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Abstract

We develop a discrete version of conformal welding for discs and half-

planes. Using circle packings, we induce discrete welding maps which ap

proximate the classical conformal welding maps. A type of converse is also

developed, allowing the approximation of quasisymmetries given the confor

mal welding curves they induce. We also discuss the practical issues involved

in computing the discrete maps.
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Chapter 1

Introduction

Imagine two discs positioned one above the other. If the boundaries of the

discs are sewn together, a sphere with a "seam" about its equator emerges.

Suppose, however, that the sewing is done unevenly, stretching the top disc

in some places while compressing it in others. For example, if we had a

homeomorphism </? from the boundary of the top disc onto the boundary of

the bottom disc, we could sew the discs by attaching points to their images

under (p. Now if we require the discs to maintain their conformal structures

even after being joined together, they will push and pull against each other,

warping their seam in the process. It will be possible for the discs to settle

in locations so that their conformal structures mesh, precisely when they can

be mapped conformally onto complementary Jordan domains of by maps

whose boundary values respect the identification. If such maps exist, then

we say the discs have been conformally welded and refer to their seam as a

conformal welding curve.
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Of great importance to the study of conformal structures on Riemann

surfaces, is the case in which the above sewing is performed using a qua-

sisymmetric identification map. A conformal welding will always exist for

such a map, and the conformal welding curve will be a quasicircle. More

over, every quasicircle arises as the conformal welding curve for some qua-

sisymmetric map. Indeed, both the space of quasicircles and the space of

quasisymmetric identification maps provide a model for the Universal Te-

ichmiiller Space, the set of all conformal structures of all Riemann surfaces.

Conformal welding thus provides the mechanism for switching between these

two models. The Universal Teichmiiller Space has gained attention by physi

cists recently [36,40,41] as a setting for bosonic string theory.

After describing some background results in Chapters 2 and 3, we con

struct a discrete version of conformal welding in Chapter 4. Instead of weld

ing discs, we will weld triangulations of discs. This combinatorial welding

then yields a triangulation T of a sphere which can be realized as a geo

metric complex by a circle packing on S^, that is, a configuration of circles

in in which each circle corresponds to a vertex of T and two circles are

externally tangent if their corresponding vertices are connected by an edge

in T. Just as there is a unique conformal structure on S'^, so there is an

essentially unique circle packing on S"^ for each T. The circles must push

and pull against each other to settle in locations compatible with the global

pattern provided by T in the same way that two welded discs settle in loca

tions compatible with the global conformal structure on S^. By connecting

centers of tangent circles with spherical geodesies, this circle packing provides
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a geometric realization of the once purely combinatorial welding. In particu

lar, the "seam" between the original triangulations is realized as a polygonal

Jordan curve, a discretized version of the conformal welding curve.

In Chapter 5, we will show that the discrete version is more than just

analogous to the classical case - it approximates it as well. Indeed, welding

finer and finer triangulations using the same quasisymmetric map produces

discrete welding curves that converge in the Hausdorff metric to the classi

cal conformal welding curve. Moreover, the construction produces discrete

maps of the discs onto which converge locally uniformly to the classical

conformal welding maps.

In Chapter 6, we develop similar methods for the discrete welding of

half-planes. Moreover, in this case we need not restrict ourselves to only

quasisymmetric identification maps; any locally bilipschitz identification map

will possess a conformal welding [38,54,56], which we can then approximate

with our discrete techniques.

Next, in Chapter 7 we develop a method for approximating the quasisym-

metry cp from the quasicircle F it induces. We first construct a circle packing

lying inside F and one lying outside F. The inside packing will be repacked

to cover the unit disc D, and the outside packing will be repacked to lie in

ID* = C \ ID. These packings then induce a discrete analytic maps which will

approximate the classical conformal welding maps. The boundary values of

the discrete maps can then be used to approximate (p itself.

We conclude with a discussion in Chapter 8 of the computational aspects

of these results, including examples of progress and problems of computer
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implementation.



Chapter 2

Conformal Welding

2.1 Conformal Structures

The development of the theory of Riemann surfaces is one of the great

achievements of mathematics in the last 150 years. Lying at the intersec

tion of complex analysis and geometry, it has been a major theme of pure

mathematics. Some of the many excellent references on the general aspects

of this theory include [3,8,10].

Definition 2.1. A Riemann Surface R is a 1-complex-dimensional man

ifold with a conformal structure, that is, a maximal collection {(j)c, : R

C} of charts such that all transition maps 4>'p^ ^ire analytic where de

fined. Two surfaces Ri and R^ with conformal structures and

respectively, are conformally equivalent if there exists a homeomorphism

/ between them so that the complex maps f o (j)~^ are analytic for all

charts <j>a and (j)^ for which they are defined.
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One natural question to ask is whether surfaces which are topologically

equivalent can be conformally inequivalent; that is, can two homeomorphic

surfaces have different conformal structures. It is not hard to show that

the answer must be "yes," and this observation forms the starting point for

Teichmiiller theory [19,33,35].

In one important case, however, the answer is "no."

Proposition 2.1. The sphere admits only one conformal structure.

2.2 Quasiconformal Maps

Following the work of Herbert Grotzsch [21] in the 1920's and Lars Ahlfors

[2,5], Lipman Bers [12], and Arne Beurling [13] in the 1950's, the study of

quasiconformal maps has grown into a well-developed field. Quasiconformal

maps behave like "distorted" analytic homeomorphisms and provide the link

between different conformal structures for the same topological surfaces. We

first make some preliminary definitions [34].

Definition 2.2. Given a family of curves G in a domain Q, C 5^, the ex

tremal length of G is

(infjeoLpi^) \dz\)
EL{G) = sup> ^ ^

where P = {p:Q—)-C|p>0, p Borel-measurable}. The modulus M(G)

^  EL{G) ■
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We will usually be more concerned with two special types of curve families.

Definition 2.3. A quadrilateral is a Jordan domain in with four dis

tinguished boundary points (and four distinguished boundary arcs - the top,

bottom, left, and right sides). The modulus of a quadrilateral is the

modulus of the family of curves joining its top and bottom sides. A ring

domain is a doubly connected open subset of S^. The modulus of a ring

domain is 27r times the modulus of the family of curves separating its two

complementary components.

It is not hard to prove that the modulus of a euclidean rectangle whose

left and right sides have length a and whose top and bottom sides have length

6 is Moreover, an annulus whose outer circle is the unit circle and whose

inner circle is the circle {|a:| = r} has modulus log A A punctured disc will

then be said to have infinite modulus. The following result [34] will prove

useful for estimating the moduli of ring domains.

Proposition 2.2. If R C is a ring domain and I is a lower bound on the

spherical length of Jordan curves separating the components of R, then

M(R) <

Also, if R separates the pair pi,p2 from the pair gj, such that the spherical

distance between pi and p2 and the spherical distance between qi and q2 are

less than d, then

M[R) < A
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Thus, if a ring is to have very large modulus, it must contain very short

curves separating its complementary components.

It is not difficult to prove that conformal maps preserve the modulus of

curve families [34]. Quasiconformal maps then are those homeomorphisms

which distort moduli by only a bounded amount.

Definition 2.4. A homeomorphism / on a domain Q in 5^ is AT-quasi-

conformal if

^M(f(G)) < M(G) < KU(f(G))

for all curve families in D. Note that / is conformal if and only if it is

1-quasiconformal.

Fortunately, it is sufficient to check the modulus of only rings or quadri

laterals [34].

Proposition 2.3. A homeomorphism f on a domain Q, in 5^ is K-quasi-

conformal if either

^M{/m < M{Q) < KM(f{Q))

for all quadrilaterals Q cVt or

K

for all rings R C D.

^MUiR)) < M(R) < KMUm
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Using this idea that quasiconformality measures the distortion of moduli,

it is not difficult to show the following very useful result.

Proposition 2.4. If f is Ki-quasiconformal and g is K^-quasiconformal,

then f o g is KiK2-quasiconformal (where defined). In particular, if g and h

are conformal, then ho f o g is Ki-quasiconformal.

The preceeding geometric definition of quasiconformality was developed

by Lars Ahlfors [2] and Albert Pfluger [42], However, there is also an analytic

characterization developed by Herbert Grdtzsch [21].

Lemma 2.5. A homeomorphism f on a domain in is K-quasiconformal

if and only if for all z E Q

D,{z) = Urn sup '^eas(,;r)lf(w) - mi ̂ ̂
r—>0+ 1/('^) /(^) I

Df{z) is called the dilatation of f at z. Note that a map f is conformal if

and only if its dilatation is 1 everywhere.

This characterization can be restated in terms of the complex derivatives

of/.

Lemma 2.6. A homeomorphism f on a domain in 5^ is K-quasiconformal

if

Bf = pdf

for some Beltrsimi differential p in the unit ball ofL'^{Q) with K < yz{|^{{^-
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The function fi is then called the complex dilatation of f. Note that f

is conformal if and only if f satisfies the Cauchy-Riemann equation Bf =

0; hence f is conformal if and only if its complex dilatation is 0 almost

everywhere (with respect to Lebesque measure).

Given this definition, we have the following existence theorem [34].

Theorem 2.7. Given a Beltrami differential ||/u||oo < 1 on a region Q then

there exists a quasiconformal map f satisfying Bf = p df. If g is any other

such map, then there exists a conformal homeomorphism h : Q ̂  D such

that g — f oh.

Remark 2.1. Since Beltrami differentials are only defined almost everywhere

with respect to Lebesque measure, if a homeomorphism / : —> 5^ is

A'-quasiconformal off a set £' C f2 of Lebesgue measure zero, then / is K-

quasiconformal on E as well.

It is a well-known fact [34], that a quasiconformal homeomorphism be

tween Jordan domains extends continuously to the boundary. We follow

the common practice of referring to a quasiconformal map and its extension

by the same name. Note that we have defined quasiconformality only on

open subsets of 5^; in referring to quasiconformality on the closure of Jordan

domains, we shall mean quasiconformality on the interior.

Since quasiconformal maps act as "distorted" conformal maps, they pos

sess many of the same function theoretic properties.

Theorem 2.8 (Liouville's Theorem). A non-constant K-quasiconformal

map cannot map the entire plane into a proper subset of itself.
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One of the great advantages in working with quasiconformal maps is the

relative ease with which one can construct a family of quasiconformal maps

which are normal.

Theorem 2.9. If a sequence {/„} of K-quasiconformal homeomorphisms

satisfies any one of the following conditions for some triple of points a, b,

and c,

1. Each fn fixes a, b, and c.

2. Each fn fixes a and b and omits c.

3. Each fn fixes a and omits b and c.

then some subsequence {fn^} converges locally uniformly to either a constant

function or a K-quasiconformal homeomorphism whose range is

range(/) = kernel ({range(/„J})

=:\Jint ( Pirange(/„J j .
j  \h>j /

Moreover, in cases 1 and 2, the limit map cannot be constant.

Theorem 2.9 makes it very easy to construct a convergent sequence of

quasiconformal maps. Thus even if one is interested in only conformal maps,

it is often fruitful instead to construct a sequence of quasiconformal maps

with dilatation decreasing to 1 and then use Theorem 2.9 to extract a con

vergent subsequence.
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2.3 Quasisymmetries

We now turn our focus to the 1-dimensional analog of quasiconformal maps.

Notation 2.1. Given a rectifiable Jordan curve J,

k - y\j

will denote the length of the shorter subarc of J connecting x and y. That

is, \x — y\ is the distance from x to y inside J. If / is a subarc of J, then

1/b

will denote the length of I.

Definition 2.5. An orientation preserving homeomorphism (p : 9D —¥ 9D is

called a /c-quasisymmetry if

1 ̂  W)\r> ,
k- k(J)|o-

for any two adjacent intervals (subarcs) I and J of 5D having equal length.

Similarly, an increasing homeomorphism (/? : R —>• R is a A:-quasisymmetry if

1 ̂  p}{x + t)- ip{x) ̂  ̂
k ~ (p{x) — (p{x — t)~

for any x 6 R, t > 0. A map ip is called locally quasisymmetric on E if

every point of E has a neighborhood on which p is quasisymmetric.
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Note that the definition of a quasisymmetry is unaffected by composition

with a rotation of 5D or an affine map of R. Thus unless otherwise stated,

we will assume that any real quasisymmetry has been normalized to fix 0

and 1 and any quasisymmetry on (9D fixes 1. (Note that as described in [31],

we could actually require a quasisymmetry on 5D to fix both 1 and —1.)

Example 2.1. Suppose (/? is A:-bilipschitz on D; that is, for all x and y in its

domain,

1 < |'^(a:) - (/?(y)|p ^ ̂
k ~ X — y ~

Then for all adjacent intervals I and J having equal length t,

J_ < i_ < < ̂  <
~ kt ~ |(/?(J)|d ~ i ~

Thus any such cp is a. /c^-quasisymmetry. The corresponding result also holds

of course for bilipschitz homeomorphisms of R.

Remark 2.2. One should note that there is no analog of Lemma 2.5 for qua-

sisymmetries; that is, one cannot tell if a function is quasisymmetric by

observing its behavior only in a neighborhood of each point. Thus, unlike

quasiconformality, quasisymmetry is a global property. However, John Ke-

lingos [29] proved the following.

Lemma 2.10. Any real k-quasisymmetric function p> defined on an interval

[a, 6] can be extended to a k'-quasisymmetry on all ofR, where k' depends

only on k.
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In fact, it was Kelingos who coined the term "quasisymmetry" because

such functions map symmetric intervals to intervals of comparable length,

just as quasiconformal homeomorphisms map path families to path fami

lies of comparable extremal length. Another justification for considering

quasisymmetries as 1-dimensional quasiconformal maps lies in the following

theorem [13].

Theorem 2.11. Any K-quasiconformal homeomorphism of the disc D or the

upper-half plane U onto itself can be extended continuously to the boundary.

This extension will be k-quasisymmetric, where k depends only on K.

Beurling and Ahlfors [13], proved that the converse also holds.

Theorem 2.12 (Beurling-Ahlfors Extension Theorem). Any : R ->

R which is k-quasisymmetric can be extended to a K-quasiconformal homeo

morphism $ of the upper half-plane, where K depends only on k.

The following proposition follows easily from the construction of the

Beurling-Ahlfors extension.

Proposition 2.13. If a sequence of real quasisymmetries {q^n} converges

locally uniformly to a quasisymmetry (p, then the Beurling-Ahlfors exten

sions of {pn} converge locally uniformly on the upper half-plane to the

Beurling-Ahlfors extension ̂  of p.

Adrien Douady and Earle [16] have constructed quasiconformal exten

sions of quasisymmetries of 5D. Alternative proofs are contained in [32,44],

while [1] describes numerical issues involved in computing the extension.
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Theorem 2.14 (Douady-Earle Extension Theorem). Any (p : dB

5D which is k-quasisymmetric can be extended to a K-quasiconformal home-

omorphism f ofB, where K depends only on k. Moreover, this extension is

conformally natural in that the extension of M~^ oipo M is M~^ o f o M for

any Mobius transformation M.

We note that the corresponding result to Proposition 2.13 also holds in

this case.

2.4 Quasicircles

We now turn our attention from the boundary values of quasiconformal maps

to the images of discs under quasiconformal maps.

Definition 2.6. A Jordan curve P is a iP-quasicircle if it is the image of

the unit circle under a iP-quasiconformal map F of 5^. A Jordan domain

whose boundary is a iP-quasicircle is then called a iP-quasidisc.

Recall that a iP-quasiconformal map remains iP-quasiconformal after

composition with a conformal map. Thus we can always normalize P by

post-composing F with a Mobius transformation to ensure P passes through

1 and separates 0 from oo or that P passes through each of 0, p and oo.

