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Abstract

Coding theory is a branch of mathematics that began in the 1940’s to correct errors
caused by noise in communication channels. It is know that certain nonlinear codes
satisfy the MacWilliams Identity. Much research has been done to explain this relation-
ship. In the early 1990’s, five coding theorists discovered that nonlinear codes have linear
properties if viewed under the alphabet Z4 rather than the usual alphabet F;. In 1994,
these coding theorists published their results in a joint paper in IEEE Transactions on
Information Theory. In this study, linear codes and nonlinear codes are introduced and

characterized as Z4;linear codes to understand the importance of this discovery.
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Chapter 1 Introduction to Coding Theory

With the use of high speed computers, digital phones, and credit cards, the transfer
of information from one source to another is going on continuously. This information
is sent from one source to another through a communication channel. Examples of a
communication channel are telephone lines, computer cables, and even the atmosphere.
Suppose we want to send a message through a communication channel. Because of noise
in the channel, the message received may not be the same as the message that was sent.
Noise is caused by many different things. Some of these include lightning, a scratch on
a compact disc, and even poor speech or hearing. Coding theory, which began in the late
1940’s, aims to correct the errors caused by noise so that messages are communicated

reliably.

Definition 1.1: An alphabet A is a finite set of symbols.

Definition 1.2: A code C over an alphabet A is a subset of A™:= A X ... X A (n copies). The
length of the code C is n. The elements of C are called codewords.

Often, we consider codes over F, = {0,1}, called binary codes, or codes over extension
fields of F,. More generally, we will use the alphabet A = F;, where F; denotes the finite
field with ¢ elements and g is a power of some prime number.

Figure 1 below provides a description of how a message is seﬁt from one source to
another. Suppose we have a meséage in an alphabet A that we want to send. Let C be a
code of length n over alphabet A. The message to be sent is broken into message words of
equal length k, for some k € N such that £ < n. With each message word w = (wy, ..., w;),
w; € A, we assoclate a codeword x = (zi,...,2,) € C. The codeword x is sent through
the channel. Let ¥y = (y1,...,¥») denote the received word. Note that we will assume the
received word has the same length as the codeword. If no errors have occured, then y
= x. However, it is possible that y # x. Regardlesé, it is the now the job of the decoder
to determine from the received word y the message word w that was originally sent. We
assume that the channel is not too noisy. In this case, it is the most likely that only a
few errors have occured. Thus, the decoder selects a codeword x' € C that most closely

resembles y. If there is not a unique codeword closest to y, then either a choice is
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Figure 1. The basic setup of coding theory.

made between codewords or we ask for a retransmission. This type of decoding is called

maximum likelihood decoding. To make this more precise, we need a notion of distance.

Definition 1.3: The Hamming distance between two words x = (21, ...,z,) and ¥ = (y1, ..., Yn)
in A" is defined to be d(x,y) = |{i : z; # v:}|.

Using this terminology, the received word y is decoded as x, where d(x,y) = min{d(’,y) | ¥’
€ C}. A choice is made if more than one x' satisfies this condition. From this, the decoder

determines which message word w' = (v, ...,w}) € AF was orginally sent.

Definition 1.4: The Hamming weight of a word x = (zy,..,.2,) € A™ is the number of

nonzero coordinates, z;, denoted wt(x). That is, wt(®) = |{i : z; # 0}|.
Example 1.5: Let x = (0,1,1,0) € F}. Then wt(®) = |{i : z; # 0} = |{2,3}| = 2.
Note that if z = x—y for words %,y € A", then wt(z) = wt(x—y) = d(z,y).

Definiton 1.6: Let v be the codeword that was sent and y be the received word. Then e

= v—y is called the error vector.

Note that if v is sent and y is received, then the number of errors that occurred is d(v,y).
That is, the number of errors is wt(e), where e = v—y denotes the error vector.

Given an alphabet A, one would like to construct codes over A which correct many
errors. If a received word y is closest to a unique codeword x, then by maximum likelihood
decoding we assume that x was the codeword, sent fh;ough the channel. This means that

d(z,y) # d(x',y) for all ¥’ € C\({x}.



Definition 1.7: The minimum distance of a code C is

d := min{d(x,y) | x,y € Candx # y}.

The minimum distance of a code tells how many errors the code can detect and correct.

Theorem 1.8: A code C with minimum distance d will detect all errors in d — 1 or fewer
positions. Moreover, there is at least one error in d positions that will not be detected

by C.

Proof: Suppose C is a code with minimum distance d. Let y be a received word such that
y = v—e, where v € C and e is a nonzero error vector of weight wt(e) < d — 1. Then
d(v,y) = wt(v—(v—e)) = wt(e) < d. Since C has minimum distance d and the distance
between y and the codeword v is less than d, y is not an element of C. Therefore C

detects any error in d — 1 positions.

N

By the definition of distance, there are codewords v and w in C with d(v,w) = d.
Suppose v is the codeword sent and w is received. Then the error vector e = v—w
is a nonzero vector of weight wt(e) = d. Since w is a codeword, C will not detect this

error of weight d. a

Notice that a code C may detect some error vectors of weight d or more, but C does not

detect all error vectors e such that wi(e) > d.

- Example 1.9: Consider the International Standardized Book Number (ISBN) Code. The
ISBN is used to catalog books. Each book is assigﬁed a ten digit number, aj, ..., a1p.
The first nine digits, a1, ...,a9 € Z19, contain information about the book. The last
digit, aio € Z11, is called a check digit.. It is chosen by computing a, := (a; + 2a; +
...+ 9ayg). If aly =i (mod 11) for some 0 <7 < 9, we set ajo = i. If ajy =10 (mod 11), we
set a1g to be the symboi “X". The check digit is used to detect a mistake, or error, in

the number entered.

One can verify that the ISBN code has minimum distance 2. Therefore by The-
orem 1.8, ISBN code detects all single-digit errors. Also, it detects if two posi-

tions are transposed. Suppose qa;,as,as, ..., @i Gi+1, ..., @10 IS the correct ISBN and



(1,02, -y Git1, @i, -, @10 1S the number entered. Since a1 = (a; + 2a2 + ... +ia; + (1 +

a4y + ...+ 9ap)(mod 11) # (a1 +2a3+... + 1+ 1)a; + ia;+1 + ... + 9ag) (mod 11), the code

detects the transposition error. See [186].

The ISBN code cannot correct any errors, but it is efficient since only one non-information
symbol is used for every nine-symbol piece of data. Since the correct ISBN can be reen-
tered easily, detecting single errors and transposition errors is satisfactory.
In some applications, asking the source to resend the message could be very expensive
or not even possible. For example, the Voyager II spacecraft sent pictures of Jupiter and
-Saturn in the early 1980’s. Each picture was broken up into pieces and the pieces were
sent one by one through the atmosphere. Asking the spacecraft to resend a piece of
the picture that is not readable would mean that the spacecraft was resending the piece
continously since the atmosphere is a very noisy channel. This lwould take time, and the
Voyager Il had a limited life span. In this case we need a code that not only detects errors

but can also correct errors.

Theorem 1.10: A code C with minimum distance d = 2t + 1 can correct all errors in ¢ or
fewer positions. Moreover, there is at least one error in ¢+ 1 positions which the code

C cannot correct.

Proof: Let C be a code in the alphabet A of minimum distance d = 2t + 1. Given ¢ € C,
let Bi(c) = {x € A™ | d(x,¢) < t} be the sphere of radius ¢ about e. Since d = 2t + 1,
the distance between any two distinct codewords is at least 2t + 1. Therefore, B;(c)
(N Bi(c') = 0 for all e,e’ € C such that ¢ # ¢’. Suppose a codeword u is transmitted
and t or fewer errors occur. Let y be the received word. Then y € B;(u) since d(y,u)
<t. Note that y ¢ Bx(c) for any ¢ € C\{u} since B;(c) [ B;(c') = §. Then y is decoded

to the codeword u, and the ¢ errors are corrected.

Since d = 2t + 1, there exists ¢,¢’ € C and ¢ # ¢’ such that d(e,¢’) = 2t + 1. Therefore,
Biti1(e) () Biyi(e)) # 0. In particular, there exists y € Biti(c) [ Betai(e'). f yis a
received word such that e = y—e¢ is the error vector of weight ¢ + 1, then a choice
must be made in decoding y since y is not contained in a unique sphere of radius

t + 1. Therefore the ¢ + 1 errors are not always corrected. a



Example 1.11: Let C = {(0,0,0), (1,1,1)}. Since min{d(x,y} | x,y € Candx #y} =3, C

has minimum distance d = 3. Thus, C will detect all error vectors of weight 1 or
2. Suppose x = (0,0,0) is the word sent and y = (1,1,1) is the received word. Since
(1,1,1) € C, C cannot detect the error of weight 3. Since ¢3! = 1, C will correct
all error vectors of weight 1. Suppose y = (1,0,1) is the received word. Since y €

B(1,1,1) = {x € F} | d(x,(1,1,1)) < 1}, y is decoded to the codeword (1,1,1).

Corollary 1.12: Let C be a code of minimum distance d. If d is even, the code can detect

all errors in § positions and correct all errors in | 432 | positions.

Proof: Suppose the minimum distance d of a code C is even. By definition of minimum

distance, spheres of radius ‘12;1 about the codewords of C are disjoint. Therefore, C
can correct error vectors e such that wt(e) = ‘12;1. If wt(e) = %, the received word y
may be equidistant from two codewords, that is y € B;(u) [} B:(v) for some u,v € C
and u # v. In this case, the code detects that % errors occurred but does not correct

them. O



Chapter 2 Linear Codes

One of the goals of coding theory is to construct codes which can be decoded by algorithms
which are faster than the brute force decoding scheme of comparing a received word with
all of the codewords in C. In this chapter, we will construct codes with algebraic structure
that make these codes easier to implement. The additional structure may aid in both
encoding and decoding.

Here, we take the alphabet to be [, the finite field with ¢ elements: Recall that a code

of length n over F, is a subset of F}.

Definition 2.1: Let C be a code of length n over the alphabet F;. The code C is called a
linear code if C is an F,-subspace of F. In other words, a subset C of Fy is a linear

code if for all u,v € C and a € F,, u+v and au are codewords in C.

Being a vector space, a linear code can be described using a basis. Since a basis for a
linear code C spans the entire code, it provides a more efficient way of describing the
code than listing every codeword. Let {v;,vs,...,v;} be a basis for a linear code C. Then any
codeword w € C can be written uniquely as a linear combination of the basis elements.
In other words, C = {a1vy+asVa+...4+ax Vi a; € F;}. Thus, to store a linear code C we need

only to store a basis for C, rather than a list of all codéwords of C.

Definition 2.2: Let C be a linear code of length n over the alphabet F, with basis
Vi '

V
{vi,vs3,....vi}. The k xn matrix M = _2 is called a generator matrix for the code C.

Vi

A generator matrix for a linear code is not unique. For example, a nontrivial permutation
of the rows of the generator matrix of a linear code C would give rise to another generator
matrix for C. However, there is a standard form for a generator matrix of a linear code.
Such a generator matrix is of the form [ I, X ], where X is-a k x (n — k) matrix with
entries in the alphabet F,. We will see that using a generator matrix in row reduced

echelon form as above makes it easier to encode message words.



Definition 2.3: Two linear codes of length n are equivalent if one code can be obtained

from the other by permuting certain coordinates of all codewords and adding a par-

ticular vector x = (z1,...,25) € Fy to all codewords.

Any linear code C is equivalent to a code that has a generator matrix in standard form.
This can easily be seen by row reduction of the generator matrix for the code C and

~ permuting the columns if necessary.
Definition 2.4: The dimension k of a code C is its dimension as an F,-vector space.

Let C be a linear code of length n and dimension k. To encode a message using the code
C, the length of the message words must equal k. The reason for this will become clear
when we discuss encoding using a generator matrix in Section 2.1.

The code C uses n symbols to send k information symbbls. Thus, it is said to have
information rate R = % We would like R to be large so that the code is efficient.

Recall that the minimum distance of a code C is d:= min{d(x,y) | x,y € C and x #

y}. If C is a linear code, then the following proposition gives an equivalent description of

minimum distance.

Proposition 2.5: Let C be a linear code, the minimum distance d of C is the minimum

weight of a nonzero codeword in'C. That is, d = minfwt(c) | ¢ € C, ¢ # 0}.

Proof: Let u and v be codewords in a linear code C of minimum distance d. Let w = u—v.
Since C is a vector space, w = u—v is also a codeword in C. Thus d(u,v) = wt(u—v) =
wt(w). It follows that d = min{d(u,v) | u,v € C and u # v} = min{wt(w) | w € C and w
# O} ‘ m|

Definition 2.6: A linear code of length n, dimension &, and minimum distance d is called

an [n, k,d] code.

The code parameters length, dimension, and minimum distance describe the efficiency
and reliability of the code. According to Theorem 1.10, we would like to construct codes
with large minimum distance d so we can correct many errors. As seen above, we would
like the dimension & to be large with respect to the code length n so that the information
rate is high. This would give an efficient code. As the following theorem shows, these

goals are somewhat conflicting.



