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ABSTRACT 

The purpose of this work is to develop a parameter search 

capability for use in criticality safety analyses of nuclear fuel 

shipping containers. This new search capability is being developed 

for use in the SCALE computer code system. SCALE is being developed 

for licensing evaluation of various transportation package designs. 

It can perform criticality safety analysis, shielding analysis, and 

heat transfer analysis on systems described in multi-dimensional 

geometry. 

The work described in this report is specifically concerned 

with the criticality safety analysis capability of SCALE, and 

particularly, with two sequences that will provide SCALE users with 

the option to perform criticality searches on systems described in 

either one-dimensional or three-dimensional geometries. 

This search package includes a method for an optimization 

search (maxima or minima) and a method for a fixed value search. 

The optimization search is a search for the most reactive state of 

a system. It searches for the value of a parameter, such as fuel 

assembly lattice pitch or fuel concentration, that corresponds to 

the maximum K-effective of the system. Similarly, the fixed value 

search is a search for the value of a parameter that corresponds to 

a fixed value of K-effective. Both searches rely on least squares 

curve fitting to obtain the information needed to make an estimate. 

Specifically, the data points are least squares fitted to a cubic 

polynomial which is solved analytically for parameter values that 

correspond to maximum or fixed values of K-effective. 

i i i 



IV 

This new search capability has been implemented into a FORTRAN 

computer routine named OPTMIZ which is used to perform the parameter 

modifications in SCALE'S two criticality search options. Results 

obtained from OPTMIZ show that fixed value criticality searching is 

greatly improved with regard to accuracy and computing cost relative 

to the existing search capability available in KENO-IV. Also, results 

show that the new optimum search capability available in OPTMIZ is an 

accurate and reliable search for locating parameter values that corre 

spond to maximum values of K-effective. 
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CHAPTER I 

INTRODUCTION AND PROJECT OVERVIEW 

A considerable effort by the Nuclear Regulatory Commission has 

been underway in recent years to develop a standardized computer 

analysis methodology to be used for licensing evaluation purposes. 

The need has arisen for a uniformly accepted method of analysis so 

that licensees could know in advance how their designs would be 

evaluated. The result of this effort is a new modular system of 

computer programs called SCALE^ which is being developed in the 

Computer Sciences Division at the Oak Ridge National Laboratory 

(SCALE is an acronym for standardized Computer Analysis for Ucens-

ing Evaluation). SCALE will benefit the NRC and the industry by 

simplifying the licensing process. Applicants will have the option 

of using SCALE to analyze their designs instead of using their own 

programs and data base which they must adequately verify. 

The SCALE system is a collection of computer programs that 

perform three basic types of analysis: (1) criticality safety 

analysis, (2) shielding analysis, and (3) heat transfer analysis. 

For example. Criticality Safety Analytical Sequence 1 (CSASl) 

performs data processing and criticality safety analysis on systems 

which can be adequately described in one-dimensional geometry. 

Shielding Analytical Sequence 3 (SAS3) performs data processing and 

radiation shielding analysis on systems for which the user specifies 

the radiation source distribution and which must be modeled in three-

dimensional geometry. Heat Transfer Analytical Sequence 2 (HTAS2) 
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performs Monte Carlo radiative heat transfer analysis on systems 

which must be described in three-dimensional geometry. 

SCALE consists of a driver module, control modules, functional 

modules and a data base. It relies heavily on basic neutron trans 

port analysis, data processing, and heat transfer analysis methods 

that have been developed at the Oak Ridge National Laboratory over 

the past several years. The neutron transport and heat transfer 

analyses are performed by well established analysis codes that have 

been in use for several years. The data processing is similar to 

that employed in the AMPX system.^ SCALE input has been designed to 

be as simple as possible to help avoid costly input errors. The 

components of the SCALE system are shown in Figure 1. 

This report describes a new search package that is to be used in 

analytical sequences CSAS3 and CSAS4. These two sequences will allow 

SCALE users to search for most reactive (maximum K-effective) states 

of systems that can be described in one-dimensional and three-dimensional 

geometries, respectively. For example, CSAS4 will have the capability 

of determining the assembly pitch of an array of fuel assemblies that 

corresponds to the maximum value of K-effective for the array. CSAS3 

and CSAS4 involve iterative processes and will also include the capa 

bility to search for fixed states (fixed K-effective) of systems. The 

end result of this work is a set of FORTRAN subroutines collectively 

known as GPTMIZ that will be incorporated into CSAS3 and CSAS4. The 

function of GPTMIZ is to take all previous information and use it to 

modify the system parameter appropriately. In other words, make an 

intelligent next guess based on all previous information. It is capable 
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of seeking out parameter values that correspond to maximum values, 

minimum values, or fixed values of K-effective. 

OPTMIZ is a collection of five FORTRAN subroutines: OPTMIZ, 

MAXMIN, FIXEDK, CUBFIT, and DETERM. MAXMIN is devoted entirely to 

the optimization search. Similarly, FIXEDK is the fixed value search. 

Both MAXMIN and FIXEDK rely on least squares fitting to a cubic poly 

nomial, so both routines call CUBFIT (fits input data to a cubic). 

DETERM is a subroutine that calculates determinants which are needed 

in the least squares fit, and OPTMIZ is the calling subroutine that 

sets passing parameters and does preliminary calculations. 

During the course of this work, many different methods were 

considered including interpolation and extrapolation techniques, 

linear programming, and different optimization techniques. A primary 

consideration in this work is that during a search, relatively few 

data points are available, especially at the beginning of the calcu 

lation. Most sophisticated techniques, like the ones mentioned above, 

are useless for this problem because there are so few data points 

available. Indeed, one of the primary concerns of the SCALE project 

is to minimize computing cost, which means to generate as few data 

points as possible. Thus, the primary objective of this thesis project 

is to develop a method for parameter modification in criticality safety 

studies that is accurate, reliable, and uses a minimum amount of com 

puter time. 

Initially, attention was focused on the fixed value search, since 

there is more information available for this type of search. The 

object of the first part of the project was to improve the existing 
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fixed value search capability that is available as an option in the 

KENO-IV^ Monte Carlo criticality program. This search option is 

contained in a subroutine known as XXMOD. The parameter modification 

technique in XXMOD is based on an approximation of the mean value 

theorem of calculus,"* which is essentially a truncation of Taylor's 

series after one term. First, this parameter modification technique 

was replaced with one based on an approximation of the extended mean 

value theorem of calculus,® which is a truncation of Taylor's series 

after two terms. Next, the technique of least squares fitting of 

data points to a curve was added to improve accuracy. The least 

squares technique has turned out to be the heart of the OPTMIZ method. 

One of the initial objectives of this project was to develop a 

technique that could use all previous information to make a next 

guess. This information includes standard deviations of data points 

generated in a Monte Carlo calculation since CSAS4 includes a KENO-V 

Monte Carlo criticality calculation. Least squares fitting is very 

appropriate here because each data point can be weighted according to 

its standard deviation. The existing mean value theorem technique in 

KENO-IV uses only two data points as previous information - the present 

and next immediate points. It does not consider the uncertainties in 

the data that are available. Thus, as shown later in this thesis, a 

weighted least squares fitting procedure is quite useful for this 

problem. 

Least squares is also beneficial for the optimization search. 

Once data points are fitted using least squares, information about 

critical points (maxima and minima) can be obtained simply by taking 

derivatives of the fitted curve. Examinations of different curves of 
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parameter values versus K-effective for systems that SCALE would 

probably encounter show that considerable flexibility and relatively 

good accuracy can be obtained by least squares fitting to a cubic 

polynomial. Therefore, OPTMIZ is set up to generate four initial 

data points by a front-end process, and from four points on, to per 

form a least squares fit to a cubic polynomial. The roots of the 

cubic polynomial (or its derivative - a quadratic) are determined 

analytically to obtain the desired parameter values. 

The preceding material is a brief overview of the work. The 

remainder of this thesis contains detailed information and expla 

nations about this new search capability. Chapter II describes the 

actual development of the method. It explains in detail the pro 

cedure that has been incorporated into OPTMIZ and describes the 

mathematical tools that are needed. Chapter III presents the results 

obtained with this new technique and also results obtained with the 

KENO-IV mean value theorem technique for comparison. Chapter IV pre 

sents conclusions and recommendations for improvements to this method, 

and some suggestions for future work. Finally, the appendices present 

derivations and theory that are needed to support the techniques that 

are used. Also included in Appendix D is a complete FORTRAN listing 

of the OPTMIZ subroutine package. 



CHAPTER II 

OPTMIZ METHODOLOGY 

This chapter describes the techniques that are incorporated 

into the OPTMIZ subroutine package. OPTMIZ is essentially divided 

into two parts: (1) a fixed value search, and (2) an optimization 

search. Therefore, this chapter is divided into two major sections. 

The first section describes the development of the fixed value 

search capability and introduces the concept of least squares fitting 

as a search tool. The second section describes the development of 

the optimization search capability and also outlines the role of 

least squares fitting in seeking out optimum points. OPTMIZ is 

capable of performing both types of searches while only requiring 

the user to input an initial guess, a set of boundary constraints 

which will be described later in this report, and a tolerance for 

convergence. 

2.1 The Fixed Value Search 

OPTMIZ development began as an improvement to the fixed value 

search capability in the KENO-IV criticality code. Even though the 

primary objective of developing OPTMIZ is to perform searches for 

most reactive states of systems (i.e., maximum searches), develop 

ment started with the fixed value search because it is a much easier 

search to perform. There is more information available to work with 

initially. Specifically, this means that there is a known fixed 

value of K-effective available which can be used to decide which 

direction the search should progress (i.e., whether the parameter 
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should be increased or decreased). This helps to reduce the number 

of data points that must be generated to reach the desired parameter 

value relative to the number that must be generated for an optimization 

search. Knowing the desired value of K-effective also helps to simplify 

the process that determines when convergence has been reached. 

