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Abstract

Accurate uncertainty quantification for neutron cross sections is essential for credible

transport simulations and decision support. In the resolved resonance region,

generalized least–squares (GLS) fits implemented in SAMMY produce evaluated

cross sections and covariances that are widely used, yet the associated uncertainties

can be underestimated when ideal assumptions are violated. Manual variance

inflation is common but undermines reproducibility. This dissertation develops

a reproducible, evaluator-in-the-loop pipeline that measures and corrects those

distortions. The method couples SYNDAT with a scripted R-matrix fitter (AutoFit)

to produce labeled benchmarks and empirical evaluated cross-section covariance

matrices (ECSCMs) as ground truth.

Controlled studies show that, under ideal GLS conditions, SAMMY matches

empirical covariances. Otherwise, the dominant errors arise from missing resonances

and using single-level Breit–Wigner where multilevel coupling matters; moderate

mis-scaling of correlated experimental terms is comparatively benign. We learn

per-energy variance corrections from AutoFit features calibrated to empirical cov-

erage. Random forests with a log-normal residual family best balance accuracy

and conservatism on held-out ladders. We then extend to full energy- and

channel-covariances via a block-feature design and nearest-PSD projection, validating

correlations with rotated coverage. The result is a transparent, data-driven workflow

that delivers calibrated, traceable ECSCMs for the resolved-resonance region and
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supports in-the-loop use, with a path to on-the-loop quality control across evaluation

campaigns.
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Chapter 1

Introduction

Safe reactor operation, precise isotope production, and credible non-proliferation

analysis all begin with quantitative knowledge of how neutrons interact with matter.

That knowledge can be expressed through the neutron cross-section: an energy-

dependent area that represents the probability that an incoming neutron will induce

a specified reaction. Because engineering decisions depend just as strongly on the

uncertainty in that probability, each cross-section curve is often accompanied by

a covariance matrix that records both the uncertainty at every energy and the

correlations that couple uncertainties across the spectrum.

Raw experimental results, theory, and expert judgement are combined into

comprehensive data libraries such as ENDF/B-VIII.0 and JEFF-3.3 [3, 4]. These

libraries supply the neutron-interaction inputs for every modern transport calculation.

Their influence extends from reactor fuel-cycle design and industrial irradiation

scheduling to national-security stockpile stewardship and medical-isotope production

[5, 6, 7, 8]. Contemporary Monte-Carlo codes propagate the covariances that

accompany the cross sections, thereby producing statistically defensible confidence

intervals on key observables such as keff or isotope yield [9]. As such, accurate

uncertainty quantification of cross section estimates is as important as the accuracy

of the cross section estimates themselves.
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Producing and maintaining an evaluated library is a multi-decade endeavour that

draws on experimentalists, theorists, evaluators, and software developers distributed

across several institutions. Legacy software, incomplete documentation, and the

imminent retirement of senior experts threaten both consistency and institutional

memory [10, 11]. These difficulties become particularly acute in the resolved

resonance region (RRR), where sharp, energy-localized structures dominate the

cross section. In the RRR, evaluators fit multilevel R-matrix models—typically in

the Reich–Moore approximation—to time-of-flight data using software tools such

as SAMMY, a generalized least-squares code developed at Oak Ridge National

Lab specifically for resonance analysis (its mathematical framework is outlined in

Chapter 2). When the statistical assumptions behind that fit are violated, the

resulting cross section covariances have long been regarded as unrealistically small

[12, 13]. Evaluators often compensate by manually inflating these uncertainties

according to local practice [13, 14]. Although such inflation protects downstream

calculations, it obscures provenance and undermines reproducibility, limiting the value

of subsequent sensitivity analyses.

In this context, automation denotes a documented, version-controlled workflow

that executes routine tasks while leaving scientific judgement firmly in the evaluator’s

hands. Walton and co-workers have demonstrated the power of such workflows: their

physics-informed synthetic-data generator, SYNDAT, coupled with an automated,

stepwise R-matrix fitter, produces resonance evaluations that are numerically iden-

tical whenever the same inputs are supplied and can generate unlimited labelled

benchmarks for validation [15, 16, 17, 18, 19].

A useful vocabulary for levels of autonomy appears in the U.S. Air Force Doctrine

Note 25-1 on Artificial Intelligence [20]. Systems that keep a human in the loop

provide recommendations that require explicit approval; those that place the user on

the loop act autonomously unless intervention is requested. The methods developed in

this dissertation are designed for in-the-loop operation: evaluators select data, hyper-

parameters, and quality criteria, and each decision is stored in a machine-readable
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log. As confidence grows, the same framework could one day assume an on-the-loop

role, scanning large evaluation campaigns and flagging only the cases that warrant

expert attention.

This work examines how specific violations of generalized least-squares as-

sumptions distort propagated cross-section covariances and proposes an automated

uncertainty-quantification pipeline that restores statistical fidelity without manual

variance inflation. The study directly addresses reproducibility goals set by Cross

Section Evaluation Working Group (CSEWG) and by the Working Party on

International Nuclear Data Evaluation Co-operation. Although the immediate focus

is the resolved resonance region—where application sensitivities are highest—the

modular design invites extension to unresolved-energy regimes and to charged-particle

reactions. The ultimate objective is to deliver evaluations whose covariances are both

defensible and reproducible, thereby strengthening confidence in the nuclear data that

underpin critical technological and policy decisions for decades to come.

The goal of this dissertation is to deliver a reproducible, evaluator-in-the-loop

methodology for producing statistically defensible cross-section covariances in the

resolved resonance region. The work proceeds in three stages. First, it develops a

physics-based methodology for quantifying the accuracy of evaluated cross-section

covariance matrices (ECSCMs) by generating synthetic data to compute accurate,

empirical covariance against which covariances computed using the status quo

methodology can be compared. Second, it uses these targets to select and calibrate

probability models whose nominal confidence levels match empirical coverage,

enabling machine learning of improved covariance estimates. Third, it extends this

mapping from variances to the full covariance structure, incorporating correlations

across energies and reaction channels by learning from patterns in the evaluated cross

sections themselves. The resulting pipeline produces calibrated ECSCMs without

manual inflation and retains traceability to all inputs and hyper-parameters.

The intended near-term use is “in the loop.” Evaluators can run the pipeline

alongside existing SAMMY analyses to (a) diagnose under- or over-coverage in

3



the diagonal ECSCM elements, and (b) produce accurate, repeatible cross-section

covariances. Over time, the same framework can support “on-the-loop” quality

control across many evaluations by flagging cases where empirical coverage or

correlation patterns deviate from nominal targets. Although the present work focuses

on neutron total, elastic, and capture channels in the resolved resonance region, the

modular design invites extension to unresolved-energy regimes, other reaction types,

and broader multichannel covariance applications.
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Chapter 2

Background

2.1 Cross-Sections and Resonance Theory

Readers who already work comfortably with neutron-reaction theory may wish to skip

ahead and re-join the narrative at Section 2.3. This section builds just enough nuclear-

physics background so that readers from other technical disciplines have sufficient

context to understand the methods presented in this thesis and to adapt them to

their own problems.

2.1.1 Microscopic Cross-Sections

Imagine directing a pencil-thin beam of neutrons at a foil that is only a few mi-

crometres thick. By counting how many neutrons undergo a specific reaction—elastic

scattering, radiative capture, fission, and so on—you obtain an experimental estimate

of the single-pass interaction probability for that reaction. In nuclear science we

report this using the microscopic cross section σx(E), where the subscript x labels

the reaction and E is the neutron’s kinetic energy. A cross section isn’t the likelihood

of an interaction, although it’s mathematically directly related to it. It is an effective

area (in barns); for a thin target with areal density η (atoms cm−2), the single-pass

reaction probability satisfies Px(E) ≈ σx(E) η.
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The formal connection between likelihood and count rate is

Rx =

∫ ∞

0

σx(E)ϕ(E) dE [s−1], (2.1)

with ϕ(E) the differential neutron flux (neutrons cm−2 s−1 eV−1). You can read

Eq. (2.1) as a weighted average: the integrand pairs “how often neutrons at energy

E arrive” with “how likely they are to react,” and the integral adds up contributions

from every energy because real-world neutron fields never consist of a single energy

alone.

Although σx carries the dimensions of an area, the number is effective, not

geometric. Quantum mechanics assigns a complex scattering amplitude to every

collision; the cross-section is the squared magnitude of that amplitude expressed

in area units. A large value therefore signals “high probability,” not “large target

nucleus.” Because the areas are unimaginably small on an everyday scale, the field

uses its own unit, the barn (1 b = 10−24 cm2) [21]. The thermal fission cross-section

of 235U, roughly 585 b, corresponds to an area smaller than the head of a pin by many

orders of magnitude.

A single incoming neutron may leave the interaction zone in many different ways.

If the neutron escapes the nucleus after interacting with the nucleus, we call the

process elastic scattering; if the neutron sticks and the nucleus later releases a γ ray,

we call the process radiative capture; if the nucleus splits, we call the process fission;

other reactions eject an alpha-particle or a proton. The cross-sections associated with

each reaction type, or channel, sum to the total cross-section (analogous to how the

probabilities of mutually exclusive, collectively exhaustive components must sum to

1). Mathematically that statement appears as

σtot(E) =
∑
x

σx(E), (2.2)
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where σtot(E) is the total microscopic cross section. In the thin-sample limit

of Eq. (2.6), the product nσtot(E) is a dimensionless interaction probability per

traversal, so σtot can be interpreted as setting the scale for “how likely a neutron

of energy E is to interact with the target in any way.”

The identity offers a built-in consistency check for experimentalists: if one group

measures σtot while another measures σγ and σn on different equipment, the three

data sets must respect the sum rule within their quoted uncertainties; any mismatch

is a diagnostic clue that something in the experimental chain—perhaps a detector

efficiency or a normalization constant—needs re-examination.

2.1.2 Compound Nucleus and Resonances

In the resolved resonance region (RRR) cross-sections do not increase or decrease

monotonically as a function of energy. Most nuclides display cross-section curves

that look like a city skyline, full of narrow peaks rising above a lower, smoother

background (see Figure 2.1). The physical picture behind those peaks was supplied

by Niels Bohr in 1936 through his compound-nucleus hypothesis [22]. For incident

energies below a few hundred keV the neutron is not ejected immediately after the

initial collision. Instead it fuses with the target to create a highly excited, metastable

composite system—the compound nucleus. During its brief life the excitation energy

is shuffled among all the nucleons, and the system loses memory of the detailed

entrance channel. Only conserved quantities such as total spin and parity (Jπ),

together with the incident neutron’s direction, remain correlated with the formation

process. Eventually the compound system decays by emitting whatever particle

liberates enough energy to reach a final state. Quantum mechanics links the mean

lifetime τ of that state to the width of the resonance: the full width at half maximum

is Γ ≈ ℏ/τ , where ℏ ≡ h/2π = 1.055× 10−34 Js is the (reduced) Planck constant.
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Figure 2.1: Measured total neutron cross-section for 56Fe between 305 and 600
keV (bars) and the corresponding one-channel Reich–Moore R-matrix fit (solid line).
Peaks are labelled by the orbital angular-momentum quantum number ℓ of the
incoming neutron: ℓ = 0 (s-waves) give the broad, asymmetric humps; ℓ = 1 and
ℓ = 2 (p- and d-waves) appear as much narrower, more symmetric spikes because
higher-ℓ neutrons must tunnel through larger centrifugal barriers.∗ Adapted from
Perey et al. [1] (reproduced in JEFF Report 18 [2]).
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When adjacent peaks are separated by gaps larger than their widths, each peak

can be treated independently. The single-level Breit–Wigner expression [23]

σx(E) ≈ πλ2
n

g

Γn,λΓx,λ

(E − Eλ)2 +
(
1
2
Γλ

)2 , (2.3)

makes that idea precise. The prefactor πλ2
n sets the geometric scale via the neutron’s

de Broglie wavelength λn—the area that a slow neutron of energy E occupies; g is

a statistical factor that adjusts the peak height to reflect how many equally likely

internal configurations the neutron can occupy when it merges with the nucleus;

Eλ centers the resonance in energy; the partial widths Γn,λ and Γx,λ give the decay

probabilities into the neutron or channel x; and the sum Γλ fixes the peak width.

If the incoming neutron energy E exactly matches the resonance energy Eλ, the

term (E − Eλ)
2 vanishes and the cross section reaches its maximum. As soon as

E moves away from Eλ, the denominator grows quadratically, so the peak falls

off rapidly on either side; the total width Γλ sets the energy span over which the

cross-section stays appreciable. The numerator simply says that two things must

happen in sequence: the compound nucleus must first form (governed by Γn,λ) and

then decay through the specific channel of interest (governed by Γx,λ). Multiply the

probabilities of those two steps, divide by the “distance from resonance” supplied by

the denominator, and scale by the geometric area πλ2. In that sense the Breit–Wigner

curve is something akin to “probability in, probability out, divided by how far the

incident neutron’s energy is from the resonance energy.”

2.1.3 Multilevel R-Matrix Theory

∗Quantum mechanics classifies an incoming neutron by its orbital angular momentum ℓ relative
to the target nucleus. The lowest class, ℓ = 0 or s-waves, feels no centrifugal barrier, so even
slow neutrons reach the nuclear surface and the resulting resonances are wide and asymmetric.
Higher classes—ℓ = 1 (p-waves), ℓ = 2 (d-waves), and so on—must tunnel through increasingly
thick barriers, narrowing the peaks and making them more symmetric. Because many ℓ values are
open at once in the 300–600 keV band, their overlapping tails form the “city-skyline” pattern that
ultimately motivates multilevel R-matrix theory.
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For nuclei in which neighbouring resonances overlap, the single-level Breit–Wigner

expression is no longer adequate. A more general treatment was provided by Lane

and Thomas in the form of multilevel R-matrix theory [24]. The method introduces

a notional spherical surface of radius a, called the channel radius. Inside this

surface the strong nuclear force dominates and determines the complicated many-

body dynamics of the compound system; outside, the neutron encounters only the

centrifugal potential that arises from its orbital motion and, for charged ejectiles, the

long-range Coulomb field†.

The time-independent Schrödinger equation (the quantum analogue to F = ma)

is solved on both sides of the surface, and the two solutions are matched so that

the total wave-function is continuous and differentiable. All interior dynamics are

condensed into an energy-dependent matrix R(E) whose element Rcc′(E) measures

the amplitude with which a resonance that is born in channel c′ reaches the boundary

in channel c. Here a channel is an exit mode distinguished by fundamental quantum

properties of the ejected particle such as orbital angular momentum ℓ and total spin

J . Transmission through the exterior barrier is quantified by a diagonal penetration

matrix P(E); its entry Pc(E) varies from nearly zero at low energies, when the barrier

is thick, to increasing and unbounded values at higher energies, when the barrier thins.

The resulting quantity is the collision matrix

U(E) =
(
I− iR(E)P(E)

)−1(
I+ iR(E)P(E)

)
, (2.4)

from which each reaction cross-section is obtained by squaring the absolute value

of the corresponding matrix element, e.g. |Uab(E)|2 for a transition from entrance

channel a to exit channel b. For a detailed derivation and physical interpretation

†The centrifugal potential is the quantum analogue of the outward push you feel when swinging
a ball on a string. The Coulomb field is the electrostatic repulsion between positive charges; it acts
between the protons in the target and any charged particle (such as an α or emitted proton) that
tries to leave the nucleus.
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of the collision-matrix expression, the reader is referred to Frohner’s comprehensive

JEFF Report 18 [2].