Example 2.2. Consider a regular n-gon P„ having the unit circle as its in

scribed circle. The most obvious homeomorphism of P^ onto 5D is the one

which merely radially projects each point re'^ G Pn onto € 5D. This
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shrinking of rays through the origin can obviously be extended to a homeo-

morphism of C onto itself. In particular, if we assume Fn is rotated such

that one of the points at which r„ is tangent to 9D lies at 1, then this map

becomes

Pn{re'^) = <

cos{6)re^^

cos{d —

cos(^ —

ifO<^<
—  n'

if £ < 0 < Stt
n — n '

if V < ̂ < v;n — n '

(2.1)

cos(e - if <e<
^  n ' n — n

cos(0)re'iQ if <e <27c
n  —

Note that the scaling factor in is periodic so that to show the quasi-

conformality of it suffices to work only on the sector 0 < 0

Since is expressed using polar coordinates, we will need the polar form

of the complex derivatives; that is, if /(re^®) = u(r, 6) + iv{r, 6), then

df{re'^) = cos 6 + sin 9

+ i fcos^ fur — j +sin0 (—Ur — -ve
(2.2)
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and

df{re^^) = cos 9 + sin0 ̂ -1;^ - (2.3)
+ i ̂ cos0 ̂ Vr + ~'^e^ + sin0 - -v^

After a somewhat lengthy computation, we then find

dpn{re'^) = 2 cos 0 i sin 0 (2.4)

5p„(re^®) = (2cos0sin^0) — ?sin^cos(2^),

and

Another calculation shows that the minimum of

\9pn\ - \dpn\ = vScos^T+T - siu0

on [0, occurs at Thus we have

|5p„(re'®)| = ■ys'cos^'^^TT (2.5)

\dpn{re^^) \ = sin^.

I^Pnl + \dpn\ ^ 2 + sin(^)
\dpn\ - \dpn\ ~ v^3cos2(^) + l - sin(i) ■
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Hence r„ is a 6n-quasicircle, where

2 + sin(-)

Note that in later work, we will assume one of the vertices of our polygon

lies at 1, rather than one of the tangency points. In this case the radial

projection map will be the above map Pn conjugated by a (conformal) rota

tion and dilation. Our estimates of the dilatation of this projection will of

course remain unchanged; any regular n-gon, n > 4, is a 6-quasicircle, where

}) — ̂4 — niax7j>4 h-fi.

We also note that Pn can stretch the distance between two points by no

more that a factor of cos(^); that is, Pn is bilipschitz with constant cos(^) < b.

There are a great many other characterizations of quasicircles [20]; one

particularly nice geometric result is due to Ahlfors [4,5].

Proposition 2.15. A curve F in is a quasicircle if and only if it is of

bounded turning; that is, there exists K such that for all points x,y

diam(ri,j,) < K\x - y\, (2.8)

where is the sub-arc of F connecting x and y which has the smaller

diameter. //F is a K-quasicircle, then K depends only on K. Similarly, if

(2.8) holds, then F is a K-quasicircle where K depends only on K.
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For our work, the most useful property of quasicircles is the following [4].

Lemma 2.16. If T is a Ki-quasicircle, then there exists an orientation-

reversing Kl-quasiconformal involution i-p fixing each point of F and inter

changing the components of the complement ofV. Such a map will be called

a quasiconformal reflection in F. Moreover, if f is a K2-quasiconformal

map of a K^-quasidisc onto a Jordan domain with boundary T, then f has a

KfK^Kj-quasiconformal extension to all of S^.

Proof. If F is the image of 5D under a iFi-quasiconformal map F, then we

set

ii' = F oio F~^,

where i is the reflection in 9D. By Proposition 2.4, zp is iFi-quasiconformal.

If / : D ->• C is a iF2-quasiconformal map of a iFs-quasidisc bounded by

E onto the region bounded by F, then we can extend / to all of S* by putting

/ = zr o / o zp

on the complement of the region bounded by S. Again by Proposition 2.4,

this extension is iFiiF2iF3-quasiconformal.

□
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2.5 Conformal Welding Theorem

This finally brings us to the process of conformal welding.

Given two Jordan domains Di and D2 on the Riemann sphere and a

homeomorphism ip : dD\ dD^, we may form a topological sphere S by

identifying points x of dDi with points p{x) of dD2. We may equip Di

and D2 with the conformal structures they inherit as subsets of the Riemann

sphere; however, since 5 is a sphere, it admits exactly one conformal structure

no matter how p glues Di and D2 together.

We say a conformal welding exists for p if this conformal structure on S

extends the conformal structures of Di and D2; that is, if there exist confor

mal welding maps g and / of Di and D2, respectively, onto complementary

regions of with boundary values satisfying

P = / o

The interplay between the two domains as they find their new positions as

complementary regions of S will pull their "seam" F into a conformal welding

curve.

In the case in which Di and D2 are both discs or both half-planes, it is

well-known that if p is quasisymmetric, then a welding will exist and F will

be a quasicircle [34].
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Theorem 2.17 (Conformal Welding Theorem). Let (p : 63 dB be a

quasisymmetry. Then there exist conformal maps f : 3 Q, and g : 3*

Q,* onto disjoint Jordan domains of S"^ such that their boundary values satisfy

Moreover the Jordan curve F = f{d3) = p(5D) is an essentially unique

quasicircle; that is, F is unique up to Mobius transformations. A similar

result holds for real quasisymmetries.

The Conformal Welding Theorem for half-planes was first proved by Al

bert Pfluger [43] using Lipman Bers's "//-trick" and Theorem 2.7; a con

structive proof was later given by Ollie Lehto [34]. The disc case was then

proved by Dariusz Partyka [39] using the same techniques as Lehto and the

characterization of quasisymmetries of D by Jan Krzyz [31]. Since that time,

various other forms of the welding have been developed. For example, Kin-

jiro Nishikawa and Fumio Maitani [37] have studied the welding of two sides

of a quadrilateral to form a ring, and Kotaro Oikawa [38] has discussed the

welding of half-infinite strips to form a half-infinite cylinder. The type of the

surface formed by welding has also been studied by several people, including

Oikawa [38], Jussi Vaisala [57], and Juhani Vainio [54-56].

In the special case in which ip is bilipschitz, the conformal welding curve

is a Bishop-Jones curve [9,14]. The approximation techniques we will

develop allow us to approximate Bishop-Jones curves directly and general

quasicircles via a diagonalization argument.



CHAPTER 2. CONFORMAL WELDING 22

Example 2.3. Consider the real quasisymmetry ip{x) = x^ and the maps

/ : L —>• C and ̂  : U -4 C defined on the lower and upper half-planes,

respectively, by

f{z) =

g{z) = zt.

If we take different branch cuts for / and g, we see that the images of / and

g are complementary regions of the Jordan curve F consisting of two rays

meeting at the origin (and at oo) at angle Moreover,

g{x) =X2 = = / O (p{x).

Since ip, /, and g are all normalized to fix 0, 1 and oo, then / and g must

be the conformal welding maps for ip, and F must be its conformal welding

curve.

In fact, one can similarly show [13,28] that a real quasisymmetry of the

form (p{x) = will have as its conformal welding curve two rays meeting

at the origin at angle Moreover, the conformal welding maps must be

given by /(z) = z^ and g{z) = z^~^ = z^.

Next we observe that not only does every quasisymmetry induce a quasi-

circle, but every quasicircle has a naturally associated normalized quasisym

metry.
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Theorem 2.18. Suppose T is a K-quasicircle separating 5^ into two do

mains and D* with 0 € and oo € If

f : Cl —^ ID

are conformal homeomorphisms, then the homeomorphism

(f = /"^ o ̂  : 9D ->• 5D

formed from the boundary values of f and g is a k-quasisymmetry, where k

depends only on K. If we normalize so that

/(O) = 0

g{oo) = oo

¥>{1) = 1,

then this quasisymmetry is unique.

The corresponding result also holds for conformal maps / and ̂  of and

Q* onto the lower and upper half-planes, respectively. In this case we will
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usually require F to pass through 0, 1, and oo and normalize so that

/(O) = s(0) = .p(O) = 0

/(I) = 9(1) = 19(1) = 1

/(oo) = 9(00) = 9(00) = 00.

It is well-known [33] that both the space of normalized quasisymmetries

and the space of normalized quasicircles provide models for the Universal

Teichmiiller Space, which contains all conformal structures of all Riemann

surfaces. The correspondence produced by conformal welding thus provides

the mechanism for switching between these two models.

Although this correspondence is of great importance in the study of con

formal structures on Riemann surfaces, aside from a few special cases [26-28],

such as Example 2.3, there is as yet no known general formula for finding a

quasicircle given a quasisymmetry or vice versa.

In Chapters 4, 5, 6, and 7 we will develop discrete techniques to compute

this correspondence, and in Chapter 8, we discuss the computational aspects

of these techniques.



Chapter 3

Circle Packing

3.1 Triangula!ions and Complexes

Before assembling the machinery needed to construct a discrete version of

conformal welding, we first collect the pieces [48].

Definition 3.1. A topological triangle is a closed topological disc with

three distingished boundary points called vertices (and consequently three

distingished boundary arcs, or edges). A trieingulation T of a topologi

cal surface 5 is a decomposition of S into a countable collection of closed

topological triangles which are either disjoint or intersect in exactly one ver

tex or one edge. The triangles in a triangulation are usually referred to as

faces. Vertices and edges which lie on the boundary (interior) of S are called

boundary (interior) vertices and edges.

25



CHAPTER 3. CIRCLE PACKING 26

We will often be concerned only with the combinatorial information en

coded by a triangulation. Thus we consider the following abstraction.

Definition 3.2. A n-simplex is a set consisting of n -h 1 elements. We

will write a 0-simplex {u} as simply v, a 1-simplex as and a

2-simplex {u^v,w} as {u,v,w). A (2-dimensional) simplicial complex K.

is a countable collection of 0, 1, and 2-simplices such that

1. Every subsimplex of a simplex of /C is in /C.

2. Any two simplices of K, intersect in a simplex of K, or not at all.

Note that a triangulation of a surface is a geometric representation of

some underlying simplicial complex. The vertices, edges, and topological

triangles correspond to the 0,1, and 2-simplices, respectively, of this complex.

Moreover, we can form a topological representation of a simplicial complex

by gluing points, euclidean line segments, and euclidean triangles. Given this

topology, we will often consider a geometric realization as an "embedding"

of the complex in a geometric space. It is the existence of embeddings of

"welded" complexes with very nice geometric properties which will allow us

to approximate conformal weldings.
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Definition 3.3. If a simplicial complex fC can be realized as a (locally finite)

triangulation of an orientable topological surface S, then we will call K. an

abstract triangulation for S. Such a complex is called a CP-complex

triangulating S if additionally

1. Every boundary vertex has an interior neighbor.

2. The collection of interior vertices is nonempty and edge-connected.

3. If K is infinite, then the degree of JC, that is, the maximum degree of

any vertex, is bounded.

When no possiblity of confusion exists, we will often drop the term "ab

stract." Indeed, we will not be overly rigorous about the distinction between

an abstract triangulation and its geometric realization. For example, if T is

realized in D C C, we will feel free to refer to triangles in D corresponding

to faces of T as "faces in D."

Often we will want to consider the subcomplex of a triangulation T formed

by removing all the open faces containing a given vertex w. For simplicity of

notation, we will denote this complex simply as T\w.

3.2 Circle Packings

Since William Thurston's conjecture [52] at the International Symposium

on the Occasion of the Proof of the Bieberbach Conjecture, the maps in

duced by circle packings have been intensely studied as a discrete analog of
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classical conformal mappings. Several sources of background information are

available, including [18] and [48], from which we take the following definition.

Definition 3.4. Given an abstract triangulation /C of a topological surface

and 5 = 5^, C, or, EP, a circle packing P for /C in 5 is a configuration of

circles in S such that

1. P contains a circle for each vertex v in K,,

2. Cv is externally tangent to Cu if [■u, u] is an edge of /C,

3. {Cy, Cu, Cyj) forms a positively oriented mutually tangent triple of cir

cles in S if {v, u, w) is a positively oriented face of K.

A circle packing is called univalent if no pair of its circles overlap, that

is, if no pair intersects in more than one point. A univalent packing P for K,

in S provides a geometric realization of /C in 5 by taking geodesies between

the centers of circles as edges. The subset of S formed by the union of the

closed faces in this realization will be called the carrier of P, denoted carr P.

We note that a triangulation K can also be thought of as a graph [49].

Thus we will often use terms, such as neighbor and edge path, relating to

these viewpoints. We will also use a few terms suggested by the use of

circles themselves. For example, if vq is an interior vertex, then the circle Cvg

together with its neighboring circles Cy,,Cy2, ■ ■ ■ ,Cy„ is called the flower of

V and denoted (uq;Vi,V2, ■ . . ,v„). A few terms will be unique to this paper.

For example, we will refer to the set of interior vertices sharing an edge with

a boundary vertex as the fringe of the complex.
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Given an vertex t; of /C we will denote the collection of neighbors of v

in K by 1), the first generation about v. In general, will

denote the generation about v in /C, that is the collection of neighbors of

n - 1) which are not contained in ©;c(u, n - 1) or n-2).

3.3 Existence of Packings

One might wonder whether circle packings always exist for a given triangu-

lation [6,7,30,51]. Can the circles somehow push themselves around so that

they fit together coherently?

Theorem 3.1 (Koebe-Andreev-Thurston Theorem). Given a fixed CP-

complex fC triangulating a sphere, there exists a univalent circle packing P

for K. in S^. This packing is essentially unique, that is, unique up to Mobius

transformations.

As an immediate corollary, we get an existence result for (necessarily

finite) abstract triangulations of a closed disc.

Corollary 3.2. Given a CP-complex K, triangulating a closed disc, there

exists a univalent circle packing for P for K. in 3 with all boundary circles

internally tangent to 9D.

Proof. First add a simplicial cone over the boundary of /C to form an abstract

triangulation K, = fCU {lUoo} of a sphere. By Theorem 3.1, there exists a

circle packing for HC on 5^ which we may normalize so that corresponds
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to 9D and the remainder of the packing lies in the lower hemisphere of S^.

Stereographic projection then yields the desired euclidean packing. □

A more subtle case is that of (necessarily infinite) CP-complexes trian

gulating an open disc. The twin possiblities for existence of locally finite

packings provides a discrete analog [11,24,46] of the classical Uniformization

Theorem.

Theorem 3.3. Given a CP-complex IC triangulating an open disc, there

exists a locally finite univalent packing for K, in exactly one of C or D. In

the first case, the complex is called parabolic; in the second case, the complex

is called hyperbolic.

Example 3.1. The simplest infinite circle packing is the regular hexagonal

packing. It is an easy geometric exercise to show that 7 euclidean circles with

the same radii always fit together to form a univalent flower. Repeating this

pattern yields a parabolic packing H consisting of infinitely many generations

of circles of the same radius. The underlying complex consists of infinitely

many degree 6 vertices and is realized by carr H as a, tiling of C by equilateral

triangles.

The packing H for this triangulation is unique up to maps of the form

z  az b, a, 6 G R, that is, up to scaling and translation. Thus we can

form a sequence {JT„} of regular hexagonal packings normalized such that

every circle of has radius some distinguished vertex is located at the

origin while one of its neighbors is located on the positive x-axis.
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Minor modifications to this complex still result in a parabolic complex;

for example, if all but finitely many vertices of a triangulation of an open

disc have degree 6, then the complex is parabolic [24,46].

3.4 Geometric Lemmas

One of the central themes of the theory of circle packing is controlling the

geometry of a packing by controlling the combinatorics of its underlying

triangulation. Our first stop is the Length-Area Lemma of Burt Rodin and

Sullivan [47]. This result has its origins in the Length-Area Method of

Ahlfors and Beuring [13] and definition of extremal length of curve families

in Section 2.2. Here the role of a curve will be played by a chain, a collection

, Cv2,. • n , Cy^} of circles in our packing such that Ui, U2,..., describes

an edge path in the underlying triangulation that does not cross itself. Such

a chain will be called closed if ui = t;„.

Lemma 3.4 (Length-Area Lemma). Let P be a packing in D and Cy a

circle in P with radius r. Assume there exist m disjoint chains of circles in

P having lengths Ui,..., Um, and each separating v from either 0 or a point

on 5D. Then

T < -fj=. (3.1)
_1_

V ̂^=1 rii

Proposition 3.5. If C is a circle on with spherical radius r G (0, .727r),

then its diameter is less than its circumference.
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Proof. Recall the circumference of C is 27rsinr. It is easy to verify f{x) =

2x — 27rsina: is positive for x between 0 and « .TStt. □

This allows a spherical version of the Length-Area Lemma. Its proof is

similar to the original.

Lemma 3.6 (Spherical Length-Area Lemma). LetP be a univalent cir

cle packing on 5^ and Cy a circle in P with spherical radius r. Assume

there exist m disjoint chains of circles in P having combinatorial lengths

ni,. . . ,nm, and each separating v from two of the three points 0, 1, and oo.

