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ABSTRACT

A detailed analysis of the propagation of elastic waves in flawed materials is
presented in this dissertation.

After a thorough review of various analytical and numerical procedures, a
computer code, JUNA, has been developed for the computation of wave propagation and
interaction in two-dimensional closed systems with flaws. Care has been exercised to
validate the code by comparison with analytical and experimental results. Upon
performance of these tests, the code was found to be stable, robust and consistent with the
expected features associated with elastic wave propagation. In particular, excellent results
were obtained in the detection of cracks.

The code validation step also led to the conclusion that its output does in fact
provide a convenient way for the visualization and analysis of wave propagation in flawed
systems.

One of the first applications of the code JUNA, has been the modeling of finite-
size transducers.

Parallel to the above development, new, modern signal analysis methods, of
immediate application to Nondestructive Evaluation (NDE) techniques, were implemented
for the evaluation and understanding of the JUNA output, by means of the Gabor Short
Time Fourier Transform (STFT) and Continuous Wavelet Transform (CWT). Based on
these methods, a procedure for the measurement of the dispersion law for ultrasonic

pulses was developed and applied to specific measurements.
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This particular development was made possible by the introduction of wavelet-like
pulses as excitation sources, containing a wide spectrum of input frequencies.

The combination of the JUNA code, the Gabor STFT and CWT allowed the study
of Lamb waves in thin plates.

The basis for the extension of the code to cylindrical geometry was developed,;
however, both its numerical implementation and that of the propagatioﬁ of elastic waves

along interfaces, await future developments.
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CHAPTER 1

Introduction

The propagation of elastic waves is an important phenomenon in engineering and

in many branches of the physical sciences. In the last few decades this fact has been

increasingly recognized, which has led to a considerable growth of both interest and

research activity in this field.

Elastic waves propagate in solids, liquids and gases, and so the whole range of
technological materials are assessable. In recent decades, several important technological
and scientific developments have motivated a renewed interest in this field. In engineering

applications there is a continually growing need for information on the performance of

structures subjected to high rates of loading. In seismology more accurate information on
earthquake phenomena and improved prospecting techniques are needed. Studies on
surface waves and waves in waveguides have stimulated the development of electrical
devices. This wide range of applications is because the elastic wave propagation
phenomenon, in its various forms, occurs in a wide range of wavelengths - from 40 km
(seismology) to 0.05 mm and below (electronics). As it will be seen in the next chapters,
for relatively rigid materials the stiffness constants are of the order of 10" newtons/m* .
For a typical mass density p in the neighborhood of 4,000 kg/m’ , the shear wave velocity
is therefore of the order of 5,000 m/s. The typical wavelength is then A, ~ 5x10° meters,
or 50 microns, at a frequency of 100 MHz. These values are approximately 5 orders of

magnitude smaller than the equivalent quantities for electromagnetic waves, and it is just
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this property of elastic waves that makes them so attractive for many technological

applications. Analytical work on the diffraction of ultrasonic waves by flaws began to play
an important role in methods of nondestructive evaluation of structural elements. In non-
destructive testing and evaluation (NDE), the interaction of pulses of ultrasound waves
with the material surface and volume features should provide a good means of
characterizing those features and determining important parameters like crack depth - and
size as well as its position. In recent years the aim of the ultrasonic nondestructive
inspection has shifted from merely to detect defects which may lead to a failure of the
system, towards identification of what is seen by nondestructive techniques, although the
impossibility of a complete analytical treatment of the interaction of the elastic waves
greatly hinders interpretation of the experimental results. On the other hand, in many
industries the integrity of structures such as pressure vessels and pipes is of vital
importance, and elastic waves are commonly used to test them. In the nuclear power
industry in particular, in recent years there has been a continually growing need to estimate
the current state of the aging structural components of nuclear plants in order to predict
the service life and provide a reliable and safe operation of the plants. Many different
factors contribute to the degradation of structural materials such as (i) irradiation effects;
(ii) operation at high temperature; (iii) corrosive environment; (iv) loading conditions
(fatigue and wear), etc. Along with the degradation the appearance of cracks can vastly
reduce the strength of the components material and may cause serious faults in the related
systems. Therefore, it is of crucial importance to develop reliable and relatively non-

expensive on-line and off-line methods for evaluation of the current status and changes in
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the properties and integrity of the structural components materials directly which closely

relates to their reliable and continuous operation. NDE can serve those purposes as well as

many other cases when the material integrity is required to be estimated (e.g. in weld

inspection after manufacture or repair).

1.1. Implementation of Ultrasonic Elastic Waves for NDE Purposes

In recent years ultrasonic wave interactions with elastic media found increasing
implementation to evaluate material properties. This application has proven to be efficient,
fast, reliable and inexpensive [1,3]. The basic quantities to be measured are the
attenuation o(w) and the wave phase velocity dispersion curve v(®). A sample of the
material under investigation is usually immersed in an elastic liquid (in most cases water)
and either the transmitted signal or reflected from the sample (pulse-echo experiment) is
measured, and the result is compared with the reference signal (without a sample).
Essentially three different scan modes are used for measurements:

A-scan mode, representing the amplitude of the signal (usually voltage) versus the time;

B-scan mode, representing a 2D plot of the color coded amplitude versus position and
time;

C-scan mode, representing the amplitude or time-of-flight (usually color coded) versus
2D posttion.

For the analysis of the obtained data, frequency spectral techniques are used (most
often Fourier transform). The material properties and defect parameters may be extracted

from a(w) and v(0). An important step in the evaluation is the development of a model



relating the measured quantities with the quantities of interest. For instance, in the case of

composite materials’ measurements, various models have been developed for the purpose

of gauging the composite layered media [108, 109] or to evaluate the elastic stiffness
constants [110, 111]. Since the B- and C-scans produce a huge amount of data,
representing in general non-stationary signals, the Gabor Short Time Fourier Transform
(STFT) and the Continuous Wavelet Transform (CWT) can play important role for
simplification and speedup of data analysis and may increase the resolution of the
measurements.

In the light of the discussion above, the ultrasonic applications for NDE purposes
may be stated as follows:
(i) - thickness gauging - based on the known velocity and measured time-of-flight;
(ii) - material properties’ characterization, e.g. measurement of the elastic stiffness
constants;
(iii) - flaw detection and classification. The flaw types include voids, cracks, delamination
regions (vacations or other defects in crystals, delamination regions of porosity in

composite materials, etc.).

1.2. Numerical Modeling of the Wave Propagation and NDE

In all cases where the ultrasonic techniques are used, the modeling studies play an
important role by providing:
a) physical insight into the nature of ultrasound wave interactions,

b) design data for planned ultrasonic tests;
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¢) simulation results for ultrasonic testing situations too difficult or expensive to replicate

in the laboratory;
d) benchmark studies for the validation of defect characterization and property evaluation
schemes.

Unfortunately, most NDE situations of practical interest preclude the use of
classical analysis techniques based on plane wave considerations and scattering from
idealized defect shapes. The modeling of ultrasonic NDE systems must include the ability
to account for finite transducers apertures and complex defect geometries. These goals
can be achieved only through properly applied numerical methods. Moreover, with the
recent development in the field of Artificial Intelligence (AI), in particular Artificial Neural
Networks, the modeling studies can provide necessary data, which may be used as a
foundation of the automatic ultrasonic signal analyses with a very wide range of
applications.

To achieve all these goals NDE requires further development in order to increase
the efficiency and reliability of experimental data examination and to provide additional
opportunities for data acquisition and interpretation. Though the wave propagation in
homogeneous isotropic and anisotropy materials is well understood analytically
[1, 3, 7-10, 13], the accurate analytical treatment of the wave propagation in many cases
of practical interest is essentially impossible and development of numerical models
becomes important for further NDE progress and for the computerization of data

acquisition and analysis.



1.3. Objectives of the Present Work, Contributions and Structure of

the Dissertation

Motivated by the wide opportunities for ultrasonic applications, in particular for
crack and delamination detection and for evaluation of material properties together with
the substantial advances in signal processing techniques, we established the objective of
this dissertation to be as follows:

1) To develop an accurate numerical treatment of ultrasonic wave propagation in flawed
media with finite sizes in two dimensions by using the finite-difference approach for
solution of the wave equations and modeling the material boundaries.

2) To develop a realistic representation of the ultrasonic pulses used in practice and to
study the model behavior when interaction of these pulses with material flaws and
boundaries is modeled.

3) To apply time-frequency and wavelet techniques for the analysis of ultrasonic
measurements.

The main contributions of the present work may be stated as follows:

1) Based on the finite difference approach, an algorithm was developed for solution of the
wave equations in two-dimensional Cartesian geometry, and a computer code JUNA was
developed for computation of the solution, representing propagating waves in the medium.
The numerical scheme was tested up to 30,000 time steps and does not give rise to any

instability.

2) A model for representing infinitesimally thin cracks and delaminations in the medium
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was developed and implemented in the code JUNA. This scheme also was checked and

does not cause any instability.

3) Analytical expressions for three-dimensional wavelet pulse, representing an exact
analytical solution of the wave equations, was developed and implemented. Both plane
wave excitation and surface source waves excitation of compression and shear wave

modes, developed in the code JUNA, were analyzed in detail.

4) A set of dimensionless variables was introduced in the model in an effort to keep the
roundoff error small and to provide an opportunity for computation in a wide range of

parameter values.

5) The Gabor STFT was applied for analysis of the signal generated due to tangential
stresses on the face of parallel to the free surface of a solid crack and allowed us to verify
the analytically predicted peaks in the frequency distribution of the displacement
component tangential to the crack face, which were found to be a function of the ratio d/a,

where d is the crack depth and a is the length of the crack.

6) The angular distribution of the amplitudes of a compression elastic waves diffracted
from a crack tip was calculated and compared with the analytical predictions and

experimental measurements.



7. A method was developed based on the Gabor STFT and CWT for calculations of the
dependence of the elastic wave velocity by the frequency and wave mode characterization
in two cases: on the generated by JUNA Lamb waves and on experimental data from
through-sample transmission ultrasonic measurements, when the sample is a SiC/SiC

composite material.

This dissertation is organized as follows:

Chapter 2 contains a review of the existing, most commonly used theoretical and
numerical methods of solving wave propagation problems with a short description of the
mathematical foundation of each method. It also gives the mathematical foundation and
explicit formulation of the methods used in this dissertation, mainly STFT and CWT.

Chapter 3 gives the details on the finite-difference method developed in this
dissertation and a discussion of the conditions for accuracy and stability of the numerical
algorithm. The explicit expressions for the finite-difference approximation of the wave
equations and the boundary conditions in Cartesian and cylindrical two-dimensional
geometries are given.

Chapter 4 gives a detailed analysis of the methods developed for the study of the
elastic wave excitation and propagation which have been implemented in the computer
code JUNA. Cases of parallel to the surface cracks, surface breaking cracks and Lamb
wave modeling are presented. These, as well as a set of experimental data are analyzed by
using the Gabor Short Time Fourier Transform (STFT) and Continuous Wavelet

Transform (CWT) and the corresponding conclusions are made for the applicability of the
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numerical model and the use of the STFT and CWT methods for signal analysis.

Chapter 5 describes the original features of the present work and contains the

main conclusions reached. Future research and applications of the present work are also

discussed.

Appendixes provide additional information used in the dissertation. Appendix A
gives the finite difference approximations used in the development of the finite difference
model in Chapter 3. Appendix B gives detailed description of some types of guided
waves such as Rayleigh waves, Lamb waves and Stoneley waves. Appendix C describes

the input - output features of the code JUNA.



CHAPTER 2

Theory of Elasticity. Fundamentals of Short Time Fourier Transform
and Continuous Wavelet Transform

In the first section of the present chapter the mathematical foundations of the
theory of elastic waves propagation as it is considered by the acoustics theory will be
presented and the basic mathematical terms and equations, used further for elastic waves
propagation and interaction modeling, will be discussed. In the second section the
mathematical theory of the Short Time Fourier Transform (STFT) and the Continuous
Wavelet Transform (CWT) will be established in a way to clarify their further use for

ultrasonic signal analyses.

2.1. Theory of elasticity

All material substances are composed of atoms, which may be forced into
vibrations about their equilibrium positions. Many different patterns of vibrational motion
may exist at this atomic level. However, in the present work we will be concerned only
with material particles that are small but yet contain many atoms, moving in unison.
Therefore, we will deal only with macroscopic phenomena, which is the topic of the

acoustics, and is formulated as if matter were a continuum’ .

" Structure at the microscopic level is of interest only insofar as it affects the medium’s

Macroscopic properties.
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2.1.1. Gradient Matrix and Strain

When the particles of the medium are displaced from their equilibrium positions,
internal restoring forces arise. It is the elastic restoring forces between particles, combined
with inertia of the particles, which lead to oscillatory motions of the medium. The particle
motions at each position and time may be characterized by particle displacement at a given
point at given time instant z. Thus, the elastic motion of the medium can be described
mathematically by a continuous vector variable U - the displacement vector field.

Let assign to each particle an equilibrium position vector L and a displaced

position vector ] ( L,?), measured from some point of origin O, as shown in fig. 2-1.

The vector / is, in general, a time varying quantity and is also shown as a function
of L. Both L and 7 are continuous variables. The displacement of the particle located at
L is therefore
UL,»)=I(@,)-L. (2.1)

Since the term ‘material deformation” is understood to apply only when particles
of a medium are displaced relative to each other, it is necessary to eliminate the rigid

translations and rotations, where all particles of the body maintain their relative positions.

Therefore U in its form (2.1) does not itself provide a measurement of the material
deformation. The rigid translational displacements may be eliminated [1, 3, 7-11, 13] by

considering the differential form of (2.1) at constant ¢
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Particle a
Particie b

(deformed state)
- -
ar(L,t
- >
du(L, v
N U(L+dL,
LY
dL ;
o L .\'\—‘ Particle b
Particle a
(equilibrium state)

Figure 2-1. The displacement field between two neighboring points in a

particular time instant inside the medium.

dU(L,7)=dl (L,t)-dL. (2.2)

Fig. 2-1 shows the displaced particle positions at a particular instant of time for
two neighboring particles @ and 5. It is seen that for rigid translations since U(L,?) and

U(L+dL,r) are equal, d U(L,?) is zero. Eq. (2.2) can be written in the form
dU(L t)——5- U(L,1)dL, 2 UL, 1)dL, 2 U(L,1)dL, (2.3)
b aL b alQ b aL3 b > .

1

where dL; , dL,, dL; are components of d L with respect to some orthogonal coordinate
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0 - = . . .
system, and a—U(L, 1) = 0. In rectangular Cartesian coordinates we use the notation
t

UL, 1) = U (L, 1) + YU, (L, 1) + 2U3(L, 1),

where subscript i (=1, 2, 3) denotes the corresponding vector components with respect to

X-, Y-, and Z- axes respectively. Since %,J, and 7 are constant ~, (2.2) in a matrix form

becomes
dU, (L, 1) dr,
dUZ(I:,t) :8@90 dL, |, (2.3)
dU;(L,1) dls
where
[oU(L,t) UyL,r) oU(L,1) ]
x ¥y &
t=| 2l oD AR 29
dU5(@L,t) dUs(L,t) 0Us(L,7)
| Ox oy oz |

Equation (2.4) defines the displacement gradient matrix. Using (2.3), d U(L,?) may be

calculated for any two neighboring particles from their equilibrium spacing dL (fig.2-1).
As a measure of material deformation, £(L,7), given by (2.4), is deficient in one
respect. It does not go to zero for rigid rotations [1, 3, 7-11, 13]. A quantity that meets

this requirement is the scalar quantity A = di(L,y)-dL, or a more convenient one

" A case of cylindrical coordinate system, when they are not constant, will be considered
separately below.
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A=di?(Ly-@L)?,

and this is customarily defined as deformation.

In rectangular Cartesian coordinates

dlj =dL; +dU; = dL; + Uy dL, + o0, dL, +—L ! dL;, (2.5a)
ox oy 0z
dly =dL, +dU, = dL, + —2 Uy dL, + Uy —2dL, +—2% Yz dLs, (2.5b)
ox By oz
dly = dL; +dUs = dLs + Us dL, + 9Us dL, +§—U—3dL3. (2.5¢)
x By oz

Therefore, we get

2 2 2
dllz = dL21 + Kﬁj dL21 + (—a—U—l] dL22 + (%} dL23 +2§U—1-dL21 i § aUl dleL2
aLl 5L2 aL3 oL aL
4 5U1 dleL3 ?_U__EU_dleL aUl _a_U_ldleL3 + _aﬂ%szdL
L3 oLy oLy dLy 8Ly 3L, BLs

Similar expressions are obtained for the other components d/; . Finally, for the quantity A

we get
A = (dN)? - dL? = (df))? + (dh)? + (di)? - d1} - dL3 —dI3
2 2 2 2 2 2
) (aul) +[6U2] {amj 4,001 a2+ aul] +[5U2) {au-_;j 2002 a3
AL, a, aL, oL, L, oL, aL,y oL,

2 2 -
. (a_Ulj +[6U2) +(6U3J , U3 a3+ 2 dU , 8U, , 80y 3Uy 08U, 0V, dLdL,
oL, oL, ALy “a 3 oL, oL, dL L, oL oL,

— 1
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8Us , U,  8Us 8Us _ 8U, 8U,
oL, 0Ly 8Ly Ly OL, oL,

ou; 0Us; 0U;dU; 06U; dU;
+2 + + +
oLy 0L oL dLy 0Ly dLy

}dleL:; + 2[

which, in matrix form, can be written

S11 S12 Syz | dLy
A =2{[dLy,dL;,dL3] S3; Spz Sp3| dL,
S31 Sz S33) dLs
= 2811dL21 + 2522dL22 + 2533(11%; + 2(512 + SZl)dleL2 + 2(513 + S31)dleL3 . (26)

+2(S32 + Sz3)dL2dL3
Since only sum of the off-diagonal elements appears in (2.6), the matrix S may be chosen

to be symmetric without loss of generality [1, 2, 7, 10], 1. e.

oy; +5Uj + % 5Uk 5Uk
6L_] 8Ll k=1 aLl 6LJ

S(L,7) = %[ J,i,j =1, 2, 3. (2.7)

The Eq. (2.7) determines the strain matrix S, and it is seen that

3 .
A=2 ZSU(L,t)dleLJ s (2.8)

1,)=1

i.e. the strain field determines the deformation A in terms of the particle displacements
U(L,?), and reduces to zero for all rigid motions [1, 2, 3, 7-11].

Despite of the fact that for some materials, like rubber, displacement gradients
greater than unity are easily to reach, with more rigid materials, however, the displacement

gradient must be kept below the range 10™ to 10” if permanent deformation or fracture

is to be avoided [1, 3, 7-11]. For displacement derivatives much smaller than this range,
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the quadratic terms in (2.4) are negligible and the linearized strain-displacement relation

- 1l au. OU;
Si(L, ) = —| —L+—21 ij=1,2,3. 2.9
ij(Ls?) 2(5Lj aLJ 1) (2.9

can usually be used” . Moreover, since dL; =dJ; - dU;, the partial derivative of U; with

respect to L; in (2.9) differs from %Ilj—l only by quadratic and higher order terms [1, 7-11]
j

-1
oy; _ ay; (1_ an] |
oL, o\

For linearized theory there is therefore no need to distinguish between components of the

deformed position vector / and those of equilibrium position vector L . That is

Lz/=%x+yy+2z=T

i

in rectangular Cartesian coordinates. The linearized strain-displacement relation therefore

becomes
ng%(%+%),i,j=l,2,3. (2.10)
In the same approximation the displacement gradient matrix (2.4) becomes

(2.11)

oU;
£;(T,t) = —*.
rj

" In nonlinear acoustics, it is often necessary to use (2.4) instead of (2.9), as it is in [4, 5,

6].
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As it can be shown [1, 2, 7, 10], further analysis of the transformation properties of the

quantities S and £ proves that both S and £ are second rank tensors. The analysis of the

equations (2.10) and (2.11) [1-3, 7-11] shows that S represents the symmetric part of €.

More precisely

t=S+o,
where
O
mij:l[g— JJ,C\)U=-O)J]. (2.11&)
2 OTJ ari

As the way introducing the material deformation shows, the antisymmetric matrix o does
not affect the medium deformation, and represents the equivoluminal part of the

propagating elastic wave' .

2.1.2. Stresses.

There are essentially two different methods of exciting acoustic vibrations in a
material body: (a) by applying long-range body forces acting directly upon particles in the
interior of a body; and (b) by applying a surface forces at its boundary. The last case is
commonly used for NDE purposes and will be considered below.

In the case of traction (or surface) forces the applied excitation does not act
directly on particles within the body but is transmitted to them by means of the elastic

forces (or stresses) acting between neighboring particles. Like the traction forces applied

" This part of the wave, related to the shear wave, does not exists in liquids and gases.
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at the boundary, the stresses between particles act upon a surface rather than a volume and

may therefore be described as internal traction forces.

In order to define the stresses acting on an arbitrary oriented surface, let consider
the tetrahedral volume element in figure 2-2. Three of the faces are normal to the
rectangular coordinate axes and the fourth face has its outward-directed normal
fi = (n},n,,n3) in an arbitrary direction. The fourth face, of area 3S, , may be an arbitrary
oriented area within the body or may lie in the boundary surface.

Forces acting on the volume element 8V include traction forces on the surfaces
8S«, 8S, , 8S,, S, and a body force density p F§V , which may include both applied and
internal force terms. Let G;, (i=1, 2, 3) denotes the stress components of the stress o,,
acting on a surface normal to 1 (fig. 2-2). Considering the forces all to be in balance, we

obtain along X-axis

GmSSn—cuSSx—GIZSSy —013BSZ+pF16V= 0. (212)

Here and below o;; (1,j = X,y,z) are the stress components of a stress applied at a point. In
a vibrating medium, these are always functions of spatial position. According to the
definition, o; (T,t) is the i component of the force density acting on the +j face of the
infinitesimal volume element at position T . This convention for the index order is the same
as in references [1, 7, 8 and 9] . If the volume element is allowed to approach zero, the

body force term drops out because 8V goes to zero faster than the 8S's. Since 8Sy is the

" However, the opposite convention is also used as in [10, 11].
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projection of 3S, on the YZ-plane (fig.2-2)
3Sx =n; 6S,

Similarly

8Sy = my 68y, 6S; = n3 65,

and then (2.12) becomes

Figure 2-2. The stress acting on an arbitrary surface 8S in the interior of a body.
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Clp = 0110 +O12N +Cy3n3. (213)
Repeating this calculation for Y- and Z-directions yields

Gyp = 02101 +Opo1p + G303, (2.14&)

G3y = 03)h) + G320 +0O33n3. (214b)
In matrix form (2.13)-(2.14) become

5] O11 O12 O3 M
ta|=1021 ©C22 O23|N2|.
t3 031 ©O32 03303

(2.15)

Equation (2.15) may be written in a form

1!
"
Q
B

where t is the traction force acting on a surface with normal fi and o is the stress-matrix.
The last equation represents the well known Cauchy formula for the stress-traction

relation.
The analysis of the transformation properties of the stress-component matrix ¢ [1,

7-11] shows that it is a true second-rank tensor.

2.1.3. Translational Equation of Motion.
Consider a vibrating material particle of arbitrary shape, with volume 8V and
surface area 8S. The forces associated with its vibration are a body force density pF&V

and traction forces applied to its surface by the neighboring particles. Using (2.15) and the
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Newton’s Law, we have
b

- 820
[o.fdS+ | pFdV = jp—z, (2.16)
5S Y sv Ot

where p is the equilibrium mass density of the medium’ . If the particle volume is

sufficiently small, the integrands of the volume integral in (2.16) are essentially constant,

and
[o.7ids ”er
63 a U =
= -pF. 2.17
5V p 2 P (2.17)

The limit of the left side when 6V—0 is defined as the divergence of the stress [1, 2], i.e.

[o.0dS
V.o = limgy 85

oV

and (2.17) becomes

3*0

Al (2.18)

V.o +pF =p

Equations (2.18) represent the translational equations of motion for a vibrating medium,

and it is independent of the coordinate system used.

2.1.4. Rotational Equations of Motion .

Let consider a body torque acting on a particle, together with the torques arising

" Changes in the particle volume due to deformation lead to first order changes in the mass
density, which can be ignored in linearized analysis [1, 7-11].
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from traction forces acting on the particle surface. Figure 2-3 shows the Z-component of
these torques for a rectangular particle. The net traction force is (021 - 612)8x0ydz and the

rotational equation of motion is therefore

2

(021~ 012 + G;)0x0ybz = I, —-0,,

a2
where G, is the Z-component of the body torque density, 6, is the rotational angle about
Z, and I, = pdx8y8z(6x> + 8Y)averge is the moment of inertia about the Z-axis. As

8x, 8y, 8z — 0, I, goes to zero faster than the volume of the element, and the equation of

motion reduces to
G21 - O12 + Gz= 0.

Analogous results are obtained for rotation about the X- and Y- axes, giving the general

rotational equation of motion
Gy - Oji + Gk = O, (2 19)

where subscripts occur in the cyclic patterns as shown in Table 2.1.

Table 2.1. Index rotation in Equation (2.19).

i J k
1 2 3
2 3 1
3 1 2
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The rotational equation of motion (2.19) shows, first of all, that there are no

inertial effects associated with particle rotation. This paradoxical result cames about
because the inertial forces decrease faster than the torques when the elementary volume
approaches zero. Another consequence from (2.19) is that the stress matrix is not
symmetric (o;; # O;) only when body torques are present. Such torques occur in media
with permanent electric or magnetic polarization (ferroelectric or ferromagnetic materials).
However, even in strongly polarized materials the body torques Gy are going to be of
negligible importance in linearized vibration theory, and they will be neglected. Under
these conditions the stress matrix is always symmetric, and particle rotation plays no part

in the dynamics of the vibration.

(o7

60,
[0-21 5)(

x0by 8z l ‘—\ b 00 bx
‘/ NERE Y ZJX

.- 0,

v

60, &
12 _6—X_ '_Zx:'ax 0z

Figure 2-3. Torques along Z-axis for derivation of rotational equation of motion.



2.1.5. Hooke’s Law

For small deformations it is an experimentally observed fact that the strain in a
deformed body is linearly proportional to the applied stresses (Hooke’s Law). As
increasing deformations are imposed, the relationship between strain and stress becomes
increasingly nonlinear, but the body still returns to its original state when the stress is
removed. This is the region of linear and nonlinear deformation (fig. 2-4). If, however, the
strain is increased past a certain limit, typically in the range 10 to 10 for relatively rigid
materials, the deformation becomes permanent (plastic deformation) and the body
ultimately fractures. Of interest for the acoustics is the region of the linear elastic
deformation, where the Hooke’s Law states that the strain is linearly proportional to the

stress, or conversely, that the strain is linearly proportional to the strain. In general

3
Oij = Zcijklskl , i,j, k, 1= 1,2,3. (2.20)
k,l=1

The quantities c;j are the elastic stiffness constants. They have small values for easily
deformed materials and large values for very rigid materials.
Conversely to (2.20)

3
S = 2 suiCij» b, k, 1=1,2,3. (2.21)
i,j=1

In this case sj are the compliance constants. The analysis of the transformation properties
of S and C shows [1, 2, 7, 10] that both matrices are fourth rank tensors. It is seen from

(2.20) and (2.21) that
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Figure 2-4. Typical strain-stress dependence for a rigid body with the regions of linear

and nonlinear stress-strain relation and the region of plastic deformation.

s=cC’,
i.e. the compliance matrix is simply the inverse of the stiffness matrix. Both matrices

contain 81 constants each. However, they are not all independent. When the symmetry

conditions are satisfied, o; = oj; , and S;=S;i , which due to the Hooke’s Law leads to
Cijki = Gjikl = Cijik -
Similar argument shows that

Sijit = Sjikl = Sjjik -
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These conditions reduce the number of independent constants to 36. It can be also shown
[1, 7-11] that

Cijkl = Ckiij » Sijkt = Sklij »

which reduces the number of independent constants to 21. This is the maximum number of

constants for any medium [1, 7-11]. Table 2-2 shows the number of constants for some

anisotropic structure systems.

Table 2-2. Number of independent constants for some structure systems.

The symmetry of the stress and strain matrices together with the compliance and
stiffness matrices’ symmetry implies that two and correspondingly four matrix indices may

be reduced to one and two respectively, according to the rule shown in table 2-3 [1, 7].
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The general relations (2.20) and (2.21) then become

p 6 1if 1, =123
o1 = ZCUSJ, S;= ZSUUJ,I= 1,.,6, s;y =<2ifor J = 4,56 . (2.22)
=l 1= 4if Iand J = 4,56

In order to distinguish between abbreviated and

Table 2-3. The relation between
the full and abbreviated
subscripts.

regular subscripts, we shall further denote the

abbreviated subscripts with capital letters such as I,

J etc. = 1, ..., 6. The regular subscripts will be

denoted with lower case letters, as 1, j etc. = 1, 2, 3.

The introduction of abbreviated subscripts is widely

; used in the literature and certainly provides
} 4 23, 32

economy of space and facilitates the algebraic

manipulations. The matrices Cuy (su

6 12, 21

correspondingly), however, do not represent true
second rank tensors. In order to avoid additional efforts in performing coordinate
transformations, W. L. Bond [12] has developed an efficient matrix technique for
transformation of ¢y, sy, o7 and S; without necessity of the full subscript restoration.

