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Abstract

Multistage stochastic programming is a tool for modeling dynamic sequential decision mak

ing problems which involve making a sequence of decisions under uncertainty of some future

events. Such models have been successfully used for many applications including planning

problems in finance, economics, production, engineering, and agriculture. We focus on mod

els in which uncertainty is described by a set of discrete scenarios associated with known

probabilities. The computational difficulty of such models is mainly due to the large number

of future scenarios that need to be analyzed in the process of determining implementable

decisions sequentially over time.

In Edirisinghe (1996) and Edirisinghe and You (1996), a scenario approximation method

was proposed and its use in solving two-stage stochastic programs effectively was demon

strated. The two-stage scenario approximation method utilizes the second-order moment

information and simplicial domains of the scenario space to determine representative sce

nario clusters. The resulting problems are much smaller in size and provide lower and upper

approximations. By successively partitioning the scenario space, the approximations can

be iteratively refined to a desired accuracy. We extend this method to solve multistage

stochastic programs.

In the multistage case, we apply the scenario approximation procedure to the scenario

space spanning the entire decision horizon. In this way, the number of approximating sce-
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narios is small. However, the solutions converge to that for the two-stage equivalent of

the multistage problem, which is the true multistage problem without nonanticipativity

constraints. By restricting the technology matrices (or the tender information) to be non-

stochastic in the multistage models, we derive appropriate nonanticipativity constraints

from the relationships between the true multistage model and the approximating ones.

Iterative approximation coupled with the derived nonanticipativity constraints provide a

valid methodology for solving multistage stochastic programming model. Decomposition

algorithms are designed to solve the problem more efficiently.
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Chapter 1

Introduction

Mathematical programming provides an elegant approach for modeling complex decision

problems arising in real-world applications. In mathematical programming, an optimiza

tion model is formulated based on the collected data pertaining to the underlying decision

problem. Usually, it is assumed that the input data used in a mathematical optimization

model is exactly known or accurately estimated. However, in a world punctuated with un

certainty, this need not be always the case and some degree of uncertainty about the input

data exists. For example, demands for manufactured products, prices of stocks and interest

rates in financial markets, and inflows into hydroelectric power plants are often random in

nature. Decisions made without considering all (extreme) possibilities of uncertain events

may lead to costly results in the future such a.s bankruptcies or floods.

Considering uncertainty of input data explicitly in mathematical programming models

leads us to stochastic programming models. Stochastic programming originated in the early

1950's. The pioneering works include Dantzig [12], Beale [3], Tintner [69], and Charnes

and Cooper [11]. Refer to Appendix A (Stochastic Programming's Orchard,1998) for the

researchers in stochastic programming areas. In a stochastic programming model, random

elements may be present either in the objective function, in the right-hand side, or in the



constraint matrix to reflect the inherent uncertainty in prices, demands, and other technol

ogy information. For instance, cash and portfolio management models involve stochasticity

in the constraint matrix resulting from unknown future exchange rates and unknown rates

of return. Problems in manufacturing, transportation, and power generation typically in

volve stochastic rightJiand side elements that reflect uncertainty in supply and demand.

The random variables representing uncertainty are usually assumed to have a known joint

distribution which could be continuous or discrete.

Stochastic programming models can be classified into two types: stochastic programs

with recourse and stochastic programs with probabilistic (chance) constraints. Both types

of models are for 'here and now' situations in which the decisions are chosen prior to the

knowledge of the random data. In chance-constrained programming, decisions are chosen

so that constraints involving random input data are satisfied with a prescribed tolerance

probability or reliability. See Edirisinghe et al [20] for an application of chance-constrained

programming to water resource planning. For models and recent solution techniques of

chance-constrained programming, we refer to Charnes and Cooper [11] and Prekopa [62].

In the present work, our focus is on the former type of stochastic programming models, i.e.,

stocha.stic programming recourse models, which not only take into account risk in the prob

lem formulation but also allow the possibility for information gathering during the decision

process. For an overview of stochastic programming in general, refer to Dempster [15],

Kail [45], Ermoliev and Wets [28], and Birge and Wets [9].

Stochastic programming with recourse is a tool for modeling multi-period decision prob

lems with random data, such as production planning under uncertainty of future demands,

and portfolio management under uncertainty of both future interest rates and funds avail-



able for investment. In addition to taking into account aU the possible outcomes of uncertain

events, another essential character of stochastic programming recourse models is that de

cision activities are divided into two or more stages. A first stage decision is the present

decision to be determined with the expectation of all possible outcomes of future uncertain

events but without the knowledge of the actual outcome of the uncertain events. The second

(or higher) decision stage is a decision opportunity for making corrective decisions after the

previous stage decision is made and after the outcome of the uncertain events occurring at

that stage is known.

Consider the following capacity expansion problem in steel production. Due to increases

in steel consumption, a steel company faces the need for building new capacity, if it wants

to maintain its share of the market. The production capacity can be expanded either by

building a plant today or by making only minor modifications in existing facilities. The

facts are that the degree of increase of steel consumption and the the availability of new

technology in the future are both uncertain. A decision to build a plant today with the

current (existing) technology may mean in effect that for the next fifteen to twenty years

the company cannot make a transition into the new technology except at prohibitive cost.

On the other hand, by making the decision to postpone building, it may not be able to

meet the demands if the increase in steel consumption is high and may foreclose other

opportunities such as market position, perhaps irrevocably. In this example, it is thus

important to consider aU the possible future situations in the decision making. At the

fist stage, decisions to be made are the steel production level to meet uncertain demand

subject to the current capacity constraints and the need for building new capacity. After

the first stage decisions have been made, information about steel consumption and about



new technology is gathered, and then a second stage recourse decision (either back-order or

inventory) is made to correct any discrepancy which could be shortage or surplus of steel

production due to the first stage decision. If, in the given time span of planning, another

decision stage (or the third decision stage) is allowed, then the second stage decision is not

only a recourse but also a risk-taking decision (adjusting production level and determining

the need for new capacity) that takes into account possible increase of steel consumption

and availability of new technology in the next stage. The same decision process (gathering

information about uncertainties and making recourse decisions) is repeated successively for

the subsequent decision stages. The objective in this example is then to make decisions

which minimize the expected net cost or mziximize the expected net profit. Based on the

number of decision stages allowed in the planning time horizon, stochastic programming

recourse models can be further classified into two-stage and multi-stage models.

Stochastic programming recourse models have been successfully applied in diverse areas

of decision problems including production planning, energy planning, financial planning,

engineering, and agriculture, as they capture the dynamic, sequential, and stochastic char

acters inherent in this class of decision problems. The RusseU-Yasuda Kasai model, an

asset-liability model for a Japanese insurance company, is an example of successful appli

cation of multi-stage stochastic programming model which aided to yield "extra income of

42 basis points or $ 79 million during the first two years of use", as reported in Cariho et

al [10].

The major difficulty in incorporating stochastic programming models in a real-world

decision process has been the computational complexity involved in solving such models.

Complex stochastic feature in the objective function or constraint functions is one major



cause of computational difiiculty encountered in solving stochastic models. For example, if

the objective function is a function of random variables having continuous distributions, the

evaluation of the expected value of the objective function involves multidimensional integra

tion which requires computational efforts increasing rapidly with the dimension of random

variables. More difficulties arise if the optimization technique requires the computation of

gradients. The second major cause of solution difficulty is due to problem size. In the case

that random variables are discrete (or discretized), the resultant stochastic programming

recourse model turns out to be a large-scale mathematical programming problem. Solution

methods using mathematical decomposition techniques ([70] [5] [37] [68]) seem promising

but limited to problems of modest sizes.

Approximation techniques have been used to overcome the difficulties in solving stochas

tic programming recourse models involving either continuous or discrete distributions. There

are two main approximation approaches: sampling-based approximation methods and bounds-

ba.sed approximation methods. Sampling-based approximation methods ([26] [39] [14]) use

sampling to obtain statistical estimates such as sub-gradients for approximating some func

tions. Such sampling-based methods are usually hmited by a lack of computable bounds.

Bounds-based approximation methods ([50]) replace the original problem with a simpler one

by approximating the given distribution by discrete approximating distributions involving

only a small number of points. The resultant approximating problems are much smaller in

size and can be solved with relative ease. In addition, such approximations may be refined

sequentially until the problem is solved to a prescribed accuracy.

In this research, the approach of bounds-based approximations is adopted to solve multi-

period stochastic programming recourse models. The second-order simplicial approxima-



tions developed by Edirisinghe [19] serves as a basis for the proposed new methodologies.

This research deals with the development of simplicial refinement schemes and new ap

proximations for multi-stage models, the design of decomposition algorithms for efficient

computations, and the implementation of the new solution methods for solving two-stage

and multi-stage models.

The remainder of this dissertation is organized as foUows. Preliminary definitions of

some terms and concepts used throughout this thesis are provided in Appendix B. In Chap

ter 2, stochastic programming recourse model formulation for two-stage and multi-stage

models are presented along with an overview of model properties. Chapter 3 provides a

survey of existing solution approaches for solving stochastic programming recourse prob

lems. Research objectives are then specified. To lay the groundwork for our methodologies.

Chapter 4 provides a review of second-order simplicial approximation followed by a pre

sentation of simplicial refinement schemes for solving two-stage stochastic linear programs.

In Chapter 5, the proposed solution methodologies for solving multi-stage stochastic linear

programs are presented. The implementation of the solution procedure and some compu

tational results are also in Chapter 5. Chapter 5 concludes with a discussion on directions

for future research.



Chapter 2

Overview of Stochastic

Programming Recourse Models

Multi-period stochastic decision problems can be formulated as two-stage stochastic pro

gramming recourse models or multi-stage stochastic programming recourse models. The

number of decision stages in a stochastic programming recourse model does not need to

agree with the number of time periods considered in a decision problem. The former is

defined by the grouping of decision activities (collecting information about uncertainty and

making recourse decisions), while the latter is determined by the time horizon planned in

the problem.

2.1 Two-stage models

In a two-stage stochastic decision problem, a first-stage decision x is made prior to any

knowledge of the outcome of random events, then the outcome of random events is realized,

and a second-stage recourse decision y is made.



2.1.1 Model formulations

A formulation of this decision problem is the following minimum cost two-stage stochastic

linear program (SLP2):

min^; { cx + } (2.1)

s.t. Ax = b

X  >0,

where c G 3?", b G 3?"^, A is a fixed matrix of dimension m x n, and the objective function

comprises cx the cost incurred by the first stage decision and E^<f>{x,oj) the expected value

of the recourse function (i>{x,u!). The operator E^ denotes mathematical expectation with

respect to random vector u. The recourse function <j>(x,ui) is a second stage cost function

which depends on the first stage decision x and the realization of random vector u and is

determined by the second stage decision (recourse) problem:

<t>{x,uj) := miuj^ q{r})y (2.2)

s.t. Wy = h{0-T{0x

y  >0.

The recourse problem (2.2) is to determine a recourse decision y (y > 0, y G 3?") that

satisfies the second stage constraints Wy = — T{ff)x and minimizes the second stage

cost y(7/)y after x is decided and the value of (^,7?) = w is known. In (2.2), randomness

is allowed to occur in the second stage cost vector q{rj) G 3f", in the second stage right-

hand vector G 3?"", and in the technology matrix r(^) which is of dimension m x n.

The random components where ̂  G E C represent the randomness in the second

stage right-hand side and the technology matrix, and the random components 77, where

77 G 0 C 3?^, represent the randomness in the second stage cost vector. The vectors ̂

and 77 together constitute the joint random vector a;. The rn x n recourse matrix W is



deterministic. In a more general setting, the recourse matrix W may be allowed to be

random too, such as in some financial applications. But we assume that W is a fixed

matrix. Hence, the model SLP2 in (2.1)-(2.2) is termed a stochastic linear program with

fixed recourse.

We iissume that the (K + ii)-dimensional random vector lo = is defined on a

probability space {Cl,A,P) which is assumed to be determined independently of x. Q is

the domain of the joint random vector uj. We also assume that q{r]), h{^), and T{() can be

represented by the following affine functions:

L  K K

qiv) = qo + J^qivu KO = ho + j^hk^k, r(|) = To + ̂rfc^fc, (2.3)

where ho,hi,... hx € S?'" and qo,qi,...qL S 3?" are fixed vectors, and To,Ti,...Tk €

jjTOxn ^xed matrices. The assumption is justified since one can always identify basic

random components such that {q,h,T) axe linear functions of those basic random com

ponents. The motivation of using representation in (2.3) is to reduce the dimension of

uncertainty in {q,h,T) to that of u (see Kali [44]). Components of a; = (^,7?) may be

dependent.

2.1.2 Model properties

In solving SLP2 (2.1)-(2.2), the selection of a feasible first-stage decison x is aflFected im

plicitly by the second stage problem in two ways. First, one needs to limit to the set of

acceptable first stage decisions which wiU result in a feasible second-stage problem in (2.2).

Secondly, for each selected x, one must take into account the expected cost of the second

stage decision such an x may generate. To ensure feasibility of SLP2, the set of recourse

decisions is assumed to be complete in the sense that, whatever the choice of x there is a



possible choice of y to correct the discrepancy between T{^)x and h{^). T{^)x is customarily

interpreted as a tender to be bid against future uncertain outcomes h{^).

To define the feasibility of SLP2 formally in terms of the first stage decision x, in

accordance with Wets [71], let denote the feasible set determined by the first stage

(deterministic) constraints, i.e.,

:= {x e 3?" I Ax = 6, X > 0}, (2.4)

and let X"^ denote the feasible set induced by the feasibility of the second stage recourse

problem, known as induced feasible set:

X2:={xe3?"|3y>0 s.t. Wr/= fi(0 - r(0 x, ̂  6 S} . (2.5)

Then X, the set of acceptable (feasible) first stage decisions, is the intersection of X^ and

i.e.,

X:=x^nx^. (2.6)

SLP2 is said to be feasible if X 7^ 0. If X^ C X^, SLP2 is said to have relative complete

recourse which means that for any x feasible in the first stage, the second stage problem is

always feaible for any realization of the random vector u. Furthermore, if X^ = 3?"^, SLP2 is

said to have complete recourse which means that the feasibility of the second stage recourse

problem is ensured always.

Assuming complete (or at least relatively complete) recourse is not restrictive from the

standpoint of applications, since in practice, almost always there is a feasible recourse action.

Even if there is not, one can model the second stage recourse problem with high penalty

for constraint violation. Consequently, W is assumed to be a complete recourse matrix.
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A special case of complete recourse is when W = (J, -I) which is known as simple

recourse because the recourse y = (y"*", y~) in (2.2) is trivially determined once the decision

X is made and the random vector u is realized. Stochastic programs with simple recourse

essentially models the allocation of scarce resources under uncertainty with penalties as

sociated with surplus (y"'") and shortage (y~). The recourse y = (y'^,y~) is not reahy an

action but more a "record of state". With any decision x, the simple recourse problem is

always feasible. Define the set of feasible recourse decisions by:

y(x,0 := {y I Wy = h(0 - nox, y > 0} . (2.7)

The property of simple recourse implies that the set Y has precisely one element for each

(x,^), and thus, the second-stage optimization is fictitious and can be explicitly determined.