Then

r < (3.2)
V

Recall that ring domains with large modulii are characterized as con

taining short curves which separate the complementary components of the

domain. If Cy is surrounded by many short chains separating it from two of

the three points 0, 1, and oo, then then radius of Cy must be small. Hence

the modulus of the ring domain having boundary components Cy and the

line segment joining two of the three points 0, 1, and oo as above, must

be large. In this way, the Spherical Length-Area Lemma can be considered

a combinatorial companion to Proposition 2.2. This ability to control the

geometry of a packing by purely combinatorial means will prove invaluable.

Proof of Lemma 3.6. Label vertex corresponding to the circle in the i^^

chain as Wij and label the radius of C^^^ as ry. Let CKj be the closed curve
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in 5^ realizing the edge path described by Wi^i,Wi^2, n n n ,Wi^ni- Let k be the

spherical length of cxi and note

k = Y^2rij.
j

First note that by requiring our chains surround two of the three points

0, 1, and oo, we ensure each circle in each chain must have radius less than

Thus by Proposition 3.5,

li = J22r,^ (3.3)
i

< ̂  circumference ).
j

Now note [45] that a circle on 5^ with spherical radius r has circumference

27rsinr. Thus (3.3) becomes

k < circumference(Ctt,;.) = ̂27rsinrij. (3.4)
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Now we use the Cauchy-Schwartz inequality to compute

< 47r^(X!sinr-y)2 (3.5)
j

< A'K'^rii ̂  sin^ r^
3

= ATT^Ui ̂ 21 - cos^ rij
3

= 47r^ni ̂  (1 - cosrij){l + cos r^)
3

< A-n'^rii ̂  2(1 - cos Ty)
3

= ATTUi ̂ 2 - COS rij).

But [45] a circle on 5^ with spherical radius r has area 27r(l — cos r). Thus

—li < Air ̂ 2 27r(l — cos rij) (3.6)
3

= 47r J|^area(Ci^,..).
3

If we take the sum over we see

m ^

^  < 47r X] area (C^,.) (3.7)
i=l ^ ij

< area = (47r)^.
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Now we let I = min{/i|z = 1,..., m}, and observe

m  - 771 -

i=l i=l

Hence

Now note our separation assumptions imply r < |, since Cy must lie

entirely in a hemisphere. Thus by another application of Proposition 3.5,

2r < circumference {Cy).

Moreover, each Ofj separates Cy from two points whose spherical dis

tance is I and thus must be longer than min{ circumference {Cy),^} =

circumference (Cy). Consequently,

(2r)^ < ( circumference

-1
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Thus

27r
r <

/\^ TY Z^i=i

□

Next we consider the Ring Lemma and Hex Packing Lemma of Rodin

and Sullivan [47]. These results form the heart of their proof of the Rodin-

Sullivan Theorem and led to development of discrete analytic function theory.

Lemma 3.7 (Ring Lemma). Given a univalent flower {vq,Vi,V2, ■ ■ . iVn)
in C, there is a lower bound Cn, depending only on n, on the ratio of the

radius Tj of Cy^ and the radius ro ofCy^; that is,

C < —
^0

fori = l,2, . . . ,n.

A spherical version also exists for the Ring Lemma.

Lemma 3.8 (Spherical Ring Lemma). If {vo-,vi,V2, . . . ,Vn) is a univa

lent flower in 5^ with each circle having spherical radius less that then

there is a lower bound Cn, depending only on n, on the ratio of the spherical

radius Si of Cy^ and the spherical radius sq of Cy^; that is.

C < —
Si

So

for i = 1,2, . . . ,n.



CHAPTER 3. CIRCLE PACKING 37

Proof. Without loss of generality we may rotate the flower so that lies

in the lower hemisphere and Cy^ lies in the upper hemisphere. Let tq denote

the euclidean radius (that is, the radius of the stereographic projection) of

CvQ, and let r-i denote the euclidean radius of Cy,^.

Recall that the spherical metric is given by |ds| = \dz\. Thus in the

lower hemisphere the spherical metric density is higher than the euclidean,

while in the upper hemisphere, the euclidean metric density is higher. Hence

we see

Si > Ti > CnTQ > CjiSq,

where Cn is the bound promised by the Rodin-Sullivan Ring Lemma. Clearly

the same holds for any other petal Cy^ of the flower. □

The Ring Lemma gives us some control over the relationship between

circles and their immediate neighbors; by considering more generations , we

can gain much better control.

Lemma 3.9 (Hex Packing Lemma). If a circle Cy is surrounded by n

univalent generations of degree 6 circles in a euclidean circle packing, then

the ratio between the radius of Cy and the radius of any neighboring circle Cy

is bounded above and below by constants depending only on n and decreasing

to \ as n oo.



CHAPTER 3. CIRCLE PACKING 38

3.5 Discrete Analytic Functions

Two euclidean packings for the same complex /C give two embeddings for JC.

There is a natural map from one embedding to the other using barycentric

coordinates [58].

Definition 3.5. Every point a: in a euclidean triangle A having vertices Vi,

V2, and, Vs can be represented by a triple (ti, ̂2, h) where x = tiVi +t2V2+t3Vz

and — 1- The triple (ti,t2,^3) is called the barycentric coordinates

for X.

Proposition 3.10. If P and P are both univalent euclidean packings for

the same triangulation T, then define a map f : carr P carr P as follows:

If A and A are embeddings in carr P and carr P, respectively, of the same

face in T, then we map each point x E A to the point having the same

barycentric coordinates as x in the triangle A. The map f is then continuous

and piecewise affine.

Maps induced by circle packings in this way will be referred to as discrete

anzdytic functions [49].

3.6 Discrete Analytic Function Theory

We first note the following fact about piecewise affine maps of the plane.

Proposition 3.11. If f is a piecewise affine map from some euclidean tri

angle Ti to a euclidean triangle T2, then f is K-quasiconformal on Ti, where
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K depends only on the maximum difference between angles in T\ and corre

sponding angles in n

Now the Ring Lemma implies that triangles in the carriers of univalent

circle packings have angles which are bounded away from 0 and tt, and this

bound depends only on the degree of the underlying triangulation. Thus

discrete analytic functions are quasiconformal, if the degree of /C is bounded.

Corollsiry 3.12. If P and Q are two univalent packings in C for the same

complex JC, with deg/C < oo, then the induced discrete analytic function

f : carr(P) —>• carr((5) is K-quasiconformal on faces which do not contain a

boundary vertex. Moreover, K depends only on the degree of K,.

Moreover, as a consequence of the Hex Packing Lemma, discrete analytic

functions are almost analytic "deep inside" a hexagonal packing.

Corollary 3.13. If a vertex v in K is surrounded by n generations of degree

6 vertices, and f : carr P —¥ carr P is a discrete analytic function between

univalent packings for K., then the dilatation of f on faces containing v de

creases to 1 as n oo.

These corollaries were used by Rodin and Sullivan [47] to prove

Theorem 3.14 (Rodin-Sullivan Theorem). Fix a simply connected do

main Q C C and points p,q € fi. Let Pn be the portion of the infinite

regular hexagonal packing Hn which intersects and JCn its underlying com

plex. Let Pn be the packing for Kn in D promised by Corollary 3.2 and

fn : carr -> carr the induced discrete analytic function. If each Pn has
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been normalized so that /„(p) = 0 and fn{q) > 0, then {/„} converges locally

uniformly to the Riemann map / : Q -4 D which satisfies f{p) = 0 and

f{q) > 0.

This result has been extended by Ken Stephenson [50], who replaced the

strictly hexagonal combinatorics by a requirement that radii be uniformly

comparable and the degree of /C„ be uniformly bounded. Zheng-Xu He and

Oded Schramm [25] have since removed even these conditions.

The moral of our story is that given a triangulation /C, circle packings

exist for K. and in any two packings for the same triangulation, the circles

somehow re-arrange their carriers in nearly the same way an analytic map

would.
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Combinatorial Welding

4.1 The Discrete Approach

We are now ready to develop a discrete analog of the classical conformal

welding described in Chapter 2. Rather than gluing together two discs

in the plane, we will glue together two triangulations of discs. Instead of

requiring that the welded discs maintain their conformal structures, we will

require that they maintain their combinatorial structures.

Throughout this chapter T and T* will denote abstract triangulations of

closed discs. We will assume the faces of T and T* which contain boundary

vertices have been embedded in the plane in such a way that each face is

realized as a euclidean triangle. We will denote by dT and dT* the embedded

image of the collection of boundary edges of T and T*, respectively.

41
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Suppose (p : dT* dT is a k-bilipschitz homeomorphism; that is, for all

x,y G dT*

^\x - y\gT- < \p{x) - ip{y)\aT < k\x - (4.1)

To simplify our discussion will also assume that p maps the embedded image

of some boundary vertex wi of T* to the embedded image of a boundary

vertex Vi of T, but p need not otherwise respect the combinatorial structures

of &T and dT*.

Just as classical conformal weldings are constructed by gluing boundary

points to their images under a homeomorphism, our combinatorial welding

will be constructed by gluing boundary edges of T* to their images under p .

Since p need not respect the combinatorial structure of T*, some care must

be taken to ensure that the image of a boundary edge of T* is actually an

edge of T. Once such technicalities are dealt with, our procedure will yield

a triangulation /C of a sphere. The combinatorial structures of both T and

T* will be preserved in complementary portions of /C.

It should be emphasized that although we require portions of T and T*

to be embedded in C, the spherical triangulation K is purely abstract. No

metric or geometric information will be assumed on this spherical complex

until the triangulation is realized via circle packing. It is the circle packing

which will provide a discrete conformal structure approximating the classical

one. The packing will impose exactly the correct geometry to allow our

discrete welding to approximate the classical welding.
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It should also be noted that while we will describe the combinatorial

welding procedure by welding the entire boundary of one triangulation to

the entire boundary of another, the same construction can be used to weld

only portions of each boundary. This will be explored in Chapter 6.

4.2 Augmentation of the Complexes

Recall a boundary vertex of T and a boundary vertex of T* have previously

been distinguished in our assumption that <p(wi) = vi. We begin our com

binatorial welding by labeling the boundary vertices of T as vi,V2,... ,Vn,

beginning with Vi and continuing in the positive direction around dT. Simi

larly, we label the boundary vertices of T* as u;i, ̂ 2,..., Wm, beginning with

wi and continuing in the negative direction around dT*. With all circular

lists of this form, we adopt the convention Vn+i = vi and Wm+i = wi-

Now since (p may not as yet respect the combinatorial structure of dT*,

we add new boundary vertices to T corresponding to the images under (p of

boundary vertices of T*. See Figure 4.1. That is, for each boundary vertex

Wi of T*, we define

Vj, if -Ujlar < ̂
Vi = \

(p{wi), otherwise.

where r = min{|u;i - \vj - : i ̂  1,2,... ,m,j = l,2,...,n}.

Note that each Vj is at least r units from Vj+i, thus p{wi) can be within ̂
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Figure 4.1: Addition of Vertices
Vertices Vi and Vi+i are added to T to correspond to ip{wi) and

respectively. The vertex Wj is added to T* to correspond to (p{vj).
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of at most one Vj.

We remark that the reason we do not add an extra boundary vertex to

T if ip{wi) is close (within to some Vj is a technical one to be explained

in Section 4.5 below.

Since we still want T to triangulate a closed disk, we must also add

additional edges. For each face {u,Vj,Vj+i) of T, we add an edge from u to

each Vi lying on the edge [vj,Vj+i]. Since {u,Vj,Vj+i) was embedded as a

euclidean triangle, we embed our new edge [u, Vi] as a line segment from u

to Vi. We will denote our new augmented complex as T. Similarly for each

boundary vertex Vj of T, we add a vertex

Wj =
Wi, if Vj = Vi

cp~^{vj), otherwise.

to the boundary of T* and add appropriate interior edges as above. Again

we denote this augmented complex as T*. See Figure 4.2.

Lemma 4.1. There is a one-to-one, order-preserving correspondence (px be

tween the boundary vertices ofT* and the boundary vertices ofT (and hence

also between the boundary edges) given by

p>T{wi) = Vi (4.2)

PriWj) = Vj,

for i = 1,2,... ,m, and j = 1,2,... ,n.
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i+

i+

Figure 4.2: Augmentation of Complexes
Edges are now added so that our augmented complexes remain

triangulations.
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Proof. Since a boundary vertex of T* could be labeled both as wi for some

i and as Wj for some j, our first concern must be whether is even well-

defined. But a careful observation of our definitions allays our fears as Wi =

Wj if and only if Vi = Vj.

Next recall that if Vi = Vj then \(p{wi) - Vjlar < Thus since (p is

A:-bilipschitz,

< \(p{Wi+i) - (p{Wi)\ar

< \ip{Wi+i) - Vjlar + WiWi) - Vj\aT
T

< W{Wi+\) - Vj\aT +

A moment of algebra yields

T  QiT

which implies Vi+i ^ Vj. Similarly, Vi^i ^ Vj. Since ip is orientation-

preserving, it is clear that Vk if A: ^ i. In other words, Vi = Vj if

and only if i = j. Consequently, Wi = Wj if and only if i = j.

Now we see if Privi) = p-rivj), then Wi = Wj, and hence i = j. Similarly,

if Privi) = ̂Avj), then Wi = Wj, and again i = j. Finally, if Privj) = Privi),

then Wj = Wi, which implies Vj — Vi. Hence pr is one-to-one.

But in our augmentation of the boundaries, we ensured that T and T*
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now have the same number of boundary vertices. Hence since <Pt is one-to-

one, it must also be onto. Finally, it is clear must be orientation-preserving

since is orientation-preserving.

□

Now we are able to complete our combinatorial welding. By Lemma

4.1, each boundary vertex of T is the image under v?t of some boundary

vertex of T, and each boundary vertex of T* is the image under of some

boundary vertex of T*. Thus we form a spherical complex K, by identifying

vertices (and edges) which correspond under <Pt. Again we emphasize that

K. is just a spherical abstract triangulation. No geometric structure has yet

been imposed.

4.3 Discrete Quasisymmetries

The identification map introduced in Lemma 4.1 will play a critical role in

our work.

Definition 4.1. The map ipr constructed above can be extended linearly

on the edges of T*. Since each edge [wi,Wj] is embedded as a euclidean line

segment, each point on this edge is of the form (1 - t)wi -I- tWj for some

0 < t < 1. Thus we extend (pr to such an edge by setting

(Pt{{1 - t)Wi -}- tWj) = (1 - t)p.r{Wi) + t<pT{Wj).

Similarly we can extend (^r to edges of the form [u;,, Wi+i] in the same manner
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and define (pr on ad of dT*. Such an extended map will be referred to as a

discrete quasisymmetric function or discrete quasisymmetry.

Partial justification for this terminology is provided by the following

proposition.

Proposition 4.2. The discrete quasisymmetry pj. constructed above is k-

bilipschitz.

Proof. First we note that any point on T* lies on an edge of the form [wi, Wi+i]

or [wi,Wj]. Fix two points x,y G dT* which lie on edges of the first type.

The proof for the remaining cases is, of course, the same.

Now X and y can be written as convex combinations of pairs of boundary

vertices; that is,

X = (1 — t)Wi + tWi+i

y - {1- s)wj + swj+i

for some boundary vertices Wi,Wi+i, Wj, and Wj+i and some t,s e [0,1].
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If z = j, that is, if x and y lie on the same edge, then we see

\dT\(Pt{x) ^T{y)\dT — Wriil ~ t)Wi + tWi+i) — ~ s)Wi + SZWi+i)!

= 1(1 - t)^iwi) + t(p{wi+i) - (1 - s)(p{wi) + s^(u;i+i)|

= I(s - t)'p{Wi) - (s - t)ip{Wi+i)\aT

< k\s - t\\wi - u;i+i|ar-

= k\{s- t)wi - (s - t)wi+i\aT'

= A:|((l - t)wi + twi+i) - ((1 - t)wi + tWi^i)\gr'

= k\x-y\gr'-

dT

If i ̂  j, then we may assume without loss of generality that Wi+i and Wj

lie on the shorter subarc of T* connecting x and y. In this case,

\(Pt{x) - (pMUt = \ fT{x) - (pT{Wi+\)\aT

+ \ipT{Wi+l) - ̂PT{Wj)\8T + IfriWj) - <PT{y)\aT

< k\x - tUi+ilar- + k\Wi+i - Wj\gT' + k\Wj - y\gr-

= k\x - y\gT'.