~hristoffel Equdti | Christoffel Matri

Introducing the wave velocity by

<
I
Q’IQ)t

=2 7=



we obtain after differentiation with respect to ¢ (2.20) and substituting the result in

differentiated with respect to t (2.18)

331 (av av,) &*V, oF
—C;; + = -,
2 X Ukl( o | on [ %) P

(2.24)
j=lk,1=12

In a force free region (F; = 0), a uniform plane wave propagating along the direction

I = %I+l + 21 has field proportional to €' ®"K-D where i = -1. In this case the

differentiation with respect to r; reduces to multiplication by -7k/;i correspondingly. The
derivation with respect to 7 reduces to multiplication by -i®. Substituting these results in

(2.24), we obtain

1
2 Ecijkl(_kz)(llvkl Vi) = -po?V; |
)kl

Introducing the matrix

4 0 0]
0hL 0
SRR A A
L0}
L§ o

(2.25)

where superscript T denotes transpose operation, and using the abbreviated subscripts, we

obtain [1, 3, 7-11]
K (I cx b )V, =K T Vi=po® Vi (2.26)
Equation (2.26) represents the Christoffel equation. The matrix
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I = lix cxo I 2.27)

is the Christoffel matrix. Its elements are function only of the plane wave propagation

direction and the stuffiness constants of the medium.

2.1.6. Problem Statement in Dynamic Elasticity. Uniqueness of the solution

We consider a body B occupying a regular region V in space, which may be
bounded or unbounded, with interior V, closure Vand boundary S. The system of
equations governing the motion of a linearly elastic body consists of the stress equations
of motion (2.18), Hooke’s Law (2.20), and the strain-displacement relations (2.10). If the
strain-displacement relations are substituted into Hooke’s Law and the expressions for the
stresses are subsequently substituted in the stress equations of motion, we obtain the

displacement equations of motion

3 83Uy 3y,
—| ciit1 —> |+ poF: = — -1 s 2.28
arj [Clﬂd o, } pPri =p 32 ( )

where it is assumed summation over repeated indices.

In general, we require
Ui (T, 1) € 2(VXT) ~2(VxT) (2.29)

Fi(T,t) € 2(VxT), (2.30)

where T is an arbitrary interval of time. The class of functions defined by £ (R) consists of

all tensor-valued functions of any order that are defined and continuous on a subset
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defined by R. For a positive integer n, £" (R) consists of all functions in £ (R) whose partial
derivatives of order up to and including n exist on the interior of R, and there coincide
with functions belonging to £ (R) . If the displacement does not satisfy the smoothness
requirements (2.29), separate relations must be satisfied by the discontinuities.

On the surface S of the undeformed body, the following boundary conditions are

most common:

(i)-displacement boundary conditions - the three components u, v and w are prescribed on

s.

2

(ii)-traction_boundary conditions - the three traction components t; are prescribed on S

with unit normal n. Through Cauchy's formula (2.15) ti = o;; n; it is seen that this case
actually corresponds to conditions on three components of the stress tensor; in particular,
in order to describe cracks in the medium it is necessary to apply zero-stress boundary
conditions when the normal and tangential components of the stress tensor are zero;

(iii)-mixed boundary conditions-(i) is applied on part S; of S and (ii) on the remaining part

S-S,.

Other boundary conditions are also possible [13]. However, as it will be shown
below, for the NDE purposes it is enough to deal with the conditions described above.

To complete the problem statement, we define initial conditions; in V we have at

timez=0

3U(7,0)

U(7,0) = Uy(7), =U(7). (2.31)

It is not difficult to show that the solution of the problem stated above satisfies the
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criterion of uniqueness for an appropriate set of boundary conditions. For a discussion of
the uniqueness theorem we refer to the proof due to von Neumann, which is based on
energy considerations [13, 17]. For a discussion of the uniqueness theorem for an
unbounded domain we refer to the paper by Wheeler and Sternberg [18].

In addition to the conditions stated above, we shall deal with interfaces between
media with different elastic properties. The mathematical representation of the interfaces is
provided by the requirements that the displacement components together with their first
spatial derivatives are continuous along the interfaces. In terms of the elasticity theory the
last condition is provided by the continuity of the corresponding stress components in the
media at the both sides of the interface at each interface point. The explicit expressions for
the interface in 2-dimensional Cartesian and cylindrical geometry will be stated in sections

2.1.7 and 2.1.8 respectively.

2.1.7. Elastic Wave Equations in 3- and 2- Dimensional Cartesian Geometry in
Isotropy Medium
Combining the linearized stress-strain relations (2.10), the translational equations
of motion (2.18) and the Hooke’s Law (2.20), one may obtain the following system of
second order partial differential equations for the displacement components

8*U,

- 232
- (2.32)

cija U jj +pfi = pU;, Uy gy =

where it is assumed that c;; is homogeneous. In fact, in the case of linearly elastic medium

it can be shown [1, 7-11, 13] that the stress-strain matrix C becomes

-31-



bin:
Pl i k1=1,23, (2.33)
j

» .

Cijkt = MO0 + W(Oudjn + Bibjx), Sij = {

and a summation over the repeated indices is assumed.
Using the abbreviation indices notation, it is seen that in that case there are only
two independent constants, mainly c;; = A, C4=H, and the relation cj2=ci; - 2¢44 is proven
[1, 7] to be the /general elastic isotropy condition. The stiffness matrix for isotropy medium

in abbreviated notation therefore becomes

‘ [A+2u A A 0 0 0

| A A+2n A 0 0 0

| A A A+2u O 0 0
C= H (2.34)

0 0 0 m 0 0

0 0 0 0 u 0

.0 0 0 0 0 TR
The Hooke's law then assumes the well-known form

Oy = 7\.8kk5gj+ UE;;. (2.35)

Equation (2.35) contains two elastic constants A and p, which are known as
Lamé's elastic constants. The relations between A and p, and the commonly used in
engineering practice Young modulus E, bulk modulus B and Poisson ratio v, are shown in

table 2-4. Using (2.33) and (2.35), the system (2.32) can be rewritten in vector form

=5 _. - 9T
uVAT + (u+A)VV. 0 +pF = p—. (2.36)
o
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Equation (2.36) shows the highly complex nature of the displacement wave equations. In

fact, (2.36) represents a system of 3 coupled second order linear differential equation

s of hyperbolic type for the three displacement components. However, it is possible to

obtain a simpler set of equations by introducing the scalar and vector potentials ® and H

such that
U=Vo+VxH, V.H=0. (2.37)
Table 2-4. Relationships among isotropic elastic constants
E’ V E, u }\" u
A Ev uw(E -2u) A
(1+v)(1-2v) 3u-E
H E u p
2(1+v)
E E E n(3A +21)
A+u
B
E uE 2t 2 "
3(1-2v) 3(3u - E) 3
\% \% E-2u A
2u 2(A+ 1)
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The resolution of a vector field into the gradient of a scalar and the curl of a zero-
divergence vector is due to a theorem by Helmholtz [2]. The condition V.HE=0 provides
the necessary additional conditions to uniquely determine the three components of U from

the four components of @, H . We also express
F=Vf+VxB, V.B=0. (2.38)

Substituting (2.37) and (2.38) in (2.36) gives

2 253
(h + W)VV(V® + VxH) + uV2 (VO + VxH) + p(Vf + VxB) = p[v 0 <21> + Vx Ztlf]
ot

These regroup to”

2 243
V{(X+2u)V2(D+pf—pg—?}+Vx{uV2ﬁ+pl§—p—a——I;} =0. (2.39)
a ot

This equation will be satisfied if each bracketed term vanishes, thus giving

2
(A +20) V2D +pf = pa—q), (2.40)
at
2_.
=9 = — 0°H
uV°H +pB = pP— (2.41)
at

While it is evident that (2.39) will be satisfied if equations (2.40) and (2.41) hold, it would

also appear that values of ® and H not satisfying these equations might still cause the

" We use V.90 = V20, the fact that $2(F¢) = ¥(720) and the fact that §.9xH = 0.
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original equation (2.39) to be satisfied. This aspect, in fact, has been investigated by
Sternberg and Gintin [14-16], and it has been established that the complete solution is
given by the solution of (2.40) and (2.41).

Introducing the notation

p2 = ﬂ;sz -k (2.42)

3

p p

and assuming that =0, B = 0 (force free medium), we obtain for (2.36), (2.40) and (2.41)

2520 2 255 0°0
sVU+(p° —s)VV.U= ——, (2.43)
0[2
222 D
- 2—
292h = 8 (2.45)
52

Equations (2.44) and (2.45) represent a wave motion of a scalar field ®, propagating with

a velocity p, and a vector field H, propagating with a velocity s. These waves can exist
independent - or uncoupled - from one another, and propagate with different velocities.

Defining the dilatation of the material as [3]
A=VU= XSy (2.46)

and performing a divergence operation on equation (2.43), we obtain the dilatational (or

irrotational) equation of motion
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=y, %A

pViA =5 (2.47)
at

Comparing (2.44) and (2.47), we see [3] that the scalar potential ® is associated with the
dilatational part of the propagating disturbance, customarily called compression wave.

Further defining the rotational vector @ as

~ 1 —

® = EcurlU (2.48)
and performing the operation of curl on (2.43), we obtain

2V = . (2.49)

Thus, the rotational (or equivoluminal) waves propagate with velocity s. Comparing
(2.49) with (2.45), it is seen that the vector potential H is associated with the rotational
part of the propagating disturbance, customarily called shear wave.

Let us denote the three components of U by u, v and w. In 2D Cartesian

geometry (2.43) splits in two uncorrelated subsets of equations: one set of two coupled

equations for u and v and one equation for w, i.e.

(P% = 82 YUy + Vi) + 5 (U + Uy ) + £ = Ug

s 5 (2.50)
(p°-s )(uxy + vyy)+ S (vxx +vyy)+f2 = Vit
and
$2 (W + Wyy ) + 3 = Wy (2.51)
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o%u % an

_, = JUg = etc. The
a2 ¥ eyt a2

where it is introduced the notation uyy =

corresponding stress-tensor components in XY geometry by using (2.35) and the notation

introduced above are

Oxx = Aux + vy ) + 2puy
Oy = Mux + vy )+ 2uvy (2.52)
Oxy =M (uy + vy )

The equation (2.51) represents the antiplane equation of motion in 2D geometry.
In fact, its solution is a wave polarized along Z-direction’ . It is seen that this wave
propagates independently with the same velocity as in Y-direction polarized wave, which
is a solution of (2.50). Shear waves that propagate along the same direction with same
velocity are called degenerate. This is an important characteristic because, in any linear
system, degenerate waves may be combined in any manner to produce wave solutions with
a wide variety of polarizations. This is a physical phenomenon of fundamental importance.

The equations (2.50)-(2.51) play fundamental role in 2D NDE modeling of the
wave propagation, where they are subject of initial and boundary conditions.

The initial conditions are stated as in (2.31). The zero-displacement boundary
conditions do not represent any difficulty and will not be discussed further. The traction-
free boundary conditions represent the important for NDE case of free surfaces. Due to

the Cauchy’s formula (2.15), for a free surface parallel to X-axis we obtain in the case of

" In the monograph by Brekhovskikh [19] it is called a wave with vertical polarization.
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the system (2.50)

Oxy = H(uy +vx) =0

, (2.53)
Oyy = Muy +Vy)+2uvy =0

where (2.52) is used. Both equations in (2.53) must be satisfied simultaneously.
For a free surface parallel to Y-axis, we obtain, again using (2.15) and (2.52)

Oxy = WUy + V) =0

, (2.54)
Oxx = Muyx +vy) +2puy =0

Equations (2.54) again must be satisfied simultaneously.
In the case of equation (2.51), the only non-trivial stress component to be

considered is
Oxy = H(Wyx +Wy)=0. (2.55)

Let now consider an interface between two elastic media with different elastic
properties. Using the superscripts (1) and (2) to denote variables corresponding to the
media 1 and 2 at the both sides of the interface, in two dimensions for an interface parallel
to the X-axis we have

D - 52 D _ (2
Oxy —oxy), cg,y) =Oyy
or, using (2.52)
k(l)(ug(l) + v§,1)) + Zu(l)vg,l) = (u§2) + v§,2)) + 2p(2)v§,2) , (2.56)

(OGP +v0) kO +v).
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Similarly, for an interface parallel to Y-axis we have

c%) =c§(§), c%,) =c§§,),

which, using (2.52), gives

A0 @D + vy + 20Du® = AP W@ +v D)+ 2p P, 2.57)
WO+ P) = kO +1D).

These equations, together with the requirements for displacement continuity along the

interfaces, given by
o =@ (2.58)

give the set of conditions along the interface between two media with different elastic

properties.

2.1.8. Elastic Waves in 3- and 2- Dimensional Cylindrical Coordinates in Isotropy

Medium

To obtain the displacement equations in cylindrical coordinates for isotropy
medium, we need explicit expressions for the displacement spatial derivatives and for the
stiffness matrix C. For this purpose we shail use (2.3), taking into account that the
coordinate vectors in this case are no longer constants.

In this case, the components of d L are dL, = dr, dL, = rdep, dL; = dz , and the

unit vectors are denoted by T, ¢ and Z. Equation (2.3) then takes the form
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dU = %(dr)+%%(rd@)+%dz. (2.59)

By small increments in 7, ¢ and z, one can show [1, 2, 7, 10] that

3f:o E(B:O 22=0

g5 9

—f=-0 —@=-Ff —2=0 (2.60)
o o 5,0

—(?—f=0 —2(‘[3=0 £2=0

(574 oz oz

Let denote with #, v and w the corresponding displacement components with respect to 7,

@ and z. Substitution of U = fu+ v + 2w in (2.59) then gives

. (auA v . awA) 1(6u ) (6v j ow
dU=|—f+—0+—2z|dr+—|| —-Vv|T+| —+u|o+—2rdo
o o o r{\dp o 0o

(auA v . awA) ’
+ —T+—0+—2|dz
0z Oz oz

and the gradient therefore has the matrix representation

1w _v o

rop r oz
P 2.61
= (2.61)

low ow

rop Oz |

<t

(el

¢

PP

|
I

+
|

The strain matrix then becomes
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& _l[mm_x] z(éu_ﬂ)'
or 2\0r rop r) 2\0z or
s—L§0.907) = 1(@4,1951) 1ov u 1[&1@) |
2 2\or r0p T rop r 2\0z 1 0¢
1(@@) 1(@@@] w
| 2\éz o 28z 109 oz |

(2.62)

In abbreviated subscript notation the strain is represented by a six-element column vector

Sl = Sn- S4 = 2S(pZ
Sy =Sep S5=28r .
S3=S4 S¢ =254

(2.63)

Coordinate transformation laws for stiffness can be used to obtain the stiffness matrix in

cylindrical coordinates. The orthogonal transformation matrix from Cartesian to
coordinates is given by [1, 2, 7, 10]
cos@ sing O

a=|-sing cosp O].
0 0 1

. . ) 11— ¢ . )
Since for isotropy medium | 2112 ¢, | = 0, for the stiffness matnx
Py > 44

exactly the form (2.34). Then, using the Hooke’s Law (2.20), we obtain

(16\/ 6w)
AM~—+—+—|,
r op oz

Ou

01=O'n-=C1181+C1252+CI3S3=(7\,+2u)§+ u

—+
r

N

1
03 =0pp = 02181 + c2282 + 023S3 =(A+ 2“)[;
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(2.64)

we obtain

(2.65a)

(2.65b)




ow ou 10v u
03 =0,, = C318]1 +¢3785 +¢3383 = (A +2 ——+X(—+——+—], 2.65¢
3 =0z, = €318) +€325; + 3353 = ( u)az a toe T (2.65¢)
v 1awj
= S, = —_—t——, 2.65d
G4 = Gz = 4454 M(a T 70 (2.65d)
ou ow
C5=0 = CSSSS = u(a'l'g) . (2656)
10u u ov
= = CeeSg = Y| —— - — + —1. 2.65
G6 = Orp = C66°6 “(ra(p . ar) (2.65%)
Using (2.65) and the equations of motion (2.18), we obtain
[Li)o g, 0. 10, _ 2
arrlrzazsracp6pa[2
2
li02+£04+(—a—+2)06= oy (2.66)
rép &z o r ot
LIS BN R\ ow
oz > rap * \ar 1) ot?

Equations (2.65) together with the system (2.66) represent the equations of motion in
general 3-dimensional cylindrical geometry. Assuming that all variables depend on r and z
and the derivatives with respect to ¢ are zero, we obtain for the case of 2-dimensional R-Z

geometry’

" The same procedure can be used to obtain the equations of motion in the case of 2-
dimensional R-¢ geometry.
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ol=cn=(k+2u)gr—u-+k(-lrl+%), G =0gp = (A+2n )—+x(-gru—+%:—), (2.67a)

ow ou u ov
= =(A+2 —+7\.(—+—), = =u—, 2.67b
G3 =04 =( M) oz o G4 =0z uaz ( )
ou ow ov u
os=0n =i G5 ce=on = F-2), 2670

and the equations of motion for u, w are

82 1u &*w u 2 %u &w| o
p ——F——=— +5 - =
ar2 ror oOroz r2 azz oroz atz
, (2.68)
2[62w 1 du aqu 2[62w 16w 1éu 62u] 5w
Pl ——+——+ +§8| ——t— == ;t?

ol ror roz oréz)

where p and s are defined with (2.49). The equation for v in this case is

2 2 2 2
PP, pro2sy) SY u dw) ofPv 1 v) v (2.69)
r or Broz 62> ot ro 2

As it is seen from (2.69), a ‘pure” antiplane motion in the sense as it is in Cartesian

coordinates does not exist since (2.69) depends on derivatives of # and w. In other words,

a polarized along ¢ -direction independent shear wave in R-Z cylindrical geometry does

not exist.

On a free surface at r =1, = constant, we have the boundary conditions
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ou u  ow
=(A+2U0)—+A(—+—)=0
( u)ar (ro 5)
. (2.70)

ou ow
Oz = ngz—*'g =0

On a free surface at Z=const.

6, = (A +2u)-a-w—+x(%+ “) 0

r
Ou Ow
O =pu —+—]|=0

(2.71)

Equations (2.70) ((2.71) respectively) must be satisfied simultaneously.
The conditions on an interface at r = 1, between the two media (1) and (2) with

different elastic properties become

o =@ O _,®

I 2 - (2.72)
ng) _ ng) vD = (@)
On an interface at z=z, we have
oD =o® 40 @ .

W0 =@ O - @

The Helmholtz expansion (2.40) and (2.41) in cylindrical coordinates becomes, using the

notation (2.42) in a force-free region

&’o 100 120 do_ 17

(2.74)

b
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OH, H 3
v B 20| Loy Ho 28, o2p, 18H o0
r ] (P z 2 at
S

r2 r20(P r2 r26(p

where T, ¢ and Z are the unit vectors in cylindrical coordinates.

2.1.9. Propagating Waves in Liquids and Gases

As it is mentioned above, only longitudinal waves can propagate through liquids
and gases. Instead of material deformation it is a pressure disturbance that propagates
through the medium [19]. The solution of the wave propagation problem is given then
entirely by the solution of the equation for the scalar potential (2.44), and this solution is
determined completely by the scalar field distribution ®. This greatly simplifies the
theoretical analysis [19]. For the purposes of the present work, however, in order to
provide a simple representations of the liquid-solids interfaces, we shall consider different
approach. In the liquid medium we set the shear speed s = 0. That is, the liquids and gases
will be considered as linearly isotropic media, which have the Lamé constant p = 0 [19].

The equations of motion for the displacement field then become

.
p*vv U = a—f. (2.76)
ot

The last equation represents the propagation of a longitudinal wave through the medium.
In 2-dimensional Cartesian geometry the corresponding system for the

displacement components becomes
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2
P”(uxx +Vyy) = Uy,

2.77)
2 -

P (Vxx +Uxy) = Vg -

Correspondingly, the equation similar to (2.51) does not exists, and (2.77) describes all

possible wave motions in the medium, where shear waves do not exist. Using (2.52) and

putting u = 0, we obtain for the interface parallel to X-axis

c@ =0, off =0k, (2.78)

where (1) represents the variables corresponding to the solid medium, and (2) to
the liquid. These relations on the interface must be used together with the requirements

(2.58) for the displacement continuity.

2.2 A Review of the Methods of Solution

For the nondestructive testing applications, we are interesting in the entire process
of elastic wave generation, propagation, scattering and detection. There are basically two
approaches for the solution of the equations (2.18). The theoretical approach is concerned
by both the exact solutions and the development of approximate approaches to derive the
solution. The elastic waves in most cases are considered to be harmonic, and more general
solution is derived by using Fourier inverse theorem. Numerical methods are concerned by
finding an approximate solution, when the equations are somehow transformed and
numerical models for approximate representation of the boundary and interface conditions

are applied [20]. Some of these methods are considered below.
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2.2.1, Green Functions

The wave equations may be recast as an integral equations. This is a purely formal
re-expression of the same mathematics, but it has some advantages when approximate
methods of solution are sought. The basic idea is that if one knows the response of the
elastic material to local forces with specified time dependencies, the principle of
superposition allows us that we can build models of more complicated cases by combining
these elementary solutions. The elementary forces are usually taken to be single-frequency
simple harmonic waves, step functions, or delta functions. The response to unit local
forces define the Green tensor.

For steady-state excitation with angular frequency o, the integral equations have
been derived, among the others, in [21,22]. Morse and Freshbach [2] also give the result.

Consider two sets of displacements U=(u; , u, , uz )" and U’=(u’, , v’y , w3 )’,
corresponding to body forces F and F’, respectively. The reciprocity principle [23]
states that the total of the work done by the first set of forces acting on the second set of
displacements is equal to the work done by the second set of forces acting on the first set
of displacements. From the divergence theorem, inside a body volume V with surface S
we obtain

J1ViCeigaViug)u; = Vil Viu'k JujldV = [ Vivgu - cija Viu'y uildS;,  (2.79)
\ S

where we assume the integrals converge. Vector dS points out of the volume V. In a case
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of unbounded V, a radiation conditions [24] must be invoked™ . If U and U’ satisfy the

equations of motion

Vi(Cijklvluk) = p(uj,n - F_]) , (280)

and similar for U”, then, using the symmetry properties of ciz , we obtain

[ol(Uy - F).U'~(0'-F'). 0NV = [[U'.0 - U.c"].dS. (2.81)
\Y% ' S

In the equations above we use the same notation for the derivatives as in (2.50), (2.51)
etc. The terms of the left-hand side represent the difference between the work done in
increasing of the kinetic energy and the work done by the body forces. The right-hand side

represents the work done by the tractions on the surface. Let assume, that
PF'i=8;0(1)0(T-T'). (2.82)

The response to this force is the Green function for the problem.
If we consider a single frequency time variation, when the time derivatives in
(2.82) give equal and opposite terms, we obtain an integral involving the single-frequency

Green tensor G( 'r']'r" ). If both the stress and the displacement are regular within V and on

S, then

u (), FeV

,(2.83
0,TegV ( )

£ {cijGik(?l?')ﬁj —u;(F)h jZijk(fl'r")}dS'+ {, PFj(F)Gik (FF)dV' = {

" Radiation condition essentially means that only outgoing waves are considered.
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where fi is the unit vector normal to S and pointing out of V, and Zjjk ('r']F') is the stress

Green tensor, related to G by

e o e
Zijik (FI") = Cijm-a-r—Gml(rIr ), (2.84)

m

or, for isotropic materials

b1 0 k- 0 FIF 0 FIF!
Zijk (T[T = xaija-—(;ml(dr )+u{ngk(r|r )+gGik(r|r )}. (2.85)
m 1 ]

Equation (2.83) represents, in principle, the solution of any elastodynamic

problem. The Green tensor Gik('r'l'r") represents the displacement in the direction k of T

caused by a unit force at T’ directed in the direction 7. It may, as shown in [2], be built up

from the Green function for scalar waves g(f[i") , which has the form [2]

N Jo[F-Tlie
g(r|r') = ﬁ— (286)

Following [2, 24], we use the Fourier transform f (k,») of the function f(7,t)
B(k,0) = [[ £, el @ EDdzdr, (2.87)
with the corresponding inversion expression

4o Bz va—i(Ot-K.F) 4T
(2n) £(F,t) = [[[[£(T,t)e dkdo . (2.88)

We assume that f'1s such that the conditions of the Fourier inversion theorem are met: the
detail may be found in [25].
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Substituting in the elastodynamic equation with a delta-force function, satisfied by

the Green tensor

az et ied] 62 FFY — 4 !
Cijkl ﬁka(rlr )- P'é[_zGim(rh' ) =0imd (O (T -T'),
we obtain
A Tl 24 (Tl _ -ik.F
Cijiak jkiGim (K[F') - 0 “Gip (K[T") = 8ime . (2.89)

The presence of the exponential on the right-hand side ensures that when the

inversion theorem is applied G will depends on only the difference If - ?'| . The solution of

(2.89) is complicated except for isotropic medium, when [2]

(A +2u)(k5 — k2855 + (h + wkik; oikE
u(k2 — k3 + 2u)(k3 - k?)

Gij(k[F) = - , (2.90)

© o : )
where k, =—, kg =— are the compression and shear wavenumbers. Equation (2.90)
P $

may be rewritten as [2,24]

Gi-(Elf'):——————Sij R P I L I 2
! n(k2 -k?) po?| K2-k? KkZ-K?

The basic Fourier inversion integral now has the form
ik.R

di . (2.92)

I(R) =

1 je




In order to evaluate this integral we have to assume that q has a small imaginary part, so
as to move the poles of the integrand away from the path of integration along the real axis.
In physical terms this is usually jﬁstiﬁed on the grounds that no material is totally losless,
and the imaginary part represents dissipation in the medium. In fact, only a positive
imaginary part represents dissipation: a negative imaginary part would lead to exponential

growth of an outgoing spherical wave. In the limit as Im(q)—0" , we obtain [2]

ik R
IR)= -2 (2.93)
4t R )
Then (2.91) becomes
ik R ik, R kR
A e 1 e s 0 0|e?® es = =
G = -—— Sijks ——— - ——| ——- ,R=[f -7 (2.94)
ATp® R oo R R

Despite of the fact that (2.83) represents, in principle, each possible situation, it is
still an integral equation for the field U, and there is no reason to expect it to be easier to
solve than the differential form of the wave equation. It is, however, an important starting
point for systematic approximations to the solutions of scattering problems, as it is
described below. It is quite straightforward to derive asymptotic fields using the Green

function, and this allows total scattering cross-section to be investigated.

2.2.2. Exact Solutions

Unfortunately, there are very few problems in scalar wave theory which are exactly

soluble, and the solutions for the elastodynamic equations are slightly harder. There are
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two difficulties which may be described in terms of the solution in the form of an
eigenfunction expansion. In general, we take the three curvilinear coordinates & with a set

of scale factors h, so that the length scale is defined by
ds® = dr; dr; = hy &; hy & . (2.95)

In an orthogonal curvilinear system hy = h; §; , and the scale factors are computed from

the coordinate transformation

-1

30 a2 3 2
h? = (—J—j [—a—éﬁ) . 2.96
j§1 & k§1 or; (2.96)

Now there are only eleven coordinate systems  for which the scalar wave equation is

separable [2], i.e. the solution can be represented in the form

£(8) = E1(§1)=52(82)=3(83), (2.97)

when the differential equation separates into three terms, each of which is a function of
only one of the components &; . Solutions to the scalar equation are possible when the
surfaces on which the boundary conditions are specified coincide with constant-coordinate
surfaces.

One way of proceeding is to expand each of &, in terms of the eigenfunctions A, of
the three ordinary differentials. A, are generally special functions whose properties are

well known. The boundary conditions then reduce to simple relationships between the

" We refer to [2], Chapter 5, to specify the types of these eleven coordinate systems of
general ellipsoidal type or their various degenerate forms.
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coefficients in the expansions, and the problem may be solved to any desired accuracy by
continuing the expansion to sufficiently high order n.

For the vector equation, a more restricted set of coordinate systems allows exact
solutions. The problem concerns the resolution into potentials, where the vector potentials
will only be determined by wave equations if at least one of the scale factors h; is unity
and the ratio of the other two is independent of & . Only six of the eleven coordinate
systems have this property [2]. Further complications for the elastodynamic equation are
the boundary conditions, since they can cause mixing between eigenfunctions of
compression and shear waves. Similarly, they cause mixing between eigenfunctions in all
coordinate systems except rectangular, circular cylindrical and spherical. The coefficients
for different orders of n are coupled together, and an infinite set of simultaneous equations
must be solved to find the solution.

Examples of the expansion method are the cases of scattering in spherical and
cylindrical coordinates, from a sphere or cylinder, respectively. We refer to [3, 13, 20] for
details of the solution. More details of analytical methods and eigenfunction expansions in

particular are given by Pao and Mow in [26].

2.2.3. Scattering in the Integral Equation Formalism. General Properties of Elastic
Wave Scattering. t-matrix Approach and Geometric Ray Theory in
Elastodynamics
The integral form of the wave equation is given by (2.83). For simplicity, we treat

waves of single frequency . However, if the scattering of a pulse is required, an
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additional integral, inverting the Fourier transform, will be required, ie. the integral
equation must be solved for all values of 0.