Based on the special properties of simple recouse, extensive theoretical results and efficient

solution procedures have been developed for the case of stochastic programs with simple

recourse. See, for instance. Wets [73] and Ziemba [76], for details.

Since we are dealing with a general class of stochastic linear programs with fixed recourse,

in what follows, properties that are frequently used in developing solution methods for

stochastic linear programs with fixed recourse are stated without proof.

(i) Each of the feasible sets X, and Y is convex.

(ii) The recourse function (f>{x,u3) is a convex (piecewise linear) function in x for each

^  e

(iii) The recourse function 4>{x,^, rf) is a convex-concave (piecewise linear) saddle function

in (^, T]) for each x e X. If X = 0 (no uncertainty in the objective function coefficients),

11



(f) is reduced to a convex (piecewise linear) function in ̂  for each x £ X. Similarly, if

K = 0 (uncertainty in the right-hand side is absent), is a concave (piecewise linear)

function in tj for each x e X.

(iv) In addition to the assumption of complete recourse, dual feasibility of the second stage

recourse problem (2.2):

:= |7r € 3?" I -kW < q{ri), t? € ©j # 0, (2.8)

ensures that ̂  is a proper function. Since the case of unboundedness is of no interest

to us, we shall also assume that the above condition is satisfied for each realization of

the random vector u?.

For detailed discussion concerning the properties of two-stage stochastic hnear programs,

consult Kali [44] and Wets [71].

2.1.3 Case of discrete distributions

Here, we consider the case that the underlying distribution of u is discrete or is discretized.

The random vector u takes on only finite number of possible values = (^®,7?^) with

associated probabilities > 0, s € 5, where S is an index-set and Ps = 1- Each

possible value s £ S corresponds to a scenario of the occurrence of the random events.

In order to better describe the uncertainty faced in a real-world stochastic decision problem,

the scenario set S may be chosen large in size, i.e., I^j, the cardinality of the set 5, is large.

In this case, SLP2 (2.1)-(2.2) takes on the form

min^ {ex + Ps(l>{x,u)^) } (2.9)

s.t. Ax = b

X  >0,

12
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Figure 2.1: Structure of a discrete 2-stage stochastic program.

where the recourse function <f>{x,u^) under each scenario s ̂  S, is determined by

(f>{x,uj^):= minj, q{T]^)y (2.10)

s.t. Wy = h{^')-T{^')x

y  >0.

The problem (2.9)-(2.10) is equivalent to determining x and y^, s £ S for the following

large scale deterministic linear program, termed Grand LP for two-stage models (GLP2):

(GLP2) minj:,y. { cx -f ^g5 ps 9(77®) y''} (2.11)

s.t. Ax =6

T(C) X + Wy' = h(e) s £ S

X > 0, y' > 0 s £ S.

Observe that GLP2 has a dual block angular structure, depicted in Figure 2.1, which can

be exploited for the application of mathematical decomposition techniques. For example,

the dual of GLP2 is in the standard form for applying Dantzig-Wolfe decompostion [13],

or one can apply an L-shaped (Bender's) decomposition [70] to the problem of the primal

13
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Figure 2.2: T-stage stochastic decision sequence.

form. For a detailed discussion about large scale linear programming techniques, refer to

Wets [75].

2.2 Multi-stage models

A multi-stage stochastic decision model is similar to the two-stage problem except that

future recourse decisions are made sequentially in many stages over the planning time

horizon, depending on how information about uncertainty is revealed and gathered.

2.2.1 Model formulations

Consider a T-stage stochastic decision problem, where T >2. After the first stage decision

xi is made prior to the knowledge of the outcome of random event (a;2, uz.-.ujt)-, in

each stage t, t = 2,.. .T, the outcome of random events ut occurring at stage t is realized

and, correspondingly, a recourse decision Xt is then determined. The decision-making and

information gathering sequence is depicted in Figure 2.2.

The information about stochastic outcomes u = (u;2, ws,...,ujx) is revealed partially

in each decision stage. Decisions Xt made in stage t, t = 1,.. .T, can depend only on the

decisions made in the previous stages (ij,.. .,xt_i), and on the outcomes realized up to

stage t, (u;2,..., Ut), but not on the hindsight of future outcomes wj+i,..., u>t. This require-

14



ment of the decisions x = (xi,.. x^) is known as nonanticipativity. The nonanticipativity

constraints on x require that the same decision sequence (xi,.. X() would be taken for all

scenarios that share the same history of outcomes (c<;2, • • -wt) up until period t. In other

words, the decision sequence must be adapted to the information filtering described by the

sequential revelation of w/.

A formulation of this decision problem is the following minimum cost T-stage stochastic

linear program (SLP7.):

min^i { cixi + il^Jmin^^ C2(7?2)a;2 + £,^3i^^Jmin^j 03(7/3)x3+... (2.12)

d" ^r(^T)3^T] • • •]] }
s.t. AiXi = bi

+ AfXt = t = 2,...T

xt>0, t =

X nonanticipative i.e., Xt = Xt{xi,.. .Xt-i;u2,.. .ut).

This is a fixed recourse model, since the recourse matrices At,t = 2,.. .T, are deterministic.

The stochastic outcomes realized in stage t,t = 2,...T are Uf = (^t, rjt), where rjt €

represents the randomness in the cost vector and represents the randomness

in the right-hand side vector bt and in the technology matrices Bt. The joint random

vector u = (a;2, W3.. .uJt) is assumed to be defined on a probability space {£l,A,P). De

pendence of random components may exist, and the type of dependence may be within

time periods (intra-period dependence) as well as between time periods (inter-period de

pendence). The operator denotes conditional expectation with respect to ut

given (a;2,.. .Wt-i), t = 3,.. .T. The random vectors Ct and bt and the random technology

matrices Bt, t = 2,.. .T, are assumed to be affine functions in the corresponding random

vectors ̂ t and pt- The dimensions of arrays present in the model are as foUows: Xt G 3?"',

15



ct € 3?"', bt € 3?"^% At of dimension mtXnt, and Bt of dimension rrit x nt_i, t = 1,.. .T.

The T-stage model SLPj can be viewed a nested sequence of two-stage recourse

models in which the recourse function at stage t, (f>t{xi,.. .,xt-iiU2,.. t = 2,.. .T -1,

can be defined recursively as follows:

<pt= miUx, { Ct{T)t)Xt + -Eu;,+i|(u;2 4>t+l{xi, . . ., Xt, U2, . . ., Ut+l) } (2.13)
s.t. AtXt = bt{^t) - Xt-i

Xt > 0,

where the recourse function at the terminal stage T, 4>t{x\ ,..., Xr _ i, W2, ..., Wj.), is:

(j)T = min^j, Cr(r/r) (2-14)

s.t. A'j' Xf]^ — ^7'(^x) — .^t(^t) Xf _ j

Xt > 0,

From the above formulation, it is apparent that decisions xt made in stage t, t = 2,.. .T-1,

are not just recourses to discrepancies generated by the decisions made in the previous

stages, they are also risk-taking decisions which take into account future uncertainty. The

terminal stage decision Xt is the only (recourse) decision which is made with fuU information

about uncertain outcomes.

Again, we assume, without loss of generality, that the model has complete recourse, or

in other words, there are no such feasible sets of values of Bj and Xt-i? t < t, 1 < t < T,

that make the problem infeasible with respect to the decision Xj.

Many theoretical results for two-stage models have been extended to T-stage models. For

results regarding measure-theoretic issues, characteristics of objective functions, conditions

under which the strong duality holds, see Olsen [59] [60] [61] and RockafeUar and Wets [66].
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Time Stage
t = 2,3,...,T

UJ2

t = 1

Xl

scenario

Figure 2.3: A scenario tree.

2.2.2 Case of discrete distributions

Now consider the case that the random vector u takes on a finite number of possible

scenarios : s € 5} with associated probabilities {p^: s € 5}, where 5 is a finite set with

presumably large |5|.

Let xl denote the decisions made under scenario at stage t, t = 2,.. .T. By nonan-

ticipativity, if two different scenarios a;® and a;®' are indistinguishable at time r on the basis

of information available about them at time r, then = xf for t = 1,.. .r. To model

these crucial constraints, the decision information structure generated by {a;® : s G 5} is

illustrated by a scenario tree structure in Figure 2.3.

In a scenario tree, the root node represents the first stage decision, each of the other

branching node represents an opportunity to make a (recourse) decision, and each branch

represents a possible outcome of the uncertain events occurring in that stage. Each path

through the tree is a scenario representing one possible sequence of outcomes of the random
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events throughout the time horizon considered in the problem. Different scenarios may

share a common path up to some stage and then diverge. Those scenarios passing through

the same node at stage t generate the same information up to stage t and should generate

the same sequence of decisions up to stage t. Let Aft, t = denote the set of branching

nodes at stage t and let N denote any particular node in the scenario tree. We denote the set

of scenarios o;^ passing through a particular node N at stage t,hy {s : s e S,s E N} where

N E Aft- Nonanticipativity constraints impose the requirement that x® must be constant

for those scenarios containing the same information up to stage t. The nonanticipativity

constraints can be expressed explicitly in terms of the information structure as

x't =z^\fsEN,sES, N EAft, t = 2,...T- 1, (2.15)

where is a decision made based on the information revealed at the branching node N.

The problem SLPr in (2.12) can be reformulated equivalently as the following large scale

linear program, Grand LP for T-stage models (GLPj):

(GLPr) minj; | c^xi + Yj=2 DeS Ps Ctiv^) xl | (2.16)
s.t. AiXi = bi

+ Atxt = bti^t) sES,t = 2,...T

x't> 0 sE S,t = 2,...T

xl = z^ ̂ sEN, sES, N EAft, t = 2,...T- 1,

The above formulation is the so-called scenario formulation of the T stage problem, and it

possesses a special block structure in the (grand) constraint matrix.
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Chapter 3

Existing Solution Methods

In this chapter, an overview of the existing solution methods for solving stochastic (linear)

programs is presented. The existing solution methods can be classified broadly into the

following three categories: mathematical decomposition-based approaches, sampling-based

approaches, and bounds-based approximation approaches. In the following, we outline the

main characteristics of each approach and overview some of the prominent methods.

3.1 Mathematical Decomposition-based Approaches

These approaches exploit the special structure in GLP2 or GLPx- The main characteristic

of these approaches is to decompose a large problem into smaller problems and connect

these problems in some computationally-efficient manner.

3.1.1 L-shaped Decomposition

This method is essentially a pure LP version of Benders decomposition [4], and can be viewed

as a cutting hyperplane algorithm (outer linearization). Development of this method for

two-stage stochastic programs is discussed in Van Slyke and Wets [70].

Consider the problem GLP2 in (2.11) which is assumed feasible and bounded. This
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method first solves the following master problem (MP) :

min^^s cx + B (3.1)

s.t. Ax = b

X > 0,

where the variable B is lower estimate of the expected recourse function. For a given x,

subproblems <f>[x,u)^), s 6 5", as defined in (2.10), are solved. If (f>{x,u>^) is infeasible for

some 5, s e 5, a constraint of the form Dx > g is added to the master problem MP in (3.1).

The added constraint (called a feasibility cut) is determined, for a specific s, by

D = cr^ Tin, 9 = <^' hin, (3.2)

where is an optimal dual solution of the Phase I problem oi4>{x,uj^). After the constraint

is added, the (restricted) MP is solved again. The process continues until a solution x is

found such that all the subproblems (f>{x,uj^), s £ S, are feasible. In this case (since

a feasible solution is available), the expected recourse value needs to be evaluated and

compared with the estimate B. If B is also an upper for the expected recourse function,

i.e., Yj€SPs<Pix,uj^) < B, then the solution x obtained is an optimal solution. Otherwise,

a constraint (optimality cut) of the form Dx A B > g is added to the (restricted) MP. The

added optimality cut is determined by

D=^p,ir'Tin, 9='^Ps^'hin, (3.3)

where is an optimal dual solution of subproblem ̂ (x,u;®), s £ S. The process continues

to find a feasible solution x that generates as least cost as possible. This procedure is finite

and convergent.

When applying the above procedure to solve multi-stage problems, one can solve each

of second stage subproblems <? € 5, as a large linear program, or consider
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next stage subproblems of each second stage subprolem. The latter approach is known as

nested decomposition. This method is described in Birge [5], and its implementation can

be found in Gassmann [37]. For an application of this method to quardratic problems, see

Louveaux [52].

3.1.2 Progressive Hedging Algorithm

The Progressive Hedging Algorithm (PEA), also known as the Scenario Aggregation (SA)

algorithm, is due to Rockafellar and Wets [68].

The idea is to determine the optimal decision policy for each scenario, a procedure

known «ls scenario analysis, and consequently find one decision that hedges well against all

possible scenarios by combining scenario decisions relative to their probabilities.

For each scenario s £ S, consider a scenario subproblem (ignoring nonanticipativity

requirements)

min^. { cixl + ̂^2 } (3.4)
s.t. A\x{ = hi

Bt{it)xUi + Atx\ =M^f) t = 2,...T

x^ > 0.

A solution X® to the scenario subproblem is known to be admissible for scenario but is

not necessarily implementable when all possible scenarios are considered since the nonan

ticipativity requirements may not be satisfied. The solution procedure first obtains an

approximate implementable solution x by aggregating all scenario solutions x® according to

their probabilities. Each scenario subproblem (3.4) is then solved again with its objective

function replaced by an augmented Lagrangian objective:

in jcixj -f gct(7?f)x® a,x^ + ̂ Ik' - ̂ , (3.5)
21
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which dualizes the nonanticipativity constraints and imposes a quadratic penalty on devi

ations from X. Penalty parameter is denoted by r > 0 and is an estimate of the dual

multipliers associated with the nonanticipativity constraints x^ — x = 0, see (2.16). Obtain a

new approximate implementable decision x by aggregating new scenario decisions x", s £ S.

At this point, check convergence of approximate solution x. One of the termination criteria

used in RockafeUar and Wets [68] is

<5 =11 X - x"-^^ ||2 + gp, \\x' -X IP, (3.6)

which monitors both the primal solution x and the dual prices a for convergence. The

solution procedure is repeated until the termination criterion is satisfied. This algorithm is

convergent from any starting point (x°,q:°).

Extensions of the scenario aggregation technique for problems with nonseparable convex

constraints (in addition to the nonanticipativity constraints) have been derived in Robin

son [63]. The computational behavior of the progressive hedging algorithm has been studied

in Mulvey and Vladimirou [56, 57, 58]

3.2 Sampling-based Approaches

The basic idea is to draw random samples iteratively from the underlying probability dis

tribution to compute sample-ba.sed estimates of subgradients or cutting planes for instance,

in the process of approximating expected values. Such solution algorithms are developed

based upon asymptotic convergence theory and statistical termination criteria.

22



3.2.1 Stochastic Decomposition

This method was proposed by Higle and Sen [39]. Analogous to the L-shaped decomposition,

this method involves solving master problems and subproblems, and iteratively generating a

sequence of piecewise linear objective function approximations. However, instead of solving

subproblems for all to create a cut as in L-shaped decomposition, the stochastic

decomposition (SD) procedure, in each iteration v, solves only one subproblem for a ran

domly sampled point w" from the given distribution and u — 1 strongly relaxed recourse

problems. The problems considered by this method are two-stage models with complete

recourse, nonstochastic q and T (also applicable for stochastic T), and > 0.