2.1.1 XXMOD and the Mean Value Theorem (MVT) Method 

KENO-IV has a built-in fixed value search capability. It is 

contained in a subroutine called XXMOD. The equation that does the 

actual modification of the parameter in XXMOD is an approximation of 

the mean value theorem of calculus. The modifying equation is: 

'^new "'^old AK ^"^d "^cal ̂  

where: 

R = new parameter guess 
new 

R ,, = R. = parameter value that is associated with the latest 
old 1 

data point that has been generated in the iteration 

process. 

K. = desired value of K-effective 
d 

K , = K. = value of K-effective that is associated with the 
cal 1 

latest data point that has been generated in the iteration 

process. 

aR = R,- R^., 

AK - K, - K,_, 
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Notice that this equation uses only two data points to make a next 

guess, and it does not consider the standard deviations that KENO-IV 

supplies. Equation (1) can be derived from the mean value theorem:** 

f(x) -f(a) = f(a)(x-a) (2) 

This derivation is presented in Appendix A. 

The first step in the development of OPTMIZ was an improvement 

to Equation (1). 

2.1.2 The Extended Mean Value Theorem (EMVT) Method 

Since the mean value theorem is a truncation of Taylor's series, 

the improvement of Equation (1) is a solution of the mean value 

theorem plus one more term of Taylor's series, which is known as the 

extended mean value theorem:^ 

f{x) -f(a) = f'(a)(x-a)+ f"(a)-t^^' (3) 

The improved modifying equation, known as the EMVT equation, can 

be derived from the extended mean value theorem by making some assump 

tions and solving the equation for x (which is the new parameter 

value) as shown in Appendix A. The modifying equation is: 

where the parameters are defined in Equation (1) of the previous 

section. This simple improvement has considerably reduced the amount 

of time needed to run a problem by reducing the number of iterations 

required to reach convergence on the desired fixed value of K-effective. 

However, it has done nothing about improving accuracy. 
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OPTMIZ must be able to accommodate two types of criticality 

calculations: one-dimensional discrete ordinates and three-dimensional 

Monte Carlo. All of the work that has been done to test this new 

fixed value search capability has been done with KENG-IV, Since 

Monte Carlo is a statistical calculation, the exact value of 

K-effective can only be determined by running an infinite number 

of histories. So the answer obtained in a calculation using a 

finite number of histories is thought of as a range of numbers in 

which the true answer has some chance of lying in that range. 

Accuracy then, is defined in this work as how close the Monte Carlo 

estimate is to the true answer. No improvement in accuracy is 

obtained by the EMVT method because it does not attempt to get 

closer to the true answer, but merely gets an approximate answer 

in less computing time. The addition of least squares fitting to 

OPTMIZ has improved accuracy as well as reduced computing time 

because the least squares technique uses all previous data points 

to make a next guess. 

2.1.3 The Linear Least Squares Fit 

Least squares fitting to a polynomial is a powerful mathematical 

tool for representing experimental data. It happens to be very 

powerful also in the generation and location of data points for com 

puterized criticality searches. A least squares fit to a polynomial 

involves fitting data points to a polynomial of some degree by mini 

mizing the sum of the squares of the residuals. This quantity is 

known as and is defined as: 
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2 - X 'L'T I - X' 1 fv.- a.-a.x.-fl y - a, ,-,X. ) (5) 

i=l i=l 

where: 

y = dependent variable (= K-effective in this work) 

X = independent variable (= parameter value in this work) 

a = standard deviation associated with y 

n = number of data points 

k = degree of polynomial 

For the particular systems that are described later in this report, 

the most advantageous polynomial to fit is a cubic. The reasons are: 

(1) a cubic can fit data with a local maximum (i.e., data with a peak 

between the boundaries), (2) a cubic can fit data with no local maxi-

mums, (3) a cubic can allow for asymmetry (skewness) of data, and 

(4) a cubic can also fit data with a local minimum. So, for this 

particular application. Equation (5) becomes: 

r^y•1^ 

i=l •- -■ i=l 

The object of a least squares fit is to minimize with respect 

to each of the coefficients a, b, c, and d. Therefore, , 

are determined and set equal to zero. The resulting 

equations are solved in matrix form for a, b, c, and d, which are the 

coefficients of the cubic equation that corresponds to the least sum 

of the squares of the residuals, x^ is a measure of the goodness of 

fit to the data. Included in Appendix B is a derivation of the matrix 

equations that are needed to calculate the coefficients a, b, c, and d. 
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After the coefficients of the cubic polynomial have been 

determined, the next step is to obtain its roots for some desired 

fixed value of K-effective. 

2.1.4 The Analytical Solution of a Cubic Equation 

There is another advantage to fitting the data to a third degree 

polynomial. For cubic equations there exists a fairly simple and 

easy way to analytically solve for its roots. However, the fact that 

the solution is analytical rather than numerical is not the only 

advantage. There is information internal to the analytical solution 

of a cubic that can be used to determine execution paths. For 

example, there are two types of cubic equations that can result from 

a least squares fit. They are: (1) a cubic with no local extrema, 

and (2) a cubic with two local extrema. These two types of curves 

are shown in Figures 2 and 3. It will be shown later in the section 

on optimization searching that information about maximum and minimum 

points can be obtained by taking the first derivative of the cubic 

and solving the resulting quadratic for its roots at zero. It is 

evident from the curves of Figures 2 and 3 that if data points are 

fit to a cubic with no local extrema, then there is no point in taking 

the derivative of the cubic to determine maximum or minimum points 

because the solution will yield the point of inflection, which is of 

no use in this problem. Thus, information that is internal to the 

solution of a cubic can be used to determine which type of cubic has 

been fit and consequently can eliminate calculations that are unneces 

sary. 
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There are two types of solutions to a cubic equation: (1) a 

solution that yields one real root and two conjugate imaginary roots, 

and (2) a solution that yields three real roots. Consider the follow 

ing cubic equation: 

+ Px2 + Qx + R = 0 (7) 

The solution for one real root is algebraic.® Equation (7) reduces 

to (see Appendix C): 

y® + Ay + B = 0 (8) 

by substituting x = y — P/3 into equation (7). Then, the real root 

of Equation (7) is: 

X = Zi + Z2 - P/3 (9) 

where: 

Zi = y-B/2 + ̂ /bVA + AV27 (10) 

= ^-B/2- y''BV4 + AV27 (11)^2 

The solution for three real roots is trigonometric:.7 

Xj = 2 y -A/3 C0S9 - P/3 

X2 = 2 y -A/3 cos(0 + 27r/3) - P/3 (12) 

X3 = 2 y -A/3 cos(9 + 4tt/3) - P/3 
where: 

Xj, x^, and x^ are the roots, and 9 is an angle to be 

determined as shown in Appendix C. 
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Both of these solutions are presented in more detail in Appendix C. 

The analytical solution of the least squares cubic completes the 

calculations needed for one pass in OPTMIZ. 

The next section is a detailed summary of the fixed value 

search procedure which includes a discussion of the previously 

mentioned problem of accuracy that the least squares method has 

helped to alleviate. 

2.1.5 The Fixed Value Search Procedure 

The procedure for the fixed value search is divided into two 

parts: (1) a front-end process to generate enough data points for 

a least squares fit, and (2) the least squares fit itself. The 

front-end process for the fixed value search is the extended mean 

value theorem procedure that has been previously discussed. Once 

enough data points have been generated, the least squares method 

takes over and is used until the search is terminated. The follow 

ing is a step-by-step procedure for the fixed value search. 

THE OPTMIZ FIXED VALUE SEARCH PROCEDURE 

1. Use the extended mean value theorem routine to cal 

culate the first four data points. 

2. Perform a least squares fit to a cubic on the data 

points. 

3. Solve the least squares cubic for its root (or roots) 

at the desired value of K-effective. 

4. Use the root (or roots) as the next guess. 

5. Go to Step 2; repeat until convergence is reached. 
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One of the requirements of the OPTMIZ fixed value search is 

that the user must specify a tolerance for convergence. In the 

case of a KENO-IV Monte Carlo calculation, this tolerance could 

be expressed in standard deviations. However, these standard 

deviations are associated with K-effective and not with the param 

eter that is being searched for. Therefore, when the calculated 

K-effective falls within the specified tolerance about the desired 

value of K-effective, the search is terminated and the parameter 

that is associated with the final calculated fixed value is assumed 

to be the right answer. It is at this point that the previously 

discussed problem of accuracy becomes important. 

Consider the coordinate axes illustrated in Figure 4. Since 

there is a standard deviation associated with K-effective, it is 

quite valid to assume that there exists a standard deviation associ 

ated with the parameter that is being searched for. However, this 

parameter standard deviation is not known and would be extremely 

difficult to calculate. It does, however, exist and can be used 

here to illustrate how improved accuracy can be obtained by using 

least squares instead of the MVT or EMVT methods. 

When an MVT or an EMVT calculation is being performed, the 

search essentially progresses from the initial guess to the desired 

value and converges when one of the guesses falls within the user 

specified tolerance region. Keep in mind that the only requirement 

for convergence is that the guess must fall within the tolerance 

region, meaning that the converged answer could lie very close to 

the true answer, or it could lie near the outer boundaries of the 
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region. So essentially, these two methods do not necessarily seek 

out the true answer, but instead they seek out the tolerance region. 

On the other hand the least squares method not only finds the 

tolerance region, but gets closer to the true answer by using all 

previous information to make a next guess. The reason is that unlike 

the MVT and EMVT methods, which are essentially a progression of 

"jumps" from one data point to the next, the least squares tech 

nique is fitting the points to a curve on every iteration. The 

equation obtained from the least squares fit is then solved for a root. 

So every iteration provides n^ore information, and when convergence is 

finally reached, the answer obtained using least squares generally 

lies closer to the true answer than the answers obtained by the MVT 

or EMVT methods, as will be shown in Chapter III. 

