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ABSTRACT 

A detailed description of the steady state Boltzmann transport 

equation is given, Then the discrete ordinates method of solving the 

transport equation is described. 

scheme ofThe conventional rebalance method, the source correction 

a correctionrebalance and a new source correction scheme involving 

equationsequation with a modified flow term are derived. Difference 

for each version of the source correction scheme are presented. The 

different versions of the source correction scheme and the conventional 

in one- andrebalance method are compared on several test problems 

two-dimensional slab geometry. 

Results are shown which demonstrate that the new source correction 

It is alsoscheme is superior to the conventional rebalance method. 

seen that the new source correction scheme is compatible when used with 

of thea weighted difference formulation in the inner iteration 

transport solution. 
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INTRODUCTION 

as anThe Boltzmann transport equation is universally recognized 

of neutralaccurate mathematical model for describing the transport 

particles (i.e neutrons and gammas) in nuclear reactor systems. The 
• J 

in the nextcomplexity of the Boltzmann equation (to be described 

the use ofsection) and the systems for which it is used necessitate 

One such methodnumerical approximation methods to obtain a solution, 

is the discrete ordinates approach. 
1 

the discreteSeveral computer codes have been developed which use 

ordinates method for solving neutron and gamma transport problems.^ 

These codes employ iterative solution techniques which can be quite 

digital computers.expensive even on the latest generation of large, fast 

Much work has been done to find ways to accelerate the convergence of 

costs.the iterative tocliniques in order to reduce computing 

The objective of this thesis is to investigate a particular 

acceleration procedure, called the source correction scheme (SCS), which 

and hiswas developed at Los Alamos Scientific Laboratory by Alcouffe 

associates.^ Specifically, a somewhat novel variation of the SCS was 

implemented in the DOT-IV code.** It was then evaluated by comparing 

numerical results obtained by the new approach with results obtained by 

conventional acceleration procedures. 

BoltzmannIn tlio next section a detailed description of the 

transport equation is given, Then a description of how the transport 

is presented.equation is solved using the discrete ordinates method 

1 
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Section IV contains a description of how the source correction scheme 

is used to accelerate convergence. A statement of the problem solved 

in this thesis is given in Sect. III. Sections V and VI contain, 

respectively, numerical results and conclusions about the success of 

the method. 

L_.. 



I. THE BOLTZMANN TRANSPORT EQUATION 

A, The Boltzmann Transport Equation 

The steady state Boltzmann transport equation is 

• V ij;(r,fi,E) + a(r,E) Vj(r,fl,E) 

- // ag(F,fi ->fl,E ->E) ,E ) dE dJ^ 

VO+ X(E) // ^(r,E ) ip(r,f2 ,E ) dE df^ 
1 (1)+ Q(r,f2,E) . 

In this equation \p is the directional flux which is expressed in 

units of number of neutrons per unit volume per unit energy per unit 

a unit directionsolid angle, is a function of a position vector f, 

vectorvector in velocity space, and energy E. The unit direction 

= (t,0) is an ordered pair of angles as shown in Fig. 1. In Eq. (1) 

and the terms onthe terms on the left side represent losses of neutrons 

the right side represent sources of neutrons. 

the secondThe first term represents losses due to leakage. In 

term, a(7,E) is the total macroscopic cross section. It represents the 

with a nucleus.probability that a neutron be removed through interaction 

So the second term in Eq. (1) represents loss due to scattering and 

absorption. 

neutrons dueThe first term on the right represents the source of 

to scattering. The symbol, ag(r,sr->fl,E"->-E), represents the differential 
scattering cross section. The direction of a neutron before scattering 

3 
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Fig. 1. The Unit Vectors $7 and .9'. 

is E andoccurs is . The direction after scattering has occurred 

scattering,E represent the energy of a neutron before and after 

represents the probability of a neutron scattering from 

So thethe direction .Q' with energy e" to the direction with energy E. 

the source due tofirst term on the right side of Eq. (1) represents 

direction andscattering from all directions and energies to the 

energy E. 

the fissionThe second term on the right side of Eq. (1) represents 

It is the probability that asource. x(E) is the fission spectrum, 

neutron emitted as a result of fission will be at the energy E. The 

per fission.symbol v represents the number of neutrons emitted 

take place at theaf(r,E ) represents the probability that fission will 
So the second term onposition r for an incoming neutron of energy E . 
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neutrons due tothe right side of Eq. (1) represents the source of 

fission. 

source.The last term of Eq. (1) represents an extraneous nonfissile 

There are two large classes of problems that are solved using Eq. (1). 

They are eigenvalue problems and fixed source problems. 

of theOne type of fixed source problem deals with the calculation 

flux in a reactor shield. Shields usually do not contain fissile 

material so a shielding problem is usually characterized by the absence 

of the fission term in Eq. (1). The extraneous source, Q, is always 

present in a shielding problem. 

of theAn eigenvalue problem is characterized by the absence 

extraneous source Q. The scattering source term can then be transferred 

to the left side of Eq. (1) and it can be written in linear operator 

form as 

1
U(r,J^,E) = Mijj(r,fi,E) (2) 

where 

Lip(r,fi,E) = [^^ • V + a(r,E)] ij;(r,f2,E) 

- // a (r,f2 ->fl,E -^E) ij;(r,f2 ,E ) df^ dE (3) 

and 

r%(r,J^,E) = x(E) // va^(r,E ) ij;(r,fi ,E ) dE dJ^ 

and k is an eigenvalue. 
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B. The Transport Equation in Slab Geometry 

In this work two special cases of the Boltzmann transport equation 

are considered. The two special cases are the transport equation in 

in two-one-dimensional slab geometry and the transport equation 

dimensional slab geometry. 

of oneIn one-dimensional slab geometry the flux ip is a function 

space variable, x, and one angular variable, The only angle in Fig. 1» 

to the X axispage 4, that can be used to denote direction with respect 

is the angle x. Instead of the angle x the cosine, y = cos x, is used. 

in one-dimensionalThus, the steady state Boltzmann transport equation 

slab geometry is 

y I- ip(x,y,E) + a(x,E) tp(x,y,E)
9x 

00 1 

= X(E) vaf(x,E ) Ip(x,y ,E ) dy dE 
0 -1 

00 2tt 1 
1 

V 

4tt a^(x,yp,E ->E) ip(x,y ,E ) dy d0 dE 
0 0 -1 

+ Q(x,y,E) (4) 

where 

Uq = cos Y (5) 
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and theand Y is the angle between the direction before scattering 

direction after scattering.^ The angle y is shown in Fig. 1, page 4. 

is a functionFor the case of two dimensional slab geometry the flux 

It is also a function of two angles.of the position variables x and y. 

As in the one dimensionalThe two angles are t and 0 as seen in Fig. 1. 

case the variable y = cos x is used. However the angular variable, 0, 

is used because it varies from 0 to Ztt. The transport equation in two-

dimensional slab geometry is 

3i|;
y^ cos 0 (x,y,y,0,E) + y 3x 

(x,y,y,0,E)
9y 

+ a(x,y,E) ip(x,y,y,0,E) 

00 Ztt 1 

= X(E) 
n

\ 4tt vo^(x,y,E ) 4j(x,y,y ,0 ,E ) dy d0 dE 
0 0 -1 

00 2tt 1 
1 

+ 
47Ty

\ 

ag(x,y,yQ,E ^E) tp(x,y,y ,6 ,E ) dy d0 dE 
0 0 -1 

Q(x,y,y,0,E) 

where y is the same as in Eq. (5).^
0 



II. SOLVING THE BOLTZMANN TRANSPORT EQUATION 

A. Inner and Outer Iterations 

iterationsThe solution of Eq. (1) involves the use of two nested 

shortly. Thecalled outer and inner iterations which will be described 

discretize the energyfirst step in solving the transport equation is to 

infinity in thevariable E. Energy theoretically varies from zero to 

usually used intransport equation but a maximum energy of 10 MeV is 

groupspractice.^ So the energy variable is discretized into G energy 

each of width AEg. Eq is the highest possible energy, Eq is the lowest 
With this 

energy. Thus the qth energy group, AE^ = Eg_i - Eg. 
equations.discretization Eq. (1) can be written as a set of G 

G 
oQ. ^ (r,Q -^) ip '(r,Q ) dQ• V tpg(r,n) + ag(r) ipg(r,J^) = / I sg ->g g 

g =1 

G 

VO (7)(r) .(r,u") df^ + Q„{r,j^)^ Xg J I fg" g ^ 
g =1 

for g = 1, . • • 5 G. In Eq. (7), 

Eg-i 
ij;(r,f2,E) dE 

'g 

and 

8 
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a(r,E) ip(r,f2,E) dE 

a 

and 

a ^ (r,f2 -^) 
sg 

,^g-i ,Eg'-i 
a^{r,^ -^jE -^E) <i^(r,n^ ,E ) dE dE 

= !a !a: 
ijj .(r,^') 
g 

flux functions,This set of equations can be solved for the set of 

1, . G. The set of equations is solved using an• • 9jiPg(r,n)j g = 
outeriterative procedure. The iterations involved are called 

iterations. This outer iteration procedure is different depending on 

whether a fixed source problem or an eigenvalue problem is being solved. 

asFor a fixed source problem Eq. (7) can be rewritten 

n • V ipg(r,n) + ag(r) ipg(r,f2) 

= f o (r,f^ -Hi) yj (r,fi ) dJ^ + Q (r,fj) (8) 
sg-^g g g 

where 

G 

6 (r,S7) = Q^{r,j^) + f t ^ (r,n'-*n} ip 4r,n') dfl (9) 
g g ' - sg ->g g 

. 

g.=i 
g f‘g 
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energy group andThe iteration procedure is to start with the highest 

g = 1, ..., Gsolve Eq. (8). To do this an initial set of fluxes, 

is guessed. The set g = 1, .... G is used to find 
Next Eq. (8) is solved forand then Eq. (8) is solved for 

u 9 G is used to find(O) g = 3, .i|jO)(r,n) where the set 

Q(0)(F,fi). This procedure continues until the entire set 

1 

= 1, . • • > G has been found. When this is done then one outer(1) g 
g 

So the outer iteration for a fixed sourceiteration has been completed. 

problem is 

• V ip' + a (r) 
g g g 

(8a) 
a= / 
sg^ 

where 

y y 

g-l 
a+ / I 

g =1 

G 
o+ I , {r,Q->^) ) (r.J^ ) dJ^ (9a) 
sg ^ g 

g =g+i 

and k is the iteration index. 