Hence (p-r is /c-Lipschitz. The proof that is also A:-Lipschitz is of

course similar.

□
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4.4 Conditions on the Degree

In later work, maintaining a bound on the degree of our complexes will

be critical. With such a bound, we will be able to apply Corollary 3.12

to show our approximate welding maps are uniformly quasiconformal. Our

assumption that ip be bilipschitz is precisely the condition we need for such

a bound.

Lemma 4.3. Suppose

r = min{|u;i - Wi+i\gr', \vj - Uj+ilar n i = 1,2,... ,m, j = 1,2,... ,n} and

R = max{|u;i - Wi+i\gr', \vj - ■yj+i|ar : i = 1,2, . . . ,m, j = 1,2, . . . ,n].

If the degrees of T and T* are at most M/ and the maximum degree of a

fringe vertex of T or T* is Mp, then the new degree of T and T* after

performing the construction above is at most

M = max ( Ml, Mp + Mp kR'

Moreover, the new degree of any fringe vertex is at most

(. rA:i2"Mp I 1 +

(Note that by [a] we mean the smallest integer greater than a.)

Proof. First note the vertices which are added by our construction all have

degree 3 < Mj < M. Moreover, our construction changes the degree only of
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vertices on the fringe of the complex. The degree of such a vertex is at most

Mp plus the number of new vertices added between its boundary neighbors.

It can have at most Mp such boundary neighbors; thus it suffices to show

that given any fringe vertex u with consecutive boundary neighbors Vj and

Vj^i, at most \^'] new vertices Vi can be added to the edge [vj,Vj+i].

In order for a vertex Vi to be added between Vj and Uj+i, (p{wi) must lie

between vj and Uj+i. That is, Wi must lie between (p~^{vj) and

By (4.1), we see

- ̂"^(Uj+i)|ar < k\Vj - Uj+ilar- < kR.

Since the distance between consecutive WiS is at least r, we see that at most

r

vertices Wj can lie between (p ^{vj) and (p

The degree of T* must of course be similarly bounded.

□

4.5 Conditions on Angles

We have now established control over the number of vertices added to each

edge, but not yet over the relative position of these vertices within each edge.

Recall that we did not add an extra vertex Vi = (p{wi) to T if it would

have been placed too near an existing vertex vj. Without this safeguard.
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it would be possible for one of the new vertices Vi to be placed arbitrarily

closely to a neighboring vertex Vj. In this case Vi and Vj would have a mutual

interior neighbor, say u, at which the angle ZvjUVi formed by the edges [u, Vj]

and [u, vi\ would be arbitrarily small. Such a small angle could induce a large

distortion in our later maps.

Proposition 4.4, Suppose T and T* are realized in such a way that the

angles d in each face ofT and T* are uniformly bounded away from 0 and tt,

say, sin0 > m > 0. Then the realizations of faces in the new triangulations

T and T* will have angles which are also uniformly bounded away from 0 and

TT. Moreover, this bound depends only on m, k, and the ratio c = ̂, where

X and fH are the minimum and maximum, respectively, lengths of edges of T

and T* which contain a boundary vertex.

Proof. First note that only faces of the form {u,Vj,Vj+i) are altered by our

addition of the Vi vertices. The angles in all other faces of T remain bounded

as they were. Thus it suffices to examine only faces of the form {u,Vi,Vj)

and {u,Vi,Vi+i).

Let u be a fringe vertex with boundary neighbors Vj,Vj+i, and suppose

Vi 7^ Vj, Vj+i is a new neighbor of Vj. Let a be the new angle formed at u in

the triangle Auvj Vi, P the angle at vj, and 7 the angle at Vi. See Figure 4.3.

Now extend the edge [u, Vj] if necessary and draw a line segment through

Vi and perpendicular to the (extended) edge [u,Vj]. Let h be the length of

this line segment, that is, the distance of Vi to the (extended) edge [u,Vj]. If
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Figure 4.3; An Augmented Face
The face {u,Vj,Vj+i) with the addition of Uj. The angles a, /?, and 7 are

indicated.

H is the length of the edge [u, 5j], then

sin a =A
H'

Moreover

See Figure 4.4.

Now recall that if

sin/5 = sin(7r — /?)

h

\Vj-Vi\

r = min{|u;i - Wi+i\aT', \vj - Vj+i\aT : i = 1,2,... ,m, j = 1,2,... ,n},



CHAPTER 4. COMBINATORIAL WELDING 55

£

Figure 4.4: Adding a Perpendicular Segment
The face {u, Vj, Vi) with the segment of length h indicated.

then by our construction in Section 4.2,

\Vj-Vi\ >

>

>

>

r

r

3kc

max{|u — Uj+i|, |ii — Ujl}
3kc

H

3kc

Hence

sin (a) =A
H

_ \vj - {ij|sin(/?)
~  H

>

>

Wc

H

sin(/?)
3kc
m

3kc
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and a is bounded away from 0 and tt by sin~^(^).

Of course the angle 0 remains unchanged by the addition of Vi and is thus

bounded as before. Since 7 = tt — a — /?, then 7 must be bounded away from

0 and TT as well.

Now since our construction also ensures

r  1
l^i - ^ ^ ̂  max{|u - Vjl \u - -yj+i}],

we can repeat the proof above to get a similar bound for angles in faces of

the form (uj, u, 5i+i).

□



Chapter 5

Welding of Discs

We now use the combinatorial welding developed in Chapter 4 to construct

a discrete version of conformal welding for discs. In particular, we will first

prove

Theorem 5.1. Given a bilipschitz quasisymmetry ip, there exist sequences of

discrete analytic functions {/„} and {gn} converging uniformly on compact

subsets of D and B*, respectively, to the conformal welding maps f and g

induced by p. Moreover, the discrete conformal welding curves r„ bounding

the images of fn and gn are quasicircles converging uniformly in the Hausdorff

metric to the quasicircle F induced by p as n —¥ oo.

In Section 5.9, we will even remove the condition that p be bilipschitz.

57
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Figure 5.1: A Prototype Triangulation
The initial triangulation and the prototype triangulation T)i4,8-

5.1 Prototype Triangulations

In order to simplify the remaining arguments, we will now fix a sequence of

prototypical triangulations {Tn,Tn} on which we can perform the operations

described in Chapter 4. However, our arguments can easily be extended to

other sequences of triangulations using the results of [50] or [23].

For each n, m > 4, let Rn,m be a rectangular portion of the infinite hexag

onal grid consisting of n -i-1 vertices on the top and bottom and m vertices

on each side. Now identify the left and right sides of this complex, yielding

a triangulation of a cylinder, or equivalently, of an annulus. Finally add one

additional vertex and edges from it to each of the n vertices on one of the

boundaries of the annulus. That is, we "fill up the hole" in the annulus with

a single vertex. We will refer to this vertex as vq and the entire complex as

Tn,m- See Figure 5.1.

Notice Tn,m is now (simplicially equivalent to) a triangulation of a closed
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disc and has the following properties:

1. Tn,m is n-fold rotationally symmetric about vq .

2. The degree of uq is n.

3. The degrees of all neighbors of vq are 5.

4. The degrees of all boundary vertices of Tn,m are 4.

5. The degrees of all other vertices of Tn,m are 6.

Finally, choose one boundary vertex in each Tn^m and label it as Vi in

each complex. The disguished vertices vq and Vi will be used later for nor

malization.

5.2 Geometric Realization of Prototypes

Before we proceed with the use of our prototype triangulations, we first show

the existence of the type of embeddings of Tn,m we will need.

Lemma 5.2. There exists an embedding of each Tn,m in C such that

1. Edges ofTn jTn are realized as euclidean line segments and faces as eu"

clidean triangles.

2. If Dn,m is the closed region formed by the embedded image ofTn,m,

dDn,m is a regular n-gon inscribed in 5D.

3. There exists a natural b-bilipschitz homeomorphism Pn : dDn,m

where b does not depend on n or m.
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4. The vertex vq corresponds to the origin.

5. The vertex vi corresponds to the point 1.

Moreover, if is a copy of the complex Tn,m, but with reversed orienta

tion, and Woo the vertex in corresponding to Vq, then there exists an

embedding ofT*„,^ \ Woo in = S^\ {int Dn,Tn.) such that

1. Edges ofT*^^ are realized as euclidean line segments and faces as eu-

clidean triangles.

2. The collection of boundary edges ofT*^ is also realized as a regular

n-gon inscribed in dID.

3. The vertex wi, the copy in T*^^ ofvi, corresponds to the point 1.

Proof. Let Kn^m be the combinatorial double of Tn^rn-, that is, the triangula-

tion formed by identifying the boundary vertices and edges of Tn,m and T* .^

which are copies of one another. We will when no possibility of confusion

exists consider Tn,m and T* .^ as sub-complexes of K,n,m-

Since Tn,m was a triangulation of a closed disc, our complex K,n,m is simpli-

cially equivalent to a triangulation of a sphere. Thus by the Koebe-Andreev-

Thurston Theorem, there exists a unique circle packing of Kn,m in S'^

normalized so that Cvq,Cv^, and Cy,^ are centered at 0,1, and 00, respec

tively. See Figure 5.2.

If we stereographically project Pn,m to the plane, we obtain a new eu-

clidean packing Pn,m- Recall that the spherical metric on C is given by
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Figure 5.2; The packing Pu^ on 5^.
Notice the packing is symmetric about the equator and circles which are

the same combinatorial distance from Uq have the same radii.

|ds| = 14^ \dz\ and is clearly constant on euclidean circles \z\ = r. Thus
a spherical circle centered at the origin will stereographically project to a

euclidean circle which is also centered at the origin. In particular, our circle

Cvo in Pn,m will remain centered at 0 even after being projected to the plane.

However, the situation with is not so fortunate. Its stereographic

projection will still be a circle, of course, but its center will no longer remain

at 1. Since the spherical density is smaller outside D than inside, the

new center must move radially outward to some point 1 +

Next note that if u e Tn,m and w e are copies of one another, then

the circles and C^ in Pn,m must have the same radius. Otherwise, apply

ing the Mobius rotation M{z) = ̂ to Pn,m would result in different packing

with the same normalization and, because Tn,m and are combinatori-

ally indistinguishable, the same underlying triangulation, thus violating the
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uniqueness part of Koebe-Andreev-Thurston Theorem. In particular, we see

the seam Tn,m n T*„^ must correspond exactly to this equator. In the same

way, the rotational symmetry of /C implies that circles centered on the equa

tor must have the same spherical radii and thus stereographically project to

euclidean circles in Pn,m with the same radii. These circles are then centered

at points

(1 -h (■n,vn)^ " ) J — 1) • ■ • 5 (^-1)

Finally if we scale Pn,m by rrj—, then the portion Dnm of the carrier of

this new packing corresponding to Tn,m provides a geometric realization of

Tn,m in C in which faces are euclidean triangles. Note that vq does indeed

correspond to the origin in this realization. Moreover, by (5.1), we see dDn,m

is a regular n-gon with vertices on the unit circle. In particular, note that Vi

corresponds to the point 1. See Figure 5.3.

In order to associate dDn,m with 5D we radially project dDn,m onto 5D

using a projection as in Example 2.2. The use of Pn is a technical annoy

ance, but necessary since edges of euclidean triangles are not round. Recall

that Pn was bilipschitz with constant b, where b was independent of n.

Similarly, let denote the carrier of our scaled packing Pn,m corre

sponding to T*.^. Since the circle for Woo remains centered at oo in Pn,m,

T** is then a closed unbounded region with polygonal boundary. Indeed

we see D^^^ is the complement in 5^ of the interior of Dn.m-

Unfortunately, this also means that any face of containing Woo is not
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Figure 5.3: The packing Pi4_8 projected to the plane.
Notice that the carrier provides an embedding of and ̂ 14,8 \

embedded in C by this procedure. Indeed, there is a topological obstruction

to embedding the simply connected in the punctured topological disc

D*. The best we can manage is an embedding of \ Wqo-

Since the boundary edges of T* ,^ are identified in JCn,m with their respec

tive copies in Tn,m, we see that the boundary edges of T*^ are embedded by

the carrier of Pn,m in the same way as the boundary edges of Tn.m- Hence the

boundary edges of T* „^ are also realized as the regular n-gon dDn^m = dD^ .^.

In particular, wi also corresponds to the point 1.

□

It is an annoying complication that we cannot embed faces containing

Woo in C. To fix future notation we will denote by Gn,m the unbounded
region which "should" have provided an embedding of the faces containing

Woo- That is, Gn,m is the complement in D^^^ of the embedding of T*„^\woo-
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These embeddings of our prototype triangulations do possess other nice

features, however. Both vq and Woo are surrounded by m disjoint chains

of n edges which are embedded as euclidean polygons. For large n, these

are very nearly concentric circles about 0. As such, they are approximately

level curves for the hyperbolic density function on D and D*. Their images

under our discrete maps will thus provide a good indication of the hyperbolic

density on Q and Q*.

5.3 Construction of Discrete Welding Maps

We now use the constructions of Chapter 4 to construct an approximation

to the maps / and g and the conformal welding curve F induced by cp as

described in the Conformal Welding Theorem.

Lemma 5.2 provides the embeddings we need; the only missing ingredient

is an identification map from dDn,m to dD'^ „^. Our <p acts only on 5D, not

on 5D* „j. However, conjugating (p by p„ will produce a homeomorphism of

dD*^ „^ onto dDn,m-

Since our radial projection maps are bilipschitz with constant b, each

p'^oipopn is bilipschitz with constant kh"^. Thus we will use p~^o<popn and the

constructions of Chapter 4 to combinatorially weld each Tn,m to forming

augmented triangulations Tn,m and and a spherical triangulation Kn,m-

We also form a discrete quasisymmetry as in the proof of Lemma 4.1.

Then for each n, m, by the Koebe-Andreev-Thurston Theorem, we can

find a circle packing Pn,m for A'n.m on S"^. Without loss of generality, we
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can normalize Pn,m so that the circles corresponding to vq, vi, and Woo are

centered at 0,1, and oo, respectively. This Pn,m at last gives a geometric

structure to our once purely combinatorial welding. We will see that in

settling on their appropriate size and location, the circles transmit the local

changes in combinatorics induced by (p to the global geometry on the sphere

in approximately the same way as the classical conformal welding maps.

By stereographic projection, the realization of JCn via Pn,m on 5^ also

gives us another embedding of Tn,m and 7^*^ \ Woo in the plane. As in the

proof of Lemma 5.2 the circles C^^ and Cju^ will remain centered at 0 and

00, respectively, after the projection. However, as before, we must scale

our projected packings by some small factor t-4— to place the center of
i"rCn,m

the projection of Cy^ at 1. After this scaling, we let Qn,Tn and 0^^

euclidean carriers of the portions of this scaled packing corresponding to Tn,m

and 7^*^, respectively. As before, we cannot construct an embedding of 7^*„j

in C, but only of 7^% \ruoo- We let Gn,m denote the open unbounded region

formed by the complement in Q* of the embedding of T*.^ \ lOoo-

Now we define discrete welding maps

fn,m n Dfi^fji V (^•2)

9n,m • D^ jjri \ Gn^rn ^n.m \ ̂ri

by mapping vertices to corresponding vertices and extending piecewise affinely

as described in Section 3.5. Note that since Gn,m and Gn,m are not formed
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by the union of finite euclidean triangles, we are forced to define gn,m only

on a subset of D^.