The remainder of this chapter describes the development of the 

optimization search. Some of the techniques employed in the fixed 

value search are incorporated into the optimization search, such as 

the least squares technique. 

2.2 The Optimization Search 

It is probably very evident that the name OPTMIZ comes directly 

from the word optimization. The reason for this is that the version 

of OPTMIZ that will initially be incorporated into modules CSAS3 and 

CSAS4 will only have optimum searching capabilities. The fixed value 

search will eventually be available but is considered an extra feature. 

The CSAS3 and CSAS4 modules are defined as searches for most reactive 

states of systems (i.e., optimum states), therefore the package is 

called OPTMIZ even though it does have the capacity for a fixed value 
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search. The optimization search relies heavily on least squares 

fitting. Once an equation has been determined, differentiation of 

the least squares cubic supplies all of the information necessary 

to locate optimum values. 

2.2.1 The Front-End Process 

The generation of the first four data points for the optimi 

zation search is considerably different than the method used for 

the fixed value search. The extended mean value theorem method 

cannot be utilized for an optimum search because a specified desired 

value of K-effective is needed to perform the EMVT calculation. 

Since no fixed value is available, a different generation scheme 

has been developed. This new scheme is relatively simple, yet it 

is of considerable importance to the least squares fit that follows. 

It requires the user to input boundary constraints. These con 

straints essentially define a parameter region in which a maximum 

can be located. 

Given a starting guess and a set of boundary constraints, the 

idea behind this new generation scheme is quite simple: generate 

four equally spaced data points within the parameter constraints 

that will give the least squares method the best chance of approxi 

mately locating the maximum after the first curve fit. The genera 

tion of equally spaced points across the parameter region is very 

important assuming there is no prior knowledge about the system 

available. Equally spaced points provide the least squares method 

with the best chance of locating the maximum regardless of where in 

the parameter region it lies. It is not possible to equally space 
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the points exactly because the spacing depends on the initial guess, 

but an attempt is made to come as close to equal spacing as possible. 

The first three points are respectively, the initial guess, 

the left parameter constraint, and the right parameter constraint. 

The fourth point varies according to where in the region the initial 

guess lies. It is usually generated equidistant between the initial 

guess and the parameter constraint that is furthest away from the 

initial guess. In some cases the initial guess may lie so close to 

one of the constraints that it is not advantageous to use both points. 

When this happens, the initial guess is assumed to be the constraint. 

The other constraint becomes the second point and the last two 

points are generated equidistant from the constraints and from each 

other. Similar to the fixed value search, after the first four points 

are generated, the least squares technique takes over and is utilized 

until the search is terminated. 

2.2.2 Locating the Optimum by Differentiation of the Least Squares 
Cubic 

Once again, least squares fitting the data points to a cubic 

polynomial is the method that is employed. This time, however, the 

analytical solution of a cubic is not needed. The object of the 

optimization search is to seek out parameter values that correspond 

to maximum (or minimum) values of K-effective. These maximum (or 

minimum) values of K-effective are not known quantities, so it is not 

clear for what value of K-effective the cubic must be solved. There 

fore, some other method of solution must be utilized for this type of 

search. 
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Recall from basic calculus that the first and second derivatives 

of a polynomial provide information about maximum and minimum points. 

The first derivative of a cubic is a quadratic which can be solved for 

its roots at zero: 

f(x) = ax^ + bx^ + cx + d (13) 

f'(x) = 3ax^ + 2bx + c = 0 (14) 

.-2b ± V 4b2 - 12ac 
A ' ' (15) 

6a 

-2b + V4b2- 12ac -2b -V4b^ - 12ac (16)
6a ''" 6a 

The two roots Xj and Xj are the maximum and minimum points of 

Equation (13) as illustrated in Figure 5. The second derivative 

of Equation (13) tells which root is the maximum and which one is 

the minimum. The second derivative of a cubic is: 

f(x) = ax^ + bx^ + cx + d (17) 

f'(x) = 3ax^ + 2bx + c (18) 

f"(x)= 6ax + 2b (19) 

Substituting Xj and Xj into Equation (19) determines which root 

is the maximum and which one is the minimum. The determination is 

made by the following procedure: 

> 0 root is a minimum point 

If f"(x) ^ =0 root is a point of inflection 

< 0 root is a maximum point 
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Therefore, all of the information necessary to locate and determine 

the optimum points is contained in the least squares cubic and its 

derivatives. However, there is one more item to consider. 

What if the curve that is fit turns out to be a cubic of the 

type shown in Figure 2 (page 13)? Then the method involving derivatives 

that was just discussed is totally useless. All that it will do is 

locate the point of inflection, as shown in Figure 6. In order to 

be useful then, OPTMIZ must be able to recognize what type of cubic 

is being fit, and determine the proper path of execution. This is 

the advantage that was previously discussed. The analytical solution 

of a cubic provides information about what type of cubic is being 

fit. Consider the quantity under the square root in Equations (10) 

and (11). The type of cubic that has been fit is determined by the 

following procedure: 

kZ ,3

If^ >0 There will be one real root and two 

conjugate imaginary roots; 

l2 ;a 3
If -^ + =0 There will be three real roots of which 

at least two are equal; 

b2
If ^ <0 There will be three real and unequal roots. 

Of course, the value of this quantity depends on what value 

of K-effective the cubic equation is set equal to before it is 

solved for its roots at that value of K-effective. For example, 

consider the curve of Figure 7. When a cubic with three real roots 

is set equal to Kj, the analytical solution will yield three real 
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roots. However, if the same cubic is set equal to Kj, the analytical 

solution will yield only one real root because that is all that is 

available. Therefore, the procedure for determining whether the 

least squares method has fit the data to a cubic of the type shown 

in Figure 2 (page 13) or a cubic of the type shown in Figure 3 (page 14) 

is to solve the equation for each data point (i.e., set the cubic equa 

tion equal to the value of K-effective that corresponds to each data 

point and solve the equation for its roots at that value of K-effective) 
I 2 3

and determine if the quantity^+ fy is negative for any of the data 
points. If this quantity is negative for at least one data point, 

then the cubic has to be of the type shown in Figure 3 because this 

situation could not arise for the type shown in Figure 2. If the 

quantity "4" fy
3 

is positive for every data point, then the cubic 
W2 g3

has to be of the type shown in Figure 2. ii"f t? 

data point, then the cubic must again be of the type shown in 

Figure 3. However, it is highly unlikely that this latter situation 

would occur on a computer because of round-off errors associated with 

floating point arithmetic. The situation of^ = 0 is not 

really important though, because if the fitted curve looks like 

Figure 3, then there will be at least one data point that causes 

b2 a3 
-^ + "27 to be negative. 

Since an execution path already exists for a cubic of the type 

shown in Figure 3, then one must be developed for a cubic of the 

type shown in Figure 2. It turns out to be a relatively simple 

technique. If CSAS3 and CSAS4 encounter a system with no local 

extrema (i.e., a system with no maximum or minimum between the 
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boundaries), then most likely it will be similar to the solid portion 

of the curve of Figure 8. The dashed portion of the curve represents 

the portion of the least squares cubic that is not a part of the 

actual system. In other words, the entire curve of Figure 8 (solid 

and dashed portions) is the cubic that the least squares process has 

fit to the data, while the actual data points* are confined to the 

portion of the curve that is between the constraints (the solid 

portion of the curve). For this system the maximum and minimum points 

lie on the boundaries. Therefore, all OPTMIZ is required to do is to 

make sure that the system really is similar to Figure 8, and then con 

clude that the optimum lies on one of the boundaries. 

The next section is a summary of the optimization searching 

method. It also introduces two new concepts that are essential to 

obtaining accurate results from the optimization search. 

2.2.3 The Optimization Search Procedure 

The procedure for the optimization search is similar to the 

procedure for the fixed value search in that it consists of a front-

end process, a least squares fit, and an analytical solution for the 

roots of an equation. However, the front-end process and the analyti 

cal solution are considerably different because different information 

is needed. The least squares fit is essentially the same except for 

an additional weighting factor. Recall from Equation (6) that the 

least squares fit for the fixed value search is weighted by (the 
i 

inverse of the square of the standard deviation associated with data 

point i). This weighted least squares process allows for a better 

fit by weighting each data point according to the uncertainty 
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associated with it. However, when a least squares fit is performed 

for the optimization search, the data points are weighted not only 

according to their standard deviations, but also according to how 

far away they are from the estimated optimum. The weighting factor 

for the optimization search is: 

Weight = ̂  z (20) 

where: 

0^. = standard deviation associated with data point i 

D^. = parameter distance between data point i and the most 

recent estimate of the optimum 

This new weighting factor has been introduced to help alleviate some 

convergence problems that will be discussed in the next chapter. 

Another technique has also been introduced to help with the con 

vergence problems. It is an attempt to locate data points such 

that the best least squares fit is obtained, as described below. 

The object of this "optimum location of data points" is to gen 

erate data points on both sides of the optimum. Experience has 

shown that after the first four data points have been generated, 

the estimates obtained thereafter from the least squares fit con 

sistently lie on one side or the other of the optimum. The problem 

that is encountered here is similar to the problem associated with 

interpolation versus extrapolation of points on a curve. Recall 

that interpolating a curve is a much more accurate method of obtain 

ing values on that curve than extrapolating it because interpolation 

implies that there are data points on both sides of the point that 
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is sought. Extrapolation is usually a somewhat dangerous technique 

because it involves trying to determine a point beyond the realm of 

data points that are available. The situation is similar for the 

OPTMIZ least squares process of determining optimum points in that 

a better fit (and subsequently a better estimate of the optimum) can 

be obtained if there are data points on both sides of the optimum, 

and if those points are reasonably close to the optimum. Therefore, 

this new concept of "optimum location of data points" has been 

introduced to obtain an even better answer than what could be obtained 

by using the new weighting scheme described earlier by itself. The 

following is a step-by-step procedure for the optimization search. 

It includes procedures for handling both types of cubics (i.e.. 

