To the Graduate Council:

I am submitting herewith a thesis written by George Elliott
Moore entitled "An Analysis of Factors Affecting the Convergence
and Efficiency of an Implicit Finite Element Algorithm for Solution
of the Quasi-One Dimensional Euler Equations.” I have examined the
final copy of this thesis for form and content and recommend that it
be accepted in partial fulfillment of the requirements for the
degree of Master of Science, with a major in Engineering Science.

(T

A. J. Baker, Major Professor

We have read this thesis
and recommend its acceptance:

jfféy/ sf?j~7ﬁ‘7

AL P A—)

Accepted for the Council:

ot ol

The Graduate School




AN ANALYSIS OF FACTORS AFFECTING THE CONVERGENCE
AND EFFICIENCY OF AN IMPLICIT FINITE
ELEMENT ALGORITHM FOR SOLUTION OF
THE QUASI-ONE DIMENSIONAL

EULER EQUATIONS

A Thesis
Presented for the
Master of Science

Degree

The University of Tennessce, Knoxville

George Elliott Moore

June 1984




ABSTRACT

the algorithm only monotonic convergence was achieved.

efficiency.

algorithm. The optimization procedure is based on an approximately

linear relationship between the size of the timestep and the maximum

"Delta” values at that timestep.

The optimization procedure was tested on a Delaval nozzle

operating at both subsonic and transonic conditioms. The

ii

The primary purpose of this study was to assess the effects of
various terms in the formulation of a Newton matrix iteration
Jacobian on the convergence rate of an implicit finite element
algorithm for solution of the quasi-one dimensional Euler equations.
An algorithm and computer code developed by A.J. Baker and M.O.

Soliman was used as a basis for the study. In the original test of

A detailed check of the algorithm derivation exposed several
errors in the original formulation and the omission of several terms
in the original computer code was discovered. A Riemann shock tube
problem was used as the primary test case with a DeLaval nozzle used
to test area dependent terms. Checking the revisions individually
gave‘some changes in the convergence histories of the dependent
variables, but no significant change in the overall convergence
rate. However, when the revisions were taken collectively, quadra-

tic convergence was achieved with a concurrent 247 increase in

The second portion of this study was to determine the appli-

cability of a timestep optimization procedure to the fully revised




iii

optimization procedure gave promising results when applied to smooth
solutions with significant increase in computational efficiency and
only minimal effects on solution accuracy. When applied to |
nonsmooth (shocked) solutions the optimization procedure produced

poor results with decreases in efficiency or lose of convergence

occurring In all test cases. These results indicate that the

methods used in the optimization procedure do not model the given

situation with sufficient accuracy to properly control the

convergernce.
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CHAPTER I
INTRODUCTION

The characterization of high speed fluid flow is an area of
great interest, especially in the field of aerodynamics. Basic to
these analyses are the Navier-Stokes equations. The Navier-Stokes
equations are a set of highly complex nonlinear partial differential
equations from which analytical solutions have been deduced only
using restrictive simplifying assumptions and simple geometric
boundaries. The analysis of transonic aerodynamic flows allows few
simplifications in either the fluid properties or the geometric
boundaries of the problem making an analytical solution difficult if
not impossible. This has led to the development of numerical
approximation techniques for solution of the required equation set.
The use of discrete approximation methods has followed a corequisite
increase in the development and usage of high speed computers. The
most widely used discrete approximation methods have been the
"MacCormack Algorithm” and similar finite difference algorithms
[Roache, 1972]. 1In recent years the finite element method has been
gaining wider acceptance due largely to advantages in the ease of
application of irregular geometries and nonuniform meshes and impo-
sition of appropriate boundary conditions.

A finite element algorithm for analysis of the three-
dimensional Navier-Stokes equations has been presented by Baker

1



[1982]. This algorithm employs a tensor matrix product approxima-

tion for the Newton matrix iteration Jacobian in the ultimate non-
linear algebraic equation statement. The algorithm also includes an
artificial dissipation mechanism to éontrol non-linearly magnified
oscillations in the solution. The Newton matrix iteration procedure
used for solution of the non-linear algebraic equation set has a
theoretically predicted quadratic convergence rate [Burden, et al.,
1981]. The algorithm presented by Baker [1982] achieved only linear
convergence. The purpose of this analysis is to determine which
factors in the development of the algorithm, particularly in the
development of the Jacobian, exert dominant influence on the con-
vergence rate.

Many of the performance characteristics of the algorithm can be
observed using a simplified form of the basic equation set. For this
analysis the quasi-one dimensional Euler equations have been used.
The first step in this analysis was to check the formulation of the
algorithm starting with the divergence form of the Euler equations
and proceeding stepwise through the Galerkin weighted residual for-
mulation and the derivation of the terms forming the F-vector and
the Jacobian. The second step was revision of the original computer
code to allow comparison of the original and revised algorithms.

The code revisions included recasting of several variables into
forms which allow direct comparison with the symbolic presentation
of the algorithm. The last step in the analysis was the comparison

of solutions reflecting changes in the algorithm and coding.



Three test cases are used to provide comparison data for
several solution types. The primary test case is the Riemann shock
tube which has steep gradients and discontinuities interspersed with
plateaus in a solution which can be evaluated analytically, thus
providing a good measure of solution stability and accuracy.- The
other test cases are an off design Delaval nozzle, and a subsonic
nozzle. These test cases provide discontinuous and smooth area
dependent solutions. Several parameters were compared for each
test. The parameters checked include the maximum "Delta” values for
each iteration, the total number of iterations, and the CPU time for
a given solution. Also, in order to determine the consistency of
the solutions, a comparison was made of the solution integral norms
and of the array of nodal values of solution variables.

In addition to the comparison of the algorithm formulatiomns, a
time step optimization procedure is developed wherein the step size
is adjusted according to the maximum delta value from the first
iteration and the number of iterations from the previous time step.
With proper "fine tuning” the optimizer should provide time step

sizes near the upper limit of convergence.



CHAPTER 11
THEORETICAL STATEMENT

An algorithm has been established for solution of the multi-
dimensional Navier-Stokes equations. The full algorithm by Baker
[1982] was developed for the equation set governing flow of a
viscous, compressible, heat conducting fluid. Many performance
characteristics of this algorithm may be examined using a form of the
algorithm which has been reduced by assumption of inviscid flow,

i.e. the Euler equation set. The further assumption of quasi-one
dimensional flow yields the hyperbolic comservation law system in

the form [Liu, 1982].

3p 1 dA _

d
L(p) =3¢+ 3—'[DUJ +ou T o (1)
3 dA
L(pu) = gz+—[upu+p]+p %a=0 (2)
]
L(pe) = gi [upe + up] + (upe + up)-— gi =0 (3)

where p is the density, u is velocity, p is pressure, e is the mass
specific total energy and A(x) is the flow cross sectional area.
Closure of the equation set is attained by inclusion of the equation

of state for a polytropic gas in the form

L(p) =p - (Y - 1)[pe = 1/2pu-u] =0 (4)

where Y is the specific heat ratio,

4




R R

In order to provide a normalized solution the equation set was
nondimensionalized. Reference conditions for the nondimensionaliza-
tion are the stagnation conditions calculated from the initial
inlet conditions (high pressure conditions for the Riemann shock
tube). Two nondimensional groups occur in the final form of the
equations. These are the Euler number (po/poaé) and the Eckert
number (po/poeo). Making appropriate substitutions into the non-
dimensional group yields the Euler number = %—and the Eckert number

= (Y - 1). The nondimensionalization leaves equations (1)-(4) in the

form,
=t T ox
_ 9m d 1 ’ _ .
L(m)—at+ax[um+Yp]+umA—0 (6)

L(g) = <& + <2 [ug + (v = Dup] + (ug + (v = Dup)a” = 0 (1)

at ]
1
L(p) =p - [g-5Y( - Dm] =0 (8)
- - /_1 dA .
where mzpu, gZpe, and A = Details of the nondimensionaliza-

tion are presented in Appendix B.
Representing the set of independent variables as

|
|
Lp) =243, 4% a0 (5)
qq(x,t)={p,m,g,p}, a compact form of equations (5)-(8) is




9qq, d
= —— — 1 2 =
L(qa) =t + - [uqa + fa] + fa 0 (9)

where fi are specified functions of the arguments 9, - The solution

domain, over which equation (9) is applied, is

Y]

Rlxt = {(x;t):xERl and te[to,t)} (10)

where R! is the one-dimensional Euclidean space spanned by the x
coordinate. The boundaries of the solution domain are defined as

3 = 3R! x t where 3R! indicates the end points of the space spanned
by the x coordinate. Problem specific boundary conditions applied
on 9R! are of the form.

2 3qq

+ a3l ——+ a

1 3 =
ada a4 d0x a 0 an

1(qa) = a
Definition of aé in equation (11) determines Dirichlet and/or
Neumann conditions., The problem definition is completed by specifi-
cation of an initial distribution 9 = qa(x,O) [Kreyszig, 1972].
Application of the finite element method to this problem
requires establishment of a semidiscrete approximation, qz(x,t) to
the unknown exact solution, q4(x,t), of equation (9). The approxima-
tion may be constructed from members of any subspace of the infinite
dimensional Hilbert space H!(i) [Strang and Fix, 1977]. Defining
the set of interior subdomains, Ré, such that % Ré = R!, the

e=1
approximate soluton is



=

a (%,t) = q(x,t) = U gyt (12)

and the elemental semi-discrete approximation is
aS(x,t) = (N (x)}T{0I(t)} (13)
a"? k e

where {QI(t)}e,1<I<4 is the column matrix of nodal values of qz on
Ré evaluated at time t. The elements of {Nk(x)} are polynomials on
x, complete to degree k and defined on Ré to form a cardinal basis.
Specifically for Ré
1 - x/hg
{Nl(x)} = X
he
(1 - x/hg)(1 - 2x/hy)
v, (x)} = 4x/he(1l = x/hg)
x/hg(2x/hg = 1)
where hg, is the length of the subdomain (finite element) R;
[Baker, 1983A].

The method of weighted residuals is used to minimize the error
in an approximation of a given differential equation by forcing the
residual, or error, to be zero in some average sense. This is
accomplished by selecting a set of weighting functions and setting
the integral of the weighted residual to zero. The Galerkin form of
the method of weighted residuals, from which the finite element
method is derived, uses the basis function which was used to form
the approximation as the weighting function. Using this

formulation, the error in equations (9) and (11) is required to be




orthogonal to the space of functions defining q [Botha and Pinder,
1983]). An additional constraint is included in the formulation to
control nonlinearly magnified oscillations occurring in regions of
nonsmoothness. The dissipation mechanism required to control these

oscillations is generated by requiring the nonconservative form of

a.

the convective portion of equations (5)-(7), i.e., LE(-)= ——-+ u 5=

to be orthogonal to the modified basis, B! E§ {Nk}. The LaGrange

multiplier set-Eé is defined as
al= l 2 T
Ba_he(va 3t + vasign u 6x)i (14)

where the v& are artificial viscosity terms applied to the temporal
(i=1) and the spatial (i=2) derivatives of the convective portions
of the equations [Baker, 1982]. Combination of these linearly inde-
pendent constraints yields the finite element solution algorithm

statement in the form

h ) d c, h
le (M JL(qg)dx + 8] le TN I (g )dx +
R hyqo-
bgfaRl{Nk}z(qa)dm{o} (15)

Upon defining k in equation (13), equation (15) becomes a large
order system of non-linear, coupled ordinary differential equations
on t of the form

(a1 Lo 4 3ony + (et = {0} (16)



o

9

which defines the temporal derivative of the fully discrete approxi-
mation. Using equation (16) in a Taylor series yields the ultimate

matrix algebra problem statement.

{FI}E{QI}j+1 - {QI}j - at{0Q1} + eeee =.{0} (17)

j+e
for 1<I<4, For ©#0, equation (17) is a non-linear system indicating

the need for an implicit integration algorithm. Choosing ©6=1/2

yields the trapezoidal rule for integration in the form

At | d{o1}

{F1} = {QI}j+l - {QI}j + = s

j+1

d{o1} -
Tt + eco = {0} (18)

The Newton iteration algorithm for nonlinear systems applied to

{F1} = {0}, equation (18), is of the form

. P p+l P
LJ(oI)Jj+1{601}j+1 = -{FI}j+l (19)
The superscript p denotes the iteration at time step tj+1 and

{8QI} is the iteration vector defining the (p+1)St refinement to the

solution as

p 1%

p+l \
(Tdyy) = {Qldyy, + (8othy,,

41 (20)

The Newton method Jacobian is defined as

i 3D 1= S (21)




o

CHAPTER III

MATRIX FORM OF SOLUTION ALGORITHM

The matrix representation of the algorithm is presented in the
hypermatrix symbology developed by Baker [1983B]. The hypermatrix
construction of the spatial derivatives resulting from completion of
the integrals in equation (15) is of the form [AM ...], where A is
used to represent a one dimensional solution domain and M is the
number of basis functions occurring in the integral. Following M
are Boolean counters which identify each basis function as either

differentiated (1) or not differentiated (0). As an example

h d{N}
[A3010]e5/ e{Nk} c{ixk {Nk}T dx .
0

Two additional matrices used in this representation are iden-
tified as [A20] and [A30]. In these matrices, A and M are as pre-
viously defined, but the single trailing zero indicates that the
basis functions have been modified so that the function exists only
on the vertex nodes of the element and is directed along an outward
pointing unit normal. A more detailed examination of the [A20] and
[A30] matrices is given in Appendix B.

Denoting the elements of {QI} and {FI}, 1<I<4, as {R,M,G,P} and
{FR,M,FG,FP}, the finite element algorithm statement, equation (18)

is of the form,

{FI} = So[{FI(he,[MM ...], {0I}a)}e] (22)

10



11
where S, is the matrix operator projecting elemental contributions

to the global matrix statement. Evaluation of equations (5)-(8) in

equation (15) yields the following expression for {FI}e in equation
(22).

1 ,
{FR}, = he[[AZOOJ + vy [A210] | {R}j+1 +

—A%[[[Azo] - [A210]:[ M} + vé &' [A3011] {R} ,+
{A}T([A41000]{V}){R}:l = (0} (23)
j+1,3

|
(R, = b, [(a200] + vy [a2101] o), +

A—;[{V,} [[a30] - [a3010]] M} +
S [1a20] - (a21017 {2} + w2 (v)T[a3011]0M} +

{A}T([AMOOO]{V}){M}:[ = {0} (24)
j+1,]3




Fe}_ = n, [raz00] + Vé[AZlO]j {G}j+1

+ A—g {viT [[A30] - [A3010]:I {{er + (v - 1Y{p}}

\)Z
+ —fl {V}aso11]{e} + {A}T{[a41000]iv})ji{c}

+ (Y - 1){p}} = {0} (25)
1,3

{Fp}, = n [a200]{P} - B, [[a200] {c}

- % Y (v - 1)tviT[a3000] )] = {0} (26)

In equations (23)-(26) the subscript e has been suppressed on all
matrices for clarity. The elements of {V} are the corresponding
magnitudes of the convective velocity, m/P. The elements of (A} are

the nodal values of %n A(x). Other notations used in equations

P p
Ul - Ulyand [lgn,g 2 17200 30

(23)-(26) are {*Y
j+1
+ 1/2[‘]j. Details of the derivation of equations (23)-(26) have
been presented in Appendix B.
Comparison of equations (23)-(26) with the original formulation

presented by Baker (see Appendix D) yields two basic differences.



'_________________________________________________________________fﬁﬁ_wﬁ_,vﬁiv*,_,
13
The first of these differences arises from the nondiﬁensionalization
of equations (5)-(8). The Euler number and the Eckert number are
formed during the nondimensionalization and appear as functions of
the specific heat ratio, Y, on the pressure terms in equations (24)
and (25) and in equation (26). The sécond difference is in the pre-
sentation of the non-area dependent spatial derivatives of equations
(6)-(8) evaluated in the first constraint of equation (15). The
Green Gauss divergence form of the integral in question contains a
contour integral evaluated around the element assuming an outward
directed unit normal vector [Kreyszig, 1972]. Upon evaluation of
the integral (see Appendix B) the term disappears everywhere except
at the vertex nodes of the element and, due to the outward directed
unit normal, has opposing signs at the vertex nodes. Although these
terms, involving [AMO], M= 2 or 3, did not appear in the original
algorithm presentation, they were included in the original computer
code.
The Newton matrix interation Jacobian is constructed from
equation (21) using equations (23)-(26). As in equation (22), the
global Jacobian is constructed from assembly of elemental eva-

luations in the form
[JCQ1)] = 8 [J(he, [AM ...], {QI}], (27)

Evaluation of the derivatives of {FI}e with respect to {QJ}e

yields.
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3{FR}
3{R}

e At 2 -5
- = h, [[a200] + vé[AZlO]:I+ 7[}}{ [{V}[A3011]

[JRR]e =

- | 103" {R—lg}l ®) [a3110]7 + (a7 (4410001 {{V}

P

T M
- {10} {R—Z}{R}}]
jt+1

[JRM]e = %[[AZO} - [A210] + V2| {AIO}T{%H ®}T[a3110]

P
+ {A}T[ABIOO]:l
i+l
‘ (37e], = [0]
[JRE]_ = [0] (28)

o{FM}
- At T, M T
[MR] = —rRy Z = - = {a10} {F}{M} [[A30] - [A3010]

P
+ SIGN(u) v;‘ [A3110] + [AAOOOI]{A}J
+1




}

15
. [aM] = h [AzoO] + vbl{[AZIO]:[+ A—;[{{v}
T
+ {A10} {%}{m}}T [[A30] - [A3010] + [A40001]{A}]
2 — i T 1 T P
+ V2 C(Vira3o11] +| {a10} (z}| (M} (a3110]]
j+1
[MG] = [0]
e
[P]_ =£l[[Azo] (421017 §+1 (29)
= 3{FG} 10 - A30
(I0R] = <35y = l:{A T {R {6} + (v - 1)(p}} T [[A30]

- [A3010] + [A40001]{A}]

P
+ V| {410} ——}| {c} [A3110]:l

1
[JeM, = [{Alo} { = {6} + (y - 1){r}} [[A30] - [A3010]

P
+ [A40001]{AY] + V2 | (1017 iz} | {G}T[A3110]:[

1
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[J66], = h_ [1a200] + \)é[AZlO]:[+ %’—[{V}T[[Aw] - [A3010]]
P
+ vé {V}T[A3011] + {V}T[A40001]{A}]
i+l
[JGp], = %— (Y - 1){V}It[A301 - [A3010]
+ [(asooo1 (AR, (30)
_ olrpd, Y(Y = 1) T, M | ’
[JPR] = —57rT— = -h, 5 {a10} {;}{M}[Asoom
e j+1
[JRM]_ = h_ ﬂl—g—ﬁ[{V}T[AsoOO]
P
+ {AIO}T{%}{M}T[ABOOO]}
F+1
[JPG], = -h [A200]
[JPP]_ = h_[A200] (31)

where the elements of the matrices {M/R%} and {1/R} are the nodal
value of m/p2 and 1/p. Using equations (23)-(26) and (28)-(31), the

symbolic representation of the Newton algorithm is



I
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[JRR] [JRM], [O] [0] SR FR
| [MR] (2], (0] (oMl | jeul _ _ ) M (32)
[JGR], [JGM]. [JGG]. [JGP]. | )66 FG
[JPR], [JPM]. [JPG]. [JPP] SP FP

Several differences can be noted between term (28)-(31) and the
Jacoblan formulation presented by Baker (See Appendix D). Three of
these changes occur in the formulation of the derivatives and are
not directly related to the changes in the formulation of

{FI}e mentioned previously. The first of these changes is in the
differentiation of velocity with respect to density and momentum,
3{V}/3{R} and 3{V}/3{M}. The original form of these derivatives
involved functions of the elemental averages of the given variables,

i.e.

o{v}

> 3{R}

U

a{M}

Ha)

(33)

ol
N

©

where the superscript bar indicates the elemental average of the
given variable. A closer examination of these derivatives (See
Appendix C) indicates the form should be the elemental average of

the functions of the given variables, given as

3{v}
oM}

a{V}

- wio'iH L e - {AlO}T{E%} (34)

(1
where g;} and {E%} are the nodal values of the functions 1/p and
m/p2 respectively. The second change is in the derivative of the

absolute value of the velocity which occurs in the diffusion terms.

In the original formulation these derivatives were identical to
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those taken of the actual value of the velocity. Experimentation
with these derivatives indicates the best form for use in the dissi-
pation mechanism to be the absolute value of the derivative. The
third change occurs in the derivative of the diffusion term in
{FR}e with respect to the momentum. This term in the original for-
mulation was of the form [A211]{M} which is the form that would
arise in the conservative form of the convective derivative of the
density were used. Evaluation of this term using the nonconser-

vative convective derivative ylelds

0 —
o T asou]R} | {AIO}T1%} | R} [a3110] (35)

Details of this derivation are given in Appendix C.




CHAPTER IV
OPTIMIZATION SCHEME

Observation of the con&ergence histories of transient solutions,
such as a moving shock in an off design Delaval nozzle, indicates a
need for adjustment of the timestep size to allow for a more con-
sistent convergence rate throughout the solution. A two step opti-
mization scheme has been developed which should provide timesteps
that are based on the amount of change in the solution with time at
the given point in time.

The first level of the optimization provides an adjustment of
the size of the timestep after the first iteration at a given
timestep. In the Newton iteration algorithm, the values of
{601};+1 at the step j+1 are based entirely on the converged values
of {0I} from step j. The values of {8QI}!

j+l
on the value of At [Burden, et al., 1981]. Assuming an approxi~

are dependent solely

mately linear relationship between At and {GQI}j the maximum

+1°

value of {8QI}!

j+1 is forced to match a given value called DMAX.

The percentage change between DQMAX and the actual maximum of
{GQI}§+1 is then applied to At and to the remaining values of
{6QI}§+1. The revised values of {SQI};+1 are used to calculate the
values {QI}§+1 which, along with the revised At, are used to calcu--
late {6QI}§+1. In the first level of optimization, the value of
DMAX and the initial value of At are input variables.

19
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The second level of optimization varies the value of DQMAX at a
given timestep based on the convergence history of the preceeding
timestep. The number of iterations per timestep is given a range of
acceptability, If the number of iterations is above the acceptable
range, the value of DQMAX is decreased by a given factor. Likewise,
if the number of iterations is below the acceptable range, the value
of DQMAX 1is increased by a given factor. The range of acceptability

and the adjustment factors for DQMAX are input variables.
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CMPUTER CODE

CHAPTER V
The computer code used in this analysis is based on programs
written by M.0O. Soliman in 1979. Other than those reflecting revi-
sions in the algorithm, the most notable changes have been a genera-
lization of the input stream to allow one code to handle a variety
i of geometries and initial conditions and revisions of array names
| and methods of utilization of arrays to allow direct comparison of
the code and the algorithm. The computer code and sample input
files are presented in Appendix E.
The computer code is made up of a series of subroutines with the
main program consisting of only two executable statements. The

first sets the error message controls for the IEM 3081 and the

| second calls subroutine INPUT. In subroutine INPUT all variables
required to define a specific problem are read into the program

while the data which is read is used to develop the full description
of the given problem.

The first set of data to be read in INPUT is the global solu-
tion parameters such as the degree of the basis function, the number
of elements in the discretization, and the penalty constraint
parameters,

‘The second set of data is discretization parameters used to
develop the finite element grid and define the geometry of the

problem. The discretization parameters define "macro—elements” each

21



of which are discretized into a specified number of elements of

either uniform or nonuniform measure. The cross sectional area at
each node is calculated from a quadratic curve fit of the cross sec-
tion areas at the vertex nodes and one interior node of the given
macro—element., The coefficients for the quadratic curve fit are
calculated in subroutine CSAREA.

Specification for the initial conditions of the problem are
read in the next section of input. The first Qériable read in this
section (ICGEN) controls the mode of input and generation for the
initial conditions. When ICGEN=1, a number of regions and a
reference temperature are read. The values of density, momentum,
and pressure are then read for the specified regions. The regional
values of the energy is calculated from the input values of density,
momentum, and pressure. The values of these variables are assigned
to each node in the region and nondimensionalized in subroutine
INIT. When ICGEN=2, a shock location and inlet value for tempera-
ture, pressure, and mass flow rate are read, and, if ICGEN=3, the
inlet Mach number is read instead of the mass flow rate. The inlet
variables are nondimensionalized and isentropic relations are used
to calculate nodal values of the variables in subroutine ISNTRP,
The last variable for this section is a flag for either accepting
the calculated exit pressure or reading a different exit pressure.

The remaining data read by input are flags for setting either
Dirichlet or Neumann boundary conditions on each variable at the
inlet and outlet, time integration and optimization controls, and

output controls. The last function of subroutine INPUT is to call



23
subroutine FESOLV. Specific variable names along with definitions
and input formats are given in program comments in Appendix E.