Proposition 5.3. For each n andm and allx e 9D, gn,m{x) = fn,m°V^n{^)-

Proof. If X G 5D, then Pn^{x) lies a line segment between some pair Wi, Wi+i

of vertices of dD. That is, x = (1 - t)wi + twi+i for some 0 < t < 1. But

our combinatorial welding was constructed precisely to ensure

gn,m{'^i) — fn,m ® ¥'n('^i) (b-3)

5n,m(f^i+l) = /n,m ° fni'^i+l) •

But gn ,771) fn,mi and (fin were all just linear extensions of maps defined on

vertices. Thus

gn,m{x) = " t)Wi + tWi+i) (5.4)

(f ^)9n,m{'^i) "b tgn,m{'^i+fi)

(f ^)fn,m ® "b t/n,m O ¥'n('^i+l)

= /n,r77((l - t)(Pn{Wi) + t(Pn{Wi+i))

= fn,m ° " t)Wi + tWi+i)

— fn,m ®

□
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5.4 Quasiconformality of the Discrete Maps

Now that we have defined our discrete welding maps, we show that they are

well-behaved. In our constructions in Sections 4.4 and 5.1, we have been

very careful to maintain a uniform bound (uniform in both n and m) on

the degree of Tn,m and 7^*^, except at the vertices vq and Woo- Recall that

the degree of both Vq and Woo is n, and the degree of each neighbor of vq

or Woo is 5. Moreover, the boundary edges of Tn,m and T*„^ were realized

as line segments all having the same length. Consequently, by Lemma 4.3,

the degree of all fringe vertices of is at most 6 (l-b \k]). Finally, each

boundary vertex still has degree 3, and all remaining vertices have degree 6.

Thus by Lemma 3.7, the angles in triangles of and triangles of Qn,m

which do not contain the origin (the embedded image of Vq) are bounded

away from 0 and tt uniformly in n and m. Similarly, triangles in our original

embeddings of T*^ and which do not contain the origin are also bounded

uniformly in n and m. Moreover, according to Lemma 4.4, our augmentation

during the combinatorial welding of T.a,m and creates triangles whose

angles are still uniformly bounded. Thus by Proposition 3.11, each gn,m is

RTi-quasiconformal, and on triangles of Dn,m which do not contain the origin,

each fn,m is ii'i-quasiconformal, where Ki depends on fc, but not on n or m.

We denote by Fn^m the complement in Dn,m of this collection of triangles

containing 0. That is, Fn,m is the embedding of the open star of vq. In

keeping with our previous notation for Gn,m: we will refer to the region of

corresponding to Fn,m as Fn,m-
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It is an unfortunate complication that as n oo, the degree of Vq becomes

unbounded. Happily, however, we are able to bound the dilatation of fn,m

on Fn,m by choosing m large enough.

Lemma 5.4. For fixed n, the dilatation of fn,m on Fn,m decreases to 1 as

m —>■ oo.

Proof. As m —>■ oo, the complexes exhaust an infinite complex Tn,oo,

consisting of one vertex of degree n surrounded by infinitely many chains

consisting of n vertices of degree 6. As described in Example 3.1, this complex

is parabolic and thus has an essentially unique locally finite circle packing

in C. It is easy to see this packing must consist of a central circle surrounded

by chains of n circles with all circles on each chain having the same radius.

If, for example, we scale the packing so that the central circle corresponds to

the unit circle, then the radius of every other circle in the entire packing is

also determined.

Now consider the circle packings Pn,m and Pn,m used in the proof of

Lemma 5.2 and in Section 5.3 to construct Dn,m. and L** respectively.

Let Qn,m and Qn,m be euclidean packings formed by the portions of the

stereographic projections of Pn^rn and Pn,m, respectively, corresponding to

the triangulation

For each m, re-scale Qn,m and Qn,m so that the circle for vo corresponds

to the unit circle. Then as m —>■ oo, Qn,m and Qn,m converge to a packing

Q for Tn^oo- Thus the radii of circles on the same layer must be nearly equal

for large m. In particular, we may choose m so that the angles in faces of
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carr Qn.m containing uq are nearly equal the corresponding angles in carrQn-

Thus the dilatation of fn,Tn must decrease to 1 as m ̂  oo.

□

Next we see that the domains Dn,Tn of our discrete maps fn,m expand to

fill the domain D of the classical conformal welding map /.

Proposition 5.5. Any compact subset of 3 is eventually contained in Z?n,m
for sufficiently large n.

Proof. Recall that dDn,m was a regular n-gon inscribed in D. Clearly then

dDn,m as n —> oo, and any compact subset of D will eventually be
contained in Dn,m-

□

Next we move to the maps gn^rn- The domains of these discrete maps

should fill out the domain ID* of the classical welding map g. We first prove

the following preliminary lemma.

Lemma 5.6. The spherical radii Sn,m and Sn,m of the circle Cy^ = Cy,^ in

the packings Pn^m and Pn,m, respectively, decrease to 0 as n oo if m>

Proof. Note that Cy^ is surrounded in by | - 1 generations of degree 6
circles.

These generations form | — 1 disjoint chains separating Cy.,^ from both

Cy^ and Cujoo- The such chain will have length 6z; thus by the Spherical
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Length-Area Lemma,

2tt

' 2 —

which converges to 0 as n —> oo since the harmonic series is divergent.

Of course, if m > |, then we can still form such chains. Thus the spherical

radius of C„i in Pn^rn will decrease to 0 as n ->■ oo, if we take Tn>^.
Next by Lemma 4.3 the degree of all vertices on the "seam" n 7^*n

is bounded by some M independently of n. It is not difficult to see that

if we attempt to form disjoint chains about C^^ in by joining the i*''

generation of circles about C„j in the portion corresponding to to the

generation in the portion corresponding to n, then we must be able to

successfully complete such a chain across the "seam" at at least ^ vertices.
That is, we are assured of forming at least ^ disjoint chains, the one
having length at most 6Mi. Hence

^n,m ^
27T

./yw -tT'
V  6Mi

which decreases to 0 as n —)■ oo.

Of course in Pn,m, the degree of all vertices on the "seam" is exactly 6.

Thus in as well, the radius of C^i must decrease to 0 as n —>• oo, if

m>f.

□
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Since dD^ = dDn converges to 9D, we see the domains Zl* \ Gn,m will

expand to fill out B)* if the spherical diameter of Gn,m shrinks to 0.

Lemma 5.7. For each n, the spherical radii and fn,m of the circle C^^

I'o- Pn,m ond Pn,m, respectively, decrease to 0 as m oo. Consequently, the

spherical diameter of Gn,m -> 0, Dn,m U D*^ .^ C and Q.n,m U C as

m  oo.

Proof. First fix n and observe that is separated from 0 and 1 in both

Pn,m and Pn,m by m — 1 chains consisting of n circles each. Thus by the

Spherical Length Area Lemma,

^n,mi ̂n,Tn —

<

27r

\j 2^i=\ n
2-k

y/n{m - 1)'

Hence for each fixed n, we see fn,m, '^n,m 0 a.s m oo.

Now each neighboring vertex of Woo has degree 5. By the Spherical Ring

Lemma, as m oo the radius of each neighboring circle must decrease to

0 as well. Thus the stereographic projections of the portion of Pn,m and P„

corresponding to \ Woo fill C as m —>• cx). However, in forming D^^^ and

„j, we scaled these stereographic projections by Cn^rn and €n,m, respectively.

Thus we must show these scaling factors remain bounded as m —)• oo.

Recall en,m and were the distance between the spherical and euclidean

centers of Cy^ in P„ and P„, respectively. But the proof of Lemma 5.6 provides

a bound on the spherical radius of Cy^ which does not depend on m, so long
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as m > Thus the spherical radius of C^i in both Fn,m and Fn,m remains

bounded as m —> oo. Since is centered at the point 1 in Fn,m and Fn,m,

its stereographic projection to C must be uniformly bounded away from oo

for all m. Thus the spherical and euclidean radii of Cy^ in each packing are

uniformly comparable. Hence en,m and 7n,m remain uniformly bounded as

m —> oo. Consequently our scaling cannot prevent the spherical diameter of

Gn,m from decreasing to 0. Hence Dn,m U -)• C and Qn,m U

as m oo.

□

Thus for each n, we choose m> n large enough so that

1. The map fn,m is i^i-quasiconformal on Fn,m (and hence on all of Dn,m)-

2. The spherical radius of the complement of Dn,m U Dn,m is less than

3. The spherical radius of the complement of Dn,m U is less than

With this choice of m, we define Dn = Dn,m, D^ = D^ ^^, Fn = Fn,m,

Gn = Gn,m, fn = fn,m, 9n = 9n,m, and Qn = 9n,m- Thus at last we have

sequences {fn} and {9n} of Ki-quasiconformal discrete welding maps, which

are eventually defined on any compact subset of D and D*, respectively.



CHAPTER 5. WELDING OF DISCS 73

5.5 Extension of the Discrete Maps

Note that On and are complementary regions of a polygonal discrete

welding curve

r„ = fnidDn) = 9n{dDl) = dOn = dO*^.

If r„ is to approximate a quasicircle T, then one would hope it would be a

quasicircle as well. In this case, we could use reflection in r„ to extend /„

and Qn across r„.

Lemma 5.8. For each n, the discrete quasisymmetry (/?„ induces a k'^b'^-

quasisymmetric homeomorphism (pn =Pn° of 9D.

Proof. By Proposition 4.2, each </?„ is fc-bilipschitz. Because each is

6-bilipschitz, then each must be A:6^-bilipschitz and consequently k'^b'^-

quasisymmetric by Example 2.1.

□

Theorem 5.9. For each n = 1,2, . . ., the curve r„ is a K^-quasicircle,

where Kz depends only on k; in particular, Kz is independent of n.

Proof By Lemma 5.8, each (pn is k'^b'^- quasisymmetric, and hence is

also /c^fe'^-quasisymmetric. Thus by the Douady-Earle Extension Theorem,
(pff^ has a 1^2 = ii'2(^)-quasiconformal extension to D. Observe that

o $ op„ has the effect of quasi-conformally re-arranging the embeddings
of vertices in dD^ so that they match up with the embeddings of vertices in
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dD*. That is, for all vertices Vi E dDn,

p-^ o ̂ op^{vi) = p-^ o = Wj,

for some boundary vertex Wj of D*.

Now define

,fn°Pn^°KK^) if:c€D;
Bn{x) = -j (5.5)

9n{x)op-\ ifx€D*.

If 2; € 9D, then by Proposition 5.3

Bnix) = fn°Pn^ O ̂ '^x) (5.6)

= In op-^ O ifn{x)

= fn° Pn^ °Pn°iPnO PnH^)

= fnO^nOPnH^)

= 9nOpZ\^)

Thus Bn is continuous. Off 5D, is = iiriii'2-quasiconformal. But

9D has measure 0, so by Remark 2.1, is RTs-quasiconformal on all of C.

But finally, we note Bn(5D) = ̂n(5D) = r„. Hence r„ is a RTs-quasicircle.

□
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Since dDn = 3D* is a 6-quasicircle for each n, then by Lemma 2.16 we

can extend each /„ be a ii' = K2K^b'^-qu.atsiconfoTmal map of the entire plane

by first reflecting C \ D„ in dDn, then applying /„, and finally reflecting in

Fji. Note that each /„ now fixes the points 0,1, and oo.

Similarly, we extend each by reflecting D* \ On in dDn, applying

and then reflecting in Fn. Of course, Qn was originally defined only on D*\Gn,

not on all of D*. Thus our extended gn is defined only on an annular region

about 0, not on all of C. Fortunately, however, by Lemma 5.7, the domain

of Qn does expand to fill C \ {0} as n —^ oo.

5.6 Convergence of the Discrete Maps

Now since each /„ fixes 0,1, and oo, by Theorem 2.9, the family {/„} is

normal and has a subsequence converging uniformly on compact subsets of

C to a iF-quasiconformal homeomorphism /. We will re-number as necessary

and assume the sequence {/„} itself converges. Note that if we show / and

g are indeed the unique conformal welding maps corresponding to (/?, then

any convergent subsequence of {/„} will have the same limit. Since any

subsequence of our original sequence is again normal and thus has a further

convergent subsequence, clearly the full original sequence will then have been

shown to converge.

Similarly, each map fixes 1 and omits 0 and oo; thus Theorem 2.9 im

plies the existence of a subsequence converging uniformly on compact subsets

of C \ {0} to a map g. Again we will re-number and assume the sequence
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{pn} itself converges.

Unfortunately, in this case Theorem 2.9 does not ensure that g is non-

constant. However, if g were constant, then it would be identically equal to

1 since {gn} fixes 1. But for each n, the curve p„({|z| = |}) must completely

surround 0. Thus some point g^izn) of gn{{\z\ = |}) must be at a distance

of more than one from the point 1. But {|z| = |} is compact, so some sub

sequence of {zn} must converge to some point z € {\z\ = i}. Since {p„}

converges uniformly on {|z| = i}, the sequence {gn{zn)} must converge to

g{z). But |^n(2:„) —1| > 1 for all n; hence |5'(z) —1| > 1. Thus no subsequence

of can converge to a constant map, and g must be a JT-quasiconformal

homeomorphism of C \ {0}.

Note that by Remark 2.1, 0 and oo are removable singularities for g. Thus

we may take ̂  to be a /f-quasiconformal self-map of S^. Similarly, we may

assume / to be defined on all of 5^.

Remark 5.1. It is here we see one of the reasons it was necessary to extend

each fn and Originally, they fixed the point 1 on the boundary of their

domains. But then

Pi range(/„) J (5.7)
j  \n>j /

= range(/).

Thus we could not conclude range(/) contains more than one point.
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The sequence

if -TT < arg 2 < 0;

if0<argz<7r,

where argz G [-7r,7r), is an example of a family defined on D, fixing zero in

the interior of its domain and 1 on the boundary of its domain, yet lim„_+c)o Fn

is not a homeomorphism .

5.7 Conformality of the Limit Maps

The results of this section should come as no surprise to those familiar with

the use of discrete analytic functions to approximate classical analytic func

tions [15,17,23,25,47,50,52],

Lemma 5.10. As n oo, the mesh of the embedding of Tn in Dn and of

T* \ Woo in decreases to zero. In particular, any compact subset of D or

of ID)* can be separated from 9D by arbitrarily many generations of degree six

circles by taking n large.

Proof. The proof follows from the Rodin-Sullivan Length-Area Lemma in

exactly the same way Lemma 5.7 followed from the Spherical Length-Area

Lemma. □
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Our next lemma now follows easily from the results cited in Chapter 3.

Lemma 5.11. The maps f and g are conformal on D and D*, respectively.

Proof. Choose compact set E C 1D)\{0}, and fix e > 0. By Lemma 5.10, as

n  CO, the number of generations of degree six circles in P„ separating E

from 5D can be made arbitrarily large. Similarly, the number of generations

of degree six circles separating E from 0 can be made arbitrarily large. Thus

by the Hex Packing Lemma, the maximum dilatation of /„ on E decreases

to one as n —> oo.

Thus we may choose N so large that for n > iV, /„ is (H-e)-quasiconformal

on E. Hence the limit / of {/n}n>Ar must be (1 + e)-quasiconformal on E.

But e and E were arbitrary; consequently, / is conformal on 1D)\{0}. Since

{0} has measure zero, clearly / must be conformal on all of D by Remark

2.1.

A similar proof holds for □

5.8 Welding Property of the Limit Maps

At last we connect all the dots to prove Theorem 5.1.

Proof of Theorem 5.1. By Lemma 5.11, /„ f, Qn g, where / and g are

conformal on D and ID*, respectively. But / and g are K-quasiconformal on

all of C, so f{dB) = is indeed a quasicircle.

Now the discrete quasisymmetries had different domains for each n;

however, the maps (pn o are all defined on 5D. Moreover, it is clear
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{l^n°Pn^} converges uniformly to ip as n oo. Similarly, the domain of

fn^ ° 9n varies with each n. However, f~^ o is defined on 5D for all

n, and clearly fn^ o gn°Pn^ ° 9 uniformly as n -> oo.

Thus by Proposition 5.3,

f ̂ og= lim (5.8)
n—^00

= lim o p
n—>oo

-

= (f

1

on 5D. Since the maps promised by the Conformal Welding Theorem are

unique, they must be exactly our maps / and g. Note then that as described

in Section 5.6, the entire original sequences we constructed converge, not just

subsequences.

The fact that r„ —>■ T in Hausdorff metric follows directly from the uni

form convergence of /„ and on 5D. □

5.9 Quasisymmetric Identification Maps

Recall that Theorem 5.1 is stated only for bilipschitz quasisymmetries. For

tunately, the following result of Kelingos [29,34] shows that the bilipschitz

quasisymmetries are dense in the set of all quasisymmetries.

Lemma 5.12. A k-quasisymmetry ip : 5D 5D can be uniformly approxi

mated by a k-quasisymmetry (p which has an analytic extension to a neigh-
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borhood of 5D. In fact, ip is bilipschitz with constant k; that is

- vIb < \p{x) - (fi{y)\B < k\x - y\B. (5.9)

Moreover, the conformal welding maps induced by (p approximate uni

formly on compact subsets the welding maps induced by p.

