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ABSTRACT

In this study, a mathematical model is constructed of single-phase
induction generators interacting with an adjacent three-phase distribution
system. It is shown that this model is valid for describing the joint
operation of an induction generator and distribution system. Model per-
formance is illustrated initially by digital simulation of the distribution
system acting alone. Subsequent simulations include the operation of the
single-phase induction generator and distribution feeder collectively.
These cases are performed with and without mutual coupling between phases
of the distribution system. Power system faults and circuit breaker

responses are also represented.
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CHAPTER 1
INTRODUCTION

Throughout the past few years, the induction generator has been

1.2 1 the

accepted, and recognized, as an effective rotary converter.
popularity of the induction generator increases, espec{a11y in single-
phase applications, questions may arise concerning the dynamic interaction
of this type of generator with the existing power system. Remarkably,
little information is available about the dynamic and steady-state char-
acteristics of the single-phase induction generator. Emphasis, invariably,

is directed toward the steady-state induction motor.3’4’5

Presently,
research is being conducted on the application of both the three-phase
and single-phase induction generator to alternate energy sources. How-
ever, most of this research activity is primarily empirical, with little,
if any, attention being allocated toward theoretical imp]ications.6’7’8

This particular study attempts to investigate the theoretical
aspects of the single-phase induction generator interacting with a three-
phase distribution system. Although much is known about the single-phase
induction motor, and the induction generator is virtually identical to
the motor in construction, distinctive features may be recognized after
a complete investigation.

The objectives of this study are:

1. To obtain, from the existing literature, a valid

mathematical model of the single-phase induction

generator.




2. To derive a mathematical model of a three-phase
distribution system which involves all mutual coup-
1ing between phases.
3. To combine the mathematical models of the single-
phase induction generator and distribution system
into one generalized model which is capable of
describing the composite system.
4. To test the validity of this generalized mathemati-
cal model by simulating selected cases on the digital
computer.
Once these objectives are achieved, a means of examining single-phase
induction generator operation and its consequences on the neighboring
utility will become available.

In this study, appropriate assumptions will be made when needed
and/or required. For instance, because of the voltage limitations of
single-phase operation, transmission systems are ignored. An infinite
bus is assumed to exist within a reasonable distance from the induction
generator bus. This assumption automatically presumes that the transmis-
sion voltage of the utility grid cannot change.

The essence of this project is the manner in which the above
generalized model is simulated. The digital computer has been chosen for
this endeavor. The particular method of simu]ation will apply the fourth-
order RUNGE-KUTTA with a fixed increment of numerical approximation to
the solutions of the pertinent differential equations. The versati]jty
of the collective model may be enhanced by a variable integration procedure;

however, initially, emphasis should be directed toward the quality and




accuracy of the models being simulated. After a successful series of
simulations have been performed, fine adjustments and revisions are in
order. In fact, they should be made; but to do so before the generalized
model has been thoroughly tested may be premature. For this reason,
sophisticated techniques which correlate accuracy with economy have been,
temporarily, placed aside.

In a purely theoretical fashion, a single-phase induction generator
will be placed on different phases of the distribution system at diverse
Tocations. Mechanical torque will be applied to the rotor of the induc-
tion machine in such a manner as to produce generator action. A1l per-
tinent variables of the induction generator and distribution system will

then be calculated, simulated, and stored on magnetic tape for future

study. Comparisons will be made to regular power system variables simu-
lated without the influence of the induction generator. Power system
faults will also be considered and simulated, including circuit breaker

response.




CHAPTER 2

SINGLE-PHASE INDUCTION GENERATOR

In order to arrive at a generalized mathematical model which incor-
porates a number of induction generators interacting with an adjacent
utility system, a mathematical model of the induction generator should
be obtained and tested thoroughly. This may be accomplished by decoupling
the induction machine from the utility's distribution system analytically;
i.e., by utilizing the infinite bus format and ignoring all mutual coup-
1ing between the other phases, the transmission lines, and the phase
employing the induction generator. This infinite bus will be capable of
supplying all voltage and power requirements of the induction machine,

with no subsequent effect whatsoever on the existing distribution system.
2.1 MATHEMATICAL MODEL

The theoretical equations for a single-phase induction machine

are:
S _ 4S:S sd,.s srd,.r
Va =R + L d—t'('la) + L d—f(]d)
_,srd S r.r rd,.r r,r.r _
0 =L E(-;a)+R1d+L a—t-(1d)+\)me 1q (2-1)
_ r sr.s rr.r r.r rd .r
0 w L7010 - v LT+ Ri +1L dt(1q)

A derivation of Equation (2-1), based upon the information provided in

Reference 3, is found in Appendix A, as are all mathematical symbols.




5
In addition to the above equations, two other mathematical rela-

tionships may be defined for any single-phase induction machine:

. . R P
Electromagnetic Torque: Tem vL 1a1q
(2-2)
on: L) = -
Angular Acceleration: It (wm) (Tpm Tem)/J

where, as before, all mathematical symbols are defined in Appendix A.

Finally, the s1ip of an induction machine is defined as:

S r
W = VW
m

Slip = s = <
V]

and for generator action, s < O.

In matrix notation, the linearized equations become:

—3—1 '—S Sy —'r—.—- ~— S ) —1—5—1
Va L L 0 Py R 0 0 L
_l,sr r . r rr r _
0 (=1L L 0 piy + 0 R vme Ty (2-3)
r . r.sr rr r T
0 0 L i =V L =vw_ | R i
0 LP q m q

where the operator p has been substitued for the differential operator é%u

In state variable format, Equation (2-3) becomes:
V.] =LA 1]+ [BIlLI -
[v,] = [AJpC1,) + [BI(1,] (2-4)

with the variables in Equation (2-4) defined in a corresponding manner.




Equation (2-4) implies that

. -1 -1
PLIY = -[AT7[BILL ] + (AT 7LV, ]

Since matrix [A] is symmetric, [A]-1 is also symmetric, and

(AT} = [A1S/det[A]-

Thus,

L' /o

[A]'l - _Lsr/a

where o = L°L" - (Lsr)z.

a0
5/ 0
o L"

(2-5)

Carrying out all matrix operations required by Equation (2-5)

yields:

—1 e —
;S RS /e RSa vl e is—
a m a
n 12 = RSLsr/a -LSRr/a -stw;Lr/a i;
T rosr,r r rar 18
D R -R/L 'q
- L - -
— TF"—‘
Lr/a 5" 0 VZ
#5070 0 0
] .
0 0 1/L 0
B JL7

(2-6)



Now, Equation (2-2) reduces to

ro_ o SrLSsr : )
P [Tpm wL 1a1q]/J. (2-7)

Equations (2-6) and (2-7) together form the non-linear defining equations

for the single-phase induction generator.
2.2 CHARACTERISTICS OF SINGLE-PHASE OPERATION

