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Abstract
This study assesses the robustness of height-diameter models evaluated by Jha et al. (2023) across temperate and pantropical tree species. Four data allocation strategies were compared which included 20% of randomly selected subset of the dataset, one-third of the smallest tree, one-third of the middle tree and one-third of the largest trees by diameter. Results showed that the models were adequately able to extrapolate the height of the smallest and middle trees in the dataset but provided inferior predictions for largest trees. This study provides additional insight into the performance of multiple height-diameter models under varying data constraints.
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1. Introduction
Measuring height of trees (H) during forest inventory efforts is usually more resource intensive than diameter (D) measurements as more time and human resources are needed to obtain accurate height measurements (Burkhart & Tomé, 2012). Several alternatives such as using height-diameter models and height subsampling strategies have been proposed and researched in forestry literature for the past few decades. Characterizing the H-D relationship for tree species provides an efficient way to predict height measurements when only diameter measurements of trees are available. Using a combination of H-D models and height subsampling strategies allows for more efficient forest measurements (Yang & Burkhart, 2020a). Several height diameter models of different forms such as parametric linear models and non-linear models have been proposed in the past (Mehtätalo et al., 2015). The increase in computation power of local machines has enabled the use of several non-parametric models such as extreme gradient boosting and artificial neural networks for modelling H-D relationships (Ogana & Ercanli, 2022, Özçelik et al., 2013).
This study evaluated the robustness of the H-D models first evaluated by Jha et al. (2023) across diverse tree species, considering the performance of the models when different subsets of the dataset were withheld from fitting the models. This was done by comparing four different data allocation strategies: 20% of the condition classes randomly withheld, one-third of the smallest trees in the condition class withheld, one-third of the middle trees in the condition class withheld, and one-third of the largest trees in the condition class withheld when fitting the models. Individual tree measurement data from the FIA permanent plots in the temperate forests of Appalachian Plateau (AP) and Ridge and Valley (VR) physiographic regions and pantropical forests in the Caribbean and Pacific islands were used for this study. 
2. Materials and Methods
2.1	Data
The study utilized data sourced from the US Forest Service Forest Inventory and Analysis (FIA) program, focusing on tree measurements of both temperate and pantropical species across distinct regions. Among the temperate species examined were red maple (Acer rubrum L.), hickory (Carya spp.), sweetgum (Liquidambar styraciflua L.), yellow poplar (Liriodendron tulipifera L.), eastern white pine (Pinus strobus L.), and white oak (Quercus alba L.) investigated within the AP and VR regions. In contrast, the pantropical species included the Acacia (Acacia spp.), African tulip tree (Spathodea campanulata P.Beauv), muskwood (Guarea guidonia L.), and pink trumpet tree (Tabebuia heterophylla DC.) studied across the Caribbean islands (CAR) within the US virgin islands and Puerto Rico and Acacia (Acacia spp.), ʻŌhiʻa lehua (Metrosideros polymorpha Gaudich.) and African tulip tree (Spathodea campanulata P.Beauv) studied across the Pacific islands (PAC) of  (Hawaiʻi, Northern Mariana Islands, Guam and Federated States of Micronesia). Trees with diameters exceeding 2.54 cm (1 inch) were included in the analysis, with stand-level variables such as quadratic mean diameter and mean basal area computed at the condition class level. FIA plots are mapped according to site conditions that depends on a number of factors such as forest type, disturbance history, management history, ownership type, among others. These site conditions do not necessarily have to intersect with the FIA subplots so one plot could have multiple condition classes. For more details, see section 2.2 of Jha et al. (2023).
2.2	Regression methods
2.2.1	Parametric H-D models