Corollary 5.13 now follows immediately via a standard diagonalization

argument.

Corollary 5,13. Given a quasisymmetric map p on 5D, the construction

employed above yields sequences {/„} and of discrete welding maps con

verging locally uniformly on D and ID*, respectively, to the conformal welding

maps induced by p. The extension properties of the limit maps and the Haus-

dorf convergence of r„ to T hold as well.



Chapter 6

Welding of Half-Planes

Next we will develop a system for approximating the welding of half-planes.

Throughout this chapter we will take (/? to be a real /c-bilipschitz quasi-

symmetry fixing 0 and 1. We will use large "square" pieces of the regular

hexagonal grid of Example 3.1 to exhaust U and L, the upper and lower

half-planes, respectively. If these pieces are combinatorially welded together,

the resulting circle packing will induce maps converging to the conformal

welding maps.

Theorem 6.1. Given a bilipschitz quasisymmetry (p, there exist sequences of

discrete analytic functions {/n} and {^n} converging uniformly on compact

subsets of L and U, respectively, to the conformal welding maps f and g

induced by p. Moreover, the discrete conformal welding curve r„ formed by

the common boundary of the images of /„ and g^ is a quasicircle converging

uniformly in the Hausdorff metric to the quasicircle T induced by p.

81
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6.1 Prototype Triangulations

For each n, let a and b be the smallest multiples of ̂  such that

a < (p{-n) (6.1)

h > ip{n).

Let and Tu^ denote the sub-complexes of carri?„ contained in the

squares [a, 6] x [0,6 — a] and [—n, n] x [—2n, 0], respectively. We will label

the vertices of lying at 0 and 1 as uq and vi.

6.2 Construction of Discrete Welding Maps

The combinatorial welding developed in Chapter 4 can easily be adapted to

weld Tl„ to T|7„. Condition (6.1) ensures that the image under ip of every

vertex of Tu^ n R lies on an edge of Tl^ n R. As before, form an augmented

complex Tin by adding vertices to as described in Section 4.2. Conversely,

the image under of each vertex of Tl^ n (a, h) lies on an edge of Tu^ D R.

Again we add vertices to Tu^ to form an augmented complex 7[7„.

Note that in most cases, we will not be so fortunate as to have a = p>{—n)

and h = p>{ri). That is, we would often expect <^([—n, n]) C (o, 6), and hence

(/?~^(a), v?~^(6) ̂  [—n, n]. If however, we delete any such offending vertices at

a or 6, we can ensure the vertices of nR are in one-to-one correspondence

with the vertices of 7c/„ fi R. That is, we can form a discrete quasisymmetry

fn '■ Tun n R —>■ 7l„ n R by mapping vertices to vertices and extending



CHAPTER 6. WELDING OF HALF-PLANES 83

linearly on the edges. Identifying vertices corresponding under (pn then yields

a welded complex /Cn which triangulates a closed disc. We note that Lemma

4.3 and Proposition 4.4 also hold.

Now Corollary 3.2 gives the existence of a circle packing for in C which

we normalize so that Cy^ and Cy^ are centered at 0 and 1, respectively. We

will denote the carrier of the portions of this packing corresponding to

and Un by and respectively.

Since (p is an orientation-preserving real homeomorphism, it must be in

creasing. Thus a, 6 —» 00 as n -> oo. In particular, this means LnUUn

expands to fill the entire plane as n oo. Hence on each compact subset of

the upper of lower half-plane, the discrete analytic functions

fn • Ln ^ Qifi (fi-2)

9n n Uji y

induced by the circle packings constructed above and in Section 6.1 are de

fined for sufficiently large n. By Lemma 4.3 our assumption that (p is bi-

lipschitz implies the degree of is bounded uniformly in n. Hence by

Corollary 3.12, each of the maps /„ and are ii'i-quasiconformal, where Ki

is independent of n.



CHAPTER 6. WELDING OF HALF-PLANES 84

Furthermore, the proof used for Proposition 5.3 can be repeated here to

show

9n — /n ®

on [—n,n].

6.3 Extension of the Discrete Maps

The critical step in our construction is the extension of the maps /„ and Qn

across R. If {/„} and can then be shown to be normal, a subsequence

will converge uniformly on compact subsets of R. This uniform convergence

will allow us to prove that our limit maps are indeed the welding maps we

seek.

Lemma 6.2. Each of the maps /„ and pn can he extended across R to a K-

quasiconformal map defined on a portion o/L and\J, respectively. Moreover,

given any compact subset E of C, then for sufficiently large n, both /„ and

pn will be defined on E.

Proof. Note that Lemma 4.2 implies that each discrete quasisymmetry cpn is

A:-quasisymmetric on [-n,n]. We now appeal to Lemma 2.10 to extend (pn

to a /c'-quasisymmetry on all of R.

Hence by the Beurling-Ahlfors Extension Theorem, each extended p has

a. K2 = Ar2(A:)-quasiconformal extension to the upper half-plane U. We
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now extend /„ by setting

fn=-9n°

on $n(i7„). Note that this is indeed a, K = /i'iii'2-quasiconforniaI extension

of fn as

fn=9n° (6.3)

= 9n°%n n

on [a, 6].

Now it is clear from our construction that expands to fill L as n -> oo;

hence given any compact subset E of C, will cover E D L for large n. To

ensure that /„ is eventually defined on £■ D U we must show covers

n U for large n.

First note that by Proposition 2.13, -4 $ locally uniformly as n ^ oo,

where $ is the Beurling-Ahlfors extension of ip. Now for each i = 1,2, . . . ,

^{Ui) must contain a relatively open neighborhood B{0,Ri) n U of 0. We

can assume Ri is the largest possible radius of such a neighborhood. Then

since $ is a proper map, we must have —>• oo as i —>• oo.

Next recall that for each fixed i, -4- $ uniformly on C/i as n -4 oo.



CHAPTER 6. WELDING OF HALF-PLANES 86

since each Ui is compact. Thus for each i, we can find Ni so that

dist(«(aC/„ \ (-n,n)),0) > :|

for all n> Ni. In particular,

B I 0, C

for n > Ni.

But £■ n U must be contained in B (O, for some sufficiently large i.
Hence foi n > Ni E C ^n{Un), and /„ is defined on E.

Similarly, we can extend Qn by defining

9n =

on ? o o i{Ln), where i is the reffection in R. Since must converge to

locally uniformly and z{Ln) expand to fill U as n —> oo, the argument

used above also shows that on any compact set of C, gn will be defined for

sufficiently large n.

□

6.4 Convergence of the Discrete Maps

Since each /„ fixes both 1 and 0 and omits oo, by Theorem 2.9 {/„} is normal

and has a subsequence converging locally uniformly to a /T-quasiconformal
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homeomorphism / defined on all of C. By re-numbering, we will assume

the entire sequence {/„} converges to /. Since the domain of / is the entire

plane, then by Liouville's Theorem, the range of / must be the entire plane.

In fact, we see the singularity at oo can be removed by setting /(oo) = oo.

Indeed, f(RU {oo}) is a Jordan curve on S^ passing through 0,1, and oo.

In the same way, a subsequence of converges to a ii'-quasiconformal

homeomorphism ̂  of C onto itself. Again we re-number as necessary and

will assume the entire sequence {gn} converges.

6.5 Conformality of the Limit Maps

By construction, the number of generations of vertices separating any given

compact set in L from R goes to infinity as n —>■ oo. Thus just as in the proof

of Lemma 5.11, the Hex Packing Lemma implies the maximum dilatation of

fn on every compact subset of L decreases to one as n ^ oo. Hence / must

be conformal on L. In the same way, g is, of course, also conformal on U.

6.6 Welding Property of the Limit Maps

Finally, we have constructed all the necessary machinery to prove our theo

rem.

Proof of Theorem 6.1. With the preliminary lemmas behind us, the proof

of this theorem now proceeds in exactly the same manner as the proof of

Theorem 5.1. First recall fn ^ f, 9n ^ 9, where / and 9 are conformal on
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L and U, respectively. Since / and g are ii'-quasiconformal on all of C, then

/(R U {oo}) = ̂(R U {oo}) is indeed a quasicircle.

Moreover, since

fn — 9n ® '■Pn

for each n, and /„, g^, and ipn converges locally uniformly on R to /, g, and

V?, respectively, we have

f = go(p.

Thus by the uniqueness part of the Conformal Welding Theorem, /|L and

^|U must be the welding maps corresponding to ip. Note that as described in

Section 5.6, the entire original sequences we constructed converge, not just

subsequences.

Furthermore, note that by our construction /|U and g\L are extensions

across F of the welding maps / and g, respectively. Again the convergence

of Tji ^ r in Hausdorff metric follows directly from the uniform convergence

of fn and gn on R.

□

6.7 Quasisymmetric Identification Maps

If (p is not necessarily bilipschitz, but still quasisymmetric, then for each

m = 1,2, . . . , we can uniformly approximate (p on compact subintervals by a



CHAPTER 6. WELDING OF HALF-PLANES 89

Aj^-bilipschitz map (pm- If each ipm is extended to R by Lemma 2.11 then the

welding maps induced by ipm converge to the welding maps induced by ̂  as

m —>■ GO. Thus by a standard diagonalization argument, the techniques used

above will produce discrete analytic approximations to the welding maps

induced by (p. Thus as in Chapter 5, we have the following corollary.

Corollary 6.3. Given a quasisymmetric map p> on R, the construction em

ployed above yields sequences of discrete welding maps {/„} and con

verging locally uniformly on L and U, respectively, to the conformal welding

maps induced by p>. The extension properties of the limit maps and the Haus-

dorff convergence of to F hold as well.

6.8 Locally Quasisymmetric Maps

As mentioned in Remark 2.2, quasisymmetry is a global property, and the

conclusion of the the Conformal Welding Theorem is correspondingly global.

That is, when is a quasisymmetry, F is the image of a circle under a quasi-

conformal map of the entire plane, or, equivalently, there is a quasiconformal

reflection flxing F and interchanging the components and Q* of \ F. If

(p is only locally quasisymmetric, then an essentially unique conformal weld

ing still exists, but the curve F no longer admits a global quasiconformal

reflection. Instead, F admits only local reflections.

Theorem 6.4. If ip is a locally quasisymmetric real homeomorphism, then

there exist conformal maps f and g of L and U, respectively, such that their
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boundary values satisfy

9 = f °f-

Each point of T = /(R) = ̂(R) has a neighborhood V and a orientation

reversing quasiconformal map ix fixing F fi V and interchanging V H and

V n fi*. Moreover, the maps f and g are unique up to composition with a

Mobius transformation.

This follows from Kotaro Oikawa's observation that local quasisymmetries

have quasiconformal extensions [38].

Lemma 6.5. If (p is a k-quasisymmetric homeomorphism of [—1,1] fixing

—1 and 1, then there exists a K = K{k)-quasiconformal extension of (p to

the triangle {^IjRe + Im z > -1,Im z < 0}.

6.9 Discrete Local Approximation

One might notice that our discrete welding maps have all been constructed

by locally altering the combinatorics of our prototype complexes. It has been

the geometry imposed by our circle packings that produced global maps from

these local changes. Thus one might wonder if our approximation scheme

might work using a locally bilipschitz map (p. Indeed this is the case.

Theorem 6.6. If cp is locally bilipschitz on R, and the maps /„ and g^ are

formed as in Theorem 6.1, then fn f and gn g uniformly on compact
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subsets ofh andV, respectively, where f and g are the the conformal welding

maps induced by (p.

Proof. First we note that for each x G R, there is a t > 0 so that p is kx-

bilipschitz on [x—t, x+t]. Thus if n is large enough so that [x—t,x-\-t] C dUn

and p{[x — t,x -\-t]) C the proof of Lemma 4.3 can be used locally to

show that there is a uniform bound on the degrees of the vertices of Tu„ and

lying on [x — t,x -\-t] or sharing an edge with a vertex lying on [x — t,x -^t].

Of course, the same holds for vertices of 7L„ lying on p{[x - t,x 1]) or

sharing an edge with such a vertex. Consequently, if and Tu^ are welded

together producing discrete analytic maps /„ and gn as in Section 6.2, then

by Corollary 3.12, there is a uniform bound Ki^ on the dilatation of /„ and

gn on interior faces and on faces which contain boundary vertices lying on

p{[x — t, X +1]) and [x — t, x +1], respectively.

As before, our next hurdle is to show that each gn can be extended across

[x — t, X +1]. Recall that in combinatorially welding Tu„ and Tl^ we also

form discrete quasisymmetries Pn- Note that the proof of Proposition 4.2

can be applied to each pn to see that pn is /ci-bilipschitz on [x — t,x + t]. In

particular, each pn is fcaj-quasisymmetric on [x — t,x -\-t].

Now define linear maps

,  s z — X , ,Ax,n{z) — ^ (b-4)

R  (A -^  p-^{x-t)-p-^{x + ty
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and note that Ax,n and Bx,n niap the domain and range, respectively, of

—  onto [—1,1]- Since pre- and post-composition of a quasisym-

metry with affine maps does not change the quasisymmetry constant, we see

the map

Qx,n{y) = Bx,n A'^^iy) (6.5)

is /ci-quasisymmetric on [-1,1] and fixes -1 and 1. Thus (px,n has a K2^ =

-^2x (A:i)-quasiconformal extension to the triangle

A = {^llRe ̂ 1 -flm z > —l,Im z < 0}

with base [-1,1] and apex (0, -1).

Now consider the triangle

Ax = {2:||Re z — x\ + Im z > z < 0}

with base [x — t,x + t] and apex (x, —t). Note that Aj, does not depend on

n. We will extend each gn R'l.ii^a.x-qnasiconformally to Aa, by

9n{z) = fnO O O Ax,n{z)
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on Aj. Note that by (6.5) and the proof of Proposition 5.3, for w 6 [x-t, x-\-t]

fn ° Px,n ® ° Ax^ni^) = fn ° ̂x,n ° ̂x,n ° (6.6)

= /„ O O Bx,n °<PnO O Ax,n{z)

= fn°<Pn{w)

= 9n° (w).

Thus we have truly defined an extension of gn to A^.

In the same fashion, we can apply the above construction to (p~^ on

ip{[x — t, a: + t]) C Ln to iir3,x/i'4^i-quasiconformally extend each /„ to some

triangle A* with base ̂ {[x - t, x +1]) and apex in U.

Now each map /„ and is quasiconformal in fixed neighborhoods of 0

and 1; thus by Theorem 2.9, {/„} and {gn] have subsequences converging

locally uniformly to some quasiconformal homeomorphisms / and p, on L

and U, respectively. As in Section 6.5, the Hex Packing Lemma implies /

and g are conformal on L and U, respectively.

Moreover, because we can extend each /„ and gn locally, for each x 6 R,

the sequences {5„} and {/„} are i^i-quasiconformal and -quasiconformal

on U U Ao U Ai U Ai and L U Aq U A* U respectively. Thus a sub

sequence of and {/„} converges uniformly on any compact subset of

U U Ao U Ai U Aj; and L U AJ U A^ U respectively. Since gn = fn° fn

on Ax n R, we must have ̂ (x) = / o (p{x).

Again by Liouville's Theorem, we must have /(oo) = ̂(00). As quasicon

formal homeomorphisms must map Jordan domains to Jordan domains, we



CHAPTER 6. WELDING OF HALF-PLANES 94

see r = f(R) — ̂(K) must be a Jordan curve. Hence by the uniqueness part

of Theorem 6.4, as before, the entire sequences {/„} and {gn} must converge,

not just subsequences. □



Chapter 7

Approximation of

Quasisymmetries

Throughout this chapter let F be a A-quasicircle passing through 1 and sep

arating 0 from CO. We will refer to the bounded and unbounded components

of the complement of F in C as and Cl*, respectively. We will assume F to

be positively oriented with respect to

We now consider the converse problem to Theorem 5.1; that is, we will

construct a sequence {^n} converging uniformly to the quasisymmetry cp

induced by F.

Theorem 7.1. Given a K-quasicircle F as above, there exists a sequence

{Vn} constructed using the boundary values of discrete analytic functions

and converging uniformly to the quasisymmetry g> induced F and normalized

as in Theorem 2.18.