When the volume V in (2.83) contains a defect, the elastic properties of the
material vary inside V. The variation may be described by defining V to be the volume

outside the flaw, V' the volume inside, when

Cijkl - Cijkl +SCijle(f) (2.98)
and
p — p+8pH(F), (2.99)

where H(T) is defined to be unity inside V' and zero outside, and the differences in

material properties inside and outside the flaw are
Scijkl = C'ijkl—cijkl’ 6p = p'—p, (2.100)

the primed values being those of the material in the flaw. The elastic equation may then be

written as
2 2
CijkiU,Jj + PO “uj = —(dpo “u;H + 8Cijkluk,le + Cijkiuk,1H j), (2.101)

where H; is the derivative of the step function H with respect to rj , which may be written

as
H;(f) = -A8(F-1°), (2.102)

= being on the surface of the flaw, i being the unit vector normal to S' pointing out of
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V'. The right-hand side of (2.102) may be treated as the body force F; in (2.83), and inside
the entire region of interest V-V' we may write the wavefield U as a sum of the incident

and scattered fields

U=0+05 (2.103)

so the scattering equation becomes

u (F) = uk (F) + [ (8p0 2 G (F[F')u; (') - Scijquim,n (F') G, j (FF AV (2.104)
V'

This is an integral equation representing the scattering of the incident wave U'. It includes
a notional incident field inside the scatterer, which is equal to the field that would have
been present if the scatterer were absent.

Let confine the integral in (2.83) to the region outside the scatterer. We also
assume that the scattered field is zero on the enclosing surface at infinity. It then follows

[20] that the scattered wave outside S’ is given by

Uk (F) = [ (u; (F)Zi5 (F[F)A; - 045(F) G j(FF);)dS' . (2.105)
S'

Since U' satisfies the homogeneous (F; = 0) wave equation, the equation (2.105) may be

written as

uk(F) = [(uf (F)Zij (f’f')ﬁj - 0i§(7) G, j(F|F")fi;)dS'. (2.106)
S'

This equation is not an integral equation for the scattered field since the boundary
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conditions on the surface S’ cannot be included in (2.106), as the integral involves only
part of the integral field: they can be included in (2.105), which involves the total
wavefield. Equation (2.106) represents the basic equation of the Kirchhoff approximation
in the elastodynamic theory. It has been quite extensively applied to the scattering of
ultrasound (for example, see [27-29]). The method is not restricted to cracks, and the
basic assumptions for arbitrary scatterer shape is that the scattered field and its gradients
at the surface are equal to those of the incident field, multiplied by a reflection coefficient
[19], in the region which is reached by the incident wave, and that the total field is zero in
the shadow zone.

The basic assumptions for the Kirchhoff approximation can be modified so that the
outgoing wave from the scatterer is assumed to be the incident signal at each point
multiplied by an appropriate plane-wave reflection coefficient [30,31]. Since for elastic
waves the outgoing wave may be of compression or shear types, the mode conversion can
be included [32]. This version of the Kirchhoff approximation, called physical
elastodynamic approximation [32], is the most commonly used. The Kirchhoff
approximation gives good results for scattering from cracks, for scatterer a few
wavelengths in size and close to the specular direction” . It also been observed that away
from the specular direction the Kirchhoff approximation to the crack-opening

. =,
displacement is less accurate.

"i.e. direction in which the scatterer coincide with some of the coordinate surfaces.
" It means that the scattered field is expressed in terms of jumps in the wavefield across
the crack.

-56-




Approximate solutions to the integral equations may be sought in several other
ways, but most commonly used are the Born and Quasistatic approximations. The

Born approximation [1, 2, 20] is suited to weak scattering, and consists of approximating

the displacement in the interior of the flaw by the incident field i} (i.e. the first term in
the perturbation expansion [1, 2, 20]). It is limited to small changes in material properties
and to small scatterers for which k' a <<I. It should be noted [2] that the Born
approximation does not conserve energy. Better approximation could be obtained by
substituting the resulting total field back into the integral; in practice the expansion is
usually halted at the first term. For stronger scatterers, a better estimate of the field inside
the flaw is obtained by using solutions of the corresponding static problem: this technique
is suitable when the wavelength of the elastic wave is large compared with the flaw and
constitutes the Quasistatic approximation.

Direct solutions of the integral equation (2.83) has been attempted by three
methods: finite difference, finite element and moments [24, 35-41]. The problem to be
handled in the first two methods is that the Green function has a singularity at r = r’, and
the contribution from the singularity often dominates the solution. Another problem of the
integral equation method, when formulated as a boundary integral (equation (2.105)), is
that the solution is not unique at wavevectors corresponding to eigenstates of the
scattering region. Various methods exist [36, 37, 42] to overcome this difficulty.

In general, in cases where the analytic form of the Green function is known, as in a
homogeneous region, the boundary integral equation method can be applied. Essentially,

the Green function is used to describe how an element of the boundary will interact with
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another element of the boundary. The method only requires the boundary to be
discretized, as the wavefield at other points can be obtained from the Green function. The
method appears attractive the dimensionality of the boundary is one less than that of the
region it encloses. However, each point of the boundary is linked through the Green
function to every other point, whereas in a finite-element model each volume element is
linked only to its immediate neighbors. It can be shown [20] that the boundary element

method only becomes advantageous for n > 20, where n is the number of elements. In

addition, the integrals involved are singular where they contain Gjj (fl'r") forr=r. A

further problem arises if numerical values of the field are required at many point remote
from the boundary, as the values must be obtained by numerical integration using the
boundary values and the Green function.

Some important new effects, which occur in the elastic wave scattering when
compared with scalar (acoustic) waves were derived in [43] within the context of the
integral formalism. First, one may define [20] the total cross-section of a particular flaw as

the ratio of the average power scattered in all directions to the average incident density

o(n)= (2.107)

where < > denotes average over time. Superscripts s and i refer to the incident and

scattered wave. If S is the scatterer surface, then
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P* = [U%c".d8. (2.108)
S

The differential cross-section :—g, where dQ) is the solid angle element, gives the

distribution of the scattered power into different directions. At a distance r from the

scatterer in the direction r
dS = r’dQF, (2.109)

so that

do <r2 ﬁ’st.cs.f'>
a0 T

(2.110)

In principle, (2.110) is to be evaluated in the limit r — c. To calculate g%, it is

necessary to evaluate U® far away from the flaw. Since Gij(f|?') depends only on

—_

R =T -7, where Tis the vector to the point of observation and T’ is a point inside the

scatterer, as shown in (2.94), one can immediately derive the limits for large r

~ ikfe T S (2.111)

with higher derivatives giving expressions similar to (2.111), including factor (ik)f; for

each derivative. The far-field scattered wave than has a displacement [20]
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ikpr eiksr
’ ~ rrf(k r) ij—fifj)fj(ks?)_—a (2.112)
kpr kg

where the scattering vector -f(l-i) is defined by

3
£ (k) = —F 48002 | uie KT dV ki j ug e ET gV (2.113)
47tp0) V'
e el
which differs from that in [43] since they have used —— instead of o In (2.112) £, has
r

a dimension of length.

The scattered field can obviously be separated into longitudinal and transverse

components,
ikyr ik.r
P s
u$ s P+ S (2.114)
kpr kr

with the compression and shear wave scattering amplitudes

P;(0,0) = fifjfj(kpT), Si(®,0) = (5 — fifj)fj(ksT). (2.115)
Considering an isotropy medium, one can express the stress arising from the scattering
wave in terms of usual constants A and p [20, 43]

ikpr ikpr ik r

~ Ak By iy —— + ik, (Bif; +Pr) +iukg(Sifj + S ) (2.116)
p p kgr

If the incident wave is a mixture of compression and shear waves traveling parallel to the

Z-axis,
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u% _ piei(k"z—mt) + Siei(ksz—cot) , (2.117)

which has amplitudes |p| for the compression and |[§| for the shear component, the

incident density is
1 12 2
F = —2-co[kp(l +2u)]]” + ka3 (2.118)

and the limiting value of the scattered power as r — o0 is [20, 43]

<r2fioijuft> ~ %wz[kp(k +2)[P* + ksulslz}. (2.119)

The differential cross-section is then

1, 2[kp(l + 2B + kS }

do) _ 2 (2.120)
dQ kp(h + 20| + kg3 '
p Hp + sul S'
If the incident wave is purely compressional (=0, [p|=1)
- k, ..
do(®) _ 157, e g, 2.121)

dQ

whereas, if the incident wave is purely transverse and of unit amplitude (p = 0, |'§| =1)

do(e) _ '3‘2 +_k_s_|f>|2_ (2.122)
aQ k

This clearly shows that the form of the cross-section depends on the type of the incident

wave, but always contains contribution from both types of scattered wave.
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Another important result, derived in [43], is the elastodynamic equivalent of the

optical theorem. In the scalar wave theory

o(o) = 47f(6 = 0), (2.123)
where f(6 = 0) is the forward scattering amplitude. For elastic waves, the total incident
intensity is [20, 43]

i.i i.s s 1 S..S
F = Cjjujt + (cijuj,t + O‘ijuj',t) +0jUjit (2.1249)

where superscripts i,s denote the incident and scattered wave, respectively. Equation

(2.124) may be written as the sum of incident, interference and scattered intensity
F, = F +Fm 4 5, (2.125)

Since F' is related to the power being put into the system, from the conservation of

energy law, if S represents a closed surface, we obtain

[dS;ES = -[dS;F™, (2.126)
S S

1.e. the intervals of interference and scattered intensities must cancel. If S is taken to be the

limit of a large sphere with r — oo,
limy—y oo | AQRE = ~limy_, oor* [ dOQFE™, (2.127)

in which the true average of the left hand side is proportional to the total cross-section.
Thus, o(w) is related to the interference of the incident power traveling parallel to the Z-

axis with the scattered power traveling radially from the flaw. The key difference between
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compression wave front compression wave front

shear wave front shear wave front

tc
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tc
P

Figure 2-5. The interference in the forward direction only of scattered waves from incident

compression waves (left) and from incident shear waves (right). 6, is the critical angle.

the acoustic and elastodynamic cases arises from the existence of two elastodynamic wave
speeds. Fig. 2-5 shows how this affects compression and shear wave scattering differently.

The explicit expression for the total cross-section is [43]

A+ 20k B (O] + pk S; (0)S: + (A + 21)koP: (89)S:
c(co)=4—nlm( H)kP; (0)PF; + pkg 1()*1 ( *U)pl( 0)1, (2.128)
ks (A +2p)kppip; + 1kgs;s;

where the quantities denoted by tilda are the asimutal averages of the scattered amplitudes

27
A(©) = ﬁ [A®,0)do . (2.129)
0
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In the equation (2.128) the existence of additional interference at the critical angle

6o = cos_l(—cs] is quite clearly shown. Note that this critical angle is observed when
c
P

initial shear wave scatters.

The discussion above is concerned by harmonic wave and cases when the scatterer
properties are constant in time. de Hoop [44] has extended that work to derive theorems
of the scattering and absorption of plane waves of arbitrary shape,. He considered time
variations of the scatterer properties and concluded that his theorems applied in such cases
as well as in cases of non-linear behavior in the scatterer.

An important approach, using the integral equation formulation, is the so-called t-
matrix approach, which came from analogy with the general scattering theory, which is
described in terms of channels and matrices. The terminology comes from elementary
particle and high energy physics, where most of the information about the particles is
obtained from scattering cross-sections. Well before and well after the scattering event,
the particles are described in terms of similar to waves functions, related by the scattering
operator ®. If the waves are expanded in, for example, plane waves, then the coefficients
before and after the scattering are related by the matrix S. In general, the scattering is
weak, and so the major part of ® describes the particles which pass through unscattered.
It is then useful to separate out the part of ® which corresponds to a change of state, and
this contribution is the transition operator Q, giving rise to the matrix T. The scattering
and transition matrices are frequently referred to as s-matrix and the t-matrix.

For elastic waves, t-matrix theory was derived by Waterman [46] and
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Varatharajulu and Pao [47]. They define vector-basis functions L and M for the

compression and shear waves. In two dimensions, in planes perpendicular to Z-axis

Lo () = Vo (kpT)

- , (2.130)
M, () = Vv (keD)i3]

where y, are some expansion functions, f3 is the unit vector in Z-direction. The L and M

functions have orthogonality relations, tabulated in [46]. The incident and scattered waves

are expanded as

it = 3 {aoRe[Lo (7)]+ bR M ()]}, (2.131)
and
i° = Y {f; Lo (F) + g8 Mo ()} - (2.132)

Here a, , b, are known, f, and g, are to be found. The Green tensor can also be expanded

in terms of L and M functions,

Gyj = p@%%{Loi@ R[Loj ()] + Mo ()R My (]} (2.133)

where T, denotes r > r', and T. denotes r <r'. Inside the scatterer, where r < r, the integral

equation gives

Y {acRe[Lo(F)] + boRe[Mo (H)]} = -2 3 {Zik I Yuj () - Gy ()0 k(F)}dS'y (2.134)

c o 1,jS

Outside the scatterer we have instead
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Z{fcRe[Lc('r’)] + goRe[Mg (f)]} =33 {zijk(f'|f)u i) - Gy(T'[P)o jk(f')}ds'k (2.135)

[o} g l,_lS
The change from ('r'|f') to ('r"|f) between (2.134) and (2.135) indicates that,

whereas in the first equation T was the argument of Re(L) and Re(M), in the second
equation T is the argument of L and M. In both equations the displacement u; and the
surface traction ojx dS'x remain unspecified. If we take the scatterer is an empty cavity, the

traction will be zero. The displacement u; will still be unknown, so we expand them

i(7') = ¥ {o.oRe Lo (F)]+BoRe[ M ()]} (2.136)

Using the orthogonality of L and M, we find

a QLL M o
[b"J = - ;;L ;’;4 ( ‘j (2.137)
o Qsr o1 B
and, for outside the scatterer
LL M
f,
( 6] _rd T W (a‘j. (2.138)
g QM QMM)\B.

The matrices Q contain all the information about the scattering. For the cavity, the

elements of Q matrices may be expressed as

LL -— n +! a 4} a ! a b4 ] 1
ot © _TJZRe{Lﬁ(I' )}{XSij%'a-r;Lck(r )+HELG_]‘(r )+ “gl‘ci(r )}GS i ,(2.139)

PO si,j ]

and
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QT = 2 [T RL,(F )]{%Mcj(f%%Md(f')}ds'j, (2.140)
p(D Si,j 1 J

ol = 2IZRG[Mn(f')]{7»5gZ Lo (F )+M%Lo-j('r")+ué—g—_Ld('r")}dS'j,(Z.l4l)
PO Si,j 1 j

QM == [T RYMy (*')]{ Mg;(F )+af m(*')}ds' (2.142)
]

PO si,j

Then, a simple elimination of (o, ) yields the solution

Zthan = Re[Qm] (2.143)

In three dimensions principles are exactly the same. The summation over ¢ above is up to
infinity, so (2.143) is a formal solution. The convergence of the expansion, in a formal
sense, has been confirmed in [45, 48-50]. In any real calculation we have to use a finite set
of functions L and M, and in general the integrals involved in Q will have to be taken
numerically. As it was pointed out [45], one advantage of the t-matrix theories is that the
surface integrals needed involve non-singular kernels. General approaches to the
construction of t-matrix theories have been given in [51, 52], where also the method of
optimal truncation (MOOT) has been developed, and it is based on the minimization of the
difference between the required and actual solution.

As currently formulated, the t-matrix theory is directly applicable to problems with
a periodic time vanation. To treat pulses, the problem must be solved for many

frequencies and the pulse synthesized by Fourier methods. In [53] it has been suggested

-67-




that it might be possible to use a complete set of time-dependent functions for the

expansion, and to solve general time-varying problems in that way, but this does not seen
to have been attempted yet.

Other approaches for solving the wave equations have also been attempted. Such
is the geometric acoustics, which is the acoustic analogue of geometric optics. The
problem is to relate the simple laws of reflection and refraction, which were derived for
infinite wave fronts, to the more complicated wavefronts, encountered in practice.
Geometrical acoustics make the generalization by treating every point on a wavefront as
part of a plane wave. It assumes that rays and wavefronts are always perpendicular to each
other, even in complicated cases where the material properties vary from point to point, so
the rays are not straight.

The formalism of ray theory can be traced back to Hamilton's work in early 19*
century. The disturbance is assumed to travel along curves called rays, and at the interface
between two media rays are bent according to Snell's law, giving reflected and refracted
waves. Keller [56] made an important extension to geometric ray theory by introducing
rays originating at edges of scattering bodies, and propagating into shadow zones -
diffracted waves.

The geometric theory of diffraction for elastic waves was derived by Karal and
Keller [57]. Starting with the wave equation (2.36), a time harmonic solution is sought in

the form

T=A4e261, (2.144)
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where A and S are both functions of position, to be determined. It is further assumed that

S is independent of the frequency ®, and

A= 3 (i0)"A® (2.145)

n=0

The vectors A™ are functions of positions to be determined. Involving only integer
powers of & makes clear that ray theory in this form cannot treat diffraction effects” .
Substituting (2.145) in (2.144) and solving separately for each power of ®, one can obtain

[57] for eachn >0

—pA™ L (n+ WAV 8)ViS +u(V SHV9)AM + (1 + u)vi(Agﬂ)v S
+(+ (VA S 20V S)VALTY 4 (Vv is)A D . (2.146)

++ W Vi(VAL D)+ pvv,a (0D < o

For n=0 (2.146) may be simplified by taking the scalar product of (2.146) with gradS,
[-p+ (A +2p)(VS)* JAOVS = 0, (2.147)
or vector cross product with gradS

[-p+n(VS)21AOxVS = 0. (2.148)

These two equations have two possible solutions. Either

A© gradS=0 and (VS)2 = 2, (2.149)
7

" The exact theory of diffraction introduces half-integer powers of .
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or

AOVS =0 and (VS)? = —2—. (2.150)
A+2p

The equations for VS are eikonal equations, which determine the phase S in terms of the
phase on the initial surface, which may be the initial wavefront. The perpendiculars to the
surfaces of constant phase are the rays, and in the case above they are straight lines. It is
clear that (2.147) and (2.148) describe compression and shear waves respectively. Also S

is a linear function of distance along a ray, s: for shear waves

s=so+\/E(s—so)=so+(s—s°), (2.151)
)

Cs
where ¢; is the shear wave velocity. For compression wave

(5= 59) = Sg + 20

A+21 Cp

S=So+

Further, substituting (2.148) in (2.146), for n=1 gives
A+ APV 8V S+ (A +u)(V;AD)ViS +20(V SV AP A (WviS)=0.2152)
The scalar product of (2.152) with gradS yields

AD vs=-v.A0, (2.153)
which may be substituted back to give

2V SV;AlD + A (Vv;8) = 0, (2.154)
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a first order equation for A;”’. In terms of distances along rays, and note that VS.Vis a

derivative taken along a ray, (2.154) becomes

%A‘O) = cg(V25)A (2.155)

with the solution

—%cs }VZSdS
AO) = AO(g)e = : (2.156)

The procedure described above is repeated for any n = 1, 2, ... until the required n
is achieved. Then the solution of the problem is obtained according to (2.145) and (2.144).

The geometric ray theory may be extended to inhomogeneous media [57], where it
provides significant insights. It was able to solve the important canonical problem for
diffraction of semi-infinite crack.

The theory of the reflection and diffraction of ultrasounds at oblique incidence on
crack-like discontinuities has been reviewed by Achenbach er al. [32]. The approach
commonly involves the conversion of dynamic elasticity problem into a form amenable to
a solution using Wigner-Hopf method [13], and leaves one relatively simple one-
dimensional integral to be performed numerically.

Achenbach and Gautesen [58] considered arbitrary angles of incidence. In general
case, an incident wave will produce two cones of diffracted bulk rays. The semiangle of
one cone is equal to the angle between the incident wave and the tangent to the crack

edge, and the semiangle of the mode-converted cone is given by the Snell's law. The
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theory has been extended [59] to include the surface waves which will be generated on the
crack faces. These are important because strong resonance effects can be seen on finite
cracks as a result of surface waves which are multiply reflected from the crack edges,
shedding some energy into bulk waves at each reflection. The bulk waves arising in this
way are known as secondary diffraction, as opposed to the primary diffraction of a bulk
waves at the crack edge and producing further bulk waves.

Geometric ray theory has been applied to surface breaking cracks as well [60],
where the scattering of surface waves was considered. The authors difficulties centered on
computing the reflection and transmission coefficients of surface waves from the 90°
corner at the root of the crack, where it brakes the open surface. No simple solution exists
for this problem, so they relied on numerical results from [61], supplemented by finite-
difference and experimental results from Bond [62]. Similar problems will arise in
scattering of bulk waves from surface breaking defects, suggesting that it might be
advantageous to adopt a purely numerical method from the start of the problem for such

Cases.

2.3.4. Numerical Methods for Solution. Historical Review of Finite-Difference
Method Development and Applications
In the study of the scattering of elastic waves, in practical applications such as
nondestructive testing, one frequently wants to treat complicated geometrical situations,

which are not amenable to analytic treatment. Even expert practitioners of analytic

methods recognize this [63-65].
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Rather than face both tedious analysis and lengthy numerical work, one can opt for
a completely numerical approach. The commonest methods are based on finite differences
and finite elements. There are distinctions between the approaches and the solution
techniques used in these two methods, but they are quite closely related and the
equivalencies between the two schemes can be drawn up [66]. Historically, finite
difference methods have precedence. They were introduced by Euler [67] for one-
dimensional problems, and the extension to two-dimensions was made by Runge [68].

Finite element methods, on the other hand, were not introduced until electronic digital

computers became available. The term finite element method was first used by Clough
[69], although the foundations of the method were laid by Tumner et al. [70] and Argyris
[71].

Although finite-difference methods for elastic wave problems have been in use for
some time [72, 73], their application to nondestructive testing did not begin until about
1973. At about that time Harumi, Suzuki and Saito [74] modeled the near field of a
transducer, and Rose and Meyer [75] used a numerical model to confirm the results of
their model calculations of transducer field. Calculations of scattering have been
undertaken since about 1976, and the first published works were [76-79]. A review is
given by Bond [62] and Harker [20]. A consistent finite difference model with applications
to scattering by cracks with infinitesimally small width was developed by Harker [80], and
a comparison of the finite-difference modeled results of the ray tracing technique [57] was
modeled in [81] for austenitic steels.

Below the basic approach of the finite element method as it is most commonly
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introduced in practice will be given. The method is characterized by the following three
features:

(1). The domain of the problem is represented by a collection of simple
subdomains, called finite elements, which constitute the finite element mesh.

(2). Over each finite element, the physical process is approximated by functions of
desired type (polynomials or otherwise), and algebraic equations relating physical
quantities at selective points (nodes) of the element are developed.

(3). The element equations are assembled using continuity and/or ‘balance” of
physical quantities.

The discretization of equation (2.28) is most easily achieved through the weak
formulation of the equations using the principle of the virtual work [82, 83]. An
alternative approach relies on a direct, weighted residual method [84]. This method
employs the formation of an inner product between the governing equation (2.28) and a

weight w; , such that

d%u;
<Wi;cij,_j +pFi -p at21>

=_<Wi,j;oij>+<wi,j;pFi>_ Wi;paz—“zli +_[wicijnde=O
o/ s

(2.157)

>

where the notation < ;> indicates integration over the solution domain . Besides
volume terms, the integration by parts yields a surface integral as part of implicit traction
boundary conditions.

As a next step, the field region Q is subdivided into finite elements. Within each
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element displacement field and weight are approximated by interpolation polynomials or

shape functions N(x;, X;, x;) weighted by function values Uk(t) and Wi(t) at the
elementary nodes I (P= total number of nodes per element)

P .
uj & > Ny(x1,X2,%3)Up(t)
=1 (2.158)

P .
wi & 3 Np(x1,%2,%3) W (1)
I=1

Substituting (2.158) in (2.157) and utilizing the constitutive relations (2.20) yields an

elemental matrix equation for losless material

[K?J]{U?} + [Mu]{ﬂ?} + {Ff} = {Rf}, (2.159)
where
oN;  ON
Ky = [ —Loga2 -V, Mf = [Nip(x,y,INpdVe,
ve i j ve
F = [NfidV®, £ =p(x,y,2)F;, : (2.160)
Ve
Rf = [Niojn;dV
Ve

The quantities {U?}, {U?} refer to the nodal displacement and its second time derivative,

respectively. The notation also implies that each of the elemental nodes J (=1,..,P) either
contains three displacement components (i=1,2,3) for three-dimensional case, or two
components for two-dimensional case.

Equation (2.159) is subsequently assembled into a global matrix form
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encompassing all individual element contributions

[K]{u} +[M]{T} + {F} = (R}, (2.161)

where the matrices are of positive, semidefinite bounded structure. The second time-
derivative is approximated by center-differences, as it is described in the following chapter.
The mass matrix [M] is diagonalized in order to eliminate matrix inversion at each time

step [82-84]. This diagonalization, or lumping, is achieved on an elemental level according

to
P P e
2 XMgp
. MeKsll=l [
Mg §Me (2.162)
LL
L=1
0, I=1J.

With these transformations, equation (2.161) is the base for finite-element analysis. For
static stress problems, finite element methods is generally the preferred technique [20]. To
date, however, there seem to have been no finite-element calculations on elastic wave
scattering problems which exploit what is usually claimed to be the major advantage of
finite elements over finite differences method, namely the ease with which complicated

geometries can be treated ( see also [20, 82-84]).

2.3 Gabor Short Time Fourier Transform (STFT) and Wavelet
Transform
It is seen from the above discussion, the non-destructive testing analyses frequently
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have to deal with nonstationary signals, and their timely distributed spectral behavior. In
order to study the spectral behavior of an analog signal from its Fourier transform, full
knowledge of the signal in the time domain must be acquired . In addition, if a signal is

altered in a small neighborhood of some time instant, then the entire spectrum is altered. In

the extreme case, the Fourier transform of a delta distribution 8(t-to) is e ito® , which
certainly covers the whole frequency domain. Hence, in many applications such as analysis
of non-stationary signals and real time signal processing, the formula of Fourier transform
is quite inadequate.

The deficiency of the Fourier transform in time-frequency analysis was already
observed by D. Gabor [85], who introduced a time-localization ‘window” function g(t-b),
where the parameter b is used to translate the window in order to cover the whole time
domain, for extracting local information of the Fourier transform of the signal. In fact,

Gabor has used a Gaussian function for the window function:

t2

g(t) = e 4o, (2.163)
24 T

where a>0 is fixed. The “Gabor Transform” of a function fis defined as

(GEf)) = [(€™f(t))g (1 - b)dt (2.164)

-0

that is, (G%f)(w) localizes the Fourier transform of f around t=b. The ‘width” of the

window is determined by the (fixed) «>0. It can be shown [85, 86] that
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T(GEE)@)db = Fo) 2.165)

-0

where f is the Fourier transform of f Employing the notion of standard deviation, or
root mean square (RMS), defined by

1

{ ofongi(X)dX}z (2.166)

—o0

A, =
el

where

1

o 2
"ganz = { Jgé(X)dx} ,

—o0

it can be shown [85, 86] , that for each o>0
Aga = \/a ?

and the width of the window function g is 2 A,,. Further

L (e-i“"f(o)ga(t ~ b)dt =(‘[§e"ib‘°}2-1; _{o (ei"”‘?(n))g%a(n-m)dn, (2.167)

which says that, with the exception of the term (\/Ee—ib‘”j , the ‘window Fourer
o

transform” of f with window function g, at t=b agrees with the ‘window inverse Fourier

transform” of with window function gy.4,. Also
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(28g,) (2A | )=2. (2.168)
g—o

The last equation represents a formulation of the uncertainty principle, expressing
the fundamental fact that increasing the precision with which we determine the frequency
decreases the precision in the time determination and vice versa.

The Cartesian product

[b—x/&_,b+\/a]x

(2.169)

1 1
- o+
{ 2Wa 2Va ]
of these windows is called a rectangular time-frequency window. The width of 2o of

the time window is called the ‘width of the time-frequency window”, and -—j: is the
o

‘height “of that window. Generalizing the discussion above, the Gabor transform can be

determined as a particular case of Short Time Fourier Transform (STFT) with any
Gaussian function g, as the window function. In fact, it can be proven [86] that the Gabor
transform is the STFT with the smallest time-frequency window™ It can be proven that the

inverse Gabor STFT is given by

oCc 0

£(x) = ﬁ [T [eimx(Gﬁf)(co )Jga(x—b)dmdb. (2.170)

—0 —00

The width of the time-frequency window is fixed along the entire frequency spectrum.

Since it takes a narrow time window to locate high-frequency phenomena more precisely

" This is expressed by the equal sign in eq. (2.168).
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and a wide time window to analyze low frequency behaviors more thoroughly, STFT is
not suitable for analyzing signals with both very high and very low frequencies. That is
why the integral wavelet transform (IWT) has been developed [86,88,89], which provides
a flexible time-frequency window which automatically narrows when observing high-
frequency phenomena and widens when studying low-frequency environment. IWT is
defined by

(Wwf)(b,a) = jal'% of f(t)w(ﬂ)dt 2.171)

a, b real and a=0. The functions f and v satisfy the conditions

TEPdt<oo; [lueyit <o 2.172)

—0 —0

and, in addition

o [~ 2
| @), <, (2.173)
o @]

where as before  is the Fourier transform of .

