;=2m+l 
, 2"* n r-l 2"'-l 

r=l J=2m+l i=0 j=0 

n 2"' '2'"-l «-l 

5353 
r=2m+l i=l _ i—0 j=0 

2m4-2' 4(n-2"^)2
-(72™,2"^(^)+ -82^,2"^(2;) 

2Tn 

4(n-2"^)2'^ 1 
+ 

n-' 
r=l 

4-22'" , ^ 4(n-2-)2
"(72m,2m(2^1 H 02m,2mt^j( nm 2^ \ 

1 4-c ^ ^ 1 f ^l—Y1^r,2™ + 82™,i(x)J+ 

4.22m . , 4(n-2'")2
0'2™,2™-\^) d 2 i72m,2mt2;j 

4(n-2'")(2'") / a , , , 2 . nn 
+ ^ (72m(2;)+a2m{x)) 

Tt 

So, dividing both sides of this last equation by four gives 

j{<yn,n{x)+^(Tn,n{x+tm,^)=^a2™,2™{x)+ ^ S2™,2™{x) 
i=l 

(n-2"^)(2"^), 1 ,, , 2 / NN 
H ^ {^2 (̂^) ^2 (̂^))' 

and (iii) is true. □ 

Now we are prepared to prove the following Tauberian style theorem. 
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Theorem 4.5. If E C [0,1)^ is measurable and limsup^^o^|cr2n,2"(2;)| < oo, 

limsup„^oo lo"2"(^)l < limsup„_^oo \oln{x)\ < oo for x G E, then there is 

a finite valued measurable function f such that 

lim S2n,2"{x)=f{x) 
n->cx> 

for almost every x G E. 

Proof. First suppose that \E\ > 0 and let e > 0, y G E,and set 

F(y):= liminf(J2",2''(2/) 
n—>oo 

By hypothesis,Eis finite valued on E. Moreover,ifFm{y) '■ = wm{F(y), (T2m_t-i^2"'+i(y)}) 
then Fm{y) —>• F{y) almost everywhere on E, as m ^ oo. Hence, by Egoroff's 
Theorem and Lusin's Theorem, there is a perfect set K C E where \K\ > \E\—e 

such that E is continuous on K and Em ^ F uniformly on K, as m-^ oo. 

Thus for any fixed x G K, there is a: + tm,i £ K and tm,i 0 for each 

i G {1,2,3} by Lemma 4.4. Choose m large enough so that for each i 

(72m+i 2'"+! (3^ ~t" tm,i) ^ Era{x T tm,i) 

^ E(^X tm,i) 2 
> E(x) — e. 

In particular, 

Com+i 2™+i T i) ^ in.f C2",2" (2^) ~ ^ 
' n->oo 

for each i and m large enough. 
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By (iii) of Lemma 4.4, 

■T('^n,n(^) 4" ^ ] ^n,Ti(^ 4~ ij7i,i)) — 4 2 >S'2n» 2"'(ic)
4 . Th 

t=l 

(n-2'")(2"^), 1 , , 2 / NN
4- 5 ((72m(x) + cr2m(a;)), 

for 2^ <n < 2'^'^^. Letting n — 2""+^ makes this equation 

1 ^ ̂  I 1— {(J2m+ifim+l{x) 4- ^ ] 0'2'"+^,2"'+i 4~ tm,i)) 4" '^S2m^2"^{x) 
i=l 

+ 4-c^2-(a;))• 

Multiply this equation by 4, and the last inequality above. It follows that, for 

large values of m we get 

c72m+i 2™+i (s^) 4~ 3 lim inf C2",2" (^) — 36^ ^cr2"i 2""(sj) 4~ S2"<-^2"^ (^)
' n—>oo ' ' 

+ o-2m(a:) + cFlm{x), 

and in fact, 

4 lim inf (T2",2" (2:) — 4e < 02m ̂ 2-^ (x) + S'2m_2m (x) + a^m (x) + a^m (x).
n—>oo ' ' ' 

Now, by hypothesis and again for m sufliciently large this inequality becomes, 

4 lim inf a2n,2" (a:) — 4e: < lim sup (72" ,2" (2;)+S2">-,2'" (2;)4-lim sup aim (rr) +lim sup a^m (x)+3e. 
n—>00 n—>00 n—>oo 

Since \K\ > \E\ — e and e is arbitrary, we have by the hypotheses that 

lim inf 82-^ 2"' i^) > —00 
m—>00 ' 

for almost every x E E. Therefore the hypotheses of Theorem 4.1 are satisfied, 

and so there is a finite valued function / such that 82^ ̂ 2-^ [x) -> J{x) almost 

everywhere on as m —)• 00. 
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The theorem is proved. 

□ 
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Chapter 5 

Summability Background 

The purpose of this chapter is provide some basic background that will be 

needed to prove the theorems in Chapters 6 and 7. 

A Vilenkin rectangle of order (n,to)is a rectangle of the form 

R :=[kP~^,{k+l)Pn^) X [IQm^ +^)Qm) 

=I{k,Pn)xI{l,Qn), 

where k and I are integers such that 0 < k < Pn and 0 < / < Qm- The a—algebra 

created by all Vilenkin rectangles of order(n,m) will be denoted by Tn,m- Given 

a rectangle R G Pn,m and r G N, the r-fold expansion of R will be a Vilenkin 

rectangle R^ G Tn-r,m-r such that R<Z RJ 

Given 0 < p < oo, then a p-atom on [0,1)^ is a bounded measurable function 

a on [0,1)^ that satisfies the following conditions; 

(i) a is of mean zero, that is, 

J a{xi,X2)d{xi,X2)=0, 
[0,1)2 
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(ii) there is a Vilenkin rectangle R G J^k,k such that ||a|lt»<|-R| 

(iii) a is supported on R. 