The Pearl & Reed (1920) (PR) and Wykoff et al. (1982) (WK) models are two commonly used models for modeling H-D relationships. These models are given by,
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where, H represents height of tree (m), D represents diameter at breast height (cm), α0, α1, α2 and α3 are model parameters and, CI is competition index. The PR model presents a functional form where H is determined by a logistic-like equation. The WK model on the other hand provides an exponential relationship between H and predictors. The parameters of both models govern the shape of the curve relating H to predictors.
2.2.2	Semi-parametric model
The generalized additive model (GAM) is a semi-parametric model that offers a balance between flexibility and interpretability. GAM incorporates smoothing functions to model non-linear relationships between H and predictors. The smoothing functions are visually intuitive which offer insight into partial effects and variable contributions. GAM has proven to be powerful for modelling data with non-linearities and capturing nuanced relationships between response and predictor variables.
2.2.3	Non-parametric models
Non-parametric models have become famous in recent times because of their ability to accurately model complex relationships without assuming any specific functional forms. Among several non-parametric models, extreme gradient boosting (XGBoost) and artificial neural network (ANN) models were selected for this study. XGBoost is a robust decision tree-based algorithm that iteratively improves predictive performance by minimizing errors. It uses several regularization techniques to prevent overfitting.
Similarly, ANN is comprised of interconnected layers of nodes that learn complex patterns through training data. It’s particularly effective in capturing intricate relationships between predictors and tree height because of the layers architecture with dropout layers that prevent overfitting of the model. 
2.3	Competition indices
Competition indices serve as mathematical representations of how neighboring trees influence the growth patterns of individual trees, as outlined by Burkhart and Tome (2012). In their study, Jha et al. (2023) calculated five competition indices, aiming to assess the improvement in predictions of H-D models. It was found that across each physiographic region, on average one of these competition indices ranked the highest in performance. As a result, for the purposes of this study, the competition indices were standardized across all species within the same physiographic regions, ensuring consistency in the evaluation of competitive effects on tree growth. The three competition indices are given in Table 1.
2.4	Alternate datasets
The robustness of the H-D models was evaluated by assessing their performance against four data allocation strategies. One of the strategies was to split the number of FIA condition classes in the dataset where 80% of the condition classes were used to fit the models and the remaining 20% were used to evaluate the model performance. For the other three strategies, the trees in each unique condition class were categorized into the smallest one-third, middle one-third and largest one-third of the trees. Then two of the size categories were used to fit the model and the remaining size category was used to evaluate the model performance. For example, the smallest and the middle one-third of the trees in each condition classes were used to fit the model and the largest one-third of the trees were used to evaluate the model performance. The boxplots for these alternate datasets for every species in a given region is shown in Figure 1.
2.5	Evaluation statistics
For each of the data allocation strategies, two evaluation statistics were calculated: mean bias (MB) and root mean squared error (RMSE). They are computed as follows:
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Figure 1. Boxplot of tree DBH (cm) and tree height (m) for one-third smallest, one-third middle and one-third largest trees for temperate species in AP (A, E) and VR (B, F) (red maple, RM, hickory spps., HICK, sweetgum, SWG, yellow poplar, YP, eastern white pine, EWP, white oak, WO) and pantropical species in Caribbean islands (C, G) (acacia spps., ACA, muskwood, MW, African tulip tree, ATT, pink trumpet tree, PTT) and Pacific islands (D, H) (acacia spps., ACA, ʻŌhiʻa lehua, OL, African tulip tree, ATT).