For an eigenvalue problem Eq. (7) becomes 

• V Ip (r,n} + o (r) ip^(r,j^) 
g g g 
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G 
o-I I . (r,n -Kl) ^ ^(r,Q ) dJl 
sg g 

g =1 

G 
+ J VO (10)

l^Xg / I fg -(F) i|;^-(r,f2 ) . 
g =1 

There are an infinite number of eigenvalues for this equation but there 

is larger inwill always exist a real positive eigenvalue, which 

magnitude than any other eigenvalue.® Moreover, corresponding to 

is an eigenfunction which is uniquely nonnegative. It is k^g^ and the 

corresponding eigenfunction that are being sought. The physical meaning 

successiveof k is the ratio between the numbers of neutrons in 

betweengenerations, with the fission process being the separator 

generations. 

and the 
axThe iterative process which is used to find k^

corresponding ip is to find a sequence of k^"’^ and corresponding 

(where m is the iteration index) such that lim k and= lim ip"’ = 
tTh^ m-x» 

Following along with the physical meaning of k, the equation used 

for k^*^) is 

(m)
l^(m) = Fission neutrons produced by ip 

(m)Fission neutron source for ip 

G G 

VO (7) »<"!>I Xg I g"f
g=i gg =1 (11) 

G G 

VOL ^g I
g=i g f g 

g =1 
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right side ofThe scattering source term is the first term on the 

of aIt is broken into three parts as was done in the caseEq. (10). 

fixed source problem. 

The outer iteration for an eigenvalue problem is 

n • V + a (?) tp('")(?,fi) 
9 9 9 

(12a)a= / (r.^l'-Hl) i|j^'^^(r,fl") dll" +sg^g 

where 

Q(m-l) = I , (r,f2"->fl) ij;("’)(r,fl ) 
g ^ ^

a 

sg -^g g 
g =1 

G 

+ I a . (r,fl-Hi) )(r,n ) dSl 
sg ->g g 

g =g+i 

G 

va ^(r) ) (r,Sl ) dfl . (12b)+ 
1

Xg / I fg gk(ni-l) g =1 

So the first four steps of the iteration procedure for an eigenvalue 

problem are: 

G’• 91. Guess ip(°)(r,fi) g = 1, • « 

2. Guess k(0). 

= 1, • G‘3. Solve Eq. (12a) for ip^^^(r,?) ^ . • 9 

4. Solve Eq. (11) for k^^'. 
of theEach outer iteration involves the solution of an equation 

form 
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.Q • V + a(r) 

(13)= j^ a (r’,Q'"->fl) ip(r,fi^) <^.Q' + Q(r,f2) 

for each energy group. This is identical to Eq. (8a) or Eq. (12a) except 

that the g subscripts have been dropped. The source, Q, in this case 

from othercould either consist of an extraneous source and scattering 

and scatteringgroups (for a fixed source problem) or a fission source 

scattering crossfrom other groups (for an eigenvalue problem). The 

section, o^, is a within group scattering cross section. 
The iterationsEquation (13) is solved using an iteration process. 

inner iterations.used in solving Eq. (13) for each group are called 

an initial flux,The first step in this iterative process is to guess 

(^). This flux is used on the right side of Eq. (13). Then the right 

is solved for .side is known and the resulting differential equation 

is then used on the right side of the equation and the procedure 

ascontinues. These inner iterations may be described 

^2 • V (p*^(r,f^) + a(r) ip'^(r,J^) 

(14)= / 0 (r,r^) d^' + Q(r,fi) . 
Q 

B. Numerical Solution of the Inner Iteration 

in Slab Geometry 

functionsSome mathematical tools such as the spherical harmonics 

tools will beand Legendre polynomials will be described. Then these 

for one dimensionalapplied towards solving the inner iteration equation 

and two dimensional slab geometries. Finally difference equations will 
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and isotropicbe written for the special case of isotropic scattering 

source in one dimensional and two dimensional slab geometry. 

The Inner Iteration in Slab Geometry 

in Eq. (14) willTwo special cases of the inner iteration as written 

now be described. 

slabThe first case is the transport equation in one-dimensional 

The inner iteration for this case isgeometry. 

2^ 1 

1 k-1 

oX 
+ a(x) ip’^(x,y) = 

4it Os(x,yo) (x,y ) dy dO 

0 -1 

+ Q(x,y) (15) 

where yg is defined in Eq. (5). 
in two-The second case to be considered is the transport equation 

The inner iteration for this case isdimensional slab geometry. 

n I- ip*^(x,y,y,e) + y ^ i(;’^(x,y,y,e) + a(x,y) ip*^(x,y,y,0) 
9x 

27T 1 

1 
as(x,y,yo) ^|^’^■^(x,y,y^0") dy d0 + Q(x,y,y,0)4it 

-1 (16) 

where n = A - cos 0 and y0 
is defined in Eq. (5). 

In each case the discussion of the numerical method used will begin 

terms arewith a description of how the integrals in the scattering 

are nowevaluated. In order to evaluate them certain special functions 

described. 
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Legendre Polynomials and Spherical Harmonics 

of functionsThe Legendre polynomials constitute a familiar set 

defined by the recursion relationship 

(17) 

1 
The associated Legendre polynomials arewhere = 1 and Pi(y) = y. 

defined by 

m 
m 

p"{m) = (1 - py 
2 d 

Pn(p) (18a) 
n 

dy 
m 

and 

m (n - m)! pm / ^ (18b)p-m = (_i) 
n (n + m)! n 

The associated Legendrewhere m is a positive integer such that m £ n. 

in the angularpolynomials are used to define a complete set of functions 

variables y and 6 called the spherical harmonics. 
1 

They are defined by 

(2n + 1)(n - m)! ^ (19)P'^(y) exp(im0)Y;;(y,e) = (n + m)! n 

where n is a nonnegative integer and -n £ m £ n. The yJIJ obey the 
orthogonality relationship 

2tt 1 

1 
6 (20)ir(p.e) Y™(p,e) dpde - 6 
rn sm 

0 -1 
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is the Kronecker delta.where is the complex conjugate of and 6 
rn 

Since 

1 1 

y“(p,0) = (2n + 1)2 p°(ii) = (2n + 1)2 P^(p) , 

a similar relationship can be written involving Legendre polynomials. It 

is 

1 

(2n + 1.1 
2 P„(p) P„(y)m dp = 6^^ .n 

-1 

Since the Y"^ form a complete set, the function ip(x,y,p,e) can be expanded 
n 

as 

00 n 

'p(x,y,p,0) = I I 4>'|!J(x,y) Y'J(p,0) (21) 
n=o m=-n 

where, formally, the are defined as 
n 

2tt 1 

m _ 1 
n 4it j I ip(x,y,p,0) Y^(p,0) dpd0 . (22) 

0 -1 

Similarly the function ij;(x,p) can be expanded as 

00 

'p(x,p) = I (2n + 1) ())„(x) P^(p) (23) 
n n

n=0 
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where 

1 

')'(x.li) P„(p) dp • (24) 
n4„(x) = 1 

-1 

the cosineOne other relationship that is used is one that relates 

of the scattering angle, with the direction vector before scattering, 

(y,0). It is called(y",0^), and the direction vector after scattering 
It isthe law of angular addition for Legendre polynomials. 

Pn(dO> = Pnfd') Pn(d) " 2 
n 

{2^ P™(p') pS(p) cos m(0' - e) 

(25) 

The Scattering Integral in Slab Geometry 

in termsThe above equations dealing with expansions of functions 

of Legendre polynomials and spherical harmonics are now applied to the 

scattering integrals in one- and two-dimensional slab geometry. 

The scattering integral in the case of one-dimensional slab geometry 

is 

2tt 1 
1 k-1

(x,y ) dy d0 .
4tt 05(x,yQ) ip 

0 -1 

in terms ofThe scattering cross section and the flux are expanded 

Legendre polynomials yielding 
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2tt 1 
A ^ ^ 

1 

47T as(x,yo) 
0 -1 

Ztt 1 
oo 

_ 1 

4tt I (2£ + 1) O^^ix) P^Ipq) 
ll=00 -1 

OO 

I (2n + 1) ({)n(x) Pn(p") dy"de" (26) 
n=0 

where the superscript, k-1, has been dropped, Next Eq. (25) is 

substituted into Eq. (26) giving 

2tt 1 
OO 

a 
1 

1 (2£ + 1) (x) P„(y ) P„(y)
4tt s£ £ £ 

£=00 -1 

£ 
£ - m !

+ 2 
m=l
E £ + m f! P'J(y ) P'J(y) cos m(e - 0) 

OO 

X I (2n + 1) c()p(x) Pn(y") dy"de" 
n=0 

for the scattering integral. 