The following assumptions will be adhered to throughout this:
project:
1. A1l induction machines will have an armature voltage
rating of 220 volts.
2. This armature voltage of 220 volts is the secondary
voltage of a single-phase distribution transformer.
3. Power system frequency is held constant.
With the above assumptions in mind, the following observations
will be made: The contribution of the induction machine to the total
line current of any phase of the existing distribution system is small.
From Assumption 2, the implied turns ratio of the distribution transformer
is 60:1. Therefore, approximately 1/60th of the armature current of the
induction generator is transformed to the power system side. For example,
if an armature current of 60 amps should exist in the induction machine,
which may be considered as being high for a single-phase machine, only
one ampere of current would result in the primary winding of the distribu-
tion transformer.
Furthermore, for a constant rotor velocity, Equation (2-2) implies

that

o




or

However, it is recognized that for the induction generator to remain
stable the above relation between prime mover torque and electromagnetic
torque must always be eventually satisfied. This merely insists that any
accelerating torque on the rotor of the induction machine be of a tempor-
ary nature and of such durationand magnitude that the stability limit of
the particular induction generator is not reached. At any rate, whenever
this relationship between torques is satisfied, slip cannot change. There-
fore, the real power output of the induction generator cannot change.
Under stable operating conditions, the adjacent utility grid must absorb
the effect of any subsequent reduction in induction generator load. The
power system must also supply any increase in load adjacent to the induc-
tion generator bus. Under certain conditions, such as very light loading,
the net direction of the line current of the phase interfaced with the
induction generator may be subject to change.

The above conclusions regarding the characteristics of the single-
phase induction generator are quite important in fault analysis. The
induction generator is somewhat different than the induction motor under
fault conditions. With breaker action, the rotor velocity of the induc-
tion generator will increase drastically. Totally different transient

phenomena should occur upon breaker reclosure. After breaker reclosure,




Tem must be greater than Tpm temporarily in order for stability to

prevail.




CHAPTER 3

DISTRIBUTICON SYSTEM MMODEL

A general model of a distribution system will now be derived which
includes all mutual coupling between phases. The differential equations
to be derived are based upon the three-dimensional circuit model depicted
in Figure 3.1. Artificial admittances/conductances have been included in
the circuit diagram as a means of subjecting the distribution system to
all pertinent power system faults. These elements are drawn as variable
resistors in Figure 3.1. In Figure 3.2, the currents associated with
any power system fault are denoted by the subscript F, followed by the

phase symbol and bus number. For example,

IFAl => Fault current, phase A to ground--bus #1,

and

IFCAZ => Fault current, phase C to phase A--bus #2.

Mutual capacitances are depicted in Figure 3.1 by traditional
capacitive elements between the distribution phases. Figure 3.2 symbolizes
the displacement current through these capacitances according to the phases

and bus number. That is,

IABl => Displacement current from phase A to phase B--bus #l.

Mutual inductances are indicated in the circuit diagram by an M dréwn
between the appropriate phases. Distribution line currents are symbolized

in Figure 3.2 by the particular phase and direction number, if applicable:

10







FAB)
Lag1 leat
a > — 2
IgaT
Trear Tom
Irar
Phase a: Bus #1
Trag
Iag1 Tea
1g Ig12
Lea1
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Phase b: Bus #}

Ieey
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FAB2

CA2

A2 LA
Teaz
Ircaz DA2
Ira2
Phase a: Bus #2
lrag2
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LeB2
I
lrca2 0B2
le2
Phase b: Bus #2
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! CB2
leve Ic
lec2
Irca2 0C2

I

FCe

Phase ¢: Bus #2

Figure 3-2. Current Nodes of Figure 3.1
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IA = Total line current, phase A, from the infinite bus to bus #1.

Similarly,

IA12 = Line current, phase A, from bus #1 to bus #2.

Finally, single-phase induction generators are labeled in Figure 3.1
according to phase and bus number. Load currents, all of which originate

from bus #2, are classified by an L and phase designation. For instance,

IGAl = Stator current of induction generator on phase A,

bus #1, transformed to power system side.

ILA = Load current phase A.

It should be noted that Figure 3.1 represents a three-wire grounded
distribution system, whereas in practice, most distribution systems con-
sist of a four-wire configuration. The only difference between a three-
wire and a four-wire system is the addition of a neutral conductor, with
this neutral being solidly grounded at prescribed locations along the
distribution circuit. Although the presence of a neutral wire presumes
current flow and, hence, influences the other wires of the system as far
as inductive coupling is concerned, its presence will be ignored in fhis
study. Furthermore, all distribution transformers are assumed to be ideal

within this three-wire grounded system.
3.1 FORMULATION OF DIFFERENTIAL VOLTAGE EQUATIONS

By applying Kirchhoff's current law to the nodes of Figure 3.2,

the following set of eguations emerge:
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I, +1 + 1 I I I I

car T lgar * o Trear T a1t trael totar2

a2 v lea2 * Tea2 T Trcaz T lag2 * o Trms2 *

IB + IABl + 1 I + 1 + 1 I

Fael Y oleer to'ee1 T tFeBl T o 'B12 T ‘DBI

* Tppo * Tepgo * Teg2 * Tag2 * Ireg2 < lig *

I.+1 = 1 + 1

¢t lecr T lem I

+ 1 + 1

Fcal T tegr T Fe1 T YFeBl

It * Tocz = Teaz * Trem2 * Tese * Tic * Tocz * Trez * Treser

However, the following relationships exist between the phase currents and

phase voltages:

Tear = CactPVemr = Cact(PVer = PVar)
Tecar = YeartVer = Var

Ipgr = CabiPVas1 = Cab1(PVar - PVgy)
Leag1 = Yab1(Var = Var)

Ipar = Cag1PVm P

Iear = Yag'm

Ieaz = CacoPVom2 = CacoPez = PVa2)
Tecaz = Yea2(Vez = Va2

gz = Cap2”Vas2 = Cab2(PVa2 = PVp2)
Teag2 = Yan2(Vaz = Vg2!

a7 Yia're

Ippz = Cag2PVn2

I =Y,V

FA2 ag2 A2




a1 = CprPVert = Cep1PVer - PVar) (3-2)

Ieear = Yeo1(Ver - Va1

= C

DB1 bg1PVB1

=Y. .V

FB1 bgl B1

2 = Ceb2PVes2 = CepaPVea - Pg2)

Tecgz = YebolVeo - Va2
Ipgz = Cpg2PVg2

Ikge = bg2's2

Iig = Yis'se

Inct = CqiPlcl

Ieer < Yeqi'ar

e * Yid'er

IDC2 ) chZDVCZ

IFC2 - chZVCZ

where, as before, p has been substituted for the differential operator é%.
- Also, all mathematical symbols in the above two sets of equations, and in
all figures and equations to follow, are defined in the appendixes.

In classical power system analysis, the following set of identities

are assumed:

agl CagZ ag

bgl  "bg2 = “bg
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chl - chz - ch
Cag ™ g 7 “eg
(3-3)
Cab1 = Cab2 = Cab
Coe1 = Obe2 = Cbe
Cacl N Cac2 B Cac
Cab - Cbc'

It will be shown later that all of the identities of Equation Set (3-3),
except Cag = Cbg = ch, are indeed valid due to the chosen configuration
of the power lines. Generally, Cag # Cbg i ch, in the sense that Cbg
is actually less than C__and C__. However, C__=C__, and the error
ag cg ag cg

involved by assuming complete symmetry is negligible, considering the
magnitude of the voltages involved.