Table 1. Expression of competition indices calculated for trees. 
	Competition index
	Expression
	Remarks

	Diameter ratio (Rdia)
	
	Where D = diameter at breast height (cm), QMD = quadratic mean diameter

	Partitioned stand density index (PSDI)
	


	Where EF = 6.018, a = weight of tree’s presence, b = weight of tree’s size and c = 1.605

	Cumulative distribution function (CDF)
	
	Where, sr = size rank of tree by D and n = no. of trees in the condition class





where H represents measured tree height (m),  represents predicted tree height (m),  represents average tree height in the condition class. To address autocorrelation between trees, a cluster bootstrap sampling technique was employed. Specifically, for each species in a region, 500 bootstrap samples were drawn for model fitting. The 50% quantile of the cluster bootstrap samples was used as the estimate for the evaluation statistics, while 2.5% and 97.5% quantile were used to estimate the confidence interval.


3. Results
For each of the species in the regions, five regression models were fitted. These regression methods have been found to provide reliable estimates of H for tree species in mixed hardwood temperate and pantropical forests. Jha et al. (2023) found that the performance of competition indices varied by region, so the best performing competition index was fixed for each region. Rdia was fixed for AP, PSDI was fixed for VR, CDF was fixed for CAR and the base model (no competition index) was fixed for PAC species. In general, we can see that the performance of the regression models varies by individual species and the performance of these regression models may not be consistent when different subsets of the dataset are withheld from fitting the model. For example, the model that had the lowest RMSE for random validation dataset was not the case for other subset of dataset (e.g. one-third of the smallest trees).
The random validation dataset performed better than the other three data allocation strategies based on the evaluation statistics (Table 2-4). Among the other three data allocation strategies, we can see that the MB and RMSE are gradually increasing as the size category of trees withheld from the fitting dataset increases. For example, the MB and RMSE values for one-third of the smallest trees are smaller than one-third of the middle and largest trees for most of the species. The models perform reasonably well when one third of the smallest and the middle trees in the classes are withheld from fitting the model. But model performance was notably inferior when one third of the largest trees were withheld from the fitting dataset.

Table 2. Summary of the evaluation statistics (MB and RMSE) median values across five regression methods (PR, WK, GAM, XGboost, ANN) employing four data allocation strategies for the six temperate species (WO, YP, SWG, EWP, RM, HICK) within Appalachian plateau (AP).
	Species
	Model
	Random validation
	Smallest 1/3rd
	Middle 1/3rd
	Largest 1/3rd

	
	
	MB
	RMSE
	MB
	RMSE
	MB
	RMSE
	MB
	RMSE

	WO
	PR
	0.19 
	3.39 
	0.58
	3.31
	1.02
	3.61
	-0.45
	3.80

	
	WK
	0.25 
	3.45
	1.97
	3.93
	1.37
	3.85
	-0.13
	3.87

	
	GAM
	0.05 
	3.31
	1.29
	3.32
	1.04
	3.53
	-0.59
	4.51

	
	XGB
	0.17 
	3.23
	1.33
	3.36
	1.04
	3.56
	-0.17
	3.79

	
	ANN
	0.16 
	3.24 
	0.80
	3.20
	1.52
	3.71
	0.38
	3.93

	YP
	PR
	-0.13 
	3.76 
	-1.03
	3.36
	-0.91
	3.55
	-2.88
	4.83

	
	WK
	0.17 
	4.01 
	0.56
	3.65
	-0.65
	3.79
	-2.28
	4.55

	
	GAM
	0.00 
	3.83 
	-0.61
	3.14
	-1.04
	3.52
	-2.41
	4.50

	
	XGB
	-0.10 
	3.60 
	-0.56
	3.12
	-0.99
	3.56
	-2.59
	4.63

	
	ANN
	0.23 
	3.81 
	-0.59
	3.13
	-1.29
	3.61
	-2.57
	4.58

	SWG
	PR
	-0.27 
	3.28 
	-0.49
	3.17
	-0.50
	3.44
	-1.42
	4.56

	
	WK
	0.18 
	3.55 
	-0.25
	3.58
	-0.82
	3.74
	-0.51
	4.28

	
	GAM
	-0.23 
	3.02 
	-0.46
	3.22
	-0.67
	3.44
	-1.32
	4.60

	
	XGB
	0.09 
	3.80 
	-0.37
	3.20
	-0.57
	3.48
	-0.94
	4.57
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	ANN
	-0.09 
	4.19 
	0.27
	3.14
	-0.40
	3.43
	-5.63
	9.42