If only one resonance and one reaction channel are open, both R and P become

ordinary numbers and the entire expression reduces to the single-level Breit–Wigner

formula discussed earlier. In the general multichannel case, the shared interior

parameters couple all channels, so an adjustment to one partial width automatically

reshapes the others, maintaining the probability balance required by Eq. (2.2).

In practice one rarely attempts a fully coupled treatment of the hundreds of γ-

ray cascades that can follow neutron capture. Capture channels differ from particle

channels in three decisive ways: photons face no centrifugal barrier, they do not

interfere appreciably with one another, and once emitted they cannot re-enter the

reaction. The Reich–Moore approximation [25, 26] takes advantage of those facts

by merging all capture modes into a single, non-interfering channel whose only role

is to add its radiative width Γ̄γ,λ to the total width Γλ. The resulting R-matrix is

written only for the particle channels, conserving probability while keeping the matrix

dimension small enough for routine evaluations.

The conceptual distinction between single-level and multilevel formalisms is

central to one of the case studies presented later in this dissertation. By applying

the single-level model in an energy region where channel coupling is significant, the

study quantifies the distortion introduced when that coupling is ignored—an effect

that becomes particularly visible in the propagated covariance matrices. Readers

interested in further discussion of these formalisms and their specialized limits will

find a detailed treatment in JEFF Report 18 [2].

2.2 Measuring Resonance Parameters

Many technological and scientific applications—from power-reactor design to medical-

isotope production—depend on reliable neutron cross-section data and on the

uncertainty bands that accompany those data (see Chapter 1).
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Unfortunately, those cross sections cannot be measured directly in the resolved-

resonance region. A single resonance may change by orders of magnitude over an

energy span of only a few electron-volts, yet the probability that a neutron of exactly

the right energy will react in a laboratory-thickness foil is tiny. If the foil is made

thicker to catch more reactions, most neutrons are removed near the entrance surface

and never probe the resonant probability deeper inside—a phenomenon known as

self-shielding. Even with an optimally thin sample, the neutron beam emerging

from a spallation source‡ is not mono-energetic; it arrives as a broad burst whose

individual energies must be reconstructed from flight time, leaving the experimenter

with transmission ratios or capture yields, not cross sections themselves.

The remainder of this section explains how transmission and capture experiments

are conducted, how the resulting spectra are converted via Bayesian generalized least

squares into resonance energies, widths, and their covariance matrix, and finally how

those parameter uncertainties are propagated into the cross-section space used by

transport codes.

2.2.1 Time-of-Flight Experiments

A time-of-flight (TOF) experiment converts distance and clock time into a map of

neutron energies [28, 29] . Each proton pulse striking the spallation target releases a

flash of neutrons that travels a known flight path L toward a downstream detector.

Because the distance is fixed, recording the arrival time t for every neutron allows

its kinetic energy to be reconstructed through E = 1
2
mn(L/t)

2. This reconstruction

is appropriate for non-relativistic energies; only non-relativistic energies will be

considered in this dissertation.

The experiment then inserts a thin sample foil to probe how those neutrons

interact. With the foil removed the open-beam run records a reference spectrum

‡A spallation source produces neutrons by directing a high-energy proton beam onto a heavy
metal such as tungsten or lead; the impact knocks dozens of neutrons out of each target nucleus,
creating short, intense pulses with a broad energy spectrum [27].
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N0(t). Re-inserting a foil of areal number density n (atoms cm−2) yields the sample-

in spectrum N(t).

After background subtraction and dead-time correction (using live-time scalers),

the ratio

Ti =
N(Ei)

N0(Ei)
(2.5)

defines the experimental transmission in energy bin Ei. In the thin-sample limit the

transmission is linked to the total microscopic cross section by

Ti = e−nσtot(Ei), (2.6)

the Beer–Lambert law written for neutrons [30, 31]. Equation (2.6) shows why a

direct cross-section measurement is impractical: for a resonance where σtot may jump

by three orders of magnitude over a few eV, the exponential either leaves almost

every neutron untouched—or removes almost all of them near the front surface, a

self-shielding effect that hides the very probability one wishes to observe. Working

with the ratio (2.5) retains the experimental information in a form that the R-matrix

model can reproduce directly. In this formulation self-shielding is not deconvolved

from the data; rather, it is accounted for within the forward R-matrix calculation (as

implemented in SAMMY). Capture experiments follow the same beam geometry but

replace the transmission ratio with the absolute γ-ray yield emitted by the sample. In

both transmission and capture modes, the raw observable is calculated from R-matrix

theory, closing the loop between measurement and evaluation.

Experimental uncertainties fall into two broad categories: statistical, which arise

from the random nature of counting, and systematic, which stem from factors that

bias many energy bins in the same direction. If N and N0 were raw counts, they would

each follow Poisson statistics with variance equal to their mean. After background

subtraction and dead-time correction, however, the reported N(Ei) and N0(Ei) are

corrected quantities whose uncertainties inherit additional contributions from those
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procedures. Propagating Poisson variances through Eq. (2.5) yields

(δTi)
2 ≃ 1

N0(Ei)
+

1

N(Ei)
, (2.7)

which we take as the statistical variance occupying the diagonal of the experimental

covariance matrix. More complete treatments can include correlated contributions

from background and dead-time corrections, but this form captures the leading

statistical behavior.

Systematic effects act across many bins at once. A drift in proton current can

raise or lower the entire open-beam spectrum; an error in sample thickness scales every

point of the sample-in spectrum; background radiation raises or lowers uncertainties

across all energies from each channel. Such correlations are captured compactly by

writing the total covariance in an implicit form

V = v + g mgT, (2.8)

where v is the diagonal matrix of statistical variances, g is a column vector whose

i-th entry gi is the sensitivity of bin i to a chosen systematic parameter (for example,

the normalization constant), and m is the variance of that parameter. The outer

product g mgT therefore spreads the systematic uncertainty across all energies in the

same pattern that the underlying systematic parameter would imprint, without the

memory cost of storing a fully dense matrix.

The transmission vector T = (T1, T2, . . . , Tn)
T, together with its covariance V,

provides the experimental input to the Bayesian generalized least-squares (GLS) fit

introduced in the next sub-section; the R-matrix model supplies a matching vector

of calculated transmissions and the sensitivity matrix that links changes in resonance

parameters to changes in T.
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2.2.2 Fitting Procedure for Resonance Parameters

The measured transmission vector T and its covariance matrix V are compared with

R-matrix calculations to infer the underlying resonance parameters. For any trial

parameter set P = (Eλ,Γn,λ,Γγ,λ, . . .)
T, the model produces a calculated transmission

Tcalc(P). A Bayesian generalized least-squares (GLS) algorithm, implemented in

SAMMY [32], adjusts P until theory and experiment agree within their quoted

uncertainties.

The fit starts from a prior parameter vector P0—usually taken from a previous

evaluation—and its prior covariance matrix M0. Linearizing the model about P0

introduces the sensitivity matrix

Gij =
∂Ti

∂Pj

∣∣∣∣
P0

,

whose rows show how strongly each energy bin reacts to infinitesimal changes in each

parameter. In this linear approximation the posterior covariance M′ is obtained first,

and the posterior mean P′ is then evaluated with that result [12]:

M′ =
(
M−1

0 +GTV−1G
)−1

, (2.9)

P′ = P0 +M′GTV−1
(
T−Tcalc(P0)

)
. (2.10)

Equation (2.9) updates the prior covariance by adding the information supplied

by the experiment: the matrix GTV−1G is large for parameters to which the data

are sensitive and small for those they scarcely affect. Equation (2.10) then shifts the

prior mean toward the measured value; the discrepancy T−Tcalc(P0) is weighted by

the experimental precision V−1 and mapped back into parameter space through the

sensitivity matrix, with the posterior covariance M′ determining how far that shift

can go.
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SAMMY iterates Eqs. (2.9)–(2.10) until successive parameter vectors differ by less

than a user-defined tolerance and the reduced χ2 approaches unity.§ The converged P′

is the best estimate of the resonance energies and widths, and M′ is their covariance

matrix. Because the experimental covariance V enters explicitly in Eq. (2.9), any

underestimated correlations—or approximations that the linear expansion cannot

capture—propagate directly into M′ and, in turn, into the cross-section covariances

that transport simulations rely on.

2.2.3 Uncertainty Quantification for Evaluated Cross Sec-

tions

Many modern transport calculations can be run with only the fitted cross-section

curve, but meaningful uncertainty quantification on transport observables requires a

covariance matrix that accompanies the evaluated curve. Starting from the posterior

parameter covariance M′, evaluators obtain the evaluated cross-section covariance

by a first-order Taylor expansion. For a given reaction channel x the evaluated cross

section is the smooth function σx(E;P′), and its gradient with respect to the resonance

parameters is the row vector
∂σx(E;P′)

∂P
.

Propagating the small, correlated variations encapsulated in M′ gives

Cx(E,E ′) =
∂σx(E;P′)

∂P
M′ ∂σx(E

′;P′)

∂P

T

, (2.11)

the quantity written to ENDF File 33. Because resonance peaks are narrow but

isolated, the cross section is locally almost linear in each parameter, so the first-order

approximation captures nearly all of the evaluated variance in the resolved region.

§The reduced χ2 is the weighted sum of squared residuals per degree of freedom, χ2
red ≡

(T − Tcalc)
TV−1(T − Tcalc)/ν, where ν is the number of data points minus the number of fitted

parameters. A value near 1 indicates that the model reproduces the data within their stated
uncertainties.
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The simplicity of Eq. (2.11) masks several ways in which the propagated covariance

can underestimate reality—issues documented in detail in the SAMMY guide [12].

First, the calculation of M′ rests on ideal assumptions: the R-matrix model is

complete, all resonances are present, every spin is correct, experimental corrections

are perfect, etc. Second, Bayes’ equation for the covariance contains no measure of

the quality of the fit; a poor fit leaves M′ unchanged. Third, the experimental data

set is not unique: different evaluators may choose or re-normalize different subsets of

measurements, yet the uncertainty associated with that choice is not represented in

M′.

A missing resonance produces an especially misleading picture of uncertainty.

When no parameters are available to describe a real level at energy Eλ, the fitted

cross section at that energy is forced to lie on the smooth “background” formed by

the wings of nearby peaks. The evaluated value σx(Eλ;P
′) is therefore far smaller

than it should be. Because the first derivatives ∂σx/∂Pj that appear in Eq. (2.11)

scale roughly with the magnitude of the cross section itself, the propagated covariance

turns out to be proportional to σ2
x. A resonance that is absent from the parameter

list thus contributes twice to overconfidence: its peak height is missing, and the

associated uncertainty—tied to that height by the propagation formula—shrinks in

tandem. The evaluated cross-section covariance is smallest precisely where the true

uncertainty is largest, an effect that will be demonstrated quantitatively in Chapter 3.

The nuclear-data community is well aware of these shortcomings. The SAMMY

input manual lists keywords that let an evaluator enlarge the posterior covariance by

hand, either by scaling every element of M′ or by adding explicit normalization-error

and background-error terms.¶ Such adjustments do broaden the File-33 uncertainties,

but they depend on expert judgement and are hard to reproduce exactly. The methods

¶A normalization error reflects uncertainty in the overall scale factor that converts detector counts
to absolute probability; if the factor is high or low by, say, 1%, every point in the spectrum shifts
by the same 1%. A background error reflects uncertainty in the spectrum that has been subtracted
to remove ambient radiation and scatter from structural materials. Both errors therefore introduce
correlated uncertainties that affect the entire spectrum together.
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developed in this dissertation aim to replace that ad-hoc inflation with a transparent,

data-driven procedure that quantifies the missing variance and restores it in a way

anyone can repeat.

2.3 Physics-Informed Synthetic Data

Large, labelled data sets have transformed uncertainty analysis in many fields, but

in neutron time-of-flight work they are difficult to obtain [33, 34, 35, 36, 37, 38, 39].

Beam time is limited, thin samples yield few counts, thick samples suffer from self-

shielding, and the exact resonance parameters are never observed directly. A physics-

based generator of synthetic data circumvents these limits: one can create as many

virtual experiments as needed, each accompanied by the exact parameter set and

cross sections that produced the counts.

Walton and co-workers have released an open-source generator that recreates this

process in two controlled stages [15]. The first stage samples a complete, internally

consistent vector of resonance parameters P = (Eλ,Γn,λ,Γγ,λ, . . .). Gaps between

resonance energies are drawn from the Wigner distribution, whose mild “level-

repulsion” prevents two states of the same spin and parity from sitting on top of

each other and reproduces the spacing statistics observed in heavy nuclei. For each

level, the neutron width is then sampled from the Porter–Thomas distribution—a

chi-squared distribution with one degree of freedom that reflects the random mixing

of many compound-nucleus configurations and therefore produces many narrow levels

and a few broad ones. Finally, the radiative (gamma) width is selected from a log-

normal spread centred on the systematics compiled by Brown et al. [40], ensuring

that the total width satisfies Γλ = Γn,λ + Γγ,λ while allowing realistic variation from

level to level. The result is a synthetic resonance ladder statistically indistinguishable

from real resolved-resonance data.

In the second stage the parameter vector is passed through a detailed forward

model of the RPI transmission experiment. The R-matrix is evaluated exactly,
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Doppler and resolution broadening are applied with the same kernels used for real

data, multiple-scattering corrections are added, and Poisson noise appropriate to

the specified beam intensity is folded in. The result is a spectrum of detector

counts—open beam and sample in—together with a bookkeeping file that records

the ground-truth P and the corresponding evaluated cross sections σx(E;P). Walton

verified the fidelity of the synthetic spectra by repeating Brown’s 181Ta analysis with

both real and synthetic data; the two produced statistically indistinguishable residual

distributions and nearly identical posterior covariances [40, 15].

With this capability in hand, an evaluator can estimate by direct sampling how

often a given method recovers the true parameters within their quoted uncertainties,

explore failure modes such as missing resonances under controlled conditions, and

train machine learning models that require large samples.
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Chapter 3

Measuring Accuracy of Evaluated

Cross-Section Covariances

The preceding chapters argued that how much confidence we place in a neutron-

interaction library matters just as much as the best–estimate values themselves.

Chapter 2 showed, however, that the covariance matrices produced by the widely

used code SAMMY can be badly under-estimated whenever the ideal generalised

least-squares (GLS) assumptions are not met. The natural next step—taken up

in this chapter—is to measure how large those errors become for specific, realistic

departures from ideality and, in doing so, to identify the modelling choices that

deserve an evaluator’s closest attention.

To that end, we introduce a fully reproducible workflow that couples the physics-

informed synthetic data generator SYNDAT with an empirical evaluation of the

cross-section covariance [15]. In practice, we generate an unlimited number of labeled

time-of-flight spectra from synthetic resonance parameters, use those samples to

build an empirical evaluated covariance matrix that is correct by design, and then

compare it to the covariance that SAMMY would report for the same experimental

configuration. After presenting the workflow in detail, we apply it to three case
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studies, closing with the main lessons for evaluators and for the automated pipeline

developed in Chapter 4.