3.2.2 Decomposition with Importance Sampling

The main idea is to reduce the variance of statistical estimates within sample-based L-

shaped decomposition procedures by using variance reduction techniques such as importance

sampling.

In each iteration of the L-shaped decomposition, instead of solving subproblems for

all a;® G fl, this method samples a subset of w®, s 6 5" C 5 for which subproblems

wiU be solved in iteration v. An estimate of the expected recourse cost E[<l){x, lj^)] is

computed, based on the sampled scenarios u^, s G 5". From the central limit theorem, it is

known that the error of the estimate using Monte Carlo (random) sampling is approximately

normally distributed with standard deviation inversely proportional to ̂ 5"]. The smaller

the standard error is the better the estimate is. However, increasing the sample size

can only reduce the standard error slightly.

This method applies importance sampling to reduce the standard error eifectively. The
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idea behind importance sampling is to change the sampling procedure so that those events

that matter more (have significant contribution to the expected recourse cost) are sampled

more. Those scenarios having a major impact on the solution's ability to hedge against

uncertainty typically have low probabilities, and hence will rarely be picked up by a random

sampling procedure. By sampling the random events according to their importance, the

solution is forced to hedge properly. For details, see Dantzig and Glynn [14].

3.2.3 Stochastic Quasi-Gradient Methods

The stochastic quasi-gradient (SQG) technique has been introduced by Ermoliev [26, 27],

specially for dealing with stochastic programs involving continuous random variables. This

method constructs a sequence of approximate solutions x", i/ = 0,1,..., by using sample-

based estimates of subgradients, also called stochastic quasi-gradients. The general proce

dure of the SQG method at iteration v with x" given, involves sampling a point cj" from

the given distribution, calculating a sample-based estimate of the subgradient at x", con

structing an approximate solution x""^^ by projecting x" onto the feasible set X using x"

and a prescribed step size. The convergence of solution sequence {x") depends greatly on

the choice of step sizes.

For further details of this and other variants of this technique, see Ermoliev [26, 27].

3.3 Bounds-based Approximation Approaches

The main idea behind these approaches is to replace the original problem with approximate

problems such that approximate solutions and their error estimates can be easily computed.

The general solution procedure used by these approaches is the sequential approximation

method (SAM) which requires approximations of the original problem, error estimates to
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evaluate approximations, and refining schemes so that convergent solution sequences can

be constructed.

When considering the two-stage problem SLP2 in (2.1), one focuses on approximating

E^j4>{x,u). The aim usually is to obtain lower and upper bounding approximate functions,

and respectively, such that

< i){x):= E^4>{x,u}) < (3.7)

and that evaluating tpi^x) and ̂ '^(x) is relatively easy compared to evaluating Etj4>{x,uj).

Usually error estimates are provided by these bounding approximate functions, therefore,

one would desire to have the bounding approximate functions in (3.7) to bracket Ei^<f>{x,uj)

as tightly as possible, and in particular, when is linear (or multi-linear) in u, these

bounding approximate functions should coincide with ̂ (x).

3.3.1 Approximation Schemes

Construction of approximations exploits mainly the properties of (j> (such as convexity, con

cavity, or convex-concave saddle property) and certain moment information of the underly

ing distribution, such as the first moments, cross moments or other higher order moments.

Bounding functions usually result from approximating the recourse function 4>{x,uj)

or from approximating the distribution of u. Generally, approximations for the recourse

function use linear or bilinear approximate functions, and approximations of the underlying

distribution are discrete measures involving only a few number of points.

The general approach for obtaining bounds on the expected value of the two-stage

recourse function is through approximating the underlying distribution of w by distribution

approximations { (0', ̂ ) : i = 1,.. .1 }, where each w' is associated with probability
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i = Various approximations have been derived depending on the following

conditions: the geometric shape of the uncertainty domain (or E, 0), moment information

of random variables, independence (or dependence) assumption on random components, and

the properties of the recourse function. As an example, if the recourse function is convex

with univariate random variable ^ distributed in a closed interval [a, 6], with only first

moment f available, Edmundson-Madansky (E-M) inequality [54, 55]:

—^<ji(x,a)+|—-^{x,b), (3.8)
0 — a 0 — a

provides an upper bound on the expected value of the recourse function, and {(a, Ai),

(6, A2)}, where Ai = ̂  and A2 = > is an approximation of the underlying distribution

on the interval [a, 5]. With independence assumption on random variables, E-M upper

bound can be extended straightforwardly for multivariate convex case.

For convex cases, the studies on approximations have been extensive. Using first moment

information without independence assumption, Gassmann and Ziemba [38] and Birge and

Wets [8] derived upper bounds for unbounded domains. With first and joint moments

and with compact rectangular domains, upper bounds were derived for independent and

dependent cases in Frauendorfer and Kail [36] and Frauendorfer [30], respectively. Without

independence assumptions, Dula [17] and Kali [47] developed upper bounds using first

moments and total second moment, and Dula and Murthy [18] generalized their previous

work by using first and marginal second moments. Most of the approximations mentioned

above solve their related CMP. Refer to Kail [46] for a review. For more general cases, the

cases of convex-concave saddle recourse function, the studies of approximation are relatively

rare. Without any independence assumption, Frauendorfer [31] derived approximations of P
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using first and joint moments for compact rectangular domains Q = E! x 0, Frauendorfer [33]

derived approximations requiring first and cross moments for compact simplicial marginal

domains S and 0, Edirisinghe and Ziemba [23, 24] developed approximations using first and

cross moments for joint domains D S x 0 being arbitrary polytopes and for unbounded

joint domains, respectively, and Edirisinghe [19] derived approximations using first, cross,

and second moments for simplicial joint domains and approximations using first, joint, and

second moments for rectangular joint domains.

The type of approximations used affects computational effort required for evaluating

approximate functions by two ways: by the sizes of the bounding problems and by the

tightness of the resultant bounds. The sizes of the bounding approximate problems usually

determined by the number of points in the approximate distributions, which, in turn, is

determined by the number of extreme points of the domains used for approximation. For

example, in the cases of saddle recourse functions with K + L variables, approximations

using rectangular marginal or joint domains result in problem size of those using

simplicial marginal domains E and 0 result in problem size of {K + 1)(T + 1), and those

using simplicial joint domain enclosing E x 0 result in problem size of (K+L+1). Therefore,

for reducing computational effort due to the sizes of the bounding problems, approximations

using simplicial joint domain should be chosen over the other options.

Regarding the tightness of the resultant bound due to the amount of moment information

used in approximation, although it is not clear yet, approximations using more moment

information should result in tighter bounds, since more information such as variance and

covariance about variables (or uncertainty) is known. If we define first-order information

of the underlying distribution as those moment information in which each random variable
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is raised at most to the power of one, and similarly define second-order information as

those moment information in which each random variable is raised at most to the power of

two, then it is obvious that second-order moment information reveal more about random

variables than first-order moment information.

3.3.2 Refinement Schemes

The basic technique for refining approximations and improving bounds is to subdivide the

given domains into smaller cells and reapply the approximation procedure using conditional

moment information with respect to the new partition. Subdividing a cell is done by

intersecting hyperplanes to coordinate axes of the uncertainty domain. For a rectangular

cell, the simplest way to subdivide it into rectangular sub-ceUs is to partition the ceU by a

hyperlane orthogonal to coordinate axes.

As more sub-ceUs are created, additional computational effort is required to compute

the conditional moment information of all cells and to solve larger bounding problems.

Consider the bounding problems constructed through probability approximation on the

extreme points of a rectangular domain Cl C 3?^+^. With an additional cell created, the

size of a bounding problem increases by 2^+^ blocks, an exponential increase of problem

size with the dimension of random variables. Therefore, effective partitioning strategies are

needed so that the bounds can be improved most with only a few refining steps.

In designing partitioning strategies to refine approximations and improve bound, it is

important to know that the tightness of the bounds depends crucially upon how close ̂ (x, •)

is being linear. AH the function approximations derived so far are exact if ̂ (x, •) is linear

(or multilinear) in w. Subdividing a cell in which ^(x, •) is linear wiU not improve the
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approximations. Thus, one strategy for efficiently improving approximations is to choose

those cells that capture as much of the nonlinearity of (j>{x,-) as possible for refinement.

For the purpose of effectively refining approximations, a partitioning strategy determines

which cells to be subdivided and how these cells should be subdivided with regard to the

nonlinearity of ̂ (x,-). A cell should be selected for partition if the difference between

upper and lower bounds exceed the prescribed tolerance, because if is linear in a

cell then there is no approximation error, i.e., = i'ui'x). Note that for partitioning

purpose the lower and upper bounds should be compared at the same x solution, as (f>{x, •)

depends on x. When a cell is chosen to be subdivided, a coordinate (or an edge) need

to be selected to be intersected with the partitioning hyperplane. Again, we should select

a direction along which the function (f){x, •) is most nonhnear for splitting. Computing

measures of nonlinearity of (p^x,-) in a rectangle involves dual analyses. For details, refer

to Frauendorfer and Kail [36], Frauendorfer [30] and Edirisinghe and Ziemba [25]. The last

step in subdiving a cell, is to select a splitting point which usually is a midpoint or a mean

point.

A cell-redefining strategy was introduced and implemented in Edirisinghe and Ziemba [25]

to further reduce the computational effort required in refining steps. Cell-redefining pro

cedure relocates extreme points that define a new sub-ceU as compact as possible after

subdividing a cell containing discrete scenarios. The rationale is that better approxima

tions should result in tighter bounds which consequently is expected to result in a smaller

number of refining steps to achieve the prescribed accuracy.
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3.3.3 Convergence

GeneraJly, if the domain of the random variables is bounded and if the probability of each

cell goes to zero as the number of partitions goes to infinity, the bounds converge to the true

function values. Regarding to the convergence of the sequence of approximate x solutions,

some additional conditions, for example, compactness of the feasible set for x together with

the uniform convergence of bounds and continuity of the objective function, are needed

to ensure such convergence. The convergence theory for solving SLP2 with bounds-based

approximation approach is built on the concept of epi-convergence. Relevant theories and

details regarding epi-convergence can be found in Attouch and Wets [1], Wets [72], and

Birge and Wets [8].

3.4 Research scope

This research deals with the development, design, and implementation of new bounds-

based approximation methodology for solving multi-period stochastic programming recourse

models. The specific objectives of this research are:

(i) development of refining procedures for the second-order simpliciaJ approximations and

their implementation for solving two-stage models.

(ii) computational experiments and vedidation of second-order approximations solution

method on a large set of two-stage test problems.

(iii) development of new approximations for multi-stage models and design solution pro

cedures for solving multi-stage models.
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(iv) investigate implementational aspects and design decomposition-based techniques for

efficient computation of the new approximations.

(v) Perform a detailed computational analysis of the developed techniques.
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Chapter 4

Solution Method for Two-stage
Models

In this chapter, a solution method based on second-order simplicial approximations [19] is

developed and implemented for solving two-stage stochastic linear program GLP2 given in

(2.11) in which uncertainty is described by the set of scenarios := (^^,7/^) : s € 5} for

the {K -t- Z)-dimensional random parameters cj = {iiV)- First, a brief review of the basic

second-order simphcial approximation procedure proposed by Edirisinghe [19] is provided.

The remainder of the chapter is mostly concerned with developing the theoretical and

computational procedures for efficient implementation of a sequential bound refinement

methodology. Computational analysis using various heuristic partitioning strategies wiU

also be presented.

4.1 Scenario approximations and clustering

The basic idea behind scenario approximations is to approximate the underlying (given)

probabifity distribution by discrete scenario distributions involving only a small number of

points. The construction of scenario approximations depend on utilizing certain moment

information of the given distribution and using a specific geometric shape for the uncer-
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tainty domains. The computational effort required for solving the bounding problems and

the tightness of the resultant bounds are dependent on the particular choice of moments

and domain shape. In the sequel, a second-order simpliciaJ approximation is chosen for

developing a solution method for two-stage stochastic programs.

4.1.1 Second-order approximations

Consider the joint domain f2 to be a {K -|- i)-dimensional simplex, having extreme points

= (u', v'), i = 1,.../, where I = K + Z + 1. Define the I x /-dimensional matrix V by

V :=

wl w\

'^K+L ''^K+L

wl
wl

'"^K+L

(4.1)

1  1 ... 1

Since is a (/f -f /)-dimensionaI simplex, V is a nonsingular matrix, the inverse of which

is denoted by V~^. Define p = (pi,.. .p/) 6 by:

Pi ■■= F-1
u

(4.2)

where [F denotes the i-th row of F ̂. Define the scenario distribution Vi, by

{(w\pi) : i= 1,...,/} (4.3)

and the scenario distribution Vu by

|(w',Pi) : i = 1,...,/J, (4.4)

where u)® = (^% F), a;' = and .. .|}^-) and ij' = {fj[,.. .fj^) are determined

as follows:

si ? Pi —
Pi

V
-1

f  \

' TMk , k = (4.5)

33



~i Pi 'I
m = —, Pi ■=

pi

(y \
-1

\

,  / — 1,. . .X. (4.6)

/
Observe that the foregoing scenario distributions Vi and Vu are based on the second-order

moments of u with respect to the actual (given) probability distribution.

Due to the convex-concave saddle property of the recourse function 4>{x,u) in (2.2), the

following upper and lower bounding results have been proven by Edirisinghe [19]:

K+L+li>{x) := E^<j>{x,u) > ^i(a:) := ^ pi(j>{x,Cj'),
K+L+l

ip{x) E^</>{x,u) < ipu{x) := V pi<j){x,u').

(4.7)

(4.8)

Since the preceding bounding inequalities are based on the constructed scenario distribu

tions Vi and Vu, these are known as second-order approximations. The following bounding

approximations for Z*,

Z' := min c,x > -|-
x€X 1

jp^(/>(a:,u;®)|
can be shown to hold:

(4.9)

Theorem 4.1 (Edirisinghe [19])

r  K+L+iZ* < inin ^ < c, x > + ^ Pi4>{x 1

and

(  K+L+\Z* > min ^ <c,a;> -|- y] pi(j){x

(4.10)

(4.11)

For an illustration of the bounds in Theorem 4.1 for XT = X = 1, see Figure 4.1 where we have
K+L+l

denoted C := (f, ?)') for i = 1, ..., XT -|- X 1. Also notice that V piC = w :=
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Figure 4.1: Second-moment bounds for the expected recourse function.

The bounding problems in Theorem 4.1 are the following linear programs:

LBLP : min^-^j,; |ca; + ̂Li Pi 1/'}
s.t. Ax

Tx -f- Wy'

2^ > 0, y' > 0 I = 1,.../,

= b

= h{e) i =

(4.12)

UBLP : min^^y. |c2 -h Yj=i Pi liv') f'} (4-13)
s.t. Ax = b

Tx-\-Wy'' = h{u') i =

2; > 0, y' > 0 i = 1,.. .7.