Any function y satisfying (2.171) and (2.173) is called a ‘basic wavelet” In

addition, if v and  are such that

< 2 T 2
[Py dt<oo; [§t) dt <o, (2.174)

- —0

then it follows, under this additional assumption, that ¢ is a continuous function and
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from the finitness of the integral in (2.173) it follows that \(0) = 0, or, equivalently

Twdc=o;

-0

- a property not possessed by the Gabor STFT. Using the ‘admissibility condition”

(2.172), the inverse IWT can be proven to be given by

] ® 1 /x—b)da
f(x) = E—\;LL[(WWf)(b, a)]|a|2 W(T) ;—z—db , (2.175)
where C,, is defined by the identity
© v da ) -
[l [(wwf)(b, a)(wwg)(b,a)J—zdb =C, <f,g>, <f,g>= [f(x)g(x)x,
—00 —00 a —o0

and g(x) denotes the complex conjugate.

An example of a ‘basic” wavelet widely used in [87] for applications is the

sombrero (“mexican hat”), given by

t2

) = (1-t2)e 2 (2.176)

It satisfies the conditions (2.172) and (2.173) and therefore has a zero mean value.

An example of application of Gabor STFT and CWT, borrowed from [87], is
discussed here. Figure 2-6 shows a STFT of a white Gaussian noise. In figure 2-7 it is
shown the CWT of the same noise. It is seen that while the STFT spreads the noise

charactenstics over all time and frequency domain, the CWT localize the noise at the
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shortest scales. This clearly illustrates the advantage of CWT over STFT and Fourier

Transform, in particular for analyses of noisy signals where the noise may be considered as

a white Gaussian noise.
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Figure 2-7. The Continuous Wavelet Transform (CWT) of white noise.
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CHAPTER 3

Finite Difference Formulation of the Wave Equations

In this chapter we concentrate on development of a finite-difference formulation of
the wave equation in two dimensions, as well as the formulation of boundary and interface
conditions in a consistent manner using the finite-difference approximations.

The basic idea of the finite-difference method is very simple. The differential form
of the wave equation for a continuum is replaced by a discrete set of equations in which
the values of the field quantities ( displacements in the present case) are defined only on
the points of intersection of a grid. The partial derivatives in the wave equation are
approximated, to a given accuracy, by combining Taylor expansions of functions defined
over the grid. The present method works with the wave equation in its second order form.
It 1s also possible [90] to express the problem in terms of coupled first order equations,
using velocity and stress as the field quantities. Duncan [91] has used such a scheme for
elastic wave scattering calculations. Bayliss [92] also used velocity and stress fields, to

produce a scheme which is accurate to second order in time and fourth order in space.

3.1. Finite-Difference Wave Equations for Homogeneous Media
We start with the wave equation for homogeneous, isotropic media, in terms of the
displacements U(7,t)

2527 . 2 o5 00
sVU+(p” —-s )VV.U:B?—, (2.43)

where we assume that there are no body forces. If we consider a plane strain situation, in
-84-




which the displacements are zero in the Z-directions, so that U(%,t) = U(x,y,0,t), and

there is no dependence on z, we obtain the system

(pz_sz)(u  +V )+sz(u +u,)+fi=u
XX Xy XX yy 1 tt (2.50)

b

2 2 2
(P™ = 8" Nuygy + Vyy )+ 8 (Vex +Vyy )+ = vy

where we use the notation introduced in Chapter 2, section 2.1.7. If we define the
variables u and v on a uniform Cartesian mesh, of spacing h in both X- and Y- directions,

and at time intervals At, we may write
U(m,n,1) = U(mh,nh,lAt), (3.1)

where m, m, | are positive integer numbers. The same notation is used for both
components u and v of the displacement vector with respect to X- and Y- axes. Using the
expression for the second derivatives with respect to x, y and t, given in Appendix A, we
obtain for the finite difference approximation of the wave equations the following

expressions:
u(m,n,1+1) = 2(1- B%p2 - p% s)u(m,n,1) - u(m, n,1 - 1) + p*p[u(m +1,n,1)

+U(m-1,n,l)]+B2s2[u(m,n+1,1)+u(m,n-1,l)+%Bz(p2-s2)

xfvim+Ln+1LD)-v(m+Ln-1L)-vim-1,n+1,)+v(m-1,n-11)],
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v(m,n,1 +1) = 2(1- B2 p? - B2 s2)v(m, n, 1) - v(m, n,1 - 1) + B2 p>[v(m,n + 1,1)

+v(m,n-1,D)]+BZ2[v(m +1,n,1) + v(m- l,n,l)]+%ﬁ2(p2 -s%)

: (G.2)
x[um+1,n+11)-um+1,n-L1)-um-1,n+1L,)+u(m-1,n-1L1)]
At
Sy

where p denotes the compression speed and s - the shear wave speed.

3.1.1. Stability of finite difference method

The stability of the finite difference method is a property of the entire problem: that
is, it depends of the finite difference representation both of the bulk medium and the
boundary and interface conditions. Commonly, however, a method of stability analysis is
used which ignores the boundary or interface conditions. Such a method was applied to
the elastic wave system by Alterman and Loewental [93]. The method involves studying
the propagation of a plane wave through an infinite grid: as it is single frequency wave the
method is known as the Fourier method [94], although it appears to have been suggested
for the first time by von Neumann during the second world war [95,96].

Consider the plane wave

U(m,n,1) = A ¢! Cxmrkymh, 1 (3.3)

where the time dependence is contained within the factor vy, and the condition for stability

is that 1 > [y|. To simplify the equations, we define
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a=—", B:'— (34)

and substituting equation (3.3) into (3.2). After removing the exponential factor we obtain

uy =2(1- o? - Bz)uy—1 + 2a2ucos(khcos(3) + 2B2ucos(khsin6)

(3.5)
+—LII(OL2 - B2 )v(cos(kh(cosO + sinB)) — cos(kh(cosb — sinB)))
and similar for v. By evaluating the determinant of the coefficients of u and v for the worst

case (khsin6=.25m and khcos6=.257) (this case corresponds to the extreme value of the

parameter v) in [93] was shown that, for stability, one must have

1

—Ah—t < (p2 +5° )_5. (3.6)
This is, roughly speaking, a requirement that a signal shall not be able to propagate across
one mesh spacing in less than one time step. In one-dimensional case this requirement was
formulated by Courant, Friedrich and Lewy [97] and is known as Courant - Friedrich -
Lewy criterion [96].

Ilan and Loewenthal [98] studied the effects of boundary conditions on the stability
of finite difference schemes. Their approach was two-fold: empirical, using trial
calculations with the chosen finite difference method, and theoretical, using a modification

of the matrix method. The basic idea is: first, arrange all the displacement points at time

[At as a vector ﬁ/, which has dimension 2MN for the two displacement directions, M

points in the X- direction and N points in Y- direction:




u(l,1,1)

v(1,1,1)

u(M,N,1)
v(M,N,1)/

Then the finite difference scheme may be written as

0= 00'-10", (3.8)

where 1 is the unit matrix of dimension 2MNx2MN and O is a matrix with the same
dimensions which represents the coefficients of u(m,n,l) and v(m,n,l) in (3.2). We can

modify the equations to make them resemble two-level rather than three-level schemes by

defining the vector v’

ol
_, [T
e [U’J’ o9

when we may write

vl =py/ (3.10)
with
0 1
P-= . (3.11)
1 0

The operation of the finite difference scheme is equivalent to rising the matrix P to a high
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power, and in the limit P’ will be dominated by the highest eigenvalue of P, pmax say. If the
scheme is to be stable, pm.x must be smaller than unity. This condition is most easily

achieved by considering the eigenvalues and eigenvectors of P. If the eigenvectors are X™

with eigenvalues €, , we may expand V! as

V= Ty, X® (.12)
n

and then, as

pXx®™ =g x® (3.13)

we have

Vit o sy el x® (3.14)

n
From this expression it is clear that if all the eigenvectors of P have absolute values less

than or equal to unity, no initial vector VI, and in particular no error vector, will grow
without limit.

If boundary conditions are neglected, the matrix P is easily analyzed [99] by taking
advantage of the diagonally banded structure of the matrix. The result is the same stability
as (3.6). When the boundary conditions are included, in [99] it was necessary to make use
of the Gershgorin's theorems[20] to analyze the stability. The first theorem states that the
eigenvalue of largest absolute magnitude of a square matrix cannot exceed the moduli of
the elements in any row or column. The second theorem states that if S; is the sum of the

moduli of the elements along row i of the matrix, excluding the diagonal element ii, then
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each eigenvalue of the matrix lies inside or on the boundary of at least one of the circles
centered on the diagonal element and of radius S,. Their analysis was particularly useful in
identifying regions of instability when their original finite difference scheme was applied to
materials of low shear constants. Such considerations might be important for finite
difference models which treated the coupling of solids with polymeric materials or viscous
fluids, but should not arise for most engineering materials.

In addition to the discussion above, it should be noted that the stability of the finite
difference calculations depends on the particular scheme used and the geometry setup as
well. It is seen from (3.2) that the scheme chosen involves displacement values at three
subsequent neighboring mesh points in each spatial direction. This fact rises the
requirement that between two neighboring boundaries (or interfaces) it is necessary to
have at least three mesh points inside the medium in order to calculate properly the
displacements between the boundaries. The numerical experiments made even showed that
the minimum number of mesh points must be actually twice the number mentioned above -

in our case it is six, in order to keep the solution stable.

3.1.2. Accuracy of the Finite Difference Method

As it is well known, the stability criterion given in (3.6) does not offer guidance as
to the grid spacing that is required if the solution is to be accurate rather than simply
stable. What we actually need is to obtain convergence of the numerical solution to the
true one for each particular case. That is why additional considerations for the accuracy
(or consistency) of the solution is necessary.

Consider a plane compression wave traveling through a grid. From the difference
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equations (3.2), writing vy = ei‘”m, where o will be real if the stability criterion is satisfied,

and taking (k,, &, 0) =k (cos0, sinf, 0), we find

sin? coTAt = aZsin? (__khczosej + stinz (__kh;mﬂ)

>

(3.15)
+ % (a2 - Bz )tanBsin(khcosO)sin(khsinB)

i . o e .
and from this we can extract the phase velocity, v = T For simplicity, consider the case

0=0, i.e. the wave propagating in X-direction. Then

2 -1, . kh
L sin l(asm—), (3.16)
kp kpAt 2

y
p
where o and 3 are defined in (3.4) and p denotes the compression phase velocity. If we

define N to be the number of points taken per wavelength, then

v N h . _I(At . TE)

—=-———SIn | —pSsin—|. 3.17
P sine (3.17)

From this expression it is immediately apparent that as N — oo the phase velocity in the
finite difference model approaches the exact value.

In practical calculations [20,99], it is advisable to take rather more than ten mesh
points per wavelength to represent the wavelength of the dominant frequency, so that the

higher frequencies which will be included in any pulse are adequately represented.
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3.2. Zero Stress Boundary Conditions Formulation in Terms of Finite

Difference Approximation

Rigid boundaries are trivial, as they only require the setting of displacements to
zero at each time step. For stress-free boundaries, the situation is rather more complicated.
One way of achieving a stable scheme requires the introduction of a row of artificial points
just outside the boundary. The displacements of these points are then determined at each
time step so as to give zero stress on the boundary.

Consider [80] the boundary at a plane perpendicular to y-axis at y=nsh and let
introduce pseudo-nodes at y=(n,-1)h (fig.3-1). The body is assumed to occupy he plane y>n.h.
We introduce the fictitious displacements at these nodes in such a way that the corresponding
stress-tensor components to be zero at the actual boundary. For the zero-stress conditions on a

plane perpendicular to the y-axis we have:

Oyy = Mux tvy) T 2uvy =0,
(3.18)
G xy = u(Uy +Vx) =0.

Rearranging (3.18) and using the notation introduced before, these equations become

(o}
= = (p2-2))ug+pPvy =0
P (3.19)

= Sz(l.ly + Vx) =0.
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For stress-free boundaries, the finite difference equations are expressed in one-sided form
for derivatives normal to the boundary and in centered form (A.7) for tangential

dernivatives. Thus, on the plane y=n,h we get (fig.3-1, a))

(p2 -252)[u(m + 19n0,1)- u(m- 19n031)] +2p2[v(m’n0;l) ‘V(m, no -1,1)] = 0
2[u(m,ng,1)-u(m,ng - 1,1)] + v(m + 1,np,1) - v(m - 1,n4,1) = 0.

Solving the last equation for u(m,n,-1,I) and v(m,n.-1,1) we get for these components of

the displacement at the pseudo-nodes

C) d) o [ X
X 0 0
[ of x
X o [} T T
T T m -1 m+1
m_ m+ a)
ng +1 * o o [} [ o 0 [

no.g— X x x x X X X pseudonodes - x

nodes - o

Figure 3-1. The geometry of the pseudonodes at the free boundaries.

-93-




Pz’zs2

v(m,ng - 1,1) = v(m,ngp,1) + 52
p

[u(m +1,n4,1) - u(m-1,n,1)],

u(m,ng - 1,1) = u(m, ny, 1) +51[v(m +1,np,1) - v(m-1,ng,D].

Similarly, for the top boundary n, where the body occupies the space y<n;h (fig.3-
1,b)) we obtain

292

v(m,n; +1,1) = v(m,ny,1) - P 5
2p

[um+1,n;,1)-u(m-1,ny,1)],
(3.21)

u(m,n; +1,1) = u(m,ny,1) -%[u(m +1,n,1)-v(m-1,ny,1)].

For the left boundary where the body occupies the right half space x>m,h (fig.3-

1, c)) we obtain using the same approach

2 252
3 [v(mo,n+1,1)—v(m0,n—l,l)]

2s (3.22)
v(mg - 1,n,1) = v(mo,n,l)+%[u(m0,n +1L1) —u(mg,n-1,1)]

u(mg - 1,n,1) = u(mg,n,1) + 2

For the right boundary where the body occupies the half space x<mh (fig.3-1, d))

we obtain

p?-252

2p2

U(ml + 1>nal) = u(mlanal) - [V(mlan + lal) -V(mlan - l>l)]7

(3.23)

v(m; +1,n,l) = v(ml,n,l)-%[u(ml,n +1,1)-u(my,n-1,1)]

The above difference scheme will not define the displacements if corners are
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introduced. Let consider the corner at (x, y)=(ms,n;) as shown in fig.3-2. The difference
equations for the bulk (3.2) fix the values at (ms-1,n3), (m3,n3), (m3,n3-1) and (ms-1,n3-1),
and the ordinary boundary equations (3.21) fix the values at (ms-1,m+1) and
(ms+1,n3-1). To get the values at (ms, ns+1) and (ms+1,n3), the equations for the boundary

planes are solved simultaneously. This gives

4 1 1
v(m3 + 1,1’13,1) = E[v(m3,n3,l) -Zv(m3 -l,n3,l)-E(u(m3,n3,l)-u(m3,n3 - 1,1))],

1
u(ms +1,n3,1) = 1 5 [u(ms3,n3,1) -q%u(m; - 1,n3,1) - q(v(m3, n3,1) - v(ms,n3 - L1)],
-q

1
v(m3,n3 + 1,1) = > [v(m3,n3,l) - qzv(m3,n3 - l,l) - q(u(m3,n3,l) - u(m3 - 1,113,1))],
I-q (3.24)

4 1 1
u(ms,n3 +1,1) = ;[u(m3,n3,l) -Zu(m3,n3 -L1D) -E(v(m3,n3,1) -v(m;3 -1,n3,1))]

where q=(p’-2s®)/2p>. This leaves the values at (ms+1, ,3+1) undetermined. In order to
determine the displacement components at these points, we need additional two equations
for the two displacement components. One possible approach is used in [100], which we
apply here. Consider the upper right corner as shown in fig. 3-2. We may consider the
corner edge as it is shown in fig. 3-3, that is, we may assume that the corner can be
represented as an ark [100], and the zero-traction boundary conditions should be

expressed in terms of tangential and normal stresses G, and Gn, . The zero-stress
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pseudonodes - X

Figure 3-2. The geometry of the pseudonodes at a corner.

boundary conditions at the corner then may be written as:

Opn = K[un,n + u.m]+ 2uuy (3.25)

2

Om = U[Un,r + ut,n]

where u, and u, are the normal and tangential displacement component, and the notation ,
and . denotes the derivatives with respect to the normal and tangential coordinate in the
coordinate system connected to the corner. This coordinate system can be considered as a
rotated around Z-axis on angle 6.

Further, assuming that 8 = 45° [100], we obtain the following relation between u, ,

u.andu and v




1
Ug = ﬁ(v_ u)

. .
u, = 72—' (V + U)
For the infinitestmal increments dn and dt we obtain

1
dn=—=(dx+d
\/’5( y)

L

V2

dt = (dy — dx)

Utilizing (3.26) and (3.27) in (3.25), we obtain

(3.26)

(3.27)

U
A\GTT
6 e

Figure 3-3. Stress-tensor components at the upper right corner.
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1
Opn = %cxx +Oxy +—2—oyy, (3.28)

1
Ont = E(ny —Oxx)- (3.29)

Vanishing the stresses 6y, and Gy, , we obtain in terms of the derivatives of u and v and

compression and shear velocities

(p2 —52)(ux+vy)+s2(uy +vy) =0, (3.30)

vy —uy = 0.

y
Applying the finite difference schemes (A.21-A.22), we obtain
S2
u(m3 + 1,[13 + 1,]) = u(m3 - 1,1’13 - l,l) + 1-—3 [u(m3 - 1,n3 + 1,1) -u(m3 + 1,1’13 - 1,1)]
p
S2
-5 [V(m3 + 1,n3-1)-v(m3 - 1,n3 +1)],

(3.31)

2
v(m3+1,n3+1) = v(m3-1n3-1)-5{u(ms3- Lz +1)-u(ms +1,n3-1)]
p

2 2
V(m3-l,n3+ 1){1 5—2} +v(m3+1,n3- 1)[1-5—2}
p p

Using similar approach for the other three corners, we obtain: for the left upper

corner, denoted as (mgy, n,)

1
v(my,ny +1L1) = — {V(mz,nz,l) —q*v(my,np ~ 1,1)

I-q (3.32)

3

~q[u((my +1,ny,1) - u(my, nz, D]}
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u(my —1ny,1) = L 3 {u(mz,nz,l) - q2u(m2 +1,n,,1)
1

- , (3.33)
~q[v(my,ny ~1,1) - V(mz,nz,l)]}
4 1 ¢
u(my,ny +11) = E{U(mz,ﬂz,l) - Zu(mz,ﬂz -1L1)
, (3.34)
_%[V(m?. + 1’n271) - V(mZanz’l)]}
| 4 1
v(my —1,ny,1) = E{v(mz,nz,l) —Zv(mz +1,n,,1)
(3.35)

—%[v(mz,nz -LD)- V(mz,nz’l)]}

Using similar considerations as in the case for right upper corner, we have for the
tangential and normal stresses at the corner
Smn — -2—Gxx —O'Xy +50yy,

(3.36)

1
Ome = E[oxx ~Oyy

Expressing the corresponding stresses in terms of u and v and applying finite difference

approximations to the involved derivatives, we obtain for the point above the corner:
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2
u(mz+Lnz-LD) =u(mz-Lny+11) +[1 'S—ZJ[u(mz -Lm-1L1)
P

2
—u(my +1,n; +11)] +S—2[v(m2 +1,np + L1) = v(my - 1,ny - 1,1)]
P

(3.37)
2
v(mz +Lnz2 = L1) = v(mz2 = Lng + 1)) = < [u(mz + 1,n2 + 1)
p

2
-u(mz - 1,n2- L] +[1 -S—z}[\’(mz +1ny + L) = v(my - 1,nz - L]
p

For the lower left corner (where is the origin of the coordinate system) denoted as

(my, n;), we have

1
u(my =Ly, 1) = —— fu(my, 1) - PuCmy +1ay 1
1

- , (3.38)
—~q[v(my,ny,1) - v(my,n; + L1)]}
v(my,n; - 11) = ! 3 {v(ml,nl,l)— q2v(m1,n1 +LD)
I-q : (3.39)
—q[u(ml,nl,l) -v(m; +1,n; + 1,1)]}
4 1
u(my,ny - L1)= E{U(ml,nl’l)“zu(ml,nl +L1)
, (3.40)

- vt = vim + o]

4 1
V(ml - 1’n171) = E{V(mlanbl) - Zu(ml + lanl’l) _%[U(ml,nl,l) - V(ml,nl + 171)]} (341)

For the point below the corner the same expressions as in the case of upper right
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corner are held. Therefore, we obtain

2
u(ml - l,nl— 1,]) = u(m1+ 1,n1+ 1,1) —{1-8—2:|[U(m1— 1,n1+ l,l)-u(m1+ 1,n1-1,l)]
P

(3.42)

2
+ S [v(mi+ Lnp— L) = v(my = 1,n + 1,1)]
P

2
v(m; - 1,n = L1) = v(m; + L,n; + L) +%[U(m1 = Lny+1L1) - u(m +1,n;-1,D)]
p

; (3.43)
+ [1 -%}[v(ml ~Lny+L1) = v(my +1,n; - L]
p
Finally, for the right bottom corner, denoted as (my, ny) we obtain
4 1
v(mg +1,n4,1) = g{v(m4,n4,l) —ZV(m4 - 1,ng,b)
, (3.449)
1
_E[U(m4,n4 +1,1) - u(m4,n4,l)]}
4 1
u(m4,n4 - 111) = E{u(m4’n4a1) - Zu(m4>n4 + 171)
, (3.45)
1
_E[V(m4 = 1ng,l)—- V(m4,ﬂ4,1)]}
1
u(mg +1,ng,1) = — fu(my,ng,1) - gu(my - 1ng, )
- : (3.46)

_q[v(m4,n4 + 1,1) - v(m47n4’l)]}

-101-




_l_z_{v(m4,n4,l) - q2v(m4,n4 +L1D)

v(mg,ng —L1) =
I-q . (3.47)

—q[u(my - 1,ng,1) - u(mg,ng, )]}

For the point below the corner, making the same considerations as above, we
obtain the same expressions for the tangential and normal stress components as in the case

of upper left corner above. Thus, we obtain

u(my - 1,n4 +11)=u(my +1,n4 -1,1)+{1-S—22}[u(m4 +1,n4 +11)
P , (3.48)
-u(my - 1,n4 - l,l)]-;s)-zi[v(m4 +1,n4 +L1)-v(my -1,n4 - L1)],
v(my —1,n4 +1,1) =v(my +1,n4 -1,l)+—§32[u(m4 +1,n4 +11)
P (3.49)

2
“u(my - 1,nq - 11)] -[1-%}[V(m4 +1,n4 +1,1) - v(my — 1,04 -11)]
P
Two important notes may be emphasized : the boundary conditions’ relations

given above are accurate up to O(h) and they relate the displacement’s components of the

pseudonodes which belong to the same time interval (level).

3.3. Interface Conditions Formulation in Terms of Finite Difference

Approximation

One way of achieving a stable scheme for interface conditions implementation,

consistent with the already introduced boundary conditions, requires the introduction of a
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row of artificial points just outside the interface. The displacements of these points are
then determined at each step so as to provide the continuity of the stresses on the
interface. That means also to "extend" one of the media along the interface within the
other one. The row of artificial points along the interface between media (1) and (2)
around the intersection of the interface parallel to X-axis with the free boundary is shown
in fig. 3-4. We are using the expressions (2.56) and (2.58) to formulate the finite
difference approximations to the boundary conditions. We proceed with an approach
similar to that of Alterman and Karal [102]. Figure 3-4 shows the artificial points along
the interface and away from the intersection with the free boundary (marked as D); points
A and C denote the intersection of the interface with the free boundary; point B denotes
the intersection of the artificial row along the interface with the free boundary.

Here we derive the finite difference approximations for the displacement

components at points D (fig. 3-4). We start with the equations (2.56)
)\’(l)(ug(l) + vg/l)) + 2u(1)V§1) - k(2)(u§(2) + v§2)) + ZN(Z)V§/2) i (2.56)
O P +v0) = D +v?).

Let assume that the interface is at y =ng h. Here and further all variables and parameters of
medium 1 will be denoted with superscripts (1) and the same for medium 2 and the
superscript (2). To distinguish the displacements at the artificial nodes along the interface
we denote them with ufim,n,l) and vf{m,n,l) for the X- and Y- displacement component,
respectively. Using (A.10) for the derivatives with respect to Y and (A.24) for the

derivatives with respect to X, we obtain, approximating the equations (2.56)
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medium
2.
E
\ c o
o] KX X X X X X
B ~
0 o} o] o] [¢} (o] o]
/O ~ X X X X X
A
[o] X X X X X X
/
medium
1.

Figure 3-4. The artificial points along the interface between media (1) and (2).

2 2
1
uf (m,ng,l) =—|1- 2P [v(l)(m +1,nq,1) - v(l)(m— l,no,l)]+ —S—z—ﬂu(z)(m,no +1,1)
2 s? P2 s? P2

2
+(1 - S—gﬂju(])(m,no,l)
S P2

(3.50)
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2 2 2 2
] - 2s - 2s
vf(m,ng,1) =( L pplj (1)(m,n0,1)+5[_:))1 P2 . 2 _Di k 1J

[ ()(m+1 ng,l) - ud )(m 1,ng 1)] p2 LAk (2)(m,n0+1 1)
P2

In the case when the medium 2 is extended, we obtain similarly

2
uf(m, ng, 1) = [1 - P 2}[ (2)(m + 1, ng, 1) - v(z)(m -1, no,l)]

(%) $2
, (3.52)
P st 2 p s 1
H 1= 22 @ m,ng, 1) + 22 u®m, g - 1,1)
P2 $3 [sJ) s5
2 2 2 2
1| p2 ~2s ~2s
Vf(msn09l)=5[-p2—2—2_ﬂpl > l]
P2 p2 P2
X[u(Z)(m+l,UOal)—u(z)(m—l,no,l)] ) (3.53)

2 2
+[1 _ Bl_p—;]v(z)(m,no,l) +_El_%v(1)(m,n0 -1,1)
P2 p3 P2 p2

There is an obvious similarity between the expressions for both cases when medium 1 is
extended and vise versa. The equations (3.35)-(3.38) contain the ratios of the shear
velocities of the two media as well as their compression velocities and density ratios. If the
constants characterizing the two media are quite different, then these ratios may be large.
The effect of these large ratios is to introduce serious errors and (sometimes) instabilities
in the calculations. The reason this occurs is because the one-sided derivative in y
introduces an asymmetry in the interface conditions. If we had used a two-sided or

centered derivative in y, the finite difference equations for the interface conditions would
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be symmetrical. However, the calculational scheme across the interface would no longer
be explicit. That is why we considered above and below both cases when medium 1 is
extended and vice versa. The reason is that this provide the opportunity to consider the
opposite extension when the ratios mentioned above are large. From (3.35)-(3.37) it is
seen that the expressions in both cases are similar, but depend on the opposite ratios of the

characteristic parameters of the two media.

3.4. Cracks and Laminations Representation by Finite Difference

Method

Planar defects may be treated by a simple extension of the equations for the
boundary conditions given above. Again the rigid defects are trivial. A free surface defect
is treated as two coincident planes, each with zero stress. This gives the defect of
negligible width. However, this method assumes that the crack faces are non-interacting,
1.e. the crack remains open under the influence of the incident wave. This is realistic for a
smooth defect, according to Ogilvi and Temple [103], provided the defect width w obeys
the condition: d < w << A, where d is the displacement amplitude of the wave and A is the
ultrasonic wavelength.

Two different defects are considered: ones that are entirely inside the medium, and
ones that break the free surface of the medium. Figure 3-5 shows a crack entirely inside
the body. Two rows of pseudonodes are inserted along the crack position, and the
equations for the zero-stress surfaces are used to compute the displacements at the

pseudonodes. These are not real points and care must be taken to establish the rigid

-106-




connectivity of the perfect solid beyond the crack tip. Similar approach is used to model a
surface breaking crack, as shown in fig. 3-6. In this case we must consider the conditions
at the crack edges on the surface. The same equations used for evaluation of the
displacements at the free surface corner are used to evaluate the displacements at points A
and B in figure 3-6. Again, at the ends of defects in the bulk, the fictitious points
introduced have to have their displacements set equal to those of points in the bulk
adjacent to the defect, to establish the correct connectivity and end the defect smoothly. It
should be noted that this scheme models a crack with zero width, as it is in [20, 84],

whereas most formulations treat a crack as a slot a few mesh spacing wide.

o —» nc+i [ o ° ° o
2] =] [+] [+]
pseudo ] > x « « X
nodes
. 0
o — nc inner crack
> x X X X
o o o [}
o +—nc-1 <] ° o [} [}
mc-1 me mc+isize

Figure 3-5. The pseudonodes at an inner crack.
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Surface breaking crack.
|
|

o 0 o 0o 0 O O O o 0o 0 0 0 o o0 o0 O
.

o o o o o O O O o o 0o 0 0 0O 0O O O
.

o 0 o0 0 o o0 O O X X o o o & o o o o

6 o o 0o O O O O X X 0o o0 o o 0 O O o

0 0 0o 0o o 0O O o X X o 0o 0o 0o o o o0 o

o 0 o o o0 O 0 o X X o o 0o 0o 0O 0 0 O

: 0 0 0 0o o0 O O © X X o o o o o O O o©O

0 0 0 o 0O O O O X X 6 o0 0o o 0o o o0 o

0 o o o 0o O O O x X o o o o O O o0 o

o 0o 0o 0o O 0O 0 o x X o o o 0 0 O 0 o

A A
X X X xX x x x x A A x x x X xX xX x X

Figure 3-6. Pseudonodes at a surface breaking crack.