Figures 2 and 3 on pages 13 and 14, respectively). 

THE OPTMIZ OPTIMIZATION SEARCH PROCEDURE 

1. Generate four equally spaced points within the parameter 

boundary constraints. 

2. Perform a least squares fit to a cubic polynomial. 

3. Determine the type of cubic that has been fit. If it is 

of the type shown in Figure 2, go to Step 8. If it is of 

the type shown in Figure 3, go to Step 4. 

4. Take the first derivative of the least squares cubic. 

5. Solve the resulting quadratic for its roots at zero. 

6. Take the second derivative of the least squares cubic to 

determine which root is the maximum (or minimum). Use 

root as next guess. 
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7. Go to Step 2; Repeat until convergence is reached. 

8. Generate a few more data points to be sure that a 

cubic of the type shown in Figure 2 (page 13) is the 

actual situation that is occurring. 

9. If the actual situation is a cubic of the type shown 

in Figure 2, then conclude that the optimum lies on 

one of the boundaries. If the fit changes to the 

type shown in Figure 3 (page 14), then go to Step 4 

and continue. 

The next chapter presents results that have been obtained from 

OPTMIZ for both the fixed value search and the optimization search. 

It also includes some discussion of the improvement of accuracy that 

has been achieved for the fixed value search and the convergence prob 

lems that have been encountered in the optimization search. 



CHAPTER III 

RESULTS 

The results that have been generated to test and validate the OPTMIZ 

method are divided into two sections. The first section deals with results 

obtained for the fixed value search. These results include not only OPTMIZ 

results, but also results for the EMVT method. Both OPTMIZ and EMVT results 

are compared to results obtained with the existing MVT technique in KENO-IV. 

The results for the fixed value search were presented at the 1979 American 

Nuclear Society Winter Meeting in San Francisco, California.® 

The second section deals with results obtained for the optimization 

search. Since there is no current automated technique available for opti 

mum searching, there is no standard technique to compare with. Therefore, 

these results emphasize how accurate and reliable OPTMIZ is in predicting 

optimum points by testing it on a system for which the maximum is known, 

as described in the next section, and on a system for which many data 

points were generated. 

3.1 The Fixed Value Search 

The OPTMIZ fixed value search procedure was tested on the two 

systems that are illustrated in Figures 9 and 10. Figure 9 shows how 

K-effective varies with the radial lattice pitch for a 2x 2 x 2 array 

of 93.2% Uranium metal cylinders in air. This particular problem was 

chosen for the following reasons: (1) critical experiments have been 

performed and documented for this system,® so there is an experimental 

critical lattice pitch available to compare the various results with, 

(2) since there is no moderating or reflecting material present, the 
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K-effective calculations for this problem consume relatively modest 

amounts of computer time, and (3) this problem illustrates how OPTMIZ 

can handle systems in which the optimum values occur on the boundaries. 

The results obtained for this high enriched array are presented in 

Table 1. These results indicate that computational efficiency has 

been improved. The EMVT method provides a considerable reduction of 

computer time over the MVT method. Also, OPTMIZ not only reduces 

computer time but improves accuracy too. Notice that the OPTMIZ con 

verged values of the critical lattice pitch for this system are 

consistently closer to the value obtained from critical experiments 

than are the converged values obtained from the EMVT and MVT methods. 

These results indicate that the concept of least squares curve fitting 

does indeed improve accuracy relative to the EMVT and MVT methods. 

All K-effective calculations for this system were performed by 

KENO-IV. In Table 1, "method failed" in the MVT column means that the 

KENO-IV search (XXMOD) was terminated because of a violation of a 

geometry constraint. For example, for an initial guess of 24 cm, the 

third guess in the search on radial lattice pitch was less than the 

diameter of the cylinders. This means that the MVT search was smashing 

the cylinders together, which is obviously unacceptable. In Table 1, 

"CPU" is the Central Processor time needed to run each case on an 

IBM 360 Model 91 computer. 

The second system that was used to test the fixed value search is 

shown in Figure 10. It is an attempt to simulate a problem that CSAS4 

is being designed to handle. This problem is criticality safety analy 

sis of fuel assemblies in a shipping cask. Figure 10 shows the 
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variation of K-effective with the spacing between assemblies for a 

3x3 array of PWR fuel assemblies surrounded by water. This prob 

lem is considerably more expensive than the previous one because a 

light water moderator and reflector is present. In other words, the 

Monte Carlo tracking of a neutron requires a lot of computer time 

scattering in the water thereby driving up the time required to track 

a specified number of histories. However, this system closely simu 

lates the situation that would arise in the analysis of a spent fuel 

shipping cask. 

Table 2 presents OPTMIZ and MVT results for this low enriched 

array of PWR assemblies. Results were obtained for searches on two 

different values of K-effective. The results of the search on 

K-effective = 1.00 indicate that OPTMIZ is a big help in problems 

that consume a large amount of computer time. A 10 to 20 minute 

reduction in computer time was achieved by the OPTMIZ method relative 

to the KENO-IV MVT method. In Table 2, "CPU" is the Central Processor 

time needed to run each case on a CDC-7600 computer. The results for 

K-effective = 1.00 also further illustrate the improved accuracy of the 

OPTMIZ method over the MVT method. Notice that the converged values 

from OPTMIZ for 30,000 neutron histories are closer to the values from 

the MVT method for 100,000 neutron histories than are the values from 

the MVT method for 30,000 neutron histories. These results indicate 

that OPTMIZ is a considerable improvement in computational efficiency 

(i.e., improved accuracy and reduced computing time) over the MVT 

technique. 

Also included in Table 2 are results obtained for searches on 

K-effective = 1.26. These results are presented only to show that if 
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desired, OPTMIZ can locate two parameter values that correspond to one 

value of K-effective, if both parameter values exist. 

3.2 The Optimization Search 

The optimization search procedure was tested on the two systems 

whose curves of K-effective versus pitch are shown in Figures 11 and 

12. The first system shown in Figure 11 does not result from real 

KENO-IV Monte Carlo K-effective calculations but is rather an attempt 

to simulate KENO-IV K-effective calculations. The curve of Figure 11 

is very similar to the curve of Figure 10. Indeed, the idea here is 

to simulate a KENO-IV Monte Carlo calculated curve of K-effective ver 

sus pitch for a 3 X 3 PWR fuel assembly system with a similar curve 

that is much cheaper to calculate. The curve of Figure 11 is actually 

a Gaussian probability distribution curve with a mean value of 0.8100 cm 

and a standard deviation of 7.00 cm. This simulation has proven to be 

very efficient in the testing of the new optimization search method. 

The big advantage of a simulated calculation like this is that the exact 

maximum value is known. Therefore, it is very easy to see how well 

OPTMIZ performs in finding the true maximum. OPTMIZ results for this 

simulated calculation of K-effective are presented in Tables 3 and 4. 

The results in Table 3 show how the OPTMIZ estimate of the maximum 

varies with different sets of boundary constraints. Four searches were 

performed with the same initial guess but with different boundary con 

straints. These results indicate that the OPTMIZ estimate of the 

maximum improves as the constraints are tightened. Table 4 presents 

results that show how well OPTMIZ estimates the maximum for searches 
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ORNL-DWG 80-8306 
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Figure 12. Curve of K-effective Versus Pitch for a 
Cylindrical Tank of 4% Enriched LIO2 
Powder Mixed with Water. 
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Table 4. Results for the Simulated KENO-IV K-effective Calculation 
of a 3 X 3 Array of PWR Fuel Assemblies in Water that 
Show OPTMIZ Estimates of the Maximum for Searches with 
Different Initial Guesses. 

Parameter Value from 
Initial OPTMIZ that Corresponds Maximum Value Number of 
Guess to Maximum K-effective of K-effective Iterations 

0.0 cm 0.797 cm 1.254 6 

5.0 cm 0.797 cm 1.254 6 

7.5 cm 0.690 cm 1.254 6 

15.0 cm 0.797 cm 1.254 6 

Note: Left constraint = 0,0 cm. 
Right constraint = 15.0 cm. 
Parameter value associated with true maximum value of 

k-effective = 0.810 cm. 
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that have the same boundary constraints but different initial guesses. 

These results indicate that OPTMIZ is very reliable in finding the 

maximum no matter where the search originates. 

The second system used to evaluate the optimization search pro 

cedure is shown in Figure 12. This curve illustrates the variation 

of K-effective with the volume fraction of water in a stainless steel 

cylindrical tank of 4% enriched UOj powder mixed with water. This 

system is presented to show how OPTMIZ handles one-dimensional. CSAS3 

problems. When the fuel concentration is being altered, the param 

eter versus K-effective curves can be very difficult to fit to a cubic 

and convergence can be a problem. The difficulty is that many times 

the search will not converge at the true maximum, but rather a little 

bit to the right or left of the maximum. Convergence in an optimiza 

tion search is much more difficult to achieve than convergence in a 

fixed value search because the maximum value of K-effective is not a 

known quantity. If the data calculated for the system is difficult 

to fit to a least squares cubic (such as the curve of Figure 12), then 

locating the maximum value can be very difficult. The concept of 

weighting the data points according to how far away they are from the 

estimated maximum, and also the concept of "optimum location of data 

points" as discussed earlier have been introduced to help obtain a 

better fit in the region around the maximum. 

Table 5 presents results obtained from OPTMIZ for searches that 

yield the volume fraction of water that corresponds to the maximum 

value of K-effective in a cylindrical stainless steel tank of 4% 

enriched UOg powder mixed with water. The calculation of K-effective 
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Table 5. Results from OPTMIZ for the XSDRNPM K-effective Calcula 
tion of a Cylindrical Tank of 4% Enriched UO2 Powder 
Mixed with Water. 

H2O Volume Content from 
Initial OPTMIZ that Corresponds Maximum Value Number of 

Guess to Maximum K-effective of K-effective Iterations 

0.01% 0.800% 1.288 10 

0.20% 0.780% 1.291 11 

0.50% 0.745% 1.288 8 

0.60% 0.790% 1.290 11 

Note: Left constraint = 0.01%. 