3.1 Procedure for computing empirical ECSCM

Suppose we wish to assess the accuracy of a SAMMY evaluated cross-section

covariance estimate (ECSCM), CS, for some set of experimental conditions and model

assumptions A. We begin by computing an empirical ECSCM, CE, against which CS

can be compared. Empirical ECSCM, CE, is computed as follows.

(1) Define A = {P, P̄ ,M, V ∗, V, E , ...} ≡ the set of all experimental conditions and

model assumptions relevant to the evaluation of CS including but not limited

to

P ∗ ≡ the true resonance parameters from which the data are sampled,

P̄ ≡ the prior resonance parameters means used for fitting the data,

M ≡ the prior resonance parameter covariances used for fitting the data,

V ∗ ≡ the true data covariances from which the data are sampled,

V ≡ the estimated data covariances used for fitting the data, and

E = {Ej}J1 ≡ a user-defined energy grid of J energies.

The purpose of this step is to ensure that the conditions for computing CE are

identical to those for computing CS. As such, A should contain all variables

for controlling data generation, parameter fitting, and ECSCM calculation.

Defining A represents setup of the ECSCM comparison study.

(2) Compute σ (P ∗, E) = {σj}J1 ≡ true cross sections evaluated with true resonance

parameters P ∗ on energy grid E .
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(3) With sufficiently large N , generate a set of N synthetic, transmission data

samples S = {Dn}N1 , where D = {(ϵw, τw)}W1 ≡ a sample of W observed

transmissions τ1:W at energies ϵ1:W . It need not be the case that W = J .

(4) For each Dn ∈ S, compute posterior resonance parameters P̄ ′
n.

(5) For each set of posterior resonance parameters P̄ ′
n ∈ P̄ ′

1:N , compute σ̂s
(
P̄ ′
n, E

)
=

{σ̂n
j }J1 ≡ fitted cross sections for sample Dn with posterior resonance parameters

P̄ ′
n on energy grid E .

(6) Construct a matrix RN×J of cross section residuals by computing the residuals

for each Dn ∈ S over energy grid E . The residual for the n-th sample at the

j-th energy is given by

rn,j = σj − σ̂n
j . (3.1)

R can be built with the double loop: ∀Dn ∈ S, ∀Ej ∈ E , compute rn,j.

(7) Finally, compute CE (A) = 1
N
RTR ≡ a J × J empirical ECSCM for setup A.

In the limit of infinite data samples N , empirical ECSCM CE is the analytically

correct ECSCM for setup A.

3.2 SAMMY vs. Empirical uncertainty quantifi-

cation example

The impact of underspecifying the model on SAMMY uncertainty quantification (UQ)

can be expressed visually. Consider a sample of Ta-181 from a user-defined ladder

of k = 15 resonances as depicted in Figure 3.1. Now suppose that an underspecified

model is used to fit the data. Specifically, only k̂ = 12 sets of resonance parameters are

modeled for fitting. Suppose prior parameter estimates are set to correspond to the

k̂ = 12 largest resonances. Under this setup, not only does SAMMY predictably miss

the small resonance located at 51 eV, it significantly underestimates the evaluated

22



cross section uncertainty at 51 eV. This is because CS is calculated by first-order

propagation of uncertainty fromM ′, the posterior RPCM, andM ′ in this case includes

no information about the resonance at 51 eV. Computing CE using the empirical

method presented in Section 3.1 accurately characterizes the uncertainty in the region

of the missed resonance. Figure 3.2 includes standard error bands computed from

the main diagonals of the SAMMY and empirical ECSCMs. In this example, the

theoretical cross-section is well outside the ±2 SAMMY standard error bands and is

within the ±2 empirical standard error bands. SAMMY reports relative uncertainty

< 2% on the evaluated cross section at 51 eV, when in fact the reported relative

uncertainty should be ≈ 16%.

This simple example demonstrates the potential utility of synthetic data and

empirical UQ. Namely, the proposed methodology allows the nuclear data community

to study the impact of common, real-world assumptions violations on the accuracy of

SAMMY ECSCM estimates when performing evaluations on real data. How does the

size of a missed resonance, the degree to which systematic variances are misreported,

or the choice of R-matrix formalism impact SAMMY ECSCM accuracy? By testing

these questions with representative synthetic data, the evaluator can have confidence

about the effects these assumption violations will have on their real-world evaluations.

3.3 Single-value metric for measuring SAMMY

ECSCM accuracy

In the section 3.2 example, we used error bands to visualize how underspecifying the

model can impact SAMMY UQ. Comparing SAMMY and empirical evaluated cross

section relative uncertainties allowed us to quantify the impact of underspecifying the

model on SAMMYUQ at a particular energy, but did not provide a holistic assessment

of the accuracy of a SAMMY ECSCM over the entire energy region. Additionally,

the relative uncertainties contain information only from the ECSCM main diagonal.
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Figure 3.1: A synthetic sample of Ta-181 from a user-defined ladder of fifteen
resonances.
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Figure 3.2: In this example, SAMMY is used to fit an underspecified model. Not
only does SAMMY miss the resonance at 51 eV, it significantly overestimates the
confidence in the fit at 51 eV. Building an empirical ECSCM using the method
presented in section 3.1 results in an accurate uncertainty quantification and allows
us to assess the impact of underspecifying the model on the accuracy of the SAMMY
UQ.
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A single-value metric which quantifies the accuracy of an entire SAMMY ECSCM

for a given setup, A, would be preferred. To this end, we propose the Frobenius

norm (F-norm) of the difference between SAMMY ECSCM, CS (A), and empirical

ECSCM, CE (A):

||CE − CS||F =

√√√√ J∑
i=1

J∑
j=1

(
CEi,j

− CSi,j

)2
(3.2)

where J is equal to the number of elements in user-defined energy-grid E = {Ej}J1 .

The F-norm of the difference matrix represents the Euclidean distance between the

two matrices when considered as points in high dimensional space. It is sensitive to

element-wise differences between CS and CE, is always non-negative, is symmetric

with respect to CE and CS, has a meaningful zero value (i.e., ||CE − CS||F = 0 =⇒

CS = CE), and is computationally efficient. Other metrics were considered, but

the natural interpretation and other desireable properties of ||CE − CS||F make it

preferable to its alternatives. It is the metric we use in all forthcoming case studies

for assessing the accuracy of CS (A) for various setups A.

3.4 Validating SAMMY ECSCM estimates when

GLS assumptions are met

In the limit of infinite data samples N , empirical ECSCM CE(N) is accurate for

setup A. If CS were fixed for any particular setup A, then a simulation-based

convergence test to demonstrate the accuracy of SAMMY under ideal conditions

would be straightforward. We would compute ||CE(N)− CS||F for increasing values

of N to show that

L ≡ lim
N→∞

||CE(N)− CS||F = 0. (3.3)

26



Such an approach is not possible. SAMMY computes posterior RPCM M ′ and

posterior parameter estimates P̄ ′ with the equations

(M ′)
−1

= M−1 +GtV −1G (3.4)

and

P̄ ′ = P̄ +M ′GtV −1
(
D − T̄

)
(3.5)

where, P̄ are the prior mean parameter values, V is the estimated data covariance

matrix, G is the sensitivity matrix, D are the observed cross sections, and T̄ are the

theoretical cross sections evaluated at P̄ . We draw attention to the fact that M ′ is

a function of M , G, and V but not of the data itself. Therefore, one might expect

CS (Dn, V
∗, P,M) to be fixed ∀Dn ∈ S if each dataset Dn ∼ i.i.d. N (T (P ∗), V ∗).

Nonetheless, CS (Dn, V
∗, P,M), unlike M ′, is in fact sensitive to the input Dn.

This is because

CS = JM ′J t (3.6)

where each element of the Jacobian J for energy j and resonance parameter k is

defined as

Jj,k =
∂σ̂j

∂Pk

∣∣∣∣
P=P̄ ′

∀j ∈ {1, ..., J},∀k ∈ {1, ..., K}. (3.7)

Notice that the partial derivative of the fitted cross section at some energy j with

respect to some resonance parameter k is evaluated at average posterior resonance

parameters P̄ ′ which are a function of the data. Therefore, CS (Dn, V
∗, P,M) does

depend on Dn, CS is not fixed for any particular setup A, and L ̸= 0 even when GLS

assumptions are met.

Then for any setup A, there are two sources of variation that contribute to L: (1)

the average difference between limN→∞CE(N) and CS due to systematic inaccuracies
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in CS, and (2) the average difference between limN→∞CE(N) and CS due to statistical

variation in CS. In the case of all GLS assumptions being met, the first source of

variation disappears, and

L ≡ lim
N→∞

||CE(N)− CS||F = E
[
||CS

(
Db

i

)
− CS

(
Db

j

)
||F

]
(3.8)

where E
[
||CS

(
Db

i

)
− CS

(
Db

j

)
||F

]
is the mean F-norm of the difference of two

SAMMY ECSCMs computed with i.i.d. samples Di and Dj. The mean value

E
[
||CS

(
Db

i

)
− CS

(
Db

j

)
||F

]
can be accurately and efficiently approximated by

(1) generating B pairs of samples {Db
i ,Db

j}B1 ,

(2) computing the F-norms

Fb = ||CS

(
Db

i

)
− CS

(
Db

j

)
||F ∀b ∈ {1, ..., B}, (3.9)

(3) and computing the sample mean F-norm

F̄ =
1

B

B∑
b=1

Fb ≈ E
[
||CS

(
Db

i

)
− CS

(
Db

j

)
||F

]
. (3.10)

In summary, a simulation-based validation of SAMMY ECSCMs when all GLS

assumptions are met is achieved by showing

lim
N→∞

||CE(N)− CS||F = E
[
||CS

(
Db

i

)
− CS

(
Db

j

)
||F

]
≈ F̄ . (3.11)

A convergence test was performed for numbers of samples ranging from N =

100 to N = 50,000. The test used two-resonance Ta-181 samples generated from

SYNDAT. Table 3.1 summarizes key input parameters. To ensure alignment with

GLS assumptions, transmission values for the convergence test were sampled using a

simple normal noise model with user-defined V ∗, and the data were fit with V = V ∗.

∗Here “ppeV” denotes points per electron-volt of energy.
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Table 3.1: Summary of convergence test input parameters and their values

Input parameters Value
Resonance 1 parameters:
{Eλ1 , Γγ1 , Γn1}

{44.0, 1e-3, 20}

Resonance 2 parameters:
{Eλ2 , Γγ2 , Γn2}

{46.0, 1e-3, 20}

SAMMY prior mean parameters
(did not fit Γγ):
{Eλ1 , Γn1 , Eλ2 , Γn2}

{44.0, 20, 46.0, 20}

Energy grid
parameters:∗{E0, ppeV, J}

{40.0, 40.0, 498}

Energy grid: E
{
En = E0 +

n−1
ppeV

}J

n=1

Figure 3.3 summarizes the results. F̄ ≈ E
[
||CS

(
Db

i

)
− CS

(
Db

j

)
||F

]
was

approximated using B = 60 pairs of samples. The test confirms that

lim
N→∞

||CE(N)− CS||F = E
[
||CS

(
Db

i

)
− CS

(
Db

j

)
||F

]
≈ F̄ . (3.12)

That is, SAMMY ECSCMs are in fact accurate when all GLS assumptions are met.

3.5 SAMMY ECSCM accuracy case studies

3.5.1 Case Study 1: Impact of the size of a missing resonance

The section 3.2 example shows how underspecifying the model can cause inaccuracies

in SAMMY UQ. We can quantify the impact of the size of a missed resonance on the

accuracy of corresponding SAMMY ECSCM estimates with the following simulation

experiment.

(1) Define a series of B true resonance ladders P = {P ∗
b }B1 with one of the

resonances varying in size from ladder to ladder. E.g., vary Γn for one of the

resonances in each ladder while keeping all other parameters the same.
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Figure 3.3: The convergence test confirms limN→∞ ∥CE(N) − CS∥F =
E
[
∥CS(Db

i )− CS(Db
j)∥F

]
≈ F̄ (i.e., SAMMY ECSCMs are accurate) when all GLS

assumptions are met. Additionally, the plot confirms the F-norm of the difference of
two independent empirical ECSCMs approaches zero for increasing number of samples
N .
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(2) Define prior resonance parameters P to exclude parameters for the missing

resonance included in true resonance ladders P .

(3) For each P ∗
b ∈ P , deploy the procedure outlined in section 3.1 to compute

||CE(P
∗
b )− CS(P

∗
b )||F .

(4) Examine the relationship between F-norms ||CE(P
∗
b ) − CS(P

∗
b )||F and the

resonance size variable (e.g., Γn) for each P ∗
b ∈ P .

A missing resonance case study was performed with values of Γn of the missing

resonance corresponding to missing resonances between zero and approximately four

times the magnitude of measurement uncertainties of observed transmissions near

the missing resonance. The case study used two-resonance Ta-181 samples generated

from SYNDAT, and fit only the first resonance. Table 3.2 summarizes key input

parameters.

Table 3.2: Summary of missing resonance case study input parameters and their
values

Input parameter Value
Resonance 1 parameters:
{Eλ1 , Γγ1 , Γn1}

{44.0, 1e-1, 10}

Missing resonance fixed
parameters: {Eλ2 , Γγ2}

{46.0, 1e-1}

Missing resonance varied
parameters: {Γn2}

{0, 0.005, 0.010, 0.015, 0.020,
0.025, 0.030, 0.035, 0.040}

SAMMY prior mean parameters
(did not fit Γγ):
{Eλ1 , Γn1 , Eλ2 , Γn2}

{44.0, 10, 46.0, 10}

Energy grid parameters:
{E0, ppeV, J}

{40.0, 40.0, 498}

Energy grid: E
{
En = E0 +

n−1
ppeV

}J

n=1

Figure 3.4 summarizes the results. The case study indicates

||CE(Γn)− CS(Γn)||F ∝∼ Γn, (3.13)

31



Figure 3.4: The missing resonance case study shows SAMMY ECSCM inaccuracy is
roughly proportional to the size of the missing resonance in the underspecified model.
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where Γn defines the size of the missing resonance. That is, the inaccuracy of

SAMMY ECSCM estimates in the underspecified model is roughly proportional to

the size of the missing resonance.

3.5.2 Case Study 2: Impact of choice of R-matrix formalism

As discussed previously, the Single-Level Breit-Wigner (SLBW) approximation

does not model interactions between closely spaced resonances. Applying this

approximation when fitting cross-sections can lead to poor fits in the regions between

resonances, particularly at low energies (see Figure 3.5). Given changes in resonance

widths and resonance level densities, SLBW becomes a more adequate approximation

at higher energies. We can quantify the impact of using the SLBW approximation

at various energies on the accuracy of SAMMY ECSCM estimates with the following

simulation experiment.

(1) Define a series of B resonance ladders P = {P ∗
b }B1 of two nearby resonances

with the location of the first resonance varying from ladder to ladder. Maintain

the absolute distance between the resonances from ladder to ladder.