A Vilenkin martingale is a sequence of integrable functions {fn,m : n,m G N) 

such that each fn,m is ̂ n,m measurable,and the conditional expectation operator 

with respect to these a—algebras satisfies Ek,i{fn,m)= fk,i for k <n and I < m. 

It is well known that the partial sums Sp^^q^f of the two dimensional Vilenkin-

Fourier series of any/G 1)^) is a Vilenkin martingale. 

Using Vilenkin martingales and quadratic variation instead of distributions 

and the maximal operator, Weisz [16] introduced Vilenkin Hardy-Lorentz spaces, 

for each pair 0 < p,q < oo. These spaces reduce to the regular 

Vilenkin Hardy spaces for p = q- The only thing that is needed about these 

Hardy-Lorentz spaces is the following extrapolation theorem (Wiesz [16]): 

Lemma 5.1. Suppose that T is a sublinear operator defined on Vilenkin mart-

inglaes and 0 < 5 < 1. There exists an r eN and a constant Cp^r, which depends 

only on p and r such that 

JL [Tal^d(a;i,a;2) < Cp^r 

holdfor all p-atoms a. Moreover, ifT is boundedfrom LqO([0,1)2) Loo([0,l)^), 

then T is of weak type (1,1) on Ti([0,1)^) and for every 5<p<l,0<q<oo 

there is a constant Cp^r which depends only on p and q such that 

II Tf ||p,g< Cp,r II / II Hp,,([0,1)2). 

As was mentioned in the introduction,the theory ofbounded Vilenkin systems 

is quite different from the unbounded case. In order to get some positive results 
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for the unbounded case, Wade [14], working the growth of Cesaro means of two 

dimensional Vilenkin-Fourier series, found it necessary to limit the growth of the 

Vilenkin parameters using the following concept. 

Definition 5.2. Given 0 < 5 < 1, call a sequence (p„;n G N) or the Vilenkin 

system that it generates S—quasibounded, if there is a positive number M such 

that 
n—1 / \ S 

:=5]( ^ ) <M 

for all n G N. A 1-quasibounded system will be called quasibounded. 

Clearly, if5> //, then a //—quasibounded system is 5—quasibounded, but not 

conversely. In fact, all 5—quasibounded systems are quasibounded. 

We have found it necessary to introduce another measurement to control 

the growth of the Vilenkin parameters which is slightly more stringent than 

5—quasiboundedness. 

Definition 5.3. Given 0 < 5 < 1, call a sequence G N) or the Vilenkin 

system that it generates 5—strongly quasibounded, if there is a positive number K 

such that 

PW-Pr,) 

for all n G N A 1-quasibounded system will be called strongly quasibounded. 

Clearly, if 5> //, then a //-strongly quasibounded system is 5-strongly qua 

sibounded, but not conversely. In fact, all 5—strongly quasibounded systems are 

strongly quasibounded. Also,notice that since n+2—l > 1,then every 5—strongly 

quasibounded system is quasibounded. 
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Now this definition begs the question as to whether any such sequences exist. 

Notice that if =0(1) as n oo, then since > 2, 

Kn<Cj2^^<oc. 
1=0 

The finiteness condition comes from the ratio test. Thus any bounded Vilenkin 

system is 5-strongly quasibounded for all 0 <5 < 1. 
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Chapter 6 

The Vilenkin-Fejer Kernel 

Let p = be a sequence that will produce a Vilenkin system, and 

Pn=popi...pn-i. First recall, if tpk is the kth Vilenkin function for some Vilenkin 

system, then 

n-l n-l / 

Dn:= XI and X(^~ 
k=0 k=0 ̂  ^ 

represent the one-dimensional Vilenkin-Dirichlet kernel and the one-dimensional 

Vilenkin-Fejer kernel, respectively. Next recall that 

Pn, 0<x<Pn ̂ 
DpM= — 

0, Pn~^ <X<1 

The following lemmas will be crucial to our main estimates. The first two 

come from (Simon [9]) 

Lemma 6.1. Let n = for n G N, where 0 < ria < Pa and G N. 

47 



Also let 

=WJ e N,j• Pa < / < 0"+l)Pa, and l<j<Pa}, 

and 

B[j')(n):={k\k G N, k=n®l, and I G =n© 

Then it is true that 

{0,1,2,....n-1}=U~„{u;-

Proof. It is evident that n = 0, Ba'(n)n = 0, where (a,j)^ 

{a',j'). Designate by [A] the number of elements in the set A. Hence, we get 

[A«l=[BW>(n)l=Po, 

and 

OO na—1 OO 

[u~ =I]I] =n. 
a=0 fe=0 a=0 

On the basis ofthis equation it is enough toshow that ift G 

then 0< t < n — 1. For each such t there is / G N such that t=n®l and I G Aq\ 

where j=Pa — T k,0 < k < Ua — 1, and 0!,j,t inN. First, 

a—1 

I = ^/iP//+j• Pa, 
(1=0 

then we get 

Q_1 CO 

t= +1(1 (mod Pi^)]P,,+[na+j (mod Pa)]Pa+ XI 
(1=0 (I=a+1 
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But[Ua+j(mod Pa)]=k<na-l,therefore it is true that 

a-l oo 

t < ~ 

ti=Q n=a+l 

=-1+UaPa+ '^iJ.Pti 
li=a+l 

CO 

< n^Pfj,-1=n-1. 

Therefore,0 < t < n-1, and the lemma is proved. □ 

The next lemma comes from the same work by Simon. It uses Lemma 6.1 to 

get a powerful decomposition for the Vilenkin Dirichlet kernels in terms of the 
positive, locally supported Dp^'s. 