3.5. Dimensionless Variables

There are two sources of errors in the numerical computation. When the finite
difference methods are concerned, one of the sources is the truncation error. The
truncation error in our case, when the center-difference approximation is applied, is given

by
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At 1 0)| At - h 2+ 2= h 2 2 0 - ~
6 {(0 l)|: 2 Ut - 2 (p s +3 Uyyyy):|“ 2 (p” -57) 1 0 [Uxxxy +Uyyyx] +...

(3.54)

This error can be denoted with O(At* + h%) [104,105], where O(h) is defined in Appendix
A. From the equation (3.54) immediately follows that the smaller the steps At or h, the
smaller the truncation error, provided that both steps satisfy the stability condition (3.6).
However, because of the roundoff error, a purely computational effect due to the fact that
each real number has a finite length in machine representation, decreasing further the
spatial and time steps does not always lead to smaller error. In fact, decreasing the steps
At and h indeed decreases the truncation error, but necessarily increase the roundoff error,
and as a result, the error in the obtained results. As our computations showed, the
roundoff error may significantly aggravate the final error. To make the effect of the
roundoff error as small as possible, we introduce in the actual code the dimensionless

variables, defined as follows
T=—,f=—,c=— (355)

where L,, L,, are the sizes of the system with respect to X and Y directions,

g+

a
p? — 2

is the "natural" time interval of the system, where p and s are the

compression and shear speeds, respectively. With these variables, equations (2.50) become
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2. 0% s 118 | ¢ 2, 0% 1\8% | &%
(1+x —St—|K+= = (1+x )—2+ l+—2 I3
ct” p K/ 0608 p*—s oE K“/ Og ot (3.56)
11% p 1% ¢ ) %% 11825 | %%
1+—7 —2+— K+— + ) ) (1+K )—'—2—+ 1+'—2 —2 =-—2
K/ Og s K/ 0G0 p* ~s x x“/ &g ot
~ U .V L, . . .
where U = —,Vv=—/and k = —=. In equation (3.56) all variables and coefficients
pAt sAt L;

are dimensionless, and this is the system we actually solve by the finite difference
approximation described above. The introduced set of dimensionless variables in fact
keeps all values during computation at the same order of magnitude, and this fact prevents
the increasing of the roundoff error effect in the final result even when the step sizes with

respect to time and space are small.

3.6. Finite Difference Formulation for Cylindrical Geometry

To derive the finite difference approximation to the wave equations in cylindrical

geometry, we start with the system (2.68)

2 u 1ou 8w u 2 *u o*w) &%
pe| ——+-—=—+ ——|+s - =
o2 ror ooz 2 5z oroz ot?
o Pw 1o %) S *w 1ow 1ou %) Ow
-+ —— |45 =
2 10z ooz

(2.68)

Using the approximations (A.7), (A.8), (A.11) and (A.18), we obtain
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2 442

2442 2 ael
w(m,n,l) = 2w(m,n,1) 1—%——% —w(m,n,l—l)+p ; [w(m,n+l,1+w(m,n—l,1)]
Az Ar Az
24,2
A Az
LA [u(m,n+1,1) = u(m,n - 1,1)] +
Az2 2mAr

szAt2
Ar2

p2At? Az sPAt AzJ

+1,nD)+ -1nl)|+ -
[w(m +1,n,1) + w(m-1,n,1)] [Azz YT Ry

, (3.57)
x[u(m+ Ln+1LD)-u(m-1Ln+1)-u(m+Ln-11)+u(m-1n- l,l)]

szAt2
Ar2

—I—[W(m +1,n,1) - w(m-1,n,1)]
2m

24,2 24,2
u(m,n,1+1) = 2u(m,n, 1) 1- 2 Azt _$ A; —u(m,n,1-1)+
Ar Az

p2At?

2,.2
3 p_At [u(m+1,n,1)-u(m-1,n,1)]
Ar

Ar2

[u(m +1,n,1) +u(m - 1,n,l)]+L
2m

24,2 24,2 24,2
LAY (myn, 1y EAE S A . (358)
m? Ar? 4ArAz  4ArAz

x[wm+Ln+L)~w(m-1Ln+L1)-w(m+1Ln-1L)+w(m-1n-L11)]

s2 At2

— [u(m,n+1,1) - u(m,n- 1,1)]

+

where we use the same notation as in the other subsections of this chapter, u is the
displacement along R-axis, w is the displacement along Z-axis.

One can note that when r=0 is included in the solution domain, the equations
(3.57)-(3.58) contain undefined terms, and therefore cannot be used when r = 0. Valid
equations along the axis of symmetry are easily derived, however, by using independent

arguments. Due to continuity of the elastic media, along the axis of symmetry, the
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following conditions for the radial and axial displacement components are held [102,106]

u(0,z,t)= 0, (3.59)
ow

— =0. (3.60)
or =0

The terms causing trouble in (3.58) are -1—% and l%\—:— By using L’Hopital’s rule at
r r

2 2
r = 0 these terms can be replaced by Ou and oW , respectively. These, in turn, can be
ooz or?

replaced by their finite difference approximations. Due to their regularity near r = 0, they

can be continued to r < 0 by using the asymmetry conditions

u(-1,n,1) = —u(l,n,I)
. (3.61)
w(-1,n,1) = w(l,n,l)

Making these new substitutions in the equation of motion for w, we obtain an additional

equation
242 24,2
w(0,n,1+1) = 2w(0,n,l)[l- P A; _2s Azt )—W(O,n,l—l)
Az Ar
24,2 2 2vAg2
A 0 n L)+ w(o,n - L]+ GPZSDAT
Az2 2ArAz
(3.62)
s?At?
xfu(l,n+ L) -u(l,n-11)]+4 >—w(l,n,l)
Ar
2,.2
28 A; u(0,n,1)
Ar
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Equations (3.57)-(3.58), together with the equations (3.59) and (3.60), are the

foundation of the finite difference model in RZ cylindrical geometry.

3.6.1. Stability Conditions
Applying the same approach as in [102], for the stability we find the following

approximate criterion

212
p_At <|1+ (E) ,
Ar p
when Ar = Az. The stability criterion is approximate because we assumed, for simplicity,
that the value of m is sufficiently large so that terms involving 1/r were small. Under this

restriction the stability difference equation possesses constant coefficients and is easily

solved.

3.6.2. Boundary conditions

To obtain the boundary conditions we use the same procedure, established for
Cartesian geometry.
Introducing again artificial points along the free surface r =r,, when the body

occupies the half space r < my Ar, we have the conditions

O = pzur + (p2 - 2s2)wZ + (p2 - 252)E =0
r (3.63)

O =U,+w; =0
From these conditions we derive expressions for the displacements at the artificial points
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p? - 25
u(mg +1,n,1) = u(mg,n,1) - ———2——[w(m0,n +1,1)-w(mg,n - l,l)]
p

, (3.64)
2 .2
P22 (g, 1)
mop
Ar
w(mg +1,n,1) = w(mg,n,1) —ﬁ—[u(mo,n +1,1) = u(mgy,n - 1,1)]. (3.65)
z

For the free boundary at z = ny Az, when the body occupies the half space z <ny Az, we

have the conditions

2 2 2 2 2,4
G,y = + - 257 )u, + -25°)—=0
2z =P W+ (p Jur + (p ) . ‘ (3.66)

O =U,+w, =0

Using the one sided finite differences for z-derivatives and centered differences for r-

derivatives, we obtain

2 2
w(m,ng +1,1) = w(m,no,l)—¥£[u(m+ 1,ng,1) - u(m - Lng, 1]
p 2Ar
, (3.67)
2 2
1 -2
"‘”%U(m,nml)
m- - p
Az
u(m,ng + 1,1) = u(m,ngy,l) - 2T[w(m+ 1,ng,1)—w(m- l,no,l)] . (3.68)
r

Using the same approach, for the case of a free surface at r = r; , where the body occupies

the half space r > m, Ar, and r, # 0, we obtain
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2_p2

u(m; — 1,n,1) = u(my,n,l) +£——L2A7Arz[w(ml,n +1,1)—w(my,n— l,l)]

2
P
, (3.69)
2 52
w222 mpn )
m;p
Ar
w(m; +1,n,1)= w(ml,n,l)+g[u(ml,n+ L1I)-u(m;,n- 1,1)]. (3.70)
z

When r; = 0, we use the condition u(0, n, I+1) = 0 and equation (3.62).

For the last remaining case, when the free surface is along z = 0, we have the conditions

2,2
wmk¢n=wmp»+1—§iﬁqmm+wu—um—wﬂ
p 2Ar
: (3.71)
2 _ 52
S35 82 o
p mAr
Az
u(m,-11) = u(m,0,1)+—2X[w(m +1,0,)-w(m-1,0,1)]. (3.72)
r

3.6.3. Conditions at the Corners

We use similar approach as in the case of Cartesian geometry. For the case of an
upper right corner (mg ,ny ) we obtain the following expressions

4 1
w(mg +1,nq,1) = E{W(mo,no,l)—zw(mo - 1,ng,1)
(3.73)

>

Ar
—E[U(mo,no,l) —u(mg,ng - 1,1)]}
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4 1
u(mg,ng + L1 = g{u(mo,no,l)—z(mo,no -1D

: (3.74)
Az
———w(mg,ng,l) — w(mg —1,ng,1
2Ar[W( 0-Np,1) — w(mg 0 )]}
u(m0+1,n0,l)= ] l 2 {U(mo,no,l)—qzu(mo—l,no,l)
1 , (3.75)
Ar 2
__[W(mOano,l)_W(mO,nO_1,1)]"'_(1((1"1)“(‘“0,“0:1)}
Az m
W(m0>n0+1’]) = 1 P {W(mo,no’l)—q2W(m0’n0—1’1)
1-q
(3.76)

Az 2 Az
+q—[u(mg - 1,ng,1) - u(mg,ng, N+ ———q(q - 1)u(mo,no,l)}
Ar m Ar

as it is in the case of

b4

In the above equations we use again the notation q = 3
2p

Cartesian geometry.
To obtain conditions for the artificial point above the corner, we use the same

considerations as in the case of Cartesian geometry. The result is

w(mg + 1,ng + L,1) = w(mgy - Lng - L1) +

2
S
[l—p—zJ[w(mo+1,n0—1,])—w(m0—1,n0+1,l)] , (3.77)
2 2,2
s° Az 2 Azp® -12s
+——1 u(mg+1,ng—-1,1)-u(mg-1,ng+1,1)| - —————u((mgy,ng,l
p2Ar[(0 0= L1~ u(mo~1,np+11)] moAr g2 ((mg,no.1)
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u(mg +1,np + 1L,1) = u(my —1L,ng - L1)

2
_[1 _ S_zj[u(mo +1,n9 — L1) - w(mg — 1,ng +1,1)] . (3.78)
P
2 2 2
2 p2-2
_S_g[w(mo +1,n9 - 1,1) - W(mo - 1,n0 + 1,1)]——2—2_Su((m0,n0a1)
p2 Az mO P

For the rest three corners we obtain similarly:

Upper left corner at (my ,ny):

4 1
w(mg - 1,ng,1) = ;{W(mo,no,l)—ZW(mo - Lng,l)

, (3.79)
—ﬂ[u(m ng - 1,1)—u(mg,n 1)]}
e 0.Np — 1, 010>
4 1
U(mo,no+1,1)=E{U(mo,no,l)—z(mo,no—1,1)
, (3.80)
22 [w(mg + 1,ng,1) - w(mg,n 1)]}
2Ar 0 > 10> 0,110,
1
u(mg — 1,ng,1) = 3 {u(mo,no,l)—qzu(mo— 1,np,1)
-q
, (3.81)
Ar 2
+q—[W(mo,no,1)—W(mo,no—1,1)]——Q(q—1)U(m0,n0,1)}
Az m
w(mg,ng +1,1) = ! 2{w(mo,no,l)-qzw(mo,no—l,l)
1-q
(3.82)

Az 2 Az
-q—[u(mg - 1,ng,1) - u(mg,ng,1)]+=—=q(q - l)u(mo,no,l)}
Ar m Ar
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w(mg +1,ng - L1) = w(mg - I,ny + 1,1)

2
+(1——S—2-][W(mo+l,no+1,1)-W(mo—1,00“1,1)] , 3.83)
P
2 22
A 2 Azp“ -2
— =5~ Z[u(mg +Lng +L1) - u(mo - Lng = 1,1)]+ —-=E—="u((mo,ng, 1)
p? Ar mg Ar p

u(mg +1,ng - L1) =u(mg - L,ng+1,1)

2
-—(l - —S—Z—J[u(mo +1,ng - Ll)- u(mo -1ng + 1,1)] . (3.84)
P
2 2.2
+S—£ w(mg+1,ng - 11)—w(mg - 1,ny - 1,1) _ip_Z_s_u(m ,ng,1
2 0 0 0 0 ) 0,10
p Az my p

Bottom left corner at (my ,n):

4 1
w(mg - 1,np,1) = E{w(mo,no,l) - Zw(mo +1,nq,1)

: (3.85)
+£[u(m ng - 1,1) = u(mg,ng,1)]
2Az 0,10 > 0,10>
4 1
u(mo,no - 1,1) = g{u(mo,no,l) - Z(mo,no + 1,1)
, (3.86)
+£[w(m0 +1,ng,1) - w(mo,no,l)]}
2Ar
U(mo - l,no,l) = ! ) {U(mo,ﬂo,l) - q2u(m0 + l,no,l)
I-q
, (3.87)

Ar 2
—-q E[W(mo’n()al) - w(mOanO + 1>l)] - ;q(q - l)u(m()’no’l)}
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W(mo,no —-l,l) = 2 {w(mo,no,l)—qzw(mo,no+l,l)

1-
9 (3.88)
+Q%§[U(mo +1,n9,1) - U(mo,no,l)]—%% q(q - l)u(mo,no,l)}
W(mo + l,no - 1,]) = W(mo - 1,]10 + 1,1)
S2
H1-= [w(mg +1,ng +1,1) - w(mg - L,ng - 1,1)] , (3.89)
P
-2
-S—E[U(m0 +1Lng +1L1)-u(mg - 1ng - L1)] + iéz——p———s—u((mo,no,l)
mg Ar p
u(mg - Lng — L) =u(mg +1,ny +1,1)
$2
+ 1= = [[u(mg + 1,ng — 1,1) = u(mg - 1,ng +1,1)] . (3.90)
p
s Ar 2 p?-2¢?
+———[w(m0+1 no—l 1) W(mo—l n0+1 1)]+ —————u(mo,no,l)
mg p
For the bottom right corner at (mp ,n, ) we have
4 1
w(mg + 1,ng,1) = E{W(mo,ﬂo,l) -ZW(mo - 1,ng,1)
, (3.91)
u(mg,ng + 1,1) —u(mg,ng,l
2AZ[(00 )(00)]}
4 1
U(mo,no - 1,1) = —g{u(mo,no,l)— Z(mo,no + 1,1)
, (3.92)

_fi[w(mo -1 no,l) W(mO’n()’l)]}
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1
u(mg +1,np,1) = 5 {u(mo,no,l)—qzu(mo—l,no,l)

1-
1 , (3.93)
Ar 2
"q_[W(mO+1,n0,1)-W(m0,n0,1)]+_‘q(q—I)U(mo,no,l)}
Az m
w(mg,ng—11) = 5 {w(mg,ng,1) - q?w(mg,ng +1,1)
1-
4 (3.94)
Az 2 Az
+q—Ju(mg,ng,) —u(mgy - L,ng,D|{+—— - Du(mg,ny,l
qAr[U(oo) (mg 0.1)] mArQ(q )(00)}
w(mo—l,n0+1,l)=w(m0+l,n0—1,l)
S2
- 1-p—2 [w(mg + 1,09 +1,1) - w(mg — Lng - 1,1)] , (395
2 2 2
s Az 2 Azp”©-2s
~—2X—[u(m0+l,n0+1,1)—u(m0—l,no—1,1)]——E£Tu((mo,no,l)
p I mO p
u(mg - 1,ng +1,1) = u(mg +1,ny5 - 1,1)
S2
+ 1= =5 |[u(mg + Lng + L,1) - u(mg - Lng - 1,1)] . (3.96)
p
2 2 2
2 -2
—%§[w(m0+1,n0+1,1)—w(m0—1,n0—1,1)]+—inu(m0,n0,1)
p Z mg p

The equations above are very similar to those obtained in the case of Cartesian
geometry. The theoretical analysis [1, 3, 7-10, 13, 20] shows that in the limit of cylinders
whose radii are large compared with the wavelength, all the modes of the cylinder may be
equated with corresponding modes of a plane surface. An analysis of the asymptotic forms

of the Bessel functions (which are the eigenfunctions of the involved differential operators




with respect to r in this case) for large values of the order n and argument kr shows that
the error made in treating the surfaces as plane are of order 1/(kr)* times the terms which
are kept. For a typical ultrasonic experiment, with a wavelength of the order of millimeter
(that is, for compression mode velocity at about 6,000 m/s, the frequency should be at
about 3 MHz), the modes propagating in a pipe may be treated as a bulk waves, Rayleigh
surface waves and lateral waves, provided that the pipe radius is S cm or more. The
resonance analysis given in [107] of the modes of an elastic cylinder shows the

convergence of the poles onto those for a plane surface, and confirms that the plane

surface approximation is accurate for (kr) > 1007.
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CHAPTER 4
Finite Difference Model Applications and Analyses of the Results by

Using STFT and CWT Tools

In this chapter we consider practical some applications of the finite difference
model for elastic wave propagation and scattering which has been developed in this work
by a variety of flaws in Cartesian geometry in two dimensions. The methods for excitation
of elastic waves are discussed in detail and an analysis of the angular distribution of a
surface source is included. We apply STFT and CWT to the results obtained by the model
for crack determination and Lamb waves analysis as well as to a set of data from

experimental ultrasonic transmission measurements.

4.1. Excitation of Elastic Waves

The analytical results presented in Chapter 2 showed the main features of the
generation of elastic waves in solids by surface and buried sources. The analysis is limited
to sources of simple geometries, and to the limiting cases of step functions, delta functions
or continuous wave sources. In practice transducers are only a few wavelengths across,
and are excited by pulses of significant length, although the laser sources [112, 113]
provide an elegant exception to this generalization. The finite difference method allows
calculations with arbitrary sources and pulse shapes [20]. For analyses of pulses of
arbitrary shape and duration, Riker [114] proposed a true wavelet pulse shape with

respect to time for applications in analyses in seismology. For the purposes of the present
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work, we adopt similar concept, based, however, on pulses shaped in the form of the

“sombrero” wavelet, equation (2.176). We constructed a three dimensional “sombrero” in

the following manner

1(xcosB+y sine--ct)2

o0 A\
Vo(x,y,) = Al 1- (xcose+y251n6 ct) e 2 ) ' @.1)
a

It is readily seen that the function above represents a solution of the wave equation (2.32)
in the absence of external forces, the pulse will propagate with a velocity ¢, and in addition

it satisfies the conditions (2.172)-(2.174). Moreover, we have

o« o ©

j j j we(x,y,t)dxdydt = 0. (4.2)

—00 —00 —00

The shape and time duration of the pulse (that is, its frequency characteristics), can be

easily modified via changes of the constant amplitude A, parameter a and the angle 6. In

PSD
0
o
|

o
0
!

.0 .1 o.2 O.3 .4 O.5 .8 .7 .8 o.9

Frequency

Figure 4-1. The Power Spectrum Density (PSD) of the function (4.1)
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the following sections we will see how this formulation is used to generate longitudinal
and transverse pulses with arbitrary duration and amplitude, according to the required
analysis. The Fourier transform of the function is shown in figure 4-1. It is seen, as it was

expected, that the pulse has a finite frequency range and well defined center frequency,

both defined by the three parameters in (4.1) - A, a, and c.

4.1.1. Excitation via Initial Conditions

The general form of the wave equations (Chapter 2) as well as their finite
difference realization (3.2) implies that we need to determine the displacements at two
subsequent time instants (at time moments 0 and 1 in terms of finite time steps) in order to
determine the initial conditions, providing a unique solution of the equations. Similarly one
must also define the initial displacements and the first displacements’ time derivative at
time instant zero. In general, two different types of waves are considered - longitudinal
and transverse. As shown in Chapter 2, they have different velocities and must be inserted
separately. We use the potential approach as it is stated in Chapter 2. Let @ be the scalar
potential, defined in (2.38). It has to satisfy equations (2.40), (2.44), and, as it is shown in
section 2.1.7, it represents the longitudinal elastic wave.

Consider the equation

1 (xcosO+y sine—pt)2

®(x,y,t) = A(xcosd + ysind — pt)e 2 a? , (4.3)

where p is the longitudinal speed as defined in (2.42).

It is readily seen that (4.3) satisfies the equation (2.44) and therefore represents a
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longitudinal plane wave with the particular form (4.3), propagating with a velocity p, and
having a normal at angle 6 with respect to the X-axis. Using the definition (2.38) and

assuming that the vector potential H = 0, for the corresponding displacements we obtain

_ (xcos +ysind - pt)2

a2

1 (xcosO+y sine—pt)2
:le 2 a’ : (4.4)

u(x,y,t) = % = AcosG{l

_ (xcosb +ysinb - pt)2

a2

2 a® . (4.5)

1 (xcosb+y sine--pt)2
v(x,y,t) = % = Asine{l ]e

At time instant t = O we therefore obtain

_ (xcosb+y sine)2

1 (xcosB+y sinG)2
u(x,y,0) = AcosG{l 5 }e 2 a’ , (4.6)
a
0 0 2 1 (xcosO+y sine)2
v(x,y,0) = Asine{l— (x cos +2y sinb) Je 2 a® : 4.7
a

To start calculations, along with the expressions (4.6) and (4.7) we need to define the first
time derivatives of the displacement components at instant 0. Differentiating (4.4) and

(4.5) with respect to time, we obtain

ou(x,y,0)
ot
Apcosd 0 +ysin6)? 1 6 +ysing)? |’ @9
_ Apcos (xcosO + y sind) 3_(xcos ysinf) exp _1(xcosb +ysinB)
a2 a2 2 a2
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ov(x,y,0)

ot
. 4.9)
. . 2 . 2
_Ap s21n9 (xcos0 +ysin 6){ 3 (xcos6 :1-2y sin@) }exp{—% (xcosB -:1-2y sinf) }
a

The displacements at time instant O are readily substituted from (4.6) and (4.7). The

displacements at time instant At are computed as follows: from the Taylor series we have

ou(x,y,0) , . At SPu(x,y,0)
2

u(x,y,At) = u(x,y,0) + +0(At?). (4.10)

Taking into account that u(x,y,0) satisfies the wave equations, we express the second time
derivative in terms of spatial derivatives of the displacements’ components from the wave

equation. Finally, we obtain

u(x,y,At) = u(x’y’O) +Q”%At

(4.11)
2
+%[(p2 - 52 )(uxx (X,y,O) + ny (X,y,O)) + 52 (uxx(x,y,O) + uyy (x,y,O)] + O(Atz)

In (4.11) we have used the notation introduced in (2.42), (2.50). The expression for

v(x,y,At) is

v(x,y,At) = v(x,y,0) + %a’ty—’o)m

(4.12)

2
At
+= (p? = 52 MUy (%,,0) + Vyy (%,5,0)) + 8% (Vyx (%,5,0) + Vyy (%,y,0)| + O(AL?)

In (4.11), (4.12) all terms are known or readily calculated from (4.6) and (4.7).

The parameter a in (4.6), (4.7) defines the spatial spread of the pulse at moment 0, A is the
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amplitude of the initial wave, and both a and A together determine the frequency spectrum
of the propagating pulse. This procedure leads to the generation of longitudinal waves.

Figures 4-2a,b and 4-3a,b show the u and v displacements initiated in an aluminum
plate, for two values of @ = 0, 30° | correspondingly. Figures 4-4a,b and 4-5a,b show the
displacements of the waves initiated as shown in fig. 4-2a,b and 4-3a,b at t =6 us. The
displacements at t = 20 pus are shown in fig. 4-6a,b and 4-7a,b correspondingly. Figure 4-2
clearly demonstrates the physical nature of the compression wave - the displacemeht is
non zero only along the direction of the wave velocity. It is seen from the figures that
since expressions (4.6)-(4.12) represent a solution of the wave equations for a
compression wave with the particular shape defined by (4.4), (4.5), the wave preserves its
shape and the conversion to a shear mode is made only at the free surfaces via the
appearance of shock waves. The Rayleigh waves propagating along the surface are also
clearly visible. Note that the shock ,or head waves, as we see later, appear only at the
critical angle 6 = arcsin(s/p). Figures 4-4 through 4-7 show the process of the longitudinal
wave propagation and reflection in aluminum plate 8 cm x 6 cm.

Figure 4-8 shows a “history” at a detector point x =y = 29.76 c¢m, resulting from a
longitudinal pulse propagating at 6 = 90° in a rectangular block with infinite length in Z-
direction, 65.88 cm in Y-direction and 83.88 cm in X-direction. Zero-stress boundary
conditions are employed along X- and Y- axes. The stepsize along X- and Y- direction is
taken the same and is h=1.2 mm, the time step is At=0.08 us, the sampling rate is
3.125 MHz. The computation has been carried up to 4,096 time steps (328 us). The
medium is steel with Poisson ratio v = 0.29, Young modulus E = 200 GPa, and a density
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Figure 4-2. Initial compression pulse at 8=0", At=0.02 us, h=0.2 mm, at t=0 s. Aluminum plate.

a) u-displacement component; b) v-displacement component.
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b)

Figure 4-3. Initial compression pulse at 8=30";At=0.02us, h=0.02 mm at t=0s. Aluminum plate.

a) u-displacement component; b) v-displacement component.
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* Rayleigh waves

Head(or shock) waves

'

| Longiwedinal wavefront |

, Rayleigh waves

/

Figure 4-4. Same as in figure 4-

a) u-displacement component; b) v-displacement component.
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, Head(or shock) waves i

1

‘Head(or shock) waves

:Longitudinal

wavefront

Figure 4-5. Same as in figure 4-3 at t=6Us.

a) u-displacement component; b) v-displacement component.
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Figure 4-6. Same as in figure 4-2 at t=20us.

a) u-displacement component; b) v-displacement component.
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b)

Figure 4-7. Same as in figure 4-3 at t=20us.

a) u-displacement component; b) v-displacement component.

-133-




— 1.5 T T T T T 1 T T 1 1 1 .T T T
2 229.12micsec.
‘c
3
< 103.36micrsec.
L. -
= 10¢r 125.44micsec. .
5]
©
3
=
C
o
2 0.5 i
E .
=
Q
£
Q
g 0.0 i
Q
0
©
z
[¢3]
[t —_ - -
S 0.5
Q
€
O
Q
|
> ~-1.0 PR TS RSN NN SRS SN NS SRS WA U Sy SR R S S
OO0 0000000000000 OO
A F O 0O XN T OO NT O© OO N
rrrrr NN AN ™.

Time (microseconds)

Figure 4-8. A “history” at a point.

p = 7,800 kg/m® . The longitudinal velocity in this case is p = 5,774.49 m/s. It is seen that:

- After the first peak at t=0 sec the peak at 103.36us represents the pulse reflected from
the boundary at X=0 cm and the next peak at t=125.44us represents the reflected pulse
from the boundary at X=83.88 cm. Both peaks have one half of the amplitude of the initial
signal. The peak at t=229.12 pus represents the interference between two pulses
propagating in opposite directions when they arrived at the “detector” point after their
second reflection from the corresponding boundary. In fact, both pulses arrive at the

“detector” point simultaneously. It is readily calculated that both pulses propagate with the
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longitudinal wave speed p=5,774.49 m/s and preserve their shape and phase.

Similar approach was used to represent a shear wave. However, in this case we
assume that ® = 0. Since we consider a two dimensional case, the only component of the
vector potential H which is non trivial in this case and must be considered, is the Z-
component. We denote this component with y(x,y,t) and consider the following particular

expression for y

1 (xcos8+y sinO—st)>
Vg (x,y,t) = A(xcosO + ysinb — st)e 2 a’ . (4.13)

It is readily seen that (4.13) satisfies the equation (2.45) and therefore represents a
transverse plane wave it the particular form (4.13), propagating with a velocity s, and

having a normal at angle 8 with respect to the X-axis. Using the relation (2.37), we have

oy (x,y,t)

u(x,y,t) = Ty v(x,y,t) = %y, 4.14)

Ox

Further, following essentially the same procedure as in the case of the compression wave

above, we obtain for the zeroth and first time instants the following expressions

_ (xcosB +y sin9)2

1 (xcosO+y sine)2
u(x,y,0) = Asine{l 5 }e 2 a’ , (4.15)
a
5 . 2 1 (xcosb+y sine)2
v(x,y,0) = Acose[l _ (xcos +2y sinb) Je 2 a? ) (4.16)
a

For the time derivatives we use
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ou(x,y,0)

ot
, (4.17)
. . 2 : 2
_Ap 521n6 (xc0s0 +y sine)[3 _ (xcosB +2y sin@) }exp{——;— (xcosB +2y sinB) }
a a a
ov(x,y,0)
ot
. (4.18)
. 2 . 2
_ AP:ZOSG (xcosB +y sin6){3 _ (xcosb -;—Zy sin@) :|exp{-% (xcosb :Zy sinf) }

These are the expressions, substituted in (4.11)-(4.12) to obtain the displacements at time
instant At.
The practical aspects of the elastic wave excitation via initial conditions will be

discussed later.