Substituting Equation (3-2) into Equation (3-1) and simplifying,

the following set of simultaneous differential equations is realized:

X1 PVap + XoPVgy * X3PVey = aVpy = YapiVe1 - YaciVer * larz

- In - Tga
Xy PVpg + XpPVgy * X3PVeoy = a5Vps = YopoVer = Yac2Veo = Tarz - e
XoPVpy = XgPVgq * XoPVey = =YopqVar * B1Ve1 = YepiVer * Tar2

S 1o - Igg (3-8)
XoPVpp = XgPVgo * XoPVep = YonoVao * BoVe2 = Yen2'c2 - Ie1z ~ a2
X3PV = KoPVgy * XPVey = YearVar * Yebt¥B1 T GV T Tere

MRS
X3PVpy = XoPVgy + XPVeo = YeaoVno * YebaVee = C2Vc2 * Loz * Taco
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In matrix format, these equations become
[xIpLV] = [YI(v] + [D0]C1] + [EI(14]
such that

plv] = [XT7MCYI0V] + [XI7C0I0r] + [X17MCEDCHg) (3-5)

and is the matrix equation that describes all differential voltages of
the distribution system, containing up to six induction generators, to
be simulated later. An exact derivation of Equation (3-5) is found in
Appendix B. It will be seen in Appendix B that the elements of the
matrices in Equation (3-5) have been left in generalized form; i.e, as
mathematical variables, since these matrices reflect the state of the

power system.
3.2 FORMULATION OF DIFFERENTIAL CURRENT EQUATIONS

Again, referring to Figure 3.1 on page 11 and applying Kirchhoff's
voltage law to each phase between appropriate buses, the following equa-

tions may be written:

Wy = Ipalp + Zpglp + Zpclc
Map = Zaarta1z * Zag1ls1z * Zacilcrz
Mg = Zpglp * Zgglg * Il
(3-6)
&1 = Zpg1la1z * Zgeils1z * Zecitcre
Be = Ipclp + Igclg + Ieele
BVer = Zncilarz * Zecalsiz * Zecilcr2
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where

AV, =V

AVA1 =V

AV, =V

Bl

c1 -~

from line symmetry

Lyn =1

AA AA1

lon = L

BB BB81

Zee = Leca

A VA

AB AB1

Ior = L

BC BC1

Zne = Lacr

Following the methodology described by Anderson9 and assuming earth return

current, the above impedances will be defined as follows:

"

Zpa = (rg +rg) + Lpgp

Zgp = (ry, * ry) + Lggp

Zog = (re +rg) * LecP
(3-7)
7

ag = Tqd ¥ LagP
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Zgc = g * LpcP
ZAC =ryt LACp‘
For,
Lya = Ken(D_/0_ )
Lgg = Kin(D /D)
Lec = Ken(D,/0_ )
(3-8)
Lag = Kln(De/DAB)
Lg¢ = Kan(D /Dge)
Lac = Kan(D,/0,0).
When Equation (3-7) is substituted into Equation (3-6), the following
set of differential equations arise:
Vp = Var = (rg #rg # LagPlIp + (rg + LagP)Ig + (ry + Ly P)Ie
Vpp = Vap = (g Frg * LagPlIggy + (rg + LpgP)lgyyp + (g + LycP) ey
Vg = Vgp = (rg * LpgPlIp + (ry +rg + LggP)Ig + (ry + LpcP)I
Vgy = Vgp = (rq * LpgP)Ipgp * (ry +rg + LggP)lgy, + (rg + LgcP)Ieyp i
Ve = Ve = (rg # LpcP I+ (rg + LgeP)Ig #+ (ry + vy + LeP)Ie
Vo1 = Ve = (rg * LacPpgp *+ (rg + LgePhgyy + (ry +ry + LecP) Iy,

which may be expressed in matrix notation as
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[FI0v] + [vel = [RI[I] + [L]plI] (3-10)
pL1] = ~[LI7HRICID + [LITMCFICVD + [UD7Ev . (3-11)

Equation (3-11) describes, completely, all of the differential currents
associated with the distribution system chosen for simulation purposes.
The missing steps between Equations (3-9) and (3-10) are elaborated upon
in Appendix B. A quick glance at Appendix B should disclose that, unlike
the differential voltage matrix equation, the elements of the above
matrices in Equation (3-11) are independent of the particular state of
the power system. Once the parameters of the distribution line are
determined, [L]'1 remains unchanged throughout all events to be simulated

later.
3.3 THE GENERALIZED MATHEMATICAL MODEL

The mathematical model of a three-phase distribution system

employing single-phase induction generators merely requires a mathemati-

cal summary of all equations up to this point. This summary involves

- -1 -1
pl1g] = -[A17 [BI01 ] + [AT7'DY, ] (2-5)
P = (T = vLT1210)79 (2-7)
p[v] = [XI7'YIDVD + DX17HC0I0T] + [X1TEDLT ) (3-5)

pL1] = ~[L17}[RICID + CLITHCFIOVD + [0 v, (3-11)
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The three matrix equations above actually envelop 36 non-linear
simultaneous differential equations. Equation (2-5) may include up to
20 differential equations alone.

A generalized mathematical model was chosen because of the innate
capacity associated with such a model to describe many circumstances with
Tittle modification.. For instance, this model will handle from one to
six induction generators, in any particular sequence, on any particular
phase of the distribution system. However, each phase is limited to two
~induction generators at any one time. On the other hand, capacitor banks
may be added without any mathematical addendum. Single-phase operation,
without any mutual coupling whatsoever, is also possible. Finally, this
model is not necessarily restricted to induction generators and a fixed

power system load.




CHAPTER 4

SIMULATION OF THE GENERALIZED MODEL

4.1 GENERAL FLOW CHART

The mathematical model derived in Chapter 3 consists of 36 non-
Tinear differential equations. The quantity of these differential equa-
tions actively employed depends on the nature of the case to be simulated.
For example, a case involving two induction generators on each of the
three phases of the distribution system would require the full complement
of differential equations. A1l other cases would require less.

Fortunately, a general FORTRAN program for solving differential
equations based upon the fourth-order RUNGE KUTTA method is available,
This program was specifically designed to accommodate N simultaneous
differential equations and has been tested thoroughly. Only slight
modifications have been needed to adapt the original program to the total
mathematical model of Chapter 3. A complete listing of the program is
found in Appendix D. )

In order to avoid editing the computer program according to the
case to be simulated, the general flow chart depicted in Figure 4.1 will
be used. The following sequences are symbolized in Figure 4.1:

Block 1: Data card is read which lists the primary vari-

ables of the computer program,
NV = total number of differential equations

potentially utilized--always 36;

22




READ NV, NIT,

to, At, VXO'S

INDUCTION GENERATOR
PARAMETERS DEFINED

| 3

DISTRIBUTION SYSTEM
PARAMETERS DEFINED

TORQUE APPLIED 5
FAULT(S) APPLIED 6
CIRCUIT BREAKER ACTION 7
SUBROUT INE é
RUNGE

(hat ) s

WRITE

tie %, 000

IS

i+l

i = NIT?

Figure 4-1. General Flow Chart
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Block

Block

Block

Block

Block

Block

Block

Block

Block

Block

10:

11:

NIT = total number of time increments;
t0 = starting time;
At = increment of time.