Since 

2t7 
1 

cos m(e - 0) d0 = 0 ,
2it 

0 

when the integration over 0 is carried out the scattering integral 

becomes 
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1 r 
00 

2

1 
I {2£ + 1) o^^(x) P^(y ) Pj^(y) 

Jl=0
-1 ■-

oo 

X I (2n + 1) (})j^(x) P^(y ) dy . 
n=0 

Use of the orthogonality relationship yields 

00 

(27)I (2il + 1) ())^(x) P^(y) 
Z=0 

which can be written as 

1 
00 

1 
ip(x,a P„(0 d? . (28)I (2£ + 1) 05j^(x) P^(y) 2 Z 

Z=0 
-1 

This is the form used in evaluating the scattering integral. 

integral forA similar process is now carried out on the scattering 

the two-dimensional slab geometry case which is 

2tt 1 
1 

as(x,y,yo) 'p’^'^(x,y,y ,0 ) dy de . (29) 
4tt 

0 -1 

The cross section is expanded in terms of Legendre polynomials and 

the flux is expanded in terms of spherical harmonics yielding 

2tt 1 r 00 

1 

4tt j; (2Z + 1) o^g^(x,y) Pj^(uq) 
£=0 

0 -1 
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«> n11 ^ ^ ^ ^ 

X I I <J>"’(x,y) vni{y ,9 ) dy de . 
n=0 ni=-n 

integral inNext Eq. (25) and Eq. (19) are used to put the scattering 

the form 

2tt 1 
oo 

I (2)1 + 1) a^^(x,y) P^(y") p^(y)4tt _1 Lii=00 

X [ I I 4);;(x,y) Y;;(y^e') dy^de^
_n=0 m=-n " " 

2tt 1 00 

4tt I (2)1 + 1) a5^(x,y) 
)i=0 

0 -1 

I 

X 2 I 
z

_^_^pk(y") pk(y) COS k(e" - 0)k=l 

1 

m

X 
00

E 
n

I <() n 
(2n + 1 )(>^ - ^ p'^(y ) exp(im0 ) dy d0 . 

m=-n (n + m)! J nn=0 

zero becauseThe second integral in this expression is equal to 

2tt 

COS k(0" - 0) exp(im0 ) d0 = 0 
0 

for any integers k and m. Using the fact that 

1 

(21 + 1)^ P^{v') = Y°(u',e') = 
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and the orthogonality relationship, Eq. (20); the first integral can be 

written 

1 
00 

I {21 + 1)^ a (x,y) <|)J(x,y) Pj^{y) (30)
si 

£=0 

where 

2Tr 1 

ip(x,y,y",0") P^(y) dy de . 
0 -1 

scatteringSo Eq. (27) and Eq. (30) are the desired forms of the 

With this formulationintegral for one- and two-dimensional slab geometry, 

evaluation of a seriesthe evaluation of the scattering term involves the 

of integrals of fairly simple form. In practice the infinite series in 

A calculation which isEq. (27) and Eq. (30) are truncated at = L. 

By way ofperformed using this truncation is called a Pl calculation, 

the zeroth term of theillustration, the numerical method for calculating 

series in Eq. (27) and Eq. (30) is described under the heading. Finite 

Difference Equations with Isotropic Scattering and Source, beginning on 

page 22. 

The Source Term Expansion 

To be consistent with the scattering integral, the source term, Q, 

in Eq. (15) and Eq. (16) is expanded in terms of Legendre polynomials or 

spherical harmonics. 



22 

is written asIn the one-dimensional case of Eq. (15) the source 

oo 

Q(x,y) = I {2Z+ 1) Q (x) P (y) . (31a) 
£=0 ^ ^ 

is writtenIn the two-dimensional case of Eq. (16) the source 

00 I 

(31b)Q(x,y,y,0) =11 Qp(x,y) Y'J'(y,0) .
£=0 m=-£ ^ ^ 

Finite Difference Equations in Slab Geometry 
with Isotropic Scattering and Source 

which involvesA special case of the transport equation is the one 

isotropic scattering and an isotropic source, An isotropic function is 

one that is not dependent on an angular variable. 

The inner iteration for one-dimensional slab geometry with isotropic 

scattering and source is 

1 

y 
k-1 

(x,y ) dy + Q(x) .1^ ip'^(x,y) + a(x) ip'^(x,y) = a3(x) ^ 
-1 

(32) 

Note that the scattering integral in this equation is exactly the same 

as the scattering integral that results from truncating Eq. (28) at 

L = 0. The source term here is the same as Eq. (31a) truncated at 

L = 0. 

Now a description of how Eq. (32) is solved numerically is presented. 

isThe first step in writing the finite difference equation to discretize 

the angular variable y. A set of directions, |y,^|n^ = •\ ^ ^ is chosen. 
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is chosen, ThenCorresponding to each direction a quadrature weight 

the integral in Eq. (32) may be written as 

1 
M 

1 

2 
ip(x,y) dy = (33) 

m=l-1 

is a unique setwhere 'Pp^(x) = ^(x.yj^).® In fact for any even M there 
formula is exactjyn^l with corresponding jw^) such that the integration 

for a polynomial in y of order 2M - 1. This set of quadrative parameters 

is called the Gauss quadrature set.® 

The position variable, x, is discretized next. Suppose the length 

into I cells.of the slab is R. -Then the interval [0,R] is partitioned 

So a typical mesh cell is of width 

Ax. = X X 
1 1 ■ 1 

i + ^ i - 2 

where 

X and X 
1 1

i + i - i-
2 2 

the \th mesh cell.denote respectively the right and left boundaries of 

is given byThen x^ denotes the center point of a mesh cell and 

_ 1 
X. X + X

1 2 1 
i + ^ 

■ J 2J 
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The partial derivative in Eq. (32) is differencedThus = »^(x,). 
yielding 

y 
m k-lLk 

n 

+ a. . = a + Qi • (34)
Ax,- 1 1 1 ^m,i SIi T "'n ^ni 1 

1 

\ mi + 2 mi -
2 

n=l 

This is the finite difference form of the inner iteration in one 

dimensional slab geometry. 

The inner iteration for the transport equation in two-dimensiona l 

isslab geometry with isotropic scattering and source 

n (x,y,ij,0) + y (x,y,y,e) + o(x,y) (p’^(x,y,y,0)
9y 9x 

271 1 
1 .,.k-l

'P (x,y,M ,0 ) dy d0 + Q(x,y) (35)ag(x,y) 477 
0 -1 

Note that the scatteringwhere k is the iterate; and n = A - y^ cos 0. 

integral in Eq. (35) is the same as the scattering integral that results 

from truncating Eq. (30) at L = 0. Also the source term in Eq. (35) is 

identical to the source term resulting from the truncation of Eq. (31b) 

at L = 0. The solution of the inner iteration for a problem in two 

dimensional slab geometry with isotropic scattering is equivalent to 

performing a Pq calculation. 
now described.The difference equation used in solving Eq. (35) is 

is chosen. TheAs in the one dimensional case a set of M directions 

Gauss quadrature set |y^, ..., M approximate 
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are approximatedthe integral in Eq. (35) and the partial derivatives 

using finite difference methods yielding. 

k -I k 11 . 1 .
mi + - o J2 ^ 2 %i0 + ■ 2 

^m + nmAx,-
Ayj1 

M 

+ a • • • • (36)
ij ^mij “sij '•'nij ' 

in two-This is the finite difference form of the inner iteration 

dimensional slab geometry. 

Differencing Methods and Boundary Conditions 

are not ofThe finite difference equations [Eq. (34) and Eq. (36)] 

any use without boundary conditions and another set of equations relating 

the cell centered flux to the cell boundary fluxes. 

on theIn the one-dimensional case if there are I mesh cells 

interval [0,R] then there are MI cell centered unknowns, m = 1, 

P arising from Eq. (34). There are M(I + 1) cell 
• • 5..., M and i = 1, . 

. So theboundary unknowns. 
9 M and i = 0, • 9 I 

total number of unknowns in a one-dimensional system is (21 + 1)M. 

Equation (34) only gives rise to IM independent equations, This 

leaves a need for (I + 1)M equations. Boundary conditions supply M of 

these equations, The other IM equations are supplied by difference 

equations which relate the flux in the center of any given cell with the 

flux on the boundaries of the cell. 
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Boundary conditions. Two types of boundary conditions were used in 

thethis work. One was the void boundary condition; the other was 

reflected boundary condition. 

The void boundary condition is stated as 

ip{0,y) = 0 for y > 0 

and 

4;(R,y) = 0 for y < 0 . 

One of the properties of a Gauss quadrature set is that for any y,^ in 

boundary conditionthe set there exists -yp^ in the set.^ Thus the above 

provides M/2 equations at each boundary. 

The reflected boundary condition is stated as 

ip(0,y) “ 'p(0»-y) 

and 

i|;(R,y) = i|j(R,-y) 

These equations provide M/2 equations at each boundary. 

Difference equations. Several different relationships are used to 

the one-dimensionalprovide the IM remaining equations needed for solving 

inner iteration in slab geometry. 
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The diamond difference equation is 

k k 
+ /2 = 'P . . (37)

1 1 mi
mi -

2 mi + 2^, 

It works well in many instances, However, with a coarse mesh negative 

fluxes are generated.^ 

differenceA "negative fixup" method has been used when the diamond 

method generates negatives.'^ It is called the linear step method. With 

this method 

mi 1 
mi + o-

2 

any time a negative flux is computed from Eq. (37). 

Another difference equation is 

+ (1 - a) (38) 
mi 1 1 

mi 
■ 2 mi + j 

where 1/2 < a < 1. This is called the weighted difference formula. 

A super weighted difference method has been developed by Rhoades 

and Engle. 
8 

It differs from the weighted difference formula in the way 

that the weight, a, is chosen. 

is solvedThis completes the description of how the inner iteration 

numerically for the one-dimensional transport equation in slab geometry. 

two dimensionsThe boundary conditions and difference formulas in 

are completely analogous to the one-dimensional case. 



III. STATEMENT OF THE THESIS PROBLEM 

The problem that is solved in this thesis is now described. 

inner iterationsThe problem is to accelerate the convergence of the 

This isof transport calculations performed by the computer code, DOT. 

correction scheme,done by developing subroutines that use the source 

implementing these routines into DOT, and finally, evaluating the 

effectiveness of these routines in accelerating the inner iterations in 

DOT. The measure of acceleration used in this work is the number of 

amount of CPU timeiterations required for convergence rather than the 

required to run a problem. 

with theThe evaluation is performed by comparing results obtained 

source correction scheme with results obtained using the conventional 

rebalance method (which is in the current version of DOT) for several 

problems in one- and two-dimensional slab geometry. 

28 



IV. ACCELERATION OF INNER ITERATIONS 

Miller toThe theory of generalized rebalance has been used by 

accelerate the convergence of inner iterations for transport problems.^ 

now be presented.An explanation of the general idea of rebalance will 

One is the conventionalTwo rebalance schemes will be discussed, 

rebalance method (CRB), The other is the source correction scheme (SCS) 

These methods will be described for the caseas developed by Alcouffe.^ 

Then theof the inner iteration, Eg. (14), of the transport equation. 

SCS will be described for one- and two-dimensional geometries and final 

difference equations will be presented. 