With the termination of subroutine INPUT, no additional user
interface with the program occurs. The following is a brief synop-
sis of the utility of all subroutines other than INPUT. A more
complete idea of the flow of the program may be obtained from

program comments in Appendix E.

FESOLV—-called by INPUT. Controls stepwise time integration of the
problem and the Newton method iteration at each timestep. Also
controls timestep optimization and solution output.

FANDJ--called by FESOLV. Generates elemental matrices from nodal
values of variables, assembles elemental matrices into block
banded system matrices, applies specified boundary conditions
to each system matrix, and assembles block banded system matri-
ces into global matrices. Also locates maximum "Delta” values
for each variable after solutionm.

EIMAT--called by FESOLV., Multiplies integer form of hypermatrices
by appropriate coefficients and forms [A M-~] matrices.

SORT~-called by EIMAT. Rearranges matrix entries computed from
block data in EIMAT into arrays directly usable in FANDJ.

OUTPUT-—called by FESOLV. Calculates solution integral norms and
prints output of solution in integer format. Also prints out-

put into graphics file as specified in INPUT.
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BANDET——called by FANDJ. Computes the LU decomposition of: the non-
symetric banded global Jacobian matrix stored in diagonal for-
mat using partial pivoting.

BANDSL——called by FANDJ. Uses back substitution to compute the
solution of the linear system using the LU decomposition of the
coefficient matrix and the right handside F.

CSAREA~-called by INPUT. Uses Kramer's rule to calculate coeffi-
cients for the quadratic curve fit of the input macro-element
nodal cross—sectional areas.

DETERM~~called by CSAREA. Calculates determinant of a 3x3 matrix.

INIT--called by INPUT. Generates initial condition nodal distribu-
tions of pressure, density, and momentum;Acalculates energy and
stagnation reference states, and nondimensionalizes each
variable array on the appropriate reference condition.

ISNTRP-~-called by INPUT. Computes initial condition distribution
for air using isentropic/normal shock relationships with
defined cross-sectional areas and either mass flow rate
(ICGEN=2) or inlet flow mach number (ICGEN=3); calculates
stagnation reference states, and generates nodal nondimensional

variable distributions.

BLOCK DATA~-~stores finite element hypermatrix data.




CHAPTER VI
RIEMANN SHOCK TUBE

The Riemann Shock Tube Simulation was chosen as the primary test
case for this analysis. The Riemann Shock Tube, cf. Shapiro (1953,
p. 1007) and Schreier (1982, p. 234), provides a complex solution
structure with steep gradients and discontinuities interspersed with
planar plateau .regions. The intricacies of the solution test the
stabilit& of the algorithm while the existence of analytical solu-
tions allow estimation of the accuracy of the approximation. The
Shock Tube problem has two shortcomings which necessitate the use of
additional test cases (see CHAPTER VII). Firstly, the shock tube
involves a constant area duct and, therefore, the solution is not
area dependent. Secondly, the convergence rate is dominated by the
area around the discontinuity.

The Riemann Shock Tube consists of two chambers, separated by a
diaphragm, containing gases with differing stagnation conditions.
The starting time for the problem (t=0) is marked by the sudden
removal of the diaphragm sending a shock wave into the low pressure ‘
chamber and a rarefraction wave into the high pressure chamber. For
this analysis the diaphragm is placed at the midpoint of a duct with
a constant cross—-sectional area of unity. The duct has a unit
length which is discretized into 124<200 finite elements Ré of
uniform length he. The initial conditions are m(x)=0, p(x)=1=p(x)
on 0<x€0,5 and p(x)=0.1 and p(x)=.125 on 0.5<x<1.0 with y=l.4. The

25
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stopping time for all tests is nAt=0,14154 seconds. At the specified
stopping time the shock is centered at x=0.77 and the contact
discontinuity is centered at x=0.62., Dirichlet boundary conditions
are imposed on all variables on each end of the discretization.

The first run is a recreation of the solution from the original
formulation in the nondimensional form used in the revised computer

code. This run (RMNOl) uses a k=1, M=100 discretization with the

"numerically optimized" dissipation parameter set, vé v{3/8, 0,

-1/2, presented by Baker

1/4} and vg = v{3/4, 2, 1}, v = (15)
(1982). Although not numerically comparable due to different forms
of the basic equation set, the solution from RMN(Ql is proportionally
identical to the solution from the original computer code. The
RMNO1l solution is presented graphically in Figure 1. The analytical
solution [Sod, 1978] is also presented in Figure 1.

Four series of tests have been run in order to assess the
effects of revisions on the performance characteristics of the
algorithm. The first series checks the effect of changes in terms
resulting directly from the Euler equations. The second series of
tests uses the "best case” from the first series to check revisions
in the terms of the artificial dissipation mechanism. The last two
series of tests use the fully revised formulation of the algorithm.
The third series of tests is used to determine solution accuracy and
convergence, measured in several norms, as functions of grid

refinement. The fourth series of tests measures solution accuracy

as a function of Courant number.
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Revisions to Euler Equation Terms

Four revisions have been made in terms which are derived from
the Euler equations and the equation of state. Three of these revi-
sions are checked individually in this series of tests. The fourth
revision involves area dependent terms and is analyzed in
CHAPTER VII. A fourth run has been made in this series to determine
the effect of the three revisions taken collectively. The following
is a brief description of the rumns in this series.

RMNOl1 - original formulation

RMNO2 - revision to the derivatives 9{v}/9{R} and 9{vl/oiM}.

RMNO3 - inclusion of the term {Alo}T{l/R}e{M}Tmoom in [JEM],
equation (31). This term had been omittedein original
formulation.

RMNO4 - inclusion of the spatial derivative term of-[JRR]e,
equation (28), this term had been omitted in original
formulation.

RMNO5 - revisions from the three preceeding runs taken together.

The aim of the revisions to the algorithm is to increase the
efficiency of the algorithm while maintaining or increasing the

accuracy of the solution. The energy norm defined as

IEIFEE; j;kvﬁ‘a)‘ dx (36)

can be used as a measure of the error in the solution [Becker, et

al., 1981]. Using the energy norm as a measure of accuracy for this



29

series of tests indicates that the solution is unaffected by the
revisions made in the algorithm and computer code. These data are
presented in Table 1.
TABLE 1. Accuracy and Efficiency, Riemann Shock Tube, Euler
Equation Revisions, M=100, k=1, €=0.0001.
Energy Normll q&l, E
Go Step
Total CPU
Run Iterations (Normalized) p m g P
RMNO1 363 1.000 1.55 1.65 2.79 2.44
RMNO2 362 1.005 _ 1.55 1.65 2.79  2.44
RMNO3 363 1.005 1.55 1.65 2.79 2.44
RMNO4 362 1.011 1.55 1.65 2.79 2.44
RMNO5 299 0.829 1.55 1.65 2.79 2.44
Also presented in Table 1 are tabulations of the total number

of iterations and the go step CPU required to reach the desired

solution.

These measures of efficiency indicate that the revisions

in runs RMNO2, RMNO3 and RMNO4 have little influence on the per-

formance of the algorithm. However, the combination of these revi-

sions in RMNO5 produces a significant decrease in the computational

effort required for a solution. More specifically, RMNO5 requires
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17.6% fewer iteration and 17.17 less CPU than the original for-
mulation in RMNOIl.

A more accurate assessment of the impact of the revisions is
obtained by observing the convergence history of the {GQI}max values
at a given time step. Tables 2 and 3 give the convergence history
for the independent variables at two consecutive time steps.

Looking at the convergence history of RMNOl it can be seen that

{R} and {P} are the variables which require the fourth iteration to
meet the critieria for convergence. Little change is seen betwen
the data from RMNOl and RMNO2. A significant change occurs in the
convergence history of {P} in RMNO3. The revision in RMNO3 is in
the term [JPM]e which is the derivative of the equation of state,
defining the pressure, with respect to momentum. After this correc-
tion the requirement for a fourth iteration is solely on {R}.
Similarly in RMNQO4, the revision is to the term [JRR]e which is the
derivative of the continuity equation, defining the density, with
respect to density. After this correction the fourth iteration is
required by {P} only.

The behavior exhibited in runs RMNO3 and RMNO4 provides
possible explanations for the behavior of runs RMNO2 and RMNO5. The
revision of RMNO2 affects derivatives of the velocity with respect
to density and momentum. The velocity is a dependent variable whose
derivatives appear in Jacobian terms from all of the basic equations
and, thus, the influence of the revision in RMNO2 would be distri-
buted among all of the dependent variables reducing the readily

observable significance of the change. All three revisions are
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incorporated in RMNOS and the effects of each revision is reflected
in the solution. The fourth iteration in RMNOl is required by both
{R} and {P}. The revision RMNO3 allows {P} to converge in three
steps‘and the revision RMNO4 allows {R} to converge in three steps,
thus, in combination in RMNOS5 the convergence of the equation system
is reduced to three steps and a significant decrease in com—

putational effort is realized.

Revisions to Dissipétion Mechanism

Three changes have been made to terms derived from the artifi-
cial dissipation mechanism. This series of tests begins with the
fully revised formulation from the preceeding series and each revi-
sion 1s added to the previously included revisions. The following
is a brief description of the runs in this series.

RMNO5 - fully revised formulation from first series of tests

RMNO6 - revision to the derivative B{V?T[A3011]{R}/6{M} in [JRM].
RMNO7 —- revision to the derivatives 9{V}/3{R} and 9{V}/oimM}.
RMNO8 - normalization of velocity in Vg with respect to the
mximum velocity, i.e. Vi =| Vi/Vnax I.
RMNO9 - adjustment of optimized values of V; such that V; =
v{%, %, %} , Vo= (15)"1/2

Based on the experience of the first series of tests, RMNO6
should produce a significant change in the {OR}max terms. This is
borne out by the data presented in Tables 4 and 5 which shows a

noticable decrease in the values of {dR}max at iterations 2 and 3
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while other variables are essentially unchanged giving a quadratic
convergence rate in all variables. This change 1s also reflected in
the computational effort as shown in Table 6 with an 8.0% reduction
in the total number of iterations and a 2.4% reduction in CPU.
Comparing RMNO6 to RMNOl, the original formulation, yields overall
reductions of 24.2% in the total number of iterations and 19.1% in
CPU. While realizing the significant improvement in the convergence
rate; the accuracy of the solution, as measured in the energy norm,
is unchanged. Comparison of the graphical presentations of the
solutions of RMNOl and RMN06, Figures 1 and 2 respectively, shows

the solutions to be visually identical.

TABLE 6. Accuracy and Efficiency, Riemann Shock Tube, Penalty
Constraint Revisions, M=100, k=1, €=0.0001

Energy'Normll qgll E

Go Step
Total CPU
Run Iterations (Normalized) p m g p
RMNOS5 299 1.000 1.55 1.65 2.44 2.79
RMNO6 275 .976 1.55 1.65 2.44  2.79
RMNO7 275 .974 1.55 1.65 2.44  2.79
RMNOS8 275 .979 1.35 1.35 2.28 2.09

RMNO9 278 .989 1.61 1.70 2.90 2.53
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The revisions in RMNO7 produce almost no change in either the
convergence history or computational effort. This is expected for
two reasons. First, the revisions are based on derivatives of the
velocity in the dissipation mechanism which is attached to three of
the four defining equations, thus any impact would be distributed
between the equations lessening the apparent significance.A Second
and more importantly, quadratic convergence has already been
attained except during the initial time steps (see Table 7) and the
monotonic convergence of the first time steps is attributable to the
discontinuity in the initial conditions [Chase, 1982 and Decker, et
al., 1983].

The normalization of the velocity on the dissipation mechanism
terms in RMNO8 produces a degradation of the solutions as indicated
by the energy norms shown in Table 6. Graphs of the solution,
Figure 3, show that the shock has been "smeared"” over several
elements indicating that the normalization of the velocity has
caused the equation system to be overdamped. In RMNO9 the values of
ve have been reduced so that diffusion level is approximately the
same as that in RMNO6. The energy norms and the graphs of the
solution, Table 6 and Figure 4, indicate that the solution from
RMNO6 is roughly equivalent to the solution from the original
formulation.

In one manuscript Baker (1983a) presented the conservative
form of the convective portion of the Euler euqations, i.e.

Lc(-) = %%-+ 3%{u-], in the definition of the dissipation

mechanism. The terms presented in that manuscript are those
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derived from the nonconservative form. The spatial derivative terms
of the dissipation mechanism using the conserviative convective

derivatives are of the form

{V}e[A3011] {qu}e + {qa}e[A3110] {v}e (37)

This form of the diffusion term is used in RMN1O. The graphical
presentation of the solution RMN10, Figure 5, shows extremely poor
coherence of the solution in the low pressure region beyond the
shock. The behavior of solution RMN1O indicates the nonconservative
form of the convective derivative to be the correct form for the

disspation mechanism.

Efficiency and Accuracy-—-Fully

Revised Formulation

Two series of tests have been performed to check the performance
characteristics of the fully revised formulations. The first series
of tests measures the change in the accuracy with respect to grid
refinement. The second series measures the change in the efficiency
with respect to the time increment (Courant number). The first
series of tests applies a Courant number of 0.18 over a discretiza-
tion range of 12<M<200. A Richardson extrapolation step [Botha and
Pinder, 1983] at the standard end time confirms that the digit of
significance is unaffected by the temporal truncation error asso-
ciated with the Courant number, as required for estimation of semi-
discrete approximation error. Convergence characteristics, measured

in H' and E, for k=1 solutions are presented in Figure 6. The data
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obtained in these tests are in substantial agreement with data
obtained from the original formulation [Baker, 1982]. Assuming slope
distinctions between dependent variables to be insignificant, the
nominal convergence rate is approximately 2/3, indicating qualita-
tive agreement with a pth order accurate different scheme, or

symbolically,
| af]] <, PP+ L (38)

where p=2 and c,#f(h) for sufficiently small h [Baker, 1982]. As

1
possible additional methods for estimating solution accuracy, the

HY and L! norms have been calculated. However, no discermnable pat-

tern has been found in these data, presented in Tables 8 and 9.

TABLE 8. Solution Norm|| qal|2 U, Riemann Shock Tube, k=1, €=0.001,
Courant No. = .18

Dependent Variable

Element
Measure

he Density Momentum Energy Pressure
5.0 E-03 0.2279 0.0149 0.2216 0.2142
1.0 E-02 0.2316 0.0146 0.2251 0.2178
2.0 E-02 0.229 0.0142 0.222 0.215

8.33 E-02 0.244 0.012 0.235 0.228
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TABLE 9. Solution Norml] qg"zLL, Riemann Shock Tube, k=1, €=0.001,
Courant No. = .18.

Independent Variable

Element
Measure

he Density Momentum Energy Pressure
5.0 E-03 0.5709 0.107 0.5586 0.5387
1.0 E-02 0.5779 0.107 0.5658 0.5462
2.0 E-02 0.5740 | 0.107 0.5618 0.5429
4.0 E-02 0.5659 0.107 0.5535 0.535

The second series of tests applies a range of time integration
increments to the standard test case of k=1, M=100, €=0.001.
Primary factors determining solution effigiency are the discreti-
zation, the integration time step, and the convergence level. Data
from these tests, presented in Table 10 indicates éomputational
effort can be cut approximately in half by doubling the Courant
number (time step). After this point, diminishing returns are
encountered as the number of Newton iterations per timestep to attain
the desired level of convergence increases. Also as the Courant
number increases the effect of the temporal truncation error
increases and the accuracy, as measured in the energy norm, is

degraded with the most serious deterioration of the solution
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tinuity (see Figure 7). Similar behavior was observed by Baker

(1982) using the original formulation.

occurring in the region between the shock and the contact discon-
|
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CHAPTER VII
DeLAVAL NOZZLE

A second test case is required for analysis of the performance
characteristics of the finite element algorithm due to three pro-
perties of the Riemann Shock tube problem. The first of these
properties 1s the lack of area dependence of the shock tube. The
shock tube 1s described over a constant area duct, thus after non-
dimensionalization the tube has a unit area throughout. The area
terms are of the form f(qa)dlogA/dx, which équals zero when A is
constant. One revision to the algorithm is the inclusion of area
terms omitted from the original algorithm but the impact of this
revision would not be evident in the shock tube solution as the term
would be zero. The second property of the solution is nonsmoothness
over the time period of interest. A discontinuity is introduced as
an initial condition and is maintained as a shock throughout the
given interval. Although some smearing of the shock occurs, the
convergence rate is dominated by the area surrounding the shock.

The third property of the shock tube is that the solution does not
converge toward steady state conditions in the time interval of
interest. The second and third properites have no direct bearing on
the analysis of algorithmic changes, but do make analysis of the
timestep optimization technique difficult. 1In order to circumvent
these properties a Delaval nozzle, or converging-diverging duct, has

been used [C.F. White, 1979, pp. 513-546].

50
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The nozzle being analyzed is a 1.00 foot duct which has been
discretized into M=100 finite element of uniform measure
he=0.01 feet. The nozzle inlet is 0.1 feet long (1M<10) with a
constant nondimensional area of 5.82183. The throat (area=1.000) is
located at x=0.50 feet. The nozzle outlet is 0.1 feet long
(91M<100) with a constant area of 1.16820. The inlet of the nozzle
has been chosen such that, with choked flow, the inlet Mach number
is 0.1. This provides an approximation of a reservoir, thus
allowing stable subsonic calculations. For on design exit pressure,

the outlet Mach number is 1.49.

Revision of the Algorithm

In the original formulation of the Jacobian, three terms depen-
dent on pressure and area have been omitted. The terms in question
are derived from the term {A}T([AAIOOO]{V}){P}‘in {FG}. The terms
in [JGR]e and [JQ4]e were omitted from the original presentation of
the algorithm [Baker, 1982]. The third term, in [JGP]e, was
included in the algorithm but was omitted from the original computer
code.

Four sets of runs were made to determine the affects of inclu-
sion of the area terms in the Jacobian. Two of the tests are sub-
sonic with Dirichlet boundary conditions on the pressure, density,
and energy at the inlet and on the pressure at the outlet. All
other variables have Neumann constraints. Initial conditions for the

two subsonic sets are the same with an inlet Mach number of 0.10, a

throat Mach number of 1,0, and an outlet Mach number of 0.61. The
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other two tests are off design supersonic, with Dirichlet conditions
on all variables at the inlet and on the pressure at the outlet.

For inlet conditions, a shock is set at node M=85 Oﬂa=1.4).

The first set of runs (SSS010 and SSS020) are stationary
solutions, i.e. the final solution should match the initial
conditions. The convergence histories of the two runs in the set
at two consecutive timesteps are presented in Table 11. These data
indicate that the effect of inclusion of the area terms in the energy
derivatives of the Jacobian is insignificant. The accuracy of the
final solutions of the two runs, as measured in the energy norm, are
identical (see Table 12).

The second set of rums MSS010 and MSS020 are tramnsient solu-
tions which use the same initial conditions as the first set except
that the pressure on the outlet node is reduced by 57 at
t=0 seconds. Convergence histories of the two solutions, presented
in Table 13, again show an insignificant impact from inclusion of
the terms in question. The accuracy of the final solutions is
unchanged between the two runs (Table 12). Thus the data from the
second set of runs supports the conclusion from the first set of
runs. Data from the steady state and transient off design super-
sonic test cases, presented in Tables 12 and 13, exhibit the same

behavior as the subsonic cases.,

Performance of Timestep Optimizer

An assessment of the utility of the timestep optimization is

based on data from five test cases, each requiring three solutioms.
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The first of the three runs for each test case (XXX00) does not use
the optimization procedure. The second run (XXX01l) uses the first
level of optimization in which the maximum value of {6QI} is
linearly extrapolated to a predetermined fixed value (DQMAX). The
third run (XXX02) uses the second level of optimization in which the
maximum value of {8QI} is linearly extrapolated to a value which is
adjusted according to the number of iterations from the previous
timestep. For all test cases the adjustment parameters for the
second level of optimization are a 107 increase in DQMAX if the
number of iterations is less than three and a 33.3% decrease in
DMAX if the number of iterations is more than four. All test cases
have been run to approximately steady state conditions.

The first two test cases are based on a Delaval nozzle running
at subsonic conditions. The first test case (S§SS02I, 0<I<2) is a
stationary solution with the flow having a Mach number of one at the
throat. The second test case (MSS02I, 0<I<2) uses the same initial
‘conditions as the first case except the exit pressure is increased
by 5% at t=0.0 seconds. Data from these runs, presented in
Table 14, indicate that a significant reduction in computational
effort is realized by the implementation of the optimization
procedures. In the stationary solution the value of DQMAX is 0.001
for the first level optimization, and the same value is used ini-
tially in the second level optimization. On the first level optimi-
zation the total number of iteration required to reach the desired
solution (see Table 14) was decreased by 61%., Moving to the second

level optimization, the decrease in total iterations was 715 in
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the transient solution with D(MAX=0,005, the number of iterations
was reduced by 38% on the first level of optimizationm.
Implementation of the second level of optimization brought the total
reduction in the number of iterations to 427%. The third test case
(SS0011, 0<I<2) is a DelLaval nozzle running on design. The value of
DMMAX is 0.001 for the first level of optimization and the same
value is used initially in the second level. The first level of
optimization decreases the number of iterations by 74%. With the
second level of optimization the decrease in iterations becomes 817%.

In all cases the accuracy, as measured in the energy norm,
remains approximately the same; however, a slight decrease in
accuracy and a decrease in the number of significant digits, as
measured in the Richardson step, occurs as the number of time step
decreases due to increases in the temporal truncation errors [Strang
‘and Fix, 1973]. Differences in the significant digits in MSS021 and
MSS022 seems to indicate a departure in the trend toward fewer
digits of significance with fewer total iterations, see Table 1l4.
Explanation of this behavior is found by observation of the con-
sistency of the number of iterations at individual time steps
throughout the solution. The more consistent solution, MSS022,
maintains three or four step convergence throughout most of the
solution. The less accurate solution, MSS021, has a more variable
rate of convergence with two up to eight steps required to achieve
the desired level of convergence as the solution progresses.

The inconsistency in the convergence rate under the first level

of optimization should only occur in transient solutions. By
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introducing a discontinuity in the initial conditions, the solution
is required to change significantly over a short period of time
indicating a need for small timesteps. As the solution progresses
toward steady state, the solution undergoes less change over a given
time interval and larger timesteps may be used. Thus, while opti-
mized solutions in steady state offer a trade off between the digits
of significance in the measures of accuracy and the computational
effort required for a solution, the optimized transient solution
achieves the more consistent solution witﬁ the fewer total
iterations. However, the differences in the accuracy are, at least
for the given solutions, esoteric, as the results of the most
accurate solution (no optimization) and the least accurate solution
(level 2 optimization), presented in Fiéures 8 and 9, exhibit no
visually discernable differences.

Two additional test cases for the optimization procedure are
based on supersonic off-design nozzle flow. The first test case
(SSHO3I, 0<I<2) is a stationary shock occurring at Mach number 1.40
with the exit pressure set to maintain the shock at that level. The
second test case (MSHO3I, 0<I<2) uses the same initial conditioms as
the first test case, except the exit pressure is increased by 5.8%
forcing the shock back to a Mach number of 1.3. Accuracy and effi-
ciency data from these cases are presented in Table 15.

Data presented in Table 15 indicates no positive results for
the off design supersonic test cases. For the subsonic test case,

the unoptimized solution (SSS030) required 564 iterations over
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250 timesteps to reach an end time of 0.0125 seconds. Using the
first level of optimization (SSS031), the solution required 605
iterations, an increase of 7.3%, eventhough a slight decrease, 3.2%,
occurred in the number of time steps. The accuracy, as measured in
the energy norms, remained unchanged except for a loss of one to two
digits of significance in the optimized case. No solutions could be
obtained from the second level of optimization. In the unoptimized
run, the solution is essentially stabilized after 0.002 seconds
which takes 40 time steps. The first level optimized run stabilizes
at approximately the same time, but in run SSHO31l, 220 timesteps are
required to reach 0.002 seconds. Graphical presentations of the
stationary shock solutions were identical and results from SSS030
are plotted in Figure 10. The shock in Figure 10 is centered at the
correct point (x=0.73) and is smeared over three nodes with some
minor oscillations in the region upstream of the shock.

The unoptimized solution for the moving shock case (MSH030),
required 250 time steps and 855 iterations. The first level of
optimization (MSHO31) produces a significant increase in com-
putational effort with the number of timesteps increasing by 647%
to 411 and the number of iterations increased by 537% to 1312. The
second level of optimization (MSH032) reduced the number of
timesteps by 12% from the unoptimized run to 220, but the number of
iterations increased slightly to 866. The energy norms for the three
solutions remain nominally the same except for changes in the number
of significant digits. No discernable differences occur in the

graphical presentations and results from MSHO30 are plotted in
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Figure 11, The maximum Mach number for this solution should be 1.3
with the shock centered at x=0.63. In Figure 11, the shock is cen-
tered correctly but is smeared over four element with a maximum Mach
number of 1.24. The solution could probably be sharpened with
adjustment of the penalty constraint parameters.