4.1.2. Surface Source Modeling

In order to introduce a more realistic way to model actual practical situations we
consider surface sources of limited size, able to be excited somewhere on the free
boundaries of the modeled medium and having finite time duration. For this purpose we
employ equations (4.4) and (4.5) for compression pulse excitation or derivatives (4.14) of
(4.13) in case of shear wave excitation. The constant, g, in this case is proportional to the
time duration of the pulse and the corresponding longitudinal or shear velocity. The longer
the pulse duration, the larger the constant, a, and the smaller the center frequency of the
resulting signal PSD. Along the area of the source the displacements are set according to

the analytical formulae stated above, and the free boundary conditions are applied on the

|
|
|
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rest of the surface.

Figure 4-9 shows the wavefronts arising from a point surface source when a
normal stress is applied. When this situation was modeled using the finite difference
method, the displacements were calculated according to (4.4) and (4.5), the pulse time
duration was 1 us. The velocity of the compression wave in Al is p = 6,224.58 m/s, the
shear wave wvelocity is s=3,112.29m/s, and the Rayleigh wave velocity is
cr = 2,902.29 m/s. The resulting displacements along X- and Y- axes are shown in figure

4-10a,b, respectively. The head wave only occurs above the critical angle 6¢ = arcsin(s/p).

Compression

Rayleigh
wave

Source

Figure 4-9. The pattern of wavefronts arising from a surface source.
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In figures 4-10a,b the propagating compression, shear and Rayleigh waves are clearly
visible. Also the head wave is clearly visible at the critical angle 6¢ = 30° . A careful study
of figures 4-10a,b reveals the angular anisotropy of the waves emitted from the source.
While a detail discussion of the angular anisotropy will be made in section 4.1.3, we note
here that the results are in excellent qualitative agreement with the calculations of Harker
[20] and Miller and Pursey [115].

Figures 4-11a,b, 4-12a,b show the displacement components along X- (parts a)
and Y- (parts b) axes of the resulting wavefronts arising from a surface source 1.5 cm in
length, in an aluminum block, 4 us after the pulse initiation. One feature of the transducer
behavior is illustrated: an attempt to set up a plane compression wave of finite width has
resulted in a small amount of shear wave at the edges of the beam. The same effect is
observed when a plane shear wave with finite width is set up; in this case a small amount
of compression wave results at the edges of the beam. This has been noted in many
visualization studies [116, 117]. These are the so-called edge waves, which play an
important part in any accurate mode] of transducer characteristics [118].

From the results presented here it is clear that the present finite difference model
does decsribe correctly the important features of the sources used in practice for the
implementation of NDE procedures. In subsequent sections we will use the methods of
elastic wave excitation for study of the wave propagation and scattering in a variety of

cases, which include verification of the modeling features of the present code as well as to

" Details for Rayleigh waves and other guided surface waves are given in Appendix B.
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Figure 4-10. Compression pulse from a surface point source at t=6us;At=0.02us;h=0.2mm. Aluminum plate.
a) u-displacement component; b) v-displacement component.
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Figure 4-11. Compression wave excitation via surface source 1.5 cm wide at t=4 us, aluminum plate.

a) u-displacement component; b) v-displacement component.
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Figure 4-12. Shear wave excitation by a surface source 1.5 cm wide at t=4 us, aluminum plate.

a) u-displacement component; b) v-displacement component.
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interpret some complicated cases of wave scattering.

Figures 4-13a,b show the Gabor STFT of the v-displacement (Y-axis) component
at a detector point as given by the numerical modeling (fig. 4-13a) and as given by the
analytical solution (fig. 4-13b). The consistency between the two signals is obvious. The
number of mesh points per wavelength is about 18 in the numerical solution. As the
figures show, dispersion of the numerical solution cannot be observed, in agreement with
the results in Chapter 3.

The analysis of these results leads to the same conclusion as in the previous works
(see for example [20]), that the present numerical algorithm reproduces a stable and

consistent, and therefore convergent, numerical solution of the wave equation.

4.1.3. Angular Anisotropy of the Surface Source

Further study of the angular anisotropy exhibited by extended surface sources,
provides some details of the angular distribution of the displacement amplitudes at
different angles surrounding the source. For this purpose a numerical experiment was
carried out in an aluminum plate with the point source shown in figures 4-10a,b and
4-11a,b. For the purpose of this calculation the time-of-flight technique, described in
[119], was used. The geometry setup is shown in figure 4-14. The detectors were
distributed along the perimeter of a circle of radius 3 cm, centered at the source. As it was
noted in previous section, the compression velocity in Al is p = 6224.579 m/s, which gives
a time-of-flight of 4.82 us for the compression wave from the source to the detectors at

the circle perimeter.
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Figure 4-13. The Gabor STFT for the v-displacement component, pulse width 1.56 cm, longitudinal wave.
a) numerical solution with At=0.08 us, h=1.2 mm; b) analytical solution.
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Source

3 cm semicircle

Figure 4-14. The geometry setup for angular distribution calculations.

For the shear wave we have a velocity s =3112.29 m/s, and this gives a time-of-flight of
9.63 us. It is readily seen that the arrival time provides an efficient method for the

separation of the two wave modes, which is the basis of the time-of-flight technique.

Figure 4-15 shows the total displacement magnitude |fIl =+u®+v? as a function

of the angle for the case of compression wave in the angular range 20° - 144° . It is readily
seen that the displacement is symmetric around the direction 6 =90°. The angular
distribution in the range 20° - 90° is in excellent agreement with the results reported by

Harker [20]. The symmetry of the total displacement, however, does not mean symmetry

-144-




O‘]O T T T T T 1 T

“n
= 0.08 r -
-
D
0
O
~ 0.00 r ]
c
)
-
s
5 0.04 - .
a
<
e
IS
= 0.02 - .
}_
OOO | | | L ! ! ]
O O - O O O O O
™ < W oQ ()] QN <t

Angle (degrees)

Figure 4-15. Angular distribution of the displacement magnitude for compression wave.

of the displacement components by themselves. Figures 4-16ab,c,d show the u-
displacement component at 60°, 70° and at their symmetric with respect to 90° angles
110° and 120°, respectively. It is seen that indeed the X-component of the displacement is

symmetric with respect to the normal direction 90°. Figures 17ab,c,d
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Figure 4-16. The u-displacement component, compression wave. a) for angle 60° ; b) for
angle 70° ; ¢) for angle 110° ; d) for angle 120°.
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show the same features, this time for the v-displacement component. Note that the Y-
component of the displacement is antisymmetric with respect to the direction 90°. In
addition these figures show that the modeled wave coincides with the particular shape of a
wavelet pulse as it is described by Ricker in [114]. Ricker also showed that the asymmetry
of the pulse shape is specific for the true wavelet pulses when detected in the area near the
source. In the far field the shape becomes symmetric as it is defined in the previous section
and was used for surface source excitation.

Figure 4-18 shows the total displacement magnitude along the same circle shown
in fig. 4-14 but for the case of shear wave excitation. It is readily seen that the wave
displacement is symmetric with respect to the direction 90°. There is a difference,
however, concerning not only the velocity of the propagating wave, but its displacement

components as well. Figures 14-19a,b show the time dependence of u-displacement

Tolal displacement (arb. units)
0

O o { L L . L L | 1 A 1 L
< ) () << ) o O O o O o O o o O
— o~ ~ <t (W] [de) M~ e &} o [ame] ~ o~ ~D -3

Angle (degrees)

Figure 4-18. Angular distribution of the total displacement in the case of shear wave.
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Figure 4-19. The u-displacement component for shear wave, 366 kHz peak frequency. a)
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component at 60° and 120°, symmetric with respect to the direction 90° . The same, but
for the v-displacement components, is shown in figures 4-20a,b. From the figures it is seen
that in this case the v-displacement is symmetric with respect to the 90° angle, and the u-
component is antisymmetric. The angular distribution is in excellent agreement with the
results reported in [20, 115].

Using the terminology introduced in [114], we note that the surface source is an
excellent option for modeling near the transducer area, which is mostly the case in
practice, while the initial value excitation may be used to represent the wave field for
areas far from the source. The analysis above also shows that the symmetry of the
displacement components is in fact determined by the way we are applying the stress on
the surface: in the case of a normal stress (longitudinal wave) the normal displacement
component is symmetric with respect to the direction of the surface normal ; in the case of
tangential stress (shear wave) the tangential component is symmetric. This is a general
theoretical fact and as it is seen above, the developed model is representing it in a very

general case of pulse excitation.

4.2. Scattering by Near-Surface Parallel Cracks

As the method of crack modeling described in Chapter 3 implies, it is assumed that
the crack faces are non-interacting, i.e. the crack remains open under the influence of the
incident wave. This is realistic for a smooth defect, according to Ogilvy and Temple [103],

provided the defect width w obeys the condition d <w <<, where d is the displacement

amplitude of the wave and A is the ultrasonic wavelength. It is also assumed that the crack
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Figure 4-20 The v-component of shear wave. a) for angle 60° ; b) for angle 120° .
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faces act as stress-free boundaries.

Further analysis and comparison of the numerical results with analytical ones was
made for the case of a near-surface parallel crack. The analytical results used are those
obtained by J. Achenbach et al. [32, 120], where they use the diffraction ray theory
[32, 61] approximations for analysis of the elastic wave scattering for a near-surface
parallel crack. The basic assumptions in [120] are as follows: (i) a plane time harmonic
longitudinal wave propagates along the Y-axis, normal to the crack surface in an infinite
half-space; (ii) the crack length is a and the crack is parallel to the free surface of the
infinite half-space, as shown in figure 4-21; (iii) the propagation takes place in a
homogeneous linearly elastic solid. The theoretical model developed in [120] predicts a
distinctive peak of the horizontal surface displacement (X- axis) or u-displacement
component at a given dimensionless frequency wd/ck , due to the scattered surface wave
generated by the crack face. The total fields generated by the interaction of incident waves

and the crack can be expressed as

u} = u%n +u;, (4.19)

G}J = cgl+cij, (4.20)

where uj” and ojj' are the displacement and stress components for the incident field,

while u; and o;; correspond to the scattered field. For the incident wave generated at the

surface we have

ull = vi0 = A; expi(kpy - ot), 421
y L
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where Ay is the wave amplitude. The zero-stress boundary conditions implies that at y = d

oin = ikp (A +2p)Ay expi(kpd - ot),
. . (4.22)
m _

Oxy =0

For a wave generated in the interior the displacement field incident on the crack

includes the reflection from the free surface, and is taken in the form
u)i,n =viP = AL[exp i(kLy - ot) + exp{-i(kLy + mt)}] . (4.23)
The relevant stresses at y = d are

oib = —2kp (A + 2u)Ay sin(k; d) exp(~iot),
| (4.24)

in _
oxy—o

Scattered surface waves generated by normal incidence of a longitudinal wave on
the crack are symmetrical relative to the plane x = a/2. For an incident longitudinal wave
generated at the free surface, in [120] it is shown that the scattered surface wave is

generated by the crack face condition

o{y) = —ikp (A + 2p)Ar expfi(kLd - ot)}. (4.25)

Denoting the corresponding horizontal displacement component by ugl), in [120] it is

shown that

s 2
>\.+2Ll kLa'ALI’
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where Uf}) is the corresponding dimensionless displacement component as defined in

[120]. For an incident wave generated in the interior of the half-space, the crack-face

condition is obtained to be [120]
o) = 2kp (A +2n)Ay sin(kp.d). (4.27)

In [120] it is noted that the term 2sin(kp d) enters in (4.27) because of the

reflection from the free surface of the half-space. Denoting the horizontal (or X-axis)

component by u( ) , in [120] one obtains:

(2)
U = us ; x’“2“a(kui)sm(lqd)US) (4.28)
vl

In [120] it is concluded that with the assumptions made: (i) the waves
perpendicularly incident on a crack which is parallel to the free surface, generate scattered
surface waves whose amplitude-spectra show distinct resonance peaks; (ii) the peaks
appear at frequencies corresponding to the ratio d/a; (iii) the peaks become less distinct as
the ratio d/a increases. Analyzing the equations (4.26) and (4.28) and using the equations
(2.42) and results in Table 2-4, it is seen that the dimensionless amplitudes (4.26) and

(4.28) are proportional (or inverse proportional) to the ratio

2
m__s _(-2v) (4.29)

At2p p? 2(1-v)’

and therefore the peaks observed are function of the Poisson ratio v. Table 4-1 shows the

approximate values of the dimensionless variable wd/cr for the value of v =10.3.
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For comparison with these results we use a pulse of the particular shape (4.4) and (4.5)

Table 4-1. Analytical

predictions for

v=03.
d/a | wd/cg

v=03
0.2 | ~0.26
04 | ~0.63

instead of plane harmonic waves for the following reasons:
(a) such a pulse contains a well defined range of frequencies
(see fig. 4-1) and can be shaped in such a manner to contain
those frequencies required for the comparison; (b) the pulse
provides the opportunity to localize the peak in only one
computation for each d and d/a. The A-scan data has been
collected with a sampling rate 3.125 MHz at a point situated

on the crack surface, as shown in figure 4-21. The crack has

8.97cm :L t )

Idetector I

20.97cm

Figure 4-21. Geometry of the problem with near-surface parallel crack.
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been modeled as shown in Chapter 3 in different materials with v=0.29 and 0.3. The
comparison has been carried out with a stepsizes # =12 mm and 0.6 mm and time
stepsizes At= 0.08 us and 0.04 us, respectively, for the cases listed in table 4-1. For
d/a = 0.4 a plane longitudinal wave with an exponential width 1.56 cm has been selected
for the comparison. The power spectrum density (PSD) of the pulse Y-component (as it is
shown in section 4.1, in this case X-component is zero) for the case of steel with v = 0.29,
p = 7.86x10° kgym’® and p = 5774 m/s is shown in figure 4-22. The corresponding Gabor
STFT, obtained with the tools developed in [87] in their PC’s version is shown in figure

4-13a. Figure 4-23 shows “history” at the detector point for the case d = 3.6 cm,

T

T T T T H T T T T T T T T T T T T T
Detector 3. 13 int. . h=1.2mm, dt=8e—8s

4.0

FFT modulus (x1.e-12)

i I ! L L ! 1 ) I 1 1 ! 1
O O OO OO OO OO 0O o
WO~ o0 o O N ™M < 1D © M~ 0O

— e e e e e e = e— —

40 r

Frequency (kHz)

Figure 4-22. Power spectrum density of the initial value analytical solution, pulse width
1.56 cm in steel with v =0.29.
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Figure 4-23. The “history” at the detector point for d = 3.6 mm, d/a = 0.4.

d/a = 0.4 as given by the numerical solution for the displacement X-component. Figures
4-24, 4-25 show the fast Fourier transform (FFT) PSD of the displacement X-component
for d =3.6 mm and d = 4.8 mm respectively, when d/a = 0.4, and the data has been
collected over 327 us (4096 time steps). The analysis of these PSD’s does not provide the
necessary information to confirm the analytical results as they are shown in Table 4-1. The
frequency peaks at frequencies close to the expected values might or might not result from
the displacements generated at the other surfaces and corners of the system. Therefore, it
1s obvious that the Fourier transform is not capable to reveal the effect since it is strongly
influenced by the various reflected signals appeared due to the finite size of the modeled

system.
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Figure 4-24. FFT of the u-displacement component, d = 3.6 mm, d/a = 0.4.
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Figure 4-25. Same as in figure 4-24 for d = 4.8 mm.
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Figures 4-26a,b show the STFTs' of the X- (or u-) displacement component in the
case d = 3.6 mm, d/a = 0.4 (fig. 4-26a) and without a crack present (fig. 4-26b) as given
by the numerical solution during the first 130 us after the initiation of the process. The
analysis of these figures shows that: (a) - the peak at 81.84 kHz is due to the presence of
the crack; (b) - the peak appears at the time the pulse reaches the crack surface and spans
over a magnitude range 1.5 times smaller than the case when the crack is missing. These
observations lead to the conclusion that the peak at 81.84 kHz results from u-
displacement component generated by the crack surface stresses defined by (4.25) and
(4.27) and 1s in excellent agreement with the result from table 4-1. In figure 4-27 is shown
the Gabor STFT of u-displacement component when d = 4.8 mm and d/a = 0.4 for the
first 130 ps after the process initiation. Again, the comparison with fig. 4-26b leads to the
conclusion that the peak at 72.64 kHz is caused by the crack surface stresses. Also the

comparison between figures 4-26a and 4-27 shows that the frequency shift is due to the

increased depth and size of the crack. Indeed, the ratio od gives 0.63 when d =3.6 mm
CrR

and 0.74 when d =4.8 mm, taking into account that the Rayleigh wave velocity in this
case i1s 2908 my/s. It is seen that the result for d = 4.8 mm differs by 16%. The discrepancy
can be caused by three reasons: (i) - the theoretically predicted peak for d/a=04 is
relatively wider and less distinct than the one at 0.2, as it will be seen below; (ii) - we
analyze a pulse scattering with a finite range of frequencies instead of a single frequency as
in the theoretical analysis; (iii) - the material has Poisson ratio v = 0.29 instead of 0.3, as it

is in the theoretical results. Also the numerical results are undoubtedly affected by the

-161-




ol
QO [«
=
& ©

Figure 4-26. The Gabor STFT of the u-component, h=1.2 mm, At=0.08 us, v=0.29.
a) crack with d=3.6 mm, d/a=0.4; b) no crack presented.
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Figure 4-27. Gabor STFT of the X-component.h=1.2mm,At=0.08usec,d=4.8mm,d/a=0.4, pulse width 1.56¢cm.
v=0.29. ‘

truncation error. The most important causes for the discrepancy seems to be the pulse
range of frequencies and the less distinct peak for d/a = 0.4. However, as a whole the
numerical results are in an excellent qualitative agreement with the theoretical predictions
for the case da= 0.4

To clarify the conclusions above and to compare results for da = 0.2 we used
different time and spatial step sizes, At = 0.04 ps and h = 0.6 mm in order to use the same
values of d and a and to obtain a stable scheme. Since the expected peak frequencies are

about 30 kHz, we used wider pulses with exponential width 6 cm for the case of v = 0.29

-163-




and 4.5 cm for the case v=0.3. Figures 4-28a,b show the Gabor STFT of the v-
component of the pulse at the line on which the pulse is initiated for the cases of pulses
with width 6 cm and 4.5 cm, respectively. Figures 4-29 and 4-30 show the Gabor STFT

for d =3.6mm and 4.8 mm, respectively, when v=0.29. Taking into account that

cr = 2908 m/s for this case, it is seen that the ratio od gives 0.18 for d=3.6 mm and
CrR

0.187 when d=4.8 mm. It is seen that this results is in excellent qualitative agreement
with the theoretical predictions. The better consistency, in comparison with the previous
case, is also due to the fact that the expected peak is much sharper and easier to distinct
than above. The different value of the ratio can be explained with the different Poisson
ratio v. To verify this assumption, we calculated the STFT of the u-component for a
material with v=0.3 and cg =2901 m/s on a crack at d=4.8 mm and d/a=0.2. The

spatial stepsize was #=0.6 mm and Af = 0.04 us, and the pulse shown in fig.4-28b was

used. Figure 4-31 shows this STFT. It is seen that is we calculate the ratio od for
CR

f=25.2 kHz, where the absolute peak of the STFT modulus is observed, we obtain 0.26,
which is in excellent agreement with the theoretically predicted value.

The results presented in this section lead to the following conclusions:
1. The present computer model reproduces the expected physical phenomena and leads to
a consistent and stable numerical solution of the wave equations;
2. The first order approximation for the boundaries used in the numerical model is

sufficient to represent the zero stress boundary conditions at the system boundaries and at
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t=5.1%us |
f=40.54 kHz |

Figure 4-28. The Gabor STFT for v-component of a pulse. a) pulse width 6 cm, v=0.29;
b) pulse width 4.5 cm, v=0.3.
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Figure 4-29.The Gabor STFT for u-component on a crack at d=3.6 mm, d/a=0.2,
At=0.04 us, h=0.6 mm, v=0.29.
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Figure 4-30. Same as in figure 4-29 for d=4.8 mm.
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| f=25.2kHz |

Figure 4-31 . The Gabor STFT of u-component, d=4.8mm, d/a=0.2, h=0.6mm,At=0.04s,
pulse width 4.5c¢m, v=0.3.

the crack surfaces provided that the truncation error is kept small by using appropriate
time and space step sizes;

3. The numerical algorithm contains a correct representation of the effect of material flaws
in the case of non-surface breaking crack;

4. The analysis of a pulse scattering does not differ from the theoretical predictions in the
particular cases of infinitely thin cracks and are in excellent consistency with the
theoretical predictions especially when the expected frequency peak is sharp and easily to

distinct, which decreases the influence of the finite range of frequencies carried by the
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pulse. However, when the effect is not that distinct, the results may differ from the

theoretical predictions due to the effect of the pulse finite frequency range.
5. The results also show that when the expected effect is highly non-stationary, the Gabor
STFT is able to provide a reliable and easy-to-interpret time-frequency distributed
information. As a whole, the Gabor STFT with its time localization capabilities vastly
improves the quality of the analysis.

Finally, the numerical analysis revealed some of the difficulties inherent to the

process of ultrasonic measurements and result analysis.

4.3 Diffraction of Elastic Waves from a Crack Tip

In this section we consider the effects of scattering of the elastic waves from a
crack tip. It is usefull to use experimental visualisations [20] to illustrate the process.
Several groups have used schlieren or photoelastic methods to obtain snapshots of the
wavefield in elastic wave generation [116] or scattering [121]. Some progress is being
made towards making such techniques quantitative, and eventually there may be close
links between visualization and computation as is the coming practice in stress analysis
[20], but for our purpose the qualitative results will suffice.

Results of interpretation of a photoelastic method for visualization to study the
scattering of compression waves by a surface breaking slit are shown in figure 4-32 for
three different times after the injection of a compression pulse. The interpretation is as
follows [20] in terms of wavefronts: C, is the injected pulse. Part of it is transmitted past

the tip of the crack, part forms the reflected front C,. The reflected front is continuous
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Figure 4-32. Interpretation of a photoelastic study of a compression wave scattering by a slit in
terms of wavefront.

with the diffracted compression wave Cs , and a diffracted shear wave S; is also formed.
As the incident compression wave interacts with the surfaces of the block head waves S;
and S¢ are formed, and a similar wave S, is formed by the reflected compression wave.
The two remaining shear waves, S; and Ss were formed at the edges of the transducer
which generated the main compression wave C; . Figures 4-33a,b,c,d show the calculated
wave fronts for a compression wave scattering on a slit at 4.8 ps, S us, 6 us and 8 ps,
respectively. It is readily seen that the calculated wavefront picture is consistent with to
the experimental results sketched in figure 4-32. These results show the excellent

qualitative agreement of the numerical model with the physical phenomena of elastic wave
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Figure 4-33. Compression pulse incident on a slit. a) at t=4.8 us; b) at t=5 ps;
c) at t=6 us; d) at t=8 us.
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Figure 4-33. Continued.
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scattering from a crack tip. This results also show that the way the crack tip is modeled in
the code represents properly the actual physical phenomena. Figures 4-34a,b show the
scattering from the same crack tip, but of a transverse pulse, at time instants 11 us and
12 us, respectively. It is seen that despite of some similarities such as the presence of a
transmitted and reflected waves, the picture of the wave fronts is very different and the
diffracted wave somehow is whirling around the crack tip. The obvious difference of the
scattering of the two elastic wave modes is due to their different physical nature - the
particles’ oscillations in the case of compression wave are along the velocity vector and in
the same plane as the direction of propagation, and this is the reason for the compression
wave to be called longitudinal. However, in the case of a shear pulse the particles’
oscillations are perpendicular to the direction of propagation and for this reason the shear

mode is called transverse.

4.3.1. Angular Distribution of the Amplitude of the Diffracted by a Crack Tip

Compression Wave

Once established the qualitative agreement of the numerical results with the
experiment, it is time to obtain some quantitative information. Harker [20] considered the
reflection of an elastic wave from a surface breaking crack and calculated the reflection
coefficients for cracks with different sizes and different incident angles of the elastic
waves. More challenging problem, however, seemed to be the calculation of the angular
distribution.of the diffracted wave amplitude and comparison with the theoretical results,
given in [113]. The basic assumptions in the theoretical study are as follows: (i) the

incident ultrasonic waves are infinite plane waves; (ii) the crack is a semi-infinite plane;,
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Figure 4-34. Shear pulse incident to a slit. a) at t=11 s; b) at t=12 us.
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and (iii) the crack faces are non-interacting, i.e. the crack remains open under the
influence of the incident wave. As it was noted before, this is realistic for a smooth defect,
provided that the defect width w obeys the condition: d <w << A, where d is the
displacement amplitude of the wave and A is the ultrasonic wavelength. It is also assumed

that the crack faces act as stress-free boundaries.

For incident compression waves diffracted as compression waves, the diffraction

potential @ is given by the equation

@ = G(a,B)\/'%eikPR, (4.30)

where R is the distance from the crack edge to the receiver; A, is the wavelength of the
compression waves; k, is the wavenumber of the compression wave; B is the angle of
incidence; o is the angle of the diffracted wave (in a counterclockwise direction from the

crack face) and

G(a,p) = MD—Wlexp{i—}} sin(%) , (431)

where

v = sin(%)(%f, cos? B — kg)(zkg cos? o — kg), (4.32)
3. (B :

vy = 2kp cos(g) cos(B)sm(2a)\/(ks -kp cosa)(ks -kp cosB) (4.33)
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D= 21t(k§ - klz,)(cosa + cosB)(kR -kp cosa)(kR -kp cos0L)K+ (—kp cosB). (4.34)

The in the above expressions kg is the Rayleigh wavenumber, and the function K* is

defined as

Kq 2,2 12 2,2 12
K¥ (o) = exp — I tan~! \/4X o - kp)\/4x (7 -ks) ) dx
Ty (2x2 - k2)? X+6

(4.35)

P

In [113] two cases are considered: one when o = (symmetric case) and one
when a varies and P is fixed (asymmetric case). For the asymmetric case, the expressions
above show that the displacement amplitude falls to zero at angle o = 54° when B is fixed
and equal to 20° . In 1991, in reference [122] this theoretical fact was verified by using the
time-of-flight technique. In [122] the experimental measurements were carried out on an
assembly as shown in figure 4-35. A steel block was machined so as to provide eighteen
facets at different angles. A slit was spark eroded in the specimen with a length of 75 mm.
The experiment uses 10 mm diameter S MHz compression wave probes as well as laser
generated ultrasounds.

We attempted to verify the above theoretical result numerically, using the setup
shown in figure 4-36. We modeled a steel material with Young modulus 200 GPa,
Poisson ratio 0.3 and density 7.86x10° kg/m* . We used a step size 0.1 mm and time step
size At =0.01 ps. The slit had a length d =7 cm. We used pulse with center frequency
5 MHz for this calculation and initiated a compression pulse as shown in figure 4-37 at an

angle of 70 degrees. The detectors were situated along a circle with a radius 2 cm. Figure
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Figure 4-35. The experimental assembly for crack tip diffraction measurements by time-

of-flight technique.
detector
circle
plane 20 0 d
wave front

Figure 4-36. The geometry setup for numerical calculations of the crack tip diffraction.
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Figure 4-37. Initial wave at t=0 s for study of the amplitude angular distribution.
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Figure 4-38. The u- and v-displacement components as a function of the diffraction angle.
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4-38 shows the u- and v-displacement components as a function of the angle for the range
from 20° to 82°. The data were collected at t=15.03 ps. It is seen that while the v-
component goes to zero at the required angle of 54 degrees, the u-component goes to
zero at angle 58 degrees. The reason for that is in the way we initiate the wave, which
gives a small distortion in the generated signal for angles different than 0, 90 and 45
degrees. The same effect has been observed in [122]. However, the differences which arise
in the finite difference calculations are much smaller than in the actual experiment due to
the inﬁni;esimal width of the modeled crack. The corresponding results for the magnitude
of the total displacement are shown in figure 4-39. It is seen that the finite difference
calculations are in very good agreement with the theoretical results. The amplitude at 54°
is not zero due to the distortion described above, but this is in complete agreement with
the finite difference calculations made earlier [20].

The results in this section show that there are distinct optimal angles for crack
sizing with the time-of-flight technique. As multiprobe arrays of transmitters and receivers
are often used with this method, it is generally possible to take advantage of these angles

to increase the reliability of the inspection.

4.4. Modeling of Lamb Waves Propagation and STFT and CWT
Application for Lamb modes Detection
Lamb waves are the fundamental propagating modes in plates. The establishment
and the solution of the transcendental equations which describe the normal modes are
discussed in Appendix B.