Right constraint = 0.99%. 

Maximum value of k-effective obtained from generation 
of numerous data points = 1.291, 

H2O volume content that corresponds to maximum value 
of k-effective = 0.780%. 

Tank inner diameter = 100 cm 

Tank height = 100 cm 
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for this system was performed by the SCALE module CSASl since CSAS3 

is not yet operational. CSASl is a one-dimensional criticality safety 

analysis module that utilizes the discrete ordinates transport code, 

XSDRNPM,^" to calculate K-effective. Since the calculation is one-

dimensional, a correction must be made for the leakage in the transverse 

direction of the cylinder so that K-effective will not be over-estimated. 

The results presented in Table 5 indicate that OPTMIZ is very accurate 

and reliable even for curves of parameter values versus K-effective 

that do not fit well to a cubic. The accuracy and reliability of the 

results in Table 5 are based on the fact that many data points were 

generated prior to running OPTMIZ searches on this system. So the 

maximum value has been established by visual observation of the curve 

of Figure 12 and by the maximum value obtained by the numerous points 

that were generated in the region around the maximum (all data points 

calculated are not shown in Figure 12). 

The results presented in this section do indicate that the optimi 

zation search procedure that has been developed for use in OPTMIZ 

provides an accurate and dependable method for locating the most 

reactive states of systems. 

The next chapter presents conclusions about the OPTMIZ method for 

both the fixed value search and the optimization search. It also 

presents some recommendations for improvements and further work on the 

OPTMIZ methodology. 



CHAPTER IV 

CONCLUSIONS AND RECOMMENDATIONS 

There are two major conclusions that can be stated regarding 

the OPTMIZ methodology. First, improved computational efficiency is 

quite evident for the fixed value search. Having a method (the 

XXMOD-MVT method) available to compare with makes it very easy to 

show how OPTMIZ has improved fixed value criticality searches. 

Based on the results presented in this thesis, OPTMIZ is consis 

tently more accurate than the KENO-IV MVT method. It also reduces 

computer time substantially. 

Second, the same method used for fixed value searches can be 

modified and used to perform optimization searches. Since no auto 

mated optimization searches are available to compare with, results 

for this new technique can only show how close OPTMIZ comes to pre 

dicting the true maximum of a pre-determined curve. The simulation 

of the KENO-IV K-effective calculation of a 3x3 array of PWR fuel 

assemblies in water that is shown in Figure 11 has played a very 

important part in the development of the optimization search. The 

advantage of this approach is that the true maximum is a known value, 

which has helped many times in deciding what kind of intelligence 

should be incorporated into the search. The cylindrical tank of 4% 

enriched UOj powder mixed with water has also been very important in 

the development of the optimization search. The concept of "optimum 

location of data points" was conceived as a result of problems that 

were encountered with this system. Results indicate that the OPTMIZ 
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optimization search has performed very well even on data that is 

difficult to least squares fit to a cubic. 

Although OPTMIZ has been tested only for fixed value and maximum 

searches, it should also work for a minimum search, which means that 

it should just as easily locate a minimum. It can also handle systems 

that have no local optimum points. In general, OPTMIZ will provide 

the nuclear criticality safety community with a much improved automated 

method for performing fixed value searches. More importantly, it will 

provide an automated capability that heretofore was not available: 

namely, performing searches for optimum points (i.e., maximums and mini-

mums). 

The fixed value search is a fairly straightforward procedure and 

has been extensively tested. Thus, the bulk of the work that remains 

is that of improving the optimization searching capability. Optimiza 

tion searches are inherently more difficult to perform because it is 

very difficult to decide when the optimum point has been reached. 

Thus, further research should strive to improve decisions about con 

vergence. The optimization search must also be tested more extensively. 

Even though the results presented have shown that the optimization 

search method works, testing on more realistic systems must be performed 

in order to complete validation of the method. 

It should also be pointed out that advanced versions of the search 

ing techniques in CSAS3 and CSAS4 will allow for searches on more than 

one parameter simultaneously. A preliminary suggestion for this simul 

taneous search is to use least squares to search on one parameter at a 

time while holding all other parameters constant. Successive searches 
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on all parameters would hopefully locate the overall optimum of the 

system (i.e., the determination of the values of all parameters that 

are being searched on that would yield the most reactive state of 

the system). There are also more sophisticated techniques that have 

been developed for locating optimums, such as gradient^^ techniques 

and acceleration along a ridge. These methods should also be con 

sidered for solving the simultaneous parameter search problem. 
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APPENDIX A 

DERIVATIONS OF THE MVT AND EMVT MODIFYING EQUATIONS 

A.I The MVT Derivation 

The MVT modifying equation can be derived directly from the 

mean value theorem of calculus by making an assumption about the 

first derivative term and solving the equation for the new param 

eter value. Starting with the mean value theorem, the derivation 

proceeds as follows: 

f(x)-f(a) = f'(a)(x-na) (21) 

f(x)-f(a) = (x-a) (22) 

Assume ~ and define the following variables: 

Let f(x) = Kji = desired fixed value of K-effective 

f(a) = = K, = value of K-effective associated with 

the latest data point that has been 

generated in the iteration process. 

X = = new guess on parameter value 

a = Roid = = parameter value associated with the 

latest data point that has been gen 

erated in the iteration process. 

Aa = AR = R^. - R^._^ 

Af(a) = AK = K. - K^._^ 

Substituting these new variables into Equation (22) yields: 

52 
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= H("new -"old' (23) 

Rearranging and solving for R„^,, yields:
n0w 

"new" "old"ffi("d-^cal' (2"' 

Equation (24) is the MVT modifying equation that is presented 

as Equation (1) in Section 2.1.1. 

A.2 The EMVT Derivation 

The EMVT modifying equation can be derived directly from the 

extended mean value theorem of calculus by making assumptions about 

the first and second derivative terms and solving the equation for 

the new parameter value. Starting with the extended mean value theo 

rem, the derivation proceeds as follows: 

f(x)-f(a) = f'(a)(x-a) + f"(a) (25) 

f(x)- f(a) =̂ (x-^) +̂  (26) 

=̂ IF "̂(IFJ (27) 
Define the following variables: 

Let f(x) = Kjj = desired fixed value of K-effective 

f(a) = = K^. = value of K-effective associated with 

the latest data point that has been 

generated in the iteration process. 

X = R^g^ = new guess on parameter value 
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a = = R^. = parameter value associated with the latest 

data point that has been generated in the 

iteration process. 

Aa = AR = R^. - R^._i 

Af(a) AK = — '^i—1 

Substituting these new variables into Equation (26) yields: 

K K - fR -R ] AK ^'^new ~ '^old^ (28)•^d ~ ^cal ^"^new "^old^ AR 2 \AR/ 

After considerable algebraic manipulation, the following equation 

is obtained: 

"^new ^ /_i_ AR _ A p _ _L_ /mY /v _ k ^ 
^''old I "old w V "V 

+̂ -§>0 (29) 

Equation (29) can now be solved by the quadratic formula, 

R = -B ±VB^ -4AC (30) 
new 2A 

Now let. 

1 r. 1 AR T 

"old W)\" "V 2 
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Substituting these quantities into Equation (30) yields: 

^ew = «old -5^ i ® VI - 2K,- (31) 

Equation (31) is modified slightly to produce the following 

equation: 

"^new = '^old ^ + l ineal""^dl 

These modifications were made based upon experience gained from 

tests of the EMVT equation. Equation (32) is the EMVT modifying 

equation that is presented as Equation (4) in Section 2.1.2. 



APPENDIX B 

THE LEAST SQUARES FIT TO A CUBIC POLYNOMIAL 

Least squares curve fitting is a powerful mathematical tool 

that is very popular in analyzing experimental data. The technique 

involves fitting data to a curve in such a way that the residuals 

are minimized. The purpose of this appendix is to present the equa 

tions that are needed for the application of the least squares method 

in OPTMIZ. These equations are used in CUBFIT to perform the actual 

least squares fit to a cubic that is needed by OPTMIZ. Consider the 

following cubic polynomial: 

y = a + bx + cx^ + dx^ (33) 

The residuals of this equation are defined as the difference 

between the observed value of y and the calculated value of y. They 

are calculated by the following equation: 

residual = Ay. = y^. - a - bx^. — cx.j^ - dx^-^ (34) 

where: y^ = y value of observed data point 

x^. = X value of observed data point 

Optimum choices of a, b, c, and d would minimize the Ay^.'s. 

The object of the least squares curve fit is to minimize the 

sum of the squares of the residuals. This quantity is called 

and represents a measure of the goodness of fit of the data points. 
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(y^- - a - bx^. - cx^-2 - dx^.^)^ (35)= Z L^-
z 
i=li=l 

where: = standard deviation associated with y^-

n = number of data points (>. 4) 

can be minimized by taking the partial derivative of with 

respect to each of the coefficients a, b, c, and d. The resulting 

equations are then set equal to zero and solved simultaneously for 

a, b, c, and d. 