95



CHAPTER 7. APPROXIMATION OF QUASISYMMETRIES 96

The Rodin-Sullivan Theorem [47] itself will supply discrete analytic ap

proximations to the conformal welding maps / and g. The goal of our proof

will be to show uniform convergence of these maps not only on compact sub

sets of D or D)*, but on 5D as well. Then the boundary values of the discrete

analytic maps can be used to approximate (p.

7.1 Construction of Range Packings

As in Example 3.1, let Hn be the regular euclidean hexagonal packing con

sisting of infinitely many generations of degree six circles, each circle having

radius about some circle We will assume Cy^ is centered at the origin

and one of its neighbors is centered on the positive real axis. Note that the

carrier of Hn gives a tiling of the plane by equilateral triangles of side length

i
n *

Now consider the sub-complex formed by deleting from the carrier of Hn

all triangles which hit T or f2*. Unfortunately, this triangulation might not

yet be suitable for our purposes. In particular, doubling it across its boundary

might not yield a sphere which is triangulated. Any boundary vertex without

an interior neighbor will have degree 2 in the combinatorial double, and hence

cannot be part of a triangulation. Thus to remedy this situation, we further

delete any face which does not contain an interior vertex. Note that if u is

an interior vertex, then no faces containing u are deleted, so u remains an

interior vertex. Thus no new boundary vertices are formed by this trimming.

In general, this complex may have many components, but we will consider
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Q-p I'H:!

Figure 7.1: A Cow-Shaped Quasicircle.
A cow-shaped quasicircle F and a portion of a packing Hn before and after

trimming.

only the component Tn containing vq. See Figure 7.1. Note that every

boundary vertex of Tn now has degree at least 3; thus doubling Tn across its

boundary will yield a triangulation of a sphere.

Let Qn be the portion of caiv Hn corresponding to Tn- As before, we

will not be overly concerned with the distinction between T„ and the em

bedding for it provided by In particular, we will refer to points in dCln

corresponding to boundary vertices of as "boundary vertices of f2„."

Note that now every boundary vertex of Qn is at most one triangle away

from F. That is, every boundary vertex v must have been a vertex of a

triangle in carri7„ which was removed to form Tn- Thus F must hit an

equilateral triangle A„ of side length - of which r; is a vertex. Hence there is

a line segment 7„ connecting u to F having length at most ̂  and lying inside

A„. In particular, we may choose 7„ short enough so that 7„ n F is a single

point Fi,.
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A similar construction will be used to build a sequence of degree 6 com

plexes contained in fi*. Unfortunately, Hn accumulates at infinity; thus,

in order to ensure that our complexes have only finitely many vertices, we

cannot use Hn directly. Instead, we stereographically project each Hn to

5^, apply a Mdbius rotation of 5^ fixing 1 and interchanging 0 and oo, and

stereographically project the resulting packing back to C. Each of these new

euclidean packings Hn will now accumulate only at zero; hence, only finitely

many circles will lie in Q*. We now modify each Hn by first removing any

faces which hit or F and then removing extraneous vertices as before. Of

course, these packings no longer have constant euclidean radii, but the max

imum radius of boundary circles in Hn does decrease to 0 as n oo. Thus

to simplify later computations, we can re-number our complexes so that the

maximum radius of boundary circles in Hn is Now by the same argument

as above, each vertex w on the boundary of carr Hn is connected to F by a

line segment 7^, lying outside carriF„ and having length at most

The stereographic projection of the trimmed portion of Hn to gives an

embedding of a constant degree 6 complex T* in a region containing 00.

Unfortunately, this packing does not induce an embedding in C of T* since

one vertex (which we will refer to as Woo in each complex) lies at 00. The

best Hn can provide is an embedding of T* \ Woo-

In analogy with our construction in Chapter 5, we will denote the open

unbounded region formed by the complement in of the embedding of

T* \ Woo by Gn, that is, is the region which "should" have provided a

realization of faces containing 00. Similarly, we will let Fn be the interior of
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the collection of faces in containing vq, that is, containing 0.

Remark 7.1. Note that as n —>• oo, and —> 0*. Moreover, it

is clear -> {0} as n —>■ oo. But G„ is just the stereographic projection

to C of rotated faces from the carrier of some Hm which contained 0. The

spherical diameter of this collection of faces clearly decreases to 0 before the

rotation and thus must decrease to 0 after the rotation as well.

7.2 Geometric Lemmas

Next we need two geometric lemmas. These observations will provide the

key to showing uniform convergence of the boundary values of our discrete

analytic functions.

Lemma 7.2. Using the notation established above, for large n there exist

homeomorphisms In '■ dOn T and Un : -4 F such that for all z G dOn

and w €

Uz) -z\<— (7.1)
n

|u„(u;) -w\< 57K

n

where K depends only on K. In particular, we have

.  (7.2)
n
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Proof. First recall that each boundary vertex v of On is connected to 6 F

by a line segment % of length at most We may assume 7„ n F = {Fi,}.

Next choose a boundary vertex vi of dOn- Let A be the polygonal Jordan

curve forming the boundary of On and parameterize A over [0,1] so that it is

positively oriented with respect to On and ̂ (0) = Vi. Similarly, parameterize

F over [0,1] so that it is positively oriented with respect to 0 and r(0) = Fuj.

Now we construct a finite sequence vi,V2, n n. ,Vp, Vp+i = vi of boundary

vertices of On such that

1. If Vi = A{ti), i = 1,2,... ,p, then 0 = ti < t2 < n n n < tp < 1.

2. If Fi,,. = r(si), i = 1,2,. ..,p, then 0 = si < S2 < • • • < Sp < 1.

3. The segment A{{ti, tj+i)), i = 1,2,... ,p, contains at most 36 bound

ary vertices of On.

Starting from Vi, proceed around A in the positive direction until reaching

a vertex V2 such that n 7^^ = 0- Note that if a boundary vertex w lies

in 3), that is, u; is 3 generations away from vi, then faces containing

w do not intersect faces containing vi. In particular, we have 7^ H 7^^ = 0.

(Note that for large n, (5'p^{vi,3) ̂  0.) Note 0j'^(ui,l) and ©2^^(ui,2)

can contain at most 6 and 12 vertices, respectively, since Tn was formed

by deleting vertices from Hn- Thus since the Jordan curve A cannot hit a

vertex twice, A can hit at most 18 vertices before reaching 3). Hence

at most 18 vertices can lie on A between vi and V2.

Note that if V2 corresponds to A{t2) and F^^ corresponds to r(s2), then

0 = < t2 < 1 and 0 = Si < S2 < 1.
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Now suppose boundary vertices vi,V2, n n n ,Vm of have been choosen to

satisfy conditions 1,2, and 3 above. Travel along A positively from Vm until

encountering either Vi or a vertex Vm+i = M^m+i) such that =0

and 'Yvm+i Ivi = 0- Note that as described above, there are at most 18

vertices w such that D ^ 0 and there are at most 18 vertices u

such that 7u D 7„j ̂  0. Thus A can hit at most 36 vertices before hitting

one which satisfies our second search criterion. Hence, if A first encounters

Ui, then can contain at most 36 vertices and our construction is

concluded. Likewise, if A first encounters a vertex Vm+i as described above

and Vm+i = A{tm+i), then 0 = < ̂2 < • • • < tm < ̂m+i < 1 and we can be

assured that ̂((^,71, tm+i)) contains at most 36 boundary vertices. Moreover,

cannot equal r(si) or r(s7n) since 07^^ = 0 and 7t.7„+i n77;i = 0-

Suppose now = r(s„7+i), but 0 = si < s^n+i < 5,77 < 1. Let

J — ̂([^1) ̂m+l]) U 7i;m+1 u r([si, S77J..1.1]) u 7711 •

See Figure 7.2.
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Tv
m+1

A([t
m+1

m+1

Figure 7.2: The Jordan curve J.

Note that by our construction

Anjy,=vi= A{tl)

A n 'Jvm+i — ̂m+l ~ -'4(tm+l)

rn7„i = = r(si)

^ Fl 7rm+l ~ l^Vm+l ~ F(SrM+l)

Anr = 0

7ui Ivm+l ~

(7.3)

Thus it is easy to see J is a Jordan curve, and hence by the Jordan Curve The

orem, divides the plane into two complementary components, one of which

is bounded and one of which is unbounded. Note that J was constructed

so as not to enclose any point of that is, On must lie in the unbounded

complementary component of J.
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Since 7^,^ misses r([si, 7„i, and 7iJm+i> we see

Ifvm F J 7fm -^([^1) ̂ m+l]) — {'^m}•

Thus 7„^ \ {vm} must lie entirely in one of the complementary components

of J. Since near Vm, the curve J forms a portion of if 71,^ \ lies

in the unbounded complementary component of J, then 7^^ \ {^^m} must hit

Fin- But 7u^ = {vm}', hence, 7^,^ \ {vm} must lie entirely in the bounded

complementary component of J.

Now since F is a iF-quasicircle, it is the image of 5D under some (orien

tation preserving) quasiconformal map F of C onto itself. Since F is posi

tively oriented with respect to Fl, must map Fl onto D. By composing

with a suitable rotation, we may assume without loss of generality that

F~^(Fuj) = F~^(F(si)) = 1. Since J C Fl, then F~^{J) C D. In particular,

note that the bounded complementary component of J is mapped onto the

bounded complementary component of F~^(J). See Figure 7.3.

Let = F~^(F„J, 0 < < 27r, j = l,m,m+ 1. Since Si < <

Sm, we must have 0 = < Os„+i < Osm- But then = F-^(F„„)

lies in the unbounded complementary component of F"^(J). Hence F^^ €

Ivm \ {^m} must lie in the unbounded complementary component of J. But

Tum \{^m} lies in the bounded complementary component of J, and hence we

have a contradiction. Thus we must have 0 < Si < < s^+i < 1. Hence

by induction, we can construct a sequence Vi,V2,...,Vp satisfying conditions

1, 2, and 3.
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F '(rv)

11)^1

F"(v

F '(V

FYv.)
F '(Fv)

Figure 7.3; The image of J lying in D.

Next, note that any point of dO. can be written as ̂ ((1 - r)ti + rti+i) for

some i = 1,2,... ,p. Hence we define our map In on dCln by

ln{A{{l - r)ti + rti+i)) = r((l - r)si + rsi+i);

that is, we send each Vi to and extend linearly in between. Since the

sequence r(si) proceeds positively around F, In must be a homeomorphism.

Now since there are at most 36 boundary vertices on tj+i)), we have

,  36
,  I = 1,2,...,p.

n
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Furthermore, if z € A{{ti,ti+i)), then

,  , ^ 136 18
\z-Vi\

2 n n

Hence by Propositon 2.15,

\ln{z) - Z\< \ln{z) - ln{Vi)\ + \ln{Vi) - - 2:|
1  1 o

< diam(r([sj, Sj+i])) H 1
n  n

<^|r(si)-r(si+,)| + -
n

~  IQ
< iir(|r(si) - Vi\ + \vi - Vi+i\ + lui+i - r(si+i)|) + —

n

^~/l 36 1\ 19-
< ir - + —+ - +—K

\n n n J n

57K

~ n '

where K depends only on K.

The maps Un can be constructed in precisely the same manner. Condition

(7.2) now follows easily.

□

Since we designed Qn ^ind fl* to almost fill out the complementary com

ponents of the iif-quasicircle T, we would certainly expect dOn and to

be quasicircles themselves. The next lemma shows this is in fact the case.
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Lemma 7.3. For each n, dOn o-nd 307^ are Ki-quasicircles, where Ki de

pends only on K. In particular, there exist K\-quasiconformal reflections jn

and j* in 80,^ and , respectively.

Proof. We will give the proof for 5f2„; the proof for diT^ is of course the

same.

As in the proof of Lemma 7.2, we let A denote the Jordan curve forming

dCln- Fix n and w,z £ A. As in the statement of Proposition 2.15, we let

denote the sub-arc of A connecting w and z and having the smaller

diameter.

Note that by Lemma 7.2, for all a, 6 €

|a - &| < |a - ln{a)\ + |Z„(a) - k{b)\ + |Z„(6) - b\ (7.4)

57K .. .. 57K
hdiam(Zn(Au,,)) -I-

n  n

114.^
d

n

iam(i„(A^,^)).

Thus

diam(A,„,2) < + diam(^„(A,^,^)). (7.5)
Ti

Next we let denote the sub-arc of P connecting Iniw) and ln{z)

and having the smaller diameter. Unfortunately, it is not necessarily the case

that — IniAyj^f). See Figure 7.4

If F, ^ ln{A,u^f), then and ln{Ay,^2) must be complemen-
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ln(z)

Figure 7.4: Curves for which ^ ln{A^,z) n
If 2 and w are nearly "antipodal," then need not equal ln{A^,z)-
In this example, F corresponds to the unit circle and lies in the
upper semicircle. However, /„ can be chosen to map Aj^^z onto the lower

semicircle.
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tary closed subarcs of T. Thus we let = A\ {A^^, \ {z, w}) so that

and A^ .^ are complementary closed subarcs of A. Since ^ T,

then ln{AU = F, Again, by Lemma 7.2, for all a,b e

|a - 6| < |o - ln{a)\ + ma) - ln{b)\ + |/„(6) - b\

^ 114^^ -^ + diam(r,

Thus diam(A^_J < ̂  + diam(r, and by equation (7.5),

diam(A^,z) < + diam(i„(A„,,^))
n

114^ , . s<  + diam(A^^J

^ 22SK
^ -;^ + diam(r,

If = ln{Ay,^z), then by Equation (7.4), we must also have
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diam(Aij,,^) < 2^ + diam(r, Thus in any case,

228K
diam(A^,,) < + diamfr, (7.6)

22RK ^
<-— +KUz) -1^(^)1

l b

228k
<  K{\ln{z) - z\ -^ \z - w\ + \w - ln{w)\)

^ 342^2
<  f- K\z — w\.

n

li\z — w\ > then (7.6) becomes

,. ,, - 342ir2
diam(At„,z) < h K\z - w\

n

< 342A"^|2 — it;| + K\z — w\

< (342.^2 \z-w\.

Recall that dOn was formed from the union of sides of equilateral triangles

of side length Thus, if |z — tu| < then z and w must lie either on a

euclidean line segment of length ̂  or on two different line segments of length

i which meet at angle | or In either case, clearly diam(^^,^) < 2\z-w\ <

^342^^2 + \z — w\. Thus A = dVln is a RTi-quasicircle, where Ki depends
only on K (and thus only on K). The second assertion of the Lemma then

follows from Lemma 2.16.

□
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7.3 Construction of Domain Packings

Now we wish to construct a circle packing lying in D for each of the complexes

we embedded in Q. The existence of such a packing is of course guaranteed

by Corollary 3.2. However, since we are also interested in forming a cor

respondence between dQn and 5D, we will use the combinatorial "doubling

trick" already employed in Chapter 5 rather than appeal to Corollary 3.2

directly.

If Tn is doubled across its boundary, the Koebe-Andreev- Thurston The

orem gives a circle packing P„ on for the doubled complex. We may

normalize so that the circle for vq is centered at the origin, the circle for the

doubled copy of vq is centered at infinity, and the point corresponding to

/~^(1) is located at 1. That is, if

= (1 - t)a + tb

for some neighboring bounday vertices o and b with 0 < t < 1, and if a and

b are the euclidean centers of Cy and C^,, respectively, in our new packing

Pn, then we may normalize so that

(1 — t)a + tb = l.

By symmetry, the boundary circles of T„ are all centered on 5D C 5^. See

Figure 7.5.

We stereographically project to the plane the portion of this packing
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Figure 7.5: A Doubled Complex.
The doubled complex on for the corresponding to Figure 7.1.

corresponding to and let D„ denote its euclidean carrier.

Of course, dDn is a polygon circumscribing D, not 5D as desired. See

Figure 7.6. However, since the spherical carrier was precisely equal to D, the

s-wjitching of geometries induces a map

; 5D -> dDn

by mapping the spherical centers of boundary circles to the euclidean centers

of the stereographic projection of these circles and then extending linearly

on the edges.

In a similar way, we can double the complex T* used to define in

Section 7.1 and pack the resulting complex on 5^. We normalize this packing
using Woo in the same way we used uq above. Again we stereographically

project the portion corresponding to T* to C and denote its euclidean carrier
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/T 7- r .