	EWP
	PR
	0.35 
	3.28 
	3.16
	4.67
	4.07
	5.44
	3.46
	5.28

	
	WK
	0.53 
	3.47 
	4.52
	5.56
	4.32
	5.55
	4.33
	5.96

	
	GAM
	0.57 
	3.38 
	3.60
	4.76
	4.02
	5.33
	3.83
	5.76

	
	XGB
	-0.05 
	3.15 
	3.49
	4.82
	4.06
	5.42
	3.84
	5.77

	
	ANN
	-0.02 
	3.19 
	4.42
	5.43
	3.97
	5.25
	2.63
	5.24

	RM
	PR
	0.03 
	3.23
	0.26
	3.22
	0.61
	3.55
	0.68
	4.22

	
	WK
	0.15 
	3.36 
	0.73
	3.47
	0.60
	3.68
	1.73
	4.78

	
	GAM
	-0.16 
	3.12 
	0.26
	3.10
	0.48
	3.47
	0.81
	4.02

	
	XGB
	0.08 
	3.09 
	0.31
	3.11
	0.49
	3.49
	0.43
	3.94

	
	ANN
	0.01 
	3.25 
	0.18
	3.12
	1.14
	3.66
	1.89
	5.46

	HICK
	PR
	-0.01 
	3.63 
	0.59
	3.19
	0.22
	3.41
	-2.05
	4.50

	
	WK
	0.15 
	3.72 
	1.31
	3.71
	0.41
	3.66
	-1.71
	4.33

	
	GAM
	0.23 
	3.50 
	0.71
	3.16
	0.16
	3.37
	-0.93
	5.49

	
	XGB
	0.32 
	3.56 
	0.77
	3.22
	0.14
	3.38
	-1.45
	4.40

	
	ANN
	0.29 
	3.59 
	0.74
	3.17
	0.21
	3.39
	-2.16
	5.15





Table 3. Summary of the evaluation statistics (MB and RMSE) median values across five regression methods (PR, WK, GAM, XGboost, ANN) employing four data allocation strategies for the six temperate species (WO, YP, SWG, EWP, RM, HICK) within ridge and valley (VR).
	Species
	Model
	Random validation
	Smallest 1/3rd
	Middle 1/3rd
	Largest 1/3rd

	
	
	MB
	RMSE
	MB
	RMSE
	MB
	RMSE
	MB
	RMSE

	WO
	PR
	0.13
	3.39 
	0.97
	3.31
	1.24
	3.68
	0.41
	4.02

	
	WK
	0.25 
	3.45 
	1.90
	3.74
	1.61
	3.82
	0.68
	4.05

	
	GAM
	0.21 
	3.20 
	1.29
	3.21
	1.26
	3.59
	-0.13
	3.93

	
	XGB
	0.31 
	3.20 
	1.29
	3.25
	1.32
	3.62
	0.36
	4.00

	
	ANN
	0.40 
	3.13 
	1.30
	3.29
	1.46
	3.67
	0.91
	4.01

	YP
	PR
	-0.17 
	3.58 
	-0.71
	3.18
	-0.74
	3.44
	-3.10
	5.01

	
	WK
	0.08 
	3.79 
	0.04
	3.50
	-0.70
	3.69
	-2.69
	4.82

	
	GAM
	-0.01 
	3.58 
	-0.61
	3.02
	-0.88
	3.42
	-3.17
	5.06

	
	XGB
	0.26 
	3.57 
	-0.69
	3.03
	-0.89
	3.43
	-3.04
	4.98

	
	ANN
	0.35 
	3.46 
	-0.50
	2.97
	-1.42
	3.59
	-2.11
	4.35

	SWG
	PR
	-0.05 
	3.12 
	0.92
	3.10
	0.56
	3.36
	-0.45
	4.17

	
	WK
	0.28 
	3.41 
	1.12
	3.47
	0.49
	3.55
	1.60
	4.90

	
	GAM
	-0.03 
	3.11 
	0.91
	3.04
	0.51
	3.33
	-2.95
	7.00

	
	XGB
	0.25 
	3.13 
	0.78
	3.03
	0.50
	3.36
	-0.77
	4.37
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	ANN
	0.35 
	3.06 
	0.92
	3.09
	0.87
	3.39
	-1.15
	4.05