1 
= - 2 a - bx. ex.' - dx.3) = 0z 

a - bx. - ex. dx.^) = 0 
-

(36) 

9X1 bx. - CX; -dx^.3)
3c -'1,14 -
ixi 
3d -'ZK -a - bx. -cx/ - dx.^) = 0 

These equations can be rearranged to yield the following: 

(37) 

^Xi^y. Y,,V!l_. .nV^i-
2^ a^.2 " X-*a.j2 Z-(a.2 ^2->a^-2 
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They are now in a form that can be solved by Cramer's Rule. 

yj_ y-il 

YS^i Y ^V^-i- Y ^i Y ^i 
Lj^i^ 

A = 
Y 2 

\^^i_
2^0.2 

Y ^ 

i
Z^a-^ 

y ^ 

Y^Il
Z^o.^ 

y 5 

y^ 1
Z^a.2 

a.j2 
Y^^i** 
Z^o.^ 

Y^^il 
Z^o.^ 

Y^iil 
z^a.^ 

Z->cr.2 V^l- V^^i- Z^a^2 

Y^^i^i Y^ilil Y^^il Y^^L 
Z-#a.2 Z-(<7i^ 

^ ~- A 
Y^^ Y^V Y^V Y^lL 
Z-^ a^2 Z-rCTi^ Z-rCfi^ 

Z^i Y^^ Y^^i^ Y^^l! 
a.j2 Z^o.^ Z^o^^ Z^o.^ 
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= A 

Y^-L
Z^a^.2 

^^a^.2 

Y^!!l.Z-fa.2 

Z-^a.2 

El 
a^.2 

Y^ii-

Y^^ 

EV 
a^-

Z-a.2 

iLua.2 

v'i'^TZ-^ a^2 

Z^ a.2 

Y^!jL
Z-.cr^-^ 

Y>^ 

Y^V 
Z-»0.2 

V—
^a.2 

Y^iil 

v!l^Z-r<?i^ Z^^i' 

Z^a.2 Z-fa.^ 

V'Zl Y^^il 
Z-ra.2 

Y^^i^i Y—
Z^a.2 /^a.2 

Y^— 

yV^ Yiil 
Z-r Z-»a.2 
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X. X • • 

E E VZi 
a a Z^a.2 

V_L_
^a.2 Z-fa.2e: 

V^i- V^i-
Z-/ a^-2 

vX 

E lO Z-^ a.2 

The evaluation of these five determinants completes the calculations 

needed for a least squares fit to a cubic polynomial. The actual 

subroutine that does the least squares calculation in OPTMIZ is a 

slight modification of the subroutine found in Chapter 8 on least 

squares fitting to a polynomial in Reference 13. The theory of 

least squares curve fitting can also be found in Reference 13. 



APPENDIX C 

THE ANALYTICAL SOLUTION OF A CUBIC 

C.l The Solution for One Real Root 

The solution for one real root is an algebraic solution.®' ^"* 

Consider the following cubic equation: 

+ Px^ + Qx + R = 0 (38) 

Assume x = y - P/3 and substitute into Equation (38): 

(y - P/3)3 + P(y - P/3)2 + Q(y - P/3) + R = 0 (39) 

This yields: 

y3 + 1/3(3Q - P2) y + 1/27(2P3 - 9PQ + 27R) = 0 (40) 

Now, let A = 1/3(30 - P^) 

B = 1/27(2P3 -9PQ + 27R) 

then Equation (40) reduces to: 

y^ + Ay + B = 0 (41) 

Now, make the following assumption: 

y = z - A/3z (42) 

Substitute into Equation (41) to obtain 

(z - A/3z)^ + A(z - A/3z) + B = 0 (43) 

61 



 

62 

This yields: 

- AV27z3 + B = 0 (44) 

Now, multiply through by z^ to obtain 

(z^)2 - AV27 + Bz^ = 0 (45) 

(z3)2 + Bz^ - AV27 = 0 (46) 

This a quadratic in z^ that can be solved by the quadratic formula: 

_ -B ±Vb^ + 4AV27
2 (^7) 

z3 = _B/2 ±y/ BV4 + AV27 (48) 

So, 

(z^)^ = -B/2 +V BV4 + AV27 (49) 

(Zj)^ = -B/2-V BV4 + AV27 (50) 

Equations (49) and (50) yield 3 solutions each. Therefore, there 

are six solutions that satisfy Equation (46) since it is a sixth 

order polynomial. Now: 

Zj = l^-B/2 + yf BV4 + AV2T (51) 

Z2 = ^-B/2 BV4 + AV27' (52) 

To obtain the solutions that satisfy Equation (41), the six 

solutions obtained from Equations (49) and (50) must be substi 

tuted into Equation (42). This will yield three pairs of 
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solutions that satisfy Equation (41), paired solutions being equal. 

In other words, there are two solutions to Equation (46) that will 

yield the same solution to Equation (41). Consider the complex 

plane shown in Figure 13. The solution of a cubic that yields one 

real root and two imaginary roots is illustrated in Figure 13. The 

real root lies on the real axis and the two conjugate imaginary roots 

lie in the complex plane rotated 120° from the real axis and from 

each other. Therefore, the real root of Equation (41) is the magni 

tude of vector VI in Figure 13. Since there are two solutions of 

Equation (46) that will yield the same solution of Equation (41), 

the real root of Equation (41) can be obtained by substituting either 

Zi or Z2 (Equation (51) or (52)) into Equation (42) and solving for y. 

y = Zi-A/3Zi (53) 

y = V-B/2 +V"bV4 + AV27 - (54) 

3^-6/2 +V BV4 + A3/27 

AZ2 
y" 31 =— (55) 

3y BV4- BV4-AV27 

y = Zi + Z2 (56) 

The same solution can be obtained if Zj is substituted into 

Equation (42). So the solution for the real root of a cubic 

equation is: 

y = Zi + Z2 (57) 

y =^-B/2 + V BV4 + AV27 + V -B/2 -y/ BV4 + aV27 (58) 
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Figure 13. Illustration of the Solution of a Cubic that 
Yields One Real Root and Two Conjugate 
Imaginary Roots. 
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So, the real root of Equation (38) is: 

X = y-B/2 + V 3V4 + AV^ + y -B/2-^8^4 + AV^^- P/3 (59) 

C.2 The Solution For Three Real Roots 

The solution of a cubic that yields three real roots is a 

trigonometric solution.^ Again, consider the following equation: 

+ Px^ + Qx + R = 0 (60) 

This equation can be reduced by the same procedure outlined in 

the previous section to: 

y^ + Ay + B = 0 (61) 

by making the substitution, x= y-P/3. Now consider the trig 

onometric identity^® 

cos^e = 1/4(3 cose + cosse) (62) 

this identity can be rearranged to yield: 

4 cos^B — 3 COS0 — cos3e = 0 (63) 

Now, let y = McosB, and substitute into Equation (61) 

M^cos^e + Ai-icosB + B = 0 (64) 

equate Equations (63) and (64) 

M^cos^e + AMcosB + b = 4 cos^B -3 cosB - cos3B = 0 (65) 
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From this equation it follows that 

4 _ 3 _ -cos(30) 
M3 AM 5^ (66) 

So, 

M = 2V-A/3 (67) 

and 

COS30 = 1^ (68) 

Any solution 0 that satisfies Equation (68) will also have the 

solutions 

0 + 27r/3 and 0 + 47r/3 

therefore, from the substitution y = ficos0, the three real roots 

of Equation (61) are: 

yi = 2V-A/3 COS0 (69) 

y^ = 2^^^K/T cos(0 + 27r/3) (70) 

y, = cos(0 + 47r/3) (71) 

So the three real roots of Equation (60) are: 

Xj = 2V -A/3 COS0 -P/3 (72) 

Xj = 2V-A/3 cos(0 + 27r/3) - P/3 (73) 

x, = 2V-A/3 cos(0 + 477/3) - P/3 (74) 



 

APPENDIX 0 

OPTMIZ PROGRAM LISTING 

SOBROUTINE OPTMIZ(D,K,P,SIG,NCP,NV,NP,PC,NOPT,DK,EPS, 
»LCNV,LSIN,ICON) 
REAL«4 K 

LOGICAL*a LCNV,LSLN 
DIMENSION K(100),P(1,100),SIG(100),PC(2,1),D(100) 
DIMENSION A(4),DISCE(100) 
IF{NOPT) 10,25,10 

C 

C FRONT END PROCESS FOR THE OPTIMIZATION SEARCH 
C 

10 RANGE=PC(2,1)-PC(1,1) 
FIRST=P(1,1)-PC(1,1) 
PRCENT=FIRST/RANGE 
IF(NP.GI.3) GO TO 20 
IF(PECEHT.LT.0.05) GO TO 14 
IF(PRCEKT.GT.0.95) GO TO 17 
IF(NP.EC.3) GO TO 12 
IF(NP.EC.2) GO TO 11 
P(1,2)=EC(1,1) 
RETURN 

11 P(1,3)=PC(2,1) 
RETURN 

12 IF(PRCENT.GT.0.50) GO TO 13 
FOURTH=(PC(2,1)-P(1,1))/2.0 
P(1,4)=PC(2,1)-FOURTH 
RETURN 

13 FOURTH=(P(1,1)-PC(1,1))/2.0 
P(1,4)=PC(1,1)+FOURTH 
RETURN 

14 IF(NP.EQ.3) GO TO 16 
IF(NP.EC.2) go TO 15 
P(1,2)=PC(2,1) 
RETURN 

15 SPAN=(PC(2,1)-P(1,1))/3.0 
P(1,3)=E(1,1)+SPAN 
RETURN 

16 SPAN=(PC(2,1)-P(1,1))/3.0 
P(1,4)=PC(2,1)-SPAN 
RETURN 

17 IF(NP.EC.3) GO TO 19 
IF{NP.EC.2) GO TO 18 
P(1,2)=EC{1,1) 
RETURN 

18 SPAN=(P(1,1)-PC(1,1))/3.0 
P(1,3)=FC(1,1)+SPAN 
RETURN 

67 
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19 SPAN=(P(1,1)-PC(1,1))/3.0 
P(1,4)=E(1,1)-SPAN 
RETURN 

C 

C BETER1INATI0N OF TYPE OF CUBIC THAT HAS BEEN FIT 
C 

20 IFLAG=0 

CALL CUEFIT(K,P,SIG,NP,A,D,IFLAG,.NV) 
DO 49 L=1,NP 
PP=A(3)/A(4) 

Q=A(2)/A(4) 
50 RR=(A(1)-K(L))/A(4) 