These LP problems possess the dual angular structure with I blocks. Since 7(=7i'-f7-|-l)

is usually much smaller than |5|, the approximating problems can be solved more efficiently.
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4.1.2 Partitioning and convergence

For tightening the second-order simplicial approximation, when a partition of the domain

Cl is sought, the ensuing cells of the partition are required to be simplices.

Let S" := {Qr I r = 1,.. represent such a partition (at some iteration of the

joint simplicial domain Ct into subsimplices such that

[Jfi, = n, Q.nn,. = 0, Vr-^r'; r,r'e{l,...,ii::.}. (4.14)
r=l

Let the corresponding index-sets of scenarios be 5i,. ..,Sr^ where 5r := {5 | G fir, s e

5}. The corresponding cell probabilities are evaluated as Pr := Ps where Pr = 1.

Under the cell-conditional first and second moments computed by:

0 = 0,1] k,1=1,...,K + L, (4.15)
Pr ses.

One obtains the upper and lower (second-order) scenario distribution approximations for cell

fir, using a procedure similar to (4.1)-(4.6), herein denoted by {(w'(r)) I « = 1, • • •, /}

and {(a>'(r),p,(r)) | i = 1,...,/}, respectively. The monotonicity of the approximations

under this partitioning procedure is given by the result below.

Theorem 4.2 Under the above simplicial partition of fi, the bounds behave monotonously

for all X £ X, i.e.,

^(z) < t/'j;(a:) := VPr</iy''"(x) < V Pi<t>ix,u') (4.16)

and

HX) > Pi<^>{^,^') (4.17)
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where

4>Y{^) '■= Pi{r)4){x,u\r)) and 0y'''(x) ;= pi(r)(h(x,u'(r)). (4.18)

Corresponding to the above sequence of partitioning, one may obtain the sequence of upper

and lower approximating objective value-sequences {Z^} and {Z^} by solving the hnear

programs

:= inin{< c,x > -I- and Z^ := m.m{< c,x > + rh^(x)} , (4.19)

along with their optimal first-stage solutions x^ and x^, respectively. Due to Theorem

4.2, the sequence {Z^} is monotonically decreasing while {Z'[} is monotonicaUy increasing.

Furthermore, a.s long as niaXr=i,...,Hi, Fr ^ 0 when v oo, the approximating scenario

distributions p(r')|^j can be shown to converge weakly to the original distribution

This yields lim^_oo Z^ = Z* and limj,_»oo Z^ = Z*, where Z* is the optimal objective value

of GLP2 in (2.11).

Would the approximate x-solutions converge to true optimal solutions of GLP2 in (2.11)?

The answer to this question is provided by the theory of epiconvergence, which can loosely

be described as the convergence of the epigraphical sets of the approximating functions

(convex in x, in our case) to the epigraph of the original recourse function ip{.). With weak

convergence of the approximating measures along with the joint domain fi being a (compact)

simplex, due to Birge and Wets [8, section 2.11], one has the required epiconvergence of the

approximating functions. Under epiconvergence. Theorem 9 of Wets [72] shows that the set

of approximate solutions belongs to the set of optimal solutions, i.e.,

limsupfargmin^"] C argmin g
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where g^ix) := c'x + ip^{x) (respectively, g''{x) := c'x + and g{x) := c'x + tl?{x).

Hence, {a;^} —>■ x* and {x^} —> x** hold as desired, where x* and x** are optimal solutions

of the stochastic program (2.11).

There are at least two related issues: stability and speed of convergence. While it follows

from the preceding results that the approximations may be sharpened to a user-specified

accuracy through a partitioning procedure, that the solution sets so-generated behave in

a continuous manner with respect to small perturbations in the approximating measures

can be ensured by appeafing to the stability results due to Kail [46] and Robinson and

Wets [64]. The second important issue is how fast the convergence (or a given accuracy for

the upper and lower approximations) can be achieved. Obviously, this depends on many

factors such as the initial simplex used to contain the given set of scenarios, the manner

in which simplicial decomposition is performed, as well as how efficiently one can solve the

second-order approximations. These are the main topics under discussion of this chapter,

as given in Section 4.2.

It is important to note that solving the upper and lower approximations in (4.19) for

separate first-stage solution vectors x^ and does not help much in identifying cells

(i.e., clusters of scenarios) of the current partition for further refinement. Observing that

the lower approximating solution x'^ is feasible in the upper approximating problem, the

standard strategy is to compute a weaker upper bound by

Zi;:=<c,xl> (4.20)

Consequently, the accuracy of the second-order approximation for estimating the objective

value Z* of (2.11), at some iteration v, can be evaluated on the basis of the current lower
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bounding solution by (provided > 0)

< £, (4.21)

i.e., if the relative gap of the upper and lower bounds for the current solution is within

a certain tolerance then no further refinement of the current approximation is needed.

4.2 Simplicial partitioning for iterative approximation

To apply the simplicial approximation technique presented in the preceding section, an

initial {K L dimensional) simplex which can contain the given set of scenarios is needed.

Usually, in practice, scenarios are constructed by following random variable outcome-trees,

see for instance Carino et al [10], and thus, when the scenarios are viewed as points in the

(A -h X)-dimensional space, their convex hull C may be far from being simplicial. Thus, an

initial simplex Q covering this convex hull is generally expected to consist of a larger volume

of zero-measure which typically contributes to weakening the approximations. However,

when refining the approximations through a simplicial decomposition of this initial simplex

fl, one is able to iteratively remove the areas of zero-measure, a procedure later described

as cell-redefining.

4.2.1 Constructing an initial simplex 0

Since the empty spaces in adversely affect the tightness of the approximations, hence

the speed of convergence, it is desirable to have an initial simplex as compact as possible.

While many nonlinear programming formulations can be developed for this purpose, such

an approach becomes an onerous task in itself when the scenario set is large in number.
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Alternatively, one might determine a compact rectangle TZ containing C by defining:

"j — and := m^ |a;|}, Vy = 1,..., iT + X, (4.22)

and setting TZ := Subsequently, a simplicial decomposition of this rectangle

may be attempted since C C 7^. However, this leads to increasing the number of simplices

in the problem exponentially, and thus, may not be desirable from a computational point

of view. Instead, we take a simplistic approach by adopting from Horst and Tuy [41] and

modifying as follows: Let

(K+L ^/?o(<5) := m^ I 6jUj | (4.23)

for some fixed coefficient vector 6 e 3?^+^ such that 6j > 0, j = 1,.. .,K + L. Then, fi(<5)

defined by

{ K+L \u e 3?^+-^ : ̂  Sjujj - ̂o{S) < 0, Wj - Oj > 0, Vy = 1,... A + X I (4.24)

is a simplex containing C. Furthermore, this simplex is characterized by the set of extreme

points V := {u;\ u;^,..., where the component of is w] = ay for j =

+ L and the remaining vertices w' (for i = 2,..., XT + X + 1) are given by:

Oj a j + i

ifi = j+l. (4.25)wj(^) =
0oiS) - V Skak

K+L

As a result, the degree of uncertainty - defined as the maximum variability of the values

that the random variables caji take for a given domain — has increased when considering

0,(6) instead of C. While this leads to the effect of diluting the quality of approximations,

the cell-redefining strategy discussed in the next section may be used to reduce the degree

of uncertainty under a simplicial decomposition of D,{6).
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Nevertheless, the coefficient vector 6 may be chosen to control the effect of the initial

simplex on the stochastic program. Typically, the uncertainty in the objective coefficients

has a lesser effect on the tightness of the approximations (eis will be demonstrated in the

computational section) than that in the right-hand side coefficients of the recourse linear

program. This motivates one to construct the simplex such that the increase in the

degree of uncertainty in the ̂  components is made smaller than that in the rj components.

This may be accomplished using the following simple result:

Proposition 4.3 For ej denoting the elementary vector and 6 e being a given

fixed coefficient vector such that 6 > 0, -I- ecj) < holds for every e > 0.

K+L
Proof. Rewriting, /3o(<5) = max{Cs -f where we have defined Cj := Skui. Also

define G := ^kO-k- Clearly, G < Cj for aH s e 5. Hence,

+ wj} - G/(5j

= m^{(C, -

-  ~

holds since {Cg - G) > 0, Vs G 5. n

Accordingly, one would be motivated to assign smaller 6j for coordinates along which

the underlying function is closer to being linear. However, since the recourse function <f>

depends on first stage decisions x as well, implementation of this idea is somewhat difficult.

In Section 4.4, we discuss this sensitivity of 6 on the tightness of the approximations.

4.2.2 Cell-Redefining (C-R) procedure

A C-R procedure was introduced and implemented in [25] in order to further tighten first-

order bounds when partitioning in rectangular domains. In this section, we pursue a similar
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Figure 4.2: Cell-redefining procedure for a simplex.

idea with regard to simplicial domains.

Let us consider a simplicial partition of the initial simplex fl, as indicated in (4.14). In

particular, at some iteration u of partitioning, for some r e {1,..., ili,}, the cell Qr is a

simplex itself in The set of scenarios in this cell is described by : s 6 Sr}- Let

Ct := conv{uj^ : s E Sr}, the convex hull.

Definition 4.4 The cell fi,. is said to have removable volume of zero measure if there exists

a simplex L!(. such that Cr C flj. c fir-

The C-R procedure strives for such a simplex (with the least possible volume) for a given

cell fir- The motivation is that the upper and lower approximations on fi(. wiU be much

tighter than those on fir- See Figure 4.2 for an illustration in 3?^.

For the convenience of exposition, let us drop the index r. The set of extreme points of

fi is {tu^,..., and the associated vertex matrix is denoted by V, see (4.1). The

cell-redefining procedure selects a vertex w' of fi, checks if this vertex can be replaced (i.e.,

redefined) by a point t 6 fi such that the simplex

fi' := conv{u^,. ..., } c fi, (4.26)
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and, if so, replaces Q, by Q,' provided that \ is of sufficiently large volume.

For each scenario (s € S) in fl, determine the convex multipliers A^(6 3?-^"'"^"'"^) by

:= F-i j (4.27)

and thus 0 < Af < 1 and Af = 1, Vs € 5. The set of multipliers associated with

vertex w* is represented by A; := {Af : s 6 S}. Observe that pi := max{A,} is a measure

of closeness of the scenarios (in the cell) to a given vertex w'. If pi is close to one, then of

course, one would not expect a significant reduction in the volume of when the vertex tn'

is redefined. In fact, the best vertex for redefining, in this sense, is determined by the index

j := argmin{/i,- : i = 1,.. .,K + L + 1}. (4.28)

Therefore, unless pj < p*, a user-specified threshold value (< 1), the C-R procedure should

not be invoked.

Suppose Pj < p*, and thus, the vertex is to be replaced by the {K -|- i)-dimensional

point t £ Q, such that t is furthest as possible from w^, in the sense of the associated

multipliers, such that (4.26) holds. This problem may be formulated as:

nain
igKK+L

V-. I

s-t. 1 1 > 0

(4.29)

j > 0, Vs e 5

where V is the resulting matrix when the column of V is replaced by the column-vector

5
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( j ). The inverse of V is obtained by V ̂  = UV ̂  where U is the eta-matrix given by

U:=

1  0

0  1

0  0

0  0

0

0

0

0

-4i

-t2.

^i_+i
i.

0

0

0

1

0

0

0

0

and

0  0 • • • 0 0 ••• 1

V-M M =:t e

(4.30)

(4.31)

Upon algebraic manipulation and simplification, (4.29) reduces to the following linear pro

gram:

min V
t^^K+L (4.32)

s.t. V-1 > 0

(AfU-iW - AjU-i(')) ̂  J j > 0, Vi ̂  i, i = 1,.. .ii: + T -f 1; 5 e 5,
where U-Ui) refers to the row of F'U The LP in (4.32) has (K -|- L) variables and

(|5| -|- 1)(A' -|- A) -f- 1 constraints. Thus, the dual problem, which is referred to as CRLP

and has only (K 4- X) constraints, is easier to solve generally provided |5| is not too large.

Initially, when the number of scenarios under consideration is large, therefore, ceU-redefining

should not be invoked; besides, in the initial iterations, given the way the initial simplex

is constructed, ceU-redefinition may not yield a significant reduction of the volume of zero

measure. By setting /j," small enough, one may avoid the latter situation. However, as the

simplicial partition progresses, resulting cells (fl^) will begin to contain lesser number of
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scenarios, i.e., |5r| will be smaller, thus offering a better chance of being redefined to tighten

the approximations.

4.2.3 Partitioning strategies

At the current iteration a cell for further partitioning is chosen by the maximum (prob

abilistically) weighted difference (WDIFF) criterion, i.e.,

max Pr W/ixl) - . (4.33)
r—

When only a single cell is further partitioned at some iteratioh, it is referred to as single

partitioning. However, when partitioning multiple cells, referred to as multiple partitioning,

we pick aU cells having WDIFF within 60% (rule of thumb) of the maximum in (4.33). This

is typically done in order to save computations when the lower bounding solutions a;^ are

stabilized, as indicated by the percent change in x solutions (for 2-norm):

X 100%. (4.34)K+'ll-IKI
n\

Given a cell chosen for further sub-division, one may proceed in at least two ways: radial

partitioning or bi-partitioning. In radial partitioning of a cell ilr, a point interior to fir is

chosen and it is joined to all vertices of fir to generate {K + L + 1) sub-simplices. While

increasing the number of cells in this manner leads to rapid growth of the size of the lower

approximation, if implemented in the initial partitioning iterations, it may also adversely

affect the convergence behavior of the x-solutions due to the way in which partitioning

is performed. Furthermore, it can over-partition a cell and lead to wasteful computation

effort. Therefore, we resort to the bi-partitioning procedure in which a cell fir is spht into

only two sub-simphces by choosing a single partition plane that passes through vertices,

dividing an edge. In so doing, thus, one needs to address:
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1. the selection of the partitioned edge, and

2. the point at which the selected edge is to be partitioned.

Bisection partitioning

The simplest strategy in partitioning is to choose the edge with the longest length and then

partition it at the mid-point. That is, if the longest edge is determined by the two vertices

(m®, n;-'), it wiU be partitioned at w := (w' -|- w^)l2 under bisection partitioning, herein

referred to as the Ao-strategy. This leads to two new simplicial cells after partitioning

given by:

conv{w^,.. and

conv{w^,.. .w^~^ ,w, + (4.35)

Note that the corresponding inverses of the two vertex-matrices can be obtained by single-

pivot updates of the inverse of the cell just partitioned. The general motivation for

bisection partitioning is that cells can be driven uniformly to very small sizes, thereby

assuring theoretical convergence.

Partitioning based on nonlinearity

Instead of relying on (a passive strategy such as) arbitrarily small cell-sizes, by using more

efficient partitioning directions based on the behavior of the recourse function in the chosen

cell, one may hope to accelerate the convergence process. Recalling that if the function is

linear on a cell, then the approximations provide exact expected value, the motivation is

to evaluate the degree of nonlinearity of the recourse function along edges of 12^, see [25]

and [36], for instance. However, since both ̂  and rj coordinates may vary along certain
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edges, the standard procedure in the latter references for evaluating nonlinearity cannot be

employed.