(2) For each P ∗
b ∈ P , deploy the procedure outlined in section 3.1 to compute

||CE(P
∗
b ) − CS(P

∗
b )||F , using a Reich-Moore (XCT) model for data generation

and an SLBW model for fitting.

(3) Examine the relationship between F-norms ||CE(P
∗
b ) − CS(P

∗
b )||F and the

location of the first resonance for each P ∗
b ∈ P .

The R-matrix formalism case study was performed with first resonance locations

ranging from Eλ = 50 eV to Eλ = 400 eV. The case study used two-resonance Ta-181

samples generated from SYNDAT using a Reich-Moore model, and fit the data with

both Reich-Moore and SLBW models. Table 3.3 summarizes key input parameters.

Figure 3.6 summarizes the results. The case study indicates SAMMY ECSCMs

are innaccurate when using an SLBW approximation to fit XCT data samples from
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Table 3.3: Summary of R-matrix formalism case study input parameters and their
values

Input parameter Value
Resonance 1 shape parameters:
{Γγ1 , Γn1}

{1e-1, 10}

Resonance 2 shape parameters:
{Γγ2 , Γn2}

{1e-1, 10}

Resonance 1 location
parameters: {Eλ1}

{50, 60, 70, 80, 90, 100, 200, 300,
400}

Resonance 2 location
parameters: {Eλ2}

Eλ1 + 2

SAMMY prior mean parameters
(did not fit Γγ):
{Eλ1 , Γn1 , Eλ2 , Γn2}

{Eλ1 , 10, Eλ2 , 10}

Energy grid parameters:
{E0, ppeV, J}

{Eλ1 − 4, 40.0, 498}

Energy grid: E
{
En = E0 +

n−1
ppeV

}J

n=1
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Figure 3.5: Data is generated using a Reich-Moore (XCT) model for resonances
close in energy. The data are fit using both XCT and Single-Level Breit-Wigner
(SLBW) models. SLBW does not model interactions between the resonances and
results in a poor fit.
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Figure 3.6: The R-matrix formalism case study generated XCT samples from two
resonances 2 eV apart for different locations of the first resonance. The case study
confirms SAMMY ECSCMs are inaccurate when using an SLBW approximation to
fit the XCT data at low energies. The SLBW approximation becomes adequate at
higher energies.
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resonance ladders with resonances close enough to generate interference effects. The

SLBW approximation performs just as well as the XCT formalism at higher energies.

3.5.3 Case Study 3: Impact of misreported systematic data

covariance

SAMMY Guide section IV.D.3 [41] represents the experimental covariance as

V = v + g mgT, (3.14)

where v is the diagonal matrix of statistical counting variances, m is the covariance of

data-reduction parameters, and g collects the partial derivatives of the calculated

observable with respect to those parameters. To isolate how misreporting the

correlated term gmgT affects the accuracy of evaluated cross-section covariances

(ECSCMs) and, ultimately, application uncertainty, we switch here from the Ta-181

setup of the first two case studies to the single-resonance 238U analytic benchmark

Joshi et al. [42]. That benchmark provides closed-form derivatives for the k-eigenvalue

with respect to resonance cross sections and parameters for a system built from the

lowest s-wave resonance of 238U (capture) and the lowest resonance of 239Pu (fission).

We use those analytic sensitivities to propagate resonance-parameter covariance

directly to σk, the standard deviation of the effective neutron multiplication factor.

This choice lets us map matrix-level errors such as ∥CE − CS∥F onto a quantity of

immediate engineering interest, ∆σk.

Let W = {wb} be a set of scale factors that deliberately under- or over-state

the systematic term in (3.14). For each wb we repeat the empirical-vs-SAMMY

comparison of Section 3.1 but with the 238U benchmark as the forward model:

(1) Adopt the one-level 238U capture resonance from the 238U benchmark and its

surrounding analytic setup. Generate synthetic transmission data with the

true data covariance V ∗ = v + gmgT (fixed across wb) and fit each dataset

37



in SAMMY using the misreported covariance

V (wb) = v + wb

(
gmgT

)
.

(2) For each wb, form the SAMMY posterior resonance-parameter covariance

M ′
S(wb) and its empirical counterpart M ′

E(wb) (built from sample-to-sample

fit residuals as in Section 3.1).

(3) Using the analytic benchmark’s Jacobian with respect to resonance parameters,

d ≡ ∂k/∂P , propagate each parameter covariance to the standard deviation of

k via

σk(M
′) =

√
dTM ′d . (3.15)

The vector d follows directly from the closed-form sensitivities reported in

Eqs. (4)–(7) and Table IV of the benchmark Joshi et al. [42].

(4) Record (i) the matrix-space discrepancy Φ(wb) ≡ ∥CE(wb) − CS(wb)∥F on the

evaluation grid E and (ii) the application-space discrepancy

∆σk(wb) ≡ σk

(
M ′

E(wb)
)
− σk

(
M ′

S(wb)
)
. (3.16)

Figure 3.7 summarizes how ∆σk responds to the scale applied to the systematic

term. The curve is characteristically U-shaped: severe under-reporting (w≪ 1) and

severe over-reporting (w≫ 1) both enlarge the gap between the empirically correct

and GLS-propagated application uncertainties, while a broad plateau (10−2 ≲ w ≲

101 in this setup) leaves ∆σk comparatively small. In practical terms, moderate

mis-scalings in gmgT tend to be absorbed by the fit, but aggressive mis-scalings drive

noticeable bias in the k-uncertainty inferred from M ′
S. These findings are consistent

with prior evaluation studies that explicitly treated experimental covariance. In

particular, Neudecker, Capote, and Leeb (2013) showed that including correlated

experimental uncertainties is as important as including model-defect terms for
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Figure 3.7: For the 238U benchmark, the difference in the standard deviation of k
between empirical and SAMMY parameter covariances, ∆σk, is plotted against the
multiplicative factor w applied to gmgT during fitting. Points show the mean across
repetitions; whiskers denote one standard deviation.
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Figure 3.8: Empirical relationship between the Frobenius norm Φ = ∥CE − CS∥F
and ∆σk for the 238U benchmark. The trend indicates that increasing matrix-level
error translates predictably into added uncertainty on k. Here ∆σk is the absolute
difference in the standard deviation of keff; no pcm conversion is applied.
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producing realistic evaluated uncertainties, and that neglecting or approximating

experimental correlations leads to unreasonably small evaluated uncertainties.[43]

Together with Case Studies 1–2, these 238U results refine the earlier lesson:

GLS propagation is comparatively robust to moderate misspecification of correlated

experimental errors, but once the systematic term is badly misreported the ensuing

bias in M ′
S is large enough to matter for integral responses. The analytic Jacobian

supplied by the benchmark makes that consequence explicit by relating ECSCM

matrix discrepancies to ∆σk.

3.6 Lessons learned

The three cases offer several lessons for our consideration. The convergence

experiment of Figure 3.3 establishes a useful baseline. With perfect knowledge of

the data covariance, a complete resonance ladder, and the correct multilevel for-

malism, the evaluated cross-section covariance produced by SAMMY is statistically

indistinguishable from empirical truth. Any subsequent discrepancy therefore signals

a violation of those premises rather than a flaw in the underlying GLS machinery.

Case Study 1 shows that omitting even a single low-strength resonance inflates

the Frobenius error almost linearly with the neutron width Γn of the missing level

(Figure 3.4). Because the first-order propagation formula in SAMMY cannot account

for a peak that is not parameterized, the local uncertainty collapses and the global

Φ grows by orders of magnitude. In practice, then, diligent resonance identification

is perhaps the most significant task for maintaining the accuracy of evaluated cross-

section uncertainties.

When interference between neighbouring resonances is important, fitting with the

single-level Breit–Wigner approximation forces the wings of adjacent levels to meet

in the middle and drives a systematic mis-estimate of the between-resonance valley

(Figure 3.6). The penalty fades when the two resonances are translated to a higher
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energy, consistent with the expectation that the SLBW approaches the multilevel

theory at sufficiently high E.

By contrast, misreporting the correlated experimental term gmgT tends to be

second-order until the scaling is extreme; the 238U benchmark makes that statement

quantitative by mapping ∥CE − CS∥F to ∆σk.

While this chapter focused on quantifying inaccuracies, the same synthetic-

benchmark framework allows for corrective action. Because every run records the

input configuration A and the resulting error Φ(A), the data form a labelled training

set for machine-learning models that can predict the missing-variance contribution

from easily computed features (level density, goodness-of-fit statistics, shape of

residuals, etc.). Chapter 4 develops this idea: we train models that learn to augment

SAMMY covariance matrices, restoring statistical fidelity without manual tuning.
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Chapter 4

Automated Corrections for

SAMMY Total Cross-Section

Covariances

Chapter 3 used synthetic experiments to show that the generalized least-squares

machinery in SAMMY is accurate only when every resonance in the analysis window

is identified, the multilevel formalism matches the physics, and the data covariance

is specified correctly. The purpose of the present chapter is to develop an automated,

reproducible workflow that computes accurate diagonal elements of that covariance

so that stated confidence levels agree with empirical coverage when matched with

an appropriate probability model. The work here focuses on the main diagonal of

covariance matrices, deferring cross-energy and cross-chanel correlations to the next

chapter.
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4.1 Baseline setup and empirical targets

4.1.1 Synthetic ladder ensemble

The energy window for samples in the present study is restricted to 200–220 eV in

181Ta, an interval wide enough to contain between one and seven resolved resonances

and narrow enough that the entire covariance diagonal can be represented compactly.

Using SYNDAT we generated 250 independent resonance ladders with statistical

properties matching the resolved region of tantalum. The first 200 ladders form the

training set; the remaining 50 are reserved for the test set.

4.1.2 Essentials of the AutoFit routine

A full GLS resonance fit is a non-linear, non-convex optimization problem in which

the objective surface contains many shallow minima corresponding to different choices

of resonance energies, widths, and counts. AutoFit, introduced by Walton et al. [17],

is a repeatable, robust methodology for fitting resonances in this context.

The algorithm starts with an intentionally dense grid of candidate resonance

energies, each supplied with a small neutron width and an average radiative

width. With so many degrees of freedom the objective surface is convex and a

Levenberg–Marquardt search converges reliably to a local minimum. Resonances

whose neutron widths remain near zero after this step are discarded.

The remaining resonances are removed one at a time, each time re-optimising

the continuous parameters. This procedure produces, in a single pass, a sequence of

models of descending cardinality kmax, kmax − 1, . . . , 1, 0, each one locally optimal for

its cardinality.

Finally the set of candidate models is scored. AutoFit scores model cardinalites

using five-fold cross-validation (CV) on a user-specified goodness of fit metric. In

the energy window considered here, CV yields the best predictive performance and

therefore determines the accepted cardinality kfinal.
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The outcome is a locally optimal set of resonance parameters for the chosen model

cardinality as well as the complete history of higher-cardinality fits. The intermediate

solutions capture resonance structures that AutoFit identified but ultimately rejected

under cross-validation. Rather than discard that information, this chapter leverages

it directly to improve the accuracy of covariance estimates.

4.1.3 Developing target values

The first step in our reproducible work flow for computing accurate, evaluated cross-

section variance estimates is to compute target values toward which we can train.

This is achieved by computing empirical covariances using the procedure outlined in

Section 3.1.

All covariance estimates in what follows are evaluated on a fixed covariance grid

of fifty-one energies,

E = {Ej}51j=1, Ej = 200 + 0.4 (j − 1) eV, (4.1)

which is fine enough to resolve the structure of every ladder yet small enough to

keep the learning problem numerically tractable. The raw time-of-flight spectrum

is sampled on a separate energy grid; the grid E specified here is used for post-fit

ECSCM calculations inside SAMMY.

In Chapter 3 an empirical covariance was built by taking many independent

transmission samples for one ladder, and fitting each sample once with a single,

fixed-cardinality SAMMY model. Empirical covariances were then computed by

CE (A) =
1

N
RTR (4.2)

where CE is the empirical ECSCM, A is the set of all experimental conditions and

model assumptions relevant to the evaluation of the covariances, N is the number of

i.i.d. transmission samples generated, and R be the residual matrix.
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Figure 4.1: Left: The empirical ECSCM for ladder 244. Right: The true total cross-
section and n = 50 fitted cross-sections using AutoFit on i.i.d. SYNDAT samples.
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The present study follows the same variance-from-residuals procedure but replaces

the single fit with a complete AutoFit cycle. For every ladder fifty independent

transmission spectra are generated; each spectrum passes through the full three-stage

AutoFit routine with dense feature bank, backward elimination, and five-fold cross-

validation, to obtain a self-consistent posterior parameter vector. Evaluating those

fifty vectors on the covariance grid E produces a residual matrix whose column-wise

variance is a rank ≤ 50 estimate of the true diagonal covariance for that ladder.

Using fifty samples ensures stable estimates of the first and second moments of the

distribution of residuals at each energy index of each ladder while balancing the

computational costs of producing more samples. Repeating the procedure for all

250 ladders yields a collection of 250 empirical ECSCMs for total cross-section. We

extract the main diagonals of the ECSCMs as vectors that serve as the target values

during training and as the ground truth for the final test-set comparison.

4.2 Choosing and validating a probability model

Having access to n = 50 residuals per ladder allows us to inductively explore suitable

probability models. It’s important to note that the probability model of these

residuals is dependent on the fitting procedure (e.g., AutoFit) and cannot be safely

generalized as a fundamental description of cross-section uncertainties independent

of the fitting procedure. In fact, identifying an appropriate probability model is an

essential step each time any part of the upstream workflow is modified (e.g., synthetic

data generator, fitting procedure, etc.).

For every ladder l ∈ {1, . . . , L} and every grid energy Ej ∈ E the AutoFit

procedure yields a fitted cross-section σ̂jl and an empirical variance vjl = C l
E, jj

extracted from the diagonal of that ladder’s empirical ECSCM. What remains

unspecified is the shape of the sampling distribution for σ̃jl, the fitted cross-section

that would be obtained if the experiment were repeated under identical conditions.
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Let

σ̃jl

∣∣ σ̂jl, vjl, D ∼ D
(
µ = σ̂jl, ς

2 = vjl
)
,

where D is a parametric family (Normal, Student-t, log-Normal, etc.) whose location

and scale parameters are fixed to the AutoFit mean and empirical variance. A good

choice of D is one whose central prediction intervals achieve the nominal frequentist

coverage simultaneously for every confidence level c ∈ (0, 1).

This criterion can be tested as follows. Let D be a parametric family with

cumulative distribution function FD( · ;ϑ) and vector of free parameters ϑ. For every

energy–ladder pair (j, l) we choose ϑjl so that D reproduces the first two moments,

ED[σ̃jl] = σ̂jl, VarD[σ̃jl] = vjl. (4.3)

For the Normal family this reduces to ϑjl = (µ, v) = (σ̂jl, vjl); for the log-Normal one

obtains ϑjl =
(
µln, σ

2
ln

)
with

σ2
ln = ln

(
1 + vjl/σ̂

2
jl

)
, µln = ln σ̂jl − 1

2
σ2
ln.

Other families or finite mixtures are handled analogously.

Given a two-sided confidence level c ∈ (0, 1) define

plo =
1
2
(1− c), phi = 1− plo.