AL=(3.0*Q-PP**2)/3.0 
BL=(2.0»PP#*3-9.0*PP»Q+27.0*RR)/27.0 
DISCR(L)=BL»»2/4.0+AL**3/27.0 

49 CONTINUE 

LSUM=0 

NSUM=0 

DO 54 1=1,NP 
IF(DISCE(I).LT.0.0) LSU[1=LSUM+1 
IF(DISCB(I).GT.0.0) NSUM=NSUH+1 

54 CONTINUE 

IF(LSUM.GT.NSUM) LFLAG=0 
IF(NSUM.GT.LSUM) LFLAG=1 
IF(LSUM.NE.NSUM) GO TO 55 
DIST1=PC(2,1)-P(1,NP) 
DIST2=P(1,NP)-PC(1,1) 
IF(DIST1.lt.DIST2) GO TO 56 
P(1,NP+1)=PC(1,1)+DIST2/2.0 
RETURN 

56 P(1,NP+1)=P(1,NP)+DIST1/2.0 
RETURN 

C 

C OPTIMUM LOCATION OF DATA POINTS PROCESS 
C 

55 IF(LFLAG.EQ.1) GO TO 21 
IF(NP.EC.4) GO TO 21 
IF(NP.EC.5) GO TO 23 
CONVK=AES(K(NP)-K(NP-1)) 
IF(CONVK.GT.EPS) GO TO 23 
GRT=0.0 

DO 22 1=1,NP 
IF(NOPT.EQ.-I) GO TO 57 
IF(K(I).LT.GRT) GO TO 22 
GO TO 58 

57 IF(K(I).GT.GRT) GO TO 22 
58 GRT=K(I) 

NCP=I 

22 CONTINUE 

P(1,NP+1)=P(1,NCP) 
LCNV=.TRUE. 

RETURN 
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23 IF(ICON.EQ.3) GO TO 21 
GST=0.0 

NNP=NP-1 

DO 24 1=1,NNP 
IF(N0PT.EQ.-1) GO TO 59 
IF(K(I).LT.GRT) GO TO 24 
GO TO 60 

59 IF(K(I).GT.GRT) GO TO 24 
60 GRT=K(I) 

NGP=I 

24 CONTINOE 

IF(N0PT.EQ.-1) GO TO 61 
IF(GRT.IT.K(NP)) GO TO 21 
GO TO 62 

61 IF(GET.GT.K(NP)) GO TO 21 
62 IF(ICON.NE.0) GO TO 40 

IF(P(1,NGP).LT.P(1,NP)) GO TO 8 
IC0N=1 

42 CHK1=(PC(2,1)-P(1,NP))/2.0 
P(1,NP+1)=P(1,NP)+CHK1 
RETORN 

8 IC0N=2 
44 CHK2=(P(1,NP)-PC(1,1))/2.0 

P(1,NP+1)=PC(1,1)+CHK2 
RETURN 

40 IF(IC0N.EQ.1) GO TO 41 
IF(ICON.EQ.2) GO TO 43 

41 IF(P(1,HGP).GT.P(1,NP)) GO TO 42 
IC0N=3 

GO TO 21 

43 IF(P(1,NGP).LT.P(1,NP)) GO TO 44 
IC0N=3 

C 

C CALL THE OPTIMIZATION SEARCH SUBROUTINE MAXHIN 
C 

21 CALL MAXMIN(K,P,SIG,NCP,NV,NP,PC,NOPT,LCNV,PRCENT, 
»EPS,D,LFLAG) 
RETURN 

C 

C FRONT END PROCESS FOR THE FIXED VALUE SEARCH 
C 

25 CONVK=AES(DK-K(NP)) 
IF(CONVK.GT.EPS) GO TO 26 
NCP=NP 

LCNV=.TEUE. 

RETURN 

26 IF(NP.GT.1) GO TO 27 
P(1,2)=2.0 
RETURN 

27 IF(NP.GI.3) GO TO 32 

IF(P(1,NP).LT.O.O.AND.P(1,NP-1).GT.0.0) GOTO 28 
IF(P(1,NP).GT.0.0.AND.P(1,NP-1).LT.0.0) GO TO 29 

https://IF(NP.GI
https://IF(IC0N.EQ


 

70 

IF{P(1,i:'P).LT.0.0.AND.P(1,NP-1).LT.0.0) GO TO 29 
28 CONST=(P(1,NP)-P(1,NP-1))/(AES(P(1,NP)) 

*♦ (K(NP) -K (NP-I) ) ) 
GO TO 3C 

2 9 CONST= (E (1, NP-1)-P (1 ,NP) ) /(ABS (P{1,NP)) 
♦» (K(NP) -K (NP-1) ) ) 

30 IF(NP.EC.3) GO TO 31 
CHSIGN= (DK-K (NP) ) /ABS (DK-K (NP) ) 
CONST=CKSIGN*CONST 
DELTAK=£QRT {1.0 + ABS (DK-K (NP) ) ) 
P (1, NP+ 1) =P (1, NP) ♦ (1 . 0-CONST+CONST*DELTAK) 
RETURN 

31 DELTAK=EK-K (NP) 
P (1, NP+ 1) =P (1, NP) * (1 .0+CONST«DELTAK) 
RETURN 

C 
C CALL THE FIXED VALUE SEARCH SUBROUTINE FIXEDK 
C 

32 CALL FIXEDK(K,P,SIG,NV,NP,PC,DK,LSLN) 
RETURN 
END 
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SUBROUTINE MiXMIN(K,P,SIG,NCR,NV,NP,PC,NOPT,LCNV, 
♦PRCENT,IPS,D,LFLAG) 

REAL*4 K 
LOGICAL*U LCNV 
DIMENSION K (100) ,P (1 ,100) ,SIG (100) ,A (4) ,R (2) 
DIMENSION D (100) ,PC (2, 1) 
IF (LFLAG. EQ. 1) GO TO 50 
IFLAG=1 

1000 CHECK=0.0 
DO 3 1=1,NP 
IF (NOPT-EQ. 1) GO TO 1 
IF (K (I) .LT.CHECK) GO TO 2 
GO TO 3 

1 IF (K (I) .LT.CHECK) GO TO 3 
2 CHECK=K (I) 

PIVOT=P (1,1) 
3 CONTINUE 

NPP=0 
C 
C DETERMINATION OF DISTANCE BETWEEN EACH DATA POINT AND 
C THE ESTIMATED OPTIMUM 
C 

2000 DO 4 1=1,NP 
D (I) =ABS(P (1,1) -PIVOT) 

4 CONTINUE 
C 
C LEAST SQUARES DETERMINATION OF THE OPTIMUM FOR A CUBIC 
C WITH TWO LOCAL EXTREHA 
C 

CALL CUBFIT(K,P,SIG,NP,A,D,IFLAG,NY) 
B3=3.0*A (4) 
B2=2.0«A (3) 
B1=A (2) 
DISCR=SCET (B2»»2-4. 0*B3#B1) 
R (1) =(-E2 + DISCR)/(2.0*B3) 
R (2) = (-E2-DISCR) / (2. 0#B3) 
C2=2.0*E3 
C1 = B2 
CH1 = C2*E (1) +C1 
CH2=C2*E (2) +C1 
IF(IFLAG.EQ.-I) GO TO 8 
IF (NOPT.EQ. 1) GO TO 7 
IF (CHI.GT.0.0) IE00T=1 
IF(CH2.GT.0.0) IR00T = 2 
GO TO 8 

7 IF (CHI.IT.0.0) IR00T=1 
IF{CH2. IT.0.0) IR00T=2 

8 IF(R (IRCOT) .LE.PC (2,1) ) GO TO 10 
9 IF (IFLAG. EQ.-1) GO TO 11 

IFLAG=- 1 
GO TO 1000 

10 IF (R (IRCOT) .LT. PC (1 , 1) ) GO TO 9 



 

 

 

30 

40 

50 

60 

70 
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CONIT=.\ES(R(IROOT)-PIVOT) 
IF(CONIT.LE.O.001) GO TO 12 
TF(NPP.GT.20) GO TO 12 
PIVOT=R (IP.OOT) 

NPP=NPP+1 

GO TO 2000 

11 IF(R(IROOT).GT.PC(2,1)) GO TO 30 
IF(R(IRCOT).LT.PC(1,1)) GO TO 40 

12 P {1,NP+1)=R(IROOT) 
RETURN 

IF(NP.GI.4) GO TO 35 
SP&N=(PC(2,1)-PC(1,1))/8.0 

31 P(1,NP+1)=PC(2,1)-SPAN 
RETURN 

, 35 SPAN=(PC(2,1)-P(1,NP))/2.0 
GO TO 31 

IF(NP.GT.4) GO TO 45 
SPAN=(PC(2,1)-PC(1,1))/8.0 

41 P(1,NP+1)=PC(1,1)+SPAN 
RETURN 

45 SPAN=(P(1,NP)-PC(1,1))/8.0 
GO TO 41 

C 

C DETERMINATION OF THE OPTIMUM FOR A CUBIC WITH NO LOCAL 

C IXTREMA 

C 

IF(PRCEKT.LT.0.05) GO TO 90 
IF(PRCENT.GT.0.95) GO TO 125 
IF(NOPT.EQ.1) GO TO 55 
IF(K(2).GT.K(3)) GO TO 65 
GO TO 56 

55 IF(K(3).GT.K(2)) GO TO 65 
56 IF(NP.EC.5) go to 62 

IF(PRCENT.GT.0.50) GO TO 60 
SPAN=(P(1,1)-P(1,2))/2.0 
GO TO 61 

SPAN=(P(1,4)-P(1,2))/2.0 
61 P(1,NP+1)=P(1,2)+SPAN 

RETURN 

62 NCP=2 

LCNV=.TBUE. 

RETURN 

65 IF(NP.EC.5) go to 72 
IF(PRCENT.GT.0,50) GO TO 70 
SPAN=(P(1,3)-P(1,4))/2.0 
GO TO 71 

SPAN=(P(1,3)-P(1,1))/2.0 
71 P(1,NP+1)=P(1,3)-SPAN 

RETURN 

72 NCP=3 

LCNV=.TBUE. 