Theorem 2.7 (Singleton Bound): For any [n, k, d] linear code C,
k+d<n+1.

Proof: Let C be an [n, k,d] code. Let W := {(a1, ..., @4-1,0...,0) € F} | a; € F;}. Clearly Wis a
linear subspace. By Proposition 2.5, C (| W = () since all words in W have weight less
than d and C has minimum distance d. Since a basis for W is {(1,0,...,0), (0,1,0,...,0),
(0,0,1,0,...,0),...,(0,...,0,1,0,...,0)}, the dimension of W is d — 1. Therefore, we obtain
k+ (d - 1) = dimC+dimW = dim(C+W)+dim(C (| W) = dim(C+W) < n. See [14]. O

Notice that this theorem provides an upper bound on the cardinality of a linear code with
a given length and minimum distance. For a code over F,, the cardinality of a linear code
is ¢*. By the Singleton Bound, ¢* < g*—4t1,

Given two words v = (v1,v2,...,v,) and w = (wl,wz,....,wn) in F7, one defines v - w =

viw1 + ... + Vawy,. If v - w =0, then v and w are said to be orthogonal.

Definition 2.8: Let C be an [n,k,d] code over F;. The dual code of C is defined to be
Ct:={ueclF;|v-u=0forallveC} IfC=C", then C is said to be self dual.

Theorem 2.9: The dimension of the dual code of C is n — k.

Proof: Let M(respectively M') be a generator matrix for C(respectively Ct). Since M’ is
the nullspace of M, the dimension of C+ is equal to the number of columns of M
minus the dimension of C. Since there are n columns and the dimension of C is k,

the dimension of Ct is n — k. m|

Let C be an [n,k,d] code. Then its dual code C* has length n and dimension n — k.

However, there is not a formula relating the minimum distances of C and Ct.

Definition 2.10: Let C be an [n, &, d] code. An n x (n — k) matrix H is called a parity-check

matrix for C if the columns of H form a basis for the dual code C*.
By definition, if H is a parity-check matrix for C, then H* is a generator matrix for C+.

Proposition 2.11: Let C be linear code with parity-check matrix H. Then ¢H = 0 if and

only if ¢ is a codeword in C.



Proof: Let C be é code in the alphabet F, of length n. Let ¢ = (c1,¢2,...,¢s) € F* and H

q

H,

be the parity-check matrix for the code C. Suppose ¢H = 0. Then ¢ is

H,
orthogonal to the columns of H. Since the columns of H form a basis for Ct, ¢ is an

element of the dual code of Ct. Therefore, ¢ € (C1)L = C.

Now suppose ¢ is a codeword in C. Since the columns of H form a basis for the dual

code Ct, c¢H = 0 by definition of H. m|

Theorem 2.12: Let H be a parity-check matrix for a linear code C. Then C has minimum

distance d if and only if any set of d — 1 rows of H is linearly independent, and at

least one set of d rows of H is linearly dependent.

H;
H,

Proof: LetH = ) be a parity-check matrix for a [n, k, d] code C. First, assume C has

H,
minimum distance d. By Proposition 2.5, there exists a codeword ¢ = (¢, ¢z, ..., ¢,) Of

C such that wt(c) = d. Then cH = ciHy + ceHz + ... + ¢, Hp, = 0. Since ¢ # 0, there
is at least one coefficient ¢; that must be nonzero. In fact, since wt(c) = d, there are
exactly d coefficients that are nonzero. Choose the set of d rows of H with nonzero
coefficients and renumber, if necessary, so that ¢;H; + coHs + ... + ¢gHy = 0. This

implies that {H;,...,H,} is a set of d rows of H that are linearly dependent.

Suppose there exists a set of d — 1 rows of H that is linearly dependent. Then there
exists c¢i,...,c4—1 € Fy not all zero such that ¢c;H; + coHs + ... + cg—1Hy1 = 0. Let ¢ =
(c1,¢2y.05€4-1,0,...,0). Then cH = ¢;H; + cgHy + ... + c4—1Hg4-1 = O implies that ¢ € C
by Proposition 2.11. Since the minimum distance of C is d and wt(c) = d - 1, this is

a contradiction. Therefore, any set of d — 1 rows of H is linearly independent.

Now assume any set of d — 1 rows of H is linearly independent, and at least one set
of d rows of H is linearly dependent. Then the minimum distance of C is less than
or equal to d. Let v = (v1,v2,...,v,) € C. Suppose that wt(v) < d. Then v has at most

d — 1 nonzero coordinates. Let v;,v;,,...,v;,, where j < d — 1, be the set of nonzero



coordinates of v. By Proposition 2.11, vH = 0. Thus v; H;, +v;,H;, + ... + v;;H;; = 0,

which is a contradiction. Thus, the wt(v) cannot be less than d. By Proposition 2.5,

the minimum distance of C must be d. See [9]. O

If we are given a generator matrix for a linear code C, then we can find a parity-check

matrix H for C using the following algorithm.

Algorithm 2.13: Let C be an [n,k,d] code. Let A be the matrix whose rows are all the
words in C. Use elementary row operations to reduce A to reduced row echelon form.
Since the dimension of C is k, the matrix with all nonzero rows has dimensions k x n.
Let M be the k£ x n matrix consisting of all nonzero rows of the reduced row echelon
form of A. Let X be the k£ x (n — k) matrix obtained from M by deleting the leading

columns of M. Form an n x (n — k) matrix H as follows:

i. In the rows of H corresponding to the leading columns of M, piace in order, the

rows of X. The first k rows of H are the rows (in order) of X.

ii. The remaining n— k& rows of H (in order) are the rows of the (n - k) x (n— k) identity

matrix I, (n—Fk)-
See [9]. ‘

Let Mz and M. denote the generator matrices for the code C and the dual code C*,
respectively. Let Hc and Hg. denote the parity-check matrices for the code C and the
dual code Ct, respectively. Given either the generator matrix M or the parity-check matrix

H, we can form the remaining matrices using the diagram in Figure 2.

Algorithm 2.13

Hee Mee

transpose transpose

Mc Hc
Algorithm 2.13

Figure 2. A diagram for forming generator matrices.
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Example 2.14: Let C be a linear code with generator matrix

1 000111 1 1 1
0100110 1 10
M= . Then X =
0 01 0101 1 0-1
0001011J 011
1 11
1 10
1 01

By the algorithm, H= | 90 1 1 | is the parity-check matrix for the code C.

100
010
0 01
2.1 Encoding
( Ci1 €2 *** Cip
€21 Cx2 -+ Cop
Let C be an [n, k,d] code over F, with generator matrix M = ] |- Sup-
Ck1 Ck2 *** Ckn

pose we wish to send a message using the code C. The messélge is broken into r-nessage
words of equal length k. Then matrix multiplication is used to encode the message words.
In particular, the message word w = (wy,ws, ...,wx) € Fy is encoded as the codeword wM =
(wi-cr14+wa o+ WeCr1, W1 C1a+Wo Coo+ -+ Wk Ch2,y.. ., W1+ Cln+Wa Copn+---+W*Chn).
Thus the code C is the set of words {wM| w € IF";}.

For codes that are not linear codes, there is no easy way to associate a codeword
with a message word. In fact, a table may be used to encode codewords. Using matrix
multiplication to encode messages is advantageous since it is faster than using a table

and less storage space is needed to store the generator matrix than a list of codewords.

2.2 Decoding

Linear codes also have the advantage of decoding without using a table to lookup the

most likely codeword sent through the channel. We decode received words using cosets.

11




Let C be an [n, k, d] code over F, with generator matrix M. Given a word u € Fy, the set
u+C = {u+x | x € C} is called the coset of C determined by u. Note that two words u and
v in F} determine the same coset of C if and only if u~v € C. Let w be a message word.
Then w is encoded as the codeword v = wM. The codeword v is sent through the channel.
Let y denote the received word. Due to noise in the channel, it may be the case that y #
v. Let e = y—v denote the error vector. Then y and e determine the same coset of C since
y—e =y—(y—v) = v € C. Therefore the possible error vectors are exactly the vectors in the
coset of C determined by y. Since we use maximum likelihood decoding, we assume that
errors of small weight are most likely to occur. Therefore we choose a minimum weight
vector e in the coset containing y and decode y as y—e =v.

Note that there exists a unique vector of minimum weight if the weight of e is less than
t = [42]. This allows correct decoding up to minimum distance d.

Finding the coset containing the received word y and then finding an error vector of
least weight in that coset may make the decoding procedure difficult. To ease the process,

we-can use a parity-check matrix for C.

Definition 2.15: Let H be a parity-check matrix for an [n, k, d] code C. Given a word u in
F*, the syndrome of u is defined to be the word uH in F*~*,

Syndromes help find the most likely positions where errors occurred. In the next theorem,
we see that if the syndrome of a received word y equals the syndrome of the most likely

error vector e, then y and e are in the same coset.

Theorem 2.16: Let C be an [n, k,d] code over F, with parity-check matrix H. Then uH =

vH if and only if u and v lie in the same coset of C.

Proof: Let u,v € F}. Suppose uH = vH. Then (u-v)H = 0. By Proposition 2.11, u-v € C.
Therefore u and v are in the same coset.
Now suppose u and v are in the same coset. Then u—v € C. By Proposition 2.11,

(u—v)H = 0. Thus uH-vH = 0 implies uH = vH. O

According to Theorem 2.16, a coset can be identified by its syndrome. For an error vector
H;
e = {ej, ..., ep) and parity-check matrix H = ¢ |, the syndrome eH = ¢ H; + ... + ¢, H,

H,
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is the sum of the rows of H such that e; # 0. Thus, the syndrome equals the sum of the
rows of H corresponding to the location of the most likely errors. Since a received word y
has syndrome equal to the error vector e of least weight, yH indicates the positions of the

most likely errors.

Example 2.17: Let C be a [n, k, d] linear code mth parity-check matrix H given in Example
2.14. Suppose y =(1,1,1,0,0,0,1) is the received word. The syndrome is yH = (1,0, 1).
Since yH # 0, y ¢ C implies an error occurred. Since (1,0,1) is the third row of H, the
most likely error is in position 3. We can conclude that e = (0,0,1,0,0,0,0) is the error
vector. Note that eH = yH. Thus y is decoded tov = (1,1,1,0,0,0,1)+(0,0,1,0,0,0,0) =
(1,1,0,0,0,0,1). SincevH =0, v € C.

2.3 Cyclic Codes

Definition 2.18: A [n,k,d] linear code C is called a cyclic code if ¢ = (¢, c1,...,cn—1) € C

implies (c‘n—laCOacl--"cn—Z) € C.

Given a word v = (v, v1,...,Un—1) € Fy, define v(z) = vo +v17 + ... + vh_12™"! € Fy[z] to be
the polynomial with coefficients from v. There is a one-to-one correspondence between a

word v € F} and polynomial v(z) € F,[z] of degree less than n defined by

V = (U0, V1, ey Un—1) ¢ V(T) = 0o + 01T + ... + vp_12" L.

In this section, we will use the polynomial interchangeably with the codeword. Using

polynomials, we give an equivalent definition of cyclic codes.
Definition 2.19: A [n, k,d] code C is cyclic if ¢(z) € C implies zc¢(z)mod(z™ — 1) € C.

Example 2.20: Let C be a linear code over F¢ with v = (1,1,0,1,0,0) € C. Then v corre-
sponds to the polynomial v(z) = 1 + z + z3. Then the following are also codewords in
C:
2%(z) = 1+ 2 + 23mod(z” - 1) +— (1,1,0,1,0,0,0)
rlv(z) = z + 2% + ztmod(z” — 1) +— (0,1,1,0,1,0,0)

z?v(z) = 2% + 2% + z5mod(z” — 1) +— (0,0,1,1,0,1,0)
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3v(z) = 2° + z* + z%mod(z” - 1) +— (0,0,0,1,1,0,1)

ziv(z) = 1+ 2 + 28mod(z” - 1) +— (1,0,0,0,1,1,0)
zdv(z) = z + 2% + 2%mod(z” - 1) +— (0,1,0,0,0,1,1)

z8v(z) =1 + 22 + 28mod(z" - 1) +— (1,0,1,0,0,0,1)
Theorem 2.21: A linear code in F, is cylic if and only if C is an ideal in F,[z]/(z" — 1).

Proof: Suppose C is a cyclic code. Then ¢(z) € C implies that z¢(z)mod(z™ — 1) € C.
Therefore, z*c(z)mod(z™ — 1) € C for all i € N. Since C is linear, a(z)c(z) € C for all
a(z) € Fy[z]. Thus, C is an ideal in F,{z]/(z" - 1).
Suppose C is an ideal in F,[z]/(z" — 1). Let c(z) € C. Then for = € F,[z], zc(z) € C.

Thus, C is a cyclic code. m|

Definition 2.22: Let C be a cyclic code of length n. A monic polynomial g(z) € C of
minimal degree such that C = {(g(z)) is called the generator polynomial of C.

Theorem 2.23: Let C be a cyclic code of length n. There exists a unique monic generator

polynomial g(z) of minimal degree.