A. The General Idea of Rebalance 

described aboveThe inner iteration for the transport equation was 

as 

Q • V ipg(r,J^) + ag(r) $g(r,^^) 

a (r,Ti (p'^"^(r,J^ ) df^ + Q(r,f2) . (39a) 
sg^ g 

This equation is identical to Eq. (14) except that the g subscripts have 

fluxes on the leftbeen put back in and a tilde has been added to the 

side of the equation, The symbol, $, represents a flux that is yet to 

be improved by a rebalance procedure. 

in theThe iteration procedure without rebalancing is described 

following steps: 

29 
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1. k = 1. 

k-1
2. Solve for knowing using Eq. (39a). 

g 9 

3. If 

~k k-1 

< e 
k-1 

g 

obtained.for each point in the system then convergence has been 

4. k = k + 1. 

k-1 _ ;r,k-l
5. = IP 

g 

6. Go to step (2). 

Without rebalancing many transport problems converge slowly. Next the 

iteration procedure with rebalancing is described. 

Of great importance in the rebalance procedure is the quantity 

- g 

InIt is called the scalar flux and will be represented by ^(r). 

fact, from Eq. (22) it is seen that 

k-1 Ok-1 k-1 
(40)'g (r) = (f) 

og 
(r) = (r,fi') Y^(J^") . 

Q. 

in theThe iteration procedure with rebalancing is described 

following steps: 
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1. k = 1. 

2. Solve for knowing (F,fT) using Eq. (39a). 
g g _ 

3. Find an improved scalar flux, using ii)^(r,J^). 
4. Find an improved directional flux, ip*^(r,u), using (l)*^(r). 

g g 

5. If 

< e 

’Pg'^ (r,n) 

obtained.for each point of the system then convergence has been 

6. k = k + 1. 

7. Go to step (2). 

The heart of the rebalance procedure is step (3) and step (4). 

Three ways of performing step (3) and two ways of performing step (4) 

are described in this section. The name of each of these methods is 

in Table 1. 

Table 1 

Different Rebalance Methods 

Step (3) Step (4) 

A. Alcouffe's flow term (SCS) A. Scalar moment 
B. Modified flow term (SCS) B. All moments 

C. Conventional rebalance 

One of the main computer codes in use at Oak Ridge National 

Laboratory for solving transport problems is called DOT. It uses a 
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for step (3) andsophisticated form of the conventional rebalance method 

B under step (3)the all moments method for step (4). Method A and Method 

correction schemein Table 1 are two different versions of the source 

to the SCS.(SCS). Method A of performing step (4) is also unique 
The mainThe SCS had not been used in the DOT code previously. 

promulgatedpurpose of this work was to incorporate the SCS method as by 

Miller and Alcouffe into the DOT code. 
6,3 

B. Three Methods of Finding (t)'^(r) Based 

on a Knowledge of ipMr.n) 

In this subsection three methods of performing step (3) in the 

rebalance procedure are described. 

The Conventional Rebalance Method 

version of theThe method now being used in DOT is a sophisticated 

conventional rebalance method. This is Method C of step (3) in Table 1. 

inner iterationThe first step in deriving the CRB is to write the 

scattering andof the transport equation for the case of isotropic 

source which is 

aQ, (f) ♦k-'(r) + Q (r) (41) 
sg->g y y• V ip^(r,S^) + ag(r) $^(r,57) = 

This equation is then integrated over yielding. 

V • n dB + 0 (r) = a 
y sg^ (F) + Qg(r) . (42)y y 

n 
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in the
Recall that ag(r) represents the probability of a neutron 

The possible interactionsqth energy group undergoing an interaction, 

are divided into two categories. One category of interactions is the 

That is the probability of an interactioncategory represented by '^sg.^g-
of energy group.resulting only in a change of angle but not in a change 

which a particleThe other category consists of all other interactions 

could undergo, All of the interactions in this second category involve 

a removal of the neutron from the energy group g. Thus the probability 

of an interaction falling in the second category is represented by 

(r) and""Rg 

(43) 

k-1 
(r) then Eq. (42)If it is assumed that at convergence s')g(r) = cfig 

becomes 

(44) 

where 

J(r) = dfi . 
J ^ 

A rebalanceJ (r) is called either the current or the flow term, 
g 

ratio of the improved
factor, fg(r), is introduced which is equal to the 

That is.scalar flux to the unimproved scalar flux. 
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fg(r) = ♦^(r)/i^(r-) . (45) 

The correction equation for the CRB method is 

V • {44a)j('-)J + a„g(r) f^(r) i^(r) = q^Cr) Z 
The conventional rebalance method proceeds in the following way. 

Then the correction equationFirst Eq. (39a) is solved for ij)g(r,J^). 
Then Eq. (45) is used to find the improved(44a) is solved for fg('^)-

scalar flux, 4>g(>^)- Then the improved directional flux, tpg(r,J^), is 
found based on a knowledge of the improved scalar flux, 4>g('^)» one 
iteration is complete. The ways that ij;g(r,fi) is found based on ())g(r) 
are discussed in the next subsection which is entitled, "Finding 

(j)g(r,f]) Based on 4>g('^)-" 
the innerEven though the correction equation was derived from 

same correctioniteration with isotropic scattering and source, the 

and source.equation is used in the case of anisotropic scattering 

This completes the derivation of the CRB listed in Table 1, page 31, 

as Method C of step (3). 

The SCS with the Alcouffe Flow Term 

scheme with theThe next method described is the source correction 

The SCS isAlcouffe flow term.^ It is Method A of step (3) in Table 1. 

a rebalance method which has only very recently been incorporated in 

the DOT code. 
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This method uses a correction equation to perform step (3) of the 

rebalance procedure, as did the CRB. The correction equation for the SCS 

is similar to Eq. (44). 

in that theThe SCS correction equation is different from Eq. (44) 

The diffusiondiffusion operator appears in the SCS correction equation, 

operator is -V • 0^(7) V where the diffusion coefficient, 

(r)] . (46)Dg(r) = l/3[ag(r) - ^0 ^sg 

over allThe symbol, is the cosine of the scattering angle averaged
0 

the isotopes present. 
1 

In the special case of isotropic scattering 

= 0. 

flow term isThe correction equation for the SCS with the Alcouffe 

V • Dg(r) V())g(r) + Oj^g(r) (fg(r) 

= Qg(^) - V • Jg(r) - V • Dg(f) V(}.g(?) . (47) 

This equation is used to perform step (3) of the rebalancing procedure. 

FirstThe SCS with the Alcouffe flow term proceeds in the following way. 

Then the correction equation, Eq. (47)Eq. (39a) is solved for ii}g(r,f2). 
Finally ip (r,J^) is found based on <}) (r) and one

9 9 

iteration is complete, 

is solved for <}>g('^) • 
The ways that ipg(r,fi) is found based on <}>g('^) 

are described in the next subsection. 
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Thus ifNote that at convergence Eq. (47) collapses to Eq. (44). 

equation which isthe SCS converges it converges to the CRB correction 

a form of the converged transport equation. 

that if the rightThe reason this method is so appealing is the fact 

then Eq. (47) is theside of Eq. (47) is considered as a corrected source 

diffusion equation, This is why this method is called the source 

correction scheme. 

This completes the description of Method A under step (3) in Table 1, 

page 31. 

The SCS with the Modified Flow Term 

of the SCS whichThe next method of performing step (3) is a version 

The correction equationinvolves a novel form of the flow term, Jg(f')-
in this case is similar to the Alcouffe version of SCS. The only 

difference arises from solving Eq. (42) for 

V • 

9. 
^ ii)^(r,f2) 

and substituting into Eq. (47) yielding 

-V • Dg(F) V(})g(r) + a[^g(7) ({i ^ ( ^) 

= Qg(r) - Qg(f) - ag(r) (j)g(r) + a (r) (D^-‘‘(r)sg^ 

V • Dg(?') V(})^(7) 
0 a 

sg-^Rg (r) i^(F) - (r) (J)^"^(r) - ^^(r) 

V • Dg(F) vi^(F) (48) 
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term version ofwhich is the correction equation for the modified flow 

the SCS. It is used to perform step (3) of the rebalance procedure. 

So the SCS with the modified flow term proceeds in the following 

way. First Eq. (39a) is solved for Then the correction 

equation, Eq. (48), is solved for (t)g(r). Finally ipg(r,fi) is found based 

on (fi^Cr) and one iteration is complete, The ways that ipg(r,fi) is found 
based on (t)g(r) are described in the next subsection. 

0=0.Note that at convergence Eq. (48) reduces to the identity, 

This completes the derivation of Method B under step (3) in Table 1, 

page 31. 

C. Finding ipg(r,fi) Based on (|)^(r) 

Two different methods are now discussed for performing step (4) of 

directional flux.the rebalance procedure, that is, finding the improved 

scalar flux,ijjl<(r,f^) based on the knowledge of the improved 
harmonicsThe directional flux can be expanded in terms of spherical 

as was seen above. Then the flux is 

00 n 

(49a)'Pjr.a) = I I ♦"(>•) Y;i;(n)
^ n=0 m=-n ^ 

where 

(49b)'Pg(r,Jl) yJJ(JI) .gn 

are described next.The two methods mentioned under step (4) in Table 1 
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The Scalar Moment Method 

of the rebalanceThis method was used by Miller to perform step (4) 

With thisIt is Method A of step (3) in Table 1, page 31.procedure.® 

the improved scalarmethod the improved directional flux is found from 

flux using 

00 

go“"(F) + I 
n

I i "'‘('■j v;;{n). (50) 
n=i m=-n n 

m^^O 

the improvedThis method is called the scalar moment method because 

flux and the otherdirectional flux is the sum of the improved scalar 

flux moments which are unimproved. This method was not previously used 

in DOT. 

The All Moments Method 

The other method of performing step (4) of the rebalance procedure 

With this method all of the fluxis called the all moments method, 

flux. Let f (r)moments are improved by the same factor as the scalar 

be the rebalance factor defined as 

(51)f'^(r) = <})„°'^(r)/4> 
go go 

all moments methodThen the equation used to perform step (4) with the 

is 

(52) 
y n=l m=-n ^ 
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in Table 1, page 31.*This is the description of Method B under step (4) 
in Table 1.This concludes the discussion of each of the methods 

D. The Source Correction Scheme 
in Slab Geometry 

The SCS for the special cases of one- and two-dimensional slab 

geometry are now described. 