Lemma 6.2. Ifn = J2a=o 0 < < Pa and Ua e N, then 
OO / Pa—1 \Dn{x) = '0„(a:) f {na{x)y j Dp^{x), {x e Gp).

Q=0 \j=Pa-na / 

In fact, if there is s eN so that Ps-i <n< Ps, then = 0 for every a> s and 
S-l / Pa—1 \

Dn{x) = ■0„(a:) J Dpai^)^ ^ S)-
a=0 \j=pa-nc, / 

Proof. By Lemma 6.1, it follows that 
n—1 

Dn{x) = 

OO Pa —1 

= XI S X '^rieiix)
Q!=0 j=Pa-na 

CO Pa—1 

X X 
a^O j=Pa-na 
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However, 

Pa-l Pa-i 

^i{x)= Y =V'jPa(^) Y 
ieA^ '==° 

=i^jpAx)DpA^)=(^a(a:))^-DF„(a;). 

Therefore, Lemma 6.2 is proved. □ 

The next lemmas and theorems come as a result of initial formulas presented 

by Pal and Simon [5], from which the following definition comes. 

Definition 6.3. The function / G L^{Gp) has a strong derivative df G L^{Gp), if 

lim II df - dnf ||i= 0, 
n—^oo 

where .n-l Pj-1 Pj-1 n^\]U
{<Lf){x) = y; P, fc ■ p,-l '£ {exp——)f{x+lei) 

j=0 fc =0 1=0 

3 

for a: G Gp, n G P, and Cj := (0, 0, . . . , 0, 1 , 0, . . .) G Gp. 

From this definition, dil3n = utpn is easily verified. 

Lemma 6.4. For k eN and x G Gp, let rj be the function defined by 

( 27ria;irj{x) := exp (tt 
Then 

Kn{x) = ^fJn{x)YPc.Y S {iri{x)y[naDp,{x)
a=0 i=a j=Pi—ni 

.| Pa~l Pa~l -| . 
Y^^ {'^ai^^cd)''i'^i{l^a)y'^n{lea)Dp.{x+lea) j 
fc=0 1=0 
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Notice that this will lead to the following inequality: 

^ S—1 s—1 Pa—1 Pa—1 
\Kn{x)\ < Dp.{x+lea) 

^ Q=0 i=a k=0 1=0 

Proof. Let n € P be an arbitrary fixed number and let s e P be the natural 

number which satisfies Ps-i < n < Ps- Then from the last definition, 

Kji — Dn ~ ^dDji= Dfi dgDn 
n n 

or 

nKji — nDfi ds-Dn-

Hence, 

5—1 

uKnix)= Ulfnix) {n{x)yDpXx) 
1=0 

S-1 Pa-1 Pa-1 

~ ~ 
Vr,
S{'ra{lea))''Dn{x+le^) 

Q=0 k=0 1=0 

= Utpnix)E.E {ri{x)yDpXx) 
i=0 j=pi-ni 

s-1 Pa-1 , Pa-1 S^ll Pi-1 

{railea)yipn{xUea)EE {ri{x+lea)yDp{x+lCa) 
a=0 k=0 1=0 i=0 j=Pi-ni 

=lfn{x) 
i=0 j=pi-ni 

where 

5—1 Pa"! Pq~1 

Bi= nDp,{x)-E^"EzE{ra{lea)yipn{lea){'>'i{lea)yDpi{x+lea). 
Q=0 k=0 i=0 

Recallthat Paley'slemmasaysthat Dp^{x)=Pi,ifa; G suppDp.,and Dp(a;) — 

0,if a; ̂ suppDp. Hence,if0 < ? < a,then Dpyx+lca)=Dp^x)and ri{lea) — 1-
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Again, if 0 < i < a, then by Paley's Lemma, = 0 if x ^ suppDp,. For 

n= riaPa,0< i < a,and X G suppZPp,then 

5—1 Pq—1 pa 1 

Bi=J2Pa riaPi — i'^ai^^cdY'^n{lea)Pi 
a=0 k=0 i-o 

otherwise. 

We shall show that Bi-O. Indeed, first show by definition 
Pa 1 1^ Pa 1 

Bi= Yj^CtPi 
5—1 

na-Y~Y i'^cc{lea))Hn{lea) 
0=0 

s-l k ,-2nilk, ,27ri/n„, 
= Y^-p^ ria- y — > exp( )exp( )

^Pa Pa Pa 
a=0 k=0 1=0 ^ 

5—1 k"^ ,-2Tril{na-k). 
Pa 

a=0 k=0 1=0 

However, 

k ,-2ml{na-'k).
''--Yt'Y ^ Pa Pa

k=0 ° 1=0 
Pa-1 —2ml(ua — k)

— 7T.Q, Hq, ^ ^ ^]exp( )
Pa 

1=0 

0<k<pa-l 

k Pa-1 -2ml{na-k) 

? —' k^a P°' 1=0 
0<k<pa—1 

Hence, 

nKn{x)=ipnix)Y^-Y Y i{ri{x)y[naDp,{x) 
a=0 i=a j=pi—ni 

^ Pa~l Pa~l 
{ra{lea)y{ri{lea)yipn{l'ea)Dpyx+lea)]) 

Pa 
k=0 1=0 

and the lemma is proved. □ 
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The first application ofLemma6.4 is an estimate ofthe Ti[0,1)norm ofKn{x) 

for a 5—strong quasibounded Vilenkin system. 

Lemma 6.5. If ® 6—strong quasibounded Vilenkin system for some 

0 <5< 1 and if jdg =supo<i<sPi , then 

K„(x)|li= 0(1)1) 

05 n —)■ oo for Ps-\ < n < Pg. 