Furthermore, all initial conditions of all vari-
ables are read.

Induction generator(s) parameters defined and/or
calculated.

Distribution system parameters defined and/or
calculated which are independent of the state

of the power system.

Counter is set to zero; i =0 =>t = 0.
Mechanical torque is applied as a function of
time.

Power system faults are applied/terminated as

a function of time.

Circuit breaker response is considered.

Control is transferred to subroutine which
approximates the values of all pertinent vari-
ables via the use of a function subprogram.
After all applicable differential equations are
approximated, the time counter is incremented by
an amount At.

A1l variables are written on magnetic tape for
ti+1; 1.e., VXm’i+1;
A check is performed to ascertain if NIT has

been satisfied. If not, the counter is boosted

0 <M<NV, and i +1 < NIT.

24
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by one increment; otherwise, all operations

cease.
Since the heart of the computer simulation resides within the blocks
numbered 5 through 8, these particular blocks will be examined in greater

detail.

4.2 SIMULATION OF TORQUE, FAULT(S), AND CIRCUIT BREAKERS

4.2.1 Torque

Initially, mechanical torque will be simulated as a ramp function.
This type of simulation is achieved as follows: Mathematically, a ramp

function may be expressed as

—
—~
+
~
"

At + f(to), for t j_ti

—+
—
—+
~——
il

constant, for t > ti'

tn = tO + ZAti = total accumulation of time
ta = time at which full torque should be applied, Tpm
™ =

A = rate of torque increase, ATpm/At, for t < s

Then

_.
—
ot
~
1}

(Mt + T (t), for t <t
Tpm(tn) = Tpm, for t > t,

which can be described easily in FORTRAN Tlanguage.
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4.2.2 Fault(s)

For the application of fault(s), the following definitions will

be made:

tf time of fault

tfd = time of fault duration

tbf = time before fault

taf = time after fault.

These mathematical relationships then arise as a consequence:

t. o= tbf - tfd (4-2)

where, as before, tn = t0 + ZAti.
Since t > 0, Equations (4-1) and (4-2) may be scrutinized in this

fashion:

For 0 <t < t.: Interval of time before fault,

-t <t <0

f = 'bf

-(t, + t

For to <t S teq tter Fault period,

0<t <t

bf fd

-t 0.

fd < taf <

Therefore, during the interval of time before any power system fault,




tbf 5_0 and

t < 0,

af

both of which are true, simultaneously, only within this period of time.

Likewise, during the fault period

tbf > 0 and

t < 0,

af —
The above restrictions may be written as:

IF(tye <0 &t o <0)Y =Y,

IF(t, . > 0 & ta 0)Y

"
—<

bf f <

where

Y => appropriate admittance
Ybf => admittance before fault

Yf => fault admittance.

Subscripts may be added to identify any one of the six sections of the
distribution system and/or induction generator buses. As an example,
suppose a three-phase fault occurs at bus number 1. From Appendix A,

the following admittances are affected:

Y

-
I

abl \{x o

Yacl.

Therefore, for a given tf, tfd’ and Yf, this fault may be simulated as
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IF(tpp <O & te <O =V, =Y,

|
|
—~<

IF(tbf >0 & taf 5-O)Yab1 ) Yacl ) Yf‘

4.2.3 Circuit Breaker Response

For circuit breaker action, another mathematical relationship may-

be defined based upon the following:

tbd = time of breaker duration; breaker is opened

‘tbr time of breaker reclosure

such that

which implies that the breaker trips at taf' However, breakers attempt
to trip at zero current and not at some predetermined time. To accommo-
date this, a modified version of the epsilon/delta approach will be used.

Let

t =t

q grt

fd - t€ and

teg = tq * tha * te

where

tq => guess time to the left of breaker time interval

tqq => upper bound of breaker time interval

te => some small arbitrary interval of time wherein the
computer will compare the magnitude of the fault

current to some desired tolerance level.
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Then,
For tq + t€ <t f-tqq: Breaker response period,
"ty < Tpr 20
trd < Y < teg * b
0 < tyr < tyq
o.v tbr io
tbf >0
taf > 0.
For tn > tqq: Time of breaker reclosure,

tbr >0

e > Yod *

taf > .

Again, all of these restrictions apply only within these prescribed
intervals of time.

Now let

le'| = magnitude of the fault current at which the circuit
breaker is allowed to trip--somewhere close to zero
current,
Then, by incorporating all of the above restrictions, the following logi-

cal expression describes how the circuit breaker will trip:

IF(ty > tg &t <t . & -c' < Ic<e')TRIP CIRCUIT BREAKER.
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Similarly, to reclose the breaker,

IF(t RECLOSE CIRCUIT BREAKER.

af > tbd)

The only problem remaining is the manner in which the computer simulates
the tripping and reclosing of the breaker. Thus far, it knows when to

do it but not how to do it. A common parameter, S, will be used in the
general program and function subprogram as a means of solving this prob-
lem. The value of this parameter will depend on the outcome of the above
logical expressions. In turn, certain functions in the subprogram will

change accordingly. That is,

When the requirements of the first logical expression are met, the fault
current is forced to zero by S being employed as a function multiplier.

For instance,

dx(N) _ dX(N) _
dt = S * dt -~ 0
X(N) =S * X{(N) =0

where

dX(N)
dt

X(N) => the integrated approximation of the particular

=> the appropriate differential equation

function--in this case, fault current.
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For breaker reclosure, S = 1, and

dX(N) _ o & dX(N) _ dX(N)
dt dt dt

X(N)

S * X(N)} = X(N)
thereby proffering the capability of simulating circuit breaker responses.
4.3 SUBROUTINE RUNGE

The classical fourth-order RUNGE KUTTA numerical approximation

method consists of the following equation:

X

41 = Xy * 1/6ky + 1/3ky + 1/3k, + 1/6k, (4-3)

where

k = f(t., X,)At

0 1 1

k1 = f(ti + 1/2At, Xi + 1/2kO)At
k2 = f(ti + 1/2At, Xi + 1/2k1)At
kg = f(ti AL, X, ot kz)At.

For M simultaneous differential equations, Equation (4-3) becomes

Xm,i+1 =Xt 1/6km,0 + 1/3km,1 + 1/3km,2 + 1/6km’3 (4-4)

*

where M varies from 1 to NV, or

1 <M<N=>1<M<36 and

i3 0 <i <NIT.
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Equation (4-4) is estimated in Block 8 of the general flow chart depicted
in Figure 4.1. Figure 4.2 describes the procedures leading up to the
approximate solution of Equation (4-9). The subroutine RUNGE follows
these procedures throughout the domains of M and i.

In Figure 4.2, the following methodology is realized in subroutine

RUNGE :

Block a: For a given i from the general flow chart,
M is set to 1.

Block b: km,o for the particular i and M is computed.

Block c: Subsidiary counter, 2, is set to 2.

Blocks d-e: km,Q-l for the particular i, M, and & is
computed.

Block f: Check is performed to see if 2 = 3. If 2 # 3,

the 2 counter is incremented by 1 and control

transfers back to Block d. If & = 3, this =

k and k have been computed.

m,1 m,2
Blocks g-h: km 3 for the particular i and M is computed.
Block 1i: Xm,i+1 is estimated.