	EWP
	PR
	-0.43 
	2.89 
	3.39
	4.83
	3.91
	5.35
	2.86
	4.95

	
	WK
	-0.27
	3.08 
	4.44
	5.45
	4.28
	5.49
	4.34
	6.12

	
	GAM
	0.08 
	2.82 
	3.65
	4.85
	3.95
	5.28
	-2.58
	17.11

	
	XGB
	-0.13 
	2.88 
	3.75
	4.90
	4.08
	5.42
	3.32
	5.69

	
	ANN
	0.01 
	2.80 
	3.83
	5.00
	4.43
	5.69
	1.70
	4.69

	RM
	PR
	-0.09 
	3.14 
	0.56
	3.16
	0.88
	3.64
	1.12
	4.73

	
	WK
	-0.02 
	3.24 
	0.83
	3.35
	0.98
	3.76
	2.14
	5.33

	
	GAM
	0.05 
	3.19 
	0.59
	3.07
	0.89
	3.62
	1.38
	5.24

	
	XGB
	0.07 
	3.13 
	0.61
	3.08
	0.97
	3.64
	1.44
	5.11

	
	ANN
	0.10 
	3.07 
	0.45
	3.12
	0.64
	3.51
	0.88
	4.65

	HICK
	PR
	0.05 
	3.26 
	0.64
	3.09
	0.53
	3.40
	-0.16
	4.15

	
	WK
	0.20 
	3.33 
	1.22
	3.49
	0.79
	3.59
	0.23
	4.04

	
	GAM
	-0.06 
	3.40 
	0.77
	3.02
	0.55
	3.35
	-1.03
	4.02

	
	XGB
	0.193 
	3.24 
	0.81
	3.03
	0.63
	3.37
	-0.03
	4.21

	
	ANN
	0.33 
	3.14 
	0.84
	3.05
	0.24
	3.32
	0.00
	4.03





Table 4. Summary of the evaluation statistics (MB and RMSE) median values across five regression methods (PR, WK, GAM, XGboost, ANN) employing four data allocation strategies for the four pantropical species (ATT, PTT, MW, ACA) within Caribbean islands (CAR) and three pantropical species (OL, ATT, ACA) within Pacific islands (PAC).
	
	Species
	Model
	Random validation
	Smallest 1/3rd
	Middle 1/3rd
	Largest 1/3rd

	
	
	
	MB
	RMSE
	MB
	RMSE
	MB
	RMSE
	MB
	RMSE

	CAR
	PTT
	PR
	0.13 
	2.45
	0.80
	2.14
	0.73
	2.65
	-1.86
	3.78

	
	
	WK
	0.24 
	2.63 
	1.08
	2.38
	0.73
	2.74
	-0.02
	3.48

	
	
	GAM
	-0.52 
	2.19 
	0.75
	2.15
	0.76
	2.67
	7.30
	25.14

	
	
	XGB
	-0.53 
	2.29 
	0.77
	2.18
	0.80
	2.70
	-0.20
	3.74

	
	
	ANN
	0.29 
	2.48 
	0.80
	2.18
	0.71
	2.65
	-0.98
	3.66

	
	ATT
	PR
	-0.19 
	3.19 
	-0.19
	2.24
	0.16
	2.66
	-0.61
	3.21

	
	
	WK
	-0.02 
	3.39 
	2.04
	3.13
	-0.03
	2.78
	0.32
	3.55

	
	
	GAM
	0.43 
	2.75 
	0.43
	1.99
	0.13
	2.57
	1.54
	14.22

	
	
	XGB
	0.51 
	2.83 
	0.15
	2.05
	0.18
	2.61
	-0.36
	3.45

	
	
	ANN
	0.85 
	3.07 
	0.58
	2.19
	0.40
	2.66
	-0.81
	4.27

	
	MW
	PR
	-0.07 
	2.52 
	0.02
	2.21
	0.67
	2.84
	0.52
	3.62

	
	
	WK
	0.08 
	2.81 
	0.59
	2.30
	0.31
	2.73
	0.78
	3.84

	
	
	GAM
	-0.14 
	2.47 
	0.13
	1.99
	0.51
	2.66
	-0.00
	3.40

	
	