Several characteristics may be observed in the trends in
the convergence histories of the individual timesteps. In the unop-
timized solution the initial timesteps require a relatively large
number of iterations with the number of iterations per timestep
decreasing as the solution progresses toward steady state, thus a
major controlling factor in selection of a fixed size timestep is
the convergence of the first timestep. Using the first level of
optimization the change in the number of timesteps follows a pattern
exactly opposite of ;hat in the unoptimized solution. With the
maximum value of {d8QI} fixed (DQMAX) the number of iterations per
timestep increases as the solution proceeds. The size of the
timestep also increases with increasing time. Two interconnected
problems are encountered in trying to use the first level optimizer.
First, as the stepsize increases and the sblution advances toward
steady state the fixed value of DQMAX must be small because little
change is occurring in the solution, and, at the large time steps,
the collected data indicates a decreased convergence rate. Second,
as the fixed value of DQMAX is decreased to accommodate conditions
near steady state, the initial time steps must become very small,
and the accleration of the latter stages of the solution is negated

by the excessive number of timesteps required for the initial stages
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of the solution. The second level of optimization has a framework
which would appear to counteract the problems encountered in both
the unoptimized case and the first level of optimization by
adjusting the size of DQMAX and, thus, the size of the time steps.
Based on the moving shock run (MSH032) the basic idea of the second
level optimization appears to work with Courant numbers in excess of
10,000 being attained. In MSHO32 a three step convergence is main-
tained throughout a major portion of the solution. As the solution
nears steady state the number of iterations starts to increase and
this causes DQMAX to be decreased controlling the stepsize and pre-
serving convergence. The number of iterations per time step
increases at a slow steady rate in MSH032 and the second level opti-
mized works well; however, the stationary shock solution (SSH032)
undergoes a rapid increase in the iterations per timestep, the value
of DQMAX 1is not allowed to adjust, and convergence is lost.

From the presented data, the idea of an optimization scheme
based on these concepts holds some promise. However, the scheme
analyzed requires a priori knowledge of the solution behavior as
well as experimentation with the input variables controlling the
optimizer in order to obtain a solution., The solutions presented
have offered savings in computation effort only for smooth
solutions. The lack of applicability of the given optimization
scheme indicates a need for development of a more exact relationship

between timestep size and DMAX before the idea can be implemented

in generality.




CHAPTER VIII
SIMMARY AND CONCLUSIONS

Herein are presented a summarization of the major findings and
conclusions of this analysis along with suggestions for further
research.

l. An implicit finite element algorithm for solution of the
quasi-one dimension Euler equations was developed by A.J.
Baker and a computer code for verification of the utility
of this algorithm was developed by M.0O. Soliman. Although
accurate solutions were obtained, the Newton matrix itera-
tion method provided only monotonic convergence, while
quadratic convergence 1is theoretically predicted.

2. After a step by step derivation of the algorithm, several
errors were discovered in the original presentation of the
terms forming the Jacobian. Also, examination of the ori-
ginal computer code exposed several terms which were
omitted from the coding.

3. Taken individually, none of the revisions to the algorithm
and code exert a significant influence on the overall con-
vergence rate of the equation system. When the changes are
applicable to a specific independent variable, the impact
of the change is seen primarily on that variable. Changes
to a dependent variable cause only minor changes in
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convergence, but the changes are distributed to all inde-
pendent variables.,

Taken collectively, the revisions give a quadratic con-
vergence rate for the system of equations and the effi-
clency of the algorithm is increased by 24%. This indica-
tes that the overall accuracy of the Jacobian is of greater
importance to the convergence than the accuracy of any par-
ticular term.

The accuracy of the solutions obtained from the fully
revised formulations is equivalent to that obtained from
the original formulation. Also, behavior of the accuracy
and efficiency of the revised formulation with respect to
changes in grid refinement and Courant number is unchanged.
No interpretable information has been obtained from the

HO and L! solution norms.

The conservative form of the penalty constraint term

yields unstable solutions.

Stable subsonic solutions for a converging-diverging nozzle
under both steady state and transient solution were
obtained. The subsonic solutions require an approximation
to a reservoir at the inlet, with Dirichlet boundary con-
ditions on density, energy, and pressure at the inlet and
on pressure at the outlet. All other variables have

Neumann boundary conditions.
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Stable transonic solutions for a DeLaval nozzle were
obtained for on-design conditions and both steady state and
transient off-design conditions. Boundary conditions for
transonic flows are Dirichlet on all variables at the inlet

and Dirichlet on pressure at the outlet for off-design

~ conditions. All other variables have Neumann boundary

conditions.

Using optimized values of vé from.tﬁe Riemann shock tube
test case produces significant smearing of shocks and
deterioration of peak values in solutions for the
converging-divergiﬁg nozzle, This indicates a need for
adjustment to the penalty constraints to the lower level of
diffusion.

The timestep optimization procedure produces promising
results when applied to smooth (subsonic and on design
transonic) solutions, with Courant numbers in excess of
10,000 occurring under certain near steady state
conditions.

When dealing with highly nonsmooth (off design transonic)
solutions, implementation of the timestep optimization pro-
cedure is difficult, or in certain cases, impossible, and
poor results are obtained from the cases in which con-
vergence is maintained. Close examination of the cases
which lose convergence show that the optimizer is behaving
properly, but it cannot respond sufficiently to maintain

convergence.
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The basic framework of the timestep optimization procedure

appears to be sound, but the method used for variation of

the timesteps does not model the actual situation

adequately.‘

Results of this analysis indicate a need for further

studies in the following areas:

ae

b.

Ce

The revisions studied in this analysis should be pro-
jected into the multidimension algorithm from which the
quasi-one dimensional algorithm was derived.

The penalty constraint parameters should be reevaluated
to determine optimum values for the revised
formulation. Also, additional studies should be made
of the mechanism by which the penalty corstraint
operates.,

A more exact model of the relationship between the
delta values from the first Newton iteration and the
size of the timestep should be developed for implemen-
tation in the timestep optimizer.

The fully revised formulation should be projected onto
an adaptive grid.

The applicability of the H? and L! solution norm as a

measure of accuracy should be determined.
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APPENDIX A

NOMENCLATURE



a boundary condition coefficient; sound speed

A cross-sectional area; one-dimensional hypermatrix prefix
C coefficient; matrix; Courant number |
e specific total energy

f function of known argument

F finite element matrix; discrete solution equation system
g total energy

G finite element matrix

h element measure

H Hilbert space

i \[:I_; index

j index

J ‘Jacobian matrix

k cardinal basis degree

L summation index; differential operator

L differential operator

m momentum

M nurber of finite elements spanning R"

n unit normal vector; dimension of space

N finite element cardinal basis; discrete index

P pressure; iteration index

q generalized dependent variable

Q generalized discrete dependent variable

R" spatial domain of differential operator

Re Reynolds number

Se finite element assembly operator
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time
velocity vector
convection velocity
Cartesian coordinate system
dependent variable reference
Lagrange multiplier set
ratio of specific heats; parameter
partial derivative operator
boundary of solution domain R"
Kronecker delta; parameter
iteration variable
mesh measure; increment

specific internal energy; isotropic dissipation function;
parameter

dissipation parameter
density
summation operator

solution domain

Superscripts:

h

(o]

P

T

solution semi-discrete approximation

initial condition reference, stagnation conditions
iteration index

matrix transpose

dissipation parameter reference

ordinary derivative

nondimensional variable



Subscripts:

e element reference
i,j,k tensor indices

j time step index

k degree of polynomial
o reference state

o dependent variable index
Notation:

{1} column matrix

[ ] square matrix

U union

N intersection

€ belongs to

1] nore



APPENDIX B

DERIVATION OF MATRIX FORM OF F



The following is a step by step derivation of the matrix form
of the nonlinear algebraic equation set formed by substitution of
the discrete approximation of equations (5)-(8) into the theoretical

form of the finite element algorithm, equation (15).

Continuity Equation

The continuity equation is given in the form

p . 2
L(p)=—a-%+—(£ll+ oua’ = 0 (1B)

/2 _d(4n A)
dx )

unchanged after nondimensionalization. The element semidiscrete

where A The form of the continuity equation remains

approximation of the continuity equation is obtained by making the
substitutions:
o (x, )N (I {R(E)} 5 u (x,0)={N (x)} {v(t)}_ , and
e’ k e’ e Tk e’
Ae(x)E{Nk(x)}T{A}e , and is of the form
h ) T 3 T T
L(p) =S, | 5N I R} + 5o (IN R} (N (V] ) +

T T d T
TR O v S ) ) (2B)

Identification of the independent variables has been dropped for
convenience. Equation (2B) is then substituted into the first

constraint of equation (15) yilelding
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f (N, JL(p )dx = f o et 2 RY
3 T T
+-3;{Nk} {R}e{Nk} {V}e
T T d T
+ {Nk} {R}e{Nk} {v,}e E{Nk} {A}) dx (3B)

The following algebraic manipulations are performed on equation (3B).

_ T d
J RERCIRL _le{Nk}({Nk} Lwy_Jax
e e
I }({V}Td ({8, HN 3T )R} )d
gl kK Tl I (R} Jax
e

with (7T ov 1y 1wy = v 3 oo

T /,
= le{Nk}{Nk} dx{R}e + {N } {N } dx{M}

e

+ (A} f S 1)y i M Faxdvy ®) (4B)

implementing the Greene-Gauss form of the divergence theorem

[Kreyszig, 1972] on the second term of (4B) gives
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T ’ d T, A
- le{Nk”Nk} ax®Y. + ﬂﬂtmk}-mk} | Bdx

d .
- le(a;{Nk}J{Nk}dx {M}e
e

+ {A} f {N }) {N } {N }{N } dx{v} {R} (5B)

Using Baker's hypermatrix nomenclature, equation (5B) reduces to

f {N JL(pe)dx = h [A200]{R} + [:¢ {N }e {N } )*ndx

- [A210]] M} o+ {a3T ([A41000] {V}){R} (6B)

The second term in equation (6B) is a contour integral around a
given element as shown in Figure Al. The integral can be written in

the form

2
leH%({Nk}'{Nk}TJ'n dx = —fla%({Nk}{Nk}Tde

e

3 4
T T
+f ﬁ[{Nk}{Nk} Jdx +f3a%({Nk}{Nk} Jdx

2

L T
-143}?[{Nk}{Nk} Jdx (7B)

The definition of the problem as quasi-one dimensional dictates that

no changes occur in the y-direction; therefore, the integrals 1-2
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4
d T d T
d—x-({Nk}{Nk} Jdx =f 3H({Nk}{Nk} Jdx, and

2

and 3-4 are equal, i.e.f
1

equation (7A) thus reduces to

1
d Tvnoo o f d T
géza({uk}mk} Johdx = /A—dx[{Nk}{Nk} Jax

34 T
+f23§({Nk}{Nk} Jax (88)

This equation indicates that the integral is evaluated only at the

end points of the element. With the cardinal basi§ functions of

degree 1 and 2 defined as,

(1-x/he) (1-2x/hg)

(0} = {1;’;/%} (0} = bx/hy(x/be) (98)
X/ Ne , x/he(2%/hg-1)

evaluation the first integral at x=0 and the second integral at

x=he yields for k=1

1
oo (1)
¢la({N1}{N1} J°§1\dx——fa 0 ) {1,0} dx
Re 0
o}
d
+f1—d; {1 {0,1} dx

4l 1o 4l ©
= d— dx + d_ dx
0%*! 0 o 1¥| 0 1
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1 0 0 0
= - +
0 0 01
-1 0
= = [A20], (10B-a)
01

A similar substitution using k=2 yields

1
d _ , -
f,a({Nz}{Nz})-’ﬁdx = 8 = [A20], (10B-b)

= O O

0
0
0
Substitutions (10B) into (6B) gives the symbolic form

} 0 }’ 210
(N JL(p_)dx = h_[A200]{R} + [ra20] - [A2101] M}

Rl
e

+ {A}L([A41000] {V}) {R} (118)

S G I

l La 2

Figure Al

3>
x

Evaluation of the second constraint of equation (15) requires
the use of the nonconservative form of the convective derivative of

the density defined as

3 9
LS(p) = 3-‘;— + uﬁ (12B)




The elemental semi-discrete approximation of which is
c 9 T T 9 T
L7(p) at{Nk} {R}e {Nk} {V}at{Nk} {R} (13B)

Defining the dissipation parameter Ba as

2 6x)i (14B)

= _ 1 g
Bp-he(vR t + sign u vR

and substituting (13B) and (14B) into the second comstraint of

equation (15) and simplifying yields.

- c _ d T
5, [ it e = v v [ oyt Tw e
RL R,

+h v2f Lo 3w Y @ ) R ax
e R R;

f 39- {N } dx{R}
Re

+ h_ 2{‘} f {N e {N }lax (R}
B V{N 1.S(o Ydx = h_ vi[A210] R}
p ' k Pe e R e
Re
+ vI% {V}[A3o11]{R}e (15B)
The summation of equations (11B) and (15B), using the summation in a

Taylor series and using the trapezoid rule for integration yields

the final form of the term {FR}e as
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/’
®}, = h, [14200] + vp[a2101] (R},
+ 281 [[a20] - (421017 0} + v2 (T}[A3011] (R}

+ {a}T([A41000]{V}){R} = {0} (16B)
g P
A reduction in computational effort can be achieved by the sum
mation of frequently used matrix pairs prior to the assembly
operation. One such pair exist in equation (16B). The matrix pair,
[A20]-[A210], has two possible steps which may be used to peduce the
computation time. Firstly, the matrix [A20] is of a form which will
allow cancellation of all terms except those contributed by the ter-
minal nodes of the discretized region. This allows a redefinition

of the [A20] matrix in the form

-5
5 . 0 g
[a20], = et s, | » [a20], =| o0 3 (17B)

where Sei is the Kronecker delta and e is the number of the element

(o N oo
o O O

such that 1<e<M. Secondly, the summation of the matrix pair can be

defined as
[D2MAT] = [A20] - [A210] (18B)

Substituting equation (18B) into (16B) gives a symbolic represen-

tation of {FR}e in the form
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/

{FR}_ = h_ [[a200] + v;[Azlo]] {R}J+l

+ A—; [ [D2mAT] (M} + vé{V}T[Awu] R}

T -
+ {A} ([441000]{V}){R}] 1,5 {0} ~(19B)

Momentum Equation

The momentum equation is given in the form
) 3 ’
L(pu) = goPu + 5—[upu + p] + puA (20B)

This equation is nondimensionalized with reference to the initial

stagnation conditions by making the following substitutions

0 A
t* = tT , x* =% R p* = —p—p— s u* = -ai s A% = -A— ’
0 0 r
) L 3 d ) P e
= e e e = Le— , p* = e*x = — (21B)
* a ] a * a ? ’
at a0 t X X p0 eO
The nondimensional form of the momentum equation is
P
*) = * *
L(p*u*) e P + s + p*u*<A (22B)
0?0

where pO/poag is the Euler number. Given that ag = Ypo/p0 , the

Euler number reduces to 1/Y . Upon substitution of the reduced form

of the Euler number and dropping the superscript asterisk, equation

(22B) is left in the form



dpu

d 1
L(pu) = =57 + glueu + 2p] + pu2A (23B)

defining m3pu yields

om ] 1
L(m) = 3E-+ ax[um + ?p] + umA (24B)
The elemental semidiscrete approximation of equation (24B) is

) T 3 T T 1 T
L(m) = 52U} (M}, + 5 T 1 (V) N F 0+ S L (P ]

T T d T
+ O v 0 S 1) (258)

Substitution of equation (25A) into the first constraint of equation

(15) and simplifying gives

) T
FEREREE fR,{Nk}Lﬁ{Nk} o
(4 <

3 T T 1 T
+ ‘%E({V}e{Nk}{Nk} M}, + ?{Nk} {P}eJ

T T T
+ (2o T ) v ) o e
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{N }{N } dx{M}
Re

f o MY M, 1) 0 _ax
R

e

1
+7fR{k}d S 1 axte)
e

+ ()] f v 1) H 3 Tax(vy oo
’ A
= he[AZOO]{M}e + {V}T(¢£§ {Nk}{Nk}{Nk}T)ondx

d
-J[R;{Nk}(a;{Nk}){Nk}dx){M}e

+ (Padem o, 1) -fax
-f Ny (gain 1), ¥ ax ) (e}
e

+ {A}T([AZ;IOOO]{V}e){M}e

’ T d T. A
= he[AZOO]{M}e + {Vv} L%{Nk}{Nk}{Nk} )+ndx

- [A3010] J{u} _ + [(a20]-[a210]] {P}_

+ {A}T([A410001{v}e){M}e (26B)
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Using the same arguments presented for the contour integral in the

continuity equation (7B), the second term of equation (26B) can be

evaluated for k=1 in the form

d T, A d
¢-&({N1}{Nl}{Nl} )-fdx = —foa-({(l)}{cl)}{(l) Jdx

[o e NoNe

OO OO
= O OO

= [A30],

= Q0 O

| SE——
+
| S I I

ii{{nl}{Nl}{Nl}T)ﬁdx = [

S~
—N N e AN ST
e —

OO O+

Similarly for k=2

d T, A
¢a;( {NZ}{NZ}{NZ} ) *ndx

0
0

0

o} o} = [A30],
0y <0

0j Lo

o] fo

07 {0

o/ {1

QOO OO0 O 00O

(27B-a)

(27B-b)
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Substituting (27B) into (26B) gives

’
fe{Nk}L(me)dx = he[AZOO]{M}e + {v}z [[A30]-[A3010]] {M}e

T
+ [[(a20]-[A210]] {p},_ + {A}_([A41000]{V} ){M} (28B)

The convective derivative of the momentum equation is of the

form
L(m) + 5= + wgl (298)

The elemental semi discrete approximation is
c _ 9 T T 9
L(m) = F{{Nk} {M}e + {Nk} {V}es;{Nk}{M}e (30B)

Defining the dissipation parameter Ba as

T = 1 )2 ¢
Bu-he(vM 8t + sign u vM Sx)1i (31B)

and substituting (30B) and (31B) into the second constraint of

equation (15) and simplifying yields

EM j‘ét‘V{Nk}Lc(me)dx = hevl}ifR {N } {N } {M} dx
& e

+h v2f (E;{Nk}){N = 1, {Nk}T{M}edx
R

e
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d
- v} le (T8, 1) (N, Jax )
e
2 d - T d
+ hevaR, (gt P VY N Y g, T}
4

X ’
= vi[a210] (M}

20T T d d
+ b v2{T}_ f O I ey et
e

- ’
BMIRL V{Nk}Lc(me)dx = h, vbld[Azm]{M}e

2~
+ v, (V1 _(a3011] 04} (32B)

The summation of equations (28B) and (32B), using the summation
in a Taylor series and using the trapezoid rule for integration,

yields {FM}e in the form

(M} = b [[a200] + vi[a210]] {M}, &

w1t s vyt [ra3o0]

1
- [a3010]7 (M} + ;{-[[AZO] - [A21017] {P}

+ \)ﬁ {V}[Aa3011]{M} + {A}T([AZ;IOOO]{V}){M, (33B)
i1,

Using the definition in (18B) and similarly defining
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[D3MAT] = [A30] - [A3010] , - (34B)

a more computationally efficient form of {FM}e is

MM} = h [14200] + vl[a210]7] {M};_l + %[{V}T[MMAT]{M}'
+ Lpawar) (o) + 9207 [A3011] 04)

+ {A}T('[AAiOOO]{v})'{M}:[ 1 5 | (35B)

Energy Equation

The energy equation is given in the form

L(pe) = 3%§-+ sgfupe + up] + (upe + up)A = 0 (36B)

Using the stagnation reference conditions specified in (21B), thé

nondimensionalized form of the energy equation is

*ok p
L(p*e*) = E%Eg_.+ 3.E;u*p*e* + 3—%_'3§;u*p* + (ukpke*
00
Po
+ — D gxpk)Ax (378)
P0%

where po/poe0 is the Eckert number. Making the substitutions

p0/po =R TO and ey = CVTO , the Eckert number reduces to (y=-1).
Substituting the reduced Eckert number, letting g=pe, and dropping

the superscript asterisk leaves the energy equation in the form
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L(g) = —5-+ 3—ug + (Y-l)—-up + (ug + (v-1)up)a” (38B)

The elemental semlidiscrete approximation of equation (38B) is

9 T 3 T T
L(s,) = -a-t-{Nk} {6}, + 3;({Nk} {V}e{Nk} er)

+ (Y—l)sfk{Nk}T{V}e{Nk}T{P}e) + (v e,
+ (Y-l){N 3T {vi, N, 1T {p) O {N 1T (A} (39B)

Substitution into the first constraint of equation (15) and

simplifying gives
9 T | ) T T
fR,{Nk}uge)dx =fRé{Nk}(-ﬁ{Nk} 3, + s v vy v 1T eer )
e

+ ({Nk}T{V}e{Nk}T{G}e

T T d T
+ (DN VY I Y {RY g ) {A})dx
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s d ’?
=f ,{Nk}{Nk}'d—t-{G}edx
Re R

T d T
+ Ré{Nk}{V}éaz({Nk}{Nk} Y{{G} + (y=1){P}}dx

[ Ty 1 1 e o el
Re
+ (y-1){P}}dx

T /’
=1, {Nk}{Nk} dx{G}e
Re

T T
+ (P, I )onan

e

T
-fRé{Nk}(ag{Nk}){Nk} ax){i6), + (-1 |

+ {AY1([a41000] (V) ){{C6} + (x-1) (P} }

’ T
RL{Nk}L(ge)dx = he[AZOO]{G}e + V) [1A30]—[A3010]:[{{G}e

+ (=1 {}_} + {A}Z([A41000]{V}e){{G}e + (v-1){P}}  (40B)

The convective derivative of the total energy is of the form

9
L(g) = 2& + uwil (418)
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and the elemental semidiscrete approximation is
c(g ) = =2 3T 3 T T
L9(8y) = FEMITGY, + s T V) I Y el ) (42B)
Defining the dissipation parameter Ea as
B = log 2
BG-he(vG dt + sign u VG ox)i (43B)

and substituting (42B) and (43B) into the second constraint of

equation (15) and simplifying yields

T c = h vl T
5, fR TN (g ddx = v fRe o oy, 17 ie} ax

d T 3 T
+ 2 fRé(a{Nk} jin 1 vy 2w, ) (e ax
= h vlf (—{N }){N 3 dx{c}

+ hevé {v} N I3 {N b {N 3T {6} dx

’
= 1
h, Ve [4210] {G}e

+ v2{v} {N } {N } {N } dx{c}
Re
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) f V{N }LC Ydx = h vl[AZIO]{G}’
G R’ k (ge e G e
e

2= T
+ vZ{V}_[A3011]{G} (44B)

The summation of equations (40B) and (44B), using the summation -

in a Taylor series and using the trapezoid rule for integration

yields the final form of {FG}e as

’
(Fe}, = h, [[[A200] + vz[a2101] {6},

+ -A-'z:— (v} [[a30] - [a301017] {{6} + (v-1){P}}

+ v‘é{V}T[mou]{c} + (a}T([A41000] {V}{{G}

+ (v-1){P}} (45B)
i1,
Substituting the terms defined in (17B) and (34B) and factoring
common terms yields the form
{Fe} = n_[Tra200] + vl{a21017] {c}’ + At T [[D3MAT]

e e G il 2

+ [A40001]{a}] {{G} + (v-1){P}}

+ vé{V}T[A3011]{G}] (46B)

i+1,3
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Equation of State
The equation of state is given in the form
1
L(p) = p - (Y-1)[re = 5pu-u] =0 (47B)

2

Using stagnation reference conditions specified in (21B), the non-

dimensionalized form of the equation of state is

p.e
0 0)9

L(p*) = p* 12
p*) = p* = (Y-1) (g—Jerer F(5—Joru*-ux] (48B)
0 0

where the nondimensional groups are the inverses of the Euler number
and the Eckert number is previously defined. Making appropriate
substitutions and dropping the superscript asterisk leave the

equation of state in the form
1
L(p) =p - [g =~ 5Y(y-1)m] (49B)

The elemental semidiscrete approximation of equation (49B) is

_ T _ T
L(pe) = {Nk} {P}e [{Nk} {c}e
1 T T
- Ew(Y-l){Nk} {V}e{Nk} {M}e] (50B)

Substitution into the first constraint of equation (15) and

simplifying gives
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[ more -[ oo, - reTes,
R, R,

- %q(y-l){Nk}T{V}e{Nk}T{M}e]de

T T
=fR| {Nk}{Nk} {P}dx - [ R'{Nk}{Nk} {6} dx -
e e

- %x(y-l)fR‘ iy HVY o M 1 ) _dx)
e

T
- oo Taxte) —f
Re

T
‘ (N HN, } dx{G}
Re ‘

A v, 3,
e
(N JL(P )dx = h_[A200]{P} - h_[A200] {6}

Re

h
e T
+ —Eﬁ(Y-l){V}e[A3000]{M}e (51B)

Since there is no convective derivative involving pressure and no
derivatives occur in the equation of state, the form of {FP}e is
identical to (51B). Factorization of common terms gives the final

form

{FP} = h, [:[AzoO]{{P}e - {G}e} + zlY(y—m{v}Z[AwOO]{M}:[ (52B)




APPENDIX C

DERIVATION OF MATRIX FORM OF JACOBIAN



The following is a step by step formulation of the derivatives
which form the Newton Matrix Iteration Jacobian. The derivatives of
each of the equations, {FI}e, are taken with respect to the indepen-

dent variables, {QI}e, yielding a total of 16 derivatives.