Block j: Check is performed to see if M = NV has been
satisfied. If not, M is incremented by 1
and control returns to Block b. Otherwise,
control is transferred to Block 9 in the

general flow chart.
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|

|
|
|
l
‘ m=1 a
'y
km,o S f(t',,l.Xm _l)At b
¢
—
1
Y = Xm,i*ka,m-z d
441 =241 )
1
Ky gop = FlEapatiY)at e
s f NO
1=3? m=m+1
YES

Vo= X, i, -1 9

h

i

TO BLOCK #9

Figure 4-2. Flow Chart of Subroutine RUNGE
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4.4 CASES TO BE SIMULATED

Three cases will be simulated on the digital computer as a means
of testing the generalized mathematical model of Chapter 3. All power
system variables will be calculated and stored on magnetic tape. Selected

variables will be plotted. -

4.4.1 Preliminary Simulation

Case 1 will be a simulation of the three-phase distribution model.
This involves simulating the electrical tie-in between the infinite bus
and distribution system. No induction generators are involved whatsoever.
A unity power factor load is assumed to exist at bus number 2. The pur-
pose of this simulation is to obtain steady-state values of power system
variables which will be used as initial conditions for the induction
generator cases which follow. This is tantamount to saying that prior
to any induction generator activity, the power system is electrically
active. A1l mutual coupling between the phases of the distribution system

is considered in Case 1.

4.4.2 Composite System Simulation

A single-phase induction generator will be connected to bus number 1
on phase A of the distribution system. At t = 07, the rotor velocity of
the induction generator is assumed to be 377 radians/sec. At t = 0+, a
mechanical torque is applied to the rotor of the induction generator
which is, simultaneously, attached to the three-phase distribution system.

Approximately 1/10 of a second later, a single-phase to ground fault is

applied at the bus of the induction generator. The duration of this fault
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will be at least three cycles. A single-phase circuit breaker will clear
this fault at a zero current crossing and wili remain opened for a maxi-
mum of three additional cycles. Breaker reclosure occurs at this time.
Case #2 will include all mutual coupling between phases. Case #3
is similar to Case #2 except for the inclusion of mutual coupling and
corresponding initial conditions. Appropriate observations will then be

made regarding these two cases.
4.5 RESULTS OF COMPUTER SIMULATION

The results of computer simulation will be found in Figures 4.3-
4.26. A1l computer plots are labeled according to case and variables.
As denoted previously, the entire FORTRAN program utilized in this study

is found in Appendix D.

4.5.1 Distribution System Tie-In

Figures 4.3 and 4.4 describe the transient response of the three-
phase distribution system. Figure 4.3 is a computer plot of the voltages
at bus #1 originally represented in Figure 3.1 on page 11. Likewise,
Figure 4.4 is a plot of the voltages at bus #2. It will be noted from
these plots that all transients essentially die out within 4 msec. Fur-
thermore, the waveform of the transient at bus #2 differs from that at
bus #1, implying that system impedance as seen from bus #2 is different
than at bus #1. It will be seen later that all power system transients

appear to be more severe in nature at bus #2.

4.5.2 Representative Plots

Figures 4.5-4.26 are plots of distribution system voltages and

currents for Cases #2 and #3. Induction generator currents are plotted



https://4.5-4.26
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in Figures 4.13 and 4.14. The slip of the induction generator is depicted
in Figures 4.23 and 4.24. Certain observations will now be made concerning

these figures and the system variables they represent:

Case #2: Induction Generator on Phase A, Bus #1, All Mutual Coupling

Considered

1. At the time of the fault (87.5 msec), voltages on
phases A and C drop in magnitude. This magnitude
is less than the voltage magnitude on phase B through-
out the fault period. Figures 4.5 and 4.6 support
this.

2. Figures 4.7 and 4.8, which are plots of the voltage
transients at breaker reclosure, imply that the
recovery voltage at bus #2 is somewhat larger than
at bus #1. Furthermore, these transients differ in
waveform and in frequency.

3. Figures 4.9 and 4.10, distribution 1ine currents to
bus #1, show a slight pulsation in phase A current
before and after the fault period. At breaker re-
closure, again, the transients appear to be worse at
bus #2. Figures 4.11 and 4.12 are plots of these
transients.

4. Figure 4.13 is a plot of the induction generator

currents.

IA -- Armature Current
ID -- Direct Axis Current

IQ -- Quadrature Current.
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Should these variables be compared to Figure 4.14,
Case #3, it will be seen that they are virtually
identical except for the transient spike at the time

the fault occurs.

Case #3: Induction Generator on Phase A, Bus #1, Without Mutual Coupling

1. Figures 4.15 and 4.16, bus voltages, show that the
recovery voltage at bus #2 is substantially higher
than at bus #1, or than in Case #2.

2. Figures 4.17 and 4.18, transients of bus voltages at
breaker reclosure, show the different fluctuations in
voltage. The damping present at bus #2 predominates.

3. Figure 4.19 is a better illustration of the slight
pulsation in line current mentioned earlier in Case #2.
Figure 4.20 shows the sensitivity of bus #2 to any
abrupt power system change. Figures 4.21 and 4.22
depict the transients in line current. The classical
"ringing" characteristic of single-phase current ad-
justment is pictured. Should these plots be compared
to the ones shown in Figures 4.11 and 4.12, obvious
differences emerge, notably the initial transients of

Cases #2 and the transient decay time.

Slip: Cases #2 and #3

Figures 4.23 and 4.24 show that the slip of the single-phase
induction generator is independent of mutual coupling between distribution

phases. In both cases, slip appears to be identical. Figures 4.25 and
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4.26 describe the transients in slip for both cases. It should be noted
that the oscillations in slip occur when the induction generator is con-
nected to the distribution system; when the circuit breaker clears the

fault at 0.137 seconds; and when the breaker recloses at 0.187 seconds.



CHAPTER 5

CONCLUSIONS

In this study, a mathematical model has been derived for a three-
phase distribution system with uniform air gap single-phase induction
generators. The purpose of this composite model was to develop a means
of simulating single-phase induction generators interacting with an
adjacent power system. Although the composite mathematical model derived
in this study may not be referred to as an exact model, the results of
computer simulation indicate that it is capable of describing realistic
situations involving the interfacing of the induction generator with a
three-phase distribution system.