Proof. By Lemma 6.4 

S — l S — 1 Pi —1 Pa 1 Pa 1 

n \K4x)\< E 'naDpi H k ^ Dp^{xMea)
T). ' * f ^ 

Q=0 i=a j=pi—n, P°' k=0 1=0 
/'Us—l s—l Pa-1 Pa-1fix 

< ni XiaDpi -\ k Dp.{x+lea) 
a=0 i=a k=0 1=0 
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Therefore, 

w S—1 5—1 //a ya '■o—± <3—± ^ Pq~1 Pa~l 

Kn{x) \\i< -^Pa^m na + — ^k^l 
^ n Pa0=0 i=a A;=0 1=0 

^ s—1 s—1 Pa""!Ehj
—Pas -'Ep-'Ep' 
k 

a=0 i=a k^o P- . 
^ s—1 s—1 Pa-1 

< -E^"Ep' Pa+y^,k 
Q=0 i=a k=0 . 

- s—1 s—1 Pa-1 

Pa+Yl ~ n 
a=0 i=a k=0 

^ s—1 s—1 
< -Y^PaY^Pi\Pa+Pa{Pa-l)] 

a=0 i=a 

- 5—1 5—1 

a=0 i=a 

- 5—1 5—1 

,PiPa 
Q=0 i=a 

s—1 p s—1 

£ f^'T.T^T.P" 
Ck=0 ^". -1 f 
5—1 

P.^sX!-^Pa(s-Q:) 
a=0 "s-l 

_ p ( 2 , o 1 Pa(s — 0 ^ — Ps I Ps-1 + 2ps-2 + ^ 

Now since ^ 5—strong quasibounded Vilenkin system, then it is a strong 

quasibounded Vilenkin system. So there is an M e N such that 
s-3 Pajs - I) 

< ME Pl+1 ■ ■ ■Ps-2 
1=0 

for every s 6 N. Also, < Pi, 2ps-i < Pi, and M < Pi, for each s. 

Therefore, 

II if„W lli= 0(/3S 
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and the lemma is proved. □ 
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Chapter 7 

Summability Estimates ofTwo 

Dimensional Vilenkin-Fourier 

Series 

Cesaro summability of Vilenkin-Fourier series for systems of bounded type 

is fairly well understood. Building upon the earlier results of Schipp, Pal and 

Simon [5] have proved that for the one-dimensional case that if/ e Li([0,1)), 

then (7„/ —)■ / almost everywhere on [0,1). This is not the case for Vilenkin 

systems of unbounded type. Indeed, from earlier results of Price, Tsutserova [10] 
proved that for any unbounded Vilenkin system, there are continuous functions 

for which crp^f diverges at any prescribed point. For the two-dimensional case, 

Moricz, Schipp, and Wade [4] proved that if / e Li([0,1)^) and = 2 for all 

n G N, then o-p„,Q^/ / almost everywhere on [0,1)^, provided that |n —m| < a 
for some o; > 0. Weisz [17] extended this result to bounded Vilenkin systems and 
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also proved in this case that an,ml -> / almost everywhere on [0,1)^, provided 

that a~^ < n/m < aiov some a> 0. None of these results extends to unbounded 

Vilenkin systems. 

In this chapter, we will use the ideas developed in Chapters 5 and 6 to obtain 

estimates on the Cesaro means of certain classes of two-dimensional Vilenkin-

Fourier series of unbounded type. We begin this by letting {pk : k E N) and 

{qi : I e N) represent two unbounded sequences of integers with each element 

less than or equal to 2. Let Dn and Kn represent the two-dimensional Vilenkin-

Dirichlet and two-dimensional Vilenkin-Fejer kernels, respectively depending upon 

the sequences above. Let -1- and — represent the addition and subtraction inherited 

from the underlying Vilenkin group structure, for example, if a; = Ylk=o^i^^k ̂  

and y= Yl'k=oykPk^^ then 
OO 

x+y:=^{Xk ® yk)Pk\ 
k=o 

where © is as defined in Chapter 1. From previous results one can see that 

{an,mf)iXuX2)[̂f f{t,u)Kn{Xi-t)Km{x2-u)d{t,u).
J J[0,iy 

Wade [14] made the first progress on this problem, in particular with the 

following result. Fix o; > 0 and choose r G N such that r — 1 < a < r. For each 

Vilenkin martingale/={fn,m :n,m € M) and each 0 < p < 1, let 

r cnr\ \^PmQmf\
aa,pj sup 

\n m\<oc Pn^rrij Pn-^-r^m+r 

where for every pair k,l G N, (5k,i := max{po)• • • 90) • > Maximal 

operators of this type were first discussed for the Walsh case in Moricz, Schipp, 

and Wade [4]. 
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Wade [14] obtained the following estimate. 

Theorem 7.1. Suppose that {pfe} and {qi} are 6-quasibounded for some 0 < 

5 < 1. Then aa,5 is of weak type (1,1) on Li([0,10^), and for every 5 < p < 1, 

0 < q < oo there is a constant Cp,, which depends only on p and q such that 

II (^a,sf Cp,r 1! / |li?p,g([0,l)2) . 