Proof: Every ideal in F,[z]/(z™ — 1) is a principal ideal. Thus, there exists a monic poly-
nomial g(z) € C such that C = (g(z)).

Suppose f(z),g(z) € C are both monic generator polynomials of minimum degree r.
Since C is a linear code, f(z) — g(z) € C. However, deg(f(z) — g(z)) < r. This is a

contradiction unless f(z) = g(z). O

Theorem 2.24: The generator polynomial for a linear cyclic code of length n is a factor of

" — 1.

Proof: Let C be a cyclic code of length n and ¢(z) be the generator polynomial of C. By
the division algorithm we write z" — 1 = f(z)g(z) + r(z), where g(z), f(z), and r(z)
are polynomials in Fy[z] and the deg(r(z)) < deg(g(z)). Then (z™ — 1) = (f(z)g(z) +
r(z))mod(z" — 1), which implies that r(z) = (- f(z)g(z))mod(z™ — 1). Since f(z)g(z) €
C, r(z) € C. But deg(r(z)) < deglg(z)) implies that r(z) = 0. Thus z" — 1 = f(z)g(z).
This shows that g(z) divides z™ — 1. O
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Let g(z) be the generator polynomial for a cyclic code C of length n. By Theorem 2.24, g(z)
divides =™ — 1. Therefore, there exists a unique h(z) € qu such that h(z)g(r) = =" — 1.
It follows that h(z)g(z) = Omod(z™ — 1). Thus, h(z) = %;—)1 implies that the deg(h(z)) = n—
degl(g()).

Definition 2.25: Let g(z) be the generator polynomial for a cyclic code C. If h(z)g(z) =
Omod(z” — 1), then h(z) is called the check-polynomial.

Let g(z) be a generator polynomial and h(z) be the check-polynomial for a cyclic code C.
Notice that ¢(z) = a(z)g(z)mod(z™ — 1) for all ¢(x) € C for some a(z) € F,[z]. Therefore,
c(z)h(z) = 0mod(z™ — 1) since c(z)h(z) = a(z)g(z)h(z) = Omod(z™ — 1) for all ¢(z) € C.

Theorem 2.26: Let C be a cyclic code of length n and let g(z) be the generator polynomial.
Let k = n—deg(g(z)). Then the codewords corresponding to g(z), zg(z), ..., ¥~ g(z) form

a basis for C. Thus C has dimension k.

Proof: Let g(z) = bo + b1z + ... + bp—z™~*. Suppose aog(z) + a1z9(x) + ... + ax_12* 1 g(z) = 0.
Then ao(bo + b1 + ... + bpkZ™ %) + a12(bo + b1 + ... + by k™ %) + ... + ag_1 251 (bo +
b1 + ... + bp—pz™*) = 0. This implies apbo + (aobs + a1bo)z + (agbs + arby + azbg)z? +
v+ ap_1bp_rz™1 = 0. Clearly, {1,z,2%,...,2"} is a linearly independent set over F,.
Thus, agbg = 0, apby + a1bg = 0, agbs + a1b; + azbg = 0,..., and ax_1b,_; = 0. Consider
aobo = 0. If bp = 0, then g(z) = bo + b1z + ... + bp_p™ % = 2(by + ... + bp_pz™*"1),
This implies that b; + ... + bp—xz"~*¥~1 € C with degree less than deg(g(z)). This is a
contradiction. Thus, by # 0 and ap = 0. Now consider agh; + a1by = 0. We know that
bo # 0 and ao = 0. This implies that a¢; = 0. Similarly for agbs + a1b; + azbg = 0,..., and
ak_1by_k = 0. Thus, a; = 0 for all 0 < j < k— 1. Therefore, {g(x),29(z), ..~ g(z)} is

a linearly independent set.

For all ¢(z) € C, c(z) = f(z)g(z) for some f(z) = fo + fiz + ... + fr—12*~! € F,[z]. Note
that deg(f(z)) = k—1 since deg(c(z)) <n—1. Thus, c(z) = (fo—+—f1‘z+...+fk_1a:k‘1)g(z) =
fog(x) + fizg(z) + ... + fr-12*"1g(z). Therefore, c(z) € ({g(x),zg(z),...,z* " g(z)}). This

k—1

implies that {g(z), zg(z), ..., z* ' g(z)} is a basis for C. [

We can form a generator matrix for a cyclic code C using the generator polynomial g(z).

From Theorem 2.26, we know that {g(z),zg(z),...,z*1g(z)} forms a basis for C. Thus
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is a generator matrix for C.

Example 2.27: Since v(z) from Example 2.20 divides z” — 1, v(z) is the generator poly-
nomial for the linear cyclic code C = (v(z)). n = 7 and deg(v(z)) = 3 imply that the

dimension of C is k = 4. Therefore the codewords corresponding to v(z), zv(z), z2v(z),

1101000

0 1 1 010
z3v(z) form a basis for C. Thus, a generator matrix for C is

0
00116010
|00 01101

Encoding for cyclic codes is done by polynomial mulitplication. For a message word
a(z) € Fy[z], a(z)g(z)mod(z" — 1) is the corresponding codeword. The advantage of using
a cyclic code is that less storing space is required. Instead of storing a k x n generator
matrix, we need only to store the generator polynomial g(z).

The additional structure of a cyclic code also aids in decoding. Finding the message
word corresponding to the closest codeword ¢(z) to the received word consists of dividing
polynomials, namely ¢(z) by g(z). As in all linear codes, decoding consists of finding the
syndrome. For cyclic codes, we call this the syndrome polynomial. See [12] for more

information about decoding cyclic codes.

2.4 Hamming Codes

Now we will look at some examples of linear codes. We first consider an important family
of codes discovered by R.W. Hamming in the late 1940’s. These codes, called Hamming
codes, are among the first error correcting codes discovered. All codes considered in this

section are binary.

Definition 2.28: Let r > 2 and H, be a (2" — 1) x r matrix whose rows are all nonzero
binary words of length r. The binary code with parity-check matrix H, is called a
Hamming code, denoted Ham(r)[9].
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Theorem 2.29: The Hamming code Ham(r) has length n = 2" — 1 and dimension k¥ =

2N —r-1.

Proof: By definition, the length n of Ham(r) is 27 — 1.

Since H, is the parity-check matrix, the r columns of H, form a basis for the dual
code of Ham(r). By Theorem 2.9, the dimension of the dual code of Ham(r) is r = n—k,

where k is the dimension of Ham(r), Sincen =2"-1, k=2"-1 -7, m|
Corollary 2.30: Ham(r) has minimum distance d = 3.

Proof: Since no row of H, is the zero word, no single row of H, is linearly dependent. By
Theorem 2.12, d > 1. Let R; and R; be two distinct rows of H,. Since R; # R; and
R;,R; # 0, aR; + bR; = O with a,b € {0,1} implies that ¢ = b = 0. Thus any two rows
of H, are linearly independent. Note that (1,0,0,...,0), (0,1,0,...,0), and (1,1,0....,0)
are rows of H, by construction. These three rows form a linearly dependent set . By

Theorem 2.12, Ham(r) has distance d = 3. See [13]. m|

Recall from Theorem 1.10 that a code with minimum distance d = ¢ + 1 can correct all
errors in t or fewer positions. The ISBN code in Example 1.9 shows that some codes may
be able to detect certain kinds of errors.

However, there are [n, k, d] codes that cannot correct any error vectors of weight greater
than ¢t = [41]|. Such codes are called perfect codes. Perfect codes have maximum

dimension among the codes that can correct error vectors of weight less than ¢.

Definition 2.31: A code C of length n and odd distance d = 2t + 1 is called a perfect code

s _ on

TIC= oo

- Since a Hamming code is a binary code with dimension k¥ = 2" — r — 1, there are 2*
codewords in the code. For a Hamming code of length n = 2" — 1 and distance d = 3,

)2_:(“) =212;_;1 _ 22;:1 — 22"—1"—1’ since t = I.g_;lJ = L%J = 1. Thus Ham(r) is a
1

|[Ham(r)| = G

perfect code.

Theorem 2.32: If C is a perfect code of length n and minimum distance d = 2t + 1, then
C will correct all error vectors of weight less than or equal to ¢, and no other error

vectors.
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Proof: By Theorem 1.10, C will correct all error vectors of weight less than or equal to ¢.
Therefore Bi(u) (| Bi(v) = § for all u,v € C with u#v. Recall that () is the number
of ways an unordered collection of ¢ objects can be chosen from a set of n objects.
Thus, (}) is the number of binary codewords of length n and weight ¢. For each u €
C, Bi(u) contains (§) + (%) + ... +(¢) words of length n and weight less than or equal to
t. Since there are |C| disjoint spheres of radius ¢ around the codewords of C, there
are exactly |C|- ((3) + (%) + ... + (})) words in the union of the spheres. By definition
of perfect codes, |C|- ((§) + () + ..+ (7)) = 2", which is the number of all possible
words of length n. This implies that C corrects only error vectors e such that wt(e)

<t. u

Since Hamiing codes correct error vectors of weight ¢t = 1, Hamminé codes are perfect

single-error correcting codes.

111

Example 2.33: Let H3 = | 0 1 1 |. Hs is the parity-check matrix for Ham(3). Using

010

0 01
Algorithm 2.13, we find that the generator matrix for Ham(3) is

F1000111

01 00110 :
M= : . Ham(8) has length n = 2" — 1 = 7, dimension k& =

0010101
0

.| 0 01011

2" — 1 —r =4, and minimum distance d = 3. Thus Ham(3) is a [7,4,3] linear code.
Ify=(1,1,0,1,0,0,1) is the word received, then yH =(0,1,1) is the syndrome. Notice that
yH = (0,1,1) is the fourth row of H. Thus the error occurred in the fourth position. Since
Ham(3) is a binary code, we know that the error vector is e = (0,0,0,1,0,0,0). Therefore we
décode y as y—e = (1,1,0,0,0,0,1) to be the word sent.
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2.5 Reed-Muller Codes

Our next family of codes to consider is the Reed-Muller codes. 1.S. Reed and D.E. Muller
discovered these codes in 1954. The first order Reed-Muller codes are good codes for
very noisy channels. In fact, the first order Reed-Muller code RM(1,5) was used in 1972
by the Mariner 9 spacecraft to transmit a photograph of Mars. Beyond the first order
Reed-Muller codes, the minimum distances of Reed-Muller codes are less than the min-
imum distances of BCH codes discovered in 1960. For more information on BCH codes
see [9], [12], [13], or [14]. Therefore BCH codes are used instead of Reed-Muller codes.
However, Reed-Muller codes are used to form families of codes which we will discuss in
later Chapter 3.

Ifx=(z1,..,2m) € A™ and ¥ = (y1,...,yn) € A", then (x,¥) = (z1, ..., Tm, Y1, .o, Yn) € AT,

This notation will be used to describe codewords in Reed-Muller codes.

Definition 2.34: Let 0 < r < m. The r** order Reed-Muller code of length 2™ will be
denoted by RM(r, m). RM(r,m) is defined recursively as follows: RM(0,m) = {(0,0,...,0),
(1,1,...,1)}, RM(r,m) = {(x,x+y) € F{" | x € RM(r,m — 1), y € RM(r — 1,m — 1)} for

0<r <m, and RM(m,m) = F%".
Proposition 2.35: Let 0 <r < m. RM(r — 1,m) C RM(r, m).

Proof: We induct on m. Suppose RM(r — 1,m') C RM(r,m’) is true for all m’ < m. Letu ¢
RM(r — 1,m). Then u = (x,x+y) where x € RM(r —1,m —1) and y € RM(r — 2,m — 1).
By hypothesis RM(r —1,m — 1) C RM(r,m —1) and RM(r —2,m —~ 1) C RM(r —1,m — 1).
Therefore, x € RM(r,m — 1) and y € RM(r — 1,m — 1), which implies that u € RM(r, m).

O

Since RM(r,m) is a linear code, it has a generator matrix, which we will denote by G(r, m).

G(m —1,m)
Proposition 2.36: Let 0 < r <m. G(0,m) =[11...1], G(m,m) = , and G(r,m)
0---01

Girm-1) G(r,m-1)
0 Gr—1,m-1)

for0<r <m.

]

Proof: Let r = 0. Then RM(0,m) = {(0,0,...,0), (1,1,...,1)} is clearly generated by G(0,m).