The s = ⌊100c⌋% prediction band for σ̃jl is then

I
(D,c)
jl =

[
F−1
D

(
plo;ϑjl

)
, F−1

D

(
phi;ϑjl

)]
, (4.4)

where F−1
D is the quantile function of D. Equation (4.4) collapses to the familiar form

σ̂jl ± q
√
vjl, where q is the (1 − α

2
) quantile of the standardized error distribution,

whenever D is symmetric about its mean.
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Introduce the indicator

δ
(D,c)
jl = 1

{
σtrue
jl ∈ I

(D,c)
jl

}
,

and aggregate over all M = L× |E| combinations to obtain the empirical coverage

γ̂(D)(c) =
1

M

L∑
l=1

|E|∑
j=1

δ
(D,c)
jl . (4.5)

An ideal probability model satisfies γ̂(D)(c)
p−→c for every c ∈ (0, 1); in finite samples

we seek γ̂(D)(c) as close as possible to the identity line y = x. For the present study,

we evaluate (4.5) on the grid c ∈ {0.60, 0.65, . . . , 0.90, 0.95} for each candidate family

D ∈ D.

The Normal model serves as a suitable base case. Figure 4.2 shows that the

Normal model is imperfect. It is overly conservative for confidence levels c ≥ 0.70

and overly precise for confidence levels c ≤ 0.65. Other distribution families should

be included in D for testing. Next we might include distributions such as the Cauchy

and the Lognormal to explore how changing tail weights or forcing positive values

impacts the coverage performance. Figure 4.3 extends the calibration comparison

to two families that alter the tails in opposite directions. The heavy-tailed Cauchy

model is uniformly conservative, producing hit ratios well above the ideal y = x line

across the entire confidence spectrum. By contrast, the log-Normal model behaves

much like the Normal, providing the user a strictly-positive alternative. These results

illustrate how tail weight (Cauchy) and support restrictions (log-Normal) manifest in

coverage, motivating further exploration of candidate probability models.

The Student-t family introduces a single scale-free parameter that controls tail

thickness, the degrees of freedom ν > 0. In a location-scale parameterization the

probability density function is

ft(x | µ, σ2, ν) =
Γ
(
ν+1
2

)
Γ
(
ν
2

)√
πν σ

[
1 +

1

ν

(
x−µ
σ

)2]− ν+1
2
, (4.6)
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Figure 4.2: Empirical coverage γ̂(c) for the Normal residual model, evaluated at
confidence levels 0.60–0.95. The dashed gray line marks perfect calibration (γ̂ = c).
Points above the line indicate conservative intervals, while points below it correspond
to over-confident bands. This baseline serves as a visual base case for the reader
before comparing more complex probability models.
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Figure 4.3: Empirical coverage γ̂(c) for three candidate residual models
(Normal, Cauchy (ν = 1), and log-Normal) evaluated at confidence levels c ∈
{0.60, 0.65, . . . , 0.95}. The dashed gray line indicates perfect calibration (γ̂ = c).
The Cauchy model (green) is uniformly conservative; the Normal (blue) and log-
Normal (orange) agree near c ≈ 0.70 but diverge at the extremes, with the log-Normal
remaining slightly conservative as c → 0.95.
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which reduces to the Cauchy distribution at ν = 1 and converges to the Normal

distribution as ν → ∞. Given a fitted cross-section σ̂jl and empirical variance vjl,

moment matching sets the location to µ = σ̂jl and, for ν > 2, the scale to

σ =

√
vjl

ν − 2

ν
.

Two-sided 100c% prediction bands follow the quantile recipe of Eq. (4.4),

I
(t,c)
jl =

[
σ̂jl ± t−1

ν

(
1+c
2

)
σ
]
, (4.7)

where t−1
ν is the standard t quantile function with ν degrees of freedom.

Figure 4.4 traces the empirical hit ratio for ν ∈ {0.5, 1, 2, 5, 10,∞}. Two clear

patterns emerge: (i) heavy-tailed models (ν ≤ 2) are uniformly conservative, clustered

near γ̂(c) ≈ 1 for every c; and (ii) even the Normal limit ν = ∞ remains overly

conservative once c ≳ 0.70. In other words, widening the tails only exacerbates the

mismatch, while shrinking them (increasing ν) never narrows the intervals enough to

match the empirical scale.

The persistence of over-coverage across the entire t family indicates that tail

thickness alone cannot reconcile fitted and empirical variability. We therefore turn

next to the generalized Gaussian family, whose shape parameter controls peakedness;

this allows intervals narrower than Normal bands and may better match the observed

residual spread.

The generalized Gaussian (also called the exponential–power) family is parame-

terised by a location µ, a scale α > 0, and a shape parameter β > 0 that controls

both peakedness and tail weight:

fGG(x | µ, α, β) = β

2αΓ(1/β)
exp

{
−
∣∣x−µ

α

∣∣β}. (4.8)

Special cases include the Laplace distribution (β = 1) and the Normal distribution

(β = 2); as β→∞ the density collapses to a uniform distribution over a fixed support.
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Figure 4.4: Empirical coverage γ̂(c) for the Student-t residual family at selected
degrees of freedom ν ∈ {0.5, 1, 2, 5, 10,∞}. The dashed line denotes perfect
calibration (γ̂ = c). Heavy-tailed models (ν ≤ 2) are uniformly conservative, while
the Normal limit (ν = ∞) still over-covers for c ≳ 0.70, indicating that all t models
in this range produce intervals that are wider than empirically required.
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The variance is

Var(X) = α2 Γ(3/β)

Γ(1/β)
,

so moment matching with an empirical variance vjl sets

αjl =
√
vjl

[
Γ(1/β)
Γ(3/β)

]1/2
, µjl = σ̂jl.

Two-sided 100c% prediction bands follow the same quantile rule as before:

I
(β,c)
jl =

[
µjl + αjl q

−
GG

(
c, β

)
, µjl + αjl q

+
GG

(
c, β

)]
, (4.9)

where q±
GG are the lower and upper (1−c)/2 quantiles of the unit-scale generalized

Gaussian with shape β.

Figure 4.5 shows that very small β values (β ≤ 0.5) are severely under-calibrated,

a consequence of their sharply peaked cores. As β increases the intervals widen; β ≈

5–10 essentially eliminates the systematic over-coverage observed with the Normal

and Student-t families for c ≳ 0.75 while remaining slightly conservative near the

extremes. Beyond β≈10 the curves are overly conservative for all confidence levels.

A single value of the generalized Gaussian shape parameter β cannot simulta-

neously achieve nominal coverage across the full confidence spectrum (Figure 4.5).

However, inspection of the same figure shows that for every c ∈ (0.60, 0.95) there

exists at least one β for which the intervals are correctly calibrated. We therefore

invert the mapping c 7→ γ̂(c; β) on the training ensemble: for each confidence level

we solve for the smallest β̂(c) such that γ̂(c; β̂) ≥ c. Linear interpolation on a dense

β-grid yields a smooth, monotone function c 7→ β̂(c) (Figure 4.6).

Using this confidence-specific shape parameter, prediction bands are built exactly

as in Eq. (4.4) but with β = β̂(c) chosen per confidence level. Figure 4.7 compares

the resulting empirical coverage on the 200 training ladders and on the 50 unseen

test ladders. By construction the training curve lies almost perfectly on the ideal
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Figure 4.5: Empirical coverage γ̂(c) for the generalized Gaussian residual model
at shape parameters β ∈ {0.25, 0.5, 1, 2, 5, 10, 1000}. The dashed line marks perfect
calibration (γ̂ = c). Small values β ≤ 1 yield under-coverage (intervals too narrow),
while large values yield over-coverage. β = 2 corresponding to the Normal model is
not stricly outperformed by any other β ̸= 2.
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Figure 4.6: Piece-wise linear inverse mapping c 7→ β̂(c) constructed on the training
data. A logarithmic y-axis reveals that lower confidence levels require markedly
heavier tails (small β̂) than high confidence levels.
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y = x line; encouragingly, the test curve also remains within a few percentage points

of the diagonal over the entire range 0.60 ≤ c ≤ 0.95. The modest degradation in

the 0.70–0.80 region is attributable to sampling noise and the fact that the inverse

mapping was not re-estimated on the test data. Although the piece-wise linear

scheme is admittedly ad-hoc—it treats β as a deterministic function of the requested

confidence rather than a property of the residual distribution. It demonstrates that

peakedness is a tunable lever for aligning empirical and nominal coverage.

Ideally, however, the residual model would be confidence-invariant. A shape

parameter that changes with c may be difficult to propagate in forward-sampling

codes, and there is no guarantee that the inverse mapping calibrated on empirical

variances will carry over to derived quantities such as mapped variance elements (as

we will see in the forthcoming analysis). Future work therefore seeks a single, globally

calibrated distribution—or a hierarchical formulation whose hyper-parameters can be

sampled alongside the physics model—to avoid this confidence-specific patch.

4.3 Feature construction

The ultimate goal of the mapping step is to learn, at each evaluation energy Ej ∈ E ,

a deterministic function

v̂jl = g
(
xjl

)
, j = 1, . . . , |E|, l = 1, . . . , L,

that transforms observable or easily computed quantities xjl into a prediction of the

true variance vjl . The choice of explanatory variables reflects two kinds of information

embedded in the AutoFit sequence of higher-cardinality fits that precede the selection

of the final model cardinality kfinal. Some of this information is explicit: the GLS

covariance matrices that SAMMY outputs at each cardinality. Other information

is implicit, appearing in the way the fitted cross section changes as resonances are
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Figure 4.7: Coverage curves obtained by matching the generalized Gaussian shape
parameter to the nominal confidence, β = β̂(c) from Figure 4.6. The mapping is
learned on the first 200 synthetic ladders (left) and then applied unchanged to the 50
test ladders (right). The dashed line indicates perfect calibration.
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successively removed. Our feature matrix incorporates both types through four

distinct blocks, which we formalize below beginning with the GLS covariance terms.

4.3.1 Block 1: GLS covariance diagonals

For a given ladder l AutoFit delivers a monotone sequence of six model cardinalities,

κ5 = kfinal + 5, κ4 = kfinal + 4, . . . , κ0 = kfinal,

each accompanied by a full 51 × 51 covariance matrix C(l,κr) computed inside

SAMMY. Let

v(l,κr) = diag
(
C(l,κr)

)
∈ R51, r = 0, . . . , 5, (4.10)

denote the main diagonal of that matrix, evaluated on the fixed grid E . Component j

of this vector, v
(r)
jl :=

[
v(l,κr)

]
j
, is the formal GLS variance (in barns2) assigned by

SAMMY to the fitted cross-section value at energy Ej when the model contains κr

resonances.

The first feature block simply concatenates these six variance vectors:

xGLS
jl =

(
v
(5)
jl , v

(4)
jl , v

(3)
jl , v

(2)
jl , v

(1)
jl , v

(0)
jl

)⊤ ∈ R6. (4.11)

Stacking over ladders and energies produces a M × 6 matrix, M = |E| × L,

whose columns capture how SAMMY’s internal uncertainty estimate evolves as the

resonance count is pruned.

Two observations motivate the remaining blocks. First, the GLS based covariance

estimates inherit all of the idealized assumptions built into the Reich-Moore

formalism; empirically they undershoot the true variance whenever those assumptions

are violated. Second, the pattern of how v
(r)
jl changes with r is itself correlated with the

squared bias incurred by omitting a resonance, suggesting that higher-order functions

of the fitted cross section may provide additional explanatory power.
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4.3.2 Block 2: squared bias between cardinalities

An implicit source of information about the evaluated cross-section uncertainty is

contained in the difference of fitted cross-sections between model cardinalities. We

use these differences as regressors. For each ladder l and energy index j let

σ̂
(r)
jl r = 5, 4, . . . , 0

denote the sequence of fitted cross sections produced by AutoFit as the cardinality

is stepped from κ5 down to κ0= kfinal. Define the pointwise bias incurred by pruning

one extra resonance,

b
(r)
jl = σ̂

(r)
jl − σ̂

(0)
jl , r = 5, 4, . . . , 1, (4.12)

and collect its square
(
b
(r)
jl

)2
into a five-component feature block,

xbias
jl =

(
b
(5)2
jl , b

(4)2
jl , b

(3)2
jl , b

(2)2
jl , b

(1)2
jl

)⊤ ∈ R5. (4.13)

The square, rather than the raw difference, is used because the target quantity is a

variance. Additionally, notice that only differences with respect to the final model

appear, so the block length is five instead of six.

4.3.3 Block 3: squared fitted cross section

Figure 4.8 makes plain that fitted cross sections encode information about their own

uncertainty: once σ̂ exceeds a modest threshold, the empirical standard deviation

sjl =
√
vjl grows monotonically with σ̂jl. To make this information available for the

machine learning mapping we include, for every pruning step,

xσ2

jl =
(
σ̂
(5)2
jl , σ̂

(4)2
jl , σ̂

(3)2
jl , σ̂

(2)2
jl , σ̂

(1)2
jl , σ̂

(0)2
jl

)⊤
. (4.14)
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Figure 4.8: Scatter of empirical standard deviation s =
√
vemp against fitted cross

section σ̂ for the 200 training ladders (log-log axes) over all energies. The red curve
is a LOESS smoother (span 0.2). Beyond the small-σ̂ local minimum, larger cross
sections systematically predict larger sample-to-sample fluctuations, motivating both
the fitted cross-section precitor described in Block 3 and the non-parametric variance
estimate in Block 4.
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Notice we square the fitted cross-sections to match the units of the regressors with

their targets.

4.3.4 Block 4: LOESS-predicted variance

Having noted a relationship between fitted-cross section and empiricial uncertainty,

we can use a basic locally weighted regression (LOESS) to characterize the relationship

and use the corresponding, crude predicitons as regressors. We train a locally weighted

regression on the training ladders,

ŝ : σ̂ 7→ ŝ(σ̂) ≈ sjl,

using a tricube kernel and span 0.2. The smoother, plotted as the red curve in

Figure 4.8, is then evaluated at the six fitted cross-section values produced by AutoFit:

v̂
(r)
jl,loess =

[
ŝ
(
σ̂
(r)
jl

)]2
, r = 5, 4, . . . , 0. (4.15)

Squaring restores the units of variance, and collecting the results produces

xloess
jl =

(
v̂
(5)
jl,loess, v̂

(4)
jl,loess, v̂

(3)
jl,loess, v̂

(2)
jl,loess, v̂

(1)
jl,loess, v̂

(0)
jl,loess

)⊤
. (4.16)

Notice the LOESS model is trained solely on the 200 training ladders. As such, it can

be treated as a crude machine learning model against which the other models can be

compared.

4.3.5 Intercept term and design-matrix dimensions

A column vector of ones,

xconst
jl = 1,

is appended to permit an explicit intercept in methods that do not add one internally.
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Putting Eqs. (4.11), (4.13), (4.14), (4.16), and the constant together yields, for

each (j, l) pair, a twenty-four–component feature vector

xjl =
(
xGLS
jl , xbias

jl , xσ2

jl , x
loess
jl , 1

)⊤ ∈ R24.

Stacked over grids and ladders the training design matrix has 10 200 × 24 rows and

columns, while the test matrix has 2 550× 24. All regressors are on the natural scale

of squared barns, so no further normalization is applied before model fitting.