RETURN 
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90 IF(NP.EC.6) GO TO 120 
IF(NOPT.EQ.1) GO TO 95 
IF(K(1).GT.K(2)) GO TO 105 
GO TO 96 

95 IF(K(2).GT.K(1)) GO TO 105 
96 IF(NP.EC- 5) GO TO 100 

SPAN=(P(1,3)-P(1,1))/2.0 
P(1,NP+1)=P(1,1)+SPAN 
GO TO 101 

100 P(1,NP+1)=PC(1,1) 
101 RETOEN 

105 IF(NP.EC- 5) GO TO 110 
SPAN=(P(1,2)-P(1,4))/2.0 
P(1,NP+1)=P(1,2)-SPAN 
GO TO 1 15 

110 P(1,NP+1)=PC(2,1) 
115 RETURN 

120 LCNV=.T5DE. 

NCP=6 

RETURN 

125 IF(NP.EC.6) GO TO 150 
IF(NOPT.EQ.1) GO TO 130 
IF(K(1).GT.K(2)) GO TO 140 
GO TO 131 

130 IF(K(2).GT.K(1)) GO TO 140 
131 IF(NP.EC.5) go to 135 

SPAN=(P(1,3)-P(1,2))/2.0 
P(1,NP+1)=P(1,2)+SPAN 
GO TO 136 

135 P(1,NP+1)=PC(1,1) 
136 RETURN 

140 IF(NP.EC.5) go to 145 
SPAN=(P(1,1)-P(1,4))/2.0 
P(1,NP+1)=P(1,1)-SPAN 
GO TO 146 

145 P(1,NP+1)=PC(2,1) 
146 RETURN 

150 LCNV=.TRUE. 

NCP=6 

RETURN 

END 
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SUBROUTINE FIXEDK(K,P,SIG,NV,NP,PC,DK,iSLN) 
REAL«4 F 

LOGICAL+U LSLN 

DIHENSICN K(100),P(1,100),SIG(100),PC(2,1),A(4) 
IFLAG=0 

C 

C LEAST SQUARES FIT AND THE ANALYTICAL SOLUTION OF A CUBIC 
C 

CALL CUEFIT(K,P,SIG,NP,A,D,IFLAG,NV) 
0THD=1.C/3.0 
PP=A(3)/A(4) 
Q=A(2)/A(4) 
RR=(A(1)-DK)/A(4) 
AL=(3.0»Q-PP#*2)/3.0 
BL=(2.0*PP**3-9.0»PP*Q+27.0*ER)/27.0 
DISCR=BI**2/4.0+AL*»3/27.0 
IF(DISCE.GT.0.0) DISCR=SQRT(DISCR) 
IF(DISCE) 10,20,30 

C 

C ANALYTICAL SOLUTION FOR THREE REAL DISTINCT ROOTS 

C 

10 S=2.0«SCRT(-AL/3.0) 
PHI=ARCCS(-4.0#BL/S*»3)/3.0 
DELPHI=3.14159265/3.0 
Z1=S*C0£(PHI)-PP/3.0 
Z2=S#C0£(PHI+2.0»DELPHI)-PP/3.0 
Z3=S*CO£(PHI+4.0*DELPHI)-PP/3.0 
MFLAG=0 

IF(Z1.LI.PC(1,1).0R.Z1.GT.PC(2,1)) MFLAG=MFLAG+1 
IF(Z2.LI.PC(1,1).0R.Z2.GT.PC(2,1)) ?!FLAG=MFLAG+1 
IF(Z3.LI.PC(1,1).OR.Z3.GT.PC(2,1)) MFLAG=[1FLAG+1 
IF(MFLAG.EQ.3) GO TO 40 
CHECK1=ABS(P(1,NP)-Z1) 
CHECK2=ABS(P(1,NP)-Z2) 
CHECK3=ABS(P(1,NP)-Z3) 
IF(CHECK1.LT.CHECK2.AND.CHECK1.lt.CHECKS) P(1,NP+1)=Z1 
IF(CHECK2.lt.CHECK1.AND.CHECK2.LT.CHECK3) P(1,NP+1)=Z2 
IF(CHECK3.lt.CHECKI.and.CHECK3.lt.CHECK2) P(1,NP+1)=Z3 
RETURN 

C 

C ANALYTICAL SOLUTION FOR THREE REAL ROOTS AT LEAST TWO 

C OF WHICH ARE EQUAL 

C 

20 TEMP=-0.5#BL 

Z1=2.0*ABS(TEMP)*»0THD-PP/3.0 
IF(TEMP.LT.O.0) GO TO 25 
Z1=-Z1 

25 Z2=-AES(TEMP)♦♦OTHD-PP/3. 0 
IF (TEMP.LT.O. 0) GO TO 26 
Z2=-Z2 

26 MFLAG=0 
IF (Z1. LI. PC (1 ,1) .OR. Z1.GT.PC (2,1) ) MFLAG=MFLAG + 1 
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IF(Z2.LI.PC(1,1).OR.Z2.GT.PC(2,1)) MFLAG=MFLAG+1 
IF(fiFLAG.SQ.2) GO TO UO 
CHECK1= ABS(P(1,NP)-Z1) 
CHECK2=ABS(P(1,NP)-Z2) 
IF(CHECK1.lt.CHECK2) P(1,NP+ 1)=Z1 
IF(CHECK2.lt.CHECKI) P(1,NP+1)=Z2 
RETURN 

C 

C ANALYTICAL SOLUTION FOR ONE REAL ROOT 
,C 

30 TEMP=-BL/2.0-«-DISCR 
ABG=ABS(TEMP)♦»OTHD 
IF (TEMP.GE.O. 0) GO TO 35 
ABG=-ABG 

35 TEMP=-BL/2.0-DISCR 
BBG=AES (TEMP) ♦♦OTHD 
IF (TEMP.GE.O. 0) GO TO 36 
BBG=-BBG 

36 Z=ABG+BEG-PP/3.0 
IF(Z.LT.PC(1,1).0R.Z.GT.PC(2,1)) GO TO 40 
P (1,NP+1) =Z 
RETURN 

C 
C ERROR MESSAGE INDICATING THAT A SOLUTION DOES NOT EXIST 
C FOR THE SPECIFIED DESIRED VALUE OF K-EFFECTIVE 
C 

40 WRITE(6,100) DK 
100 F0RMAT('-',T15,'ALL OF THE ROOTS FOR K=«,F10.4,3X, 

»'LIE OUTSIDE THE PARAMETER CONSTRAINTS') 
LSLN=.FALSE. 
RETURN 
END 
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SUBROUTINE CUBFIT(Y,X,SIGMAY,NPTS,A,D,IFLAG,NV) 
DOUBLE ERECISION SUMX,SUMY,XTERM,YTERM,ARRAY 
DIMENSICN X(1,100),Y(100),SIG!1AY(100),A(4),D(100) 
DIMENSION S0MX(7),SUMY(4),ARRAY(4,4) 

C 

C ACCUMULATE WEIGHTED SUMS 
C 

DO 13 N=1,7 
13 SUMX(N)=0.0 

DO 15 J=1,4 
15 SUMY(J)=0.0 

DO 50 I=1,NPTS 
XI=X(1,1) 
YI=Y(I) 
IF(IFLAG) 30,20,25 

20 WEIGHT=1.0/SIGMAY(I)**2 
GO TO 35 

25 WEIGHT=1.0/(D(I)+SIGMAY(I)**2) 
GO TO 35 

30 WEIGHT=1.0/(D(I)♦♦2 +SIGMA Y(I)**2) 
35 XTERM=WEIGHT 

DO 44 N=1,7 
SUMX(N)=SUMX(N)+XTEEM 

44 XTERM=XIERM#XI 

YTERM=WEIGHT*YI 

DO 48 N=1,4 
SUMY(N)=SUMY(N)+YTERM 

48 YTERM=Y'IERM»XI 
50 CONTINOI 

C 

C CONSTRUCT MATRICES AND CALCULATE COEFFICIENTS 
C 

DO 54 J=1,4 
DO 54 K=1,4 
N=J+K-1 

54 ARRAY(J,K)=SDMX(N) 
DELTA=DETERM(ARRAY,4) 
IF(DELTA) 61,57,61 

57 DO 59 J=1,4 
59 A(J)=0,0 

GO TO 80 

61 DO 70 L=1,4 
DO 66 J=1,4 
DO 65 K=1,4 
N=J+K-1 

65 ARRAY(J,K)=SDMX(N) 
66 ARRAY(J,L)=SUMY(J) 
YO A(L)=DEIERM(ARRAY,4)/DELTA 
80 RETURN 

END 
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FUNCTION DETERM(ARRAY,NORDER) 
DOUBLE ERECISION ARRAY,SAVE 
DIBENSICN ARRAY(4,4) 

10 DETERM=1.0 

11 DO 50 K=1,N0RDER 
C 

C INTERCHANGE COLUMNS IF DIAGONAL ELEMENT IS ZERO 

C 

IF(ARRAY(K,K)) 41,21,41 
21 DO 23 J=K,NORDER 

IF(ARRAY(K,J)) 31,23,31 
23 CONTINUE 

DETERM=0.0 

GO TO 60 

31 DO 34 I=K,NORDER 
SAVE=AREAY(I,J) 
ARRAY {I,J)=ARRAY(I,K) 

34 ARRAY(I,K)=SAVE 
DETERM=-DETERM 

C 

C SUBTRACT ROW K FROM LOWER ROWS TO GET DIAGONAL MATRIX 
C 

41 DETERM=EETERM*ARRAY(K,K) 
IF(K-NOBDER) 43,50,50 

43 K1=K+1 

DO 46 I=K1,N0RDER 
DO 46 J=K1,N0RDER 

46 ARRAY(I,J)=ARRAY(I,J)-ARR AY(I,K)*ARRAY(K,J)/ARRAY(K,K) 
50 CONTINUE 

60 RETURN 

END 
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