Next, let r < m. To prove RM(r,m) is the code generated by G{r,m), we induct on
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m. Suppose the hypothesis is true for all m’ < m. Let u = (u1,us,...,ux) € F§. Then

u

u

G

G(r,m —1)
= x+0, where x € RM(r,m — 1) by hypothesis and
0
G(r,m —1)
= x+y, where y € RM(r — 1,m — 1) by hypothesis. Thus
Gr—1m-1)

Girm-1 Gr,m-1)
= (X,x+y) € RM(r,m). This implies that RM(r,m) C

0 G(r—1,m-1)
r,m). Since [RM(r,m)| = |G(r,m)|, RM(r,m) is the code generated by G(r,m). The

proof is similar for r = m. m|

Example 2.37:
i. RM(0,2) = {(0,0,0,0), (1,1,1,1)} and G(0,2) = [1111]

ii. RM(1,2) = {(x,x+y) | x € RM(1,1), y € RM(0, 1)}

= {(x,x+y) | x € {(0,0), (0,1), (1,0), (1,1}}, y € {(0,0), (1,1)}}

={(0,0,0,0), (0,0,1,1), (0,1,0,1), (0,1,1,0), (1,0,0,0), (1,0,0,1), (1,1,0,0), (1,1,1,1)}

G(0,1) G(0,1) 1111
G(1,1) G(1,1)
and G(1,2) = =| 0.01 0.01L [=]|01 01
0 G(0,1)
0 1...11 0011
1111
G(1,2) 010 1
iii. RM(2,2) = F} and G(2,2) = =
0...01 0011
(000 1

Proposition 2.38: The Reed-Muller code RM(r,m) has dimension k = "7 (7) and mini-

mum distance d = 2™~".

To prove this proposition, we will use the following lemma. Let drm(-,m) denote the mini-
mum distance of RM(r,m). Note that dgm(o,m) = 2™ since (0,...,0) and (1,...,1) are the only
two codewords in RM(0, m).

Lemma 2.39: The minimum distance of RM(r,m) is d = min{2-drm(rm—1)» dRM(r-—l,m—l)}-
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Proof of Lemma 2.39: Recall that RM(r,m) = {(x,x+y) € F2" | x € RM(r,m —1), y € RM(r —
1,m —1)}. Let a = (u,u+v), b = (u’,u'+v') be distinct codewords of RM(r, m) where u,u’
€ RM(r,m — 1), v,v' € RM(r — 1,m — 1). va = v, then d(a,b) = d(u,u’)+d(u+v,u'+v') =
d(u,u)+d(u+v,u'+v) = 2d(u,u’) > 2drM(r,m-1), @s u,u’ € RM(r,m —1). Since drm(r,m—1)
is the minimum distance of RM(r, m — 1), the minimum distance of RM(r,m) =
2dgM(r,m—1)- Now suppose v # v'. Then d(a,b) = wt(a—b) = wt((u,u+v)—(u',u'+v')) =
wiu—u') +wi{fu—u'+v-v') > wi(u—u')+ wtv—v')-wtlu—u’) = wt{v—v') > dgm(r—1,m-1)-
See [1/2]. O

Proof of Proposition 2.38: Let £ denote the dimension of RM(r,m) and d denote the
minimum distance of RM(r,m). We will prove k = }_;_, (*) and d = 2™~" by induction
on m. Suppose the proposition holds for all RM(r’,m'), where v’ < r and m' < m.
Then RM(r',m') has dimension Z?:o (Tl) and minimum distance 2™ ="',
Now consider RM(r,m). If m = r, then RM(m,m) = F} . Clearly, d = 1 since
(1,0,...,0) € RM(m,m) and wt(1,0,...,0) = 1. RM(m,m) has generator matrix G(m,m) =

G(m - 1,m)
. The matrix G(m, m) has rank equal to the dimension of RM(m —1,m)
0---01
plus one. Thus, the dimension of RM(m,m) is Zi”:ol (M + 1= zi";;‘ M+ (™) =
Yo (D)

Ifr <m,d-= min{2-dRM(r,m;1), dRM(r—l,m—l)} = min{2 - 2m—1—r,2m—1—(r—1)} = 9m—T,
G(r,m —1) G(r,m—-1)
Glr,m) = has rank equal to the sum of the dimension
0 Gir-1,m~1)

of RM(r,m — 1) and the dimension of RM(r — 1, — 1). Thus, the dimension of RM(r, m)
is Y0, (™7Y) + 2ics (™31). Using the well-known fact that (7) = (™71 + (7F) and

1

(™5') = (8) =1, we have 30, (") + Xi5 ("71) = iy ("1 + (F1)) + (75") =
Yimo (7). See [12]. O

\Examplle 2.40: RM(1,2) is a [4,3,2] linear code.

2.6 Golay Code

The Golay code was constructed by M.J.E. Golay in 1949. The Golay code was used to
transmit photographs of Jupiter and Saturn in the Voyager spacecraft program in the
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early 1980’s.

Definition 2.41: The extended Golay code G4 is the linear code with generator matrix

[ 1 11011100010 ]
1 011011102001
1 10110111000
Iiwv ' 1 Os 01 01 1 011100
1 00101101110
a- 1 00010110111
1 10001011011
1 11000101101
1 11100010110
Osx7 1 Isxs 01 1 1 0 0 0 1 0 11
1 10111000101

i 0 11111111111 |

Proposition 2.42: The Golay code Gy4 is a [24,12,8] code.

Proof: Looking at the generator matrix G, it is clear that the length of the codewords is
24 and the dimension of the code is 12. To see that the minimum distance is 8 see

[12]. ]
Theorem' 2.43: Gy, is self-dual.

Proof: If u and v are rows of G, then by inspection, one sees that wt(u - v) =0(mod 2).
Therefore every row of G is orthogonal to every other row and so Gz4 C G3;. But the
dimension of G4 is 12 which is also the dimension of Gy (since n — k = 12). This

implies that Goy =G4y . O

2.7 MacWilliams Identity for Binary Linear Codes

Let C be a binary [n, k,d] code. By Proposition 2.5, C has at least one codeword of weight
d. One may be interested in how many codewords have weight d. More generally, we may

ask how many codewords there are of weight i, for d <1 < n. Let A; denote the number of
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codewords in C of weight i. Clearly, A =1, and 4; = 0 for all i, 0 < i < d, by Proposition
2.5.

Definition 2.44: The polynomial Wa(X,Y) = S, A; X"~V € Z[X, Y] is called the weight

enumerator of C.

In the early 1960’s, F. J. MacWilliams noticed an interesting relationship between the
weight enumerator for the code C and the weight enumerator for its dual code C*. The
following identity allows us to find W+ (X,Y) given W(X,Y). Thus, we are able to deter-
mine the structure of the dual code C* without knowing the actual code C*.

Theorem 2.45 (MacWilliams Identity): If C is an [n, k,d] binary linear code with dual
code C*, then W1 (X,Y) = %[WC(X +Y,X -Y). Equivalently, -7 , AIX""iYi =
107 Lo Ai(X +Y)*HX ~ Y,

The proof of this theorem can be found in [12].

Example 2.46: Let C = {(0,0,0), (0,1,1), (1,0,1), (1,1,0)}. Wq(X,Y) =37  jA4X Y =
X3 +3XY?. Using the MacWilliams Identity, we can find the weight enumerator for
the dual code C. We (X,Y) = ZWo(X +Y,X-Y) = J(X +Y)* +3(X +Y)(X - Y)? =

X? +7Y3. Therefore Ct has one codeword of weight O and one codeword of weight 3.

1
Using Algorithm 2.13, we find that H= | 1 | is the parity-check matrix for C. By defini-

1
tion, the columns of H form a basis for C*+. Thus C* = {(0,0,0), (1,1,1)} as expected.

Although Theorem 2.45 only applies to binary codes, there are MacWilliams Identities
for codes over arbitrary alphabets. Since the codes we consider are only defined over Fs,
we will not include the MacWilliams Identity theorem for codes over F,. For this theorem

and its proof, see [12].
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Chapter 3 Nonlinear Codes

Recall that a code C over an alphabet A is a subset of A”. Thus, such a code is not
necessarily a vector space. Codes which are not vector spaces are called nonlinear codes.
We have already defined length and minimum distance for an arbitrary code. However,
since nonlinear codes are not vector spaces, there is no concept of dimension. Instead we
use the parameter m which will denote the number of codewords in the code. Notice that

m = ¢* for a linear code over F, with dimension k.

Definition 3.1: A nonlinear code of length n with m codewords and minimum distance d

is called an (n,m,d) code.

While a nonlinear code lacks vector space structure, it may contain more codewords than
any linear code of the same length and minimum distance. For this reason, nonlinear
codes are very appealing in practice.

First, we will look at three examples of nonlinear codes. The Golay code defined in
Chapter 2 will be used to produce the nonlinear Nordstrom-Robinson code. We will also
define the Kerdock and Preparata codes and look at the relationship between these two

codes.

3.1 Nordst;om—Robinson Code

In 1967, A.W. Nordstrom and J. Robinson constructed a nonlinear double error correcting

code using the extended Golay code Gay.

Definition 3.2: The Nordstrom-Robinson code N is obtained by deleting the first 8 co-
ordinates from those codewords in G4 with first 8 coordinates (0,0,0,0,0,0,0,0),
(1,0,0,0,0,0,0,1), (0,1,0,0,0,0,0,1), ... , or (0,0,0,0,0,0,1,1)[12].

By doing this, we get a nonlinear code that contains more codewords than any other

linear code with the same length and minimum distance[12].

Theorem 3.3: The Nordstrom-Robinson code is a (16,256,6) code.

Proof: Nig has length 16, since codewords in Ny are defined by deleting the first 8 coor-

dinates from codewords in Ga4, a code of length 24.
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By looking at the generator matrix for Ga4, there are 27 possibilities for the first 7

coordinates for codewords in Go4. G24 has dimension k£ = 12 and thus 2'? codewords.
Separating these 212 codewords in G4 according to the first 7 coordinates, we would
obtain 27 sets of coordinates with 231-,2- = 32 codewords in each set. By definition of
Ny, the codewords in Nijg are formed from those codewords in G4 that begin with
one of (0,0,0,0,0,0,0,0), (1,0,0,0,0,0,0,1), (0,1,0,0,0,0,0,1), ... , or (0,0,0,0,0,0,1,1).
Thus, there are 8 - 32 = 256 codewords in Nyg.

Let x and y be distinct codewords in Nyg. Then there exist x',y' € G4 such that x
(respectively y) is obtained from deleting the first 8 coordinates of x’ (respectively y’).
Then d(x',y') > 8 as G24 has minimum distance 8. Therefore, d(x,y) > 6 since the

distance in the first 8 coordinates is no greater than two. |
Corollary 3.4: The Nordstrom-Robinson code is a double error correcting code.

Proof: Since the minimum distance is 6, the Nordstrom-Robinson code will correct ["2;1J =

|52 | = 2 errors by Corollary 1.12. 0

The Nordstrom-Robinson code gives an example for the most important advantage to
using nonlinear codes. The best known linear code that corrects 2 errors and has length
16 contains 128 codewords[4]. Because of the lack of vector space structure, nonlinear
codes contain more codewords while maintaining the same minimum distance between
words.

This lack of structure that enables a code to contain more codewords is also the biggest
disadvantage in using nonlinear codes. Since nonlinear codes have no algebraic struc-
ture, there is no easy encoding and decoding scheme for these types of codes. This is a

barrier to using nonlinear codes in applications.

3.2 Kerdock Codes

The Kerdock codes were defined by A.M. Kerdock in 1972[10]. Since then, several equiv-
alent definitions arose. See references (2] and [11].

To define the Kerdock code, we need to use the trace map.
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Definition 3.5: The trace map T'r : Fom — Fy is defined by '
Tr() =T+1T2 4+ 1% +...+ I1?"~! for any II € Fym.

Deﬁnition 3.6: Let m > 3, where m is an odd integer. Let h(z) € Z,[z] be a primitive
polynomial of degree m and ¢ be a root of h(z) in some splitting field. The Kerdock
code K41 of length 2™+! is the binary code which consists RM(1,m + 1) together
with the 2™ — 1 elements of the coset space RM(2,m + 1)/RM(1,m + 1) with coset

representatives
(LH (Eoo) 5LH (EO) a'-"LH (En_l) 1RH (Eoo) aRl'I (Eo) ooy Ry (En—‘l))

where Ly (¢7) = (D72 Tr(T1¢7)1+% and Rp(&9) = Ly (¢7) + Tr(11¢9) for j € {0,1,...,2™ —
1} and II runs through Fs... See [12] and [16].

In other words, the Kerdock code K1 = {u+ RM(1,m + 1) | u is a coset represen-
tative in the form (Lm (¢*),Ln (€°),...,Lu (6**), Ru (€°), R (€°) , ..., Ru. (€*1))}. Notice
that RM(1,m + 1) C K31 € RM(2,m + 1),

Proposition 3.7: The Kerdock code K,,,; contains 22(™+1) codewords and has minimum

distance 2™ — 2(m-1)/2,

Proof: RM(1,m +1) contains 2F codewords, where k = (™}!) + (™) = m + 2. There are 2™
cosets (including the (0,...,0) coset) of RM(2,m + 1). Thus there are 2™ (2m+2) = 22m+2

codewords in K, 4.