The next section turns to the learning algorithms themselves and documents how

each estimator converts the twenty-four predictors into a variance prediction at every

energy point.

4.4 Machine-learning corrections

This section introduces each learning model evaluated in the present study. For

every model the discussion sketches the general technique and how it is applied to

the covariance-correction task, without attempting a full tutorial. Readers seeking

comprehensive background and formal derivations are directed to Hastie, Tibshirani,

and Friedman’s classic text The Elements of Statistical Learning [44].

4.4.1 Ordinary least squares (OLS)

The starting point is the simplest possible mapping: an ordinary linear regression

from the feature vector xℓj ∈ R24 to the empirical variance yℓj = C
(ℓ)
E (Ej, Ej), where

the indices ℓ = 1, . . . , 200 enumerate ladders in the training set and j = 1, . . . , 51

enumerate energies on the covariance grid. Concatenating ladders and energies

produces the design matrix X ∈ R10200×24 and the target vector y ∈ R10200. The

ordinary-least-squares solution

β̂OLS = (XTX)−1XTy
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minimises the mean squared error between the linear prediction Xβ and the empirical

variances. Although OLS makes no attempt to temper over-fitting, it provides a useful

baseline: any more elaborate model must demonstrate an improvement in coverage

on the held-out test ladders if its extra complexity is to be justified.

Once β̂OLS is fixed, the diagonal variance predicted for a new ladder is obtained by

evaluating the same 24 regressors on that ladder, multiplying by β̂OLS, and enforcing

non-negativity. Confidence bands at the desired credibility level are then formed

in the same way as for SAMMY: plus or minus the nominal number of standard

deviations, but using the OLS-predicted variance in place of the GLS value.

4.4.2 Regularized linear models: Ridge, Lasso, and Elastic

Net

A linear regression can be stabilized by adding a penalty that discourages large

coefficients. Such regularisation reduces variance at the cost of introducing a small

bias and often yields better predictive performance when regressors are noisy or

partially collinear, as is the case here.

Next we describe Ridge regression. Ridge augments the ordinary least-squares

objective with an ℓ2-norm penalty,

β̂ridge = argmin
β

∥∥Xβ − y
∥∥2

2
+ λ ∥β∥22,

where λ > 0 is a hyper-parameter chosen by cross-validation. Closed-form solution

remains available and every coefficient is shrunk smoothly toward zero but none is

forced exactly to zero.

Next we describe Lasso regression. Replacing the quadratic penalty with an ℓ1

term gives the lasso,

β̂lasso = argmin
β

∥∥Xβ − y
∥∥2

2
+ λ ∥β∥1,

64



which not only shrinks coefficients but can set some of them exactly to zero, thereby

performing implicit feature selection.

Next we describe Elastic-Nets. The elastic-net combines both penalties,

β̂EN = argmin
β

∥∥Xβ − y
∥∥2

2
+ λ

[
1
2
(1− α) ∥β∥22 + α ∥β∥1

]
,

interpolating between ridge (α = 0) and lasso (α = 1). In all experiments a grid

search over λ and α is nested inside the same five-fold cross-validation used for ridge

and lasso.

These three regularized linear models share the interpretability of OLS while

offering a controlled trade-off between variance reduction and bias.

4.4.3 Dimension-reduced linear models: Principal Compo-

nents and Partial Least Squares

The twelve regressors extracted from each ladder are not guaranteed to be linearly

independent; several carry nearly the same information (e.g. the SAMMY variance

for two adjacent cardinalities). Principal component regression (PCR) and partial

least squares (PLS) address this multicollinearity by projecting the original feature

space onto a smaller set of orthogonal directions before fitting the response.

Next we describe PCR. PCR begins with an uncentered singular-value decom-

position, X = UΣV T, and retains only the first q < 24 columns of V . The

design matrix is replaced by its rank-q projection, Xq = XV(:,1:q), and an ordinary

least-squares fit is performed in that reduced space. Choosing q trades bias for

variance: a small q discards noise but risks underfitting, whereas a large q approaches

the OLS solution. Five-fold cross-validation on the training ladders selects qopt,

and the resulting coefficients are mapped back to the full 24-dimensional space for

interpretability.
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Next we describe PLS. PLS also constructs orthogonal directions but, unlike PCR,

each new direction is chosen to maximize the covariance between the transformed

features and the response vector y. The algorithm produces a sequence of latent

variables, T1, T2, . . . , Tq, along with corresponding weight vectors. Fitting proceeds

by regressing y on the matrix T = [T1 . . . Tq]. The number of latent variables is

again selected by five-fold cross-validation. In practice PLS often achieves the same

predictive accuracy as PCR with fewer components because it uses the response

information while constructing the projection.

4.4.4 Gradient boosting regression

Gradient boosting builds a non-linear function by adding shallow decision trees one

at a time, each new tree trained to predict the residual left by the ensemble so far.

At iteration m the current model is fm−1(X); a regression tree hm(X) is fitted to the

negative gradient of the loss (for squared-error loss this is simply the current residual)

and the ensemble is updated,

fm(X) = fm−1(X) + η hm(X),

where the learning rate 0 < η ≤ 1 scales the contribution of the new tree. Repeating

for M iterations yields a flexible predictor that can approximate complex, non-linear

response surfaces while controlling overfitting through the choice of M , η, and the

depth of each. We determine these hyperparameters with cross-validation.

4.4.5 Support vector regression

Support vector regression (SVR) fits a function that deviates from each training target

by no more than a chosen margin ε while remaining as flat as possible. In its linear
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form the goal is to find coefficients w and intercept b that minimize

1
2
∥w∥2 + C

N∑
i=1

(
ξi + ξ∗i

)
,

subject to −ε − ξi ≤ wTxi + b − yi ≤ ε + ξ∗i , with slack variables ξi, ξ
∗
i ≥ 0. The

trade-off between model flatness and margin violations is controlled by the penalty

parameter C. Introducing a kernel function K(xi,xj) allows the same optimization

to be carried out in an implicit high-dimensional feature space, giving the non-linear

SVR predictor f(x) =
∑N

i=1 αiK(xi,x) + b.

A radial basis function kernel K(x, z) = exp(−γ∥x − z∥2) is used. The

hyperparameters (C, ε, γ) are selected by five-fold cross-validation on the training

ladders.

4.4.6 Random-forest regression

A random forest constructs an ensemble of regression trees, {T (m)}Mm=1, each one

grown on a different bootstrap replica of the training set. At every split in every

tree, the candidate split variable is chosen from a randomly selected subset of the

full predictor list. These two sources of randomness—row sampling and column

sampling—decorrelate the individual trees so that their average prediction achieves

low variance without the high bias that would result from aggressive pruning.

For any feature vector x the ensemble prediction is the simple mean

ŷRF(x) =
1

M

M∑
m=1

ŷ(m)(x), (4.17)

where ŷ(m)(x) is the piecewise-constant output of tree T (m). Because each tree is a

non-parametric partition of the predictor space, the forest as a whole can approximate

highly non-linear response surfaces and capture interactions among predictors without

explicitly including interaction terms.
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4.4.7 Gaussian-mixture correction

This method leverages the information provided by AutoFit for all tested cardinalities

k = 0, 1, . . . , kfinal + 5. Each candidate model provides a mean curve µk(Ej)—the

fitted total cross section—and an associated diagonal covariance ck(Ej) obtained

by propagating the posterior resonance-parameter variance through SAMMY. The

mixture approach treats these K := kfinal + 6 pairs {µk, ck }K−1
k=0 as the components

of a discrete Gaussian ensemble and then averages them with weights based on the

quality of fit of each model.

For every ladder the five-fold cross-validation routine reports a χ2 statistic χ2
k

for each cardinality. That statistic measures, on the natural scale of residual sum

of squares, how well model k predicts spectra that were not used during its fit. A

smaller χ2
k therefore implies higher plausibility. We convert the scores to positive

weights with a Gaussian kernel,

wk = exp
[
− (χ2

k − χ2
min)

2/2
]
, (4.18)

where χ2
min is the best (smallest) score observed on that ladder.

At every grid energy Ej the predictive distribution is taken to be a one-dimensional

Gaussian mixture,

p(σtot |Ej) =
K−1∑
k=0

wk N
(
µk(Ej), ck(Ej)

)
.

We leverage Monte-Carlo sampling for subsequent results analysis for this method.

N = 10 000 draws are taken from the mixture at each energy and the desired quantiles

are read directly from the sample. The q-credibility band is thus the interval between

the empirical 1
2
(1− q) and 1

2
(1 + q) quantiles of the sampled values.
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4.5 Results: Machine-Learned Variances

Section 4.2 introduced the coverage indicator δ
(D,c)
jl for a residual family D and

confidence level c. That definition is repeated here with the empirical variance vjl

replaced by a machine-learning prediction v̂jl:

σ̃jl | σ̂jl, v̂jl, D ∼ D
(
µ = σ̂jl, ς

2 = v̂jl
)
, (4.19)

I
(D,c)
jl =

[
F−1
D

(
1
2
(1− c) ; σ̂jl, v̂jl

)
, F−1

D

(
1
2
(1 + c) ; σ̂jl, v̂jl

)]
, (4.20)

δ
(D,c)
jl = 1

{
σtrue
jl ∈ I

(D,c)
jl

}
. (4.21)

Averaging over every ladder and every grid energy gives the empirical hit ratio

γ̂(c;D, g) =
1

L |E|

L∑
l=1

|E|∑
j=1

δ
(D,c)
jl , (4.22)

where g denotes the variance-mapping model that produced v̂jl. Coverage curves

in Figure 4.9 plot c 7→ γ̂(c;D, g) on the grid c ∈ {0.60, 0.65, . . . , 0.95} for four residual

families and the eight most informative variance maps.

The pink SAMMY curve confirms the deficiency already documented in Chapter 3:

ECSCMs propagated directly from the RPCM are systematically precise. No

adjustment of the residul probability model, not even by using a conservative model

like the Cauchy distribution, restores calibration because the reported variance in

energies corresponding to missed resonances are orders of magnitude too small.

OLS and the feature reduction linear variants suffer from the opposite problem.

Namely, they are overly conservative. Shrinking coefficients (Ridge), removing

coefficients (Lasso), or rotating the predictor space (PCR, PLS) changes the slope

of the curve only marginally. For the sake of keeping the plot interpretable, only

ElasticNet was included as a representative for the famly of feature reduction

methodologiees.
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Figure 4.9: Empirical coverage of 95% log-normal bands for four residual families.
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Interestingly, LOESS and SVR produce nearly identical curves. It’s not entirely

clear why this is, as the LOESS model is based exclusively on fitted cross-sections

and SVR has all regressors available to it. Regardless, as a pair they indicate that

computationally expensive models like SVR can be matched or even outperformed by

relatively simple ones.

Random Forest shows promise in its coverage performance. It’s coverage curve

generally tracks the coverage = confidence reference line while remaining consistently

on the conservative side, which is preferred. The ensemble of trees partitions the

predictor space finely enough to recognise at which energies additional variance should

be predicted while keeping variance inflation moderate between resonances. For use

cases that prioritize coverage more than absolute interval width, particularly coverage

of missed resonances, this trade-off is preferable to the under-coverage of methods like

SVR and SAMMY and to the excessive over-coverage of the linear group.

Figure 4.10 zooms in on a single ladder in the test set. Two weak resonances

were missed from the AutoFit final fitted model, one at approximately 203 eV and a

second at approximately 215 eV. Viewing the performance of a selection of variance

prediction methods on a single ladder allows us to compare the qualitatively. The

empirical plot provides a visual description of an accurate uncertainty quantification.

As expected, the SAMMY variances are overly precise, especially at the energies near

the missing resonances. OLS and Elastic-Net predicted variances are conservative

enough to capture the missing resonances, but at the expense of being extremely

conservative over the entire energy regions between resonances. SVR does predict

increased variance at the energies near the missing resonances, but the predictions are

insufficient. Random Forest adequately increases variance for the missing resonances,

and it does this without being nearly as conservative as OLS and other linear models

over the valleys between resonances.

These observations are consistent with Figure 4.9. Methods that cannot detect

the weak resonances miss them and appear under-calibrated; methods that correct

everywhere overshoot in the valleys and appear conservative. Random Forest
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Figure 4.10: Comparison of log-normal confidence bands based on empirical
variances, SAMMY variances, and four machine learned variances on a single
resonance ladder. These results visually depict how some methods are overly precise
(e.g., SAMMY), some overly conservative (e.g., OLS), and some relatively well
calibrated.
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commends itself as a model that adjusts amplitude where bias is largest without the

cost of being overly conservative elsewhere. The qualitative observations we make

viewing the results from a single ladder can be summarized quantitatively. In the

next section, we propose a method to distinguish variance-prediction methods based

on their relative performance over energies near resonances and between resonances.

4.5.1 Coverage as a function of cross-section magnitude

To quantify regional performance we compute, for every test ladder, a kernel-smoothed

estimate of the true cross section,

σsmooth
jl =

∑
j′Kh(Ej − Ej′) σ

true
j′l∑

j′ Kh(Ej − Ej′)
, Kh(∆) = exp

[
−1

2
(∆/h)2

]
, (4.23)

with bandwidth h = 0.6 eV. The indicator δ
(D,0.95)
jl from Eq. (4.22) is then plotted

against σsmooth
jl for all 51× 50 energy points. Fitting a logistic regression,

Pr
{
δ = 1 | x

}
=

1

1 + exp
[
−(α + βx)

] , (4.24)

yields the red curves in Figure 4.11. Here x is the smoothed cross section and

(α, β) are maximum-likelihood estimates.

By smoothing the cross-section, we have a metric that signals at which energies

we are near large resonances or multiple small resonances, near a small (and perhaps

missable) resonance, and when we are firmly between resonances. As such, the logistic

curve is a way of visualizing and quantifying the performance of the various variance-

prediction methods over regions near to and far from resonances.

We would expect the empirical baseline logistic curve to be relatively flat, because

empirical variances are computed around the true-cross section and should therefore

capture the true cross-section over the appropriate proportion of energies independent

of proximity to resonances. The results match this expectation, with empirical

baseline nearly equal to the horizontal reference line. SAMMY, on the other hand,

73



Figure 4.11: Logistic curves showing the relationship between coverage performance
and fitted cross-section of log-normal curves for various methods. The shape and
location of the logistic curves indicate the accuracy of variance predictions over energy
regions far from resonances, near small resonances, and near large resonances.
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produces an increasing logistic curve. This can be explained by at least two factors.

As previously discussed at length, SAMMY is overly precise over regions of small,

missed resonances. As such, SAMMY’s coverage performance over relatively small

to medium smoothed cross-sections is unsuprisingly biased low. Additionally, even

over energies between resonances where the bias between fitted cross-section and true

cross-section are relatively small, SAMMY bands are so precise that the confidence

bands can run in parallel entirely above or below the true cross-section for large

stretches of energy. OLS and Elastic Net start above the nominal line, signalling

over-conservatism in valleys, but fall toward the nominal line for larger cross-sections,

indicating that their excessive variance is most pronounced in energy regions between

resonances or near smaller resonances. The SVR logistic curve descends even more

steeply. This is consistence with its reluctance to expand its variance sufficiently at

small resonances.