Let us drop the index r of the chosen cell in the current partitioning iteration //.

Also drop the iteration index v from the current lov^er bounding solution that is being

used. Suppose the vertices w' = {u\v') and = {u\v^) represent the edge to be divided

and that u' ̂  and ^ vK We employ one of two possible methods in such cases to

measure the degree of nonlinearity associated with the edge

The first measure is based on the directional derivative information. Let denote the

directional derivative of the recourse function at u;' along the direction — w'. Similarly

Dji is also defined. To determine Dij, let (j/',7r') be the optimal primal and dual solutions

of the recourse linear program determining (i>{xL, w'). Then

Aj = (4.36)

where

d- :=( \ .yh{u^)-T{u^)xi - h{u^)+ T{u')xl j' 1 • )
Definition 4.5 The local nonlinearity measure Aj for the edge (i,j) is defined by

A^{iJ):=\Dij + Dji\. (4.38)

The motivation for the measure Ai is that if the recourse function is linear on the edge

{i,j) then Ai{i,j) = 0. Consequently, Ai(z,j) 7^ 0 implies that the recourse function is

nonlinear along the edge {i,j).

The second measure of nonlinearity, denoted A2{i,j), considers the displacement from

to in two possible two-step movements: w := (u-^, u') —»■ and w :=
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Figure 4.3: Nonlinearity measure A2{i,j) = min[AB, CD].

{u\v^) wK Then, for each possible two-step displacement, the recourse function is

approximated by two-piece linear functions, determined by primal and dual solutions of the

recourse problem at and w^. Then the functional displacement due to this two-piece

linear approximation is computed at both w and u), of which the minimum is taken as the

nonlinearity measure; see Figure 4.3 for an illustration in 3?^. That is, denoting the optimal

primal and dual solutions corresponding to <j>{xL,w^) and 4>(xi,w^) by (j/',7r') and {y^,Tr^),

respectively, we have

4>(Xi,,w) > T^[h{u^) - T(u^)xl] and (I>{xl,w) < q{v^)'yK (4.39)

Furthermore,

<j>{xL,w) > ■K^[h{u^) - T{u')xi] and <f>{xx_,w) < g(u-')V- (4.40)

Consequently, the second measure of nonlinearity for the edge {i,j) is defined by

A2(i,j) := min |g(i;')V - 7r'[/i(u^) - T{u^)xl] , q{v^yy' - Tr^[h{u') - r(u')a:i]|. (4.41)
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The intuition behind the measure A2 is that if the recourse function is almost linear in

the rectangle determined by the points w^,w,w^ and w, then A2 is expected to be smaller.

More importantly, if either u' = or v' = occurs, then the nonlinearity measure A2

reduces to that proposed in [36].

Conditional-mean partitioning

Once an edge {i,j) is selected - corresponding to the maximum of the chosen nonlinearity

measure - one can proceed with partitioning the current simplex either by bisecting the edge

(i,j) or determining a partitioning plane based on probability mass. The former approach

is referred to as mid-point partitioning and is identified by Ai and A2.

In the second approach, in order to balance the probability mass in the resulting two cells

after partitioning, one is motivated to determine a partitioning plane that passes through

the conditional mean (denoted by u>) for the current cell fi. (See Figure 4.4.) This practice

is consistent conceptually with that in rectangular domains. The following result is useful

in accomplishing this objective.
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Proposition 4.6 For the {K + L)-dimensional simplex with vertices w'', k = 1,.. .,K +

i + 1, let p he defined by (4-S) for the first moments Q. Then, the hyperplane in

determined by u! and the {K + L - 1) vertices (k = I,.. .,K L 1, k ̂  i,k ̂  j)

intersects the edge {i,j) at

w'^ := ———w' H ——w^. (4.42)
Pi + Pi Pi + Pi

Proof. Let the partitioning plane in the proposition be represented by a'uj = b for coeffi

cients a £ and 6 6 3?. Thus, we have

a'u> = b, and a'w''= b, "ik = 1,.. K + L + 1, k i,k ̂  j. (4.43)

Multiplying the last {K + L - 1) equalities by the corresponding pk and summing up,

V Pkla'w''] = V Pkb. (4.44)

Subtracting (4.44) from the first equality in (4.43) and rearranging, a'w'^ = b follows where

is defined in (4.42). Thus, belongs to the hyperplane of interest. Moreover, w'^

belongs to the edge {i,j), which completes the proof. n

The strategy that utilizes such conditional-mean partitioning planes is referred to as Aj

and A2, corresponding to the nonlinearity measure.

4.3 Solution procedure and implementation

The implementation of the Second Moment Approximation for hneaR sTochastic pro

grams (with two decision-stages) - SMART- routine involves designing several modular

routines to perform the tasks needed in the solution procedure. These modules include the

SOSA (Second-Order Scenario Approximation) module, the BOUNDS module for comput

ing bounds, and the SIMDEC module comprising Procedure SP (Simplicial Partitioning)
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Figure 4.5: Schematic diagram of the SMART modules.

and Procedure CR (Cell-Redefining.) As a supplementary module for generating SLP's, the

SLP module consists of KaJl-Keller [48] GENSLP code for generating core input data and

SCENGEN module for generating stochastic data. The general scheme of modular inter

action is depicted in Figure 4.5. In what foUows, a brief description of SMART modules is

provided.

Given a stochastic linear program (SLP) with its core input data: c, b, A, W, Tq, .. .Tk,

ho,. ..hK, and qo,.. .ql, and stochastic data: the scenario set {(a;^,^^) : s € S}, an initial

simplex Q, enclosing the set of scenarios is constructed according the procedure described in

section 4.2.1. In particular, it allows sensitivity analysis with respect to the initial simplex

parameter Sq, by fixing S in (4.24) as foUows:

_ f So i{j=l,...,KS,=
1  iij = K + l,...,K + L. (4.45)
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The genercil solution procedure of SMART is described in the following.

Step 1 Perform second-order scenario approximation (SOSA).

Given the geometric information of newly created cells in the simplicial partition, as

well as the clustering of scenarios from SIMDEC, the SOSA module first computes the

required second-moment information for each new ceU Consequently, according

to (4.1)-(4.6), the lower and upper approximating scenario distributions are computed

as outputs.

Step 2 Compute bounds (BOUNDS).

For the fixed data from CORE-INPUT, using the lower approximation from SOSA

and the geometric information from SIMDEC, the BOUNDS module first generates

the lower bounding linear program LBLP in MPS format. Then an LP solver is called

- in our case, IBM's OSL Subroutine Version 1.2 - to solve this LP and the lower

bounding solution is obtained.

Then, for this first-stage solution z^, combining with CORE-INPUT data and infor

mation from SOSA and SIMDEC, the upper bounding LPs for each ceU are formed

in MPS format and solved successively. The objective values 4>u^{x'l) thus obtained,

see (4.18), are accumulated for each cell and weighted by the associated probabilities

Pr, r = 1,..., Rj,, to obtain the upper bound in (4.20).

Subsequently, the relative gap test is performed according to (4.21) to determine if

termination should occur for the specified e. If not, the current solution z^, as well as

the weighted difference WDIFF of upper/lower bounds for aU the current cells become

the input to the SIMDEC module, and the iteration is continued.
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step 3 Refine the current partition (SIMDEC).

This module performs the simplicial decomposition of the domain fi, assigns scenarios

to cells of the decomposition, and maintains and updates the geometric information of

cells from one partitioning iteration to another. When invoked with a current solution

iterate x^, this module determines

1. a cell - denoted herein by Qr at some partitioning iteration i/ - for further

partitioning, according to the rule (4.33),

2. an edge (w% w^) identified by a partitioning strategy such as Aq, Ai, or A2, and

3. a partitioning point w' of the latter edge, i.e., either the mid-point (w' + w^)l2

or the point tt;'-' corresponding to the conditional-mean partitioning plane, see

(4.42).

A chosen ceU fir is partitioned into two new cells fij, and fî  and the information is

updated according to the following procedure:

Procedure-SP:

begin
.S'' := {5''-i\fir}U{fiJ,fi2}

:= {K \{w'}}u {w*};
V2:= {Vr\{u;mu{u;-};
(v;')-i^=

SI = 0;
s^r = 0;
for all s G 5r do
Atemp = [7,A®;
if Atemp > 0 then begin
A® = Atemp;

SI = S} U {s};
else begin
A® = UjX";
S^ = S^li{s};
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end;(*if*)
end;(*for*)
end;

For the cell , Ui is the eta matrix with its column being the eta column

1  -L ^ tr-lf *' 1\' /A Ar\
)  where t = (w ,1). (4.46)

i J t j t { J>i t j

The Procedure-SP can be invoked more than once before leaving the SIMDEC module,

as determined by multiple cell partitioning, see (4.33) and the discussion that follows.

Cell-Redefining (C-R):

The C-R procedure is a part of the SIMDEC module for redefining the vertices of

cells obtained through the simplicial decomposition. As described in Section 3.2,

each new cell fir created in the current partitioning step is admissible for redefining

provided that the corresponding CRLP, i.e., the dual of (4.32), does not have too

many variables, i.e., |5r|(i£' + L) < 1000. For an admissible ceU, the vertices that will

be attempted for redefining are selected by the criterion Hj < n* (where the threshold

//* is set to be 0.70, see Section 4.22), by not doing so, the chances of obtaining a

significant reduction in the ceU volume are slim.

The Procedure-CR below, also (heuristicaJly) tests the replaceability of the chosen

vertex by checking if there are scenarios on the facets (incident to w^) describing

the simplex, if so, one would not expect to obtain a significant reduction in the size

of the current simplex.

The input to Procedure-CR is the set of multipliers A,- := {A- : 5 € Fr}, for i =

1,.. K + L + 1 and m := max A,-. A's are already available within SIMDEC. Denote

the potential set of vertices for redefining by Jo := {« : Mi < /i*, Mi > 0}- For a
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chosen vertex , denote the optimal value of (4.32) by CRLP{w^) := V

where t* is the point that replaces .

Define 7i as the index-set of the already re-defined vertices. Initialize Ji = 0.

Procedure-CR:

Step C-R 1: If Jo = 0, then STOP.

Step C-R 2: Find j := argmin{/i,- : i 6 Jq}.

Step C-R 3: Check replaceability of as foUows.
begin

for i = 1 to K + L + 1 do if i ̂  j then begin
if min At > 0 then go to step C-R 4;

end (*for*);
go to step C-R 5;

end;

Step C-R 4: Solve dual of (4.32) to obtain CRLP{w^) and t*.
If CRLP{w^) > 0 then update the geometric information as follows,
begin

= t*;
F-i =

for all s € 5r do

end;
Update A,- := {Af : s G 5r}; and /i,- := max A,-, Vi = 1,... FT -f X -|-1 ;

Jq = {i : Pi < fi*, Pi > 0, i = 1,..., K + L + 1}
end; {U^ is the resulting eta-matrix when using (4.46) with t* in place of w*).

Step C-R 5: Update: Ji = Ji U {y}
Jo = Jo \ {Jo n Ji} and go to Step C-R 1.

4.4 Summary of computational results

The implementation in the preceding section was coded in FORTRAN 77 and developed

on a SUN SparcStation 2 running under UNIX. IBM's OSL Version 1.2 was used as the

subroutine for solving LPs.

The SMART code allows up to 16 (dependent) random variables (max: K = 8, L = 8)

and up to 100,000 scenarios. The maximum number of simplicial partitions allowed is 20.
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The core input has the limits: 7712,^2 < 100 and the stochastic linear programs

are generated by specifying a random seed for GENSLP and a second random seed for

SCENGEN. The above limitations are set only due to memory restrictions of the machine.

All coefficients in the CORE-INPUT are generated uniformly from the interval [—10,10].

For the purposes of the experiments reported here, all scenarios are generated such that the

corresponding random variables have a maximum spread of [-5,5]. Furthermore, only the

complete-recourse matrix option is used in GENSLP along with matrices being specified to

have 10% density.

In each category of experimentation, at least 5 problems have been solved and averaged

when comparisons are made. Specifically, the following issues are investigated:

1. the sensitivity of the second-order simplicial approximations to the initial simplex

(specified by the value of ̂ o-)

2. the effect of joint partitioning compared to coordinate axis partitioning with respect

to first-order approximations

3. the effect of using second-order information over first-order information when using

joint-partitioning

4. the effect of partitioning strategy and multiple partitioning on second moment ap

proximations.

The set of problem characteristics given in Table 4.1 serves as the bcise for the above

investigations.

A summary of the computational results follows.
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Table 4.1: Randomly generated 2-stage sample problem categories.

Problem category K L (mg,ni,m2,^2) # Scenarios
1  5 5 (20,40,20,40) 2048
2  5 2 (20,40,20,40) 2048
3  8 0 (10,20,10,20) 1024
4  1 1 (5,10,5,10) [100,700]!
5  5 5 (10,20,10,20) 1024
6  8 8 (30,50,30,50) 65536

(1) Regarding the sensitivity of the second-order simplicial approximations to the initial

simplex, as shown in Figure 4.6 and Figure 4.7, increasing (5o(reducing the degree of

uncertainty in ̂ ) has the tendency to strengthen the second moment approximation

in the initial iterations, but eventually this effect is diminished.

(2) Regarding the effect of using second-moment over first moments, test results for convex

cases show that approximations using second-moment produce much faster conver

gence of objective values when compared to that using only first moments. Much of

the adjustment in xl occur in the initial iteration of SMART, while x solution con

tinues to change until much later in first-order approximations. The result suggests

that the convergence of x is faster in second-moment approximations.

(3) The effect of partitioning points using the conditioning mean partitioning point versus

using the mid-point partitioning plane is depicted in Figure 4.8. Our computational

experience suggests that mid-point partitions may be dominated by conditional-mean

point partitions.

(4) Regarding the effect of multiple partitioning versus single partitioning, results show

that multiple partitioning is a better procedure than single partitioning for saving
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computational effort, especially useful after initial few iterations of SMART because

XL tends to be stablized after few iterations.

(5) The effect of cell-redefining strategy is illustrated in Figure 4.9. There is very little

improvement brought about by the C-R strategy. But, after a significant refinement

of the simplicial partition, the C-R strategy is able to effectively remove the areas of

zero measure. Consequently, the approximations become tighter and convergence is

achieved faster.

(6) The sensitivity of SMART solution time to the number of scenarios in the problem is

plotted in Figure 4.10, and is compared with the CPU times for solving the grand

LP. The results show that the solution time for grand LP is adversely affected by

the number of scenarios, while the solution time for bounding IP's increases with the
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sizes of K and L. Nevertheless, increasing the dimensions K and Z, while holding the

number of scenarios constant, leads to larger volume of zero measure in the cells of

simplicial partition. By using C-R strategy, one has better chance of removing areas

of zero measures.

(7) The effect of partitioning strategies Ai and A2 combined with conditional-mean par

titioning for convex-concave case [K and L are both non-zero) is presented in Figure

4.11. Our limited computational experience does not favor one over the other. When

K and L are roughly about the same size, Aj does seem to have a slight advantage

over A2.