The inner iteration for the transport equation in one-dimensiona l 

The Alcouffe correction equation, Eq. (47),slab geometry is Eq. (15). 

in one-dimensional slab geometry is 

d(})o(x)l d^id(j)o(x)' 
0(x> + 0r(x) ♦Jx) = q,(x) - ^ D(X) dx dx 

(54) 

where 

1 

i|j(x,y) dy ;♦.(X) =1 (55) 

-1 

1 

yii)(x,y) dy ;♦.(X) =1 (56) 

-1 

1 

1 (57)Q(x,y) dy ;q„(x) = 2 
-1 

and the k superscripts and g subscripts have been dropped. 
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The inner iteration for the transport equation in two-dimensiona l 

The correction equation with the Alcouffeslab geometry is Eq. (16). 

flow term for this case is 

9(l)o(x,y)'9 
D(x,y)

9x 3y9x - ly D(x,y) ^ (|)o(x,y) 

9x 
D(x,y) 1_ L(x,y)+ aj^(x,y) (t)o(x,y) = Qo{x,y) -

9 

ax ” 

- It79y D(x,y) ly (l)o(x,y) (58) 

where 

2tt 1 

1 (59)iii(x,y,y,0) dyde ;'}>o(x,y) = Att 
-1 

277 1 

1 (60)y$(x,y,y,0) dyd0 ;4>i(x,y) = 4tt 
-1 

277 1 

1 - y^ cos 0/ ii)(x,y,y,0) dyd0 ; (61)
'J>2(x.y) = 477 

0 -1 

and the k superscripts and g subscripts have been dropped. 

in two-dimensionalThe correction equation with the modified flow term 

slab geometry is 

9<})o(x,y)' 
D(x.y) 

9x 9y9x - ly D(x,y) I;; (l)o(x,y) 
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k-1 

+ ap(x,y) <})o(x,y) = 0|^(x,y) 4io(x,y) + o^{x,y) (})o(x,y) - (x,y)^ 

(58a)- [D(x,y) ^o(x,y)] - |y [D(x,y) |y ^o(x«y). • 
the SCS in slabThese are the forms of the correction equation for 

geometry. 

E. Numerical Solution of the Correction 
Equation in One-Dimensional 

Slab Geometry 

In this section the numerical solution of the correction equation. 

The finite[Eq. (54)], for one-dimensional slab geometry is discussed. 

This finite differencedifference form of Eq. (54) is presented, 

equation leads to a system of simultaneous linear equations, A 

subroutine REBALdescription of how these equations are solved in the 

completes the section. 

The Finite Difference Form of the One-Dimensional 
Correction Equation 

First theThe finite difference form of Eq. (54) is now derived, 

are written inderivatives in brackets in the diffusion operators 

difference form yielding 

0 - (j, 

o'"i
1 

Oi -
2

1 

- .r “<x) Ax. 
+ Of^(x) 4)o(x) 

1 

- (j) 
_ 1Oi

Oi + ^ 2 d(|),(x) 
= Q.(>') -1 t>(x) Ax. dx 

(62) 
1 
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are differencedNext, the remaining derivatives in the diffusion operators 

giving 

- <t> 
Oi 

D 
(*0i + I Oi + 2

1 
Oi + 

1

2
- (j) 

■ 
1

2 
- D,. Ax_. 

i+1 Ax 
1

Ax. 1 

1i+1 

+ o^(x) 4)q(x) = Qj,(x) - d ^ (x) 
4) - 4) /(j, - 4>

1 1 1

Oi + 1 Oi + 2 Oi + ^ Oi ■ 2, 
Ax. . 

1 1
D - D. 
i+1 Ax.

1 Ax.j 

(63) 

This leaves three terms yet to be discretized, The diffusion operator 

terms are evaluated at cell interfaces (i - 1/2, i + 1/2, i + 3/2). 

for cell centeredHowever the source and cross sections are known only 

values of x. is known but 
9That is to say |c7r(x.), Qo(Xi)l i = 1, . • • I 

= 0, ..., I .. ?)■ • j)! i 

termsis not known. In order to discretize the source and cross section 

formulas.and have them evaluated at i + 1/2 the weighted average 

[o 4)] 
R 1 = (a„i4.oiAx, t <iRi+,AXi+,-|.(„+,)/2Ax, (64) 

" 2 

and 

Q (65) 
1 

Oi + 2 
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differenced so that it is evaluatedare used. The derivative of (J)-] is 

at i + 1/2 yielding 

♦oi * I - *0i + I '*’0i + ^ ■ '^Oi - ^ 
D 
i+1 - Di Ax,-

Ax_.
1 

1Ax 
i+1 

+ {c^Ri<l>oi^^• ^Ri+l^^-+l'^0i+l)/^^''i 

= " Qoi+lS-+l)/2AXi -

OiOi + I
- <t>

Oi + ^ Oi + ^
1 1

2 
- D.. Ax,-

1 1Ax-D 
i+1 AX 

i+1 1 

(66) 

slabwhich is the correction diffusion equation in one-dimensional 

geometry written in finite difference form. 

Solution of the Finite Difference Form of the 
One-Dimensional Correction Equation 

Next the actual procedure that was used to solve Eq. (66) is 

wasdiscussed. This task was performed by the subroutine REBAL which 

This subsection is arun in conjunction with the transport code, DOT. 

description of how Eq. (66) was solved in REBAL. 

to REBALThe first item to describe is what information is supplied 

REBAL has completedby DOT and what information is returned to DOT when 

its task. 

DOT supplies to REBAL the following information: 

♦ I> 

1 l^Oi i = 1, • • 
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2. '^li i = 1, • • • j r 

3. Q
Oi i “ Ij •••» I 

1 = 1 r'*• {”s1 
5. 

•i = 1. . • > r 

= 1, • j r6 • Hi 
The information that is passed back to DOT is simply = 1, r(t)oi| i 

of the firstIt is seen from the right side of Eq. (66) that one 

based on atasks of REBAL is to find the set 
* * • 9Oi + 1/2 i = 0, I 

A difference formula and a boundaryknowledge of ji„,j , , „ 
condition are used to accomplish this task. 

The different difference equations such as diamond, linear-step, 

In REBAL only theweighted and superweighted were discussed above, 

diamond difference formula 

(67)<P = 2(})», - (p1 Oi 1 

Oi + ^ Oi 
" 2 

was used. The entire set of cell boundary fluxes, cf) Oi + 1/2 0, 

membercan be found using Eq. (67) recursively provided that oneI» 

is known. 

• • • 9 

of the set is known since 
= 1, • • • > I 

the set of cell 

l♦oi! 1 =
In fact a boundary condition will give two values in 

boundary fluxes, namely (ji and (j) Two different boundary 
0 1/2 01 + l/2‘ 

conditions were implemented in REBAL. They were the void boundary 

condition and the reflected boundary condition. 

were used withTwo different ways of finding cp and (()
0 1/2 01 + 1/2 

a void boundary condition. 
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With thisThe first method is called the boundary ratio method, 

are not found in REBAL.method the boundary values, y2 ‘f’OI + 1/2 

They are found in DOT byThey are found in DOT and then sent to REBAL. 

use of 

M 

<!> (68) 
Op 

m=l 

for p = 1/2 and p = I + 1/2. So with the boundary ratio method the list 

of items sent to REBAL from DOT includes the two boundary values, (}> 
0 1/2 

and (J) 
01 + 1/2’ 

condition isThe second method of incorporating the void boundary 

fact that at acalled the extrapolation method. This method uses the 

void boundary the scalar flux is known to decrease exponentially as in 

Fig. 2. 

X 

0 

Fig. 2. Scalar Flux Dropoff at the Left Boundary. 
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The distance L in Fig. 2 at which the flux drops off to nearly zero 

This then gives the approximatehas been found to be about 2.13 Di.^ 

slope of the flux at the boundary, giving rise to 

1 

'Vi^ ^o(x) 
x=0 

0 2 
(69) 

2.13 D 
1 

at the left boundary. In finite difference form Eq. (69) when it has 

been rearranged is 

1 
d) (70)

1 

+ 
AX] of1 

2.13 D
1 

When the diamond difference formula [Eq. (67)] for i = 1 Is substituted 

into Eq. (70) the result is 

d> 1
d) (71)1 01AX] 

1 + 
4.26 

which is the formula used in REBAL to find cj) from (})„, with the
0 1/2 01 

extrapolation method. A similar relationship can be derived for the 

right boundary which is how the right boundary value, d> , is found
I + 1/2 

in REBAL with the extrapolation method. 

With the reflected boundary condition, REBAL receives the values 

d> and d> from DOT. In DOT they are calculated using Eq. (68).0 1/2 01 + 1/2 
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is found based on 
= 0, ..., IThe way that the set | <})q^- + 1/21 i 

the set has now been described.= 1 I\^0i\ 1 = 
linearThe next topic is the solution of the set of simultaneous 

equations represented by Eq. (66). 

First Eq. (66) is written in tridiagonal" form by substituting the 

diamond difference formula in the term and rearranging to get 

D, D D..
1 1/o^ + iil_ + ^Ri+l^^i+1 ^Ri^^i 

4) 
V 4 Ax,- 1 Ax Ax • 4 Oi + i1 Oi i+1 1

2 2 

'"^Ri+l^^i+l D 
+ <}> 

4 

i+1 
= ("^^+1 %i+l + AX. Qq.)/2 

\ 
AX 

i+1 Oi + "^ 
D,- . D.. D

1 /D 
1 i+1

4) 4>
Ax 1 " 

1
: 4) 

Oi Ax Ax..
1 Oi + i ^^i+l 

2 Oi + I 

+ (4) - 4) ) . (72) 
li li+1 

Two different sets of equations arise from Eq. (72) depending on 

condition iswhether a void boundary condition or a reflected boundary 

imposed. 

left and theSuppose a void boundary condition is imposed on the 

i = 1,right. Then I-l independent equations result from substituting 

.... I-l into Eq. (72). The right side of each of these equations is 

known. These I-l equations contain I + 1 unknowns, namely |4)q. ^ 1/21 
The number of unknowns is reduced to I-l through equations

i = 0, .... r 

gotten from the boundary condition. The equations used depend on whether 
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is being used tothe boundary ratio method or the extrapolation method 

approximate the void boundary. 

equationsIf the boundary ratio method is used then the two extra 

are 

1 

<P 
0 o 

(73a) 

0 
1

2 of^3
0 ^ 

2 

and 

(|> 
1

01 + ^ 
- <}) (73b) 

1 1 ■
0101 + 

2 4> 
1

01 

If the extrapolation method is used then the two extra equations are 

1
(|> <P (74a) 

1 / Ax-|
1 +0 2 

\

of 
\ 2.13 D 1/ 

and 

1 
(74b) 

1 AXj
01 + 2 1 + 01 

■ 22.13 0
\ I 

i = 1 and i = I - 1In either case the equations generated by substituting 

into Eq. (72) can be written as 
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D
+ ^ (1 + C|_) (1 . C|_) 

1 

4AX'! Ax
2J of 

OR2AX2 ^^2 
+ 

4 
2J 

4> = (AX2 Qg2 Qq] )/2 Ax 

of 
D D D„ . 