For a proof that K,,;; has minimum distance 2™ — 2(m~1)/2 gee [12]. ]

Example 3.8: Let m = 3. The primitive polynomial of degree 3 is h(z) = z° + = + 1. Then
E+€&+1=0. ThusFj = {1,& €%, 1+ ¢, €+&%, 14 &+ €2, 14 ¢2}. The Kerdock Code Ky
of length n = 2™+! = 16 is the binary code which consists of RM(1,4) tbgether with
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2m _ 1 = 7 cosets of RM(2,4) with coset representatives

© 1, 0, 0, 1, 0, 1, 1, 0, 0, 0, 0, 0, O, O, 0)
0o 0 0 1, 0, 1, 1, 1, 0, 0, 0, 0, O, 0, 0, 0)
© o0 1, 0, 1, 1, 1, 0, 0, 0, 0, O, O, O, O, O)
©, 1, 0, 1, 1, 1, 0, 0, 0, 0, 0, O, O, O, O, 0)
o 0 1, 1, 1, 0, 0, 1, 0, 0, O, 0O, O, 0, 0, 0)
©, 1, 1, 1, 0, 0, 1, 0, 0, 0, O, O, 0O, O, 0, 0)
©, 1, 1, 0, 0, 1, 0, 1, 0, 0, 0, O, O, 0, 0, 0).

3.3 Preparata Codes

In 1968, the Preparata Codes were introduced by F.P. Preparata. An equivalent definition
was given by R.D Baker and R.M. Wilson in the early 1980’s. We will use the definition of
Baker and Wilson[1].

Definition 3.9: Let m be an odd integer such that m > 3. The Preparata code Py,
of length 2™*! consists of all codewords (x,y), where X = (xo,Z¢, Z¢2, ..., Tezm-1), ¥
= (Yo, Y&, Y2, -y Yg2m-1) € F3™, satisfying the following properties:

i. wt(x) and wt(y) are even

ii. Eza=1 a= Eya=l a

3

iii, Y, @+ (T,.09) =2, 0%

Proposition 3.10: The Preparata code, P,4;, has minimum distance 6 and contains

92™*1-2m-2 cpdewords.
Proof: See [12]. ) |

Since the smallest Preparata code P; consists of 256 codewords, we will not list all code-
words of a Preparata code. However, we will give an ‘example of a codeword in P, and a

word that is not in P,.

Example 3.11: Consider the code P;, where m = 3. Let x = (1,1,1,1,0,0,0,0) and y
= (0,0,1,0,0,0,0,1). Since wt(x) = 4 and wt(y) = 2, condition (i) is satisfied. Now,
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Y1 @=0+E+82+8 = and ¥, _ a =€+ = ¢° satisfies condition (ii). Since
a1 @+ (T a)3 =P+ O+E =2and Y, _ o = (2P + (€7 = 1480 =&
condition (iii) is satisfied. Thus (1,1,1,1,0,0,0,0,0,0,1,0,0,0,0,1) € F,.

Now let x = (1,0,1,0,1,0,1,0) and y = (1,1,1,0,0,0,0,1). Although condition (i) is
satisfied with wt(x) = wt(y) = 4, >, _;o® + (X, a)3 = £6 4 £12 4 g15 4 18 _ g
and }°, _; a® =146 +¢5 = & imply that condition (iii) is not satisfied. Thus
(1,0,1,0,1,0,1,0,1,1,1,0,0,0,0,1) ¢ P;.

Although for nonlinear codes there is no formal dual code, the Preparata code acts in
some sense like a dual to the Kerdock code. In fact, the weight distributions of P4+, and
Ky are related by the MacWilliams Identity just as the weight distribution of a linear
code and its dual[12]. That is, Wp,,,,(X,Y) = IK_.:J,T[WKm (X +Y,X -Y). This fascinating
relationship was explained by two separate groups of coding theorists in the early 1990’s -
with the concept of Z4-linear codes[8]. The theory of Z4-linear codes will be the focus of
Chapters 4 and 5.
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Chapter 4 Quaternary Codes

In this chapter, we will consider codes in the alphabet Z,. Recall that a code of length n
in alphabet Z, is a subset of Z% = {(z1, ..., z,) | z; € Z4}. We will be interested in codes with

additional structure, called quaternary codes.

Definition 4.1: Let C be a code of length n over the alphabet Z4. The code C is called a

quaternary code if C is a subgroup of Z%.

A quaternary code is not linear in the sense of Chapter 2. Quaternary codes are not
vector spaces due to the fact that Z, is not a field. However, they do share some of the
nice properties of linear codes. For example, in a quaternary code, the sum of any two
codewords and any scalar multiple of a codeword is a codeword.

Since quaternary codes are not vector spaces, we do not have the concept of dimen-
sion. However, type is similar to dimension in that it describes the number of codewords

in a code.

Definition 4.2: Let p be a prime. A finite abelian p-group G is said to be of type (p™,...,p")

if G is isomorphic to the product of cyclic groups of orders p™ where i =1, ..,s.

The additive abelian group Z7 is of type (22)" since it is a direct sum of n cyclic subgroups
of order 22. Since a quaternary code of length n is a subgroup of Z%, it has type 4¥12% for
some k; and k.

Another nice property of quaternary codes is that such codes can be described by a

generator matrix.

Definition 4.3: A k x n matrix M with entries in Z, is said to be a generator matrix for
a quaternary code C if each codeword of C is a linear combination of the rows of M

and no proper subset of the rows of G generates C.

For words x = (1., 20),¥ = [Y1,..,Yn) € Z%, the componentwise product of x and y is

defined to be the word xxy = (z1¥1, ..., TnYn).

Definition 4.4: Two quaternary codes are said to be equivalent if one code can be ob-

tained from the other by a permutation of coordinates and componentwise product
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by a vector. Two quaternary codes that differ only by a permutation of coordinates

are said to be permutation-equivalent.
Clearly, quaternary codes that are permutation-equivalent are certainly equivalent codes.

Example 4.5: Let C; = {(0,0,0,0), (1,1,1,1), (2,2,2,2), (3,3,3,3), (1,3,1,3), (3,1,3,1), (0,2,0,2),
(2,0,2,0)}. By permuting the coordinates z, and z;, we get a permutation-equivalent

code C; ={(0,0,0,0), (1,1,1,1), (2,2,2,2), (3,3,3,3), (3,1,1,3), (1,3,3,1), (2,0,0,2),

(0,2,2,0)}. If we then multiply C; by (1,1,-1,1), we get an equivalent code C3={(0,0,0,0),
(11 1!3’ 1], (2’212!2), (3’3’1’3)! (391l3’3)’ (1l31 1’1)’ (2’0’012)’ (0!2)2’0]}'

Notice that componentwise multiplication by (1,1,-1,1) changes the sign of the z, coordi-
nate.

The following theorem is analogous to Definition 2.3. A quaternary code with a genera-
tor matrix as in following theorem has type 4122 and contains 4%12Fz = 22k1+k2 codewords,

where ki, k2 € N.

Theorem 4.6: Any nonzero quaternary code C is permutation-equivalent to a quaternary

code with a generator matrix of the form

I, A B
0 2L, 2D

M=

where Ij, and I, denote the k; x k; and k; x k; identity matrices, respectively, A and

D are matrices with entries in Z,, and B is a matrix with entries in Z4[8].

Note that if C is of length n, A is a k; x k; matrix , B is a k; x (n — k1 — ko) matrix, and D
is a ky x (n — k1 — k2) matrix.

Proof: Let C be a nonzero quaternary code of length n. Since C is a subgroup of Z7, all
elements of C have order 2 or 4. That is, each codeword has order 2 or 4. We induct
on the code length n. We distinguish two cases depending on whether or not C has

a codeword of order 4.

First, assume there is a codeword of order 4 in C. After permuting the coordinates of

the codewords and (if necessary) multiplying the codeword by -1, we can assume that
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the codeword of order 4 is of the form (1,cy, ..., c,) where ¢; € Z4. Let C' = {(0,z2, ..., »)

€ C}. Clearly, C' is also a quaternary code and can be regarded as a code of length
n — 1 by deleting the first coordinate of each codeword. By the induction hypothesis,

C' has a generator matrix of the form

0 Ik1_1 A1 Bl
0 0 2L, 2D

where A; and D are matrices with entries in Z, and B; is a matrix with entries in

Z4. Then C has a generator matrix of the form

1 C2,+.yCky  Chky+1y++yChi+kz Chki+kot+l;--Cn
0 Ii— A By
0 0 oIy, 2D

k1

0

. T ot R /
adding certain linear combinations of the last k; rows we obtain [c}, 41,..., ¢k, 4]

Row reducing the first k; rows will result in for the first k; columns. By

such that ¢} € Z; . Thus, we get a matrix in the form

L, A B
0 2L, 2D

This completes the proof in the case that C contains a codeword of order 4.

Now suppose that C has no codewords of order 4. Then all nonzero codewords in C
are of order 2. Since C # {0}, there is a codeword of order 2 in C. We can assume
that this codeword is of the form (2, 2¢s,..., 2¢,) where ¢; € Z4. As done previously,
define C' = {(0,zs,...,z,) € C}. Then C' is also a quaternary code without codewords
of order 4. Thus the type of C' is 4°2%2 which implies that k; = 0. C' can be regarded
as a code of length n ~ 1. By the induction hypothesis, C' has a generator matrix of

the form

0 2Iy_1 2D; |,
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where D; is a Z, matrix. Then C has a generator matrix of the form

2 2¢9,..,20k, 2Cky41y..e52Cn

0 25y, 2D,

After adding a certain linear combination of the last k2 — 1 rows of the above matrix

to the first row, we obtain a matrix of the form

[ 2I;, 2D ] :
which is a matrix of the form
I, A B
0 2L, 2D
with k; = 0. See [16]. O

This allows for encoding of message words via matrix multiplication as is the case with
linear codes. Let C be a quaternary code with generator matrix M. Thus, the quaternary
code CisC={uM: u; € Zyfor 1 <i < k) and u; € Zs for ky + 1 < i < ky + kq}.

The inner product of two words x = (z3,..,2;} and y = (y1, ..., Yn) N ZF is X - y = 2191 +

we + Tnyn. H 2191 + ... + zpyn = 0, then X and y are orthogonal.

Definition 4.7: Given a quaternary code C of length n, let Ct:={x € Z% | x - y = O for all
y € C}. C* is called the dual code of C.

Proposition 4.8: C' is a subgroup of Z%, and thus is a quaternary code.
Proof: This is immediate from Definition 4.1 and the definition of inner product. O

Theorem 4.9: Let C be a quaternary code of length n with generator matrix M as in
Theorem 4.6. The dual code C* has generator matrix

—Bt—D!At Dt It
24t 21y, 0

Mt =

See [8].
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Proof: Consider the quaternary code C' defined by the generator matrix M+ above. We

claim that C’' = Ct. Since M(M*)! =0, we have that C' C C*t.

Let ¢ = (¢1,...,¢n) € CL. We can choose a linear combination of the first n—k; — k; rows
of M+ to ¢ to obtain a codeword of Ct, which is of the form €’ = (c1, ..., Cky s Chy+15 ey
Cky+ky» 0, ---,0). Since ¢ is orthogonal to the last k; rows of M, each cg, 41, ..., Ck,+k, iS
0 or 2. We can also choose a linear combination of the last k; rows of M to ¢’ to
obtain a codeword of Ct, which is of the form ¢” = (cy,...,ct,0,...,0,0). Since ¢” is
orthogonal to the first k; rows of M, ¢; = -+ = ¢, = 0. Therefore ¢ € C'. Thus C' = cL
with generator matrix M+. See [16]. ' a

Definition 4.10: Let C be a quaternary code with generator matrix M. Then (MJ-)t is
called the parity-check matrix for C, where M1 is the generator matrix for the dual
code of C.

For 3 € Z4, notice that 3 = -1(mod 4). Therefore, the distance of 3 from O is the same
as the distance of 1 from 0. We take this property into account and define weight and
distance for quaternary codes. For equivalent codes, we do not distinguish between 1

and 3 since multiplication by -1 is allowed.

Definition 4.11: The Lee weights, wty, of 0, 1, 2, 3 € Z} are defined to be O, 1, 2, 1,
respectively. The Lee weight of x = (z1,...,z,) € Z} is wty (&) = 7 wty (a;). The weight
of x at a € Z, is defined to be w,(x) = |{{ | z; = a}|. See [8] .

Definition 4.12: The Lee distance between X,y € Z} is d| (x,y) = wi (x—y). The minimum
Lee distance for quaternary code C is defined to be dp, = min{d; (x,y) | X,y € Z} and
x # y}{8l.

Recall Proposition 2.5. The relationship between Lee distance and Lee weight of a qua-

ternary code is similar to that of distance and weight of a linear code.
Proposition 4.13: wtj (x)=w, (x)+2w2 (x)+w;(x) for all x € ZF[16].

Proof: Let z; = 0. Then th(O) = w1(0)+2w;(0)+w3(0) = 0. For z; = 1. Then wty (1) =
wy (1)+2wa(1)+ws(1) = 1. Now let z; = 2. Then wty (2) = w1 (2)+2w,(2)+w3(2) = 2. Let
z; = 3. Then wty (3) = w1 (3)+2w>(3)+w;3(3) = 1. Extend this to Z7. m|
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4.1 MacWilliams Identity for Quaternary Codes

As with codes over alphabet F,, it is useful to describe the structure of a quaternary code
by a weight enumerator. The complete weight enumerator classifies codewords ¢ € C

according to the number of times each element a € Z, appears in c.