Continuity Equation

The following derivatives are developed using the form of

{FR}e presented in equation (16B). The first derivative is taken

with respect to density {R}.

B{R}

3{FR}
< = h, [a200] + vﬁ[AZlO]:[ TR

[JRRl, = R}

+ =5 | Craoz) - [Azmﬂaj@;‘r v,ﬁl—a{TL{V}[Asou]{R})

+ -T—({A} ([A41000]{V}){R}) (1C)
j+1

The values of {-}j are fixed and thus their derivatives are zero;

therefore, these terms are omitted in this presentation.

[JRR_] = h [1a200] + v [A210]]+ [1a20]-[210]1] {0}

a{v}
o{R}

9{R}

1k} T {0}[A3110)=45+

+ vé {V}[A3011]—=+

a{v}> {R} + {A} [A41000]{V}g£§¥

+ (&)t <[A41000]3{—RT

103
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= h_[[1A200] + vj[A210]]+ A—; v2 [{v}[A3011]
- {Alo}Tl {%H [A31101]

+ {A}T[A41000]({AIO}T{I{%}]{R} + {A}T[A41000]{V}
[9RR]_ = h_ [T[4200] + vi{a21017] + -4-;- v2 [{v}[A3011]
- a10}" | {E%H @37 (431101 + (A} [441000] {{V}

- {AIO}T{E%}{R}} (2¢)
The matrix derivatives used in the preceeding formulation are
elemental averages of the given nodal functions. Three derivative
forms are illustrated in the preceeding formulation. The first
is the derivative of one independent variable, {R,M,G,P}, with
respect to a different independent variable. The example in
{JRR}e is 9{M}/3{R}. Since momentum is not a function of density
the derivative at each node is zero, and the elemental average 1is
zero. The second form is the derivative of an independent variable
with respect to itself. The derivative of any function with respect
to itself is a constant [Thomas, 1972] taken to be one, thus the
elemental average of 3{R}/3{R} = 1. The third form is the deriva-

tive of a function with respect to an independent variable. The
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example from {JRR}e is 3{V}/9{R}. Where, for a given node,un =

mn/pn. Thus taken at a specific node

Bun 3
33—-= 33—(mn/9n)
n n
= o =1
napn pn
aun
— = = 2
5 mn/Dn (3C)
n
Therefore,
a{v}
e _ _ T, M
?{i}-:— {A10} {Rz}e (4C)

where {i%} is the vector of nodal values of the function n/p? and
{A10} is a column matrix which defines an elemental average, 1l.e.

for k=1,2,

{A10} =lG} {Al0}, = + . (5C)
173 ’ 2%

Only one other nonzero derivative of the third form occurs in the
formulation of the Jacobian. That is the derviative a{v}/a{M}.

Again taking the function at a specific node



106

I
om am P
n n n
1 9m
=% Om
Xa_ 1
amn pn - (60C)

Expanding to an elemental average,

a{V}e T,1
T {Al10} {E}e (7€)
e

With the preceeding explanations the formulation of the remaining
terms in the Jacobian becomes a simple exercise.
The development of the term {JRM}e requires the use of an

alternate form of one term of equation (16A). This substitution is
T T
{A} [A3100]{M} = {A} ([A41000]{V}){R} (8C)
using the revised form, {JRM}e is derived as follows

3{FR} (&)
[JRM] W = h, [1a200] + vR[Azlo]j—{m-

A | [ra20)-a2101] 5y a{M}

+ v {V}T[Ason]{R}) + {a} [A3100]g{{§3;

2__9
RTTHTC
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= [Th_[4200] + vi[4210]] - 0 + %[[AZO]-[Azlo]

+ 2 [{V}T[Asou]-a-{%%m + {R}T[Blloj%

+ {A}T[A3100]

[JRM] = % [A20]-[A210] + vé{AlO}T| {%}l R} [A3110]

+ {a}"[a310017] (90)
Using definition (18B), equation (9C) reduces to

[JRM] = A—;[:[DIZMAT] + Vé{AlO}Tl {%}] ®} [a3110]

+ (aY (a3t001] (100)

The continuity equation does not involve the energy, {Gh, or the
pressure {P}e; therefore, the derivatives of {FR}e with respect to

these values are zero or,

a{FR}e
[JRG] = =TT, = [0] (11C)

B{FR}e

—‘d-fl_DT; = [0] (12C)

[JRP] =
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Momentum Equation

The derivative of {FM}e with respect to {R}e is

JMR] = e h [[1A200] + v}[A210 gL
[MR] = BTR}e_ e b ] ul 113Gy

+ A—;_ [ﬂ%}-({V}T [[A30]-[a3010]] {M})

[[Azo] (421017 51+ "{P}

2 3 ;=T
+ v ——-—a{R}({v} [A3011]{M})

3{R} ({A} ( [A41000] {vh {M}}

= 1 .
h, [Cta200] + vi[A210]-0

+ At [{v} [[4301-(430101] 5757 a{M}

B{V}

+ a0’ [T1a30-1430101] 5y %[[AZO]

-1a21017] 23:} [{v}mon]-%ﬂ

+ {M}[A311O]gg§]+ {A} [A41000]§£X1{M}
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= %‘:-{A}Tti%}{n}T [1a30]-1a3010]7]
- v2{a10}" | {E%H 3T [A3110]

i, {AlO}T{;%}{M}T[AAOOI]{A}}

Factoring Common Terms

[MR]_ = - A—;{AIO}T{R—};}{M}T [1430]-[43010]

+ v§ sign (u) [A3110] + [A40001]{A}T:[ (13C)
Further simplification using definition (34B) gives
_ _ At T, My T
[MR] = - —{A10} {Rz}{M} [ (D3MAT]
+ v2 sign (u) [A3110] + (4400011 {a}"] (14C)

The derivative of {FM}e with respect to {M}e



(] =

3{FM}
a{M}

e

e
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B{M}
= n_ [[[4200] + v4(A210]] 5y

) T
+ A_g[m({v} [1a30]-[a3010]7] {M}

1 3{P}
+ < [1A201-(A2101] 55

Ma{M}L{v} [A3011]{M})

+ 37(-%T({A}T( [A41000] {V}){M}:l

= h [ra200] + v [A210]]+ {:{v} [Cra30]

"[A3010]:[ B{M} + {M}T [[A30]-[A3010]-§—E%

+ %[[AZO]-[AZIO]] -0 + v2 [{V}T[A3011]%

+ (M} [A3110]§Hﬁ + (A} [AAlOOO]aE;H{M}

+ {a1F [A41000] {v}gg{]
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= h_ [1a200] + v [A210]:I+ [:{V} [[a30]
-[3010]] + {Alo}T{%}{M}T [[a30]-[43010]]
+ v2 [T as011] + {a103" | i, | 0} asr0r]
+ {A}T[A41000] {Alo}T{%}{M}
+ {A}T[A41000]{V}}

Factoring common terms

= h, [1a200] + v [A210]]+ [:{{v}

+ {A10} { HM}} ['_‘[A30] [A3010]]]

+ V2 [{V}T[A3011] + {AlO}Tl {%, | o7 (a3110]]

+ {{V} + {Alo}T{-Ilg}{M}}T[Aaooo1]{A}]
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[MM]_ = h_ [ra200] + v [A210]]+ [{{v}
+ {AlO}T{%}{M}}T [[A30] - [A3010] + [A40001]{A}]

+ V2 [{V}T[A3011]+ {A10}T| {%}l {M}T[A31101:[:I (15C)

Further simplification using definition (34B) gives
(] = b [14200] + vi[a210]7 + A—g[{{v}
+ {A10}T {R HM}} [[D3MAT] + [A40001] {A}]
+ v2 [ (a3011] + (a10}" | {%}l {M}T[A3110]:[:] (16C)

The term {FM}e does not depend on the energy, {G}, and therefore,

the derivative of {FM}e with respect to {G} is zero, i.e.

[JMG]eIag?éi = [0] (17C)

The derivative of {FM}e with respect to {P} is
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a{m} a{M}
[JMP] ’T{'FT = b, [razo00] + vM[AZIO]___[

L, At [_{_L{v} [[a30]-[43010]] {M})

[[AZO] (421017 5721 a{P}

+ }[{v} [A3011]{M})

M8{P

+ W%T{A}T( [A41000]{V}) {M}:]

= h [ta200] + v [A210]:[ 0+ —= [{v} [C1a30]

8{M} 6{V}

-[Asolo]'_'_[ + (M} [[A30]- [Aaolo]j

1 3{P}
+5 [(1a20]-[a2101] 5T

+ V2 [{V}T[Aaou]a{m o i [A3110] )]

+ {A} [A41000]2£§i{m} + {A} [A41000]{V 3P}

TE
1

= [0] +--[[0] + [0] +—[[Azo] [A210]]

+ v§ Cto1 + (o1 + (o1 + {01]
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[P = % [1420]-[A2101] (21C)
Substituting (18B) yields
(e = §—§[D2MAT] (22C)

Energy Equation

The derivative of {FG}e with respect to {R} s
3{G}
— 1 RASPS
hel [A200] + vG[AZIO]I 3(R)

+ A—; [W%({V}T ["1a30]-[a301017 {{G}

+ (v-1){P}} + v(%{-lg—}({V}T[ABOII]{G}J

)

t IR

({A}T([A41000]{V}J{{G} + (Y-l){P}}:]
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= h_ [ra200] + v [AZlO]:[ 0 + 1{v} [ra30]
3{G} 3{p}

-[A3010]] (B{R} + (y- 1)3{R}) {{6}

+ (v=1y(e3} T [ra30]-[a30101] 342

{:{v} aso11 1515t + {G}T[Amo]—ggﬂ

+ {A} [A41000]§?S{{G} + (y-1){P}}

+ {A}T[A41OOO]{V}(3—£—%+ (y-1 ag}[l

ot T T M
= —E[{V} [[A30]-[A3010]'_'[ -0 - {Al0} {-R—ZH{G}

+ (r-1)(p}} T [[430]-[A3010]

+ v2 [{v}{a3oi1]-o0

(a10}" | {E%} | (61T ra31101]

+ -{A10} { M1a) (a410007{{6} + (v-1){P}}

+ {A}T[A41000]{V}+0



116

- %[{Alo}TtR—gH{G} + (v=1){p}} T [1a30]
T M T
-[43010] + v2{A10}" | {'REH {G} [A3110]

+ {Alo}T{-Rﬂz}{{c} + (y—1){P}}T[A40001]{A,:]
[J6R] = - %[{AIO}T{E%H{G} + (v-1){p}}T [1430]-[A3010]

+ [a40001]{A}] + v2{A10}" | {E%H {G}T[ABIIO]] (23¢)

Further simplification using definition (34B) yields
bt T, M T
[JGR]_ = - 7[{A10} {i-z—}{{c} + (y-1){P}} " [[[D3MAT]

+ [A40001]{A}] (24C)

The derivative of {FG}e with respect to {M} is



[JeM] =

B{FG}e
a{MFe
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= n_ [1a200] + vi1a2101] 3557 a{G}

+ [ﬂ%({v}T ["1a30]-ra301017 {{c}

T
+ (y-1){P}}) + vég-mTL{V} [A3011]{G})

8

+ a{M}[{A}T[A41OOO]{V}){{G} + (y-1){1>}}:]

h_ [1a200] + v [A210]:[ 0+ — [{v} [1a3o;

-[a3010]] g%ﬁi + (y- 1)283) + {{6}

(v-1){p3} " [[a30]- 4301017 355 a{v}

+ vZL{V}[A3011]a£§i + {c}[A3110]§%§%J
3{v}

+ )T [A41000]<+{{G} + (¥-1){P}}

o{M}

+ {A} [A41000]{V}Lg£§i + (Y 1>§E§f)]
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] %[{V}T [1430]-[43010] -0 + {410} {gH (0}

+ (-1 e} }T [1A30]-[43010]]

+ vZ({V}[a3011]-0 + (a10}" | {z}| {c}T [A3110]

+ {AlO}T{%H{G} + (Y-l){P}}T[AAOOOI]{A}

+ {A}T[AAIOOO]{V}-O}
- A_g[{uof%}{{c} + (v-1) {3} T [1a30]-[a30107]
+ vé{AlO}Tl iz, | (61" 1a3110]
T,1 T
+ {A10} {EH{G} + (v-1){P}} [A4000‘1]{A,]
Factoring common terms
[Jeu] = A—;[{Alo}T{%}{{c} + (Y-l){P}}T [(1A30]-1A3010]
+[A40001]{a}] + vﬁ{AlO}T | {-;—}l {G}T[A31101j[ (25C)

The derivative of {FG}e with respect to {G} is



—_— = h_ [ra200] + vé[AZlO]]m
e
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3{G}
{
L b [_{_TL{V} [1A301-1a3010]] {{6}

+ (y-1){P}}) + "ca{c}UV} [A3011]1{G}

+

a{G}({A} ([a41000] {V}}{{G} + (Y-l){P}}):l

h, [[a200] + vl[A2101:[+ [{v} [1a30]

-1a301077 ( 2%21 + (Y- 1)2?‘;1) + {{c}

+ (-1 (23} [1a30)-1a301017 S5y a{V}
+ vZ({v} [A3011]§£gi + {G}T[Aallo]%)
3{v}

+ {A}T[AAIOOO] {{6} + (v-1){P}}

a{G}

+ {A}T[AAIOOO]{V}(%—{{% + 1)g£g¥)]
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= h, [ra200] + v, [A210]:[+ [{V} [1a30]

-[A3010]] (1+0) + {{G} + (v-1){}} T [1a30)
-[A3010]7] -0 + vé[{V}T[A3011]
+ {G}T[A3110]-0J + {A}T[AAIOOO]-O-{{G}

+ (v-1){P}} + {A}T[A41000]{V}(1+0)}

= h, [(a200] + v [A210]]+ ‘:{v} [C1a30]

_[A3o1oﬂ+ \)é{V}[A3011] + {V}T[A41OOO]{A}]

Factoring common terms

[Jec), = h [Cra200] + v, [A210]:[+ [{v} [[a301-[43010]

+[A40001]{A}] + vé{V}T[ABOH]} (26C)

Substitution of (34B) yields

[Jec], = h, [a200] + vG[A21O]:[+ [{v} [ [D3MAT)

+ [A40001]{A}] + vé{V}T[ABOll]} (27C)
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The derivative of {FG}e with respect to {P}

3{FG}

[JGp] = 'T{T"TE h_ [[200] + vl[AZlO]]a{G}

3
+ A—;[B{P}({V} [1430]1-1a3010]7 {{6}

+ (v-1){P}}) + \’é‘g{—ﬂ({V} [A3011]{G})

+ 3-{—37({A}T([A41000]{V})1{G} + (v-1){P}} J}

= h_ [ra200] + \)G[A210]:[ 0+ = [:{v} [ra3o0]

-[a30101] ngi 1)2%3} + {{6}

+ (y-—l){P}}T [[A30]-[A3010]%

+ {A}T[Auoom%{{c} + (Y-1){P}}

+ {A}T[AAIOOO]{V}(%%S—}*' (v 1>§§§ﬂ
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= %[{V}T [[14301-[43010]] (0 + (¥-1)) + {{G}

+ (v-1) (3} [1a30]-[a3010]] -0

+ {A}T[A41001-0~{{G} + (y-1){P}}

+ {A}T[A41000]{V}(0 + (Y-l))]

= %l:(Y-l){V}T [1A30]-[43010]

+ (v-1)(a) [a41000] {v}]
Factoring common terms

(Jce]_ = A;-(Y-l){V}T [[A30]-[A3010]+[A40001] {A}]

Substitution of (34B) yields

[Jep]_ = A—;:{y-n{v}T [[Dp3MAT] + [A40001]{A}]

Equation of State

The derivative of {FP}e with respect to {R} is

a{FP} '

+ lh Y(Y 1)—— ({V} [A3000] (M} )

A{R}

(28C)

(29C)
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= h_[A200]0 - h_[A200]+0

1 T (M}
+ zh Y(¥-1) ({v} [A3000]57RF

+ {M} [A3000]-§%%)

= %heY(Y-l)({V}T[ABOOO] -0

T, M T
- {a10} {E}{M} [A3000]

1
[JPR], = - -Z—heY(Y-l){A10}T{R—b;}{M}T[A3OOO] (30C)

The derivative of {FP}e with respect to {M} is

3(FP}
= = he[t’x200]")—{£l - he[AZOO]B_{%

[JPM] = 37w T, 3 M} M

1
+ E—heY(Y-l)—a—{-ﬁ-}-({V}T[ABOOO] 1)

he[AZOO]'O - he[AZOO]-O

1 T d
+ 5heY(Y-1)({V} [A3000]3%

+ {M}T[ABOOO]%%§%)

%heY(Y-l)L{V}T[ABOOO] + {AIO}T{%}{M}T[AMOO]J

_1 _ T(1, T
[JBM] = Sh Y(Y 1){{v} + {A10} {Rj{M}} [A3000] (31C)
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The derivative of {FP}e with respect to {G} is

3{FP}
[JPG] = _aTﬂ:_ = he[AzoO]—g-{{% - he[AzoO]%%

+ $Y(-1)5ap (v} [43000] (3

= h_[A200]-0 = h_[A200]

a{v}

3 {M}
3(GT/

T
a{—G}--i- M} [A3000]

+ %Y(Y-I)L{V}T[A3OOO]




APPENDIX D

ORIGINAL ALGORITHM



[1982, pp. 41-43].

{FR}_ = [h_[4200] + vz [A210]] R}

+ %[[AZIO}{M} + vé{V}T[mon]{R}

T -
+ {A} ([A41000]{V}){R}] 1,5 = O

(M} = [he[AZOO] + vt}l[Azm]:[ {M}j+l
- [A3010]{M} + [A210]{P} + vM{V} [A3011]{M}
T —
+ {A} ([A41000]{V}){M}] 1,5 " {0}
= 1
{Fe} [:he[AZOO] + vG[A210]:[ {c;}j+1

+ -A—;-[{V}T[A3010]({G} + {P}) + vé{V}T[A;;ou]{G}

T -
+ {a}Y ([as1000](VH ({6} + (B} 4, = {0}
{FP}, = he[AZOO]{P} - he(Y—l)[[AZOO]{G}
- Lyt [A3000]{M}] = {0}
2

The elements of the Newton algorithm Jacobian are derived as
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Presented here are the specific matrix forms of the solution

algorithm for the dimensional Euler equations presented by Baker

(1D)

(2D)

(3D)

(4D)



_3__{_7?11:}; [JRR] = h_[A200] + V 1raz10] + = [vzt{v} [A3011]

- _.__E{R}T[A3110]) + (a7 [A41000] ({V}
P

- —p..%ﬂz})}

p
AL [raz10) + v2ra2i1] + {a)T[a3100]] 1

[JRM] =
[JRG] = O
[JRP] = O
a{FM} _ 2
= [JMR] = - — ){M} [[43010] + v2[A3110]

3{R} ~

p
+ [A40001]{A}] 1

[MM] = b [A200] + v 1 [A210] + —{v} [ra3o10]
, p
+ vZ[A3011] + [A40001]{A}] 1
+ ——_ {M} [143010] + v2[A3110]

P
+ [A40001]{A}] 1
[ME] = [O]

[JMP] = -—;—[AZIO]

(5D)

(6D)

(7D)

(8D)

(9D)

(10D)

(11D)

(12D)



- - %LB??J [tc} (a3o010] + v2({A3110]

+ [A40001]{A}) + {P}T[A3010]:[pj+1

At
2

p
+ {p}"[a30101] 1

at, T
[J6C] = h_[A200] + vé[AZlO] + =1V} [(a3010]
, p
+ V2[A3011] + [A40001]{A}] 1
T p
[Jee] = £5(v}" [[a3010] + [a40001] (a}] 1
p
3{FP} _ y=-1 | m,,,T
=&Y = [JER] = - b (57, ‘:LB—QJ{M} [A30001]
#+1
p
[JPM] = hel’%l [{V}T[ABOOO] + [é){M}T[A3OOO]}
e j+1
[JPG] = - h_(Y-1)[A200]
[JPP] = h_[A200]

In equations (5D)-(20D) the superscript bar on the terms m and

p indicate elemental average values of the given variables.

(13D)

(%J CierT¢aso107 + v2[A3110] + [A40001]{A})

(14D)

(15D)

(16D)

(17D)

(18D)

(19D)

(20D)



APPENDIX E

LISTING OF COMPUTER CODE



[an]

C

L s e e e e e e e e e e
C . .
C . .
e . CHC ¢ @ 1 BN & .
C + 13
C . %% IMFLICIT FINITE ELEMENT FENALTY ALGORITHM ¥ .
c ., &k FOR THE QUASI 1-DIMENSIONAL NAVIER-STOKES EGNS. ¥% .
C . - .
c ., INCLUDES | .
e . MIXED SURSONIC/SUFERSONIC FLOWS .
C . LINEAR AND QUADRATIC CARDINAL BAZIS .
C . FENALTY FORMULATION FOR NON-SMOOTH STAELLITY ‘
C . FULL MOM-LINEAR NEWTON ITERATION .
0 ‘ FULL BLOCK EANDED JACDEIAN .
c . THETA IMPLICIT INTEGRATION IN TIME .
C . AUTUMATED [NITIAL CONDITION GENERATION .
C . AUTOMATEDR DUCT GEDMETRY SFECIFICATION .
C . NON-UMIFORM DISCRETIZATIONS .
i O N E R R R R R R N N N N X
> HATN

CALL ERRSET § 207y 500Gs -1s 10 0s 217 )
CalLl INFUT

2TOF

Erll

130
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b I

Lo SO s e T I S S e O O
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SURRQUTIME IMFUT

(4]

TABLISH FROBLEM DEFINITION

£

IMPLICIT REALEBCA-H»0-I0

COMMUN/TITL/TITLECZOD

COMMONADATA/ CHIDCHIFSTHETASDCIMFEFS»CHININ DAMAX DQFCTUS
DAFCTINPEXIT
ANUZRF s AMU2MF » ANUZGF »
ANULRF s ANULIMF o ANULGF »
ANUZR I ANUZM I ANUZG S
ANUIRJ s ANUIRI s ANULIG

COMMON/ARRAYS, RHOL1(201),XMOM1{2011,G2(2Q11sFRS1{Z01)

RHUG(201 ) y XHOMG(201) 9 GO(201) s PREOCZ0L TS
OMAT (T FR{201 ) s FML201 1 FP(201) o FG(20L s RHTIE04)

COMMONAMULTS XO201 09 XF 010 YPOLG) o XMCL0) » YM {100 s

1 FRE(IQY s XMN(Z01) s AREA(201) s ISTART (4 ISTOF (4}

COMMUN/ARRAYL/ IPRTU(ZOI) s NEMCLI0G o NFIX(Z)

COMMON/IARRAY /NUCFELNTHATNTHATRYMELEL» 18RC

LW SR PR S S

P bk

1 NINE“R:NIVBUH NINRCUGs NINECF»

? NOUERCE s NOURCHM » NOURCG s MCURCF

COHMUN/TDATY uvawr.wwuur INOOE s K« IFRNTy IMPLOT o XTI s NPR s ICGEN s

1 NITHAX Y [FRMP 2 NEANDT » TRMYE IMMX s TFHXs IGHXs IOPTyNITLG

2 NITHZsHs VHAX s NREGY [SHE

COMMOM/SWITCH/LDVORMy IDSs TAR JPH s JRRy JRN

COMRUMANUNULIK/TZERORHOZROyFZERQs GZERD s CONDIOs TIMZRGASTAR
1 AMZERQs £MDOTO» TEMFIMN FRSIM XMDOT

FOLLOWING 3 STATEMENTS ARE REQUIREDR TO RUN UM DEC-10

OFEN (UNIT=8»FILE="INPUT.DAT s DEVICE="08K")
UPEN (UNIT=4,DEVICE="TSK ")
ORPEM (UNIT=9,0EVICE="0SK")