<t> <P - ct) + (4> - <J> ) (75)Ax 1 AxVAX2 Ax
1 2 0^ n 121

0 2 of 2 

and 

D D a AxOdtAXt 
i_ + 1-1 + RI-1 (})(1 . Cr) ^ > + (1 - Cr) Ax I Ax

I-l 
4 

I-l 

1 
01 

“ 2 

D- . \ 
I-l 

+ <1) + Ax )/2 
\ 

4 3 ^^^I %I I-l %I-1Ax 

1-1/ 01 - f 

D D D D 
I-l I I :

+ 

Ax 1 Ax Ax 1 ■ 1x7
1

^ 
I-l I I-l I

01 + -2 2 01 - I 

+ ((p - <P.r) (76) 
11-1 II 

. • • 9respectively. These two equations along with Eq. (72) for i = 2, 

1-2 make up a system of I-l equations which when put in matrix form yield 

an (1-1) X (I-l) tridiagonal matrix equation, The constants C|_ and 

are obtained from either Eq. (73) or Eq. (74). For example in the case 

of a void boundary done with the extrapolation method 
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1 

Ax 
I

1 + 
2.13 D 

I 

Now suppose that a problem is being solved that has a 

on the left and on the right. The reflected boundary 

i(;(x,u) = i|;(-x,-y) 

at the left boundary and 

ip(R + X, y) = ip(R - X, -y) 

at the right boundary. Thus since 

1 

1 
ijj(x,y) dy 

-1 

and 

1 

1 
yij^(x,y) dyh (x) = 2 

-1 

the reflected boundary condition can be stated as 

'f>o(x) = 4>o(-x) 

(t'o(R + x) = (j)o(R - x) 

(77) 

reflected boundary 

can be stated as 

(78) 

(79) 

(80a) 

(80b) 
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and 

(81a)4, (x) = -t (-X) 
1 1 

(81b)
())^(R + x) = - x) . 

I then one has a system of I + 1• • • 9If Eq. (72) is written for i = 0, 

equations with the I + 3 unknowns, |(})Qj _ -^12] \ = 0. I 2-
The 

• • • 9 + 

the resultingboundary conditions eliminate the extra unknowns and 

equations are 

D D1 ^Rl'^^l 1 
2 (f) . + 2 4) 

Ax 4 1 4 AX 
1 1 

D D
1 

4> -2^ - 2(}) (82) 
Ax Ax= Ax^Q^ + 2 1 11

1 Oj 1 of 

and 

D /D/OrjAXi I I 
2 <P + 2 (1) 

\ 4 Ax 
I 01 --

1 \AXi 4 
01.-

1 

D D 

= AXtQ <P + 2 
Ax

I 
4>
: 

1 
+ 2 (t>

II 
(83)

Hoi " ^ AX 1
I I 

2 I 01 + 2 

and Eq. (72) for i = 1, I-l. When put in matrix form this yields 

a tridiagonal (I+l) x (I+l) matrix equation. 

reflectedIn both the case of void boundaries and the case of 

boundaries for the one-dimensional diffusion correction equation it has 
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been shown that the problem of solving the system of equations arising 

matrix, Thefrom Eq. (72) is equivalent to inverting a tridiagonal 
the Thomassubroutine REBAL calls a subroutine SOLVER which uses 

algorithm to invert a tridiagonal matrix.® 

set of improvedOnce the tridiagonal system has been solved then a 

is In the case of void boundaries this setcell boundary fluxes known. 

In the case of reflected boundariesI't’Oi + l/2l i = 1, ...» I-r 
The final task to be done by

this set is i = 0, • • • > r 

REBAL is to find the improved cell centered fluxes, |())q^| = 1, .... r 

The diamond difference formula 

(84)4> + (}) V2
Oi 1 1

Oi Oi + ^ 
2 2/ 

basedfor i = 1, I is used to find the improved cell centered fluxes• • • 5 

on the improved boundary fluxes. 

solved becauseIn the case of reflected boundaries Eq. (84) can be 

is known.the set (<!,(,, + ,/2| ^ = 0, • 9 I 

In the case of void boundaries the values 4) and <p must 
0 1/2 01 + 1/2 

can be found frombe found before the cell centered fluxes 4) and <p
01 01 

is used toEq. (84). If the boundary ratio method is used then Eq. (73) 

find 4) and (p 01 
If the extrapolation method is used then 

0 1/2 + l/2‘ 

Eq. (74) is used to find (p and 4) Then Eq. (84) is used
0 1/2 01 + l/2‘ 

to find the cell centered improved fluxes. 

form ofThis completes the discussion of how the finite difference 

the one-dimensional slab geometry diffusion correction equation is solved 

in the subroutine REBAL. 
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F. Numerical Solution of the Correction 
Equations in Two-Dimensional 

Slab Geometry 

formsThis section contains a discussion of the finite difference 

of the two correction equations [Eq. (58) and Eq. (58a)] in two 

dimensional slab geometry. Then a description of how the subroutine 

TWODIM solves these finite difference equations is given. 

The Finite Difference Forms of the Two-
Dimensional Correction Equations 

is solvedIn two dimensional slab geometry the transport equation 

on a rectangular region. Let this region be denoted by |(x,y)l 0 _< x ;< R 
into J intervalsand 0 < y < Hj. Then let the y variable be discretized 

and the x variable into I intervals. Then the rectangular region in 

in Fig. 3.question is made up of IJ mesh cells of the form seen 

(X ) (X. ,. Y. .)
J+*3 

(X.. Y.) 

)(X , • Y, . ) 
l-h J-*5 

Fig. 3. A Typical Mesh Cell. 
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for the SCS inThe correction equation with the Alcouffe flow term 

A finite difference form oftwo-dimensional slab geometry is Eq. (58). 

It isthis equation was derived by Alcouffe.^ 

/i'.i " °H1 
4) - 4) \ 

1 1 

Oi + 2 J 2 Oi + "2 j “2 / 

- 4)/4> 1 1 1 1
\ 

1
2Ax^ 

\ Oi + 2 j + 2 Oi -2-1 + 2/ 

(0 Ax- + )
ij+1" 1 

0 i+1 j+l^^i+1 \
45 - 4> 

1 1
2Ayj+i 01 4j 4 Oi + i j + ty 

)i+1 j^^i+1 \
45 - 45 

1 1 1
2Ayj Oi +

Oi + 2 J + 2 ■ 2/ 

a + oa +•i|' Rij'^ij'*’0ij Ri+1 j'^i+l j'^Oi+l j Rij+l'^ij+l'*’0ij+l 

+ a )/45 45
1 1 1Ri+1 j+l''i+l j+l'*’0i+l j+1 

Oi + ^ j + ^ Oi + ^ j + ^ 

' 4 ^^Oij'^ij %i+lj'^i+lj ^Oij+l'^ij+1 %i+l j+l'^i+1 J+l ^ 

4) - 41 
2AXi+i 

1 1

Oi + I j + ^ Oi + 2 j + 2 

(Dj.jAy.j ^ Di.i+i^yj+i) /: 
+ - 4)

2Ax,- ' 1 1 1 1 
1 Oi + ^ j + 2 Oi -2^ + 2 

(Dj.i+lAXj + Dj+l j-nAXi+i) /:45 - 45 

j+1 Oi +2Ay I Oi + ^ j + I 
1

2 J + 
1

2 
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4) - <|) 

2Ayj 1 1 

VOi+^j+^ 

(^li+ij^^j ^Ii+1 j+i^^j+i^ _ (^li.jAyj + ^iij+iAyj+i) 
22 

)((^Zi.i+lAXj ^2i+1 j+1^^i+1 
22 

(85) 

where V-^ = Ax.Ayj. 
term in two-Next the correction equation with the modified flow 

finite differencedimensional slab geometry [Eq. (58a)] is written in 

form. First, let all the terms on the left side of Eq. (85) containing 

Similarly let all the termsa D be represented by + ^2 j + l/2‘ 
be represented bycontaining the diffusion coefficient on the right side 

Let the removal term (the sum of all terms 
+ 1/2 j + 1/2' 

and let the source
containing Oj^) be represented by (cfR<}>o)i + 1/2 j + 1/2 

term (the sum of all terms containing a Q) be represented by Q^. ^ 
theThen Eq. (85) with the modified flow term rather than

j + 1/2* 

Alcouffe flow term is 

(WJ 1 1 * '“r*o> 1 10 
i + i +

2 0 + 2 2^ + 2 

= + (86)(D())J o„4)
R"0 1 10 1 1 * k(*o ■ )

i + ^ j + 2- Ji + 2 0 + 2 
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where 

+ a^(j) 1K(*o - R’^OJi , 12 j ^ 2 

_ 1 k-l\

M - (1) 
Oij /.^sij(^0ij 

+ a Ri+1 j'^Oi+ljJ'^i+l j 

’’’ '^sij+U'^Oij+l ^Rij+l'^Oij+1 

+ 
k-1 a- <1) +

^si+1 j+l(‘^0i+l j+1 Oi+1 j+1 ) Ri+1 j+l'*’oi+l j+l.'^i+l j+1 
(87) 

iterationand 4) 
k-1 (x.y) is the improved flux that was computed one inner 

(86). That is toprevious to the one currently being rebalanced by Eq. 
could besay, each >" in Eq. (86) and Eq. (87) that has no superscript 

written with the superscript k. 

finite differenceThis completes the description of the two different 

slabforms of the correction diffusion equation for two-dimensional 

geometry. 