One of the advantages of Lamb waves for nondestructive testing work is that they
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compression wave.

can conveniently be generated in metals by noncontacting electromagnetic transducers. By
using coils to induce eddy currents in the presence of strong magnetic fields perpendicular

|

Figure 4-39. Angular distribution of the amplitude of the diffracted from a crack tip

or parallel to the metal surface, stresses are generated normal or tangential to the metal.
The different Lamb wave modes are highly dispersive which makes them difficult

for analysis. That makes the modeling study an important feature for application of the

Lamb waves for nondestructive study.
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Finite difference methods have been applied for the study of Lamb wave
propagation and scattering by Harker [84]. However, he used a wide sinusoidal signals
with well developed frequencies, which gave him the opportunity to separate the different
Lamb modes.

We attempted to simulate the Lamb waves propagation by using the pulse
excitation technique developed in this work in ordér to apply the STFT and CWT
technique for the analysis of the dispersion and separability of the different Lamb wave
modes and to verify the ability of these transforms to achieve these goals. The

computational setup is shown in figure 4-40. The coupled detectors from the top and the

Detectors on top

1 3

.
d Couple 1 < >Couple 2
L__|

| ||
2 4

N\

Detectors on bottom

Source

Figure 4-40. The computational setup for the Lamb waves calculations.
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bottom facilitate the separation between the symmetric and antisymmetric Lamb modes. In
fact, using the fundamental properties of the two independently existing modes, one can

establish the relation

up+up Uy —up Vi—Va, _Vitvy
us=—2—, ua=——2 ; VS=————2 ; Va—T—, (4.36)

where u; v, stand for the symmetric u- and v- displacement components at the position of
the detector couple 1, respectively, and u, and v, stand for the antisymmetric components
at the same posiﬁon, u;, v; are the displacement components at detector 1 and 2 . Similar
expressions hold for the position of the detector couple 2. For the computations we use

steel material with Young modulus E =200 GPa, Poisson ratio v=0.34, and density

2.0 T T T T T T T

S87.7 kH=z

/

)
o -
a’
O. _
O. '
- ) - ) =

Freguency (MHZz)

Figure 4-41. The PSD of the source for the Lamb waves calculations.
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p=7.86x10° kg/m’ . The thickness of the plate is & = 8 mm, and the PSD of the source
signal is shown'in figure 4-41 with a peak frequency at about 100 kHz. The applied
stresses are tangential and therefore the resulting signal represents a shear wave. The
distance from the source to the first couple of detectors is 5 cm, a distance that is expected
to be enough for the Lamb waves to be formed. The distance between the two detector
couplesis 1 cm.

Figures 4-42a,b show the snapshots of developing Lamb waves at 2 us and 8 pus
after the initiation of the pulse. Note the waves reflecting from the right boundary as it is
shown in figure 4-42b. Figure 4-43 shows the displacement detected at the position of the
detector 1 before the separation of the symmetric from antisymmetric modes. Figures 4-44
and 4-45 show the symmetric and antisymmetric displacements at the position of the
detector couple 1. Figures 4-46, 4-47 show the corresponding PSD’s for the symmetric
and antisymmetric displacement signals from figures 4-44 and 4-45, respectively. As it is
seen in fig. 4-46, the frequency spectrum of the symmetric modes is divided into two
parts. The first part, according to the results given in Appendix B, corresponds to a
frequency range where only zeroth Lamb modes exist. The second part corresponds to the
range where first and higher symmetric Lamb modes exist. Figure 4-47 shows that he PSD
of the antisymmetric modes and it is seen that the spectrum is concentrated in one part
only, which spans exactly over the range where there is a ‘gap” in the spectrum of the
symmetric modes. A comparison with the results in Appendix B shows that in this
frequency range the zeroth and the first antisymmetric Lamb modes exist. The two

frequency areas from figure 4-46 are clearly visible in figures 4-48a,b, where it is shown
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Figure 4-42. A snapshot of the developing Lamb waves. a) at t=3 us; b) at t=8 us.
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Figure 4-47. The PSD of the antisymmetric modes’ signal at detector 1.

the Gabor STFT of the symmetric signal at the positions of detector couples 1 and 2,
respectively. The idea of the dispersion analysis is to compare the time of appearance of
the corresponding frequency peaks in both STFT, and knowing the distance between the
detectors, to obtain the corresponding velocities. Knowing the theoretical curves of the
Lamb modes’ dispersion (for this material, when v = 0.34, they are given in [123]) we can
attempt to recognize the dispersion law of each mode (symmetric, in this case).
Unfortunately, this simple procedure was not possible to be completed entirely. The two

frequency areas, as shown in figures 4-48ab, correspond to values of the dimensionless

d oy
5 (where ¢, denotes the shear velocity) in the range from 0.35 to 1.31
Cs

parameter o =
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Figure 4-48. The Gabor STFT for the symmetric modes. a) at detector 1: b) at detector 3.
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(the lower frequency area), and between 3.72 and 4.53 (for the higher frequency area). As
noted above, the first area corresponds to the range of values for o where only zeroth
symmetric and antisymmetric modes exist, and is marked as S1 + S2 in figures 4-48a,b,
while the second area, marked as S3 in figures 4-48a,b, corresponds to a frequency range
where one finds up to the second symmetric Lamb modes. The two marked fields S1 and
S2 correspond to the two zeroth symmetric Lamb modes, one of which (the field S2)
arises from a signal reflected from the boundary. For the field S3 the analysis of the
numerical data corresponding to figures 4-48a,b shows that there is a number of peaks
which indicates the superposition of several higher symmetric modes and their reflections
from the boundaries. From the analysis above, it is concluded that the STFT is able to
distinguish two separate frequency regions. In the low frequency region it is able to
separate the zeroth mode from its reflections. However, in the high frequency region one
cannot distinguish between the higher modes and their reflections. The comparison
between STFTs’ at the position of detectors couple 1 and 2 shows the complicated
dispersion going on in the system with a very high épeed since there is apparent
deformation in the observed frequency peaks. Similar conclusion is true for the
antisymmetric Lamb modes.

The action of the CWT is to classify the signal into a set of scales at each time
frame. Figure 4-49a corresponds to a situation where there are wide peaks (which show at
intermediate and large scales) exhibiting highly fluctuating components at their tips, which
are represented by the high transform densities at short scales. Upon propagation of the

signal to the detector 3, one can determine the filtering of the signal in two scale regions,
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a) at detector 1; b) at detector 3.
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Figure 4-49. The CWT of the symmetric modes.



the low and the high scale regions. This finding is in agreement with the known fact that
waveguides act as band-pass filters.

Similar conclusions are held in the case of the antisymmetric Lamb modes in this
case.

The results in this section show that:
1). The model is able to simulate the propagation of Lamb waves in conditions which are
physically necessary for the appearance of Lamb waves, that is, in layers (or plates) with
free boundaries with thickness comparable with the wavelength. The generation of Lamb
waves is made in a very natural manner with surface sources developed in part 4.1. With
the application of this pulse source a set of symmetric and antisymmetric Lamb modes are
generated, including the reflection of these modes from the free boundaries.
2). The application of STFT and CWT to the generated by the model signals shows that

both transforms are suitable tools for signal analysis in this case.

4.5. Characterization of Anisotropic Elastic Constants with
Application of Ultrasonic Measurements

Ultrasonic techniques have been used recently as a nondestructive evaluation tool

for quality control of Al/SiC composites during manufacturing processes [124, 125], and

for measuring anisotropic elastic properties of these composites [110, 126-130]. The

elastic constants may be determined either by a series of mechanical tests or by ultrasonic

wave propagation characteristics. Ultrasonic methods offer some advantage because they
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can be used nondestructively with small samples. The magnitude of the velocity of an ul-
trasonic wave propagating in a material is related to the density and one or more stiffness
components ¢y of the material. Therefore, measurements of wave velocity along a
sufficient number of directions will enable all the stiffness components to be determined.

In [110] is provided a detailed description of the ultrasonic method for
measurements of the anisotropic elastic stiffness constants of SiCp reinforced aluminum
(AV/SiCp) composites and the results are compared with mechanical tests’ measurements
and microstructural analysis. It is assumed that the composite material is orthotropic and
all nine stiffness components are determined using through-transmission, immersion
testing techniques, where the elastic wave propagation in anisotropic materials is used to
measure the effective stiffness constants in the long wavelength limit of these materials.
The propagation characteristics of plane waves in an anisotropic solid can be found by

rewriting the Christoffel equation (2.26) as
KTy - po 2esik][vk] =0, (4.36)

where Ty = cjqnjn; are the Christoffel stiffnesses, p is the density, and fi is the unit

vector normal to the plane wave. A dispersion relation is then obtained by setting the

characteristic determinant of (4.36) equal to zero

detfk Ty — pw 28| = 0. (4.37)

" Here and below we use the abbreviated subscripts as they have been introduced in
Chapter 2 (see Table 2-3).
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At fixed o, (4.37) defines a surface in k-space that gives k as a function of its direction ii,
which is called the wave vector surface. Assuming that k = 0 and dividing (4.37) by '

we obtain

det{Ty —pV28| =0, (4.38)

where V =9k— is the phase wave velocity. The equation (4.38) is employed in [110] to

relate the elastic stiffness constants to the ultrasonic speed subject to the measurement.

For this purpose, using the abbreviated subscripts (Table 2-3, Chapter 2) we have

I = n%c” + n%c66 + n§c55, (4.39)
[Hy = nfc66 + n%czz + n§c44, (4.40)
T'33 = njcss +n3csy +N3C33, (4.41)
I = mnp(cyp +Ce6) (4.42)
I3 = nyn3(cy3 + ¢s5), (4.43)
I3 = nyn3(co3+Cq4) . (4.44)

Equation (4.38) is a cubic in pV?, it has three roots, giving rise to three different
velocities of propagation. Therefore, for a given direction of propagation defined by n;,
there will be three waves with mutually perpendicular displacement vectors propagating

with different phase velocities. In general, these waves will not be pure longitudinal or
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pure transverse, as in the case of an isotropic medium, but one will be quasilongitudinal
(QL), and the other two will be quasitransverse (QT). However, for certain special
directions of propagation (usually directions of symmetry), one is pure longitudinal (L),
and the other two are pure transverse (T). Since three distinct wave modes can propagate
in anisotropic media, a single incident wave of the L type may cause transmission of three
different modes.

Another aspect of wave propagation, which is of great importance in anisotropic
materials, is the propagation of energy. Because the energy flux vector usually does not
coincide with the wave normal, 1, the magnitude and direction of the phase velocity and
energy (or group) velocity are generally different [1, 7-10]. The energy velocity, V,, is
greater than or equal to the phase velocity, V, and they are related by the following

equation [1, 7-10]

Vgcosp =V, (4.45)

where ¢ is the angle between the energy velocity and 7. This phenomenon of the
deviation of energy from the direction of wave propagation in anisotropic solids has many
important consequences that must be taken into account in the experimental studies of
ultrasonic wave speed for material characterization purposes [110].

Orthotropic materials have three mutually perpendicular symmetry directions. The
three symmetry axes were defined for metal matrix composites as follows [110]: x; as the
extrusion direction, x, as the in-plane transverse direction, and x; as the out-of-plane
direction. The x) - x, plane was designated as the extrusion plane. The elastic stiffness

matrix is given than by
-193-




cr ez a3 0 0
Cl2 €22 €3 0 O
c3 c23 ¢33 0 0
0 0 0 cg O
0 0 0 0 Css 0

0 0 0 0 0 066_1

(4.46)

o O O O

One may note that (4.46) has the same non-zero components as in the case of isotropic
material (2.34). However, the isotropy condition cj2 =cy -2css is not satisfied for
orthotropy material, as it is stated in Chapter 2.

In order to determine the elastic stiffness constants, in [110] it was necessary to
make at least nine independent velocities (especially phase velocity) measurements. It can
be shown [110] that the diagonal stiffness components c; can be determined by measuring
velocities of appropriate waves propagating along symmetry directions. The off-diagonal
components ¢ , i # j, however, have to be determined from the velocities of either QL or
QT waves propagating at an angle against the symmetry axes in the planes of symmetry.
The through transmission, immersion method used in [110] is shown in figure 4-50, and is
similar to those used in other works [110].

In [110] it is noted, that when the elastic stiffness constants of a composite
material are determined by the ultrasonic velocities, one is concerned with wave dispersion
effects, although in many measurements they can be neglected. To test the validity of wave
dispersion effects, a new method for the measurement of the frequency dependence of the

wave velocity is presented in next subsection.
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Figure 4-50. Oblique incidence of longitudinal wave in an orthotropic plate submerged in
water.

4.5.1. Time-Frequency Measurements of the Dispersion Law

In this section we describe a time-frequency technique for the measurement of the
dispersion law. This method based on the Gabor STFT was applied to a data set provided
by Dr. D. Hsu fro Iowa State University [131]. The measurement has been carried out
with the experimental assembly in fig. 4-50 with 6;,=0° and distance between the
transmitter T and receiver R equal to 6.2 cm. The sample is SiC/SiC composite material
with thickness 3.9 mm . The sampling rate was 100 MHz. The data set contained 512 data
points, measured in units volts. The data time series of the signal through water without a
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sample is shown in figure 4-51. The transducer used has 0.25” diameter and center

frequency 5 MHz. The gate length” was equal to 5.11 psec. The time series of the signal
with the sample immersed is shown in figure 4-52. For the calculations of the longitudinal

velocity through the sample we use the equation [110]

1
V= (4.47)

Vyw d

where Vy is the velocity of the wave through the water. It is assumed that
Vw = 1490 m/s. Figures 4-53 and 4-54 show FFT of the signal without and with a sample
immersed, respectively. It is seen that the PSD of the through-sample signal has change
significantly. The same picture is observed in figures 4-55 and 4-56, which show the
Gabor STFT of the signal without and with the sample, respectively. To obtain the
dispersion we use the time-frequency data available from the STFT modulus, when the
moment of the arrival of the signal is assumed to be the peak in the STFT modulus along
each line parallel to the time axis with constant frequency. To minimize the roundoff error
produced by the numerical procedure of STFT, we assume that the elastic wave velocity
magnitude in water given above is true for the center frequency where the signal through
water only has absolute maximum. Figure 4-57 shows the ratio of the obtained velocity to
the reference point (Vo= 1490 m/s) as a function of frequency for the signal through
water only. We use further the obtained values for the water velocity together with

equation (4.47) to calculate the through-sample wave velocity for each frequency. The

" i.e. the time interval during which the data has been recorded.
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Figure 4-51. Time domain of the transmitted signal through 6.2 cm of water.
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Figure 4-53. Power Spectrum Density of the transmitted signal through water.
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Figure 4-54. PSD of the transmitted through SiC/SiC, 3.9 mm thick sample immersed in water.
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Figure 4-55. The Gabor STFT of the signal through water without sample.

Figure 4-56. The Gabor STFT of the signal through the sample.
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ratio of the obtained speeds to the reference speed in water as a function of time are
shown in figure 4-58. It is seen in figure 4-57 that the assumption made in the previous
section, about the lack of dispersion of the longitudinal wave in water is confirmed. The
small variance of the velocity (under 3%) shown in the figure is partly due to the roundoff
error of the numerical realization of the STFT since the sampling rate is very high,
compared with the range of frequencies to be analyzed, and can be ignored. Figure 4-58
shows that the dispersion of the longitudinal wave through the sample is within the range
of 14%. However, for the frequency range below 2.6 MHz the dispersion is about 3% and
can be ignored for the same reason as in the water. When the frequency increases (above
3 MHz), the wave velocity in the sample decreases. The dispersion law can provide an
important information for the structure of the material and as it is seen above STFT can
provide the dispersion information simultaneously with the velocity magnitude data and
for the same frequency range covered by the analysis, which is in particular very important
when elastic wave velocity is measured for the purpose to evaluate the mechanical
properties of the material [110].

Figures 4-59 and 4-60 show the CWT of the signal through-water only and when
the sample is immersed in the water, respectively. It is seen that CWT of the signal is
subdivided in three parts, separated from one another. A comparison with the signal in the
time domain (figures 4-51, 4-52) show that the three peaks in CWT correspond to the
three extrema of the signal in time domain. Therefore, CWT provides an ability to look
"inside" the structure of the signal corresponding to each signal peak (either negative or

positive) in time domain. It is seen that each part of CWT is shifted to the longer scale
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Figure 4-57. The dispersion curve of the longitudinal wave through water only.
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Figure 4-58. The dispersion curve for the through-sample velocity.
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(scale is marked as a in the figures) when the sample is immersed in comparison with the
through-water-only case. This fact apparently corresponds to a shift of the signal to lower
frequencies, as it is seen from the Gabor STFT in figures 4-55, 4-56, respectively. Also,
similarly to the STFT modulus, the magnitude of CWT decreases significantly when the
sample is immersed. The decrement is about 381 times in the highest magnitudes, which
corresponds to the decrement in the signal magnitude in time domain. Further, the three
peaks in CWT appear equidistantly in time in water with a distance 0.12 ps, while when
the sample is immersed, the distance between the three peaks increases in length (0.45 ps).
This indicates the widening of the signal through-sample itself, which is an indication for
the appearance of a slight dispersion in the through-sample signal. Indeed, using the
expression (4.47) and the times provided from CWT for the different peaks, we obtain the
same magnitude of dispersion (~15%) for the range of the entire signal. However, while it
is clear that longer scales correspond to lower frequencies, the quantitative frequency
estimate is not that straight forward and apparently requires further study. These
interpretation problems appear to be partly because CWT decomposes the signal itself and
in principle differs from the mathematical concept of frequency and Fourier transform.
However, since CWT preserves the instantaneous power and as it is shown in Chapter 2,
is able to almost eliminate the possible white noise in the signal, one can use these features
for filtering white noises in signals and for study of the signal attenuation, an important

feature that STFT due to the fact it does not preserves the instantaneous signal power,

does not possesses.
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CHAPTER 5
Originality of the Present Work, Conclusions and Future Developments

In this chapter we enlist the original developments in the present work, make
conclusions based on the presented results, and give some ideas for a future research on

the topics of these dissertation.

5.1. Originality of the Present Work

The following original developments have been made in the present dissertation:

1. Based on the finite difference approach, an algorithm was developed for solution of the
wave equations in two dimensional Cartesian geometry. Based on that algorithm, a
computer code JUNA was developed for computation of the solution, representing
propagating waves in the medium. Artificial nodes were employed in the model in order to
implement a first order approximation of the traction free boundary conditions, which
represent the free of stress body surfaces. The stability of the calculations was controlled
by a stability test, presented in Chapter 3. The present numerical scheme was tested up to

30,000 time steps and does not give rise to any instability.

2. A model for representing infinitesimally thin cracks and delaminations in the medium,
described in Chapter 3, was developed and implemented in the code JUNA. This model
consists of insertion of free boundaries at the position of the flaw, which are infinitesimally

close to each other. In particular, a scheme was developed for coupling the edges of the
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modeled flaws to keep the body solid based on the geometrical splitting of the amplitudes
in the nodes prior to the flaw edges. This scheme was also checked during the process of

obtaining the results in Chapter 4, and does not cause any instability.

3. Analytical expressions for three-dimensional wavelet pulse, representing an exact
analytical solution of the wave equations, were developed. Based on these expressions,
two algorithms for elastic wave excitations in the medium were developed and
implemented in the code JUNA. Both plane wave excitation and surface source waves
excitation of compression and shear wave modes developed in the code JUNA, were
analyzed in detail. In particular the surface source amplitude angular distributions for
compression and shear modes excitation were analyzed, and the results were shown to be
in excellent agreement with the theoretical predictions and independent calculations by

another authors.

4. A set of dimensionless variables was introduced in the model in an effort to keep the
roundoff error small and to provide an opportunity for computation in a wide range of

parameter values.

5. The Gabor STFT was applied for analysis of the signal generated due to tangential
stresses on the face parallel to the free surface of a solid crack and allowed us to verify the
analytically predicted peaks in the frequency distribution of the displacement component

tangential to the crack face, which were found to be a function of the ratio d/a, where d is
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the crack depth and a is the length of the crack.

6. The angular distribution of the amplitudes of a compression elastic wave diffracted from
a crack tip was calculated and compared with the analytical predictions and experimental
measurements of this angular distribution, and an excellent agreement of the calculated

results with the analytical predictions and calculated by other authors results was shown.

7. A method was developed based on the Gabor STFT and CWT for calculations of the
dependence of the elastic wave velocity by the frequency and wave mode characterization
in two cases: on the generated by JUNA Lamb waves and on experimental data from
through-sample transmission ultrasonic measurements, when the sample is a SiC/SiC
composite material. The results show the feasibility of the application of these transforms

for dispersion law characterization.

5.2. Conclusions

The results presented in this work lead us to the following conclusions:

1. The developed computer code JUNA represents an accurate numerical treatment of the
ultrasonic wave propagation in flawed medium with finite sizes. The algorithm used in
JUNA is stable and provides a quantitative analysis of different elastic wave modes and
their scattering by material flaws. The first order approximation for the boundaries and

material flaws used in the numerical model is sufficient to represent the zero stress
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truncation error is kept small by using appropriate time and space step sizes.

2. The methods developed in this dissertation for elastic wave excitation represent realistic
pulses used in practice and provide an opportunity for analysis of complicated practical

cases where ultrasonic waves are employed.

3. The set of dimensionless variables, implemented in JUNA allows for computations in a
wide range of values of system parameters, which significantly extends the applicability of

the code.

4. The algorithm for parallel-to-the-surface crack represents adequately material flaws

inside the body.

5. The analysis of the results obtained for the diffraction of compression waves from a
crack is in very good quantitative and qualitative agreement with the theoretically

predicted results and the ones calculated by other authors [20].

6. The application of the method based on the Gabor STFT for dispersion law
characterization by using ultrasonic data from transmission measurements, shows that the
Gabor STFT can provide the dispersion information simultaneously with the velocity
magnitude data and for the same frequency range covered by the analysis, which is of

interest in the interpretation of ultrasonic measurements of the mechanical properties of
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materials.

7. Both the application of the Gabor STFT and CWT, appear to be appropriate tools for

the analysis of propagation of Lamb waves in thin plates as well as for flaw detection.

5.3. Recommendations for Future Research

Three main general features are open for a future research - (i) - an implementation
of interface conditions in the code, (ii) - implementation of modeling in cylindrical
geometry and (iii) - an extension of the code to anisotropic materials and three
dimensional geometries. In regard to the first mentioned desired development, we used the
formulas in part 3.3 for modeling the interface conditions, and also attempted to model the
intersection of the interface with the free boundary in order to model a system, with a
finite size and in particular to develop a model to study Rayleigh and Lamb waves
propagation through an interface. For this purpose we used first order approximations to
calculate the displacements at points A, B, and C as they are shown in figure 3-4.
Unfortunately, the scheme used was unstable, which indicates that most likely the first
order approximation used is not enough and should be increased. What exactly should be
done is a matter of additional research. Regarding the implementation of wave
propagation in cylindrical structures we already have developed the necessary
mathematical background in section 3.6.

The extension of the code for anisotropy media seems to be straightforward and
does not cause difficulties, since the difficulties that arise are mainly of a technical nature,

in particular in programming the obtained expressions. The same is true for the extension
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of the code in three dimensions.

In conclusion, much of the efforts in underlying research in elastic wave scattering
has, in recent years, been directed towards comparing very detailed experimental
measurements of scattering from idealized (although not necessarily trivial) artificial
defects with theoretical results on the same system. The emphasis is now shifting towards
more general problems, especially in modeling of complete systems. A committee of the
American Society of Mechanical Engineering surveyed the fields of elastic waves and
quantitative nondestructive evaluation [132] and concluded that further progress depends
critically on large-scale computations. Areas of particular interest include wave
propagation in inhomogeneous and anisotropic media, scattering from rough and semi-

transparent cracks, and the detection and identification of defects. I would like to think

that the present work is a positive effort in this direction.
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Appendix A

Used Finite Difference Approximations to the Partial Derivatives in the
Wave Equation

Many expressions for the finite difference approximations to various derivatives
can be found in [146]. This Appendix describes the used in the present work finite
difference approximations.

Let f(x,y,t) be a scalar function, which is continuous and differentiable at each
point x, y, t of the phase space up to, at least, second oreder, and let us define a uniform
Cartesian mesh, of spacing h in both X- and Y- direction, and at time intervals At. Then

we may write

f(mh, nh, 1At) = f(m, n,1). (A1)

A.1. Derivatives with Second Order Accuracy

The Taylor expansion in a forward sense is defined as

2
f(m + 1,n,1) = f(m,n,1) + hf,(m,n, 1) + h?fxx(m, n, 1) + O(h?). (A.2)
The backward Taylor expansion is defined as
h? 2
f(m - ,n,1) = f(m,n,1) - hfy(m, n, 1) + 7fxx(m, n, 1) + O(h%). (A3)

In both expressions O(h®) means that
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o(h?)

lim 0 — 0. (A.4)
h— hz
Similarly
_ h? 1 n2
f(m,n + L,1) = f(m, n,1) + hiy(m, n,1) + —2—fyy(m, n, 1) + O(h?), (A5)
= f hf, 1 b’ 2
f(myn - L1) = f(m, n,1) - hfy(m, n, 1) + Tfyy(m, n,1) + O(h*). (A.6)

Adding (A.3) and (A.2) we obtain the center difference approximation for the second

derivative with respect to x

fo(m,n,1) = h—lz[f(m +1,n,1) - 2f(m, n, 1) + f(m - L, n, )] + ot?). (A7
Similarly, adding (A.5) and (A.6), we obtain

fyy(m, n,1) = hlz[f(m,n +1,1) - 2f(m,n,1) + f(m,n - 1, 1)] + O(h2). (A8)

Subtracting (A.3) from (A.2), and (A.6) from (A.5), we obtain correspondingly for the

first derivatives

f(m + 1,n,1) — f(m - 1,n, 1)
2h

£, (m, n,1) = + O(h?), (A9)

f(myn + 1,1) - f(myn - 1, 1)

2
0 + O(h?). (A.10)

fy(m,n,1) =

Using similar expansions for the time derivative, we obtain
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fo(m,n, 1) = _12_[f(m, 1+ 1) - 2f(m, n, 1) + £(m,n, 1 — D] + O(At}). (A.11)
At

For the mixed derivative we use

f(m + L,n + 1,1) = f(m,n,1) + h[fx(m, n,1) + £, (m, n, 1)]
n2 (A.12)
+—§—[fxx(m, n,1) + f,y(m, n,1) + 2f(m, 1, 1)] + 0(h?)

f(m - 1,n + 1,1) = f(m,n,1) + h{fy(m, n,1) - £(m,n, 1)]
h2 ) s (A.13)
+7[fxx(m, n,1) + £, (m,n,1) - 2fy (m, n,l)] + O(h?)

f(m + L,n - 1,1) = f(m, n,1) + h[fx(m, n,1) - f(m, n,l)]
B2 , (A.14)
+?[fxx(m, n,1) + £y (m, n,1) = 2f, (m, n, 1)] + 0(h?)

f(m - 1,n - 1, 1) = f(m,n, 1) - h[fx(m, n, 1) + fy(m, n, 1)]

n2 (A.15)
+——2—[fxx(m, n, 1) + £y (m, n, 1) + 2f;(m, n, 1)] + O(h?)
Adding (A.12) and (A.15) leads to
f(m + Ln + L1) + f(m - 1,n - L1)
. A.16
= 2f(m, n, 1) + h2[fxx(m, n, 1) + fy(m, n,1) + 2fy (m, n, 1)] + O(h?) (A-16)
Adding (A.13) and (A.14) gives
f(m - L,n+ L,1) + f(m+ L,n - L 1)
(A.17)

= 2f(m,n,1) + hz[fxx(m, n,1) + fyy(m, n,1) - 2fy (m, n, 1)] + O(h?)
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Subtracting (A.17) from (A.16) gives

fiy(my 0, 1) = Lz[f(m +1,n+L1)-f(m-1,n+11)
4h . (A.18)

—f(m + 1,n - L1) + f(m ~ Ln - L 1)] + O(h?)
When the step sizes along X- and Y- axes are different (say, Ax and Ay) (A.18) becomes:

1
£, (myn,l) =
wy (mem)= 70

[f(m +Ln+L1)-f(m-1n+11)
Ay . (A.18a)

~f(m+1,n-L,1)+f(m - Ln~-11)]+O(h?)