I S S S S S SR S G N N S S B O B B S O S S & S 4
¥
c READ TITLE ¥
c %
c INPUT FORMAT (20443 X
CXm e (=K Hm K XY m X X m X m X = K= K= X=X K= X=X = X=X = X=X =X =X =¥ ==X =KX= {=X=¥
C
¢
REAN(S» 1100 TITLE
WRITE(&s120) TITLE
c
3 S S P S SR S S S G S G G U S T ) B O ) B O O S S
c %
c READ GLOBAL SOLUTION FARSMETERS %
o 5
C K = NEGREE UF FINITE ELEMENT CARDINAL BASIS %
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C NELE1 = MUMEER OF FINITE ELEMENTS IM LISCRETIZATION X
C {MHAX=200} ¥
C NFR = MNUMEER 0OF HACRO-ELEMENTS IM DISCRETIZATION X
C ins = SWITCH FUR FORMULATIUON OF PENALTY CONSTRAINT X
C 4 -=- NONCONSERVATIVE A
C 1 -~ UCONSERVAVIVE A
C X
C INFUT FUORMAT (1515 4
C X
L ANULHI = INITIAL~-VALUE FPENALTY CUNSTRAINT MULTIFLIERS X
C ANU2QI = EROUNDARY-YALUE FEMALTY CONSTRAINT MULTIFLIERS X
C SFECIFY VALUES OF ANUL FOR QFs WG=0RENSITY: ¥
C MOMENTUMs AND ENERGY X
C SFECIFY YalUES OF ANUL FOR WJds U=[0EMSITY: k4
C HOMENTUMS ENERGY b4
C SPECIFY VALUES OF ANUZ FUR WUFs G=DENSITY: %
C HOMENTUMENERGY b4
- SPECIFY VALUES OF ANU2 FOR UJds Q=DENSITY: )4
C MOMENTUMs ENMERGY ¥
C 4
C IMFUT FORMAT (&80135,3) X
C 4
S ET I I CAET CFCI S S I CHOIEF EI SIS LS EF LI CFEF EIEI EPEF E P EFCIEILT )1
[
WRITE(Hy130)
READ(S, 310K yNELELI»NFRYIDS
WRITE(&5140)
WRITE(&sZ10 YRS NELETsNFRs IDS
WRITE(E$250)
REAN(S: II0)ANULIRF s ANUIHMF s ANULGF
WRITE(&y ZZ0YANULIRF s ANULIMF s ANULGF
NRITE (492700 ‘
READ(Sy I3 ANULIRI» ANUIMI»ANULIGY
WRITEC(E&ZEQIANULIRI sANUIMY s ANULGY
WRITE(&» 2400
READIS»I30YANUZRF s ANU2HF » ANUZGF
WRITEC(S ”'7)ANUERF;ANU2MF;ANUQGF
MRITE{& 280
REALCS ”OIAMU‘FJ,ANL_nJ,ANU‘u
URITELLIZ0IANUZR I ANUZM I s ANUZGY
OO L ES S TSV ES T EI EFEP LI EY CH ES I LI EFCHICIEI EIEF EFEIED EFED ED L1
Z READ DISCRETIZATION FARAMETERS 4
Iy A
C ¥F = MACRO-ELEMENT VERTEX NODE CUORDIMATES X
I YF = FLOW AREA AT MACRO-ELEHENT VERTEX NUDRE X
C iM = MACRO-ELEMEMT IMTERIOR NODRE COQRDINATE %
C YH = FLOW AREA AT MACRO-ELEMENT INTERICR NODES 4
C FRG= GEOMETRIC FROGRESSION FACTOR TO DEFINE A X
o MON-UNIFUORM DISCRETIZATION WITHIN EACH X
N MWACRO-ELEMENT b4
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c X
C INFUT FORMAT (3D13.3) X
C X
C NEM = NUMBRER OF FINITE ELEMENTS T0O BE GEMERATED WITHIH X
C EACH MACRO-ELEMENT X
C X
C INPUT FORMAT (I3) X
C X
S EIEIES EHEI I CIEICICIEI CI I EFEIEICIEICICIEIEIEIEIEIEI ED EP CF CF S S 1

MMODE=R¥NELEL1+1
WRITE(s100)NNQIE
IMODE=NELEI+1

MEANTI=2%K+1
CREAR(S,II0N{XF{d)»d=1sNFRD
REARCS s 3203 (YR(J)» J=1oNFR2
READCS» IT01 (XM{D) » J=29NFPR)
READ(S 330D CYN(S) s =29 HFRD
REALGCS I (FRE(SY s I=29NFRD
READCI» T10F (NERC) s J=20NFRD
WRITE(&.3530)
WRITE(&, I3 (XP(I)»I=1NFR)
WRITECA» 386G
WRITECS«I30QILYP{I)sI=1NFR)
WRITE(&:370)

WRITE{&, 330)(XMII) s T=2sNFR)
WRITE(&2380)
WRITE(E: 3300 (YMIIY»I=2sNPR)
WRITE(&y390)
WRITE(&» 330 (FREGLID « I=29NFRD
WHITE(SE»400)
WMEITE(S» 310 (NEM(I )Y s I=29NFR)
HELI=1

x(1r=xXP(1)

AREACLIY=YFP(1)

00 44 IPR=2:NFPR

Cal.l CBAREA(XP(IIPR-1IsXM(IFRIEP(IPRISYPOIFR-1) s YHIIFR)
RYP(IFRISCL1-C2502)

SUM=1.0000

INH=K¥NEM(IFR}

LO 10 I=2sINM

10 SUM=SUMLPRG(IFRI®$(I-1)

RECALE=(AP{IFRI-XP(IFR-1))/SUN
NELI=NEL1+1
MEL2=NELI+RENEM(IFR)

w=1
U0 30 I=NEL1-MELZ
d=1+1

L0V =R(I-1)+RECALEXPRG(IPR I R& (22
P AREAL DY =ClHX (T2 #C2HX{T kX (T %02
MEL1=NEL2-1

IF{K LEG. 1)GU TO &2

U SN I 0%
Lol w]

[

~
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{Q 30 I=1+INQDRE

S0 X(I)=X(Z2%I-1}

40 ASTAR=AREACL}
OO 70 I=2:NNOLRE

70 IF(AREACI) JLT,. ASTARIASTAR=AREA(CI)
D0 80 I=1sNNQOE

B0 AREA(II=AREA(I} ASTAR

[

3

[

e EFESEIES ES I I CHEI EIEF EFEI CIEFEIEVEF EFEFEIEIEIEIEICICP I b Eob |

o ¥
C INITIAL CONDITION GENMERATION X
C X
C ICGEN = INITIAL CONDITION DEFINITION MODE ¥
C X
» IMFUT FORMAT (15I3) X
C , b4
c 1 -- READ IMNITIAL CONDITIONS FOR EACH REGION OF X
C RISCRETIZATION X
C NREG =MUMBER OF REGIONS IM LISCRETIZATION X
C (MAX, 41 X
C TEMPIN=REFERENCE TEMPERATURE X
C X
C FORMAT(IS2D15,57 k4
C X
C ISTART=FIRST NQDE IM REGIOM X
» ISTOF =LAST NUDRE IN REGION X
C RHO =NENSITY IN REGION )4
C XMOM =MOHMENTUM IN REGION X
C FRS =PRESSURE IM REGICNM X
C X
C FORMAT(219s3015.,3) b4
C X
C 2 -~ CALCULATE INITIAL CONDITIONS GIVEN IHLET X
C MASS FLOWRATE AND INLET TEMFERATURE ANLD X
» FRESSURE X
C X
C 3 -- CALCULATE IMITIAL CONDITIONMS GIVEM INLET X
C MACH NO. AND INLET TEMPERATURE AND PRESSURE

C ISHK =NOIAL LOCATION QF SHOCK X
C FUR SUFERSUNIC ON DESIGN UBE LAST NOLRE

C FOR SUERSONIC ON DESIGN USE THRUAT NOIE

C TEMPIN=TEMFERATURE AT INLET x
» FRSIN =FRESSURE AT INLET X
C XMOOT =INLET WASE FLUW RATE(ICGEN=2) X
C EMMOL)=INLET FLLOW MACH NO.(ICGEN=2) X
C X
C FORMAT(IS, 2015, 57 X
C X
(W IFEXIT = FLAG FOR EXIT FRESSURE SPECIFICATIOM{ICGEN=1,2)X
C G == USE EXIT FPRESSURE CALCULATELD EBY X
[ I. C. GEMERATOR X
C 1 -~ READ SPECIFIC EXIT FRESSURE ¥
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[ I
>

INFUT FORMAT (5D13.3)

T
O

(]

[y ]

O CIEI EI EF S S CHEIEIEIEFEI LI EFEFCIEIEF EFEI LD EFEI LI EFED EI P EFEN b

3

READ(S» 310 ICGEN

WRITEC&s430)

WRITE(6»3103 ICGEN

GO0 T4 (525+530:535)+ICGEN
REAL(S 470 IMREG, TEHFIN

WRITE(6+490)

WRITE(S»470INREG TENFIN

WRITE(S,500)

IQ 540 I=1sNREG

REAT Ss 480 ISTART(I)» ISTOF(I) s KHO» XHOMFRE

[#4]
2]
[4]

RHOO(ISTART(I)=RHO
XMOMOC{ISTART (1) =XH0ON
390 PREG(IBTART(IMI=FRE
CALL INIT
IFEXIT=0
60 T8 3:5¢
330 IF(ICGEN LEQ, 2JREAD(Ss470) ISHNs TEMFINSFPREINY XNIQT
WRITE(S6+3101
WRITE(S»470 0 ISHK» TEMFINYPREINY XMDQT
G3 TO 343
S35 IF(ICGEN +EQ. JIREAD(S,470)ISHK, TEMPINSPREINSXHN(L)
WRITE(&s320)
NRITE(&»470)I8HKs TEMPINYPREINS XHN(T)
545 CALL ISNTRP
READ(S. 100 IPEXIT
WRITE(&»360)
WRITE(&-100IFEXIT
330 FEXIT=FREG(NNOLDE)
IFCIPEXIT LEQ. 1IREAR(SS3I0CIPEXIT
PREO(HNUDE ) =FEXIT
MMOQI=MNODE-T -
WRITEC& 3400
WRITE(S»3T00FEXIT
TF{CXMNINNQDLY W8T 1,00 00 L AND, FRSG(NNODL) GT, PEXIT)
¥ GG 1O 90

LA A I A

FESEEHEFENCVEI SN EFEFEIEICI I EFEIEIEI LI LI EIEI CIEIETEIEIEIES o St bt

BOUNMDARY COMOITION DEFIMITION

P

L I

SET IMLET BOUNMDARY COMNDITIONS

<

NINECR
NINRCH
MINEBCG

DEMBITY
HOMENTUHN
ENERGY

[
el S S

D' T o B T



v I ]

| U T B e I

L T o I ot Y e T o T e B

L2 IR e I

a

[or I ]

[or i aw]

Lt Bar By

[ar]

[ S S T s T e T i TR N I v T e e S s T B

[ e ]

MIMECF = PREGSURE
) 4 —-- MEUMANM COMLITONG
1 -- DIRICHLEY CONUIVIONS

SET OUTLET BOUNDARY CONDITIUNS

DENSITY
MOMENTUM
ENERGY
FRESSURE

NOURCHR
NMOUECH
NOUELG
NQUERECF

G -- NEUMANN CONDITIONS

1 -- DIRICHLET CUNRITIUNE
GIRICHLET FRESSURE BOUNDARY CONDITIONS SEY a7 QUTLET
IN OUTFUT IF MaCH NUO. GREATER THAN 1

INFUT FUORMAT (135132

e e e S e CIEP EIE S S LN P A IS T EI EFEIEIEI LI EFENED S S04

{GyZ10ININEBCRMINBCM s NINECG s NINERCF
{5210 INQURBRCR »NOURCM s NOUBCGyNOURCF
WRITE(&1502
WRITE(&s Z1QININBCRyNINECH s NINRCGs NINECF
WRITE(AL153)
WRITE(&» 310 INQUBCRyNOUBCHy NQUBRCG» MQURCF

T b
momoh

Q
Eall
ALl

3
S

READL TIME INTEGRATION CONTROLS

TIME STATIOM AT WHICH SOQLUTION IS ETAR
STATTON AT WHIUH TIME [NTEGRATION I5 8
EXTREMUM VALUE FGR FIRST MEWTON ITERAT
(F=1,I0PT=ds2)

FACTOR FOR INCREASING DONAX(IOQFT=X)
FACVYUR FORk DECREASING DAMAXC(IOPI=3)

CHIO
CHIF
aMax

it h

ED
s

T
L

T
T
£

naFCTU
marcin

INFUT FURMAT (353D13.57

IMFLICITNESS FACTUR FOR TIME INTEGRATION
0.0 -- EXPLICIT EULER

oG == TRAFEZUIDAL RUL

1.0 -— BACKWARDE EULE

INTEGRATION IN[TIAL 2TeP SlIE

NEWTOM ITERATION CO H“fﬁQEMLf REQUIREN
MINIMUM AUCEFTARELE [WTEGRATION STEF &
{CALL EXIT IF ITERATION UNSTAEBLED

THETA

DCIHF
EFS
CHIMIN

Hou
e 3
™
prs
-

b

i

[

INFUT FORMAT (SE15,3:

TS

e e e e e e e e e e e e e e e R e e e e e
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C IRFT = FLAG FOR TIME STEF EXTREMIZER b4
C 0 -- EXTREMIZER OFF A
C 1 -- DUMAX FIXED X
C 2 -- DUMAX ADJUSTED RY CONVERGENCE RATE A
C NITMAX = MAXIMUM ALLOWED NUMEBER OF ITERATIONS AT ANY X
C FIME STEFP (PRINT ERROR HMESSAGE AND EXIT: Y
C NITLD = MUMBER OF ITERATIONS FOR INCREASING [QAMaX X
C NITHI = NUMEBER OF ITVERATIONS FOR DECREASING DQMAX X
C 4
C INFUT FORMAT (131I3) X
C X
LS CIEI EN EFEFEF EFEH EF LD EI EVEI EF EFEIEF LTI EI I EIEI EP I EI LD LI EFEF 34
C

REAL(S2330ICHIQsCHIF DOAMAX IAFCTUDAFCTD

WRITE(&»240)

WRITEC(EsT3QICHIQCHIFDAMAXsDAFCTUSDQFCTD

READ(S s 330 THETASDCIMPSEPSsCHINMIN

HRITE(SE200)

HREITE{&» 330 THETAYDCIMFSEFS ) CHIMIN

READ(S: 310 I0F T NITHAXsNITLOYNITHI

WRITE(L2790)

MRITE(Ss 10 IOFTH>NITHAX NITLOSNITHI

CHIO=CHIO/TIMZRA

SHIF=CHIF/TIMNIRQ

QUIMFP=DCINKF/TIMIRG

CHIMIN=CHIMIN/TINZRO
C
SV ESELEFES CEE EFEF S EIES ES CI S EFCIEI EIEI CIEI E CIEIEI LI EF EI LD EI L
[ X
C DEFINE QUTPUT CONTROLS X
C X
C IFRMFP = NO. OF INTEGRATIOMN STEFS BETWEEN QUTFUT PRINTS X
C IFRNT = FRINT FLAG X
C 0 -- PRINT ALL INTERMEDIATE STEFS X
C 1 -- PRINT DATA REFLECTION AND SOLUTION ONLY X
C IMFLOT = QUTFPUT FLAG FOR MULTI TIME STEF FLOTS X
C g -~ QUTPUT FOR FINAL STEF ONLY X
C 1 -- QUTFUT FOR INTERMERIATE STEFS ALSO X
c X
C INFUT FORMAT (15152 X
C X
CX—K—X—X-X—X-X-X-X-X—X-X—X—X—X-X-X—X—X-X-X-X—X-X-X-X—X-K~X-K—X;X—X

READIS»JLOYIPRMFP IFRNT IMFLOT
WRITE{&+33C)
WRITECA»JLOYIPRNAP IFRNT » INPLOT
WRITE(&4»410){X(T)sI=1INQDE}
WRITECS»4203 CAREACT) » I=1 s NNQDED

WRITE L4408 TITLE Ko MNGIE» THETADIGMAX
IF{IFRNT Q. O WRITE(&s 4500

DALL FESOLY
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PO I g B

-~
oy
Z»

DT N SN TN %
d Led PR
Lov I S

fae)

LES I O Bk el

450
460

=y
an

JOWITH SUFPERSONIC QUTLET CUNDITIONSs MACH NUMEBER

470
480

FOLLOWING TERMS REQUIRED FOR USE ON DEC-10

CLOSE (UNIT=5:

CLoseE €UNIT“*I

CLOSE (UNIT=

RETURN

WRITE (&40 PEXITsFREO(NNODL ) » XMN(MMODRT !

3TOF

FORMAT(IS)

FORMAT(20A4)

FORMAT(/// /228Xy 20A4»/ /528X 2044) :
FURMATC(//»10Xs "X& INFUT DATA REFLECTION %%7s//)

3 FORMAT(2X, ‘KsNELE1sNPRIDS

FURMAT (/s "MINECR NINEBCH ﬂINBLx NINECF )

3 FORMAT(/s "MOURCR NCUECH MOUERCGE NOQUBRCF7)

FORMAT (/o 2Xs "IDOVIRMy IDE TAR s JFMs JRR JRNM )
FORMAT(/7#1Xy "HFIX ")
FORMAT /e 22Xy 7 IF“TQ(T)
FORMAT (/93X “RHQI(I )Y
FURFAT(’a‘As FHI(I)’)
FORMAT (/7 »&%s "TIME INITIAL 4%y ' TIME FINAL  »&6Xs "RAMAK s 9Ky
HGFLT! 29Xy TDAFCTI )

FORNAT(/6Xy "ANUIRF s 10X 7ANULINF 72 10X “ANUIGF’ )
UHHAT(/énp ANUZRF /2 10X "ANUZHF 7 s 10X "ANUZGF”
FDRHAT(/&X:’ANUlRJ’:lOX:’QNUIHJ’sIOAp TANULGY )
FORMAT (/86X "ANU2RI » 10Xy "ANUZHI s 10X ANU2GI )

O FORMAT(/1Xy "TQFTHNITMAXSNITLOS NITHI )

FORMAT(/ «3Xs "THETA s 11Xy 'DCIMF s 12X s "EFS 59Xy 'CHIMIN }
FORMAT(ISIS
FORMAT (/7 IPRMFIPRNTINPLOT)
FURHAT(SDIS,.S?
FORMAT (/s 8Xs "PEXIT?)
FORBAT( s &5 "XF 72
FORMAT (/3 8Xy "YF )
FORMAT! v &Xs XN ]
TORMAT (/&X' TH )
FUORHAT(/ « &% "FRG")
FORMAT (/e 6Xs "NEM’)
FORMATOIHL» 10X "AXIAL DISTANCE »/7» (1480164410
FORMATS/ /98X "Ce 8y AREA /v (1X:B8018.8))
FORMAT(/+1Xs "ICGEN")
FUORMAT(IHLIs28Xs 204847
I5Ky "%k DEGREE OF FINITE ELEMENT BASIS = “#I2s/s

35X+ X% NUMBER UF WODES IN DISCRETIZATION = “5I5+/

I5Ke %% THETA = “»F&,4» /35K "% DOMAX
FURMH?(/fsJXp NGDVAL COORDINATES »/i
FORMAT(/// /7314y ‘ONE DIMENSIONAL ASSUMFTIONS VIQULATED. s
1Xs PGIVEN EXIT FRESGUREs “» D134
» I3 LESS THAN THE CALCULATED E(IT FRESEURE. s D154

FORMAT(OIGS2015.5

l
R =
FURMAT (2153015, 53
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490
500
210
500
540

FORMAT( /2%
FURMAT (/2%
FORMAT (/72X
FORMAT (/2%
FORMAT (/72X
END

TNREG» TEMPINY
ISTARTSISTOFsRHOXMONFRE
CISHRTEMPIMSFRSINSXMDOAT 72
TISHR» TEHFINSFREI)
TIPEXIT )

sXHN(L) )
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bl

Fs e B

[ e

SURRQUTINE FESOLY

NEWTON ITERATION {(JRDELTAR = -F) AT TIME ETATION U441

IMPLICIT REAL¥B(A-H:0-Z)
COMMONATATAS CHIOQsCHIFsTHETASLCIMFERS:CHIMIN, DAHAXDAFCTU
DAFCTRSPEXIT,
ANUZRF y ANU2HF s ANUZGF »
ANULRF s ANUIMF » ANUIGF »
ANUZRJ» ANUZH I ANUZG Iy
ANUIRJ«ANUIMJI ANULIGY
COMMON/ARRAYS, RHO1(201)sXMOM1(2011:G1(201)sPRE1(2011,
RHOQ(201 ) s XMOMO{201 )« GOC2G1)yPREQ(201 2 s
X QMATIR)sFROZ201)sFM(201)sFP {2013 FB(2Q1)RHT (B4}
CUMMON/MULT, X{201 o XPO10 s YR o XM{1012 YN (1C) s
1 PRECIO) « XMN{201) s AREA(201) s ISTART (42 ISTOR (4)
COMMON/ARRAYI/ IFRTQ(201)NEMCLCG)SNFIX(DD
COMMON/IARRAY/NOOFEL NTHAT « NTHATRSNELEL» ISRC

[ AN S N

[

i NINECR s NIMECMyNINECGsNINECF s
2 NOUEBCR» MOUECMy NOURCG » NOURCF

CUMMON/TOAT/ NEANDsNNODE» INQODE Ky IPRNT IMPLOT s XIsNFRs ICGEN
1 NITMAX s IFRMF s MEANDL y TRMX IMNNXs IFMX IGMX IOPTNITLD
2 MITHIsHyVHARSNREGs ISHK

COMMON/SRITCH/IDVIRN IDE IAR s JPMs SRRy JEN
COMMON/NONDIM/TZERQsRHOZROFPZEROYGZERTCONDOs TIMZIROsASTAR
3 AMZERO XHDOTO» TEMPINSFREIN, XMIOQT

COMMON/UERMAXS URL1OMYURTIMX

COMMON/HAT, AZ00E(R)+AZDIE(R IV AZIQE(TI2A211E(T )

1 AICO0EL27 ) AZ00LIE(27 s AZGI0E(27) s ATLI00E(27 )
2 AIOTIEC27)sAZTI0E (27 Y AZ10E(2712A30E(T ),

3 A40000(1415A40001(18)5A40010018)A41000(147>
4 RA0001(81sA1CE(T)

DIHENSTON QAHO(201:»UXMOM(201) s UPRS(20L s UG(201)
DIMENSION QQRHD(201) »UUXHOM(201) s UUFRE (2013 ULUG(20)
DIMENSION UVEL(Z01:TENF(201)

IFHULT=1000

MODFEL=K+1

OETAIN INTEGER HYFERMATRIX DATA FROM EBLOCK DATA AND
LIVIDE BRY COMMO#M DEMOMINATOR

LAl ELMAT

IMITIALIZE SQLUTION FARAMETERS
T=CHIO
.

F=CHIF
RCIAR

P

Lou ]|

N A oS B A

e 4
ii

i

T T obe i}

H
i

i

fmed imd gl
H
Fov

o
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NITQTL=0

IRCRIS=4

{0 10 I=1.NMOLE
UUXHOM (T ) =XMOMO(T )
HUFRS(I)=FRSQ{I)
US(I =600
QARHD (I =RHOO(I)
UEMOM( D) =XHOMO(I)
UFRS(L)=FREQ(I)
UGrIi=6a(I)
ARHOCI)=RHOQ(TI
AHOL (I =RHOOC(I)
EHOM1 I Y=XMONO(I)
Gieli=6041)

¢ FRS1(II=PRS0OCI)

HEANDI=NRAND-1

IF(IPRMT JEQ@. 0) WRITE(4,220)
IF(IFRMF WGT. 23 UWRITE(S»11902
TCHI=CHIQXTIMZRO
TOCIMP=DCIMFXTIMIRG
WRITE(S200)TCHI»TOCINF TIMZRO

QUTFUT LISCRETE SOLUTION INITIAL CONDITIONE

CaLl OUTFUT
IFCIQFT (EQ. Z)DAMAX=DAMAX/ORFCTU

S8ET UF FOR FIRST ITERATION AT TIME STEF J+1

T1=T0+H

TIMEL=T1*TIMIRO

HT IME=HKTIMZRO

JEIM=JPIN+1

KPIN=KFIN$1

UrHAX=0,0000

DO 20 I=15NNORE

VEL=XMUMO(I)/RHOQ(T)

IF (UMAY LT, DARSCVEL))VMAX=VEL
XHOKL (£ =XNOMO ()

FREI(I)=FRS0(I]

G1(I)=60(I)

RHO1¢I)=RHO0(I)

TFCUMAY LLT. 041000 VMAX=1, 0000
[FLIOFT WNE. 2) B0 TO 35

IFCNIT oLT. NITLO)DGMAX=DRNAXXDAFCTU
IF(NIT GT. NITHI)DQWAX=DANAX/DGFCTI
NIT=1

EXECUTE FIRST NEWTOMN ITERATION TO RETERMINE LDELTAR AT J+1

MITOTL=NITOTL+E
CALL FaNMDJOHLEYZ  DELRMA RELHMX DELFNE  DELGHX, T1sMIT)



[ e B e

£33

[gn]

50

&0

De

&0
S0

10

Lo’

Ti=71-H

IF{DAES(DELRMX? GT. EPS) GO TQ ¢

142
WRITE(&240)

' FORMAT(1X)

IF(IOPT JEG. 0)GD 7O &0

DELQ=LMAXT (DARS(DELRHX ) s DARS{DELMMX )

DABS(DELGMX ) » DARS(DELFHMXY)

QUEL=DGAMAX/DELQ

H=H¥GueL

Ti=Ti+H

TIMEL1=T1%TIMZRO

HTIME=H&TIMZRO

DELRMA=DELRMX*QDEL

OELMMA=DELMHX¥QDEL

CELGHX=DELGMA%QIEL

DELFMY=DELPHXRQDEL

J=-3

P00 I=1s0NCDE

NENEE!