	XGB
	0.17 
	2.31 
	0.14
	2.02
	0.56
	2.70
	0.47
	3.50
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	ANN
	0.48 
	2.48 
	0.32
	2.08
	0.61
	2.70
	0.33
	3.29

	
	ACA
	PR
	0.63 
	2.96 
	0.91
	2.15
	1.28
	2.91
	0.14
	3.71

	
	
	WK
	0.65 
	2.99 
	1.10
	2.29
	1.64
	3.23
	0.84
	3.81

	
	
	GAM
	1.14 
	2.84 
	0.89
	2.20
	1.33
	3.32
	-3.03
	10.76

	
	
	XGB
	0.20 
	1.80 
	0.94
	2.24
	1.32
	3.13
	1.27
	4.38

	
	
	ANN
	-0.72 
	2.21 
	1.47
	2.79
	2.02
	3.47
	-6.86
	16.48

	PAC
	OL
	PR
	-0.30 
	3.35 
	0.41
	2.88
	0.85
	3.24
	-2.32
	4.52

	
	
	WK
	-0.04 
	3.57 
	2.37
	3.52
	0.09
	3.27
	0.50
	4.40

	
	
	GAM
	0.22 
	3.29 
	0.96
	2.64
	0.53
	3.19
	-2.98
	5.46

	
	
	XGB
	0.27 
	3.42 
	1.00
	2.67
	0.55
	3.24
	-2.55
	4.95

	
	
	ANN
	0.18 
	3.25 
	1.17
	2.68
	0.80
	3.24
	-2.15
	4.65

	
	ATT
	PR
	-1.62 
	2.83 
	0.72
	2.54
	0.44
	3.19
	1.58
	5.18

	
	
	WK
	-1.00 
	3.10 
	1.45
	3.01
	0.40
	3.25
	1.32
	4.82

	
	
	GAM
	-0.93 
	2.08 
	1.00
	2.75
	0.26
	3.14
	0.97
	5.04

	
	
	XGB
	-1.81 
	3.70 
	1.01
	3.14
	0.24
	3.31
	1.14
	5.75

	
	
	ANN
	-1.02 
	3.07 
	-0.49
	3.03
	1.69
	4.00
	-2.66
	10.98

	
	ACA
	PR
	-0.65 
	3.90 
	-0.95
	3.21
	0.28
	3.33
	-2.05
	4.35

	
	
	WK
	-0.16 
	4.17 
	2.35
	3.53
	0.30
	3.25
	-1.08
	4.11

	
	
	GAM
	0.57 
	3.03 
	0.57
	2.47
	0.06
	3.19
	-1.73
	4.40
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	XGB
	0.50 
	3.46 
	0.58
	2.60
	0.20
	3.33
	-1.25
	4.10

	
	
	ANN
	-0.30 
	3.04 
	0.94
	2.67
	0.55
	0.56
	3.20
	0.34




4. Discussion
The study evaluated the robustness of five H-D models to assess whether they are generalizable under varying allocation strategies for the validation dataset. The results of this study provide valuable insight into the generalizability of H-D models for mixed forest tree species in diverse forest types and physiographic regions. The dominance of randomly selected validation datasets over subsets of different size classes in producing better evaluation statistics shows that extrapolation of models leads to poor results. Similar findings were reported by Yang & Burkhart (2020), in which model performance was inferior compared to other data allocation strategies when one-third of the largest trees were withheld from the fitting dataset. The height of the trees in the upper canopy of the stand is hugely affected by the crown dominance of the individual trees and the silvical characteristics of the species. For example, YP is a shade intolerant species adapted to occupying upper canopy position to capture light. When the largest trees for such species are withheld from the fitting dataset, the models are not able to extrapolate their height accurately. This can be seen for YP in both AP and VR regions where the evaluation statistics are highly inferior for all the models with one-third of the largest trees withheld.
In conclusion, the H-D models were able to adequately extrapolate the height of smallest and middle trees in a stand, but the performance was poor for tallest trees in the stand. The data allocation strategy evaluated in this study is a valuable resource to assess the robustness and the generalizability of any type of regression models in general. 
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