Solution of the Finite Difference Equations in 
the Subroutine TWODIM 

finite differenceThis subsection contains an explanation of how the 

subroutine TWODIMequations [Eq. (86) and Eq. (85)] are solved in the 

which is run in conjunction with DOT. TWODIM is capable of running only 

problems with void boundary conditions. 
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is sent toThe first item to describe is exactly what information 

TWODIM from DOT and what gets sent back from TWODIM to DOT. DOT provides 

TWODIM with the following: 

1 
• • • J= 1, and = 1,• l%ijl i = ..., I j J' 

2- = 
• • I and j = 1, ..., J ‘91, * 

Kij11 = 1. • > I j = ..., J■and 1, 

4> 
J'• • • 94. ji 1 1/2 j’ '"II + 1/2 j j = 1, 

5. ({) 4> 
• • * 9 r2i 1/2’ '"2iJ + 1/2 i = 1, 

. D-
• • * 96- |“Rij u i = ..., I j1, and = 1, 

7 J-• • • 9• Hi! i == I and {Ayjj j ,1, 
k-1 

-8 
.^sijr Oij Oij ^Rij'^Oij.. '^ij 1 i == 1, ..., I and j = 1, 

J-

The information that is passed back to DOT by TWODIM is jf-jj[ 
for i = 1, ...» I

i = 1, . • 5 I and j = 1, .. J J where f^-j = <j)oij/d^oij•• 

• • • 9and j = 1, J. 

cornerThe first task performed by TWODIM is to find the cell 

values. 

1 1 

= 0, • 9 I ’ 

j = 0, J 
! 01 t ^ j + j|j 

based on the cell centered flux values, 

• 

0 = 1. • « J 
9I'^Oij} i == 1, • • • I 

• 9 
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linear interpolationThis is done for the interior cell corner fluxes with 

using 

4) - (4> + + 4) ) (89) 
1 1 4 ^ Oij Oi+l,j Oij+1 ‘^Oi+l j+1 

Oi + -2 j + ^ 

for i =1, I-l and j = 1, J-1. The boundary cell corner 

1, J-1fluxes (that is ^ ^ *01 + 1/2 j + 1/2} J = and 

) are found using an4> 01 + 1/2 1/2’ *0i + 1/2, J + 1/2} i = 1 I-l 
It isequation from diffusion theory called Pick's law.^ 

(90)J(r) = -D(r)V(j)o(r) . 

Pick's law can be applied to the two-dimensional slab geometry boundary 

flows as 

94)o(x.y) 
- D(b,y) = 4>i(b,y) (91) 

3X 
x=b 

for b = 0 and b = R and 

94>o(x,y) 
(92)- D(x,b) = 4)2(x*b)

3y 
y=b 

for b = 0 and b = H. 

riseIn finite difference form Eq. (91) and Eq. (92) give to 

Ax 
4> = 4, (93a)

1 1 3 1 + —
1

4>
: 

11
0^3’+^ 0^j+^ ^Ij i±j+± 
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for j = 1, ..., J-1 and 

Ax 

4) = (t) 
I 

(93b) 
1 1 1 1 D 

01 + 2 J " 2 01 - ^ j + ^ IJ M + \ 3 + \ 

for j = 1 J-1 and 

Ay 
1 

4) = (}) + 4) (93c) 
1 1 0 

il 2i.iiOi + 2 2 Oi 41 2 2 

for i = 1, . • 9 I-l and• 

4) = 4> — 4> (93d) 
1 1 1 1 D 1 1

iJ 2iOi+-^J+-^ Oi+^J--^ + 2 J + 2 

• 9for i = 1, . • I-l. DOT supplies the values |(l)i 1^2 j’ + 1/2 j 
which suffice to 

j = •1, .. J J and ji2i i/2« iziJ + 1/2 J i = 1, ..., I 
formulasgive the right side of Eq. (93 a-d) when the interpolation 

4> + 4) (94a)
1 1

1 ^ j+11 2 J + 2 2 

for j = 1, .... J-1 and 

_ 1 
4) + (j, (94b)4> 

1 1 1 .. 1 
II + ^ JII + Y J + t 2 11+^ j+1 

for j = 1, ..., J-1 and 
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(p + 4> (94c) 
1 1 1 

2i + 
2 \ 2i+l f2 

for i = 1, ..., I-l and 

+ <(> (94d) 
1 4* 1 1 

2i + 
1

2^ + 2 \ 2iJ + j 2i+l J + 2 

for i = 1 I-l are used, The unimproved flux at the corners of the 

With this methodregion are found using what is called the planar method, 

the flux at the corner of the region is assumed to be in a plane formed 

of its mesh cell.by the values of the flux at the other three corners 

rectangular regionFor example, the flux at the lower left corner of the 

is found using 

(95)<P = (P + (P - <1) 

nil 0 0 0 
2 2 0^2 ^22 22 

After the task of finding the cell corner fluxes has been completed 

difference equationit is seen that the entire right side of the finite 

i = 1,is known. Thus either Eq. (85) or Eq. (86) can be written for 

* • • I-l and j = 1, ..., J-1 yielding a system of (I-1)(J-1) equations 
> 

with (I+1)(J+1) unknowns, namely 

1 1 

= 0, ..., I0’ + i j * t| i 
j = 0, « • • 9 J 
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of equations aTo reduce the number of unknowns down to the number 

boundary ratio method is used, Along the left boundary, for example, 

this amounts to introducing the equations 

<i> 
_ / /Cf> 

1

\ (96) 

^ 
1

2 ^ ^ 
1

2 2/ ofj +1 

for j = 1, ..., J-1. This method, at the lower left corner of the 

region, introduces the equation 

= / (97)()5 ({) /(^ \ ()) 
1 1 3 3ii 11 __ 
22 22 2 2/ 22 

other boundariesOther similar equations can be written for the three 

and the three other corners. When these equations are substituted into 

or Eq. (86) thenthe (I-1)(J-1) equations arising from either Eq. (85) 

This system whena system of linear independent equations results, 

written in matrix form can be solved by inverting a five stripe matrix. 

TWODIM calls a subroutine, WWESOL, which was written by W. W. Engle 

and R. L. Childs.** It was modified slightly to solve a general n x n five 

stripe matrix. 

So after WWESOL has solved the five stripe matrix the improved flux 

values 

1 1j. + + ! i 1Oi 2 j 2) = I-l 
j = 1. • • • > J-1 
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are known. Next the boundary ratio equations such as Eq. (96) and 

fluxes,Eq. (97) are used to obtain the boundary cell corner 

<P <15
1 r 1 1I 0 2- j + ■2 01 + 2 j + 21I j = 0, J 

and 

4)
1 r 1 1 

Oi + 2 • • )|. 2 Oi + 2. J + 2) i = 0, • I 

Finally the cell centered rebalance factors are found using 

'4> 4> 
1 . 1 . 1 • 1

Oi Oi
_ 1 - Y j ~ Y J ^ ~ 7 ■ 1 j ? 

U Mi <P 
i • i

Oi -^i Oi + Oi 
1 1 

2 ^ 2 2 J - 2 - 2 J + 2 

<P 
1 1

Oi + 
+ (98) 

<P 
1 1 

Oi + ^ j + ^ 

for i = 1, • • > I and j = 1 J.• 

the finiteThis completes the description of how TWODIM solves 

in two-dimensionaldifference form of the diffusion correction equation 

This also concludes the discussion of the accelerationslab geometry, 

of the inner iterations through rebalancing. 



V. NUMERICAL RESULTS AND COMPARISONS 

versionsIn this section a comparison is made between the different 

of the SCS method that have been discussed in the previous section, Also 

a comparison is made between the effectiveness of the SCS and the 

effectiveness of the DOT conventional rebalance. 

In the first subsection results from one-dimensional problems are 

given, Problems run by Miller at Los Alamos were run using DOT 

conventional rebalance and then with the SCS.^ Comparisons are made 

method which arebetween the boundary ratio method and the extrapolation 

two methods of incorporating a void boundary condition. 

In the second subsection results from two-dimensional problems are 

are the Alcouffepresented. Two methods of approximating the flow term 
Theseas in Eq. (86).flow term as in Eq. (85) and the modified flow term 

two methods are compared for several problems. 

Two methods were described in Sect. IV-C for finding ijj(f,fi) based 

Eq. (50)on (t)(r). They were the scalar moment method as described in 

and the all moments method as described in Eq. (51). A comparison of 

these two methods is given. 

rate ofAnother factor that seems to be crucial to the convergence 

It is defined to be the ratio.a problem is the dominance ratio. 

(r)/a(r). A study was made of how the dominance ratio effectsa 
sO 

convergence. 

using the DOTLastly, a realistic two-dimensional problem was run 

conventional rebalance as compared with the SCS. 

63 
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A. Results in One-Dimensional Slab Geometry 

using the DOT-IVAll of the problems in this subsection were solved 

All of the problems are in one-code with the subroutine REBAL. 

dimensional slab geometry. 

TheseMiller published some results for one-dimensional problems.® 
All the problems were run usingproblems are described in Table 2. 

Void
Void 

R 

The slab thickness is denoteddiamond differencing with void boundaries. 

the mesh
by R. A constant fixed source is distributed through all 

intervals. 