AHOTCDY=RBOC(II+ANELKRHT(J)

XHGRLI (LY =XMOMO (T +QRELXRRT (U411}

G101y=R0CI+ARELXRAT(J+2)

PRE1(IISFRSOIIVHQUELRRHT (J+3)

WRITE(Es 190 TIMELsHTIME A NIT s DELRMX IRMX s RELMMAy INMX s DELGHX
IGMXs DELFHX s IFMX

EXECUTE REMAINING MEWTON ITERATIONS TO NITMAX OR EFS

0g B0 I=2»NITHAX

MIT=1I

NITOTL=NITOTL+1

CALL FANDJ(HsLXYZsDELRMX DRELMHX DELFMX, DELGHMXT1sNIT)

WRITE(&+170)TIMELsHTIMEsNIT s RELRMX» IRHX s DELMMX s IMMX s DELGHX s
IGHMX s IELPMX IFPNX

2
IF(DARSIOELMMY ) JGT, EFE} GO TOQ 835
[F(DABRS{DELFMY) .GT., EFS) GO TO 33
{F{DARS{DELGHX)Y .GT. EFPS) G0 TO 8%
GO 10 29
IF(I JEQ., NITMAXOGO TO 240
CONTINUE
CONTINUE

NEWTON HAS CONYERGED 70 EFS, FRINT QUTPUT IF DEGIRED

IF(TL JGT. THI GO TO 100

IF(DABS{TF-TL) LT. CHININ) GO TO 100
IFCUPIN LT, IPRMF) 60 70 120

JFIM=0

IFCIFRMF JGT. 20 WRITECS220)

EHOMAZ=0.0

1110 I=1,MMODE

IF(DARS(XMOMICII/RHOICIYY BT, XMOMAX) XMOMAX=
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IDARS(XMOMICI) /RHOIC(I )
CONYINUE
WRITE(&»21Q)TIMEI s HTIME » TIMZROSNITOTL s KFIN

COMPUTE NORME AND OQUTFRUT DISCRETE S0LUTION

CaLL QuTFUT

CONTINUE

IFITY WGT. TF: GO TO 130
IF(DABS(TF-T1) .LE. CHINMIN? Gd 1O 150
IF(H LT, (TF-T1)360 70 130

H=TF-T1

10FT=0

THFLOT=1

SOLUTION STER COMPLETE. SET UF ARRAYS FOR NEXT TIME STEF

To=T1

OO 140 I=1,NNORE
UUXMOM (T =UXMOMC(T )
HUPRS(I)=UPRE(I)
UUGIIy=UuG(Id
QARHOCI )Y =0RHAC(T)
HEMOM (T =XHOM0(T)
UFRE(TI=FRSOCI)
UGCI)=G0(1)
QRHACII=RHOO(T)
XHUMO (T =XHOMI(I}
FRSC(II=FRE1(I)
GO{IN=G1cI)

Y ORHOO{LI=RHQLI(D)

GU Yo 20

RETURN TO FIRST ITERATION AT NEXT TIME STEFP

3 CONTINUE

IFCIRCHRS BT, 0} GO TO 180

IF FINAL TIME IS REACHEDs HALVE TIME STEF AND
CALCULATE RICHARDSON STEF SOQLUTION

H=H/2. 000

00 170 I=1+HNGDE
XMOMOCT)=UXMONIT)
FREO(II=UPRS(I)
GO(Ti=UGLT)
RHQOCTY=QRHO(I)
AHOM1 (T =UXHON(I)
FRE1CIISUPRS(IY
Broely=uaaId

RHOL1 (I =QRHCGCT )
IRCHOS=IRCHIG+



IHFLOT=0
JFIN=0
P IM=0
NITaTL=0
[FRNF=2
s00TO 20

180 CONTINUE
RETURN

230 WRITE(&2250)KFIN

3TOF

190 FORMAT(2XsD10,3:2%s010,3:1354(015,5,15))

200 FORMAT(1Xs/TIME = “»I10.3+10Xs ‘STEF SIZE = /408,32,
110Xs ‘TIHE ZERD =‘»08,3)

210 FORMAT(1H1:01Xs 'TIME = *+010,324Xs 'STEF SIZE = /08,3
16X+ TIME ZERG =/108.3+4%s 'ITERATIONS = “+13,4Xs STEF
213)

220 FORMAT(1H1)

230 FORMAT(//)

e

?

7

¥

250 FORMAT(/////710%s 'MAXINUM MUMEER OF ITERATION EXCEEDED AT’

¥ ‘TIME STEF NO. 7515
END

144
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SUBROUTINE FAMDJ(OCHISLXYZ s DELRMA DELMMX s DELFMX DELGHR s

1

TL1sNIT)

FORMATION ANMD ASSEMELY OF NEWTOM ALGORITHM RIGHT HAND

SIDE(-F) AND ERLOCK

EANDED JACOGRIAN(J)

IMPLICIT REAL%B(A-Hs0-Z)
COMMON/DATAZ CHIQyCHIFs THETASDCIMFSEFSyCHIMIN DOMAXs DUFCTUY

EEN RS S

i

1

;-\

J.

DQFCTDFEXIT:
ANUZRF y ANUZMF » ANURGF »
ANUIRF s ANUINMF s ANULGF »
ANUZR Dy ANUZM Iy ANU2G Y »
QNUIR[!ANUIﬁJ!ﬁNUIGJ
COMMON/ARRAYE

mHOG(QOI)'XﬁDﬁO’”Ol)'GO(°01;!FR““(:OI)v
OMAT(T)sFRO201 s FM(2011FP(201)sFG(201)RAT(BOA)
lUMhUNIhUL)/
FPRE(IO) XMN(201) s AREA(Z0L s ISTART (4 IETOF (47

RHOL1(201)» XMOMLI (201810201 PRE1(201 0y

X(201 ) o XP (10 sYP(L100 s XH 10T YHL0S

COMHMONARRAYI, IFRTAC2013 NENM(10)NFIX(Z)
COMMON/ TARRAY /NIOFELNTMAT»NTHATRNELEL ISRC

1 HINBCReNINECHsNIMNECG s NINECF
2 MOUECR » NOGUECM » MOUEBCG » NQUECF

COMMUN/IDAT/ HEANDsNNGDE» INQDEsKy IFRNTs IMPLOT» XIsNFRICGEN:
i MITHAY s IFRMPaNRANDL y IRHX s INMX IFMX IGHX» JOFTONITLE s

2 NI

THIsHsVMAX

sMREGs ISHK

CONNON/SWITCH/ TDYIRN INSs TAR s JFMy JRR s JRM
COMMON/NONDIH/TZERQ»RHOZROFZEROs GZEROCSNDOs TIHZROSASTAR

1

XMZERQ XMDQTOs TEMPIMNYPREIN XMDOT

COMMON/UBRNAX/ UB1OMXsUEL11MX

LthDN'hhTf

s e B3 s

DIMENSION
DIMENSICN
UIHENSTON
DIHENSTON
DIHENSLTON
OIMENSTON
OIMENSION
NIMENSION
NIHENSTON
DIMEREIUN
UIMENSION
DIMEMSTON
DIMENGTON
FIHENSTION
NIAENSION
UIRENSION
DIHENSION
DIMENSTION

ﬁ0011E(L?)yéEllOE(27)1A7101E(~
A400C0(14)+sA30001 (18 sA30CGI0(182,A41000(187>
Q40001 (81),A10E(T)

AZODE(?
QOOE(27)+AZ001E(2711AZ010E(2

13A201E(P s AZIQE(R IS A2I1E(R Y
7y ATIQ0E (271
YyAZQE(T iy

QRHO(201) yUXMOM(201) s UFRE(201)5UG(201)
QARHO(201) s UUXHOK {201 s UUFRS(201) 5 UUGL201)
UUEL (2611 TEMF{201)
HSMATIS844), IMT(B04),SHAT(184%2)

SORRCICOS: ySUMM(1005)»8J6G(1003)+8IFP(10035]
SARM{ICOS I SUMR{I0OS) »SIMP (100D
SJGRCIO0S) s SIGH (1005 s BIBF{1005)
SAFRII00S)Y s BUFMOLQ0T I EJPGE(LI0O5)
SHOMJT (T » XMORJIG (3 s ALGARE (3

SUEL ST Yy AVELJOLT)

SEMAC{I+8XMA1 3D
FREJO(IISPREIICIISVELIO(I) Y VELILI (T

RHUOEJO 2y RHOEJLICT) 2 GELIO( T3, BELIL (2D
ARSO1(27)

DIMATIF)»DTHATI271:X210E(F)
TER(IY 2 AFRCI) o TFMLT ) o XM s TFG(3) 2 XFG(2) 2 EFF (TS
EJRR(FISEJRM{RISEJHR(T) s EJHH(?Y-EJHP(?J
EAGRIPYSEIGH(FILELBB(TI s ELGR (T
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DIMEMSION EJFRIDIsEJPH(FIEJPBIRIEJFR{T)

DIMENSION DFRJOCTYsDFRJIL(SY yDFHIG(R I DFMIL(T) s IIFF(F)
LIMEMSION DFGJOR()sDFGIIF(?) s DFGJOG() s DFGJIG(T)
DIMENSION XJRRCF)sXJIRM(T) o XJIMR(T) s XIHMV (915 XIMHH(F)

DIMENSION XJGG(F)XJGR{ITI»XJGHIT)

SWITCHES
IDVDRM = SWITCH FOR FORMULATION OF DV/DR AND DV/IN
g -~ ORIGINAL
1 -~ REVISED
IAR = SWITCH FOR INCLUSION OF AREA TERMS I
JGRy AND JGHM
{4 -- NOT INCLURED
1 -- INCLUDED
JFM = SWITCH FOR INCLUSION OF HOMENTUM TERH
0 -~ NOT INCLURED
1 ~- INCLURED
JRR SWITCH FOR INCLUSION OF SPATIAL DERIVATIVE

TERNS IN JRE
0 -- NOT INCLUIE
1 -~ INCLULED

SET JACDBIAMN FARAMETERS AT CORRECT VALUES

IDVItRK=1
TAR=1
JEH=1
JRR=1

SET UP ASSEMBLY PARAMETERS

DUDRM=FLOAT (IDVIRM)
ODCHETA=NCHIXTHETA
DCOMTA=DCHIX(1.0000-THETA)
DELRMX=0.0000
NELHMYX=0,0000
NELFMX=0.0000
NELGHX=0.0000

N OWE=NEANDKNNOLRE

010 I=1eNTHAT
UZRAT(IY=A30E(T)-AZ010E(T )
CONTINUE

ZERD QUT FPREVIOUS DATA

L0 20 I=1sNROWE
SJRR(IY=0.C000
SJHM(I)=0.0DC0
SAGG(T1=0.0000
SURMIII=0.0000

FOR CHANGING FORMULATION OF JACORIAN

146
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[ds]

JHR(I)=0,0000
JHF{I3=0.0000
JBROIN=C, 0000
i
+
A

LAg]

JEM(I)=0.0000
GF(I)=0.0000
FR{IY=0C.O0G0
JRPHOT=0.0000
EJPG(I¥=0.,0000
SIFFPCII=0.0000
La 20 I=1sNNODE
FM{I)=0,0000
FFR{I)=0.0000
FG(IY=0,0000

rr; r_, rr; Ll'j [£5]

G FR(II=C.000C

START BASIC ELEMENT LOOF TO FORM -F AND J

40 150 IEL=1sMELEL
JEOUNT=(IEL-1) %K
GELTXE=X(IEL+1)-X(IEL)
BARN=0.0000
RARR=0.,0000
BHZ=0,00040

BiR=0,0000

INITIALIZE ELEMENT WORKING ARRAYE

Lo 40 Ki=1,NDOFEL

JE=JKOUNT+K1

RHOEJO (K1) =RHDO{ IK)

RHOEJ1 (K1 Y=RHUI(JIK)

IF(K +EQ@, 1) EBARR=BARR+0,SD00¥RHOEJI(RLII%(1,D00-[WIRM )+
ALOE(KIY/RHBEJI (K1Y RDVDIRM

IF(K JEQ. 2} FRARR=BARR+A10E(K1)KRHOEJL(RLIR(L, DO0O-DVIRNI+
A10E(KL}/RHOEJI (K1Y XDVIRHN

XHOMJO (K1) =XHOMO (JK)

XMUMJT (K1) =XHOMT (IR

IF(K JEQ. 1) BARM=BARM+0,SDOOKXMOMJL (K1) (1, DO0-TVIRM)+

AIDE (KT ¥XMOMJL (K1) ¥DVDRM/ (RHOEJL (K1Y #RHOEJL (K1)

IF(K +E@. 2} FBARM=BARN+ALO0E(RK1IRXMOMJIIR1I (1, D00-DWDIRHI+
ALOECKL Y ¥XHOMJL (K1) ¥DVIRM/ (RHOEJT1 ()12 KRHOEJTI(RL))

VELJQORT ) =XMOMO L IR /RHOO(JK)

YELIT (R ) =X#OMI (IR ARHTLCUIKD

ALGARE(NT)=DOLEB(AREACIRD

GELJOORT I =G0{JK?

GELJLIRT =BT (IR

FREJOIKII=FREGCIRD

SR =FREL IR

EXHII{R1)=DEIGH {1, G000 XHOMILIIRLY)

SYHJIQ(RIy=0SIGNCL O0CO XHOMIO(RT )

r SOMTINUE

|1

BARI=RARRKEARR
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DM2=RARN/BARZK (1. DQ0-DVIRM ) +EARMKDVIRHY
BiR=(1,D0G-DVIRM) /BARR+EARRKDVIRH
SEM2=0SIGN(1,0000,BM2)
SE1R=DSIGN(L1.CDOG,RIR)
UBRFC1=0,253000 -
IXr=1
o0 S Ki=1.M0D0FEL
AVELJO(RL)=DARS(VELJO(KL/VHAX)
IFCAVELJO(KTY LT, 0.1000) IXI=0
AVELJT(RI)=DARS(VELJL(KL) FUHAR)
IFCAVELJT(RTY JLT, 0.,1000)  IXI=0
CONT INUE

FERFORM HYFERMATRIX MULTIFLICATION CLOG(AREA)IX*[A410001

L=0
IF(K EQ., 2} GO 7O 70
I 80 I=1sNTHMAT
ARACL{I)=0, 0000
00 60 J=1sNROFEL
=L+1
ARACICII=ARS0I (I 4A40001 (LI XALGARE(D)
CUNTINUE
GO TG 90

70010 80 I=1sNTHMAT

o
<>

5]

Lo

L B B

AR401(T)=0,0000

no 80 J=1,NDOFEL

L=l+1

ARAG1(II=ARS01(I+A40001 (L) ¥ALGARE ()

CONTINUE

COMTINUE
IF(IEL.ER.NELEL)DIMAT(NTHAT ) =D3MAT(NTMATI+1,000¢

ZERD ELEMENT ASSEMELY MATRICES

00 100 I=1sNTHATR
IK=(I-1)%¥NDIOFEL
IFRJO(II=0,00R00
ODFRILCII=0.0000
OFMJOCINI=0,0000
OFRJ1(I)=0,0000
OFGLGF(IY=0,0000
BEGIIRP(II=0.,0000
DFGIOE(TI=0,0000
TFEJIGCI =0, 0000
QFFLT=0,0000
AIRR{I=0,0000
XARM(T) =0, 0000
XJHR (T Y=0,0D000
LMD Y=0, 0000
K {13=0.,0000
LAFMOTr=0.0000




EJFR{II=0. Q000
EJGR(I}=0.0000
XJGB(I)=0.0000
AJGRCII=0,0000
LJGM(I)=0,0000
U2MAT(I)=0.0000
10 10G Jd=1sNDOFEL

CRI=IRA
C
C FERFORM FPREMULTIFLICATION OF [A3---1 HMATRICES
C

D2MAT(I)=D2MAT(II+0IIHAT (KL
DFRJO(II=DOFRJIOLIVFANUSRFX(ATOTIE(RKLI XAVELIO ()4

¥ TOSHAZLI0E(KLYRVELJQ (D)) 4
¥ AR4CTI(R1IRVELJO LD
DFRJICIY=OFRITCIVHANUZRF R (ASOLTE(RI KAVELJLI (04
X IDS¥AZLI0E(RIIRVELJLI (U )+
¥ ARSOTCRLIIRVELAI O
DFHJOCTI=0FMIO (I +ANUZHF R (AZOTIE (NI KARVELJO (I +
¥ SXMJOL N RITNSXAZTI0E (NI RVELIOCI )+
¥ (NIMAT(RIHARSOLI(RT) IRVEL IO ()
DFHMJI (T =DFMJL (I Y +ANUIHF X (AZ0LIE N YRAVELJLI (04
* SXHJL O RIDEXATII0E(RIIRVEL I (I )+
¥ (DIMAT IR HARA0I(RL) IRVELILI (D

UFGJOF (I =DFGJOP (T +(RINMAT (KL +ARSOI(RID I RVEL IO (L)
DFGJIF (T =RFGJIR{ D)+ (DINAT(K1) +ARAQI (K1 KVELJI LN
DFGJOG(IY=DFGJ0G( 1) +ANUZGFX(AZOLIE(RIIXAVELJO (Y4

¥ I0S¥AZI1QE(RTIIRVELJIOCL) 24

£ (DIMAT(RIVHARSOLCRT I IRVELIOCD)
DFGJIG(T =0FGJIS( T +ANUZGFX(A3OTIE(RK D) RAVEL LI (D) +

S IDS¥AZLIOECRLI Y RVEL T (D)4

LS (DIMAT(NIYHARAGI(RT) Y RVELILI (D

DFPCIi=0FF{I)+0, 28D00XIELTXEXVELJT () XAZQOOE(RL)
YJRR (D) =XJRR{I Y+ (ANUZRICAVELIL (D XAZOLIE(KT ) +

¥ TUSRVELJL (Y ¥AZLTIO0E(RIIIHARSOT (NI Y RVELJL L d) -

X EMIRRHOEJL (Y ¥ ((SRM2KAZTII0E(KL Y4

¥ IDS*AZ0LIEC(RL) Y XANUZRJHARAOL (KLY )Y KIRR
XJIRMOD) =X URMII Y FAZTI00E (KT Y KALGARE (1)

¥ H{1-THEYREIRXSELIRKAILIOE (K1Y XRHOEJ1 CJYXANUZRU
XAMR OV =X JHR (DY -BM2KCCDIMAT(RTIHARA0 L (K1Y Y RXHOMJLI (0 +

¥ ANU2KIX (EBM2RAZTICGE(RL Y XXHONJTI (I 4

E TDS#ATOTIE(RIYRDARBS(XMONILI (D))

ANV L =X MRV O T+ (DIMAT ORI FARAOT IRL) IRVELJLI (U0 4
¥ ANUZH R (IDS¥AZTI0E(RIIRVELJI ()4
& AIOLIE(RLIRAVELIL I )

AIMMM (T =X IMMM L T+ RIR O COSMAT (R LY FARSOT IR T 1) RXNONIT (00 +
¥ ANU2MIK (SBIRXAZLIQE(KI Y RXHONILI O+
¥ INSAAZOLIE(RTYHDARS(XNONJL (JY 30

EJPM T =EJFR{TI+DELTXERQ  28D00XCVELJIL I 4
¥ JFMERIRFAMONILCIT IRAS00GE(KTD)

Edrprcia =_~FF(I:—HELTXF¥0.29UtﬁiBﬁ DEXMONJIL (LI RA ZQOOEfﬂl)
FARPIT =EAGP (1) +DCHETARG ADO0RVEL ST (SR (DNEMAT (N



150

kL

TARRARAQLI (K1Y
JEG(I =X JGRGI{ T+ (DIMAT (NI +ARAQI(RIIIRVELILLIN 4

£ ANUZGJACIDSXAZTII0E (R I RVELII (D +ASOTIE(RITRAVELJL (Y
XJGRII)=XJGRITVH(IIMATI(RKL ) +ARAOI (K1) +ANUZG X (A3110E (K1) 4SEN
¥ TL5#A3011ECI) Y IRGELJIOI 4
¥ O AT00KFRSJI (IR (DIMAT (KT +IARKARAQLI (KLY
XAGM Iy =X dGN (T T+ (DEHATIRLY+ARS01 (K1) +ANUZGIR(AZLICE(KI Y ¥SRIRY
¥ INSKAZDLIECD) ) BEL ML (I 4
¥ O 4T0ORFREJI I K (DIMAT (R HIARKARAOLI(KL D)

100 CONTINUE
0g 110 I=1sNTHATR
L210E(I)=-D2MAT(I)
110 CONTINUE
Lo 120 I=1sNDOFEL

L
£ ZERD DUT ELEMENT ASSEMELY MATRICES

TEREIY=0.004G0
XFR(IN=0.0000
TFH(II=0,0000
AFEITI=0,0000
TFGCIN=4.0000
XFG(IY=0.0000
EFF(IN=0.0100

a3 120 J=1sNDOFEL
Ki=(d-1kNDOFEL]
JE=JROUNT 4

FERFORN FOST MULTIFLICATION OF [A2--1
ANDN FREWMULTIPLIEDR [A3---1 MATRICES

[ I B e |

TFROI)=TFR(I)-DELTXEX (A2Q0E (K1) +IXI#ANULIRFAX2ICE(RKLII )X

¥ (RHO1 (IR ~RHOOCIKY)
XFROIV=XFR(I)-DCHETAK(D2HAT (K1) R (XMOML (IR +XMOMO (KD J 4

S DFRJL (KLY RRHOL (IR Y +DFRIO (KT RRHOO (IR Y )
TFH(I)=TFH{I)-DELTXEX(AZ00E (KL +

* IXIXANUIMFXX210E (K13 X (XMOML (UK ~XMOMO(JK))
XFM(TIY=XFH(I)-DNCHETAX(U2MAT (K1) X (FREJI (I HPREJDCII I/, 40004

X DFMJT (KT Y RXHOMT (IR FDFHJO (KT Y RXMOMO (JK )
TFBE{I)=TFG(IY-DELTXEX(AZO0E(KL)+

X IXT#ANUIGFXX210E(KII )X (GL(IKI-BOCIRD)
XFG(IY=AFG(I)-DCHETAX (DFGJOGIRLI¥GO(JRKIHDOFGIIGIRIIKGLI (K24

E (DFGJOF (K11 kFREJOCIIHDFGUIIF(RIDXPREIICIII X0 4000)
EFF(I)=EFF(I}-DELTXEXAZOCE(K1)¥FRE1(JKI 4

x DELTXEXGL(JKI#AZ00E (R -IFP(RI) XXMOML (UKD

EARR (N1 =RELTXEX(AZQOE{RTIJ+IXT#ANUIRIRXZI0E (KL} )4
b NCHETARXJRR(KL?
EJRMENT ) =DCHETAK(D2MAT (K1) +IDSKANUZRIRKARIIE(RII+XIRM(KL )}
EAMPIR1Y=0CHETARD2HAT(KL/1,3000
EAMR K1Y =DCHETARY MR (KL
EUMMIRKI Y =0ELTNEXCAZOOE(N LI +IXIXANUIMFRX210E (RT3 4
NCHETA# (X IMMVIRT P+ XIMHNIRL) D

v
3
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EJPPORL)=RELTXERA20CE(RT)
FEAPG(RT)=-DELTXE®A200E(KT)
EJGBIN1) =RELTXEX(AZ00E(KII+IXIXANULIGIRX210E(RL) 14
* LCHETAXXJGG(RI?
EJER(K1 ) =-DCHETAXBMIXX JER (K1)
EJGH K1) =TCHETAXEIRANJGH (KL
120 COMTIMUE
UG 130 I=1sNDOFEL