Definition 4.14: Let C be a quaternary code. The complete weight enumerator, cwe, of C
is

cwec(Xo, X1, X2, X5) = 3 Xoo(@ x 110 x22(0) x22) € 70, X1, X5, X3).[8]
ceC

Example 4.15: Let C = {(0,0), (2,2)}. Then wo((0,0)) = [{i | z: =0} = 2, w; ((0,0)) =
[{i | = =1} =0, w2 ((0,0)) = [{¢ | 2 = 2}| = 0, w3 ((0,0)) = [{é | z; = 3} = 0, wo ((2,2)) =
Hilz: =0} =0, w1 ((2,2)) = [{t |2 = 1}] =0, w2 ((2,2)) = {i | z: = 2}| = 2, w3 ((2,2)) =
|{i | 2 = 3}| = 0. Thus cwe(Xo, X1, Xa, Xa) = Foeo Xoo ) X1 X329 x 2509 = X2+ X2,

The following theorem gives a MacWilliams Identity for quaternary codes.

Theorem 4.16: Let C be a quaternary code. Then cweg. (Xo, X1, X2, X35) =
%[cwec(Xo + X1+ Xo+ X3, Xo+iX1 — Xo—1X3, Xg— X1+ Xo— X3, X0 —1X; — Xo+ iX3).
We omit the proof, which can be found in [8].
Example 4.17: Let C = {(0,0), (2,2)}. Then by the MacWilliams Identity for quaternary
codes, cwec: (Xo, X1, X2, X3)
=1 [(Xo+ X1 + Xo + X3)? + (Xo — X1 + X2 — X3)?]
=XZ+ X2+ X2+ X2 +2XoXy+2X1 X3
is the complete weight enumerator for the dual code C*. Note that this classifies all

codewords in Ct = {(0,0), (1,1), (2,2),(0,2), (2,0), (1,3}, (3,1)}.

Permutation-equivalent codes have the same complete weight enumerator. - Recall that
permutation-equivalent is a stronger property than equivalence. As the next example

shows, equivalent codes may have different complete weight enumerators.

Example 4.18: C; = {(0,0,0,0), (1,1,1,1), (2,2,2,2), (3,3,3,3), (1,3,1,3), (3,1,3,1), (0,2,0,2),
(2,0,2,0)} and C; ={(0,0,0,0), (1,1,1,1), (2,2,2,2), (3,3,3,3), (3,1,1,3), (1,3,3,1), (2,0,0,2),
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(0,2,2,0)} are permutation-equivalent. cwec, (Xo, X1, X2, X3)= X§ + X1 + X3 + X§ +

2X2X2 +2X2 X2 = cwec, (Xo, X1, X2, X3). C1 is equivalent to C; = {(0,0,0,0), (1,1,3,1),
2,2,2,2), (3,3,1,3), (3,1,3,3), (1,3,1,1), (2,0,0,2), (0,2,2,0)} which has

cweg, (Xo,Xl,X2,X3) = Xg + Xél + 2X%X3 + 2X1X§' + 2X3X§‘ ;é cweg, (Xo,Xl,X2,X3).

Since for equivalent codes we idenﬁfy 1 with 3, we want a weight enumerator that also

identifies 1 with 3.

Definition 4.19: Let C be a quaternary code. The symmetrized weight enumerator, swe,
is defined as swec(Xo, X1, X2) = cwec(Xo, X1, X2, X1); that is, swec(Xo, X1, X2, X3) is
obtained by identifying 1 with 3 by setting X; = X; in the complete weight enumer-

. atorl[8].

Example 4.20: Let C; and C; be as in Example 4.18. sweg, (Xo, X1, X2) = X§+4X{ + X5 +
2X3X22 = SWeC; (Xo, Xl, Xz)

Note that the symmetrized weight enumerator does not give as much information about
the codewords in C, as does the complete weight enumerator. Equivalent codes have the
same symmetrized weight enumerator since the symmetrized weight enumerator does not

distinguish between 1 and 3.

Definition 4.21: Let C be a quaternary code. The Lee weight enumerator is defined as

Leec(X,Y) =) x’rwlywilg.
ceC

The following gives a MacWilliams identity for the Lee weight enumerator.
Theorem 4.22: For a quaternary code C,

L

Leec (X, Y) = ]

Leec(X +Y,X -Y)[8].

Proof: By using Definition 4.17 and 4.12, we find that swec(X?, XY, Y?)

= cwec(X?, XY, Y2, XY) = 3 co(X?)wel@) (XY )wr(9+ws(e) (y2)w2(e), It follows by Propo-
sition 4.11 that 3" o(X?)%0 ) (XY )wr(e)+ws(e) (y2)wa(e)
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= ECEC X2wo(C)+‘uu(C)+’lU3(C)YW1(C)+w3(C)+21U2(c) — ECEC X2n—wz,(c)Y'wL(c) — Leec(X, Y)

Thus, since sweg1 (X2, XY,Y?) = cwecs (X2, XY, Y2, XY)
= ﬁcwec(Xz +2XY +Y2,X2-Y?% X% -2XY +Y? X? -Y?), we have that
Leeci(X,Y) = swegs (X2, XY, V?) = grswec(X® +2XY +Y?, X? - Y2, X2 -2XY +Y?)

= swec [(X FY?,(X+Y)(X —-Y), (X - Y)Z] = Leec (X +Y,X —Y). See [16]. O

4.2 Quaternary Cyclic Codes

Definition 4.23: A quaternary code C of length » is cyclic if
(C(), Clyeeey cn—l) eC=> (Cn—l,co,cla ey cn—2) e C.

Given a word v € Z%, we define a polynomial in Z4[z] with coefficients coming from v.
There is a one-to-one correspondence between words in Z} and polynomials of degree
less than n in Z4[z] defined by v = (vo,v1, ..., Un—1) +— v(z) = vo + 11T +... + vp_12" L. Thus,

we identify a codeword in a quaternary code with a polynomial.

Definition 4.24: A quaternary code C of length n is cyclic if ¢(z) € C = zc(z)mod(z™ — 1)
e C.

Definition 4.25: Let C be a quaternary cyclic code of length n. g(z) is called the generator
polynomial of C if g(z) is a monic polynomial dividing z” — 1 such that C = (g(z)).

As in the linear case, we know that a polynomial g(z) such that C = (g(z)) exists since C
is a principal ideal of Z,. Any codeword c¢(z) € C can be written as ¢(z) = f(z)g(z) where
f(z) € Z4lz].

We can see that {g(z),zg(z),...,2*"1g(z)} forms a basis for the cyclic code of length n,
9(z)

zg(z
where k = n— deg(g(z)). Therefore ( ) is a generator matrix for the quaternary

cyclic code C = (g(z)).
Since g(z) divides z™ — 1, there exists an h(z) € Z4[z] such that h(z)g(z) = Ofnod(z" -1).

Definition 4.26: Let C be a quaternary cyclic code of length n such that C = (g(z)). Then
h(z) = Eg%g% € Z4[7] is called the check-polynomial.
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Let h(z) be a check-polynomial for a quaternary cyclic code C. Then c(z)h(z) = 0 for all

c(z) € C.

4.3 Quateniary Kerdock Codes

In this section we will need the following map from Zg[z] to Zy[z]. Let ¢ : Zy[x] — Zj[z]
be the map defined by ag + a1z + ... + apz™ — ‘a_o + @z + ... +a,z" where 0 = 2 = 0 and
1=3=1

Definition 4.27: Let m > 2 be an integer and h(z) € Z4z] be a monic polynomial of
degree m. Then h(z) is a basic primitive polynomial over Zg4[z] if 1 (h(z)) is a primitive

polynomial over Zs[z].

Definition 4.28: Let h(z) be a monic basic primitive polynomial of degree m > 2 over Z4[z]

m-—
2™ -1_q

such that h(z) | (z2" 7! — 1) and g(z) = z*" ™25 (%) , where §(z) = (a;_l ne) - The
shortened quaternary Kerdock code K(m)~ is the quaternary cyclic code of length
n with generator polynomial g(z). The coordinates of codewords of K (m)~are num-
bered as 0,1, ...,n — 1. The quaternary Kerdock code K(m) is the code obtained from
K(m)~ by adding a zero-sum check symbol to each codeword of K(m)~ at the posi-

tion oo, which is situated in front of the position 0. See [16].

Proposition 4.29: Let § =2™ —m — 2, g(z) = go + ¢1% + ... + 952° € Zy[z], and goo = —(go +

o go 91 - G5
g go 91 - Gé
g1+ ... + g5) € Zg. Then the (m + 1) x 2™ matrix = '
| 9 go g1 - G5 |

is a generator matrix for K(m)[8].

Example 4.30: Let m = 3. A basic primitive polynomial of degree 3 over Z4 is h(z) =
T_
78 +222+2+3. Then §(z) = % = g3 +322+22+3 implie_s that g(z) = 3z°+222+3z+1

1 3231000
1 03 23100
is a generator polynomial for K (3) with generator matrix
10032 310
10003 2 31|
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Notice that if we change the signs of the all coordinates, we will get an equivalent

code with generator polynomial ¢’(z) = z® + 2z + z + 3 and generator matrix

13121000
10312100
10031210
(100031 21|

In Chapter 3, we defined the trace map, T, from Fom to F,. Here we define a similar
map for the Galois ring Z4[z]/(h(z)), where h(z) € Z4[z] is a basic irreducible polynomial

of degree m.

Definition 4.31: The relative trace map T : Z4/(h(z)) — Z4 is defined by

TE) — e+ +8+ ..+,

It is easy to verify that the relative trace map is a ring homomorphism since T(c+¢') =

T(c) + T(c') and T(cec') = T(c)T(c') for all ¢,c' € Z4/(h(z)).

Proposition 4.32: Let T be the relative trace map and Tr be the trace map. Then ¢ oT =
Tr o 9[8].

Proposition 4.33: The trace description over the ring Z4 of the quaternary Kerdock code
K(m) is K(m) = {e1™! +u* | € € Zy4, A € Z4[€]}, where 17! is the (n + 1)-tuple,
ur = (T(AEX), T(AE0),...,T(AE" 1)), and £ is a root of the basic primitive polynomial
h(z) € Z4[z].

Proof: See [8] and [16]. O

4.4 Quaternary Preparata Codes

Using the same notation as for Kerdock codes, let h{z) be a basic primitive polynomial of

degree m > 2 such that h(z) | (2"~ - 1).

Definition 4.34: The quaternary cyclic code of length n = 2™ — 1 with generator polyno-
mial h(z) is called the shortened quaternary Preparata code P(m)~. The quaternary
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code obtained from P(m)~ by adding a zero-sum check symbol to each codeword of

P(m)~ is called the quaternary Preparata code P(m). See [16].

Proposition 4.35: Let h(z) = hg + hiz + ... + hy,z™ be the basic primitive polynomial of
degree m, where m is an integer > 2. Let hoo = —h(1) = £1. Then the following

(2™ —m — 1) x 2™ matrix is a generator matrix for P(m)

[ heo ho hy-er P
B he hi- hm
8].
| o | ho b o hm |

Example 4.36: Let m = 3. The basic primitive polynomial of degree 3 is h(z) = z° + 2z% +
z — 1. Now —h(1) = —3 = 1 implies that h,, = 1. Thus

13121000

12100
is a generator matrix for the Preparata code P(3).

31 210

—
o
o O W

03121

Notice that ¢g'(z) = h(z) from Example 4.30. This may give rise to the question of whether
the quaternary Kerdock and quaternary Preparata codes have any relationship.

Theorem 4.37: The quaternary Preparata code P(m) is the dual code of the quaternary
Kerdock code K(m).

Proof: See [16]. O

Thus, the quaternary Preparata code and quaternary Kerdock code satisfy the MacWilliams
identity for quaternary codes. In other words, cwep(m)(Xo, X1, X2, X3) = ﬁm—lcwe K (m)(Xo+
X1+ Xo+ X35, Xo+iX1 — X2 — i X3, X0 — X1 + X2 — X3, X0 — X1 — X2 +iX3). Form = 3, K(3)
is self-dual since P(3) = K(3), which is the octacode Os in Example 5.16.

We will see in the next chapter that Theorem 4.37 helps explain the dual like relation-
ship between the binary Kerdock and Preparata codes.
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Chapter 5 Z;-linear Codes

Beginning in early 1990’s, an important discovery was made by five coding theorists,
Robert Calderbank and Neil Sloane of AT&T Bell Laboratories, Roger Hammons of Hughes
Aircraft, Vijay Kumar of the University of South Carolina, and Patrick Sole of the Centre
National De La Recherche Scientifique in Valbonne, France. They discovered that binary
nonlinear codes viewed in a different way have many algebraic properties. The fact that
the binary Kerdock and Preparata codes act like dual codes even though it doesn’'t make
sense for nonlinear codes to have duals can be explained by looking at these codes under
the alphabet Z, rather than the usual alphabet Z,. In this chapter we will explain the
dual relationship between these codes using the Z,4 alphabet. To do this, we need the

gray map.

Definition 5.1: The gray map ¢ : Z4 — Z3 is defined by 0 —~ (0,0), 1 ~ (0,1), 2 —(1,1), and
3+ (1,0).