(8) Computational comparisons of simplicial second-order moment approximations, simpli

cial first-order moment approximations, and rectangular first-order moment approxi-
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mations, show simplicial second-order moment approximations result in better bounds

which converge faster in terms of CPU time. The superiority becomes more evident

when K and L are significantly large.

(9) The performance of SMART for a case of larger K and L is graphed in Figure 4.12.

The general observation is that the second-order lower bounds tend to converge much

faster than the upper bounds.

More details about the computational results of SMART can be found in Edirisinghe and

You [21].

The computational results demonstrate the effectiveness of second-order simplicial ap

proximations for solving two-stage stochastic linear programs. The use of second-order

moments and effective partitioning strategies on simplicial joint domain yield the desired
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computational efficiency in solving large two-stage stochastic programs. The second-order

simpliciaJ approximation solution procedure is thus proven to be a powerful alternative for

solving two-stage stochastic linear programs. This provides sufficient motivation for further

testing such solution procedure on standard problems and real-life problems. This also give

motivation to extend the solution approach for solving multistage models.
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Chapter 5

New Solution Methodology for
Multi-stage Models

The solution methodology described in this chapter extends the two-stage scenario approx

imation method discussed in Chapter 4 to a multi-stage setting. Consider the multistage

stochastic program GLPy in (2.16) in which the uncertainty is represented by a set of future

scenarios.

Recall that the two-stage scenario approximation method utilizes the second-order mo

ment information and simpliciaJ domains for the underlying scenario distribution to deter

mine representative scenario clusters. Also, recall that the sizes of the two-stage bounding

problems depend on the number of extreme points of the chosen simplicial domains. When

extended to multi-stage problems, the simplicial scenario approximation can be applied ei

ther on the outcome domains at each time stage (referred to as outcome approximation)

or on the joint scenario domain spanning the entire decision horizon (herein defined as

scenario approximation.) The former approach constructs simplicial scenario trees bcised

on the approximate outcomes generated at each time stage (see Frauendorfer [34] [35], for

example.) The size of the resultant bounding problems using such an outcome approxima

tion is determined by the product of the numbers of random variables at aU time stages.
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In contrast, the size of the two-stage bounding problems using a scenario approximation is

determined by the sum of the numbers of random variables in all time stages, which grows

much slower than the product, as the numbers of time stages and random variables increase.

In this chapter, we propose a new scenario approximation approach to construct bounding

problems for multi-stage models.

5.1 Formulation

We focus on multistage models in which the uncertainty space is discrete. Although the

scenario approximation approach is applicable to both continuous and discrete cases, for

computational efficiency - computing moment information without performing multidimen

sional numerical integration, we assume the underlying probability space is discrete. In the

event that the underlying probability space is continuous, we can always approximate it by

a discrete one with a large number of atoms.

The multi-stage model under consideration here is GLPj in (2.16) on which we make

the following additional assumption:

Assumption 5,1 Technology matrices Bt, t = 2,...T, are fixed (i.e., deterministic) but

may vary from stage to stage.

The assumption of fixed technology matrices is realistic for a rather broad class of applica

tions including production planning and inventory control, and various resource allocation

problems.

The multi-stage model GLPj- defined in (2.16) for the case of fixed technology matrices.
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will be referred to by the same label GLPj and is given below:

(GLPt) mm jciXi + Yj=2T^es Ps ct{vt) a^i} (5.1)
s.t. AiXi = 6i

+ Atxt = s e S, t = 2,...T

Xj > 0 s 6 S, t = 2,.. .T

Nonanticipativity constraints : xf = z^,

Vs € iv 5 e 5, N e Aft, t = 2,...T-l.

The above formulation is the so-called scenario formulation in which uncertainty is described

by a set of scenarios {u;" := (^^,7/^) : s € 5"} and x® denotes the decisions (a scenario

solution) at time t under a certain scenario a;®, t = 2,.. .T. Refer to Section 2.2.2 and the

scenario tree in Figure 2.3 for an explanation of the nonanticipativity constraints on x®.

5.2 Time stage aggregation

Suppose we assume that information about all of the random variables becomes available

in the second stage. Then, one can make all subsequent decisions with complete knowledge

of the scenario (path) being followed. This is equivalent to relaxing the information arrival

structure on random events. The resulting relaxed decision problem is given by (5.1) with

the nonanticipativity constraints being dropped. This relaxed multi-stage decision model

can be written in the form of a two-stage model GLP2 as given in (2.11). The relaxed model

will be referred to by the same label GLP2 and is given below:

(GLP2) min {cixi -F Ps qiv') y'} (5.2)
*1 iV

s.t. AiXi = bi

Txi+Wy^ = h(^®) s£S

> 0, 2/® > 0 s e S,
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where
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where K = Jj=2 ^ — Yj=2 and I = K + L + 1. The relaxed version GLP2 of the true

multistage problem GLPx problem will be referred to as the two-stage relaxation of GLPj.

The decision stage obtained by aggregating stage 2 to stage T of GLPj will be referred to

as the aggregated second stage. In the aggregated second stage, decisions are made with

full knowledge of the outcomes of the random vectors (a;2,.. .ojt)- In other words, in the

two-stage relaxation model, all of the decisions except for the first stage decisions Xi are

made under perfect information about the random events. Clearly,

V{GLP2) < V{GLPt), (5.3)

where y(.) is defined as the optimal objective value of the problem considered. By adding

nonanticipativity constraints to GLP2, one obtains GLPj. This is equivalent to adapting

the decision sequence in GLP2 to the information arrival structure {A/i, t = 2,.. .T} defined

in Section 2.2.2.
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5.3 Bounds for the multi-stage model

First consider the two-stage relaxation model, GLP2 in 5.2. Let Q, denote a {K + L)-

dimensional simplex covering all of the scenarios u)^, s £ S, of the joint random vector

u = (a;2,...,u;j.)' G 3?^+^.

The direct application of the second-order simplicial scenario approximation [19] to the

2-stage relaxation problem GLP2 yields the lower bounding problem LBLP2 in (5.5) and

upper bounding problem UBLP2 in (5.6) for GLP2. That is,

y(LBLP2) < y(GLP2) < F(UBLP2), where (5.4)

LBLP2: min fcxi + Yj=i Pi q(v') y'\ (5.5)
xi .j/' t J

s.t. Axi = hi

Txi-I-Wy' =h(f) i =

«! > 0, y' >0i = 1,.../,

UBLP2: min Icxi -f Yi=i Pi q(^0 (5.6)

S.t. AXi = hi

Txi + Wy^ = h(u') 1=1,.../

2^1 > 0, j/' > 0 I = 1,.../.

Refer to Section 4.1.1 for the notation of the second-order approximations.

Furthermore, by partitioning the joint domain under a suitable simplicial decompo

sition scheme, one may apply the 2-stage bounds iteratively, as in Chapter 4. From (5.3)

and (5.4), it is clear that

F(LBLP2) < F(GLPr). (5.7)

Although LBLP2 provides a valid lower bound for GLPj, the successive refinement of

LBLP2 under simplicial partitioning of fl will not converge to V(GLP7-), except in the case
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when V(GLPj)=V(GLP2). The goal of this Chapter is to develop valid lower and upper

bounds on the true multistage problem GLPj, that would converge to V(GLPr) under a

suitable refinement scheme.

5.3.1 Multistage lower bound

The approach here is to begin with the 2-stage lower bounding problem and to tighten it

further to yield multistage lower bound that can be forced to converge to the true problem

iteratively.

First, consider constructing a model by row-aggregation of the constraints involving

5 e 5, in GLP2 (5.2). A total of / (= A -|- X -l-1) sets of constraints will be constructed

by a row aggregation of the constraints in GLP2. Define the weights

Mi = — (5.8)
Pi

where pi and are as defined in (4.2) and (4.27). It is easy to verify that each of the

weight set {/if | s € S} is convex, for each i = 1,.. .7. That is, 0 < /if < 1 and Pi =

1, Vi = !,.../. Multiplying the constraints involving y% s e S, in GLP2 by the i-th set of

the convex weights {/if s € 5}, corresponding to the index s and adding up all the weighted

constraints result in the z-th set of aggregated constraints:

g/ifTa:i + g/ifWy^ = g/ifM^) i = 1, • • ./• (5.9)

By the unity property of the convex weights and the affine property of the h(.) function,

the constraint set in (5.9) can be rewritten as:

Txi+W VMil/' = h(V/iff) z = !,.../. (5.10)
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The argument in the affine function h(.) on the right-hand side of (5.10) is precisely the

approximation scenario which is defined in (4.5). Replacing the scenario constraints

Txi -f = h(^®), s € 5, in GLP2 (5.2) with the I sets of aggregated constraints in

(5.10), we have the following problem:

LBLPz^: mini;i,j,. {ciXi Vs y^}

s.t. AiXi = bi

Txi+WX>e5/ify^ =h(|') i =
> 0; > 0 s e S.

By the fact that 77^ = ̂Li S'Jid th® affine property of q(.) function, the second term

of the objective function in (5.11) can be rewritten as

Thus, the problem LBLP,^ in (5-11) can be rewritten as follows:

f. (5.12)
1=1 i=T rt

LBLP2a: min^i,si» jciXi -b p,- q(u') ̂ 55 ̂  t/^| (5.13)
s.t. .4iXi = bi

Txi + wjyes^y' = h(e) i =
> 0; y^ > 0 s € S.

LBLP2/I is precisely the LBLP2 in (5.5) augmented with the additional constraints:

y' = 'DesMfy', (5J4)

Therefore, the value of LBLP2>i is an upper bound on the value of LBLP2. Since LBLP2^

can be obtained by aggregating the constraints in GLP2, the value of LBLP24 also provides

a lower bound on the value of GLP2. The bound results are stated formally as:

Proposition 5.2 V(LBLP2) < V{LBLP2a) < V{GLP2).
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As GLP2 is GLPj without nonanticipativity (NA) constraints, by imposing NA con

straints on in LBLP2j4, we obtain a lower bounding problem for GLPt:

' LBLP2

LBLPt: J ®2/' = De5/^fj/', i = l,...I (5.15)
®  nonanticipative s e S,

where ® is defined as an operator which attaches a set of constraints to a problem. By

rewriting the two constraint sets in (5.15), we present LBLPr in an alternative form:

f LBLP2

® Aggregated NA Constraints :

LBLPr: yi = TNeAr. iTfieNfJ'i) z = l,.../, t = 2,...r-l, (5.16)
® r"' Stage Constraints :

Vt ~ Vti ^ ~

where the aggregated NA constraints in (5.16) are obtained by combining the nonanticipa

tivity constrains:

yl = zf, ̂ seN, seS, NeAft, t = 2,...T-l, (5.17)

with the aggregation constraints in (5.14), and stage constraints are just the aggregation

constraints in (5.14) for the stage.

Remarks. Under the assumption of "complete recourse" (refer to Chapter 2 for the

definition), there exists a feasible solution for GLPj, which implies that LBLPj is feasible.

Obviously,

V{LBLP2a) < V{LBLPt) < V{GLPt). (5.18)

As mentioned above, the stage constraints in (5.16) are pure aggregation constraints

and do not involve any NA constraints, thus, are not expected to add much value to the

formulation in (5.16). On the other hand, by dropping these stage constraints, we
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expect to save significant computational effort since adding these constraints involves a

large number (the cardinality of Mt = |5|) of variables. In the remainder of this chapter,

LBLPr refers to the formulation in (5.16) without the stage constraints.

5.3.2 Multistage upper bound

A simple heuristic for constructing an upper bound for the multistage problem GLPj in

(5.1) is to find a feasible solution of GLPy. The following methodology is an effort in this

direction.

We first show that a feasible solution of the 2-stage relaxation problem GLP2 (5.2) can

be constructed from a feasible solution of the 2-stage upper bounding problem UBLP2 (5.6).

Consider the constraints:

Txi + W X- f = X'i h{u') = h(^"), seS, (5.19)

which are obtained by aggregating the constraints involving variables y' in UBLP2 (5.6) by

using the weights (A®, f = 1,.. .7), s £ S. Any feasible solution of the 2-stage upper bound

ing problem UBLP2, denoted (ii; y', f = 1,.../), will satisfy the aggregated constraints in

(5.19). It develops that

I

f = (5.20)

is a feasible solution to the 2-stage relaxation problem GLP2 in (5.2).

To ensure that the constructed scenario solution (y®, s € 5) is feasible and imple-

mentable to the true multistage problem GLPj in (5.1), we only have to impose the nonan-

ticipativity constraints on the constructed scenarios solution. That is, require that ji® = yf,

for all s 7^ s' such that s,s' 6 N, for cdl A G A/i, t = 2,.. .T — 1. This leads to the following
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multistage upper bounding problem:

UBLP2

UBLPj: Induced NA Constraints : 2f=i Vt — Sf=i

s,s'eN, NeAft,

(5.21)

The added constraint set in (5.21) is referred to as the induced nonanticipativity constraints

in order to distinguish it from the original nonanticipativity constraints. The induced

nonanticipativity constraints (on the constructed solutions) can be expressed equivalently

as follows:

Xtyl = z^, ^s€N, N€Aft, t = 2,...T-l.

Proposition 5.3 UBLPj provides an upper bound for GLPt-

(5.22)

Proof. If UBLPy is not feasible, by convention V(UBLP7')=oo, which is triviedly an upper

bound for GLPy, but not a usable upper bound. If UBLPj is feasible, the objective value

attained by any feasible solution (ij; y% i = 1,.. .1) is

ci :ei + ̂  Pi q(^') f

=  (^1^1 + Y] Pi (y] f
:=1 Pi j

- ci xi + ̂  p, q(77^) f
I

= ci + V Pi q(p^) Af f

= ci + V Pi y^

> V{GLPr).

It is apparent that the best choice among all feasible solutions of UBLPy for constructing

a feasible solution of GLPy is the optimal solution of UBLPx, which gives the smallest
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objective value for UBLPy and thus gives the smallest upper bound for GLPy. That is,

V{UBLPt) > V{GLPt). (5.23)

5.4 Refinement of the multistage bounds

The preceding basic multistage bounds wiH be improved by partitioning the joint scenario

domain further. The basic refining practice here is similar to those for other bounds-

based approximations, refer to [25] and Chapter 4, ajid it requires applying the bounding

techniques on subsets of the joint scenario domains.

Since the derived multistage bounds utilize the second-order simplicial approximation,

an initial {K + L dimensional) simplex (fl) containing the given set of scenarios is stiU

needed, and when the domain Cl is partitioned, the ensuing sub-ceUs of the partition are

also required to be simplices. The procedure of performing such a simplicial partition is

described in Chapter 4. Some of the notation is restated in the following.