V'' 1 / / .iVx

Figure 7.6: A Euclidean Complex
The packing (left) of Figure 7.5 stereographically projected to a

neighborhood of D. Note the centers of boundary circles lie outside D. The
|;riangles of the carrier (right) extending outside D are clearly visible.
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b|y D*. Once more, we obtain a piecewise linear map

I  Pn--dB-^ dDl
As in Chapter 5, we denote by the interior of the collection of faces

in containing 0 and denote by the open unbounded region formed by

tlje complement in D* of our geometric realization of T*\woo-

L^mma 7.4 (Domain Lemma). As n oo, the radii of circles corre
sponding to vertices on dDn and decrease uniformly to 0. Consequently

both Pn and p* converge uniformly to the identity map on 5D as n —>• oo.

I\^oreover, the spherical diameter of both and Gn decrease to 0 as n ̂  oo.

a result, > D and D* —>■ ID)* as n oo.

Proof. Since T is compact and misses 0, there is a lower bound d on the

distance of points on F from 0. By our construction, the distance of points

oij dQn from 0 is greater than d - Thus each boundary circle of is
sejjarated in the packing Hn from Vq by at least

d-
n̂

nd — 2
2
n

1

to

1

geiierations of circles. That is, there are at least chains of circles in
about each boundary circle separating it from 0. But recall that in Hn

the such chain has length 6z.

Now when Hn is intersected with the inside of P, these chains become

ha|.f-chains in Thus in the spherical packing for the combinatorial dou-
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ble of constructed above, each circle on the original boundary of is

sijrrounded by chains of circles separating it from both 0 and oo.

Note that the chain in the doubled complex now has length at most 12i.

Tnus by the Spherical Length-Area Lemma, the spherical radius of any circle

ccjrresponding to a vertex on dDn is less than

0.

VSL. ifc

Since the euclidean projection of these circles are bounded away from oo,

thbir euclidean radii must be uniformly comparable to their spherical radii.

Thus the euclidean radii of circles on dQn niust decrease uniformly to 0. It

is easy to see in this case that both pn and p* converge uniformly to the

identity map on 5D as n —>• oo.

Finally, note that as n oo, the number of generations of degree 6

vertices surrounding Wqo and each of its neighbors in T* increases without
bound. Hence by the Spherical Length-Area Lemma, the spherical radius

of in the packing for T* used to define D* decreases to 0. Thus the

sp!|ierical diameter of Gn must decrease to 0. Of course, the same argument
also shows that the spherical diameter of Fn decreases to 0. It now follows

th|t —>■ D and £>* -» D* as n oo. □
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iA Construction of the Approximating Maps
A last we can define our approximating maps. The embeddings constructed
aj^ove induce discrete analytic functions

fn '■ Dn (7-7)

9n '■ D^ \ Gn \ On-

T^iis allows us to at last define our approximations

9>n = {Pn)~^ O fn^ O O O O

to the quasisymmetry ip induced by T.

Lest we lose sight of the simple geometry in this maze of compositions,

le| us recap what actually does. First maps the boundary of D to the
boundary of the carrier Dn of a euclidean packing for T*. This is merely

a iechnical correction to allow us to define (p„ on 5D itself rather than on
a |)olygon about ^ID. Then we move to the boundary of the carrier of an
other circle packing for the complex T*, but this one re-packed to lie in

the inside 0*. Next we "jump across" T to the carrier of a packing lying

in f2. A re-packing of this complex takes us back to a polygon about 5D,

and a final technical correction moves us to 5D. The unfortunate technical

cohsiderations aside, this is precisely a discrete version oi f~^ o g.

Note that by Corollary 3.12, the families {fn} and {gn} are uniformly
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i^i-quasiconformal, where Ki depends only on the bound from the Ring

L(pmma.
I

7.5 Extension of the Approximating Maps

As before, the key to convergence is extension and the key to extension is

rejection. Recall that and Z)* were formed by doubling T^ and T*, re
spectively. Thus the packings used to realize T„ and T* actually provide two
embeddings - one in each hemisphere of . In particular, we have two com

plimentary realizations in C of Tn \ vq and two complementary realizations

in C of \ lUoo- Consequently, we have copies 5*, .F„, and Gn of £>„,

£>*, Fn, and On, respectively.

Lemma 7.5. There exists a discrete reflection in dDn interchanging

Dn \ Fn with Dn \ Fn- Similarly, there exists a discrete reflection in

interchanging D*^ \ with D*\Gn. Moreover, in and i*n are both

Ki-quasiconformal, where Ki is independent of n.

Proof. We define our discrete analytic refiection by mapping realizations

of tertices of r„ \ vq in Dn \ Fn to the corresponding realizations in Dn \ Fn
and then extending affinely. The construction of z* is, of course, similar.

Note in and z* are now Z^i-quasiconformal by Corollary 3.12, where Ki

depends only on the degree of Tn and T*. But the degree of these complexes

iS not change with n; hence Ki is independent of n as well. □
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Now by Lemma 7.3 we can extend each /„ and gn by setting

fn — Jn fn '^n On Dn \ Fji ('^•S)

9n=Jn°9n°i*n OnD*^\Gn.

Finally, the Domain Lemma implies that on each compact subset of C,

and fn are defined for sufficiently large n.

7L6 Convergence of the Approximating Maps

Wp now have all the pieces to prove our theorem.

Pioof of Theorem 7.1. First note each /„ and Qn omit both 0 and 00 while

fijJing 1; thus by Theorem 2.9, subsequences of {/„} and {5'„} converge uni-
foimly on compact subsets of C to ii'i-quasiconformal homeomorphisms /
anil g, respectively. We will renumber and assume without loss of generality
thkt {/„} and {^„} themselves converge.

Now, by taking n sufficiently large, any compact subset of D can be

sejiarated from 5D by arbitrarily many generations of degree 6 vertices in
d\. Thus by the Hex Packing Lemma, the dilatation of /„ on any compact
sullset of D can be made arbitrarily close to 1 by taking n large. Hence the
lirriit map / must be conformal on D, and similarly g must be conformal on
D*!
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Next note that by the Domain Lemma, {pn} and {p*} converge uniformly

to the identity on 5D. Thus {p„ °Pn} converges uniformly to g on 5D.

Moreover, since by (7.2)

1,-1 / X , 114^
\k oUn{z)-z\ <

for all 2 G we see o o op*} also converges uniformly to g on

aij).
A similar argument implies {/„op„ = (p~^ converges uniformly

to / on 5D. It is easy to show that if pn —>■ p and ^ uniformly and

is yniformly continuous, then o p^ converges uniformly to o p, where
thip composition is defined. Hence we have

<Pn = Pn"^ o f-^ O /-I o U„ O p„ O p; /-I O p (7.9)

uniformly on 5D. Finally we see g~^ o / is quasisymmetric on 5D by The
orem 2.18. Since g~^ o / is normalized as in 2.18, it must be the desired

quasisymmetry corresponding to F. □



Chapter 8

Computational Aspects

8.1 Experimentation

04e of the great advantages of circle packing techniques is the ease with

wljich one can experiment. Thanks to Ken Stephenson's wonderful software

pa|:kage CirclePack, it is easy to create and display circle packings. Indeed,

mdst of the figures contained herein were produced using CirclePack.

During the early phases of this research, the opportunity for experimen-

tatjion was invaluable. After writing programs to create several prototype

tri^ngulations and weld them together in various ways, the author used

Ci^l-clePack to create packings for the combinatorially welded complexes

and observe the behavior of the discrete welding curve. It quickly became

apparent that these discrete welding curves did behave as expected.

In fact, these early experiments were extremely useful in developing in

tuition about the manner in which a quasisymmetry cp infiuences the shape

119
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o:|" its conformal welding curve F. In particular, experimenting with weld-

ipgs induced by monomials as in Example 2.3, led to the observation that

ii^tervals on which (p acts as a contraction should map under g to portions

of[ F which turn "toward" Q. While this statement is far from rigorous, it is

npnetheless very useful in understanding the behavior of F. For example, if

^|is a quasisymmetry of 5D with cp' < Ion an interval I, then !<,(?(/) |d < |/|d,

aijd thus the harmonic measure a;((^(/);D, 0) of (p{I) with respect to D and

0 jvill be smaller than the harmonic measure a;(/, D*, oo) of I with respect to

Dl and oo. Consequently, we must have uj{f o <^(7); 0) < uj{g{I)-, Q*, oo)

siiice / and g are conformal maps fixing 0 and oo, respectively. Hence F must

b^d "towards" 0 and "away from" Q,*.

This phenomenon was first observed experimentally and only later rig-

ori)usly understood. In our combinatorial welding, a small derivative for (p

mians that many edges of T*^^ will be attached to relatively few edges of

Tn\m- In particular, many vertices will be added to only a few edges of
heiice, some fringe vertices will have several new boundary neighbors between

thkr two old boundary neighbors. When realized via circle packing, these
neiv neighbors will serve to push the old boundary vertices apart, forcing the
friJige circles to increase their radii, and thus bending the discrete welding
curve toward 0,n,m- See Figure 8.1.
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Figure 8.1: Welding a Contraction
A discrete welding corresponding to an interval on which is a contraction.

iCircles corresponding to the welding curve are shaded. Note that the
degree of the two large fringe circles has increased, causing the curve to

bend toward Q.
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^.2 Successful Failures

iJnfortunately, the opportunity to test conjectures experimentally can often
leave one with lots of pictures but no proof. Many different prototype trian-

gulations were welded in various ways, and while the early experiments were

very convincing, each construction eventually proved problematic.

For example, one of the early methods devised to combinatorially weld

two disc triangulations involved adding edges reaching from the boundary

of one triangulation to the other. The packings thus produced seemed to

approximate the conformal welding curve very closely. For example, the

qijasisymmetry satisfies > 1 for -| < 0 < |, and
0 < < 1 for I < 0 < Y- Welding prototype triangulations Tse,? and

^3*p,7 by adding edges produced the packing of Figure 8.2. Notice that as
expected the discrete welding curve bends toward Q* when (p is an expansion
anjd towards Q, when (/? is a contraction.

Another class of quasisymmetries for which this method of discrete weld

ing was tried was the piecewise linear real quasisymmetries, for example

_ 7x, if a: < 0
(p{x) = n

X, if a: > 0.

Yitzhak Katznelson, Subhashis Nag, and Dennis Sullivan [28] have shown

if a quasisymmetry is non-differentiable but still Lipschitz at a point (such

as 0 and oo for the (p above), then the induced conformal welding curve will
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Figure 8.2: An Early Discrete Welding
An early packing produced using The circles

corresponding to the discrete welding curve are shaded.
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;  _'
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Figure 8.3: A Spiraling Welding
An early packing for a complex welded by a piecewise linear

quasisymmetry.

be an infinite spiral about the image of that point. Our discrete welding

curve for (p should thus have two spirals. Due to computational limitations,

the resulting welded triangulations was not packed as described in Chapter

6, but instead packed subject to the constraint that all boundary circles

hajve the same radii. The resulting circle packing is not univalent, but does
depionstrate quite dramatically the tendency to spiral. See Figure 8.3.

Unfortunately, however, welding triangulations by adding edges creates

additional faces in the welded complex that do not have combinatorial copies

in the original triangulations. Thus they can not lie in the image of the

discrete welding maps; instead they form a "dead region" separating the
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in^ages of the discrete maps. This provides an obstacle to quasidonformally

expending the discrete maps, and consequently dooms the proof.

Such failed attempts to construct a discrete welding were not a total loss,

hqwever. Without the insight gained from these experiments, a workable

procedure for welding triangulations would have been much more difficult to

def^^elop.

sis Monomial Quasisymmetries

R^al quasisymmetries of the form (p(x) = x\x\°'~^ were studied as far back

as Beurling and Ahlfors's original paper on extending quasisymmetries [13].

Tl^us, once a convergent method of discrete welding was discovered, one of

th^ first real quasisymmetries for which our discrete welding procedure was

us^d was ip{x) = x^. As explained in Example 2.3, . the conformal welding

cu][ve for this map consists of two rays meeting at the origin at an angle |.

Figure 8.4 shows the results of combinatorially welding using this The

discrete welding curve is clearly visible. This particular packing contains

28397 circles and required approximately 14 minutes for a 400 mHz Pentium

II io produce.

The next interesting monomial is ip{x) = x^, which results in a conformal

weiding curve with angle |. Welding the same prototype triangulations as

befbre, we form Figure 8.5.
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Pi;%K<V«V.v

Figure 8.4; A Discrete Welding for (p{x) = x^.
A discrete conformal welding curve with a nearly-right angle.

Figure 8.5: A Discrete Welding for ̂ p{x) — x^.
A discrete conformal welding curve with angle nearly |.
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8.4 Quasisymmetries Induced by Blaschke

Products

O^ce our method of discrete welding was perfected, it became possible to

study classical welding questions by observing the discrete approximations.

0|ie very interesting class of quasisymmetries was suggested by David Tis-

cl^ner [53]. The square root of a two-fold Blaschke product B extends to a

qiiasisymmetric map ̂  of 5D. If we normalize B so that one root is at 0 and

th^ other lies at iy on the imaginary axis, then the induced quasisymmetry

is ̂ iven by

^(e«) = ,/e'» I
1 — iye^^ )

N(]»te that if y = 0, then y) is just the identity map. For y = 1, is no longer

a Ijiomeomorphism of 5D; in fact, we see that as y 1, then (^'(1) —)• oo. An

obvious question then is, "What happens to the conformal welding curve as

y  0 and y —^ 1?"

As one might expect, the conformal welding curve does seem to approach

th^ unit circle (the welding curve induced by the identity map) as y 0.

Se^ Figure 8.6. The same prototype triangulation was used in each case.

On the other hand, as y -> 1, the welding curve must bend into Q more

and more. The curve degenerates by squeezing the point corresponding to 1

doVn to 0. See Figure 8.7.
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Figure 8.6; Discrete Blaschke Welding for Small y.
The discrete welding for (from left) y = 0.3, 0.1, and 0.05. The circles
corresponding to the discrete welding curve are shaded in each case.

msssmm

Figure 8.7: Discrete Blaschke Welding for Large y.
The discrete welding for (from left) y = 0.85, 0.95, and 0.99. The circles
corresponding to the discrete welding curve are shaded in each case.
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^.5 Practical Limitations

Unfortunately, there are at present several technical limitations which pre

vent our discrete welding from being a practical method for numerically ap

proximating conformal welding maps and curves. For example, quasisym-

metries may in general have derivative equal to 0 almost everywhere. Such

a map would be very difficult to encode in a subroutine which our current

software could use.

Even more troubling is the total lack of error estimates for our discrete

apjproximations. With the exception of He's estimate [22] on the convergence
of the dilatation of discrete analytic maps, nothing is known about the rate

of convergence for discrete analytic maps. In most cases, it appears that very

coarse approximations are reasonably accurate, but we have found examples

in |which the convergence is painfully slow. For example, welding discs using a
qu^isymmetry with two non-differentiable, but bilipschitz, singularities will
yi^ld a curve with two infinite spirals [28]. Unfortunately, while our discrete
approximations do give the general shape of the curve at a relatively coarse

stpge, the spirals emerge very slowly. In fact, the most accurate picture

we have generated to date is Figure 8.8. The curve was formed by welding

T2(|oo,50 to Tjooo.so) using a total of 201502 circles. It required almost 14 hours
for a 400 mHz Pentium II to compute its discrete welding curve and was,

nepdless to say, somewhat disappointing.

Note that this quasisymmetry is bilipschitz; hence the conformal welding

curve is a Bishop-Jones curve, and our welding can be done directly. But
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Figure 8.8: A Double Spiral.
An approximation of a conformal welding curve having two infinite spirals.

recall that for quasisymmetries which are not bilipschitz, a diagonalization

process must be employed. This further complicates the goal of finding error

estimates; indeed it is doubtful if such estimates could be found.

Finally, an additional weakness in our approximation scheme for discs is

the need to "choose m sufficiently large" to ensure fn,m is uniformly quasicon-

foijmal on Fn,m and the spherical radius of Gn,m is less than I. The Spherical
Length-Area Lemma provides some guide to choosing m to satisfy the latter

coijidition, but there are as yet no estimates for the former.
Fortunately, our method seems to perform much better in practice than

th^ "worst case" estimates would indicate. Indeed, the main features of the

coiiformal welding curves are usually apparent even at very coarse stages in
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tl^e approximation.
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