However, future study is required. In this particular study,
certain simplifications were allowed in order to facilitate computer
simulation. For instance, only the single-phase to ground fault was
considered. This fault was of brief duration. Breaker response has been
defined to be clean and efficient; no recovery voltages, or arcing prob-
lems, were considered. A reduction in computer time could be achieved

by using a variable step integration procedure in the simulation.
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APPENDIX A

DERIVATION OF dg TRANSFORMATION AND DEFINITIONS
OF MATHEMATICAL SYMBOLS

A.1 dq TRANSFORMATION OF INDUCTION GENERATOR EQUATIONS

For a uniform air gap two-phase machine, the general equations of

motion are:3
S " . S
Vab RS + pLSs ' pLsr Tab
----- e Ll TEEEEET LRI R S (A.1-1)
r rs v of rr . T
Vab pL ‘ R+l Tab
| LSS X LSr i S
O e T T - R .ab_ -
Tem = 72 [}ab : 1a€] 8 | 0 (A.1-2)
' L"S 1o ;v
' ab
where
v: V: => Stator voltage, phase a
v = :
ab s s
Vb vy => Stator voltage, phase b
v v
P a a => Rotor voltage, phase a
v, = ;
ab P r
Vb Vp = Rotor voltage, phase b
L 67
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.S .S
i i, = Stator current, phase a
s | @ a
Yab © N
ib ib = Stator current, phase b
.r .ro_
i i, = Rotor current, phase a
r | a
ab = el -
ib ib = Rotor current, phase b
and
S r s r
S - R™ 0 . ar . RO 0 . s L™ 0 e L 0
0o R 0o R" 0o L° o L'
sr sr_.
L™ cos v& -L° sin v8
LSY - L= (1N, 6=t v e,
sr . sr
L™ sin ve L° cos v8
Equation (A.1-1) may be written as two equations:
S, _ 3 SSa.r: S SPqps I
[Vab] - {[R ] + p[L ]}[1ab] + p[L ][1ab] (A-1'3)
r rSar: S r r . T
[vap] = PILILI LT + ([RT] + p[LT 1} 1] (A.1-4)

Now it should be noted that the matrices [L3"] and [Lrs] are time
varying, since 6 = 6(t). Furthermore, all voltage and current vectors

vary with time. Therefore,
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p(L 01,00 = I I ET + (L3l L 1)
pIL 10,00 = I T + [L™10p1 10, ete.

For a dq transformation:

r, 71 = r
[Vap = [S4qdlvgy]
for [qu] =
N .1 -sin v8 cos veJ
[1ap] = (54410144

cos vB sin vew
.transformation matrix.

Now it can be shown that
sr4 _ ,Sr -1 Srq _ ,Sr -1 _ ,sr T
[L7T = L IS4q] 7 => pIL™TT = L7084 17" = L7plSy,]
and
[L7ST = (1577 = (57 [ﬁsdq] ?] Lsr[s
where

Lsr => A constant term and not a submatrice.

LS - Mutual inductance between stator and rotor.

Based upon the above:

PUILTILT 1 = pULT TS, 17 54 i g1t = LM T13pli g ]

PUL™ 0118 = LT pIs g i 41 + L5TTS, 1L 3 1

]

L [alli ] + LTSy Jeli ]
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for
[1] = Identity matrix
and
-vw” sin ve  ww cos ve
-v sin vepe v cos veps “m “m
[a] = ‘ =
“V €0S vOpE v sin v6ps -vw; cos vo -vw; sin ve
LN ] - r
. po W
Similarly,

PLL™ 1011 = UL I0S4q] DiggDy = TL™MIRLS4 DLi gl + (L™ IS4 R 1)
s p[L™"] = Null matrix
PULT I 4q 01 gg 1 = [LICaligy] + [L™ 1054 Ioli g,
Finally, Equations (A.1-3) and (A.1-4) become

[ogp] = {LR°T + (L3I0} 50 + L5"pLi g ] (A.1-5)

[34q10vgq] = LM Talli ] + LTI, ToLi 51 + (A7 L5 101 7 )

(A.1-6)

+ (LT I0aI0 g + TL™M 205y el g -

Premultiplying Equation (A.1-6) by [S ]'1 gives
dq




-

71

[vgq) = LTTOICI 41 + [T IpLi 31 + [RMICi o1 + (L7 I010H 30 + L7 IpLi 3]

for

[b] = [S4q) 7 [a] =

Vs B
V3 S
b 0 (R> + LSp) 0
v; Lsrp \)wn:Lsr (RT + LTp)
r,sr sr ror
v; -vmmL L' p -vme

and Equation (A.1-7) simplifies to

e e e

y RS + Lsp) Lsrp

(R" + L"p)

0

LSY‘p

r.r
vw L
m

(R" + L"p)

r
v
uhL

(A.1-7)
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which is identical to Equation set (2-1).

Through similar techniques, Equation (A.1-2) transforms to

= oLS"iS
em qa

so that

pul = (T - \)Lsri:i;]/d

which is Equation (2-7).

Furthermore, as p -> jw® and pw; -> 0, Equation set (2-1) describes
the steady-state model of the induction machine as well. In this study,
v has been assumed to equal 1. However, Equation set (2-1) implies that
the frequency of the rotor currents depends upon the stator frequency and

the mechanical speed of the rotor,3 or

Therefore, the relationship between stator and rotor frequencies involves v,

which further implies that




£ - "y
3 sOs5Asownm

<

T
em

Tpm
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A.2  INDUCTION GENERATOR/MACHINE

Stator voltage phase a

Stator resistance

Rotor resistance

Stator inductance

Rotor inductance

Mutual inductance between stator and rotor

Stator, armature, current

Rotor current projected along direct axis

Rotor current projected along quadrature axis

Rotor velocity of induction machine in radians/sec.
Number of pairs of poles

Electromagnetic torque

Prime mover torque

Slip

Inertia constant of induction machine under consideration
in Kg - m2
Equivalent angular velocity of power system voltages and
currents in radians/sec.

Generator currents, collectively, on secondary side of trans-
former

Terminal voltage of induction generator

Armature current of induction generator referred to primary

side of transformer




AB1
FAB1
CAl
FCAl
DAl
FAl
GAl
Al12
AB2
FAB2
CA2
FCA2
DA2
FA2
GA2

cB1
FCB1
B12
DBl
FB1
GB1
cB2
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A.3 POWER SYSTEM

Phase A current from infinite bus to bus #1
Displacement current between phases A and B, bus #1
Fault current between phases A and B, bus #1
Displacement current between phases A and C, bus #1
Fault current between phases A and C, bus #1
Displacement current phase A to ground, bus #1
Fault current phase A to ground, bus #1

Induction generator armature current, phase A, bus #1
Phase A current from bus #1 to bus #2

Displacement current between phases A and B, bus #2
Fault current between phases A and B, bus #2
Displacement current between phases A and C, bus #2
Fault current between phases A and C, bus #2
Displacement current phase A to ground, bus #2
Fault current phase A to ground, bus #2

Induction generator armature current, phase A, bus #2
Phase A load current

Phase B current from infinite bus to bus #1
Displacement current between phases B and C, bus #1
Fault current between phases B and C, bus #1

Phase B current from bus #1 to bus #2

Displacement current phase B to ground, bus #1
Fault current phase B to ground, bus #1

Induction generator armature current, phase B, bus #1

Displacement current between phases B and C, bus #2




o

FCB2
DB2
FB2
GB2

DC1
FC1
GC1
C12
DC2
FC2
GC2

- <« e

Fault current between phases B and C, bus #2
Displacement current phase B to ground, bus #2
Fault current phase B to ground, bus #2
Induction generator current, phase B, bus #2
Phase B Toad current

Phase C current from infinite bus to bus #1
Displacement current phase C, bus #1

Fault current phase C to ground, bus #1
Induction generator current, phase C, bus #1
Phase C current from bus #1 to bus #2
Displacement current phase C, bus #2