The Random Forest logistic curve, like the empirical logistic curve, is relatively

flat. It sits slightly above the nominal confidence line, indicating that it is

conservative. The absence of a strong slope to the logistic curve means that it

performs adequately both in resonance valleys and near resonances. These results

indicate that the Random Forest predicted variances will be moderately conservative

across all energies.

4.5.2 Recommendation and outlook

For applications where only per-energy variances are needed and energy–energy

correlations can be neglected, the combination of Random Forest variance mapping

and a log-normal residual family offers the best compromise uncovered in this study.

Random Forest coverage tracks the nominal coverage well relative to competing

methods, and the model remains conservative independent of resonance proximity.

Linear shrinkage models are usable when computational simplicity is paramount, but

the user must be willing to accept highly inflated variances. No residual family tested
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here achieves perfect calibration, so the log-normal choice is made for physical rather

than statistical reasons: its support is [0,∞) and an evaluator need not clip negative

draws.

The present chapter treated each energy independently. Correlations across energy

and across reaction channel were left untouched. The next chapter develops a

framework for adding those correlations into the various predicition methodologies,

completing the path from AutoFit output to full cross-section covariance predictions.
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Chapter 5

Automated Corrections for Energy

and Channel Correlations

Chapter 4 developed an automated, reproducible workflow that corrects the SAMMY

evaluated cross-section covariance diagonal so that stated confidence levels align with

empirical coverage when paired with an appropriate probability model. There, we

learned a mapping from AutoFit outputs to per-energy variance s2(E) and showed

that both model-based regressors and a simple mixture construction can produce

accurate diagonal uncertainty bands.

The present chapter extends that program from marginal (per-energy) variance to

the full evaluated cross-section covariance matrix (ECSCM), including cross-energy

and cross-channel correlations. Specifically, for each synthetic ladder we seek to

predict the 102 × 102 covariance across two reactions (elastic and capture) sampled

on the same 51-point covariance grid used in Chapter 4. This richer target captures

(i) correlation of the cross section across energies within a channel and (ii) correlation

between the elastic and capture channels at (possibly different) energies. We use the

same ensemble of 250 ladders, the same AutoFit workflow, and the same train/test

split as before (ladders 1–200 for training and 201–250 for testing).
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5.1 Empirical two-channel ECSCM targets

All covariance estimates in this chapter are evaluated on the fixed 51-point grid

E = {Ej}51j=1, Ej = 200 + 0.4 (j − 1) eV, (5.1)

which matches Chapter 4. For each ladder we generate N independent transmission

samples (N = 50 in the results shown), and each sample is processed by the full

three-stage AutoFit routine. Evaluating both the fitted and the true cross sections

on E for the two reactions r ∈ {el, cap} produces residuals

r(n)r (Ej) = σtrue
r (Ej) − σ̂(n)

r (Ej), n = 1, . . . , N, j = 1, . . . , 51. (5.2)

We assemble, for each sample n, a length-102 residual vector by concatenating

elastic (first) and capture (second) components,

r(n) =
(
r
(n)
el (E1), . . . , r

(n)
el (E51), r

(n)
cap(E1), . . . , r

(n)
cap(E51)

)⊤ ∈ R102. (5.3)

Stacking these row-wise yields the residual matrix

R =


(r(1))⊤

...

(r(N))⊤

 ∈ RN×102. (5.4)

Consistent with Chapter 4, the empirical two-channel ECSCM for a ladder is defined

by the inner product

ĈE =
1

N
R⊤R ∈ R102×102. (5.5)

(For N = 50 the difference between 1/N and 1/(N − 1) is immaterial at the level of

precision reported here.)
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By construction, ĈE has a 2× 2 block structure with 51× 51 submatrices:

ĈE =

 Ĉel,el Ĉel,cap

Ĉcap,el Ĉcap,cap

 ,
(
Ĉr,r′

)
ij

=
1

N

N∑
n=1

r(n)r (Ei) r
(n)
r′ (Ej). (5.6)

The on-diagonal blocks Ĉel,el and Ĉcap,cap are the within-channel cross-energy

covariances (the ECSCMs for each channel individually), while the off-diagonal blocks

Ĉel,cap and Ĉcap,el capture cross-channel covariance between elastic and capture. Each

ladder therefore contributes a full, symmetric 102 × 102 matrix that we will use as

the supervised-learning target in the remainder of the chapter.

Figure 5.1 (left panel) shows a typical empirical ĈE with its two-by-two block

pattern; the right panel plots the corresponding true and fitted cross sections for the

same ladder and sample on the grid E . As in Chapter 4, heat-map structure reflects

both resonant features and model inadequacies; here those patterns also appear in

the off-diagonal blocks, indicating energy- and channel-based correlations.

5.2 Feature construction for full covariances

The mapping step in this chapter parallels Chapter 4, but now the target is the full

evaluated cross-section covariance matrix (ECSCM) across energies and across two

reaction channels (elastic, capture). Let E = {Ej}51j=1 be the fixed covariance grid and

let c ∈ {el, cap} index the channel. For each ladder l and each model cardinality in an

AutoFit-generated sequence (defined below), SAMMY returns fitted cross sections

on E . We stack the two channels to form

σ̂(l,κr) =

σ̂(l,κr)
el

σ̂(l,κr)
cap

 ∈ R102, σ̂
(l,κr)
el , σ̂(l,κr)

cap ∈ R51.

Here κr = kfinal + r with r = 0, 1, . . . , 5 denotes the final cardinality selected by

AutoFit together with the five higher-cardinality (“overfit”) solutions retained from
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Figure 5.1: Left: empirical two-channel ECSCM ĈE = 1
N
R⊤R with elastic (bottom

left) and capture (upper right) within-channel blocks and the two cross-channel blocks
off the diagonal. Right: corresponding true and fitted cross sections on E .
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the backward-elimination history, exactly as in Section 4.3. The empirical target for

ladder l is the 102× 102 covariance

C(l)
emp =

1

N
R⊤

l Rl,

where Rl is the N × 102 residual matrix whose columns are the elastic and capture

residuals evaluated on E (Section 4.1). This matrix has the natural 2 × 2 block

structure

C(l)
emp =

 C
(l)
emp,el–el C

(l)
emp,el–cap

C
(l)
emp,cap–el C

(l)
emp,cap–cap

 ,

with nonzero off-diagonal blocks capturing cross-channel correlations.

To learn a predictor for the full covariance, we build four regressor blcoks,

each reflecting a different source of information about uncertainty, and append two

bookkeeping columns (a constant and a diagonal-offset index). As before, we learn a

deterministic map that acts elementwise on the covariance surface:

Ĉ
(l)
ij = g

(
x
(l)
ij

)
, 1 ≤ i ≤ j ≤ 102, (5.7)

where x
(l)
ij collects the regressors associated with the (i, j) element. Since all matrices

here are symmetric, we work on the upper triangle (i ≤ j) and reuse the values for

(j, i).

Following is how we handle vectorization of the full matrices. Let n = 2|E| = 102

and m = n(n+ 1)/2 = 5 253. Define the upper-triangle vectorization operator

vecu(A) =
(
A11, A12, . . . , A1n, A22, A23, . . . , Ann

)⊤ ∈ Rm, A ∈ Sn, (5.8)

which lists {Aij : 1 ≤ i ≤ j ≤ n} in lexicographic order. For an upper-triangle index

(i, j) we also define the (nonnegative) diagonal offset

ξij = |j − i|, 0 ≤ ξij ≤ n− 1, (5.9)
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which counts separation in grid steps. Because the two channels are stacked (elastic

entries occupy indices 1 : 51, capture 52 : 102), offsets near 51 correspond to

cross-channel pairs at similar energies, while ξij near 0 (or small positive values)

corresponds to near-diagonal, same-channel pairs.

5.2.1 Block 1: GLS ECSCMs (S)

For each ladder l and cardinality κr, we compute channelwise ECSCMs with SAMMY

and place them on the diagonal of a 102× 102 block matrix:

S(l,κr) = blkdiag
(
C

(l,κr)
GLS,el, C

(l,κr)
GLS,cap

)
∈ S102. (5.10)

By construction the off-diagonal channel blocks of S(l,κr) are zero. The six vectors

vecu
(
S(l,κr)

)
, r = 5, 4, . . . , 0, form the first regressor block and pass into the map

g(·) as distinct columns, allowing the learner to exploit how SAMMY’s internal

uncertainty evolves with overfitting.

5.2.2 Block 2: Cardinality-bias outer products (B)

Let σ̂(l,κ0) denote the final (five-fold CV selected) fit. For each overfit cardinality

define the fitted-cross-section bias vector

d(l,κr) = σ̂(l,κ0) − σ̂(l,κr), r = 5, 4, . . . , 1, (5.11)

and form the rank-one outer product

B(l,κr) = d(l,κr) d(l,κr)⊤ ∈ S102, r = 5, 4, . . . , 1. (5.12)

The r = 0 case would yield the zero matrix and is omitted. These matrices capture

how systematic shifts induced by pruning resonances co-vary across both energy and
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channel; large components in d(l,κr) translate directly into broad covariance features

through (5.12).

5.2.3 Block 3: Outer products of fitted cross sections (F )

The stacked LOESS trends in Fig. 5.2 show, for both channels, that the empirical

standard deviation s =
√
vemp increases monotonically with the fitted cross section

σ̂ once outside a small-σ̂ neighborhood. This channelwise scaling motivates a

multiplicative template for covariance structure: where the fitted cross section is

large, both variances and covariances tend to be large.

To make this information available across energies and channels, we include,

for each ladder l and each cardinality κr, the rank-one outer product of the fitted

cross-section vector evaluated on the 102-point, two-channel grid (elastic followed by

capture):

F (l,κr) = σ̂(l,κr) σ̂(l,κr)⊤ ∈ S102, r = 5, 4, . . . , 0. (5.13)

If we write σ̂(l,κr) =
[
σ̂ el

(l,κr); σ̂
cap
(l,κr)

]
with each subvector in R51, then F (l,κr) has the

block structure

F (l,κr) =

 σ̂ elσ̂ el⊤ σ̂ elσ̂ cap⊤

σ̂ capσ̂ el⊤ σ̂ capσ̂ cap⊤

, (5.14)

so that (i) the two diagonal quadrants provide cross-energy templates within each

channel and (ii) the off-diagonal quadrants carry cross-channel templates. Every

entry has the correct physical units (barns2), and elements at indices (a, b) scale as

σ̂aσ̂b, matching the monotone empirical behavior in Fig. 5.2. In the design matrix we

use the upper-triangular elements of F (l,κr) for each r, yielding six F -columns per (l)

that the learning algorithm can weight differently across cardinalities.
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Figure 5.2: Empirical standard deviation s =
√
vemp versus fitted cross section σ̂

on log–log axes, stacked by channel. Top: capture; bottom: elastic. Each point
aggregates over energies, ladders, and cardinality levels; the red curve is a LOESS
smoother fit separately in each channel. The clear relationship between s and σ̂
motivates the multiplicative the use of F = σ̂σ̂⊤ as a regressor for full-matrix
covariance prediction.
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5.2.4 Block 4: LOESS-predicted scale (L)

Figure 5.2 shows that, in both channels, the empirical standard deviation s =
√
vemp grows monotonically with the fitted cross section σ̂ once outside a small-σ̂

neighborhood. To encode this channelwise, nonparametric scale information we fit,

on the training ladders only, two LOESS smoothers (one per channel) mapping fitted

cross section to standard deviation,

ŝel : σ̂ 7→ ŝel(σ̂), ŝcap : σ̂ 7→ ŝcap(σ̂).

For ladder l and cardinality κr we evaluate the smoothers elementwise on the 51-point

fitted curves in each channel and then stack the results on the two-channel grid (elastic

followed by capture),

ŝ (l,κr) =

ŝ el
(l,κr)

ŝ cap
(l,κr)

 =

 ŝel
(
σ̂ el

(l,κr)

)
ŝcap

(
σ̂ cap

(l,κr)

)
 ∈ R102

≥0 , r = 5, 4, . . . , 0. (5.15)

The LOESS block is then the rank-one outer product

L(l,κr) = ŝ (l,κr)ŝ (l,κr)⊤ ∈ S102, (5.16)

which supplies a scale-only template in the correct physical units (barns2). Writing

ŝ (l,κr) =
[
ŝ el
(l,κr); ŝ

cap
(l,κr)

]
with each subvector in R51

≥0, L
(l,κr) inherits the same 2 × 2

block structure as F (l,κr):

L(l,κr) =

 ŝ elŝ el⊤ ŝ elŝ cap⊤

ŝ capŝ el⊤ ŝ capŝ cap⊤

, (5.17)

so the diagonal quadrants provide cross-energy scale templates within each channel

while the off-diagonal quadrants carry cross-section scale templates. Because ŝ is

non-negative, L(l,κr) captures amplitude (variance) patterns implied by the stacked

LOESS curves of Fig. 5.2 without imposing any particular correlation shape. As in
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Block 3, the design matrix contains the upper-triangular elements of L(l,κr) for each

r, contributing six L-columns per ladder that the learner can combine with the S, B,

and F blocks to recover full covariance structure.

5.2.5 Intercept, diagonal-offset, and design-matrix assembly

For each ladder l we build a design matrix X(l) ∈ Rm×p by vectorizing the upper

triangle of each block at each cardinality and stacking the resulting columns together

with a constant and the offset index:

X(l) =
[
1, vecu

(
S(l,κ5)

)
, vecu

(
S(l,κ4)

)
, . . . , vecu

(
S(l,κ0)

)
,

vecu
(
B(l,κ5)

)
, vecu

(
B(l,κ4)

)
, . . . , vecu

(
B(l,κ1)

)
,

vecu
(
F (l,κ5)

)
, . . . , vecu

(
F (l,κ0)

)
,

vecu
(
L(l,κ5)

)
, . . . , vecu

(
L(l,κ0)

)
, ξ

]
, (5.18)

where δ = vecu(Ξ) with Ξij = ξij from (5.9). The total column count is

p = 1 + 6 (S) + 5 (B) + 6 (F ) + 6 (L) + 1 = 25.

The ladder-specific target vector is

y(l) = vecu
(
C(l)

emp

)
∈ Rm. (5.19)

Finally, stacking over ladders produces the global design and target used by the

learning algorithms,

X =


X(1)

...

X(L)

 ∈ R(Lm)×p, y =


y(1)

...

y(L)

 ∈ RLm. (5.20)
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Following are some final remarks on the construction of regressors. All regressors

are on their natural (barns2) scale and no further normalization is applied prior

to fitting. The GLS block S(l,κr) encodes within-channel covariances; cross-channel

structure is learned by combining B, F , and L with the diagonal-offset column δ,

which allows the model to learn the empirical decay of correlations with increasing

energy separation. Because B(l,κ0) ≡ 0, the bias block contributes five, not six,

columns. Working on the upper triangle avoids duplication and yields m = 5253

rows per ladder; with L = 200 training ladders this gives 1,050,600 training samples

for the elementwise map (5.7).