This result gives estimates for the maximal operator associated with Cesaro 

means of the form (rp„,Q^. The next result gives estimates for the maximal oper 

ator associated with Cesaro means of the form an,m- To obtain positive results, 

we must increase the weights used in the denominator. Accordingly, fix a > 0 

and choose r G P such that r - 1 < a < r. For each Vilenkin martingale 

f= :n,m G N) and each 0 < 5 < 1, let 

S r \'^n,mJ \ 
■= sup r,2rl5 ' 

2 "<ji/m<2" Pm,ni Pmr,nr 

where for each u,m G N there exists s,d eN such that Pg-i < n < Pg, Qd-i < 

m < Qd, 

Pm,n •— max-^Poj • • • ) Ps—1) 90) • ■ ■ ) Qd—l}) 

and 

/dmrjUr rn&xj^PO) • • • )Ps—l+rj QO} • ■ • 1+r}-

Theorem 7.2. Fix o > 0 and choose r - l< a < r. Suppose that {pk: k eff) — 

{qi : I E N) is a 5—semiquasibounded sequence for some 0 < 5 < 1. Then cr^ is of 
weak type (1,1) on l'i([0,1)^, and for every 6 <1 and 0 < q < oo there exists a 

constant Ci^g which depends only on p and q such that 

II crif ||l,9< Cl,q II / llffi,,([0,1)2) . 
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|Proof. It is clear by hypothesis that Lemma 6.5 is true and hence |Knix)||i= 

0{Pg) is true for every n. Recall that 

{<Xn,mf)ix,y)=[f f{t,u)Kn{x-t)Kmiy-u)d{t,u). (7.1)
J 7[0,1)2 

Combining these facts with Lemma(5.1) we shall prove the theorem. Indeed, by 

the lemma,it suffices to show that is 1-quasilocal for each 5 < 1,that is, there 

is a constant Ci,r such that if a is a 1-atom supported on some Vilenkin "square" 

R=I X J,then 

\{ola){xi,X2)\d{xuX2) < Ci^r- (7.2)IL 
Since i? is a Vilenkin square, choose RT G N such that |/| = Pk = Qk = \Jl 

If m,n < Pk = Qk,then both V'n and iprn are constant on I and J. Since a is 

of mean zero and has support on i? =/ x J, it follows that a(n,m)= 0. Thus 

we may suppose that m > Qk or n > Pk =Qk- With r as in the hypothesis, if 

n > Pk,then by condition < n/m < 2°", 

^ P^ ^ Pj< P^ _nrri ̂  ^ ^ nj. ^ ' Pk—t — Qk-r-
2" 2^^ 2'- pk-v-'-Pk-i 

Hence, both n,m> Pk-t=Qk-t,for both n> Pk and m > Qk-

To prove equation (7.2), notice first that [0,1)^\R'' can be broken into eight 

pieces: two horizontal pieces ([0,1)\F)x F;two vertical piecesF x([0,1)\F); 

and four rectangular pieces ([0,1)\J") x ([0,1)\ J*"). 

Step 1. We will show the estimate for integrating over the horizontal pieces 

([0,1)\F)X F. First let (xi,xa) € ([0,1)\F)x F.By given results |1 ||i< 

_i for some C G N and Qd-i <m < Qd- Since a is supported on R=I x J 
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and |a| < \R\ ^ it follows from (7.1) that 

2:2)1 < J J \a(t,")\\Knixi-t)\\K^(x2-u)\dtdu 

j\K.{xi-t)\dt 

Recall that n= 0< ng < pg. Using the estimate for Kn{x)from 

Lemma 6.4, we can get an estimate for \Kn{x)\. This estimate can be substituted 

into the last inequality with the following result. 

S—1 s—1 

ia){xi,X2)\ < 
JI ''T' ,-.v7=0 i=7 

P7-I P7-I 

dt 
Py k=o J=o 

s—1 s—1 

< 

Jl"7=0 i=71=77=U 

P7-1 

dt 

A:=0 ;=0 

s—1 s—1 

< c&,-ii-Rr'/^E^-.Ep'Mp.(2^1-0
7=0 i=7 

P7-I 

-P7 XI^Pi(3^i+/F.7+\-t) dt. 
(=0 

Many of the terms are zero, if i is too large. Indeed, since xi ^ F and 

Dp^ is supported on [0,Tt~^), if z > 7 > TiT — r, then both Dp.{xi—t) and 

t) are identically zero for t G 7 and 0 < I < p.y, which is because 

under these conditions xi and xi+lP~^i both lie outside F,so the coefficients of 
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t cannot cancel all of the "lower order" coefficients of Xi or Thus, 

„ ^ K-r-l s-l 

\{(Jn,ma)ixi,X2)\<Cpl,^_^\R\-^ -
7=0 i=7 

P-y—1 

-p^Y^Dp^{xi+lP~li-t) dt. (7.3) 
1=0 

Next the terms of this estimate are zero, if xi is too near to I or too far 

from I. To see this, notice that since Lebesgue measure is translation invariant 

with respect to —. Suppose without loss of generality that I — [0,Pk)- Since 

Dp^ =Pix[0,P~^)for every « G N, we have 

for 7< i < X — 1 and x ^F,where = {p-y — l)P~^i. Also, 

J^Dp{xi-t)dt-

where i < K — 1 and Xi ^ F. To show that this last statement is true, let 

y = (2/1,^2, • ■)' where y = for each y G [0,1). Hence if Xi-t G 
[0, P~^), then xi-t = (0, 0, . . . , ai, tti+i, . . .). However, t G [0, Pf^) and i < K,so 
1/Pi > 1 > Pk and t = (0,0, . . . , 0, Pk, ■ ■ ■)■ Therefore, Xi = (0, 0, . . . , 0, . . .) 

and hence, xi G [0,^^"^). 
Also, 

I DpXx\—t) dt = 0 
'/ 

if z > A' and [0, Pf^) C [0, P^^) for xi ^ F. 
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iov i> K and ^ <K-r-1. This last statement is true, since if xi+lP^^-^-t G 

[0,P-^),then xi-i-iP-i-t^(0,0,...,0,tti,...), but t^(0,0,...,7;^,...,7i, ••) 

andZP^+\^(0,0,...,0,/,0,...)for7 < Therefore, Xi^(0,0,...,p^-

/,0,0,...,7k,• • •,7i-i,A,• ••) and Xi G [^^i, +P^^). 