[

ASSEMBLE ELOCK BANDEDR GLOBAL JACOEBIAN

1

JI=JROUNT+I
KISE=JTXMBANDI-K
LG 130 J=1,NOQFEL
I5=RISS+JKOUNTHY
TE=I+{J~-1)¥NDOFEL
SHRR(IS)=8JRR(ISI+EJRR(IE)
SUMHIIS) =S MM (IR +EIMM(IE)
SJEG(ISY=5JGG(IS)+EJGG(IE)
SARMIISI=CJRM(IISIFEIRM{IE)
SJUHR(ISI=SJHR(ISIFEIMR(IED
SUMP(ISY=SINP(IS)+EJINFP(IE)
SAGRCIS)=SJGR(ISIHEJIGR(IE)
“JUM(I‘7-°J SMUIS)HEJGH(IED
SJER(IS)=8JGPCISY4EJGR(IED
SUPR(IS)=8JPR{ISIFEJFR(IE)
EJAFM(IS)= SJFﬁ(IS)+EJFH(IE)
FUFGCIR)=SUPGCISIFEIPG(IE)
BAPFY 13)-;JFP’Ib)+EJFF(IEJ
130 COMYINUE
w150 I=1sNDOFEL

l’J[

I

L ASSEMBLE RLOCK FORMATION OF RHS

JI=JROUNT+I
FROLATI=FHOJIIHTFH(I) +XFHCT)
FROJII=FF(JIIFEFP(I)
FEOJIY=FB(AdII+TFG(INHXFG(I)
FROJII=FROJIIHTFR(IIIXFR(I)

140 CONTINUE
DIMAT{1)=-A301CE(1)

13¢ CONTINUE

ASSEMELY OF EBLOCK MATRICES INTO GLOEAL MATRICES J AND -F
ANDD 4FFLICATION OF DIRICHLET BQUNDARY CONDITIONS

[ S A B )

Pa]

IF (MINECR .E@. 03 GO 70 170

SET DIRICHLET CONDITONME ON DENSITY
AT THE INLET AE SPECIFIED

Iy

¥

DO 1580 I=1+NBAND




o S T I

by

Lo I B |

160

176

152
SARM(II=0.00 00
IF (1 JEQ. (K+13) GO TO 146
SJRR(L¥=0,00 00
COMTINUE
FR{13=0.00 00
IF {NINECH .EQ. 0} 62 TO 171

SET DIRICHLET CONDITONS UM MOMENMTUM
AT THE INLEY AS SFECIFIEL

DO 161 I=1.NEAND

SAMR(I)=0.00 00

SUMF(IY=0.00 Q0

IF (I JEG. (K+1}) GO T4 141
SAMM(I)=0.00 Q0

CUNTINUE

Frily=0,00 0Q

IF (NINRCG .EY. 03 GO 71 172

SET DIRICHLET CONDITONS ON ENERGY
4T THE IMLET Ad SPECIFIED

Le)
fon]

152 I=1sNEAND

JGREII=0.00 0G

JGM(I)=0.0D0 00

SJEF(I)=0.00 0Q

IF (I JEQ. (K+1)) GO TQ 142
SJ6G(I¥=0.0D0 00

[ Ay

52 CONTINUE

FG(11=0,0D 00
IF (MINECF EQ. 03 GO0 TQ 173

SET DIRICHLET CONDITONS ON FRESEURE
AT THE INLET AS SPeCIFIED

00 143 I=1sNEAND

SJPR(IN=0.,0D 00

SSFM(I)=0,0k 00

SJFG(IY=0.0D 00

IF {I +EQ. (K+13) GO TO 143
SJFR(I1=0.00 00

CONTINUE

FF{1)=0.,00 €0

IF (NOUECD .EQ. Q) G0 70 (90

SET DIRICHLET CONDITIONS OM LEMSITY
AT THE QUYLEY AS SFECIFIEER

00 130 I=1,NRAND
MED=NROWB-I+1

SURM(NRDNI=0.00 GO

IF (I JEG. (K+13d GO TQ 184




€3 3 O30

180

194

oy
1]
e

121

182

SJIRROMRDI=0.00 S0

CONTINUE

FRONNQRE)=0.000 00

IF{NGQUBCH EQ. 0) GO TO 1971
0Q 181 I=1:NEAND
MEL=NROWEB-I+1
SUMRONBDD =0, 0000
SJIMPONRDIN =0, 0DG0

IFCT JER. (K412) GO Ta 181
SJIMH(NEDNI=0.G000

COMTINUE

FM{NNODE)=0.0000

IF(NQUECSE .EQ. 0 GO TQ 192
DG 182 I=1+NRAND
MED=NROWE-I+1
SJGR(NRL}=0.0D0C
SAGM(NEDY=C, 0000
SIHP(NED) =G Q0G0

IF(T JEQ. (K+1)) GO TO 182
SJGG(NERDI=0.0000

CONTINUE

FGONNOLGE)=0,0000

IF{NQURCFE LEQ. 03 GO TO 193

SET DIRICHLET COMDITIOMS ON PRESSURE
AT OUTLET A5 SPECIFIER

n0 183 I=1sMRAND
NRUO=NRQWE~-{+1

SIPRINBDI =000 00
SAPFHINELI:=0.0D 20
SIPG{NBI =0, 00 20

IF (I JEQ. (K413 GO 7O 183
SAFF(NEDY =000 Q0

12 CONTINUE

FFPONNOQRE) =0, 00 00

L NNODIT=4%NNUODE

MENDTT=13

IF(K JEQ. 23 MENDTT=Z23Z
MENDTH=(NBNDTT-12)/2
MROWEBT=MNENDTTENMODLT

ZERQ QUT GLOBAL JaCDEIAMN MATRIX

L0 310 I=1sNROWET
EMAT(II=0.000C

ASSEMELE GLOERAL JACORIAM MATRIX

Lo 220 I=1.NNIDE
R1=4kHENDTT®(I-1)

153
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T1=NEANDX(I-1}
D0 220 J=1:MNEAND
di=T1+d
Ri=K1+4
SHAT(N1)=8JRR{J1)
EHATIR1+1Y=8JRM(J1)
SHMATIRLIHNBNRTT-1)=8JMR(J1)
SHAT(KIHNBNDITTY=5dHK{d1)
SHATIRLIINBNDTT+2)=80F(J1)
SHAT(RI+2¥NBENDTT-23=8JGR{J1)
SMAT(KI+2ENENDTT-11=8J6MH(J1)
SHAT(K1+2XNENDTTI=8JGG(J1)
SMAT(RKIFZRNENDTTH+1)=SJ6F (1)
SMAT(KI+IFNEMRTT-20=8SJFPROJL)
SHAT(RIFIENBNOTT-2)=8JFMC11)
SHAT(KI+3¥NRNDTT-1)=54FG(d1)
SHAT ORI IENENDTTI=84FP (41
220 CONTINUE

o

c ASSEMBLE GLOEAL RHS (-F)
C
F1=-3
20 230 I=1,NNQIE
K1=Rk1t4
RHT{R1I=FR(I)
RHT{K1+1)=FH(I)
RHT(K1+2)=FG(I)
RHT(K14Z3=FF(I}
230 COMTINUE
r WRITE STATEMENTS USED FOR DEBRUBGING
C IFINITWNE.2IG0 TO 260
¢ WRITE(S+ 2403 (FR(L)YsL=1sNNCGDE)
C WRITE(&»240) (FMILYL=1sNNCOIE)
C WRITE(Ss240) (FRF(LY»L=1+NNOQDED
¢ WRITEC&22400(FB(L)»L=1sNNODE)
240 FURMAT(//+(2X10D12,30)
C WRITE(S224018JRR
c WRITE(A2240)50HM
» WRITE(A2240:54G6
C HRITE (42403 8JPF
{ HRITE(L:240)5JRNM
¢ WRITECS, 24018 0HF
L WRITE (4 24015 MF
C WRITE (42400 3JGR
¥ WEITECE 2403 5JGHN
e SEITE(&s240)5JGF
N HRITECE 29015 UFR
G WRITE(&240)S504FM
r WRITE(&s24C)84F0
» WRITE(S+25038HATT
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250 FORMAT(//7/79(1X¥15308,1)}
260 CONTINUE

C

£ ASSEMBLY REARRAMGEMENTS COMFLETE.

C CALL SULVER FOR LINEAR ALGERRAIC ERUATION SYSTEH

C
CALL EANDET(DSHAT»INT SHAT)NNODITMNODIToNENRTHNENDTT)
CALL BANDSL(USHAT»INTsRHTsSHAT s NNODLIT « NNCDITsNENOTH s NENDRTT )

| C
| C FIND VALUE AMD NODAL LOCATION OF MAXIMUM DELTAQ{I)

C
d==2
0o 270 I=1sNNORE
d=4+3
IFCRARS(CRHT (YY) 6T, DARS(DELRMXI) DELRMX=RHT ()
IFCOABS(RHT (Y LEQ. DARS(DELRMX) IRMX=1
TF(RARS(RHT(J41) WGT. DARS(DELMMX)) DELMMX=RHT (J+1}
IF{DAES(RHT(J+10 ) JEQ, DARS(DELHMX)) IMMX=1
IF(UABS(RHT (4433 GT. DABS(DELFPHX)) RELFMX=RHT{1+3)
IF(OARSCRHAT(J+IY) +EQ. DABS(DRELFHX) IFHX=1
IF(DARS(RHTCJ42)) LGT. DARS(DELGHX)) DELGMX=RHT (4+2)
IF(DARSCRHT (442 JEQ. DAES(DELGMXI? 1GMX=1

C

C CALCULATE VALUES OF QI(P+1s041

C

AHORT(T)=XHOML(II+RHT (241D
FRET(II=FRSICIGHRAT (43
G1(T3=61(I}+RHT{I+2)
270 RHOL(Ti=RHOL(I HRAT S
FRSLUINNODE =FEXIT
0 CONTINUE
RETURN
END

P

L]
oz
~




[y

[ I ]

b I |

|}

[ B I

-
"3

Lep B ar i w

L]

i

440

| 3% Y

1

2
&

a

.

1

5
~

B N S

SUBRDUTINE ELMAT

GENERATION OF FINITE ELEMENT HYFER-MATRIX REAL DATA FROM
INTEGER ARKAYS STORED IN EBLOCK [ATA

IMPLICIT REAL#B(A-Hs0-2Z)
COMMON/AL/AZ000L(B)yAZ0LIL (B AZ00TL(R)»A3101L () nAZCI0LIE)
sAJ100L(8)sAZT110L(8)vA3003L(E)
+F40000(16)5F40001(14)sPA0010(16)FA1000(14)
COMMON/AQ/AIQOOG(27)A30110(27)sA3001Q(27)sA3010Q(27)
+AJ100QRC27)A3110Q(27),AZ003R(27)
1540001081
COMMON/ TARRAY/NDOFELsNTHAT s NTHATRSNELEL» ISRC
MIMBCR +NINRCH NINBCGsNINECF
NOUERCR, MOUETHM» NOURCG s MOURCF
CUMHON/IDAT/ NEBANDSNNCGDE INODREsKsIPRNT»IMPLOT:XIsNFR+ ICGEN,
CNITMAXs TFRHP s MEANDL » TRMX s INHX» IFMX IGHX IOFTNITLO
NITHI+HsUMAXsNREGs IEHK
COMMOM/MATY R20CE(RIARCIE(R)>AZI0E(R)»A211E(P)y
AJGCOE(Z7 ) sA3001E(27 ) vAZQI0E(273 s AZ100E(27 )
AI0LIE(27) s AZT10E(27) s AZI01E(27 2 A30E(T )
A40000(18) sA40001 (18 vA40010018)yA41G00(140,
340001(31),A10E(3)
DIMENSION DHAT(27)sAMAT(Z27)
NE1=K+1
NSZ=NS1%NEL
NTHMATR=NIOFELXNDOFEL
NTMAT=NTMATRANDOFEL
AZOE(T)=-1,0000
D0 10 I=2:NTHAT
AJOE(IY=0.0D000

SUBRDUTINE BRANCHES ACCORDING 7O DEGSREE OF EASIS
IF(K EQ. 2)G0 TO 170
FOR LINEAR RASIS FORMULATION

00 20 I=1sMNIOFEL
AL1QE(I}=0.500¢C

o0 30 I=1-NTHAT
AMAT(T1=AZ000LCI/12,000

SURRDUTINE SORT REARRANBES STORAGE FOR CONVENIENT
MULTIFLICATION LAVER

CAlL SORT(AMATDHATINSIsNSD2
DO 4¢ I=1sNTHAT
AZOO0E(II=DMAT(I
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&0

70

110

134

140

150

1890

170

186

190

£
—.

[y
ST

| S Y

D0 50 I=1sMTHAT
AMAT(I1=A2011LCI}Y/2.1000

CALL SORT(AMAT ) DIMAT,NS1sNS2)

00 80 I=12NTHAT
AZQLIE(I)=DMAT(I)

00 70 I=1sNTHAT
AMAT (I =A3001L(I}/ 6., 1100

CALL SORT{AMATOMATsNSIsNED)

DU 80 I=IsNTMAT
AZCQIECII=INAT(I)

af 20 I=1,NTHAT
AMAT(I=A3101L(I/2.100

CALL SORT(AMAT DMATINS1sNS2)

o 100 I=ISNTHMAT
AJLCLE(TI=DMAT(I)

00 110 I=1sNTHAT
AMAT(I)}=A3010L(I)/6. 100

CALL SORT(AMAT OMATSNS1»NE2)

00 120 I=1:NTMAT

0 AZOI0E(IN=UMAT(I)

U3 130 I=1sNTHAT
AMAT(II=AT110L T}/ 2. 1100

CALL SORT({AMAT,DMATINS1,NS2)

[y 140 I=1-NTHMAT
AZL1I0E(T)=DHAT(I)

d0 130 I=1sNTHAT
AMAT (D)=A3100L(I)/4., D00

CALL SORT{AMAT»DMATINS1sNS2)

D 180 I=1sNTHMAT
AZL00E(T I =IMAT(I)

21

GO 10 350

29

FOR QUAIRATIC RASIS FORMULATION

AIOE(1)=1.000/6,000
ALQE(Z2)=4,D00/6.00C
ALOE(3)=1,00¢/4.0100

00 180 I=1sNTHAT

AMAT(13=A3000Q(T1,/42¢.000
CALL SORT(AMAT,UMATNS1,NEZ)

DO 190 I=1sNTHAT
AZONQE(T)=DMAT (I

00 210 I=1sNTHMAT
AMAT (T1=A30110{I)Y/30. D00

157



280

296

Jug
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[
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Led
x5
Lee]

CALL SORT(AMAT DMATNSIsNEZ)
D0 220 I=1sNTHAT
AZOLIE(D)=IMAT (D

D0 240 I=1:NTHAT

AMAT (1) =A3001QC1) /%0, 000
CALL SORT{AMAT:DMAT NS1sNB2)
DO 250 I=1sNTHAT
AJOGIE(T)=DMAT (I

D0 270 I=1sNTMAT
AMAT(1)=AZ0100(1)/30.000
CALL SORT(AMATDMATsNS1sNS2)
nd 230 I=1sNTHAT
AZOIQE(I=IMAT(I)

[0 300 I=1sNTHAT
AMAT(I)=A3110G(I) /30,000
CALL SORT(AMATsDHATINSIHNED)
DG 310 I=1yNTHAT
AZL10E( I =OMAT(I)

W Z30 I=1sNTHAT
AMAT(11=A3100Q(I3/730.000
CALL SORT(AMAT,OMATINS1,NS2)
OO0 340 I=1sNTMAT
AZLO0E(I)=IMAT(I)
CONTINUE
UG 280 I=1sNTMATR
ALZOQE(TI)=0.0D00
A201E(IY=0.,0000
AZ11E(I}=0.0D00
A210ECT)=0.,0000
0 380 J=1,NDOFEL
W1=(I~1)XNDOFEL+J
200E(I)=A200E(IY+AI000E(K1}
A201E(T)=A20IE(I}+A3001E(RY)
AZILE(I)=A211ECIY+A3011E(KL)
AICECT)=A210E(I+A301QE(NRTL)
CONTINUE
0o 370 I=1s14
A40000(1)=F40000(I)/40.0100
A40001(T3=F40001(1)/12.0000
A40G10(I)I=P40010(I) /12,1100
A41000(1)=F41000(I) /12,1100
L $80 I=1.81
BACG001(1)=540001(1) /420,10
RETURN
END
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SURRQUTIME SORT(AMAT DMATHMS1NS2)

REARRANGE MATRIX ENTRIES COMPUTED FROM ELOCK DATA IN

ELMAY INVO ARRAYS DIRECTLY USAELE

IMFLICIT REALXB(A-HsO-I)
DIKENSION AMAT(27)DMAT(27)

0 10 I=1sNS1

po 10 J=1sN52
K1=(J-1)%NS1+I
R2={I-13%NSZ+d
UHAT (K2 =AMAT (K1)
CONTINUE

RETURN

END

IN

SUBROUTINE FANDJ
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SURRQUTINE OQUTRUT

CALCULATION OF SQLUTION INTEGRAL NORNMS
INCLUDES HOsHL1SENERGYS AND L1 NORMS
QUTRUT OF SOLUTION IM IMTEGER FORMAT

IMPLICIT REAL¥E(A-H»0-Z)
COMMON/DATA/ CHIOSCHIFsTHETADCIMNFEFS,CHIMIN:DAMAX DQFCTY,

1 DQFCTRSPEXIT,

2 ANUZRF s ANUZMF » ANUZGF »
3 ANUIRF s ANUIMF s ANUIGF »
4 ANUZR Dy ANUZH Iy ANUZG I
3 AMUIRJ ANUIHIANULIGY

COMMON/ARKAYSY RHO1(201)yXMOMI(201)+G3(201)sFRE1(2013,

1 RHOQ(201)» XMOMO(Z01)»GO(201) s FRSO(201 1

2 OMAT(R) s FROZO1ISFH(201) s FP(201) s FG{(201 ) sRHT(ED4)
CUMMUN/MULT/Z X{2013XPO10sYP(10)yXM(103YH(101 s

1 FRE(10) « XMNC201)-AREA(2013» ISTART(4)» ISTOF(4)

COMMON/ARRAYI/ IPRYQ(ZCLYsNEMCI0) s NFIX(2)
COMMON/ TARRAY/NIOFELsNTHAT s NTHATRNELEL s IERC

1 NINBCRsNINRCHsNIMECGsNINRCFE
2 NOURCR » NOUECHM» NOUBCG » NOURCF

COMMON/IDAT/ NEANUNNQDE s INQREsKyIFRNT» IMFLOTaXIsNPRsICGENs
1 NITMAXs IFRMPyNBANDL » IRMXy IHMX s IFMXs IGHXs IOFTNITLD
2 NITHIsH:VMAXyNREG [SHR

COMMUN/SHITCH/IDVORH I0Ss TAR s JPM s JRR s JRHM

CUMMUN/NONDINM/ TZERO s RHUZRO s PZERD»GLZERQCENDO TIMZROY AETAR»

1 AHZERQ XMOOTOs TEMPINS FREINS XMIOT

CUMMONSUERHARS UBIOMXsURLIINX

COHMON/NAT/ AZ200E(P3A201E(P)»AZ1I0E(P)A211E(D),
AZOCVE(27)sA300LE(27)sA3010E(27)»AJL100E(27 )
AZDLLE(Z7)sATL10E(27),AZI01E(27)2A30E(F )y
A40000(15)+A40001(18),A40010(141,A41000(161,
G40G001(81AL10E(T)

DIMENSION QRHU(201)sUXHOM(201) »UPRSC(201),UG(201)

DIMENSION QQRHQ(201)UUXMOM(201)UUPRS(201)UUG(201)

DIMENSION UVEL(Z2C1)TENF(201)

IPRULT=10090

N P S

ZERQ DUT SOLUTION NORM LOCATION

EHGRHO=0, {000
EMGMON=0,0000
ENGPRS=0,0000
ENGENG=0G,0DG0
FORBO=0,0000
HOMOM=0.0000
HOPRS=Q,0000
HOENG=0.,. 0000
SLINHD=0, 0000
SL10M=0, 0000

160
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EL1ENG=0.0D00
SLIFRE=0.0D00

CALCULATE SOQLUTION INTEGRAL NORME

oe 10 IEL=1.NELE]

Ri=R&(IEL-1}

DOX=X{IEL+1)-X(IEL)

Qitx=1,000/00X

00 10 J=1sNIOFEL

Hi=K1+J
SLIRHO=SLIRHO+DDXXAI0E( JIKRHOL (M1
SLIMOM=SL1MOM+D0XRAL0E( I RXMOML{NT}
SLIENG=SL1ENG+DOX¥AI0EC NI #G1 (M1
SLIPRE=SLIPRS+DO0X%AI0E () XPRSTI (M1
Lo 10 L=1sNDOFEL

JU=CL-1)¥NDOFELHY

Ma=R14L

ENGRHO=ENGRHO+DOX¥RHOL (M1 kA200E(JLIXRHOT (M2
ENGMOM=ENGHOM+D0XKXHOMI (ML) RAZ00E (L) RXHOMI(
ENGHRES=ENGPRS+DDX¥PRE1 (M1 KA200E(IL Y #PRETI (M2
EMGENG=ENGENGHOOXRGL (M1 XA200E (L 1 RG1 (M2
HORHQ=HORHOHQDX#RHOT (M1 ¥A211E( LY ¥RHOL (H2)
HOMUM=HOMUNFOUXNEXMOML (M1 %A211ECIL Y R XMONT (M2
HOFRS=HCFRE4ODXAFPRS1I (M1 XA21IE (JLYRPREL1(M2)
HOENG=HOENGHORX*GLI (M1 ¥AZIIE(IL I XG1{MHD)

EMGRHO=0, SDOXDARS(ENGRRD)
EHGMOM=0,SDOYDARS(ENGHOM)
INGPRS=0,SU0KDARS (ENGFRS)
ENGENG=G.SDORIARE(ENGENG)
HOREHO=C, 3D0KDARS CHORHD)
HOMOM=0, SOORLARS(HCMOM
HOPRE=0,500%AES (HOPRE)
SLIRHO=G. S000%sL1RHO
SLINOH=0,S000KRSL ITHONM
SLIENG=C ADOUESLLIENS
SLIFRE=0,5000%EL1PRS
HOENS=0, GLORUARS (HOENG)
HIRHD=ENGRHOHHORHD
FInOM=eNCHDMEHOROM
HIPRE=ENEPRESHOPRS
HIEMNG=aNDENGHHOENG

e
—
rad
—
(o]
[y
—
Lol
—~
i

o 20 K1=1sNNODE
TERTH(KL ) =IFMULTRRHOL (K1)
TE(41240)RHOZRO

L

PURITECA 20 (IPRTR{LY s L=t s HNQDE)

{0 20 Ki=1NNQDE
UUEL (K1) =XHOMI (K1Y /RHOL (K1)
IFRTR(RLY=IPHUL THUVEL (K1)

CRETE SOLUTION ARRAYS IN INTEGER
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WRITE(&,2701CENDO

WRITE(6, 2503 (IFRTRLL)sL=1sNNOQDE?
00 40 Ki=1,NNODE
[RFRTQIKL)=IFMULTRXMOMTI (KT
WRITE(S,2801XMZERD

WRITECS» 250 (IFRTR(L) sL=1sNNODE?
00 280 Ki1=1,NNODE

POLFRVQONLY=IPMULT#FRELI(RL)

WRITE(&»2901FZERD

WRITE(&s280 (IPRTQCL) +L=1+NNODE?
L0 100 Ni=1NNODE
IPFRYQ(RLI=IFMULT*G1(K1)
WRITECSYIOQIGZERD

WRITE(6+250) (CIPRTA(L) »L=1+NNRDE
[0 120 Ki=1,NNQRE
TENF(K11=01(K1}/RHO1(K1)-0,28000%UVEL (K1) RUVEL (K1)
TFRTQ(KLI)=IFMULTRTENF (K1)
WRITE(S»340)TZERD
WRITE(S2 250 (IPRTA(L) s L=1sNNODE)

INLET BROUNDARY CONRITION FOR MOMENTUM IS
AUTUMATICALLY BET AS DIRICHLET IF
MACH NO. IS ANYWHERE GREATER THAN 1

NINRCH=0

0140 I=1sNNODE
CSUUNR=DSART(PRSI(I)/RHOL(I))
XMN(IY=UVEL(I)/CEQUND
IFCXMNOTY JGE. 1.0000IMINROM=1
00 150 K1=1:NNUDE

Q ;PFTG(nI)—IFHULTX(Ythhl11/10.UUO

WRITE(6,210

U JRLTE(upaub)(IPRTG(L);L=1;NNOUE)

DU 170 Ki=1,NNODE
JRRTRIK1)=100K%AREA(KL)

WRITE( ;3’O)A :TAR

WRITE( SOYCIPRTACL)Y s L=1+NNODE)
J\.'F\”Q.A—o

OCX=H/(X(21-X({1)}

0 190 Ki=1.MNODE
IPRTQIRT)=10¥DCXKXMOML (K1Y /RHOL (K1)
IFCIPRTR(KLY JLE. ICRMAX) GO TO 190
ICRMAX=IFRTO(KI)

CONVINUE

IF(ICRMAX .GE. 80) CHIFCT=1.0000
WRITE(S2350)
WRITECE 250 (IPRTRIL ) »L=1»NNODE)

00 210 Ki1=1sNNUDE

O IPRTR(R1I=IFMULTXRHDOLI(RIJKAREA(KI I RUVEL (K1)