Consider a partition V := {fir I t = 1,...,J?} which partitions the joint simplicial

domain fi into mutually exclusive subsimplices fir. Let the corresponding index-sets of sce

narios be Si,.. .,Sr where Sr := {« | € fir, s e 5}. The corresponding cell probabilities

are evaluated as Pr := X>6Sr Ps where Pr = 1-

Computed according to a procedure similar to (4.1)-(4.6) using the cell-conditional first

and second moments, the upper and lower approximating scenario distributions for cell fir

are denoted by {(w'(r),/j,(r)) | i = 1,.. and {(a;'(r),pi(r)) | f = 1,...,/}, respectively,

where w'(r-) = (u®''", t)®'''), and w'(r) =

The improved lower and upper bounding models under the above-mentioned simplicial

partition are stated below. The derivation is omitted as it is straightforward. The improved
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lower bounding model is

LBLPr(T'):

LBLP2(7')

® Aggregated NA Constraints('P):

r = i=: t = 2,...T-l,

p X'where nl,. = 5 e 5^, and LBLP2(P) iIS

LBLP2(7>): mi^ lex, + P, p;(r) q(t;'>) f'^X

s.t. Ax, = 61

Txi + Wt/'-'- = h(e'>) t = 1,...R, i = l,...I

xi > 0; y'> > 0 r = i =

and the improved upper bounding model is

UBLP2(7')

© Induced NA Constraints('P):
UBLPr(P):

where UBLP2(P) is

Yj=, XI, yl'^ = zf

Vs e A, 5 € r = 1,.. .p, N e Aft, t = 2,...T - 1,

(5.24)

(5.25)

(5.26)

UBLP2(P): mn {cx, + jj=iPr(p=, (5.27)
s.t. Ax, = 61

Ta;a + Wj/''"" = h(u'''') r = 1,.. .P, i = 1,.../

X, > 0; >0 r = 1,.. .P, 2 = 1,.../.

An important issue is whether, under a refinement scheme using the aforementioned

partitioning on the simplicial joint domains, the resulting sequence of the multistage lower

bounds is non-decreasing and that of the multistage upper bounds is also non-increasing,

that is,

V{GLPt) > V{LBLPt{V)) > V{LBLPt), and (5.28)
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V{GLPt) < V{UBLPt{V)) < V{UBLPt) (5.29)

Theoretical aspects of the monotonic issue is beyond the scope of this chapter. Instead,

we shall show the required monotonic behavior of the multistage bounds in a computa

tional setting. In that sense, the bound improvement technique described here is termed a

"heuristic partitioning procedure" or "HPP."

5.5 Decomposition algorithms for multi-stage bounds

Recall that in the case of 2-stage bounds, the dual block angular structures in LBLP2

and UBLP2 permit the use of large-scale decomposition techniques such as the L-shaped

method ([70]. However, when the aggregated NA constraints in (5.16) and the induced

NA constraints in (5.21) are added to the 2-stage bounding problems, the exploitable block

angular structure wiU be destroyed.

In this section, new decomposition-based algorithms are developed based on the un

derlying structures of LBLPt(7') and UBLP7'(7') in an attempt to solve the multi-stage

bounding models computationally efficiently.

5.5.1 Method for solving the lower bounding model

The method developed for solving LBLPt(P) is a variant of a cutting plane algorithm

(CPA) involving only feasibility cuts. The algorithm is outlined below, derivation of which

is rather self-explanatory.

CPA for LBLPt(P):

Step 1: Solve the master problem LBLP2(P) and obtain the optimal primal solution

(xi; yi'\t = 2,...T,r = l,...R, 1,.../).
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Step 2: Check the feasibility of (yj''", t = 2,...T,r = = 1,.../) in the aggregated

nonanticipativity constraints by solving the following Phase-I feasibility subproblem:

(5.30)

r = 1,.. .R, i = 1,..

t = 2,...T-l, j = l,...nt,

u > 0, v > 0

zf >0, NeAft, t = 2,...T-l,

where u and v are artificial variables corresponding to the Phase-I simplex method.

Step 3: If tD = 0, then stop. The solution (5i; yY, r = 1,.. .R, i = 1,.../, t = 2,.. .T) is

an optimal solution to LBLPr(7^). Otherwise, generate a constraint (feasibility cut)

of the form;

where a is the dual solution vector of subproblem (5.30).

Step 4: Add the constraint to the master problem LBLP2(7') and solve the restricted

master problem (LBLP2('P) with all the added constraints) to obtain a new solution

(xi; y'Y, t = 2,.. .T, r = 1,.. .R, i = I, n n ■!)• Go to Step 2.

Note that the feasibihty subproblem in (5.30) is separable in both t and j. A variant

of the above algorithm, denoted by Decomposed CPA (DCPA), is to solve, in Step 2, a

set of smaller Phase-I feasibility subproblems for each pair (t,i), t = 2,. ..T' - 1, j =

l,...n(, and generate, in Step 3, a constraint (feasibility cut) for each

pair (t,i), t = 2,.. .r-l, y = 1,.. .rit. Then, one can either add all of the constraints
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generated in Step 3 to the mcister problem, referred to as a multi-cut strategy, or aggregate

all the constraints generated in Step 3 to be one constraint as in (5.31) (by adding them

together) and add it to the master problem, referred to as a single-cut strategy.

Solving LBLPj using either the CPA or the DCPA not only avoids solving a larger

linear program, but also allows the use of decomposition techniques in the initial Step 1.

With constraints of the type in (5.31) added to LBLP2, the restricted LBLP2 can be solved

efficiently by performing dual simplex pivot steps from the previous optimal basis.

5.5.2 Method for solving the upper bounding model

Notice that the UBLPj'('P) has many induced NA constraints, and thus, a straightforward

LP solution approach is computationally tedious, specially when there are many scenar

ios. In this section, an efficient solution procedure is developed based on relaxing the

induced NA constraints within an augmented Lagrangian approach. This method dualizes

the constraints (5.22) and imposes quadratic penalty in the objective function. Consider

the following augmented Lagrangian objective function:

(  R I
min ) dxi + y]y] Piir) 9(7?'''") y'-*" (5.32)
XI,y r=I.=l

2R T-1 I

+ .\ryt

in place of the linear objective in UBLP2(T') in (5.27), where (af, s e S, t = 2,.. .T - 1)

is the vector of dual variables associated with the induced nonanticipativity constraints

(5.22), and 7 > 0 is a penalty parameter. The quadratic component provides the "proxi

mal term" to ensure that the solution of the augmented Lagrangian converges to the true

problem. Furthermore, for more efficient computation, separability of this problem by ceU

r,r = 1,..., J?, can be introduced, similar in approach to that in the Progressive Hedging
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Algorithm (PHA) of Rockafellar and Wets [68]. This approach entails using estimates

and for the "linking" variables and of. These estimates will be generated in the

algorithmic steps given below. Let us assume first that a first stage solution is known.

Then the upper bound computations are performed in the following manner:

PHA for UBLPt(P):

Step 0: Set the iteration counter i/ = 0. Initialize the penalty parameter 7" = 0 and set

the dual price vectors of = 0 for all s € 5.

Step 1: (Given a first-stage solution xi) The problem UBLP2(P) (5.27) is separable in the

cells of the current partition. Solve the decomposed subproblems of UBLP2('P) for

2-stage solution (yj'''(i'), i = 1,.../, t = 2,.. .T) for each cell r, r =

Step 2: Compute the estimate z by the probabilistically weighted sum:

E E PsiTKrV^i^))
(^) - , (5.33)

for all A e A/*!, t = 2, ...T-l.

Step 3: Obtain multistage solution {yY{v -1-1), t = 2,.. .T, i = 1,.. .1} for each cell r,

r = 1,... R, by solving the decomposed subproblems of UBLP2(P) with the given first-

stage solution xi and with the objective function of each subproblem being replaced

by the estimated augmented Lagrangian objective function in (5.32) for each ceU.

Step 4: Compute z^{i/+l) in the same way as (5.33) but substitute ̂ ['"(i/-)-1) for yY{v).

Step 5 Check the termination criterion (for given small e > 0)

^ = ||2(z/)-z(z/-f-l)|^-h j/^-2(z/-f-l)p| < e, (5.34)
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where

/

f = J]Xl,f/{u + l), s£Sr, r=l,...R. (5.35)

If the termination criterion is satisfied, stop; otherwise, go to Step 6.

Step 6: Update the estimated dual multipliers by

atiiy + 1) ̂  at{u) + + 1) - zf (v + 1)) (5.36)

for all t = 2,.. .r — 1, s G 5r, r = 1,. ..R. Adjust the penalty parameter 7"

if desired. Set f <— v + 1 and go to Step 3.

5.6 Solution procedures and implementation

The implementation of the solution methodology for multistage stochastic programs involves

utilizing and modifying the basic SMART modules and other supplementary modules de

scribed in section 4.3 and developed for the 2-stage case. These modules are extended

to perform the tasks needed in the solution procedure for the multistage case described

in the preceding sections. The module SOSA remains the same for performing second-

order scenario approximation as partitioning is performed on the grand domain of scenar

ios. The modified modules include MBOUNDS for computing Multistage Bounds, and

MSIMDEC (Simplicial Decomposition for Multistage case) which also incorporate the S-P

procedure and C-R procedure described in section 4.3. The other modified supplementary

modules are MSLP and MSCENGEN. The MSLP module consists of Kall-Keller-Mayer [49]

GENSLPN code for generating 2-stage SLP's with modification for generating multistage

SLP's. The MSCENGEN module generates multistage stochastic (scenario) data Ps and

•= = 2,.. .T, s e 5 and forms time stage nested scenarios
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Given a multistage stochastic linear program (MSLP) with its core input data: Ct, bt,

At, Bt, t = and stochastic data: the scenario set {(a;^,ps) : s G 5}, an initial

simplex enclosing the set of scenarios is constructed according the procedure described in

section 4.2.1. The general solution procedure and the modules involved for solving MSLP

are described in the following.

Step 1: Perform second-order simplicial scenario approximation by SOS A module.

Given the geometric and the clustering information of new created cells from the

SIMDEC module, this SOSA module computes the required second-moment informa

tion for each new cell and outputs the lower and upper approximating scenario

distributions computed according to (4.1)-(4.6).

Step 2: Compute bounds by MBOUNDS module:

In this module, the fixed core input data and information from SOSA and SIMDEC

are needed to form programming subproblems, and IBM's OSL solver is used to solve

LP subproblems and "quadratic programming" subproblems to obtain bounds and

solutions.

This module first generates the two-stage relaxation lower bounding problem LBLP2

or LBLP2(7') in MPS format, and then the LP is solved to obtain the 2-stage lower

bound, LB2, and the 2-stage lower bounding xi solution, Xl2-

The next step is to obtain the multistage lower bound, LBy, and the midtistage lower

bounding Xi solution, Xi^. The program LBLPx('P) can be solved by the simplex

method (in OSL) or solved by the CPA (DCPA) described in section 5.5.1. If the

simplex method is selected, the module then adds the aggregated NA constraints to
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the 2-stage model and then solves the appended problem. If the (decomposed) cutting

plane algorithm is selected, then the (decomposed) feasibihty subproblem (5.30) is

generated in MPS format and solved. The CPA (DCPA) described in section (5.5.1)

continues until the termination criterion is satisfied.

To obtain upper bounds, there are two options regarding which lower bounding Xi

solution to be used in forming the upper bounding problems:

1. X1_0PTI0N=A, if the 2-stage lower bounding Xi solution, Xi^, is used,

2. X1_0PTI0N=C, if the multistage lower bounding x\ solution, Xlt is used.

In addition, there are choices to use either the Simplex method or the PHA described

in Section 5.5.2 to solve the multistage upper bounding programming problems.

If the Simplex method is selected, UBLP2(7') in (5.27) is formed in MPS format for

the given lower bounding Zi solution and is solved to obtain 2-stage upper bound,

UB2(xi). The induced NA constraints in (5.26) are then added to the 2-stage upper

bounding problem, and the appended model is solved to obtain multistage upper

bound, UBt(si).

If the PHA is selected, for the given lower bounding zj solution, the 2-stage upper

bounding LPs for each cell are formed in MPS format and are solved successively

to obtain 2-stage cell upper bounds, UB5(zi),r = 1,. ..R. The overall 2-stage upper

bound can be obtained by accumulating the objective value for each cell and weighting

by the associated probability Pr, r = 1,.. .P, that is,

R

UB2(xi) = Cizi + Y^Pr UB5(zi) (5.37)

82



To obtain multistage upper bound, UBx(a;i), the PHA described in Section 5.5.2 is

invoked and continues until the termination criterion (5.34) is satisfied.

Subsequently, the MBOUND module checks if the maximum number of partitions

allowed is exceeded or if the relative gap of the bounds is within the specified £

to determine if the refining procedure should be terminated. The relative gap is

defined similarly to that in (4.21) with the following changes. The 2-stage bounds

LB2 and UB2(2ri) are used in computing the relative gap if X1_0PTI0N=A, whereas

the multistgae bounds LBr and UBx(a;i) will be used in computing the relative gap

if X1_0PTI0N=C.

If none of the above criteria is satisfied, the lower bounding xi solution used and

the weighted difference WDIFF of the corresponding upper/lower bounds for all the

current cells become the input to the MSIMDEC module, and the procedure of refining

bounds continues.

Step 3: Refine the current partition by MSIMDEC module.

This module is a slight modification of the SIMDEC module described in Section 4.3.

The modification affects only the partitioning strategies and is described below.

1. Choose a cell (Ir for further partitioning according to one of the following two

rules:

W - the maximum Weighted difference (WDIFF) of upper/lower bounds,

S - the maximum number of scenarios.

The WDIFF for each cell is the cell probability weighted difference between the

cell upper bound and the cell lower bound. The current 2-stage cell bounds,
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LBj and 1162(2:1,2)) are used in computing WDIFFs if Xl_OPTION=A, whereas

the current multistage cell bounds, LBy and UBj(Xi2), are used in computing

WDIFFs if X1.0PTI0N=C.

2. Choose an edge for partitioning according to one of the following two

rules:

Di - nonlinearity measure as defined in (4.41),

D2 - the longest edge.

3. Determine the partitioning point according to one of the following two rules:

Pi - the mean point, or precisely, the point intersected by the conditional-mean

hyperplane described in (4.42),

P2: the mid-point (w' -1- w^)/2.

5.7 Computational results

The purpose of this section is to investigate by computation the validity of the proposed

solution methodologies for the multistage stochastic model having fixed technology matrices.

The convergent behavior of the multistage bounds as well as that of the first stage solutions

xi wiU also be examined under a simplicial partitioning refinement scheme.

The proposed solution procedure described in the previous section was coded in FOR-

TRAN77 and was run on UTK's SP2 supercomputer (IBM RS/6000). IBM's OSL solver

was incorporated in the source code to solve LP subproblems and quadratic programming

subproblems.

The code allows up to 5 time stages and 12 random variables per time stage (maximum

Kt = 6 and maximum Lt=6, and up to 100 scenario outcomes per time stage but with a

84



Table 5.1: Categories of the randomly generated multistage test problems.

Problem rrii X Tit Matrix (KuLt) GLPy size
category T t = l,...T density t = 2,...T # of Seen. #rows by # columns

1 3 3x6 60% (1,1) 20x 20 1263 X 2526

2 3 3x6 60% (1,1) 40 X 40 4923 X 9846

3 3 3x6 60% (1,1) 60x 60 10983 X 21966

4 3 3x6 60% (2,0) 40 X 40 4923 X 9846

5 3 3x6 30% (1,1) 40x 40 4923 X 9846

6 4 3x6 10% (1,1) 10 X 10 X 10 666 X 333

limit of 20000 scenarios totally. The maximum number of simplicial partitions allowed is

50. The core input has the limits: mi,ni < 40 and mt,nt < 20,t = 2,...T. The above

limitations are set only due to memory restriction of the machine account.