Therefore,(7.3) becomes 

K-r-l K-l p 

lb J N I' t ' 
'y=0 1=7 

P7-1 

l-o 

n V K7''«7l+^K 
7=0 i=K . 1=0 

Now since n > Ps~i > Pk-t, 

K-r-l K-l p 
\{an,ma){x,,X2)\<C/3i^_,\R\-'- ^ ^7+1S ^.-1,(^1) 

^K—r n JTK ^ ^' t ^ 7=0 1=7 

"b IX ,,5 
;=o 

+ X ^7+iXpi(Xx,^,,^„p-i)(^i)) 
7=0 i=K 1=07= 

Now recall that [ill -1^ =_ PkQk and see that 

PkQk << /027'^ =Pk-tPK-r • -PK-ilK-r 'Qk-i <-p;. -PK-llK-r' A" QK-I S Pnr,mr 
X^K-r^K-r 

since s — 1 > K — r and d — 1 > K — r. Also, 

o2r/5 
rnriTTlr — rnnmr 

since 1/5> 1- Also, Am,-1 — Pm,n — Prn,n-
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Hence, 

I (^1!^2)I < A+B,
M/S o2r/5 
ym^nyrir,mr 

where 

^ K-r-l p K-l p P7-I 
^_ ^^K-r^K-r M+l 

/?' «=07=0 1=7 

and 

ir-r-i 

Pm,n-i s-1 7=0 i=K (=0 

Therefore, we consider the following integral: 

/ / Adxidx2. 
*/[Ojl)\/r «/r 

Since,|J""! =Q^-r:then 

/r-r-i ir-i 
C 

A dxi ^2:2 </«/ [0,l)\/r/v «7r Pn,m ^=0 1=7 ^ •'lu.i)[0,1) 

Py-^ 

+Xlx -1^(311)) dxi 
li-lhiyl+P, 

1=0 

^ K-t-\ JC-l 
Pi+l "Pa+1" 

Pk L PiPn,m 'y=0 i—j 

„ K-r-l K-l 

/ol/5
/2n,m ^=0 i=7 
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However, {pi/PniL) < 1, and so 

f f Adxidx2<C (%^(Pa+1))(^-7)
J[0,l)\lr Jjr -y=0 ^ 

<c^( )(g-T) 

<gE( )iK-7) 
K—2 

<cy^(—-—)(i^-7)^\pa+U...pK-J 

+cy(—-—)(/^-7)< 
^\pa+u...pK-l'' 

The last inequality is true, since {pi : i E N) is 5-strongly quasibounded and 

Pi >2for every i. 

Again IJ*"! = 

K—r—l s—1 p P-)~^ 

J[0,l)\lr Jr Pm,n-rs-1 7=0 i=K 1=07=U 

K-r-l s-1 

Pm,nJrs-l 7-0 i=K 
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Since < 1 and < 1,then 
0m.n ^ 

K^r—\ r-* 5—1 

f [Bdxidx2<C 
d[OA)\Ir JJr ~=0 i=K7=0 ^ ^ i=K 

K—r—l p s—1 

sc E 
7=0 ^ i=7 

K-r-l p 
1 T 

c\ ^S-I7=0 

^ \pc.+l- - -Ps-2^ 
2 

< C ( — )(s-7)< oo 
7=0 

This last inequality is true by the 5—strongly quasibounded condition. 

Therefore there is a constant Mi^r such that 

/ / \{cria){xi,X2)\d{xi,X2) < Mi^r-
J[o,i)\i^ JJ'-

Step 2. We will show the estimate for integrating over the vertical pieces F x 

([0,1)\ J''). This step will follow in almost exactly the same manner as Step 1. 

However, it will take place over the horizontal set of values and coordinates q = 

:z G N). First let {xi,X2)E F x([0,1)\F.By given results |] Kn |li< 

for some C G N and Pg-i < n < Pg. Since a is supported on R = I x J and 

|o| < it follows from (7.1) that 

l(o-n,ma)(a;i,a;2)| <J j^\a{t,u)\\Knixi-t)\\Kmix2-u)\dtdu 
<C/3'_,JR\-'J^\Km{x2-u)\du 

Recall that m = 0 < mg < qg. Using the estimate for Km{x) 

from Lemma 6.4, we can get an estimate for \Km{x)\. This estimate can be 
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substituted into the last inequality with the following result. 

rf-l d-ln ^ Cf 1 d "1. 
i^,ma){xuX2)\ <C^\^\R\-^ / —^Q^^mi\m^DQ^{x2-u) 

J'jJ ™̂ n .• '•7=0 1=7 

97-1 97-1 

~ ^ DQi{x2+lQ^l^-u) du 
k=Q 1=0 

d-l d-l 

„_n i_.vi=7 

g-y —1 ^7—1 

--Y^kY,Dg,(x^+tQ-l,-u] du 
k=0 1=0 

d-l d-l 

7=0 i=7 

97-1 

-97ZDq^{x2+IQ-1^-u) du. 
1=0 

Again, many of the terms are zero, if i is too large. Indeed, since X2 ̂  

and £>q. is supported on [0,Qj~^), if ? > 7> A'— r, then both DQ^{x2—u) and 

DQi{'X2+lQ^Xi—u) are identically zero for tt G J and 0< ^ < g.y, which is because 

under these conditions X2 and X2+lQ~l.i both lie outside J^, so the coefficients of 

u cannot cancel all of the "lower order" coefficients of X2 or X2+lQ~h. Thus, 

K—r—l d-l 

— Z <57Z 
7=0 1=7 

^7—1 

(7.4)-97 XI^Qii^2+lQjli-u) du. 
1=0 

Next the terms of this estimate are zero, if X2 is too near to J or too far 

from J. To see this, notice that since Lebesgue measure is translation invariant 

with respect to —. Suppose without loss of generality that J = [0,(3^^). Since 
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~ QiXi'^iQi for every z G N, we have 

for 7< z < if — 1 and X2 ^ J'", where — {q^ — l)Q^li. Also, 

where z < /< — 1 and xi ̂  J'". To show that this last statement is true, let y = 