WRITECS 320 IXMOOTO
MRITECS, 230X (IFRTAL Y L=1 s NNOQDED
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FRINT QUT SOLUTION NORMS

WRITE(S,3701

WRITE (& IBOIHORHO P ENGRHOsHIRHQ» SLIRHO
WRITE(Ss 390 HOMOM » ENGHOM s HIMOMN s SLIMON
WRITE(& 400 HOPRS s ENGFRSSHIFRS»ELIFRS
WRITE(6+310)HOENGyENGENS s HIENG» SLIENG
IFCIRCHIS JEQ. OIWRITE(&2420)
IFCIMPLOT LEGQ. 0G0 TO 220

IF{IRCHDS .87, 0)GB0 TO 220

WRITE DISURETE SOLUTIOM ARRAYS INTO GRAFHICS FILE

WRITE(?y240)(RHOICI)»I=1NNQDE)
WRITE(Y 240 (XMOMI(I)sI=1NNODE)
WRITE(?y2403 (PRE1(I)»I=1»NNODE)
WRITE(Y» 240 (G1(I)s I=1sNNODE)
WRITE(S»240) (XMM(I)»I=1+NNODE)
WRITE(Y 240 CUVELCT Y s I=1 0 NNODE?
HRITE(?2240) (TEMP (I} I=1+NNODE)
220 WRIVE(9s240HORHOHLIRHG
WRITE(T» 240 H0RAN HIHON
WRITE(Y+240YHOFRSHIPRS
WRITE(F»2403HOENGSHIENG
230 CUNTINUE
RETURN
2480 FORMAT(S01S,53
250 FORMAT(1X»2515)
BHQ FORMAT(/»10Xs “RHO VECTOR ¥ 10007 sBXy "RHO ZERD ="»[15.061
270 FURMAT(/» 10X "VELOCITY VECTUR % 10007 3%y "AZERD ='s1113. &)
200 FORMAT (/910X "HOMENTUM VECTOR ¥ 100073, "MOMENTUM ZERQ =7»

#0115.6)

290 FORMAT(/»10Xs "PRESSURE VECTOR % 10007,3X, FRESSURE ZERD =7,
015,63

I00 FORMAT(/»10Xs "ENERGY VYECTOR ¥ 100074, "ENERGY ZERQ ='»
0134089

310 FORMAT(/510X: "MACH ND. % 1007)

320 FORMAT(/s10Xs’AREA VECTOR % 1007s9X, "AREA THROAT =7"sD15.43

I30 FORMAT(/»10X»"MASS FLOW RATE %1000°5Xs /HDOTO ="20115.6)

340 FURMAT(/»10Xs ' TEHFERATURE VECTUR ¥ 10007 +3Xs 'TEMPERATURE ZERDQ =7»
%' TEMPERATURE ZERQ ='s015,4}

250 FURMAT(/ 10X, "COURANT NUMBER X 107)

J40 FORMAT(AF)

370 FORMAT(IHL»PXs "NORME 212Xy "ENERGY 29Xy "H-ZERCRXZ 27X

¥ OH-UNZEXZ Xy "L-ONE s/

FORMAT (10K "'DENSITY " »3X%, 40135, 69 71

FURMATCLIOX  "HOMENTUR + 4X5 3013, 4470

FORMAT(LG y’PFE:tUFE 4¥5 4015, 6970

F‘F’NQHH ¥ ENE"UY ’4;‘.}.»}0\)"‘

FORMAT(/ S “TIHE » 7X "DELTIME 22X "NIT 2 &Xs "DELRME "+ 4Xy

3 ‘NODRE” -6?v DELMMY s 4Xs "NODE s &% "DELGHX 754X "NODE s 8X>

L THELFMY 24X, "NORE )

END
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119
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129

140

SUERQUTINE BAMDET {SsINTsAsN»MAXNsMIsH3)

COMFUTE THE LU DECOMFOSITION OF A NONSYMMETRIC BRANDED
MATRIX STORED IN DIAGONAL FURMAT USING FARTIAL FIWOTING

IMPLICIT REAL®#S{A~-H,»Q-I}
DIMENSION SOMAXNSM1)ACHIsHMAXN) » INT(HAXN)Y
L=M1

o 30 I=t:M1

RZ=mMl+2-1

o0 10 Jd=K2,M3
A(J-LsD)=Aa0ds 1)

L=t~1

Bo=MI-L

L3 20 J=R2:M3

Al Iy = 0.0 [OO
CONTINUE

L=l

[ 130 K=1.H

X=A(1,K)

H

it

ST |
=
-+
—

LT N L=L+1

LT K2: G0 70 40
¢ J=K2sL

DARS{A{1sJ)) JLE. DARS(X) ) 63 7O 30
142

D¢ b BT b e DT
LI | B o I oo g Tt & I

o I
o~ e~

et

3

CUNTINUE

INT(RKD=I

IFix 70140470

IF(I-K) 80s100580

e 20 A=1sMI

X=A{JsK)

ACDIK)I=ACLT)

AldrI)=X

IFCL LT K23 GO 7O 130
00 120 J=KZsL

X = 1.0 0O

IF C ACLsRY JNE. 0.0 DOG) X = Allsd) / A{LIR)
E(KsJ-R} = X

O 110 JJd=2,M3
Aldd-10)=A0Jds D -ACJI R XX
AMId) = 0.0 D00
CONTINUE

RETURN

ZERQ FIVOT HAS BEEM FOUND. FRINT ERROR MESSAGE AND STOF
CONTINUE

WRITEC(S» 200 IR LELy JELsLXYZoRs I sR2 oLty A (Lo ) e {10t X
Go 7O 190
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HMM=(HI-1172

GO0 TQ (185021707 MNHR

WRITE(S- 180 (AlLsR s L=l MI) s =1 MAXN:

FORMAT(SXs 3015, 50

30070 199

WRITE(E Lefmdel=1sM3) o R=1aMAEN}

FURMAT (S i

croe .

EORMAT  1H1 7775 33X o ZERD FIVOT IN BAMDET »oissy
10%s Ks LELs JELs LEYZs Ks I K2y L Jds AlLsRIs ACLodls X7
/'?i’uX‘oIE;?E:BIub-J’

]

SURKDUTINE EAMDSL (G INT2F A NsMAXM ML HI)

COMFUTE THE SDLUTION OF THE LINEA R SYSTEM UbINB THE LU
DECOMPUSITION OF THE COEFFICIENT MATRIX AND OTHER
INFORMATION FREOQVIDED BY BANDET AND THE RIGHT HAND SILE F

IMPLICIT REAL&E(A-H.2-Z} _
DIMEMSION S{f AXN s MD) o FOMAXN T s ACHI MAKN s INT (RAXND
NAaT = M3 & MAXN

L=H1

L=L+1
GO TG 40

[
— §l 3 TR T .

PO S S
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i
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SUBRRQUTINE CSAREA(X1»X2sX3sY1sY22YZs(1:C2s 00D 166

CALCULATE COEFFICIENTS FOR QUADRATIC CURVE FIT OF
THE INFUT MACRO-ELEMENT NUODAL CROSS SECTIONAL AREAS

IMFLICIT REAL¥B(A-H»0-2)
DIMENSION F{?3sXP(3)sYP{Z)
xFC1)=X1

XFP(2)y=X2

XF(3)=X3

YRP{1Y=Y1
YRO2)=Y:
YR{3i=Y
o 10 I=1.3
FeIi=1.0000
FOI+3=XP(I)
FOI+4=XF(IIRXPCLD
CALL DETERM(FsCO)
D0 20 I=143
F(Iy=YP(I)

CaLL DETERM(FSC1)
C1=01/00

LG 30 I=1s3
FiIy=1.000
FOI432=YR(ID

Catll DETERMOFSCZ)
£2=€2/C0

Do 40 I=1.3
FOI+3i=XF(I)
FeI4s)=YR(I)

CALL DETERM(FSC3)
C3I=C3/C0

RETURN

M

[N % B 5

BUBROUTINE DETERM(FC)

CALCULATE DETERMINANT OF 3X3 HATRIX

IMPLICIT REAL¥BC(A-H,0-1I)

DIMENSION F(9)

C=F (LIRF (SRR (RIFFL3IRF O RF(SIHF (22kF (6 IXF (70~
(FOLYRF (S RF(BIFF {20 RF(AIXF(RI+F(IIRF(SIXF (T 1)

RETURN

END
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SUBRQUTINE INIT

GEMERATE INITIAL COMDITION MODAL DISTRIEUTIONS OF
FRESSUREs DENSITY, AND MOMENTUM., CALCULATE ENERGY A
STAGNATION REFERENCE STATES., NOMDIMENSIONALIZE EACH
UAKIABLE ARRAY ON AFFRUFRIAVE REFERENCE STATE.

NI

IMFLICIT REALX¥B{A-H,O-2)
COMMON/ARRAYS/ RHOL1(201)»XMON1(201) 261 (201)sFRE1{201 )
RHOQ (2011 » XMUMO(201)260¢201)»PRSOC201) s
OMAT(S)sFR(201)sFH(201)+FF(201)sFG(201)sRHT(B04)
COMMUN/MULT/ (2011 XPLL0) s YP(L10) s XH{L10) 2 YH L0
FRECIO) s XMN(201)»AREA(201 ) ISTART (45 ISTOR (4}
COMMUNZIDAT/ NEANDyNNODE s INODEsKs IFRNT IHPLOT»XIsNFRs ICGEN
MITHAX s IPRHFP s NEANDL» IRMX ) IHMX s IPMXy IGHX» IOFTHITLO,
NITRIsHyUMAXNREGS TSHK
COMMON/NONDIM/TZERD s RHOZRO»FZERQ»GZERD»CENDOs TIMZRO s ASTAR,
. KMZERU S XMDOTO» TEMPINSFRSINSXHOQT
WRITE(E-30)

GENERATE NODAL VYALUES FOR DENSITYs MOMENTUM,
AND FRESESURE

OO &0 I=1.NREG
JETART=ISTART(I)
JEYOFP=ISTOR(ID

Lo 4¢ J=JSTARTJSTOF
RHOO(4)=RHQOCISTART(I))
AMOMO(J)=XHOMO(ISTART(I) )
BREGLDI=PREO{ISTART(I))

CALCULATE STAGNATIOM REFEREMCE STATES

VELIN=XHOMO(1)/RHOO(1)
TZERQG=TEMPIN+VELINYVELIN/&0Q? . SD00
TRAT=TZERO/TEMFIN
FZERQ=FRSQ{1)XTRAT*¥3,501C0
RHQZRO=RHQO(IYKTRATXX2.5000Q
CENDO=DSART(1 . 4D00XTRATEXFRS0 (1) /RHOC(1 )
GZERD=4272,5000%RHOZROXTZERD
NRLERU=RHUZROKXCSNIC
SMEQTO=RHOZROKCEMDOXASTAR
XL=X{INaDEI-X {1

FIMIRO=2L/CENDG

CALCULATE ENERGY AMD MONDIMENSIOMALIZE VARIAELES
b3 10 I=1sNNQODRE

GO(I)=(2,.SDOOXFREQ(I}
O SUQOKXMOMO( I IR AMONO (I ARHQO (T 1) /GZERD

167
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CSOUND=DSART(1, 4DQ0¥FPRSGII ) /RHOO(I Y
YMN(T)=XMOHO (I /RHOO(I) /CEOUND
RHUO(I)=RHOOCI) /RHOZRO
XHUHMQ (I =XMOMG (I} /RHQLRO/CENDIC

0 PRSOCI)=PRSO(IN/PZERD
g 20 [=1+INQDE

 RLDy=X(T0 XL
RETURM

L]

1o FORMAT{IEIE:
7

POFORMAT (SRS

O FORMAT(/91Xs "GENERATE NODAL VALUES OF»/21X»
1/BENSLTYs FPRESSUREs AND MUMENTUM /)
Ml

168
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SUBROUTINE ISNTRP

COMFUTE INITIAL CONDITION DISTRIBUTION FOR AIR USING
ISENYRUFIC/NORMAL SHOCK SOLUTIONS WITH DEFINED CRQSS-
SECTIONAL AREAS AND EITHER IMLET MASS FLDH FRATE(ICBEN=2)
OF INLET FLUOW HMACH NO.(ICGEN=3I.

CALCULATE STAGMATION REFERENCE STATES.

GENERATE NODAL NONDIMENSIOMAL VARIARLE DISTRIBUTIONS.
INITIAL COMDOITION NODAL LOCATION OF SHOCK SPECIFIED

BY ISHK.

IMPLICIT REALAS(A-Hs0-Z)
COMMON/ARRAYS/ RHOL1{(Z201)yXMOMI(201)sG1(2013PRE1C20L ),

1 RHOO{(201) + XMOMO(201760(201)sPREO(201)

2 OMAT(F)sFR(201)sFM{201) s FF”OI)-FU&QOIJ RHT (2043
COMMUN/MULTY X201 XF 10 Yo YF(10Y s XMOL10)»YHCIC),

1 PRGCIO)Y s XMN(201 s AREACZOL )2 ISTART (4} ISTOF (4]
COMMON/TDATS NEANDNMODEs INORE Ky IFRNT IMPLOT s XIoNFRs ICGENS

1 NITHAX IPRMF ) NRANDL s IRMY INMX s IFMX IGHE s IOFPToNITLO

2 NITHIsHsUMAX»NREG ISHR
COMMOM/NONDINATZERQsRHOZROPZERD GZERD»CENDOs TIMNZROASTAR

1 ARZERU» XMDOTO s TEMPINSFPREIN XHDOT

IF{ICGEN .EGQ, 380 TO 10
4
JIF ICGENM = 2 CALCULATE
IMLET VELOCITYs ETAGNATION TEMPERATURE: AND T/TZERD

VELIN=1717,0ROOXTEMPINKXHDOTOKASTAR/PREINS/AREA(L)
TZERU=TERFINSVELINKVELIN/S009, 5000
TRAT=TZERQ/TEXFIN

GO 70 20

IF ICGEN = 3y CALCULATE
STAUNATIUN TEMFERATURE AND T/TZERO

1 TRAT=1.,0D00+0 . 2000%XMNCTYRKAMN(L)
TZERG=TENFINRIRAT

CALCULATE STAGMATION REFERENCE COMDITIONS

20 PIERQ=FREINKTRAT®%3I,S5D00
RHOZRUO=FZERQG/1717. G000/ TZERQD
CONDC=0SQRT (2403, BLC00XTZERD)
GZERO=4292 . 5D00XRHOZROXTZERD
AMIERO=RHOZRO*CENDO
MOGTO=RHOZROXCSHIOXAETAR
AL=XCIMOREY-X (1)
TIngmO=XL/CENLG
sWi=1,2000
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CALCULATE NODAL MACH NO. EASEDR OM AREA RATIOS FOR MNODE 1
THROUGH [SHK. CURVE FIT SOLUTIONS BASED ON GAMMA = 1.4
IS USEDR 70 CALCULATE MACH MO,

00 40 I=1,ISHK
IF(I EQ. 1:G0O TO 30
IF(UARS(AREA(II-ASTAR) JLE. +0001)SWI=0.0000
XMNCI =1,000+(1.000~-SWIY k1, 2DCOXREQRT (AREA(T -1, 0000
1 -GWIKQ, 38000 ({DLOG(AREA(I ) )%XQ, 45000}
I0 XMNK=1.000/(1, 00040 2D00XXMNCTIIXXANCIN)

CALCULATE INITIAL CONDITION NODRAL DRISTRIBUTIONS FOR
NUOVES 1 THROUGH ISHK USING ISENTROFIC RELATIONS

PREC(I)I=XMMEKEZ, 5000

RHUOQ (D) =XHNR¥%2, G000

COQUND=DISARTIFREQCII/RHRBO(I N

AMUNG(T =XHN (T ) CEOUNDRRHOOCT)

FRE=FREC(II¥FIERD

VEL=CSNIOKCSOUNDAXMN(T

FHO=RHOG LY #RHOZRO

GOCTy={2.SUCOKFRSHO, SHOOKVELXVELXRHD ) /GZERQ
40 CUNTINUE

CALTULATE RATIO OF ASTAR UFSTREAM OF SHOCK TO ASTAR
ODOWNSTREAM OF SHOCK USING NORMAL SHOCK RELATIONS

IF(ISHK JEQ@. NNRDEIGD TQ 70
SHRRAT=( (2, 4000¥XMN(ISHR ) RXHN(ISHK Y/

1 A2 00040, ADOOKXNN(ISHE Y KX HNCISHR) ) ) %% 3, 50001 %

2 ((2,4000/ (2, 50COXXMN(ISHR Y XXMM (ISHR ) -0, 4000 ) %%2, 5100)
IF(XMNCIBHEY LGT, 1.0D0D)XMNCIGHK]=

4 DSARTCC ADQOXXMN(ISHR Y KXMNCISHR) +2, 1002/

¥ (2,80004XMNCISHR YR XMM(ISHR Y -0, 41100 ) )
ASTARZ=AREACISHE DRXMNC(ISHR )Y %1, 728100/

¥ (i1, D00+HC . 2R00RXMN I TSHED KXHN(ISHR ) 143, D00

L0 &0 I=IEHRSNNODE
IF(I, EQ. ISHKIGD TO 0

CALCULATE NODAL #MACH NQ, EBASED ON AREA RATIODE FOR ISHK
FHROUGH NNUODE. CURVE FIT SOLUTION RASEDR ON GAMMA = 1.4
I3 USED TO CALCULATE MACH NO.

AMMOTr=1,00-0.8800k{ (OLOG(AREA(IIXASTAR/ASTARZ) IXXQ, 4500}
50 XMNK=1.000/{1.D00+0, Z000KEMNCI Y RXHNCI))

CALCULATE IMITIAL CONDITIOM NODRAL DISTRIBUTIONS FOR
ISHK THROUGH NNUDE USING ISENTRUFIC RELATIONS

PREQ(T ) =EHERATRAMNR ¥, 5000
RHOG (I =SHERATHRNHNKRX2, 5000
CSOUNT=DERRT(PREQ (I /RHOO(T



AMOMO (1) =¥MM( T XCSOUNDERHOO( D) 171
FRY=FRS0{IVEPZERD
YEL=CENDOXCSOUNDRXMN(T)
RHU=RHUO (T ) ¥RHUZRO
BO(I)=(2,SH00XPRS40, SOOOKVELXVELXRHD /GZERD
t g0 I=1vINQUE
¥(Ir=x(11/%L |
RETURN |
20 FORMAT(ISIS) |
100 FURMATI(SILS.S)
110 FORMAT!/s1Xs'READ INLET VALUES OF PRESSURE AND TEMPERATURE’
1 o/91¥y7AND EITHER WASS FLOW RATE OR MACH MUMEER. s//y&Xs
2 ‘PRSIN 110X 'TEMPIN')
120 FORMAT(/s4Xs “ISHK ")
130 FORMAT(/sé&Xs "XNDOT ")
140 FURMAT(/s&Xs "XHN(11 )
END
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FINITE ELEMENT HYPER-MATRIX INTEGER DATA

Dar I 4

c REAL DATA ARRAYS ARE COMFUTEDR IN SUBROUTINE ELMAT
L
IMPLICIT REAL¥B(A~H.0-I}
C
COMMOM/AL/AZ0NOLI8YsAZ011L(EY»AZ00LIL(B)-AZI0IL(R) s AZ01I0LIED
i sAZ100L(B)A3110L( 2 +A3003L (8}
2 sF40000(186)yPA0001(14)F40010016)5F41000(16)
CUMMON/AG/A3000Q(27 Y sAT011HC27)sAT0010427)+AC10R(27
1 yAZ100Q{27)sAZ110R(27),A20030(27)
2 15400014{812
c :
DATA A30LILL 7/
1 1.0 oog v =1.0 00
2 s 1.0 i 0o » ~1.0 oo
3 0+ -1.0 oo ' 1.0 L 00
4 3 -1.0 I 00 ' 1.0 o oo
c
DATE AZCOLIL /
1 -2,9 It ¢o ’ 2.0 I 00
2 s -1.0 oo ’ 1.9 oG
3 0+ -1.0 0o ' 1.0 o 3¢
4 2 =240 oo s 2.0 oo
C
RATA AZCGCOL /
1 2.0 n oo ’ 1.0 & oo
2 1.0 I 60 ' 1.4 o oo
3 s 1.0 oo ' 1.0 o 00
4 s 1.¢ o oo ’ 3.0 oo
5/
C
DATA AZ101L 7/
1 1.0 It 00 + -1.0 o oo
2 s ~1.0 v oo ’ 1.0 It 00
3 1.0 o oo s ~1.0 o 0o
4 » -1.0 o oo ’ 1.0 o Qo
a7
C
DATA A30ioL /
1 -2.0 0o s ~1,0 I 00
2 5 1.0 L oo v =240 oo
3 2.0 oo H 1.0 L g0
4 1.0 I oo s 2.0 JUNRALY
5 _I/




L]

DATA AZ110L
1.0

1

2 ] '100
3 ’ -1.0
’:; ! 100

wn

DATA AZ00IL

i
2 s 0.0
AN
4 0.0
3/
DATA AZ
i -2
2 s 2
3y -1
4 s 1
s 7

1.0

0.0

-

OO

-

100L

DATA A3Z000Q

o
I
I
il
j¢
I
It

It

]

I
I
I
It
i
i
It
Iy
It

1 39,0
2 20.0
K -3.9
4 20.0
3 14.0
& -8.0
7 -300
8 -8.0
¥ -3.0
i 7
DaTa AZ00IR
1 -30.0
2 -18.0
k) 3.0
4 "1800
5 "‘38;0
) 5.0
7 3.0
8 6.0
e 6.0

[y
-,

7

i
]
I
I

00
20
00
00
00
00
0o
00
Q0

00
G0
00
00
00
00
00
00
0a

Q0
00
Q0
00

Q0
00
00
00

00
00
00
00

- W W e E m w

W e

- w W e

‘- w o s

P

-

3 4
-

3]
B O b O
- -

<

-

OO DD OO

]
ra
L I8
- L d

-

“d r2
o~

L]

0.9
0.0
0.0
-1.0

It
It
It
I
It
I
o
I

It
It
I
I
o
I
I
I
Il

20
00

0o
00
00
00
00
00
a0

00
20
00
0o
00
00
00

00

00

It

I
I

I
[

It

Low il ol = |

- m W w e

e R B Y

00
00
20
00

00
Q0
00
oG

—300
-800
-800
—800
16,0
2¢.4
"300
20.0
9.0

'600
'600
‘300
"\5&0
48.0
18.¢
=20

8.0

20,0

I
It
It
It
I
I
I
I

i
I

l
I
It
I
U
I

GO

06
00
00
00
00
00
00
0a

00
00
00
00
00
00
04

Q¢

Q0

- e e w s -
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174
LATA A3011Q 7

1 37,0 oo » -44.0 oo o 740 00aG o
2 38,0 oog » -32.¢ oo » -4.0 It 00 =
3 -3.0 nog » -4.0 U 7.0 oL gg s
4 -43.0 ooo » 48, oL o0 » -4.0 oG s
3 -I2.0 oooc s 44,0 pog s -32.0 It Qg »
& -4.0 oL 00 » 48.0 o o¢ » ~-44.0 L 0G »
7 7.0 o6 » =-4.0 poo s -2.0 onag »
8 -4.0 Loog » -32.0 oD o6 » 36,0 IGo
7 7.0 g0 » -44.0 o oo s 37.0 oo

1 jf

DATA AZ010Q /7
-10.0 It &0

i s —b.0 o oo » 1.0 o Qo s
2 -&.0 o o0 » -16.¢ I 00 » 2.0 o og »
3 1.0 L oo s 2.0 o o0 s 2.0 i go
4 12,0 oog s 2.0 Iog » 0.0 o oo -
S 2.0 I ag o 0.0 oo » -840 o290
& ] I o0 » -8.0 0LoG s+ -12.0 o Qg »
7 -2 oL o0 » -2,0 a0 » -1.0 I o0 »
8 -2.0 o 00 » 18.0 [t 00 » 6.0 o oo s
? -1.0 nod o &40 oo s 10,0 n oo

i 7

JATA A3110Q@ /

1 270 oo s 35.0 onoe » =-3.0 ot Q0 »
2 -44.0 onog s 32,0 I 60+ -4.¢ o oo s
z 740 o o0 s =-4.0 o oo » 7.0 o 20 o
4 =-44,0 nog » -32.0 noe » -4.9 o0 »
3 48,0 o0 » &40 oo » 48,0 It 00 »
& -3.0 o oo » -32.0 0o » -44.Q It 20 s
7 7.0 n oo s -4.0 It Qe » 7.0 o oo »
g8 ~4.0 [t 60 » -32.0 L oo s -44.0 oo s
? =2.0 ooe » 34,0 onoo » 37,0 LY

1 i

DATA AZI00Q 7/

i -10.0 0L ooy =40 oL oo » 1.0 It 00 >
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FORTRAN VARIARLES FOR 2ND' DEGREE HYFERMATRICES
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HOUING SHOCK (100 ELEWENTS)
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