Table 2 

Description of Miller’s Problems 

Problem a in cm'^ in cm
"1 Ax in cm R in cm

^so 

1 30Ml 1 1 

M2 2 2 1 30 

1 1 60M3 1 
2 60M4 1 1 
1 30M5 3 2 

4 2 1 30M6 

M7 1 0.75 1 30 
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The results of running these problems with DOT conventional 

rebalance, the boundary ratio SCS and the extrapolation SCS along with 

Miller's results are given in Table 3. The results from the extrapolation 

The most obvious conclusion tomethod agree well with Miller's results, 

than conventionalbe drawn here is that the SCS method converges faster 

allDOT rebalance. Comparison of problem Ml with problem M7 shows that 

dominance ratio.of the methods converge faster for a problem with lower 

Table 3 

Comparison of the Source Correction Scheme with 
DOT Conventional Rebalance on Miller's 

Problem Set 

Iterations to Converge 

Source Correction Scheme 

DOT Conventional Miller's Extrapolation Boundary Ratio 
Problem Rebalance Results Method Method 

Ml 11 5 6 7 

M2 26 5 6 8 

M3 11 5 6 7 

M4 26 5 6 8 

M5 7 4 5 5 

M6 6 4 5 5 

M7 5 4 4 5 

to achieveIn any discrete ordinates calculation one would expect 

width Ax is doubledslower convergence for a problem in which the mesh 

when all other parameters remain the same, However, comparison of 

not slow convergenceproblems M3 and M4 shows that a doubling of Ax does 

conventionalin the SCS as much as it slows convergence in the DOT 

rebalance method. 
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of the mean freeThe mesh width. Ax, can also be expressed in terms 

a particle travelspath. A.. The mean free path is the average distance 
It isenergy.in a homogeneous medium before changing its direction or 

related to the total cross section as 

(99)= 1/a . 

So for example in problems Ml and M3 the mean free path, A^ 1 cm and 

Thus one would expectso Ax = 1 m.f.p. In problem M2 Ax = 2 m.f.p. 

However the slowdownproblem M2 to converge more slowly than problem Ml. 

than in the SCS.in convergence is more pronounced in the DOT CRB method 

wereThe two methods of handling the void boundary conditions 

the boundary ratiocompared on two other problems. These two methods are 

Sect. IV.E.method and the extrapolation method as described in 

ratioThe two problems that were used to compare the boundary 

Bothmethod with the extrapolation method are described in Fig. 4. 

which is 2 cm thick.problems consist of a slab made up of one material 

each. Both problemsIt is divided into eight intervals of length .25 cm 

are They both had voidPo calculations done with diamond differencing. 

section.boundaries, The total cross section, a, and the scattering cross 

are in Fig. 4. 

the SCS withThe number of iterations required for convergence for 

in Table 4.the extrapolation and boundary ratio methods are recorded 

for aIt is seen that the extrapolation method does not converge 

near the boundary.problem that has the extraneous source concentrated 

The reason for this is related to the fact that the extrapolation method 
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0 = 1.1 cm'^ Oj = 1.0 cm'^ 
Problem 8 

0 = 1.0 cm"^ n = 0.99 cm"^ 

Problem 9 

The extraneous fixed
Fig. 4. Description of Problems 8 and 9. 

source is distributed in the shaded region. 

Table 4 

Comparison of the Boundary Ratio Method 
with the Extrapolation Method 

Iterations to Converge 

Problem Boundary Ratio Extrapolation 

8 11
* 

9 5
* 

*Did not converge. 

If the source is concentratedused Eq. (74) to find the boundary fluxes. 

at the right boundarynear the left boundary then <})q 3/2 (the scalar flux 
of the left-most boundary cell) is large. Consequently (()q 1/2 

decreases rapidly atcalculated to be large. However, in reality y2 
a void boundary failsa void boundary. Thus the extrapolation method for 

to converge when the fixed source is concentrated near the boundary. 

For this reason the boundary ratio method is recommended. 



68 

slab geometryThis concludes the subsection on the one-dimensional 

results. 

B. Results in Two-Dimensional Slab Geometry 

as wellFour different versions of the source correction scheme as 

The fourthe DOT conventional rebalance were tested in two dimensions, 

methods of the SCS arise because there are two methods of performing 

or the modified flowstep (iii) of the rebalance procedure (the Alcouffe 

(iv) of the rebalanceterm) and there are two methods of performing step 

procedure (the all moments or the scalar moment). 
methods.Table 5 has a description of the five different rebalance 

Methods II-V areMethod I is the DOT conventional rebalance method, 

Method II is the method used by Alcouffedifferent versions of the SCS. 

in his work at Los Alamos.^ Several problems were run so that these 

methods could be compared. 

Table 5 

The Five Methods of Rebalance for 
Two-Dimensional Slab Geometry 

Description of the Method 

Method of Performing Method of Performing 
Method Step (iii) of the Step (iv) of the 
Number Rebalance Procedure Rebalance Procedure 

I Conventional rebalance All moments 

II Alcouffe's flow term (SCS) Scalar moment 

III Alcouffe's flow term (SCS) All moments 

IV Modified flow term (SCS) All moments 

V Modified flow term (SCS) Scalar moment 
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versions ofFirst a comparison is made between the four different 

the DOT-IV codethe SCS. All the SCS solutions were performed using 

along with the subroutine TWODIM. The four different versions can be 

grouped into two categories, Those methods which use the Alcouffe flow 

term (Methods II and III) are in one category. Those methods which use 

category.the modified flow term (Methods IV and V) are in another 

Methods III and IV were chosen as representatives from each category and 

were compared on several problems. 

The problems have void boundaries and were solved using P-3 

The super-weightedscattering expansion and S-8 directional quadrature, 

transport equationdifference strategy was used in the solution of the 

Four similar problems are[step (ii) of the rebalance procedure], 

described in Fig. 5a. Two other similar problems are described in 

Fig. 5b. 

Alcouffe found that the SCS with his flow term was incompatible when 

than diamondused in conjunction with any difference strategy other 

From the derivation of thedifferencing in the transport equation.^ 

modified flow SCS it is evident that Method III is equivalent to 

Method IV when diamond differencing is used in the transport equation. 

flow term is superiorHowever, as Table 6 shows, the SCS with the modified 

to the SCS with the Alcouffe flow term when a differencing strategy other 

are the only methodsthan diamond differencing is used. Methods IV and V 

that use the modified flow term. 

is superior toThe next question investigated is whether Method IV 

It is seen thatMethod V. These two methods are compared in Table 7. 
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Zone 2 

Not to scale 

E 
u 
>0 
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3 

Zone 

3 

3 cm 

i 
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30 

1 

cm 

1 

3 cm 

Problem 
1 

Material 

2 

in Zone 

3 

HC Concrete Concrete Concrete 

HS Steel Steel Steel 

HN Sodium Sodium Sodium 

H16 Sodium Steel Concrete 

Fig. 5a. Problems HC, HS, HN, and HI6. 

Not to scale 
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3o 3 

Zone 1 

1 

30 cm 3 cm—3 cm [ 

Materia I in Zone 

Prob Iem 
1 2 3 

HRS Sodium Concrete Concrete 

H15 Sodium Steel Concrete 

Fig. 5b. Problems HRS and H15. 

fixedFig. 5. Description of Several Problems. An isotropic 
cells. Meshsource was distributed along the bottom row of mesh 

boundaries are indicated at left and bottom. 
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Table 6 

Comparison of Method III with Method IV 

Problem 

HC 

HS 

HN 

H16 

HRS 

Comparison 

Problem 

HC 

HS 

HN 

HRS 

H15 

Iterations to Converge 

Method III Method IV 

16 9 

20 10 

10 6 

15 10 

18 9 

Table 7 

of Method IV with Method V 

Iterations to Converge 

Method IV Method V 

9 9 

10 10 

6 6 

9 10 

12 13 
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two of theMethod IV converges slightly faster than Method V in 

Thus it is concluded that the best SCS method of thoseproblems, 

flow termconsidered is Method IV which is the SCS with the modified 

and the all moments method. 

The next comparison to be made is one between the best SCS 

I),(Method IV) and the DOT conventional rebalance (Method This 

called HL.comparison is made on a large realistic test problem The 

description of HL is in Fig. 6. This problem simulates part of a reactor 

shield, It has void boundaries and was solved using P-3 scattering 

The super-weighted differenceexpansion and S-8 directional quadrature, 

Thisequation.strategy was used in the solution of the transport 

A comparison between theproblem consists of fourteen energy groups, 

(Method I) forbest SCS (Method IV) and the DOT conventional rebalance 

8.one outer iteration for problem HL is shown in Table 

Method IV shows a clear superiority over Method I. 

on the firstFinally a comparison is made between all five methods 

The results of this comparison arefive energy groups of problem HL. 

— allin Table 9. Once more the superiority of the modified flow term 

moments SCS (Method IV) is seen. 
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Not to scale 

Concrete 

E 
u 

8 
CM 

Sodium 

I I I I I 1 I I I I I I I I I I I I I I LJ I I 

15 cm 100 cm ■j 15 cm !■ 

fixedFig. 6. HL - A Large Realistic Test Problem. An isotropic 
cells in the sodiumsource was distributed along the bottom row of mesh 

region. Mesh boundaries are indicated at left and bottom. 
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Table 8 

Comparison of Method I 
on Problem 

with 
HL 

Method IV 

Iterations to Converge for Group 

Method 

I 

IV 

1 

15 
12 

2 

8 
8 

3 

8 
7 

4 

8 
7 

5 

9 
8 

6 

12 
8 

7 

20 
9 

8 

10 
8 

9 

12 
8 

10 

12 
8 

11 

11 
8 

12 

10 
8 

13 

9 
8 

14 

24 
10 

Table 9 

The First Five Groups of HL Run 
Each of the Five Methods 

with 

Iterations to Converge for Group 

Method 1 2 3 4 5 

I 

II 

III 

IV 

V 

15 

15* 
15* 
12 

15* 

8 

15* 
15* 
8 

15* 

8 

15* 
15* 
7 

15* 

8 

15* 
15* 
7 

15* 

9 

15* 
15* 
8 

15* 

*Did not converge in that many iterations. 



VI. CONCLUSIONS 

The SCSFinally the conclusions of this work are summarized, 

rebalance in bothconverges in fewer iterations than DOT conventional 

one and two dimensions. 

as much asIn one-dimensional slab geometry the SCS is not slowed 

the DOT CRB when a coarse mesh is used. Also problems with higher 

CRB. Two methodsdominance ratio converge faster with the SCS than DOT 

compared in oneof doing problems with void boundary conditions were 

dimensional geometry - the extrapolation method and the boundary ratio 

method. The extrapolation method did not converge for problems that had 

a source concentrated near a boundary. 

The bestIn two dimensions several SCS methods were compared. 

flow term inmethod was found to be Method IV which uses the modified 

the correction equation and the all moments method for finding the 

improved directional flux. 
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