Subtracting (A.13) from (A.14) and (A.15) from (A.12) gives respectively

f(m+1,n-11)-f(m-1n+11)

). (A.19)
= Zh[fx(m, n,1)—- fy(m,n,l)] +0(h?)
f(m+1n+11)-f(m-1n-11)
) (A.20)
= 2h[fx(m, n,1) + fy(m, n,1)] +0(h?)
Adding the last two equations gives
f (m,n,l) = i[f(m +Ln-11)-f(m-1n+1])
4h . (A21)
+f(m+1,n - 1,1) - f(m - L,n - L,1))]+ O(h?)
Subtracting (A.19) from (A.20) gives
fy(m,n,1) = —1—[f(m +1n-1D+f(m-1n+11)
4h . (A22)

—f(m+1,n-11)- f(m~1,n-11)]+O(h?)
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A.2. Derivatives with First Order Accuracy

The first order of accuracy approximations are used in the finite difference
formulation of the stress tensor components when boundary and interface conditions are
introduced. We use the forward and backward Taylor expansions (A.2) , (A.3), (A.4) and
(A.5) and neglect all terms proportional to h® or higher powers of h. This gives the

forward first order approximations

f(m + L,n,1) - f(m, n, 1)

f (m,n,1) = h + O(h), (A.23)
gmmm):“m“+hz_“mm”f+mm, (A.24)
and the backward first order approximations

£(m,n, 1) = JMD = lf(m “ LoD L om), (A.25)
gmmm)=““m0‘“““‘hn+omy (A.26)

h

For the finite difference formulation of the intersections of the interfaces with the

free boundaries we use the expressions

1
f m, n, 1 = — f . - ]., 1 - f - 1, - 1, l
w(m,n, 1) = - [f(m,n = 11) = £m - Ln - 1,1) a2

2>

+f(m, n, 1) - f(m - 1,n,1)] + O(h)
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fy(m,n,1) = %[f(m -1Lnl)y-f(m-1,n - 1,1).

+f(m, n,1) - f(m, n - 1,1)] + O(h)

Additional expressions, similar to the obtained above, are

fy(m,n,1) = 2_111[f(m +L,n+ L1+ f(m + 1, n,1)
~f(m, n,1) - f(m,n + 1,1)] + O(h)

fy(m, n,1) = ?ll;[f(m +Ln+ L1) + f(m,n + L,1)

~f(m, n,1) = f(m + 1,n,1)] + O(h)

fy(m, n, 1)

1
—|f(my,n + 1,1) = f(m - I,n + 1,1
(8¢ ) - £( )

b

+f(m, n,1) - f(m - 1, n,1)] + O(h)

1
f,(m, n,l —If(m - I,n + 1,1) + f(myn + 1,1
y( ) 2h[( ) + £( )

b

~f(m, n,1) - f(m - 1,n,1)] + O(h)

f,(m, n, 1)

1
E[f(m +1,n-11) + f(m + l,n,l)’

~f(m, n,1) - f(m,n - 1,1)] + O(h)

fy(m, n,1) = Ell—l[f(m + L,n,1) + f(m, n, 1)

—f(m + Ln - L) - f(m,n - 1,1)] + O(h)
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APPENDIX B
Surface and Guided Waves

In this appendix three different kinds of waves will be considered: the so called
Rayleigh, Lamb and Stoneley waves. All three kinds exist independently and are confined

to an interface between two media with different elastic properties or to a free surface.

B.1. Rayleigh Waves

Rayleigh [23] studied the case of a traction-free surface: in effect he looked for
solutions of the wave equation (2.50) with no incident waves. We restrict our
consideration to two-dimensional Cartesian geometry. We use the scalar and vector
potentials @ and H. In two dimensional geometry, due to the relation (2.37), it is seen
that we may consider only the Z-component of H, and we denote it with .

The expressions linking these potentials with the displacement components and

stresses are:

_® v
ox oy’
_% oy
& ox’
2 2 2 2
xxzk(a?+_afj+2{_a<§+an,
ox* By ox= Oy ox
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2 2 2 2
Oyy =k[—-—a CI>+___a cp]+2u[___8 L W}, (B.4)

2 2 2
nyzu(26®_6\u+6‘l’]. B.5)

As it is shown in Chapter 2, the potentials ® and y may be considered as
potentials of longitudinal and shear waves, respectively, and satisfy (for harmonic

processes) the following wave equations:

2 2
%xg—’+%y§+k%q>=o, (B.6)

— + — + k{y = 0, B.7)
oy

where k| = @ — P and kk = o \/E are the wave numbers for longitudinal and
Vr + 2u) p

transverse modes, respectively, @ is the circular frequency, A and p are the elastic Lame

constants, p is the density of the medium.
We seek the solution of equations (B.6) and (B.7) corresponding to a plane

harmonic wave propagating in the positive X- direction. For that we let

@ = F(y)e' O |y = G(y)el &Y. (B.8)

Substituting (B.8) in (B.6) and (B.7), we obtain two differential equations for the

functions F and G:
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d%F

Fe (> -k)E(y) = 0, (B.9)
2

%—?—(kz -k?)G(y) = 0. (B.10)
y

The two independent solutions of each of the above equations are the exp (i\/kz - kt2 y)

and exp| k2 - k2y . We assume that k* > ki* > k* (as we see below, this assumption is
1

confirmed). Than the solution with positive radicals will correspond to motion increasing
with depth, the solution with negative radicals will correspond to exponentially decaying

motion, i.e. surface wave. Consequently, we consider the solution

O = Ae” Dl , B.11)

y = Be Vellkx—on) (B.12)

where ¢* =k* - ki° ; s* =k’ -k’ ; A and B are arbitrary constants.
The conditions of the problem demands also that the stresses Gyy and o, go to
zero at the boundary of the half space (plane y=0). Substituting the expressions for ® and

v into these conditions, we obtain

~A2igk +B(s®> + k%) =0
(B.13)
A[(A +21)q? + Ak?] + B2ipsk = 0

Nontrivial solution for A and B of this system exists only if the determinant of the

coefficients vanishes, i.e.
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. 2 2
_21(;1k ) (s" +k )=0’ (B.14)
(A +2u)q° +2uk”  2ipsk

which gives the characteristic equation for k:

4k2qs- (s> +k%)* = 0. (B.15)

This equation has, in general, four roots. However, the careful analysis of the solution
[3, 7, 13, 23] shows that there is only one real root kg and this root satisfies the condition

kr > k. . Using this, we have for the potentials

@ = —Aet(KRXOD-QRY |
(B.16)

2qRKR_i(kpx-wt)-sgy

2

v =-1A 3
SR+kR

In (B.16) A is an arbitrary constant to be determined from the initial conditions,
qr>=kg’ - ki’ ; sz’ =kg’ - k. Substituting (B.16) in (B.1) and (B.2) and taking the real

part of the obtained expressions, we have

ug = AkR{e_qRy -~ —%q—Rs—%—}sin(ka— ot), (B.17)
SR + kR
_ —apy __2kR
VR = AqQRry¢€ T cos(krx — at). (B.13)
SR + kR

The equation (B.15) can be rewritten in terms of the velocities
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(B.19)

where cg denotes the Rayleigh wave velocity and c;, ¢, are the transverse and
longitudinal velocities, respectively. Eq. (B.19) has been originally obtained by Rayleigh
[23]. Its solution can be obtained by applying numerical techniques. However, the
procedure can be simplified and approximate expressions for the Rayleigh velocities can
be used. One good approximation to the Rayleigh wave velocity is given by Victorov

[123]

cg _ 0.87+1.12v
Cg 1+v

: (B.20)

where v is the Poisson ratio. As v varies from 0 to 0.5, the Rayleigh wave phase velocity
varies monotonically from 0.87 ¢, to 0.96 c, . It is also readily seen that the Rayleigh wave
does not exhibit phase velocity dispersion, since (B.19) does not depend on the frequency.

The expressions (B.16) describing the Rayleigh wave show that it consists of two
inhomogeneous waves, one longitudinal and one transverse, which propagates along the
boundary of the half-space with identical velocities and attenuate with depth according to
exponential laws.

Since the displacement components ug and vz in the Rayleigh wave are shifted in

T . . . .. .
phase by 5 the trajectories of the particle motion in the wave are ellipses. For wave

propagation in positive X-direction, given our assignment of the coordinate system, the

ellipsoidal rotation of the particle at the surface proceeds clockwise; at a depth y > 0.2Az
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the direction of rotation reverses and the displacement ug changes its sign.

Along with the lack of dispersion Rayleigh waves poses other important

properties, making them very useful tools for ultrasonic inspection. Since they do not

. . . . cr g |
penetrate into the depth of a solid, their amplitude decays with distance as \/ﬁ (where
R

R is the distance from the source) due to divergence of the wave beam emitted by the
source. This decay is like that of cylindrical waves, i.e. it occurs more slowly than in the
case of volume waves, where the analogous decay law is 1/(kj; R)" .

In inhomogeneous and anisotropic media, the structure and properties of Rayleigh
waves are very complicated and there exist anisotropic media (for example, crystals of the
triclinic system [123]) in which Rayleigh waves cannot exist in general. The existence and
uniqueness of Rayleigh waves in anisotropic media has been studied by Barnett, Lothe,
Nishioka and Asaro [133], Chadwick and Smith [134, 135], Barnett and Lothe
[136, 137, 138]. In [137] it is used a method based on the impedance tensor to derive

formulae which are particularly well suited to numerical computation.

B.2. Stoneley Waves

In nondestructive testing, one often encounters situations where the test piece is in
contact with another material. Obvious cases include submerged or fluid-containing
structures, with a solid - fluid interface, and bunied or coated structures, where the second

medium is a solid which may have rather ill-defined characteristics. One then asks whether

" This is precisely why Rayleigh waves are the principal type of waves recorded in

earthquakes.
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there are modes similar to Rayleigh waves on such interfaces. Love [139] and Stoneley

[140] studied the problem: it is related to the solution of the solid-fluid interface problem
with no incident waves in the same way as the Rayleigh problem was related to the
solution of the wave equation.

For the solid-fluid case, there are two solutions, one complex and one real. As the
density of the overlying fluid tends to zero, the complex solution tends to the Rayleigh
wave velocity. It is complex because the Rayleigh wave is attenuated, and examination of
the wave vector in the fluid shows that there is a real component normal to the surface.
The Rayleigh wave on the surface of the solid is leaking into a bulk (compression) wave in
the fluid. The real solution has a speed less than the wave speed in the fluid or the shear
wave in a solid, whichever is smaller, and has imaginary components of wavevector on
both sides of the interface [19,20]. This is an undamped interface wave, the Stoneley
wave. If the density is much less than that of the solid, which is the usual case in
nondestructive testing applications, most of the energy of the Stoneley wave propagates
through the fluid and most of that in the leaky Rayleigh wave through the solid, and the
Stoneley wave may be neglected in most applications.

When the interface is between two solids Caignard [141] has given a complete
analysis. It turns out that Stoneley wave occurs only for a restricted range of ratios of the
densities and shear moduli of the two media. In particular, the shear wave velocities have
to be quite similar for a Stoneley wave to exist, and this condition is unlikely to hold for a
metallic structure buried in soil or coated with a resinous material. Even in the Earth’s

crust, where material properties might be expected to be similar enough to allow Stoneley
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wave propagation, seismologists have not observed such waves. Nevertheless, it has been
suggested [142, 143] that interface waves might prove useful for the examination of
adhesive bounded joints. It is useful, then, to have an efficient procedure for calculating
the properties of Stoneley waves when they exist, and such a method based on the

impedance matrix has been developed in [144], which is suitable for anisotropic materials.

B.3. Lamb Waves

Lamb waves refer to elastic perturbation propagating in a solid plate (or layer)
with free boundaries, for which displacements occur both in the direction of wave
propagation and perpendicularly to the plane of the plate.

We consider, following [145], a plane harmonic Lamb wave propagating in a plate

of thickness 2d in the positive x direction (figure B-1). As in section B.1, we use again the

layer

Figure B-1. A layer of thickness 2d and the corresponding 2D coordinate system.
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potentials ® and y. We represent them in the following manner:

® = Aschqzeikx + Bashqzeikx,

. o (B.21)
Y= Dsshszelkx +C achszelkx

where A, B., C,, D, are arbitrary constants, k is the Lamb wave number, and q and s
are defined after (B.12). The factor ¢™*is dropped for brevity. It is readily seen that
(B.21) satisfy the equations (B.6) - (B.7). Moreover, they must cause the stresses o, and
Oyy to vanish on the planes y=*d. Substituting (B.21) in (B.4) and (B.5) and vanishing the

stresses gives

(k? + s%)ch(qd) A+ (k2 +s?)sh(qd) B, + 2iks sh(sd) C, + 2iks ch(sd) D = 0
(k2 + s2)ch(qd) A — (k? + s*)sh(qd) B, — 2iks sh(sd) C, + 2iks ch(sd) D = 0;

(B.22)
2ikq sh(qd) A+ 2ikq ch(qd) B, — (k% + s2)ch(sd) C, — (k2 + s*)sh(sd) D = 0;

~2ikq sh(qd) A + 2ikq ch(qd) B, — (k% +s?)ch(sd) C, + (k* + s?)sh(sd) D = 0.
It is seen that the above system is satisfied if the following two subsystems are satisfied:

(k? + s?)ch(qd) A + 2iks ch(sd) D = 0,
, (B.23)
2ikq sh(qd) A - (k? +s?)sh(sd) D = 0;

(k2 + s?)sh(qd) B, + 2iks sh(sd) C, = O;
. (B.24)
2ikq ch(qd) B, — (k% +s%)ch(sd) C, = 0

The subsystems have nontrivial solution only when their determinants are equal to zero.
This leads to two characteristic equations, determining the eigenvalues of the wave

number k:
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(k? + s%)? ch(qd)sh(sd) - 4k>qs sh(qd)ch(sd) = 0, (B.25)

(k? + s?)?sh(qd)ch(sd) — 4k>gs ch(qd)sh(sd) = 0. (B.26)

With these equations we obtain from the subsystem (B.23) an expression for D, in terms
of A;, and from the subsystem (B.24) an expression for C, in terms of B, . For the wave
potentials we obtain then

= AsCh(QSY)elksx +BaSh(QaY)elkax§
(B.27)

— 212kSqSZSh(qu) As Sh(ssy)eiksx+ 2112(aq325h(qad) BaCh(Say)eikax.
(kg +s5)sh(sgd) (k3 +s3)sh(s,d)

Here, k, are the values of k satisfying (B.25), k, are the values satisfying (B.26);

Q5,2 = ,/kg,a —k12 ; Ssa = wfkg,a - ktz . The displacement components u and v are

calculated from (B.1) - (B.2) as

uU=ug+u,
V= VS +Va
where

i T
0. = Ak (Ch(qsy) _ 2qSs Ch(ssy)J el(ksx—mt_g) .
s S . ’
sh(gsd) (k2 +s2) sh(ssd)

VS="'

A [sh(qsy)_ 2k2 .sh(ssy)Jei(ksx—cot)
Ush(qsd) (k2 +s2) sh(sed)
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T
i k,x—-ot——
U = Bka(Sh(an) - Zda%s Sh(say)};( aX—ot 2).

ch(gad) (k2 +s2) ch(syd) ’ ®:30)

v, =B a(ch(qay) B 2k§ 'ch(Say)]ei(kax—mt)
ch(qad) (k2 +5s2) ch(syd)
Here A and B are new arbitrary constants.

The expressions (B.27) - (B.30) and equations (B.25) and (B.26) describe two
groups of waves, each of which satisfies the wave equations of motions and boundary
conditions, i.e. both can propagate in the plate independently of one another. Analyzing
the expressions (B.29) and (B.30), we see that the first group of waves, indicated by a
subscript s, describes waves in which the motion occurs symmetrically with respect to the
plane y = 0 (i.e. the displacement u has the same sign, the displacement v opposite signs in
the upper and lower halves of the plate). The second group, indicated by subscript 2,
describes waves in which the motion is antisymmetrical with respect to y =0 (ie., the
displacement u has opposite signs, the displacement v the same signs in the upper and the
lower halves of the plate). The waves of the first group are called symmetric Lamb waves,
those of the second group are called antisymmetrical.

In a plate of thickness 2d at a frequency @ there can exist a finite number of
symmetrical and antisymmetrical Lamb waves, differing from one another by their phase
and group velocities and distribution of the displacements and stresses throughout the
thickness of the plate. The number of symmetrical waves is determined by the number of
real roots of eq. (B.25), the number of antisymmetrical waves by the real roots of (B.26).

Every root defines a wave number k,, or phase velocity c,. of the corresponding wave. It

-236-




can be shown[123] that, in addition to the finite number of real roots ke, , both of the

indicated equations have for any @ and d an infinite set of purely imaginary roots,
corresponding to in-phase motions of the plate which decay or grow exponentially along
the x-axis. Since we are concerned with propagating waves, we will only deal with the real
roots of the characteristic equations (B.25) and (B.26).

For od = 0, eq. (B.25) and (B.26) have only one root each. The root of (B.25)
corresponds to the so-called zeroth symmetrical normal mode, which is usually designated
as so, while the root of (B.26) represents the zeroth antisymmetrical mode a, . As od

increases, the roots ks, and k, vary in magnitude, and for definite ratios between o and

d new roots appear, corresponding to the first, second, and higher symmetrical
(s1, S2,.., S» ) and antisymmetrical (a; , a; ,.., 3, ) Lamb waves. The values of ® and d at
which new roots appear are called ‘tritical” thickness and frequency. The relation between

the critical thicknesses and transverse and longitudinal wavelengths are as follows [123]:

Y
2727 2 "\ for symmetrical modes; (B.31)

2d = }\'t’ 2}\¢t, 3)\1, voe

2d = Ap, 2415 3A1s -

A BN SN for antisymmetrical modes. (B.32)

2d ) ) yees
22 2

At critical frequencies the wavenumbers k,, — O (the phase velocity c,, — ©), and the
new symmetrical and antisymmetrical mode represent a standing longitudinal [upper set of

values in (B.31) and (B.32)] or transverse [lower set of values in (B.31) and (B.32)] wave
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in a plate.

The total number of symmetrical nodes N, that are possible in a plate of given
thickness 2d at the frequency o is equal to [123]:

2d 2d 1
Ng=1+|—|+|—+—=|, 33
° lj}”t} {7»1 2} B3

the total number of antisymmetrical modes N, is

2d 2d 1
Na—1+|:—:|+|:-)—“?+51|. (B34)

A

The brackets in this case indicate the nearest integer part of the number that they
enclose.
It is convenient to express the characteristic equations in terms of the phase

velocity v and the dimensionless frequency € by defining:

2
_|Ss
9= ( V) , (B.35)
2
s(fs.j , (B.36)
p
_| ot
@= [2csj ' ®37

Then the characteristic equations may be written as
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1

1 1 1

tan(l-S)ZIQ _ 48(1-9)2(1<2-9)2 (B.38)
! (28-1

tan(x - 9)2Q

where the positive sign is taken for symmetric modes.
The solutions 8 of the above equation give the phase velocity of waves
propagating without attenuation in plates. They consist of compression and shear waves

propagating at angles 6, and 8; to the perpendicular of the plate surfaces [123], where

sin@p = \/E, (B.39)
K

sinBg = Vs . (B.40)

There are regions where one or both of the compression and shear waves are evanescent

[20, 123], giving rise of the modified characteristic equations

1 IO
-9)2 ~-9)2(8 —x)2
tan(1-9)2Q _ ] 43(1-9)2(9 -x) B.41)
1 (28 - 1)?
tan(8 —x)2Q
in the region k <9 <1 and
1 LA b
an(8-1)2Q | 49(8 - 1)2(8-x)2
[ (28 - 1)2 (B.42)
tan(8 -x)2Q

when 9 > 1. From this case we can recover the Rayleigh wave equation in the high-

frequency limit (when the left hand-side of the equation is unity). That is, when the
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frequency is so high that the wavelength is very small compared with the plate thickness
one can propagate surface waves along each surface and their exponential decay implies
that they are independent. In the same region a solution also occurs for small €, and this is
the flexural mode of a thin plate [20]. Apart from this, in the case of high frequency limit
the phase velocity tends to c; and the displacements consist of layers of shear waves
traveling parallel to the surface, separated by a null planes of zero displacement. The

number of null planes increases with the order of the mode, and is odd or even according

to the symmetry.

The group velocity, as it is for the phase velocity, is also a function of frequency. It

is related to the phase velocity

0]
_o (B.43
v K )
by
150
Vg = -éz (B44)

and may be calculated from the relationship between v and Q by

Vg = —— (B.45)
1- 2222

v 0Q

Curves of group velocity are shown in figure B-3, and curves of phase velocities are
shown in figure B-2, borrowed from [20]. At Q =0 the group velocities of s, a, for
n> 0 are all zero: this corresponds to the plate thickness modes, for which there is no

energy flow along the plate. At the high frequency limit, the phase velocities approach c;
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with ever decreasing slopes, so that the group velocities approach ¢, from below. There

are regions of negative group velocity, which simply mean regions where the group and
phase velocities are opposite. The dispersive properties of Laml; waves must satisfy the
Kramer-Kronig relations, so that there must be regions of spectrum where there is
attenuation. For practical purposes, however, only the modes propagating without
attenuation are of interest.

For NDT purposes, the most important feature of the dispersion curves is the
existence of minima and maxima in the group velocity. With the use of the method of
stationary phase [2,123], one can conclude that at large distances the components which
dominate the signal will be those corresponding to maxima or minima of the group
velocity. If Lamb waves are to be used in NDT, then, it is sensible to select modes near
such extrema, as these will allow fairly short pulses to be propagated without substantial
losses in amplitude and time resolution arising from spreading.

When a Lamb wave propagates in a plate, it transfers energy parallel to the surface
of the plate[20, 123]. The energy density is not spread uniformly throughout the plate.
The energy density is the product of the stress and the particle velocity. Since uy , 6y, and
oy are all zero, there is no energy flow in Y-direction. The energy flow in Z-direction
averages to zero over a whole cycle of the oscillating wave, as the product ©c ux and
G, U, both have a time dependence sin(2kx - ot). Only the energy flow in c¢X-direction

has a non-zero average.
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Figure B-2. Dispersion curves for the phase velocity for modes 0, 1.
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Figure B-3. Dispersion curves for the group velocity for modes 0, 1.
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APPENDIX C

Input-Output Features of the Code JUNA

In this Appendix we provide a description of the input data for JUNA and the

output which JUNA produces for further analysis.

C.1. Input Data for JUNA

An example of the input data for JUNA is given in figure C-1. The input data is
read by the code in a free format form so only the number of the read parameters and their

order is of importance. The input data is expected in the input file juna.res and is ordered

as follows:

nx - number of X-axis intervals (since the numeration starts with 2 and spans through
nx+2, the actual size of the system is calculated according to L1=(nx-1)*stepsize)

ny - number of Y-axis intervals (same as for nx)
ltmax - number of time steps to be computed.

iface - spare (set 0).

60141405002.e-82e41222410
452 2 452 42 601 2 601 42

5077 300.

000

2

101 401

0000

0000

200. .34 7.86e3 2902.29

Figure C-1. Sample input for JUNA.
(juna.inp).
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igeom - set 0
dt - time step size.
h - spatial step size.
nprint - number of time intervals ( in units dt) between each output print from detectors
nsflag = 1 - compression wave mode;
2 - shear wave mode.

11flag = 1 - plane wave,

2 - surface boundary source on the bottom boundary (ny = 2);

-2 - surface boundary source on the left boundary (nx = 2).

nd - number of detector point - if less or equal to 4 - in the output file juna.res, if 8 -
from detector #5 through 8 - in a file detector.1, if 12 - additional file detector.2, if 16
- additional file detector.3. JUNA will open up to 7 additional files for detectors up
to 32 ( only exactly dividing by 4)

nerfl - 0 - nothing;

any number(#) - calculates the current error each # of steps and writes results in a
file errno.ou.

The second record (or line in juna.res) contains 2*nd integers - first number of
each pair is the X-coordinate of the detector point, the second - the Y-coordinate. Note
that 2 or nx+1 or ny+1 means to put the detector on some of the surfaces. The count
begins with 2.

Third record contains 4 numbers as follows

If 11flag.eq.1 - xw - pulse width (in stepsizes h);

nsx - X - position of a point of the pulse line;
nsy - y-position of the same point;

tit - angle between the wave normal and X-axis (degrees).
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If 11flag.eq.2/-2 - ntdur - pulse duration (dt units);

itpos - source position (long X- or Y-boundary),

itlth - source length (in h units) - the surface source will span
from itpos to itpos+itlth;

tit - angle of the theoretical normal with X-axis (degrees).
Fourth record contains three integers - the crack parameters
mc- X-coordinate of the crack edge (if 0, no crack in the system),

nc - Y-coordinate of the same crack edge (if 2 - then bottom (nx=2) surface breaking
crack;

isize - crack length (h units); if nc+isize=ny+1 - surface breaking crack at the top
(y=ny+1) surface;

The fifth record contain 1 integer

mt - number of time moments for snapshots (must be less than 10), if zero - omit
the next three records - no snapshots allowed,

The sixth record - contains mt integers, omit it if mt=0. Subsequent time moments
for snapshots (in dt units);

The seventh record - four integers - coordinates of the area for a snapshot of the

source in a case of a plane wave: ixb - X-coordinate of the lower left corner of the area (if

0, set to 2),

ixn - X-coordinate of the top right corner (if 0, set to
nx+1),

iyb - Y-component of the lower left corner (if 0, set to
2);

iyn - Y-component of the top right corner (if 0, set to
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ny+1).

The eighth record contain the same as the seventh record, but for the system during the
calculations. Both seventh and eighth records must be omitted if mt = 0.

The ninth record - material properties - 4 real numbers
eyoung - Young modulus (in GPa);
pois - poison ratio;
rho - material density;
rayc = Rayleigh speed in this material.

End of Input data.

C2. Output Data from JUNA

JUNA creates a number of output files. figure C-2 lists the main output file
juna.res. In section C.3 is listed the content of this file. After editing the input data and
the system parameters (Lamé constants, compression and shear wave speeds, and system
sizes 11 and 12), under detector # is shown two columns - first column lists X-displacement
components, the second - Y-displacement components. The leftmost column list the time
in us. If mt not zero, the snapshots for the corresponding time instants are listed in file
names provided by the operating system and with extension 21 and 61, where I=1,2,.. mt,
and are written in the point format as given by the PostScript standard. Files with
extension 21 contain X-displacement component, these with extension 6I - Y-displacement

components. Other output files are described in the input data section above.

C.3. Sample Output of the Code JUNA
Starting date: 17-Dec-95; Time: 22:18:51
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nx = 601 number of x-axis intervals

ny = 41 number of y-axis intervals

ltmax = 4096 number of time intervals

iface = 0 number of interfaces

igeom = 0 1/2/3-XY/RZ/RTITA geometry
dt =2.00000E-08 time step size (seconds)
h =2.00000E-04 spatial step size (m)

srate = 3.12500E+00 sampling rate (MHz)
nsflag= 1 1/2/3-longitudinal/shear wave/Rayleigh
nd = 4 number of detector points

11flag= 2 1/2-plane wave/BNDRY area

nerfl = 10 0/# - none/error calc. each # of steps
ntdur = 200 transducer pulse duration (dt units)
itpos = 7 transducer position (h units)

itlth = 30 transducer length (h units)

tit = 90.00000 normal direction (degrees)

on the left BNDRY (paraliel to y-axis)

no crack presented at this time..

calculated data for material 1

eyoung= 2.00000E+11 Young modulus(Pa)

pois = 2.90000 Poison ratio (if 0.5 - liquid)

rho = 7.86000E+03 density (kg/m**3)
Calculated system parameters:

mu = 7.75194E+10 Lame mu (kg/(m*s**2)
lambda= 1.07051E+11 Lame lambda (kg/(m*s**2)
spedc2= 5.77449E+03 Compression speed squared (m/s)
speds2= 3.14046E+03 Shear speed squared (mv/s)
11 =1.20000E-01 m

12 = 8.00000E-03 m

dzeta = 2.50000E-02

dksi = 1.66667E-03

dtau = 8.05851E-04

kappa = 6.66667E-02

Performs test for stability..mat# 1

The Alterman&loewental stability test successful..
The Alterman&loewental stability test successful..

History output for 2 detector point(s):

det.1 det.2
x= 351 x= 351
time(s) y= 2 y= 42

0.00000E+00 -8.40779E-45 5.60519E-45 8.40779E-45 5.60519E-45
3.20000E-07 -1.15780E-36 6.05451E-37 1.14897E-36 6.00775E-37
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6.40000E-07
9.60000E-07
1.28000E-06
1.60000E-06
1.92000E-06
2.24000E-06
2.56000E-06
2.88000E-06
3.20000E-06
3.52000E-06
3.84000E-06
4.16000E-06
4.48000E-06

Ending date:

-1.92651E-29 9.3286SE-30 1.90820E-29 9.23842E-30
-4 47985E-23 2.03075E-23 4.42532E-23 2.00547E-23
-1.53907E-17 6.59482E-18 1.51404E-17 6.48447E-18
-7.79654E-13 3.18473E-13 7.61507E-13 3.10785E-13
-5.36843E-09 2.10403E-09 5.16683E-09 2.02109E-09
-4.00024E-06 1.50413E-06 3.69212E-06 1.37956E-06
-1.72421E-04 5.90379E-05 1.21430E-04 3.85218E-05
-3.33010E-04 8.04026E-05 -2.58240E-04 -1.55434E-04
4.73469E-05 -1.12489E-04 -1.06213E-03 -4.76145E-04
-1.43348E-04 5.49889E-05 -1.33257E-03 -4.38074E-04
-1.29098E-03 7.68663E-04 -1.47220E-03 -1.76275E-04
-3.17745E-03 1.60532E-03 -1.83636E-03 -1.06429E-04
-4.31995E-03 1.95985E-03 -3.18448E-03 -5.00729E-04

17-Dec-95; Time: 23:20:51

user time; 1394.41162sec.

system time:

0.97375sec

total exec.time: Oh. 23 min. 15.38538sec.
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