Clearly, ¢ is a bijection. However, ¢ is not an additive group homomorphism since

¢ (1+3) # ¢ (1) + 6(3).

Definition 5.2: The follovs{ing three maps from Z4 to Z, are defined using the chart

Zy|a| B |y
00|00
1101
2 1011
311]1]|0

The map ¢ is an additive group homomorphism since a (v +v) = a(u) + a(v) for all u,v
€ Z4. However, § and «v are not group homomorphisms since 3 (1 +3) # (1) + £(3) and
Y(1+3) # v (1) +7(3).

Note that ¢(z) = (B(z),7(z)) for all z € Z4. We extend the gray map in Definition 5.1 to
amap ¢ : Z} — Z3" in the following way. Let X = (x1,...,xn) € Z7. Define ¢(x) = (6(x),7(x)),
where 8(x) = (8(z1),8(x2).....8(x,)) and v(x) = (y(z1),7(z2),....7(x,)). We refer to ¢(x) as the

binary image of x under ¢.
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Example 5.3: Let x = (1,2,3,0). Then ¢(x) = ¢(1,2,3,0) = (5(1,2,3,0),7(1,2,3,0))

=(0,1,1,0,1,1,0,0).
Definition 5.4: For all z € Z4, z = a(z) + 26(z) is called the 2-adic representation of z[8].

Proposition 5.5: If 2 = a(z) + 26 (z) is the 2-adic representation of z € Z4, then ¢(z) =
(B(z), a(z) + B(z))[16].

Proof: Notice that a (z)+f (z) +(z) = 0 for all z € Z4. Then v(z) = a(z) + B(z) implies that
é(z) = (B(z),7(z)) = ¢(z) = (B(z),a(z) + B(z)) for all z € Z,. ]

Let C be a quaternary code of length n. Then C is a subgroup of Z?. We can consider
the image of C under the gray map ¢ : Z} — Z3". Clearly, ¢(C) is a binary code of length
2n. We will explore the properties of ¢(C). First, we will see that the gray map preserves

weight and distance.
Lemma 5.6: wy (z) = w(¢(z)) and df (z,y) = d(¢(x),4(y)) for all =,y € Z4[8].

Proof: We will show that wy (z) = w(¢(z)) holds for all z € Z4. wp,(0) = 0 = w((0,0)) = w(¢(0)).
wi (1) = 1 = (0, 1))= wig(L)). wy(2) =2 = w((L,1)) = wg(2)). wy(3) = 1 = w((1,0)) =
w(g(3).

Now, dy (z,) = Wy(z — 4) = W (2)-Wp (3) = Wig(e)~W(p)) = W(p(z)-4(s)) = d($(a).(v)).

O

Theorem 5.7: The gray map ¢ is a weight and distance preserving map from Z7% to Z2"(8].

Proof: Let a = (a1,...,an) € Z}. Then wy(a) = Y1, wi(a;) and wig(a)) = w(B(a),v(a))
=w(B(@))+wily(a)) = i, w(B (a:)) + i, w (v (a:) = i, w (B (a3) , v (a4))
=i w9 () = Xl wi (a1) = wi(a).
Now let b € Z7. d(#(a).¢(b)) = wig(a)~¢(b)) = w(s(a))—w(é(b)) = wp (a)-w(b) =
wi (a—b) = dj (a,b). See [16]. a

Theorem 5.8: Let C be a quaternary code and C'=¢(C) be the binary image of C under the

gray map. Then the minimum Lee distance of C is equal to the minimum Hamming

distance of C'[8].
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Proof: From Theorem 5.7, we know that the gray map is a distance preserving map

such that d(¢(a),¢(b)) = dy (a,b) where a,b € C. Let d;, denote the minimum Lee
distance of C and d denote the minimum Hamming distance of C'. Then d; =

min{dy, (c,c') | ¢,¢’ € C,c # ¢'} = min{d(¢ (c) ,¢(c')) | ¢,c' €C,c#c'} =
min{d(¢(c), ¢(c’)) | p(c), ¢(c') € C',(c) # ¢(c')} = d. o

Definition 5.9: A binary code C’ is called a Zg4-linear code if it is the image of some
quaternary code under the gray map. That is, C' is Z4-linear if C' = ¢(C) for some
quaternary code C.

Let C be a quaternary code. The binary image of C under the gray map is not necessarily
a linear code in the alphabet Z,. See Example 5.16. Therefore ¢(C) need not have a dual

code in the usual sense. However, we can define the dual of ¢(C) in the following manner.

Definition 5.10: Let C be a quaternary code of length n with dual C*. Let C' = ¢(C) € Z3"
denote the binary image of C. The quaternary dual of C' is defined to be ¢(C1) € Z3™;
that is, C'y = ¢(C1). If C' = C', then C' is called a self-dual Z4-linear code.

Theorem 5.11: Let C and C* be dual quaternary codes, and C' = ¢(C) and C' = ¢(C*) be
their binary images. Then the weight enumerators W (X,Y) and WC’L (X,Y) of C' and
C',, respectively, are related by the binary MacWilliams Identity

Wo, (X,Y) =

3 = G Ve X +Y, X - V)l

Proof: Let C be a quaternary code and C’ be its binary image under the gray map. Since
¢ is a bijection, |C| = |C’|. Since ¢ is weight preserving,

Wer (X,Y) = Lees (X,Y) = ]%[Leec(X +Y,X -Y) = gqWo (X +Y,X - Y). O

Since C' = ¢(C) is not necessarily linear, it is natural to ask under what conditions C’ is
linear. We would also like to know when any binary code C' is the image of a quaternary

code. To answer these questions, we need the notion of a swap mabp.
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Definition 5.12: Let (21, ..., Tn, Tnt1, ---» Tan) € A2" be a word of length 2n. The permutation
o : A?" — A?" defined by

(@1 oy Ty Tl s ooey Ton) > (Tl eees T2my 1y veey Tny)

is called the swap map(8].

The swap map is an automorphism that interchanges the left and right halves of each

word. For all x € Z%, a(¢(x)) = o(B(x),7(x)) = (v(x),8(x)) = ¢(—x)[7].
Lemma 5.183: For all x,y € Z%, we have ¢(x+y) = ¢(x)+d(y)+(@(x)+a(d(x))x(d(y)+o(d(y)).

Proof: Let x,y € Z7. Then (¢(x)+a(p(x)))*(d(y)+a(d(y))=

= ((Bx),7() +(rx),8))*((B(y),7(¥)+(r(¥),8()
= (BE+7x),7x)+EX) B +73) 7)) +B())
= (a(x),a(x)) *(a(y),a(y))

= (@) xa(y),a(x) *a¥)

We claim that ¢(x)+¢(y)+é(x +y) = (a (x) *a(y) ,a(x) * a(y)). Now,
dX)+o(y)+o(x+y) = B +B(y)+Bx+y),7(x)+7(y) +7(x+y)). This implies

thatif 5(x) + B(y) +B(x+y) =7&) +7(¥) +7(x+y) =a(x) xa(y) for all x,y € Zf,
we are done. It is easy to verify this for all z,y € Z4. Now extend to Z7. See [16]. O

Corollary 5.14: For all x,y € Z%, we have ¢(x +y) = ¢(x)+¢(y)+¢(2a(x) * a(y))[8].

Proof: Let x = (z1,....,2,) and y = (¥1,...,Yn) € Z}. If z; and y; are both odd for some 1,
then a(z;)*aly;) = 1. This implies that §(2a(z;) *a(y:)) = 8(2) = 1 = a(z;) * a(y;)
and v (2a (z;) * a (y;)) = v(2) =1 = a(z;) * a(y;). If z; or y; are even for some i, then
alz;)*aly) = 0. This implies that 8 (2a (z;)*a(y:;)) = B(0) = 0 = a(z;) * a(y;) and
7 (20 (zi) * & (9:) = 7(0) = 0 = &r(as) * a(ys). Thus f(2a(x) * (y)) = a(x) * a(y) and
72 () sa(y) = a () *aly).

Now ¢(2a(x) * a(y)) = (B (2a (x) xa(y)),7(2a(x) xa(y))) = (a(x) xa(y),a(x)*a(y))
= (@®),a® xaly),aly) = B +709,7() +B() * (B) +7¥),7(¥) +8F)
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= (0(x) +¢(=x)) * (6(y) +¢(-)) = (6(x) + 7 (6(x))) * (¢(y) + 0 (¢(y))). By Lemma
5.13, ($(x) +o (X)) * (3 (y) +0 (¢() =6 (X) + o (y) + 6 (x +¥)-

Therefore ¢ (x +y) = ¢ (x) + ¢ (y) + ¢ (2a(x) xa (y)). See [16]. a
The following theorem answers our first question.

Theorem 5.15: The binary image C' = ¢(C) of a quaternary code C is linear if and only if
a,b € C implies 2a(a) * a(b) € CI8].

Proof: Assume C’ is linear. Since C is a quaternary code, x +y € C for all x,y € C. Then
¢ (x), 6 (y), and ¢ (x + y) are elements of C'. Since C' is linear, ¢ (x)+¢ (y)+o(x+y) €
C'. By Corollary 5.14, ¢(x) + ¢(y) + ¢ (x+y) = ¢(20:(x) *(y)). This implies that
¢ (2a (x) *a(y)) € C'. Since ¢ is a bijection, 2a(x) xa(y) € C.,

Now assume that 2a(c) * a(c') € C for all ¢,c¢’ € C. Let u,v € C'. There exists some
x,y € C such that ¢(x) = u and ¢(y) = v. Since C is linear, x +y + 2a(x) *a(y) €
C and ¢ (x+y +2a(x)*xa(y)) € C'. By Corollary 5.14, ¢(x+y +2a(x) xa(y)) =
p(x+y)+o2ax)xay)) + ¢(2a(x+y)*a(2a(x)*a(y))) € C'. Since a(2) = 0,
a (20 (x) * a(y)) = 0 implies that ¢ (2a (x + y) * @ (2a (x) * a (y))) = 0. Therefore,

¢ (x+Y) + ¢ (2a(x) xa(y)) € C'. By Corollary 5.14, ¢ (2a (x) *a(y)) = ¢ (x) + ¢ (y) +
¢(x+y). Thus ¢(x+y) +o(x) + 6 (¥) +¢(x+y) = ¢ (%) +6(y) =u+v e C. See [16].

O

Example 5.16: The octacode Og is defined to be the quaternary code with generator

matrix } )
10003121
01001231
00103332

00012311

Let x; = (1,0,0,0,3,1,2,1) and %, = (0,1,0,0,1,2,3,1). 2a(x;1) * a(x2) = (0,0,0,0,2,0,0,2)
¢ Os. This implies that ¢(Os) is nonlinear. In fact, ¢(Og) is the Nordstrom-Robinson

code. Therefore, the Nordstrom-Robinson code is Z4-linear(8].

In Chapter 3, we found that the Nordstrom-Robinson N;¢ code is equal to the Kerdock

code K41 and Preparata code Pny; when m = 3. Since Kp41 and Ppy; satisfy the
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MacWilliams Identity, Wi, = 557 Wnie (X +Y, X —Y). Therefore, The Nordstrom-Robinson

code acts like a self-dual code even though duality for nonlinear codes does not make
sense. From Example 5.16, we see that Ny is the image of a self-dual quaternary code Og
under the gray map. By Definition 5.10, Ny is a self-dual Z4-linear code. Therefore, The-
orem 5.11 explains why the Nordstrom-Robinson code has this “dual” like relationship.
Next, we focus on the second question: when is a binary code C' a Z-linear code? To

answer this question we have the following theorem.

Theorem 5.17: A binary linear code C' of even length is Z4-linear if and only if its coor-

dinates can be permuted so that u,v € C' implies (u + o(u))*(v + o(v)) € C'[8].

Proof: Suppose C' is a Z4-linear code. Then for u,v € C', ¢(x) = u and (y) = v¢ for some
X,y € C, where C is a quaternary code. Since C is linear, x+ y€ C. Thus ¢(x+y) =w
for some w € C'. By Lemma 5.13, (u+o(u))*(v+o(v)) = (¢(x)+o(d(x)Nx(d(y) +o(o(y)))
= ¢(x)+¢(y)+o(x +y) = u+ v+ w € C since C' is a binary linear code.

Now suppose the coordinates can be permuted so that u, v € C’ implies (u+o(u))*(v+
o(v)) € C'. Let the length of C' = 2n. Define C = {c € Z} | ¢(c) € C'}. We want
to show that C is a quaternary code. Let x,y € C. Then ¢(x),¢(y) € C' implies

(B(x)+0($(x)HB(y) +0(#())) € C'. By Lemma 5.13, $(x)+6(y)+$(x)+0(d(x))*((y)+
a(¢(y))) = ¢(x+y) € C'. Therefore, x +y € C which implies that C is a quaternary

code. a

Example 5.18: Let u = (0,0,0,0,0,0,1,1,0,0,0,0,0,1,0,0,0,1,0,1,1,0,1,1) and

v = (0,0,0,0,0,0,0,1,1,0,0,0,0,1,1,0,0,0,1,0,1,1,0,1) to be the 7th and 8th rows of the
generator matrix for Go4. Then u,v € Go4. It follows that (u + o(u))*(v + o(v)) = w
= (0,1,0,0,0,0,1,0,0,0,0,1,0,1,0,0,0,0,1,0,0,0,0,1) ¢ G54 since the wt(w) = 6 < 8, the
minimum distance of Go4. By Theorem 5.17, the Golay code Go4 is a [24,12,8] linear

code that is not a Z4-linear code.
Certain Reed-Muller codes are examples of linear codes that are Z4-linear codes.