5.3 Reassembly and nearest–PSD projection

The learning step returns, for each ladder l, a prediction for every upper–triangular

covariance element on the two–channel grid. Let n = 102 denote the total number

of evaluation points (51 elastic energies followed by 51 capture energies) and m =

n(n + 1)/2 the number of upper–triangular entries. Write the predicted entries as a

vector

ĉ(l) ∈ Rm, ĉ(l) =
{
Ĉ

(l)
ij

}
1≤i≤j≤n

.

We reconstruct a full symmetric matrix by the inverse half-vectorization followed by

explicit symmetrization,

Ĉ(l)
raw = Sym

(
vech−1(ĉ(l))

)
= 1

2

(
vech−1(ĉ(l)) + vech−1(ĉ(l))⊤

)
∈ Sn. (5.21)

Indexing places the elastic points first and capture points second, so Ĉ
(l)
raw has the

2× 2 block structure

Ĉ(l)
raw =

 Ĉ
(l)
el,el Ĉ

(l)
el,cap

Ĉ
(l)
cap,el Ĉ

(l)
cap,cap

 , Ĉ
(l)
cap,el =

(
Ĉ

(l)
el,cap

)⊤
, (5.22)
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where each quadrant is 51 × 51. The diagonal quadrants describe within-channel

covariances across energy; the off-diagonal quadrants carry cross-channel covariances

between elastic and capture.

Even though (5.21) enforces symmetry, generic regression or machine-learning

predictions are unconstrained and need not satisfy the positive-semidefinite (PSD)

requirement of covariance matrices: there may exist vectors z for which z⊤Ĉ
(l)
rawz <

0. This can occur when some predicted off-diagonal entries are inconsistently large

relative to the corresponding variances, or due to small extrapolation and numerical

errors. To ensure our machine-learned quantities are valid covariance matrices, we

project each reassembled two-channel matrix to the nearest PSD matrix [45].

For each ladder l we solve the convex projection problem

Ĉ
(l)
psd = arg min

X∈Sn+

∥∥X − Ĉ(l)
raw

∥∥
F
, (5.23)

where Sn
+ is the cone of n× n PSD matrices. The solution is obtained in closed form

by an eigenvalue thresholding of the symmetric part:∗

B = 1
2

(
Ĉ(l)

raw + Ĉ
(l)
raw⊤

)
, (symmetrize), (5.24)

B = QΛQ⊤, (eigendecomposition), (5.25)

Λ+ = diag
(
max(λ1, ε), . . . ,max(λn, ε)

)
, (clip negatives), (5.26)

Ĉ
(l)
psd = QΛ+Q

⊤. (reconstruct) (5.27)

Here λi are the eigenvalues of B, Q is orthogonal, and ε ≥ 0 is a small numerical floor

(ε≈ 10−10 in our implementation) that can be set to zero for a merely semidefinite

matrix or made positive to ensure strict positive definiteness. This projection alters

the matrix as little as possible in Frobenius norm while enforcing all covariance

constraints. By applying (5.24)–(5.27) to the full two-channel matrix Ĉ
(l)
raw—rather

∗This is the orthogonal projection onto Sn+ under the Frobenius norm. The initial “symmetrize”

step below is included for completeness: in our pipeline Ĉ
(l)
raw is assembled by mirroring the predicted

upper triangle, hence it is already exactly symmetric and 1
2

(
Ĉ

(l)
raw + Ĉ

(l)
raw⊤

)
= Ĉ

(l)
raw.

88



than to the quadrants separately—we preserve cross-channel information during the

PSD correction.

5.4 Mapped variance performance learned from

full ECSCMs

When the learning target is the full two-channel covariance, rather than only the

marginal variances as in Chapter 4, the predicted diagonal necessarily changes. The

elementwise map g(·) in (5.7) is trained to explain the entire upper triangle, so

its coefficients are shaped jointly by both on-diagonal and off-diagonal structure.

Intuitively, large or coherent off-diagonal features (e.g., broad within-channel energy

correlations or cross-channel bands) pull the learned diagonal toward values that make

the whole matrix plausible under the regressors. This is in contrast to training on

variances alone, where the diagonal is learned in isolation.

Figure 5.3 summarizes the performance of learned variances on the main diagonal

for Normal, Cauchy, and Log-Normal families. Two qualitative changes are visible

relative to Chapter 4: (i) some models previously identified as overly conservative

like OLS are less conservative than they were when fit to variances only, reflecting

the influence of off-diagonal structure during training; and (ii) other models, such

as Random Forest remain consistently conservative, as before. The “Empirical” and

“SAMMY” references behave as expected, with SAMMY under-covering and the

empirical target alignment varying depending on the chosen probability model.

5.5 Coverage in a rotated basis

While diagonal coverage reveals how well a method calibrates its variances, it does not

test whether the correlations are correct. To assess correlation accuracy, we propose
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Figure 5.3: Coverage curves of the variances (main-diagonals): empirical hit ratio
versus nominal confidence for Normal, Cauchy, and Log-Normal families, split by
train/test. Because the diagonal is learned jointly with off-diagonals, OLS is less
conservative than in Chapter 4, while Random Forest performance is relatively
consistent.
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a methodology which measures coverage after rotating residuals into a basis that the

decorrelate the residuals.

For a ladder l and sample n, let r(n) ∈ R102 be the residual vector defined in

Section 5.1. Let Ĉ(l) ∈ S102 be the method’s predicted two-channel covariance for

that ladder, and compute its eigendecomposition

Ĉ(l) = Q(l)Λ(l)Q(l)⊤, Λ(l) = diag(λ
(l)
1 , . . . , λ

(l)
102),

with Q(l) orthogonal and eigenvalues λ
(l)
k ≥ 0. Define the rotated residuals

u(n,l) = Q(l)⊤ r(n) ∈ R102. (5.28)

If the model family is correct and the predicted covariance is accurate, then in this

principal-component (PC) basis each coordinate uk should behave like an independent

univariate error with scale parameter set by a function of λk.

Under the multivariate Normal model r(n) ∼ N (0, Ĉ(l)), the rotated coordinates

are independent uk ∼ N (0, λk). For a nominal two-sided confidence level 1 − α, the

(symmetric) interval for uk is

INk (1−α) =
[
− z1−α/2

√
λk, z1−α/2

√
λk

]
, (5.29)

where zp is the standard-Normal p-quantile. We declare a hit when uk ∈ INk (1−α)

and report the empirical hit ratio over all ladders, samples, and PC indices k. When

both the shape (Q) and the scale (Λ) of the covariance are correct, the observed hit

ratio should track the nominal level across α.

This methodology can be adapted for non-Normal probability models. For

users wishing to model heavy-tailed errors, one could use the multivariate Cauchy

with scatter matrix Ĉ(l). The PC rotation (5.28) diagonalizes the scatter, yielding

independent univariate Cauchy coordinates uk ∼ Cauchy(0, γk) with γk =
√
λk. The
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central (1− α) interval is

ICk (1−α) =
[
−hα γk, hα γk

]
, hα = tan

(
π
2
(1− α)

)
, (5.30)

and hits are defined analogously.

The methodology can also be extended to non-negative probability models, such

as the Log-Normal. Let σ̂ ∈ R102
>0 be the fitted two-channel curve on E and define the

log-error vector

ℓ(n) = log
(
σtrue

)
− log

(
σ̂
)

≈ D−1r(n), D = diag(σ̂), (5.31)

where the approximation follows from a first-order (delta-method) linearization. We

therefore construct a log-scale covariance by congruence transformation,

Ĉlog = D−1 Ĉ D−1, (5.32)

rotate ℓ(n) using the eigenvectors of Ĉlog, and apply Normal intervals (5.29) with the

eigenvalues of Ĉlog.

Because the rotation uses the method’s own Q and Λ, it simultaneously probes

(i) whether the predicted correlation directions are correct (misaligned Q mixes

signal across PCs and degrades coverage), and (ii) whether the scales are right (too

small/large λk lead to under/over-coverage). The resulting hit-ratio curves therefore

serve a desirable metric for assessing the relative performance of machine learned

covariances when predicting correlations between energies and channels.

Figure 5.4 reports coverage after PC rotation, for Normal, Cauchy, and Log-Normal.

With over one million training rows (upper-triangular elements across 200 ladders),

the linear map g(·) has ample data to learn how the S/B/F/L blocks combine into

full ECSCMs. Relative to training on variances alone (Chapter 4), linear models

such as OLS show measurable gains in rotated coverage indicating that its learned

correlation structure is substantially better calibrated.
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Figure 5.4: Coverage after rotating to the method’s principal-component basis.
Normal (top), Cauchy (middle), and Log-Normal (bottom) families; train (left) and
test (right). OLS benefits from learning the full ECSCM and attains markedly better
rotated coverage than when trained on variances only. RF continues to be conservative
across the board.
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If conservatism is paramount (e.g., downstream tolerances require systematic

over-coverage), Random Forests remains a balanced option that are adequately

conservative. If efficiency is important, OLS delivers accuracy close to the nominal

line without the computational cost of Random Forests training/inference, but at the

expense of not capturing as many missed resonances as methods such as Random

Forests. Figures 5.5 and 5.6 are illustrative of this relative performance. OLS is

notably beter when trained on the full covariance regressor set.
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Figure 5.5: Elastic cross-section bands at 95% nominal confidence for four methods
(Empirical, SAMMY, OLS, Random Forest) on a representative ladder. Green dashed
curves are Log-Normal bands derived from the learned full covariance; blue solid is
the true cross section; red dash-dot is the fitted curve.
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Figure 5.6: Capture cross-section bands at 95% nominal confidence (same four
methods and ladder as in Figure 5.5). RF remains conservative; OLS strikes a
favorable accuracy–efficiency balance.
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Chapter 6

Conclusions and Future Work

This thesis asked three practical questions for resonance-region uncertainty quan-

tification. (i) How do violations of generalized least–squares (GLS) assumptions

distort evaluated cross–section covariances (ECSCMs)? (ii) How large are those

distortions for realistic departures from ideality? (iii) Can we restore statistical

fidelity by an automated post–processing step that requires no manual tuning? Using

physics–based synthetic data and a reproducible fitting workflow, we quantified the

failures, measured their impact, and built correctives that are calibrated by confidence

interval coverage.

The central contribution is a complete, reusable methodology. Given (a)

access to synthetic data such as Syndat and (b) an approved, scripted fitting

procedure such as AutoFit, we showed how to (1) measure the effect of controllable

conditions on ECSCM accuracy, (2) diagnose and select an adequate probability

model for residuals, and (3) use information across multiple resonance cardinalities

to learn cross–section covariances that capture marginal variances, correlations across

energies, and correlations across channels.

Chapter 3 used controlled synthetic studies to separate the effects of three fragile

assumptions in GLS resonance analysis: complete level identification, a correct

reaction formalism, and an accurate data covariance. The results show a steep cost
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to ECSCM accuracy when a resonance is missed (wrong cardinality) or when an

inadequate formalism is used; both induce signficant, measurable error in SAMMY-

generated ECSCMs. In contrast, reasonable misreporting of the systematic data

covariance was comparatively benign; ECSCM accuracy was fairly robust to such

errors over several orders of magnitude.

Chapter 4 established that covariance information in higher-order models uncov-

ered by AutoFit can be used in machine learning methods to correct the diagonal of

the ECSCM. Across 60–95% nominal targets, empirical coverage on an independent

test set saw measurable improvement from the GLS predicted variances. Among the

methods tried, random forests (RF) demonstrated the best balance between accuracy

and coverage conservatism.

Chapter 5 extended the methodology beyond marginal variances to the full

two–channel covariance on a fixed energy grid per channel (elastic followed by

capture). We constructed a design matrix that acts elementwise on the covariance

surface: GLS–provided channelwise ECSCMs (S), cardinality–bias outer products

(B), cross–section outer products (F ), and LOESS–predicted scale outer products

(L), augmented by a diagonal–offset regressor. After predicting the upper–triangle

entries we reassembled the full matrix and applied a nearest–PSD projection to

guarantee a valid covariance. A practical implication is worth noting: because the

learner operates on the full matrix, the recovered variances need not match those

obtained when training on the diagonal alone. Indeed, our unrotated coverage curves

showed that simple models such as ordinary least squares (OLS) is less conservative

in this setting than in Chapter 4, while RF remained consistently conservative across

data sets.

A key contribution of Chapter 5 is a way to judge the learned correlations, not

just variances. We introduced a hit–ratio diagnostic in rotated coordinates: evaluate

coverage after orthogonally rotating the residual vector and the predicted covariance

(e.g., to principal–component space). For multivariate normal errors, if Ĉ matches

the true covariance C, then the standardized PC coordinates z = Λ−1/2U⊤r are
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i.i.d. N(0, 1) (C = UΛU⊤), so nominal one–dimensional intervals must achieve the

nominal coverage. Departures in the rotated curves therefore diagnose correlation

misspecification. We demonstrated how to extend this methodology to non-Normal

probability models such as the Cauchy and Log-Normal. Applying this diagnostic

showed that, with the abundance of training data available for the full–matrix

task, OLS closed much of the gap to RF in rotated space: coverage is closer

to nominal while maintaining substantially lower computational costs. If strict

conservatism is paramount, RF remains the best choice among the tested models; if

efficiency is important, OLS provides materially improved accuracy for significantly

less computational cost.

Across calibration tests the log–normal model was an adequate and physically

coherent probability model: it matched the empirical hit ratios as well as the

alternatives while guaranteeing non–negative bands. The final figures in Chapter 5

demonstrate that the learned full covariances produce realistic, log–normal confidence

bands for both channels that track true cross sections and widen near resonances that

were missed by the AutoFit final cardinality model.

6.1 Future Work

Several opportunities remain, each naturally integrated into the present framework.

First, we propose extending the model adequacy study beyond the models tested

here. This thesis provides a framework for measuring the accuracy of any probability

model of interest. Future work may be able to identify a probability model that more

accurately characterizes empirical residuals without the need to change distribution

parameters as a function of nominal confidence.

We recommend future research explore the use of neural networks as a candidate

model to be compared with the machine learning methods tested in this thesis. The

framework presented in this thesis can be used to test a variety of neural network

architectures and hyperparameter sets.
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We propose adapting the workflow to uncertainty quantification of angular

distributions. The framework presented in this thesis could be easily extend to

uncertainties on measures other than cross-sections. Extending these methods

to assess the accuracy of angular distribution covariances would be a meaningful

contribution to the nuclear data community. Likewise, the methodology presented

in this thesis could be extended to additional nuclides and to different resonance

windows.

The methodology could also be applied to resonance windows at higher or lower

energies. Doing so would not only provide calibrated covariance estimates in those

regions, but would also enable a direct comparison between two approaches: (i)

applying parameters learned in one energy region to another (extrapolation), and

(ii) relearning parameters directly in the new region. The degree to which these

two agree would indicate how confidently the methodology can be generalized across

energy ranges, and where it may require re-training. This comparison would offer

a principled way to test the robustness of the learned mappings beyond the specific

window studied here.

The emphasis of this thesis has been methodological. We established a trans-

parent, reproducible path from synthetic benchmarks to calibrated uncertainties

for evaluated cross sections. These tools represent a fully reproducible framework

for accurate, repeatable uncertainty quantification of evaluated cross-sections in the

resolved resonance region.
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