Fault current phase C to ground, bus #2
Induction generator current, phase C, bus #2
Phase C load current

Infinite bus voltage, phase A

Phase A voltage, bus #1

Phase A voltage, bus #2

Infinite bus voltage, phase B

Phase B voltage, bus #1

Phase B voltage, bus #2

Infinite bus voltage, phase ¢

Phase C voltage, bus #1

Phase C voltage, bus #2

Capacitance, phase A to ground

Capacitance, phase A to phase B

Capacitance, phase A to phase C
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bg
Cbc
ch
AA
AB
AC
BB
BC
cc
agl
abl
acl
YagZ
ab2
Yac2
LA
bgl
bcl
bg2
bc2
LB
chl

ch2

Capacitance, phase B to ground

Capacitance, phase B to phase C

Capacitance, phase C to ground

Self-inductance, phase

A

Mutual inductance, phases A and B

Mutual inductance, phases A and C

Self-inductance, phase

B

Mutual inductance, phases B and C

Self-inductance, phase
Admittance, phase A to
Admittance, phase A to
Admittance, phase A to
Admittance, phase A to
Admittance, phase A to
Admittance, phase A to
Load admittance, phase
Admittance, phase B to
Admittance, phase B to
Admittance, phase B to
Admittance, phase B to
Load admittance, phase

Admittance, phase C to

Admittance, phase C to

Load admittance, phase

C

ground, bus #1
phase B, bus #1
phase C, bus #1
ground, bus #2
phase B, bus #2
phase C, bus #2
A

ground, bus #1
phase C, bus #1
ground, bus #2
phase C, bus #2
B

ground, bus #1

ground, bus #2
C

Permittivity of free space

Resistance, phase A conductor
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Resistance, phase B conductor

Resistance, phase C conductor

Resistance of the earth at a frequency of 60 Hz

Equivalent depth of earth return current

Geometric mean radius at frequency of 60 Hz, phase A

Geometric mean radius at frequency of 60 Hz, phase B

Geometric mean radius at frequency of 60 Hz, phase C

Distance between conductors on phases A and B

Distance between conductors on phases B and C

Distance between conductors on phases A and C

Inductance multiplying constant derived from permeability
considerations

Geometric mean distance between phase A conductor and its image
Geometric mean distance between phase A conductor and the image
of phase B conductor

Geometric mean distance between phase A conductor and the image
of phase C conductor

Radius of conductor on phase A

Radius of conductor on phase B

Radius of conductor on phase C

Voltage forcing function; infinite bus voltage

Charge distribution

Equivalent line impedance of phase A

Equivalent mutual impedance between phases A and B

Equivalent mutual impedance between phases A and C

Equivalent line impedance of phase B




z
l

BC
cC

Equivalent mutual impedance between phases B and C

Equivalent 1ine impedance of phase C
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APPENDIX B
DERIVATION OF DIFFERENTIAL MATRIX EQUATIONS
B.1 DIFFERENTIAL VOLTAGE MATRIX EQUATION

After substitution of Equation (3-2) into Equation (3-1) and after
utilizing the identities in Equation (3-3), the following differential

equations are obtained to form Equation (B.1-1):

“(Cac * Cab * Cag?™a1 * CapPVe1 * Cac?Ver = (a1 * Yab1 + Yag1)Va1

- Y Y I

ab1'B1 ™ Yac1¥c1 * a2

'(cac * Cab * Cag)vaZ * CaprBZ * CachCZ - (Yac2 * Yab2 * YagZ YV

A2

- Yab2'B2 © Yac2Vc2 - larz

- Igaz

CabPVar = (2Cap * Cagd?Vgy * CapPVer = ~Yap1Var * (Yab1 * Yeb1 * Yog1)Ve1

- Yep1Vcr * Tg12 - Tg - Tge:

CabPVnz = (2ap + Cag)PVaao * CanPVez = = Yab2¥nz * (abz * Yepo * Yis

I

* Yhg2)VB2 = Yeb2Vcz - Is12 - lgs2

“CacPVa1 - CapPVpy * (Cue * Cgp * Cag)pVCI = Yea¥ar * Yeb1Ye1 - (Veal

+Y Y v I

cbl)

cgl c1~ ‘c12
+ IC + ICGl
'CacvaZ B CabpoZ * (Cac * Cab * Cag)pVCZ - YcaZVAZ ¥ chZVBZ - (YcaZ
*Yege * YenoVez * Trz * Tgca.
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By letting

Xl ) Cac * Cab * Cag

X, =C, =C

2 ab bc
X3 - Cac
X = Cag * 2ap
4~ Yac1 ¥ Yab1 ¥ Yagl
4 = Yac2 * Yab2 ¥ YagZ ¥ YLA
by = Yab1 * Yeb1 * Ybgu
by = Yab2 * Yeb2 * YiB * Ybgo
1= a1 * Yeq1 * Yeb1
¢ = Yea2 ¥ Yeg2 * Vit Yebo

Equation (3-4) is defined. Equation (3-5) describes the solution apper-

taining to the differential voltages; namely,

p[v] = [X170Y20V] + [X17M(02010 + DX LELI)




(o] =

(Y1 =

O O o O o

2
0 X,
X, 0
0 -X,
X, 0
0 -X,
Va1 O
0 -Yapo
b, 0
0 b,
Yoer O
0 ch2
| -1
0
; [E] = °
0
0
0
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_ -1
0
X3
.
X
0
X
-Yacl 0
0 -Yac2
'chl 0
0 Y2
-c1 0
0 -c2
O 0 0 0 O
-1 0 0 0O
0 -1 0 0O
0 0 -1 0 O
0 0 0 10
0 0O 0 0 1




1
r'- pron — r— —— e —
Va1 Va1 In Iga1
Va2 Va2 Ta12 Iaaz
Vg1 V1 Ig Iep1
PLV] = p [v] - (1] - (1] -
v v I I
B2 B2 B12 GB2
Ve Vo1 I¢ Isc1
‘ Voo Veo Ie12 Taco

| Albeit the digital computer may be used in finding [X]'l, the matrix
product, [X]'l[Y], will ultimately become a function of the state of the
power system; i.e., the elements of matrix [Y], all of which are admit-
tances, are subject to sudden change during faults on the distribution
system or during load changes. For this reason, the inverse of [X] will

be computed manually so that all elements of the resulting matrices shall

remain in general form.

Let

Bl : CI
= =""7T""="
[ =[5
where
[ - - =
-X1 0 X2 0
B' = 0 'Xl 0 M C' = XZ 3




0 X2
D' = -X3 0
0 =X

Then it can be shown that

-
(o]
=
><
i

_B|‘1C|U|

-<
1}

since B'"} and E'"! both exist.

[BI - ClEl'lD|]'1

; E
]
X'
-:-?__
z
:
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1]
o
><

u' = [El - DlBl-lcl]'l

ZI

_El-lolxl

Once these matrix operations are performed, the sub-matrices of

[xJ"! become

-p/n 0 Xz/°
X' = 0 -p/n 0
Xz/o 0 (X1 - X3)/o
0 -(o-p)n 0
Yy = X2/c 0
0 ‘XZ/G 0

UI

Zl

0 X,/ 0 |
=1 (o - p)/n 0 X,/o
0 (6 -0)/n g




where

o = xg S XX, 3 g o= X2+ XX

2 ) -
5 g tes n= a(X, + X3).