Theorem 5.19: The r** order binary Reed-Muller code RM(r,m) of length n = 2™, m > 1

is Z4-linear for r = 0,1,2,m — 1, and m.
Proof: See [8]. a
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Gr—1,m-1
Let ZRM(r,m—1) = ( ) denote the generator matrix for the quaternary code

2G(r,m — 1)

that maps to RM(r, m) by the gray map.

11
G(0,1)
Example 5.20: Let ZRM(1,1) = =19 9. G(1,2) is the image of ZRM(1,1)
2G(1,1)
0 2
1 111

under the gray map since ¢(ZRM(1,1)) = [ 0 0 1 1 | =G(1,2). Thus, RM(1,2) is

- 0101
also the image of the quaternary code generated by ZRM(1,1).

Theorem 5.17 gives a requirement for linear codes to be Z4-linear. Since linear codes have
nice algebraic properties, it is not useful information. However, for codes that do not have
algebraic structure, this information could be very useful is explaining certain properties,
namely duality, of these types of codes. Theorem 5.21 allows us to qualify a nonlinear

code as a Z4-linear.

Theorem 5.21: A binary, not necessarily linear, code C’ of even length is Z4-linear if and

only if after a permutation of its coordinates, u,v € C' implies

u + v+(uto(u)) * (v+o(v)) € C'[8].

Proof: Suppose C' = ¢(C), where C is a quaternary code. Let u,v € C’, then there arex,y €
C such that ¢(x) = u and ¢(y) = v. Since C is a; quaternary code, x + y € C. Thus by
Lemma 5.13, u + v + (uto(u)) * (v+0(v)) = ¢(x)+8(y)+((x)+0(6(x)) * (6(y)+o(4(y))
= ¢(x + y). Since ¢ is a bijection and x +y € C, ¢(x +y) € C', which implies that
u+ v+ (uto(u)) * (v+o(v)) € C'.

Now suppose that u,v € C' implies u+v+(u+o(u))* (§+a(v)) € C'. Let the length of C'
equal 2n. Define C ={c € Z% | ¢(c) € C'}. We want to show that C is a quaternary code.

Let x,y € C. Then ¢(x),¢(y) € C'. Thus, ¢(x)+¢(y)+{¢(x)+0(8(x)) * (6(y)+0(¢(y)) €
C'. By Lemma 5.13, ¢(x +y) € C'. Therefore, x +y € C, which implies that C is a

quaternary code. See [16]. O
In the next two subsections, we will show examples of nonlinear codes that are Z4-linear.
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5.1 Kerdock Code as a Z,-linear code

Let m > 2 be an integer. Denote the binary image of the quaternary Kerdock code K(m)
by ¢ (K(m)), which is a Z4-linear code.

Theorem 5.22: Let m > 2. The Z4-linear code ¢ (K (m)) is a nonlinear binary code of

length 2™+! with 4™+1 codewords.

Proof: Since the length of K(m) is 2™, ¢ (K(m)) has length 2(2™) = 2™+1,

Since the gray map ¢ is a bijection, |K(m)| = |¢ (K(m))|. K(m) has type 4™*! and

thus 4™*! codewords. Therefore ¢ (K (m)) has 4™*! codewords. ]

Theorem 5.23: Let m > 3 be odd. Then ¢ (K(m)) = Knt1, where Kp,4; is the nonlinear
binary Kerdock code defined in Chapter 3[16].

To prove this theorem, we will need the following lemma.

Lemma 5.24: Let m > 3 be an odd integer and ¢ = (Co0, Co,C1,..scn—1) € K(m). Then
the 2-adic representation of ¢; = a; + 2b; is given by a; = A+ Tr(lI€ %) and b =
B+Tr(n€")+ X\ V> Tr(TIEY), where t € {00,0,1,...,n~1}, A, B € Zs, and II,n € Fyn [8].

Recall that £ is the image of ¢ under the map defined by ¢ : Zy[z] — Z2z].

Proof: Let A = £ + 2¢° € Z4[¢] where r,s € {0,0,1,...,n — 1}. By Proposition 4.33, ¢ = ¢ +
T((€7+269)¢) = e+ T (£t +2651) = e+ T(E )+ T(26°1) = e+ T(£™) +2T(£5+). Since
¢t = ag +2b, is the 2-adic representation of ct, a; +2b; = e+ T(£71?) + 2T (€°1?). Applying
the map ¥ := Z4z] — Zs[z], we obtain ¥(a; + 2b;) = ¥(e + T(£™+) + 2T(£°+?)). Since
the map ¢ is a homomorphism, % (at) +$(2)%(b:) = P(e) + Y(T(E™)) + Y2)P(T ().
Note that a;,b; € Zs. Thus, ¥(a;) = a; and ¥(b) = b;. Since ¥(2) = 0, we obtain
as = P(e) + (T (£™1)). Since € € Zy, Y(€) = € € Z3. By Proposition 4.32, 9o T = Tro.
Thus, Y(T(E™)) = Tr(w(E™t) = Tr(€ 7tt). Therefore, a; = A+ Tr(II{t), where A =%
and I =¢".

Now ¢ — ¢ = as+2b; — (a; +2b:)? = a;+2bs —af. Since a; € Zo, a; = aZ. Thus, 2b; = ¢; — .
Therefore, 2b; = e+ T(£™Tt)+2T(£51) — (es+'T(£""‘)+2T(§“""‘))2 =e+T(E+t)+2T (1) —
(€2 + 26T (£7+) + T2(ET+Y)) = € — €2 + T(¢) — T2(E™+) — 26T(¢H) + 2T (6°™).
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Since ¢ € Z4, € = a(e) + 28(¢) is the 2-adic representation for €. Thus € — a(e) = 25(¢).

By checking all possible choices for ¢, we see that a(e) = £2. Therefore, £ —¢? = 28(e).
One can verify that, T(£7+) ~ T?(€7+t) = T(£™)(1 - T(£™+)) = =2 Fogje (€72 =
2 Y oe ik (€7 2 = 2 T2 Tr(E )1+ since m is odd,

Now,—2eT(£71%) 4 2T(€51t) = 2eT(£71) 4 2T(€°+t) = 2(eT(€7*) + T(£°+?)). Since T is a
homomorphism, we obtain 2(eT(£7tt) + T(£5%)) = 2(T(e€™t) + T(¢51)) = 2T (e€™1t +
£ett) = 2T (e€” + £°)¢Y). |
Tﬁus, 2b; = 26(€) + 2T (€™ + €°)€%) + 2 57/ Tr(€ 7+1)1+% | Dividing through by 2,
we obtain by = B(e) + (T(e€” + £9)€%) + LTy V2 Tr(E )1+ 4(b) = $(B(e) + (T(e€” +
€)8) + DT TrEr+t)+2) = (B(e)) + P((T (€™ +£°)€Y) +w(T 0 V2 Tr(Er+t)i+?')
= B(e) + Tr((et” + £)&t)) + (™~ D/2 7p( r+t)142°) | This implies that b, = B +

J=1

Tr(ngt) + Y5mrV/* Tr(E )+, where B = f(e), n =" +£°, and 1= £". See [16].0

Proof of Theorem 5.23: Let ¢ = (¢xo,¢0,¢1y ..y Cn—1) € K(m). Then ¢ = a + 2b is the 2-

adic representation of ¢ for some a = (800,20;.-18n-1),b = (boo, b0 s bn—1) € ZJ+1,
By Lemma b5.24, there exists A,B € Z, and I, € Zy~ such that ¢; = a; + 2b; for
t = {00,0,1,...,n—1}, where a; = A+Tr(I€") and b, = B+Tr(nét)+ 3\ /2 Tr(Igt)1+2 .
Let Q(IE*) = X4y /2 Tr(TE )+

Consider ¢(c) — (Q(IE*), Q(IE®), ..., Q(IIE ™), Tr(IIE )+ Q(IIE ™), Tr(IIE®) + Q(TIE), ...,
Tr(IIEn1)+-Q(IIE"1). By Proposition 5.3, ¢(c) = (b, a+b). Thus, ¢(c)—(Q(IIE®), Q(T1E°),
ey QUIIE 1), Tr(TIE ) +Q(TIE ), Tr(TIE °) + Q(IIE °),..., Tr(II€ ™) + Q(IIE ™)

= (b,a + b)—(Q(II£ ), Q(II£ °),...,Q(ITE "), Tr(IIE ©°) + QIIE ), Tr(IIE °) + Q£ °),
ey TP(TEE ™) + Q(ITE ™) = (booy B0y vy b1, oo + booy @0 + oy oy @n—1 + br—1)
—(Q(ME ), Q(IIE®), ..., Q(IIE "), Tr(IIE °°)+Q(TIE ), Tr(IIE°) + Q(IEO), ..., Tr(lIE ™) +
QIIE™ 1)) = (boo — Q(IIE™), bo— Q(IIE®), ..., b1 —QTIE™ 1), Qoo +boo — T (TIE ) — Q(ITE™),
ao + bo — Tr(II€°) — QIZ®), ..., an—1 + bp—1 — Tr(IIE "~1) — Q(TIE ™ 1)).

Let u = (beo — QI ), b0 — QIE®), ..., bpy — QIIE ™)) and v = (aco — Tr(II€ =), a0 —
Tr(IIE®), ..., an—1 — Tr(TIE 1)), Since a; = A+ Tr(lI¢¢) and b, = B + Tr(nét) + Q(IIEY),
u = B1?" + Tr(p€?) and v = A1*". By Definition 3.6, L, = Q(nf?) is the left side
and R,(€t) = Q(E?) + Tr(né?) is the right side of a codeword in RM(2,m + 1). This
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implies that Tr(né *) € RM(1,m). Clearly B1?" € RM(1,m) and 412" RM(0,m). Thus
u € RM(1,m) and v € RM(0,m). This implies that (u, u+v) = ¢(c) — (Q(IE?), Tr(IIE) +
Q(TIEY)) € RM(1,m + 1). Thus, ¢(c) € (Q(IE?), Tr(lIE?) + Q(IIEY)) + RM(1,m + 1). Since
(QUUEY), Tr(IlE t) + QUIIEY)) is a coset representative for K41 as in Definition 3.6,

#(c) € Kppy1- Thus K(m) C Kpmt1. Since |K(m)| = |Km+1], K(m) = Kpnq1. See [16]. O

Thus the Kerdock code K,,11is Z4-linear. By Deﬁnition 5.10, K,,+1 has a quaternary dual
code. Since the quaternary Kerdock code K (m) and the quaternary Preparata code P(m)
are Z4 duals, the quaternary dual code for K41 is ¢(P(m)).

5.2 Preparata Code as a Z,-linear code

Let m > 2 be an integer. Denote the binary image of the quaternary Preparata code P(m)
by ¢ (P (m)), which is a Z4 -linear code.

Theorem 5.25: Let m > 2. The Z,;-linear code ¢ (P (m)) is a binary code of length 2m+!

with 42" -™-! codewords.

Proof: Since the length of P(m) is 2™, ¢ (P(m)) has length 2(2™) = 2™*+1. Since the gray
map ¢ is a bijection, |P(m)| = |¢ (P(m))|. P(m) has type 42" -m-1 gnd thus 42" -™-1

codewords. Therefore ¢ (P(m)) has 42" ™! codewords. a

Since the quaternary Preparata code P(m) is the dual to the quaternary Kerdock code
K(m), ¢(P(m)) is the quaternary dual of Kny1 = ¢(K(m)). Thus, Wypmy)(X,Y) =
]K—,i;;[WKm a4 (X +Y,X —Y) by Theorem 5.11. In Chapter 3 we found that the binary
Preparata code P, satisfies the MacWilliams Identity, Wp,,,,(X,Y) = mwxm aX+
Y, X —Y). Does this mean that P, is the image of the quaternary Preparata code P(m)
under the gray map; i.e. does ¢ (P (m)) = Pn+1? The answer is yes[8]. The algebraic struc-
ture of Zg4-linear codes explains why P, ; acts like a dual code for the binary Kerdock
code K41 even though duality does not make sense for nonlinear codes.

With this new structure of being Z;-linear, the Kerdock code K,,;+; and the Preparata
code P,,.1 have overcome the downfall of being nonlinear codes. Since the quaternary
Kerdock and Preparata codes have nice decoding algorithms[8], the same decoding algo-

rithms are used for the binary nonlinear Kerdock/ and Preparata codes. Now these codes,
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which contain more codewords than any linear code with the same length and minimum

distance, are predicted to be used in such applications as modems and digital cellular .
radios. This is only the beginning. There is no stopping these codes from being used in

many other areas of communication.
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