(yi,2/2,• • • )> where y= Y1Z:\ ViQT^ fo'^ o^oh y G [0,1). Hence if X2-U G [0, 

then xi—u=(0,0,...,ai,cti+i,...). However, u G [0, and i < K,so 1/Qi > 

1 > Qk and u = (0,0,...,0,^k, ■)■ Therefore, X2 = (0,0, . . . , 0, ccj, . . .) and 

hence, X2 E [0,Qj^^). 

Also, 

J Dq^{x2-u) du = 0 
if z > if and [0, C [0, for X2 ^ . 

/ DQ.{x2+lQ~l^-u)du = x., , 

for z > if and 7 < if — r — 1. This last statement is true, since if X2-\-lQ'^\i—u G 
[0, QJ^), then X2+lQ~li-u ^ (0,0, . . . , 0, a^, . . .), but u ^ (0,0, . . . , 7^, . . . , 7i, . . .) 

and IQ^h = (0,0, . . . , 0, /, 0, . . .) for 7 < if — r —1. Therefore, X2 = {0,0, . . . ,qj — 

/,0,0, . . .,7ir, - - - , Ti—1, Pij • • - ^ and X2 E , ^yi T ). 
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Therefore,(7.4) becomes 

K-r-l K-l 

KcT'n,mO)(2:1,0:2)I < ^ ^7̂  
7=0 1=7 

97-1 

1=0 

+cp\n\R\~^— 
7=0 i=i<' i=0 

Now since m > Qd-i > Qx-r, 

K-r-l K-l^ 
n,n,0)(Xy,X^)\<Ce,\M\-^-^ Y. «7+lE 

^ 7=0 i=7 

97-1 

«=0 

K-r-l d-1 97-1

+c;3i,,jiir'^ E «i+iE9'(E\,„,„«-,(^^') 
7=0 i=K i=0 

Now recall that |i7l~^ =PkQk and observe 

PkQk / n2r 
=PK-t • -PK-iqK-r • • • QK-I < Pnr,mr

Pk—rQK—r 

since s — 1 > iiT — r and d — 1 > Jl' — r. Also, 

o2r ^ a2r/5 
Hnr^TTlr — r^nr,mr 

since 1/5> 1. Also, < Pm,n ̂ 0m^n-
Hence, 

\iPn,mO)(2^1)2^2)1 ^ I g 
rAl& o^r/S — ' 
ym,nynr,mr 

where 

A= e' E +E^,,Pm,n .y=o ^ 2=7 '=0 
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and 
K-r-l d-l 97-1 

PK—rQK—t
B=C 

^m^nQd-l -y=o i=K 1=0 

Therefore, we consider the following integral: 

If Adxidx2. 
[0,Jlr J[0,1)\J7-

Since, |/''| = 

Jlr J[0,l)\Jr Pn^m -y—0 2=7 [0,1) 

97-1 

_i^(a;2)) dx2 
lifhijl+Q 

1=0 

K~t—\ K 1^ 
gg+1<S.E E 

<3/r Qi'Ti 7=0 i=7 

^ K-r~l /r-l 

^1/5 Z] <37+iZ + 
Pn.TYi 7=0 2=7 

Qk 

However,{qipn,L)< 1, and so 

/r-r-i

f f Adxidx2<C ̂ (^^{qa+l)){K --y)
Jlr J[0,l)\Jr 07=U 

^gg+1,• gir7=0 

K-2 

gg+1 -)(K-7)
7T0 ̂ g"+l> - - -gl^-
K-2 

<cy;f——)(i^-7)
\qa+i,- - -qK-J 

2 

+CV( ){K-j)< 
^qa+u-'-qx-iJ 
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The last inequality is true, since {qi : i e N) is 5-strongly quasibounded and 

qi> 2 for every i. 

Again \r\= so 

K-r-l d-1 „ q-1-l 

Pm,n^d-l -y=0 i=K 

Since < 1 and < 1, then 
dUi ~ Qk - ' 

K-r-l^ d-l 

[[ Bdxidx2<C ̂  q̂a
Jlr J[0,l)\Jr j—Q ^d-1 

7= 

K-r-l^ d-l 

7=0 1=7 

K-r-l 

=c''e'( )(<i-7)
^0 ^Qa+l..-qd-2'' 
2 

< C (̂ — )(d-7)< oo^^9a+l - - -9d-2^ 

This last inequality is true by the 5—strongly quasibounded condition. 