1

Substituting the results of the [X]'1 computation into Equation (3-41)

and carrying out the matrix multiplications will yield the.following:

DA C DD O DG O
0 DC 0 DOF 0 DI
0B 0O DE O DH O

[x17yy -
b 0 OM O DQ O

where

DA = {'Qal - XZYabl(Xl + X3) = Yacl(o = p)}/n;
DB = {Xpa; = Yop (X} = X3) = Yy Xpl/os
DC = {-YabZXZ(X1 + X3) - Yacz(o -p) - paz}/n;

DD = {pY + X,b (X1 + X3) - chl(c - p)¥/n;

ab1l 21

DE = {-X,Y + b, (X

2Yapy + P(Xy = X3) = Yy Xp s

DF = {o¥apg * XgbplXy * X3) = Ypcplo = 0)}/m;

DG = {pYacl - X2ch1(xl + X3) + Cl(o - o)}/n;
DH = {-X;Yac1 = Ybe1(¥1 = X3) * X0 Hos
DI = {pY, » - X, bz(X *X3) + Cz(o - p)}/n;
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Dd = {al(o -p) - 2 abl(X + x3) + pY 1}/n;
DK = {Xp3, = Yopo(Xy = X3) = X5, /a3
DL = {a2(0 -p) - abZXZ(X + X ) + pY 2}/n;
DM = {-Yabl(o -p) + Xzbl(X1+.X3) + pchl}/n;
DN = {-X2Yab2 + bz(X1 - X3) - X2ch2}/0;
DP = {'Yab2(° -p) + b X (x + X ) + pYb 2}/n,
DQ = {'Yacl(c - p) - XZYbCI(X1+ X3) - pcl}/n;
DR = {-X2Yac2 - chz(Xl- X3) + C X }/O,
DS = {-Yacz(o -p) - YbC2X2(X1+ X3) - pCz}/n.
and
[x]7'[0] =
p/n -p/n -X,/0 X,/o -(c = p)/n (o - p)/n
0 o/n 0 -X2/o 0 -(oc - p)/n
-X2/o Xz/o -(X1 - X3)/o (X1 - X3)/0 -X2/0 Xz/o
0 -X2/o 0 -(X1 - X3)/o 0 -Xz/o
-{oc - p)/n (o - p)/n -X,/o X,/0 o/n -p/n
0 ~(o - p)/n 0 -X,/0 0 p/n
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(X171 [ED -
i o/n 0 ~X,/0 0 -(o - p)/n 0
0 p/n 0 -X5/a 0 ~(o = p)/n
-Xz/c 0 -(Xl- X3)/c 0 -X2/o 0
0 -X2/o 0 -(X1 - X3)/o 0 -X2/o
-(o - p)/n 0 -X,/0 0 o/n 0
0 -(o - p)/n 0 -Xy/a 0 p/n

B.2 DIFFERENTIAL CURRENT MATRIX EQUATION

It is assumed that all phases are composed of identical conductors
and that the alignment of these conductors is such that an abc orientation
ensues. Furthermore, the distribution 1ine is untransposed throughout its
Tength, and the spacing of the conductors is completely symmetrical with

respect to phase B. With this in mind, Equation (3-8) may be simplified.

o D..=D_, =D and

. sa sb sC
& Dpg = Dc-
It follows that
Lan = Lgg = Lecs Lag = Lgce
Also,
ra = rb'—' rc.




So, letting

R = (ra

+r

4

Equation (3-9) becomes matrix Equation (3-10):

where

[F1 =

(FI0v] + [ve] = [RI[1] + [L1p(1]

o O O O

0 0 0
-1 9 0
0 -1 0
0 1 -1
0 0 0
0 0 0
[L] =

[R] =

(rp +rg) = (ro +ry),

0 rd
rd 0
0 rd
R 0
0 R
rd 0




(vl =

Al

A2

Bl

B2

Cl

c2

.
b

[Vf] =

s [I] =

.
3

p[I] =p
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APPENDIX C
CALCULATION OF INDUCTANCES AND CAPACITANCES

For all of the calculations which follow, the following data will
be used considering the characteristics of average damp earth and the

information provided in Reference 9.

Conductor: #1/¢ACSR, 6 strands per conductor

ry=r, =T, = 0.888 /mile

0.09528 Q/mile @ 60 cps

o
[

2790 feet

R/-\Da = RADb = RADC = 0.0166 feet

sa sb = DSC = 0.00446 feet

K = 0.3219 x 1073/mile.
Typical spacing of conductors in distribution systems is approximately

18 inches. With this in mind, and the appropriate definitions in Appen-

dix A, the following quantities are computed:

o
\

I DBC = 1.5 feet

o
|

= 3.0 feet

HA = HB = HC = 80.0 feet

= oy
|

A - HBC = 80.0141 feet

o
1

= 80.0562 feet.
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From page 19, the self and mutual inductances are calculated to be:

LAA = 4,2962 mH/mile

LAB = 2.4234 mH/mile

LAC = 2.2002 mH/mile.

The capacitances of the three-phase system with earth return current

are determined from the re]ationshipg

Yal [Pan Pas Pac || 9
VB = PBA PBB PBC ag volts/meter,
Vel 1Pca Pe Pec | %

or

Vel = [P1a] (C-1)

since the definition of capacitance implies that

[c0v,] = [al. (c-2)

Then Equation (C-1) is valid if and only if

[V¢] = [P1ad = [c]7![q]

@ GRENE
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The previous assumptions concerning the symmetry of the distribu-

tion lines produce the following identities:

Paa = Pee = Pec
Pea = Pas
Pea = Pac
Pec = Pes

since the matrix [P] is defined in such a way that

_ 1 -1 .
Pag = 705 &0 (Hy/RAD.) MF™! mite
P = im0 (Hoo/Dro) MEY mile

AB " 7me s/ Oap

1

Then, after utilizing the appropriate parameters, matrix [P] becomes

94.85 44.48 36.73
[P] =|44.48 94.85 44.48 | MF~

36.73 44.48 94.85

which requires that

14.17 -5.23 -3.04

(C] =|-5.23 15.44 -5.23 | nf/mile

-3.04 -5.23 14.17

i ) -1,
PAC = mﬂ,n (HAC/DAC) MF mile.
mile
|
|
|
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or
Cap = Ccc = 14.17 nf/mile
CBB = 15.44 nf/mile
Cab = Cbc = 5.23 nf/mile
Cac = 3.04 nf/mile
and

Cag = CAA + Cab + Cac = 5.90 nf/mile
Cbg = CBB + Cab + Cbc = 4,98 nf/mile
C_=C..+C__+C__=5.90 nf/mile.

cg cC ac bc
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NANN/Z C(OHA=1TT30)23INCADA-(IIYHIX+INOX ) #INCHXCM I X+INOCOVA0OHY) =00

NANN/ (OMLVANHY+ (OHY-1 T30 ) 20MLIVA4 (IIUHIX+INOX ) OMIXAOMLIBVA ) ==10
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