The test problems used in the computations are randomly generated multi-stage stochas

tic linear programs which have fixed technology matrices. Only the complete-recourse ma

trix option is used in GENSLPN. Coefficients in the core input At,Bt,bt are generated

uniformly from the interval [-5,5], and coefficients in Ct are generated uniformly from the in

terval [0,5]. Scenario outcomes are generated such that the corresponding random variables

have a maximum spread of [0,6].

Several categories of problems were generated for the purpose of testing. The informa

tion relevant to the sizes of the randomly generated test problems is provided in Table 5.1.

Unless mentioned otherwise, the computational results presented here are based on the

averaged result of at least three randomly generated test problems.

5.7.1 Solving LBLPr('P)

We compare the performances of using the simplex method, the CPA, and DCPA described

in Section 5.5.1 for solving LBLPt(P). Test problems from Category 1 to Category 3 were
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used for this purpose. The CPA (DCPA) is terminated when one of the following criteria

is satisfied:

1. The objective value of the feasibility subproblem, li; = 0 or u; < 0.01% of the majdmum

element of the RHSs in the feasibility subproblem (5.30).

2. The improvement of the multistage lower bound LBr obtained by the CPA (DCPA)

from iteration to iteration is too little, specifically, - LB^) < 0.01% of

where v is the iteration number in the CPA (DCPA).

Figure 5.1 shows the cumulative CPU time required for solving LBLPr(7') by the three

methods (up to only 10 partition iterations). The procedure based on the simplex method

consistently requires less CPU time than the CPA and the DCPA in solving the lower

bounding problems. The CPU time required by the CPA and the DCPA grows rapidly

as the number of partitions increases, and it is almost intolerable. Therefore, the simplex

method is preferred to the CPA and the DCPA and wiU be used to solve the multistage

lower bounding problems for the remaining computations.

To complete the analyses, the objective values obtained by the CPA and the DCPA are

reported here. For the case of 20x20 scenarios, the objective values obtained by the CPA

(DCPA) range from 100% to 96.4% (100% to 96.7%) of the objective values obtained by

the Simplex method. For the case of 40x40 scenarios, the objective values obtained by CPA

range from 100% to 93.3%, and those obtained by DCPA range from 100% to 93.94%. For

the case of 60x60 scenarios, the objective values obtained by CPA range from 99.99% to

92.54%, and those obtained by DCPA range from 99.25% to 93.45%. The reason why the

CPA and the DCPA obtain different objective values could be due to degeneracy in dual
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in the feasibility subproblem in (5.30). That is, the dual solutions obtained by the CPA

and the DCPA are different, thus generating different feasibility cuts in (5.31) which then

results in different LBy.

5.7.2 Solving UBLPr(P)

Test problems from Category 1 to Category 3 were solved to compare the performance of

the two solution methods used for solving UBLPr(P). Each problem was solved by the two

solution methods using four different partitioning strategies, and thus solving the problem

in eight instances. In PHA, the fixed quadratic penalty parameter 7 was fixed at .05 and

the termination criterion is set for e = .01 for solving the upper bounding problems.

The cumulative average CPU time required for solving UBLPr(P) by the simplex

method and by the PHA (up to only 20 partition iterations) are shown in Figure 5.2.

The CPU time required for the simplex method grows linearly as number of partitions in

creases, while that for the PHA is exponential. With respect to the CPU time, the PHA

has an advantage over simplex method when the problem size is moderate or large (see the

case 60x60 scenarios in Figure 5.2).

Another reason why the PHA is preferred to simplex method for solving UBLPt(7') is

that when large number of induced NA constraints are added to UBLP2(T'), the problem

become numerically unstable or could become nearly infeasible if solved by the simplex

method. On the other hand, the PHA method is numerically more stable as evidenced by

our computationally experience. To analyze the quality of the objective values obtained by

PHA, the objective values obtained by PHA are represented as percentages of the objective

values obtained by simplex method for those problems that are feasible or that have very
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small amount of primal infeasibility (10~®). The averaged objective values obtained by the

PHA range from 99.37% to 100.09% of the objective values obtained by the simplex method

with standard deviations 0.00% - 0.67%.

For all the foUowing computations, PHA with fixed quadratic penalty parameter 7 = .05

and termination criterion e = .01 was used to solve all the UBLP7'(7').

5.7.3 Bound convergent behavior

We first verify that the multistage bounds behave monotonously under the the refinement

scheme which partitions on the simplicial joint scenario domains. In some instances, the

multistage optimal objective values are obtained at the initial iteration, that is LBy = UBr

without any partitioning. For the more general cases where partitioning is required, we

shall show the behavior of the multistage bounds as the simplicial joint scenario domains

are partitioned finer.

Figure 5.3 to Figure 5.9 show, for different test problems, how multistage bounds

(UBxC^i) and LBj) improve toward their multistage optimal objective values within 20

partition iterations under one of the partitioning strategies. The behaviors of 2-stage bounds

are also shown in Figure 5.3 to Figure 5.9 for the purpose of comparing with the multistage

cases. The gaps between the 2-stage bounds and the multistage bounds can be attributed

to the effect of the added NA constraints.

Generally, the multistage bounds behave similarly to their 2-stage counterpart, and the

bounds improve monotonously as the joint scenario domains are partitioned finer. The

improvement of the bounds occurs mostly in the first few partition iterations and tails off

afterwards. The lower bound LBy generally is closer to its optimal objective value than the
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upper bound.

Note that the upper bounds UBj'(a:i) reported here which used first-stage lower bound

ing solution are weaker than the upper bounds UBr which are obtained by solving

UBLPj('P) for its Xu- Therefore, UBxC^l) may not behave monotonously as the joint sce

nario domains are partitioned further. The motivation for using the upper bounds UB7'(xx,)

is to obtain an easily computed upper bound for the purpose of picking partitioning cells

and for the purpose of establishing termination criteria. Any valid upper bound can serve

for these purposes.

A final note on the bound improving behaviors is that when the partition iteration

increases, the bounds improve but the gaps between the 2-stage bounds and the multistage

bounds remain about the same. The reason could be that as the joint scenario domains
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are partitioned only the moment information of the scenarios is refined but the dynamic

structure of the scenarios is not further refined.

In the remaining of the computation, we investigate some of the factors that may affect

the magnitude and the speed the multistage bounds improve toward their optimal objective

values.

The effect of partitioning strategies

Test problems from Category 2 were used for investigating the effect of the partitioning

strategies on bound convergent behavior as weU as on the convergent behavior of Xi. Each

partitoning strategy is defined by the following components:

1. OPTIONJCl: A or C,

2. cell choice: W or S,

3. edge choice: D1 or D2,

4. partitioning point: PI or P2.

Refer to Section 5.6 for detailed description about each component of the partitioning

strategies. The effect of partitioning strategies on the bound improving behavior of a test

problem from Category 2 is depicted in Figure 5.10.

We further analyze the effect of each component of the partitioning strategies on the

bound convergent behaviors and the convergent behavior of Xl. The convergent behaviors

of the multistage cases as well as the 2-stage cases wiU both be presented for the purpose

of comparison.
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An example using test problem from Category 2.

As shown in Figure 5.11 to Figure 5.14, none of the strategies has advantage over the

other on the improvement of the multistage bounds. Some strategies appear to be better

than the other initially, but the advantages diminish after about 10 partition iterations. The

initial effects of the partitioning strategies and the diminishing effects are more noticeable

in the 2-stage bound convergent behaviors. The improvement in bounds seems somewhat

related to the pattern how first stage lower bounding solution converges to its optimal

solution.

The effect of problem size

Test problems from Category 2 are used for investigating the effect of number of scenarios on

bound improving behavior. Figure 5.15 shows the effect of scenario size on bound improving
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behavior and on the total CPU time required to solve for multistage bounds. Generally,

the rate of the bound improving is not affected by scenario size, but the relative bound gap

appears to be larger when the size of scenario set is larger. The effect of scenario size does

not affect the 2-stage case as much as the multistage case. The total CPU time required

for solving the multistage bounds increases as the size of the scenario set increases.

The effect of problem structure

Test problems from Category 2 and Category 4 were used to compare the bound improving

behaviors of saddle functions with that of convex functions. Figure 5.16 shows the compar

ison of the bound improvement and total CPU time required for saddle case and convex

case. The initial relative gap of convex case appears to be smaller than that of saddle case.

However, the bound improving rate of convex case is not greater than that of saddle Ccise.

The CPU time required also indicates that convex case doesn't seem to be easier to solve

than saddle case.

Test problems from Category 2 and Category 5 were used to investigating the effect

of matrix density on bound improving behaviors. Figure 5.17 show the comparison of the

bound improvement and total CPU time required for problems with dense (60% density)

matrices and problems with sparse (30% density) matrices. The initial bound relative gap

and the bound improving rate seem to indicate that 30% density case is easier to solve than

60% density case. However, the total CPU time required seems to indicate the converse.

102



1000
T-stage bound

a
(D

O

«

a>
q:

500
-$addto60%

-Convex

0  2 4 6 8 10 12 14 16 18 20

Partition Iteration

3
Q.
O

15000

10000

5000

Total CPU time for T-stage bound

S8ddle60%

Convex

0  2 4 6 8 10 12 14 16 18 20

Partition Iteration

Figure 5.16: Effect of saddle function vs convex function on bound convergent behavior.

103



1000

T-stage bound

Q.
(0

O

«

tz:

500

" ̂ ̂  A A

0  2 4 6 8 10 12 14 16 18 20

Partition Iteration

Total CPU time

3000

3
Q.
O

1000

T  1 1 1

-S«ddle60%

-Sadd}e30%

0  2 4 6 8 10 12 14 16 18 20

Partition Iteration

Figure 5.17: Effect of matrix density on bound convergent behavior.

104



5.8 Discussion and conclusion

In this research, a new solution methodology based on second-order approximations was

developed for multistage stochastic programming model which has fixed technology ma

trices. Decomposition-based algorithms were designed to evaluate the multistage bounds

more efficiently. A solution procedure using a heuristic refinement scheme partitioning un

der the simplicial scenario joint domain was implemented to solve multistage stochastic

programming models.

The validity of the proposed solution method was established by the computational

experience using several categories of randomly generated test problems. The derived mul

tistage bounds provide valid upper and lower bounds for the multistage model and they

improve as the scenario joint domains are partitioned further. After about 20 partitions,

LBj reaches 85%-90% of the optimal values on average.

The main drawback of the current solution procedure is that it takes too long to solve

a problem. This solution time is strongly affected by the chosen partitioning strategy,

convergence parameters, termination criteria, etc. Also, since the test bench included only

the randomly generated problems with no special structure, such problems tend to be more

difficult than those encountered in practice.

Furthermore, the current partitioning strategies seem to be efficient only up to 10 par

titions on the scenario joint domain. After that, the improvement of the multistage bounds

diminishes. As mentioned before, the diminishing effect of the bound improvement could

be due to no refinement in the dynamic structure in decisions. More efficient partitioning

strategies may be developed by using the notion of expected values of perfect information
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(EVPI). Based on EVPI at scenario outcome nodes, the scenario sub-trees with large EVPI

are recommended to be partitioned further in order to refine the dynamic structure of the

scenario sub-trees. For details on EVPI, refer to Dempster [16]. The main obstacle to

incorporating EVPI in a refinement scheme is that it will also require substantial amount

of time in evaluating EVPI at each scenario outcome node.

To reduce the time required for evaluating the multistage bounds, multistage upper

bounding problems need not be solved to optimality, as a feasible solution provides an

(estimated) upper bound with which partitioning can continue. For this slight inaccuracy

in the upper bound, the CPU time for solution can be improved significantly. This accuracy

can be controlled via the termination criteria, in particular within the PHA algorithm for

UBLPx(P). As an alternative, one can use a norm termination criterion which is relative to

the norm of xl solution instead of using a absolute norm termination criterion as in (5.34).

The trade-olf between the quality of the upper bound obtained by PHA algorithm and the

time required to evaluate the multistage upper bound, then needs to be investigated.
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Appendix B: Preliminary definitions of terms and concepts

This appendix provides some preliminary definitions of terms and concepts that will be

used throughout this thesis.

convex set A subset K C 3?" is said to be a convex set if every convex combination of any

pair of points in K is also in K. That is, \{ x e K and x € /sT, then ai + (1 - a)x € K for

all 0 < a < 1.

convex function Let f{x) be a real-valued function defined over points x = (a;i,.. x„)^

e r C 3?", where T is either 3?" or a convex subset of 3?". The /(x) is said to be a convex

function iff for any x^ = (xj,..., x^), x^ = (x^,..., xlf € T and 0 < a < 1, we have

/(qx^ + (1 - ce)x^) < a/(x^) d- (1 - a)/(x^)

Similarly, if g{x) is a real-valued function defined on the convex subset F of 3?", it is said

to be a concave function iff for any x^, x^ € F, and 0 < a < 1, we have

g(ax^ + (1 - > ag{x'^) -b (1 - a)p(x^)

aflfine function A real-valued function 9{x) defined on a convex subset F C 3?" is said to

be an affine function iff it is both convex and concave; that is, if it satisfies

6{ax^ + (1 - oi)x'^) — aO{x^) -b (1 - a)^(x^)

for any x^,x^ £ F, and 0 < a < 1. Given the affine function ̂ (x), it can be shown that

there exist real numbers cq, ci,..., Cn such that 0{x) = Co -b CiXi -b ... -b CnX„.

proper convex function A convex function f(x) is said to be proper if it is finite valued

for some x and does not go to negative infinity on the domain.
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deterministic LP problem In an LP we have to optimize the linear objective function sub

ject to linear equality and/or inequality constraints, and sign restrictions on the variables.

If there are no inequality constraints and the variables are restricted to be nonnegative, the

LP wiU be of the form:

Minimize z(x) = cx

Subject to Ax = b, X > 0

where A, b, c are given matrices or vectors with constant coefficients. The dual problem

of the above LP is

Maximize v{x) = nb

Subject to tA < c, it unrestricted

where x is the row vector of dual variables. Each dual variable is associated with each

constraint in the primal. The dual variables are also called simplex multipliers or Lagrange

multipliers. In the above primal-dual pair of LPs, the weak duality theorem states that

z(x) > u(x), where x is a feasible solution of the above primal LP and x is a feasible solution

of the above dual solution. The strong duality theorem states that if either the primal

or the dual problem has an optimal feasible solution, then the other does also, and the two

optimal objective values are equal.

quadratic program General quadratic programming problems have a quadratic objective

function and linear or quadratic constraints. Quadratic programming is typically used in

investment portfolio analysis. OSL addresses quadratic programming (QP) problems where

the objective function is quadratic and convex and the constraints are linear. The primal
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problem is as stated below,

minimize c'x + O.Sx'Qx

subject to: Ax = b x > 0

Here c, x, A, and b are as defined above. Q is a positive semi-definite matrix of dimension n

* n. Quadratic programming problems can be solved using either simplex-based or interior-

point methods. The QP solver in OSL uses a simplex-based approach.
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