Therefore there is a constant M2,r such that 

/ / \{(^ia){xi,X2)\d{xi,X2) < M2,r-
Jk J[a,i)\j^ 

Step 3. In this last step we will develop an estimate for integrating over the 

four rectangular pieces,([0,l)\Ir)x([0,l)\dr)- Since a is supported on R — IxJ 
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and |a| < \R\ it follows from (7.1) that 

l(<'»,n.a)(a;i,X2)| <jJ^\a(t,u)\\K„{xi-t)\\Kr^{x2-u)\dtdn 
\Km{X2-u)\du 

Recall that m = ^ 0 < < gg and 

0 < ng < pg. Using the decompositions of Kmix) and Kn{x) given by Lemma 

6.4, we can get an estimate for \Kmix)\ and \Kn{x)\. These estimates can be 

substituted into the last inequality with the following result. 

s—1— X s—1|3 O—X 

{xi-t) 
7=0 2=7 

2 —1 P7—1 

~^ ^Z! (^1+^^7+1-^)1 dt)
k=o 1=0 ^ ' 

p ^ d—1 d—1 
[^7-DQi{X2~u) 

7=0 2=7 

2 ̂ 7 ^ ^7"^ 
— ^kJ2DQii^2+lQ~li-u) dv}j 

k=Q 1=0 

s—1 s—1 

< ^ ^ [PiDp.{xi-t)
^ 7=0 i=:7 
P-,-1 p.y-1 

-P7Z^Z^Pi(^l+^-P7+\-^)]
fc=0 1=0 

d 1 d 1 

Z Z [i-yd^Qi(^2-«)
7=0 i=7 

97—1 97—1 

-97Y,>=Y.dq.(a:2+/Q.^+i-u)j dttj. 

As in Steps 1 and 2, many of the terms are zero, if i is too large. Thus, 
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j\ I X o x 

7=0 1=7 

. . 1 \ 

-Py^Dpi{^i+lPj+i-t)\ dtj 
1=0 

„ ^ /(--r-l d-1 

dJ 7=0 1=7 
97~1 

-(ly^DQ^{x2+lQ~li-u) duj. (7.5) 
i=0 

As in Steps 1 and 2, the terms of this estimate are zero if Xi is too close to I 

or too far from /, or if X2 is too close to J or too far from J. Suppose without 

loss of generality that I — [0,Pk')- Since Dp^ = Pix[0)Pi for every i G N, we 

have 

fDp(xi+lP~}^—t)dt=-^x 1 (^i) 

for 7< i <P — 1 and x ̂ F,where ={pj — l)P~^i. Also, 

J^Dp,{xi-t)dt= 
where i < K — 1 and Xi ^ F. Similarly as before, suppose without loss of 

generality that J=[0,Q'jl)- Since Pq.= Qix[0, for every 2 G N, we have 

for 7< i < AT — 1 and X2 ^ where ̂-yi ={q^ — OQ^+i" 

where i <K — \ and xi ̂ F. 
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Also as in Step 1, 

JDp^{xi—t)dt=0 
ifi> K and [0,P,~^) C [0, for xi ̂ P. 

J^Dp,{xiUP-+i-t)dt= 
for i > AT and ^<K-r-1. Similarly as in Step 2., 

J DQ^{x2-u)du-0 

ii i > K and [0, C [0, for X2 ^ P-

for i > AT and 7< AT — r — 1. 

Therefore, 7.5 becomes 

K-r-l K-l p 
\{Pn,mO){^uX2)\<C\R\ ^ ^ -^T X/ (^[o,prl) 

/V—n 1'—/v7=0 1=7 

P7-IP7-1

1=0 

K-r-1 s-1 P7-I 

7=0 i=K 1=0 

^ K—r—i s—i P7~^ . .. 

7=0 i=7 

97-1 

i=0 

^ /r-r-l d-1 97-1 

7=0 1=^ i=0 
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2=0

Now since n > Ps-i > Pk-t and m > Qd-i > Qx-r, 

.,™o)(5:.,X2)l<C|Br'[l^ E P'.+iE^(Vr.,(=^i)
^ ̂ 7=0 i=7 ^ ' 

P7-1 

1-02=0 

K—1—1 s—1 P-y—^ 

+/^ E ^-r+lEPilEE,.,..';'.'^-').
^ 1 7=0 i=/£' 1=0 

^ K-r-1 K-1^ 

97-1 

2=0 

K-r-l d-l 97-1 

^ 7=0 i=/C 2=0 

Now recall that \R\~^ — PkQk and observe 

PkQk ^ o2r
■5 E; = P/C-r • • -PK-lQK-r ' ' " QK-I S Pnr,mr
^K-r^K-r 

since s — 1 > K — r and 0? — 1 > ilT — r. Also, 

/92r <- o2r/S
r^tlT ,mr — P^Tlr ,mr 

since 1/5 > 1. 

Hence, 

(a+b) (c+d),M/S n2Tl& - n^/S \ J \ y ' 
p'm/nynr'/mr ym^n 
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where 

K-r-l „ K-l p . P7-1 

b=^e"p.«E><Ex,,
« J- n T/^ i n 

c=e'|^e^(x..,.(.).Ex„, .,,(^.))^ 
and 

^ K-r-l d-l 97-1 

7=0 i=ir (=0 

Next we consider the following integral: 

xi-
Pk-t[ (A+B)d
f3m,n ^fO,in/r[0)l)\lr 

However,from Step 1 we know that this integral is bounded by Mi^r- Hence, 

xi < Mi^r-Pk-t?/ (a+b)d o^/S 
Pm 

Next consider the other integral: 

Qk-%?/ (c+D)dX2. 
Pm-jTl •'[0,^)\JrHm;, 

However,from Step 2 we know that this integral is bounded by M2,r- Hence, 

Qk-t[ {C+D)dX2<M2,r-
J\OA)\Jr 

Therefore, since \l0i% < 1 

[ [ \{ai){Xi,X2)\dXidX2 < C{Mi^r ̂ M2,r) < Ci^r,
J\OA)\Ir'[0,1)\/. J\OA)\JrJ[OA)\J, 
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for some Ci,r- In fact, Ci,^ will work as a bound in all three estimates. 

Now that we have established the estimates from Steps 1, 2, and 3, it follows 

that (7^ is 1-quasilocal for each 5 < 1 and by Lemma(5.1) the theorem is proved. 

□ 
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